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FUZZY STABILITY OF CUBIC FUNCTIONAL EQUATIONS
WITH EXTRA TERMS

CHANG IL KIM AND GILJUN HAN*

ABSTRACT. In this paper, we consider the generalized Hyers-Ulam stability
for the following cubic functional equation

fx+2y) = 3f(z+y) +3f(x) — flx —y) —6f(y) + Gy(z,y) = 0.

with an extra term Gy which is a functional operator of f.

1. INTRODUCTION AND PRELIMINARIES
In 1940, Ulam proposed the following stability problem (cf. [20]):

“Let GG be a group and G5 a metric group with the metric d. Given a constant
0 > 0, does there exist a constant ¢ > 0 such that if a mapping f : G; —
Gq satisfies d(f(zy), f(z)f(y)) < c for all x,y € G, then there exists an unique
homomorphism h : Gy — Gy with d(f(z), h(x)) < § for all x € G17”

In the next year, Hyers [8] gave a partial solution of Ulam’s problem for the case of
approximate additive mappings. Subsequently, his result was generalized by Aoki
([1]) for additive mappings and by Rassias [18] for linear mappings to consider the
stability problem with unbounded Cauchy differences. During the last decades, the
stability problem of functional equations have been extensively investigated by a
number of mathematicians ([3], [4], [5], [7], and [16]).

Katsaras [11] defined a fuzzy norm on a vector space to construct a fuzzy vector
topological structure on the space. Later, some mathematicians have defined fuzzy
norms on a vector space in different points of view. In particular, Bag and Samanta
[2] gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric
is of Kramosil and Michalek type [13]. In this paper, we use the definition of fuzzy
normed spaces given in [2],[14], [15].

Definition 1.1. Let X be a real vector space. A function N : X x R — [0, 1] is
called a fuzzy norm on X if for any x,y € X and any s,t € R,
(N1) N(z,t) =0 for t <0;
(N2) z =0 if and only if N(z,¢) =1 for all t > 0;
(N3) N(cx,t) = N(z, ﬁ) if ¢ # 05
(N4) N(z +y,s+t) > min{N(z,s), N(y,t)};
(N5) N(z,-) is a nondecreasing function of R and lim;_, o N(z,t) = 1;
(N6) for any = # 0, N(z,-) is continuous on R.
In this case, the pair (X, N) is called a fuzzy normed space.
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Let (X, N) be a fuzzy normed space. (i) A sequence {x,} in X is said to be
convergent in (X, N) if there exists an = € X such that lim,_,oo N(z, — 2,t) =1
for all ¢ > 0. In this case, x is called the limit of the sequence {x,} in X and
one denotes it by N —lim,, o0 2, = 2. (ii) A sequence {z,} in X is said to be
Cauchy in (X, N) if for any € > 0 and any ¢ > 0, there exists an m € N such that
N(zptp — Tp,t) >1— € for all n > m and all positive integer p.

It is well known that every convergent sequence in a fuzzy normed space is
Cauchy. A fuzzy normed space is said to be complete if each Cauchy sequence in it
is convergent and a complete fuzzy normed space is called a fuzzy Banach space.

For example, it is well known that for any normed space (X, || -||), the mapping
Nx : X x R — [0, 1], defined by

0, ift<0
Nx(l‘,t) =

t .
m, ift>0

is a fuzzy norm on X.

In 1996, Isac and Rassias [9] were the first to provide applications of stabil-
ity theory of functional equations for the proof of new fixed point theorems with
applications.

Theorem 1.2. [6] Let (X,d) be a complete generalized metric space and let J :
X — X be a strictly contractive mapping with some Lipschitz constant L with
0 < L < 1. Then for each given element x € X, either d(J"x, J" tx) = co for all
nonnegative integer n or there exists a positive integer ng such that

(1) d(J"z, J"z) < 00 for alln > ng ;

(2) the sequence {J™x} converges to a fized point y* of J ;

(3) y* is the unique fived point of J in the set Y = {y € X | d(J™x,y) < oo} and
(4)

y
1
4) dy,y") < 7= d(y, Jy) forally €Y.

In 2001, Rassias [19] introduced the following cubic functional equation

(1.1) fl@+2y) =3f(x+y) +3f(x) = f(x —y) —6f(y) =0
and the following cubic functional equations were investigated
(1.2) fRe+y)+ fQRr—y) =2f(z +y) +2f(x —y) + 12f(2)

in ([10]). Every solution of a cubic functional equation is called a cubic mapping
and Kim and Han [12] investigated the following cubic functional equation

fl@+2y) =3f(x+y)+3f(x) - flz—y) —6f(y)
+E[f(mz +y) + f(mz —y) —m[f(z+y) + f(x —y)] = 2(m* —m)f(z)] =0
for some rational number m and some real number k& and proved the stability for
it in fuzzy normed spaces.

In this paper, we investigate the following functional equation which is added a
term by Gy to (1.1)

fle+2y) =3f (@ +y) +3f(x) - f(e —y) —6f(y) + G¢(z,y) =0,
where G is a functional operator depending on functions f. The definition of G
is given in section 2 and prove the stability for it in fuzzy normed spaces.
Throughout this paper, we assume that X is a linear space, (Y, N) is a fuzzy
Banach space, and (Z, N') is a fuzzy normed space.
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2. CUBIC FUNCTIONAL EQUATIONS WITH EXTRA TERMS
For given | € N and any ¢ € {1,2,---,{}, let 0, : X x X — X be a binary
operation such that
oi(re,ry) =roi(z,y)
for all z,y € X and all r € R. It is clear that 0;(0,0) = 0.

Also let F:Y! — Y be a linear, continuous function. For a map f: X — Y,
define

Gf(l‘,y) = F(f(al(x,y))7f(02(x,y)), T f(al(x,y)))

Now consider the functional equation

(2.1) fle+2y) =3f(@+y)+3f(x) - flz —y) —6f(y) + Gs(z,y) =0
with the functional operator G'.

Theorem 2.1. Suppose that the mapping f : X — Y is a solution of (2.1) with
f(0) =0. Then f is cubic if and only if f(2z) = 8f(x) and G;(y,x) = G¢(y, —x)
forallz,y € X.

Proof. Suppose that f(2z) = 8f(z) and G(y,x) = Gs(y, —=z) for all z,y € X.
Interchanging x and y in (2.1) , we have

(2.2) fQx+y) =3f(x+y)+3f(y) — fly—2) —6f(x) + Gf(y,z) = 0.
for all z,y € X and letting = —z in (2.2) , we have
(23) f(=2x+y)=3f(-x+y)+3f(y) — fle+y) - 6f(—z) + Gy, —2) = 0.
for all z,y € X. By (2.2) and (2.3), we have
(24) f@2z+y)— f(—22+y) —2f(z +y) +2f(y —z) —6f(2) +6f(—x) =0.
for all z,y € X, because G(y,z) = G(y, —z). Letting y = = in (2.4), we have
(2.5) f(8z) —22f(x) +5f(—x) = 0.
for all z € X and letting y = 2z in (2.4), by (2.5), we have

f(dx) —2f(3z) — 4f(z) + 6(—x) = 16f(x) + 16 f(—z) = 0.
for all x € X, because f(2x) = 8f(z). Hence f is odd and by (2.2) and (2.3), f

satisfies (1.2). Thus f is a cubic mapping. The converse is trivial. O

3. THE GENERALIZED HYERS-ULAM STABILITY FOR (2.1)

In this section, we prove the generalized Hyers-Ulam stability of (2.1) in fuzzy
normed spaces. For any mapping f : X — Y, we define the difference operator
Df:X?—Y by

Df(x,y) = f(z+2y) = 3f(x +y) + 3f(x) — f(x —y) — 6f(y) + Gy(2,y)
for all z,y € X.

Theorem 3.1. Let ¢ : X2 — Z be a function such that there is a real number L
satisfying 0 < L < 1 and

(3.1) N'(¢(2z,2y),t) > N'(8Lp(x,y), 1)

forallx,y € X and allt > 0. Let f: X — Y be a mapping such that f(0) =0
and

(32) N(Df(z,y),t) > N'(¢(z,y),t)
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forallz,y € X and allt >0 and
(33) N(f(Qx) - 8f($),t) Z min{N/(ad)(x’O)at)7N/(b¢(07x)at)a NI(Cd)(;L', 7’1:),t)}

forallx € X, allt > 0 and some nonnegative real numbers a,b, c. Further, assume
that if g satisfies (2.1), then g is a cubic mapping. Then there exists an unique
cubic mapping C : X — Y such that

(3.4)
> min{N’(ad)(x, 0)7 t)a N/(b¢(07 1’), t)) N’(Cd)([ﬁ, —J?), t)}

forallx € X and allt > 0.

Proof. Let ¢(z,t) = min{N'(a¢(z,0),t), N'(b¢(0,z),t), N'(cd(x, —z),t)}. Con-
sider the set S = {g | g : X — Y} and the generalized metric d on S defined
by

d(g,h) = inf{c € [0,00) | N(g(z) — h(z),ct) > (x,t), Vo € X, Vi > 0}.

Then (S,d) is a complete metric space(see [17]). Define a mapping J : S — S by

Jg(z) = 273g(2x) for all x € X and all g € S. Let g,h € S and d(g,h) < ¢ for
some ¢ € [0,00). Then by (3.1), we have

N(Jg(z) — Jh(zx),cLt) > N(273(g(2x) — h(2x)), cLt) > 1(x, 1)
for all z € X and all ¢ > 0. Hence we have d(Jg, Jh) < Ld(g,h) for any g,h € S

and so J is a strictly contractive mapping. By (3.3), d(f,Jf) < % < oo and by

Theorem 1.2, there exists a mapping C': X — Y which is a fixed point of J such
that d(J"f,C) — 0 as n — co. Moreover, C(z) = N — lim,,_,, 273" f(2"x) for all
x € X and d(f,C) < ﬁ and hence we have (3.4).

Replacing z, y, and t by 2"z, 2"y, and 23"t in (3.2), respectively, we have
N(Dy(2",2"y),2°"t) > N'(6(2"2,2"y), 2°"t) > N'(L"¢(w, ), 1)
for all x,y € X and all ¢t > 0. Letting n — oo in the last inequality, we have
C(x +2y)—3C(zx+y)+3C(x) — C(x —y) —6C(y) + Go(z,y) =0

for all z,y € X and thus C is a cubic mapping.
Now, we show the uniqueness of C. Let Cy : X — Y be another cubic mapping
with (3.4). Then Cj is a fixed ponit of J in S and by (3.4), we get

L
d(Jf,Co) <d(Jf,JC) < Ld(f,Cp) < 81-1) <0

and by (3) of Theorem 1.2, we have C' = Cj. O
Similar to Theorem 3.1, we can also have the following theorem.

Theorem 3.2. Let ¢ : X2 — Z be a function such that there is a real number L
satisfying 0 < L < 1 and

(35) N9l y),1) > N (o2, 29) 1)

forallz,y € X and allt > 0. Let f : X — Y be a mapping satisfying f(0) =0,
(3.2), and (3.3). Further, assume that if g satisfies (2.1), then g is a cubic mapping.
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Then there exists an unique cubic mapping C : X — Y such that the inequality

N(f@) - ) gr5t)
> min{N'(a¢(x,0),t), N'(bp(0,z),t), N'(c(z, —x),t)}
forallz € X and all t > 0.

Proof. Let t(x,t) = min{N’(a¢p(x,0),t), N'(bs(0,z),t), N'(c(x,—x),t)}. Con-
sider the set S = {g | g : X — Y} and the generalized metric d on S defined
by

d(g,h) =inf{c € [0,00) | N(g(z) — h(z),ct) > (x,t), Yo € X, Vt > 0}.

(3.6)

Then (S, d) is a complete metric space(see [17]). Define a mapping J : S — S by
Jg(x) = 8g(271z) for all € X and all g € S. Let g,h € S and d(g,h) < ¢ for
some ¢ € [0,00). Then by (3.2) and (3.5), we have

N(Jg(z) — Jh(z),cLt) > N(8(g(27 x) — h(27'2)), cLt) > (1)

for all z € X and all t > 0. Hence we have d(Jg, Jh) < Ld(g,h) for any g,h € S
and so J is a strictly contractive mapping. By (3.3), we get

(3.7) N () - 870 72), 1) 2 v (27w, £) 2 p(e)

for all € X and all ¢ > 0. Hence d(f,Jf) < % < oo and by Theorem 1.2, there
exists a mapping C' : X — Y which is a fixed point of J such that d(J"f,C) — 0
as n — 00. Moreover, C(z) = N —lim,, o 237 f(27"2) for all z € X and d(f,C) <
8(15 ) and hence we have (3.6). The rest of the proof is similar to that of Theorem

3.1. ]

Using Theorem 3.1 and Theorem 3.2, we have the following corollaries.

Corollary 3.3. Let ¢ : X2 — Z be a function with (5.1). Let f : X — Y be
a mapping such that f(0) = 0 and (5.2). Further, assume that if g satisfies (2.1),
then g is a cubic mapping and that

N(Gf(()? 517)7 t) > min{N/(a1¢(x, 0)7 t)v Nl(a2¢(07 1.)7 t)v N/(a3¢(1.7 —.’E), t)}v

(3.8) N(Gy(z,—x),t) > min{N'(b1¢(z,0),t), N'(b29(0, x), t), N' (bsd(z, —x), 1)}

for allx € X, allt > 0 and for some nonnegative real numbers a;,b;(i = 1,2,3).
Then there exists an unique cubic mapping C : X — Y such that

N(1(0) - 0@) 577 =55)
> min{N'(c1¢(z,0),t), N'(cap(0, ), t), N'(c3p(z, —x),t)}

for all x € X and all t > 0, where ¢; = max{ai,b1}, co = max{l,aq,b2}, and
c3 = max{1,as,bs}.

(3.9)

Proof. Setting x =0 and y = z in (3.2), we have

(3.10) N(f(2x) = 9f(z) = f(=z) + G(0,2), 1) = N'(¢(0, ), 1)
for all x € X and all ¢ > 0. Setting y = —x in (3.2), we have
(3.11) N@Bf(z) = 5f(—x) = f(22) + Gy(w, —x), 1) = N'($(x, —x),1)
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for all z € X and all ¢t > 0. Hence by (3.10) and (3.11), we get
N(6f(x) +6f(—=) — G1(0,2) — Grlw, ), 20

> min{N'(¢(0, z), ), N'(¢(z, —), 1)}

for all x € X and all t > 0. Thus by (3.8), (3.10), and (3.12), we get

N(f(2r) - 8f(2), 1)
5

= min { N(f(20) ~ 97(x) ~ (=) + G5(0,2),0), N (2G5(0,2), 21),

N(f(x) + f(=2) - éGf(omc) - %Gf(x, —x), %t),N(%Gf(% —2), ét)}
2 min{N’(Cl(é(x? O)a t)7 N/(CQ¢(O, Ji), t), N’(C3¢(JZ’ —aj)7 t)}

for all z € X and all ¢ > 0. By Theorem 3.1, there exists an unique cubic mapping
C: X — Y with (3.9). O

Corollary 3.4. Let ¢ : X2 — Z be a function with (3.5). Let f : X — Y be
a mapping satisfying f(0) = 0 and (3.2). Further, assume that if g satisfies (2.1),
then g is a cubic mapping and that (3.8) hold. Then there exists an unique cubic
mapping C : X — Y such that the inequality

N(f(@) - C). ﬁt)

= min{N/(Cl(rb(xa O)a t)v N/(CQ¢(07 x)ﬂ t)a NI(03¢(SC, 71‘)7 t)}

holds for all x € X and all t > 0, where ¢; = max{ay,b1}, co = max{1,as, b2}, and
c3 = max{1,as, b3}.

Proof. By (?7), we get

N(f(:r) —8f(2 1), %t) > ¢(2—1x, ét)

> min{N/(Cl¢(x7 O)’ t)7 N/(CQ(b(Oa ZE), t)v N’(C3¢($, —1‘), t)}

for all z € X and all ¢ > 0. By Theorem 3.2, there exists an unique cubic mapping
C: X — Y with (3.13). O

(3.12)

(3.13)

From now on, we consider the following functional equation

f(x+2y) =3f(z+y)+3f(x) — flz —y) —6f(y)
+E[f2r+y) + f2r —y) - 2f(z +y) — 2f(z —y) — 12f(x)] =0
for some positive real number k.

Lemma 3.5. [12] A mapping [ : X — Y satisfies (3.14) if and only if f is a
cubic mapping.

(3.14)

Using Theorem 2.1, Theorem 3.1, and Theorem 3.2, we have the following ex-
ample.
Example 3.6. Let f : X — Y be a mapping such that f(0) =0 and
(3.15)

N(f(z+2y) =3f(x+y) +3f(2) — flx —y) —6f(y) + k[f(2z +y) + f(2z —y)

t
— 2wty —2f@—y) =120 @0 2 T T T
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for all z,y € X, all t > 0 and some positive real numbers k,p with p # % Then
there exists an unique cubic mapping C : X — Y such that

2k|8 — 22|t
1 N — >

for all z € X.

Proof. Let Gy(x,y) = k[f 2z +y)+ f(2e—y) - 2f (x +y) - 2f(x —y) — 12f(2)] and
o(x,y) = |z + Iyl + [« |**[[y||P. Then Gy (y,z) = G(y, —x) for all 2,y € X
and f satisfies (3.2). Letting y = 0 in (3.15), we have

N(f(2r) ~ 87(@).1) > N'(5-6(r,0),1)

for all x € X and all ¢ > 0, where
0, ift <0
Nty =4y .~
W’ lft>0

for all » € R. By Theorem 3.1, and Theorem 3.2, there exists an unique mapping
C:X — Y with (2.1) and (3.16). Since G(y,z) = Gy(y, —z) for all z,y € X ,
Ge(y,z) = Go(y, —x) for all z,y € X and letting y = 0 in Do (z,y) = 0, we have
C(2z) = 8C(x) for all x € X. By Theorem 2.1, we have the result. O

We can use Corollary 3.3 and Corollary 3.4 to get a classical result in the frame-
work of normed spaces. As an example of ¢(z,y) in Corollary 3.3 and Corollary
3.4, we can take ¢(z,y) = e(||z||P|lyl|” +||z||*” + ||y||*). Then we can formulate the
following example.

Example 3.7. Let X be a normed space and Y a Banach space. Suppose that if
g satisfies (2.1), then g is a cubic mapping. Let f : X — Y be a mapping such
that f(0) =0 and

(3.17) IDf (@)l < e(ll|Pllyl” + =% + [ly[I*?)
.. . 3
for all #,y € X and a fixed positive real numbers p, e with p # 5. Suppose that
IG£(0, )| < emax{ay, az, as}|z]|*?, [|G¢(x, —2)|| < emax{by, bz, bs}l|[|*?

for all x € X, all ¢ > 0 and for some nonnegative real numbers a;, b;(i = 1,2, 3).
Then there is an unique cubic mapping C : X — Y such that

Te
1f(z) = C(a)|| < mmax{?”ahaz,3113751717273173}”51”“21)
for all z € X.

Proof. Define a fuzzy norm N’ on R by

L ift>0
NR(m’t):{éﬂl ift<0

for all z € R and all ¢ > 0. Similary we can define a fuzzy norm Ny on Y. Then
(Y, Ny) is a fuzzy Banach space. Let ¢(x,y) = e(||z||?||y||” + ||z]|*” + ||y||*"). Then
by definitions Ny and N’, the following inequality holds :

Ny (Df(x,y),t) = Nr((z,y),t)
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for all z,y € X and all t > 0. By Corollary 3.3 and Corollary 3.4, we have the
result. ([
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