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Abstract: - In recent years, various generalized arbitrary order Hilbert transformer have been
developed for controlling the phase response. This paper presents the designing approach of
Hilbert transform of arbitrary order using discrete sine transform-I1. First, the theory of arbitrary
order frequency response of Hilbert transformers is reviewed. Then, with the help of the DST-1I
method determine the filter coefficient. Next, for optimal design values some numerical problems
are discussed for the frequency response of window and non-window techniques.

Keywords- Arbitrary order Hilbert transformer (AHT), Frequency-Response (F-R), DST-II,
Lanczos window.

1. Introduction:- Hilbert Transformer used to design a fractional order differentiator, which
works to determine position and edges of images. Theory of discrete sine transform (DST) is
discussed and it is used successfully in the application of speech processing [7], signal
interpolation [8] etc. Definition and properties of arbitrary order Hilbert transform frequency
response is described in section Il. In section 111, design method of DST-II and transfer function
is determined by using the Lancozs window. In section IV, various design examples are
discussed. Finally, conclusion is made.

2. Arbitrary Order Hilbert Transformer:
Frequency response of AHT is defined as [2][3].

ei(%) —n<w <0
H,(w) = { 0 w=0

e @ 0<w<w
Following are some important properties of AHT frequency response:
i.  Additive property:  Hay+a, (@) = Ho(@) [1][2].
ii.  If xisthe period of Hilbert transformer, then frequency response Hu+x(w) = Hy(w)
iii. AHT’s of some well-known signals are

am
AHT[coswt + ¢] = [coswt + ¢ -
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AHT[sinwt + ¢] = [Sinwt +p— “2_”]

3. Design Method using DST-I11

A given data signal i.e., continuous signal z(t) is sampled as z (0), z (1)....., z (L-1). The desired
data is obtained from the discrete time sequence by using the interpolation function of DST-II
and it can be express as:

2@) = [PEpheya(p) sin (£202000)

1)
2(p) = [FEizhc, 2(aysin (2202001 2
€ = E ifg=L-1
Put the value of eqgn. (1), in to the eqgn. (2), we get;
(r+0.5)(q+Dr\ . [(p+05)(g+1)m
2(p) = 342h 2(r) [ Bich b s (LR iy (220000
Replace t in place of p then
z(t) = XiZo 2(r) K, () 3)
Where K‘lr(t) is define as
_ L-1 .72 (r+05)(g+1)m\ . [(t+0.5)(q+1)m
Kir () == Xg=o¢ qsm( ; )sm( ’ ) @)
Apply H|Ibert transform of arbitrary order on equation (3) then the system output would be
AHT[z()] = X5 2(r) AHT Ky, (0)] (5)
(r+05)(q+Dm . ((t+05)(g+D)r _ am
Where AHT[Ky, (0] = EgZo sim ( L )sm ( L 2 ) (6)
Substitute the eq. (6) in to (5) then we get
AHT[z(t)] = Xr=52(r) G- (0) @)
_2vi-1 ((r+0.5)(q+1)n) . ((t+[}.5)(q +1)m _ﬂ)
Where G;() = [ &q=05tm L St L 2 (8)
Following is the expression of transfer function for DST-1I method (ldeally)
Hy (w) = Fy(w)e ™! 9)

Following is the expression of FIR filter in terms of transfer function
H.(z) = Zi=ph(w) z™ (10)

If an input signal, s is applied on FIR filter, then output $1(),$1(p—1),5,(p = 2),...,5:(p—L + 1)
integer delay sample values is obtained, then the output of the system is

z(p) = LiZh h(w) s (p—u) (12)
Now our main problem is to determine filter coefficient h(w) from the eq. (10) let us assume that
eg. (11) approximately equal to the differentiation of arbitrary order i.e. D“s;(p — I), then

z(p) ~ AHT[s,(p — D] (12)

With the help of index mapping technique, we get z(o) = s, (» — (& — 1) + c;and put this value into
equation (7), then
AHT[s;(p— (L-D+ 0] = X551 - L - D+ 1) G () (13)

h(u) = Gyoq_y)(L—1-1) (14)
After compared between eq (8) and (14), the value of filter coefficient will be
h(u) = ‘Zf, I sin ((I_ —u—0. 5)(t{+1)1r) sin ((L7170.5)(Q+1)n' _ ﬂ) (15)
2

L L
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Lanczos window is used to modify the filter coefficient and its transfer function is as follows

w(u) = sinc (% - 1) (16)
Modified filter coefficient is defined as
h.(w) = h(ww(u) (17)

Arbitrary order Hilbert Transformer based transfer function performance can be calculated using
following integral square error formula.

L) - b (@) o
3.1 Design Examples

Example 1: Fig. 1 shows a comparison result between window design (dark line) and non-
window design (dotted line) methods with the help of an error versus arbitrary order plot for
varying values of arbitrary order. The optimal design values are chosen as sample size L = 60,
delay value I = 40, arbitrary order a = (=2, 2). In Fig. 1 window design shows the smaller size of
error for as compared to non-window design for varying values of arbitrary order. So, the
window design method performs better as compared to non-window design methods for the
above given optimal design values. Therefore, window design methods are well suited for the
arbitrary order Hilbert differentiator design.

(18)

Error Curve E

) L i S — S\ L o
a5 A 05 0 05 1 15

de

Fig.1: Arbitrary order Hilbert transformer comparison result for window and
non-window techniques using DST-11
Example 2: Fig. 2 represents a comparative result between magnitude and phase response for
window and non-window techniques. Dark line represents the frequency response of window
design and dotted line represent the frequency response of non- window design. Frequency
response of the non-window design is slightly different at both ends as compared to the
frequency response of the window design method.

o
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Fig. 2: Comparison between magnitude and phase response for window and non-window
technique

Example 3: Fig. 3 shows the comparison between arbitrary order Hilbert transformer frequency
response and ideal frequency response for window and non-window design methods. Dark line
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shows the ideal response and the dotted line shows the F-R of proposed method. F-R of proposed
method using window techniques overlaps with F-R of ideal design method. Therefore, the
proposed window design method is well suited with the ideal method. Fig. 3(a) and 3(b) show F-

R of ideal design method while 3(c) and 3(d) show F-R of proposed method. On th

e basis of

figures for given optimal design values Hilbert transformer method (proposed method) using

DST-I11 performs better as compared with ideal method.
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Fig.3: Comparison between F-R of the ideal design and the proposed method

3.2 Design using DST-I

2(q) = |~ Xk z(p) sin (LRLT)

L+1 L+1
Inverse function of z(e can be written as

(p+D)(q+D)m
2(p) = |75 Timh 2(q) sin (FEE)

For DST-I method Hilbert transform filter co-efficient is

((L—u—l)(qﬂ)rr) i ((Lfffl)(q+l)n'_ﬂ)
L+1 L+1 2

h(u) = EE’ 4 sin

3.3 Design using DST-I11
2@) = J2 5z cq 2(p) sin (L22200m)

Inverse function of z(q) can be written as

2 L . ((p+1)(2q+1)
Z(p) = \E S4=h ¢y 2(q) sin (LHELDT)

1 .
qucp:{ﬁ if0<q<L-1

1 otherwise
For DST-III method Hilbert filter co-efficient is

(L-w)(2q+1) . ((L-D(2q+1)
h(u) == ZL (—u 2Lq n) sin (—ZLq T_ %)

3.4 Design using DST-1V
o) = \fzp =0 z(p) sin (2“1);]2%1)::)

Inverse function of z( can be defined as
z(p) = \[ZL_(,Z(q) sin (w)

For DST-IV method Hilbert transform filter co-efficient is

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)
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h(U,) — %Zé;(l) sin ((2L—2u—412(2q+1)n) sin ((2L—2!—1)(2q+1)n _ ﬂ)

4. Design Examples

4L 2 (27)

The following figures 4,5,6, and 7 shows the frequency response among the various DST method
using Hilbert transformer for different arbitrary order i.e., for 0.3, 0.5 0.7 and 0.9. The following
figures are drawn with help of integral square formula of error (eq. 3.1.18), for given optimal
design values i.e., sample size L = 60, delay value I = 40, arbitrary order o = 0.3, 0.5 0.7 and 0.9.
The red line shows the ideal magnitude response for various arbitrary order while the blue line
shows the magnitude response of different DST methods of arbitrary order.
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Fig.4: Magnitude response for a« = 0.3
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Fig.5: Magnitude response for a = 0.5
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Fig.6: Magnitude response for a = 0.7
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Fig.7: Magnitude response for a« = 0.9

5. Conclusion

In this paper arbitrary order Hilbert transformer designing approach of window technique for
DST-1l methods and frequency response for various DST methods for different arbitrary order
are presented. Window design methods are well suited for the arbitrary order Hilbert
differentiator design. Hilbert transformer method (proposed method) using DST performs better
for window design method. We can also extend this result to all discrete sine and discrete cosine
transforms with respect to different fractional derivatives like, Riemann-Liouville, Caputo, Reisz,
Grunwald-Letinkov, Weyl’s etc. This work can also be extended to 2D discrete sine and discrete
cosine transforms.

References

1.

Singh, D., Kumar, N., Pratap, H., & Kushwah, H., (2018). Discrete-cosine transform
interpolation approach to design a fractional order Hilbert transformer International
Conference on Advances in Computing, Communication Control and Networking
(ICACCCN), 2018.

Kumar, N., Singh, D., Kumar, & P., Kushwah, H.,(2018), Digital Fractional Order
Differentiator Designing Approach Using DST Interpolation techniques, International
Conference on Advances in Computing, Communication Control and Networking
(ICACCCN), 2018.

1084 Hari Pratap etal 1079-1085



Journal of Computational Analysis and Applications Vol. 33, No. 5, 2024

3. Tseng, C.C.,& Pei, S.C. Design and application of discrete-time fractional Hilbert
transformer. IEEE Transactions on Circuits and Systems Il, Vol. 47(12), 2000, pp.1529-
1533.

4. Yeh, M.H., Pei, S. C. Discrete fractional Hilbert transform. IEEE Transactions on Circuits
and Systems 11, Vol. 47(11), 2000, pp.1307-1311.

5. Pei, S.C., & Wang, P. H. Analytical design of maximally flat FIR fractional Hilbert
transformers. Signal Processing, Vol. 81(3), 2001, pp643-661.

6. Tseng, C. C., Analytical design of fractional Hilbert transformer using fractional differencing.
In Proceedings of the International Symposium on Circuits and Systems, Vol.4 2003, pp.
173-176.

7. Pei, S.C., Wang, P.H., & Lin, C.H., Design of fractional delay filter, differintegrator,
fractional Hilbert transformer, and differentiator in time domain with Peano kernel. IEEE
Transactions on Circuits and Systems I, Vol. 57(2), 2010, pp.391-404.

8. Tsengand, C. C&Lee, S.L. On the designs of variable fractional Hilbert transformers IEEE
(Trans.)on Circuits and Systems-I1: Express Briefs, 2014, pp.368-372.

9. Jain, A. K.. A fast Karhunen-Loeve transform for a class of random processes. IEEE
Transactions on Communications, VVol.24(9), 1976, pp1023-1029.

10. Li, X., Xie, H., & Cheng, B. Noisy speech enhancement based on discrete sine transform. In
Proceedings of the 1st International Multi- Symposium on Computer and Computational
Sciences.2006

11.Wang, Z., Jullien, G. A., & Miller, W. C. Interpolation using the discrete sine transform with
increased accuracy. Electronics Letters, Vol.29 (22), 1993, pp1918-1920.

1085 Hari Pratap etal 1079-1085



