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Abstract. This study offers a comprehensive characterization of fuzzy left ideals, fuzzy
right ideals, fuzzy ideals, fuzzy bi-ideals, fuzzy interior ideals, and fuzzy quasi-ideals
within the context of semirings. These fuzzy structures are analyzed using level subsets
and strong level subsets. Additionally, we introduce the generated fuzzy left ideal, fuzzy
right ideal, fuzzy ideal, fuzzy bi-ideal, fuzzy interior ideal, and fuzzy quasi-ideals by a
fuzzy set in semirings, with or without a multiplicative identity. Furthermore, the work
presents an expression for generating fuzzy left ideal, fuzzy right ideal, fuzzy ideal,
fuzzy bi-ideal, fuzzy interior ideal, and fuzzy quasi-ideals in terms of left ideal, right
ideal, ideal, bi-ideal, interior ideal, and quasi-ideal generated by level subsets and strong
level subsets of the given fuzzy set.
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1. Introduction

A semiring is an algebraic structure that generalizes notions of both rings and
distributive lattices, a concept first introduced by Vandiver in 1934 [14]. Semirings
occupy a structural position that bridges rings and semigroups, integrating properties
from both frameworks. Iseki [4] introduced the notion of quasi-ideals within the
framework of semirings, while Ahsan and Saifullah [1] explored the theory of fuzzy
semirings. Donges [2] contributed several foundational statements regarding quasi-
ideals in semirings. Neggers [10] provided a characterization of L-fuzzy ideals in
semirings, while Mandal [6, 7] conducted detailed investigations into fuzzy ideals,
fuzzy bi-ideals, fuzzy interior ideals, and fuzzy quasi-ideals in ordered semirings. Shabi
et.al. [12] investigated quasi-deals in 2004 while Munir and Mustafa [8] further
characterized semirings through the study of bi-ideals and quasi-ideals in 2016.
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Srivastava and Sarma [13] defined the concept of fuzzy quasi-ideals in semirings and
derived point wise definition of fuzzy quasi-ideal. More recently, Munir and Shafiq [9]
extended the theory to define generated left, right, and two-sided ideals in semirings,
both with and without a multiplicative identity.

In this study, we investigate the generated fuzzy ideals including left, right, two-
sided, and interior ideals along with fuzzy bi-ideals and quasi-ideals, which are
generated by a fuzzy set within a semiring structure. These findings mirror their
classical algebraic equivalents. We provide a comprehensive analysis of these fuzzy
ideals through their level subsets and strong level subsets, offering explicit formulations
of these generated fuzzy ideals, following the framework established by R. Kumar [5].
In Section 3, we delve into precise characterizations of fuzzy (left, right, two-sided,
interior) ideals, as well as fuzzy bi-ideals and quasi-ideals, utilizing level and strong
level subsets as key tools. Section 4 focuses on the generated fuzzy ideals within
semirings that possess a multiplicative identity, whereas Section 5 extends the scope of
the analysis to include semirings that lack such an identity.

2. Preliminaries

A semiring S is a non-empty set S equipped with two binary operations ‘+’ and ‘o’ such
that (S, +) and (S, o) forms semigourps. Additionally, these operations are related by
the distributive property, i.e., a.(b+c) =a.b+a.cV a,b,c € S. A semiring may
also possess a multiplicative identity, 1, characterized by ae1 =10a = a. A non-
empty subset A of a semirings is termed as subsemiring if A is closed under addition
and multiplication. A non-empty subset I of a semiring is called a left (right) ideal of S
if I forms a subsemigroup of S under addition and for a € [ and s € S,sa(as) € I. An
ideal of S is a set that is both a left ideal and a right ideal. A subsemigroup B of semiring
S is termed a bi-ideal (interior) ideal of S if BSB(SBS) € B. Similarly, a subset Q of
semiring S is called a quasi-ideal of S if Q is a subsemigroup under addition and QS N

SQ € Q.

We recall the definition of fuzzy set given by Zadeh [15]. A fuzzy set y on a
non-set X is defined to be a mapping y: X — [0,1].

We recall the following definitions for subsequent use.

Definition 2.1 ([13]). A fuzzy set y of a semiring S is called a fuzzy subsemiring of S
if y(x +y) 2 min{y(x),y ()} and y (xy) = min{y (x),y(y)}V x,y €.

Definition 2.2 ([13]). A fuzzy set y of a semiring S is called a fuzzy left (right) ideal of
Sify(x +y) =2 min{y(x),y(y)} and y(xy) = y () (¥ (xy) = v (x)).
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Definition 2.3 ([13]). A fuzzy set y of a semiring S is called a fuzzy bi-ideal of S if

y(x+y) = min{y (x),y(¥)}, v (xy) = min{y(x),y(¥)} and y(xyz) =
min{y(x),y(2)}V x,y,z € S.

Definition 2.4 ([13]). A fuzzy set y of a semiring S is called a fuzzy interior ideal of S

if y(x+y)= min{y(x),y(®»)}v(xy) = min{y(x),y(y)} and y(xyz) =y(y)V
X,y,Z€S.

Definition 2.5 ([13]). A fuzzy set y of a semiring S ia called a fuzzy quasi-ideal of S if
y(x +y) 2 min{y (x),y(y)} and y(z) = min{sup y(x), supy(y)} vzeS.

=Xy =Xy

The generated fuzzy left (right, two-sided, interior, bi-ideal, quasi-) ideal within
a semiring is ensured by the principle that the non-empty intersection of any collection
of these respective fuzzy structures results in the same type of fuzzy structure.
Specifically, if one takes an arbitrary family of fuzzy left ideals, their intersection will
yield another fuzzy left ideal; similarly, this holds true for fuzzy right (two-sided,
interior, bi-ideals, quasi-) ideal. This property has been rigorously established in the
work of Mandal [6,7], who demonstrated that in ordered semirings, the non-empty
intersection of any collection of fuzzy left (right, two-sided, interior, bi-ideal, quasi-)
ideals will also produce a structure of the same kind. We define the similar result for
semirings as:

Lemma 2.6. The intersection of any non-empty collection of fuzzy left ideals, fuzzy
right ideals, fuzzy ideals, fuzzy bi-ideals, and fuzzy interior ideals in a semiring is itself
a fuzzy left ideal, fuzzy right ideal, fuzzy ideal, fuzzy bi-ideal, and fuzzy interior ideal.

Lemma 2.7 ([13]). The non-empty intersection of an arbitrary family of fuzzy quasi-
ideals of a semiring is a fuzzy quasi-ideal.

3. Level subsets and strong level subsets of a fuzzy set in a semiring
Definition 3.1. The level subset y,, and strong level subset ¥~ of a fuzzy set ¥ on a
non-empty set X are defined as
Vr={x€eX|y(x)=r}and yy ={x X |y(x) >r}

Lemma 3.2. Lety,A € F(S). Then,Vt € [0,1)

(D) (v e DZ =¥EA%.

Q)N =y NAL.

B) YU =y UAL.

Theorem 3.3. Following assertions are equivalent in a semiring S :
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(1) 1y isafuzzy left ideal of S.
(2) Each @ # y,; is a left ideal of S.
(3) Each @ # y;is a left ideal of S.

Proof. To established (1) = (3), let y be a fuzzy left ideal of S. We claim that Sy; €
yZ. Let x € Sy7. Then x = sy for some s € S and y € y7. Now y € y{ implies that
y(y) > t. Also y is a fuzzy left ideal, therefore, y(sy) = y(y) > t. Thus x = sy € y7.
Hence Sy; S y7.

(3) = (2). Let @ # y, be a level subset of f. Then, Then, y, = ~ ¥ . Since @ # y,

r<t
@ # y; for each r < t. By (3) y;is a left ideal of S. As the non-empty intersection of
an arbitrary family of left ideals of S is a left ideal of S, y, is a left ideal.
(2) = (1). Assume that y is not a fuzzy left ideal of S. Since y, is a left ideal of S, it is
a subsemiring and hence y is a fuzzy subsemiring of S. Now y(sy) < y(y) some s,y €
S since y is not a fuzzy left ideal of S. That is y(z) < y(y) where z = sy. Let t be a
real number such that y(z) <t < y(y). Then z € y, and y € y,. Therefore, z = sy €

Sy:, but z € y;. Hence Sy; € y;, which is a contradicts as y; is a left ideal of by (2).

Similarly, we can prove:
Theorem 3.4. Following assertions are equivalent in a semiring S :
(1) y 1s a fuzzy rihgt (two sided) ideal of S.
(2) Each @ # v, is a right (two sided) ideal of S.
(3) Each @ # y{is a right (two sided) ideal of S.

Theorem 3.5. Following assertions are equivalent in a semiring S :
(1) y is a fuzzy interior ideal of S.
(2) Each @ # v, is an interior ideal of S.
(3) Each @ # y{is an interior ideal of S.

Proof. (1) = (3). Lety be a fuzzy interior ideal of S. To establish that ¥ is an interior
ideal of S. That is to show that Sy;’S € y{. Let x € Sy;’S. Then x = s;ys, for some
S1,S, ESand y € y;. Now y € y7implies y(y) > t. Since y is a fuzzy interior ideal,
y(s1ys,) = y(y) > t. Thus x = s;ys, € y7. Hence Sy7S € y7.

(3) = (2). Follows similar to Theorem 3.3.

Now to establish (2) = (1), let ¥ is not a fuzzy interior ideal of S. Since y; is an interior
ideal of S, it is a subsemiring and hence y is a fuzzy subsemiring of S.y(s;¥s,) < y(y)
some Sq,S2,y € S as we have assumed that ¥ is not a fuzzy interior ideal of S. This
implies y(z) < y(y) where z = s;ys,. Select a real number ¢ such that y(z) <t <
y(y). Then z € y; and y € y,. Therefore, z = s,ys, € Sy,S,butz € y,. Hence Sy,S &
¥+, which is a contradicts as y; 1is an interior ideal by (2).
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Theorem 3.6. Following assertions are equivalent in a semiring S :
(1) y is a fuzzy bi-ideal of S.
(2) Each @ # y, is a bi-ideal of S.
(3) Each @ # y{is a bi-ideal of S.

Proof. (1) = (3). Let y be a bi-ideal of S. To establish that y;’is a bi-ideal of S.That is
to show that y7Sy; € y7. Let x € y7Sy7. Then x = y;sy, for some s € S and
Y1, V2 € Y. Now yq,V, € yiimplies y(y;) >t < y(y,). Since y is a fuzzy bi-ideal,
Y1, ¥2) 2 min{y(y,),¥(y2)} > t. Thus x = y;5y, € ¥ Hence 7 Sy7 S v7

(3) = (2). Follows similar to Theorem 3.3.

(2) = (1). Since y; is a bi-ideal of S, it is a subsemiring and hence y is a fuzzy
subsemiring of S. Let y is not a fuzzy bi-ideal of S, therefore y(x'z'y") <
min{y(x"),y(y')} for some x',y’,z" € S. This implies y(k) < y(x") and y(k) <
y('), where k =x'z'y’. Select a real number t such that y(k)<t<
min{y(x"),y(y')}. Then k & y; and x',y' € y;. Therefore, k = x'z'y" € y.Sy;, but

k & y;. Hence y;Sy: € Y, which is a contradicts as y; is a bi-ideal by (2).

Theorem 3.7 ([13]). Following assertions are equivalent in a semiring S :
(1) y 1s a fuzzy quasi-ideal of S.
(2) Each @ # v, is a quasi-ideal of S.
(3) Each @ # y{is a quasi-ideal of S.

4. Generated fuzzy ideals in a semiring with multiplicative identity

Definition 4.1. For a fuzzy set y of a semiring S, we define:

|
(1) the smallest fuzzy left ideal generated by yis (y )= | {u|y<u}

ueFL(S)

(2) the smallest fuzzy right ideal generated by yis(y )= | {ul|lyrcu}

ueFR(S)

t
(3) the smallest fuzzy two sided ideal generated by yis ( )= | {ulyrcu}

ueFT(S)

(4) the smallest fuzzy interior ideal generated by yis( » )= | {ulycu}

ueFI(S)

b
(5) the smallest fuzzy bi-ideal generated by yis( y )= | {ul|y<u}

ueFB(S)

a
(6) the smallest fuzzy quasi-ideal generated by yis{( y )= | {ul|y<u}

ueFQ(S)
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Where FL(S)(FT(S)) is the set of all fuzzy left (two sided) ideals of S etc.

The following results are well known in classical algebra in a semiring with
multiplicative identity

Lemma 4.2. If A is a non-empty subset of a semiring S with multiplicative identity,
then

(4) = 54 (A) = AS (A) = SAS
(Ay=A2USAS  (A)=AUASA  (A)=ASnSA

To obtain a similar result in the fuzzy setting, we proceed in the following way.
While doing this, we obtain several expressions for a generated fuzzy ideal in the
process.

l
Definition 4.3. For a fuzzy set y of a semiring S, we define the fuzzy sets y,

W r rr t tt i ii b bb q
.YV YvY.VYYY, yand y on S as follows:

b
()= {t|ZE<Vt

y(z)—sup{tlze<yt >}

b b
where <yt> <<yt>>> is a bi-ideal generated by level (strong level) subset y,(y7).

Lemma 4.4. Let y be a fuzzy set in a semiring S with multiplicative identity and t €
[0,1). Then
l

O IO W N
w (5 - <yi>> o () - <;;>> o (), = (JE)
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rr

>
Proof. (i) Consider z € (y) . Therefore, S/r(z) > t. This implies that sup {ti | z €
t

T T
<yt>i>} > t. Consequently, there exists to, > tand z € y£ S € y7S. Hence z € <)/t>>.

-
Conversely, let z € <yt>>. Then z € y7S. Therefore z = as for some a € y; and

s € S.Now a € y{ implies y(a) > t. Choosing t; such thaty(a) > t; > t,we geta €
vi,. Then z = as € y{S. Therefore z = as € y7S S (y7), where t; > t. Thus, z €
r r >
<]/t>_> for some t; > t and as a result, we get, sup {ti |z € <yt>,>} > t. Thatis z € (S/T) .
l i t

(i1) and (iii) follows similarly.
i\~ ii

(iv) Consider z € ()l/l) . Therefore y(z) > t. This implies that sup {ti | z €
t
T
<yt>i>} > t. Consequently, there exists to >t and z € i yi, USYe S S y7vi U SYES.

r
Hence z € <]/t>>.
T

Conversely, let z € <yt>>. Then z € y7y; U Sy{S. Therefore, either z €

yiyiorz € Sy7S.

If z € y{y7, then z = a;a, for some ay,a, € y{. Therefore, y(a;) > t <
v(a,). Choosing t;,t, such that y(a,;) >t; >t <t, <y(a,), we get a; €
yZand a, € yg,. Write t; = min{t,t,}. Then ay,a, € yz,. Therefore, z =

i
a1a; € Ygve, S <ytz>, where t; > t.
If z € Sy;S, then z =s, a s, for some a € y7and s;,5, €S. Now a € y7

i
implies y(a) > t. Choosing t, such that y(a) > t, > t. Then z € y;, S <ch>-
i
Therefore z=15s; a s, €Sy;S S (y; ), where to>t. Hence, under all

i
circumstance, we have, z € <yt>i> for some t; >t and as a result, we get,

i~

i
sup {ti |z € <yt>i } > t. Thatis z € (y)

t
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bb\~ bb
(v) Consider z € (y) . Therefore y (z) > t. This implies that sup{t; | z €
t

b
yt?>} > t. Consequently, there exists ty >t and z € yZ Uyz Syi, S yi UyESyr.

b
Vt> .
b

Conversely, let z € <yt>>. Then z € y7 U y7Sy?. Therefore, cither z € y7 or

Hence, z €

z € y7Sy:. Suppose z € y; . Then y(z) > t. Select t, such that y(z) > t, >
b

t.Thenz € yt>0 c <yt>0 , where t, > t. Hence, under all circumstance, we have,

b b
ZE€E <y§> for some t; > t and as a result, we get, sup {ti |z € <y§>} > t. That

) bb\~
IS (y) .
t
If z € y7 Sy, then z = a4 sa, for some a;,a, € y7and s € S. Choosing ty, t,
such that y(a;) > t; >t < t, <y(ay), we get, a; € yZand a, € y;,. Write

b
t3 = min{ty, t,}. Therefore, z = s; a s, € y£,Syg, © <y€>, where t; > t.

b
Hence, under all circumstances we have, z € <y§> for some t; >t and as a

b

>
result, we get, sup {ti |z € <Vt>i

} > t.Thatis z € (%/b)

t

a9\~ qq
(vi) Consider z € (y) . Therefore y (z) > t. This implies that sup {ti |z €
t

q
yt?>} > t. Consequently, there exists to >t and z €y SNSyZ S y7SNSy;.

q
Hence, z € <yt>>.

q
Conversely, let z € <yt>>. Then z € y7S N Sy;. Thus, z = a;8; = s,a, for

some a;,a, € y{ and s;,s, € S. Choosing t;,t, such that y(a;) >t; >t <t, <
y(az), we get, a; €y and a, € y;,. Write t; = min{ty,t,}. Then ay,a, € yz,.
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q a
Therefore, z = a;5; = s,a; € YE,S NSYES € <yt>3>, where t; > t. Thus, z € <y§> for

q aq
some t; > t and as a result sup {ti |z € <yl>>} > t. Thatis z € (y)

>

t

Theorem 4.5. Let y be a fuzzy set in a semiring S with multiplicative identity. Then,
vt €[0,1), we have,

i () =7 i) (¥) =¥ i) (v)
) (1) =¥ W)= i) (¥)

tt
=Y
qq
=Y
i

Proof. We establish (iv), others follow similarly. Since <yt>> is the interior ideal

>
vV t € [0,1) by Lemma 4.4, therefore ()l/l) is an

t t

ii\> ¢
generated by y;” and (y) Ye

interior ideal of S V t € [0,1). Consequently, l)l/ is a fuzzy interior ideal of S by Theorem

3.5. Now we establish that ;/l is the fuzzy interior ideal of S generated by y. To achieve

this, we show that y € ;/l On contrary, let y & )l/l Then for some z, € S, y(zy) >
>

i B S L\ i o
y(20) =ty (say). Thus, zo €y, S \vs, | = (y) by Lemma 4.4. This implies

to

]l/l(zo) > ty, which is a contradiction. Finally, we show that )l/l is the smallest fuzzy
interior ideal of S which containing y. Let § be fuzzy interior ideal of S containing y.

ii

i > L.
Then, y7 € 7. Thus <yt>> C §7. Therefore, (y) C §7 forall t € [0,1). Hence;/L c
t

é.

Lemma 4.6. For a fuzzy set y in a semiring S with multiplicative identity. Then, we

have,
Ll l L TT r L tt t
Hy=vy i)y =y @)y =y
o i bb b a9 q
v)y=vy vy =v vy =vy

Proof. We establish (iv) i.e. )l/l = )l/, others follow similarly. Clearly by definition, )l/l c
PN
L

. i
}l/. We begin by demonstrating that (y) - <)/t> > vVt € [0,1) to establish the reverse
t
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PN
inclusion. Now consider t € [0,1) and x € (]l/) . This implies that sup {ti | x €
t

. i
<ylti>} > t. Therefore, there exists t, > t such that x € <ytz>. Now y, €y implies

><>mMe@> “

>
( ) follows from Lemma 4.4. Therefore, Vt € [0,1), ( ) c (;/l) . Consequently,
t t
Q

i

i i i
). Hence (y)t C(y ), Vt e IO,l l Also (y7) =

14

]l/ eadlng to the conclusion that y y

The subsequent theorem is a direct consequence of Theorem 4.5 when
combined with Lemma 4.6.

Theorem 4.7. For a fuzzy set y in a semiring S with multiplicative identity. Then,

n <)l/>(z)=sup{tlze<)/i>>} i) (7) ) = sup {t 1 z € {17)]

(i) (¥) () = sup {t 7€ <y§ >} (i) (1) (2) = sup {t 7€ <yi >}

oo =swfeizefe]) oo -snfeiselr]
Lo 42 S Sy oS it it ety e
o ) - <y§>> il =) anf) - <y§>>
;>j=<yi>> ") <$>j=<yi>> <vi>>($>j=<y‘i>>

Proof. We establish (iv), others follow similarly. Let t € [0,1). By Lemma 4.6 and 4.4,

——

(iv)

i

}i/ = ;/l and (;})j = <y,i>>, therefore, ()l/): = <yt>

i i i
supit |z € (y7 )¢ and y(2) = supi{t |z € (y7

. By Definition 4.3, y(z) =

}. Also, by Theorem 4.7, <}l’> (2) =
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i i

i y .
sup {t |z € <yt>>}. Thus y = <y> Therefore, by Lemma 4.6, y = <y> This implies

(6, = w6, = s, < )

t

Theorem 4.9. For a fuzzy set y in a semiring S with multiplicative identity, we have

i () =ser. (i) (1) =vos.

(iii)<)t/>=SoyoS. (iv) <)i/>=yoyUSoyOS.
b . q

v) <V>=VUV°5°V- (vi) <V>=V°SHS°V.

!
Proof. (i) Let « = S o y. Then, for any t € [0,1],
>

!
(a) =@Geon?
t
= SfZ by Lemma 3.2

!
l >
= <y> by Lemma 4.8
t
! l
Thus a = (y).

(1) and (i11) follows similarly.

(iv) Let a =yoyUSoyoS. Then, foranyt € [0,1],
S>>

l

(“)t = oyUSeyeS)y
=(yey)fU(SoyoS); byLemma3.2
=y7yi USy7S byLemma 3.2

4]

i >

= <)/> by Lemma 4.8
t
i i

Thus a = (y).

b
(v) Leta =y Uy oSoy. Then, forany t € [0,1],
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b\

(“)t = UyeSey)
=y U(yoSoy); byLemma 3.2
=y Uy7Sy; byLemma 3.2

b
= '}/t>
b >
= <y> by Lemma 4.8
t
b b
Thus a = (y).
q
(vi)Leta =y oS NSoy. Then, forany t € [0,1],

>

(@), =@esnsen;

= (o877 N(Scy); by Lemma 3.2
= y;S N Sy by Lemma 3.2

id

>
= <y> by Lemma 4.8.
t

Thus gz = <)l;>

5 Generated fuzzy ideals in a semiring without multiplicative identity

The following results are well known in classical algebra in a semiring without
multiplicative identity:

Lemma 5.1. Let A be a non-empty subset of a semiring S without multiplicative
identity. Then

(1) (A) = AU SA (2) (A) = AU AS
(3)<IZ>=AUSAUASUSAS (4)<;1>=AUA2USAS
(5) (A) = AU A2 U 4SA (6) (A) = (A U SA) N (AU 4S)

Lemma 5.2. For a fuzzy set y in a semiring S without multiplicative identity and t €
[0,1), we have
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oW =pr) @@ =pr) @) -
i (7) = <yi>> @ (7). = <yi>> o (), = <y‘i>>

u 1
Proof. (i) Consider z € (y) . Therefore y(z) > t. This implies that sup {ti |z €
t

!
<Vt>i>} > t. Consequently, there exists t, >t and z € y£, U SyZ, € yi U Sy Hence

L
ZE <yt>>.
!

Conversely, let z € <yt>>. Then z € y{ U Sy{. Therefore, either z € y; or z €

Syz.
Suppose z € y{. Then y(z) > t. Choose t, such that y(z) > t, > t. Then z €

l l
Yto € <yt>0> for some t, > t. Thus, z € <y§> for some t; > t and as a result, we get,

l u >
sup{ti |z €y }>t. Thatis z € (y) .
t t

Suppose z € Sy7, then z = sa for some a € ¥y and s € S. Choosing t; such
that y(a) > t; > t, we get a € y;,. Then z = sa € Sy . Therefore z = sa € Sy; S

l
)’t>1

N>
t. Hence, z € (y) .
t

! ]
,wheret; > t.Thusz € <y§>for some t; > t and as a result sup {ti |z € <y§>} >

(i1) and (iii) follows similarly.
.. .. i
(iv) Consider z € (;/l) . Therefore ;/l(z) > t. This implies that sup{t; | z € <yt>,>} > t.
t i

Consequently. there exists to >t and z € yZ UyZye, USYES SyZ UyEye USYES.

i
Hence z € <yt>>.
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i

Conversely, let z € <yt>>. Then z € y7 Uy{y{ U Sy7S. Therefore, either z €
yiorz € y7y{orz € Sy7S. Suppose z € y{ . Similar to part (i), it can be shown easily

l
that sup {ti |z € <y§>} > t.

If z € y7y7, then z = aya, for some a;,a, € y7. Choosing t;,t, such that
y(a)) >t; >t <t, <y(ap), we get a; € yZand a, € y7. Write t; = min{ty,t,}.

L
Then ay, a, € yg,. Therefore, z = a,a, € yiyi, © <yg>, where t; > t.
If z € Sy;7S, then z = s, a s, for some a € y7and s, s, € S. Choosing t, such
i

i
that y(a;) >ty >t. Then, z €y, € <ytj>. Therefore, z =5, a s, € SY;S & <ytz>,

i
where t, > t. Hence, under all circumstances we have, z € <y§> for some t; > t and

i >

, ii
as a result sup {ti |z € <y;>} > t. Thatis z € (y) )

t

>

. bb bb C N

(v) Consider z € (y) . Therefroe y (z) > t. This implies that sup{t; | z € (y7 ) > t.
t 1

Consequently, there exists to >t and z € yg Uy ye UYESye, © vE UYEyE U

b
yZSy:. Hence, z € <yt>>

b
Conversely, let z € <yt>>. Then z € y7 U y{y: U yZ Sy . Therefore either z €

yi or z € y7yi or z € y7 Sy;. Suppose z € y{ . Similar to part (i), it can be shown

b
easily that sup {ti |z € <ytf>} > t.
If z € y7y7, similar to part (iv), it can be shown easily that sup {ti |z €

o

If z € y7 Sy, then z = a;sa, for some a,,a, € y7and s € S. Choosing t], t}
such that such that y(a;) > t; >t < t; < y(a,), we geta, € )/Z and a, € ]/Z.

b
Write t; = min{t;, t3}. Then, a,a, € Vt>§' Therefore, z = a, s a, € )/ZS]/Z c <yt>,>,
3
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b
where t; > t. Hence, under all circumstances, we have, z € <y§> for some t; > t and

b >

, bb
as a result sup {ti |z € <y§>} > t. Thatis z € ()/) .

t

(vi) Follows from [13, Lemma 3.4].

Note: Since the Theorem 4.5, Lemma 4.7, Theorem 4.7, Lemma 4.8 also holds when S
is a semiring with multiplicative identity, therefore, we omit the proofs.

Theorem 5.3. For a fuzzy set y in a semiring S without multiplicative identity, we
have.

@) (1) =yuyes.

(i) (1) =yUSoy.

(iii) (y) =y Uy oSUSoyUSoyosS.
(V) (¥) =yUyoyuSoyoS.

(v) (5)=VUV°VUV°S°V-

Vi) () = (Y USepy) N (¥ Uy oS).

Proof. (i) Let @ = y Uy o S. Then, for any ¢ € [0,1],
\N~ S
(@), =@uyes
=y7 U(yoS)? byLemma3.2
=y Uy7S byLemma 3.2

T
T
=(y)7 byLemma 4.8

T r
Thus a = (y).

(i1) and (iii1) follows similarly.

(iV)LetlcrrlzyUyoyUSoyoS.Then,foranytE [0,1],
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>

in

(a)t =(yUyeyUSeyoS);
=y7 Uy oy)7 U(SoyoS)? by Lemma 3.2
=y U (y7yy) U (Sy7S) by Lemma 3.2

-4

= (y)7by Lemma 4.8.

Thus @ = (7).
b
(V) Leta =y UyoyUyoSoy. Then, forany t € [0,1],

>

(3)t = UyeyuUyeSey)y

=y U([yey)f U(yoeSoy); byLemma 3.2
=yt U(ye) VU (y£Sye) by Lemma 3.2

_ <;;>>

b
=(y)7 byLemma 4.8

b b
Thus a = (y).

(vi) Follows from [19, Theorem 3.9]
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