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ABSTRACT 
This paper aims to illustrate how Romberg's numerical integration is applied in calculating the values of 
internal energy, free energy, entropy and heat capacity at constant volume. Which is considered one of 
the important parameters of thermodynamic properties, and it is the only one that depends on 
integrations in its calculation. The temperature changes from zero to 5000 °C, while the pressure changes 
between zero and 100 GPa. The application was made to nickel oxide which remains in its cubic phase in 
this pressure range, and the Debye temperature values for it are determined by the CASTEP program 
which including the DFT method exactly by GGA approximation via the PBEsol function. We found that 
the Debye temperature decreases with increasing pressure and its value at absolute zero is slightly 
consistent with previous studies, confirming the validity of these results. However, we could not compare 
with the thermodynamic parameters, which we found to also decrease with increasing pressure, except 
for the values of internal energy, heat capacity at constant volume and entropy values for low 
temperatures. Conversely, this exception is adopted for increasing temperature, with most parameters 
showing an increase with increasing temperature. 
 
Keywords: Romberg integration, DFT method, Debye temperature, thermodynamic properties, NiO. 
 
INTRODUCTION 

Numerical analysis is the science of approximation, where numerical methods are used to solve complex 
problems that cannot be solved by analytical methods [01]. It is also known as the study of numerical 
mathematical methods to find an approximation solution to some mathematical problems that appear 
when applying mathematics in its various branches in research and applied sciences and analyzing their 
approximation, accuracy and stability [02]. Numerical analysis can also be considered as a branch of 
computer science, it is based on the principle of creating, analyzing and implementing a set of algorithms 
to access numerical solutions to mathematical problems based on constant changes and fluctuations [03]. 
These issues and problems may arise in various sciences, whether human, economic, engineering, etc. 
Numerical analysis is also called numerical methods and quantitative analysis [04]. 
On the other hand, the exponential growth of numerical computers and their availability in large 
quantities have increased their use in life; the need to analyze mathematical models in science and 
engineering has become urgent.In order to solve the complexities present in it, a system emerged in the 
period (1980-1990) that combines numerical analysis, computer graphics, symbolic mathematical 
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calculations, and other fields of computer science, in order to facilitate the creation of complex 
mathematical models of the world, their solution, and their interpretation [05].  
For example, some integrations are not easy to calculate, therefore numerical methods areused to 
calculate them, these methods are multiple, includingMidpoint Rule [06], Trapezoidal Rule [07], Simpson 
Rule [08] and Romberg Rule [09]... etc. These integrals are used in physics to calculate many parameters, 
especially those related of changing thermal or thermodynamic properties with the change in 
temperature. Among these parameters is the heat capacity at constant volume, the internal and free 
energies of Gibbs and entropy [10]. 
Knowing the change of these parameters is very important in various life applications, especially in the 
last time with the entry of the world of nanomaterials. These materials have become increasingly 
interesting, often used metal oxides such as NiO. This oxide is very important, as it is included in many 
uses in different domains. As electricity production, it is used as an electrode in fuel cells. Moreover, 
because of its magnetic properties, it is used in the process of manufacturing nickel salts (such as 
chloride, nitrates and sulfates), which can be used to make refined nickel oxide. It is also used in the 
production of active nickel catalysts, in electroplating, in stained glass and decolorization. The oxide in the 
form of sinter is used in the production of steel and nickel alloys, in addition to providing oxygen for the 
melting process in order to remove carbon as carbon dioxide [11]. Finally, because it contains nickel, this 
oxide may be very important in the internal composition of the Earth's subsoil, especially within the 
range of the Earth's core and the extent to which its magnetic properties affect the Earth's magnetism 
[12]. 
There are many works that have studied this oxide, the most important of which are; work Noguchi, Y 
et.al 1998 [13], Shukla, A et.al 2002 [14], de PR Moreira et.al 2002 [15], Zhang, W et al 2006 [16], Kuneš, J 
et.al 2007 [17],L. Liu et.al 2008 [18], Chauhan, Ret al 2008 [19], Nwanya, A. C et.al 2015 [20], Potapkin, V 
et.al 2016 [21], and work Gavriliuk, A. G et.al 2023 [22]. 
Although these studies were of different interest in several aspects, it can be concluded from most of 
them that this oxide, under normal conditions and like all similar monoxides, crystallizes in the structure 
of table salt or phase B1, it remains stable in this structure until above 147 GPa as stated in the 
experimental study of Noguchi, Y et.al 1998 [13].    
These studies did not accurately determine the evolution of the values of many parameters, in particular 
those mentioned above, which are included in the Thermodynamic properties especially in its first phase. 
Given the importance of these transactions, especially when using this oxide in nano fields. 
This report used numerical integration to study the evolution of these parameters with temperature 
changes from 0 to 5000 °C, and at different pressures their values vary from 0 to 100 GPa. This 
integration is presented at the beginning of the presentation of the study method, which follows this 
presentation. The results are then interpreted and presented, and finally a summary presents the most 
important results obtained. 
 
II- Study method 
II-1-1 Romberg Rule in calculating integration 
Romberg's integration is based primarily on the semi-deviant base, which provides for the integration of 
the f 𝑥  function in the period [a, b] after it is divided into 𝑛 of the partial periods [𝑥𝑖−1, 𝑥𝑖]by points 
𝑥𝑖where 𝑥𝑖 −  𝑥𝑖−1 = ℎand 𝑖 = 1,… ,𝑛considering𝑥0 = 𝑎, , 𝑥n = 𝑏 it will be [9]  

 𝐟 𝒙 
𝐛

𝒂

𝐝𝒙 =
𝒉

𝟐
 𝐟 𝒂 + 𝐟(𝒃) + 𝟐 𝐟(𝒙𝒊)

𝐧−𝟏

𝐢=𝟏

 −
𝒃 − 𝒂

𝟏𝟐
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If  ℎ𝑘 =
𝑏−𝑎

𝑛𝑘
=

𝑏−𝑎

2𝑘−1the formula for Trapezoidal Rule is in the form: 

 𝐟 𝒙 
𝐛

𝒂

𝐝𝒙 =
𝒉𝒌
𝟐
 𝐟 𝒂 + 𝐟(𝒃) + 𝟐  𝐟(𝒂 + 𝒉𝒌𝒊)

𝟐𝒌−𝟏−𝟏

𝐢=𝟏

 −
𝒃 − 𝒂

𝟏𝟐
𝒉𝒌

𝟐𝐟′′ 𝛍  

Assuming that: 
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𝐑𝟑,𝟏 =
𝒉𝟑
𝟐
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Generally: 

𝐑𝒌,𝟏 =
𝟏

𝟐
 𝐑𝐤−𝟏,𝟏 + 𝒉𝒌−𝟏  𝐟 𝒂 + (𝐢 −

𝟏

𝟐
)𝒉𝒌−𝟏 
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II-2 -2 Determination of thermodynamic Properties 
Many Thermodynamic properties parameters are calculated based on Debye’s model. In this study, we 
are interested in addressing both internal and free energies, entropy and heat capacity at constant 
volume. These properties can be further understood in many references, including [23-25] where: 
Internal energy can be calculated from the following relationship [26]: 

𝑼 = 𝟗𝑵𝒌𝑩𝑻(
𝑻

𝜽𝑫
)𝟑 

𝒙𝟑

𝒆𝒙 − 𝟏

𝒙𝑫

𝟎

𝒅𝒙                                                                                      (𝟔) 

N is the number of molecules,𝒌𝑩is the Boltzmann’sconstant and T is the temperature. 
And  

𝐱𝐃 =
ℏ𝝎𝑫

𝒌𝑩𝑻
=
𝜽𝑫
𝑻

                                                                                                                    (𝟕) 

ℏis the Plank’s constant and ωDis the vibration frequency. 
This relationship can be written as follows: 

𝑼 = 𝑼  𝒇𝑼(𝒙)
𝒙𝑫

𝟎

𝒅𝒙                                                                                                            (𝟖) 

where: 

𝑼 = 𝟗𝑵𝒌𝑩𝑻(
𝑻

𝜽𝑫
)𝟑, 𝒇𝑼 𝒙 =

𝒙𝟑

𝒆𝒙 − 𝟏
 

While the free energy or Gibbs function is written as follows [27]: 
𝑭 𝑽;𝑷,𝑻 = 𝑬 𝑽 + 𝑷𝑽 + 𝑨𝑽𝒊𝒃 𝜽 𝑽 ;𝑻                                                                      (𝟗) 

where E (V) is the total energy as a function of the initial cell volume, PV is equivalent to the  hydrostatic 
pressure constant, θ(V) is the Debye temperature, and𝐴𝑉𝑖𝑏 is vibration term, which can be written using 
the Debye phonon density of states model: 

𝐀𝐕𝐢𝐛  = 𝐧𝐤𝐓  
𝟗𝛉

𝟖𝐓
+ 𝟑𝐥𝐧  𝟏 − 𝐞

−𝛉

𝐓  − 𝐃 
𝛉

𝐓
   𝟏𝟎  

where 𝑛presents the number of atoms in the initial cell, 𝐷  
𝜃

𝑇
  represents the Debye integral. 

𝐅 = 𝟗𝐑𝐙𝐓 𝒙𝟐 𝐥𝐧  𝟏 − 𝐞−
𝛉𝐃
𝐓
𝒙 𝒅𝒙  𝟏𝟏  

This relationship can also be written as follows: 

𝑭 = 𝑭  𝒇𝑭(𝒙)
𝒙𝑫

𝟎

𝒅𝒙                                                                                                        (𝟏𝟐) 

where: 

𝑭 = 𝟗𝐑𝐙𝐓, 𝒇𝑭 𝒙 = 𝒙𝟐 𝐥𝐧  𝟏 − 𝐞−
𝛉𝐃
𝐓
𝒙  

Entropy is calculated from the second law of thermodynamic with the following relationship [27]: 

𝐒 = 𝟗𝐑𝐙
𝛉𝐃
𝐓
 𝒙𝟑  

𝟏

𝐞
𝛉𝐃
𝐓
𝒙 − 𝟏

− 𝐥𝐧  𝟏 − 𝐞−
𝛉𝐃
𝐓
𝒙  𝐝𝐱                                                  𝟏𝟑  

In the same way, this relationship can always be written as follows: 

𝑺 = 𝑺  𝒇𝑺 𝒙 
𝒙𝑫

𝟎

𝒅𝒙 𝟏𝟒  𝟏𝟒  

where: 

𝑺 = 𝐑𝐙
𝛉𝐃
𝐓

, 𝒇𝑺 𝒙 = 𝒙𝟑  
𝟏

𝐞
𝛉𝐃
𝐓
𝒙 − 𝟏

− 𝐥𝐧  𝟏 − 𝐞−
𝛉𝐃
𝐓
𝒙   

According to the Debye’s law, the mathematical formula for thermal capacity can be written on the 
following way [27]: 
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𝑪𝑽 = 𝟗𝑹  
𝑻

𝜽𝑫
 
𝟑

 
𝒙𝟒𝒆𝒙

 𝒆𝒙 − 𝟏 𝟐

𝜽𝑫
𝑻 

𝟎

𝒅𝒙                                                                        (𝟏𝟓) 

In the same way, this relationship can always be written as follows: 

𝑪𝑽 = 𝑪𝑽     𝒇𝑪𝑽(𝒙)
𝒙𝑫

𝟎

𝒅𝒙                                                                                               (𝟏𝟔) 

where: 

𝑪𝑽    = 𝟗𝑹  
𝑻

𝜽𝑫
 
𝟑

, 𝒇𝑺 𝒙 =
𝒙𝟒𝒆𝒙

 𝒆𝒙 − 𝟏 𝟐
 

 
II-3 Determination of Debye temperature 
From previous relationships in particular the x value is related to an important amount, this amount is 
the variable temperature basically by pressure change. Debye temperature is estimated through the 
information of density value and the longitudinal and transversal wave velocities, that given the following 
relationship [25]: 

𝜽𝑫 =
𝒉

𝒌𝑩
[

𝟗𝒏𝑵𝑨𝝆

𝟒𝝅(𝑴𝑶−𝟐 + 𝑴𝑵𝒊+𝟐)  
𝟏

𝑽𝑷
𝟐 +

𝟐

𝑽𝑺
𝟐 

]
𝟏

𝟑                                                 (𝟏𝟕) 

n is the number of atoms in the initial cell of the crystal where it is estimated here as 2. 
Debye temperature is an elastic parameters, therefore CASTEP code (Cambridge Total Energy Package) 
[28], in its modern version has become calculating this parameter directly. This program is based on the 
DFT method (Density Functional Theory), which is one of the most important methods used in theoretical 
physics and chemistry and by which we can determine the properties of a multiparticle system, the total 
energy of the system, the electron density of the orbitals, the physical and optical parameters of the 
matter ...... etc, and it is one of the most used methods in quantum calculations to solve the Schrödinger 
equation due to the possibility of applying it to various (multivariate) systems [29]. 
This method involves many approximations, as we used GGA (Generalized Gradient Approximation) [30-
31], which has developed and become stronger due to its multiple possibilities of use, in 2008 the PBEsol 
approximation used here and explained in detail in [32]appeared. We have adopted the borders of the 
region of Brillion 10 x 10 x 10 and cut-off energy estimated at 630 eV, these values enable to provide a 
very close calculation with very reliable results. In this program, you must go through an important step 
in order to calculate elastic properties, which is the first step in the calculation called geometric 
improvement, which identifies a lot of initial parameters especially those of structural properties. 
 
III- Results and interpretation 
III-1 Study of Debye temperature 

With the exception of Debye temperature values at 50 and 80 GPa pressures, it is clear from figure (1) and 
table (1) this temperature is approximately decreasing in the form of a semi-parabola whose focus is at 
zero pressure, i.e mean second-degree polynomials. This exception is due to the deviation in its values 
from this change, which is limited to a width of 160.01 K. Figure (1) presents the change in Debye 
temperature to the NiO structure up to 100 GPa pressure, and Table (1) includes Debye temperature 
values for this oxide at 0, 50 and 100 GPa pressures. 
The Debye temperature obtained in our study at zero pressureis close to that of the experimental work 
[13], as our value is 5.42 K. 
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Figure 1: Change in the Debye temperature for NiO structure up to 100 GPa pressure. 

 
Table 1: Presents Debye temperature values for NiO at pressures 0, 50 and 100 GPa. 

 

Pressure (GPa) 0 50 100 

Debye temperature (K) 395.62 351.38 235.41 

 
III-2 Study the thermodynamic properties 
III-2-1 The internal energy 
Through Table (2) and Figure (2) it can be seen that the internal energy of nickel oxide is constantly 
increase linearly with the increase in temperature within a range its width of about 250 kjoule/moule, 
with a slope that is close whatever the pressure by 49.72 joule/moule.K. The values of this energy are 
very close with the change in pressure, but in fact they are increasing by the increase in pressure and it is 
apparent from figure (3). 
The difference often increases by increasing pressure, which is proven after the temperature 250 °C 
almost.  the lowest value of this difference is estimated at 60.66 joule/moule and this is at absolute zero 
and between two pressures 0 and 10 GPa, while its highest value is estimated at 478.73 joule/moule and 
this is at 5000 °C and between the two pressures 90 and 100 GPa. 
Where Figure (2) presents the change in the internal energy of the NiO structure calculated relative to the 
values of the pressures studied with the change in temperature. While, Figure (3) presents the change in 
the internal energy difference of the NiO structure with the change in temperature from 0 to 5000 °C by 
taking its value at zero pressure as a reference, where -A calculated at pressures 0, 10, 20, 30, 40 and 50 
GPa and -B calculated at pressures 50, 60, 70, 80, 90 and 100 GPa. Table (2) presents the most important 
values of the internal energy, free energy, entropy and heat capacity at constant volume at 0, 50 and 100 
GPa pressures. 
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Figure 2: Change in the internal energy for NiO structure calculated at pressures 0, 50 and 100 GPa with 

the change in temperature from 0 to 5000 °C. 
 

 
 

 
 

Figure 3: Change in the difference in internal energy for NiO structure with the change in temperature 
from 0 to 5000 °C by taking its value at zero pressure as a reference. 
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A Calculated at pressures 0, 10, 20, 30, 40 and 50 GPa. 
B Calculated at pressures 50, 60, 70, 80, 90 and 100 GPa. 

 
III-2-2 The free energy 
Where Figure (4) presents the change in the free energy of the NiO structure calculated relative to the 
values of the pressures studied with the change in temperature. While, Figure (5) presents the change in 
the free energy difference of the NiO structure with the change in temperature from 0 to 5000 °C by 
taking its value at zero pressure as a reference, where; A calculated at pressures 0, 10, 20, 30, 40 and 50 
GPa and B calculated at pressures 50, 60, 70, 80, 90 and 100 GPa.  
 

 
Figure 4: Change in the free energy for NiO structure calculated at pressures 0, 50 and 100 GPa with the 

change in temperature from 0 to 5000 °C. 
 

Table 2: Presents the most important values of internal energy, free energy and entropy and heat 
capacity at constant volume calculated at pressures 0, 50 and 100 GPa with the change in temperature 

from 0 to 5000 °C. 

 
Temperature (K) Pressure (GPa) 

  
0 50 100 

Internal energy (kJoule/mole) 
0 7.64 8.17 7.64 

5000 256.22 257.03 256.22 

Free energy (kJoule/mole) 
0 -6.21 -7.14 -6.21 

5000 -777.94 -808.24 -777.94 

Entropy (Joule/K.mole) 
0 49.75 52.46 49.75 

5000 56.66 56.22 56.66 

heat capacity at constant volume 
(Joule/K.mole) 

0 45.11 46.08 48.17 

 5000 49.97 49.97 49.97 

 
From Figure (4) and Table (2) note that the free energy of nickel oxide decreases in a nonlinear manner 
with the increase in temperature, in the range of at least an estimated 770.36 kjoule/moule for zero 
pressure, but for the pressure of 100 GPa the domain of its change is estimated at 899.28 kjoule/moule. 
Also, its value at absolute zero is not zero, if its values also decrease with the increase in pressure, where 
its value are estimate at 6.21 kjoule/moule and 10.74 kjoule/moule at the previous two pressures 
respectively. 
It also notes that the difference is increasing with the increase in temperature, and this is also clearly 
determined by figure (5). This figure also shows that this difference is increasing with the increase in 
pressure, with the lowest difference estimated at 99.58 joule/moule at absolute zero and between two 
pressures 0 and 10 GPa, while its highest value is estimated at 26.99 kjoule/moule and this is at 5000 °C 
and between the two pressures 90 and 100 GPa. 
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Figure 5: Change in the difference in the free energy for NiO structure with the change in temperature 

from 0 to 5000 °C by taking its value at zero pressure as a reference. 
-A Calculated at pressures 0, 10, 20, 30, 40 and 50 GPa. 

-B Calculated at pressures 50, 60, 70, 80, 90 and 100 GPa. 
 

III-2-3 The entropy 

Figure (6): presents the change in entropy of NiO structure calculated at pressures 0, 50 and 100 GPa with 
the change in temperature from 0 up to 5000 °C. 
Figure (7): presents the change in the  entropy difference of the NiO structure with the change in 
temperature from 0 to 5000 °C by taking its value at zero pressure as a reference, where A- calculated at 
pressures 0, 10, 20, 30, 40 and 50 GPa and B- calculated at pressures 50, 60, 70, 80, 90 and 100 GPa. 
From Table (2) and the above two figures note that the entropy of nickel oxide increases with the 
increase in temperature up to certain temperatures, which are decreasing with the increase in pressure, 
the entropy value reaches a maximum value whatever the pressure, estimated at approximately 63 
joule/K.mole. After these temperatures the value of entropy decreases, but somewhat slowly. Their 
values are at absolute zero at non-pressure, while higher for the largest pressure values. The range of 
change of this entropy is limited between 14 and 8 joule/K.mole, for the two pressures mentioned above 
respectively. It can also be seen that the values of this parameter do not maintain a specific arrangement, 
as they are rearranged after certain temperatures compared to their values for each pressure. This makes 
the difference decreasing before and after these temperatures, taking a value for zero pressure as a 
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reference, it is at two specific temperatures. Before pressure 50 GPa this temperature is estimated at 520 
°C, while above this pressure it is estimated at 480 °C. 

 

 
Figure 6: Change in the entropy for NiO structure calculated at pressures 0, 50 and 100 GPa with the 

change in temperature from 0 to 5000 °C. 
 
III-2-4 The heat capacity at constant volume 

Figure (8) presents the change in the heat capacity at constant volume of the NiO structure calculated at 
pressures 0, 50 and 100 GPa with the change in temperature from 0 to 5000 °C. While, figure (9) presents 
the change in the difference in the heat capacity at constant volume of the NiO structure with the change 
in temperature from 0 to 5000 °C by taking its value at zero pressure as a reference, where -A calculated 
at pressures 0, 10, 20, 30, 40 and 50 GPa and -B calculated at pressures 50, 60, 70, 80, 90 and 100 GPa. 

 

 

 
Figure 7: Change in the difference in the entropy for NiO structure with the change in temperature from 0 

to 5000 °C by taking its value at zero pressure as a reference. 
-A Calculated at pressures 0, 10, 20, 30, 40 and 50 GPa. 

-B Calculated at pressures 50, 60, 70, 80, 90 and 100 GPa. 
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Which through them and table (2) show that heat capacity values are increasing with the increase in 
pressure, being at absolute zero the lowest value of it for zero pressure. In addition, at this pressure the 
range of change of this capacity is greater, which is estimated at 1.80 joule/K.mole. While the lowest 
range to change it is for 100 GPa pressure, which is estimated at 4.85 joule/K.mole. This capacity is 
greatly increased with the increase in temperature, but this increase is even faster only until certain 
values of temperatures and then slows down dramatically to the point of almost constant after it. These 
temperatures are increasing with the decrease in pressure; at the temperature close to 3000 °C the heat 
capacity value is almost constant regardless of the increase in pressure or temperature. Before this 
temperature, the difference is decreasing with the increase in temperature, between the two pressures 0 
and 10 GPa is estimated at 0.12 joule/moule as its lowest value, while its highest value is estimated at 
0.41 joule/moule and this is between the two pressures 90 and 100 GPa. 

 

 
Figure 8: Change in the heat capacity at constant volume for NiO structure calculated at pressures 0, 50 

and 100 GPa with the change in temperature from 0 to 5000 °C. 
 

CONCLUSION 
In this work, we were interested in illustrating the importance of using Romberg integration in 
calculating some important parameters of thermodynamic properties, which most previous studies on 
nickel oxide did not care about. Especially when the pressure changes from 0 to 100 GPa, the temperature 
changes between 0 and 5000 ° C. This is done by identifying Debye temperature values at the pressures of 
the study, which were determined using the CASTEP program by determining the function of PBEsol from 
the GGA approximation, DFT method that appeared in 2008. Therefore, we were able to see that: 
- There is a decrease in Debye temperature of nickel oxide when pressure increases, by nonlinear manner. 
- Most thermodynamic parameters are increasing with the increase in pressure, other than free energy 
and entropy for high temperatures. The same exception depends for an increase in temperature, as the 
rest of the parameters are often increasing as well. 
- At absolute zero the values of our study results correspond to Debye temperature. While we could not 
compare the rest of the other parameter values due to their unavailability. 
In the future, it is possible to suggest a number of research directions that always fall within this scope, 
which are: 
- The study can be directed to apply its results within a certain range, such as studying the possibility of 
the presence of this oxide in the Earth’s layers. 
- Investing in the results of this study to calculate other parameters, such as heat capacity at constant 
pressure, thermal expansion, thermal conductivity, etc. 
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Figure 9: Change in the difference in the heat capacity at constant volume for NiO structure with the 

change in temperature from 0 to 5000 °C by taking its value at zero pressure as a reference. 
-A Calculated at pressures 0, 10, 20, 30, 40 and 50 GPa. 

-B Calculated at pressures 50, 60, 70, 80, 90 and 100 GPa. 
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