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In this manuscript, we investigate a variant of the operators define by Lupas.
We compute the rate of convergence for different class of functions. In section
3, the weighted approximation results are established. At the end, stated the
problems for further research.
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1 Introduction

In [1], Lupag proposed to study the following sequence of linear and positive
operators

(oo}

P (f,2) =27 )" (g,f,j,’“f <z> L x>0, fil000) >R, (L)
k=0 ’

where (nz), =1 and (nz)p = nz(nx+1)(nx +2)...(ne +k—-1), k > 1.

We can consider that P,[LO], n > 1, are defined on F where E = U FE, and

a>0
E, is the subspace of all real valued continuous functions f on [0, 00) such as

sup(exp(—ax)|f(x)|]) < co. The space E, is endowed with the norm ||f|, =
x>0

sup(exp(—ax)|f(z)]) with respect to which it becomes a Banach space.

x>0

In recent year, Patel and Mishra [2] generalized Jain operators type variant of
the Lupag operators defined as

PP(f,x) = i %24%%# (i) , 23>0, f:[0,00) >R, (12)
k=0 ’

where (nx 4+ kB), = 1, (nx+kfB)1 = nx and (nx+kfB), = nx(ne+kB+1)(nx+

EB+2)...(nc+kB+k—1),k>2.
We mention that 8 = 0, the operators P7[10] reduce to Lupag operators (1.1). In
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[2], the authors have used following Lagrange’s formula to define the operators
(1.2):

=1 [ dkt 2 \*
=¢(0 — | —— Mg/ — . 1.3
o) =00+ 3 [ (75) - 09
But, if we use following Lagrange’s formula then the generalization of the oper-
ators (1.1) is written better way:

o(2) {1 - f(zz)d{i(;)} -

M8

&[] | ffz))k -

By choosing ¢(z) = (1 — 2)™ and f(z) = (1 — 2)#, we have

=
Il

0

(1—2)*[1—28(1—2)"""

0o 1 2 k
k=0
Taking z = %, we get
=1 ot Bk
L= (1=5) Y gy (o + BR)27 (00,
k=0
Now, we may define the operators as
plé) _y k
k=0

— 1
where pg(k,nz) = (1 - 0) Z W(nm + Bk)2~ (" HBR) where (nx + Bk)o = 1

and (nz + Bk), = (nm+Ez())(nx+6k+2)...(nx+5k+kf1), k > 1 and

1
0§6L<1

The parameter 8 may depend on the natural number n. It is easy to see that
for 8 = 0, the operators P (f, x) reduces to Lupag operator (1.1). We mention

that, the operators (1.2) and (1.4) has no much difference as their moments are
same. To calculate the moments of (1.4), we follows techniques developed in [2]
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and along the lines of [2], we have

2
Pta) = 1fﬁ+n(1—56)2
P 2:(+420) 6(B+F
R ﬂfﬁ)2+ ;((1—6)3)+n2((1—ﬂ)1
PJﬁ](tS,x) — 3 62%(1+ ) 6x(1+65+352)

A-pF " a-pF T n21-pp
2 (138 + 3452 + 135°)

n3(1—B)°
6 a oy 423(3 +2B) | 3622 (1435 + 5?)
Pn (t 7‘%') - (1 _5)4 + n(l —,3)5 n2(1 _5)6
2 (13 4 1468 + 20982 + 5283%) 30 (58 + 2332 + 2333 + 53%)
' W= B) ' (1= B)F

In the present paper, we modify the operators defined by (1.4) into integral
form in Kantorovich sense, see also G.G. Lorentz [3, Ch.II, p.30]. Actually, we

k
replace f (n) by an integral mean of f(z) over a small interval around the

point — as follows
n

(k+1)/n

KW , T :noo k,nx t)dt, 1.5
P =n 3 pal )/k/n F(t)dt (1.5)

where pg(k,nz) was as defined in (1.4) and f belongs to the class of local
integrable functions defined on [0, c0).

The focus of the paper is to investigate these linear and positive operators.
Section 2, provided results in connection with the rate of convergence for KL’B )

under different assumptions of the function f.

2 Approximation properties

For any integer s > 0, we denote by e the test function, es(z) = 2° , 2 >0,

and we also introduce the s-th order central moment of the operator Kr[fa ] , that
is

Qns(z) = KPP (¢, 5, ), where ¢, (1) = (t — x)*, 2 > 0, > 0.
Lemma 1 The operators Kr[f], n € N defined by (1.5), verify
1. K (1,2) = 1;

1 2
2. K(t,z) = 1f5 + 2;(;5)6)2;
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B2 o T x(3+28+ 6%  14+208+125% +28% + 5*
3 Kt x) = =0E + w1 =) + 3705 7
Bl b 322 (5+428+6%) (104328 +158%+25% + )
4. Kt x) = a _ﬂ)3+ 2T~ B} S
14 1428 4 21982 + 9683 + 198* + 2p° 4 9
" (- By
5. K[ﬁ](t‘l z) = 4 23 (74_25_,_52)

=g m(i-pp
22 (25 + 448 + 1862 + 28° + 4*)
' n2(1 = )0
x (43 + 3268 + 329532 + 1163% + 2354 + 23° + 39)
' w1 = 37
1+ 10728 + 33982 + 282433 4 9008* + 17435 + 283° + 237 + 38
+ .
5nt(1— B)®

Proof: Observe that K,[Lm(l,x) = P,Em(l,x) =1
Now,

o (b+1)/m
Kt z) = ang(k,nx)/ t dt
k=0 k/n

oo

_ L+2k _ 1 o (8]
- pg(k,nx) 2n - ann (1’$)+PTL (tam)
k=0
T (1+ B)?

“1-5 T am-pe

Similarly, we have

oo (k+1)/n
K2 2) = anB(k,nx)/ 2 dt
k=0 k/n
= 1+ 3k + 3k?
B Zpﬂ(k’m)T
k=0
1 1
= gV @a)+ PPt a) + PP, )
2P +x(3+2,6’+62) 1+ 208+ 1252 +28°% + g
T a-p T i pp (i)t
4
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(k+1)/n

KB @3 2) = anB(k,nm)/ 3 dt
k=0 k/n

> 1+ 4k + 6k% + 4k3
= Zpg(k,nx)
k=0

4n3
= LPW(1 z) + L plsl (t,z) + S pis (2, x) + PP, x)
43" N n2- " dn” " N7 N
z3 322 (5+28+42)  x(10+328+ 1582 + 283 + p*)
=By "~ 2n(1-p) (1= By
N 1+ 1426 + 21962 + 96833 + 1984 4 28° + 38
4n3(1 — B)°

and

(k+1)/n

KBt ) = anﬂ(k,nm)/ th dt
k=0 k/n

o pors Psls 5nt  nt o nt nt  nt
- ip[ﬁ](l z) + ip[ﬁ} (t,z) + Ep[ﬁ] (%, z)
Bpd= " N n3~ " n2 " ’
2 )
+= PP, ) + PO, )

! 203 (7428 + 52) 222 (25 + 445 + 1832 + 25° + B4)
A=A a(i-pp (1= B)°
z (43 + 3267 + 32942 + 1164° + 238 + 26° + 8°)
i n3(1—p)7
1+ 10728 + 339832 + 282432 + 9008+ + 1743° + 283° + 287 + 38
+ .
5ni(1—pB)®
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Lemma 1 implies the following identities

_ _xp (1+5)°
Quol@) = 1, Qui(z)= =3 + on(l— B (2.1)
2B v (24 B8+282+8%)  1+208+128%+28° + B4
Qno(r) = a2t IR + 32(1 B . (2:2)
| B 3P4+ B+28° + )
Qn,3($) (1 . 5)3 + 271(1 _ 5)4
@ (9+ 138 + 2342 +128% + 28* + %)
! w21 By
1+ 1423 + 21962 + 9683 + 195* + 28° + 39
+ 31— B ; (2.3)
- x464 2$3ﬁ2 (6+ﬂ+252+53)
nale) = Gy n(1 - AP 24
222 (6 + 183 + 2532 4 263° + 128 + 23° + °)
+ 22 (1= B)e
z (42 + 1858 + 252532 + 23953% + 1003* + 198° + 235 + B7)
" 31— B)7
14 10728 + 339832 + 282433 + 9008* + 17483° + 283% + 287 + /38
+ 51— ) '
Remark 1 Since € [0,1), (1-8)2<1land(1-8)"2<(1-8)"3<(1-6)74,
we have
2znB + (1 +3)?
Qna(z) < W (2.5)
and
0 3n222B% + 3nz (2+ B+ 262 + B%) + 1+ 208 + 1282 + 283 + p*
nal@) < 3n2(1 - p)*
3n22%6% + 6nw (1 +26) + 1 + 353 96
< 3n2(1 = B)i . (2.6)
Also, using max{1,z, 22,23, 24} < (1 + 2 + 2% + 2% + 2*), we have
B4 20 180
Qna(z) < ((1 —B)8 + n(l—p)3 + n2(1—p)8
840 8400
=B - ﬁ)8> (to+aitalsad)
< Bp(n)(1+a+2” +a° +a?), (2.7)
where
g 20 180 840 8400
B (e T LT e ST () S T ()
6
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Theorem 1 Let K2 be defined by (1.5) and B,, € [0,1) with 8, — 0. Then for
f € C[0,00) one has 1i_>m KBa(f,.) = f uniformly on any compact K C [0, 00).

Proof: By making use of Lemma 1, we have

lim KPl(#9 2) = 29, with 8, — 0

n—oo
j = 0,1,2, uniformly on any compact K C [0,00). Consequently, our assertion
follows directly from the well-known theorem of Bohman-Korovkin.
Let Cp[0,00) denote the space of real valued continuous and bounded functions
f on the interval [0, c0), endowed with the norm

[fll = sup [f(z)

0<z<o0

For any 6 > 0, Peetre’s K-functional is define by

Ky(f,0)= inf — gl +5llg"1|},
(50 =t {1 =all+ 015”1}

where C%[0,00) = {g € Cp[0,00) : ¢, ¢g" € Cp[0,00)}. By DeVore and Lorentz
[4, P.177, Theorem 2.4], there exists an absolute constant C' > 0 such that

K (f,0) < Cws (f, \/5) : (2.9)

where the second order modulus of smoothness of g € Cp[0, 00) is defined as

wa(g; 6) = ,Sup sup lg(z) —2g9(x +h) + g(= +2h)|, 0>0,

also usual modulus of continuity of f € Cg[0,00) is defined by

wi(g;0) = sup suplg(z +h)—g(z)], >0.
0<h<éz>0

Theorem 2 Let K be defined by (1.5) and B € [0,1) then for each x > 0 the
following inequality

(8] _ Z
|Kn (fa ‘T) f(l‘)‘ < Swip Sn(l — B)2

4 <f_ /3022237 + 6nz (1+ 28) + 1+ 356)
3 )

holds.
Proof: Since KT[LB](L z) =1 and pg(k,nx) > 0, we can write
o (k+1)/n
K0 Sl <Y psthne) [ IS0 @l @10
k=0 n

On the other hand

[f(t) = f(@)] S wi(filt —z]) < (L+ 672t — 2)*)wr(f39).
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For |t — x| < ¢ the last increase is clear. For [t — x| > &, we use the following
properties

wi(f328) < (1+ Nwi(f30) < (1+A)wi(f;9),
where one can choose A = § 1|t — z|. This way the relation (2.6) implies

(k+1)/n

(KB (f,a) — fz)] < ang(k,nw)/ (1+07%(z = )" )wn(f; 8)dt
k=0 k/n

= (Qmo (I) + 57297%2(.%)) W1(f; 6)

2,202
- (1+62{3n‘rﬂ +ng((11_+551)+1+356}> wi(f;6).

) L4 o 1 1/2
B*+6nz(1+28)+1+ 35ﬁ> , we obtain the desired

. 3n2z?
Choosing § = ( 201 = B

result.

Further, we estimate the rate of convergence for smooth functions.

Theorem 3 Let K be defined by (1.5) and B € [0,1). Then for f € C'[0,00)
and a > 0 one has

1 , , 1
KP0) = 0] < gz (sall o + v (£572) ).

where b, = 2anf + (1 + 5)? and
cn = 2y/n2a2B2 + 2na (1 +26) + 1+ 358

(1 +(1—B)2/na?B? +2a(1+2B) + (1 + 35ﬁ)n—1).

Proof: We can write

fl@) = f(t) = (z =) f () + (z = )(f'(§) = f'(2)),

where & = £(t,z) is a point of the interval determinate by x and ¢. If we
(k+1)/n

multiply both members of this inequality by npg(k, nz) / dt and sum
k/n
over k , there follows
(K (f,2) = f@)] < [f/(2)|Qa (@)
o0 (k+1)/n ) ,
0 Yo patina) [ 176 - £ @)
k=0 n
2znfB + (1+ B)? ,
< _—_— 2.11
< (PR a0 (211)
o0 (k+1)/n
+ang(k,nx)/ |z —t|(1 4+ 67t — | wi(f';0)dt.
k=0 k/n

59 Patel 52-67



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

According to Cauchy’s inequality, we have

i (k+1)/n
S patinn [ e
k=0 k/n
g (k+1)/n 1/2
<vny ps(k,nx) / (z —t)%dt
k=0 k/n
> © (k+1)/n 1/2
\/ﬁ{ lz pg(k,nx)] lz pg(k,nz)/ (r — t)zdt] } )
k=0 k=0 k/n
Hence,
(k+1)/n
nng (k,na / T —tldt < /Qua(z). (2.12)
TL

Using inequalities (2.12) in (2.11), we write
K (f,2) = flo)] < (2550052 |1 Hcoa]

/O (1+5 \/T)wl (f;0 (2.13)

V/n2a2B2 + 2na (1 +283) + 1 + 353
n(l—p)? ’

1
Inserting 6 = — and usin Quo(z) <
g \/ﬁ g n,2( ) >~
x € ]0,a] , the proof of our theorem is complete.

Theorem 4 Let f € Cp[0,00). Then for all x € [0,00) there exists a constant
A > 0 such that

x (1+ B)?
1—ﬁ+2n<1—6>2>’

2 2,2 2\ 2
where §n(x) _ 3n%2%p 2?;;%1;;2)?)-&-1-&-355 + (%;fggggf) ) ]

K (f,2) — f(2)] < Aws (f.6n(2)) +n (f,

Proof: Consider the following operator

R0 = KPU0 (T il ) + ). (214

By the definition of the operators IA(Y[LB } and Lemma 1, we have
KBt —z,2)=0.

Let g € C%[0,00) and z € [0, 00). By Taylor’s formula of g, we get

g(t) —g(x) = (t — z)g'(x) + / (t = u)g" (u)du, t€[0,00).
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One may write

g.0) - 90) = d @R a0)+ &P ( [0~ (wdus )

t
= KW (/ (t— u)g"(u)du,x)
xt
= KW (/ (t u)g”(u)du,x)
/lwﬁm x (1+B)?
— + —u | du.
Now, using the following inequalities
t
[ wg@an] < - a7 (215)
and
%+77(Ll+f)22 1 2 1 2 2
/1 B 2na-m <1x5+2( + ) 2—u>du’§ [ z_ (1+5) 2} 1"l
z - n(l—p) 1=8  2n(1-p)

we reach to

2 2 T (1 +6)2 ? "
{3n2x252 +6nz (1+28) +1+ 353
N 3n?(1—p)*
2znB + (1 + B)? 2 "
() }ug I (2.16)

By means of the definitions of the operators fdf } and K,[f ], we have

KP() = f@)] < RS = g,0) + | = )@ + K g,2) - o)

*’f (5 2£Ll<1+ﬁ23>2> - f)

and
K (fo) < |KP(f o)l + 20 f 1 < 1P ) + 20 £1] = 3] £1]
Thus, we may conclude that

(KD (foe) = f(@)] < 4llf = gll + K (g, 2) = g(2)]

(5 i) 1)

10

61 Patel 52-67



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

In the light of inequality (2.16), one gets

(KN (foe) = f)] < 4lf -9l
{3n2x262 +6nz (14 28)+ 1+ 3508
' 32(1 = )’

.\ (Qamﬁ +(1+ 6)2>2} ol

2n(1— )2
(14 B)2
51 an(1 —ﬁ)2> '

Therefore taking the infimum over all g € Cg[0,00) on the right-hand side of
the last inequality and considering (2.9), we find that

X
+w1 <f71_

r 2
K (f,2) = f(z)] < 4K (f,&(2)) +wi <f, i—g " 27(11(;—523)2)
r 2
< 40w (f,6n(x)) + w1 (f’ -5 " 2s<1+—ﬂza>2>
< Awy (f,6n(x)) +wr (f’ 1 f 8 + 2’r(Ll(1+—B/)B)2) ’

which completes the proof.

Theorem 5 Let0 <y <1,8€[0,1) and f € Cp[0,00). Thenif f € Lipp(7),
that is, the inequality |f(t) — f(x)] < M|t—=x|7,x,t € [0,00) holds, then for each
x € [0,00), we have
X
[KP(f,2) = f(x)] < di (@),

~ 3n2?B% 4 6na (1 +26) + 1+ 358

3n2(1= B) and M > 0 is a constant.
n2(1 —

where dp,(x)

Proof: Let f € Cg[0,00) N Lipps(y). By the linearity and monotonicity of

the operators K,[Lm

(KL (f, ) — f(=)]

, we get

EJ(f(t) = f(x)], )
MEP (|t — |, )

IAIA

(k+1)/n

Man[g(k,nx) // |t — x|7dt.

k=0 k/n

11
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2
Now, applying the Hoélder inequality two times successively with p = —, ¢ =
v
2
CRpE we obtain
o0 (k+1)/n 2
KP(f) = f@) < MY palhna) ([ -
k=0 k/n
< M(Qa(w))?
_ gy (3B 4 6na (1428) + 14353 z
= 3n2(1— ) |

This completes the proof.

3 Weighted approximation properties

Now, we introduce convergence properties of the operators KT[F I Via the weighted
Korovkin type theorem given by Gadzhiev in [5, 6]. For this purpose, we recall
some definitions and notations.

Let p(z) = 1+2? and B,[0, 00) be the space of all functions having the property

|f (@) < Myp(x),

where z € [0,00) and My is a positive constant depending only on f. The set
B,[0,0) is equipped with the norm

Il = su

C,]0,00) denotes the space of all continuous functions belonging to B,[0, 00).
By Cg [0, 00), we denote the subspace of all functions f € C,[0, c0) for which

| f(=)]
Ay <

Theorem 6 ([5, 6]) Let {An} be a sequence of positive linear operators acting
from C,[0,00) to B,[0,00) and satisfying the conditions

limy o0l An(tY;z) — 2|, = 0,0 =0,1, 2.
Then for any function f € 02[0, 00),
Tim [ Au(f:2) = () = 0.

Note that, a sequence of linear positive operators A,, acts from C,[0,00) to
B,[0,00) if and only if
[ An(p; 2)|| < My,

where M, is positive constant. This fact also given in [5, 6].

12
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Theorem 7 Let {KT[LB"]} be the sequence of linear positive operators defined by
(1.5) and B, € [0,1) with B, — 0 as n — oo. Then for each f € CS[0,00), we
have

lim [|KP(f;2) — f(z)]|, = 0.

n—oo

Proof: Using Lemma 1, we may write

wp 2 (0,2) L (3428460
z€[0,00) 1+ 22 T (1-Bn)2 n(l— Bn)3
14208, +12682 + 262 + 5+ +1
3n2(1 — Bn)? '

Since lim £, =0, , there exists a positive constant M* such that
n—oo

1 (3428, +B2) 14208, +1282 4263 + 2 .
T2 a(-B (-8 =M

for each n. Hence, we get

1K (o, )|, < 1+ M7,

which shows that {KLB"]} is a sequence of positive linear operators acting from
C,[0,00) to B,[0,00).
In order to complete the proof, it is enough to prove that the conditions of
Theorem 6

lim | KBt 2) — ||, = 0,0 =0,1,2
are satisfied. It is clear that

lim [|K}P)(152) = 1], =0

By Lemma 1, we have

1 x (1+ 8n)? 1
KBl (4 0) — — o« -1 n
[t ) =zl 5250‘ (1 e ) T+a2 " 2n(1—Bn)2 1+ a2
Bn (1+ Bn)?

1= 5, " 2n(i =8,

Thus taking into consideration the conditions 5, — 0 as n — oo, we can
conclude that

nlgr;oHKn (tix) —z|, =0

13
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Similarly, one gets
1B (85 ) = 22,

1 z2 (3+28,+82) =z
= sup -1 +
zeoo | \ (1 — Bn)? 1+ 22 n(l—p3,)3 1422

14208, + 1282 +283 + 54 1

3n2(1 — B,)* 1+ a2
B 1 (3426, +62) | 1+208, + 1282 +252 + B2
S e ‘ ((1 “Ba)? ) n(1— Bn)? 3n2(1 — B,)"*
28, — B2 (34280 +B2) 14208, + 1282 +283 + 2
s s ‘ B2 nd—BF 3n2(1 — B,)3

which leads to

lim |KP) (% 2) — 22|, = 0 with 8, — 0.
n—oo
Thus the proof is completed.
Now, we compute the order of approximation of the operators K},ﬁ
the weighted modulus of continuity Qs2(f,d) (see[7]) defined by
|f(z+h)— f(z)]

(s 0) = ; e Yo,
20-0) rZOS,(l)lfhgfs 1+ (x+h)? f p[ 00)

]

in terms of

and has the following properties:

(a) Q2(f,d) is monotone increasing function of ¢,
(b) 5ll>%l+ QQ (fv 6) = Oa
(c) for each A € [0,00), Qa2(f, A) < (1 4+ N)Qa(f,9).

Theorem 8 Let {KT[L’B]} be the sequence of linear positive operators defined by
(1.5). Then for each f € CD[0,00), we have

(K (f;2) — f(2)]
Ogsalclfoo (1 +I2)3

< 00, (f,(Bs(m)'"*)

where C' is positive constant and Bg(n) is defined in (2.8).

Proof: For z > 0 and ¢t > 0, by the definition of Qs(f,d) and the property
(¢), we may write
|t — |

(14 (z+ |t — ) (1 + 5) Qa(f,6n)

n

1£(t) = f(@)]

IN

21+ 22)(1 + (t — 2)?) <1 LI ;f') Qo (f,62).

IN

14
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By using the monotonicity of K+ and the following inequality (see [8])

(1+ (t—2)?) <1+|t;nx|> <2(1+4y) (1+ (t;;c)‘l)’

n

one gets

(K (f,2) — f()]

IN

2(1 + 2?) K[! ((1 +(t—12)?) (1 L ;f') :13) Qu(f,6)

IA

41+ 22)(1+ 62K ((1 G ;;)4) x> Qo(f,0,)

1
ok

n

< 41 +2H)(1+62) <1+ K,[Lﬂ]((t—w)‘l,x)) Qa(f, 6,)

< Gra) (14 R 0" 9a(0,),

with the help of the inequality (2.7) this inequality leads to

K - S < a1 (14 B 1wt a? 0+ 0) ) (.0,

which gives the required result.

Remark 2 In [9], the authors has consider the generalization of the operators
(1.1) as

— k
P S Ly s > : R, (3.1
W (f an, b, ) kZZO s (5 ) 720 Fi0) =R (3)

where {an}, {b,} are increasing and unbounded sequences of positive numbers

such that . )
lim — =0, a”:l—s—O().

n—o0 by, b, bn
They studied the convergence properties of these operators in weighted spaces of
continuous functions on positive semi-axis. Also, A. Erencin and F Tasdelen
[10] consider the generalization of the Kantorovich type operators RQO] (f, an, by, x)
given by (3.1) as follows:

° (k+1)/bn
—a m§ : anZ)k
k=0 : n

where f is an integrable function on [0,00) and bounded on every compact subin-
terval of [0, 00).

Motivated by the operators (3.1) and (3.2), we generalize the operators P,[f] and
K,[f] in following way

> 27 (@@t kB) (g 2 + k) k
(8] — E n k - .
Pn (fvanvbnvm)*k:() ok | f(bn>a 1’207 f[O,oo)—>R,

(3.3)
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and

& 27(anx+k,@) " (k+1)/by
(@n ) / F(t)dt (3.4)
k

Kr[tﬁ](ﬁan;bnax) :bnz ok L]
k=0 /b

and extend the studies of the present article in a similar direction for the opera-
tors (3.3) and (3.4). The analysis is different so we may discuss that elsewhere.
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