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Abstract. Point-wise definitions of fuzzy interior ideals and fuzzy quasi-ideals in the context of ternary
semigroups are systematically derived. Their egivalence with the set-theoretic formulations is also
established. Fuzzy left (lateral, right)ideals, fuzzy ideals, fuzzy bi-ideals, fuzzy interior ideals, and
fuzzy quasi-ideals are explored within ternary semigroups under the framework of Tom Head's
metatheorem. It is demonstrated that the classes of ternary fuzzy subsemigroups, along with various
fuzzy ideals, are projection closed. Additionally, alternative proofs for several results are furnished
using metatheorem-based approaches, which eliminate the need for explicit calculations. These proofs
are more concise and straightforward, offering calculation-free solutions. Furthermore, regular, intra-
regular, and completely regular semigroups are characterized in terms of different types of fuzzy ideals.
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1. Introduction

The concept of ternary algebraic systems was initially introduced by Lehmer [8] in 1932. S. Banach
describes a ternary semigroup as an algebraic framework ordinary where the ternary operation does not
necessarily reduce to that of a semigroup. J. Los [10] demonstrated that any ternary semigroup can be
embedded within an ordinary semigroup, such that the ternary operation in the former extends the
binary operation of the later. Lehmer's research [8] delves deeper into specific triple systems, referred
to as triplexes, which are characterized as commutative ternary groups. Sioson [18] contributed to the
study of ideal theory within ternary semigroupsand provided definitions of ideals, introducing the
notion of regular ternary semigroups and characterizing them through quasi- ideals. Santiago [16]
further advanced the theory of ternary semigroups and semiheapswhlie Neumann in 1936 [12] explored
the notion of regularity. Hewitt and Zuckerman [5] explored ternary operations within semigroups.

Dutta and Kar [3] developed the theory of regular ternary semigroups, while Kar and Sarkar [6, 7]
extended this work by investigating fuzzy ideals in ternary semigroups. Shabir and Bano [17] defined
prime bi-ideals in the context of ternary semigroups.

This study introduces point-wise formulations of fuzzy interior ideals and fuzzy quasi-ideals in the
context of ternary semigroups. The results concerning various types of ideals in ternary semigroups are
extended to the fuzzy domain through the application of a novel technique known as the 'metatheorem'.
The metatheorem provides a structured framework for the extension of classical algebraic results to
fuzzy systems. This methodological approach has demonstrated its capability in broadening algebraic
structures into fuzzy contexts and has been extensively utilized in the investigation of semigroups and
semirings in [13, 14]. Furthermore, we demonstrate that various classes of fuzzy ideals are projection
closed. Moreover, the paper provides characterizations of several forms of regularity-namely, regular,
intra-regular, and completely regular through the utilization of fuzzy ideals, including left, lateral, right,
bi-ideals, interior ideals, quasi-ideals, and semiprime ideals in ternary semigroups via metatheorem
approach.
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2. Preliminaries

For the definition and basic results of ternary semigroup. We refer[1-3, 11, 17]. Throughout this paper.
J will stands for [0,1). Also C C, (C, ,C,,C;,C,,C;,,C,,C,) denotes the classes of crisp

In?
subsemigroups, left ( lateral, right, two sided, bi-, interior ideals, quasi-, semiprime) ideals of a ternary
semigroup Sand C;, C, (C,, ,C,,C,C,,C,,,C,,C;) denotes their fuzzy classes respectively.

Lemma 2.1. [11] A non-empty subset A of a ternary semigroup is a
(i) subsemigroup (lateral Ideal) of S < A®> = A(SAS — A)
(i) left(right) ideal of Sif S << SSAc A(ASS — A)
We recalled the definition of fuzzy set p of a non-empty set X definedbyZadeh [19] as a

mapping z£: X — [0, 1]. Let S be ternary semigroup and F(S) stands for the set of fuzzy subsets of
X.

Definition 2.2. [6] € F(S) is called a fuzzy ternary subsemigroup of a ternary semigroup S if
p(xyz) = mindu(X), p(y), i(2)} VX, y,2€8.

Definition 2.3. [6] x € F(S) iscalled a

(1) fuzzy left (lateral, right) ideal of S if w(Xyz)> p(z) ((xyz) > u(y), u(xyz) >
u(2)) vV x,y,2€S.

(2) fuzzy ideal of S z(Xyz) > u(z), p(xyz) < p(y) and p(xyz) > u(x) V X,y,z€S.
(3) fuzzy semiprime ideal if 1(X) = 2(x*) VX €S.
Definition 2.4. [15,9, 7] x € F(S) iscalled a

(i) fuzzy bi-ideal of S if peCy and (XSX%,S,%) = min{u(x), £(X,), u(X)}
V' X, X, X3, $1,S, €5

(ii) fuzzy interior ideal of Sif 1€ C and S0£0S040S .
(iii) fuzzy quasi-ideal of Sif £20S 0S N (Sox0SUSO0u0S0S)NSoSou
(iv)  fuzzy semiprime if z(X) > 1(X*) Vx€8S.

Example 1 Let S=M,(N,) =2x2 matrices over the non-negative integers. The operations are
matrix addition and multiplication. Let

{1 0} [2 O} [3 0} [4 O} {5 0}
A= B= ,C= D= E= eM,(N,)
0 1 0 2 0 3 0 4 05

Define: . Mz(NO) _>[O’ 1] SUChthat’u(M):%'
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L(A)=1/2, 1(B) =415, 4(C)=9/10=6/7, w(D)=16/17, u(E) =25/26

120 0
ABCDE =[ ; 120}.Therefore, 4(ABCDE) =14400/14401

Fuzzy Subsemigroup: z(ABC)=36/37 and min{u(A), u(B), 4(C)}=1/2. Therefore
#(ABC) >min{u(A), u(B), u(C)}.

Fuzzy Left (right, lateral) ideal: £#(ABC)=36/37. Clearly u(ABC)> u(C),
1(ABC) > 1(B) and p(ABC) > u(A).

Fuzzy Bi-1deal: min{u(A), 1(C), u(E)}=1/2. Therefore, 1#(ABCDE) >
min{u(A), 1(C), u(E)}-

Now we briefly study 'metatheorem’ formulated by Tom Head [3] in the year 1995. Let S be a
ternary semigroup and P(S) and C(S) denotes the set of all subsets and characteristic subsets of S. The

mapping Chi : P(S) — C(S) defined by Chi(A) = y, is a bijection.
Proposition 2.5. P(S) = C(S) under the isomorphism Chi.

Proposition 2.6. The mapping Chi: P(S) — C(S)commutes with the finite intersection and
product of sets in ternary semigroup S.
Definition 2.7 [4] Consider a ternary semigrop S, € F(S) and r € J =[0, 1). Then the functioln
Rep: F(S)— C(S)” is defined by

1 ifu(x)>r

Rep(1)(1)(4) = {0 ) <1

k k

Proposition 2.8 [4] The function Rep is injective and Rep [l ,uile Rep(z;) and
i=1 i=1

[ U ﬂi]: U Rep(z;), where £ € F(S) and M is an index set.

ieM ieM

Proposition 29. [4] Rep is an order isomorphism of F(S) onto 1(S), where 1(S)denores the
image of the Rep function.

Definition 2.10. The product t4 * 1ty * g of fuzzy sets 14, t, i3 in a ternary semigroup S is
defined as follows:

( o) sup [min{zq (X), 1o(y), 13(2)}1
)z *luz */UZ W) = { W=X*y*Z
0 if X not expressed as w=X*y*z
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Tom Head [4] defined above binary operation * on F(S) as the convolutional extension of the binary
operation * on S.

Proposition 2.11. [4] For 14, 1 € F(S), Rep(z4 * 1) = Rep(z4) * Rep(ws,) .

Definition 2.12. [4] Consider C as a collection of fuzzy sets within a ternary semigroup S. We defined
C as being projection closed if every 1 € C and forany r € J, the Rep(u)(r) remains an element of

C.

Proposition 2.13. [4] C;,C, (Cl, CZ) be the classes of crisp (fuzzy) subsets of a tertnarysemigroup
S. Then Cl c CZ(C]_ :Cz) = Cl gCZ(Cl :Cz) .

Metatheorem 2.14. [4] (S, *) be a ternary semigroup. Consider the algebra (F(S), inf, sup, *).
Let L(a,ay,....a,) and M(a;,ay,...,ay) be two expression defined over the variables set

{&,a,,...,ay} and operations set {inf, sup, ¥} on P(S). Let D,,D,,...,D,, are projection
closed classes of fuzzy sets of S and D4, Dy, ..., Dmbe their corresponding crisps classes. Then

L(4, ts-s i) REL M (41, 1, i)

Hold V g4 in D, ..., 4y In D,y < itholds V ggin Dy, ..., 4, in D,,, where REL represent
one of the three symbols <, = or >.

3. Fuzzy Interior Ideals and Fuzzy Quasi-ldeals in ternary semigroups

Now we define both fuzzy interior ideal and fuzzy quasi-ideal of a ternary semigroup point wise as:

Definition 3.1. Let S be a ternary semigroup. Then, € Css is called a fuzzy interior ideal of S if

(XX SpX083) Zmin{uu(Xq), £4(X2))}V X4, %2,81,8,S3 €S

Definition 3.2. Let S be a ternary semigroup. Then € F(S) is called a fuzzy quasi-ideal if
Vzes,

X=%1S7X3 X=%1X2S3 X=$%1S2X354S5 X=X1S2S3

u@yzmin{ sup u(xg), max{ sup u(%),  sup ﬂ(Xs)}. sup ()

Example 3. In Example 1, we have already seen that  is a ternary fuzzy subsemigroup of S. Also

4(ABCDE) =14400/14401 and min{u(B), u(D)}=4/5. Therefore,
L(ABCDE) > min{u(B), 1(D)}.

Now we provide the equivalence between the Definitions 2.4 and 3.1.

Theorem 3.3.Let 1 € Cgs. Then ue G, < if SouoSouoSc u

Proof: Let Z€ S. Then,
SouoSouoSc u
SN (SouoSouoSou)(z) < u(z)
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- sup  {min[S(sy), (x), S(s2), 1), S(s3)I} < u(2)

Z=§1X159X2S3

< sup - {min[x(x), p(x)I} < 14(2)

Z=31X15X2S3

e H(SPeS2%eSg) Z{min[u(x), 1(X2)]} V' 81,52, 83, X1, %0 €S
= p is a fuzzy interior ideal of S.
Next we provide the equivalence between the Definitions 2.4 and 3.2.

Theorem 34. Let peF(S) . Then peCy if and only if £0S0SMN(Sou0SUSO
Souo0SoS}nSoSou cu.

Proof: Let zeS. Then,

SoSoun(Souo0SuUS0Sou0S0SENu0S0Scu
< (SoSoum(SouoSUS0S0r0S0S)Nu0S0S)(2) < w(z)
< min{(SoSowu)(z), (SouoSUS0S0u0S0S)(2),(1£0S0S)(2)}< 1(2)

< min{ sup [Min(S(s;), S(sp), (%)), lim [min(u(xq), S(S), S(s3))],

7=5159X3 2=X152S3
max{ sup [minS(s;), (%), S(s3))],SUPIMIN(S (1), S(So), £e(¥a), S(54), S (s NIV} < pa(2),
Z=51X953 =1

where Z; = $;SoX354Sg

< min{ sup u(xg), max{ sup u(Xz), sup - w(Xg)}, sup p(xq)}< pu(z)
2=%1S9S3 Z=%1X2S3 2=%1S9X354S5 Z=X1S2S3
< U is afuzzy quasi-ideal of S.

4. Projection closed classes in Ternary semigroups

Theorem 41. C is projection closed.

Proof. Consider £ € Cgs . Therefore 2(xyz) =min{u(X), u(y), 1(2)} V X,y,Z €S . To show
that Rep(u)(r)eCy Vrel. Equivalently,
Rep (£0)(r)(xyz) = min{Rep (£)(r)(x), Rep((r)(y), Rep(1)(r)(2)}V X,y,z€S . Let
X,¥,2€S and reJ. Suppose min{Rep (L)(r)(x), Rep(z)(r)(y), Rep(w)(r)(2)}=1.
Therefore, Rep(w)(r)(X) =1=Rep (w)(r)(y) =1=Rep(z)(r)(z). This implies that
L(X)>r, p(y)>rand g(z) >r. Thus z(xyz) > min{u(X), p(y), #(z)} > r and hence iif
min{Rep ()(r)(x), Rep (1) (r)(y), Rep (1)(r)(2)} =0, then the inequality holds trivially.

Theorem 4.2 G, Gy C;, G and C; are projection closed.

Theorem 4.3. C;, is projection closed.
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Proof. Consider ux€GCi,. Then wpeCs and  £($1%5,X>S3) = Min{u(Xq), 4(%o)}
VXl,X2,81,82,53 e€S. In view of Theorem 4.1, it is sufficient to show that
Rep(10)(r)(5,%52%555) = Min{Rep(1)(r)(x), Rep(£)(r)()} X, Xp, 51,53, S3and
Vreld.Llet X,%,8,5,53€Sand VreJ. Suppose that min{Rep(u)(r)(x),
Rep(r)(r)(%o)}=1. Then, Rep(z)(r)(x)=1=Rep(x)(r)(X,). This implies that
LX) >r < u(x). Therefore, (S1%59X%S3) = min{ze(xq), u(X)}>r. Thus
Rep(1)(r)(spys2%g85) =1 It min{Rep(u)(r)(x), Rep()(r)(x)}=0. Ten the
inequality holds trivially.

Theorem 4.4.C}, is projection closed.

Proof. Consider u€Cy,. Then e Cy and (XS X9, SoXg) = min{ue(xq), 1(%0), 1(X3)}
VXq, X2, X3, 1,52 € S . We get the result by proceeding same as in Theorem 4.1.

Theorem 4.5, Cq is projection closed.

Proof: Consider 1 € Cq . Therefore,

u@yzmingd sup u(xg), max{ sup u(x), sup  u(xa)} sup w(x)}
Z=%1S9X3 Z=$1X2S3 2=%1S9X354S5 Z=X1S2S3

VzeS.Toshowthat Rep(u)(r)(z) eCy. Let €S and I € J . Suppose that

min{ sup Rep(u)(r)(xs), max{ sup Rep(x)(r)(x), supRep()(r)(x3)}, sup Rep(u)(r)(x)}

2=%1S7X3 2=$1X2S3 =71 Z=X152S3
=1, where Z) = $159%354S5.- Then, sup Rep(u)(r)(x3) =1=max{ sup
2=3152X3 Z=31X253
Rep (1)(r)(x2), supRep (z)(r)(x3)}= sup Rep(u)(r)(x), where z) = $;SyX354Ss,
=77 Z=X1S2S3

Now, sup Rep(u)(r)(X3)=1 implies that there exist, S;,Sp,X3 € S satisfying Z = $;SyX3 in

Z=5152%3
S such that Rep(z)(r)(X3) =1. Therefore, £(X3)>r. Thus sup u(X3)>r. Similarly
Z=51S X3
sup Rep(z)(r)(x) =1 implies that sup u(x)>r and
Z=X1S2S3 Z=X152S3
max{ sup Rep(u)(r)(x,), sup Rep()(r)(x3)=1 implies that either
Z=$1X2S3 2=%1S9X354S5
sup  f(Xy)>r orsup f(X3)>r, where Z; =$;S,X354S3-
Z=51XS =1

Thus in any case w(z)>r andRep(w)(r)(z)=1.1fmin{ sup Rep (z)(r)(x3)

Z=%157X3

max{ sup Rep(u)(r)(xz) supRep(1)(r)(x3)}, sup Rep(u)(r)(x)}=0 then the

Z=8$1X2S3 =7 Z=X1S2S3
inequality holds trivially where Z; = $;S,X354S5. Hence Cq is projection closed.
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Theorem 4.6. C is projection closed.

Proof: Consider u € C . Therefore ,u(X3) = u(X) V X €S . Theorem follows similar to Theorem
4.1.

5. Fuzzy ldeals of a ternary Semigroup
Theorem 5.1.The following assertions hold in a ternary semigroup S:
(1) Any fuzzy left (right, lateral) ideal of S is a fuzzy bi-ideal of S.
(2) Any fuzzy quasi-ideal of S is also a fuzzy bi-ideal of S.
Proof: We establish (2). Since Both Cq and Cb are projection closed, therefore,
Cy < G < Cy < Cyy by Proposition 2.13. By Theorem 3.2 of [2] any quasi-ideal of a ternary

semigroup § is also a bi-ideal of Sand P(S) = C(S) under the isomorphism Chi, we get, C, < Cy
. Hence Cq cG.

The remaining results of this theorem extends. Proposition 3.6 of [2] to fuzzy context and their proofs
can be derived analogously.

The subsequent results extend Propositions 3.2, 3.3 and 3.5 of [11] to the fuzzy context and
their proofs can be derived analogously.

Theorem 5.2 The following assertions hold in a ternary semigroup S:
(1) Any fuzzy left ideal (right ideal, lateral ideal, ideal) of S is a fuzzy quasi-ideal of S.
(2) Any fuzzy quasi-ideal of S is also a fuzzy ternary subsemigroup of S.

Theorem 5.3. The following assertions hold in a ternary semigruop S.

(1) LetaeCyand y €G, then any e Cy.
@ LetaeCyand y €C, then any e Cy.
) Leta eGand y € Cg, then any e .

Proof  (1). Define the  classes Copi={annay: a4 eCy a,€C}  and
Cyi={any:aely, yeC}ins. Chimthat Cy ; is projection closed. Let a ny € Cq .
Now, for all aeCy and ye€Cj, Rep(any)(r)=Rep(a)(r)NRep(¥)(r) Vrel by
Proposition 2.8. Rep(a)(r) e Cy and Rep(y)(r) € G since both C;; and C; are projection
closed. Thus Rep (@ N y)(r) € G i V I eJ. Hence, the classes C ; is projection closed. Since
C'q is projection closed, therefore, qu i ng < Cy j =Cqy by Proposition 2.13. Since the

intersection of a quasi-ideal and an ideal of a ternary semigroup is a quasi-ideal by Proposition 3.3 of
[2] and P(S) = C(S) under the isomorphism Chi, we get,Cy; = Cy . Hence, C; j =Cy .
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Next to establish (2), we define C, ={ay, Ny, 1 € Cq and A is a subsemigroup of S} and
Co={anu:aeC,and ueC.}. Claim : C, is projection closed. Now Rep{a m x)(r)
= Rep{a)(r) "Rep{w)(r) Vr € J by Proposition 2.8. Since C, and C,; are projection closed,
therefore Rep{a)(r) € C, and Rep{u)(r)eC. Thus Rep{anu)(r)eC, VreJ and

hence C,, is closed under projection. Therefore C, cC, <> C, < C, by Proposition 2.13.As the

intersection of a quasi-idealand a subsemigroup of S is a quasi-ideal by Preposition 3.70f [11] and
P(S) = C(S) underthe isomorphism Chi. we get,C, < C,.Hence C, C,.

(3) is anextension of Proposition 3.2 of [2]to fuzzy context and its proof can be derived analogously.

Theorem 5.4 Let he C,. ThenheC, if there exists he G, ueC, and §eC,. such that
aouodochcamumo

Proof. Define the classes D = {y,€C(S) where H is a subsemigroup of
S:ABC, cH < AnB NC, for some leftideal Ay, lateral idealB; and right ideal C; of S} and
D={heCi:aouodch canund for some aeC, ueC and 5eC,}, where
Cr (Cb, C1) arecrisps classes of right (lateral, left) ideals of S. Firstly claim: Dis projection closed.
Let h e D. Therefore, h € C such that oo chcanmundforsome aeC,, ueC,
and ue€C. Rep{aouos)(r) <Rep(h)(r)<Rep(amund)(r) Vv r eJ byProposition
29.Now for reld, Rep(a)(r)oRep(u)(r)oRep(d)(r) < Rep(h)(r) < Rep(a)(r)m
Rep (w)(r) ™ Rep(5)(r) by Proposition2.8 and 2.11.Since C;, C; andC, are projection closed,
we have, Rep ()(r) e G, Rep(u)(r) e G, and Rep(5)(r) e C, .Therefore, Rep(h)(r) e D
YV reJ. Hence D is Projection closed. Also Cb is projection closed. Therefore, by Proposition
213, Dc(C < DcC,.

The later proposition follows as a ternary semigroup H of a ternary semigroup S is a bi-ideal if
ABC, cH c A nB NC forsomeleft idealA;, lateralideal B; and right idealC; of S

byProposition 4.8 of [7] and P(S) = C(S) under the isomorphism Chi.

Theorem 5.5. Let u be a fuzzy set of a ternary semigroup S. Then following assertions hold in S:
(1) SoSoue(

) {SonoS}u(SoSouoSoS) e

@) uoSoSeC,

Proof. To establish [2], define the classes C ={ya € C(S), where A P(S):SAS U SSSASS}
and C={ueF(S): (SouoS)uU(S0Sou0S0S)}. Firstly claim that C is projection closed.
Let £eC reJ,wehave Rep{(S0.0S)U(S0S00S0S)}r)

=Rep{S U 10S)(r) URep(S0S 00S 0S)(r) by Proposition 2.8.
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= Rep(S)(r) oRep(x)(r) oRep (S)(r) w Rep(S)(r) W Rep(S)(r) oRep(x)(r) 0
Rep(S)(r) oRep(S)(r)} by Proposition 2.11.

=(SoRep(w)(r)oS) (S oS oRep(u)(r)oSoS)
It can be seen easily that Rep()(r) € F(S) . Thus Rep(r)(r) eC Vrel

and hence C is projection closed. Also by Theorem 4.2, the class C|t of fuzzy lateral ideals is

projection closed. Therefore, C < C; < C < Cy; by Proposition 2.13.

By Proposition 1.1. of [1] (SASWSSASS) is a lateralideal of S for a non-empty subset A of a
ternary semigroup and P(S)=C(S) under the isomorphismsChi, we get, C < Cj;. Hence
Cc(;.

The proof of following theorem is an alternative proof of the Theorem 3.20 of [7].

Theorem 5.6. Let € G, y € G and 5 € G Then unynd eCy.

Proof. We define the classes Cp i ={ty o "z 11eCy, 1y €Cy and p3 € Ci}and
Coyy={unyno:ueC, yeC; andd €} Firstly claim: C ;| is projection closed.
Let  unyndeCry. We hae for al ueC,yeCiand 5e(
Rep(uny mo)(r) =Rep(u)(r) nRep(y)(r) "Rep(d)(r)Vr e J by Proposition 2.8. Since
C,, C; and C| are projection closed by Theorem 4.2 and 4.3, we have, Rep(u)(r)eC,,
Rep(y)(r) e G; and Rep(d)(r) (). Hence Rep(unynS)(r) eCyy Yred. Thus
C. 1ty is projection closed. Therefore, by Proposition 2.13, C ) < Cy < Cy 1) = Cy. By

Proposition 3.6 of [11], the intersection of a right ideal, a lateral ideal and a leftideal of a ternary
semigroup S is a quasi-ideal of S and P(S)= C(S) under the isomorphism Chi, we get,

Crit1 =Cq. Hence, Cpjp) = Cy -

Theorem 5.7. .Let ze F(S). Then ,uqu if 4 is an intersection of a fuzzy right ideal

L\ p0S0S, a fuzzy lateral ideal U (SW£0SUS0S040S0S) and a fuzzy left ideal
HUSoSou.

Proof. Define the classes:

C ={yp €C(S) where Ac P(S):A=(AUSSA) N (A U SAS USSASSA) N AU ASS}

and
C={ueF(S): u=(uuSoSou)nuvu (SouoSUS0S00S0S0) (1w 0S0S)}

Claim: Cis projection closed. Let geC. Therefore ueF(S) such that
u=(wuSoSou)nuu (SouoSuUS0Souo0SoS)N(uuwSoSou). Now Vreld,
Rep (1)(r) =Rep{(zwSoSou)~uw (SouoSwS0Sou0S0SN(uuwu0S0S))
(r) by  Proposition  2.9.Also0  Rep()(r) =Rep{(xzwSoSou)(r)n(uwSouoS
WS 0S0u0S0S)(r)"Rep(re v 10S0S)(r) V reJ by Proposition 2.8.
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= (Rep(z)(r)  Rep(S)(r) oRep(S)(r) oRep()(r)) " Rep(x)(r) w (Rep(S)(r) oRep(x)(r)
URep(S)(r) wRep(S)(r) oRep(S)(r) oRep(£)(r) Rep(S)(r) mRep(S)(r)) N Rep(x)(r)
oRep(u)(r) oRep(S)(r) oRep(S)(r) by Proposition 2.8 and 211 . That is for reJd,

Rep{)(r) = (Rep{w)(r) WS 0S oRep{w)(r) N Rep{)(r) v (SoRep{u)(r)oSuUSo
Rep{x)(r) 0 S0S) N (Rep{x)(r) URep{x)(r)0S0S). Hence Rep(u)(r)eCVreld.
Therefore C is projection closed.Also by Theorem 4.5, the class C'q of fuzzy quasi-ideals is

projection closed. Therefore, C < Cq <Cc Cq by Proposition 2.13.

By Theorem 3.10 of [11],. a non subset A; of a ternary semigroup S is a quasi-ideal of S if
A ={A USSA) N (A USAS USSASS) (A UASS) and P(S)=C(S) under the
isomorphism Chi, we get, C = Cy; . Hence, Cc Cq.

Similarly it can be prove that:

Theorem 5.8. If A and p be two non-empty subset of a ternary semigroup S. Then A0S ou isa
fuzzy bi-ideal of S.

The proof of following theorem is an alternative proof of Lemma 2.1 of [6].

Theorem 5.9. Let z be a fuzzy set in a ternary semigroup S. Then, following assertions hold in S:

(1) ueCyx < puouopc p
@ ue(G <SoSoucu
d) ueC<SouoScyu
@4 wueC < poSoScu

Proof. To establish (1), define C={y,e€C(S) where AeP(S): A3 c A} and
C={ueCy:uououc u} Toshow C is projection closed. Let 1€ C . Then u € Cg such
that z20g0u < . By Proposition 2.9, Rep(u)(r) > Rep(uouou)(r) VreJ. Since Rep
commutes with the operations '0’ (Proposition 2.11), Rep(z)(r)>
Rep()(r)oRep(u)(r)oRep(u(r) VreJ. Since Cg is closed under projection,
Rep(u)(r) € Cy. Thus Rep(u)(r) e C Yr e J and hence C is projection closed. By Theorem
4.1, Cg is projection closed. Therefore C = Cy if and only if C = Cgg by Proposition 2.13. Since a

non-empty set A of a ternary semigroup S is a fuzzy subsemigroup of S < A3 < A by Lemma 2.1
and Chi is a isomorphism from P(S) to C(S), we have C = Cg. Hence, C =C.

The remaining parts are extensionof Lemma 2.1 to fuzzy context and their proofs can be derived
analogously.

6. Fuzzy ldeals of a Regular and Intra-Regular Ternary Semigroups.
Theorem 6.1. Let S be ternary semigroup. Then,

(1) Any fuzzy bi-ideal of a regular ternary semigroup S is also a fuzzy quasi-deal.
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(2) Let p be a fuzzy subsemigroup of an intra-regular ternary semigroup S. Then p is a fuzzy lateral
ideal of S if and only if it is a fuzzy ideal of S.

Proof. (1) Both the classes C'b and Cq are projection closed by Theorem4.3 and 4.4. Therefore,

Cb - Cq if and only if C, < Cq by Proposition 2.13. By Proposition 3.13 of [2] any bi-ideal of a

regular ternary semigroup is a fuzzy quasi-ideal and P(S) = C(S) under the isomorphism Chi,

C, cC,.Hence C, = C,

The proof is an alternative proof of the Proposition4.19 of [7].

(2) his result extends Proposition 3.20 from [3] to fuzzy context and its proofs canbe derived
analogously.

The proof of following theorem is an alternative proof of the Proposition 3.15 and 3.17 of [7].

Theorem 6.2. Let S be a regular ternary semigroup and g F(S). Thenu e Cq if and only if
(uoSouoSou)N(1oSoSouoSoSou)C u.

Proof. Define Classes: C ={y, € C(S), where AeP(S): ASASA ASSASSA c A} and
C={ueF(S): £oSou0Su0SoSouc 1} ToshowC is projection closed, let € C .
Therefore, 1€ F(S) such that £0Sou0SoumnuoSoSouoSoSouc u for vreld,
Rep{u0Sou0Soun 0SoSou(r)<Rep(u)(r) by Proposition 2.9. ThenVreld,

Rep(1)(r) oRep(S)(r) oRep()(r) oRep(S)(r) oRep(x)(r) MRep(x)(r) oRep(S)(r)
oRep(S)(r) oRep(x)(r) oRep(S)(r) oRep(S)(r) oRep()(r) < Rep(w)(r)by Proposition
2.8 and 2.11. That is Rep()(r) oS oRep(rs)(r) oS oRep(w)(r) m
Rep()(r) oS oS oRep(x)(r) oS oS oRep(r)(r) <Rep(r)(r) VreJd. 1t can be seen
easily that Rep(z)(r) € F(S) . Hence Rep(u)(r) eC Vr e J and thusC is projection closed.
Also C, is projection closed. Therefore, C = C, <> C =C, by Proposition 2.13.

By Theorem3.180f [11], in a regular ternary semigroup S, a subset Qi is a quasi-ideal of
S < Q,SQSQ NQ,SSQSSQ, =Q, and P(S)= C(S) under the isomorphism Chi, we get,
C=C,.Hence C=C,.

Theorem 6.3. Let Se be a regular ternary semigroup. If A €Cy and hy,h, €Cy , then
Aohyoh,, hholoh,, hoh,ole(,.

Proof. Let Ca ={Tirk, rk2 T1 € Cp, Ky, K, are subsemigroups of S }and
CA ={Aogoh: 1e va g,h e Cg} be crisp and fuzzy classes defined on S. By proceeding as in

Theorem 5.3, it can be established easily that C, is closed under

projection. Also by Theorem 4.4, Cb is closed under projection. Therefore, by Proposition 2.13,
CAng < Cp ng. The later proposition follows in view of Proposition 4 of [17] and
P(S) = C(S) under the isomorphism Chi.
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hAhy and hhy 0A are fuzzy bi-ideals of S can be proved similarly.

Theorem 6.4. Let S is a regular ternary semigroup. If 24y, 15, 13 € Cy, then 14 041, Opig € Cq :

Proof. ~ We  define the classes  Cqqq=(QQQ3, Q2 Qp, Q3€Cy)  and
Cq,q,q =(y 0Ly Oz = 1y, o, U3 € Cq} Proceeding as in Theorem 5.3. It was he shown easily

that C

quqxq

three quasi-ideals of regular ternary semigroup is itself a quasi-ideal and P(S)= C(S) under the

ng.

9,0, is  projection closed. Also Cq is  projection closed.  Therefore,

C Cq & Cq,q,q C Cq by Proposition 2.13. By Theorem3.19 of [11], the product of

isomorphism Chi, we get, Cq’q,q c Cq .Hence Cq,q’q
Theorem 6.5. Following assertions held on ternary semigroup S:

(1) Sisregular.
(2 anAcao0SodSnsoSoa Va,se(,.

3 andcaoSosnsoSoa Vae(, and Vo e Cy(C)
4 andcaoSodnsoSoa Ve((C)and Vo ey
6) andcaoSosNndoSoaVaelC, and 6 (

6) andcaoSosNsoSoa Vae(, and 6 e,

Proof. We establish (1) < (6). Let (S,O) be a ternary semigroup. Consider the algebra-
(F(S), inf, sup, 0). let L(a,c)=anc and M(a,c)=aScncSa be expression over the
variable set v and operations set {inf, sup, 0). Since C,, is projection closed, therefore,
L(a, 8)=M(a, 8) V aeC, and oeC, if and only if
L(e,0)=M(r,0) V ¢ €C, and V a €C, by metatheorem.

Now, a ternary semigroup S is regular

< By MRy = B{SRy MRy SB; for any bi-ideal By and right ideal Ry of S by Theorem 8 of [17].

& XB,~R, = XBSRAR;SB, Tor any bi-ideal By and right ideal Ry of S since P(S)=C(S) under

the isomorphism Chi.

© X MR, = Xgygp N XRysp; forany bi-ideal By and right ideal Ry of S by Proposition 2.8.

X8 NIXR, = XB XS XR N XR XS XB, for any bi-ideal B; and right ideal Ry of S by Proposition
2.6.

< X, MR, = XB;S ¥R, N XR S xp, for any bi-ideal By and right ideal Ry of S.
s L(a,0)=M(a,0) VaeC, and V5eC,.

o L(e,0)=M(a,0) Vae(, and VoeC(,.
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Theorem 6.6. The following assertions are equivalent in a ternary semiringsS.

(1) Sis regular.
2) p=poSou VueC(Cy).

Proof. Similar to Theorem 6.5, defined expressions L(@)=a S a and M(a)=a. Since C, is
projection closed, therefore, by metatheorem, L(0)=M(5) Ve, if and only if
L(0)=M(J) Vo eCy.

Now, a ternary semigroup S is regular

< B; = B;SB; for any bi-ideal B, of S by Theorem 4 of [17].

< XB, = XBisp, for any bi-ideal By of Ssince P(S)= C(S) under the isomorphism Chi.
< XB = XpAsXB for any bi-ideal B; of S by Proposition 2.6.

< xB, = Xg,Sxp, forany bi-ideal By of .

< L(0)=M(0) Vo eC,

< L)=M(0) Voe(,

The subsequent theorem can be derived in a similar manner.

Theorem 6.7.A ternary semigroup S is regular if and only if 50S050S00=0 V 6 € C, (Cq) .
Theorem 6.8. A ternary semigroup S is regular if @ Nd =2 0S05 Va eC, and V 6 € (.

Proof. As in Theorem 6.5 define expressions L(&y,8,) =& M @, and M (g, a,) =&;Sa, . Since

the classes Cr and C; are projection closed by Theorem 4.3, therefore, by metatheorem
L(a,8)=M(u, O)V nueC, and Vo e < L(1,8)=M(u, 6) VueC,andV o €C,.

Now, a ternary semigroup S is regular

< Ry Ny =RySLy for any right ideal Ry and any left ideal Ly of S by Corollary 3.8 of [3].

© Xty = Xrysyy 7T @ny right ideal Ry and any left ideal Ly of S since P(S) = C(S) under the

isomorphism Chi.

S XRAL = ARt forany right ideal Ry and any left ideal L, of S by Proposition 2.6.
SR NIy = ;(RIS;(Ll for any right ideal Ry and any left ideal L; of S.
< L(w,0)=M(1,0) VueC, and V6 € C
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< L(w,0)=M(1,6) VueC, and Vo €

The subsequent theorem extends Theorem 7 of [17] to the fuzzy context and its roofs can be
derived analogously.

Theorem 6.9. Following assertions hold in a ternary semigroup S:

(1) andca0S0s V¥V aeCy(Cy)and Voe(.
2 andcaoS0sVaeC(Cy)and Voel,.

The subsequent results extends Theorem 6 of [17] to the fuzzy context and its proofs can be derived
analogously.

Theorem 6.10. A ternary semigroup S is regular if and only if @ NS =00a 08 V& € C}; and
vV oe( (Cq).

The following theorem is an alternative proof of the theorem 3.14 of [7].

Theorem 6.11. A ternary semigroup S is regular if and only if ¢NSNu=a0Sou
VaeC,VdeCand V ue(.

Proof. As in Theorem 6.5, defined expression L(a,b,c) =ambmc and M (a,b,c) =abc. Since
the classes C,,G,and G are projection closed, therefore, by  metatheorem,
L(a, 0, 1) =M(e,0,u) Vo e C,, VS € and Vue(C < L(a,d,u)
L(e,0, 1) =M(e,0, u) Va €C,, Vo eCjyand V 1 € C;.

The later proposition follows as a ternary semigroup S is regular & RN ANL =RAL for
any right R, lateral ideal A and left ideals L of S by Theorem 3.7 of [3], P(S)=C(S) under the
isomorphism Chi and Proposition 2.6.

Following theorem is an extension of Theorem 3.19 of [3] to the fuzzy context and its proofs
can be derived analogously.

Theorem 6.12. A ternary semigroup S is intra-regular if aNuNO Ca0u00
Vae(,VueCG; and Vo eC,.

Theorem 6.13. A ternary semigroup S is regular if and only if ¥V p € G, u0ouOu=u

Proof. Similar to Theorem 6.5, defined expressions L(c)=c3 and M(c)=c. Since C; is
projection closed, therefore, by metatheorem, L(u)=M(u) VueCG if and only if

L(t) =M (1) V 11 €G;.

The later oppositionfollows as a ternary semigroup S is a regular < A3 = A for any ideal A of S by
Therefore 3.10 of [3], P(S) = C(S) under the isomorphism Chi and Proposition 2.8.

Similarly we can prove.
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Theorem 6.14. Let S be a regular ternary semiring. Then & 0000 =000 000000
YVoe Cb (Cq ) .

Theorem 6.15. A commutative ternary semigroup S is completely regular if and only if any fuzzy ideal
of Sis fuzzy semiprime.

Proof. By Theorem 3.11 of [3], a commutative ternary semigroup S is completely regular <= any
ideal of S is semiprime and P(S) = C(S) under the isomorphism Chi, we get, C; < Cy. Since both
Ci and Cs are projection closed therefore by Proposition 2.13, C, C CS if and only if C; = Cq.
Hence, G < C.

Following theorem is an extension of Theorem 3.10 and 3.17 of [3] to the fuzzy context an its
p roofs can be derived analogously.

Theorem 6.16. A ternary semigroup S is completely regular if and only if
popou=pu veG(G).
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