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ABSTRACT

In this paper, A newanalytic function A, subclass is introduced by this paper and
deriving the fourth Hankel determinantH,(1)bound for a new class.
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1. INTRODUCTION

Suppose we have a functions f with class Jwhere f is analytic function and attributed to open unit
discU = {z € C: |z| < 13}, which take the following form:

f(z)=z+a,z°+asz3+-,z €. (1.1)

Suppose we have a univalent function of J5,assumeais subclass of 5, let €is a analytic functions class
where its normalization by:

M(z) =14 v,2 +v,3% +v33% + -, (1.2)

and satisfy the inequality below

Re(M(3)) > 0,z € V.

Suppose we have two functions f and g where both are analytic in U.

Therfore, gis subordinate offunction f, which is given by

f(z) <g(),z€U , if the Schwarz function w(z)exists, with |uw(z)| <1 and w(0)=0
[seemore[21]], g(z) = f(w(3)),z € V.

In 2018 Cho et al. [9] had presented function class §; as follow:

;:{fo(—g)<1+sinz ,fEc/l,zEU},
We introduced the new class.

Definition (1.1) :Suppose that the function f € J& and be taking (1.1),which take the form of convex
function classA, :

A, = {fo(—g) < (1+sinz)e"® fe Bze€ U}. (1.3)

The q'” Hankel determinant had been stated by Noonan and Thomas [23] in 1976 where q > 1and
7 = lof functions f as given below:

a, Apy1 7 Aniq-1
Ap+1 Apt2 Ontq
Hq(/n) = : : . ) a,l =1.
Apt+g-1 An+q -+ Ani2q-2

In particular, we have

For q=2,n=1anda; =1, H,(1) = a3 — a?is the well — knownFekete — Szegé functional. H,(2)
known as second Hankel which is given byH, (2) = a,a, — a? for q = 2,7 = 2 , that had been stadied as
classes of bi- convex and bi-star like

functions( see more[1,2,4,5,10,12,15,16,25,31 ]).The third Hankel determinant is represented by:
a A as

a, az o,
a; a, as
where elements of the previous determinant are different classes of analytic functions which equivelent
[6,7,8,11,12,13,17,18,20,22,27,28,29,30,32,34]. The bound of third Hankle determinant for the univalent
starlike functions had been introduced by Islam et. Zaprawa et al. [33] .Fourth Hankel determinant

H?)(l): ;(q11=3.’n=1.
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H,(1)was studied by Arif et al. [3] . Many classes of functions with bounded functions turning are
connected to the sine functions and obtained upper bounds for the third and fourth order were
presented by Khan et al. [14] .
Supposef € o,a; = 1therefore
Hy(1) = {(apaq — af)az — (a4 — aza3)ay + (a3 — af)as}a,
—{(mas — azay)as —(as — aa)as + (a3 — ad)aglag
+{(azas — ap)az — (a5 — pay)as +
ay — ayastag + {(azas — af)as — (a5 — ayas)as + (a4 — aas)aglas —
{(azas — ad)ay — (a5 — azay)as + (@, — aa3) a6}y . (1.4)
The new concept on fourth Hankel determinant is represent the first original result .

Definition (1.2): Theexpression below represent the fourth Hankel determinant of a function f of the

form (1.1):

1 a a3 a4

a, «a

H,(1) = g; gi @ a.| = E1@r + Eate + Esas + Egay,

Ay Qs A A7
such that
1211 = layay — afllas| + lay — apasllay| + las — afllas].
22| = lapas — azayllas| + |las — apaqllag] + |as — aj||as).
1251 = lazas — aillas| + |las — aaullas| + |lay, — ayas|ag|
1Z4] = lazas — aZllag| + |layas — azaqllas| + |y — ayas]la).

2. Perliminaries

To prove the important results, we must follow Lemmas are needed.

Lemma(2.1)[ 19]:SupposeM(z) € B thus thereexists some z, Xtogether with|z| < 1, |x| < 1,such that
2u, =vi + X (4 —vd).

4uy = V3 + 20, X4 —v) - (4 —vHu X2+ 204 —vH(A - | XDz

Lemma(2.2) [26]:SupposeM(z) € ABThen

[uf + v + 2u05 — 3vfU, — | < 2,

[v7 + 3v,v5 + 3viu; — 4viv, — 20, — 20,05 +Ug| < 2,

[v8 + 6V203 + 4vivg + 2005 + 20,0, + V2 — V3 — Svtv, — 3viu, — 6V VU —vg| < 2,
v, | <2,n=123,..

Lemma (2.3) [24]:SupposeM(z) € 5 therefore

2 2

|vn+k _fvnvkl <2,0 SﬂS 1,
|Un+2k _fvnvlzl < 2(1 + 2#)

3. Main Results
Now we present the prove and statement to our theorems as a part of our work in this paper.
Theorem (3.1):Suppose thatf € A; and be taking(1.1),thus

lap] <2, laz] <1, |ay] < 0802288343, |as| < 0.968639472 , |ag| < % , ;] < 0.311130508.
3f &) _

Proof :Supposef € A; andm = (1 + sinw(z))e"®, such that,
Z]{(EZ)) =1+4a,z+ (2as — a3)z? + (3a, — 3aa; + a3)z® + (4as — 2a% — 4a,a4 + 4a3a; — a3)z* +

(5a¢ — 2a% — 5ayas + 6a3a, — 5asza, + 5a,a3 — 5a3a; + a3)z® + (6a; — 6a,as — 2asaz + -+ )z% =1+
P1Z+ 22 +p3z +-,  (3.2)
Suppose p(z) € p(z),in the some conditions for Schwarz function w(z),

1+w(z
p(z) = 1——/LU’EZ; =1+4+v3+ UZZZ + U3Z3 + -
consider thatp(z) € € and
W(Z) _p-1 _ V1840282 4323+

T 14p(a) | 2414vizHvpi4vzzde
On the other side,
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(1 + sinw(z))ev®

2 3 2 2 4
_ A Ui ViU o viuz  3viv; vz 2507
_U1Z+<U2 8>Z +<16+U3 2 )Z +(U4_ 2 + 16 8 384 Z
. vvs vy 3vfus 3vuf 2507u, 14307
T4 T4 16 16 96 ' 3840
—VUs  UUy  3vuus U3 Vi 743u50f
+ (v — - s
4 4 8 8 4 46080
143vfv, __25U%U3 250503 _.2223) '.(3.3)
768 16 16 16
Comparing the coefficients of z, 22, ..., z°between equations (3.2) and (3.3), we have
1
az = 2U1,
a5 =2-% 7”1 , (34)
_ ﬁ v_3 _ S5v1vy
G =773 12 '
_ vy 17vfv,  13vu;  3vf  61vf
%= T 192 i 32 38
ag =2 + 2Vpv3 3vqvg + 49u%u2 + llv%uz 779v? _ u%& + + 4-91)1 4 Bv1vz 4-91)11)2 (3 5)
5 60 10 24 80 2400 48 107 64 480,
ve 13viv, viv; 29vus  7viuy; 1313002 7843v1v2 7430805 2302 v,y
aAr = — —_ —_
776 320 96 120 768 3840 3072 276480 576 12
353v,v,u;  11v5v, 1003908  3v,v2  147v7  viv;  Suvs
- , . 1440 80 921600 30 1920 3 12
7vivy _ 7vivpus 49v3v;
32 24 96 (3.6)
Applying Lemma (2.2), we obtain
|a2| < 1 )
7 2
las| < %2—%61 )
vitxa—d) 70 7w x(4—v?)
lasl = P =l = e T )
Letv, = v € [0, 2] and |y| = o € [0,1] to get
s < + %
Suppose that(v, ) = %.
Now, we haveaé(v @) _ (4 v >0.

do 4

On the interval [0,1]the function f(v o)be increasing and & (v, ) has the maximum value at ¢ = 1,

max{(v,0) = §(v,0) = - M

Suppose thatp(v) = 1 + L p ) == >0.
Now, p(v)has a maximum Value atv = O we obtain
las| < p(g) =1.

7v_1 v3 5v1v2 Svluz vq 7U1
lay| < 12 _| [ ]+ [ ]
Taking v; =v,v € [O 2] and taking Lemma (2.3),to0 get

7v%)
v<2——
- 225 2 -2 24 2
v2

(%)
288 '

21v2
12 '

’

Nwo, suppose(v) = §+

clearly, to obtain & (v) = i -

takeé (v) = 0 ,wherev = (be critical point of the function é(v)arev = +\/§,to obtain

£ = f"( %) = —1.707825126 < 0,

thené (v) has the maximum value as

2
5\ 2 ”(Z‘VT) _
lay| < f( Z) =242/ =0.802288343. (3.8)
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| = v4+17v12v2 13vv; 3v?  61vf

%=1 T 192 48 ' 32 384
13U1U3 61vf ) i 2svh,

_| [ ] 192 [U 2] 32 [vz 2] 2304 |

Taking v; = v,v € [0,2] and taking Lemma (2.3), to get

2
61v2(2-2- 2 2
|%|s%+——L¥J+f(2—1)+“”

192 32 22 1252°
2 61v2(2—u7) 6 2 2502
Suppose that(v) = 13+ ot (2 - 7) + 555 to get
14659 _ 61y
O 30048 U~ 96
Puté'(v) =0 , we have v =0.876223882 0rv =10

§7(0.876223882) = —0.975705537 < 0.
Now, atv = 0.876223882, thus ¢ (v) has maximum value: ,
las| < £(0.876223882) = 0.968639472 .

v 2vpv 3vqv 49v3v 11v%v 77903 viv v 494 49v1v3
|a6|=_5+ 2v3 4 3vive | Pvivp | Mvivg 1_vivs L v2 o By 1V2

5 60 10 24 80 5 2400 5 48 10 640 480 ) 5

3v1v4 779v7 vy 49v1v3 v1 11vqvy vy vy vy

(X—|[U ]+—U UU3| + Vo ——|————1|V +—v, ——=|+—=|v, ——=| +
ot | 57 [vs — vov5] 12000 L2 2 72 275 80 25 21 Tl 2
491}1 [ Ul] 4 Hvivy 491}11)2 [ Ul] 1021}11;2 v%v3
640 480 2 2 51840 48

Taking v1 =V,UE [0 2] and taking Lemma (2.3) , to get
lag] < _+_ 77903 [ ] 98y [2 _] zzy[z ]+10[2——] 49y? [2 _] 98y [2_§]+

600 ' 12000 640 480
20403 2v
160 48 , , ,
1 a7 v3[2—”7] 491;[2—"7] 37[2—"7] 3
lag| < 722160 T 00 25920 8640 200°
Suppose that
779v 98u v?2 22v 49y 98u
S(U)_"I_ﬁ 12000[ __] _7] [2__]+ 2- 7] 640[ __] 180 ]+
20403 202
“160 48’
weget.
14587v%  779v*  39v  49v3 127
§) = 76000 4800 480 320 72 °
Thus,¢ '(v) = 0,we have v = Oon [0,2],also v = 0, &(v) has maximum value as followes:
lagl < €(0) = E = 0.506666666 . (3.10)
13v1v4 _vivs | 29v1vs | 7wius | 1313vfvf | 7843vivy  743vfus | 23vf | wauy | 353vivpuz | 11viu,
lag| = _+ 320 9% 20 T 768 T 3840 3072 276480 ' 576 ' 12 1440 80
100391}1 3v1v% 147v? U%vg 5u1v%’ 7v%u% 7U%U2U3 4-91)?112
921600 30 1920 3 12 32 24 96
_ 100391)16 1313U12U22 29U1U5 13U12 [U4_ - .U12] 17771717]2 [U3 - Ulvz]
921600 3840 120 3360 241920
2 2
7v?[v3—v1v2] 78431)41}[“2_1)71] 74311‘1*[113—11%] ZSUZ[UZ 1] 353vqvz[v3—vqv3] [6 31}2%] 111}%[1)2_1)71]
768 - 3072 - 276480 276480 1440 + 6 + 80
3t 1920 3 - 12 32 - 24 + 12 -
v3[v3-v1vy] _ 7v2[va—v3] %
96 672 576

Assumev; = v, v € [0,2], by using Lemma (2.3) we obtain

2
v
7843u‘1‘[uz —71]

10039v° 1313u%u% 29vqvg 131)%[1)4—11%] 1777 vivp [v3—v1v2] 7v?[v3—v1v2]
la7l < G0 ™ s~ 120 3360 241920 N
f 3 i vi s vl
7431)‘1*[113—11%] 353vqvg[vz—vivy] [U6—3U2%] 11”1[1}2_7] 3u2[u2—7 1471}1[”2_7]
276480 , 276480 5 1440 + 6 + 80 + 30 + 1920 -

2
49v3 |y -2L
] vl[uz 2 vi[vz—vivy]  Tvp[ve—vd] | 2303
3 12 32 24 12 9% 672 576
Suppose that

v
23U2 v2—71

v v
U3 U2_71 S5v 1v % Up— 1

7v3[v3—v1v,] 7U%U2[U3—U1U2

341 4099v 1387v? 7697v3 49665281v* 2371v° 3491803v°

S0 = =50 " 720 " T504 1920 T 9815040 3840 | 2764800
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We obtain
4099 1387v 7697v2 | 49665281v3  2371v* 3491803 v°

{) = 720 252 640 2453760 768 460800
We set & (v) =0,wegetv =0.315510,

" 1387  7697v , 49665281v2  2371v3 3491803 v*
S(”(U) T T 52 320 817920 192 92160
& (v=0.315510) = —7.826,
|a;| < & = 0.315510) = 0.311130508. (3.11)

Therefore, we get the result.

Theorem(3.2):Suppose that the functionf € A; and be taking (1.1), then

las — af| < 1. (3.12)

Proof:According to equation (3.6), we have

vy 911%

2 16l

Thus, by using Lemma (2.1), to obtain

o) = [phrxmd) _oh
4 161"

Suppose thatv; = v,v € [0,1], || = ¢ and ¢ € [0,1].Thus by taking the triangle inequality, to obtain

2| — 9(4_“%) _ ﬁ

4

|a3—a2|—

|as —

|as; — a x
t(4—v2) 02

4 8’
{(v) 4-—u2

Assume(v, o) =

Therefor , we have —>0,

On the interval [0, 1]the function & (v, g)be increasing and & (v, ¢) has the maximum value at ¢ = 1 ,hence
_ _ 4= w?  8(4—v?)-9? _ 32-17v°

maxé(w,0) =¢é(,1) = Tt = = ==

Deflnep(v) =1- 17; ,

(U) — 34v
Therefore,p (v) has a maximum value atv = 0, thus

las — | <,p(v) = 1.
The proofis complete.

<0

Theorem (3.3):Suppose that the functionf € A; and be taking (1.1), then

|a,a3 —ay| < 0.185767863. (3.13)
Proof:Taking (3.6) ,to get
5v1vy v3 4-91}%7

2 T 3T s
Therefore,by Lemma (2.1), to get

3 7v10(4— u%) (4—1}%)92111 (4—1}%)(1 I)(Iz)z
16 ot 96 + 36

Suppose that v; =v,v € [0,2], x| = 0 and ¢ € [0, 1] Addition to that we applying the triangle inequality
to obtain

vqU2 U1V v3 4-9v§’

layas — ay| = 12 3 28

layas — ay| =

7vo (4—v )

(4-v2)o%v _ (4—v?) -

|a2a3—a4|< 6+ + 36 [
Letf(v Q) — 7vg(:6 v )+ (4 v36)g v (4 v )
Thus, for all v €(0,2)and o € (0,1),to0 obtaln
0§(w,0) _ 7ug(4 UZ) (4 vz)g v

. + o0 + 30 =0,

On the interval [0,1]the function &(v, g)be increasing and ¢ (v, ¢) has the maximum value at o = 1 ,hence

max¢é(v,p) = f(v 1) = 7U(:6u )+ (4—31:6 b (4_6u )
v v —v2)y 2
Taking(v) = = + 2 (‘;6 ) G v » (4 : )

116 v , 3302
Now, we havep (v) =——- :
288 3 ' 288

Put, p () = 0 to find v =@ ’
(9624528 _ 1 66v _
P (T) = =3~ 55 = —0.9183966.
Then, we have|aya; — ;] < p (*=52") < 0185767863
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Hence,the proofis complete .

Theorem(3.4):Suppose that the functionf € A; and be taking (1.1), then
la,ay — a?| < % = 0.999999999 . (3.14)

v1v3 5951}‘1l v%uz v%

Proof:Taking (3.6) , to get|a,a, — a?| = " S aimiratats

Applying Lemma (2.1), to get

w7of _eui(imd) | oPui(md) | 2ol | v h-is
384 16 92 36 96
Suppose that v; = v,v € [0,2], || = 0 and ¢ € [0,1]. Addition to that we applying the triangle inequality

to obtain

laza, — 01§| =

1471)‘1L + QU2(4——U2) sz2(4—v2) 92(4—v2)2 (4——1}2)
" .

— ol <
|y ay — as] < 38 16 92 36 +2 12
_ 147v} | ov?(4—v2) | 0%v2(4—v?) | 0%(4—0?) (4—v?)
Suppose$ (v, ) = 384 + 16 92 + 36, + 12 °
- . 0&(v, 2(4—v? 2(4—p2 492
Visibly, to obtain fwe) _ v (=v7) 4 e )+ et >0,
20 16 16 18

On the interval [0,1]the function & (v, ¢)be increasing and ¢ (v, @) has the maximum value at ¢ = 1 ,hence

2
max&(v,0) = &(v, 1) = “2(:”2) + evzgi—vz) + 9(4;;’2) .

147v% n ov?(4-v?) n 0%v?(4—v?) n g2(4—v2)2 n (4-v?)

L = ,
etp(v) 384 16 92 36 12
. 1280 1139v
thus, we obtain p (v) = — - <0.
414 6624

Letv = 0 thus p(v) can extent its maximum value:
|aza, — @3] < p(0) < % =0.999999999.
Hence ,the proofis complete .

Theorem (3.5): Suppose that the functionf € A; and be taking (1.1), then

la,as — aza,| < 0.875 .

Proof: Taking(3.6), to get

37v; wvu, 11vv2  6viu;  38viv, U,
384 4 96 48 192 6

layas — azay| = ‘

2 2
38v3|vg—2|  walvp—2L 12
1[ 272 3[P272 9v1[vg—viv3] 4071}% 7”1[“4‘1“2]

192 6 16 1920 16

By applying Lemma (2.3), to get

2
3 v v
38v32—| |2 7u  407v5
+ +

7]
192 6 + 8 1920 °

las| <

| |_2_1_71) v2_|_152v3+217u5
%1 =378 76 " 382 ' 1920

2 7v o vr 15203 21705
Lett(w) =-+——— .
HO) 3+8 6+ 384 1920

. . . e 7 v, 15202 217v*
Visibly, to oll)tam &) = s 3T s vl 0.
Hence ,puté (v, @) = 0,to getv = 0,v = 1.5899to find

152v . 21703
+

” 1 ” 1
§'@) =1+ 2 1T ey =~ <o,
Now, the function & (v) has maximum value as followes
|a’2a’5 - 0!3(14' < 5(0) = g =0.875 .

Hence, the proof is complete.

Theorem/(3.6): Suppose that the functionf € A; and be taking (1.1), then
|as — a,ay| < 0.24726105. (3.16)
Proof:Taking (2.6), to get

v, vy 163vf 63viv, 3v2

las —wad =17 -3+ 382 ~ 102 32
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2
3507 [uy 2L viv
_ |vt+3v3+4v1v3-590vvy—vy U1 [UZ 2 163v4 [U4_%]
B 160 640 7680 %6 |
By applying Lemma (2.3), to get

2
35u2[2—”7] 2 63
las — @pay| < -+ ——+ 5+ 5

620 84 7680°
6 140v 2177v
As — Ay | < — .
|ats 204l 16+2120 7680
6 = 14002  2177v
Leté(v) = —
HO) 16+ 120 7680 ’ . X
/ 140v  2177v " 140 2177v
therefore ,we haveé (v) = — and ¢ (v) = — — .
60 7680 60 640

Leté'(v) = 0, we havev = +1.06242543 or v =0

To find ¢"(1.06242543) = —1.506172836.

Now, the function ¢ (v) has maximum value as followes
las — ayay| < E(1.06242543) = 0.24761051.

Hence, the proof is complete.

Theorem(3.7):Suppose that the functionf € A; and be taking (1.1), then
lasas — aZ| < % = 0.944444444 . (3.17)
Proof:Taking (2.6) , we get

| 2 v, 4lvvpu; 4345vtu,  407vivi 3v3 vi 1169viv; 75530
Ay — A = - = —
573 T4 8 288 9216 4608 64 9 2304 18432
2 2
2], _v1 2 U1
_ Uz[v4 41v21v3} B U3[U3 41v21v2} N 3vz[v2 5 395v1vz[vz 2] 11691,%[1,3_583‘;51;71;2] 702, _ 755306
32 9 64 1536 2304 13824 18432 |

By applying Lemma (2.3),(2.4), to get

2 2
v 2 v
12 [2—7] 395v [2—7] 116903

4 6
2 1 4 7v 7553v
asaz —ap| < -+ —t .
|ers il < s 79T e 768 5z T s T Ieam
Suppose that
12[2-2]  39502[2-%
£) _ 1ty T2 PVE ] 116903 | 7wt 755306
T8 9 64 768 1152 64 18432 °
17 1724v% | 12950%  3950%  75530°
18 1536 1152 1536 18432 °
, 1724v . 129502 39503  75530°
O
768 384 384 3072

Thus, we havev = 0, whereé (v) = 0,such that only root belong to[0,2], to obtain

” 1724 . 1295v 39502  377650v* ” 1724
¢ =- 78 T 102 128 3072 ands (0) = — '

8 768
Thus|asa; — aZ| < £(0) = e

Hence, the proofis complete.

Theorem (3.8):Suppose that the functionf € A; and be taking (1.1), then

|Hy(1)| < 4.131346765 . (3.18)

Proof:By applying equation (1.4) .

Therefore by taking the definition (1,2) and by using the triangle inequality ,we have

Hy(1) = Eja; + Eyag + Ezas + E4a, . (3.19)

Now, replace the equation (3.1) and (3.12)- (3.17) into (3.19), we suddenly to obtain the result.
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