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Abstract 

Duetothegreatsuccessofhypergeometricfunctions,weprovidetheanalyticalsolutionsofcertaindefinite 
logarithmicintegralsandNielsen-typeintegralsintermsofmulti-variableKamp´edeF´erietfunctionswith 
suitable convergence conditions and higher harmonic sums by using series rearrangement technique and 
incomplete Gamma function. 
Further we also obtain the solution of other related logarithmic integrals in terms of generalized hy- 
pergeometric functions and Kummer’s confluent hypergeometric functions by using series rearrangement 
technique. 
The results presented in the paper and comparable outcomes are hoped to be supplied by the use of 
computer-aid programs, for example, Mathematica. 

Key Words and Phrases.Polylogarithm functions; Harmonic sums; Finite Mellin transforms; Nielsen- 
type integrals. 
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1. Introduction,definitionsandknownresults 

Here and elsewhere, we use the following standard notations, letRandCdenote the sets of real and 
complex numbers, respectively.Also let 

N0=N∪ {0}, N={1,2,3,...}=N0\{0}, 

Z−={0,− 1,− 2,...}=Z−∪ {0}, Z−={−1,−2,−3,...}, 

and Z=Z−∪ Nbeingthesetsofintegers. 

The incomplete gamma function is denoted byγ(z,α)([23, p.127, Question (2)], see also[13, p.15, 
Question.(10)]) and is defined by : 

∫α 

  
 

 
 

αz 

=
z

1F1 
z; 

−α
z 

+ 1; 
. (1.1) 

0 

e−ttz−1dt ;(঩(z)>0,|arg(α)|<π), γ(z,α):= 
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s ns (n+1)s 

 

 
Thepolylogarithmfunction(alsoknownasJonqui`ere’sfunction)([27,pp.197–198],seealso[14]and[15])Lis(z), is defined 
for any complex s and z; 

∞ n ∞  n+1 

Li(z)=F(z,s)=PolyLog[s,z]:=
Σz

=
Σz 

; s/=1, 
 

|z|<1,s∈ C\{1};|z|=1,z/= 1,঩(s)>0;z=1,঩(s)>1. 

 
The polylogarithm integrals ([3, p.79, Equation (14)], see also [11, p.1232, Equation (1.1)]) are given 

by:(− 1)n−1
∫ 11 

 

 

n∈ N\{1};x∈ C. 

TheNielsen-integrals([3,p.77,Equation(4)],seealso[10,p.647,Equation(1)],[11,p.1232,Equation 
(1.3)]and[18])aregivenby: 

(− 1)n+p−1∫11 
Sn,p(x):= [ln(z)]n−1[ln(1− zx)]pdz, 

(n− 1)!p! 0z 

n,p∈ N;x∈ C. 

GeneralizedNielsen-integrals([3,p.80,Equation(18)],seealso[12],[24])aregivenby: 

(− 1)n+p+q−1∫11 
 

  

p,n∈ N;x∈ C;q∈ N0. 

 

2. DevelopmentoffiniteMellintransformandharmonicsums 

TheDevelopmentoffiniteMellintransformandharmonicsumsisinthecontinuationof([20,p.1, 
Equations(1),(3)and(3’)andpp.4-5,Equations(6)and(7)],seealso[5],[21]). 

One-sidedorunilateralLaplacetransformisdefinedby: 

∫∞ 

  
 

 

thenbythesubstitutiont=− ln(x),theone-sidedLaplacetransform(2.1)isconvertedintoafinite Mellin 
transforms, given by (2.2): 

 

M[f(− ln(x));z]=φ(z)= 
1 

xz−1f(− ln(x))dx, (2.2) 
0 

provided that the integrals (2.1) and (2.2) exist subject to suitable convergence condition on real part 
ofcomplex parameter z. 
TheinfiniteMellintransformisdefinedby: 

 
M[g(x);z] = 

provided that above integral exist. 

∞ 

xz−1g(x)dx=ψ(z), (2.3) 
0 

0 

e−tzf(t)dt=φ(z), (2.1) L[f(t);z]= 

z 0 (n− 1)!p!q! 

z 0 (n− 2)! 

∫ 

∫ 

Lin(x):=Sn−1,1(x)= [ln(z)]n−2ln(1− zx)dz, 

Sn,p,q(x):= [ln(z)]n−1[ln(1− zx)]p[ln(1+zx)]qdz, (1.2) 

n=1 n=0 
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N Σ Σ 

Σ1 

... 
1 

n1 

 
This integral transform is closely connected to the theory of Dirichlet series, and is often used in number 
theory, mathematical statistics and the theory of asymptotic expansions, it is closely related to theLaplace 
transform and the Fourier transform, and the theory of the Gamma function and allied special 
functions.Also the Mellin transform is extremely useful for certain applications including solving Laplace 
equation in polar coordinates, as well as for estimating integrals. 
Thesubstitutionx=e−ttransforms(2.3)intotwo-sidedLaplacetransforms(2.4)orintothesumoftwo, one-
sided Laplace transforms (2.5), therefore 

 
ψ(z)= 

∫∞ 
 

 
 

 

+∞ 

e−tzg(e−t)dt, (2.4) 
−∞ 

∫∞ 

 
 

 

In the literature one often defines the transform shifted over ”one” as in [34, p.2042, Equation (30)].One 
mayconsidertheMellin-transformation([4,p.1,Equation(2)],seealso[16,p.159])forthefunction f(z), in the 
form: 

 

M{f(z);N}= 
1 

zN−1f(z)dz, 
0 

providedthattheaboveintegralexists.HereNdenotestheintegermoment-index,(whichisevenorodd 
positiveintegersdependingonthequantitybeingstudied). 
TheMellintransformofjustapowerofln(1 − z)canbereplacedimmediatelyusingtheformula,([3, p.89, Equation 
(84)], [34, pp.2042–2043, Equations (35) and (36)]): 

1 

zmlnp(1− z)dz= 
0 

(− 1)pp! 

(m+1) 

 
S1,...,1(m+1), (2.6) 

`˛
p

¸x 

inwhichtheS-functionhaspindicesthatareall1. 
[7,p137,Equation(1)andp.312,Equation(1)]seealso[20],[21] 

∞ 

e−αxxs−1dx= 
0 

Γ(s) 

αs 

 
;(঩(α)>0,঩(s)>0). (2.7) 

Usingsuitablesubstitutioninequation(2.7)andfurtheradjustmentofparameters,wecanderivethe following integral: 

1 

zmlnp(z)dz= 
0 

(− 1)pΓ(p+1) 

(m + 1)p+1 

 
, (2.8) 

(঩(m)>− 1,঩(p)>−1). 

The functions emerging in perturbation calculations in massless Quantum Field Theories belong to the 
classdiscussedbyNielsen[18]andtheirMellin-convolutions.Byexplicitcalculationwewillshowthat the Mellin-
transforms of such functions can be represented by linear combinations of the finite harmonic 
sums(see[3,p.77,Equation(3)],[4,p.1,Equation(4)]). 

 
nm−1 

Σ(sign(k1))n1 (sign(k2))n2 (sign(km))nm 

 
 

Thenotationthatisusedforthevariousfunctionsandseriesinthispaperiscloselyrelatedtohow useful it can be 
for a computer program. This notation stays as closely as possible to existing ones. The harmonic series 
[34, p.2037, Equations (1) and (2)] is defined by: 

n 

Sm(n)= , 
im 

i=1 

|k1| 
n n1=1 

0 

e−t(−z)g(et)dt. (2.5) 
0 

= 

∫ 

∫ 

∫ 

∫ 

∫ 

e−tzg(e−t)dt+ 

Sk1,...,km(N)= 
n 

|k2| 
n 

|k m | 
;N∈ N,∀ l,kA/= 0. 

n2=1 2 nm=1 m 
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Σ 

N 

N 

Σ1 

Σ 

k 

(N)= 2 2 
4 

1,−5,3 i j5 k3 

− 1,...,−1 k (−1)l|A| − 1,...,−1 

S1,...,1(N)=
1Σ

S(N)S1,...,1(N). 

1,1 
2 1 2 

∫ 

∫ 

1 

 

 
n i 

S−m 
(n)= 

(− 1)
, 

im 
i=1 

inwhichm>0.ThegeneralsingleharmonicsumsS±k(N),k>0[4,p.3,Equations(14),(15),(16) and (17)] are 
obtained by : 

 Sk(N)= [ln(x)]k−1

 

dx, 
(− 1)k−1

∫1 xN− 1 
(k − 1)!0 x−1 

 S−k(N)= [ln(x)]k−1

 

dx, 
(− 1)k−1

∫1 (− x)N− 1 
(k − 1)!0 x+1 

Σxk 
 

 

(− 1)A−1 x 
= 

 
[ln(z)]A−1 zN− 1

 
 

 

dz, 
kA 

k=1 
(l− 1)!0 z− 1 

Σ(− x)k 
 

 

(− 1)A−1 x 
= 

 
[ln(z)]A−1 (− z)N− 1

 
 

 

dz. 
kA 

k=1 
(l− 1)!0 z+1 

Onecandefinehigherharmonicseries[34,pp.2037–2038,Equations(3),(4)and(5)]givenby: 
 
 

Sm,j1,...,jp 

n 

(n)= S 
im 

i=1 

 

 
j1,...,jp 

 
(i), 

n i 

S−m,j1,...,jp 
(n)= 

(− 1)
S 

im 
i=1 

 
j1,...,jp (i), 

withthesameconditionsonm.Themandtheji,(1≤i≤p)arereferredtoastheindicesofthe harmonic series.Hence 
 

n i jj 

S (n)=
Σ1Σ(− 1)Σ1

. 

For numerical computations one may use the recursion relations [4, p.22, Equations (163) and (164)] for 
complex values of N, in terms of products of single harmonic sums only 

S  (N) =
1Σ

S (N)S  (N), 

` ˛
h

¸ x A=1 

 
k 

` 
h

˛
−

¸
l 

x 

`˛
h

¸x k 
A 

A=1 `
h

˛
−

¸
l

x 

The finite harmonic sums are connected by various algebraic relations.We will only consider the multiple 
harmonicsumsintoasinglesum:[4,p.19,Equation(126)]seealso[34,p.2056,Equation(92)] 

S (N)=
1

S2(N)+S(N). 

[4,p.20,Equation(144)]seealso[34,p.2056,Equation(93)] 

S (N) =
3 1 1 

1,1,1 
6

S1(N)+
2

S1(N)S2(N)+
3

S3(N). 

[4,p.21,Equation(156)]seealso[34,p.2056,Equation(94)] 

1 1 1 1 1 S S(N)+ S(N)+ S(N)S(N)+ S(N)S(N)+ S(N). 
1,1,1,1 44 82 3

3 1 
4

2 1 241 

i=1 j=1 k=1 
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∞ 

1 

p 
Y Y 

A Y Y 

∞ ∞ 

, 
Σ 

0 

∫ 

 p q1 qn 

 

(αj)s1+...+sn 

j=1 

(βj)s1... 
j=1 

(βj)sn 

j=1 

Σ 

 
Themulti-variableextensionofKampe´ deFe´rietdoublehypergeometricfunction[28,p.454]seealso [9],[31, 
pp.65-66], [32, p.1127, Eq.(4.1)] is given in the form: 

(a):(b(1));...;(b(n)); 
 

(α):(β(1));...;(β(n)); 
A m1 mn 

Σ x1
s1 

 

xn
sn 

 

 
where 

= 
s1,...,sn=0 

Λ(s1,...,sn)
s!

... , (2.9) 
sn! 

Y
(aj)s+...+s 

q1 

(b(1))s 

qn 

... (b(n))s 

Λ(s1,...,sn)= 

1 

j=1 

Y 

n 

j=1 

m1 

j 1 

(1) 

j=1 

mn 

j n 

, 
(n) 

 
and,forconvergenceofthemultiplehypergeometricseriesin(2.9), 

When 1+l+mk−p−qk>0, k=1,...,n 

then|x1|<∞,...,|xn|<∞. 

When 1+l+mk−p−qk=0, k=1,...,n; p>l 
1 1 

then|x1|p−l+...+|xn|p−l<1. 

When 1+l+mk−p−qk=0,k=1,...,n;p≤l 

thenmax{|x1|,...,|xn|}<1. 
Forabsolutelyandconditionallyconvergenceofabovemultipleseries(2.9),thereadersandresearchers can refer a 
beautiful paper of Hai et al.[8, pp.113-114, Theorums 4, 5 and 6], when x1,x2,...,xn∈ {− 1,1}. 
Niukkanen[19]discoversseveralpossibleapplicationsofsuchmultiplehypergeometricfunctions(2.9). 

Forpositiveintegersm1,m2,m3,...,mr(r≥1), the following multiple series identity [31, p.102, Equation (16)], 
holds true: 

Σ ΣΣ 
...
Σ 

Φ(k1,k2,...,kr;n)

! 

n=0 k1=0k2=0 kr=0 

 
 

= 
n=0 

k1m1+k2m2+...+krmr≤n 
 

k1,k2,...,kr=0 

Φ(k1,k2,...,kr;n−m1k1−m2k2− ...−mrkr) , (2.10) 

providedthattheabovemultipleseriesareabsolutelyconvergent. 

The paper considers Kamp´e de F´eriet and related (generalized) hypergeometric functions at special 
(constants)argumentsimpliedbyMellintransformsofspecialordinaryharmonicPolylogarithm.Some of the 
integrals are related to Mellin transforms of Nielsen integrals. 

 
Thepresentarticleismotivatedbytheworkoftheresearchers:Blümleinet.al[4],[5],Kölbiget.al[10],[11],[12],Nielsen
[18],Qureshi-Baboo[22],Remiddiet.al[24]andVermaseren[34],seealsosharmaet.al 
[25],[26]andTyagiet.al[33]. 

• In sections 3 and 4, we provide the analytical solution of the logarithmic integral: 
1
zm(ln[1 − z])k(ln[1+ 

z])Adzin terms of multi-variable Kamp´e de F´eriet function and higher harmonic sums. 

∞ 

∞ ∞ 

p:q1;q2;...;qn 

A:m1;m2;...;mn 
F x1,...,xn 
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0 

∫ 

 

¸ x` ˛¸ x`  ̨

×F   

Σ 

Σ 

∞ 

∞ ∞ ∞ 

0 z 

−1 zn 0 zn 

a zd 

 2+m+k+l:2;...;2;2;...;2;  

 

Σ 

• Insection5,wealsoyieldthesolutionofNielsen-typeintegralsandrelatedintegrals:
∫11[ln(z)]n−1[ln(1− 

zx)]p[ln(1+zx)]qdzin terms of multi-variable Kamp´e de F´eriet function with suitable convergence 
conditions. 

• Insection6,weevaluatespecialintegrals:
∫0(An[1+z])m

dz,
∫1(An[1+z])pmdzintermsofgeneralized 

hypergeometricfunctionsusingseriesrearrangementtechnique. 

• In section7,weobtainthesolutionofthegeneralintegral:
∫b(An[1+z])c

dzintermsofKummer’s 

confluenthypergeometricfunctionusingincompleteGammafunction 
 

 

3. Evaluationof 1zm(ln[1 − z])k(ln[1 +z])ldzintermsofmulti- 

variableKamp é deF érietfunction;wherek,l∈ Nandm∈ C 
 

Theorem3.1.Thefollowingresultholdstrue: 

∫1 
 

(−1)k 
L1= 

0 

 

zm(ln[1− z])k(ln[1 + z])Adz= 

 
k  

 
  

 

× 
(1+m+k+l) 

A  
 

1+m+k+l:1,1;...;1,1;1,1;...;1,1; 
1:2;...;2;2;...;2 

1:1;...;1;1; ...;1  

1,...,1,− 1,...,−1 
`˛¸x` ˛¸ x , (3.1) 

 

 

where঩(m+k+l)/= − 1,− 2,− 3,...... 
, 

` ˛
k

¸ x ` ˛
A

¸ x 

Remark:InviewofthetheoremofHaietal.[8,pp113–114,Theorem4,Equations(3.1),(3.2)and 
(3.3)],therighthandside(i.e.multiplehypergeometricseries)ofequation(3.1)isabsolutelyconvergent 
sincearguments∈ {− 1, 1}. 
Proof:Since 

∞ qq 

ln(1+z)=− 
(− 1)z

; − 1<z≤1, 
q 

q=1 

∞ p 

ln(1− z)=− 
z
; − 1≤z<1. 

p 

Therefore 
 

 
L1= 

p=1 

 
1 

zm(ln[1− z])k(ln[1+z])Adz 
0 

∫
1

m

√
Σ 

zp1

,√
Σ zp2

, √ 
Σ zph

,√
Σ 

(−1)q1zq1

,√
Σ (−1)q2zq2

, √
Σ(−1)qlzql

, 

= z − 
0 

 
p1=1 p

, −  
p2=1 p

,... −  
ph=1 p

, −  
q1=1 q 

, −  
q2=1 q 

, ........ −  
ql=1 q 

,dz 

 

=(−1)k+A
ΣΣ

...
Σ 

1 ΣΣ 
 

 

...
Σ 

(− 1)q1+q2+...+ql
∫1 

 

 

 

 

zm+p1+p2...+ph+q1+q2+...+qldz 
p1p2...pk p=1p=1 p=1 q=1q=1 q=1 q1q2...qA 0 

1 2 h 1 2 l 
 

∞ ∞ ∞ ∞ ∞ ∞ q+q+...+q 

=(− 1)k+A
Σ Σ

... 
Σ 1 ΣΣ 

... 
(− 1)1 2 l 

× 
p1p2...pk p=1p=1 p=1 q=1q=1 q=1 q1q2...qA 

1 2 h 1 2 l 

∫ 

∞ ∞ ∞ ∞ ∞ 

∞ ∞ ∞ 

k A 

1 2 h 1 2 l 
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0 

∫ 

Σ 

1 2 3 A 2 A 1
.
 

∞ 

(1+m+k+l) 
p=0p=0 q=0

(2)p1(2)p2....(2)ph(2)q1(2)q2 ................... (2)ql 
h 1 2 

(1+m+k+l) 
p=0p=0 q=0

(2)p1(2)p2....(2)ph(2)q1(2)q2 ................... (2)ql 
h 1 2 

Σ 

 

 

 
1 

× 
(1+m+p1+p2...+pk+q1+q2+...+qA) 

∞ ∞ ∞ ∞ ∞ ∞  q+q+...+q 

=(− 1)k
Σ Σ

... 
Σ 1 ΣΣ 

...
Σ (− 1)1 2 l 

× 
(1+p1)(1+p2)...(1+pk) (1+q1)(1+q2)...(1+qA) p=0p=0 p=0 q=0q=0 q=0 

1 2 h 

 

× 

1 2 l 

1 

{(1+m+k+l)+(p1+p2+...+pk+q1+q2+...+qA)} 
k ∞ ∞ ∞ ∞ ∞ ∞ 

=
 (− 1) ΣΣ

...
ΣΣΣ

...
Σ(1)p1(1)p2...(1)ph(1)q1(1)q2...(1)ql×  

×
(1+m+k+l)p1+p2+...+ph+q1+q2+...+ql(1)p1+p2+...+ph(− 1)q1+q2+...+ql 

(2+m+k+l)p1+p2+...+ph+q1+q2+...+ql 

k ∞ ∞ ∞ ∞ ∞ ∞ 

=
 (− 1) ΣΣ

...
ΣΣΣ

...
Σ(1)p1(1)p2...(1)ph(1)q1(1)q2...(1)ql×  

×
(1)p1(1)p2...(1)ph(1)q1(1)q2...(1)ql× 
p1!p2!....pk! q1!q2! ... qA! 

 

×
(1+m+k+l)p1+p2+...+ph+q1+q2+...+ql(1)p1+p2+...+ph(− 1)q1+q2+...+ql. 

(2+m+k+l)p1+p2+...+ph+q1+q2+...+ql 

Now applying the definition (2.9) of multi-variable extension of Kampe´de Fe´riet function, we obtain the 
right hand side of the integral L1. 

 

4. Evaluationof 1zm(ln[1− z])k(ln[1 +z])ldzintermsofhar- 

monicsums;wherek,landm ∈ N 

Theorem4.1.Thefollowingresultsholdtrue: 
CaseI:Whenl≥2,then 

 
 
 
 

 
,

q2+q3+...+ql≤q1 

. 

 
L2= 

1 

zm(ln[1− z])k(ln[1+z])Adz 
0 

 

S1,...,1(1+m+l+q1) 
` ˛¸ x 

. =(− 1)kk! 
q1=0

.
q2,q3,...ql=0 

(− 1)q1 h .  

(1+q− q− q− ...−q)(1+q)...(1+q)(1+m+l+q) 
 

 
CaseII:Whenl=1,then 

 
 

 
L3= 

Σ

,

. 

 

 

 
1 

zm(ln[1− z])k(ln[1+z])dz 
0 

(− 1)q . 

(4.1) 

=(− 1)kk!  
q=0 

(1+ q)(2+ m+ q) 
S1,...,1 

`˛
h

¸x 
(2+m+q) . 

∞ 

∫ 

∫ 

1 2 p=0q=0q=0 l 

1 2 p=0q=0q=0 l 
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q=1 q 

∞ ∞ ∞ 

l 

∞ 

∞ 

∞ 
1 

∫1 

1 1 
1 

1 2 3 l 

ProofofcaseI:Sinceln(1+z)=−
Σ∞ 

∫1 
 

 
 

(−1)qzq

; − 1<z≤1,therefore 

=(− 1)A
ΣΣ

...
Σ(− 1)q1+q2+...+ql

∫1

zm+q1+q2+...+ql(ln[1− z])kdz. 

q=1q=1 q=1 q1q2...qA 0 
1 2 l 

Nowusingtheintegral(2.6),wehave 
∞ ∞ ∞  q+q+...+q 

AΣΣ Σ(− 1)1 2 l 

L2=(− 1) 

 
(− 1)kk! 

 
q1=1q2=1 

...  
ql=1 

× 
q1q2...qA 

× (1+m+q +q+...+q)
S1,...,1(1+m+q1+q2+...+qA). 

1 2 A ` ˛
h

¸ x 

Nowreplacingq1by1+q1,q2by1+q2,q3by1+q3,...andqAby1+qA,weobtain 

L2=(−1)A+kk!
Σ 

Σ∞ 
...
Σ 

(− 1)A+q1+q2+...+ql 
× 

(1+q1)(1+q2)...(1+qA)(1+m+l+q1+q2+...+qA) 
q1=0q2=0 q=0 

 
× S1,...,1(1+m+l+q1 

`˛
h

¸x 

 
+q2 +...+qA)

.
. 

Nowreplacingq1byq1−q2− q3− ... −qAandapplyingmultipleseriesidentity(2.10),wegettheright 
handsideofassertion(4.1).Similarlywecanderivecasesecondwhenl = 1. 
SomedeductionsofcaseI: 
(i) :Whenk=1andl≥2,then 

1 

zm(ln[1− z])(ln[1+z])Adz 
0 

 

 

Σq2+q3+Σ...+ql≤q1  
(− 1)1+q1 S1(1+m+l+q1) 

!

. 
q=0 q,q,...q=0 (1+q1− q2− q3− ...− qA)(1+q2)...(1+qA)(1+m+l+q1) 
1 23 l 

(ii) :Whenk=2andl≥2andapplyingtheharmonicseriesrelation(2.6),wehave 
 
 
 
 

 

Σq2+q3+Σ...+ql≤q1 

 

zm(ln[1− z])2(ln[1+z])Adz 
0 

 

{S2(1+m+l+q)+S 

 

 

(1+m+l+q)} 
! 

(iii) :Whenk=3andl≥2andapplyingtheharmonicseriesrelation(2.7),weget 

∫1 

 
 

 
 

 

Σq2+q3+Σ...+ql≤q1  
(− 1)1+q1 

 

{S3(β)+3S1 
 
(β)S2 

 
(β)+2S3 (β)} 

!

, 
q=0 q,q,...q=0 (1+q1− q2− q3− ...− qA)(1+q2)...(1+qA)(1+m+l+q1) 
1 23 l 

0 

zm(ln[1− z])3(ln[1 + z])Adz 

0 
L2= 

∞ ∞ 

∫ 

zm(ln[1− z])k(ln[1+z])Adz 

= (− 1)q1 2 . 

(1+q1− q2− q3− ...− qA)(1+q2)...(1+qA)(1+m+l+q1) 

= 

= 

q=0 q,q,...q=0 
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∞ 

1 

Σ 

1 

2 1 1 

1 2 3 l 

2 1 1 

 
whereβ=1+m+l+q1. 
(iv) :Whenk=4andl≥2andapplyingtheharmonicseriesrelation(2.8),weobtain 

∫1 

 
 

 
 

Σq2+q3+Σ...+ql≤q1(−1)q1{6S 
 

 

(β)+3S2(β)+8S (β)S (β)+6S (β)S2(β)+S4(β)}
! 

whereβ=1+m+l+q1. 

SomedeductionsofcaseII: 
(a) :Whenk=1andl=1,then 

1 
zm(ln[1− z])(ln[1+z])dz= 

 
 

 

Σ∞
 

(− 1)1+q 

 
 
 

 
S1(2+m+q). 

0 

(b) :Whenk=2andl=1,then 

q=0 
(1+q)(2+m+q) 

 
1 

zm(ln[1 − z])2(ln[1 +z])dz= 
Σ∞(− 1)q{S2(2+m+q)+S (2+m+q)}

. 
0 

(c) :Whenk=3andl=1,then 

∫1 

 
 

 

q=0 
(1+q)(2+m+q) 

∞ (− 1)1+q 
= 

(1+q)(2+m+q) {S3(λ)+3S1(λ)S2(λ)+2S3(λ)}, 
q=0 

whereλ=2+m+q. 
(d) :Whenk=4andl=1,then 

 
 

 

Σ∞
 

(− 1)q 
 

 

  

 

 
1 

zm(ln[1− z])4(ln[1+z])dz 
0 

 

 

whereλ=2+m+q. 

 

5. EvaluationofNielsen-typeintegralsandrelatedintegralsin 

termsofmulti-variableKampé  

n,p∈ Nandq∈ N0 

deF érietfunction; where 

Theorem5.1.ThefollowingresultforNielsen-typeintegralsholdstrue: 

(− 1)n+p+q−1∫11 
 

  

(− 1)qxp+q 
=

(p+q)np!q!
× 

z 0 (n− 1)!p!q! 

, {6S4(λ)+3S2(λ)+8S3(λ)S1(λ)+6S2(λ)S2(λ)+S4(λ)} 
(1+q)(2+m+q) 

q=0 

0 

0 

zm(ln[1− z])4(ln[1 + z])Adz 

∫ 

∫ 

= 4 3 1 2 
, 

(1+q1− q2− q3− ...− qA)(1+q2)...(1+qA)(1+m+l+q1) 

zm(ln[1− z])3(ln[1+z])dz 

= 

Sn,p,q(x)= [ln(z)]n−1[ln(1− zx)]p[ln(1+zx)]qdz 

∫ 
2 

q=0 q,q,...q=0 
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×F 

 

  

Σ 

Σ 

∞ ∞ ∞ ∞ 

∫1 

+...+s)n(s)...(s)(r)...(r)
. 

... ... 
+...+s)}n

× 

1 1 q 

Σ 

 
 n   p   q   

¸
p+q,.

x
.
`

.,p+q
 ̨

:
¸

1,1;.
x

.
`

.;1,1
˛

;1
¸

,1;
x

..
`

.;1,1
˛

; 
   

n:2;...;2;2;...;2          
n:1;...;1;1;...;1 

1+p+q,...,1+p+q:2;...;2;2;...;2; 

x,...,x,− x,...,− x 

`˛
p
¸x` ˛

q
¸ x , (5.1) 

` ˛
n
¸ x ` ˛

p
¸ x` ˛

q
¸ x 

|x|≤1 ;n,p∈ N;q∈ N0. 

Note:Sn,p,0(x) ≡Sn,p(x) ;Sn−1,1(x) ≡Lin(x) 
andKölbigintegrals[10,p.647,Equation(2)]: 

 

 

 
Proof 
Since 

z−1[ln(z)]n−1[ln(1− z)]pdz=(− 1)n+p−1(n− 1)!p!Sn,p(1). 
0 

∞ r 

ln(1− z)=− 
z
; − 1≤z<1, 

r 
r=1 
∞ ss 

ln(1+z)=− 
(− 1)z

; − 1<z≤1. 
s 

Therefore 
 
 
 

 

Sn,p,q(x)= 

s=1 

 

(− 1)n+p+q−1∫11 
 

 

 

 
[ln(z)]n−1[ln(1− zx)]p[ln(1+zx)]qdz 

(n− 1)!p!q! 0z 

(−1)n+p+q−1
∫

11 n−1

√
Σzr1xr1

, √
Σzrpxrp

,√
Σ(−1)s1zs1xs1

, √
Σ(−1)sqzsqxsq

, 

= 
(n−1)!p!q! 

[An(z)] 
0z 

— 
r1=1 r 

,... −  
rp=1 r 

, −  
s1=1 s 

,... −  
sq=1 s 

,dz 

(5.2) 

 
n−1 ∞ ∞ r+...+r ∞ ∞ s+...+s s+...+s 

=
(− 1) Σ ...

Σx p 

... 
Σ(− 1)1 qx1 q 

× 
(n− 1)!p!q! r=1 r=1

(r1)...(rp)
s=1 s=1 (s1)...(sq) 

1 p 1 q 

∫1 
× 

Nowusingtheresult(2.8),weget 

zr1+...+rp+s1+...+sq−1[ln(z)]n−1dz 
0 

∞ ∞ ∞ ∞  s+...+s  r+...+r+s+...+s 

1Σ ΣΣ Σ 

 

(− 1)1 

 

qx1 p 1 q 

 

Nowreplacingr1by1+r1,r2by1+r2,...,rpby1+rp,ands1by1+s1,s2by1+s2,...,sqby1+sq, we obtain 
∞ ∞ ∞ ∞  q+s+...+s  p+q+r+...+r+s+...+s 

1Σ ΣΣ Σ (−1) 1 qx 1 p 1 q 
 

    

×
(1)r1(1)r2...(1)rp(1)s1(1)s2...(1)sq. 

(2)r1(2)r2...(2)rp(2)s1(2)s2...(2)sq 

Nowapplyingthedefinition(2.9)ofmulti-variableextensionofKampe´ deFe´rietfunction,wegetthe required 
result (5.1). 

q 1 +s p +...+r 1 {(p+q)+(r 
sq=0 rp=0s1=0 r1=0 

 

Sn,p,q(x)=
p!q! 

... ... 
+s 

sq=1 

Sn,p,q(x)=
p!q! 

 
p 

1 

r1=1 rp=1s1=1 (r 1 +...+r p 1 q 1 q 1 p 
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¸ x`  ̨

 

 

k!(ln[2]) 

 
 

x`  ̨

2  

m 

−1 zn 0 zn 

` ˛
m
¸ x 

 

Σ 

6. Evaluationof
∫0(ln[1+z])m

dz,
∫1(ln[1+z])m

dz intermsofgener- 

alizedhypergeometricfunctions;where 

m,n∈ N 
 

Theorem6.1.The following results 
holdtrue:Whenm ≥n,then 

 
 

 

 
m+1 

 
 

 

L4= 
0(ln[1+z])m 

 

 −1 zn 
1,1,...,1,n; 

dz=(− 1)m−nm!m+2Fm+1    1, (6.1) 
 

 2,2,...,2;  

 
Whenm≥2,then 

`
m
˛

+
¸

1
x 

 
L5= 

1 

(ln[1+z])mdz=(− 1)m+1m!+2(ln[2])m
2F0 

0 

−m,1; 
− ; 

 

(ln[2])−1 
 

, (6.2) 

Whenm≥n≥2,then 
 

 
1(ln[1+z])m L6= 

 
 
 

 
dz= 

 
 

 
(m)! 

 
 
 
 
 

 
m+1Fm 

 
 

 
 m+1 

n
¸
−1,n−

x
1
`

,...,n−1
˛
; 

 

 

1 − 

0 zn (n− 1)m+1 

 

 
 k+1 

¸ 

n,n,...,n;  

 

 

m m−k 

— k 
2n−1(n− 1)k+1 

n−1,n−1,...,n−1; 
k+1Fk 

1
. (6.3) 

k=0  

 

Independentproofoftheintegral(6.1): 

n,n,...,n; 
` ˛

k

¸ x 

Theintegral(6.1)canbesolvedbysubstituting1 + z=e−tandusingtheresult(2.7)ofLaplace transforms. 
Independentproofoftheintegral(6.2): 

 
 

 
Put1+z=et,thenwehave 

 
Suppose L5= 

1 

(ln[1+z])mdz. 
0 

 

 

 
Nowintegratingbyparts,weget 

L5= 
An[2] 

 
0 

tmetdt. 

L=
m

(− 1)0tmet+
m

(− 1)1tm−1et+
m

(− 1)2tm−2et2!+
m

(− 1)3tm−3et3!+... 
5 0 1 

+
m 

2 

 
(− 1)m−1tet(m− 1)!+ 

 
m

 

3 

 
(− 1)metm! 

 

 
An[2] 

m− 1 

 

L5=(− 1)m+1m!+2 

 

k

Σ

=0 

 
m

 
 

m 0 

 

(ln[2])m−k(− 1)kk! 

∫ 

∫  

∫ 

m 

∫ 

∫ 

 

k 
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− ; 

∞ 

∞ 

∞ ∞ ∞ 

"
Σ k!(ln[2]) 

k!(ln[2]) Σ 

∞ 

(α)m 
− 

7. Evaluationof
∫b(ln[1+z])c

dzintermsofKummer’sconfluent 

— — — — 

— — 

Σ Σ 

Σ Σ 

Σ Σ 

 

orL5=(− 1)m+1m!+2(ln[2])m
2F0
−m,1;

(ln[2])−1. 
 

Independentproofoftheintegral(6.3): 

 
Suppose L6= 

Nowsubstitute 1+z =et, then we have 

 
 

1(ln[1+z])m 

n 
dz 

0 

L6= 
An[2] 

 
0 

tmet 
 

 

(et− 1)n 
dt= 

An[2] 

 
0 

tme−t(n−1)(1− e−t)−ndt= 
r

Σ

=0 

(n)r 
 

 

r! 

An[2] 

 
0 

tme−t(n+r−1)dt 

Further,integratebypartswithα=n+r− 1,weget 

L6=
Σ(n)r mtme−αt mtm−1e−αt mtm−2e−αt2! mtm−3e−αt3!

− ... 
r! 

r=0 
0 (α) 1 (α)2 2 (α)3 3 (α)4 

mte−αt(m− 1)! me−αtm!
An[2] 

  

 

=−
Σ(n)rmtme−αt Σ(n)rmtm−1e−αt Σ(n)rmtm−2e−αt2!

− ... 
r! 0 

r=0 
(α) r! 1 

r=0 
(α)2 r! 2 

r=0 
(α)3 

(n)rm 
 

 

ln[2](m− 1)!
−
Σ (n)r (m)! (n)r 

+ (m)! 
r! 

r=0 
m− 1 2α(α)m 

r=0 
r!2α(α)m+1 

r=0 
r!(α)m+1 

 

 

= 
r=0 

(n)r 

r! 

(m)! 

(n+r−1)m+1 

 

 

— 
r=0 

(n)r 
 

 

r! 

m

k=0 

m m−k 
 k  

2n+r−1(n+r−1)k+1 

 

= 
r=0 

{(n−1)r}m+1 

(n −1)m+1r! 

(m)! 

{(n)r}m 

 

— 
k=0 

m m−k∞ 

 k  

2n−1 
r=0 

 (n)r . 
2r(n+r−1)k+1r! 

Nowusingthewell-knowndefinitionofgeneralizedhypergeometricfunctionpFq,weobtainthedesired result. 
 

 

  

hypergeometricfunctions;whereb>a>0,঩(d)>1,঩(c+1)> 
0 

Theorem7.1.Thefollowinggeneralresultholdstrue: 

L7=

∫b(ln[1+z])c

dz=
Σ(d)r(ln[1+b])c+1

1F1
c+1; 

− (d+r−1)ln[1+b]− 

a zd r! 
r=0 

c+1 c+2; 
 

 

 
where঩(c+1)>0and঩(d)>1. 

(ln[1+a])c+1 
— 

c+1 1
F1 

c + 1; 
− (d+r− 1)ln[1+a] c + 

2; 
, (7.1) 

zd a 

m ∞ 

∞ ∞ 

0 
(α)m+1 m m− 1 

∫ 

z 

∫ ∫ ∫ 

∞ ∞ ∞ 

 

— 

— 

# 
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∞ 

∫ 

Σ (d) 

∫ 

zd 
dz=

(− 1)d+1 
zd 

dz; 

 

Independentproofoftheintegral(7.1): 

Suppose L7= 

Nowsubstitute 1+z =et, then we have 

 

 
b(ln[1+z])c 

d 
dz 

a 

 
L7= 

An[1+b]

An[1+a] 

 

tce−t(d−1)(1− e−t)−ddt= 
r

Σ

=0 

(d)r 
 

 

r! 

An[1+b]

An[1+a] 

 

tce−t(d+r−1)dt. 

Furtherputt(d+r−1)=x, we get 

L7=
Σ  

(d)r 

 

∫(d+r−1)An[1+b] 

 

 
e−xxcdx 

 

L7=
Σ  

(d)r 

r=0 
r!(d+r−1)c+1 

(∫(d+r−1)An[1+b] 

(d+r−1)An[1+a] 

 
(d+r−1)An[1+a] 

e−xxcdx− e−xxcdx

)

. 

r!(d+r−1)c+1 
0 0 

r=0 

NowusingthedefinitionofincompleteGammafunction,weobtain 

∞ 

L7 =  r {γ(c+1,(d+r−1)ln[1+b])− γ(c+1,(d+r−1)ln[1+a])}. r!(d + r 
−1)c+1 

r=0 

NowexpressingincompleteGammaintermsofhypergeometricnotation(1.1),wegettherighthand side of 
equation(7.1) which is always convergent, in view of convergence conditions of hypergeometric 
functionpFq(z)whenp = qthen|z|<∞. 

 

8. ConcludingremarksandFuturescope 

In this paper we have obtained some results involving hypergeometric functions and harmonic sums.We 
conclude our present investigation by observing that several other theorems of the similar types integrals 
related with other mathematical functions, different from the following integrals, are obtained in an 
analogous manner: 

b(ln[1+z])c 

zd 
dz; 

a 

∫−b(ln[1− z])c  1 
∫b(ln[1 +z])c 

 

 

1 

zm(ln[1− z])k(ln[1+z])Adz=(−1)m 
0 

0 

zm(ln[1+z])k(ln[1− z])Adz 
−1 

andgeneralizedNielsenintegralswithspecialcases. 
Moreovertheresultsderivedinthispaperarequitesignificantandareexpectedtobebeneficialfor the 
researchers in the field of applied mathematics, mathematical sciences and other branches of science and 
engineering.The interested readers and researchers can consult an appendix (Section 7 on Mellin 
Transforms) of the beautiful paper by ”Blümleinand Kurth” [4, pp.27-39] for the Mellin integrals, which 
are different from the present paper. 
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∫ 

z 

∫ ∫ 

∞ 

∞ 

∫ ∫ 

−a a 
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[3] Blümlein,J. (2000). Analytic continuation of Mellin transforms up to two-loop order.Comput. 
Physics Commun., 133(1), 76–104. 
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