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CERTAIN SUBCLASS OF HARMONIC MULTIVALENT
FUNCTIONS DEFINED BY DERIVATIVE OPERATOR
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ABSTRACT. In the present paper, we investigate new properties of a
new subclass of multivalent harmonic functions in the open unit disc
U= {z€ C: |z| <1}, under certain conditions involving a new gen-
eralized differential operator. Furthermore, a representation theorem, an
integral property and convolution conditions for the subclass denoted by
ALy (p,m,d,a, A1) are also obtained. Finally, we will give an application
of neighborhood.
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1. INTRODUCTION

A continuous complex-valued function f = u + iv defined in a simply con-
nected complex domain D is said to be harmonic in D if both u and v are
real harmonic in D. In any simple connected domain we can write f = h + g,
where h and ¢ are analytic in D. A necessary and sufficient condition for f to
be univalent and sense preserving in D is that |h/(2)| > |¢'(2)], 2 € D. (See
also Clunie and Sheil-Small [5] for more details.)

Denote by Sy(p,n), (p,n € N={1,2,...}) the class of functions f =h +g
that are harmonic multivalent and sense-preserving in the unit disc U = {z €
C : |z| < 1}. Then for f = h+ g € Sy(p,n) we may express the analytic
functions h and g as

9] [e9)
(11) h(z) =2P+ Z a’kzka g(Z) = Z bkzk7 ‘bp-%n—l‘ <L
k=p+n k=p+n—1
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Let Sy(p,n,m),(p,n € N,m € Ny U {0}) denote the family of functions
fm = h + gm that are harmonic in D with the normalization

(1.2)
[e.e] e}
hz) =22 = D a2, gm(z) = (=)™ D |balz", |bprn| < 1.
k=p+n k=p+n—1

Definition 1.1. [4] Let H(U) denote the class of analytic functions in the
open unit disc U = {z € C : |z] < 1} and let A(p) be the subclass of the
functions belonging to H(U) of the form

o
h(z) =2 + Z apz®.
k=p+n
Form € Ny, A > 0, 6§ € Ny, I > 0 we define the generalized differential operator
I3%(p, 1) on A(p) by the following infinite series

(1.3) I, Dh(z) = (p+ D"+ Y [p+ Ak —p)+1"C(6, k)arz",
k=p+n
where
(k+o-11Y\ ['(k+9)
(1.4) C(0,k) = < 5 > = W

Remark 1.2. When A =1, p=1,1 =0, § = 0 we get Salagean differential
operator [13]; p = 1, m = 0 gives Ruscheweyh operator [12]; p=1,1=0, =0
implies Al-Oboudi differential operator of order m (see [1]); A = 1, p = 1,
[ = 0 operator reduces to Al-Shagsi and Darus differential operator [2]
and when p = 1, [ = 0 we reobtain the operator introduced by Darus and
Ibrahim in [6].

Definition 1.3. [4] Let f € Sy(p,n), p € N. Using the operator (1.3)) for
f = h+ g given by (L.1) we define the differential operator of f as

(1.5) Vs (p, ) f(2) = I (p, DA(2) + (=1)" I 75(p, D9 (2)

where

(1.6)  IVs5(p,Dh(z) = (p+ D)™+ Y [p+ Ak —p) + 1" C(8, k)arz"

k=p+n
and
(L.7) s(p.Dg(z) = Y [p+ Ak —p) +1"C(8, k)b,
k=p+n—1
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Remark 1.4. When A = 1, ] = 0, 6 = 0 the operator (1.5) reduces to the
operator introduced earlier in [§] by Jahangiri et al.

Definition 1.5. [4] A function f € Sy(p,n) is said to be in the class
ALy (p,m, 0, c, \, 1) if

1 ™ (p 1) f(z
(1.8) —~ Re M >a, 0<a<l,
p+l I (p, 1) f(2)
where I}; f is defined by 1' for m € Np.
Finally, we define the subclass

(1.9) /Ey(p,m, d,a, A\ 1) = ALy (p, m, 0, a, A\, 1) N SH(p,n,m).

Remark 1.6. The class ALy(p,m,d,a, A1) includes a variety of well-known
subclasses of Sy (p, n). For example, letting n = 1 we get ALy(1,1,0,,1,0) =
HK(«a) in [1], for n = 1, ALu(1,m — 1,0,a,1,0) = Sy (t,u,«) in [14],
ALy (p,n+p,0,a,1,0) = SHy(n,«) in [11] and n =1, ALy (1,m,d,,1,0) =
My (m, 0, ) in [3].

Theorem 1.7. [4] Let f,, = h + gm be given by . Then f,, €
ALy (p,m,d,c, \, 1) if and only if

(1.10) i [(p+ DA — ) + Ak — p)ldpk(m, \,)C (5, k)

k=p+n (p+ 0" (1 —a) lael+
D1+ 0) £ Ak = p)ldpr(m A\ DCGR)
" o (1~ a) =t
k=p+n—1
where An > a(p+1), 0 <a <1, meNy, A >0 and
(1.11) dpr(m, A\ 1) =[p+ Ak —p) +1]™.
Remark 1.8. The harmonic function
- (p+D)" (1 -a) !
1.12 z) =P+ TRz +
(L12) S =+ D, Griyi=a) + A=yt ST D™
— (p+ D" (1 - a) —
+ P
2 GO @)+ AR il 8 DO R

where 77 okl + 3002 1kl = 1,0 <a <1, m e No, An > a(p +1),
A > 0 and dpi(m, A1) is given in (1.11), show that the coefficient bound
expressed by ((1.10]) is sharp.
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2. CONVEX COMBINATION AND EXTREME POINTS

In this section, we show that the class ﬂq{(p,m, d, a, A1) is closed under
convex combination of its members.
For i =1,2,3,..., let the functions f,,(z) be

o0 (o)
(2.1) Fui(2) =27 = > agal2®+ (=)™ D [balz"
k=p+n k=p+n—1

Theorem 2.1. The class le\iq{(p,m, d,a, A\, 1) is closed under convexr combi-
nation.

Proof. Fori=1,2,3,..., let fn,,(2) € ZleH(p,m, 9, a, A, 1), where the functions
fm;(2) are defined by (2.1)). Then by (1.10) we have

= [(p+ 1)1~ ) + Ak — p)ldpa(m. A DO, K)
w2 (b (1~ a) it
oS D) APl A DCER),

m+1 _
bt (0 + "1~ )

oo
For Z t; =1, 0 <t; <1, the convex combination of f,,, may be written as
i=1

 tifmi(z2) =2 = > (Zti|ak,i|>z’f+(—1)m > ( ti|bk7i|>2k.
=1 1

k=p+n \i=1 k=p+n—1 \i=
Then by (2.2) one obtains

o [+ D1 =) + Ak = p)ldps(m, A DCO, k) (=,
Z (p + l)m—‘rl(l _ a) : <; tz‘ak,z|> +

k=p+n

s [<p+1><1+a>+A(k—p)]dp,k<m,u>c<5,k>.(iti,bki‘):
=1

m+1(1 _
k=p+n—1 (p+0)m (1 —a)

iti , i [0+ D1 = ) + Ak = p)ldps(m A DCEOR),
i=1

m+1(1 — ’ak’i
et (p+ )" (1 )

b 3 oo e xt-plumancer, | )

P+ )"+ (1 - a)

k=p+n—1 i=1
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and therefore g tifm;(2) € ALH (p,m,d,a, A\ ). O
i=1

Further, we will determine a representation theorem for functions in
ALH (p,m, d, a, A, l) from which we also establish the extreme points of closed
convex hulls of ALH(p,m 9, a, A\, 1) denoted by clcoALH(p,m 5, a, \ D).

Theorem 2.2. Let f,(z) given by . Then fm(z) € ALH(p, m,d, a, \, 1)
if and only if

(2.3) fn(2) = Xphp(2) + > Xphi(2)+ D Yigm, (2)

k=p+n k=p+n—1

where hy(z) = 2P

(p+ )" (1 - a) p
(o + D)1= @) + Ak = )ldp (. DO, 1)

k=p+n,p+n+1,..,

(2.4)  hp(z) = 2P —

and

(p+ D)™ 1 — a) Sk
[(p+ D)1+ a) + Ak = p)ldpr(m, A\, 1)C (S, k)’

k:p+n—1p+n

with Xg > 0, = 0,X, =157 ., X Zk—p+n Y
In particular, the extreme points of ALH (p,m,d, a, A, l) are {hi} and {gm, }

(2.5) gm,(2) =2+ (=)™

Proof. For the functions f,,, of the form ([2.3), we have

fu(2) = Xphp(2) + Y Xphw(2)+ Y Yigm,(2) =
k=p+n k=p+n—1

Z (p+ D)™ 1 — a)

o o+ D= @) + A0k = p)Jdy(m, A DO, )

m (p+ )" (1 - a) )
+(=1) k:p%;_l [(p+ 1)1+ a) + Ak — p)]dpk(m, \,1)C(5, k) Y3z",

o

Xka'i‘

Consequently,

o0

3 [(p+ D1 —a) + Ak — p)ldpk(m, A, 1)C(6, k)
(p+1)mH(1 —«)

ap+
k=p+n

779 CATAS 775-785



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

6 A. Catas, R. Sendrutiu, L.F. Iambor

+ io: [(p—l—l)(l +a) +)‘(k _p)]dp,k(maAvl)C(év k)

b, =
m+1 _
k=p+n—1 (p+0DmH (1 —a)
- Z X5 + Z Vi=1-X,<1,
k=p+n k=p+n—1
where
(p+0)"(1-a)
ap = Xk
[(p+ D1 = a) + Ak = p)]dpr(m, A\, 1)C(0, k)
(p+D)™ (1 - a)
[(p+ D1+ ) + Ak — p)ldpi(m, A, 1)C(6, k)

and therefore f,, € clcoﬂy(p,m, 0, a, A1),
Conversely, suppose that f,, € clcoALy(p, m,d, a, A, 1).
Setting

H(1— Ak —p)ld ADC(0, k
(26) Xk:: [(p+ )( Oé)+ ( 1p)] P,k(m7 ’ ) ( ) )‘ak"
(p+ 1)1 —-a)
k=p+n,p+n+1,..,
v — [+ DA +a) + Alk — p)ldyp(m, A, )C(S, k) by
) (p+ D)™ (1~ a) ’
k=p+n—1,p+n,..,
and X, = 1 =332 Xp — >0, 1 Yk We note by Theorem H that
Onggl,Onggl, andXPZO.
We obtain the required representation since f,,, can be written as

fm(z) = 2P — Z lag| 2" + (=)™ Z |br|2F =
k=p+n k=p+n—1
= (p+ 0" (1 - )Xy, .
= zp —_ z _|_
k:%;n [(p+ D1 —a) + Ak = p)ldpr(m, A, )C(6, k)
m N (p+ 0™ (1 - )Yy k
_1 pr—
D) k; [0+ {1+ ) + Ak — p)Jdp(m, A, [IC0,K)
== Y (P @)X+ D (gm(2) — e =
k=p+n k=p+n—1
= > (@DXet+ Y gm @Y+ [1-) X > V| =
k=p+n k=p+n—1 k=p+n k=p+n—1
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o0 o0
= Xphp(2) + D Xehi(2)+ Y Yigme(2),
k=p+n k=p+n—1
as required. O

3. INTEGRAL PROPERTY AND CONVOLUTION CONDITIONS

In this section we will examine the closure properties of the class
ALy (p,m,d,c, A\, 1) under the generalized Bernardi-Libera-Livingston integral
operator and also convolution properties of the same class.

Now, for f = h + g given by (l.1) we define the modified generalized
Bernardi-Libera-Livingston integral operator of f as

(3.1) L(f(2) = Lc(M(2)) + Le(9(2)), €¢> —p,
where
2)) = C+p ? c—1
d Lo(h(=)) = L /0 L (t)dt
all B C+p 2 .
Lo = 2 [T tgtoar

Putting ¢ = 0 in (3.1)), we get the definition of the generalized Bernardi-
Libera-Livingston integral operator on analytic functions, (see [9], [10]).

Theorem 3.1. Let [ € ANLH(p,m,d,oa, N 1). Then Lo(f) belongs to the class
ALy (p,m,d,a, A\ 1).

Proof. From the representation of L.(f), it follows that

z
T A COR MO
z o z o0
:C;p /Otc—l =" Jagt* dt+(—1)m/0 el > befth | dt| =
k=p+n k=p+n—1
(e.0) (o]
=" — D A+ (D™ D |BlE,
k=p+n k=p+n—1
where
c+p c+p
ET g Br= e

Further, one obtains

i [(p+ DA = a) + Mk = p)ldpk(m, A, )C(O, k) c+p

(p+ )™l — ) ok

k=p+n
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. i [(p + DA + ) + Ak = p)ldpe(m, \,)C(8, k) c+p

|br| <
m+1 _
k=p+n—1 (p+1) (1—-a) ct+k
i [(p+ 1) = a) + Ak = p)]dpr(m, A, )C (9, k)’ ot
m+1 _
A G+ (1 —a)
- + D)1+ a) + Ak — p)ldyx(m, A\, )C(8, k
D S A EL R (. VRN Y
k=p+n—1 p
Since f € zzleH(p,m,d,a,/\,l), by Theorem we have L.(f) €
ALy (p,m, 0, a, A\ 1). O
For the harmonic functions
(3:2) Z Jarl2* + (1™ > (ol 2, [bpana| < 1
k=p+n k=p+n—1
and
(3.3)  fal Z [ARl2® + (=)™ > |Bilz, |Bppaal < 1,
k=p+n k=p+n—1
we define the convolution of fi; and fo as
(f1 % f2)(2) = f1(2) * fa(z Z lar Akl + (1™ > |be B[z
k=p+n k=p+n—1

In the following theorem, we examine the convolution properties of the class
ALy (p,m, 0,0, \, 1).

Theorem 3.2. For 0 < g < a < 1let f1 € ALH(p,m 0,a, N\, 1) and fo €
ALH(p,m 8,8, \,1). Then fixfo € ALH(p,m 0, a, N\, 1) C ALH(p,m 5, B,\10).

Proof. Let f1 € ALH(p,m, d,a, A\ 1) and fo € ﬂy(p,m, 3, B, A\, 1). Obviously,
the coeflicients of f; and fo must satisfy similar conditions to the inequality

(1.10)). Therefore, for the coefficients of fi * fo we can write
i [(p+ D)1 = B) + Ak — p)ldpr(m, A, )C (6, k)

k=ptn (p+D)mt(1—B) |ag Ag |+
20 o+ D+ B) + Ak — p))dy s (m, A, 1)C(S, k)
’ k=p+zn—1 (p+ )™+ (1 —B) b By| <
yo DA =5) + AR —p)ldpi(m, A DCOK)

k=p+n (p+ D1 - )
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N i [(p+ D)(1+ B) + Ak = p)ldp i (m, A, )C(3, k)

bi| <
RN (p+ )7L - B) o
— [P+ 1)1 =) + A(k = p)ldp(m, \,)C(3, k)
Z m+1 ’akH—
A b+ )" (1-a)
- (1 Ak —p)]d N, DCO(6, k
3 [0t ) NPl A OCER)
el P+ D" (1—a)t
because fLG AVLH(p,m, 5,04,)\,l~). In view of Theorem it follows that
fl*f2€AL'H(pam767a7)\vl)CALH(p7m767ﬁa)‘7l)' 0

4. AN APPLICATION OF NEIGHBORHOOD

Let us define a generalized (n, n)-neighborhood of a function f given in (1.2)
to be the set

Nan(f) = { Fn(2) € Su(p,n,m) :

i [(p+ DA = a) + Mk = p)ldpk(m, A, )T, F)

k=p+n (p + l)m+1(1 — Oé) |ak - Ak|+
[+ D1+ ) + Ak — p)ldpi(m, A\, )OS, k)
+k=p§+;bl (p+0m(1 . ) bk — Bi| <

where Fy,(2) = 22 — 552, Al + (<1 0,y 1Bl

Theorem 4.1. Let f,, = h+ gm be given by (1.2). If the functions fp, satisfy
the conditions

= +1)(1 = @) + Ak — p)]dyx(m, A\, )C (8, k
(41) 3 k‘[[(p )( 2p—{—l()m+1p()1]—];() )C (6, k)

|ak|+
k=p+n

[(p+ D)1 + &) + Ak = p)ldpi(m, A, ))C (6, k) o
9 < _
+ (p+ l)erl(l —a) k|| <1 p,(S(m7 A )
and
p+tn—a-—1 o
(42) < W—_a (1 o p,(S(m? A, l)) )
An > op+1), where

[(p+ 0L +0) + M0 = Dldypina(mADCOp+n =)
(p+ )11 —a) pint

then Ny »(f) C ﬂﬂ(p,m,é,a,)\,l).

g&(ma Al) =
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Proof. Let f,, satisfy (4.1) and F;;, € Ny, ,(f). We have

o0

Z [(p + l)(l B O‘) + A(k — p)]dp,k(m7 )\, Z)C<57 k)
(p+ D" (1—a)

| Akl+
k=p+n
[(p+ 1)1+ ) + Ak = p)ldy (. A DYC, )

" (r+ )1~ a)

[+ 1)1 — ) + Ak — p)]dy(m, A, )C(S, k)
S < (p+ 1) (1 - a)

[(p+ DA + ) + Ak = p)ldp e (m, A, )T, F)
P+ )"+ (1—a)

|Bi| <

]akl—l-

|bk\) + Upis(m, A1) <

e}

1 [(p+ D1 —a) + Ak — p)ldpr(m, A, )C(4, k)
+— k - :
" p¥asa, < (p+ )7 (1— ) axl
[(p+ DA + @) + Ak — p)|dpk(m, A, )C(6, k) o
’ <
(p + l)m—i—l(]_ _ Oé) |bk‘ + Up,é(mv Aa l) >
1
<n+ m(l — gf(g(m, )\,l)) + U;(g(m,)\,l) <1

Hence, for n < % (1 —Ups(m, )\,l)) we deduce that f,, €
ALy (p,m, 0, a, A\ 1). O
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