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Abstract

The purpose of this paper is to establish the general solution of a Volterra—Fredholm integral
equation with discontinuous kernel in a Banach space. Banach’s fixed point theorem is used to
prove the existence and uniqueness of the solution. By using separation of variables method, the
problem is reduced to a Volterra integral equations of the second kind with continuous kernel.
Normality and continuity of the integral operator are also discussed.
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1 Introduction

It is well-known that the integral equations govern many mathematical models of various
phenomena in physics, economy, biology, engineering, even in mathematics and other fields of
science. The illustrative examples of such models can be found in the literature, (see, e.g.,
[5,6,9,11,12,14,18,20]). Many problems of mathematical physics, applied mathematics, and
engineering are reduced to Volterra—Fredholm integral equations, see [1,2].

Analytical solutions of integral equations, either do not exist or it’s hard to compute. Eventual
an exact solution is computable, the required calculations may be tedious, or the resulting
solution may be difficult to interpret. Due to this, it is required to obtain an efficient numerical
solution. There are numerous studies in literature concerning the numerical solution of integral
equations such as [4,8,10,13,16,17,21].

In this present paper, the existence and uniqueness solution of the Eq. (1) are discussed and

proved in the space Ly(Q2) x C[0,T], 0 < T < 1. Moreover, the normality and continuity of the
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integral operator are obtained. A numerical method is used to translate the Volterra-Fredholm
integral equation (1) to a Volterra integral equations of the second kind with continuous kernel,

The outline of the paper is as follows: Sect. 1 is the introduction; In Sect. 2, the existence
of a unique solution of the Volterra—Fredholm integral equation is discussed and proved using
Picard’s method and Banach’s fixed point method. Sect. 3, include the general solution of the
Volterra—Fredholm integral equation by applying the method of separation of variables. A brief
conclusion is presented in Sect. 4.

Consider the following linear Volterra—Fredholm integral equation:

/ @7k = gty m)ayar = / F(t, 1) (z, 7)dr = g(,)

fL‘—ﬂf(fL‘l,ﬂfl,.. x’n) y_y(ylvylv"'7yn))v

(1)

where g is a constant, defined the kind of integral equation, A is constant, may be complex
and has many physical meaning. The function ¥ (z,t) is unknown in the Banach space Ly(2) X
C10,T],0 < T < 1, where Q is the domain of integration with respect to position and the
time ¢ € [0,7] and it called the potential function of the Volterra—Fredholm integral equation.
The kernels of time ®(t,7), F(t,7) are continuous in C[0, 7] and the known function g(z,t) is
continuous in the space Ly(2) x C[0,T], 0 <t < T. In addition the kernel of position k(|z — y|)

is discontinuous function.

2 The existence of a unique solution of the Volterra—

Fredholm integral equation

In this paper, for discussing the existence and uniqueness of the solution of Eq. (1), we

assume the following conditions:

(1) The kernel of position k(jx — y|) € Lo([Q] x [Q]), =,y € [Q] satisfies the discontinuity

condition: )
{/ / E(|lz — y[)dxdy} =k*, k" is constant.
oJa

(ii) The kernels of time ®(t,7), F(t,7) € C[0,T] and satisfies |®(t,7)] < My, |F(t,7)] <
My, s.t My, My are constants, Vt, 7 € [0,T].

(iii) The given function g(z,t) with its partial derivatives with respect to the position and time

is continuous in the space Ly(2) x C[0,7], 0 <7 < T < 1 and its norm is defined as,

: }
llg(x,t)|| = max / (/ 92($,T>dl‘) dr = N, N is a constant.
0o \Ja

0<t<T
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Theorem 1. If the conditions (i)-(iii) are satisfied, then Eq. (1) has a unique solution ¥(z,t)
in the Banach space Ly(Q) x C[0,T], 0 < T < 1, under the condition,

|
A< —
A M k* + M,T

Proof. To prove the existence of a unique solution of Eq. (1) we use the successive approximations

method (Picard’s method), or we can used Banach’s fixed point theorem.

2.1 Picard’s method

We assume the solution of Eq. (1) takes the form:

W(x,t) = lim ¢, (z,t),

n—oo
where .
Un(z,t) =Y Hi(z,t), t€[0,T], n=12,...
where the functions G;(z,t), i = 0,1,...,n are continuous functions of the form:

Hy(w,t) = tu(a,t) — oo (@, 1), }
Ho(%t) :g(l‘7t) '

Now we should prove the following lemmas:

Lemma 1. The series Y ., H;(x,t) is uniformly convergent to a continuous solution function

¥(z,t).
Proof. We construct the sequences,
pin(a ) =glat) £ 3 [ [ @I~ ol)nos ()T + A [Pl 7))
0 Ja 0
Yoz, t) = g(x, ).

Then, we get

Ul t) — s () = / (1, V(| — Y1) (s (9 7) — tonsly, 7))dydlr

Ere)

A
L
_l’_

tlyo\

/ F(t, 7)(Yn-1(z,T7) — Yp_o(z, 7))dT.

0
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From Eq. (2), then, we have

t t
o) =l [ [ @k =) Husly iyt + bl [ PO =2
0 Q 0

using the properties of the norm, we obtain

||Hn<a:,t>||sw|\ / / (1, 7)k(|x — yl)Hos (3, 7)dydr | + 1] / F(t.r) Hyr (2, 7)dr| . (3)

For n = 1, the formula (3) yields

Y

iGel < b | [ @te7)bte = sty miayar| + i | [yt rian

+m]

by applying Cauchy—Schwarz inequality and using the condition (ii) we get

([t sPan)” s | [ ([ 1o o) ar

t
My / | Ho(z, 7)]| dr,
0

[Hy (2, )| <[v[M

using the conditions (i) and (iii), we have
[Hy (2, O} < |y |Mik"N + [y [ Mo NJJt], (4)
where maxo<;<r |t| = T, so that formula (4) becomes
[Hy(z, O} < [y IN(Mik™ + MT),
by induction, we get

[Hu(z, )| < B"N;  B=NIME"+MT) <1, n=12....

Since W
1
AN < ———m——,
[ Myk* + MoT
this leads us to say that the sequence v, (z,t) has a convergent solution. So that, for n — oo,
we have -
i=0
The above formula represents an infinite convergence series. ]

Lemma 2. The function 1(x,t) of the series (5) represents an unique solution of Eq. (1).
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Proof. To show that ¢ (x,t) is the only solution of Eq. (1), we assume the existence of another

solution @(z,t) of Eq. (1), then we obtain
Wi, 1) — ol £)] =A / / (1, 1)k(Jx — y) [y, 7) — ply, 7))dydr
I\ / F(t, (e, ) — (e, 7))dr,

which leads us to the following

(e, ) — o, )] =] H [ [t orthe = i) — oty v

+ [

b

/0 F(t,m)(b(z, 7) — plz, 7))dr

by applying the Cauchy—Schwarz inequality and using the conditions (i) and (ii), we get
t
J6e.0) = e 01l < 1M [ [ 60 7) = oty
0
t
+hldt [ oe.7) = ol
0

< B, t) — @ Oll, B =NIME + |[y|MT < 1.

The formula (6) can be adapted as,

(1= P)lle(e,t) — oz, t)] <0.

Since 5 < 1, so that ¥(x,t) = p(z,t), that is the solution is unique.

2.2 Banach’s fixed point theorem

When the Picard’s method fails to prove the existence of a unique solution for the homogeneous

integral equations or for the integral equations of the first kind, we must use Banach’s fixed point

theorem. For this, we write the formula (1) in the integral operator form:
— 1
(UY)(@,t) = Z9(x,t) + (UY)(x,1),

(U) (@, 1) // (4, 7Ykl — y) ey, )ddeA/ Pt 1) (x, 7)dr.

(7)

To prove the existence of a unique solution of Eq. (1), using Banach’s fixed point theorem,

we must prove the normality and continuity of the integral operator (7).

‘ A
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Using the condition (ii), then applying Cauchy—Schwarz inequality, we get

([ te—aPan)” s | [ ([ o) o

t
| 7).
0

1)@ 1)] < 'g\ M,

A
+ [
L

using the condition (i), we obtain

[ D) < \2\ (ML + M T (1)
since
1) Bl < B9 Bl p=|2] e ) <1,
where
|A| < W

Therefore, the integral operator U has a normality, which leads immediately after using the

condition (iii) to the normality of the operator U.

(b) For the continuity, we suppose the two potential functions 1;(x,t) and 1y(x,t) in the
space Lo(2) x C[0, T are satisfied Eq. (7), then

T (a,t) = ; +2 [ [ @t - sty i +2 [ Fieryintear
) (8)
_ 1 A

(Uthg)(x,t) = M / / (t, T)k(|z — y|)a(y, 7)dydT + M/ F(t,7)o(x, 7)dT,

0

Using equations (8), we get

Tl (2. 1) — (e, 1) / / (1, 7V — ) s (9, 7) — thaly, )]yl

+= / F(t, 7 (z, ) — ho(, 7))

using the condition (ii) and applying the Cauchy—Schwarz inequality we get |

(/I’f |z —yl) Qdy)
[ ([t —w2<y,r>|2dy)2 .
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By using the condition (i), the last inequality becomes,

100 (2, ) — ol )] < ]g‘ (M k" + MT) s (2, ) — (s )],

hence, we have

||U[¢1<l’,t) - 77ZJ2(:Evt)]|| S B||¢1(x7t) - ¢2(xvt)”; ﬁ = ’2' (Mlk* + MQT) < 17 (9)

with
||
(Mik* + MT)"

Inequality (9) leads us to the continuity of the integral operator U. So that, U is a contraction

Al <

operator. Therefore by Banach’s fixed point theorem, there is an unique fixed point ¥(z,1t),

which is the solution of the linear mixed integral equation (1).

3 Separation of variables method

To obtain the general solution of Eq. (1), we do the following:

For t = 0, the formula (1) becomes

pip(x,0) = g(x,0). (10)

Then, seek the solution of equation (1) in the form:

o0

@ZJ("E? t) = Z CN<t>¢n(x)’
n=1
in this aim, we write
w(%t) Iwo(%t)Jrl/h(x’t)a (11)

where 1g(x,t), 11 (z,t) are called, respectively, the complementary and particularly solution of
(1). Using Eq. (11) in Eq. (1), we get

pin(e.t) = A [ [ @ r k(e — gty dudr = 3 [ P70l )T = Buglant)s k= 0,1
0 Ja 0
(12)
also, for Eq. (10), we have

where,
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From the two Egs. (12), (13), we get

(s ), 0)] — A / / B(t, 7)k(| — y)ibuly, 7)dydr
0 (14)

1 /0 F(t, )i, 7)dr = Selg(z, 1) — g(, 0)].

Now, we can represent the solution of (11) in the series form

Un(w,t) = 3 () (On(@) + L (O () (15)

n=1

where 9, (), 19,_1(x) are the even and odd functions respectively.
Using Eq. (15) in Eq. (14), we obtain

NZ(CQTL _CQn >¢2n +/LZ (C2n 1 —02n 1( )) Yon— 1( )

3 [ [ et |x—y|>2(c2n<>w2n<> 1 (7 (9)) dyd (16)

/ Z <C2n Yon (%) + €5y (T) a1 ( )> dr = dlg(z,t) — g(x,0)].

n=1

Taking k£ = 0, in Eq. (14), yields

MZ (Cg:z) _C2n )an +NZ (CZn 1 _Cg;) (0 )) Van-1(z)
[ [0tk - ) Y (0n) + s ) i (7

- A / tF(m)i(céi?( Joaa(a) + 51 (7)1 () ) dydr = 0.

n=1

Theorem 2. (see [3,19]). For a symmetric and positive kernel of Fredholm integral term of Eq.
(1), the integral operator,

() (x) = / Bz — yl)n(y)dy.

Q
through the time interval 0 < t < T < 1 is compact and self-adjoint operator. So, we may

write (Ki,)(x) = a,,(z), where o, and 1, (x) are the eigenvalues and the eigenfunctions of

the integral operator, respectively.
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In view of theorem 2, and Eq. (17), we arrive to the following

MZ(C% — e )wzn —i—uZ(ch NOEEE v )) Yon1 ()

_,\/th>(t,7)§: <a2n02n( Vbon (%) + cop_16_ L (T)thon_1(z )) dr

n=1
t
- )\/ F(t,7)
0

Separating the odd and even terms, we obtain

MS

(b (7 ban) + )47 () ) dydr =

n=1

c(o) ta T T C(O) T T—C(O) = é
(1) - 7/0< 2 0(07) + Pl ) e = 0 =2, (18)
and, t

Sy (t) =7 / (Qu1 ®(t,7) + F(t, 7))ch_y (T)dT = c5_(0), (19)

the two Eqs. (18) and (19) give the same results for even and odd functions, so it is suffice to

study the following equation,

(1) —7/0( W®(t,7) + F(t, 7)) (r)dr = ¢ (0); v = 2 (20)

where ¢!\ )(O) is constant will be determined.

Also, taking k£ = 1 in formula (16), we obtain

uz<c% — >?/J2n +u2(c2n () =Y (0 )) Yon_1(x)
ek =) (20 )+ ) e 1)

A P Y (o) 0 (0) ) it = ) =g,

Using theorem 2 in Eq. (21), to have

uz<c% o )¢2n +,uz<czn () =Y (0 )) Yo (@)

— )\/0 O(t, 7 Z (a%cgf( Von () + a2n710§2_1(7)1/12n71($)) dr

n=1

/ i ( T)an () + ¢l (7 )¢2n—1($)> dydr

n=1

(22)

_ Z aontan (2)[g(2, 1) — g(x,0)],
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where,
1= Z a2n¢2n(~r>
n=1

the formula (22) can be separated to the following equations

10~ [ () + FE )N = aalgleit) = glo,0)] + 20 7 =,
0 H (23)

t
&) () — / (a1 ®(t,7) + F(t, 7)), (r)dr = &), (0).
0

Egs. (20) and (23) represent Volterra integral equations of the second kind that have the same
continuous kernel ®(t,7) € C([0,T] x [0,7]), and each of them has a unique solution in the class
C'0,T] the books edited by Linz [15] and Burton [7] contain many different methods to solve

the integral equations (20) and (23).

The values of 01(10)(0), C;Q(O) and 052_1(0) can be obtained, we return to the equation (10), and

we seek the solution of this equation in the form,

= Z cn(0)hn ()

Hence, in this respect, we write

Y(x,t) = Yo(z,t) + Y1 (x, 1), (24)

where 1g(z,t) is a complementary solution while 1 (x,t) is a particularly solution. So, from Eq.

(10) we write

and expand the solution of equation (24) in the form

o0

U, 0) = D (b (0)tan (@) + b1 (0)han 1 (2)) (26)
using Eq. (26) in Eq. (25), we obtain
MZ (e 0)an (@) + 5, (0)20-1(2) ) = g (e, 0). (27)

If we take k = 0 in Eq. (27), we obtain

’MZ<CQH )tban (2 +62n 1(0) 9,1 (2 )) =0,
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equating the odd and even terms in both sides, we get
0 0
e (0)=0, &) 4(0) =0,

then , we have

Taking k = 1 in Eq. (27), we have

u§j@% Joan() + 51 (01 (2)) = g(2,0)
Equating both sides of the last equation, we get
) (0)=0, &, ,(0) =0,

so, the last two formulas give us

In view of Egs. (20) and (23), the general solution of (1) can be adapted in the form

=D (0 + (1) Yal2), (28)

n=1

where c(o)( t) and c,(zl)(t) must satisfy the inequality
Z\c@ t)+ct) <e (N—oo,e<1, 0<t<T<1) (29)

Theorem 3. If, fort € [0,T], the inequality (29) holds, the series (28) is uniformly convergent
in the space (5(2) x C[0,T], N — oo. Hence the solution of the Volterra—Fredholm integral

equation (1) can be obtained in a series form of (28).

Theorem 4. For the given functions g(x,t) € Lo(Q)xC[0,T], ®(t,7) € C([0, T]x[0,T]), k(z,y) €
C([Q] x [Q]), and under the condition (29), we have

H¢($>t>_¢N($at)H —0 as N_>OO7
where Y (x,t) represents the unique solution of Eq. (1) and the error takes the form:

En = [[¢(z,t) = dn (2, )],

where

Ex—0 as N —1.
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4

Conclusion and remarks

From the above results and discussion, the following may be concluded:

1. Equation (1) has a unique solution v (z,t) in the space Ly(£2) x C[0,T], under some con-

ditions.

2. The Volterra—Fredholm integral equation of the second kind, in time and position, after
using separation of variables method leads to a Volterra integral equations of the second

kind with continuous kernel.

3. Solutions of the Volterra integral equations can be obtained by numerical methods.
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