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Abstract. Let f: X — ) be a mapping from an orthogonality space (X, L) into a real Banach space
(Y, ]l - ). Using fixed point method, we prove the Hyers-Ulam stability of the orthogonally quadratic
functional inequality

b)) =57

H(EY) 1@t | < e (01)

for all z,y,z € X with z Ly, z1z and ylz.
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1. INTRODUCTION AND PRELIMINARIES

Studying functional equations by focusing on their approximate and exact solutions conduces to one
of the most substantial significant study brunches in functional equations, what we call “the theory of
stability of functional equations”. This theory specifically analyzes relationships between approximate
and exact solutions of functional equations. Actually a functional equation is considered to be stable
if one can find an exact solution for any approximate solution of that certain functional equation.
Another related and close term in this area is superstability, which has a similar nature and concept to
the stability problem. As a matter of fact, superstability for a given functional equation occurs when
any approximate solution is an exact solution too. In such this situation the functional equation is
called superstable.

In 1940, the most preliminary form of stability problems was proposed by Ulam [58]. He gave a
talk and asked the following: “when and under what conditions does an exact solution of a functional
equation near an approximately solution of that exist?”

In 1941, this question that today is considered as the source of the stability theory, was formulated
and solved by Hyers [26] for the Cauchy’s functional equation in Banach spaces. Then the result
of Hyers was generalized by Aoki [1] for additive mappings and by Rassias [47] for linear mappings
by considering the unbounded Cauchy difference ||f(z + y) — f(z) — f(W)] < e(|z||? + |ly|?), (e >
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0,p € [0,1)). In 1994, Gavruta [23] provided a further generalization of Rassias’ theorem in which he
replaced the unbounded Cauchy difference by the general control function p(z,y) for the existence of
a unique linear mapping. The first author treating the stability of the quadratic functional equation
flx+y)+ f(x —y) =2f(x) + 2f(y) was Skof [55] by proving that if f is a mapping from a normed
space X into a Banach space ) satisfying ||f(:c +y)+ flz—y) —2f(x) — 2f(y)|| < g, for some
€ > 0, then there is a unique quadratic mapping g : X — ) such that Hf(a?) - g(:C)H < 5. Cholewa
[13] extended the Skof’s theorem by replacing X by an abelian group G. The Skof’s result was later
generalized by Czerwik [14] in the spirit of Ulam-Hyers-Rassias. For more epochal information and
various aspects about the stability of functional equations theory, we refer the reader to the monographs
([6, 11, 12, 15, 16, 20, 27, 30, 41, 42, 43, 46], [48]-[51], [54]), which also include many interesting results
concerning the stability of different functional equations in many various spaces.

Assume that (X, (-,-)) is a real inner product space with the usual Hilbert norm || - | = (-,-)=.

Moreover, consider the orthogonal Cauchy functional equation

fx+y) = f(=)+ f(y), rly

in which L is an abstract orthogonality relation. By the Pythagorean theorem, f : X — R defined by
f(x) = ||z||*> = (=, x) is a solution of the conditional equation. Of course, this function does not satisfy
the additivity equation everywhere. Thus orthogonally Cauchy functional equation is not equivalent
to the classic Cauchy equation on the whole inner product space (X, (-, -)).

Pinsker [44] characterized orthogonally additive functionals on an inner product space when the
orthogonality is the ordinary one in such spaces. Sundaresan [56] generalized this result to arbitrary
Banach spaces equipped with the Birkhoff-James orthogonality. The orthogonal Cauchy functional
equation was first investigated by Gudder and Strawther [25]. They defined L by a system consisting
of five axioms and described the general semi-continuous real-valued solution of conditional Cauchy
functional equation. In 1985, Rétz [52] introduced his new definition of orthogonality by using more
restrictive axioms than of Gudder and Strawther. Furthermore, he investigated the structure of or-
thogonally additive mappings. Rétz and Szabé [53] investigated the problem in a rather more general
framework.

We now recall the concept of orthogonality space in the sense of Rétz [52], and then proceed it to

prove our results for the orthogonally functional inequality (0.1).

Definition 1.1. Suppose X is a real vector space with dim X > 2 and L is a binary relation on X
with the following properties:

(Oq) totality of L for zero: 10, 0Lx for all x € X;

(Os) independence: if z,y € X — 0, x Ly, then z,y are linearly independent;

(O3) homogeneity: if z,y € X, x Ly, then ax LBy for all o, 8 € R;

(O,4) the Thalesian property: if P is a 2-dimensional subspace of X', x € P and A € Ry, which is
the set of nonnegative real numbers, then there exists yo € P such that z Ly, and x + yo LAz — yo.

The pair (X, L) is called an orthogonality space and it becomes an orthogonality normed space

when the orthogonality space equipped with a normed structure.

141 Farhadabadi 140-150



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Quadratic functional inequality in orthogonality spaces 3

Some interesting examples are

(i) The trivial orthogonality on a vector space X’ defined by (1), and for non-zero elements z,y € X,
xly if and only if z,y are linearly independent.

(ii) The ordinary orthogonality on an inner product space (X, (,-)) given by zLly if and only if
(z,y) = 0.

(iii) The Birkhoff-James orthogonality on a normed space (X, || - ||) defined by zLy if and only if
||a: + )\yH > ||asH for all A € R.

The relation L is called symmetric if 1y implies that ylz for all x,y € X. Clearly examples
(i) and (ii) are symmetric but example (iii) is not. It is remarkable to note, however, that a real
normed space of dimension greater than 2 is an inner product space if and only if the Birkhoff-James
orthogonality is symmetric. There are several orthogonality notions on a real normed space such as
Birkhoff-James, Boussouis, Singer, Carlsson, unitary-Boussouis, Roberts, Phythagorean, isosceles and
Diminnie (see [3]-[5], [10, 18, 29]).

Ger and Sikorska [24] investigated the orthogonal stability of the Cauchy functional equation f(x+
y) = f(z) + f(y), namely, they showed that if f is a mapping from an orthogonality space X into a
real Banach space Y and ||f(z+y) — f(x) — f(y)|| <e, for all ,y € X with zLy and some £ > 0, then
there exists exactly one orthogonally additive mapping g : X — Y such that || f(z) — g(z)| < e, for
allz € .

Consider the classic quadratic functional equation f(x +y) + f(z —y) = 2f(z) + 2f(y) on the real
inner product space (X, (-,-)). Then the important parallelogram identity

lz+ylI* + llz = ylI* = 2l|zl* + [ly]”

which holds entirely in a square norm on an inner product space, shows that f : X — R defined by
f(x) = ||z]|> = {x,z), is a solution for the quadratic functional equation on the whole inner product
space X, (particularly in where z_Ly).

The orthogonally quadratic functional equation

fl@+y)+ flz—y) =2f(x) +2f(y), zly

was first investigated by Vajzovié¢ [59] when X is a Hilbert space, ) is the scalar field, f is continuous
and L means the Hilbert space orthogonality. Later, Drljevié¢ [19], Fochi [22], Moslehian [34, 35] and
Szabé [57] generalized the Vajzovié’s results. See also [36, 37, 40].

The following quadratic 3-variables functional equation

) () () (57
= f(x)+ fy) + f(2) (1.1)

has been introduced and solved by S. Farhadabadi, J. Lee and C. Park on vector spaces in [21]. It

has been also shown that the functional equation (1.1) is equivalent to the classic quadratic functional
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equation in vector spaces. In any inner product space (X, (-, -)), it is easy to verify that

r+y+z r+y+=z rT—Y—2 T—Y—=2 Y—r—2 Yy—Tr—=z
() () ()
H(EEE I )+ () + ()

for all z,y,z € X. For this obvious reason, similar to the classic quadratic functional equation, the

mapping f(z) = (z,z) can also be a solution for the 3-variables equation (1.1) on the whole inner
product space X (particularly, for the case x Ly, y 12z and x1z2).

Fixed point theory has a basic role in applications of many considerable branches in mathematics
specially in stability problems. In 1996, Isac and Rassias [28] were the first to provide applications of
stability theory of functional equations for the proof of new fixed point theorems with applications.
In view of the fact that, we will use methods related to fixed point theory, we give briefly some useful

information, a definition and a fundamental result in fixed point theory.

Definition 1.2. Let X be a set. A function d : X x X — [0, 00] is called a generalized metric on X
if d satisfies

(1) d(z,y) = 0 if and only if z = y;

(2) d(z,y) = d(y,z) for all z,y € X;

(3) d(z, z) < d(z,y) + d(y, z) for all z,y,z € X.

Theorem 1.3. ([7, 17]) Let (X,d) be a complete generalized metric space and let J : X — X be a

strictly contractive mapping with Lipschitz constant o < 1. Then for each given element x € X, either
d(J"x, T ) = oo

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"z, T ) < 0o, Vn > ng;
(2) the sequence {J™x} converges to a fized point y* of J;
(3) y* is the umque fized point of T in the set Y ={y € X | d(T™°z,y) < cc};
(4) dy,y*) < 1=5d(y, Ty) for ally € Y.

In 2003, Cddariu and Radu [7, 8, 45] exerted the above definition and fixed point theorem to prove
some stability problems for the Jensen and Cauchy functional equations. During the last decade, by
applying fixed point methods, stability problems of several functional equations have been extensively
investigated by a number of authors (see [2, 8, 9, 31, 33, 38, 39, 45]).

Throughout this paper, (X, 1) is an orthogonality space and (), | - ||) is a real Banach space.

2. SOLUTION AND HYERS-ULAM STABILITY OF THE FUNCTIONAL INEQUALITY (0.1)

In this section, we first solve the orthogonally quadratic functional inequality (0.1) by proving an
orthogonal superstability proposition, and then we prove its Hyers-Ulam stability in orthogonality

spaces.
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Definition 2.1. A mapping f: X — ) is called an (exact) orthogonally quadratic mapping if
fl@+y)+ fle—y) = flx)+ f(y) (2.1)

for all x,y € X, with z_Ly. And it is called an approximate orthogonally quadratic mapping if

) () (5)

H(EY) -0 | < e (2:2)
for all z,y,z € X with xly,ylz and xlz.

Proposition 2.2. Fach approximate orthogonally quadratic mapping in the form of (2.2) is also an

(exact) orthogonally quadratic mapping satisfying (2.1).

Proof. Assume that f: X — ) is an approximate orthogonally quadratic mapping satisfying (2.2).
Since 0.L0, letting x =y = z = 0 in (2.2), we have
127 < |70 =

and so f(0) = 0.
Since (z + y) L0 for all x,y € X, replacing z,y and z by « + y,0 and 0 in (2.2), respectively, we

conclude that

[2r(52) +21(Z52) - s6e 4| < @) =0

which implies

P + (T = St (23)

for all z,y € X (particularly, with x_Ly).
Replacing y by —y in the above equality, we get
) () = g 24
(58 +1(555) = 5/ - (2.4)

for all z,y € X (particularly, with z_Ly).

Since z L0 for all x € X, letting z = 0 in (2.2), we obtain

(5215 + 1 (07) + 1 (=)

1)~ 1) |

15+ (5 () (S
for all x,y € X with x Ly.

It follows from (2.3), (2.4) and (2.5) that

1 1
flaty)+5f@—y)=flz)+ fy)
for all x,y € X with x_Ly, which is the equation (2.1). Hence f : X — ) is an (exact) orthogonally

IN

£ =0

and so

%) = f@) +f) (2:5)

quadratic mapping. O
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Theorem 2.3. Let ¢ : X3 — [0,00) be a function such that ¢(0,0,0) = 0 and there exists an o < 1
with
Ty z
Ly 2) <4 (7,7,7) 2.6

p(,y,2) Sdap (5,55 (2.6)

forallz,y,z € X, with x 1Ly, ylz and x1z. Let f : X — Y be an even mapping satisfying
x+y+z> (m—y—Z) (y—x—Z)

‘f< 2 AEAN EEA
z—xr—y

2

41 )~ 1)~ 1) | < 1) + o2 (2.7

forallx,y,z € X, withxly, ylz and x1z. Then there exists a unique orthogonally quadratic mapping
Q: X — Y such that

|£(z) - Q)] < —

<= aap(m, 0,0) (2.8)

forallx e X.

Proof. Consider the set S := {h : X — Y} and introduce the generalized metric on S:

d(g,h) = inf {u €R; : |lg(x) — h(z)| < pe(x,0,0), Vze X},

where, as usual, inf ) = +oo. It is easy to show that (S,d) is complete (see [32]).

Now we consider the linear mapping J : & — S such that
1
Tolw) = 1o(22)

forallge S and all x € X.
Since 0.L0, letting x =y = z =0 in (2.7), we have

2[[fO) < [|£0)[] +(0,0,0).
So f(0) =0.
Since 10 for all z € X, letting y = z = 0 in (2.7), we get H4f (%) - f(x)H < ¢(z,0,0) for all
x € X. Dividing both sides by 4, putting 2z instead of z and then using (2.6), we obtain

1 1
|77@0) - f@)| < 19(22,0,0) < ap(,0,0)
for all x € X, which clearly yields
AJf. f) < a. (2.9)

Let g,h € S be given such that d(g,h) = €. Then Hg(x) - h(ac)H < ep(x,0,0) for all x € X. Hence the
definition of J¢ and (2.6), result that

1

ng(ﬂj) - jh(:l))” - < 1590(258’ 070) < OzE(p(fE, 070)

4
for all x € X', which implies that d(Jg, Jh) < ae = ad(g, h) for all g,h € S.

Thus J is a strictly contractive mapping with Lipschitz constant o < 1.

‘1g(2x) - ih(Qx)

According to Theorem 1.3, there exists a mapping Q : X — ) satisfying the following:
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(1) Q is a fixed point of 7, i.e., 7Q = Q, and so
EQ(Z’E) = 9(x) (2.10)
for all x € X. The mapping Q is a unique fixed point of J in the set
M={geS:dg,[f)<oo}.
This signifies that Q is a unique mapping satisfying (2.10) such that there exists a p € (0, 00) satisfying
| f(z) — Q)| < pep(x,0,0)

for all x € X;
(2) d(J"f,Q) — 0 as n — oo. So, we conclude that

lim — f(2"z) = Q(x) (2.11)

for all x € X;
(3) d(f, Q) < 2=d(f, T f), which gives by (2.9) the inequality

d(f,Q) < —

This proves that the inequality (2.8) holds.

1—a

To end the proof we show that Q is an orthogonally quadratic mapping.
By (2.11), (2.7), (2.6) and the fact that o < 1,

Jo(=4 )+ o(E475) s o255 (=57

2 2 2 2
() - o)
= nILHgO 4% ’f(2"*1(x +y+2z2)+ 2" @ —y—2)

HE - 0) 5@ - y) - £(2) - £(2)
. 1 n
nlLII;O 4—”f(2 z)
<[[Q@)| + lim a"p(z,y,2)

=[le@)]|

< + nlirr;o 4%@(2"% 2"y, 2”2)

for all z,y,z € X, with z 1y, x1z and y1z. And, now applying Proposition 2.2, we obatin that Q is

an orthogonally quadratic mapping and the proof is complete. O

Theorem 2.4. Let ¢ : X3 — [0,00) be a function such that ¢(0,0,0) = 0 and there exists an o < 1
with

pla,y,2) < %@(2x,2y,2Z)
forallx,y,z € X, withxly,ylz and xLlz. Let f : X — Y be an even mapping satisfying (2.7). Then

there exists a unique orthogonally quadratic mapping Q : X — Y such that

[£) - Q)] < +=—(2,0,0) (212

forallx € X.
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Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.3.

Now we consider the linear mapping J : & — & such that

T
Jg(x) = 49(5)
for all z € X.

Similar to the proof of Theorem 2.3, from (2.7) one can get

|47 (5) - 1@)] < ¢(@.0.0)
for all € X, which means d(f, J7f) < 1.

We can also show that J is a strictly contractive mapping with Lipschitz constant « < 1. So by

applying Theorem 1.3 again, we have

a(f, Q) < 7d(fn7f)

- 1- -
which implies that the inequality (2.12) holds.

The rest of the proof is similar to the proof of the previous theorem. O

Corollary 2.5. Let X be a normed orthogonality space. Let § be a nonnegative real number and p # 2
be a positive real number. Let f : X — Y be an even mapping satisfying
x+y+z rT—y—z Yy—x—z z—r—y
=)+ 1 (=) () () - - 1w
< |7 + ol + iyl + 11217)

forallx,y,z € X, withxly, ylz and x1z. Then there exists a unique orthogonally quadratic mapping

Q: X — Y such that
2P

p
@)l < gl

/() -
forallz e X.
Proof. Define ¢(x,y, z) := 6(||z]|” + [|y||” + ||2]|") for all z,y,z € X.

First assume that 0 < p < 2.
Take o := 2P~2, Since p < 2, obviously o < 1. Hence there exists an o < 1 such that

o(x,y,z) = o(|lzl|” + lyll” + [1z]")
= 4a27P5(||lz]|” + lyl” + I1z]")
p p
= 4a6( z — )
Ty z
= 409(5.5.5)
@\ 2973

for all z,y,z € X (particularly, with x Ly, y 12 and xLz). The recent term allows to use Theorem 2.3.
So by applying Theorem 2.3, it follows from (2.8) that

1#(@) ~ Q)| < gyl
for all x € X.
For the case p > 2, taking o := 2277, and then applying Theorem 2.4, we similarly obtain the
desired result. 0
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