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Abstract

Duetothegreatsuccessofhypergeometricfunctions,weprovidetheanalyticalsolutionsofcertaindefinite
logarithmicintegralsandNielsen-typeintegralsintermsofmulti-variableKamp’edeF erietfunctionswith
suitable convergence conditions and higher harmonic sums by using series rearrangement technique and
incomplete Gamma function.

Further we also obtain the solution of other related logarithmic integrals in terms of generalized hy-
pergeometric functions and Kummer’s confluent hypergeometric functions by using series rearrangement
technique.

The results presented in the paper and comparable outcomes are hoped to be supplied by the use of
computer-aid programs, for example, Mathematica.
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1. Introduction,definitionsandknownresults

Here and elsewhere, we use the following standard notations, letRandCdenote the sets of real and
complex numbers, respectively.Also let

No=Nu {0}, N={1,2,3,...} =No\ {0},
0 27=10-1,-2,..}=2"v {0}, Z7={-1,-2,-3,...},
and Z=£"U Nbeingthesetsofintegers.

The incomplete gamma function is denoted byy(z,a)([23, p.127, Question (2)], see also[13, p.15,
Question.(10)]) and is defined by :

v(z,a):= [ e ¥ idt J(0(2)>0, | arg(a) | <),

= .F; ) -a . (1.1)
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Thepolylogarithmfunction(alsoknownasJonqui‘ere’sfunction)([27,pp.197—-198],seealso[14]and[15])Lis(z), is defined
for any complex s and z;

=, %zn o n+1

Li(z)=F(z,s)=PolyLogl[s,z]:= = s=1,

ns (n+1)*
n=1 n=0

|z|<1,s€ C\{1};|z|=1,z& 1,01(s)>0;z=1, (I (s)>1.

The polylogarithm integrals ([3, p.79, Equation (14)], see also [11, p.1232, Equation (1.1)]) are given
I 1

of— n_l
by:(—1) In(2)]1""%In(1- zx)dz,

Lin(x):=Sn—1,1(x)= (”T)!oz
ne N\ {1};xe C.

TheNielsen-integrals([3,p.77,Equation(4)],seealso[10,p.647,Equation(1)],[11,p.1232,Equation
(1.3)]and[18])aregivenby:

_qymep—1]
Snp(x):= Hil 1 [In(2)]" Y [In(1- zx)]Pdz,
(n—1)!p! 0Z
n,p€ N;xe C.

GeneralizedNielsen-integrals([3,p.80,Equation(18)],seealso[12],[24])aregivenby:

(_ 1)n+p+q—lj‘11

- [In(2)1"~*[In(1— zx)1P[In(1+zx)]9dz, (1.2)

SnpalX):= ToTyplgl 2

p,n€ N;x€ C;qg€ No.

2. DevelopmentoffiniteMellintransformandharmonicsums

TheDevelopmentoffiniteMellintransformandharmonicsumsisinthecontinuationof([20,p.1,
Equations(1),(3)and(3’)andpp.4-5,Equations(6)and(7)],seealso[5],[21]).

One-sidedorunilateralLaplacetransformisdefinedby:

J oo

L[A(t);z]= e”“f(t)dt=¢(z), (2.1)
0

thenbythesubstitutiont=—/n(x),theone-sidedLaplacetransform(2.1)isconvertedintoafinite Mellin
transforms, given by (2.2):

[
MIf(=In(x));z]=¢(2)= x*7H(=In(x))dx, (2.2)
0
provided that the integrals (2.1) and (2.2) exist subject to suitable convergence condition on real part
ofcomplex parameter z.
TheinfiniteMellintransformisdefinedby:
[

Milg(x);z] = X lg(x)dx=y(2), (2.3)
0

provided that above integral exist.
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This integral transform is closely connected to the theory of Dirichlet series, and is often used in number
theory, mathematical statistics and the theory of asymptotic expansions, it is closely related to theLaplace
transform and the Fourier transform, and the theory of the Gamma function and allied special
functions.Also the Mellin transform is extremely useful for certain applications including solving Laplace
equation in polar coordinates, as well as for estimating integrals.
Thesubstitutionx=e~'transforms(2.3)intotwo-sidedLaplacetransforms(2.4)orintothesumoftwo, one-
sided Laplace transforms (2.5), therefore

f +0o
@)= e "gleTdt, (2.4)
J‘OO foo
= e g(e ) dt+ e "Ag(el)dt. (2.5)
[0] 0

In the literature one often defines the transform shifted over “one” as in [34, p.2042, Equation (30)].0ne
mayconsidertheMellin-transformation([4,p.1,Equation(2)],seealso[16,p.159])forthefunction f(z), in the
form:

1
M{flz);Ny = ZNTf(z)dz,

0
providedthattheaboveintegralexists.HereNdenotestheintegermoment-index,(whichisevenorodd
positiveintegersdependingonthequantitybeingstudied).

TheMellintransformofjustapowerofin(1 —z)canbereplacedimmediatelyusingtheformula,([3, p.89, Equation
(84)1, [34, pp.2042—-2043, Equations (35) and (36)]):

J
—1)°p!
inP(1-2)dz= "By 1 (me), (2.6)
0 (m+1) - %
p
inwhichtheS-functionhaspindicesthatarealll.
[7,p137,Equation(1)andp.312,Equation(1)]seealso[20],[21]
[
e ¥x " ldx= L(isl ;(0(a)>0,0(s)>0). (2.7)
0 [04

Usingsuitablesubstitutioninequation(2.7)andfurtheradjustmentofparameters,wecanderivethe following integral:

fl —1\p
z"InP(z)dz= C1yrip+)

: Sm T 28

(O(m)>—1,0(p)>—1).

The functions emerging in perturbation calculations in massless Quantum Field Theories belong to the
classdiscussedbyNielsen[18]andtheirMellin-convolutions.Byexplicitcalculationwewillshowthat the Mellin-
transforms of such functions can be represented by linear combinations of the finite harmonic
sums(see[3,p.77,Equation(3)],[4,p.1,Equation(4)]).

Nm—1
Fisign(k:i)" = (sian(k-))"2 = (sign(k..))"m
n=1 nl na=1 nZ Nm=1 nmm

Thenotationthatisusedforthevariousfunctionsandseriesinthispaperiscloselyrelatedtohow useful it can be
for a computer program. This notation stays as closely as possible to existing ones. The harmonic series
[34, p.2037, Equations (1) and (2)] is defined by:

Sm(n)= Z_ 7
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n i
(=1)
s_ (m= =1
,m

=1
inwhichm>0.ThegeneralsingleharmonicsumsS+«(N),k>0[4,p.3,Equations(14),(15),(16) and (17)] are

obtained by :

— k—1
SAN)= o p DUnGalt o dx
(k_l)lo x1
— k—1
S—N)= [ UnGolt o dx,
(2_1)!0 x+1
_1nA-1f x
Bk _ (1) U 271 4
A — —
k=1 k (I 1)'0 -1
L St AT e L dz.
A —
k=1 k (/ 1)!0 z+1
Onecandefinehigherharmonicseries[34,pp.2037-2038,Equations(3),(4)and(5)]givenby:
-5
S ju...jp (M= “im Siueip (D)
=1
= (1))
S_m/jlluvjp(n): I‘ms jb-u,jp (I)/
=1

withthesameconditionsonm.Themandthej;, (1</<p)arereferredtoastheindicesofthe harmonic series.Hence

n i ¥/
S 12 (1=
vss (= ST
Y A /
i=1 /=1 k=1
For numerical computations one may use the recursion relations [4, p.22, Equations (163) and (164)] for
complex values of N, in terms of products of single harmonic sums only

1Zk
SN = K S caa (NP (V)
o X A=1 s X
h h -1
1=
51,:.,3(N="  S(N)87, | 3(N)
_‘hT A=1 h_‘—’l

The finite harmonic sums are connected by various algebraic relations.We will only consider the multiple
harmonicsumsintoasinglesum:[4,p.19,Equation(126)]seealso[34,p.2056,Equation(92)]

1S (N)2=lsfuv)+suy).

[4,p.20,Equation(144)]seealso[34,p.2056,Equation(93)]

3 1
S (N)=—1
1,1,1 651(N)+2.91(N)52(N)+353(N).
[4,p.21,Equation(156)]seealso[34,p.2056,Equation(94)]
1 1,
()= , Sglz\l)z+ S(N);+3 S(N)S(N)+ SE/ZV)S(N)-%L _<:(N)2.41
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Themulti-variableextensionofKampe” deFe’rietdoublehypergeometricfunction[28,p.454]seealso [9],[31,
pp.65-66], [32, p.1127, Eq.(4.1)] is given in the form:
(@) b)) o
[ Piaudzi...idn

A:myi;mo;...;mn X1,--,Xn

A(a):(3‘1));---;(6("’);

z X151 X,,5n
= JYEIE I T (2.9)
S Sy=0 s! 1 Sn:
where Y
S (=) P qy(bgl))s v(b_("))s
. 1 n . j 1 . j n
A(s1,...,50)= =1 /1 /=1 ,
Y ¥ @ N )
(aj)$1+...+$,1 (61 Syee- (6j Sn
j=1 j=1 j=1
and,forconvergenceofthemultiplehypergeometricseriesin(2.9),
When 1+/+mi—p—qi>0, k=1,...,n
then| x| <e,..., | x,| <.
When 1+/+mi—p—qi=0, k=1,...,n; p=>1

1 1
then | x1 | p—1+...+ | x, | p-1<1.

When 1+/+my— p—qi=0,k=1,...,n;p=</

thenmax {|x11,..., | x| } <1.
Forabsolutelyandconditionallyconvergenceofabovemultipleseries(2.9),thereadersandresearchers can refer a
beautiful paper of Hai et al[8, pp.113-114, Theorums 4, 5 and 6], when xi,Xy..,x,.€ {—1,1}.
Niukkanen[19]discoversseveralpossibleapplicationsofsuchmultiplehypergeometricfunctions(2.9).

Forpositiveintegersmi,m,,ms,...,m,r=1), the following multiple series identity [31, p.102, Equation (16)],
holds true:
!

> == 20 D(ky, ks, ..., krN)

n=0 ki=0k>=0 k=0
00 > kimitkomo+...+kpm-<n
_ O(ky, ks, ..., kr;n— miki;— moko—...—m/k;) *, (2.10)
o0 kika,...,ky=0

providedthattheabovemultipleseriesareabsolutelyconvergent.

The paper considers Kamp’e de F’eriet and related (generalized) hypergeometric functions at special
(constants)argumentsimpliedbyMellintransformsofspecialordinaryharmonicPolylogarithm.Some of the
integrals are related to Mellin transforms of Nielsen integrals.

Thepresentarticleismotivatedbytheworkoftheresearchers:Blumleinet.al[4],[5],KGlbiget.al[10],[11],[12],Nielsen
[18],Qureshi-Baboo[22],Remiddiet.al[24]andVermaseren[34],seealsosharmaet.al
[25],[26]andTyagiet.al[33].

In sections 3 and 4, we provide the analytical solution of the logarithmic integral: folz’"(/n[l —z)*(In[1+
z])*dzin terms of multi-variable Kamp’e de F’eriet function and higher harmonic sums.
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J
Insection5,wealsoyieldthesolutionofNielsen-typeintegralsandrelatedintegrals: ll[/n(z)!,”‘zl[/n(l—
zx)1P[In(1+2zx)]19dzin terms of multi-variable Kamp’e de F’eriet function with suitable convergence
conditions.

Jo T
Insection6,weevaluatespecialintegrals: A"[“Z]Mmz] dzmter-msofgenerahzed
hypergeometrlcfunctnonsusnngserlesrearrangementtechn|que

In section7,weobtainthesolutionofthegeneralintegral: blAn(1+2)) dzmtenmsofKummer s
onfluenthypergeometrlcfunctlonusmglncompleteGammafunctlon

3. Evaluationof Jolzm(ln[l—z])k(ln[l +z])'dzintermsofmulti-
variableKampédeFérietfunction;wherek,/e Nandme C

Theorem3.1.Thefollowingresultholdstrue:

J1 (— 1)k
Li= z™(In[1-z])X(In[1 + z])"dz= _ X
= (In[1=2z])*(Inl )] (1+m+kel)
ke A
5 X 3 -
1+m+k+:1,1;...31,1;1,1;...:1,1;
1:2;...;2;2;...;2 :!" ’1\_1""’_1 '
XF 1:1;...;1;1;...;1= _Lléx _‘A’_X./ (31)
24+m+k+1:2;... 22 ;2;
'FX — X
p A

wherelJ(m+k+l)= —1,-2,—3,......

Remark:lnviewofthetheoremofHaietal.[8,’pp113—114,Theorem4,Equations(3.1),(3.2)and
(3.3)],therighthandside(i.e.multiplehypergeometricseries)ofequation(3.1)isabsolutelyconvergent
sinceargumentse {—1, 1}.

Proof:Since
[ee)
—1)z
In(1+z)=— = ; —-1<z51,
q
g=1
= 7z
In(1-z)=— = —-1<z<1.
p
p=1
Therefore
J 1
Li= Z"(In[1-z])X(In[1+2])"dz
J 0 Y , N ,
I1m = oo zpl’\/z oo sz’ v = zPh’\/Z oo (—1)91z91 = o (—1)92z92 = (—1)alzal
= z - - — - = = = T s - T,
o pi=1 pt p2=1 P? pr=1 ph a1=1 qt gz=1 gz qr=1 q! dz

e 1 E R Cpeeenals

ZM+P1+P2... +Ph+qr1+qa+...+qld 5

p=1p=1 B=1 P1p2...Pk q=1g=1 g=1 q1q2-..9a 0
oo [ 0©o__ oo o g+g+...+q
s T =1 3T = et
pl=1p=3_ ph=1 P1P2...Pk q=1q=21 %=1 q1q2...9a
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1
X
(1+m+p1+pa...+px+qi1+qa+...+qa)
=(—1)kz *E = 1 =" = 1T
p1=0p=02 pio (1+P1)(1+p2)(1+pk) q1=0q=g ql:O (1+C71)(1+C72)(1+C7A)
X 1
{(1+m+k+1)+(p14p2+... +pi+qi1+qa+...+qa)}
K c© oo c© oo co
_ -1 2> 2>22> z(l)pl(l)pz...(l)m(l)a(1)a2...(1)a,x
(1+m+k+l) pl__opz.e” pﬁoq=.é;=0 N qFo(z)pl(z)pz----(z)ph(z)m(z)qz ................... (2)171
(1+m+k+l)p1+p2+---+ph+ql+Q2+---+L71( 1)p1+p2+...+ph(_ 1)q1+q2+...+q1
(2+m+k+/)p1+pz+...+ph+q1+q2+...+q1
K o oo c© o0 co
_ -1 2> 2>22> z(l)pl(l)pz...(l)m(l)a(1)a2...(1)a,x
@amekel) o (@D (2D
2 (1)o,(1)pse--(1)pn(1)gu(1)gs--- (1) ar,
pllpz!....pk! ql!qz! qA!

o (1+m+k+/)p1+p2+...+ph+q1+q2+...+q1(1)p1+p2+...+ph(_ 1)drtget.+qr,
(2+m+k+/)p1+p2+...+ph+q1+q2+...+ql

Now applying the definition (2.9) of multi-variable extension of Kampe’de Fe'riet function, we obtain the
right hand side of the integral L;.

4. Evaluationof folz""(ln[l—z])k(ln[l +7])'dzintermsofhar-
monicsums;wherek,/andm € N

TheoremA4.1.Thefollowingresultsholdtrue:
Casel:When/z2,then

/1
L= Z"(In[1-z])X(In[1+2]) dz
0
qotqst.. QIS qa S1,...,1(1+m+/+qa1)
o _ < - =X
=k T - (G : -
@:1=0 G2,s..-.qi=0 (1+g9-gz...—q)(1+q)...1+q)(1F+m+/+q)a 1
(4.1)
Casell:When/=1,then
/1
Ls= Z"(In[1-z])X(In[1+2])dz
0
Z’ (—1)7 s
—(— k r
=17 L, (I+q)2+m+q) 1"_'"’)2 (2+m+q)

h
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> _
Proofofcasel:Since/n(1+z)=— Zzl ( ”;Zq; —1<z<1,therefore
J1

L= z"(In[1-z])"(In[1+2])*dz
0

(o] %z % — Ch+q2+...+q1-f1
=(-1 =D zmraitdat -+l In[1-z])kdz.

g=1g=1 g=1 q1G2...4a 0

2

Nowusingtheintegral(2.6),wehave

- Z(_ 1) ¢3I+CI+2 +q .
L,=(—1) . T
g1=1g-=1 qr=1 gi1qz...qa
(= 1)%k! ( |
" /"'/1 1+m+q1+Q2+...+qA .
L tq%...+q) X

h

Nowreplacinggibyl+g1,g:byl+qg,,g3byl+qs,...andgabyl+ga,weobtain

=
Lo=(1p+ k- E L (- L)t ar N
(1+g1)(1+q2)...(1+ga) (1+m+I+q1+q2+...+qa)
9:=0g2=0 gr0
><51‘...‘1(1+m+/+q1 +q )
o Q)

s

h
Nowreplacinggibygi— g:— gs—... —qaandapplyingmultipleseriesidentity(2.10),wegettheright
handsideofassertion(4.1).Similarlywecanderivecasesecondwhen/ = 1.
Somedeductionsofcasel:
(i) :Whenk=1and/= 2,then

J 1

0

z"(In[1-z])(In[1+2])*dz

3 X 02 +q3F>+q1=0x (= 1)t S1(1+m+/+q1)
(1+g1— 92— g3~ ... qa)(1+q2)...(1+qa) (1+m+/+q.)

g=0 q,q,...9=0
1 23 4

(ii) :Whenk=2and/= 2andapplyingtheharmonicseriesrelation(2.6),wehave

J1
zZ"(In[1-2])?(In[1+2])*dz
0

| Bereszrasa 1) {S2(1+m+1+q)+S , (1+m+/+q)} *
q1=() q?q,iq:OI (1491 g2—g5—...— qa)(1+q2)...(1+qa) (1 +m+]+q1)
(iii) :Whenk=3and/=2andapplyingtheharmonicseriesrelation(2.7),weget
Ja
z"(In[1—21)3(In[1 + z])"dz
0
!
_ Berwmmase o, {S3(8)+351  (8)S: (8)+2S; (8)) )
a0 4,9..9=0, (1+g1= 2= g3 ...— qa)(1+q>)...(1+qa) (1 +m+/+qi)
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where8=1+m+/+q.
(iv) :Whenk=4and/z 2andapplyingtheharmonicseriesrelation(2.8),weobtain
Ja
zZ"(In[1—2])*(In[1 + z])*dz

0
1

_ SIS0 q)a{eS  , (8)+35%(B)+8S 5 (6)S, (6)+6S 2(6)521(6)+S4(61)}'
(1+g1— g2—g3—...— qa)(1+q2)...(1+qa) (1 +m+/+q1)

g0 azq,3.9=01
where8=1+m+/+q.

Somedeductionsofcasell:
(a) :Whenk=1and/=1,then

LmUn[-Z)Un[1+2])dz= = (1™ S1(2+m+q).
0 g0 (1+q)(2+m+q)
(b) :Whenk=2and/=1,then
L(n[ - 2Pl v2l)dz= St WS Ramrars 5 (2+m+a))
0 (1+g)(2+m+q)

g=0

(c) :Whenk=3and/=1,then

J1
zZ"(In[1-2])3(In[1+2])dz
0
_= (- 1)t ,
= ) (1+q)(2+m+Q) {51 (/\)+351(/\)52(/\)+253(/\)},
q=

whereA=2+m+q.
(d) :Whenk=4and/=1,then

/1
zZ"(In[1-z])*(In[1+2])dz
0

3 = (—1)a
(1+g)(2+m+q)

{654(A)+35%(A)+853(A)S1(A)+652(A)S2(A)+S* (A,
q=0

whereA=2+m+q.

5. EvaluationofNielsen-typeintegralsandrelatedintegralsin
termsofmulti-variableKampé deFérietfunction; where
n,p€ Nandg€e Ny

Theorem5.1.ThefollowingresultforNielsen-typeintegralsholdstrue:
(_ 1)n+p+q—1f11

- [In(2)1""Y[In(1—zx)1P[In(1+zx)]%z

SnpalX)= [Eplgl 2

(— 1)axpra

=X
(p+q)"p'q!
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I P R —
5 X < 5 # <5 X _‘
. pHg. . LpHg e R e R A R B
X,eo ) Xy~ Xyrre=——
F n:2;...;2;2;...;2 \ N
x n:1;.5115.51 T ,X' . X , (51)
"1+p+q,..., 1+p+q:2;...;2;2;...;2; P q '
. . x X X
n P q
|x|<1;n,p€ N;g€ No.
Note:S;,p,0(x) =Sn,5(x) ;Sn—1,1(x) =Lin(x)
andKbdlbigintegrals[10,p.647,Equation(2)]:
J1
27 In(2)]" " In(1- 2)1Pdz=(— 1)"*~Y(n— 1) !p!S,x(1).
0
Proof
Since
(o] rz
In(1-z)=— = = —-1<2<1,
og:l
In(1+z)=— = _(ﬁ)g'_ —1<z<1.
s
s=1
Therefore
(_ 1)n+p+q—lj‘11 _
Snpglx)= L1 = [In(2)1""*In(1— zx)1P[In(1+zx)]9dz
(n—1)!plq! 0Z
I , v/ . , v/ ,
(—1)n+p+q 1717 n—1 Zz&%xrl Zz)répxrp z(—l)sgslxsl Z(ogl)sqzsqxsq
= ErPEPTYrTE [An(2)] " = 5t — ... — — sdz
(n—1)!plq! ¥4 — ri rp=1 rp s1=1 s1 sq=1 Sq
(5.2)
n—1 e f r+...+r o g S+...+S S+...+s
— X 1 —_— 1 1
= P 2(=1) ax <
[T (20 O 7% R (51)---(54)
J1
X Zr1+"'+rP+51+"'+5q_1[/I‘I(Z)]”_ldz
0
Nowusingtheresult(2.8),weget
[ee] [ee) (o] (o] S+...+S r+...+r+s+...+s
lz ZZ Z (—1)1 gx1 p 1 q
S X)= .
n.p,q(X) I o p +5 1 FootS)7(S)...(5)(r) - (r) )

Nowreplacingribyl+ri,r;byl+rs,,...,r,byl+rp,andsibyl+sy, s,byl+s,,...,s4byl+s,, we obtain

o (o] oo o) g+s+...+s p+g+r+...+r+s+...+s

lz >> > (—1) 1 ax 1 p 1 q
Sn,p,q(x)zp!q! a0 (PHAH hr ks, 4l +s)]]

r;=0 rp=0s,=0

N (1)) re.. (1), (1)s,(1)s..... (D)5,

(2)r(2)r2---(2)rp(2)5,(2)s--- (2) 5,
Nowapplyingthedefinition(2.9)ofmulti-variableextensionofKampe” deFe’rietfunction,wegetthe required
result (5.1).
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J mo m
6. Evaluationof 0(/”i+zldz7_1(/n[1+z]) dz intermsofgener-

zn 0 zn
alizedhypergeometricfunctions;where

m,ne N

Theorem6.1.The following results
holdtrue:Whenm =n,then

—m+l_
X
[o 11,1
L4= _f%dz:(— 1)m—"m!m+2Fm+1 1/. (61)
' 22,..,2;
X (3 5 X
m + 1
Whenm=2,then
Ja -m,1;
Ls=  (In[1+z])"dz=(—1)""'m!+2(In[2])"2Fo " (In[21)7 (6.2)
O 7’
Whenm=nz2,then
_m+1
, X " E—
Le= ] HIn[1+2])™  4p= (m)! me1Frm .n-l,n- 1,.m1; -
0 zn (n_ 1)m+1 .
, X
m
[ < i §
s X —.
mokNp[2 m—k . n—L1n-1,.,n"1; 1
- (p[nl) n— k+1Fk . —. (6.3)
k=0 ' nn,...n; 2
— —X

k

Independentproofoftheintegral(6.1):
Theintegral(6.1)canbesolvedbysubstitutingl + z=e™'andusingtheresult(2.7)ofLaplace transforms.
Independentproofoftheintegral(6.2):

1
Suppose Ls= (In[1+z])"dz.
0

Putl+z=e!,thenwehave
J ani2)

L5= t’"etd t.
0

Nowintegratingbyparts,weget

1=~ 1)0tmets T (— 1) iets (- 1)2tm2et2 14 (- 137 et 4.

> 0 1 2 3
m _ m An[2]
+ (—1)" e (m— 1)+ (—1)"etm!
m-1 m 0
>- B
Ls=(—1)""'m!+2 B (In[2])™ (= 1)*k!
k=0
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m

orLs=(— 1)™mi+2(n[2])"2Fo TV (In[2]) 1.

Independentproofoftheintegral(6.3):
I 1(in[1+2])m
Suppose Le= - dz
0 z"

Nowsubstitute 1+z =e?, then we have

L6=f An2) et I an2) g1 g=ty-se >3 @f MRty
0 (e=1) 0 r=0 rl o
Further,integratebypartswitha=n+r—1,weget
Lszzfn)r _mtTe~et  mtmTlemt  mtmT2le”2l mt’”‘3e‘°‘f3!_m
o 0 () 1 (ap? 2 (P 3 ()
_ mte™(m—1)! _ meMm
m-1 (a)m m(o)m+1 0
=_2?n),mt’”e_‘“ B Z(n)mtm e _ Z(n),mt“’”_ze_"‘tZ!_
o rm 0 () o rt 1 (a)? o 2 ()3
T (mm hRImm1)_ = F (n),  (m)t 7 () (m)!
o rt m-1 2%a)m o r2%(a)m o Ma)m™?
2 m P n), 7 kWBr2)
o (n+r—1)m+1 o o 2m+r=1(n4r—1)k+1
2 -1 my X7 KIpI2]) ke (n).
0 (n=1)"1rt  {(n)tm ro 2n—1 o 2r(n+r—1)k+1r1

Nowusingthewell-knowndefinitionofgeneralizedhypergeometricfunction,f;,weobtainthedesired result.

J c
7. Evaluationof bin [2+ﬂc§§imermsofKummer’sconfluent

hypergeometricfunctions;whereb>a>0,[1(d)>1,1(c+1)>

0
Theorem7j1.Thefo//owinggeneralresultholdstrue:
b c > c+l .
L= Pl (d)dballeb] vl — (d+r-1)In[1+b]-
a zd r! c+1 c+2;
r=0

_ Unl1+al)™  c+y;
c+1 vt

wherel1(c+1)>0and[](d)>1.

—(d+r—1)In[1+a] c + , (7.1)
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Independentproofoftheintegral(7.1):
I p(in[a+21)

Suppose Ls= p dz
z
a
Nowsubstitute 1+z =e?, then we have
[ An[1+b] > 4 [ An[1+b]
L= te~td-1(1~e~t) "9dt= (- tee~td+r=1)d¢,
An[1+d] __rl An[1+q]
r=0
Furtherputt(d+r-1)=x, we get
> I (- b
L7= L (d+r—1)An[1+b] e_XXCdX
o rid+r=1)* (d+r—1)An[1+a] )
= Cf r— _
L= (), J (@rr—1)an(1+5] R [ @sr=naniiral L—xcqy
o ri(d+r—1)c+1 0 0

NowusingthedefinitionofincompleteGammafunction,weobtain

24(g)r
- — 1)c+1

r=0

Ly {y(c+1,(d+r—1)In[1+b])—y(c+1,(d+r—1)In[1+a])}. ri(d + r

NowexpressingincompleteGammaintermsofhypergeometricnotation(1.1),wegettherighthand side  of
equation(7.1) which is always convergent, in view of convergence conditions of hypergeometric
function,Fy(z)whenp = gthen|z| <.

8. ConcludingremarksandFuturescope

In this paper we have obtained some results involving hypergeometric functions and harmonic sums.We
conclude our present investigation by observing that several other theorems of the similar types integrals
related with other mathematical functions, different from the following integrals, are obtained in an
analogous manner:

J b(In[1+2])¢

. o dz;
d ~P(In[1-Z]) doe p ] ®(In[1 +2])°
I e
[ I o
z™(In[1-z])X(In[1+2])Adz=(—1)™ Z"(In[1+z])X(In[1-z])"dz
0 -1

andgeneralizedNielsenintegralswithspecialcases.
Moreovertheresultsderivedinthispaperarequitesignificantandareexpectedtobebeneficialfor the
researchers in the field of applied mathematics, mathematical sciences and other branches of science and
engineering.The interested readers and researchers can consult an appendix (Section 7 on Mellin
Transforms) of the beautiful paper by ”Blimleinand Kurth” [4, pp.27-39] for the Mellin integrals, which
are different from the present paper.
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