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Abstract
We consider in this paper, the solution of the following systems of difference
equation:
Tn—2 Yn—2 Zn—2
Tn+l = y Yn+l = y An+l =

1+ Tp—2yn—12n 1+ yp2zn-17n 1+ 2n—2%n-1Yn

where the initial conditions x_2, ©_1, %o, y—2, Y—1, Yo,2—2, Z2—1, 20 are arbi-
trary non zero real numbers.

Keywords: difference equations, recursive sequences, periodic solutions, system of

difference equations, stability.
Mathematics Subject Classification: 39A10.

1 Introduction

Difference equations related to differential equations as discrete mathematics related
to continuous mathematics. Most of these models are described by nonlinear delay
difference equations; see, for example, [9], [10]. The subject of the qualitative study
of the nonlinear delay population models is very extensive, and the current research
work tends to center around the relevant global dynamics of the considered systems of
difference equations such as oscillation, boundedness of solutions, persistence, global
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stability of positive steady sates, permanence, and global existence of periodic solu-
tions. See [13], [17], [19]-[22], [26], [28], [29] and the references therein. In particular,
Agarwal and Elsayed [1] deal with the global stability, periodicity character and gave
the solution form of some special cases of the recursive sequence

bxnl'nffi
CTp_o + dx, 3

Tpy1 = ATy +

Camouzis et al. [5] studied the global character of solutions of the difference equation

6337172 + Tp-3
A + Tp—3
Clark and Kulenovic [7] investigated the global asymptotic stability of the system

Tp41 =

Ty y _ Yn
a+cy,’ T L da,

Tpt1 =

In [9], Din studied the boundedness character, steady-states, local asymptotic sta-
bility of equilibrium points, and global behavior of the unique positive equilibrium
point of a discrete predator-prey model given by

Qly — anyn 5xnyn

Tnt1 = ) n+l1=— -
+1 1+ 7z, Yn+1 Zn + T0m

Elsayed et al. [23] discussed the global convergence and periodicity of solutions of
the recursive sequence

b —+ crn_1
d +er,_1 )

Elsayed and El-Metwally [24] discussed the periodic nature and the form of the solu-
tions of the nonlinear difference equations systems

Tptl = ATy +

xnyan y o yn$n72
) n+l — .
Yn—1 (£1 £ T,Yn2) T m g (L £ yam, o)

Tnt1 =

Gelisken and Kara [25] studied some behavior of solutions of some systems of rational
difference equations of higher order and they showed that every solution is periodic
with a period depends on the order.

In [27] Kurbanli discussed a three-dimensional system of rational difference equa-

tions
Tp—1 Yn—1 T

> Yn+1 = ) Zn+1 = .

Tn—1Yn — 1 Yn—1Tn — 1 Zn—1Yn

Touafek et al. [33] studied the sufficient conditions for the global asymptotic stability
of the following systems of rational difference equations:

Tpy1 =

Tn—3 y _ Yn—3
+1+ Tp—3Yn—1 ’ mH +1+ Yn—3Tn—1 '

Tp41 =
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with a real number’s initial conditions.
Our goal in this paper is to investigate the form of the solutions of the system of
three difference equations

Tn—2 Yn—2 Zn—2 (1)

Tpt1 = y Yn+l = y An+l = )
i +1+ Tn—2Yn—17n Yntd +1+ Yn—22n—-1Tn ! +1+ Zn—2Tn—1Yn

where the initial conditions x5, 1, To, Y_2, Y_1, Yo, Z_2, Z_1, 2o are arbitrary

real numbers. Moreover, we obtain some numerical simulation to the equation are
given to illustrate our results.

2 The System

T Tpn—2 Y Yn—2 > — “n—2
ntl = 1+xp_oypn—12n’ n+l = 1+yn—922p—12n’ n+1 I+zp—2%n—1Yn

In this section, we study the solution of the following system of difference equations.

Tn—2 Yn—2 “n—2 2)

Tn+l = Ynt1 = “ntl =
" 1 + xn—2yn—1zn’ " 1 + yn—2zn—1$n’ " 1 + Zn—an—lyn,

where n € Ny and the initial conditions are arbitrary real numbers.

The following theorem is devoted to the form of the solutions of system (1).
Theorem 1. Suppose that {x,,y,, z,} are solutions of the system (1). Then for
n=0,1,2,..., we have the following formulas

. _ "1:[1 (14 (3d)z_2y_120) . — nﬁl (14 3i+1)r_1y02—2)
e im0 (14 (3i 4+ 1)z_oy_120)’ st L (1+ (3i 4+ 2)z_1y02—2)’
N 1:[1 (1 + (3i + 2)zoy—22-1)
o i=0 (14 (31 + 3)moy—22-1)’
. n—1 (]_ + (Sl)xoy 2Z_ 1) . n—1 (]_ + (?)Z + ].)ZL’_gy_lz())
vanr = w2 gy oy e = - ey )
Y — nﬁl (1 (3Z + 2)$_1y02_2)
an 0 i=0 (1 (32 + 3)3371?;02,2)7
; _ L A+ Bhragers) ”1:[ (1 + (3i + D)woy—2z-1)
e (T+ (3i + 1)z _1y02-2)’ o Lo (1+ (3 +2)xoy—22-1)

(1 (32 + 2) _gy_lzg)
(14 (3i +3)x_2y_120)’

gl
1_:[1

88 Elsayed 86-108



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Proof. For n = 0 the result holds. Suppose that the result holds for n — 1.

n=2 (14 (3i)r_ 2 n=2 (14 (3 + 1)x_ 170z
Tan_s = H ( ( ) 2Y—1 0) . Tam4 =T H ( ( : ) 1Y0 2)7
i=o (14 (3i + 1)z _2y_12) =0 (1+ (31 +2)x_1yoz_2)
T _ 1:[2 (1 (3Z + 2)$0y_22_1)
o i—o (14 (30 + 3)woy—22-1)’
B n—2 (1 + (3i)x0y_22_1) n—2 (1 + (32 + l)l'_gy_lZ())
Ysn—5 = H

7

=0 (14 (3i + 1)zoy—22-1)’ Yan—d = U1 11;[0 (1+ (3i +2)x_9y_120)’
2

_ 1:[ (14 (3i +2)2_1y02-2)
Yo L6 (1F (3 1 3)2-107-)
o (14 (3 n=2 (14 (3i 4 1)zoy_oz_
Zans = H (1 + (31)z-1902-2) Zana = 21 [] ( +(3z-+ )Ty 2z 1)7
i=0 (1+ (3 + D)2_1y02-2)’ =0 (1+ (31 + 2)xoy—22-1)

- _ ﬁ2 (1+ (3i +2)7_2y—12)
n—d i=0 (1 + (3Z + 3).%,23/,120) '

It follows from Eq.(1) that

T3n—5
1+ 230—5Y3n—423n—3

T3n—2 =

(1+(3i)z_2y—120)
T2 H (14+(3i+1)z—_2y—120)

— n—2
(1+(3é)z—_2y—120) (1+(3i+1)z_2y—_120) (1+(3i+2)z_2y_120)
(:U 2 H (1+( 31+1)x 2Y—120) )< 1:[ (1+(3i+2)z—2y—120) )(ZO H (1+(3'L’+3):p_2y_1z0))

(1+(3)z—_2y—120)
T2 H (1+Bi+1)z—2y—120)

(L 30) ) (A @Bitl)z oy _120) y (14 (3i42)r 2y 120)
L+ 2-2y1% H | (s (a0 (THEt D ay120))

(14(39)z—2y—120)
T2 H 1+(3Z+1 T_2Y— 120)

1 37, T z
1+ 2_5y_120 H <(1:31+>3);z; o))

n—2 1 1
_ 9521_[ ( +<31)$ 21 -120)

o (14 (3i+ Dz_2y_120) 1 + (e e—)

R ”H2 (14 (3i)x_2y—_120) (14 (3n —3)x_2y_120)

0 (L4 Bi+1)z_2y_120) (1+ (3n —3)x_2y_120) + T_2y_120
_ . 2”1_[2 (1+ (3i)r_2y_120) (14 (3n —3)r_2y_120) '

0 (14+Bi+ 1)z 9y 120) (14 (3n—2)x_2y_120)

4
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Then, we see that

n=l (14 (3i)r_2y_120)
T3p—2 — T_9 H (1+(3Z—|—1)LL’ 2Y— 120)

Also, we see from Eq.(1) that

Y3n—>5
1+ y3n—523n—aT3n—3

Y3n—2

n—2 (1+(3d)zoy )
1)ToY—_22_1
Y2 H (A+Bi+D)zoy_22_1)

(1+(3i)zoy—22-1) (A4+(3i+1)xoy—_22-1) (A+(3i+2)zoy—22—1)
(y 2 H (1+(31+1 TOY—22—1) )< H (14+(3i+2)zoy—22-1) )( H (14(3t+3)zoy—22— 1))

"2 143020y )
1)TOY—22—1
Y-2 1;[0 (1+@Bi+1)zoy—22-1)

(1+Bi)xoy—22-1)
1 + ToY_22_1 H (14(3i+3)z0y—22-1)

— "1:[2 (1 + <3Z)$0y,22’,1) 1

=0 (1 + <3Z + 1)3703/722,1) 1+ ToY—22-1

)
1+(3n—3)zoy—22—1—
n—2 (1 + <3i)$0y,22’,1) 1+ (37’L — 3)1’0y,2271

- Y2 ZI;IO (1 + (3Z + 1)x0y_2z_1) 1+ (3TL — 3)£L'oy_22_1 + TolY—27_-1
=2 (14 (3i)woy—22-1) 1+ (3n —3)Toy—_22_1

= ?J—zH

im0 (14 (Bi+ Dagy—22-1) 14+ (3n — 2)zqy_22z1"

Then, we see that

= (A B)woy221)

Yan—2 = Y2 1;[0 (1+ (30 + 1)zoy—22-1)

Finally, we see that
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p Z3n—>5
In—2
1+ 23n—5L3n—4Y3n—3
(1+(34) )
-2 H (1+(3zi1xm12g;22)
14+ (Z nlzf (14+(31)z_1y02—2) )( H (1+(3i+)z_1y0z—2) )( H +(3i+2)r_1y0z— 2))
-2 L TG Do) /W1 L G mivee—) /W0 UL G Gis)ayoaa)
(1+(3d)x zZ_2)
Z—2 H (1+ 31+1)x12210222)
14 H (14+(3d)z_1y0z—2)
T-1YoZ-2 (1+(3i+3)z 19022
_ . nlzf (1—|—(3@)x 1Y02-2) 1 )
= 2 T— -
(1 + (32 + 1)5[ 1Yo~— 2) 1+ 1+(3n7§)/;71§;0272
- 4 n]:f (14 Bi)z_1y0z—2) 1+ (Bn—3)z 190z
P50 (1+ (3i+ Dr_1goz—) 1+ (3n — 2)z_1yoz2
Then

n=l (14 (3i)z_1Y07_2)
Z3n—2 = Z-2 H o (14 Bi+ 1)z 1yoz—2)

This completes the proof.

3 The System

T Tpn—2 y Yn—2 > — Zn—2
ntl = 1+zp_oyp—12n’ n+l = —1+yn—92zp—120’ n+1 —1+zp_2Tpn_1yn

In this section, we obtain the form of the solutions of the system of three difference
equations

Tp—2 o Yn—2 . Zn—2
1+ T oYn 120 Yot = T Yn—2Zn- 1T LT T Zn—2Tn—1Un ()

Tnt1 =

where n € Ny and the initial conditions are arbitrary nonzero real numbers.
Theorem 2. Suppose that {x,,yn,, z,} are solutions of the system (2). Then for
n=0,1,2,..., we have the following formulas

Tr_9 l',l(l',lygz,g — 1) Zo

T3n—2 = y L3n—1 = y L3n = )
=2 NT_2Y_120 -l (n+ Dz_1yoz_o — 1 3 1+ nroy_22_1

1)y 5(1+ (n — Dagy_oz_
Yspn—2 = ( ) Y 2< ( ) 0y—2 1)7 Ysn—1 = (—1)”y_1(1—|—nx_2y_1zo),
Toy—22-1 — 1

 (=D)"yo((n 4+ 1)w_1yoz_o — 1)
Y3n = )
T 1Yoz — 1
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(=12 P (=1 ey (woy—22—1 — 1) P (=1)"20
nT_1yoz_o — 1 " (n—Dxoy 2z1+1 T Tt na oy 120
Proof. For n = 0 the result holds. Suppose that the result holds for n — 1.

23n—2 =

Tr_9 . l',l(l',lygz,g — 1) . Zo
y L3n—q4 = y L3pn—3 = )
1+ (n—1)x_2y_120 nr_1yoz_o — 1 1+ (n—1)xoy_2z_1

T3n—5 =

—1D)"y_9(1 4+ (n — 2)x0y_22_ e
Y3n—5 = (=121 + R 1)7 Yan—a = (—1)"y_1(1+ (n — 1)z_2y_120),
ToYy—22-1 — 1

(=1)" Yyo(nz_1yoz_o — 1)

Ysn—3 = T 1t0zz — 1 )
. _ (=1)"z 5 ; _ (=1)"2_1(woy—22—1 — 1) ; _ (—1)" 2
n=b (n—1)x_1ypz_o — 1’ n—d (n—2)xoy_o0z_1+1 3T (n—1)x_2y_ 120

from system (2) we can prove as follow

" o T3n—5
3n—2 —
1+ 23,—5Y3n—423n—3
T—2
_ 1+(n—1)z_2y—120
o T_ _ —1)n—1g
L+ (e (C) e (U (0= Doy 120) (e )
. T_9 . T_9
1+ (m—1)zoy120+T2y-120 1+NnT_2y_120
Also, we get
y _ Y3n—a
3n—1 —
—1 + y3n—423,—3T3,—2
_ (=1)" 'y 1(1+ (n — D)z_oy_12)
o n— (=112 z_
-1+ ((_1) lyfl(l + (n - 1)x72y71Z0>)(1_,_(”_1)3;72;7120)(1+nx7227120)
(=D"y—1(1+ (n = Da_9y_120)(1 + nz_9y_120)
= = (=1)"y_1(1 +nz_sy_12
1+ (n—1)z_oy_12 (=1)"y-a( 2Y—1%0)
Z3n—3
Z3n =

—1+ 23,-3%3n—2Y3n—1
(=) 1lz
1+(n—1)z_2y—120

—1+ (1+((71)nilzo Wi J(=1)my—1(1 +nx_sy_120))

n—1)z_oy_120/\14+nx_2y_120
(—1)”20 . (—1)”20
1+ (n—1)z_oy_120 + T2y-120 1+nz_sy 120
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4 The System

T — LTp—2 Y — Yn—2 > — “n—2
n+1 14wy _oyn—12n’ n+1 I+yn—22n—17n’ n+l1 —1+zp_92Tn_1yn

In this section, we study the solution of the following system of difference equations
Tn—2 Yn—2 Zn—2

) n+l — y Ant+l = 4

-1+ Tn—2Yn—1%n Yntd 1+ Yn—22n—1Tn o ( )

Tpt+1 = = ,
-1 + Zn—2Tn—1Yn

where n € Ny and the initial conditions are arbitrary nonzero real numbers.
Theorem 3. Suppose that {x,,y,,z,} are solutions of the system (3). Then for
n =20,1,2,..., we have the following formulas

. ) . (—1>n+1$,1<37,1y02,2 — 1) . (-1)”1‘0
T3yn—2 = y T3n—1 = T3p = )
nr_sy 120 — 1 (n—1D)z_1yoz_o + 1 14+ nxoy_o2_1
Yoy = Yo P y1(r 9y 120 — 1) Yo = Yo
3n—2 NTY—27_1 + 17 3n—1 (n n 1)1'72@/71250 — 17 3n NT_1Yo7—2 + 17

—1)" 2 5((n— Do_1ypz_o + 1
Z3n—2 = (=) 2(( JT-18/02-2 ), Zan—1 = (—1)"z_1(nxoy—22-1 + 1),
T_1Yoz—2 — 1
(1) 0((n + 1)y 120 — 1)
T oy 120 — 1 '

Proof. For n = 0 the result holds. Suppose that the result holds for n — 1

Z3n =

. T_9o . (—1)”x_1(x_1yoz_2 — ].) . (_1)71—11,0
L3n—5 = y T3n—a4 = » L3n—3 = )
(n—1)x_ oy 120 — 1 (n—2)x_1ypz—2 +1 14+ (n—1)zoy—22_1
P Y2 Yons = y-1(r_2y-120 — 1) Yons — Yo
T = Daoy_ozq + 17 7 nr_ay1z0—1 7T (n—1Da_iyozo+ 1

—1)"z_5((n — 2)x_1ypz—2 + 1 e
Zan_s = ( ) 2(( ) 1Yoz—2 )7 P (_1) 1271((71 o 1)$0y722’71 + 1)7
T_1Yoz—2 — 1

B _ (=) tzo(nz_2y_120 — 1)
3n—3 T_oy_120 — 1 )

from system (3) we can prove as follow
L3n—4
—1 + T3n-4Y3n—323n—2

T3n—1 =

(=D"z_1(z_1y02_2—1)
(n—2)z_1yoz—2+1

_ (=1)mz_1(z—_1yoz—2—1) Y (=1)tlz_s((n—1)z_1y02—2+1)
1+ ( (n—2)x_1yoz—2+1 )((nfl)x,loyoz,frl)( T_1Yyoz—2—1 )

(=) x_1(r_1y02—2 — 1)
—((n = 2)z_1yoz—2 + 1) + ((=1)"2_1)((=1)"'yo2-2)
(=D)™ay (@ayoz—2 — 1)
(n—1)x_1902—2+1
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Also, we get

Yan—3
1+ Y3n—323n—2T3n—1

Ysn =

Yo
(n—1)z_1yoz—2+1

Y (=D)mHz s((n—L)z_1yoz—2+1)\/ (=1)" z_1(z_1y02—2—1)
1+ ((nfl)x,loyozngrl)( T_1Yoz—2—1 )( (n—1)xz_1yoz—2+1 )

Yo
(n =Dz _1yoz—2 + 1+ yo((=1)" ' 22)((=1)" a_1)
Yo
nr_1Yoz_o + 1

Z3n—5
-1 + 23n—5L3n—4Y3n—3

Z3n—2 =

(=D)"2_2((n=2)x_1y0z—2+1)
T_1Yoz—2—1
(=1)"z_2((n=2)z_1y0z—2+1)\ ((=1)"2_1(T_1Y02-2—1) Yo
-1+ ( T_1Yoz—2—1 )( (n—2)z_1yoz—2+1 )<(n—1)x_1y0z_2+1)
(=D"z_2((n=2)z_1y02—2+1)
T_1Yoz—2—1
—((n=2)z_1yoz—2+1)
(n—1)xz_1yoz—2+1

(=)™ "z ((n = Da1yozo +1)
T_1Yoz—2 — 1

This completes the proof.

5 The System

T — LTp—2 y — Yn—2 > — “n—2
n+1 —1+zy _oyp—12n’ n+l1 —1+yn—92zp_17n’ n+l1 I+zp—92Tn—1Yn

In this section, we investigate the solution of the following system of difference equa-
tions

Tp—2 Yn—2 Zn—2 (5

Tnt1 = Yn+1 = Zn+l =
-1 + xn—Qyn—lsz -1 + yn—QZn—lxn7 1 + Zn—an—lyn7

where the initial conditions n € N, are arbitrary non zero real numbers. The
following theorem is devoted to the form of the solutions of system (4).
Theorem 4. Suppose that {x,,yn,, z,} are solutions of the system (4). Then for
n=0,1,2,..., we have the following formulas

n+1
T3p—2 = ()™ ool = Do-sy-r20 + 1>, Tan—1 = (—1)"v_1(nr_1y02-2 + 1),
T oy 120 — 1
(=D)"zo((n + 1)zoy_22_1 — 1)

T3y, — )
rY—27-1— 1
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(=) (=DM (ay 1z — 1) (=D
Y3n—2 = s Ysn—1 = y Ysn = y
nxToy_o22_1 — 1 (n—1D)z_oy_ 120+ 1 nr_1Yoz_o + 1
Z_9 z_l(xoy_gz_l — 1) 20

23n—2 = Z3n— Z3n

NT_1Yoz—o + 1’ L= (n+ Daogy_o9z_1 — 1 Cnx_oy_120+ 1
Proof. For n = 0 the result holds. Suppose that the result holds for n — 1

—1)"r_o((n —2)x_2y_120 +1 e
Tgp-5 = (=1 J2-2y-12 ), T3pa = (=1)"t2_1((n — Vo_1907_2 + 1),
T oy 120 — 1

(=)™ ag(woy-—22-1 — 1)

T3n— - 5

s ToYy—22-1 — 1
P (=D)"y—2 Yons = (=D)"y-1(z_2y_120 — 1) Yons — (=1)"""yo

T (n = Daoy_szg — 17 7 (n—2)z_ay1z0+1 7" (n—1a_1yoza+1
5 _ Z_92 . _ z_l(xoy_gz_l — 1) 5 _ 20

b (n—1)x_1yoz_o+ 1’ n—d nroy_sz_1 —1 =3 (n—1)x_ oy 120+ 1’

from system (4) we can prove as follow

T3n—3
T3n =
—1+ 23, 3Y3n—223n-1
(=) lzg(nzoy_22_1—1)
_ ToY—22—1—1
o N (=) 1lzg(nzoy_22z_1—1) (=1)ntly_, z_1(xoy—22_1—1)
1+ ( ToY—22—1—1 ><nxoyfzz,1—l>< (n—&-l)xoy,zzfl—l)
(—=1)"lzg(nzoy_22_1—1) "
_ 960?,(/)—2231*21 1 _ (_1) zo((n + 1)xey 221 — 1)
T moy—22_1—((n+D)zoy_oz_1—1) _
(T Dwoy—_2z—1-1) Toy-22-1 — 1
Also, we get
Y3n—4
Y3n—-1 =

—1 4+ y3n—423n-3T3,2
(=D"y—1(zx_2y—120—1)
(n—2)z_2y—120+1
_ (=D)"y—1(z—2y—120—1) 2 (=D)"tz_s((n—1)z_2y—120+1)
1 + ( (n—2)x_2y—_120+1 )((nfl)x,zoyflzoJrl)( T_oy_120—1 )
(=D y_1(z_2y—120—1) n
(n—2)x1_2y_21zoi|—iJ . <_1) +1y,1(x,2y,120 — 1)

(n=2)x_oy_120+1+x_2y_120 n—Dx_oy_120+ 1
(n—2)z_2y—_120+1 ( ) 2Y-1%0

Z3n—5
1+ 235—5T3n—aY3n—3

Z3n—2 =

1+ (et (C Do = Doz + 1) (habm )
e Ao
bl e s n ez + 1

10
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This completes the proof.
The following cases can be proved similarly.

6 On The System

T — LTn—2 — Yn—2 > — An—2
n+l —1+xn_2yn—12n’ Yn+1 —1+yn—2zn—12n’ n+tl —1+zp2xn-1Yn

In this section we study the solution of the following system of difference equations

Tn—2 y o Yn—2 P o Zn—2 (6
) n+1l — y An+l — )
-1 + Tn—2Yn—1%n —1 + Yn—22n—1Tn -1 + Zn—2Tn—1Yn

Tp4+1 =

where the initial conditions n € Ny are arbitrary non zero real numbers.
Theorem 5. Let {2, Yn, 20}, , be solutions of system (5). Then

- {2, 152, {yn 1, and {2,}7°°, and are periodic with period six i.e.,

Tni6 = Tny, Ynt6 = Yn, ~<nt6 = Zn-
2- We have the following form

Ten—2 = -2, TLen—1 = T-1, Len = L0,

T_9 To
Tent1 = ————————, Tony2 = T-1(T_1Yoz—2 — 1), Tepyg = —————,
T oy 120 — 1 rY—272-1— 1
Yen—2 = Y-2, Yen—1 = Y-1, Yen = Yo,
_ Y—2 . 1 _ Yo
Yon+1 = ——— 75 Yént2 = y—1($—2y—12’0 - ), Yen+s —
ToY—22-1 — 1 T 1Yoz — 1
Z6n—2 — -2, R6én—1 — Z—1, R6n — <0,
o Z—2 . . 20
Zoni1l = ——————, Zont+2 = 2-1(Toy—_22_1 — 1), Zen+3z =

1’ 1’
T_1Yoz—2 — T_2Y-120 —

Or equivalently

oo T_2 Zo
{% ne_9 — {¥-2,T-1, X, —x Y1z 17$—1($—1y02—2 - 1)7 —x Y 1(
—2Y—-120 — 0Y—22-1 —

400 Y2 Yo
n = = —a) J— 1) 7—7 - - - _1 7— *
{ynt, s {y 2,Y-1,Yo ToU—271 — 1 Y-1(T_2y-120 ) 107 — 1}

Z-2

z
_1(xoy—2z_1 — 1), —0} )

—+00
{Zn n=—2 — \ #—2;7-1, 20,
T oy 120 — 1

1°
T_1Yoz—2 —

11
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7 On The System

Tpi] = LTn—2 y | = Yn—2 2] = “n—2
n+ —1=zy _oyn—12n’ n+ —1=yp—2zn_17n’ n+ —1=zp_92Tp_1yn

In this section we study the solution of the following system of difference equations

Tn—2 Yn—2 Zn—2
Tnt1 = v Yny1 = y An+l =
-1 - Tp—2Yn—12n -1 - Yn—22n—1Tn

1 )
—1 = Zn2Tn-1Yn

where the initial conditions n € Ny are arbitrary non zero real numbers.
Theorem 6. Let {2, Yn, 2}, , be solutions of system (6). Then

- {152, {yn )i, and {2,}7°°, and are periodic with period six i.e.,

Tnt+6 = Tny  Ynt+6 = Yn, Zn+6 = Zn-

2- We have the following form

Ten—2 = -2, TLen—1 = T-1, TLen = Lo,

T3

( +1) =
T =\ = —x_1(xr_ zZ_ , X -
6n+1 T 2y 170 + 1 6n+2 1 1Yoz—2 6n+3 ToU 271 + 1
Yen—2 = Y-2, Yen—1 = Y-1, Yen = Yo,
Yons1 =~ Youso = —y1(Tay-120 + 1), Yonrs = ———— D
6n+1 ToY—27_1 + 17 6n-+2 —1\4L—-24Y—-1<0 ) 6n+3 T 1072 + 17
Z6n—2 = Z-2, R6én—1 — Z—1, Z6n — 20,
Z_9 ( i 1) 20
Zent+l — T 5 “ent2 — —2-1(ToY—22— T B ——
6n+1 7 1oz at1 6n+2 1\ToY—27-1 6n+3 7 2y + 1
Or equivalently
+o00 T2 Zo
Tnf o =49T_9,T_1,Ly, ————————, —T_1(T_1Ypz_ o+ 1), ——
{enkis { B sz 1 1{@-1g0z-2 +1) ToY—22-1 + 1}
400 Y—2 Yo
n ——9 — —2y9—1» sy - 4 Y- X — —Z+1a_— .
{y n=—2 {Z/ 2,Y-1,Y0 e | Yy 1( 2Y—-1%20 ) xlyoz’Q—i-l}
+o0 Z_9 20
Znte o =R Z 9,2 1,20, —————, —2_1(ToY_22_ 1), —».
{ n=—2 { 2, 2-1, 20 7 1072+ 1 1(Toy—22-1 + 1) Tz 1
12
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8 The System

Tp—2 Yn—2 _ Zn—2

T Z =
ntl = 17 —Tp—2Yn—12n’ Yn+1 = 1=yn—22p—12n’ n+tl 1=2p—2Tn—1Yn
In this section, we study the solution of the following system of difference equations.

Tn—2 o Yn—2 o Zn—2
1 ; Yn+1 = 1 y An41 = 1 8)
— Tpn—2Yn—12n — Yn—22n—1Tn — Zn—2Tn—-1Yn

Tnt1 =

where n € Ny and the initial conditions are arbitrary nonzero real numbers.

The following theorem is devoted to the form of the solutions of system (7).
Theorem 7. Suppose that {x,,y,, z,} are solutions of the system (7). Then for
n=0,1,2, ..., we have the following formulas

(1 Bz _oy1z ol (=1 4 (3i 4+ Da_yyoz
Tan o = —T o H ( ( ) 2Y—-1 0) . Tgn1 =T H ( ( - ) 1Y0 2),
0 (=14 (3i+1)x_2y_120) =0 (=14 (3t +2)z_1y02_2)

( 1+ (3i+2)zoy—22-1)
o (=14 (3i + 3)zoy—22-1)’

T3n = Xo H

nt (1A Bi)moy_oz n1 (=1 4 (3i + 1)z oy 12
Ysn—2 = —Y-2 H ( ( ) n-2 1) Yan—1 = Y-1 H ( ( - ) 201 0)7
=0 ( I+ (32 + 1)$0y 27— 1) i=0 (—1 + (32 + 2)1‘,2y,12’0)
_ ”ﬁ (—1+ (3i +2)z_1y02—2)
Yan vo 1=0 ( 1 + (32 + 3)$,1y02,2)’
n—1 14+ (38)x_1yo2_ n1 (1 + (30 + 1)zoy_oz_
Zang = —7Z.9 H (= (38)z-190z-2) a1 = 2.1 ] ( ( . )Toy—2 1)’
o (=1+(3i+ 1)z _1y0z-2) im0 (=14 (3i+2)zoy_22-1)

. _ H( 1+(3Z+2){L’ 2y — 12’0)
sn 0 ( 1+(3Z+3)(L’ 2y 12’0)

Proof. For n = 0 the result holds. Suppose that the result holds for n — 1.

n—2 (—1 + (32)1' 2l 120) ( 1 + (3Z + 1)513 1Yo~z— 2)

Tan-5 = —T-2 H b (=14 (3i+ 1)z _2y_120)’ Tan—a = 1 H 0 (=14 (3i 4+ 2)z_1y02_2)’
- ( 1+ (3i+2)zoy_22-1)

Tonms = 70 @1;[ (=14 (31 4+ 3)zoy—22-1)’

_ = (_1 + (3Z)$0y 28— 1) . n-2 <_1 + (32 + 1)$,2y,120)
y3n75 - y*Q 1;[ ( 1 _|_ (3'L + 1)x0y 0Z_ 1)7 y3n74 - y*]. Zl;% (_1 + (3?/ + 2)1‘72y7120)7
"2 (=14 (3¢ + 2)z_1y02-
Ysn-3 = Yo H E 1+ aall )2 107-2)

(32 -+ 3)1’ 1Yo~— 2)
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n=2 (=14 (3i)r_1Y02— n=2(_1 4 (3i 4+ Daoy_oz_
Zans = —72.9 H ( (36)z_190z—2) , Zamea =21 [1 ( ( ' )Toy—2 1)’
0 (=14 (3i+1)z_1y02-2) im0 (=14 (3i+2)xoy_22_1)

( 1 + (3Z + 2){E 2Y— 12’0)
( 1 + (3Z + 3)33 2Y_ 12’0)

Z3n—-3 — 1:[

It follows from Eq.(7) that

T3n—5
1+ T3n—5Y3n—a23n—3

T3n—2

n—22
(=1+(39)z_2y_120)
T2 H I+ (Gt D2 _29_120)

(—1+(3i)z_oy_120) 1+(3i+1)z_gy_120) n (=1+(3i+2)z_oy_120)
T2 H( TFGiTDz_gv_ lzo))(y 1 H( TT(3i12)7 _ou_ 1z0))(2 L3 (—1+(3i+3)x,2y,1z0))

. —1+(3i)z_2y—120)
T—2 H 1+(3z—|—1);c 2Y—120)

14+(3d)x 20) (=14 Bi+)z_2y—120) \ / (—14+(3i4+2)z_2y—_120)
1 —2_0y_12 H (( 1+(3z+1)122y1 fLO))((71+<3¢+z)$_23_1z§>)((71+(3i+3)x_§§_1z3))>

. —14(3)z_2y_120)
L-2 H (— 1+ (3i+1)z—2y—120)

14-(32)x 2
1 —2_2y-120 H( 1+(3(z+)3):v%2’y1 1Oz)0))

. "1:[2 (—1+(32)35 2Y-120) 1
PR (1 Gt Doayiz0) L+ (o)

3n—3)7_2y_120)
- e, "1:[2 (=14 (3i)x_2y_120) (=14 (3n —3)x_2y_120)
o (—1+ @i+ 1)x_2y_120) (—1+ (3n — 3)x_2y_120) + T_2Y_120
= —2, "1:[2 (=14 Bi)r_2y-120) (=14 (3n —3)z_2y-120)
0 (=14 (3i+1)z_9y-120) (=1 + (3n —2)z 2y 120)

Then, we see that

=l (=14 (3i)x_2y_120)
T3n—2 = —T— 2H ( 1-|—(3z-|—1):r 2Y— 120)
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Also, we see from Eq.(1) that

Yan—2

Yan—5

1+ Y3n-5230-4T3n—3
1:[ (=1+(3))zgy_22_1)
—14+(3i+1)zgy_oz_1)

n—2
(—1+(3i)zgy_9z_1) ( 1+(3i+1)zgy_22_1) (—1+(3i4+2)zgy_22_1)
1+(=y—2 H (=1+(3i+1)zgy_o2_ 1) p (=1+(3i+2)zgy_o2_ 1))( "5 (—1+(3i+3)x0972271))

— 1)T0Y—22—1
—Y-2 H (—14+(3i+1)zoy—22-1)

_ (=1+(3)woy—22-1)
1 ToY—2%2-1 H —14+(3t+3)zoy—22—-1)

—y nﬁQ (_1 + (3d)z0y_22_1) 1
2 (=14 (Bi+ Daoy_oz_1) 1 + ——mrto22o1

1T Bn—3)r0y_27_1— )
n=2 (=14 (3i)zoy_22_1) —1+4+ (3n — 3)xoy_22_1

—Y-2 ZI;IO (=14 (3i+ 1)zoy_22-1) —1+ (3n — 3)zoy_22_1 + Toy_22_1
n=2 (=14 (3i)xey_22_1) ,—1+ (3n—3)zoy_ 221

Y2 ZI;IO (=14 (3i+ D)zoy_22-1) —1+ (3n—2)zoy 221

Then, we see that

y — "1:[1 (=1 + (3i)moy—22-1)
n—-2 — T Y=-2 .
i=0 (=1 + (3i + 1)moy-—o2-1)

Finally, we see that

Z3n—5
1 + 23n—5L3n—4Y3n—3

H (=1+(3i)z_1y92_2)
—1+(3i+1)z_1yp92_2)

i=0

—2 P
(=1+(Bi)z_1y9z_2) (—=1+@i+ )z _1yp2— 2))( H (=1+@i+2)z_1y02— 2))
( 1+(3i+1)z_1ygz_2) L . ( 1+(3i4+2)x _1yg92_2) Yo —14+(3i+3)z_1ygz_2)

n
14+(—2z-2
i=

_ (=1+(38)r—1y02—2)
-2 H —1+4( 3’L+1)1‘ 1Y02—2)

_ —14+(3i)w_1y02—2)
1—a_ 1Yo%—-2 H (=14+(3i+3)z—1y0z—2

n—2 (—1 + (32)1',13/02,2) 1

—Z-2 H T_ Z_ )
o (—1+ @i+ Dz1yoz—2) 1+ g oo o

. nH2 (=14 (3d)z_1907—2) ,—1+4+ (3n —3)r_1y02_2
280 (14 (3i + D)a_1y02—2) —1+ (3n — 2)7_1yo2—o

15

100 Elsayed 86-108



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Then,

- n=l (=14 (31)z_1y02_2)
Fn-2 = A il;[() (=1 + (3i + 1)z_1y02-2)

This completes the proof

8.1 Numerical Examples

For confirming the results of this section, we consider the following numerical example
which represent solutions to the previous systems.

Example 1. We consider interesting numerical example for the difference equations
system (1) with the initial conditions z_o = 13, z_; = 04, xy = 3, y_o = 0.5,
Yy1="7,9 =37, 2.9=009, z_1 =17 and zy = 0.72. (See Fig. 1).

p|Ot of Xn+1 =Xn—2/(1 +Xn—2yn—1 Zn)’yn+1 =yn—2/(1 +Xnyn—2zn—1);zn+1 =zn—2/(‘I +Xn—1ynzn—2);
18 T T T T T

141

121

x(n),y(n),Z(n)

Figure 1.

Example 2. We put the initial conditions for system (2) as follows: z_5 = 1.3, z_; =
—04, 1o =03, yo=05y1 =01,y =—-0.7, 2.9 =-0.9, 2.1 =0.7and zy =
0.2. (See Fig. 2).

16
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plot of Xt =Xn—2/(1 +Xn—2yn—1zn)’yn+1 =yn—2/(_1 +Xnyn—2zn—1);zn+1 =Zn—2/(_-I +Xn—1ynzn—2);

Figure 2.

Example 3. For the difference equations system (3) where the initial conditions
T_9 = 13, r_1 = 04, Ty = 03, Y_o = 025, Y1 = 01, Yo = 07, Z_9 = 09, 21 =
0.7 and zp = 0.2. (See Fig. 3).

p|Ot of Xn+1 =Xn—2/(_1 +Xn—2yn—1 Zn) ’yn+1 =yn—2/(1 +Xnyn—22n—1 ) ;Zn+1 =Zn—2/(_1 +Xn—1 ynzn—2);
5 T T T T T T T

x(n),y(n),Z(n)
=

0 5 10 15 20 25 30 35 40
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Example 4. We assume x_o = 1.3, z_1 = 04, 2o = 0.3, y_o = 0.25, y_; = 0.1,
Yo = 0.7, 2.9 =10.9, z_1 = 0.7 and zy = 0.2 for system (4) see Fig. 4.

p|Ot of Xn+1 =Xn—2/(_1 +Xn—2yn—1 Zn)’yn+1 =yn—2/(_1 +Xnyn—22n—1 );Zn+1 =Zn—2/(1 +Xn—1ynzn—2);

7 T T T T T T T T

x(n),y(n),Z(n)

Figure 4.

Example 5. See Fig. 5, if we take system (5) with x_» = 3, z_1 = =04, 2y =
2,y o=—05,9y1=09 9=07, 25=0.19, 2y = —-04 and 2y = 0.1.

18
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plot of Xn+1 =Xn—2/(_1 +Xn—2yn—1 Zn)’yn+1 =yn—2/(_1 +Xnyn—2zn—1 ) ;Zn+1 =Zn—2/(_1 +Xn—1 ynzn—2);
3 T T T T

| ("‘"\\,'("“tt\‘ ("“w\‘ ("‘"\

I

o
T

y—
!

x(n),y(n),Z(n)

Figure 5.

Example 6. See Fig. 6, if we consider system (6) with x_5 = =9, z_; = 0.4, ¢ =
-2,y 2=02,y1=079y=18, 29=9, 21 =—-04 and zy = —2.

p|0t of Xn+1=Xn—2/(_1_Xn—2yn—1zn)’yn+1=yn—2/( 1-x yn 27 n- 1) Zn+1=zn—2/(_1_Xn—1ynzn—2);

10 T T T T T T T T

x(n),y(n),Z(n)
=)

8t

-10
0

104 Elsayed 86-108



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Example 7. We take the difference equations system (7) with the initial conditions
T o=9 v 1=4 20=2,y0=3,y1="7,49=18, 2 o=11, z 1 = -4 and z =
5. (See Fig. 7).

plot of X :Xn—2/(1 Xn-2Yn-1 Zn)’yn+1 :yn—2/(1 _Xnyn—2zn—1);zn+1 :Zn—Z/(1 _Xn—1ynzn—2);
20 T T T T T T T

151

101

< 5l
0 L
_5 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40
n
Figure 7.
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