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Abstract :

In this paper we introduce the Barnes-type multiple twisted g-Euler numbers and polynomials
of the second kind, by using fermionic p-adic invariant integral on Z,. Using these numbers and
polynomials, we construct the Barnes-type multiple twisted ¢-Euler zeta function of the second kind.
Finally, we obtain the relations between these numbers and polynomials and Barnes-type multiple

twisted ¢ -Euler zeta function.
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1. Introduction

Recently, Bernoulli numbers, Bernoulli polynomials, ¢-Bernoulli numbers, ¢-Bernoulli polyno-
mials, the second kind Bernoulli number, the second kind Bernoulli polynomials, Euler numbers of
the second kind , Euler polynomials of the second kind, Genocchi numbers, Genocchi polynomials,
tangent numbers, tangent polynomials, and Bell polynomials were studied by many authors(see [1,
2, 3, 4, 9]). Euler numbers and polynomials possess many interesting properties and arising in many
areas of mathematics and physics. In [5], by using Euler numbers E; and polynomials E;(z) of
the second kind, we investigated the alternating sums of powers of consecutive odd integers. Also
we carried out computer experiments for doing demonstrate a remarkably regular structure of the
complex roots of the second kind Euler polynomials E, (z)(see [6]). The outline of this paper is
as follows. We introduce the Barnes-type multiple twisted g-Euler numbers and polynomials of
the second kind, by using fermionic p-adic invariant integral on Z,. In Section 2, we construct
the Barnes-type multiple twisted g-Euler zeta function of the second kind. Finally, we obtain the
relations between these numbers and polynomials and Barnes-type multiple twisted ¢ -Euler zeta
function.

Throughout this paper we use the following notations. By Z, we denote the ring of p-adic
rational integers, @, denotes the field of rational numbers, N denotes the set of natural numbers, C
denotes the complex number field, and C, denotes the completion of algebraic closure of Q,,. Let v,

be the normalized exponential valuation of C, with |p|, = p~vr®) = p=1. For
g € UD(Z,) ={glg : Z,, — C,, is uniformly differentiable function},

the fermionic p-adic invariant integral on Z, of the function g € UD(Z,) is defined by

L19) = | g)dnar(a) = tim 3 gla)(-17, see 1.2, 4] (1.1)

¥ =0
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From (1.1), we note that

/

First, we introduced the second kind Euler numbers E,,. The second kind Euler numbers F,, are

oz + Ddu_i(z) + / o)y (x) = 29(0). (1.2)

P ZP

defined by the generating function:

oo

2¢t t"

n=0

We introduce the second kind Euler polynomials E,,(x) as follows:

2¢t L tm
pET —;}En(w)ﬁ (1.4)

In [5, 6], we studied the second kind Euler numbers F,, and polynomials E, (z) and investigate their

properties.
2. Barnes-type multiple twisted ¢g-Euler numbers and polynomials of the second kind

In this section, we assume that wi,...,wx € Zp and ay,...,ax € Z. Let T, = Uny>1Cpn =
limy o0 Cpn, where Cpn = {w|w”N = 1} is the cyclic group of order pV. For w € T}, we denote by
¢w  Zp — C, the locally constant function z — w®.

We construct the Barnes-type multiple twisted g-FEuler polynomials of the second kind,

Epwqwi,...;wg;a1,...,05 | ).

For k € N, we define Barnes-type multiple twisted ¢g-Euler polynomials of the second kind as follows:

/ . / ww1+"'+$kqa111+"'+ak$k6(1+2w1$1+"'+2wkwk+k)tdl£71(xl) . dﬂ—l(fﬂk)
ZT’ ZP

k—times
_ 2k6kt - (21)
(wqale%wlt + 1)(wqa262w2t + 1) . (wqakekat + 1)
o0 tn
= Z Enwq(wi,. . wesan, ..o a | 2)—.
n=0 m
In the special case, x = 0, Ep o q(wi,...,wg;01,...,a5 | 0) = Ep o q(wi,...,wg;a1,...,0a5) are

called the n-th Barnes-type multiple twisted g-Euler numbers of the second kind. By (2.1) and

Taylor expansion of e(#+2wizi1t+2wrzi+k)t e have the following theorem.
Theorem 1. For positive integers n and k, we have
EpwqWi,...,wga1,...,05 | )

:/ / wx1+m+qualz1+“'+akzk(33+2U)1$1+"'+2wk$k+/<J)ndu_1($1)"'du_1($k).
Zp Zp

N——
k—times

In the case when z = 0 in (2.1), we have the following corollary.

Corollary 2. For positive integers n, we have

Epwq(wi,. .. wg;a1,...,ax)

= / . / wZiz ziquzl YT 2wy + -+ 2wk + k) dp—1(x1) - - dp—q (xg). (2.2)
ZP ZT’
k—times
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By Theorem 1 and (2.2), we obtain

n

n _
En,w,q(w1>~“;wk;alv"'aak x)Z(Z>El,w,q(wla~"7wk;a17~~';ak)xn l, (23)
=0

where (Z) is a binomial coefficient.

We define distribution relation of Barnes-type multiple twisted g-Euler polynomials of the
second kind as follows: For m € N with m = 1( mod 2), we obtain

oo tn
E En}w)q(wl,...,wk;al,...7ak|33)g
n=0 !

2k€kmt

(wmqalmelemt + 1)(wmqa2m62w2mt + 1) .. (wmqakmeZwkmt + 1)

T+ 2wyly + -+ 2wl + k — mk
m—1 . N (mt)
% Z (_1)l1+“'+lsz'i=1liqu:l ailie m
l1,. 0yl =0

From the above equation, we obtain

oo tn
E Enwqgwi,...;wga1,..., a5 | x)g
n=0 ’
oo m—1
_ Z m" Z (_1)zl+...+zsz,’§:l liqu-Ll ail;
n=0 l1,..,l=0
T+ 2wily + -+ 2wl + k —mk\ t"
X Epgm gm | W1,..., Wga1,...,0k | - el

n

t
By comparing coefficients of — in the above equation, we arrive at the following theorem.
n!

Theorem 3 (Distribution relation). For m € N with m = 1( mod 2), we have

Epwqlwi,...;wgia1,... 05| 2)
m—1
= m" Z (_1)ll+"'+lkw25:1linleaili
l1,...,lx=0
T+ 2wily + -+ 2wl + k — mk
X Ep ym gm (wl,...,wk;al,...,ak| - )

From (2.1), we derive

/ . / w:cl+~-~+xkqa1x1+-~~+akxke(:c+2w1:c1+~-~+2wkxk+k)tduil(xl) . dufl(mk)
Z Z

P P
k—times (2.4)
— 9k Z (_1)m1+---+mkw2?:1 miquzl aimi o(z+2wimy+-+2wemp+k)t
ml,...mkzo
From (2.2) and (2.4), we note that
Epwq(wi,...,wg;01,...,05 | )
RS b s (2.5)
=2 Z (—1)mattme s @M (4 Qg + - - - + 2wy, 4 k)™

mi,...m,=0

By using binomial expansion and (2.1), we have the following addition theorem.
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Theorem 4(Addition theorem). Barnes-type multiple twisted g-Euler polynomials of the sec-

ond kind E, o, q(w1,...,wk;a1,...,a | ) satisfies the following relation:

n

n _

E,wq(wi,...,wg;61,...,0 |24+ y) = E (l>El7w7q(w1,...,wk;al,...,ak|x)y" L
1=0

3. Barnes-type multiple twisted ¢-Euler zeta function of the second kind

In this section, we assume that ¢ € C with |¢| < 1 and the parameters wy,...,wy are positive.
l

Let w be the p™V-th root of unity. By applying derivative operator, % |t=o to the generating function
of Barnes-type multiple twisted g-Euler polynomials of the second kind, E,, o, q(w1, ..., wg;a1,...,ax |
z), we define Barnes-type multiple twisted g-Euler zeta function of the second kind. This function
interpolates the Barnes-type multiple twisted g-Euler polynomials of the second kind at negative
integers.

By (2.1), we obtain

2kekt ot
FUJ,Q(wh sy WEs AL, -5 Ak ‘ $7t) = (wqa1€2w1t + 1) ce (wqakekat 4 1)
oo - (3.1)
= Z Enwg(wi,.. wesan, .. a | 2)—.
o n!
Hence, by (3.1), we obtain
o0 tn
Z EnwqWi, ... ,wga1,...,ak | m)ﬁ
n=0 ’
(o]
— 9k Z (_1)m1+~~+mkw2§:1 miquzl aim; o(z+2w1m+ -+ 2wpmp+k)t
miy,...m-=0
dl
By applying derivative operator, @hzo to the above equation, we have
E, o q(wi,...,wg01,...,05 | )
> (3.2)

— 9k Z (71)m1+-"+mkw2§:1 miqu‘C:l @imi (:L' + 2wimq + -+ - + 2wpmy + k)n

mi,...mp=>0

By (3.2), we define the Barnes-type multiple twisted ¢-Euler zeta function of the second kind

Cwog(Wi, ..., wisas, ... ax, | s,x) as follows:

Definition 5. For s,z € C with Re(x) > 0, aq,...,a; € C, we define

00 k . k .
(_1)m1+-~+mkw2i:1 mzqzizl a;m;
wo(Wi,. .. wyial, ... a | s x) =2~ , 3.3
Cu,g (w1 k3 a1 k| ) . Z:nk: (x 4+ 2wimq + -+ + 2wpmy + k) (3.3)
For s = —l in (3.3) and using (3.2), we arrive at the following theorem.

Theorem 6. For positive integer I, we have

Cwogwi, ..., wgsar,...,ar | =l x) = Ej(wi,...,wg;a1,...,a5 | T).

By (2.6), we define multiple twisted ¢-Euler zeta function of the second kind

Cwg(Wi, ..., wgsag,...,ax | s) as follows:
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10.

11.

Definition 7. For s € C, we define

[e'e} k k
(_1)m1+-~+mszi:1 miquzl a;m;
Wiy W G, ay | 8) =28 , 3.4
Cu,g(wi ks @1 k| ) - z;nk: (2wimq + - - + 2wpmy, + k)* (3.4)
For s = —![ in (3.4) and using (2.5), we arrive at the following theorem.

Theorem 8. For positive integer [, we have
Cwogwi, ..., wgsar, ... ak | =) = Ej(wi,...,wg;a1,...,a0k).
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