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ABSTRACT

The main focus of this research is on the existence and exclusivity of solutions for the fractional
integrodifferential equations with interval impulses and infinite delay. Schauder's fixed point theorem is
used to acquire the required results. An example of the main result is also specified.
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1. INTRODUCTION

The derivatives of the non-integer and the generalization of integral are the main focus of the fractional
calculus. Fractional derivatives are an excellent tool for describing memory and heredity qualities in a
variety of materials and systems. In comparison to standard integer-order models, this is the main
advantage of fractional differential equations. Fractional differential equations are used in a wide range of
scientific disciplines and engineering, including modelling systems and processes mathematically. Many
other subjects, such as chemistry, physics, complex media electrodynamics, aerodynamics, and so on,
utilise fractional differential equations. Furthermore, fractional order derivatives are involved.

In the mathematical modeling of numerous fields like physical, biological phenomena, and engineering
sciences a major role is accomplished by the integrodifferential equation both in the theoretical and
practical aspects where it is impossible to neglect the consequences of the real-world problem. It is
extremely essential to make a study on integrodifferential equations as numerous practical systems are
integrodifferential equations in nature.

The goal of this study is to show that fractional infinite delay integrodifferential equations with interval

impulses of the type have solutions
p

Dpu(p) = f(p, up) +f k(p,s,us)ds,p € (s;,piz1]i=0,1,..,M (1.1)
0

u(p) =g; (p,u(p)),p € (pi,sili=12,..,M (1.2)
u(0) +h(w) = ¢,, ¢, €E, (1.3)
where 0 < a < 1 and the state u(.)pertains to the space of Banach U provided with the expected || - ||, Dy

represents the fractional derivative of Caputo, f is an appropriate function, 0 = py =sy < p; <51 <p; <
o pv <Sy <Pm41 =Db are a predetermined number, g; € C((p;si]*xU;U),i=12,..,M. Let
u, (denote u,(m) = u(p +n),n € (—,0]. Hence we contemplate that impulses kicks off with a bang at
that point p; on the interval, and their actions continue [p;, s;]

Impulsive differential equations belongs to the category which most of the principle models falls in, which
outlines most of the advancement processes that unexpectedly transform their state at a particular
moment. IDE are most suitable method to model these processes. To obtain more information on this
theory and more of its application, we have referred to the monographs of [7] and the papers [13,14],
where properties of their results are deliberated and more precise bibliographies are given. In recent
years, there has been significant progress in fractional differential and partial differential equations, for
reference see the monographs [1,3,4,5,6,9,10,16,17].

The impulsive integrodifferential equations behavior in abstract spaces have already been scrutinized by
[12,15] by several authors. To support the study of population dynamics, ecology, epidemic and biology
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various mathematical models have been used and which could be indicated as impulsive delay differential
equations. Many researchers have investigated the theory of impulsive delay differential equations [2,8,9]
right away. However, there are a variety of situations in which impulsive behaviour begins immediately
and continues for a finite period of time. A new class of abstract impulsive differential equation was
established by Eduardo Hernandez and Donal O' Regan [11] for which the impulses are not
instantaneous.

2. Preliminaries

This part introduces some of the fundamental notations, definitions, lemmas, and theorems that are

utilised throughout the article. Consider a continuous function v:(—oo,0] = (0, +o0] which satisfies
0 . . o ) .

1= f_mv(p)dt < 4o00. Here the function v induces a Banach space (Ev,ll . ||E(V)) it is defined in the

following way.
E, = {Y: (—0,0] = U; in any case C

0
> 0,y(n) is abounded and on a measurable function [—C, 0] and j v(p)sup, << lW(M)|ldt < +o0

provided with the expected Wllg, = f_omv(s)supSSnSO||1|J(n)||ds.
Let us begin by defining the space
E, = {LlJ (—oo,b] - U lpk € C(]krU)'k

=0,1,2,3, ..., M in addition to it Y(p;)and w(p;)with U(p)W(px), U(p)

= gk(p,u(p)) forp € (p, skl k=1,2,..., My, = ¢(0) + h(Y) = Y € E,
We consider the space for the impulsive situations QC(U) it is supported via means of all functions

u: [0,b] = U such that u(.) is continuous atp # p;,u(p;’) = u(p;) and u(p;") exists for all i = 1,2,3, ..., M,
provided uniform norm for [0, b] signified |[u||qc vy- We begin u; € C([p;, pi+1], U), which is given by
ui(p) = {u(p), forp € (pi, pis1] u(p), forp = p;

Moreover E € QC(U) the notation is used here E; for the set E; = {u;:u € E},i € {0,1,2, ..., N}. Theorem 2.1
Assume the following D is a closed bounded convex subset of U, and that A is a completely continuous
function from D to D. Then there is a point to be made Z € D as aresult AZ = Z.

Lemma 2.1 [8] A set E U QC(U) is relatively compact in QC(U) if and only if if each set E; is relatively
compact in C([p;, pi+1], U).

Definition 2.1 A function U: (—oo,b] — U is referred to as a problem solution (1.1) - (1.3) if u(0) + h(u) =
¢, € E,,u(p) = gi(p,u(p)) forall p € (p;,si],i = 1,2,3, ..., M, the integral equations following hold because
the restriction of u(.)to the interval ], (h = 0,1,2,3, ..., M) is continuous.

u(p) = ¢(0) —h(u) + %q)Lp (p—s)1 (f(s,uy) + jos k(s, 0,u,)do)ds, forall p € [0, p;]

_ ( ())_|_pr — )71 (f( )+fS k( )do)d
w®) =) i [ 9T G | Ko udods

forall p € [s;, pi41] and everyi = 1,2,3,...,M
Lemma 2.2 Assume the following U € EW then, for p € [0, b], U, € E,. Moreover
Hu®l < llucllEy < IPIIEy + Isuugeqopylluls)|]
3. Main Results
For ¢ € E,, ¢"is defined as
$"(p) = {$(p), p € (—,0] $(0),p € [0,p1] 0,p € [py,b]
then ¢
“€E,
Letu(p) = v(p) + ¢"(p), = < p < b.v clearly satisfies. vy = 0 for p € (—o0,0]

v(p) = —h(v+ ¢") + %q)fop (p—s)a! [f(s, vs +¢°) + J: k(s,0,v, + ¢)Ac)d0] ds

forallp € [0,p,]
vip) =gi(p(v+¢° )(p)) forall p € [py,s1], and eachi = 1,2,.

v(p) = gl(sl, v+ (s )) + NC )(p —s)a-t [f(s ve + %) + f k(s,0,vs + ¢ (,)dc] ds
forallp € [s;, pi+1] everyi = 1,2, ,l\/f
iff u meets the criteria

147 M. Latha Maheswari et al 146-152



Journal of Computational Analysis and Applications VOL. 33, NO. 8, 2024

u(p) = ¢(p),p € (—,0] u(p) -
_ _ - _ g-1
=6 ~h@ + e [ -9 [f(s, w+ |
€ [0,p1] u(p) = gi(p,u(p)), forallp € (p;,si] eachi = 1,2,3,...,M

S

k(s, o, uc)do] ds, forall p

And
n . , .
u(p) = gi(si,uls)) + @ f (p—s)it [f(s, ug) + f k(s, o, uc)do] ds

forall p € [s;, p;11] everyi =1,2,..,M
We introduce the following conditions to demonstrate our key findings
(Hy) f;:[0,b] X E, = U is continuous, and two positive constants K;, K, exist such that

I (0 ;) = £ (P, @)1l < Ki(llds = P, lIE,, Kz = suppeqop Ify (b, O)1.

(H,) K:AXE, - U where A = {(r,s): 0 < s < b}, with positive constants P, P, satisfying
”K(p' S, ¢1) - K(p' S, q)z)” < Pl(”q)l - ¢2 ”EW)’ PZ = Supp,s ”K((p! S, 0)”

(H3)  The functions g;: (p;, si] X U = U, these are positive constants that are continuous. As a
result Lg;[|gi(p,w) — gi(p,v)|| < Lg;|lu —v|| forallu,v € U,p € (p;,s;] and each
i=012..,M

(H,) h:E,, - Uis continuous, and some positive constants &, 8, exist such that [lh(u) —
h(W)[| <8¢ lu = V|IEy ar}]d [lh(Wl < 8;]|ul[Ey, + &,

Ib .

(Hs) o = max; {Lgi +8; + @D K, + plb]} <1,i=12,.., M.

Theorem 3.1 If the requirements (H;) — (Hs) are met, then the problem (1.1) - (1.3) has a unique

solution.

Proof. Define {: E,, - E., as follows

¢v(p) = 0,p € (—=,0]
p

__ Ny L _ a1 .
o) =-h+ )+ [ -9 v+ e+

S

k(s,0,v, + cb})dc] ds,

forall p € [0, p;]

v(p) =gi(p, v+ d)(p)), forallp € (p;,s;] and eachi =1,2,3,..,M
and
1 p

(P) = (5 v+ $I6D) + s

€ [si, pi+1] and everyi = 1,2,...,M
v + ¢” is a solution of the (1.1) - (1.3) system, if v is a fixed point of {. We'll prove that ( fulfils Theorem
2.1's hypothesis.

Define the Banach space (EW, [ - ||E"N) defined by E,,E,, = {v €EE,:vg=0E€ EV} with norm ||v||E,, =
sup{|[v(s)||:s € [0,b]} setE, = {v € Ey: ||V||Ey < r} for somer > 0.
In any case v € E,, p € [0,b] as well as lemma 2.2, We've got
Ve + &7clle, < ldlle, +1r+ lG(0)][]
v+ &7, <t +I1dlle, + 1d0)]]
It is clear from the premise that ¢ is clearly defined. Moreover, for v;,v, € E\',\,,i €{1,2,..,M}, and
P € [si, pi+1] we get

S
(p—s)i! [f(s, vs + %) + f k(s,0,v, + cl)ﬂ,)do] ds forall p

i

ISv1(p) — Qv, (p)|1| ,
< llgi(si, (Vi + dI(E6)) — gilsi (V2 + OIS+ == (p — )I7I[f(s, vis + &)

I'(@) Js,
S S
+f k(s,0,vi5 + ¢"5)do] — [f(s, Vos + %) + j k(s,0,vy5 + d";)do| ||ds
S Si
q I
< |Lg + m[& + Pib] [ [[vy — v2||E,,
Hence 18v1 = Svalle(is; pipa vy < Qlve — Vo ||Ew,i=1,2,3,...,M.

Using the same procedure for the interval [0, p;], we get

[1gv1 (p) — Qv (g)ll

1
< || =h(vy + ¢ +h(vy + $II| + @ (p = )1 HIIE(s, vas + %)
0
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S S

+f k(s,0,vis + ¢"5)do] — [f(s, Vos + %) + f k(s,0,v,5 + ¢";)do| ||ds
Si Si

q

11
< R
<16 +F(q+1)[K1 + P;b]

Hence ISv1 = Cvalleqop gy < Lllve — v, ||E,,
Moreover, for p € (pi,si] we have
ISv1(P) = Sv2II < Lgillvy — v2||E,

[lvi = v2llEy

Hence

ISV — Cvalleqp sy < L2llve — vy |Ey i = 1,2, ..., M.

From the above we have that ||(v; — {v,|| < !2||v1 — 1,||E,,. As a result, { is a contradiction, and the
solution (1.1) - (1.3) is unique. This brings the proof to a close.

Theorem 3.2 Assuming that the hypotheses (H;) — (Hs) are true and that the functions g;(.,0) are
limited, there is a solution for the system (1.1) - (1.3).
Proof. We define { as in the theorem 3.1
The proof is then divided into five steps.
Step I: To prove {E, C E, There is a positive integer r such that E, is a closed bounded convex set in
E,.lE, c E,, if this isn't true for every positive number r, there are some v € E, and p € (—oo, b] such
that || (w)(p)|| > r, where p is determined by r.

r <Igv®Il < llgie, @ +&I@DI - =< Ly llv+ ¢l +119:(, 0l

< Ly, (r + 1915,) + 119: C.Ollepps0)
Taking the lower limit and dividing by r on both sides r — +o0, we get 1 < Lg;. This is in direct
Opposition to (Hs). Therefore [|{v||¢(p, s 00 < 7 fori = 1.

Following the steps outlined above for p € [s;,p;41] and p € [0,p;],i = 1 we obtain that r < Lgi(r +
b4 i
#llz,) + 19:COlewisin + 7 [k [(r + 11§l + E,) + pb(Ir + |I¢>|IE],) +ppb] +K,]  Taking  the

lower limit and dividing by 7 on both sides p > +o, we get 1 < Ly, + ———(K; + P;b) and forp € [0,p1],

r( +1)
we obtain that 1 < §; + (Kl + P, b), as a result of which there is a discrepancy (Hs). As a result,
(E. CE,
The decomposition is then introduced { = § + {, = Y, ¢t + ¥M,¢7 where {’ E.—-E.,i=12,.,M,j =
1,2,3, ... provided
Giv(p) = {0, forp € (=,0] —h(v+¢"), forp €[0,t] g;(p, (v + ¢ (V)), forp € [p, 5], i
> 1g;(s, v+ ¢)(sy)), forp € [s,p1],i 210, forp € [p,pisal,i 2 0
1P s
Gtv(p) = {0, forp € (—,0] ~— X0 (-9 [f(s, vs + ) +f k(s, a,xa)da] ds, forp
S Si
€ (5i,pi1],i =00, forp € [s;,pi+1],i =0
Step II: The map; = ¥ ,¢! is a contradiction on E,. Take v;,v, € E, arbitrarily. then, for each
p € (—, b) and from (H3) to (Hg), we have
167 v1(p) = Gva@Il < S1llvy — vally + Lgillvy = vl
which implies that
1o ¢t vy — ol vall < 2lvy — vallg,

This proves that {; is a contradiction on E,. Next, we use the notation (?E,(p) = {¢(?v(p):E,}
Step III: Fori = 0,1,2,3...,M and 5; < s < p < p;41, the set X,,E[SP]ZLZB (o) is relatively compact in E,, . Let
[Kl(l + [|§llz,) + K,] < € forall

sm

s; < g < s.For e > 0 we make a decision 0 < 1; < such that
E c [0, b] with Diam(E) < A; Then, for o € [s, p] and v EE, we obtam

o—11 s 1 4
fv(o (c—2 —s)q_l[ (s,vs + AS)+j k(so‘x)da]ds +— o
Gfv(o) = @ i 1 f ¢ i @), (
—s)11 [f(s, vs + @) + f k(s, o, xg)do'] ds € E, + Brl‘e
where 7 = r(q+1) [Kl(lr +loll,) + Kib(PL(lr +11$ll,) + Py) + Kz], 11, € r( +1) [Ki(lr + l$llg,) +

Kl/ll(Pl (lr + ”¢”Ev) + P2) + K], it suggests that X, G[SP]ZL E.(n) € E;q + Eyq . E;q is relatively compact
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and Diam(E.)—>0 as €—0, as a result X,,e[s‘p](izEr(n) is relatively compact in E,,.

Step IV: The set of functions {{izE”r}i,i=0,1,2,3,...,M, is a subset of that is equicontinuous
C([pi; pival; U)

It is clear that {¢?E~,}; is Right Equicontinuous on [p;,s;) and Left Equicontinuous on (p;,s;]. Let
p € (s;;piv1), the set (PE.(p) is relatively compact in E,. For v€EE, and 0 <k <A<p;y1—D
we get

ICEv(p + k) — TEv®)Il = IG2v® + k) — v @)l

q
= TQ+D [K:(Ir + 1Bllg,) + Kab(Py(Ir + N @llg,) + P2) + K,

+%fp I(p+ Kk — )71 — (p — )11

X [Ki(Ir + 1pllg,) + Kb (Py(Ir + 11 @llg,) + P2) + K, ]ds
The Right-Hand side is self-contained v € E, as it approaches zero k — 0. This demonstrates that {{?E", };
is Right Equicontinuous at p.

We proceed in the same way as we did for p = s; and h > 0,and we gets; + k < p;41.
si+k

1 N
1?0 (si40) — 2w GHIl = |l @ (p+k—s)" [f(s, vs +¢%) + f k(s, 0, ug)da] ds||
q i Si

*T@+D [Ki(Ir + 19lls,) + Kib(Pi(Ir + ll9llg,) + P2) + K]

this means that {¢?E~,}; is Right Equicontinuous at s;. Now for p € (s;,p;+1]. Let u; € (s;,p]. Since
Xoelu, p10PE, (5) is relatively compact in E,,, we choose 0 < A; <2 then for 0 < k < 4, and v € B, we

2
obtain, [ITFv(p — k) — C-ZV(P)ZJII =|Igtv(p — k) — GEv )l

<o), @I e+ f k(s,0,u,)dol|ds

1 (ph B ~
+@] 1 —5)7" — (p — k — )07

S
x NIf(s,vs + @) + f k(s, 0, u,)dol|ds

[K.(tr + 19lls,) + Kib(p (Ir + |9llz,) + p2) + Ko

q

k
< -
“I'(g+ 1
P

I =) =@ k=) x [K(r + 1$llg,)

+Kb(p, (Ir + ||¢||E,,) +p2) + K;1ds
which shows that {¢?E",}; is left in an equicontinuous state at p € (s;, p;+1]-
The proof that {{?E",}; is equicontinuous is now complete.
Step V: For i # j, the set {(iZE}}j is a subset of that is equicontinuous C([pj,pj+1]; U). The preceding
stages, as well as Lemma 2.1, result in, the map {; is a contraction and the map {, is completely
continuous. Thus, { = {; + {, is an operator for condensing. Based on [13, Theorem 4.3.2], we believe
there is a solution of (1.1) - (1.3).

@),

4. Example
Take into consideration the following fractional integrodifferential equation of the form with interval
impulsive condition

1 || 17 us
q _ 14 ;
D, u(p) = Wl Tl +ZJ0 e3ds,p €VU;_; [si,piz1),i =0,1,2,3,...,M (4.1)
u(lp) = Gi(p,u(p)),p € (p,sili=123,....M (4.2)
u
u(O) + m = Uy (43)

where 0 < g < 1. Take [0,b] =[0,1]0=py =So <p1 <51 < <py <Sy < pus1 =1 are fixed real
numbers, G; € C((p;,s;] X Ry; Ry) foralli = 1,2, ..., M.
Let u=Ry,K(uy) = fop k(p,s,ug)ds = fop e3ds, f(p,u) = 1 lul

(p+2)2 1+u|

K(p,s,us) = fop e%ds
”f(p: u) - f(p' U)”
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_| 1 lu 1 [v]
Tl +2)21+ul (p+2)21+ v

=| 1 (Iul vl >|
(P+22\1+|ul 1+ |v]|
1
< - —
“wrort Y
< — —
_4|u V|

lk(@,s,us) — k(p, s, vs)ll
p uS p ‘|]S
f e3ds —f e3ds
0 0
1

<-=-lu—v
Zlu—v]

If u,v € U then we have ||K(uy) — K(vy)|| < %Hu —v|| and ||f(p, u, K(uy)) — f(p, v, K(vy))|l < %[llu —v| +
IKCuy) = K[}, here 8, = 5, K; =3, P =2,

Let G; be Lipschitz functions with Lipschitz constants L, satisfied the condition 3L, < 1. Let v(p) = €P,
therefore 1= f_ooov(p)dt = f_oooepdt =[eP]’y =e"—e™®=1-0=1<+c. If q=1 then Q=
max; {Lgi +6; + L. [K; + Plb]} < 1. Consequently, all of the Theorem 3.1 and Theorem 3.2

r(q+1)
hypotheses. As a result, there is a solution to the problem (4.1) - (4.3).
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