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ABSTRACT. In this present paper, we will introduce a new

class of operators that we call Quasi Totally m-Class A:

operator in Hilbert spaces. Itis a generalization of some
previous studies in the field of classes of operators, especially for
this especially for a Quasi m-Class A: . We will study some

properties , provide example and discuss tensor product of this
class of operators . example and discuss tensor product of this
class of operators .

Key words : Class A{ operator; Quasi M-Class A: operator ;Class A, operator.
1. INTRODUCTION

The spectral properties of linear operators on Hilbert’s space are one of the
important tools in quantum mechanics. In fact, linear operators and quantum
mechanics have interrelationships. The first goal of this article is to extend operator
to a new class of operators and present some properties. In 1998, T.Furuta and m.Itho

have defined the well- known class A operator as (I'"I')> <I'*I"*see [1].In 2011,Young
min Han and Ju Hee Son have defined quasi-m-hyponormal as

r*(m?|T—p)C>T* |(C—7n)" |T forall 7l and some positive integer m and have
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studied some proprieties of this class see[2].In 2012,S. Panayappan, N. Jayanthi has

2
Kl

defined class A operator as |1“|2£‘1“k*1

for some positive integer k see[6].

In2013,S.Panayappan and Jayanthi introduced and some proprieties of the class A

2
=

operator as |T"* |ZS‘F"+l some positive integer k and studied some proprietes and

tensor product of this class see[7].In 2019, P.Shanmugapriya and P.maheswari Naik

2
has defined m-Class A operators as|I™ |’< m‘l“k*1 “* for some m and k are

positives integers and studied some spectral properties and tensor Product of this
class see[10].
Throughout this note we assume that H is an infinite dimensional separable Hilbert space.

Let B(H ) know the algebra of bounded linear operators thatacton H,If /"€ B(H) the

nul space of I we will refer to it N (") and the range space of I we will refer to itR(T") .

Definition 1.1. [7] Let [' € B(H) .an operator I is said to be class A if there is a positive
integer k such that
2

(F*krk )i > 1T ie \rk \i >\

Definition 1.2. Let I"€ B(H ). an operator I is said to be Totally m-Class A, if there are

two positive integers k and m such that
m[(rk 1)
2

e m‘F" —l’]‘i 2‘(F—71)*‘ vy el

1

(Fk—n)JKZ(F—n)(F—n)*; Vnell

*

Definition 1.3. Let I"€ B(H).an operator I is said to be Quasi Totally m-Class A if

there a re two positive integers k and m such that

F*{m[(Fk —n) (T —n)}iJr>r*(r—n)(r—;7)*r vyel

2
i.e F*(m‘Fk ¢ —‘(r—n)* 2]on; Vel

In particular (choose #=0) an operator I is called Quasi m-Class A, [9] if
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1

r*[m(r*krk )kjf > (rr)r
In general, the following implication holds:
Hyponormal operator [11,12] = Class A’ operator [7,8]

— Totally m-Class A’ operator

= Quasi Totally m-Class A, operator.

10 ,
Examplel.4. Let I, =| eB(0?)

Then

N : o2 m1-17E—1-112 0
Iz(m‘lgn‘ —‘(12—11) ]12 Lol =t Vel

0 mfi-y| — -]’

for k=1 and for m>1 then |, is Quasi Totally m-Class A_ operator.

2. MAIN RESULTS

The following example shows that I, and I, are a Quasi Totally m-Class A’ operator but

the sum I, + I, isn’t a Quasi Totally m-Class A operator.

1 00
Example2.1: Let 7;={0 0 0 |eB(0°) then
0 0O
2 2
* . p mfl-nfk —=[L-n]° 0 0
Fl[m‘Flk—n‘k—‘(Fl—n) jrf 0 0 0l
0 00
2 2 .
for m[L-y|x >[1-y|" then I is a Quasi Totally m-Class A; operator.
0 0O
andlet I,=/0 0 1 eB(D3)
0 0O
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Then
00 0
0 0 0 ;o Vel

2
oo

2
I, =

2
for m|yx >|y| +1 then I', is Quasi Totally m-Class A operator.

2 2
0 0 m|17|k—|77| -1

1 00
and /;+7,=/0 0 1 eB(Ds)then
000
2 2
) k 2 L m|1-77|k—|1-17| 0 0
(I,+1,) {m‘(F1+F2) _nk_‘(l“lJer—;y)‘ }(FlJrFZ): 0 0 0 , Vpell.
2
0 0 mlgf | -1
for =0
2 , m-1 0 O
(F1+F2)*[m‘(Fl+F2)kk—‘(F1+F2)* ](rl+r2): 0 0 0
0 0 -1

so I, + T, isn’'t Quasi Totally m-Class A, operator.

Proposition 2.2. Let /,], € B(H) are Quasi Totally m-Class A operator such that
(r,-n)=ry(I,-n)=(,—n) IY=(I,—n) I's=0,forkel" andforall el then
I, + I', is Quasi Totally m-class A, operator.

Proof. Let I'},1', € B(H) are Quasi Totally m- Class A’ operator then

. 2 |2 . 2 .
I (m\rlk_n‘k_‘(rl—n) ‘ jGZO and r{m\rg_n‘k_‘(rz—q)

2
jFZZO; Vnell

SO
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2

(I,+1,)

*

(F1+F2)* m’((rleFz)k_”/I)k_‘(F1+F2_’7')

|y —g-al ()

. k=1 j ) Kk
=(I,+7I,) | m rlk+r2k+z(k Jrlk'lrzk—l—'—n—n
i=1 -

| =

=(F1+F2)* m :‘Flk _’7‘2+‘F; _’7‘2]( _‘F:_’ﬂz ‘F;ﬁ‘zJ(F1+F2)

—(ry+ ) [l e s ol | -

. 2
Fz_ﬂ‘ j(F1+F2)

2 2 2
=r:(m\rf—n\k - }rﬁr;{m\r:—n\k _

>0.

* 2
"

Then I, + I, is Quasi Totally m-Class A’ operator.

Proposition 2.3. Let [,,I, € B(H).If I', isa Quasi Totally m- Class A, operatorand 7

is unitary equivalent to I, , then I, is Quasi Totally m-Class A, operator.

Proof. T, is Quasi Totally m- Class A~ operator then

2
r; (m‘F; - ,7\5 |, - q)*\zjrz >0 =(ury) [m ‘(UflU*)k - n‘k ~lwry —ny ZJUI]U* >0

2
“~|wryT-quuty

:UFIU*[m‘U(Fl)k U —quU" ZJUQU* >0

2
= UFIU*LmU‘(Fl)k o vt -ulr -y} U*JUQU* >0

2
= ur{m‘(rl)k |, —n)*\Z}EU* >0

2
:Fl[m‘(rl)k_”‘k_‘(F1_77)*2JF120; Vi ell
Then I, is a Quasi Totally m- Class A  operator.

The following example shows that I, and I, are Quasi m- Class A, operator but the

product 77", isn’t Quasi m- Class A  operator.
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Example2.4.
1 0 -1

Let ;,=| 0 0 0 |eB(0°)
-1 0 1

So

8m-8 0 -8m+8
zjrf 0o 0 0
-8m+8 0 8m-8

F;(m‘Flk \E |7

for all m>1. Then
8m-8 0 -8m+8

er1= 0 0 0 [0
-8m+8 0 8m-8

Iy

I [m\rlk \5 -

Hence I, is Quasi m-Class A, operator.

-1 0 -1
andlet I;=| 1 0 1 eB(D3)
0 0 0
So
m2%¥-16 m2%¥-16
s i 2 2
r;[m\rg\k—r; jrﬁ 0 0 0
m2%%-16 0 m2%%-16
2 2
for m2%¥-16>0.
Then
m27%-16 m2%%-16
, 2 2
r;(m\rg\k—r;*z}rzz 0o 0 0 [0
m22¥-16 0 m2%¥-16
2 2
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Hence ! 2 is Quasi m-Class A operator.

10 -1
And I,0,=| 0 0 0 |eB(0°)
10 1
) 2 8 0 -8
(FlFZ)*(m‘(Fll“z)kk—‘(]“lfz)*‘ ](rlr2)= 0 0 0|0
8 0 -8

Then I,I", is not Quasi m-Class A operator.

We say that an operator I", doubly commutes with 7 if I, commutes with I, and I .

Proposition 2.5. Let /,], € B(H) are doubly commutes. If ", is normal operator and

I, is Quasi m-Class A operator, then I',I", is Quasi m-Class A operator.
Proof. Let I, is a Quasi m-Class A operator and 7, is a normal operator such that
I,\r,=1T,I and I,I, = I',T, .we have that
. 2 . s
I [m\rf\k -|r7] jrl >0 and [I,0,=T,T,

and so

<(F1F2)* (m‘(rlfz)k‘i _‘(F1F2)*‘ZJ(F1F2):U;,U> :<F1*F2* [m‘r1kfzk‘i _‘Fl*Fz*‘zj(F1F2)ﬂ; 1)

=(I,r, {m(Fz*k )i | \i (I )i -\

2

FZ}(IEFZ),U;,U)
* * * kE *2

—(I'/T,T, [m‘Fl <[] jrzrlrzu;m

(AT i

:<F1*[m‘rlk‘i_‘Fl*zjrlrzzﬂ;rzzlw >0

then I,I°, is Quasi m-Class A, operator.

Proposition 2.6. If I is Quasi m-Class A, operator and /" is normal operator, then I is
Quasi m-Class A operator.
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Proof. I' is Quasi m-Class A, operator and I is normal operator then
F[m(]“kf*k )i —(r*r)zjr* = F(m(F*ka )i —(rr*)zjf*
- Lm(r*krk )i —(rr*)zjr

>0
Then 7™ is Quasi m-Class A, operator.

Lemme.2.7: [5] (Holder-mcCarthy’s inequality) Let /"> 0. Then

1. (Ixx) << T x)|x[™”, for r>1andall xeH

2. (I''xx)<{Ixx) ||x||2(1'r), for0<r<landall xeH

Proposition 2.8. if I is Totally m- class A operator .then

mH(Fk —ﬂ)ﬂHi ||,u||1% > H(F—l’])* ,uH; Vnel,YueH.

Proof. Suppose that I" is Totally m-Class A . we have

1

m((rk ) (I —n))k —(F=n)(I'=n) 20;  Vpel.

Let u€ H .then

mH(rk—aninﬂn*i—H(r—nf
=m((I* =n)w(r —77)#) ||u|| ko< <(I'-n) w(r=n) u>

=m<(Fk n) (Fk—ﬂ)ﬂ W0 P = (=) (7 =) e

1

)}k 1wy =L =n)(I=n)

(Fn)(Fn)*Jﬂ,m
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Therefore
Lot .
m'H(Fk —71)/1”" ||,u||1 k> H(F—n) ,uH; Vel ,Vuell.
Proposition 2.9. if I is Quasi Totally m- class A operator .then
. S .
m|[(7* = ) ruff |1 2 H(r— 7) rﬂH; vnel VueH

Proof. Suppose that I is Quasi Totally m-Class A . we have

1

F*Lm[(l“k ) (" —n)]k}“ > (I =n)(F' =)' T
Let u€ H . Then

2 1
() e i = =) (=) )

. 1
(1 ) (1 =) 1, 1) * |
1

> m([(Fk ) (I* —ﬂ)}k I Iy

x|

>(I"'m [(rk —n) (I~ ;7)} T, 1)
> (" (1 =n)(7* =n) T

i

2

Therefore
1 .
|~ ) 1 ”Fﬂ”l_% > H(r—n) F”H; vnel VYueH

Proposition 2.10. Let I” is a Quasi Totally m-Class A, .then N(/'—a)c N((F—ock )*) for
each a #0.

Proof. Suppose I" is Quasi Totally m-Class A .it follows from proposition 2.9 that

m|(r*-») F,u”i ||17¢||1'% > H(r —n) rﬂH; vnel YueH

and we have p e N(I'—a) then I =ou. In particular,
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m|(r* —ogk)ryui s > H(r—ak ) rﬂH
Since
OZH(F—OCK)* F,uH.

*

(r-e) s

Therefore p e N((F—ak )*) :

and we have a # 0, then =0.

Hence N (F—a)cN(F—ak)* for each a #0.

Proposition 2.11. Suppose I is Quasi Totally m-Class A and it has dense range. then I’
is Totally m-Class A, .

Proof. Let I is Quasi Totally m-Class A, then

m|(r*-») rﬂui ||rﬂ||1'% > H(r —n) rﬂH; Vel YueH

Since I' has dense range ,then I'(H)=H .

Let 1 € H . Then there exists a sequence (X,) in H such that /"(x,)— u as n—oo.

In particular,

(7 =) e U = |-

Therefore

1 11
k k

() g =m

lim (7" ) Ix,

n—o

lim I'x,

n—oo

= timml(r* =) 1

nN—oo

> lim|(r =) 1

~[lim(r—n

=|r=nyo]

Hence I is Totally m-Class A
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Theorem 2.12. Let I' € B(H ) such that H = R(I"),
if I' is a Quasi Totally m-Class A, operator then I',= I is a Totally m -Class A, operator

R(T)
and I';=0.

Proof. Let "€ B(H) such that H = R(I").

. : I, T, — .
the matrix representation of /" such that /"= 0 on H= R(F)G—)N(F ) see[3]

3

and let P be the projection onto R([I").

R(I

Th h O—FP =P _J[P
en 0o o rn - ol e

Since I" is an Quasi Totally m -Class A operator, we have

then

o <] iy <= ]

On other hand

Hence

Then
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m[(Fk —n)*(Fk —n)Jk Z(Fl—n)(Fl—n)

Hence I is a Totally m-Class A .

*

In addition, let u =, +u, e H=R(I')® N(F*). a simple computation shows that

(Captysptyy  =T(I - Pﬁ)ﬂ;(l - Pﬁ)/ﬁ
=((1 - Pﬁ),u;l—‘*(l - Pﬁ)/ﬁ
=0

So, I, =0.

Theorem 2.13. Let I' is Quasi Totally m-Class A, such that H = R(I"). Then

F=[1;1 I;ZJ on H=(—H)@N(F*)

where [} = FF(—H is a Totally m-Class A, operator.

~

Proof. Let I is Quasi Totally m-Class A, then

[l

And I' doesn’t have dense range. we can represent /' as the 2% 2 operator matrix as
follows:

1

(Fkn)}k(rn)(rn)*er Vnell

*

F=(F1 ];Zj on H=T)@N(F*)

Therefore

So
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|

(nltr a2

—(Fl—n)(Fl—n)*Ju;WZO , Vnell,YueH.

Then I, is a Totally m-Class A, operator.
3. TENSOR PRODUCT OF QUASI TOTALLY m-Class A operators

The tensor product of operators is a mathematical operation that combines two operators
into a single operator acting on a tensor product space. If you have two operators I, and I,

acting on spaces H and K respectively, the tensor product operator I';®1I", acts on the
tensor product space H ® K see [4,6] .It is defined as:

(1L®F,) (1 ®uy) = (L) ® (1o 1t,)
These are some of the properties we need in the following theorem
1 (0®L)(I,®r,) =(1,)®(I,I,)
2. |L®L|" =0 ®|r,| Vpell™.

In the sequel, we present an important result related to the tensor product of elements of
the considered class of operators

Theorem 3.1. Let I, € B(H) and I', € B(K) such that I ® I, = -1, ® I,
if I, and I', are a Quasi Totally m-Class A, operator then I', ® I, is a Quasi Totally m-
Class A

Proof:Let I € B(H) and I, € B(K) .

let I, and I, are a Quasi Totally m-Class A operator. we have

2 .
<rj(m\(r1k_;71H)‘k_‘(rl—mH)erlﬂ;mzo; Vel ,YueH
And

2 .
s ) |z e e

Then
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(F1®F2)*[m‘(F1®F2)k _ﬂ,‘k_‘((ﬂ@Fz)_’?,)* 2)(F1®F2)

2

=(I, @FZ)*[m\rlk O, —nl @I, ~nly ® I, +11, @I,

—‘(F1®F2—71F1®[K I, ®T, +71, 81,)

2](5@5)

* Z * * * 2
=(I,®71) [m‘F1k®(F2k_’7[K)_’71H®(F2k_’7[|<)‘k_‘r1 (L, —nl)—nly &1, _”[K)‘ ](F1®F2)

. 2 . 2
=([,80,) [m (1 =1 )® (L) =l ) - |y = 1) ® (I, =nl,) j(ﬂ@rz)

2
(rzk _”IK)‘k

2
:[F;{m‘(rlk _’7IH)‘E _‘(Fl_nIH)*‘2:|®F2*
2
7| -0t | ® r;{m\(rzk —nl )| |, - nIK)*FDm ® 1)
2 2
:F1*|:m‘(rlk _’7IH)‘E _‘(Fl_ﬂIH)*‘2:|F1®FZ*‘(FZk _ﬂ]K)‘E]—vz

2

+I7|(1y = nl,)

2
‘rer, {m\(rzk — LK = [~ 0Ly
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2®\<r2—n1K)*2](rl®rz)

2 2
:(F1®F2)*[m"(]—'lk _WIH)‘E®‘(FZK _77I|<)‘E —‘(Fl—HIH)*

2 2 2
:(F1*®Fz*) m‘(rlk_’?[H)‘E@)‘(rzk _an)‘E_‘(Fl_r]IH)*2®‘(F2k_an)‘E

2

+‘(F1_’71H)*2®‘(F2k _”IK)‘E_‘(Fl_r]]H)*

2®‘(F2_77]K)*‘2](F1®F2)

2 2
=(I, ®T;) {m‘(lﬂlk _77]H)‘E _‘(Fl_’?]H)* 2}®‘(F2k _77]|<)‘E

o2 2 2
+|(ry=n1,) ®{m\<r;—m)\k -|(r, —nt,)| Dm@a)
Therefore forever y€ H and ue K

2
(sz—ﬂfK)"‘ I usu)

. 2 L2 .
(r, {m\(rﬁ —nl)< =y =nly) }ny;uwz

+<F1*‘(F1 —nly )*

2
zrlu;uxr;[m\(r: —m)k—\(a—m)ﬂrg u;u)

1
(sz—;y]K)kfzu

:<F1*|:m‘(]—'lk _n]H)‘k_‘(rl_nIH)*2j|[‘1:U;:u>

2
+H(F1_WIH)*Fl/JH<F2*{m‘(F2k _77[|<)‘E _‘(Fz _n[K)*‘2:|F2 u;u)

>0
Then

. 2 .2
(r,®7,) (m‘(rl®r2)k i -[(rer,-n) ](rl®r2)zo

Hence I, ® I', is a Quasi Totally m-Class A  operator.
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