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1. Introduction

It is commonly acknowledged that a key concept in fixed point theory is the introduction of new iterative
algorithms and contractive conditions that expand previously published mappings and algorithms (for
references, see [1, 2, 3, 4, 5]).

In 1979, Mishra [6] proved that the fixed-point theorem of Maia could be expanded to apply to bi-metric
spaces. In their paper in 1984, J. Appell and M. P. Pera build on the work of Anselon and Ansorge on
the approximate solution of nonlinear equations involving incompressible operators [7]. The investiga-
tion of two-metric spaces was initiated in the year 1992 by a group of academics, the most notable of
them was Dhage [8], who was the pioneer in the concept of D-spaces. Various fixed-points were
demonstrated by Mustafa and Sims [9] in 2006, and the concept of G-metric spaces was introduced as
generalizing of classical metric spaces.

Following the concepts outlined in [10], which relate to a generalization of D*-metric space. In their
publication [11], Sedghi et al. demonstrated a range of characteristics pertaining to S-metric spaces. In
2012, numerous fixed-point results were established for self-maps defined on S-metric spaces. In 2013,
Gupta [12] introduced the concept of cyclic contraction in S-metric spaces and established numerous
fixed-point results. Theorems presented here act as suitable generalizations of the discoveries made by
Sedghi et al. [11].

For multivalued mappings on complete S-metric spaces, Sedghi et al. proved a common fixed points in
2014 [13]. In 2018, Suzuki extended the idea of fixed points in metric spaces to the context of metric S-
spaces, building on the work done in [14].

In 2022, Pourgholam and colleagues construct several well-known fixed-point results for single-valued
and multi-valued mappings via employing a generalization of coincidence points in S-metric spaces [15].

Using the C-class function, Saluja demonstrated in 2022 that there are shared fixed points on S-metric
spaces for two sets of weakly compatible mappings [16].

In 2024, Hashoosh and Dasher unveiled groundbreaking discoveries in the realm of fixed-points
specifically tailored in S-metric spaces. The results were achieved through the use of the tri-simulation
function, as outlined in [5].
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This study aims to uncover new findings regarding common fixed points in double S-metric spaces,
referred to as Bi-S-metric spaces. Specific instances of the Fredholm integral equation will be
demonstrated.

2. Preliminaries

To make sure we cover everything, we will review the topic's basic description and outcomes in the
part that follows.

Definition 2.1[11]. Consider that Z is considered a non-empty set and S: 22 — [0, ) be a function
meeting the given requirements, for eacho,0,w,a € E.

1. S(o,0,w)=0;
2. S(o,0,w) =0ifand only if 0 =0 = w;
3. S(0,Q,w)< S(0,0,a)+5(Q,0a)+S (w,w,a).

Subsequently, S is designated as an S-metric space on E, and the pair (Z, S) is referred to as an S-metric
space.

Definition 2.2 [11]. If (E, S) denote an S-metric space, what follows is the definition of a sequence
{o,} of E.

1. {o,}in E converges to o if, and just if S (o, 6, 6) > 0asn — oo ,foralle > 0,thereisn, € Nin
which S(oy, 0, ,0)< € foreach n = n, . This is indicated by lim o, = o;
n—-oo

2. {o,}in E is defined as a Cauchy if for all € > 0 ,there is n, € N whereby S(o,, 6,0,,) < € for each
n,mz=ng;

3. If all Cauchy sequence converges, we consider a space is complete.

Example 2.3 ([5]). Assuming ||. || is a norm on R", the S-metric on R" is defined as S(x,y, ) =
lly +3 —2x[| + [ly —3ll.

:Lemma 2.4 [11] In the space of S-metrics (&, S), the following features manifest
1. For all x, y € E, we have S(x, X, ¥) = S(, Y, X).
2.1fx, » xandy, = y such asn — oo then S(x,, X,, ¥n) = S(X,%,y) wheren — co.

Lemma 2.5 [17] Consider (Z, d) as a complete b-metric space, if {x,} denote a sequence within =, and
r € [0; 1) such that the next inequality holds,

8(Xp41, Xns2) S 18Xy, Xppq) < foranyn € N.
Then, {8,,} constitutes a Cauchy sequence in =.

3. MAIN RESULT

Within the context of S-metric spaces, we present the idea of Bi-S metric spaces in this chapter. We
examine whether common fixed-point theorems exist in these recently constructed spaces and whether
they are unique. Our findings open the door for more research in mathematical analysis by improving
and generalizing many well-established results from the body of existing literature.

Definition.3.1. (&, S;, S,) is referred to as a Bi-S-metric space if (£, S;) and (&, S,) are two S-metric
spaces.
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Below is an example that clarifies the definition of Bi-S-metric space

Example 3.2. Assume that (R,S;) and(R, S,) be S; —metric spaces, for all i= 1,2 and S;,S,: R® —
[0, o) is described via:

5:0,y,) =|y+3—-20|+|y—3and S, =|0+3—2y| forall §,y,3 € R. Then (R, S,,S,) is a Bi-
S-metric space.

The next Lemma is an improvement of the Lemma 2.5 that contributes to solving our main results.

Lemma 3.3 Consider {0,,} be a sequence in = and that space (Z, S) is a complete S-metric, and assuming
{0,,} is a sequence in E that fulfills

S(0541) 0542, 0n43) < 1S(0,,0,41,0042) VnEN,andr € [0,1)
then, a sequence {8,,} is Cauchy in =.
Proof. For any n, from the inequality provided:
S@n+1,0n42,0n43) S7S(0n,0n41,0p42) VREN.

Then,

S@n+2) 043 Onsa) < 17288, Op41, On)-
Similarly, we have

S(Bn+3)Onsas Onas) <73 8B, Ops1  Onaz)-
By induction: for alln € Nand k > 1, then

S@n+k» Ontica 1 Onaicaz) S 78S (B, Oy, Opy2)-

We now sum these inequalities
S@n ) 0n4m Onsmik) < S, 0n41,Ony2) + S(0n41,0n42,0n43) + -+ S(Onsm-1, Ontm Onsme1)-
Using the previous inequalities, we obtain

S, Onim Onmer) < SBn,0ns1,0ny2) (X +7 +72 4+ ™71,
_,m
Since r € [0,1), the geometric series 1 + r + r2 + --- + r™~1 converges to 11% . Since r < 1. Then,

r™ — 0 asm — oo. This is implying

S, Opsm, Ons2)

S(an , an+m , 6n+m+k ) < 1—1r

We can pick m and n so that S(8,,, 0n4m » On+masr ) iS Smaller than any r > 0 . Thus, it is proved that
{0, } is a Cauchy sequence.

We provide a considerable improvement over Theorem 3.1 from [17] to improve our findings in Bi-S
metric spaces. This new theorem strengthens our paper's basic notions with deeper insights and more
durable answers.
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Theorem 3.4. Consider that (=, 53, S,) is a Bi-S-metric spaces, in which
i' SI(J! J! Q) < SZ(L J, Q)
(ii) Consider that F, T: & — £ be two self-maps on £ that satisfy

S2(3,3,F3) - S;,(0,0,To)
S;(0,0,To) + S;,(0,0,F3)

Sz (,2,0)[1+ S (3 AF3)+ S3 (0,0,F3)] [S2 (3,3,F3).53 (3 AT))]
145 (A20)+ Sz 3,0F2).S; 3, 0T0).S (0,0,F>).S, (0,0To) S (33,0)

S,(F3F)\,To) <

+ 3.1)
Where, a,8,ye [0,1) anda + f + 3y < 1.

iii. There is a point 3, € £ in which the sequence {3} of iterates defined as 3; = F3, 3, =T}, ...,
don = Tdan-1, donse1 = don for eachn € N has a convergent subsequence 3, converging to 3* in

(£,8).
iv. In (£, S;) both mappings F and T are continuous.
Subsequently, F also T possess a unique common fixed point in Z.
Proof. Consider that, 3, € = and {1,} represent sequences of iterates over , indicated by
F(32n) =3n41 and T(Ayp_q1) = Ay, forall vn €N, (3.2)
Using the equation (3.1) and (3.2), we conclude that,
SZ (12n+1' 32n+1 4 12n+2 )
=S,(Fl\pn, Fign , TAgpsq )

<a 52 (JZn' JZn ’ F JZn )-52 (12n+1: 12n+1 T12n+1:)
N SZ(JZn+1'12n+1' T12n+1 ) + SZ (12n+1112n+1 :FlZn)

B S2 Ozndz2n d2n+1)[1+S2 Oz2ndan Fizn )+S2Oz2n+12n+1 .Flan )]
1452 O2nd2n A2n+1)+S2 Ganden Fizn ) -S202nd2n Than+1) *S2O2n+1.d2n+1 Fl2n ) S20z2n+1.d2n+1 . Thzn+1 )
S2 O2nd2n Fizn )-S2 Gandon Tlan+1)
S202n32n d2n+1)

<a Sz OG2n, Y2n A2n+1)-S2 Gant1 don+1 den+2)
- S202n+1 d2n+1 dzn+z)

<B Sz O2n A2n A2n+1)[1+S2 Ozn d2n d2n+1)]
- 1452 G2nd2n Aan+1)

+ S2 Ozn d2n A2n+1) S2 Ozandan Azn+2)

Sz B2n d2n A2n+1)
< aS; Oondon s dane1 ) + BS2 Oondon s donet ) + ¥ S2 Oons don s donsz )

Then,

SZ (12n+1' 12n+1 ’ 32n+2 )

< @+ B)S2onm don s done1 )+ ¥V Sz Gonidon s dons1 ) ¥ Sz Oondan s danst )
+ ¥ S2(32n+1 dont1s donsz)-
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It means that

(1=7)S2 (Aznt1, dans1.d2n42) < (@ + B+ 27 IS (Aon Aonsdznsr )-
So,

(a+B+2y)

1-y SZ( JZn' 12n112n+1)-

SZ (12n+1' 12n+1 4 12n+2 ) =
Therefore, In general forall n € N
SZ (32n+1: J2n+1 ’ 12n+2 )S k 52 (IZn'IZn ’ 12n+1 ) (33)

Where k =(°‘:+;ZY)< 1.

By virtue of Lemma 3.1, it can be determined that the sequence {,,} is a Cauchy sequence in the set =.
The Cauchy sequence{3,}, which is defined by (3.2), possesses a convergent subsequence {Jnk} in
(E,5,) thatis convergentto 3" in ( Z,S;), and thus, the sequence {3,,} too convergentto 3" in ( =,S;),
according to the Cauchy sequence. From this,

lim 3, = 1111—>r2> dop = 1111_{510 dop-q = 7111_{{)10 dan—z =2

n—oo

As a result of the fact that both F and T are continuous in the space ( =, S;) we are now able to
demonstrate that 3" is a fixed point of both mappings F and T. Therefore,

F () = F[lim 3,] = lim [F3,,] = ¥"
Similarly,
T (") = Tlim 3] = lim [T 1] = ¥
Consequently, 3* represents a common fixed point for the mappings F and T.

Consider that 3* and o™ is fixed points of F and T, respectively. Therefore, F3* = T3* = X" and Fo* =
To™ =" and

S,(3%,3,0%) = S,(F3.Fx".Tg")

Sz (3 FY)  S3 (0" ,0°To") B Sy (33,07 [1+ S, (O, FX* )+ S, (0% 0" FX")

Sz (0%,0%To*)+ Sz (0% ,0%F3*) 145 (33%,0%)+ Sz (3 3% F3* ). S, (3*,3*,T0*)-S2(0* 0*F3*).52 (0*,0%,T@*)
+y [S2 (1*,1*.”*)* 5*2 (i* A Te” )].
S (3*2%,0%)

Then,

S2 (33" 3%) Sz (%e"e") I S2 "A%,07)[1+ Sz (A" )+5Sz (07,0727 )]

SO, 0)<a«a
ACREND) Sz (0%,0%0M)+ Sz (9% .0*2") 1485 (33%,0%)+ S (3 3,3 ).S, (3*2%,0%).S, (2*,0"3").52 (¢* .0*¢*)

[Sy (3535,3) 8, (0,3, 0%)]
SZ (l*l J*’ Q*)

S, (33,091 + S, (3,3, 0M)]
= [1+ S, (33,091

Then,
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S (3,3, S BS;(3e").

But B < 1, This indicates a contradiction. Therefore, F and T possess a unique common fixed point in

—
—.

Corollary 3.5. Given that (Z, S,) is a complete Bi-S-metric space and that conditions (i), (ii), and (iv) of
Theorem (3.4) are met, we can say that the mappings T, S: £ — E a unique common fixed point in the
space Z.

Theorem 3.6. Consider (&,S;) and (&,S,) as Bi-S-metric spaces. Given that p = {Ti: i € I, the
collection of positive integers} is a set of mappings on E in which the next situations hold.

i.5:(,30) <S,(3,30)forall 3,0 € .
ii. £ completed processing with regard to S, .

iii. forallT;:Z - Z € p thereis T;:Z - & € psuch that

S2(0,0) S2(e.eTj"e) +8 S2 (AQ[1+ Sz (3 AT™ )+ S, (0,0Ti™ )] +
S2(3Ti™2)+52(eeTi™3) 1457 (33,0
[S2 (3 ATi™2).S (32Tj% )]
S2 (330 '

S(Ti™, T™3, T"e) < «

(3.4)

With m and n being positive integers and a, B, and y being integers in [0,1), where ¢ + 8 + 3y < 1.

iv. If the mapping g; is continuous in (Z,S;) for every i € |, therefore, there is a unique shared fixed
point for P.

Proof. Presuming 3, is an element of E, we establish a sequence of iterates {3, } in Z while

don-1 = T (Uan—p) and Xy = T;"(33p-1) ,VnEN. (3.5)
Using equation (3.4) and (3.5), we obtain that,
S, (32n+1' Ion+1rdona2 )= S (TimJZn ’ TimJZn ’ Tjn32n+1 )

<a SZ (lZnt JZn 4 12n+1 ) SZ (12n+1 '12n+1,Tjn 12n+1')
TS0 % 20 T Aon ) + Sz Oongr donst, T 32n )

+B Sz Ozndzn Azn+1)[1+S2 Ozandzn Tid2n)+S2 Oznt1dz2nt1.Ti H2n)]
1+S2 O2nd2n d2n+1)
m n
S2 O2ndzn Ti™2n) S 2 Ozn d2n T dan+1)

S22nd2n A2n+1)

S2 Ozn, d2n d2nt+1) Sz Ozn+1 d2n+1 dontz)

S2 Oznden, dan+1)+5202n+1 A2n+1 Azn+1)

+8 S2 OGzn d2n Azn+1)[1+S2 Ozn d2n A2n+1)+S202n+1.32n+1.32n+1)]
1452 O2nd2n A2n+1)

Sz Oz2n d2n d2n+1) S2 O2ndzn d2n+z2)

+y

Sz Ozn d2n A2n+1)

52 (RZn JIZn ’ 12n+1 )[1 + SZ (RZn ’ JZn ’ 12n+1 )]
1+ 52 (RZn' IZn ’ 32n+1 )

S aS; (Qonstrdant1rdonsz ) + B
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+¥ 82 Gondan dansz )
< aS; (onstdanetsdanez ) +BS2 Oan v 32n s d2ns1 ) + ¥ S2 Oznidan s donsz )

Then,

SZ (12n+1' 12n+1 ’ 12n+2 )
< aS; (onstdan+tsdanez ) +BS2 Oan v 32n s d2ns1 ) + ¥ S2 Oznidan s d2nsr )
+ ¥ S2 Gznidzn s dons1 ) TV S2(ont1s Ionsts dans2)-

It means that,
(1=a—=v)S; (Aont1,2n+1,32n42) < (B + 27 )S2(32n Azns Azns1 )-
So,

(B+2y)
(1-a-v)

Sz Cons1rd2ne1,donez ) < S22 d2nidonet )

Then, in general for all n € N, we have

SZ (12n+1: 12n+1 ) 12n+2 ) < r-SZ (Ian 32n ) 32n+1 ):

where r = (ﬁ+_2y)< 1.
1-a-y

According to Lemma 3.3, the sequence {3,} is qualifies as a Cauchy sequence within the set =.
Considering that the sequence {X,} distinct by (3.2) is a Cauchy sequence in E and that (E,S;) is
complete, it follows that the sequence{3,,} is convergent in ( =, S;) because of the completeness of the
set. As aresult, lim 3, = 71113310 o = 71113310 donog = 7111_1)120 doner =

n-oo

Then, we demonstrate that 3* is a fixed point in both the T;™ and T;" mappings. Because ;"™ and T;" are
continuous in ( £,S,) it follows that

T, (%) = T,;"[lim 1] = im [T;™ 3,,] = >~
n—oo n—-oo
Similarly,
T () = Tlim 3] = lm 7%, ] = ¥
Therefore, X*provides a common fixed point of the mappings T;™ and T;".
Considering " and ¢* denote both of the fixed points of the mappings ;™ and T;". Consequently
T,"¥ =T"3 = and T;""¢" = T;"0" = o* . Then,
S, (3,307 = S (TN, TN, Tj" ")
Sz (3°37,0) Sz (@%0"T;"e")
Sz O™+ Sz (0% ,0%,T™") +8

[S2 (3 3*,1™%) S (3 AT 0" )]
5 (3*3%,0%) '

Sz (3,01 [1+ Sz (53 T™)+ 53 (0% ,0°T™)
148, (3*2%,0%)

+y

So,
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S, (3" 2%,0") Sz (0%.0%.0") Sz (3,07 [1+ S, ("33 )+5; (0%,0737)
SZ(J*,J*,Q*)SaZ 4 2 (7070 ﬁz )[1+ S 2 (@70 ]
Sy 533+ S, (0%,0%3%) 145, (3*3%,0%)

[Sz (37%,37,37) S, (37,37, 07)]
SZ (J*r J*! Q*)

< S OIS @ ))]
= [1+52 G"37e)]

Then,
Sy (337,07 < B S5, (0,3, 0).
But g < 1,Therefore, we have,
S(¥,3,07) < SO, 07).

The statement is incongruous. Because of this, 3* is unique common fixed point by T;™ and T;". While
the fixed point of 7;" is a fixed point of T;, the fixed point of T;" is a fixed point of T;. Both of these
fixed points are the same. In light of this, 3* is unique common fixed point of T; and T;. As a result, 3" is
the only common fixed point that is unique to P. We have completed the proofing process.

4. Application of Integral Equations.

The most exciting applications of fixed-point theorems are in function spaces. It is integral equation
theorems in S-metric spaces generalize conventional results. These theorems greatly expand
mathematical analysis by establishing integral equation solutions exist and are unique. Discussions
include Fredholm equation solutions' existence and uniqueness. 4.1. Integral equation of Fredholm.

At this point in time, we will look into the existence of a unique solution to Fredholm's nonlinear integral
problem. We applied the fundamental result gained from Theorem (3.4).

Let us take into consideration the Fredholm integral equation of the second kind.
f@) =g(® + [, K@®:t),f(t)dt  fort,d € [0,1]. (4.1)
Where g and K are continuous functions and 4 is a constant.
Define T: £ —» Z is any self-operator, by
T()®) = g@) + [, K@), f()dt  fort,d € [0,1]. (4.2)
Considering g:[0,1] » Rand K:[0,1] x [0,1] X R — R are continuous function,

To solve the integral equation so that it corresponds to the fixed point of T, we assume that f* is found
such that T()(8) = f(9).

Here, we consider the Bi-S- metric space (£,S;, S,), where £ = C([0,1]) is the set of every continuous
functions distinct on [0,1]. S; and S, are two S-metric spaces as follows

S.(f g,h) = f IF(8) — 9@ dd + f IF(8) — h(3)| d.
0 0
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1 1 1 1
$.0,9.0) = ([ 1£@) = g@)IP doyp + ( f 1£(0) — k@) do)?,

Claim 1: verification of the condition (i) for Theorem 3.4. From Holder's inequality between L' —norm
and LP —norm, we have

INORFIOIEEN UNVORFIONEL)

And similarity,

[y

1 1 P
INCQRORE ( INOROL da) .
0 0
So,
Sl(f'g' h) < Sz(f'g' h)
Claim 2: verification of the condition (ii) for Theorem 3.4. For F = T in condition (ii) is became

S2(f, £, T(f)) - S2(h, h, T(h))
S2(h b, T(R) + S5 (h, b, T(f))

ST TU),TW) < «a

B Sz (Ff W)+ S, (F.£.T()+ Sz (WA T(F)]
148 (f.f )+ Sz (F.F.T()).S2 (BT (h).S2 (BT ()).Sz (hhT(h))

[S2 (f.£. TSz (f.£. ()]

+y Sz (f.f.h) '

where, a,B,ve[0,1))anda + 8+ 3y < 1.
Since T is identity operator and with simple calculations, one can have
S (TUTE)T(R) < B S, (f.f.h).

Since Be [0,1) and K is continuous functions and bounded in Fredholm integral equation. At this time,
T is sufficiently contractive to satisfy the following condition:

S (T(TE)THR) < S (f. f. h).
Claim 3: {f,,} is converge sequence to f*in (&, S;).
Define the iterative sequence f,,,1(8) = T(f,)(8). Let us starting from f, (8) € =, from the first and
second conditions we get that S; is contractive with repetition. So, S; (41, fu+1, fn) = 0 asn — oo,

This means that the iterative series f,, converges in S;-metric space to the fixed point f*.
Claim 4: T and F are continuous functions. This is directly because from the continuity of the function g

and the kernel function K. Then, all conditions are satisfied in the Bi- S -metric space, and hence by
Theorem 3.4, F and T possess a unique common fixed point f* which is the solution of the Fredholm
integral equation.

5. Conclusions and Future works

5.1 Conclusions
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The purpose of this study is to demonstrate that there are common fixed points for two contractive kind
mappings in Bi-S-metric space, and that these fixed points are both unique and exist. In addition, the fact
that there are solutions to the Fredholm problem, as well as the fact that those solutions are one of a kind.
In mathematical model analysis and equilibrium theories, fixed points play a vital role. These problems
encompass hemi-equilibrium, variational, and KKM issues. Further reading on these topics is available
(see [18-21]).

5.2 Future works

Future results include studying and finding new definitions and theories for Bi-rectangular S-metric, Bi-
order S-metric or Bi-partial S-metric spaces.
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