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Abstract. In the present paper, we investigate new properties of a

new subclass of multivalent harmonic functions in the open unit disc

U = {z ∈ C : |z| < 1}, under certain conditions involving a new gen-

eralized differential operator. Furthermore, a representation theorem, an

integral property and convolution conditions for the subclass denoted by

ÃLH(p,m, δ, α, λ, l) are also obtained. Finally, we will give an application

of neighborhood.
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1. Introduction

A continuous complex-valued function f = u + iv defined in a simply con-

nected complex domain D is said to be harmonic in D if both u and v are

real harmonic in D. In any simple connected domain we can write f = h+ ḡ,

where h and g are analytic in D. A necessary and sufficient condition for f to

be univalent and sense preserving in D is that |h′(z)| > |g′(z)|, z ∈ D. (See

also Clunie and Sheil-Small [5] for more details.)

Denote by SH(p, n), (p, n ∈ N = {1, 2, . . .}) the class of functions f = h+ ḡ

that are harmonic multivalent and sense-preserving in the unit disc U = {z ∈
C : |z| < 1}. Then for f = h + ḡ ∈ SH(p, n) we may express the analytic

functions h and g as

(1.1) h(z) = zp +

∞∑
k=p+n

akz
k, g(z) =

∞∑
k=p+n−1

bkz
k, |bp+n−1| < 1.

1

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

775 CATAS 775-785



2 A. Cătaş, R. Şendruţiu, L.F. Iambor

Let S̃H(p, n,m), (p, n ∈ N,m ∈ N0 ∪ {0}) denote the family of functions

fm = h+ ḡm that are harmonic in D with the normalization

(1.2)

h(z) = zp −
∞∑

k=p+n

|ak|zk, gm(z) = (−1)m
∞∑

k=p+n−1

|bk|zk, |bp+n−1| < 1.

Definition 1.1. [4] Let H(U) denote the class of analytic functions in the

open unit disc U = {z ∈ C : |z| < 1} and let A(p) be the subclass of the

functions belonging to H(U) of the form

h(z) = zp +
∞∑

k=p+n

akz
k.

For m ∈ N0, λ ≥ 0, δ ∈ N0, l ≥ 0 we define the generalized differential operator

Imλ,δ(p, l) on A(p) by the following infinite series

(1.3) Imλ,δ(p, l)h(z) = (p+ l)mzp +
∞∑

k=p+n

[p+ λ(k − p) + l]mC(δ, k)akz
k,

where

(1.4) C(δ, k) =

(
k + δ − 1

δ

)
=

Γ(k + δ)

Γ(k)Γ(δ + 1)
.

Remark 1.2. When λ = 1, p = 1, l = 0, δ = 0 we get Sălăgean differential

operator [13]; p = 1, m = 0 gives Ruscheweyh operator [12]; p = 1, l = 0, δ = 0

implies Al-Oboudi differential operator of order m (see [1]); λ = 1, p = 1,

l = 0 operator (1.3) reduces to Al-Shaqsi and Darus differential operator [2]

and when p = 1, l = 0 we reobtain the operator introduced by Darus and

Ibrahim in [6].

Definition 1.3. [4] Let f ∈ SH(p, n), p ∈ N. Using the operator (1.3) for

f = h+ ḡ given by (1.1) we define the differential operator of f as

(1.5) Imλ,δ(p, l)f(z) = Imλ,δ(p, l)h(z) + (−1)mImλ,δ(p, l)g(z)

where

(1.6) Imλ,δ(p, l)h(z) = (p+ l)mzp +
∞∑

k=p+n

[p+ λ(k − p) + l]mC(δ, k)akz
k

and

(1.7) Imλ,δ(p, l)g(z) =

∞∑
k=p+n−1

[p+ λ(k − p) + l]mC(δ, k)bkz
k.
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Certain subclass of harmonic multivalent functions defined by derivative operator 3

Remark 1.4. When λ = 1, l = 0, δ = 0 the operator (1.5) reduces to the

operator introduced earlier in [8] by Jahangiri et al.

Definition 1.5. [4] A function f ∈ SH(p, n) is said to be in the class

ALH(p,m, δ, α, λ, l) if

(1.8)
1

p+ l
Re

{
Im+1
λ,δ (p, l)f(z)

Imλ,δ(p, l)f(z)

}
≥ α, 0 ≤ α < 1,

where Imλ,δf is defined by (1.5), for m ∈ N0.

Finally, we define the subclass

(1.9) ÃLH(p,m, δ, α, λ, l) ≡ ALH(p,m, δ, α, λ, l) ∩ S̃H(p, n,m).

Remark 1.6. The class ALH(p,m, δ, α, λ, l) includes a variety of well-known

subclasses of SH(p, n). For example, letting n = 1 we get ALH(1, 1, 0, α, 1, 0) ≡
HK(α) in [7], for n = 1, ALH(1,m − 1, 0, α, 1, 0) ≡ SH(t, u, α) in [14],

ALH(p, n+ p, 0, α, 1, 0) ≡ SHp(n, α) in [11] and n = 1, ALH(1,m, δ, α, 1, 0) ≡
MH(m, δ, α) in [3].

Theorem 1.7. [4] Let fm = h + ḡm be given by (1.2). Then fm ∈
ÃLH(p,m, δ, α, λ, l) if and only if

(1.10)

∞∑
k=p+n

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|ak|+

+
∞∑

k=p+n−1

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|bk| ≤ 1,

where λn ≥ α(p+ l), 0 ≤ α < 1, m ∈ N0, λ ≥ 0 and

(1.11) dp,k(m,λ, l) = [p+ λ(k − p) + l]m.

Remark 1.8. The harmonic function

(1.12) f(z) = zp+
∞∑

k=p+n

(p+ l)m+1(1− α)

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)
xkz

k+

+

∞∑
k=p+n−1

(p+ l)m+1(1− α)

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)
ykzk,

where
∑∞

k=p+n |xk| +
∑∞

k=p+n−1 |yk| = 1, 0 ≤ α < 1, m ∈ N0, λn ≥ α(p + l),

λ ≥ 0 and dp,k(m,λ, l) is given in (1.11), show that the coefficient bound

expressed by (1.10) is sharp.
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2. Convex combination and extreme points

In this section, we show that the class ÃLH(p,m, δ, α, λ, l) is closed under

convex combination of its members.

For i = 1, 2, 3, ..., let the functions fmi(z) be

(2.1) fmi(z) = zp −
∞∑

k=p+n

|ak,i|zk + (−1)m
∞∑

k=p+n−1

|bk,i|z̄k.

Theorem 2.1. The class ÃLH(p,m, δ, α, λ, l) is closed under convex combi-

nation.

Proof. For i = 1, 2, 3, ..., let fmi(z) ∈ ÃLH(p,m, δ, α, λ, l), where the functions

fmi(z) are defined by (2.1). Then by (1.10) we have

(2.2)
∞∑

k=p+n

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|ak,i|+

+

∞∑
k=p+n−1

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|bk,i| ≤ 1.

For
∞∑
i=1

ti = 1, 0 ≤ ti ≤ 1, the convex combination of fmi may be written as

∞∑
i=1

tifmi(z) = zp −
∞∑

k=p+n

( ∞∑
i=1

ti|ak,i|

)
zk + (−1)m

∞∑
k=p+n−1

( ∞∑
i=1

ti|bk,i|

)
z̄k.

Then by (2.2) one obtains

∞∑
k=p+n

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
·

( ∞∑
i=1

ti|ak,i|

)
+

+

∞∑
k=p+n−1

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
·

( ∞∑
i=1

ti|bk,i|

)
=

∞∑
i=1

ti ·


∞∑

k=p+n

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|ak,i|+

+

∞∑
k=p+n−1

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|bk,i|

 ≤
∞∑
i=1

ti = 1,
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Certain subclass of harmonic multivalent functions defined by derivative operator 5

and therefore
∞∑
i=1

tifmi(z) ∈ ÃLH(p,m, δ, α, λ, l). �

Further, we will determine a representation theorem for functions in

ÃLH(p,m, δ, α, λ, l) from which we also establish the extreme points of closed

convex hulls of ÃLH(p,m, δ, α, λ, l) denoted by clcoÃLH(p,m, δ, α, λ, l).

Theorem 2.2. Let fm(z) given by (1.2). Then fm(z) ∈ ÃLH(p,m, δ, α, λ, l)

if and only if

(2.3) fm(z) = Xphp(z) +
∞∑

k=p+n

Xkhk(z) +
∞∑

k=p+n−1

Ykgmk
(z),

where hp(z) = zp

(2.4) hk(z) = zp − (p+ l)m+1(1− α)

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)
zk,

k = p+ n, p+ n+ 1, ...,

and

(2.5) gmk
(z) = zp + (−1)m

(p+ l)m+1(1− α)

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)
z̄k,

k = p+ n− 1, p+ n, ...,

with Xk ≥ 0, Yk ≥ 0, Xp = 1−
∑∞

k=p+nXk −
∑∞

k=p+n−1 Yk.

In particular, the extreme points of ÃLH(p,m, δ, α, λ, l) are {hk} and {gmk
}.

Proof. For the functions fm of the form (2.3), we have

fm(z) = Xphp(z) +

∞∑
k=p+n

Xkhk(z) +

∞∑
k=p+n−1

Ykgmk
(z) =

= zp −
∞∑

k=p+n

(p+ l)m+1(1− α)

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)
Xkz

k+

+(−1)m
∞∑

k=p+n−1

(p+ l)m+1(1− α)

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)
Ykz̄

k.

Consequently,

∞∑
k=p+n

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
ak+
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+
∞∑

k=p+n−1

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
bk =

=

∞∑
k=p+n

Xk +

∞∑
k=p+n−1

Yk = 1−Xp ≤ 1,

where

ak =
(p+ l)m+1(1− α)

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)
Xk

bk =
(p+ l)m+1(1− α)

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)
Yk

and therefore fm ∈ clcoÃLH(p,m, δ, α, λ, l).

Conversely, suppose that fm ∈ clcoÃLH(p,m, δ, α, λ, l).

Setting

(2.6) Xk =
[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|ak|,

k = p+ n, p+ n+ 1, ...,

Yk =
[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|bk|

k = p+ n− 1, p+ n, ...,

and Xp = 1 −
∑∞

k=p+nXk −
∑∞

k=p+n−1 Yk. We note by Theorem 1.7 that

0 ≤ Yk ≤ 1, 0 ≤ Xk ≤ 1, and Xp ≥ 0.

We obtain the required representation since fm can be written as

fm(z) = zp −
∞∑

k=p+n

|ak|zk + (−1)m
∞∑

k=p+n−1

|bk|z̄k =

= zp −
∞∑

k=p+n

(p+ l)m+1(1− α)Xk

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)
zk+

+(−1)m
∞∑

k=p+n−1

(p+ l)m+1(1− α)Yk
[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

z̄k =

= zp −
∞∑

k=p+n

(zp − hk(z))Xk +

∞∑
k=p+n−1

(gmk
(z)− zp)Yk =

=

∞∑
k=p+n

hk(z)Xk +

∞∑
k=p+n−1

gmk
(z)Yk + zp

1−
∞∑

k=p+n

Xk −
∞∑

k=p+n−1

Yk

 =
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= Xphp(z) +
∞∑

k=p+n

Xkhk(z) +
∞∑

k=p+n−1

Ykgmk
(z),

as required. �

3. Integral property and convolution conditions

In this section we will examine the closure properties of the class

ÃLH(p,m, δ, α, λ, l) under the generalized Bernardi-Libera-Livingston integral

operator and also convolution properties of the same class.

Now, for f = h + ḡ given by (1.1) we define the modified generalized

Bernardi-Libera-Livingston integral operator of f as

(3.1) Lc(f(z)) = Lc(h(z)) + Lc(g(z)), c > −p,

where

Lc(h(z)) =
c+ p

zc

∫ z

0
tc−1h(t)dt

and

Lc(g(z)) =
c+ p

zc

∫ z

0
tc−1g(t)dt.

Putting g = 0 in (3.1), we get the definition of the generalized Bernardi-

Libera-Livingston integral operator on analytic functions, (see [9], [10]).

Theorem 3.1. Let f ∈ ÃLH(p,m, δ, α, λ, l). Then Lc(f) belongs to the class

ÃLH(p,m, δ, α, λ, l).

Proof. From the representation of Lc(f), it follows that

Lc(f(z)) =
c+ p

zc

∫ z

0
tc−1(h(t) + ḡm(t))dt =

=
c+ p

zc

∫ z

0
tc−1

tp − ∞∑
k=p+n

|ak|tk
 dt+ (−1)m

∫ z

0
tc−1

 ∞∑
k=p+n−1

|bk|tk

 dt

 =

= zp −
∞∑

k=p+n

|Ak|zk + (−1)m
∞∑

k=p+n−1

|Bk|z̄k,

where

Ak =
c+ p

c+ k
ak, Bk =

c+ p

c+ k
bk.

Further, one obtains
∞∑

k=p+n

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
· c+ p

c+ k
|ak|+
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+
∞∑

k=p+n−1

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
· c+ p

c+ k
|bk| ≤

∞∑
k=p+n

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|ak|+

+
∞∑

k=p+n−1

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|bk| ≤ 1.

Since f ∈ ÃLH(p,m, δ, α, λ, l), by Theorem 1.7 we have Lc(f) ∈
ÃLH(p,m, δ, α, λ, l). �

For the harmonic functions

(3.2) f1(z) = zp −
∞∑

k=p+n

|ak|zk + (−1)m
∞∑

k=p+n−1

|bk|z̄k, |bp+n−1| < 1,

and

(3.3) f2(z) = zp −
∞∑

k=p+n

|Ak|zk + (−1)m
∞∑

k=p+n−1

|Bk|z̄k, |Bp+n−1| < 1,

we define the convolution of f1 and f2 as

(f1 ∗ f2)(z) = f1(z) ∗ f2(z) = zp −
∞∑

k=p+n

|akAk|zk + (−1)m
∞∑

k=p+n−1

|bkBk|z̄k.

In the following theorem, we examine the convolution properties of the class

ÃLH(p,m, δ, α, λ, l).

Theorem 3.2. For 0 ≤ β ≤ α < 1 let f1 ∈ ÃLH(p,m, δ, α, λ, l) and f2 ∈
ÃLH(p,m, δ, β, λ, l). Then f1∗f2 ∈ ÃLH(p,m, δ, α, λ, l) ⊂ ÃLH(p,m, δ, β, λ, l).

Proof. Let f1 ∈ ÃLH(p,m, δ, α, λ, l) and f2 ∈ ÃLH(p,m, δ, β, λ, l). Obviously,

the coefficients of f1 and f2 must satisfy similar conditions to the inequality

(1.10). Therefore, for the coefficients of f1 ∗ f2 we can write
∞∑

k=p+n

[(p+ l)(1− β) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− β)
|akAk|+

+
∞∑

k=p+n−1

[(p+ l)(1 + β) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− β)
|bkBk| ≤

∞∑
k=p+n

[(p+ l)(1− β) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− β)
|ak|+
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+
∞∑

k=p+n−1

[(p+ l)(1 + β) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− β)
|bk| ≤

∞∑
k=p+n

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|ak|+

+
∞∑

k=p+n−1

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)+
|bk| ≤ 1,

because f1 ∈ ÃLH(p,m, δ, α, λ, l). In view of Theorem 1.7, it follows that

f1 ∗ f2 ∈ ÃLH(p,m, δ, α, λ, l) ⊂ ÃLH(p,m, δ, β, λ, l). �

4. An application of neighborhood

Let us define a generalized (n, η)-neighborhood of a function f given in (1.2)

to be the set

Nn,η(f) =
{
Fm(z) ∈ S̃H(p, n,m) :

∞∑
k=p+n

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|ak −Ak|+

+

∞∑
k=p+n−1

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|bk −Bk| ≤ η


where Fm(z) = zp −

∑∞
k=p+n |Ak|zk + (−1)m

∑∞
k=p+n−1 |Bk|z̄k.

Theorem 4.1. Let fm = h+ ḡm be given by (1.2). If the functions fm satisfy

the conditions

(4.1)
∞∑

k=p+n

k ·
[

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|ak|+

+
[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|bk|
]
≤ 1− Uαp,δ(m,λ, l)

and

(4.2) η ≤ p+ n− α− 1

p+ n− α
(
1− Uαp,δ(m,λ, l)

)
,

λn ≥ α(p+ l), where

Uαp,δ(m,λ, l) =
[(p+ l)(1 + α) + λ(n− 1)]dp,p+n−1(m,λ, l)C(δ, p+ n− 1)

(p+ l)m+1(1− α)
|bp+n−1|

then Nn,η(f) ⊂ ÃLH(p,m, δ, α, λ, l).
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Proof. Let fm satisfy (4.1) and Fm ∈ Nn,η(f). We have

∞∑
k=p+n

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|Ak|+

+
∞∑

k=p+n−1

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|Bk| ≤

≤ η +
∞∑

k=p+n

(
[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|ak|+

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|bk|
)

+ Uαp,δ(m,λ, l) ≤

η +
1

p+ n− α

∞∑
k=p+n

k ·
(

[(p+ l)(1− α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|ak|+

[(p+ l)(1 + α) + λ(k − p)]dp,k(m,λ, l)C(δ, k)

(p+ l)m+1(1− α)
|bk|
)

+ Uαp,δ(m,λ, l) ≤

≤ η +
1

p+ n− α
(1− Uαp,δ(m,λ, l)) + Uαp,δ(m,λ, l) ≤ 1.

Hence, for η ≤ p+n−α−1
p+n−α

(
1− Uαp,δ(m,λ, l)

)
we deduce that fm ∈

ÃLH(p,m, δ, α, λ, l). �
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