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1. Introduction

Bernoulli numbers, Bernoulli polynomials, g-Bernoulli numbers, ¢g-Bernoulli polynomials, the
second kind Bernoulli number and the second kind Bernoulli polynomials were studied by many
authors(see [1-8]). Bernoulli numbers and polynomials posses many interesting properties and arising
in many areas of mathematics and physics. In [5], by using the second kind Bernoulli numbers B; and
polynomials Bj(x), we investigated the g-analogue of sums of powers of consecutive odd integers(see
[6]). Let k be a positive integer. Then we obtain

n—1
Or(n—1) = ;(22' + 1)kt = W.

In [4], we introduced the second kind (h, ¢)-Bernoulli numbers ij@ and polynomials Bﬁ,hg(x) By

using computer, we observed an interesting phenomenon of ‘scattering’ of the zeros of the second kind
(h, q)-Bernoulli polynomials B,(ffg (z) in complex plane. Also we carried out computer experiments
for doing demonstrate a remarkably regular structure of the complex roots of the second kind
(h, q)-Bernoulli polynomials B;hg(x) In this paper, we give recurrence identities the second kind
(h, g)-Bernoulli polynomials and the sums of powers of consecutive (h, ¢)-odd integers.

Throughout this paper, we always make use of the following notations: N = {1,2,3,---}
denotes the set of natural numbers, Z denotes the set of integers, R denotes the set of real numbers,
C denotes the set of complex numbers, Z, denotes the ring of p-adic rational integers, Q, denotes
the field of p-adic rational numbers, and C, denotes the completion of algebraic closure of Q. Let
v, be the normalized exponential valuation of C, with |p|, = p~**® = p~'. When one talks of
g-extension, ¢ is considered in many ways such as an indeterminate, a complex number g € C, or
p-adic number ¢ € C,. If ¢ € C one normally assume that |¢| < 1. If ¢ € C,, we normally assume

that |¢ — 1], < p_ﬁ so that ¢” = exp(zloggq) for |z|, < 1. For
g € UD(Z,) = {glg : Z, — C,, is uniformly differentiable function},

the p-adic ¢g-integral was defined by [2, 5]

I,(9) :/Z g(x)dpg(z) = lim 1 Z g(x)q”.
=0

P
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The bosonic integral was considered from a physical point of view to the bosonic limit ¢ — 1, as

follows: 1 v
hig) = iy I9) = [ g()dun(a) = Jim 3 gla) (see 2) (L.1).
By (1.1), we easily see that
g1) = Ii(g9) + 4'(0), (1.2)

I(
dg(x)

where g1(z) = g(xz + 1) and ¢'(0) = |z:0'
First, we introduce the second kind Bernoulli numbers B,, and polynomials B, (x). The second
kind Bernoulli numbers B,, and polynomials B,,(z) are defined by means of the following generating

functions (see [3]):

2te! o~ _ t"
e2t—1 ; B"H
and -
2tet ot "
(ezt_1>e ngn(x)a
respectively.

The second kind (h, g)-Bernoulli polynomials, Bﬁlhg(cc) are defined by means of the generating

(o) e - > B (3

qhth -1

function:

The second kind (h, ¢)-Bernoulli numbers E,(th are defined by means of the generating function:

(hloggq+2t)et = g t"
—_— = B~ 1.4
T 222 e (1.4)
In (1.2), if we take g(x) = ¢"*e(*TD then we have
v (2 hlogq + 2t)e
/ ¢ e(2 +1)td,u1($) — % (1.5)
7z qtest —1

P

for |t| < p_ﬁ,h € Z. In (1.2), if we take g(z) = e?"**, then we also have

2nt
2nxt _

D

for |t < p_ﬁ. It will be more convenient to write (1.2) as the equivalent bosonic integral form
[ sta s Dam@) = [ a@dmn(@) +50), (e 2. (1.7

For n € N, we also derive the following bosonic integral form by (1.7),

[ st mdmie) = [ gt + Y o0, where g = L2

p Zy k=0

In [4], we introduced the second kind (h, ¢)-Bernoulli numbers B ¢ and polynomials B 3( )
and investigate their properties. The following elementary properties of the second kind (h,
3)

(h)

Bernoulli numbers B(,q and polynomials By, 4(x) are readily derived form (1.1), (1.2), (1. and

(1.4). We, therefore, choose to omit details involved.
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Theorem 1. For h € Z,q € C,, with |1 —¢|, < p 71, we have

B =/ ¢"* (2x + 1)"dp (z),

Zp

B{)(x) = /Z q"(x + 2y + 1)"dpr (y).

P

Theorem 2. For any positive integer n, we have

) - n h) n—
Bfi&(x):Z(lg)Bé’gm k.

k=0

Theorem 3. For any positive integer m, we obtain

n,q m

m—1 .
B(h) (x) — m’ﬂ*l E thB'r(L}Zm (Z‘f’fﬂ"‘Tﬂ) for n Z 0.
=0

2. On the symmetries of the second kind (A, ¢)-Bernoulli polynomials

In this section, we assume that ¢ € C, and h € Z. We investigate interesting properties of
symmetry p-adic invariant integral on Z,, for the second kind (h, ¢)-Bernoulli polynomials. W also
obtain recurrence identities the second kind (h, ¢)-Bernoulli polynomials.

By (1.7), we obtain

1 hz hn ,(2z+2n+1)t / hz (2z+1)t
hlogq+ 2t (/Zq e o) = | are i 2) o)
2.1
B anp qhxe(2x+1)tdul(x)
pr qhnx€2ntxdul (l‘)
By (1.8), we obtain
1 hx hn (2z4+2n+1)t / hx (2z+41)t
—_ "e 4 duy(z) — e dp (x
hlogq 120 (/qu q i1 () qu fi1()
(2.2)

00 n—1 k
=Y (Z q"(2i + 1)’“) %

=0 \:=0

For each integer k > 0, let
O/(gh(j(”) — 1k Jrqh3k +QO5k +q:3h71c T+t qnh(2n+ 1)1@'

The above sum O,(Jz (n) is called the sums of powers of consecutive (h,q)-odd integers. From the

above and (2.2), we obtain

1 hx hn (2z+2n+1)t / h 2z+1 tr
o hr d _ vz (224 )td v
hlogq + 2t </Zq 7 () 2 e @) | 4
- (2.3)
0 t*
=> 0y (n— Do
k=0
Thus, we have
= h h k h k tr - (h) th
Z q ”/ ¢ (2x + 2n + 1)"duq (z) —/ q" (2 + 1)"dpq (x) i Z(hlogq—FQt)Ok’q(n—l)y
k=0 Zp Zp T k=0 ’
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k

By comparing coefficients in the above equation, we have

k!
(hlogq +2t)0y") (n — 1)

:/ th(2x+2n+1)kdu1(x)—/ (22 + VFdp ()
Z Z

P ¥

By using the above equation we arrive at the following theorem:

Theorem 4. Let k be a positive integer. Then we obtain

¢""B{M (2n) — B = hlogqOy") (n — 1) + 2k0(", (n —1). (2.4)

Remark 5. For the alternating sums of powers of consecutive integers, we have

n—1
: (h) (h) _ : k-1
lim (h log gO\") (n — 1) + 2kO™, (n — 1)) - ;(21 +1)
Br(2n) — B
= %, for k € N.
By using (2.1) and (2.3), we arrive at the following theorem:
Theorem 6. Let n be positive integer. Then we have

n [y @ ()

tm
pr qhnm62ntzd'u1 (’I) 2 : (Om,q (n 1)) m! (25)

m=0

Let w; and we be positive integers. By using (1.5) and (1.6), we have

fZ fZ qh(w1x1+w2x2)€(w1 (2951+1)+w2(212+1)+w1w21)td,u1 (xl)dul (iEQ)

f qhwlngelewgztdul(x)

(h 1qu + 2t) wit wztewlwzxt(qhwlwzelewgt _ 1)
(qhwle2w1t _ 1)(qhw2€2w2t _ 1)

By using (2.4) and (2.6), after calculations, we obtain

hwaws ,(222+1)(wat)
1 wy [, q e dpy (x2)
S = ( / qhwlxle(w1(2z1+1)+w1w2z)tdul($1)> ( Zp
Ly

wq pr qhwlngeleth:cdul (l‘)

™\ 3 o mt"
<w1 Z Bm g1 (Waz)wy m!) (Z O,y s (W1 — 1wy m') .

m=0 m=0

By using Cauchy product in the above, we have

e’} m e tm
S = Z Z (]) ](};)wl (wax)w] 1Om ez (w1 — Dwy"™? — (2.8)

=0

By using the symmetry in (2.7), we have

s( /
Wo Zp

(h) mt"
<w2 Z Bm g (W1 D)W ) (Z O, qur (w2 — Dwy m') .

ws [y, qh“’”“6(2””1“)““1%#1@1))

hwazo (w2 (2z2+1)+wiwax)t
q e dm(m)) ( fzp ghwiweze2wiwstzdy ()
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Thus we have
tm

5= 3 (3 () ke twssred 0 st 0 ) 1 29)

tm
By comparing coefficients —; in the both sides of (2.8) and (2.9), we arrive at the following theorem:
m!

Theorem 7. Let w; and ws be positive integers. Then we obtain

Z ( )B( wy (Waz)w?] O;f) Jqua (W1 — Dwy ™

Jj=

i—1 (k) m—j
= Z < > . qu (wiz)wy Oy, 25 (w2 — Dwy™ ™7,

where B,(C]?; (x) and O,(,}f,)q(k) denote the second kind (h, ¢)-Bernoulli polynomials and the sums of

powers of consecutive (h, ¢)-odd integers, respectively.
By using Theorem 2, we have the following corollary:

Corollary 8. Let w; and wy be positive integers. Then we have

( )( ) m—k J 1 I kB]E:h(])w2O£:Zj,qwl(w2_1)

m j .
h h
Z < >( )w{ wgn/ ¥ J kB]E} 3’“1 O'Sn)]q“@ (wl - 1)7
0

J=0 k=

3

J
0 k=0

k

By using (2.6), we have

(2
hwsxo (2x2+1)(w2t)d
1 wy [, ¢ pi1 (2)
S = (ewlwgzt/ qhwlazl6(2x1+1)w1td‘u1(xl)> < pr >
Z

wq pr qhw1w2162w1w2tzdﬂl(z)

D

wi—1
_ (;ewlwzwt/ qhwlml6(2I1+1)w1td/1,1($1)> Z qwzhje(2j+1)(w2t)
1 VA -
7=0

P

(2.10)
wi—1 y \ (2L1+1+w2x+(23+1)—)(w1t)
= > [ e i) (o)

=0 Zp

wi—1 n

o0
t
=3 X B <w2$ +(2 + 1)”) wp™h ) =
X w1 n'
n=0 3=0
By using the symmetry property in (2.10), we also have

hwixy (2£E1+1)(’u)1t)d
1 we [, q e 11 (1)
S = ( ewlwgmt/ qhwgmge(Qrg—i-l)wgtdul(m2)> < fZP >
wo Zp

fZ qhwleIBlewgtmdul(l‘)
P
1 wo—1
_ 7€w1w2wt/ qhw2w26(2w2+1)w2td/1,1(1'2) Z qwlhje(2j+1)(w1t)
w2 Zp =0

wy (2.11)
w21 <2z2+1+w1x+(2j+1)—

w1 hj hwax >(w2t)
=Zq”/q’“e w2 dpy (x2)
j=0

Zp

1,U2—1

> w . w1 n— t"
=50 (30 B (w02 g ) B

n=0 j=0
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n

t
By comparing coefficients — in the both sides of (2.10) and (2.11), we have the following theorem.
n!

Theorem 9. Let w; and ws be positive integers. Then we obtain

wlfl

) ) w e
Z q“’thBr(f;wl (ng + (25 + 1)11)?) wy 1
j=0

(2.12)

’LU21

w
= Z q“’l’”Bﬁb g, <w1x + (27 + 1)w1> wy
2

Observe that if h = 1, then (2.12) reduces to Theorem 5 in [9](see [5, 9]). Substituting wy = 1 into

(2.12), we arrive at the following corollary.

Corollary 10. Let wy be positive integer. Then we obtain

wa—1 .
— 2 1
B®) () = wh 12 hi g (wwﬁﬁ) (2.13)

w2
"q n,q Wy

The Corollary 10 is shown to yield the known distribution relation of the second kind (h, ¢)-
Bernoulli polynomials(see Theorem 3). Note that if ¢ — 1, then (2.13) reduces to distribution

relation of the second kind Bernoulli polynomials(see [8]).

Corollary 11. Let wy be positive integer. Then we have

wo—1 .
— 2 1
Bo(z) = ! 123 (fcwwtﬁ)
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