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ABSTRACT

Uncertainty pervades our understanding of the world, presenting formidable chal- lenges to traditional
mathematical frameworks. Fuzzy algebraic concepts offer a specialized approach to address this
uncertainty, with roots tracing back to Zadeh’s seminal work in 1965. This paper provides a
comprehensive review of the evolution of fuzzy algebra. It covers various aspects of the fuzzification of
algebraic structures, such as fuzzy subrings and fuzzy ideals, the characterization of fuzzy zero divisors,
and applications of fuzzy polynomials and fuzzy matrices. Through real-life case studies in domains like
medical diagnosis and agricultural analysis, the study underscores the versatility and importance of fuzzy
algebra in addressing uncertainty. Aimed at researchers and practitioners, this paper serves as a valuable
resource for navigating the complexities of uncertainty using fuzzy algebraic concepts.
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1. INTRODUCTION

Uncertainty is a fundamental aspect of life, posing a significant challenge for human understanding. Fuzzy
sets offer a tailored mathematical approach to tackle this com- plexity and navigate through uncertainties.
Zadeh’s [58] pioneering work in 1965 kick started the study of fuzzy sets, sparking widespread interest
among researchers and leading to a plethora of applications across diverse scientific fields. The litera-
ture on fuzzy set theory and its applications has since burgeoned, with thousands of papers spanning
disciplines like economics, psychology, artificial intelligence, network analysis, and decision-making [9,
15].

Fuzzification of algebraic structures is a process that extends classical algebraic concepts to accommodate
uncertainty or imprecision. It involves enriching traditional algebraic definitions and operations with
degrees of membership or grades of truth, reflecting the fuzzy nature of real-world data or systems. The
fuzzification of algebraic structures commenced in 1971 with Rosenfeld’s work [49]. Unlike traditional
groups, a fuzzy subgroup relaxes the requirement of closure under the group operation, per- mitting
elements to possess partial membership in the group. Subsequently, numerous researchers delved into
expanding their concepts within the domain of fuzzy algebra [3, 4, 17, 45].

Subsequently, researchers extended fuzzification to other algebraic structures. Fuzzy subrings, for
example, generalize the notion of rings by allowing elements to have varying degrees of adherence to the
ring properties, such as distributivity and associativity. Liu’s [37] introduction of fuzzy subrings and fuzzy
ideals in 1982 marked a pivotal moment, further advanced by researchers such as [1, 2, 11, 23, 48], who
significantly broadened and deepened the study within this domain.

Continuing this trajectory, the exploration of zero divisors in rings emerges as a fundamental aspect in
understanding algebraic properties and structures. Zero divisors delineate rings that are not integral
domains, thus playing a crucial role in the classification of various algebraic systems. However, the
concept of fuzzy zero divisors extends beyond traditional zero divisors, accommodating uncertain or
graded adherence to their defining properties within fuzzy algebraic structures. This expansion provides
a framework to analyze elements exhibiting varying degrees of zero divisor characteristics, particularly in
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systems characterized by fuzziness or uncertainty. The study of fuzzy zero divisors of the ring is initiated
by Ray [47]. Melliani [41] introduced another approach to defining fuzzy zero divisors using fuzzy points
and also introduced a ring without fuzzy zero divisors, called an Integral ring. Ayub [7] presented the
concept of fuzzy zero divisors for non-zero and non-unit elements of a ring. The study of fuzzy divisors
can be extended to [30, 56].

The study of fuzzy polynomials intersects with the broader exploration of fuzzy algebraic structures,
including the characterization of fuzzy zero divisors. The application of fuzzy polynomials spans across
engineering and fuzzy mathematics, offering versatile utility. Eslami [24] laid the groundwork for the
exploration of fuzzy polynomials, which has since been enriched by diverse methodologies presented by
different authors. Barhoi [10] introduced an approach to defining fuzzy polynomials utiliz- ing fuzzy
triangular numbers, elucidating a connection between crisp polynomials and their fuzzy counterparts.
Additionally, Melliani [41] formulated fuzzy polynomi- als based on fuzzy points, contributing to the
varied approaches within this domain. Fuzzy polynomials are predominantly employed in neural
networks, with Zarandi [59] utilizing fuzzy polynomial neural networks (FPNN) to predict concrete’s
compressive strength.

The theory of fuzzy matrices is pivotal in diverse scientific and engineering domains, initially introduced
by Thomason [55]. Building on this foundation, Hashimoto [27] introduced the concept of nilpotent fuzzy
matrices, while Kim [33] investigated properties such as adjoints and determinants of fuzzy matrices.
Additionally, Atanassov [6] introduced intuitionistic fuzzy matrices, which are an extension of
conventional fuzzy matrices that deal with membership and non-membership values. The versatility of
fuzzy matrices is demonstrated in practical applications in various fields. For example, Meenakshi [40]
used fuzzy matrices to calculate diagnosis scores based on symptoms, diseases, and patient data in
medical diagnosis. Similarly, Sun [22] utilized fuzzy matrices in agriculture to identify suitable crops for
specific land patches.

This paper comprises eight sections. Section 2 discusses various structures of fuzzy subrings, including
intuitionistic fuzzy subrings, Q-fuzzy subrings using t-norm T, anti Q-fuzzy subrings using t-conorm C,
bipolar fuzzy subrings, and picture fuzzy subrings. Section 3 provides a comprehensive review of fuzzy
polynomials and fuzzy polynomial subrings. Section 4 examines the concept of fuzzy matrices as studied
by various authors, covering controllable fuzzy matrices, intuitionistic fuzzy matrices, and their
associated determinant and adjoint properties. The primary focus of this literature is to provide a source
of inspiration for future research on fuzzy zero divisors in polynomial and matrix rings. Section 5 reviews
recent developments regarding fuzzy zero divisors and their existing literature. Section 6 illustrates real-
life applications in domains such as medical diagnosis and agricultural analysis, emphasizing the
importance of fuzzy algebra in handling uncertainty. Section 7 presents the limitations of the study, while
Section 8 discusses the conclusion and future scope of these topics.

Notation: Henceforth, X is the universal set, and R denote commutative ring with unity 1 and additive
identity 0.

2. Diverse Structures Fuzzy Subrings

Ray [47] laid the groundwork for the theory of fuzzy subrings and fuzzy ideals in 1982. Since then, many
researchers have engaged in extending the concept of fuzzy subring to the broader framework of abstract
algebra of rings. This section delves into diverse structures of fuzzy subrings, including intuitionistic fuzzy
subrings, Q-fuzzy subrings employing t-norm T, anti Q-fuzzy subrings utilizing t-conorm C, bipolar fuzzy
subrings, and picture fuzzy subrings.

Definition 1 (Fuzzy Subset). [25] A mapping from a set AC X to the interval [0, 1] is referred to as a fuzzy
subset of A. The collection of all fuzzy subsets of A is denoted by FS(A).

Das [18] introduced the theory of level subsets, which gave new dimension to the study of fuzzy set
theory.

Definition 2 (a-Level Set). [25] Let n be a fuzzy subset of A € X. Then, a crisp setna =r An (r) a is
referred to as the a- cut (or a-level set) of 1.

Definition 3 (Fuzzy Subring). [37] Let ) be a fuzzy subset of ring R. Then, 1) is called a fuzzy subring of R if
and only if, for all r, s € R, the following conditions hold:

() n (r-s)2min{n (r),n (s)},

(i) n (rs) 2 min {n (r) , n (s)}-

Theorem 1. The characteristics function xR of ring R is the fuzzy subring of R.

Theorem 2. A non-empty subset A of ring R is a subring of R if and only if characteristics function xA is a
fuzzy subring of R.

Definition 4 (Fuzzy ideal). [37] A fuzzy subset n of ring R is called a fuzzy ideal of R if and only if, for all r,
s € R, the following conditions hold:

653 Dinesh Kute et al 652-670



Journal of Computational Analysis and Applications VOL. 33, NO. 8, 2024

() n (r-s)zmin{n (r), n (s)},

(ii) n (rs) 2 max {n (r), n (s)}.

Theorem 3. [20] A fuzzy subset is 1 is fuzzy ideal of a ring R, if and only if level subset ntis ideal of ring R,
forall t EImn.

Definition 5. [20] A fuzzy subset 1) is a fuzzy subring (or ideal) of ring R if and only if its level subsets nt
are subrings (or ideals) of ring R for each t EIm 0.

Atanassov [6] introduced the concept of intuitionistic fuzzy sets in 1986, extending the framework as a
generalization of fuzzy sets. Biswas [13] contributed to this study by introducing the intuitionistic fuzzy
subgroup concept, offering a more comprehensive illustration of the applications of intuitionistic fuzzy
sets. Likewise, Banerjee and Basnet [8] presented intuitionistic fuzzy subrings and ideals. Mohamed [23]
explores intuitionistic fuzzy ideals in BE-algebras and establishes several new results related to their
structure.

Definition 6 (Intuitionistic Fuzzy Set). [6] An intuitionistic fuzzy set I of set X is defined as follows:
[={{(x,u(x),nx)|x€eX}

where, p: X = [0, 1] and n : X [0, 1] represent the degree of membership and degree of non-membership
functions for every x €X.

Definition 7 (Intuitionistic Fuzzy Subring). [8] An intuitionistic fuzzy subset I = {(r, u (r),n (r)) | r € R} is
said to be an intuitionistic fuzzy subring of R, if for every r, s € R, the following conditions hold:

(1) u(r=s) >min{u(r), u(s)h

(ii) p (rs) > min {p (r), p ()},

(i) 1 (r - s) < max {n (1), (s},

(iv) n (rs) < max {n (), n (s)}-

Example 1. Let p and 1 be fuzzy subsets of Z; defined as,

0.7 ifr=0,
w(r) = ,
0.3 ifr=1,
and
(
0.1 ifr=0,
n(r) =
0.4 ifr=1,

thenI=r, u(r),n (r) r Z; is an intuitionistic fuzzy subring of Z.

Definition 8 (Intuitionistic Fuzzy Ideal). [8] An intuitionistic fuzzy subring I = {{ 1, u (r),n (r)) | r € R} is
said to be an intuitionistic fuzzy ideal of R, if for everyr, s €R,

D u(rs)>minp(r),pn(s),

(i) p (rs) > min p (r), u (s),

(iii) n (rs) <minn (r),n (s),

(iv) n (rs) <m (r).

Anthony and Sherwood [5] employed the notion of a triangular norm to redefine fuzzy subgroups. The
concept of Q-fuzzy groups was first presented by Solairaju and Nagarajan [54]. Rasuli [46] introduced the
concept of Q- fuzzy subrings and anti Q- fuzzy subrings by using a t-norm T and a t-conorm C,
respectively.

Definition 9 (t-norm). [46] A mapping T : [0, 1] x [0, 1] —= [0, 1] is called t- norm if for every u, v, w € [0,
1],

DT 1) =u,

() Twv)L<Tuw)ifvgw,

(i) T (u,v) =T (v, u),

(V)T T(v,w))=T(T (u,v), w).

Definition 10. [46] Let Q be a non-empty set. A Q- fuzzy subset n of R is said to be a Q- fuzzy subring of R
with respect to the t— norm T, if for every u, v € [0, 1] and q € Q,

On(u+v,q)>TM ([ q),n(vq)

(i)n (u q) >n (v q),

(i) n (uv, q) > T (n (u, q),n (v, q)).

Example 2. Let n be Q- fuzzy subset of Z defined as,
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0.6 if x € {+1, +3, ..},
0.4 if x € {0, +2, +4, ...}.

Let T (x,y) = Tm (x, y) = min {x, y} for all X, y € Z. Then 1 is Q- fuzzy subring of Z with respect to t- norm
T.

Definition 11 (t-conorm). [46] A mapping C: [0, 1] x [0, 1] = [0, 1] is called t- conorm if for every u, v, w
€ [0, 1],

HC(u0)=uy,

() C(u,v)<C(uw)ifvgw,

(iii) C (u,v)=C (v, u),

(iv) C (u,C (v, w))=C(C (u,v),w).

Definition 12. [46] Let Q be a non-empty set. A Q- fuzzy subset p of R is said to be an anti Q- fuzzy
subring of R with respect to the t- conorm C, if for every u, v € [0, 1] and q € Q,
n(u+v,q)<CM(wq),n(vq)

({n(wqg)<n(uq)

(ii)n (uv,q) <CM (v, q),n (v, q).

Zhang [60] initiated the conceptualization of bipolar fuzzy sets. The study of bipo- lar fuzzy sets involves
considerations of both positive and negative membership values. In a bipolar fuzzy set, one membership
value is confined to the interval [0, 1], repre- senting positive membership, while the other belongs to [ 1,
0], signifying negative — membership. This key distinction stands as a notable departure from
intuitionistic fuzzy sets, where membership and non-membership values both fall within the range [0, 1].
In a fuzzy set with bipolar values, a membership degree of 0 implies that ele- ments are irrelevant to the
corresponding property. A membership degree in the range (0, 1] indicates that elements somewhat
satisfy the property. On the other hand, a membership degree in the range [-1, 0) suggests that elements
somewhat satisfy the implicit counter-property.

Definition 13. [60] [Bipolar Fuzzy Set] Let X be a non-empty set. The bipolar fuzzy set A of set X is
defined as follows:

A={(xn(x),n(x))|x€X},

where pn: X [0, 1] and n : X [0, 1] represent the degree of positive and negative € membership functions,
respectively, for every x€ X.

Definition 14. [38] [Bipolar Fuzzy Subring] A bipolar fuzzy subset B={(r, u (r),n (r)) | r € R} is called a
bipolar fuzzy subring of R, if for every r, s € R,

(A p(r-s)>min{u(r), u(s)},

(ii) p (rs) > min {u (r), p (s)},

(iii) n (r - s) <max {n (r),n (s)},

(iv) n (rs) < max {n (r),n (s)}-

Example 3. Let B={(r, 1 (r),n (1)) | r € Z3} be bipolar fuzzy set of Z3 defined by

0.5 ifr=40
u(ry= 0.1 if r=1,
05 ifr=2

n(x q)=

and
g=0.3 ifr=20,
nirl= -07 ifr=1,
g
-0.4 ifr=2.
Then, B is a bipolar fuzzy subring of Zs.
In the realm of intuitionistic fuzzy sets, every element in the set X is characterized by two components:
the degree of membership and the degree of non-membership. The picture fuzzy set serves as a broader
framework, extending the intuitionistic fuzzy set by incorporating three components for each element in
X: the degree of positive mem- bership, the degree of neutral membership, and the degree of negative
membership. This enriched model of fuzzy sets was introduced by Cuong [16].
Definition 15 (Picture Fuzzy Set). [16] Let X be a non-empty set. A picture fuzzy set A of set X is defined
as follows:

A={(xn(x),n(®),yX)|x€X},
where p: X —=[0,1],n:X-> [0, 1], and y : X [0, 1] represent the degree of positive membership, the degree
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of neutral membership, and the degree of negative membership, respectively, for every x € X.

Definition 16 (Picture Fuzzy Subring). [21] A picture fuzzy subset P = {(r,pu (r),n (r),y (r)) | r € R} is
said to be picture fuzzy subring of R, if for everyr, s € R,

A u(r-s)>min{u(r), u(s)hn (r-s) >min{n (r),n(s)} vy (r-s) <max{y(r),v(s)},

(ii) p (rs) > min {p (r), w (s)}, n (rs) > min {n (r),n (s)}, v (r - s) <max {y (r), y (s)}
Example 4. Let P ={( u (r),n (r), v (r)) | r € Z} be a picture fuzzy set of Z defined by

(

0.4 ifr=0,
uix) 0.2 if r/=0,
n(r) = 04 ifr=0,

0.15 if r/=0,

(
0.2 ifr=0,

0.3 if r/=0.

Then, P is a picture fuzzy subring of Z.

y(r) =

3. Fuzzy Polynomial

Fuzzy polynomials hold significant importance in both engineering and fuzzy mathematics. This section
undertakes a comprehensive investigation into the study of fuzzy polynomials, covering diverse aspects
such as their representation using fuzzy numbers, their extension to fuzzy polynomials involving
triangular fuzzy numbers, and the intricate relationship existing between crisp polynomials and their
fuzzy polynomials. Furthermore, the section explores advancements in the study of fuzzy polynomial sub-
rings, as proposed by Melliani [41], fuzzy polynomial ideals, as introduced by Kim [33], and the extension
to intuitionistic fuzzy polynomial ideals, as investigated by Sharma [53]. This multifaceted exploration
sheds light on the wide-ranging applications and theoretical developments surrounding fuzzy
polynomials within various mathematical contexts and their relevance to engineering disciplines.
Definition 17 (Fuzzy Number). [19] A fuzzy subset p of set X is called fuzzy number if

(i) pis normal, i.e., there exist xo€ X such that p (xo) = 1,

(ii) pis fuzzy convey, i.e.,

w(Ax1+ (1 -2)x2) > min {u (x1), u (x2)},

forall x1, € x, Xand A € [0, 1],

(iii) p (x) is upper semi continuous,

(iv) supportof p={x € R | u (x) > 0} is bounded.

Rouhparvar [50] introduced the concept of fuzzy polynomials, wherein the coefficients are represented as
fuzzy numbers.

Definition 18. [50] A polynomial of the type,

Ao+ Aix+ Axx2 + ...+ Apxn = 0,

where x €X, the coefficients Ao, Ay, A, ...An are fuzzy numbers, is called fuzzy polynomial equation.

Fuzzy polynomials can be numerically solved through a variety of methods, with the Newton-Raphson
method, ranking method, modified Adomian decomposition method, and fuzzy neural network method
emerging as the most popular techniques. Each of these methods is characterized by distinctive
algorithms, contributing to their effectiveness in accurately determining the real roots of fuzzy
polynomials.

Barhoi [10] presented one approach to defining fuzzy polynomial using fuzzy triangular numbers and
established a relation between crisp polynomial and fuzzy polynomial.

Definition 19 (Traingular Fuzzy Set). [10] The fuzzy set p on set A is said to be triangular if the
membership function is given by

= jfas=x=bh,
= ifb=x=c

A triangular fuzzy set is denoted by A = [a, b, c].
Definition 20. [10] Let A = [a1, by, c1] and B = [ay, by, c2] be two traingular fuzzy numbers.
(i) Addition: A +B=[a1,b1,c1] + [az,bz,c2]=[a1+ az,bi+ ba,ci+cz].
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(ii) Multiplication:A-B=[a1,b1,c1]-[az,bz,c2]=[a1-az,bi-b2,c1-c2].
(iii) Scalar Multiplication: Fork# 0 we have k A™=[ka,kby,kcq].
(iv) Multiplication:
A=B = [ay, by, 1] * [@2, bz, c2] = [min {ab;}, product of mid point, max{a;b;}].

Definition 21. [10] A polynomial of the form

.. > . . _ . o
fF X = AX =Ar+AX+AX +AX + ...,

where Em, ATL, A_i, A; .. and X are traingular fuzzy numbers.

Example 5. Let f(x) = 5x+6. Then f(2) = (5= 2) + 6 = 16. Ex tending this crisp
polynomial to a fuzzy polynomial, we have the following expression f X = Ao+A1X,

where Ay = [6,6,6], A1 = [5,5,5, X = [L23]. Hence f 2 = [6,6,6] + 5,5, 5] *
[1,2, 3] =[6,6, 6] +[5 10, 15] = [11, 16, 21]. The middle value is the same as the crisp
value.

Example 6. Consider polynomial with more than one variable f (x, y) = 3xy* + 5x+
6y+7. Then f(2,3)= 3x2x3% +(5x2)+ (6x3)+7=289. Now extending this

crisp polynomial to fuzzy polynomial we have f X,Y =3XY?2+5X+6Y +7 and

f 2,3 =[3,3,3]%[1,23]%[23,4°2+[555]*[123]+[666] «[23,4]+[7, 7,7

= [12, 54, 144] + [24, 35, 46] = (36, 89, 190).

Similarly, we get a fuzzy value in the middle, which is the same as the crisp value. The study of fuzzy
polynomial subrings involves investigating the algebraic properties of the polynomials. Eslami [24]
pioneered the study of the fuzzy polynomial ring. Expanding on this work, Melliani [41] defined fuzzy
polynomials using fuzzy points as coefficients and established that F, (R) [X] constitutes the fuzzy
polynomial ring. Here, n denotes a fuzzy subring of R, and F;, (R) represents the set encompassing all fuzzy
points of n within the ring R.
Definition 22. [24] Let S be a commutative ring with unity. Let R = S [x3, Xz, ...Xa] be the polynomial ring in
the indeterminates x1, X2, ...Xn over S. Let 1 be fuzzy subring over R. For all

L] 1 a & -
P = = = = Ci___i x"x"x" €R,

1 n 1 2 n
ig=0f,-1=0 f1=0

wherec;, ;, ES. Let

n(P) = min {min {7 (cs....) | ;=0to m,j=1ton},min{t; | j=1ton})

then n is called fuzzy polynomial ring over R. where

‘= n(x;) if n(x), is non trivial
! 1 otherwise.

Definition 23. [41] A fuzzy polynomial ring in one determinate on F, (R) is a set of sequences (a1 , ar, as

..... ) = (a Jxen With (awx ) € Fy (R) such that there exist n € N such that Vp 2 n ag = 0s with t;, s € (0, 1]. Itis

denoted by F, (R) [X].

Let P = (aw)ken with ay, = O for all p2n and Q = (bsk Jken with by, = 05 for all p=2m. The ring operations on the

fuzzy polynomial ring are as follows:

Addition:

657 Dinesh Kute et al 652-670



Journal of Computational Analysis and Applications VOL. 33, NO. 8, 2024

P +Q = (a+ b)), r, with (a+ b]rp sp = 0. for all p = max¥h, mk
Muyltiplication:

P > Q = (des.), n With dg, = . ae;bs;, Bk = Uar?;r;k{r,-, s;}+ and dg, = 0, for all

p=m+n.
Theorem 4. [41] (F, (R)[X], +, x) is commutative ring.

Proof. Let P,Q, R € F; (R) [X] and zero element of F, (R)[X] is (0 05, 0, ...) for
some n. € {0} U Q" [x].
(i) Closure: P +Q = ar; + bs; = (a+b), . a,, € Fq(R)[X]. Hence it is closed under
addition.
'ii) Associativity:
(P+Q)+R = (a; + b)) + i,
= (a+b)ype, + Ck;
= ((a+ b))+ C:'{t,—,-‘-.s;}l.r’\.k,-
= (a+(b+ c]}tzﬂ{s;ﬂk,-}l
= de; + {bs,- + 'Cku'}
(iii) Additive inverse: -P = -a;, such that P +(-P) = ay,+(-a,) = (a-a),, = O4.
(iv) Commutative: P +Q = a¢; +bs; = (@ + b)), .., = (b +a),_,,, = bs; +ar;, = Q+P.
Hence F, (R) [X] is additive abelian group. Also P=xQ =  awbs;, = ds, € Fn (R) [X].

We have
= =
P x(QxR)= ar; (beiCr;) = (aebe) e, = (P x Q) < R.
Hence multiplication is associative and
=
P x(Q+R)= e (bs; + Ci;)
= 2 ((aebs) + (arck,)]
=
= :‘Jg!—bsl. -+ O Ch;
= (P xQ)+ (P xR).
Therefore multiplication is distributive over addition. The identity is given by [ =
(1., Og, O, 0....) since
P x| = (ay, O, .-.04,0s 0....) x (11, 0., O, 0....) = (O, Opy, o0, 05, 0...0) = P

Denote X% = (1, 0, 0, 0....); X* = (0., 11, 0, 0....); X2 = (0, 0, 14, 0....) and

u

X7 ="0g0s, ...0s,11,0s, ...
X

L
rntimes

Then,

P = (ay,, ay, di,, -...dy,, 05 0, ...) o .
= ah’_) {11) DSJ 05) --'} + Hf]_ {DSr 11) UE} -"] + ...+ ﬂf;rl:nj'hDSr ﬂSr 1. UE} -'-I

ntimes

= GO+ T, X + A X2+ ..+ @, X"
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Definition 24. [41] P € F,(R)[X] is said to be fuzzy polynomial on F, (R) if there
A ,

exist as, € F, (R) such that P = ag X'
i=0

Definition 25. [41] A polynomial P =a, +a; X +a; X* +....+a; X" is said to

be non zero polynomial if there exist non zero coefficients ay,, @, Qs,,....., G, .
Definition 26 (Fuzzy Degree). [41] let P =,a: +@: X +q: X* +....+a, X" €
F, (R)[X]. The fuzzy degree of P is denoted by deg (P) or d° and is defined as the

maximal number n such that a;, 0, In this a:, is called as leading coefficient of P.
Definition 27 (Zero of the Fuzzy Polynomial). [41] The as € F, (R) is said to be

zero of the polynomial P € F, (R) [X] iff P (as) = - a,a =0g 6 < s.
i=0

Let / (be) = {P € F, (R)[X] | P (b:) = O, s < t}. It can be easily shown that / (b)
is ideal of F, (R) [X].

Definition 28 (Algebraic and Transcendent Fuzzy Point). [41] The fuzzy point
b: € F,(R) is said be algebraic fuzzy point if I(b;)  {0}. Otherwise, b, is called a
transcendent fuzzy point.

Theorem 5. Let R be a ring. Then R is called integral domain iff F, (R) [X] is
integral ring.

Kim [35] introduced the concept of a fuzzy polynomial ideal, denoted as n,, within
the polynomial ring R [x]. This particular fuzzy polynomial ideal is induced by a fuzzy
ideal n existing in the ring R, thereby establishing a relationship between fuzzy ideals
in the base ring and the corresponding induced fuzzy polynomial ideals.

Theorem 6. [35] let n : R — [0, 1] be a fuzzy ideal of R, and consider n, : R [x] —
[0, 1], a fuzzy subset of R [x] defined by n.(f (x)) = min{n (a)} for any polynomial

fF(x)=ao+awx+ax*+..+ax" in R[x]). Then n,. is fuzzy ideal of R [x].

Theorem 7. [35] Letn : R - [0, 1] be a fuzzy ideal of R. Then the set D = {f (x) € R [x] | nx (f (x)) =nx (0)} is
a subring of R [x].

The intuitionistic fuzzy polynomial ideal Ax of a polynomial ring R [x] induced by intuitionistic fuzzy ideal
A of a ring R was introduced by Sharma [53].

Theorem 8. [53] Let!= {k w(x),n (x)) k €R }be intuitionstic fuzzy ideal of R,
and let f (x) = ag + a1x + ax* + ... + a.x" be any polynomial in R [x]. Define an
intuitionstic fuzzy ideal,

Le = {{ f (x), ke (F (X)), 0 (F (X)) | f(x) €RI[x]}

of RIx] by pe(f (x) = min{u(a)} and ne(f (x)) = max{n (a)}. Then Ix is an

intuitionstic fuzzy ideal of R [x].
Theorem 9. [53] Let I be an intuitionstic fuzzy ideal of R. Then the set

5={f(x) €RI[x] | ke (f (x)) = 1x (0), Nx (f (x)) = N« (0)}
is subring of R [x].

4. Fuzzy Matrix

The concept of fuzzy matrices was initially introduced by Thomason [55], who also studied the
convergence of powers of the fuzzy matrix. In this section, we explore the fuzzy matrix concept as studied
by various authors, encompassing controllable fuzzy matrices, intuitionistic fuzzy matrices, and their
associated determinant and adjoint properties. This comprehensive study holds significant importance in
various areas of science and engineering.
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Definition 29 (Fuzzy Matrix). [55] A fuzzy matrix is a matrix with its elements from
the unit interval [0, 1).

Following are the operations on fuzzy matrices, Let A = [a;] ., B = |byl, ..,
and C = [c,—,—]“nbe any two fuzzy matrices with aj;, by, c;; € [0, 1] then,

(i) B+ C = [di;] where d;; = max {bi;, cij}-

(ii) AB = . apbp where apby = min {a,, by}
p=

(iii) B < C if b;; < ci; for all i and .

For fuzzy square matrix A = [a;;] we have

=t

(i) A® = [a;;] (transpose of fuzzy matrix).
ko)A < d kLA A=A ,k=0,1,
(#i)-Alrower afiayematrixls identity matrix.

Definition 30. [28] If A is a fuzzy square matrix of order m x m, then

(i) A is symmetric if and only if A = At.

(ii) A is reflexive if and only if A > I,.

(iii) A is transitive if and only if A2 < A.

Hence A is called reflexive, symmetric, & transitive (or idempotent) if and only if A2 = A.

Kim [33] presented several properties related to the determinant and adjoint of a fuzzy square matrix.
Definition 31 (Determinant of fuzzy matrix). [33] The determinant of a fuzzy matrix A is denoted by |A|
and defined as,

=
|A] = 1a(1)T25(2)- - Ta(k)
aeE S5

where Sk is the permutation group of all permutations.

0.30.2 0.5 0.6 0.1

Example 7. Let A = : 0.50.6 0.1 pe fuzzy matrix then A| = ﬂ_3_-[}4 03 *
0.2 0.4 0.3 :

020501 , 950506 - 03(0.3+0.1) + 0.2(0.3+0.1) + 0.5(0.4+0.2) =

-0.2 0.3- -0.2 0.4-

0.3(0.3)+0.2(0.3)+0.5(0.4) =0.3+0.2+0.4 = 0.4.

Definition 32 (Adjoint of fuzzy matrix). [33] The adjoint of a fuzzy square matrix is denoted by Adj A and
defined as, Adj A = [|Aij|Jmxm, where |Aij| is a determinant obtained by deleting ith row and jth column of
matrix A.

Kim and Roush [32] conducted a study on the canonical form of an idempo- tent matrix in the years 1980.
In a related context, Hashimoto [27] investigated the canonical form of a transitive matrix in the year
1983.

Theorem 10. [27] If R is idempotent fuzzy matrix (transitive, strongly transitive), then there exist a
permutation matrix P such that the matrix T = [t;] = P R P’ satisfies t;; > tj, for i > j.

In the above matrix, T is referred to as the canonical form of an idempotent fuzzy matrix (transitive,
strongly transitive).

Xin [57] studied the controllable fuzzy matrix as below:

Definition 33. [57] [Controllable Fuzzy Matrix] A fuzzy matrix R is said to be controllable from below
(above), if there exist a permutation matrix P such that

T= [tij] =P R P’ satisfies tj > tji (tij < tji) fori> j-

A fuzzy matrix R = [rj] is said to be controlled from below (above), if rij > 1ji (13 < 1) fori > j.

Intuitionistic fuzzy matrix deals with both membership and non membership value. Atanassov [6] has
first introduced the concept of intuitionistic fuzzy matrix which is the extension of fuzzy matrix.
Definition 34 (Intuitionistic Fuzzy Matrix). [43] Let A = [a;]m n and B = [bj]mx be two fuzzy matrices
such that aj; + b; < 1 for every i < m and j < n. The pair (A, B) is called intuitionistic fuzzy matrix.
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and B = [b;] be two fuzzy matrices such that

n=nrn

Example 8. Let A = [a;],.,
« oo
! :,f j.=‘{, by = 0 "f"=j then intuitionistic fuzzy matrix { A, B) =
0 ifif=j 1 ifi j
" {1,0) 0,1). (0,1
(01} £,0) . (O
P . . . s
(0,1) (0,1) ..
{ 1,0)

a-f-f =

n=n

5. Fuzzy Zero Divisor

In this section, various methodologies for defining fuzzy zero divisors are examined. The introduction of
the concept of fuzzy zero divisors for rings was initially put forth by Ray [47] in 2004. Ray also introduced
the notions of fuzzy characteristics and fuzzy unit within the ring, extending the idea of fuzzy order for
group elements introduced by Kim [34].

Definition 35 (Fuzzy order of element of group). [34] Let p be a fuzzy subgroup € of G. For a given x [0,
1], if there exists a smallest positive integer n such that p (x") = u (e), then x has a fuzzy order of n with
respect to W If no such n exists, x is of infinite order with respect to p.

For any x, y € G, let the fuzzy order of elements x and y be denoted by FOu(x) and FOp(y), respectively. If
0(x) and O(y) are the orders of elements x and y in the group G, respectively, then O(x) = O(y) does not
imply that FOpu(x) = FOu(y), as shown in the following example.

Example 9. (et G = l a b | a*=b*=(ab) =e " be Klein four group. Define pu :

G — [0, 1] such that pule) = ulab) = to, pla) = pu(b) = t1 with to > 1. Then

O (a) = O(ab) = 2 and FOu(a) = 2, FOu (ab) = 1.

Definition 36 (Fuzzy Characteristics of Ring). [47] Let | be a fuzzy subring of a ring R. If n(mx) = 1n(0) for
all x in R and the smallest positive integer m, then m is said to be the fuzzy characteristic of the ring R
with respect to 1. If m = 0 is the only integer such that n(mx) = n(0) for all x in R, then the fuzzy
characteristic of ring R is 0 (or infinity).

Example 10. Let n) be a fuzzy subring of Ze defined by

0.9 if x € {0,3},

0.2 otherwise.

Thenn (3x) =1 (0) for all x Zs . Hence, Z¢ has a fuzzy characteristic of 3.

In general, the fuzzy characteristic is not necessarily equal to the ring characteristic. However, if the set x
R1(x) =n(0) = 0, then FCn(R) is equal to the characteristic of the ring R.

Theorem 11. [47] If 1 is a fuzzy ideal and e is the identity of ring R, then FCn(R) = FOn(e).

Definition 37. [47] [Fuzzy Zero Divisor] Let n be a fuzzy subring of R, and let a, b &
R. If nlab) = n(0) and n(a) # n(0), nib) = n(0), then a is referred to as the left fuzzy
divisor of b, and b is referred to as the right fuzzy divisor of a with respect to n.

If {x€ R ff(x)=n(0) =}0 tHeh the fuzzy zero divisors with respect to n are
equal to zero divisors of ring.
Theorem 12. [47] let n be a fuzzy ideal of a ring R, and let a, b € R. If n has no fuzzy
zero divisors with respect to n and nla) = n(0), nfb) = n(0), then FO.(a)= FO,(b)
in the additive group of R.
Theorem 13. [47] Let n be a fuzzy ideal of a ring R with no fuzzy zero divisors with
respect to n and FC, (R) = 0. If n (a) n (0) for some a € R, then FC, (R) is prime
number.
Corollary 1. [47] Let n be a fuzzy ideal of the ring R with no fuzzy zero divisors
with respect to n then FC, (R) = 0 if and only if FO, (a) is infinite for every a € R
with n (a) = n (0). Otherwise FC, (R) and FO, (a) is prime p for every a € R with
n (a) = (0).
Definition 38 (Fuzzy Unit of Ring). [47] Suppose i be a fuzzy subring of R with
identity 1 such that O/= n (1) n(0) . An element o € R with n (a)/= n (0) is said to
be fuzzy unit of R denoted by FU,; (R) if there exist b € R with n (b)y= n (0) such that
n (ab) = n (ba) = n (1).
Example 11. [et n be a subring of Zs defined by

n(x) =

661 Dinesh Kute et al 652-670



Journal of Computational Analysis and Applications VOL. 33, NO. 8, 2024

1 if x € {0, 2, 4},

0.5 otherwise.
Thus, the element 3 € Zs with nn (3)/= n (0), is a fuzzy unit of Zs, as there exist an
element 5 € Zs such that n(3-5)=n(5-3) =n(15) =n(3) =n(1).
Definition 39. [42] Let ns and nu be fuzzy subsets of the sets G and H respectively,
then the product of ns and ny, denoted by ns x ny and defined by

n(x) =

(ne % nu) (x, y) = min{ne (x), nu (x)}

forall x€ G and y € H.
Theorem 14. [47] If nr and ns are fuzzy subrings of the rings R and S, respectively,

then
( _ )
FChuxne (R*5)= 0 if FChr(R) =0 and FCys(S) =0,
‘ p if FCp (R)/= 0 and FCps (S)/= O,

where p = lcm {FCq, FCys}.

Pu and Liu [44] introduced the concept of fuzzy points. Building upon this idea,
Melliani [41] proposed the fuzzy ring (F, (R) , +,% using the notion of fuzzy points,
where n represents a fuzzy subring of R. Subsequently, Melliani presented the notion
of zero divisors within this fuzzy ring (F; (R) , +x), termed fuzzy zero divisors.
Additionally, he introduced the concept of an integral ring within this framework.

Definition 40 (Fuzzy Point). [44] Let A be a non empty set. For x € Aand a € (0, 1],
define x, : A — [0, 1] such that
( if
a ifx=y,
X (V) = _

0 ifx w
Then, x« is called a fuzzy point(singleton).
Definition 41. [44] The fuzzy point x. is said to be contained in a fuzzy set n or

belongs to n, denoted by x. € iff n (x) =a. Generally, every fuzzy set n can be
expressed as the union of all fuzzy points belonging to n.

By the principal extension of Zadeh, we have
Xt + Vs = (X + V)ips,

Xt.¥s = (X V) e
The set of all fuzzy points of n of ring R is denoted by F, (R) and defined as

Fo(R)={xa |n(x)za,x€ER ac(0,1]}.

662 Dinesh Kute et al 652-670



Journal of Computational Analysis and Applications VOL. 33, NO. 8, 2024

Theorem 15. [41] Let n be a fuzzy subset of R, then n is a fuzzy subring of R if and
only if n: is a subring of R for each & [0, n(0}].

Theorem 16. [41] Let i be a fuzzy subset of R. Then n is a fuzzy subring of R if and
only if, for each point x, v. € n, we have x; — y: € n and x.y: € n.

Theorem 17. [41] Let R ring with unity. If n is subring of R then (F, (R}, +, <) is
ring.

Proof. Let xs, yi, zu € Fq (R).

(i) Closure: As x. + y; = (x + ¥).», = F, (R) is closed under addition.
(ii) Associativity:

Xs+ (Ve +2Zu) = Xs +(V + Z) 0,
(x+(y+ z)}sﬂ{tﬂu}
((x+y)+ z}{snt:lﬂu
(X +V)one + Zu
(% + ye) + 2,

(iii) Additive identity:
As n(0) = n (1) =5 then 0. € F, (R).

{iv) Additive inverse:
For any x; € F; (R), we have n(-x) =2 n(x) = t then -x; € F, (R) and x; - x; =
(x — x), = 0.

Hence F, (R) is additive abelian group. Also, x..y: = (x.y).A, € F, (R). Hence F, (R)
is closed under multiplication. We have

Xs. (Ve 2Zu) = Xs(V-Z) g
(. {}"z:':'sn{rnu}
((x.y) -z:'{snrjnu

(2. V) cnp-Zu
(%s-¥t) .z

Thus F, (R) is associative under multiplication.
and
M. {.Vr + zu} = {X {y + z}]EA[sﬂu}
(x.y + X.2Z) i pcnu
(. ¥ )ens + (X.2Z)nn
Hence multiplication is distributive with respect to addition. Hence F,; (R) is ring.

Theorem 18. [41] Let R be a commutative ring with unity. Let n and v be two fuzzy
subrings of R such that n < v. Then F, (R) is a subring of F. (R).
Definition 42 (Fuzzy Zero Divisor of ring Fq (R)). [41]
Llet a.( 0O:) € F,(R). Then a: is called fuzzy zero divisor if there exist b.{ 0.) €
Fq(R) such that aibs = Ogas.
Definition 43 (Integral Ring). [41] Ring F, (R) is said to be an integral ring if it
has no zero divisors.
Theorem 19. [41] F; (R) is integral ring iff R is an integral domain.

Ayub [7] presented an additional approach to fuzzy zero divisors, and subsequently,
the concept of a fuzzy integral domain is explored.
Definition 44 (Fuzzy Zero Divisor). [7] Let n be a fuzzy subring of R. A non zero
and non unit element a is called fuzzy zero divisor over n if there exist non zero and
non unit element b such that n(ab) = n (0).
Example 12. Let n be a fuzzy subring of Z defined by

0.7 ifx=2Z,

x) =
n () 0.2 otherwise.
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Then, {2x | x € Z}is the set of fuzzy zero divisors of Z.
Example 13. Ifn is a fuzzy subring of R, then every zero divisor of R is a fuzzy zero
divisor over n. However, the converse is not valid (refer Example 12) .

Definition 45 (Fuzzy Integral Domain). [7] Let R be an integral domain, and n is a
fuzzy subring of R. Then n is called the fuzzy integral domain of R if there is no fuzzy
zero divisor over n. The set of all fuzzy integral domains of R is denoted by FID (R).

From now, R is assumed to be an integral domain. R* denotes the set of all units

of R.Alson- =k BEn(x)=n(0). }
Theorem 20. [7] Let n be a fuzzy subring of R. Then the following conditions are
equivalent

(i) n € FID (R).
{ii) n(x)/= n(0) for all non zero and non unit x € R.
fiii) n. € {0} U R".
Example 14. Let n : QQ[x] — [0, 1] be a fuzzy subring of () [x] such that

1 ifxE€Z,

n ) = 0.5 ifxgZ.

Clearly, n is a fuzzy subring of Q) and nc P }Q* [x]. Therefore, n is a fuzzy integral
domain of ().

6. Applications

A fuzzy set proves to be a valuable tool in decision-making processes. Sun [22] introduced a multi-level
comprehensive fuzzy evaluation function that analyzes envi- ronmental issues, management skills, and
economic benefits along with biophysical suitability. This function aids in making informed
recommendations for land usage. The practical applications of fuzzy set theory extend into the medical
field. Sanchez [51] developed a diagnostic model using a fuzzy matrix, which encapsulates medi- cal
knowledge regarding symptoms and diseases. Meenakshi [40] further expanded on Sanchez’s approach
by presenting a theory of interval-valued fuzzy matrices, providing an extension to medical diagnosis
methods. Meenakshi also introduced the arithmetic mean matrix of an interval-valued fuzzy matrix and
directly applied Sanchez’s med- ical diagnosis method to it. Kavitha [29] introduced the concept of a
circulant fuzzy matrix and demonstrated its application in animal disease diagnosis.

The concept of a fuzzy zero divisor can be used to define a fuzzy zero divisor graph. Kuppan [36] initiated
the study of fuzzy zero divisor graphs, which have various appli- cations in graph theory. One significant
application is in pharmaceutical chemistry, where the challenge lies in providing a mathematical
graphical representation for a set of chemical compounds such that distinct representations correspond
to distinct com- pounds. Additionally, in computer networks, the structure of fuzzy zero divisor graphs
can be applied, representing servers, hubs, and nodes as vertices and connections as edges. Moreover,
fuzzy zero divisor graphs have potential applications in navigation, robotics, and coding theory.

This section presents a comprehensive examination of two case studies, centered on medical diagnosis
and agricultural analysis. The initial study, conducted by Beaula [12], introduces an algorithm designed
for medical diagnosis. Subsequently, the second case study elaborates on the practical implementation of
(, Q) fuzzy ideals. This approach aids in the selection of effective symptoms and streamlines the diagnosis
of diseases [31].

6.1 Case Study 1

Fuzzy algebra finds significant applications in the field of medicine, particularly in diagnostic models.
Sanchez [52] pioneered the use of fuzzy matrices to represent medical knowledge relating symptoms to
diseases. Building on this work, Meenakshi and Kali- raja [40] further developed the approach by
introducing interval-valued fuzzy matrices. In 2010, Cagman et al. [14] introduced fuzzy soft matrix
theory and its application in decision making.

This section presents a case study by Beaula [12] that illustrates the practical application of fuzzy
matrices in medical diagnosis.
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Definition 46 (Fuzzy Composition). [12] Let A = [aij]
fuzzy matrices of ordernn n. Then the sup+ composition is defined as, A’ B =
supifA(x, y) B (x,y) }

Definition 47 (Relativity Function). [12] A relativity function between variables u
and v € X, denoted by g * , is defined as:

and B = [bij] be the

n=r 1 r

g u  _ nelu)-ny(v)
v max {n. (u), nu (v)}
where n.{u) and n.v) are membership functions mapping from u to v and v to u,

respectively.

6.1.1 Procedure of medical diagnosis under a fuzzy environment
Let 5 denote the set of symptoms associated with certain diseases, D represent the
set of diseases, and P the set of patients.

Begin by considering the patient-symptom fuzzy matrix A.

Mext, consider the symptom-disease fuzzy matrix B.

Compute € = A’ - B, where ¢ represents the sup i-composition operation.

Find the complement fuzzy matrices A° and BF for A and B, respectively.
Calculate D =A“ - B° and M = C - D, using — for the min operator and = for

the sup i—-composition operation. . .
Determine the relative values and construct the comparison matrix R = [ry],, .., =

q AR WNE

x.
g . 4=1,2,...n
7. ldentify the maximum wvalue in each row of the R matrix for ranking purposes,
providing the solution to the problem at hand.
6.1.2 Illustrative Example
Let P = {Pv P2, Pz} be the set of patients with symptoms § =
{High Temp. (s1), Headache (s:), Cough (s3)}, and possible diseases related to these

symptoms D = {Dengue (d,), Viral Fever (d:), Malaria (ds)}.

1. Consider the patient-symptom fuzzy matrix:

d4 d d3'l'
5, 05 086 047

A= s; 0.2 0.7 0.3
53 0.6 04 0.7

2. Consider the symptom-disease fuzzy matrix:

51 52 Ss'

p1 04 02 07°

B= p, 03 06 09
p: 07 05 0.8

3. Compute C=A’+ B, where ¢ is sup i- composition:

dh d- da'

p1 03 04 05°

C= p 02 04 0.6
p: 05 04 06
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S1 S2 53 v
c pr 05 04 0.6°
4. The complement of fuzzy matrices A and Bare: A = p, 08 03 0.7,

ps 0.4 06 0.3

di d» ds,
s; 0.6 0.8 03~

B = s, 0.7 04 0.1
s3 0.3 0.5 0.2

5. Compute D = A+ B¢

di  d» ds

p. 03 04 02°
D= p, 0.5 0.6 0.2
ps 0.4 03 01

d, d> ds

pp. 0.3 0.4 0.2

andM =C-D= p, 02 04 0.2

pz: 04 03 0.1

6. Calculate relative values g /& for all i,

!

g g1 _ d - d _ 0.3-0.3 _
d max {na, (P1), Np, (d1)} max {0.3, 0.3}
Similarly we can calculate, g ;& =0.5,g 7+ =-05,g § =-05,g &, =
0,g 2 =-06,g % =059 2, =03andg 2, =0.
0 05 -0.5° 0.5°

Hence, R = and the maximum *" row is
> o5 BO s

7. Therefore, it can be concluded that patient P, is highly susceptible to Viral Fever,
patient P. is affected by Viral Fever, and patient P: is likely affected by Dengue.

6.2 Case Study 2
The theory of E,8 fuzzy ideals is employed in the domain of medical diagnosis
systems. This section details the practical application oE(€ W) fuzzy ideals for the
purpose of selecting effective symptoms and facilitating the diagnosis of diseases [31].
The conclusions drawn from the analysis of 15 cases are summarized to underscore
the robustness and effectiveness of the application in medical diagnostics.
Definition 48. In the defined operations, where a v b denotes the supremum (least
upper bound) and a A b denotes the infimum (greatest lower bound), a partially ordered
set {poset) (L; <) is termed a lattice if, for any elements a and b in L, both aVv b and
a A b exist within the set L.
Definition 49. A fuzzy subset 1 is said to be an (€, € vVg) fuzzy ideal of X if and
only if the following conditions are hold for all x, y € X.

(i) pixAy) = p(x)Ap(y)no.5
(ii) p(xvy) = p(x) Ap(y) A0.5
(iii) x A" a = x implies u(x) = p{a) A0.5 for all a € X.

A sixty-year-old male patient presenting with a complaint of burning micturation,
the doctor considered potential underlying conditions, including Urinary Tract Infec-
tion (UTI) (P1), Renal Stone (P2), and Diabetes (P3). To confirm the diagnosis, the
doctor recommended a comprehensive evaluation through blood tests, urine analy-
sis, and an abdominal ultrasound (USG). Subsequently, the obtained reports were
subjected to a process of fuzzification for further analysis and interpretation.
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Marmal T T2 Tz A1 Az Az
SM. [ Test Walues Values A ey | e | e | Y e | e | mien
1 Haemoglebin [gm %] B.50 13-15 0.81 0.2 i) 0.1 D81 0.5 0.5 0.5
2 ESE mm 34 o-14 077 | 0.2 ol 0.2 037 0.5 0.5 0.5
3 Urea (mg/dl) 2750 20-40 [ 0 0 0 05 05 05 05
4 RBEL trr1b_.l"|.il:| 92 50 93-110 1} i} i) i) 0.5 0.5 0.5 0.5
5 Calaum (mg %) 7659 9-10.4 0.33 0.1 o 0.1 05 0.5 0.5 0.5
B Urine(R) protiens Trace Trace/Absent 1] 1] 1] 1] 0.5 0.5 0.5 0.5
7 Urine culturea Abnormal® Marmalfabnarmal 1 1 o o 1 1 0.5 0.5
B UsSG abdamen Abnormal®® Marmalfabnarmal 1 0B o o 1 0B 0.5 0.5
* Abnormal due to organism
** Abnormal due to internal echoes
The fuzzy sets defined for various test values are given below,
ol if x <5 o0 if x <14
Al (x) = 1—3;" ifS=x<13, A2 (x) = % if 14 < x < 40,
1} . O .
ECI if x =13 1 if x =40
p0 if x =< 40 e 0 if x =110
Az (x) =4 "E’;G if 40 < x < 100, Aas(x) = 3 "‘_;lum if 110 < x < 200,
. if x = 100 1 if x =200
ol if x <5 1 if absent
if absen
_ 9_ .
As(x)= =5 ifS5<x<9,As(x)= 0 it g’
. if trace
"o ifx>9
1 if abnormal 1 if abnormal
A7 (x) = . ,As (x) = _
0 if normal 0 if normal

The values (t: (P)));fori=1to 3 and j = 1 to 8 represent the grade membership
values provided by experts. These values indicate the degree to which the test is
deemed useful in identifying diseases, as assessed by experts relying on their knowledge
and experience.

Define fuzzy sets w (A (x)) = A; (x) v0.5 and A w(P)); = t(Pi); Vv 0.5 for all x
andji=1to 3 and{ =1 to 8. Clearly 4 and A are (€, € Vg) -fuzzy ideals of X. Hence

pnAis (€ € vg) -fuzzy ideals of X.
Definey (P) =, u(A)AA(P) foralli=1to3andj=1to 8 Thus
P W

i i i=1 i iodg
b1 (P1) =1, y2(P:) = 0.1 and y3 (P3) = 0.2.

Hence, the analysis indicates that urinary tract infection (UTI) has the highest
grade of membership, leading to the conclusion that the patient is indeed experiencing
a urinary tract infection. This finding aligns with the medical opinion provided by the

doctor.

7. Limitation of study

This study faces limitations due to the absence of a standardized process for the fuzzification of algebraic
structures. These limitations encompass several challenges associated with the process of fuzzification:

1. Complexity of transition: Converting crisp concepts into fuzzy ones while pre- serving their essential
properties poses a significant challenge. This complexity stems from the necessity to maintain the core
characteristics of the original concept while adapting it to a fuzzy framework.

2. Preservation of meaning: Fuzzifying a concept from a classical set to a fuzzy set without altering its
meaning in the classical set is a difficult task.

3. Computational complexity: The fuzzification process often involves intricate computations,
potentially impacting the scalability and efficiency of fuzzy systems. Managing this computational
complexity is crucial to ensure the practicality and usability of fuzzy algebraic techniques.

4. Loss of precision: Fuzzification entails approximating crisp concepts with fuzzy ones, leading to a loss
of precision. This loss of precision can affect the accuracy of computations and the reliability of results
obtained using fuzzy algebraic structures.
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5. Limited theoretical framework: The theoretical framework for fuzzy algebraic structures is still
under development. This limited theoretical foundation can make it challenging to rigorously analyze and
prove properties of fuzzy algebraic structures.

Addressing these limitations involves ongoing research and development efforts aimed at refining fuzzy
algebraic techniques, enhancing computational methods, and establishing standardized approaches to
ensure consistency and reliability in fuzzy systems.

8. Conclusion and Future Scope

A comprehensive study was conducted by analyzing research papers published in reputable journals
from 1965 to 2024, focusing on the structures and applications of fuzzy subrings, fuzzy zero divisors,
fuzzy polynomials, and fuzzy matrices. The examination of these papers provided valuable insights into
the evolution of these concepts and their current state in research, contributing to a deeper
understanding of fuzzy sets’ role in ring theory.

The analysis revealed various approaches for defining and studying fuzzy subrings, fuzzy zero divisors,
fuzzy polynomials, and fuzzy matrices, highlighting the complexity and challenges involved in fuzzifying
algebraic structures. The study emphasized the need for standardized processes in fuzzification to ensure
consistency and reliability in fuzzy systems.

Furthermore, the research highlighted the practical applications of fuzzy sub- rings/ideals and fuzzy
matrices in agriculture and the medical field. These applications demonstrate the potential impact of
fuzzy algebraic techniques in real-world scenarios, opening up new avenues for research and
development in these fields.

In conclusion, this survey offers valuable insights into recent advances in the study of fuzzy algebraic
structures and their practical applications. The findings have the potential to enrich the exploration of
fuzzification in the algebraic properties of rings, particularly in areas related to zero divisors. These areas
include the analysis of zero divisor graphs, the study of annihilator properties of rings, the investigation
of Baer rings, principal projective rings, and projective socle rings, as well as the develop- ment of error-
correcting codes in coding theory. By refining fuzzy algebraic techniques, improving computational
methods, and establishing standardized approaches for fuzzification, future research holds promise for
further advancing the field and expanding its practical applications.

This study lays the groundwork for future research in fuzzy algebra and its applications, providing a
foundation for exploring new theoretical frameworks and practical implementations in diverse fields.
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