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ABSTRACT

In this work, we will give a sufficient condition that guarantees the well posedness of the problem. To this
end, we formulate this system in an appropriate Hilbert space setting by using the semigroups approach
and we will study the stability of system and proving that the energy decays to zero exponentially. For
this purpose, we shall introduce a suitable Lyapunov functional.
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1. INTRODUCTION

Let ]O,L[ be a subset of R, The following system describing approximately the planar motion of a
uniform prismatic beam of lenght L with memory term . The unknowns 3 = ¥/(x,t) and % = n(x,t)
represent respectively the transversal and the longitudinal displacement of the point X at time t, i and g

are two strictly positive constants represent respectively the thickness and the mass density per unit
volume of the beam, the modified von-Karman's system is given by

(1 =S ) + e = [0 01+ 392)| — W = 9% Wy = 0 JOL[XRS "
phn,, =3, (n, +>(¥,)?) + am, +am,(t—7) =0 in ]0,L[X R}
with boundary conditions
(P0) =) =90 ) =9 () =0 inE; 2
n.(0,.)=n.(L,.) =0 in R%
and the initial data
(W0 0.9, (.00,1(.0),7.(.0)) = (¥ (-, ), ¥y, m0,my) in R_ @)

Here * isthe usual convolution product, defined by:

oa

(9 b © = [ 9 a = s

o
and &jand &;are two positive constants.
In this paper, we will prove the well-posedness and the stability results for problem (1) - (2), under the
assumption

fty = (Lo.

2. Preliminaries
In this section, we will give some assumptions and lemmas; we start by the following hypothesis:

Hy) g : R, = R_ Isanon-increasing differentiable function such that
g(0) =0 and Ic=1—fm g(s)ds=1—g, = 0. 4)

0
where g, = f; g(s)ds
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ng There exists an increasing

CHR.) N C*(]0,+[) satisfying:

strictly

G(0)=G(0)=0 and limG (t)=0
-
such that

= gis)
V- ds

gls)
ry— ==
(—g (s

T e g

FER

convex
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function & :R, = H, of class

(5)

Remark1: The class of functions who satisfy (ngis very large, We draw the reader to [12].

d
+ Mwelet 908 = oyt

cantake G(t) = e™" with D=

e for Q’(t:]:fh(]-"'tj_q
G(t) = tTforallr = %
-

1
g-1"

with g5 >0 and g € (1,2]

with d = 0 small enough such that (Hij holdand g = 1, we

then (H,) is satisfied with

For simplicity of notations, f,. (resp f: ) designs the derevative of f with respect the space variable
"x! (resp withe respect to the time variable "t' ), I£1 represents the norme of f in L=(0,L) .

3. Well-posedness

In this section, we will give a sufficient condition that guarantees the well-posedness of the problem (1)-
(2). To this end, we formulate this system in an appropriate Hilbert space setting by using the semigroups

approach.
We introduce the Hilbert space:

H =Hj(0,L) X H3(0,L) X Hz(0,L) X L*(0,L) X L3 (R4; H3 (0,L)) X L*(0,L; L*(0,1))

where
HI(0,L)={v e Hl(n,Lj,f | v(x)dx = 0}

H is equipped with the norm

|I Eyj_r 'L'J:_, ?-931 1?41 h’r zj |I_[2{
3

,  Ph . . ) , .,
= K|V |® + = v, ° +phlvs|” + [va, I° + phlv [* + IAlIL + ElizII7

12
where :
L
L(R;HE(OL) ={v : R.= H[;(IZI,L],J J.
o v

endowed with the inner product
T

(v,v), = rn {n FlE W (2, 5 )W (0, 5 )dlselx
and

(== — [ [ step 0=t p ocpa

= A

Also, we assume that:
a,T < ¢ < (2a; — a,)T.

As in [1], let us introduce the new variable

1027
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hix, t,5) = ¢(x,t) —yY(x,t —5)
and
z(x,p,t) = n.(x,t — pT)

which satisfy
' h(x,t,s) = —h(x,t,5) — 1. (xt)

zr[x,p,t] = —%zp(x,p,t]
h(0,.,.) = h(L,.,.) = h,(0,.,.) = h(L,.,.) =0 (st) € (R,)?
) h(x,t,0) =0 (x,t) €]0,L[X R,
ho(x,5) = h(x,0,5) = Py (x,0) =Y (x,—5) (x,5) €]JO,L[XR,
z(x,0,t) = n.(x,t) (xt)€]O,L[XR,
\ o z(xp) =2(xp,0) = fo(x, —p7) (xp) €]0,L[X]0,1]

Then, the systems (1)- (2) becomes:
RE 1 1 w . *
Ph¢rt - '01—211[;“ + xqﬁxxxx - [ x (nx + 7 (qﬁx)‘)] - '11'!1::::::: - ..rl} g(_s‘) hx:cxxds =0in ]D,L[X R+

phn,, — [nx +§(%):L tam tam(t—1)=0 in ]0,L[x R: %
he(s) +h(s)—, =0 in ]0,L[X (R3)?
z.(p)+27,() = 0 in]0,L[X]0,1[X RS

With boundary conditions:

w(0,) =%(L,) =¥, (0,.) =¥, (L,.) = 0 inR}
1.(0,.)=n.(L,.) =0 inRi
R(0,.,.) = h(L,.,.} = h(0,.,.) =k (L,.,.) = 0 in (R%)? (8)
z(0,.,.)==z(L,.,.) =0 in]0,1[X RL

and initial data:

P(x,t) =1, (x,t)in JO,L[X R~
(W (00,1 (.,0),m.(-,0)) = (g, 70, m4) in ]O,L[
h(x,0,5) = hy(x,5) in ]O,L[X R*
z(x,p,0) = z,(x,p) in]0,L[X]01]

(9)

The System (7) - (9) can be written as a semi-linear ordinary differential equation in H of the form

{51@ = AV + F(V)

V(o) =1
Where
1 0 0 0 0 0
2 vy
0 ph(I——3%) 0 0 0 O ke
12 vy
B=|0 0 1 0 0 0f,.V=]_
0 0 0 ph 0 O };‘
0 0 0 0 1 0 .
0 0 0 0 0 71
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0 1 0 0 0 0
—kd} 8: o 0 —J- g(5)d: 0
o
A= o o o 1 0 0
0 0 32 —a,l 0 @Yy s
0o I 0 o0 —a, 0
0o 0 0 o0 0 3,
0
1 2 P
vy, (Ve + 2 (v)° ] o
220 (e +5 (20| 0
F(V) = . 0 V= :;o
5007 1
2- = x hyg
0 Zo
0

Where :
Ypalz(x t,p)) = z(x,t,1)
Therefore the operator B4 domain will be:

Ve (H; nH*)(0,L) x Hj(0,L) x H}(0,LYynH*(0,L) x H*(0,L)
D(B714) = X LZ(Ry; (H N H*)(0,1)) x L*(0,L; H*(0,1)),
va, (0) = 5, (L) = 0,h, € L3 (R,; Hi(0,1))

Proving that B~ *4 is dissipativeon D(B™14) |
One has:

P 2
= &

h
(B 1AV VJH - K[vzxx’ v:l_xxj K(a (

2

) 1 j+h (d.(1
17 X lxxxxr ¥ 2x

1.? x ;xx’ v!x:]

P P
=

B2 =
__(a [:'{__a :] J. g(s:]hxxxx(‘g:]d‘g vy :] (K(I_Ea;:] 1v:l_xxxx’v2:]

P P
= =
-

h he =
+[('{__a;j 1v2xx’v"j _(('{__a;j_lf g(‘gjhxxxx(sjd‘g’vzj+[:v4x’v3xj
12 12 ;

—(Vapr Vi) — (v, vy) —ay(2(1),vy) — (he, h:].r.-g + (va, h].r.-g - g ((Z'p’zj]'

Integrating by part, one gets:

-
rs

h? h .
[B_l‘qV!V]H = K[”:xxr”ux] K[[I__a ]['{ _a j 11?131:5:5!1?“) - |t]2:::|‘
hﬂ
—((f——a)(f——a) f 9() e ()5, 73)

~(hy B, + (e ), — ()
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= K[:vz:cxf v:l_xx:] - K(lexf v!x.xj - (J. g(s] h.xx [:E:] d‘gf v!xx:]
o

3 2 f

—lvg I* —aylvs|® —ay(2(1),v,) — (R, hji-g + (vﬂfh:]!_-g = ((z'p’zjj
, . ¢
= _(vz!h].r.-g — vy |* — azlvgl® — ay(z(1),v,) — (R, h].r.-g + (vz,h]_,__g - ([Z'p’zjj
. . 4

= —lvy, I° — aylv,l* — ay(2(1),v,) — (R hsjl-g e ((z‘p-'zj:]'

It is straightforward to see that the quantity —(h_, k) Ly is negative, by definition:

L @ 1 L ] i

~@hmy == [ O h@ha@dstr==3 [ [ 50, dsax
o 0 o o

integrating by part with respect to s to get:

1 rt P . ]
iy =5 [ [ @R <o,
o o

since g (5) < 0.
In the other hand, integrating by parts in P, we have,

L 1 1 L 1 ) 1 ) i
Gon=[ [ m@rowa=3[ [ GEendedr=300P-15P
0 o 0 a
after using Young's inequality, we have in total :
— P = f = P
(B7AV, V) = —llvg I* — ayllwgll* — @y (z(1),vy) _E(lz(ljl‘ = v, l7) - [:hsrhj;.-g
5 4 . .
= —aylvgl® —ay(z(1),v,) - £[|Z(1]|‘ — lw,[%)

a, & .
24 Sy
2 zrjl 2|

a, ¢ 5
= (5 - PNOF + (may +

keeping in mind (6), so we conclude that (B"1AV, V), < 0. We still have to shwo that B~ 4 is
maximal on D (B™14) .
For this purpose, we prove that for all

f=Uuhfafufuf) €H
there exists a unique ¥ € D(B~1A4) such that:

(I —B~1A)V = f.(10)
Equation (10) is equivalent to:

v, — v, = f (11.1)
Ph(f - axzjt]" TRV T Vo T J g(sjhxxxxds = ph('{ - aijﬁ‘ (112}
12 - - o 12 -
vy — V= fy (11.3)
phvy —vg,, +ayvy T ayz(1) = f, (11.4)
hth, —v,=f (11.5)
1
Z+;Z,p=f6 (11.6)

1030 Dr. Aries Mohammed Es-Salih et al 1026-1043



Journal of Computational Analysis and Applications VOL. 33, NO. 8, 2024

We can easily solve (11.5) and (11.6) to get:
h(s)=(1—e v, + J e’ fidy=(1—e) (v, — 1+ + J. e¥ fody

o o (12)
z(p) =vse P +1f] TP fidy (13)

=

From (11.3) we have
vy =v3— fy (14)

Replacing (13) with = 1 in (2)-(5) and use again (14) to obtain

{—van +(ph+a,+ae vy, =f, + (a, + ph+ a,e™™)f; — 1a, f: e U f dy 1s)

Vi [D:] = Vi [L] =0

It is easy to show that x = _Irﬁl e™ f.(v,x)dy € L*(0,L), we have:

f U: er}'fe.[}n@d}?): dx = f J: e f2(y, x)dydx

L 1
< max (¢*) f f F2(y,x)dydx
o o

yeE[0.1]

= max (e®™ g
max ()£

So the right hand side of (15) belong to L*(0,L), then by Lax-Milgram's theorem, there is unique
solution of (14) in H*(0,L).

Reinjecting (12) in (11.2) with replacing ¥; by its value in (11.1) and denote
Kg = f; g(5)(1— e™)ds, by using fubini's theorem yields:

(6 + )Py — (L +E) vy, + phvy = u (16)
where:
b Ed . phﬂ phﬂ
u=o= [ | 91 ot PR+ ) = E+ D= O s
] o

we note that:

oa oa

KD+K=1—f g(sje“sd.s:l—f
0 0

oa

g[s]ris-l—f g(s)(1— e F)ds = 0.

V]

it is easy to see that u € H ™ *(0,L), as fi EHF(0,L), then frpyxx € H™2(0,L) and the improper
integral f: f: g(s)e? “dyds converge, indeed:

J. J- g(s)e?  dyds = J. J- g(s)e? “dsdy
0 0 0 ¥
EJ g(}?]e}'f e “dsdy

o .

¥

= f g(v)dy = gg.
o
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N
Now, multiply (16) by V1 and integrat by part over (0,L} we get
D{vy.7) = @(V)

where @ is a bilinear( respectively ¢ is a linear) forme defined over HE,2 (0,L), it's obvious that ¥ is
coercive, continuous and ¢ is continous, then by Lax-Milgram's theorem, the equation (15) is solvable
over H2(0,L),so I — B~ Ais maximal on D(B™'4).

To finish the proof of the nonlinear Cauchy-problem, we need to show that F is locally lipschitz
continuous.

Let Vand V belong to D (A4}, we have

Where

BIEY) B

- —”{ ?n )

= vnlvn 1)l Tns o+ 200Y)
And

g = EJ‘['.JT'TF f'l--ﬁ:]

To proceed further we need the following lemma:
Lemma 2 let f € L=(0,L}, so we have:

-
% &
r

h 3 _1 -~
0.(1-5 07", v| < Clvl?
with € = 0.

Proof
the operators:

d, : L*(0,L) = H™(0,L)

x

(I—Eﬂx] ~1 . H7Y(0,L) - H}(0,L)

d, : HZ(0,L)— L*(0,L)

x

are continuous, so their composition is continuous:

-

III- ” - >
ax(f—ﬁa;]‘iax . L*(0,L) = L*(0,L)

Applying the previous lemma, there exists a positive constant €4 such that:

= o lfl

I P a2y~
( 1 ) 5
H2(0L)

Adding and subtracting

ﬁlil)l:r (T 3 T %(1' Ix )1)
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Inside the norme of |f| and using the fact that H*(0,L) is embidded in L“(0,L), we get:

1 1, 1= ~ = - =
,,:'r= ||:"--3:r + ?':11 )+ ?T el Vie + Vig) ]':'l-'_:r Vigd + Vig(Wiay Vi)
— , 1,... 2 1~ .. =, =,
= | Ve + VL) + VAV + Vi) Vir  Vlax
- - L=(0.L)
=+ |I-1;_-_1_ “‘1_::[3:‘1'_ ) Vi -1;'_-5'\
vaxll o, + 210070,
= . V1 Vi
TVl L vl o+ el L )
+ || Vix ||1=C[3=1 )|V 3x Viax
sell o+ L vel?,
=Gy . _ Vie Vi
1l vl + P, )
+ C1|[Vill | [Vax Wi

< C1(Vix. Tie. Var. Tix) ||‘,! ¥ || }
The same thing for &

g= [6:(vi)® ETL) = Ivie)? (1) g0y

el

[V + T dl(Vie Vi) oy,

|/

”'l-'_.'c + Tiy ”Jr_:cm;_ :,ll‘l-'_:c Vix

|

gonlvie Vi

= €101, 71r) (R .

iz,

Therefore F is lipschitz continuous on D(B'A) , and this finishes the proof of existence and
uniqueness of local solution.

To proof the existence of global solution we need to show that the energy functional associated with the
system (7) - (9) is decreasing.

The energy functional E(t) associated to the system (7) - (9) is defned as follows:

¢

h 3 ¥
E(t) = phly, | + |1£fxr| +kl,. | + phln.| + -|- IRIIZ, +EIIZII‘

M

A simple computation gives us :

dE(r) 3 ﬂ N S ﬂ

= ;- a)nl® = e P + g (s) (R )~ dsdx
0 o

—;uz(l)llf —ay(2(1).7) (17)

and again we use Young’s inequality, we get

= I+ (~ay + 2

@ L

e DHnrs [ g6 yasaso
o o

Now we are ready to state the well-posedness theorem.

Theorem 3 If V3 € H | then there is a unique solution of the problem (5;) satisfies
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V € C([0,00[,H), moreoverif V; € D(B™'4) then V € C([0,=[,D(B™T4))n C*([0,=[; H).

. General decay

In this section, we will study the stability of system (7)- (9) and proving that the energy decays to zero
exponentially. For this purpose, we shall introduce a suitable Lyapunov functional.

One announce the principal theorem in this work.

Theorem 4 Assume that (H;) and (H,) are satisifed, andlet ¥y € H such that

IM =0 : lhy (IP=M,¥s=0 (18)

Then there is two positive constants ¥, it and £; (depending continuously on E (0} ) such that
E(t) < vG7* (ut)

ds
sGII:EDs}'
To prove this theorem we will introduce a very imminent lemmas in the sequel. They will serve to
establish the stability result. We start by introducing this lemma:

Where G4(t) = _Irrl

Lemma 5 [7], the following inequalies hold:

(J. g(s)h(x,t,s) r:is) = 4o J. g(s)h*(x,t,5)ds

0 0

(), 8'&)h(xt,s)ds) < —g(0)f, g()h*(x,t,s)ds (19)

Proof For the first one, one has:

([ sonwtos) (] a@Wa@hene)
0 0

Applying Cauchy-Schwarz's inequality, one gets:

(f g(s;h(x,r,s;ds) <[ owas|  a@RLas
0 0 0

= o J- g[s]hz (x,t,5)ds.
)

For the second we follow the same steps by writing g (Ej = 1,‘,-'{—9‘ '[S]wff—g (5).

Introducing the auxiliary function Fas:
F(£) = ZL(2) + 6L,(8) +y15(t) + el (1) (20)

where:

6 R
L(8) = 5 (ph(I — 50 )%:. %)
I,(t) = (phn..m) )

h” .
B(©) =~ - 55000k, [ 9(Ih(:)ds)

0

L 1
Lo=[ [ e
o 0

Proposition 6 Let [1,{1, 1, h, Z] be a solution of (7) - (9), then for any positive constants [5i]g555 G a8,
¥: £ , the functional Fsatisfies:
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/ 1.3 73 23
i"‘: ".: 1 P” ' n-" P“ “.: P“ " I :
a’ = {8( g5, T 23 )T rleedr+ Tds 3 gu)}._.l

{%[(5333 K+ 8100+ (a162 + @283) L7 es E(0) ]+ y[kgods + ffgsc;sG;E(U)]} W]
L

Pl hen = ohga M e J 8L I A A T
{6‘ 3 + ¥( pf.gu-kpf.a.t)}l,; + {4_ +7 ( +—lo Io3 +§u)}”"”1

>

2 L:pa'i ph? Lope o
£ e 2 .
+ = } 1 rg(O)[ =, + L—ISJS -rs ‘{n & (s)rads)dsak

U

{6‘( 1+ L{a162 + axdz) + f(

(0))}|(r;-1+—(m) )

T

a2 = o112 Y o 282\ i
+{E§'_k}_3 s52 }_(]) EELLQ P=2( p)dpdx.

(21)
To prove this proposition we need some additionals lemmas.

Lemma 7 I satisfies:

dt
+ i..n |Ih'||£g - ([wx (nx + E (lﬂrxj‘]’wxj' (22)

Proof

d <3
—_— Ii = phlﬂ,ﬁr + ( + :]lwr + ('SDHD —K+ ﬁif") |wxx |‘
1

R Lo R Lq
Keeping in mind the definition of (I — o d; ), integrating par part and replace (I — o dz )i, byits

valuein (5;) one gets:

d . ph®
Efl=ph|;&r|‘+ﬁli,br| — kY I* — (Y ,) — f () (s )ds

(e +5 () 0)

Applying Young's inequality on (...} and Young then Poincare’s inequalities on (1., 1..).
one gets:

d ph® . .
E'{l th’r ( 2 :]|11E’r|‘ + (fpgp —x + 51L]|11E’xx |

+ 25 112, - (s et Z )8,

Where & ar g 1 are positives constants.

Lemma 8 Let (1,17, h,Z) bea solution of (7) - (9), then I;satisfies:

4, < ht —2Y g, |2 =, +=
dt 2= (JO 4 ::] TF: [nx [:11{11':]

+(ay 8, + a,8;) {L

-
&

me+2wo?| + chﬁmjlwﬂ } (23)

Where 52, 53 are positive constants.

Proof
Differentiating I with respect to't , integrating by part and use again Young's inequality, this gives us:

d . o 8 .
= phlnl® = (n. +3 [%] Lm.) + (@8, + ay83) Inl? 4512 Ime1* + 10, llz(DII"
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We have to expressing Il % in function of E (t) terms. After applying Poincare’s inequality, yields:

, , 1 e L2 1 NE L
Inl? S Lin 1 S Ling +2 ()7 + L SLjne +5 @)% + Ll ISl

Recall that H*(0,L) is embidded in L”(0,L), so:

-
= = ~
F Ly | |w=

N = Lne|® = L

s+ 2 ()

-

i: Jil-' r.-ll.".' - %I:I,ll'r.‘n::l: | N L:E:-I' I.'”-"-T'-' : I.-"r:u:u: -

-

=Linx+ %l:'_-"r.‘l;:]: | + L:f_lEl:D;l T 2

Gathering all the terms, then (23) is proved.

Lemma 9The functional [ satisfies along solutions of (7)- (9) satisfies:
nl-f = I li6 w2 ST cg08eda E(0)) W |2
Py W) = ( pligy + phoa|w:|” T (Kgoos T e380050s &)W

= I 2 Jgfs - N
P'j‘ 03 pl"_l- EG} It ot _135 .-._ gﬂtl:.[:]:l I::r.—ll.'t' + 1?': I.'I'r.'l.':lL:'
= - g

(goo7 +

1
L-ph ph? L=
E(':')( 152 +£_1855)-l.aj.sgﬁs)a.-n{s)ﬂsdx
K L L 2
+|:455 * 357 " 1os + go)|lh]|z
(24)
Where 54, 55, 55; 5-;, 53 are positive constants.
Proof
One has:
dIt— hil hza? de h{s)ds hil hza? J-m hds
2 30 = | PRI — 5 0w — i g(s)h(s) Ph(l — 50 e i g(s)

=J1(t) +1:(2)

Estimation of [

asin [4] one has:

EJ.M hds—ijm t) —y(t— ds—ifm t— t) — ds
il ooms=%| s@wo —ve-Da=g [ se-9wo-ve

oa

=J g'(t—sj(w(tj—w(s]ds-l-wtf g(t —s)ds
:J' g (S)h(s)ds + go,

So

oa

,, h? ,, .
B = —phaole 2ol +ph(, [ g (Ih()dS)

o

oa

h? .
e ICLYELS
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one applies Young's inequality:

, ph? . . ph [t & . 2
J1(t) = —phg,ly, I° _EHDW’J‘ + phd |y, |° +EJ J- g (s)h(s)ds| dx
s Jg 0

P2l () 9(h(s)ds) dx 25)

486

ph®

Making into account (19) and again applying Poincare’s inequality one gets:

, . ph® ph® ,
1(8) = (=phgo + ). I" + (565 — 5 o) e I
2 h hﬂ
o (52 ) [ [ semsa

12
-’-1-55
Estimation of [;(t)

After integrating by part over [0,L]:

1]

_ h?
1) = (oI~ 550, | g(Hhds)

V]

oa

x| W5+ [ 9 (I ha())ds

] ) 2 | 1 )
+ U 9() I (s)l*ds) H W0+ @I hu()ds
o o
Making into account (19) integrating by part and using again Young s inequality one gets:
J'Q(‘—Lj = Ky aeltﬂ'x:ﬁlg + E55?|Wt + [_ ‘|' e ‘I‘ED] ||-IL||L
+1 g() (n+ [aﬁa)‘]phx]ﬂis

(26)

We will try to writing the term f: g(s)(,(n, + %(tﬂszjyhx (s))ds in function of energy's
terms, after using the embedding of H*(0,L) in L*(0,L) and Young's inequality one gets:

(walnx + %EI_.WI}-:}'J:IEJH < 3 |'” (nr + i(ww}':) K 757 ) :
< Ballw. |2 ) 1 y. )2 : L ) 2
= '3'3”'.- 1”;_*[3!;_:, (1 + 2':'.- x) :" + EY N ()
Gz Lo e Lo o
=005 | W ':71'1'+ ?':' )| 155 fie(5)

By applying Young's inequality again:
S 4L 08Fs | N

-~

‘;E? T “]'I + %('_-""I:'::'

< dalwr ]
—f'ﬂE ':U:'{:-'l'n +_1

Inserting (27) in (26) we get in total:
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= b K L L b
L:(t) = Kﬂuﬁelﬂbxxl‘ + g,6; |11E’:|‘ + ( + 45, + 4£8+Hujllh”£§

} (28)

+0s8:E(0) {8 P + 2| n,

Gathering (25) and (28) we get (24).

Lemma 10 Let (1,7, h, Z) beasolution of (S,),then I, satisfies:
—I () =—=e " lz(D)]* + |:r;rir —2I, (29)

1
Proof keeping in mind that z.(p) = — ~Z, (p) yields:

1 L 1 3 .-.
I4[tj ——f f ‘“’zﬁzdpdx = ——f J e " (z7),dpdx

TJg 0

= e T z(1)1* + |*.-;rr — 21,.

1:

To finish the proof of the proposition above, gathring (22), (23), (24), (29) We obtain the desired result.

Proposition 11 There is a positive constant £ such that:

F(t) < CE(t) (30)

Proof To prove this proposition, we have to analyze each term of (17) separately.

* Analysis of Iy

h: i phﬂ
I = ph((I = 50 ¥) = PR, == Ve V)
Integrating by part ylelds

= phly, > + |a U, 12 < ¢,E(t)

* Analysis of I
After using Young's inequality, yields:

ph . 1
I, = (phn,n) < — In. " + 5 [nl
2 2
Applying now Poincare-wirtinger inequality (see (25)), one gets:

WL -
Inl < v L||TII||L-.M} =V Me T3 (145' ] +? ||(11'5’x]‘||£-(u,£-}

oL

=Ln, -|-£|1455f|2

b

One applies Poincare’s inequality on the term |1,EJ'I 1, yields:

+ ET w2 = E2 JEF) + &)
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* Analysis of I,
By applying Young's then Poincare inequality’s one gets

ph . 1 _ ph .
L = (phwr ) <D 1w P + S 1012 < 2P + |wnl < GE(®)

* Analysis of I
It is obvious that I, defines a norm on L“(0,L; L“(0,1}) equivalent with the norme induced by
L*(0,L; L*(0,1)), so:

L 1 L 1
I, EJ j e "Pzldpdx EJ f z?dpdx = E(t)
0 0 0 0

We deduce in total that F(t) = CE(t) where C = sup{c,,c;,¢5, 1}
Introducing now the Lyapunov functional:

Y(£) = AE(t) + F(t)

Where 4 is an arbitrary positive constant, by using (30), it is easy to see that?
|}’[t:] — H,E.'(t:]l = CE(t)

wich implies that

(A-C)E(t) = ¥(t) = (C+A)E(L)

By taking A = C , then there exist two positive constants £y and C; such that:

C,E(t) =Y(t) = C,E(t) (31)

We deduce that E ~ ¥.
Now differentiating the functional ¥ and combine (17)-(21) one gets:

ey = 2L s + L)

dt dt dt
= %((5%5’3 K +6,L)+(a)8y +a;83) L7, E(0)) + y(kgpd s+ c5809505 “"(0))} Vx|
) pla pfj p.".=3 ,c;.’.'-3 -
+ {9 ) +y( phgo+ phds) x} W {9( 6, )+ '(3"5-+ﬁ55 B gc)}wﬁ
B L L . L2
R E e (C o =R *5’*)}" 'z
+{e( 1+ 162 + a283) + (2220800 }‘(r;\ L)
{6(pr+g)+—+;(a +T+2 )} {403 5 :—}H(l I
N - .. SO Ll R
+ {x vel . + 4865) [ a(s){ (5 )dbeds -E-[s -[cg Pt elpelt
(32)

In this case, we must choose [55:][,.52-5 5.8, ¥, £ carefully.
from (31) on has:

A=C

so we have to choose A large enough to make the L.H.S of the quantities |Z(1] |2, |?’.rr| |11'[’rx |
I o J -

negative and -rc- fu g (s)hi, (s)dxds positive

One invokes (H;) then
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-

In order to make all the terms of (32) negatives, we must solve the following system:

455 }f J g (s)hZ.dxds < —pEIIRl .

E((Gogo +610) + (@161 + @283) L c4E0)) +7

vEu

b |

H(— + P, r(god7 + —5-\) e 2g (32.2)

goc(0)) <@ (32.3)

Firstly, we choose &4,8,,8;,85,8,,85,85 small enough to make (32.1) hold, for (32.1), we pick
& and 5,05 small enough and for (32.3) we pick §5,83 and ¥ small enough to make to hold
therefore, we deduce that there is a positive constant £ and 5 such that:

firl 7
Y () = —CE() + CllRIIE, (33)
Lemma 12 Let £; = 0 the the following inequality hold

IRIIZ, G (20E(£)) = —cE (£) + c£oE (£)G (0E(2))
Where ¢ = 0.

Proof Since Eis non-increasing, then we have
L

P = [ @@ =Yt -5 dx < tsup [ 9 )

o FER

L
< csup J. Y2, (s)dx + cE(0)
o

=2=0

2x0

L
< csup J 2ex (5)dx + cE(0)
0

Keeping in mind (18) then there is a positive constant m = c{M?* + E(0)) such that

lh, (s)|* <m,Vt,s €R,

let £3,T1, Ty be a strictly positive constants, and denote K(s) = . then K is non-increasing

=
G
function and keeping in mind that G~ * is concaveand G~ ~(0) = 0, indeed, forany t; = t, = 0

I-1
K(tljz 1 =
Gt —1.h _h
(B er1@2e, + (1-2)0)

= tl
=t t
20— - -1
i G~(t,) + (1 ::2)'5 (0)

_ b
—GT[H]—K(‘-“:]

and we have

K(~120'(9) f  (Wre(O) — e (t — 5))%dx) < K (~m1,9(5)) 34)

After using (34) we arrive to
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||h||£_g= J H(S:]J_- (Y. (£) — ¥, (t — 5))2dxds
-], weeE (_’”23 ©f @ _%x(f—S]]:)
7,6 (5E(£)g(5)
50 (5)

B 1 af . L B .
iL GG (B ) (Tﬂg@fu (Y (8) — e (£ — ) dx)
o 716 (2oE (D)9 (5)

—1,9 (5)

) 1 B L 2
- L m ¢ (_ng [:Sj L [:11&11 [t:] - 11‘{’:::::: [t - S]:] dx)
mt, G (£E(t))4(s)

61 (—;mg ()

K (—T:H'(EJ f | (e (£) — e (2 — S]]z) ds

K (—mt,9/(s))ds

We denote by G the convex conjugate of G defined by
G*(t) =tG (t) — G(G *(t)) = sup[ts — G 5)]
Recall the Young inequality of convex fu-:lifign

tit, TG(t) +G67(ty)

if we let

t,=G" (—T:EIEEJ j | (e (£) — e (2 —5)]2)

and
g = mrt,G I(EDE(‘:I]E[E]
6 (~tymg (5))

then we get

L
kI, < 6| Ru(dxds
o

—r, (" (mnG(5E()g(s)
+T16I(£Dg(tjjj; ¢ ( G-t (—1,mg (5)) )fi-':?

Tlsl[;::g(t]] J:

bearing in mind that

E(t) < f 4 f " k2 (s)dds

And
G*(t) = tG (¢t)

yields

h I —2
I "Lg - 7,6 (5E(t))

g(s) -1 (mHGI(EDE[‘-Lj]H[S])dE

£ mfu 6 (-rmg () \ 6 (-1mg (5))
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Thanks to (5), denote =sup g() = m" and using the fact that G 1 s non-decreasing, and for

cer, 614 ()

1
more of simplicity, we choose Ty = . weget

E (1) + mG T (1ymm G (5,E(1))) f " (

a(s)
s-lt—g'(sjj)‘is

" —2
hllz = .
I "Lg - mt, G (5,E(t))

o (s _ n . — 1 .
We denote fﬁ gt ., choosing T4 p— finally we get
R G : _
||h||L_§ = ':EDEI:r::I:IE (t) + mm £,E(t) (35)

Let us continue our proof of (theorem 3)
Multiply by G (£,E(t)) (33) and use (lemma 12) we get

G (2,E()Y (8) < (e — C; )6 (5E(D)E(t) — cE (£)
We pick g5 <2 % then we obtain

G (s,E(t))Y (£) + cE(£) < —c G (5,E(t))E(2) (36)

Where c = 0.
Now let £ be the functional

Z(t) = y[6 (5, E()Y (£) + cE(1)]
Recall that G'is non-increasing function, therefore, £ ~ E , we use (36) then Z satisfies
Z () =[G (s,E)Y + G (5,E)Y +cE| < —yc G (5,E)Z (37)

We choose ¥ small enough such that £ = E and Z(0) = 1, therefore we get

(38)
And from (38) we have

"

£ =7
Gleo )2 — ©

Integrating over (0,t) we get

Gi2(0) 221+ Gy(2(0)) 2

ds
——— (G4 is decreasing function)
=G (Eh3)

Where G,(t) = _I':L
And finally,
Z(t) = G, (¢t

And this finishes the proof.
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