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NEUTROSOPHIC EXTENDED TRIPLET GROUPS AND
HOMOMORPHISMS IN C*-ALGEBRAS

JUNG RYE LEE, CHOONKIL PARK*, AND XIAOHONG ZHANG

ABSTRACT. Celik, Shalla and Olgun [2] defined neutro-homomorphisms in neutrosophic
extended triplet groups and Zhang et al. [8] investigated neutro-homomorphisms in
neutrosophic extended triplet groups.

In this note, we apply the results on neutro-homomorphisms in neutrosophic extended
triplet groups to investigate C*-algebra homomorphisms in unital C*-algebras.

1. INTRODUCTION AND PRELIMINARIES

As an extension of fuzzy sets and intuitionistic fuzzy sets, Smarandache [4] proposed
the new concept of neutrosophic sets.

Definition 1.1. ([5, 6]) Let N be a nonempty set together with a binary operation .
Then N is called a neutrosophic extended triplet set if, for any a € N, there exist a neutral
of a (denoted by neut(a)) and an opposite of a (denoted by anti(a)) such that neut(a)
€ N, anti(a) € N and

a*neut(a) = neut(a)*a = a,
axanti(a) = anti(a)* a = neut(a).
The triplet (a, neut(a), anti(a)) is called a neutrosophic extended triplet.

Note that, for a neutrosophic triplet set (N, %) and a € N, neut(a) and anti(a) may not
be unique.

Definition 1.2. ([5, 6]) Let (N, *) be a neutrosophic extended triplet set.

Then N is called a neutrosophic extended triplet group (NETG) if the following condi-
tions hold:

(1) (N, ) is well-defined, i.e., for any a,b € N, one has a xb € N;

(2) (N, x*) is associative, i.e., (a*b) xc = ax* (bx*c) for all a,b,c € N.

N is called a commutative neutrosophic extended triplet group if, for all a,b € N,
a*xb=>bxa.

Let A be a unital C*-algebra with multiplication operation e, unit e and unitary group
UA) ={uecA | vveu=ueu*=c}. Thenuev c U(A) and (uev)ew=ue(vew)
for all u,v,w € U(A) (see [3]). So (U(A), ) is an NETG.
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Proposition 1.3. ([7]) Let (N,*) be an NETG. Then
(1) neut(a) is unique for each a € N;
(2) neut(a) x neut(a)= neut(a) for each a € N.

Note that uee = c ey =wu for any u € (U(A),e). By Proposition 1.3, neut(u) = e for
each u € U(A).

Definition 1.4. ([7]) Let (N,*) be an NETG. Then N is called a weak commutative
neutrosophic extended triplet group (briefly, WCNETG) if a * neut(b) = neut(b) * a for
all a,b € N.

Since neut(v) = e for all v € U(A), u @ neut(v) = neut(v) e u for all u,v € U(A). So
(U(A),e) is a WCNETG.

2. NEUTROSOPHIC EXTENDED TRIPLET GROUPS AND C*-ALGEBRA HOMOMORPHISMS
IN UNITAL C*-ALGEBRAS

Definition 2.1. ([8]) Let (N,*) be a WCNETG. Then N is called a perfect NETG if
anti(neut(a))= neut(a) for all @ € N.

Since anti(e) = e and neut(u) = e for all u € U(A), anti(neut(u)) = neut(u) = e for all
u € U(A). Thus (U(A),e) is a perfect NETG.

Definition 2.2. ([1, 2]) Let (/Vq, %) and (Na, %) be neutrosophic extended triplet groups.
A mapping f : Ny — Nj is called a neutro-homomorphism if

flaxy) = f(z) = f(y)
for all z,y € Ny.

From now on, assume that A is a unital C*-algebra with multiplication operation e, unit
e and unitary group U(A) and that B is a unital C*-algebra with multiplication operation
e and unitary group U(B).

Definition 2.3. Let (U(A),e) and (U(B),e) be unitary groups of unital C*-algebras A
and B, respectively. A mapping h : U(A) — U(B) is called a neutro-x-homomorphism if

huev) = hu)eh(v)
h(u*) = h(u)*

for all u,v € U(A).

Theorem 2.4. Let A and B be unital C*-algebras. Let H : A — B be a C-linear mapping
and let h : (U(A),e) — (U(B),e) be a neutro-x-homomorphism. If H|ya)y = h, then
H: A— B is a C*-algebra homomorphism.
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Proof. Since H : A — B is C-linear and z,y € A are finite linear combinations of unitary
elements (see [3]), i.e., v =370 Nuy, y =30, i (Aj, i € C, uy,v; € U(A)),

Hiwoy) = H Ao (3 o)) = H D Apilus o)

j=1 i=1
= Z Z NipiH (uj e v;) = Z Z Ajpih(u; o v;)
j=1 i=1 g=1 i=1
= Z Z )\j,uzh(uj) [ ] h(vz) = Z Z )‘j:qu(uJ) hd H(UZ)
j=1 i=1 j=1 =1

= H(Z Ajuj) e H(Z pivi) = H(x) @ H(y)

for all x,y € A.
Since H : A — B is C-linear and each x € A is a finite linear combination of unitary
elements (see [3]), i.e., = Y70, Aju; (A € C, u; € U(A)),

H(z") = H((Z Au)*) = H(O  Ajus) = Z/\_]H(uj) = Nh(u)) = Z/\_h(u])
= > NH(uw) = (Z NH (u)) = H(O)  Auy)* = H(z)*

for all z € A. Thus the C-linear mapping H : A — B is a C*-algebra homomorphism. [J

3. CONCLUSIONS

In this note, we have studied unitary groups of unital C*-algbras as neutrosophic
extended triplet groups and have extended neutro-homomorphisms in neutrosophic ex-
tended triplet groups to neutro-x-homomorphisms in unitary groups of unital C*-algebras.
We have obtained C*-algebra homomorphisms in unital C*-algebras by using neutro-*-
homomorphisms in unitary groups of unital C*-algebras.
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