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ABSTRACT

In this work, we proposed to use the (C, 5, y)(E, g) composite summation operator with its
Fourier-Laguerre series at point # = O to estimate the error of a function that belongs to the
L[0, oo)-class. Our results generalize previous findings by Sonker, who evaluated the degree
of approximation by (C2)(E,q) operator, and Krasniqi, who examined function
approximation by (C,1)(E,q) operator. Using this product summation operator, we also
presented the error estimation theorem and various graphical interpretations produced by
MATLAB program.
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Introduction And Motivation

It is believed that in the last few decades of the nineteenth century, a well-known Weierstrass
theorem served as the foundation for approximation theory of functions. Quantifying the errors
generated and figuring out how functions can be best approximated by simpler functions are the
two main objectives of approximation theory. The field of signal approximation has been studied
extensively and has been the interest of academics. Approximation theory is important tool in
the field of robotics [1], applied mathematics [2—4] and operator theory [5]. The theorems of fuzzy
numbers and sequence spaces are also covered by summability theory [6]. Product summable opera-
tors [7—-10] outperform single summable operators [11-13]. Numerous mathematicians studying
approximation theory and summability were motivated by this finding. In a study on the error
estimate of a function via the (C, 1)(E, q) approach, Krasniqi [14] presented a study that made
use of the concept of product summable operators. This paper was further improved in 2014 by
Sonker [15]. She approximated the series at t = 0 by using the (C, 2)(E, q) operator. In response
to these findings, the error in the approximation of the same series function was found in 2015 by
Mittal and Singh [16] using the (T.Eq) summable approach. Later, in 2016, Khatri and Mishra [17]
calculated the degree of approximation of the Fourier-Laguerre series by using the H*E?! prod-
uct summable operator under appropriate conditions. In 2021, Sharma [18] conducted an
investigation into the (T, Cp) approach of the Fourier-Laguerre series, building on earlier work
in the field [19]. This motivated us to calculate a function’s error at the pointt = 0 by applying
(C, B, )(E, q) composite summation operator of its Fourier- Laguerre series. Our findings are
compared to the results given by Krasniqi [14] and Sonker [15] in order to show the efficiency of
proposed summation operator. We also introduced the error estimation theorem using composite
summation operator along- with some graphical interpretations. Also, using different values of
S, v and q, the existing operators can be derived.
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Cesaro-Euler composite summation operator

In this work, we introduced the Cesaro-Euler composite summation operator of order (5, y, ¢) as
follows:

A function g(t) € L(0, ) is expanded by Fourier-Laguerre method as

g(@) = oo ml (), ey
where

R — -y
‘m =3 G+ () fo yegWL5 (y)dy, (2

and Lma(y) denotes the m*" Laguerre polynomial of order § > —1, defined by generating function
= 5 ( tW)
ZL OW™ = (1 — w)-5~Teli=w

and the integral (2) exists. Also,
1 _
o) =t e Y 9 — g(0)l. 3)

Let the sequence {sm(g;t)} be the m*" partial sum of the Fourier-Laguerre series (1) given by

m

Sm(g:0) = ) 30,
h=0
is also known as Fourier-Laguerre polynomial of degree (or order) = m.

We denote C,El'y or (C,B,y) the m** Cesdro mean of order (B y) with B + y > — 1 of the sequence {s,,,(g; t)} i.e.

By _ B-1 ,v
ch AB+YZA AL

m  h=0

where
ABY = o(mP+Y),B+y > 1and, A5 = 1.
The Fourier-Laguerre series (1) is said to be (C, 3, y) summable to the deﬁnlte number s if

m

chY = B+VZAB 2 Als, > sasm - o.
m h=0

Also, If
m
a _
= e 2, ()7 o sasm oo

then s,,,(g; y) converges to a definite value 's' by E,; means (by Hardy [20]), and we write it as,

Sm = S(Em).
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We now introduce the Cesaro-Euler product summability mean of order (3,7, q) as follows.

1. The (C,B,Yy) transform of the(E, q) transform defines (C,,y)(E, q) transform of order (B,v, q)
and we shall denote it by (CE )f,’lB’y. Moreover, if

12l 1 _1
i = (CE)R" = Y leoAﬁl—h AyEy
1 -1 1 h
= B Sho Amon A iy Zo=0(3)a"sy > sasm > oo. (4)

2. The regularity of (C, 8,v) and (E,q) methods implies the regularity of (CE )f,’lﬁ'y method.
Useful Lemmas

The proof of the main theorem, we require following lemmas:

Lemma 1: Given by Szego (1975, p.177, Theorem 7.6.4) [21], let § is any real number ¢ are fixed +ve
constant. Then

L5, =0(md) if0<t<1/m, (5)
= O(t~ @D/ 4p@8-D/4if 1/m < t < € asm > oo.  (6)

Lemma 2 Given by Szeg6 (1975, p.177, Theorem 7.6.4) [21], let a and dbe an arbitrary real no., and 0 <y
<4and ¢ >0, then

max e t2t% | L3 (t) |= 0(m?)
where
Q =max(a—1/2,8/2—-1/4),e<t<(4—y)m, @)
=max(a—1/3,8/2—-1/4), t > m. (8)
Lemma 3: Let § > —1.If ¢ > 0, then

m
1 m
—(1 T Z (h) gqhh@8+D/4 < (1 4 1/q)m@8+1/4 = O(m(26+1)/4)’ 9)
h=0

and if  + y > —1, then

m
1 _
I=— Z AP AV (14 R)® = 0((1 +m)P). (10)
Am h=0

Proof: The first result is on similar lines as given by Lenski and Szal [22]. Regarding the latter result, A.
Zygmund[23][7, Vol. I (1.15) and Theprem [1.17] have stated that
m+p+
APTY = ( rr[i y) = 0((m+1)%),

is positive for f +y > —1. Moreover, AE,ZLY is decreasing for —1 < B +y < 0 and increasing for § +y >
0. Hence for § < 0,

1 [m/2-1] ,p-1 1 1
I'= By Zhr:{) AEn—h A\r/l(l + h)® +AB_+Y ;an[m/z] AEn_h AZ(l + h)®
m

m
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_ ((m+1)3—1(m+1)Y

[m/2-1]
(me Py )Ehe A+ W 0(( +m)®) yia e my2) A A

= 0((1+m) ) So(L + B)Sh 92 40((1 +m)®) — X, 4P, A3

B+V
=0((L+m) )X, [ 28 dz + 0((1 +m)P)
=0(@+m)™) [" " 28 dz + 0((1 + m)®)

(m + 1)8+1

=0((1+m) Y s+ 1

=0((1 +m)?)
If 8 > 0, the outcome is obvious. Our proof is thus finished.

+0((1 +m)®)

Also, we will use
(B+v+1)

B+ _ m
A (8) = r@+y+1)’

and also using this we can prove B+ y>1,then

1
B-1 ,v ) )
AB"'VZA | AY (R@3+D/4) = 0 (m@5+D/4), (11
m h=0

Error Estimation Theorem

Let g be a lebesgue integrable function then the error estimation of g att = 0 by the Cesdro-Euler means
of order (B,y,q) with B +y = —1, g > 0 of the Fourier-Laguerre series of g is given by

| (CE)EPY (g;0) — g(0) I= o(x(m)) (12)

with conditions
o(x) = fox lo(y) ldy = o (x8+1r(1/x)), x -0, (13)
fmey/z y_(28+3)/4» | O'(y) | dy =0 (m(‘28+1)/4r(m)), (14)

and ‘
-[ e¥/2y=13 1 o(y) | dy = o(t(m)), m— oo, (15)

where t(x) is positive and monotonically increasing signal of x such that t(m) — as m — co.
Proof of theorem:

Based on the equality

o =("7%)
we obtain
sm(0) = s;,(g;0) = oCth 0)
= () 5a0) e y390) SR L0y
= el €YY IO 0)dy.
Now
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B, 1 1
(CEY3 (93 0) = =55 Eko A Af try.5m Zo=o(5)4°50(0)

_ 1 B-1 ,v__ 1 h
= AP &h h=0Am_n A (1+q)h217 0( )q”
Therefore using (3), we have

| (CE)EPY(g;0) — g(0) | =

G d €7V 9L ()dy.

1 h 8
77 ZRso A A g Zi=0(0)a” [y 100 11,741 0y

1/m € m
([ L g
0 1/m € m AY

S 2h0(2) 16ONL, > ()dy
=J1+]J2+]3+] 4.

(16)
Using orthogonal property (13), Lemma [1][condition 5] and Lemma [3] we get

]1 — fl/m 1 AB

B+V

Cn Al e Zh=o(3)a” 160 1 L2 () dy
1

1
:W 01‘1[3 W AN (I:q)hzv o(;)g” 0(m®*) f; ™| 6(y) 1dy
1

B+y m AB_l AYO(m8+1)0(‘E(m)/m8+1)
— 0(m5+1)0(r(m)/m8+1)
= o(t(m)).

(17

Further using the orthogonal property (14), Lemma [1][condition 6], Lemma (3) and using the argument
as in Nigam and Sharma [13] and Krasniqi [14] then integrating by parts, we get

J =A1+YZA51 nAn (1+1q)hzh:(h)¢’f: 16 1L,°** ()

B
m h /m
m 1 h
_ A Alfn A)'l av Z ( ) ”0(v(28+1)/4)f | o(y) |y—(28+3)/4dy
h=0 1/m
1 m
— B+yZAan_—lh AYO(h(25+1)/4)f | G(y) |y—(28+3)/4dy
A - 1/m
m h=0

= O(m(28+1)/4)f | G(}/) |y—(25+3)/4dy — O(T(m))
1/m

Using (14), Lemma [2][condition 7] and Lemma [3] we get

(18)

1 1
J3 ZW Peo Amon A% g 2h=o(3)a” S 1 60 11,°7 () dy

B+Yzm0‘4m A e So=o(3)a” S €2 y RO | o(y)|e /2y CEALTH () dy
1

1 1 _
APHY P A A h (1+q)" Th=o(y)a” 0(v230/%) [ e/2y= @O/ | 6(y) | dy

_ O(m(28+1)/4)0 (m (25+1)/4T(m)) _ O(T(m))

(19)
Finally, using (15), Lemma [2][condition 7] and Lemma [3], we get

1073 Smita Sonker et al 1069-1078



Journal of Computational Analysis and Applications VOL. 33,NO. 5, 2024

Ja

- AB+V

1 1 1
m AP 4y

h e 2=0(p)a” [ 160 1L, ()dy
ﬁ+y2m0Am A o Zo=o(p)a” [, /2 y= GO | o(y)|e /2y GEIELTH (y)dy

i p-1 h 5 y 3oyl
B+v heoAm_h h(1+q)h2v 0( )q O(m( +1)/2)f ey/2 o dy

— 0(m®*72)o (m-+D/2e(m)) = o(c(m). (20)

Combining (16), (17), (18), (19) and (20), we get

| (CE)EPY(g;0) - g(0) | = o(z(m)).

Corollary

If we take g =1,y =0, our findings reduce to the results given by Krasniqi [14].

If we take =2,y =0, our findings reduce to the results given by Sonker [15].

If we take =1,y =0 and g = 0, our findings reduce to the results given by Gupta [12].
If we take =0,y =0and q = 1, our findings reduce to the results given by Nigam and
Sharma [13] and many others.

Graphical Analysis

Here, we consider the function

g@®) =t°,

with its Fourier-Laguerre series

g0 =Y o (C)roo.
m=0

Here, {c,,} is the cofficient sequence in the Fourier-Laguerre expansion. (CE )f,’lﬁ ¥ is the proposed mean

about the point t = 0. We are plotting g and (CE),,,

)q'B ¥ verses Number of terms.

The Fourier-Laguerre series for above function about the point t = 0 is plotted in Figure 1 and we can
analyze that oscillations can be seen only for very small values about point t = 0.
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< 10—298

Value of terms
o

_6 1 1 1 1 1 1 | 1 1
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Number of terms (m)

Here, we discuss our results in following cases:

Case 1: When f + ¥y < 0 and g > 0, we interpret that after applying (CE )Z’lﬁ ¥ mean the Fourier-Laguerre
polynomial is approximating g(t) from negative side and larger the value of § + y better will be the
approximation.
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Case 2: When f+ y > 0 and g > 0, we interpret that after applying (CE )ff ¥ mean is approximating
g(t) from positive side and smaller the value of § + y better will be the approximation.

1 T T T U ! ! i : l
g
——— B:O_‘], V=0.1
----- B=0.2, y=0.2
= == == (3=0.01, y=0.01
= 0.5 )
L
=
= [ i e o s —— — — —
z W [Treeemrecrmcmcmcmcmc e ——— - —
.C__U .----~.-.~
| — ’\
g e e e e e — e S — — " — — T — 1 — — " — - — — - ‘\s
= ~.\\.~
o 0
_0.5 ; i ! 1 1 1 1 1 1
1 2 3 4 5 6 7 & 2 o

Number of terms (m)

Comparison with existing methods: From the graph given below it can be analyzed that the rate of
convergence of proposed method is much faster than the existing methods given by Krasniqi [14] and
Sonker [15].
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From above graphical interpretation, we can say that (CE )f,’lﬁ ¥ product summability method is much

efficient. Also, the change in the value of § and y changes the behavior of approximation.
Conclusion

The use of (CE )?,;ﬁ ¥ product summability of order (8,7, q) generalized the results discussed in corollary
and add flexibility to convergence as with the change in values of 8,y and q, changes the behavior of
approximation. The rate of convergence is improved with the help of proposed method. Also, using different
values of B, y and g, the existing summability methods can be derived. We can infer that our result is much
efficient and useful.

Conflict of interest: The authors declare that they have no conflict of interest.

References

i1 K. S. Chaudhary and N. Kumar, “Neural network based fractional order sliding mode tracking
control of nonholonomic mobile robots”, J. Comput. Anal. Appl., vol. 33, no. 1, pp. 73-89, 2024.

[21 M. Lalit and A. Prakash, “Stability and numerical analysis of fractional BBM- Burger equation and
fractional diffusion-wave equation with Caputo derivative”, Opt. Quantum Electron., pp. 1-25,
2024.

381 L. Mohan and A. Prakash, “Stability and numerical analysis of the generalized time-fractional
Cattaneo model for heat conduction in porous media”, Eur. Phys. J. Plus, vol. 294, 2023.

4] L. Mohan and A. Prakash, “Analyzing the conduction of heat in porous medium via Caputo
fractional operator with Sumudu transform”, J. Comput. Anal. Appl., vol. 33, no. 1, pp. 1-
20, 2024.

[5] S. Sonker and Priyanka, “(C, 1, 1)-Quasinormal Convergence of Double Sequence of Functions,
Proc. Int. Conf., MMCITRE 2022”7, pp. 13-23, 2023.

6] E. Yavuz, “Euler summability method of sequences of fuzzy numbers and a Tauberian
theorem™, J. Intell. Fuzzy Syst., vol. 32, no. 1, pp. 937-943, 2017.

71 S. Sonker, and P. Sangwan, “Approximation of Signal Belongs to W'(Lp, &(t)) Class by
Generalized Norlund-Cesaro Product Means”, Proc. SOCTA 2022, vol. 627, no. 2023, pp. 207-
218.

6] S. Sonker, and R. Jindal, “Approximation of signals by the triple product summability means
of the Fourier series”, Proc. SOCTA 2021, vol. 425, pp. 169-179, 2022.

9] S. Sonker and N. Devi, B. B. Jena, S. K. Paikray, “Approximation and simulation of signals via
harmonic Banach summable factors of Fourier series”, Math. Methods Appl. Sci., vol. 46, no.
12, pp. 13411-13422, 2023.

[10]S. Sonker and N. Devi, “Approximation of signals by (E, 1)(E, 1) product summability means
of Fourier-Laguerre expansion”, Proc. MMCITRE 2022, AISC, vol. 1440, pp. 49-58, 2023.

1A, N. S. Singroura, “On Cesaro Summability of Fourier-Laguerre Series”, Proc. Jpn. Acad.,
vol. 39, no. 4, pp. 208-210, 1963.

1077 Smita Sonker et al 1069-1078



Journal of Computational Analysis and Applications VOL. 33,NO. 5, 2024

[12]D. P. Gupta, “Degree of approximation by Cesaro means of Fourier-Laguerre expansions”, Acta
Sci. Math., vol. 32, no. (3-4), pp. 255-259, 1971.

3H. K. Nigam, and A. Sharma, “A study on degree of approximation by (E, 1) summability
means of the Fourier-Laguerre expansion”, Int. J. Math. Math. Sci., no. 1-2, 2010.

141X. Z. Krasniqi, “On the degree of approximation of a function by (C, 1)(E, q) means of its
Fourier-Laguerre series”, Int. J. Anal. Appl., vol. 1, no. 1, pp. 33-39, 2013.

[15]S. Sonker, “Approximation of Functions by means of its Fourier-Laguerre series”, Proc. ICMS-2014,
pp. 125-128, 2014.

[eIM. L. Mittal, and M. V. Singh, “Error Estimation of Functions by Fourier- Laguerre
Polynomials Using Matrix-Euler Operators”, Int. J. Anal., pp. 1-4, 2015.

n71K. Khatri, and V. N. Mishra, “Approximation of functions belonging to L[0,] by product
summability means of its Fourier-Laguerre series”, Cogent math., vol. 3, no. 1, 2016, e-1250854.

81K, SHARMA, (2021), “Error of approximation of a function by (T, Cs) means of its Fourier-
Laguerre series”, AIP Conf. Proc., vol. 2481, no. 1, pp. 040032, 2021.

[191S. K. Sahani, V. N. Mishra, and N. P. Pahari, “On the Degree of Approximation of a Function
by Norlund Means of its Fourier Laguerre Series”, Nepal J. Math. Sci., vol. 1, pp. 65-70.

[201G. H. Hardy, “Divergent series”, Oxford University Press, New York, 1959.

211G. Szeg0, “Orthogonal Polynomials™, Colloq. Publ. Amer. Math. Soc., New York, NY, USA,
1959.

221M. Kubiak, W. Lenski, and B. Szal, “Pointwise summability of Fourier-Laguerre series of
integrable functions”, arXiv preprint arXiv:1904.08642, 2019.

[23]1A. Zygmund, “Trigonometric series Vol. I, Cambridge University Press, Cambridge, 1959.

1078 Smita Sonker et al 1069-1078



