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ABSTRACT

In the present work, the main objective is to find the solution of the logistic differential Equation by
employing Mahgoub transform and a series powers method.Our analysis confirms the stability of the
proposed equation using the Hyers-Ulam and Mittag-Leffer-Hyers-Ulam stability. Applying our results to
a population model, we demonstrate the practical significance of the obtained solution for the logistic
growth differential equation.

Keywords: Ulam stability, Hyers-Ulam stability, Mittag-Leffler-Hyers-Ulam stability, Logistic differential
equation, Mahgoub transform

1. INTRODUCTION

A logistic differential equation (LDE) represents a specific type of differential equation with a logistic
function as its solution. These equations find significant utility in modeling systems influenced by limiting
factors, such as population growth. With broad applicability across various disciplines, LDEs have
emerged as a potent tool, offering more realistic and practical models compared to exponential functions.
The well-known differential equation for logistic growth is

U = Uu® - Uum). ey

For initial condition U(0) = Uy, the analytic solution of (1) can be imparted as
U

Ut) = 0

Up+(1-Uglet "
If Up = 1/2, then the solution is likely to get logistic function

U = ——=

1+e
Abdelrahim Mahgoub introduced the Mahgoub transform [17] as an integral transform method to solve
ordinary differential equations, and it has since been widely adopted by researchers for analyzing the
solutions of various differential equations, including logistic differential equations [1, 2, 17, 28].
Hyers-Ulam stability has been a popular research topic in the field of functional equations [25], but in
recent years, this idea has been applied to differential equations as well. The Hyers-Ulam stability asserts
that the difference between an exact and approximate solution is always finite.
Let Y be a normed space and let I be an open interval. Assume that for any function f: I — Y satisfying
the differential inequality
l|lan O™ (®) + - + a1y () + ay() + h@®)| < €
for all t € I and for some € > 0, there exists a solution f, : I — Y of the differential equation
a,Oy™(© + -+ a1y () +agy(® +h(®) =0
such that [|f(t) — f(t)]| < K(e)for any t€ I, where K(€) is an expression of € only. Then, we say that the
above differential equation has the Hyers-Ulam stability.
If the preceding statement is also true when we replace € and K(€) by ¢(t) and ¢(t), where @, ¢ are
appropriate functions not depending on t and t, explicitly, then we say that the corresponding differential
equation has the generalized Hyers-Ulam stability or Hyers-Ulam-Rassias stability.
In 1998, C. Alsina and R. Ger [4] were the first authors who investigated the Hyers-Ulam stability of
differential equations. They proved in [4] the following Theorem.
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Theorem 1.1. Assume that a differentiable function f: I — R is a solution of the differentialinequality
||x'(t) - x(t)|| < g where I is an open sub interval of R. Then there exists a solution g: I — R of the

differential equation x (t) = x(t) such that for any t € I, we have ||f(t) — g(t)|| < 3e.
This result of C. Alsina and R. Ger [4] has been generalized by Takahasi [31]. They proved in [31] that the
Hyers-Ulam stability holds true for the Banach Space valued differential equation y’(t) = Ay(t).
The Hyers-Ulam stability of differential equations has been studied by several authors, such as [5, 6, 15,
16, 18, 19, 20, 21, 22]. In 2017, Jung et al. [13] used the Mahgoub transform method to demonstrate the
H-U stability of linear differential equations. Similarly, Aggarwal et al. [2] employed this method to solve
the linear Volterra integral equation. Researchers have also studied the Ulam stability of non-linear
differential equations, as evidenced by the literature [6, 14]. The development of the Mittag-Leffler-Hyers-
Ulam (MLHU) stability of differential equations began with Wang and Zhou’s work in 2012 [33].
Now a days, the Hyers-Ulam stability of differential equations are investigated by number of authors in [5,
6,7, 8,10, 11, 12, 14, 15, 16, 18, 30, 32] and the Hyers-Ulam stability of differential equations has been
given attention.
Similary, many different methods for solving differential equations have been used to study the Hyers-
Ulam stability problem for various differential equation. But using transform techniques are also have
more significant advantage for solving differential equations with initial conditions.
In 2014, Alqifiary and Jung [3] investigated the generalized Hyers-Ulam stability of

n-1

x®) + > ax®) = f(v),
kz )

by using the Laplace transform method. In 2020, Murali and Selvan [24] established the different forms of
Mittag-Leffler-Hyers-Ulam stability of the first order linear differential equation for both homogeneous
and non-homogeneous cases by using Laplace transformation(see also [27, 29, 30, 32]).

In 2020, Murali, Selvan and Park [19] investigated the Hyers-Ulam stability of various differential
equations using Fourier transform method. Recently, Jung, Selvan and Murali [13] established the various
forms of Hyers-Ulam stability of the first-order linear differential equations with constant coefficients by
using Mahgoub integral transform (see also [9, 23, 26, 28]).

Very recently, Murali, Selvan, Park and Lee [21] investigated the different forms of Hyers-Ulam stability
and Mittag-Leffler-Hyers-Ulam stability of second order linear differential equation of the form u™+ p2u =
q(t) by using Abooth transform method (see also [22]).

We may apply these terminologies to other differential equations also (see []). In this paper, the Mahgoub
transform is proposed as a solution to the LDE. While it demonstrates effectiveness in handling linear
equations, addressing non-linear equations necessitates a hybrid approach that combines the Mahgoub
transform with a series expansion of the dependent variable to achieve a solution. Subsequently, the
paper explores different types of H-U and MLHU stability linked to the differential equation governing
logistic growth within a population, as represented by the form (1.1).

2. Preliminaries
In this section, we present some notations, definitions and preliminaries which will be needed in this

paper.
Definition 2.1.For each mapping U: (0, o) — R of continuousnand exponential order. We consider the set
lel .
A= {U(t): [U(D)| < Ne®i,t € (—1)'X[0,),i= 1,2},

whereN > 0 and €, €,> 0 may be finite and infinite. The Mahgoub transforms of U € A is is defined by
M(U®) = U(s) = sfooo UMtdt,t >0, ¢ < U <e,.
Theorem 2.1.If U(s) is the Mahgoub transform of U(t), then
1) M(D=1
2) M(t)=g
3) M(e) ==
4) M(U'(t))=s(s)- sU(0)
5) M(U'(t)) =s20(s) — s2U(0) — sU'(0)
6) M(UM™(L) =s"0(s) — X2y s" U 9 (0)
Theorem 2.2. Assume that U; (t)and U, (t),t=> 0 are given functions.If M(U, (t))=U; (s) and U(t) =U,(s),
then

M{U()*U2(8)} = £ U7 () U (s).
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Definition2.2.If M(U(t)) = U(s), then U(t) is called the inverse Mahgoub transform of U(s) and is
denoted as U(t) = M-1(U(s)) where M1 is the inverse Mahgoub transform operator.

3. Existence Of The Approximate Solution

In this section, we will look at thelogistic growth model differential equation
au

7 =U-8)t=0 (2)
with the initial condition
U(0)=Uo, (3)

Where g is a non - linear function of U.Taking Mahgoub transform to (2), we find
U(s) —sU(0) = U(s) — G(s)

O(s) = Vo _ §&
UGs) = - — (4)
Applying the inverse Mahgoub transform to both sides (4), we get
U(®) = Upe' — M (C2) (5)

Let g(U) = UZ2. Then by formal power series
U(t) = 2;1.0:0 antn )
we obtain g(U) = (T2 pa,t")? = ay? + 2apa t + (2aga, + a3)t? + (2agaz + 2a;a,)t3 + -+

= _ _ 2 2a0a1*4aoaz+2a%L12aoa3+12a1azL
G(s) = M(g()) = ap® + P R . .

However,equation (5) becomes
2
U® = Uge' — M7 (4 +

2apag Iél-a()az+221%  12apaz+12ajap )
s(s—1) ' s2(s—1) ' s3s-1) TV

2 2 2 2
© n_ t_ —1,30 , 30 , 30 2apaj 2apag 4apaz 2af Z2apag
Zn:oant ~oe " (g +§2 +S3 * 52 SZ 2 S233 N “2-“) 3 3 2,3
_ t t t 2 agt agt 2apait 2agait 2agait 4apart 2aft
B UO (1 + 1! + 2! + 3! + ) (aot + 2! + 3! + 1! + 2! 3! + 3! 3! + )
Up _ af 2 Up af 2aga; af) .3
=Up + (U, — a3 t(————aa t“+|(—————=)t" + -
o+ (Uo —apt(—- == —apay s 3 3
Equating coefficients of powers of t gives
aO = UO
2
a; = UO — 4y
Up ap
dy = — — — dgdq
2,2 %

1
For U, = > we have

1 1
aO :E,az :Z,a3 = -
The Solution of (2) is
U =5 +t— ot 4o

1.4
—f—Mahgoub transform solution{n=3)

—#—Exact Solution

1.2
Mahgoub transform solution(n=5)

0.4

1.5 z 25 3

Figure 1: The exact solution (logistic function solution) to LDE (3.1) with initial condition Uo=1/2,in blue,
as well approximations of the function by the Mahgoup transform for n=3 in green line and n=5 in red
color line.
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Figure 2: The comparison of logistic function(exact) as well approximation of the function(approximate)
obtained by Mahgoub transform. The top two plots are shown for n=3, n=>5 at initial condition Uo=1/2.
The bottom plot for the initial condition Uy=2.

Exact solution
__||——Mahgoub transform solution

Figure 3: The comparison of exact solution and Mahgoub transform solution of LDE (3.1).

4. Stability Of Solutions

LetI € (0, c),we denote the space of continuously differentiable function on I by C(I).
Theorem 4.1.The logistic differential equation (2) has the Hyers-Ulam stability.
Proof.For every € > 0, and we consider U(t) € C(I)satisfies the differential inequality
[U'®-U®+g)| <s (6)

for all t€ 1. To prove: There is a real number K>0 and U(t) such that

[U®) — V()| <Kege>0

for some Ve C(I), which satisfies the differential equation V'(t)=V(t) - g(V) for all te I.
Consider a function p: (0, 00) — R such that p(t) = U’(t) — U(t) + g(U) for all t>0. By (6), we find|p(t)| < &.
Taking Mahgoub transform to p(t), we acquire

M{p} = (s = 1)M{U} - sU(0) + M{g(U)}

P(S) = (s — 1U(s) — sUy + G(s)

and

MU} = O(s) = 222000 (7)

where, U(s) = M{U(t)}, P(s) = M{P(t)} and G(s) = M{g(U)} are the Mahgoub transforms of the functions
U(t), P(t) and g(U) respectively.
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Define a solution V(t) = sV e' + (e* = g), then we findV(0)=U(0). By applying the Mahgoub transform to
V(t), we acquire

~ Uo—G(s)
M{U} = 0(s) = %

On the other hand, we find

M{U'(t) — sV(t) + g(V)} = (s — 1)V(S) — sV(0) + G(s).

Using (8), we get

M{V'(t) — sV(t) + g(\)} = 0.

If M is one-to-one operator and linear, then V'(t) = V(t) — g(V).

That is, V(t) is a solution of (2) with the initial condition (3). From (7) and (8), we obtain

P(s) —G(s) +sU, sU,—G(s) M{P}
—1 -1  (s—-1)

The above equalities gives U(t) — V(t) = P(t) = e'. Taking modulus on both sides and using |P(t)| < s,

we get

[U®) — V(@) = |P(t) *ef| < |f0tP(t)e(t_X)dx|
< [POI [f; ey < & f]e¢0]dx

< ge' fot e *dx =Kg,
for all t>0. Hence, |U(t) — V(t)| < Ke, where K=et-1>0. Therefore, (2) with the condition (3) has the Hyers
- Ulam stability.

(8)

M{U®) - M{V(D} = = M{P(D) xe'}

Theorem 4.2.Let € > 0,U(t) € C(I) and @: (0, ©) — R. Then
[U'(® - U@® +g)| < (D, (9)
for all t € 1. If there exists real number K>0 such that
[U®) — V()| < Ka(t)e, Ve C()
satisfies the differential equation V'(t) — V(t) + g(V)=0 forall t € .
Proof. Consider a mapping P:(0,00) = R byP(t) = V'(t) — U(t) + g(U) for all t>0. By (9), we find
[P(t)| < @(t) e.By Theorem 4.1, we can reach
U(t)-V(t) = P(t) *et.
Taking modulus and using |P(t)| < @(t)e, we get
U = V() = [PE) €] < |f; PB)etdx|
< |P(D)| | fy e<t—X>dx|

< ed(t) fot|e(t_")|dx
< Ka(be,
for all t>0. Then the LDE (2) with the initial condition (3) has the HU - Rassias stability.

Theorem 4.3.The differential equation in a logistic growth model (2) is MLHU stable.

Proof. Given € > 0, suppose that U(t) € C(I) satisfies

U'() = U® + V)] < €. (0), (10)

for all t€ I, where E, (T) is the Mittag - Leffler function.

To prove: There exists real number K>0 and U(t) such that

[U®) — V(1)| < KeE,(t),e > 0,

for some ve C(I)satisfies V'(t) = V(t) — g(V) forallt € L.

Define a function P: (0,0) — Rby P(t) =: U'(t) — U(t) + g(U), for all t>0. In view of (10), we find|P(t)| <
eE, (t). Taking Mahgoub transform to P(t), we find

M{P} = (s — 1)M{U} - sU(0) + M{g(U)} (11)
P(s) = (s —1U(s) —sUy + G(s) (12)

and
M{U} = O(s) = “E0=20) (13)

Set sVyet + (e* * g), then we have V(0)=U(0). Taking Mahgoub transform to V(t), we acquire
MV} =V(s) = 22 (14)

On the other hand,

M{V' (@) —V(©) + g} = (s — DV (s) — sV (0) + M(g).
Using (14), we get M{V'(t) -V + g(V)} = 0. Since M is one-to-one operator and linear, then we get
V'(t) = V(t) — g(V). This means that V(t) is a solution of (2). It follows from (13) and (14) that
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P(s)—G(s)+sU sUg—G(s)
U(s) =V(s) = - 0 (05_1)

M{Il’}
(s-1)
M{U(t) — M{V(£)}= M{P(¢) * e'}.

The above equalities shows that
U(t) — V(t) =P(t)*et.
Taking modulus and using |P(t)| < €E, (t), we get
U(t) = V©)l = IP@) ] < |f; P(t)e“ x|
< |P(D)] |f0te(t_")dx|
< €E,(t) |f0t e(t_")dx|
for all t>0, where K=|f0t e(‘_x)dx| exists. Hence, |U(t) — V(t)| < KeE,(t).Then (2) with (3) has the MLHU
stability.

Theorem 4.4.The LDE (2) with (3) has the MLHU - Rassias stability.
Proof. Given € > 0. Suppose that U(t) € C(I) and @(t): (0, ) — R satisfying
|U'(®) = U@®) + g(W)] < B(0)eE, (1), (15)
forallte I.
To prove: There exist a real number K>0 and U such that
U@ = V(D) < KO()€E, (t),

for some V€ C(I)satisfies V'(t) — V(t) + g(V) = 0, for all te I.
Define P: (0,0) — R such that P(t) =:U'(t) — U(t) + g(U) forall t > 0. By (15), we find
[P(t)| < @(t) €E, (). Taking Mahgoub transform from P(t), we get

M{P} = (s — DM{U} - sU(0) + M(g), (16)
and thus

M{U} — M{P}+z22_M(g)-
By the proof of Theorem 4.3 and using|P(t)| < @(t) €E, (t), we get

[UCD) — V(O] < B(t)€E, (D) ‘ J et dy
0

(17)

for all t>0, where K:|f0t e(t_")dx|exists. Hence,|U(t) — V(t)| < K@(t)eE, (t). Thus the LDE (2) has the
MLHU-Rassias stability.

5.Application
In this section, we’ll go over some applications to help you comprehend the paper’s primary findings.
First, we study the logistic growth model in a population

aw w

W), (18)
Where &and 1) are positive constants. Here W=W(t) represents the population of the species at time t and
EW (1 - %),is the per capita growth rate, and nis the carrying capacity of the environment. Non -

dimensionalization of equation (18) by setting

U@ =", =g,

results in
S=ua-u). (19
If W(0) = Wy, then U(O)=%, and the analytical solution of the equation (19) follows easily

1
U(t) = W.

So, we will apply Theorem 4.1 to the equation (19) to establish the Ullam stability.

6. CONCLUSION

In this paper, we have presented a solution to the differential equation for the logistic growth model. A
figure to illustrate the result is given. Comparison with the exact solution and Mahgoub transform
solution is plotted. We have also used the Mahgoub transform method to establish various H-U and
MLHUtypes stability of these equations. Through the use of the logistic approach, we are able to predict
population growth with great accuracy in mathematical modeling.
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