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ABSTRACT
A two-dimensional displacement fluid in a porous material that is incompressible and immiscible is
studied via the lens of a nonlinear system of two pair partial differential equations models. A petrov
Galerkin mixed finite element approach is used to estimate the mixture's pressure and Darcy velocity,
while a petrov Galerkin Finite Element Method (PGFEM) is stability prove for the pressure, velocity and
Saturation.
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1. INTRODUCTION

The capillary pressure fields' discontinuities at interfaces complicates Simulating two-phase immiscible
incompressible flows numerically over heterogeneous porous media. separating subdomains with
different rock characteristics. In the event that one phase is missing, the pressure within capillaries may
also be discontinuous because of the varying pressures of entry of the various rocks. However, when the
interface's two sides exhibit both phases, to ensure capillary pressure continuity, the saturation must be
discontinuous at the interface. The global pressure and saturation in these applications may show
prominent discontinuities because of large (up to several orders) permeability changes and fast
variations in capillary forces [1]. The creation of numerical techniques that are compatible with non-
linearity for two-phase movements in heterogeneous porous medium.

Over the past few decades, a great deal of research has been done on numerical simulations and analyses
for the systems (3.1, 3.2, and 3.3). The Darcy velocity and pressure mixed finite element technique, as well
as the saturation equation for immiscible displacement of a single incompressible fluid in porous media
using the upwind Galerkin finite element method, have been applied [2]. developed discontinuous
Galerkin techniques to compute incompressible two-phase flow numerically in porous media [3].
Modeled the three-dimensional Two-phase incompressible and irreversible flow in porous medium using
The updated explicit saturation method with implicit pressure in conjunction with the finite volume
method [4]. In order to Generally Dual-phase incompressible and immiscible flows in porous
heterogeneous media with varying capillary pressures, the sequential discontinuous Galerkin finite
element method was designed and investigated [5]. introduced a method for simulating finite element
level sets [6]. Boltzmann technique for immiscible fluid displacement numerical modeling in a two-
dimensional porous medium [7]. The linearized discontinuous error analysis for incompressible,
immiscible displacement in porous media using the Galerkin Finite Element Method [8]. The linearized
discontinuous error analysis of the GFEM for incompressible, immiscible displacement in porous media
[9]. Impermeable Immiscible Migration in Permeable Materials: HP-Discontinuous GFEM [10]. Petrov -
Galerkin in (1978) D.F. Griffith and ]. Lorenz introduced the one-dimensional PGFE method, they also
characterized the trial and test (weight) spaces, stated that the trial and test functions belong to different
spaces, provided the trial and test functions' shapes, explained the asymmetric matrices' shapes, and
examined the error [11]. Tezduyer T.E. and Akin ]. ED, stabilizing parameter & utilized in the PG
formulations was computed in three distinct ways: using linear, triangular, and quadrilateral elements.
They also compared how the obtained § values varied depending on the definitions used in the
computational domains [12]. Volker and Julia proved that standard energy arguments yield estimates for
stabilization parameters that are dependent on the time step length and those that are independent of the
time step length when paired with the backward Euler scheme. They also researched other methods for
obtaining inaccuracy for the SUPGFE method to utilized to CDR equations, explored conditions on the
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stabilization parameters [13]. D. Broersen and R. Stevenson investigated a PG discretization of the CDR
equation's ultra-weak version in a mixed form [14]. N. Ahmed and G. Mattie they offered an
approximation for solving time-dependent linear CDR issues. Time discretization’s using CPGFE and
discontinuous GFE techniques. To assess the correctness of the temporal and spatial discretization
schemes, they ran a number of numerical tests. Depending on the stabilizing parameters for the spatial
estimations, the results are explained [15]. Regarding fractional boundary value problems in one
dimension, variational formulations of the PG type were devised by Zhou, B. Jin, and R. Lazarov, Either the
The diffusion term is Riemann-Liouville, or the caputo fractional derivative of order (3/2,2). a novel FE
technique that uses partial powers for the trial space and continuous piecewise linear FEs for the test
space [16]. L. Wang, S. Hou, L. Shi, and P. Zhang: For elliptic problems, a bilinear PGFE method is proposed
to solve the variable matrix coefficient. In contrast to previous research focused solely on triangular parts,
this new work addresses the intricate techniques used to cut interfaces as rectangular elements. i.e., half
as many elements as triangular elements with the same mesh size [17]. D. A. Keshaish and H.A. Kashkool
explain and evaluate the Petrov Galekin Finite Element (PGFE) approach for resolving linear problems
including diffusion, reaction, and convection [18].

The structure of the paper is as follows:

In Sect. 2, We present some key definitions and lemmas. In Sect. 3, It explains the Petrov Galerkin finite
element methodology. It also introduces some of the fundamental concepts of the method, including
element matrices. For Darcy velocity and pressure, the Petrov Galerkin mixed finite element approach is
utilized. while the Petrov GFEM is used for the saturation. In Sect. 4, we have demonstrated to us that
there is stability for pressure, saturation, and velocity, respectively. Lastly, the conclusions in Sect 5.

2. Definitions in advance and Lemmas

A general framework for the numerical solution of partial differential equations is the FEM. The
fundamental resources for understanding functional analysis theory and finite element methods are
covered in this part. The following list includes certain symbols and definitions that will be used
frequently.

Definition 2.1[ 19]: (Lebesgue space)
Given ;11 = 1, let 2 be an open set of R™ The set of real-valued Lebesgue measurable functions X

defined on 2 such that |X|%is integrable on 2 with regard to the Lebesgue measure in R™ ; is denoted
byL,(2), 1=a< oo.

The Lebesgue space L*(2) is defined by:

1°(2) = K:f IR[®dx < oo ,a € [1,0)
equipped with the norm,
1
a
Nl = [IxGOI® dx @D

For a = 2, the space I? (3) of " functions that are square integrable " will be seen as of particular
importance.

I[?(Q) ={ X: J. IR(x)|?dx < oo}
0
prepared with the norm,

NIy = C [ 1N dx )2
]

for real-valued functions R, 7 € 12 (3), we defined the 12 -inner product by
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(X, v) = [LR()v(x)dx. (2.2)
For a = oo, L*(2) shows the space of all functions, all of which have a bound for nearly all x € 2;
L) = {X:[R(x) | < oo for almostall x €1}

equipped with the norm,

INllzogs) = max RGO
(2.3)

Definition 2.2 [20]: Hilbert Space H*(2)

Let2 be an open set ,contained in R™; n = 1 .We denote the boundary of 2 by d2 .A Hilbert space is
complete inner product space. Hilbert space of order @ such that @ = 1 denoted by H%(2) of function
N(x) on s defined as
H*Q)={R:X€L?Q)and DPR € 1?(Q); VIpl = a}

(2.4)

is endowed for u, w € H%(2) with the inner product

QW) = Zf DP2,DPwd2, (2.5)

lel= a3
equipped with the norm,

IRl o) = Z (DPR:DPR)LZ(:) = (R,RN) gap) <

lpl=a
(2.6)
or
I8l 3y = > IDPXI 2 @7
lpl=a
and the semi-norm:
R|5em) = Z (DPR,DPR) 2y - (2.8)

lpl=a

Remark 2.1 (Certain types of Hilbert spaces) - [21]
+In the space H1(2), is defined by
H(Q) = {R: R € I2(2), VR € I2(2)}, (2.9)
With the norm
lullgry = (LARIZ + VR dx) /2, (2.10)

+.In the space H} (2), is defined by
HIQ) = {X:REH'(Q),R=00nd3}, (2.11)

With semi-norm is

IRl = (flVKIZ dﬂ) 12, (2.12)
0

*.In the Hz, is defined by
H?(Q) = {fu:u € I2(2), VX, V2R € I?(2)}, (2.13)
With the norm
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IRl g2y = (AR + VX[ + |[V2R[) d2) M2, (2.14)

and the semi-norm

1
IRlp2my = (IIVZ&IZdJ )Z, (2.15)

Lemma 2.1 [22] [21]: (Young's inequality)

Let ¥, @ = 0 real numbersand p > 0, the Young's-inequality is

1 p
- 247 2
Xa_zp)f +2a
or

L 2
xa = %){ + pa (2.16)

Lemma 2.2 [22]: (Cauchy-Schwartz inequality)
If V' is inner product space then, Cauchy-Schwartz inequality is

(Rv)| = VR X)(w,v) <[X[[llv]] , VRvEV

(2.17)

and the equality holds < ¥ and v are linearly dependent.

Definition 2.3 [23]:

The space H(div;2Q)is defined as the collection of vector-valued functions on 21 that are square
integrable along with their divergence; ie,

H(div;2) = {R:X € [I?(2)]%, V- R € [2(2)}
The norm in H(div; 2) is defined by
IRl zaivezy = CIRIZ + (V- R[|2)H/2 (2.18)

3.The petrov Galerkin Finite Element Methods
An immiscible displacement system can be used to characterize incompressible immiscible flow in porous

media in various engineering applications. Let J be a bounded domain (oil field) in the plan R?with a
smooth boundary I' and T>0. The following are the classical systems in two dimensions [29].

V.v=q(x,t),(x,t) €2 x(0,T] (3.1)
v=—0(s).Vp,(x,t) € 2x(0,T] (3.2)
Os, + V.(f(s)v —V.(a(s)Vs) = g(x,t,5), (x,t) € 2x (0,T] (3.3)
Where

qs (x,t)s(x, t) at injection wells
g(x,t,s) =4 —q_(x,t)s(x,t), at production wells
0 , otherwise

where ¢ is the porosity of the rock's medium (¢€(0,1) in the domain 1),s,v and p are the saturation,
Darcy’s velocity and pressure, respectively, f(s) is the fractional flow function, g(x,t,s) is the gravitational
acceleration, @ (s)=ku is a smooth function, k=k(x) is the porous rock's permeability, u=u(s) is the fluid's
viscosity, and q is the source and sink terms.

If s=s0il, then s =0 and we may denote g(x,t,s)= —q_ (x, t)s(x,t) where —q_(x, t) = 0. As a result,
the previous equation (2.3)becomes

Os, +V.(f(s)v—V.(a(s)Vs) + q_(x,t)s(x,t) = 0,(x,t) € 2% (0,T] (3.4)

The starting condition is

s(x,0) =s%x),x €2, (3.5)

and the boundary conditions are
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=05 =0,(xt) ETx(0,T] (3.6)
The aforementioned system's variational formulation. For the unknown, the finite element approximation
space is formed by the pair Hoy(div,2) x 13 (2) x H(2) . Find
v € Hy(div,2),p € I3 (2) and s € H'(2) such that
(V.v,w) = (qw); Yw € 13 (2), (3.7)
(v,R) = (6(s)p,V.X; VR € Hy(div,2) (3.8)

(8s:, ) + (a(s)V. s,V.@) + V.(f(s)v, @) + (s, 0) = 0; Vo € H; (Q), (3.9)
We now define the Galerkin spaces of Petrov. Let W, U , 1 be three trail space and 9, €, 1] be three a test
space which are define

W ={w:wel3 ()}, (3.10)
U={X:X € Hy(div,2)}, (3.11)
Y =H;Q) ={p:9€H "D ;0|r=0}, (3.12)
and,
O9={rir=w+dB-Vw;weW } (3.13)
E={(:{(=R4+6B'VR;R €U } (3.14)
n={p:p=9+ép-Vo;pcy } (3.15)
here & shows a constant stability parameter. It will be chosen as [24];
nh if e<h 1
6= ; 0<n< — ,(small constant ) -
0 if e=h 4

and dimW,U,y = dim?9,&,1.

The petrov Galerkin mixed finite element mothed for Darcy velocity and pressure. Find v, € W and
Pr € U such that

Vovp,w+8B-Vw)=(@w+d5B-Vw); Ywed (3.16)

(W, R+6L-VR ) =(c(s)pp, V.R)+ (6(8)p, -V R); VR ET (317

ie
Voop,w)+ (Vv 6 -Vw)=(@w)+(q6B-Vw); YWED (3.18)
W, X))+ R, 5B -VR ) = (6(8)pp, V.R) + (6(s)pp, 6 -V R); VR €8 (3.19)
The petrov GFEM for the saturation. Find s;, € 1, - © 1 such that
(E)sh,t o+ 6P F’qo) +(a(s)V.s5,V.@) + V.(f(s)vy, @ + 8 -V @),
+(q_s, 0+ 8B Vp)=0; s(x,0) =s°x), Vo €7 (3.20)
rewrite equation
(Bsn,er @) + @sne, 8 B- Vo) + (a(s)V. ¢,V.9) + (V.(f(s)vp, @) +

(V.(f()vp, 6B Vo) +(q-5,¢) +(q-5,8 B-V¢) =0; s(x,0) =s°(x) Vo €En
(3.21)

4. Petrov Galerkin Finite Element Methods' Stability
We demonstrated the stability of the PGFE technique, as stated in equation (3.18) and (3.19), which
means that the problem data can be used to determine an appropriate norm for a solution.

Lemma 4.1: (the stability for the pressure)
Let a solution p,, € W and C is a constant and independent h then

Ipall? = C llqll? (4.1)
Proof: From equation (3.18), (3.19) and put W = p, we get

(0(CspIpn, V-X) + (0(sp)pn, 6 B-VR) = (qw) + (@6 -V w) (42

by using Cauchy - Schwartz and Young's-inequality, we obtain;

|(6(sp)pr, V-R)| = loeCs)I V. ppll? (4.3)
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< crlloCs)INIV. pall? (44)

and, term
|(6(sp)pn, 6 B-V R)| = la()V.pyull I8 8.V, II?
<ZlleCs)ll I7.pull? + - S B.Vpall>  (45)
Then
|(0(s1)Pn V-R) + (6(5)pn, 6 B -V | = cllo (sl lIpall? + A1 B-Vpull?,  (46)
Where ¢, = (¢ —I—g),l = z_lz )
and, the term by using Cauchy - Schwartz and Young's-inequality, we get;
law)+ (@8 B-Twl=< llal?+Zllql>+5- S B.Vpall?  (a7)
= llgll® + llpelI> + 211 B.VpplI? (4.8)
Where [t = (%-I—g) A= i o)
From (4.6) the stability for pressure, saturation, and velocity, in that order

and (4.8), we have ;
cllaGl pall? + 21 B-Vppll? = llgli? + Ipall? + A1 B.VpalI?  (4.9)
Then

lloCsy ) IHIpall? = 1 llql? + llpall? (4.10)

llprll? = C llqll? (4.11)
1

Where C = —
min{c, [le( ).~ llpnll?}

Lemma 4.2: (the stability for the velocity)
Let a solution v7;, € Uand L is a constant and independent h then

vl = L{llpall*} (4.12)
Proof: put 8 = v}, in equation (3.19) we get;

(Vpvy) + (W, 8 B -V vy) = (6(sp)pn, V-vy) + (6(sp)pp, 6 B -V vp)  (413)
Then

|(vpvp)| = ay |l lI? (4.15)
through the use of Cauchy - Schwartz and Young's-inequality, we obtain;

|(Wn, 8 B -V vl < llopll 168 -V vl (4.16)
<2 vall?+ 5 811 B. Vw12 (4.17)
Let Z = 2, we have;
|Wnvi) + @r 8 BV vl < llvall® + 5 811 B Vsll? (+18)
= ay vl + pll B-Voyll? (4.19)
Where @, = (a; + 1),and ut = % 6.
and,
1(aCs)pn, Vool = 21l aCs) 1P Mlpnll> + llvall? (4.20)
through the use of Cauchy - Schwartz and Young's-inequality, we obtain;
|(0(s)pn 8 B~V vpy| = llaCsILIEB -V vyl (4.21)
=2 loCs)IPlipall? + 5 8 11 B. Vv, 12 (4.22)

= 2 [leCs)IPllppll> + p |l B.VvyllI? (4.23)
Then

|(6(sp)pn, V.vn) + (6(sp)pn, 6 B -V vp)l = 4 lloCs)llPllpnll®> + p I B.Vvnll?,  (4.24)
ay lvpll? + pll B-Vvll> = 4 lloCs)IPllppll> + p |l B-Voyll? (4.25)

We obtain;
a lvpll? =4 lloCslPllpnll? (4.26)
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lvell? = L{llpn 1?3 (4.27)

L = maxg IC0Iy
2

Where

Theorem 4.1: (the stability for the velocity and the pressure)
Let the dual solutionv,, € U and p;, E W and B a constant and independent h then

Ipall? + llvnll? = B{liqll? + llvall®} (4.28)
Proof : From equation (3.18) and (3.19), replacement test function with ¥ € U and v, € U, we have;

(6(sn)pn, V.Rp) + (6(sp)pR, 6 B-VRy) = (¢, ®) + (¢, 6 -V R),VREU (4.29)

put N = V4 in above equation, we have;

(a(sp)Vpp, Vovy) + (6(sp)pp, 8 B-Vvy) = (qvp) +(q.6 B~V vy), (4.30)
Then
= Ballstspl? 2 2
|(o(sp)Vpp, V.vp)| = 2 VDL 17 + 212 [[V. v %, (4.31)
< LllpalI* + LllvylI%, (4.32)
|(6(s)pn, 6 B - Vvhjl < 2 loCspIPllpall® + 1 | B.Vwpll%,  (433)
<& llpnll> + w11 B-7o,ll2%, (4.34)
< nllpall® + Lilvpll> + w1 B.Vvsll?,  (439)
Where ¢ = min{2|[o(sp)II?} n= (L+&),
1
(g, vl =5 llgll® + llvall? (4.36)
and,
(g, 6 B-Vvr | = llgl*>+ pll B. P, lI? (4.37)
Then,

1(qvn) + (@6 B -V, | = Tllgll® +lvpll® + 1l B.VvullI%,  (4.38)

| (o(sp)Vpp, V.vy) + (0(sp)pn, 6 -V vh)l < % |lppll” + 2L1[wL |17 + u || B-Topll?,
(4.39)

Where »# = (L + 1), we get,

1||3’3h||2 +1lvall? = Bllqll® + llvall*} (4.40)
where B = - max{2L}

Theorem 4.2: (the stability for Saturation)
Let a solution S € @p - €17 and 14 is a constant and independent h then

t

2 _ _

[snell” = Nspll?exp™? + 3,exp "17’)[ exp®? {|| B. Vs, DII” + | va (2 I? }dz,
0

Proof: Rewrite (3.21) and put ¢ = 53 we have,

(@sh,t,sh) + (@sep, 6B - l?sh) + (a(sp)V. s, V.s) + (0, V. (f(sp), sp)
+WpV. (f(5p), 6 B -V sp) + (f(sp)V.vpsp) + (F(p Vv, 8B -V sy ) +
(g_s,sp) +(q_s,6 B-Vs,)=0; s(x,0)=s5%x) Vs, €n , (441)
we get,
2
(@sne sn) i; 18] % snell”> (4.42)
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through the use of Cauchy - Schwartz and Young's-inequality, we obtain;

@sne, 6B -7sw) < 01 Isull 1667 spll, (4.43)
<210l [|suel”+ 5= 81 B.VsplI2 (aas)
LetT = g [|@]] and z = 2 we have,
<zlsul?+ 5 81 B.7syll%, (4.46)
@V 50, Vsl <5 laGs) 12+ 17,12, (447)

< ¢ 1 7spll? + e | Zspll? < J 1 VsplI? (4.48)
Where] = ¢; + ¢, ,
1
|V (f(sp), s)l = 5 N on PN (s)NI? + 1l spll?, (449)

=cllspll?>+ lIsell? <y I Vsyll®, (450
Where ¥ = c3 + 1, and,

| Wa¥. (F(s), 8 B Vi)l =5 1o [P VF(s)I? + 8 1| B.7sill?, a51)
< sl sull2 +5 811 B.Vsyll?, (4.52)
(FCsm)Vovmsi)l < INVFGIZ 17 v 12+ I syll?, 453)
< L fwI2 +5 17 v 12 + 1 sull? < g [l sull? + csll v 112, 454

and,

|(FnIVvn 8 BV 530l =2 I VFGI? IV v 17+ 811 V5412 4.55)

1 1
= o NP+ IV v 12+ 811 B Vsull?, (4.56)
< llspll> + crllvp 12+ 6 1l B-Vsull?, (4.57)
1(q=s,sp)| = ¢l spll?, (4.58)
1(q-5,6 B -V sp)l =co 8l B.Vsull?, (4.59)

became equation (4.42),

1 d 2 1
2O sl + sl + 5 81 BFsull2 41l 7ol +y 1l Pl +

1
ca I spll? += 81 B-Vspll® + ca |l spll? + csll vy 112 + c6 |l spll? + ¢l vy, |12
4

+ 8 B.Vspll> +cgll sull*> +co 6 I B.VsplI> =0, (4.60)
d 2
di ||5h,t|| + 30 lIsell? = 220 B-Vsill” + 35l v, |1
2 2 .1 1 2
where 3, ZM(T-I-]—I-}/-I-Cg +cy+cg+ cg) A :M((1+1+ 1+ cg) &) and g :ﬁ,

The integral component is multiplied by both sides of the inequality above factor exp(};Z ) and then

integrate from 0 to t, we have
||5h,t||2 < [IspliZexp? + 3 exp T2 fot exp®1? {|| B.Vs, (D? + | v (2)I? Yz,

(4.61)
Where 3, = max{};, ), }.

CONCLUSIONS

Conclusions and Upcoming Projects

We have created a sequential solution technique for fluid fluxes that are miscible in porous medium using
the Petrov Galerkin method to solve the saturation transport equation and the pressure and Darcy
velocity equations can be solved using the Petrov Galerkin mixed FEM. the stability for pressure,
saturation, and velocity, in that order.

821 Wafaa S. Mohammed et al 814-822



Journal of Computational Analysis and Applications VOL. 33, NO. 8, 2024

REFERENCES

[1] Mozolevski, I, and Schuh, L. (2013). "Numerical simulation of two-phase immiscible incompressible
flows in heterogeneous porous media with capillary barriers". Journal of Computational and Applied
Mathematics, 242, 12-27.

[2] Hashim, A. K. (2002). "Upwind type finite element method for nonlinear Convection-Diffusion
problem and applications to numerical reservoir simulation,” school of Mathematical Sciences.
Nankai Universty, China.

[3] Bastian, P. and Riviere, B., (2004). Discontinuous Galerkin methods for two-phase flow in porous
media. University of Heidelberg Technical Report, 28, p.2004.

[4] Da Silva, RS., De Carvalho, D.K.E., Antunes, A.R.E., Lyra, P.RM. and Willmersdorf, R.B.,,( 2010).
Parallel simulation of two-phase incompressible and immiscible flows in porous media using a finite
volume formulation and a modified IMPES approach. In IOP Conference Series: Materials Science and
Engineering (Vol. 10, No. 1, p. 012034). IOP Publishing.

[5] Ern, A, Mozolevski, I. and Schuh, L., (2010). Discontinuous Galerkin approximation of two-phase
flows in heterogeneous porous media with discontinuous capillary pressures. Computer methods in
applied mechanics and engineering, 199(23-24), pp.1491-1501.

[6] Hysing, S. (2012). Mixed element FEM level set method for numerical simulation of immiscible
fluids. Journal of Computational Physics, 231(6), pp.2449-2465.

[7] Jawad ]. Saadoon and Hashim A. Kashkool.,, (2019) The error analysis of linearized discontinuous
Galerkin Finite Element Method for Incompressible Immiscible Displacement in Porous Media.

[8] Atykhan, M., Kabdenova, B., Monaco, E. and Rojas-Soldérzano, L.R.,, (2021). Modeling Immiscible Fluid
Displacement in a Porous Medium Using Lattice Boltzmann Method. Fluids 2021, 6, 89.

[9] Ala’ N. Abdullah, and Hashim A. Kashkool., (2022) The Error Analysis of the Weak Galerkin Finite
Element Method for Two-Dimensional Incompressible Immiscible Displacement in Porous Media.

[10] D. F. Griffiths and ]. Lorenz "An analysis of the Petrov-Galerkin finite element method ", vol. 14
(1978), pp. 39-64.

[11] J. E. Akin and T. E. Tezduyer " Calculation of the advective limit of the SUPG stabilization parameter
for linear and higher - order elements", comput. Methods Appl. Mech.Engrg, vol. 193 (2004), pp.
1909-1922.

[12] V. Johan and ]J. Novo "Error analysis of the SUPG finite element discretization of evolutionary
convection diffusion reaction equation”, SIAM ]. NUMER. A, vol. 49 (2011), pp. 1149-1176.

[13] D. Broersen and R. Stevenson " A robust Petrov-Galerkin discretization of convection diffusion
equations, computers and mathematics with applications, vol. 68 (2014), pp. 1605-1618.

[14] N. Ahmed and G. Matties " Numerical study of SUPG and LPS method combined with higher order
variational time discretization scheme applied to time dependent linear convection-diffusion-
reaction equations" ] SCI COMPUT. (2015).

[15] B. Jin, R. Lazarov and Z.Zhou " A Petrov-Galerkin Finite Element Method for Fractional Convection-
Diffusion Equations”, SIAM J. NUMER. ANAL., vol. 54, No.1, pp.481-503 (2016).

[16] L. Wang, S. Hou, L. Shi and P. Zhang " A Bilinear Petrov-Galerkin Finite Element Method for Solving
Elliptic Equation with Discontinuous Coefficients", Advances in Applied Mathematics and Mechanics,
vol. 11, No.1, pp.216-240 (2019).

[17] Dhiaa A. Keshaish and Hashim A. Kashkool., described Petrov-Galerkin Finite Element Method for
Solving Convection-Diffusion Equations. vol. 46 (2020), pp. 136-151.

[18] Wang, R, Wang, X, Zhai, Q., and Zhang, R.: A weak Galerkin finite element scheme for solving the
stationary stokes equations. Journal of Computational and Applied Mathematics, 302(2016): pp.171-
185.

[19] Zhang, H., Zou, Y., Xu, Y., Zhai, Q., and Yue, H.: Weak Galerkin finite element method for second order
parabolic equations. Journal of Numerical Analysis and Modeling, 13(4), (2016): pp.525-544.

[20] Wang, C., and Zhou, H.: A weak Galerkin finite element method for a type of fourth order problem
arising from fluorescence tomography. Journal of Scientific Computing, 71(3), (2017): pp.897-918.

[21] Wang, C., and Wang, ].: A primal-dual weak Galerkin finite element method for Fokker-Plank type
equations. SIAM Journal of Numerical Analysis,19(4), (2017): pp. 1-26.

[22] Sun, S., Huang, Z., Wang, C., and Guo, L.: The cascadic multigrid method of the weak Galerkin method
for second-order elliptic equation, Mathematical Problems in Engineering, 2017(2017): pp.1-8.

[23] Perella, A. ].: A class of Petrov-Galerkin finite element methods for the numerical solution of the
stationary convection-diffusion equation. Ph. D. Thesis, Department of Math. Sciences, University of
Durham, (1996).

822 Wafaa S. Mohammed et al 814-822



