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Abstract. In this paper we introduce the notion of a B@-algebra and show that is is equivalent to an abelian
group. For deep investigations of several algebraic structures, we introduce the notions of a Smarandache V-
algebra-type U-algebra and a Smarandache V-algebra-trans-type U-algebra, and apply the notions to several

algebras.

1. INTRODUCTION

W. B. Vasantha Kandasamy ([8]) studied the concept of Smarandache groupoids, ideals of
groupoids, Smarandache Bol groupoids and strong Bol groupoids, and obtained many interesting
results about them. Smarandace semigroups are very important for the study of congruences,
and it was studied by R. Padilla ([18]). It will be very interesting to study the Smarandache
structure in general algebraic structures. Kim et al. ([11]) defined the concept of a Smarndache
d-algebra and investigated some related properties of it. Seo et al. ([19]) introduced the concept
of a Smarndache fuzzy BC'I-algebra and investigated some related properties of it. Neggers et
al. ([17]) defined the notion of a B-algebra and investigated some related properties of it. Some
properties of B-algebra are studied in ([3, 12, 13]).

In this paper, we introduce the notion of a BQ-algebras and show that it is equivalent to an
abelian group. Moreover, we introduce the notions of a Smarandache V-algebra-type U-algebra
and a Smarandache V-algebra-trans-type U-algebra, and apply the notions to several algebras.

2. PRELIMINARIES

Wy

A B-algebra ([17]) is a non-empty set X with a selected point 0 and a binary operation “x
satisfying the following axioms: (i) zxx =0, (ii) %0 =z, (ili) (x*y)*z = x* (2% (0*y)) for any
x,y,z € X. A B-algebra (X, *,0) is said to be 0-commutative ([2]) if z* (0*y) =y * (0% x) for
any z,y € X. Let (X, *,0) be a B-algebra and let g € X. We define gl := 0, g/ := ¢gl% % (0% g) =
0% (0%g) =g and g"l := gI"1 % (0 % g) where n > 1.
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Theorem 2.1. Let (X, *,0) be a B-algebra and let g € X. Then

ml gl = {97 il m >,
g g = 0% g™ otherwise.

Theorem 2.2. ([10]) Every 0-commutative B-algebra is a BC'I-algebra.

Theorem 2.3. ([10]) The following are equivalent:

(i) X is an abelian group,
(ii) X is a p-semisimple BC'I-algebra,
(iii) X is a 0-commutative B-algebra.

Let (X,*,0) be a B-algebra. Given z,y € X, we define z 'V y := zxy, 2+ y := (x % y) *
y, z % gy = (x %"V ) xy where n > 3. For general references for BOK/BCI-algebras, we refer
to [5, 6, 14].

3. SEVERAL ALGEBRAS

Let (X, %) be a groupoid (or a binary system, an algebra), i.e., X is a set and “«” is a binary
operation on X. If we take an element p in X which plays an important role in (X, %), then we
say that p is a selected point and we write it by (X, *,p). Such an algebra (X, *,p) is said to be
a pointed algebra.

Example 3.1. Let (X, *) be a group with identity e. The identity element e plays an important
role in (X, *) and hence we may write it by (X, *,e) and e becomes a selected point in (X, x).

We regard all algebras below as pointed algebras without loss of generality. For simplicity’s
sake, we shall write p = 0, not intending 0 to have the usual meaning. Thus, in Example 3.1,
(X, *, e) becomes (X, x,0) unless it is important to distinguish the algebra (X, , 0) which contains
the subalgebra (not necessary a subgroup) (Y, *) with its selected point p to produce (Y, %, p).

Example 3.2. Consider X := {a,b, ¢,d} with the following table:

xla b ¢ d
ala a a a
bjla a a b
cla b ¢ ¢
dla b ¢ d
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Then (X, *,d) is an pointed algebra and the selected point d is the right identity. Consider
Y :={a,c} and Z := {a,d} with the following tables:

d
a

O | %
S e

c x| a
a a|a
¢ dja d

Then (Y, %, ¢) is a pointed algebra with a selected point ¢ is the right identity, and (Z, *, d) is also
a pointed algebra with a special point d is the left identity.

K7

Definition 3.3. Let (X, *,p) be a pointed algebra. Define a binary operation “e” on X by

rey:=xx*(pxy)
for any x,y € X. Then the algebra (X, e, p) is called a p-derived algebra from (X, *,p).

Example 3.4. (i) Let (X, *,e) be a group with identity e. If (X, e, ¢e) is an e-derived algebra of
(X, *,e), then (X, e) = (X, %), since e is the identity, we have z ey = x % (e x y) = z * y for all
z,y € X.

(ii) Let (X, %, p) be a left-zero-semigroup with a selected point p. If (X, e, p) is a p-derived algebra
of (X, *,p), then (X, *) = (X, e).

Let X be a d-algebra and 2 € X. Define z x X := {z xala € X}. X is said to be edge ([16]) if
for any z € X, x * X = {z,0}.

Lemma 3.5. ([16]) Let X be an edge d-algebra. Then

(i) zx0=x for all x € X.
(i) (xx(x*xy))*xy=0 forall z,y € X.

Example 3.6. (i) Let (X, *,0) be an edge d-algebra. If (X, e,0) is an e-derived algebra of
(X, *,0), then (X, e) is a left-zero-semigroup.

(i) Let (X, *,0) be a BCK-algebra. If (X,e,0) is an e-derived algebra of (X, *,0), then (X, e)
is a left-zero-semigroup. In fact, rey =x % (0xy) =2+ 0=z for all z,y € X.

In terms of list of axioms to be used to describe the various algebra types we note the following
section of axioms:

(1) xxx=0forall z € X.

(2) %0 =z for all z € X.

(3) Oz =z forall z € X.

(4) zxy=yx*x for all z,y € X.

(5) zxy=y*xx=0<x=yforall z,y € X.
6) zxy=y*xx=0=x=yforal z,y € X.
() zxy=y*xx=x=yforall z,y € X.

(8)

8) O0xx=0{forall z € X.
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(9) (zxy)*z=(xxz)xyforall z,y,z € X.

(10) (xxy)*xz=xx (z*y) for all x,y,z € X.

(11) (x*xy)*xz=x* (2% (0xy)) for all z,y,z € X.
(12) (zxy)*xz=(x*x2)*(yx*z) for all z,y,z € X.
(13) (zxy)* (0xy) =z for all z,y € X.

(14) z*x (y*2) = (x*xy) * 2z for all z,y,z € X.

(15) (x*x (xxy))*y =0 for all z,y € X.

(16) ((x*xy)* (x*2))* (rxy)=0for all z,y,z € X.
(17) for any = € X, there exists y € X with z xy = 0.
(18) for any = € X, there exists y € X with y xz = 0.

An algebra (X, ,0) is called a group if it satisfies (2),(3), (14), (17), and (18). An algebra (X *)
is called a semigroup if it satisfies (14). An algebra (X, *,0) is called a semigroup with identity if
it satisfies (2),(3), and (14). An algebra (X, *,0) is called a B-algebra ([17]) if it satisfies (1),(2),
and (11). An algebra (X,*,0) is called a BG-algebra ([9]) if it satisfies (1),(2), and (13). An
algebra (X, x,0) is called a BH -algebra ([7]) if it satisfies (1), (2), and (6). An algebra (X, *,0) is
called a Q-algebra ([15]) if it satisfies (1), (2), and (9). An algebra (X, *,0) is called a d-algebra
([16]) if it satisfies (1), (5), and (8). An algebra (X,x*,0) is called a BCK -algebra ([14]) if it
satisfies (1), (5), (8), (15), and (16). An algebra (X, x*,0) is called a gBCK -algebra ([4]) if it
satisfies (1), (2), (9) and (12). An algebra (X, x,0) is called an abelian group if it satisfies (2),
(3), (4), (14), (17), and (18). An algebra (X, *,0) is called a commutative semigroup if it satisfies
(4) and (14).

4. BQ-ALGEBRAS

In this section, we introduce the notion of a B@-algebra and we show that it is equivalent to
an abelian group. An algebra (X, *,0) is said to be a BQ-algebra if it satisfies the conditions (1),

(2), (9) and (11).
Theorem 4.1. Let (X, %,0) be a BQ-algebra. If we define x @ y := x * (0 x y) for any x,y € X,
then (X, e,0) is an abelian group.

Proof. Since (X, *,0) is a BQ-algebra, it is both a B-algebra and a @Q-algebra. It was proved that
if (X,*,0) is a B-algebra, then (X, e,0) is a group ([1]). By (9) we obtain (z % (0 y)) * (0% z) =
(x*x(0%z))*(0xy) for any x,y, z € X. It follows that (zey)ez = (vez)ey for any z,y,z € X. If we
take x := 0, then (Oey)ez = (Dez)ey. Since (X, *,0) is a B-algebra, we have oy = 0% (0xy) =y
for any y € X. Hence we obtain y e z = z e y for any y,z € X. This proves that (X, e,0) is an
abelian group. O

Theorem 4.2. Let (X, e,0) be an abelian group. If we define x xy := v e y~! for any z,y € X,
then (X, *,0) is a BQ-algebra.
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Proof. (1) For any x € X, we have vz = rex~ ' = 0. (2) Forany z € X, %0 = 16071 = 760 = x.
(9) Given z,y,z € X, since (X, e,0) is a group, we obtain

(xxy)xz = (vey ')ez!

— (e ey
= (zx*2)xy.
(11) Given z,y,z € X, since (X, e,0) is a group, we have

vx(zx(0xy)) = zelze[y ') e ]!
= zelze(ye0)”

(2o )

o(y o)

-1

I
&
°

I
8

Similarly, we prove that (z *xy) * 2 = (v ey ') ez Since (X,e,0) is a group, we obtain
(xxy)*xz=2x%* (2% (0xy)). Hence (X, *,0) is a BQ-algebra. O

By Theorems 4.1 and 4.2, we conclude that the class of all BQ-algebras is equivalent to the
class of all abelian groups.

The interesting fact to note is that we are able to take advantage of the relationship = e y =
x % (0 % y) to understand better what the meaning of the class of BQ-algebra is. Other such
questions around in this setting as well as others. E.q., what class of B-algebras corresponds to
the class of solvable groups ? Can it be considered to be of the form: B“V”-algebras corresponds
to solvable groups where “V/”-algebras is some nicely identifiable class, as the same as the class
for BQ-algebras 7

5. SMARANDACHE TYPES

Let (X, %) be an U-algebra. Then (X, *) is said to be a Smarandache V -algebra-type U-algebra
if there exists Y C X such that (Y, %) is a non-trivial subalgebra of (X, x) and |Y| > 2, and (Y, *)
is a V-algebra. For example, a B-algebra (X, *,0) is said to be a Smarandache Q-algebra-type
B-algebra it it contains a non-trivial sub-B-algebra (Y, *,0) of (X, *,0) and |Y| > 2, and (Y, *,0)
is a Q-algebra. Similarly, a Q-algebra (X, *,0) is called a Smarandache group-type Q-algebra if it
contains a non-trivial sub-Q-algebra (Y, x,0) of (X, *,0), and (Y, ,0) is a group where |Y| > 2.

Theorem 5.1. There is no Smarandache d-algebra-type commutative groupoid.

Proof. Assume that there is a Smarandache d-algebra-type commutative groupoid (X, ,0). Then
there exists Y C X such that (Y,x*,0) is a non-trivial subgroupoid of a commutative groupoid
(X, %,0), Y| > 2and (Y, *,0) is a d-algebra. It follows that 0%y = 0 for all y € Y. Since (X, *,0)
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is a commutative groupoid and Y C X, we obtain 0 xy =y *0 =0 for all y € Y. Since (X, *,0)
is a d-algebra and Y C X, we obtain y = 0, i.e., |Y'| = 1, a contradiction. O

Theorem 5.2. There is no Smarandache semigroup-type d-algebra.

Proof. Assume that there is a Smarandache semigroup-type d-algebra (X, *,0). Then there exists
Y C X such that (Y, *,0) is a non-trivial subalgebra of a d-algebra (X, ,0), |Y| > 2 and (Y, ,0)
is a semigroup. It follows that 0 (y *x 0) = 0 for any y € Y, since Y C X and (X,*,0) is a
d-algebra. Hence

y*0=yx(0x*(yx*0))
= (y*0) * (y*0)
= 0.

Since Y C X and (X, *,0) is a d-algebra, we obtain 0 xy = 0 for all y € Y. By (6), we have
y =0, ie, |Y| =1, a contradiction. O

Theorem 5.3. A Smarandache group-type B-algebra is equal to a Smarandache Boolean-group-
type B-algebra.

Proof. Since every Boolean group is a group, it is enough to show that every Smarandache group-
type B-algebra is a Smarandache Boolean-group-type B-algebra. Assume (X, %,0) is a Smaran-
dache group-type B-algebra. Then there exists Y C X such that |Y| > 2, (Y, *,0) is a non-trivial
subalgebra of a B-algebra and (Y, *,0) is a group. For any y € Y, since Y C X and (X, %,0) is
a B-algebra, we obtain y x y = 0. Since (Y, *) is a group, the order of y is 2 in the group (Y, *)
for any y # 0 in Y and hence (Y, *,0) is a Boolean group, proving the theorem. U

Corollary 5.4. A Smarandache group-type Q-algebra is equal to a Smarandache Boolean-group-
type Q-algebra.

Proof. Every QQ-algebra has also the condition (1), and the proof is similar to the proof of Theorem
5.3. O

Theorem 5.5. Every Smarandache B-algebra-type group is a Smarandache Boolean-group-type
group.

Proof. Let (X,%,0) be a Smarandache B-algebra-type group. Then there exists ¥ C X such
that |Y| > 2, (Y,%,0) is a non-trivial subgroup of a group (X, *,0) and (Y,*,0) is a B-algebra.
It follows that y xy = 0 for all y € Y. Since ¥ C X and (X, x*,0) is a group, we obtain
y = y~ ! in the group. Hence z x y~! = x xy € Y, which shows that (Y,*) is a subgroup of
(X, *) and the order of y is 2. Thus (Y,x*) is a Boolean group. This proves that (X, *,0) is a
Smarandache Boolean-group-type group. U
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Theorem 5.6. Let (X, *,0) be a Smarandache L-algebra-type M-algebra. If every L-algebra is
an N-algebra, then (X,x*,0) is a Smarandache N-algebra-type M-algebra.

Proof. 1t is easy and omit the proof. O

Theorem 5.7. Let (X, *,0) be a Smarandache 0-commutative-B-algebra-type M-algebra. Then
(X, *,0) is a Smarandache BC'I-algebra-type M-algebra, where M-algebra is any algebra.

Proof. By applying Theorems 2.2 and 5.6, we prove the theorem. U

Theorem 5.8. Let (X, *,0) be an M-algebra. Then the following are equivalent:

(i) X is a Smarandache abelian-group-type M-algebra
(ii) X is a Smarandache p-semisimple BC'I-algebra-type M-algebra,
(iii) X is a Smarandache O-commutative B-algebra-type M-algebra.

Proof. 1t follows immediately from Theorems 2.3 and 5.6. U

Proposition 5.9. If (X, %,0) is a Smarandache QQ-algebra-type group, then it is a Smarandache
Boolean-group-type group.

Proof. Let (X,*,0) be a Smarandache Q-algebra-type group. Then there exists ¥ C X such
that |[Y| > 2, (Y,%,0) is a non-trivial subgroup of a group (X, *,0) and (Y, *,0) is a Q-algebra.
Since Y is a Q-algebra, we have y x y = 0 for any y € Y. This means the order of y is 2 in the
group (Y, %), i.e., y = y~1, which shows that (Y, x,0) is a Boolean-group. Hence (X, *,0) is a
Smarandache Boolean-group-type group. 0

Theorem 5.10. Any non-trivial d-algebra cannot be a Smarandache group-type d-algebra.

Proof. Assume there exists a Smarandache group-type d-algebra (X,*,0). Then there exists
Y C X such that (Y] *,0) is a non-trivial sub-d-algebra of (X, *,0) and (Y, *,0) is a group where
|Y'| > 2. Since (Y, *,0) is a group and (X, %, 0) is a d-algebra, we have y = 0xy =0 forally € Y.
It follows that |Y| = 1, a contradiction. O
Theorem 5.11. Any non-trivial group cannot be a Smarandache d-algebra-type group.

Proof. Assume that there exists a Smarandache d-algebra-type group (X, %,0). Then there exists
Y C X such that (Y, %, 0) is a non-trivial subgroup of a group (X, *,0), and (Y, *,0) is a d-algebra
and |Y| > 2. Then 0%z = 0 for all z € Y. Since (Y, *,0) is a group, we obtain z = 0 for all
x €Y, proving that |Y| =1, a contradiction. O

Theorem 5.12. Any non-trivial gBC K-algebra cannot be a Smarandache group-type gBCK -
algebra.

Proof. Let (X, x,0) be a Smarandache group-type g BC' K-algebra. Then there exists Y C X such
that (Y, *,0) is a non-trivial sub-gBC K-algebra of (X, ,0), and (Y, ,0) is a group and |Y| > 2.
Since Y C X and (X, %,0) is a ¢ BC K-algebra, we obtain yxy = 0 for all y € Y. It follows from
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(Y, *,0) is a group that the order of y is 2, i.e., (Y, *,0) is a Boolean group. Now, since (Y, *,0)
is a gBCK-algebra, we have (z xy) *x z = (x * 2) * (y * 2) for all x,y,z € X. It follows that
(x*xx)*xx = (x*xx)*(x*xx) for all x € X. Since (X, *,0) is a group, we obtain z = 0 for all
x € X, proving that |X| = 1, a contradiction. O

Corollary 5.13. Any non-trivial group cannot be a Smarandache g BC' K -algebra-type group.
Proof. The proof is similar to Theorem 5.12, and we omit it. (Il

Definition 5.14. Let (X,*,p) be an L-algebra and let (Y, *,p) be both a sub-L-algebra of
(X, *,p) and an M-algebra. (X, x*,p) is said to be a Smarandache N -algebra-trans-type L-algebra
if (Y, *,p) is isomorphic with an N-algebra (Y, ®, q).

(X, *,p)

(=23

(Y, *,p)

where L—, M —, N— algebras are arbitrary algebras.

(Y, ®,q)

Theorem 5.15. If (X, x,0) is a Smarandache B-algebra-type QQ-algebra, then it is a Smarandache
abelian-group-trans-type ()-algebra.

Proof. Let (X, *,0) be a Smarandache B-algebra-type -algebra. Then there exists Y C X such
that (Y,*,0) is a non-trivial sub-Q-algebra of a @Q-algebra (X, x,0), |Y| > 2 and (Y, %,0) is a
B-algebra. Define z ey := z % (0xy) for any z,y € Y. Then (Y, e,0) is an abelian group. In fact,
since Y is both a @Q-algebra and B-algebra, (Y, *,0) is a BQ-algebra. By Theorem 4.1, (Y, e,0)
is an abelian group. By Theorems 4.1 and 4.2, (Y, *,0) = (Y, e,0). This shows that (X, *,0) is a
Smarandache abelian-group-trans-type ()-algebra. 0

Corollary 5.16. If (X, x,0) is a Smaradache Q-algebra-type B-algebra, then it is a Smarandache
abelian-group-trans-type B-algebra.

Proof. 1t is similar to Theorem 5.15. O
Proposition 5.17. Every B-algebra is a Smarandache B(Q)-algebra-trans-type B-algebra.

Proof. Let (X,*,0) be a B-algebra. Define z ey := z % (0 xy) for all x,y € X. Then (X,e,0)
is a group. Let # € X such that x # 0. Let (z) be a cyclic group generated by x. Then
(r) is a non-trivial abelian subgroup of (X,e,0). If we let Y, := {z ™ (0% z)|n € Z}, then
Y, = (z). By Theorems 4.1 and 4.2, Y, is a non-trivial BQ-algebra. This shows that X is a
Smarandache BQ-algebra-trans-type B-algebra. U
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6. CONCLUSION

We introduced the notion of a BQ-algebra and proved that it is equivalent to an abelian
group. For detailed investigations among several algebraic structures, we introduced the notions
of a Smarandache V-type U-algebra and a Smarandache V-trans-type U-algebra, and applied
this notions to several algebras. For further investigations, we will apply the notions of a hyper
structure theory and several fuzzy related algebras to the notions of a Smarandache V-type U-
algebra and a Smarandache V-trans-type U-algebra.
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