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ABSTRACT

All through this research article, K stands for a non-archimedean field which is both non-trivially valued
and complete. Tauberian conditions for statistical convergence that arises from the fact of statistical
summability by Norlund method over K has recently been investigated by us. We present here, the if and
only if conditions for statistical convergence due to statistical summability by Nérlund-Euler methods
over non-archimedean fields.
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1. INTRODUCTION

It was Fast [4] who first brought about this concept of statistical convergence in the year 1951, which is
very significant in summability theory. Schoenberg established a relation between summability and
statistical convergence. Hardy's and Landau's Tauberian theorems in classical nature of statistical
convergence were studied by Fridy and Khan. In this paper, investigation for Tauberian conditions for
sequences that are statistically (N, p, q)(E, 1) summable by Nérlund-Euler means over K is done.
Statistical convergence of a sequence (x;), is defined as

lim = |[{k < n:|x, — L| = €}| =0,

n—-oo
Forx, € K, k=1,2,.., for every € > 0. Here L is the statistical limit and the outer vertical lines stand for

the set's cardinal number (see [12]). This is written as,
st — lim 0 x, = L#(1.1)

Consider two sequences p = (p,,) and q= (qn) in K with

P _zpu plio and Qn un qlio

The convolution of (p,) and (qn) is glven by

Z Pk qn—k» n=012,..

Definition 1.1. The summability of x = (x ) by the generalized Norlund method (N, p, q), by (p,) and
(g,) to s is defined as

tpq—R Zpkqn KXy =S, as n-—o oo

Definition 1.2. A sequence (x,) is (E, 1) summable to s if,

1 n
E,ll=2—nkz0 (k)xk—>s, as n- o

Definition 1.3. The Norlund-Euler method is defined as
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™ k=0
n k
1 Z 1 k
=5 kan—k—kZ ()x]

Rn k=0 2 =0 J
Definition 1.4. A sequence (x,,) is summable by the generalized Noérlund-Euler (N, p, q)(E, 1) method to
s,if, t7F > sasn - oo,

We now define (N, p, q)(E, 1) statistical summability of a sequence as follows.

Definition 1.5.x = (x,,) is said to be statistically (N, p, q)(E, 1) summable to a limit L if,

st — lim t29F = L#(1.2)
n-—-oo

2. Key Results
Theorem 2.1. Consider sequences (p,,) and(q,) inK such that p, >0, p, #0, qo >0, g, # 0.
Consider (4;), A, € K such that limj_,A;, = 0 and
st — lim B <1 forevery 0< 1, <1#(2.1)
moe R,
If (x;,) is statistically (N, p, q)(E, 1) summable to a limit L, then (x;) is said to be statistically convergent
to L if and only if,

k
t— 1i ! i ! « ( ) = 0#(2.2)
st— im < kam—k_kz () Xm — %) = .
m=e (Ry, _R’lm)k=/1m+1 2 =0 J
To prove this theorem, we require the lemmas given below.
Lemma 2.1. Consider sequences (p,,) and (g,,) in K such thatpy, > 0, p,, # 0, qo > 0, q,, # 0; and

. Rn
st — lim — <1 forevery 0<4,<1

m—00o Am
Let (x;) be (N, p, q)(E, 1) statistically summable to L. Then, for each 0 < 4,, < 1,
st — lim t7%* = L#(2.3)
m-ooo m

where (R,,) and (tAm) are non-decreasing sequences of positive numbers.

Proof. Given that the sequence (x;,) is statistically summable (N, p, q)(E, 1) to L.
ie, st — lim t7"* = L

m-ooo
. . 1 WY
ie., AlllirgoMHm < M: |t,’ilqE —L|=¢€}|=0

ie, lim < |{m < m: |$zkm=0 Pt o (V)% — L] = ]| = 02)

M-oo
. ,q.E
To prove, st —lim,, o, t7"" =L,
m

That is, to prove
.1 11 eim 1wk k _
lim M Am < M: ?Zk=0 pkqlm—k Z—kzjzo (])x] — Ll =€t = 0,

M—>o0
consider
Am k
1 k
—|§Am =M R—Z Pk‘hm—kz—kz ( )99 —Llze€
m =0 j=0
Am k
1 R,\ 1 1 k
=M AmSM: ﬁ EZ pkqlm_kz_k‘ <]>JCJ_L =€
m k=0 j=0
1 | ym Lk (kY. _
S |{m < M: |Rm Zi=0 Prcm—k 2k Zj=o (J)XJ Ll = 6}| using (2.1)
- 0asM - o (using(2.4))
Therefore,
Am k
1 1 1 k
IJII—IEOM AmSM: E;} pkqlm_kz—kzo (])ZX]—L >erl=0
= j=
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Thatis, st — lim,,_ tfj'E = L, which proves the lemma.

Lemma 2.2.For0 < 1,, <1,

(R — Ry ) —Rz Z Picm - "2"2 (f)x’

k=

provided R,, > R; .

Proof. Consider the right hand side.

R;
Pk 4 m (tp,q,E _ tp.q.E)
m Rm - R/lm m Am

p.q.E r.q.E p,q.E p,q.E
Rmtm _R/’Lmtm +R,1mtm _let/lm
Rm - RA

Thus,

R
— tPAE Am PaE _ paE
=th +7(tm —t} )
(Rm - le) "
proving the lemma. Rearrangement of terms and addition of x,, results in,
— Pk _ R (tp.q.E _ tp.q.E)
Ru—Ri) "
Am

o 2 SAYEE
- o, — X; X
(Rm — R/lm) PrGm—k Zk ] j m

1< /k
kam—kZ_kZ (j)(xm - %)

(2.5)
Proof of the theorem.

Necessity: Under the condition that (x,,) is statistically (N, p,q)(E,1) summable to a limit L, we first
assumest—lim,, ., X,, = Lto prove that, for each 0<1, <1,

S Ry —R) —RA Z p"q’""sz()(x %) =

i.e, we havest — lim,, o, t?'%* = Land st — llmm_)wxm =1, whlch implies that
st — lim (x,, — thF) =0

m—oo
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ie.,
1
A}}{)rgoﬁﬂm S M:|x, —th"| 2 €}| =0
That s,
— 13 1 . Rllm ,q,E ,q,E
O—A}IIIEOM {mSM‘ m(t_ﬁlq —t/z{"? )
m
+; Z Drq iz (k)(x -x)| =epl
(Rm _le)k=,1m+1 o 2kj=0 J K ' -

(using (2.5))

1 R,
=i —_ < M |l—"tm  (paf _ paE)| 5
A}{l_r}gomax{MHm_M.‘(Rm_le)(tm t, ) _E} )
m
1 <M 1 z
IV ms=M:| PrGm—k
M (Rm — R’lm)k:/lm+1
1wk
7). (1> moy)| =zl
j=0
li 1 <M 1 i
=gmea o ymsM Ty Dk Gm—k
M- M (Rm _le)k=lm+1
1 /k
z_kz (j)(x’"— )| zerl
j=0
since, by (1.2) and (2.3) we have,
1 | Bam p.a.E _ pqE
M|{mSM.|(Rm_RAm)(tm th, )| 2€}|—>0 as M - oo
Thus,
k
i 1 i 1~ /k ( -
st— um qum—k—kz () Xy — X ) =
m-—oo (Rm_R;{m)kzl 1 2 = ]
Sufficiency: Here, we assume that
i 1 i 1~ /k ( -
st— um qum—k—kz () Xy — X ) =
m-—oo (Rm_R;{m)kzl 1 2 = ]

and prove that
st — lim x,, = L.

m—oo

For this, we need to prove that
st — lim (x,, — th") = 0.

m—oo
i.e., to prove
1
Jim —|{m < M: |, — e57F| 2 ]| = 0.

Using equation (2.5),
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1
M|{m < M:|x, — th7F| = €}

1 R p.aE _ p.aE
7 o |G A
m

4 1 Z lzk: (k)( | =l
T Prem—k 51 A =€
(Rm_RAm)k=Am+1 e kzkao ’) " !

26}

1
< — < M:
max{M Hm

{mSM:

le (P 0E _ (paE
m Am

(Rm = Ry,,) '
m
M ! Prq
Y3 m= kAm —k
(Rm Rflm)k=zm+1 K
1w /k
z_kZ (j)(xm_ )| zeql
j=0
By our assumption,
m k
1 oy 1 Z _ 1 k (x ) >
—|\msM:|l-——— km—k_kZ(-) m — Y )| =
M (Rm_R’lm)k:l +1 2 =
—»0asM -
Therefore,
1
M| (m < M:|x,, — th%F| = €} |
Smax{l|{m < M: Rl—m(t”'q'E—t”'q'E) > 6} ,0}
M (Rm =Ry, )\ " Am

1 Ry £ £
- M:|—2m  (tpaE _ (pa
< i {m < |(Rm — le) (tm ty, )

— 0asM — oo by (1.2) and (2.3),

> e}

by which we have,

1
&lﬂoﬁl{m S M:|x, —th"| 2 €} =0

Thatis,

st — lim (x,, —th"*) =0

m-oo

Thus the theorem is proved.
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