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ABSTRACT 
Fuzzy metric spaces are an extension of classical metric spaces that incorporate the concept of fuzziness 
into the measurement of distance. It provides a flexible framework for analyzing situations where 
precision is not feasible or desirable. It offers valuable insights in areas requiring the handling of vague or 
imprecise information, broadening the scope of traditional mathematical analysis. The present 
manuscript deals with establishment of fixed point and α -fuzzy fixed point theorems for Single valued 
mapping and Set Valued Mapping in Fuzzy Metric spaces through 𝛼-admissible approach, which is an 
extension and generalization of the results of many authors  with new rational contractive conditions. 
Established results are generalizations of previous known results in the field of fixed point theory 
concerning to fuzzy metric spaces.  
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1. INTRODUCTION 
Fixed point theory is essential to the advancement of many disciplines and has applications in computer 
science, physics, medicine, applied science, and other subjects. Fuzzy machines were developed in the 
current situation using the fixed point theory fuzzy locking system concept.The fixed point theorem for 
contractive mapping in complete metric space was proved by Banach [3] in 1922.After Zadeh[8] first 
proposed the idea of a fuzzy set in 1969, other authors were able to produce fixed point solutions for 
fuzzy mapping. Using continuous t-norms, Kramosil and Michalek [18] introduced the novel concept of 
fuzzy metric space in 1975. George and Veeramani[7] have modified these results.Heilpern[10] 
established a few fixed point findings for contraction mapping in 1981.In 2008, A few fixed point 
theorems for fuzzy metric spaces were proven by Mihet [26], who also introduced the idea of 𝝍-
contractive mapping. The (α-ψ)-contractive and 𝛼-admissible mapping was provided by Samet et al. 
(2012)[23], who also developed certain fixed point theorems.(α-ψ)-contractive for set valued mapping in 
fuzzy metric spaces was introduced by Hong[11] in 2014. A novel notion, (α-ψ)-fuzzy contraction, was 
presented and several new fixed point results on entire fuzzy metric space were proven by Saha et al. in 
2015[4]. Fixed point and common fixed point results for multi-valued mapping in b-metric space were 
proved in 2016 by Joseph[14] and in 2017 by Jinakul [13].Several fixed point findings for single valued 
and set valued mapping were demonstrated by Vishal Gupta et al. in 2018 [9]. Some more results on 
related to fuzzy sets can be viewed in [23-30]. In order to examine fuzzy fixed point results for single-
valued and set-valued mappings, we use two generalized contractions with novel including rational 
expressions in the context of fuzzy metric spaces in this paper. We have incorporated examples and 
applications that highlight and validate our acquired outcomes. Our results have generalized numerous 
fixed point results found in the relevant literature, as fuzzy mapping is a generalization of multi-valued 
mapping. The established results are specially motivated by [ 9]. Also concepts are taken from   [11-18].  
 
Preliminaries 
Definition 2.1[9]A map ∗:  0,1 ×  0,1 → [0,1]   is called continuous triangular norm (In short t- norms), 
if it’s satisfied following condition for a, b, c, d ∈  0,1 :    

(i) a ∗ b = b ∗ a  (Symmetry); 
(ii) a ∗ b ≤ c ∗ d  if a ≤ c and b ≤ d   Monotonicity ; 
(iii) a ∗  b ∗ c =  a ∗ b ∗ c  (Associativity); 
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(iv) 1 ∗ a = a   boundary condition ; 
Definition 2.2[15] Let a triplet (Ω,ℳ,∗)is called FMS if  Ω is an arbitrary set, ∗  is t-norm and  ℳ is a FS 
on Ω × Ω ×  0, ∞   such that for all x, y, z ∈ Ωand p, q ≥ 0  then 

1. ℳ x, y, 0 = 0; 
2. ℳ x, y, t = 1, ∀t > 0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 = 𝑦; 
3. ℳ x, y, t = ℳ y, x, t ; 
4. ℳ x, z, p + q ≥ ℳ x, y, p ∗  ℳ y, z, q ; 
5. ℳ x, y, .  :  0, ∞ → [0,1]  is continuous. 

Example 1:Let(Ω, d) be a metric space, Define u ∗ v = min u, v  or   u ∗ v = uv  for all u, v ∈  0,1 .  then 

fuzzy metric may define as ℳ u, v, t =
t

t+d(x,y)
  for all x, y ∈ Ω  and t > 0; 

Example 2:Let (Ω, d) be a bounded metric space with  d u, v < α, where α is fixed point constant 
in 0, ∞ andW: R+ →  α, ∞ be an increasing continuous function.   define a function ℳ: Ω × Ω ×  0, ∞ →

 0,1 as  ℳ x, y, t = 1 −
d(x,y)

w(t)
;  x, y ∈ Ω, t > 0; 

Definition 2.4[15]: Let (Ω, d,∗) be fuzzy metric space then a sequence {xn} in a FMS (Ω, d,∗) to a point 
x ∈ Ω  iflimn→∞ ℳ xn , x, t = 1  for all t > 0; 
Definition 2.5[9] Let (Ω, d,∗) be fuzzy metric space then a sequence {xn} in a (Ω, d, t)  is called Cauchy 
sequence if and only if for all ϵ ∈  0,1  and t > 0 there exists n0 ∈ N such that  

lim
n→∞

ℳ xn , xm , t = 1 − ϵ , for all n, m > n0; 

Definition 2.6[9]  A fuzzy metric space  in which every Cauchy sequence is convergent is complete. 
Definition 2.7 A single-valued mapping is one in which the range contains a unique value for every point 
in the domain. As a result, it is many-to-one or one-to-one. 
Definition 2.8 A set-valued mapping, also known as a correspondence, is a type of mathematical function 
that transfers items from one function domain (a set) to sub-domains of another set. Multi-valued 
mapping is another term for it. 
Definition 2.9[9] Let (Ω, ℳ,∗) be fuzzy metric space and let  f: Ω → Ω  and α: Ω × Ω ×  0, ∞ → (0, ∞)   be 
two mapping then a mappingf is called 𝛼-admissible if: 

α u, v, t ≤ 1 ⇒ α fu, fv, t ≤ 1, u, v ∈ Ω and t > 0. 
Definition 2.10[9] Let (Ω, ℳ,∗) be fuzzy metric space and let  f: Ω → Ω  and α: Ω × Ω ×  0, ∞ → (0, ∞)   
be two mapping then a mappingf is called 𝛼-admissible mapping approach to ƞ if: 

α u, v, t ≤ ƞ u, v, t ⇒ α fu, fv, t ≤ ƞ fu, fv, t , u, v ∈ Ω and t > 0. 
Note:  (a) if ƞ u, v, t = 1 then this definition reduce to the definition 2.7. 

           (b) if α u, v, t = 1 then mapping f is called ƞ-Sub admissible mapping 
Definition 2.11[9]Leta family of function 𝝍 such that φ:  0,1 → [0,1] is continuous non-decreasing and 
 φ 𝓅 > 𝑝 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝓅 ∈  0,1 . 
Lemma 2.12 [9]Let a family of function 𝝍 and φ 𝓅 > 𝑝 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝓅 > 0  if and only if limn→∞ φn 𝓅 =
1 , for each 𝓅 ∈  0,1 ,   φn is n-th iterate of φ.  
Definition 2.13[15]Let (Ω, d,∗) be fuzzy metric space. We define the Housdorfffuzzymetric space H on  
ƞ Ω × ƞ Ω ×  0, ∞  to  [0,1])id defined as: 

H A, B, σ = min infx∈A supy∈B d x, y, σ , infy∈Bsupx∈ad x, y, σ  , 

For all A, B ∈ ƞ Ω , whereƞ Ω  is the collection of all non-empty compact subsets of Ωand 
                             d x, B = inf d x, a : a ∈ B ,  for all x ∈ Ω. 
A Fuzzy set X is a function with domain X and values in [0, 1] ,F(X) is the collection of all fuzzy sets in X. If 
A isa fuzzy set and x ∈ X , then the function value A(x) is called grade of membership or membership 
value of x in X. The α −cut of a fuzzy set A, is denoted by [A]α,  and defined as:  

[A]α =  x: A x ≥ α ,   whereα ∈ (0,1] 
                                                 [A]0 =  x: A x > 0 ,    

Let X be any nonempty set and Y be a metric space. A mapping T is called a fuzzy mapping, if T is a 
mapping from X into F(X).A fuzzy mapping T is a fuzzy subset on X × Ywith membership function T(x)(y). 
The function T(x)(y) is the grade of membership of y in T(x). For convenience, we denote theα −cut of 
T(x) by [Tx]α instead of [T x ]α 1 . 
Definition 2.14(15] A point x ∈ X is called α-fuzzy fixed point of a fuzzy mapping T: X → F(X) if there 
exist α ∈  0,1 suchthatx ∈ [Tx]α. 
Lemma 2.13 (9]) In a FMS  Ω, ℳ,∗ , (Ω, ℳ, . )is non-decreasing for all 𝑥, 𝑦 ∈ Ω. 
Lemma 2.14 (15]) Let  ƞ Ω ,𝐻,∗ be a Hausdorff fuzzy metric space onƞ Ω  if for all 
𝐴,𝐵 ∈ ƞ Ω , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑢 ∈ 𝐴  , 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡 𝑣𝑢 ∈ 𝐵  satisfies  
ℳ 𝑢,𝐵, 𝑡 = ℳ 𝑢, 𝑣𝑢 ,𝛼 Then  𝐻(𝐴,𝐵,𝛼) ≤ℳ 𝑢, 𝑣𝑢 ,𝛼 . 
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Lemma 2.16 (15])Let (Ω, ℳ,∗)be a complete FMS, if there exist 𝛿 ∈ (0,1)  such that ℳ 𝑢, 𝑣,𝛼𝛿 ≥
ℳ 𝑢, 𝑣,𝛼  , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑢, 𝑣 ∈ Ω  𝑎𝑛𝑑 𝛼 ∈  0, ∞ ,   𝑡ℎ𝑒𝑛 𝑢 = 𝑣. 
Lemma 2.17 (15]) Let (Ω, ℳ,∗)be a complete FMS. Then, for each  𝑥 ∈ Ω,𝐵 ∈ ƞ Ω   for 𝒿> 0  there exists 
𝑦0 ∈ 𝐵such that ℳ 𝑥, 𝑦0 , 𝒿 = ℳ 𝑥,𝐵, 𝒿 . 
Where, ƞ Ω  is the collection of all non-empty compact subsets of Ω. 
Lemma 2.18(15) Let B be a non-empty subset compact subset of a FMS (Ω, ℳ,∗), for 𝜕 ∈ Ω  𝑎𝑛𝑑 𝒿 >
0  𝑡ℎ𝑒𝑛 , ℳ 𝑥,𝐵, 𝒿 = 𝑆𝑢𝑝 ℳ 𝑥, 𝜕, 𝒿 : 𝜕 ∈ 𝐵 . 
Now we present our main theorems with new rational contractive conditions. 
 
2.  MAIN RESULTS 
Theorem (3.1)let  𝑈: Ω → Ω   is 𝛼-admissible single valued mapping approach to ƞ in complete FMS 
 Ω, ℳ,⋆ such that: 

𝛼 𝑢, 𝑣, 𝑡 ≤ ƞ 𝑢, 𝑣, 𝑡 ⇒ ℳ 𝑈𝑢,𝑈𝑣, 𝑡 ≥ 𝜑 𝑀𝑖𝑛  

ℳ 𝑢, 𝑣, 𝑡 , ℳ 𝑣,𝑈𝑣, 𝑡 , ℳ 𝑢,𝑈𝑣 ∗ ℳ 𝑣,𝑈𝑣 ,

 
 1 + ℳ 𝑢,𝑈𝑢, 𝑡  . ℳ 𝑣,𝑈𝑣, 𝑡 

1 + ℳ 𝑢, 𝑣, 𝑡 
 

   

(a) There exists 𝑢0 ∈ Ω , 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎 𝑡 𝛼 𝑢0,𝑈𝑢0, 𝑡 ≤ ƞ 𝑢0,𝑈𝑢0 , 𝑡 , 𝑡 ∈  0,1 .  
(b) 𝑈 𝑖𝑠 𝑐o𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑡𝑜 𝑢 ∈ Ω 𝑎𝑛𝑑     𝛼 𝑢𝑛 ,𝑢𝑛+1, 𝑡 ≤ ƞ 𝑢𝑛 ,𝑢𝑛+1, 𝑡 , 𝑎𝑛𝑑 𝑡 > 0,𝛼 𝑢𝑛 ,𝑢, 𝑡 ≤ ƞ 𝑢𝑛 ,𝑢, 𝑡 . 

Then 𝑈 ℎ𝑎𝑣𝑒 𝑎  𝑓𝑢𝑧𝑧𝑦 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡. 
Proof: Let 𝑥0  be an arbitrary point ofΩ  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝛼 𝑢0 ,𝑈𝑢0, 𝑡 ≤ ƞ 𝑢0,𝑈𝑢0, 𝑡 . then define a sequence 
 𝑢𝑛   in Ω  such that 𝑢𝑛 = 𝑈𝑛𝑢0 = 𝑈𝑢𝑛−1,𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ∈ 𝑁. if 𝑢𝑛 = 𝑢𝑛+1  then existence of fixed point is 
apparent. Now if 𝑢𝑛 ≠ 𝑢𝑛+1. Since 𝑈 is 𝛼-admissible single valued mapping approach to ƞ and 
𝛼 𝑢0,𝑈𝑢0, 𝑡 ≤ ƞ 𝑢0,𝑈𝑢0 , 𝑡 then 

𝛼 𝑢1,𝑢2, 𝑡 = 𝛼 𝑈𝑢0 ,𝑈2𝑢0, 𝑡 ≤ ƞ 𝑈𝑢0,𝑈2𝑢0, 𝑡 = ƞ 𝑢1,𝑢2, 𝑡  
By mathematical induction, 𝛼 𝑢𝑛 ,𝑢𝑛+1 , 𝑡 ≤ ƞ 𝑢𝑛 ,𝑢𝑛+1 , 𝑡 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ∈ 𝑁 ∪  0 . 
Now put 𝑢 = 𝑢𝑛−1  𝑎𝑛𝑑  𝑣 = 𝑢𝑛  𝑖𝑛 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 (3.1) 

ℳ 𝑈𝑢𝑛−1 ,𝑈𝑢𝑛 , 𝑡 ≥ 𝜑 𝑀𝑖𝑛  

ℳ 𝑢𝑛−1,𝑢𝑛 , 𝑡 , ℳ 𝑢𝑛 ,𝑈𝑢𝑛 , 𝑡 , ℳ 𝑢𝑛−1 ,𝑈𝑢𝑛 ∗ ℳ 𝑢𝑛 ,𝑈𝑢𝑛 ,

 
 1 + ℳ 𝑢𝑛−1,𝑈𝑢𝑛−1, 𝑡  . ℳ 𝑢𝑛 ,𝑈𝑢𝑛 , 𝑡 

1 + ℳ 𝑢𝑛−1,𝑢𝑛 , 𝑡 
 

   

ℳ 𝑢𝑛 ,𝑢𝑛+1, 𝑡 ≥ 𝜑  𝑀𝑖𝑛  

ℳ 𝑢𝑛−1,𝑢𝑛 , 𝑡 , ℳ 𝑢𝑛 ,𝑢𝑛+1, 𝑡 , ℳ 𝑢𝑛−1,𝑢𝑛+1, 𝑡 ∗ ℳ 𝑢𝑛 ,𝑢𝑛+1, 𝑡 ,

 
 1 + ℳ 𝑢𝑛−1,𝑢𝑛 , 𝑡  . ℳ 𝑢𝑛 ,𝑢𝑛+1 , 𝑡 

1 + ℳ 𝑢𝑛−1,𝑢𝑛 , 𝑡 
 

   

ℳ 𝑢𝑛 ,𝑢𝑛+1, 𝑡 ≥ 𝜑 𝑀𝑖𝑛 ℳ 𝑢𝑛−1,𝑢𝑛 , 𝑡 , ℳ 𝑢𝑛 ,𝑢𝑛+1, 𝑡    

If  𝑀𝑖𝑛 ℳ 𝑢𝑛−1 ,𝑢𝑛 , 𝑡 , ℳ 𝑢𝑛 ,𝑢𝑛+1, 𝑡  = ℳ 𝑢𝑛 ,𝑢𝑛+1 , 𝑡   then  
ℳ 𝑢𝑛 ,𝑢𝑛+1, 𝑡 ≥ 𝜑 ℳ 𝑢𝑛 ,𝑢𝑛+1, 𝑡  > 𝑀 𝑢𝑛 ,𝑢𝑛+1, 𝑡 , which is contradiction. 
If  𝑀𝑖𝑛 ℳ 𝑢𝑛−1 ,𝑢𝑛 , 𝑡 , ℳ 𝑢𝑛 ,𝑢𝑛+1, 𝑡  = ℳ 𝑢𝑛−1,𝑢𝑛 , 𝑡   then  
ℳ 𝑢𝑛 ,𝑢𝑛+1, 𝑡 ≥ 𝜑 ℳ 𝑢𝑛−1 ,𝑢𝑛 , 𝑡  > 𝑀 𝑢𝑛−1,𝑢𝑛 , 𝑡  
Now for all 𝑝 > 𝑞, 𝑝, 𝑞 ∈ 𝑁 then 

ℳ 𝑢𝑛 , 𝑣𝑚 , 𝑡 ≥ ℳ 𝑢𝑛 , 𝑣𝑛+1 , 𝑡𝑛+1 ∗ ℳ 𝑢𝑛++1, 𝑣𝑛+2, 𝑡𝑛+2 ∗ … ∗ ℳ 𝑢𝑚−1, 𝑣𝑚 , 𝑡𝑚   

ℳ 𝑢𝑛 , 𝑣𝑚 , 𝑡 ≥  ℳ 𝑢𝑖 , 𝑣𝑖+1, 𝑡𝑖+1 

𝑚−1

𝑖=𝑛

 

ℳ 𝑢𝑛 , 𝑣𝑚 , 𝑡 ≥  𝜑𝑖 ℳ 𝑢0, 𝑣1 , 𝑡𝑖  

𝑚−1

𝑖=𝑛

 

 𝑡𝑖 = 𝑡  𝑎𝑛𝑑 𝑡𝑖 > 0,   𝑖 = 𝑛 + 1,𝑛 + 2……𝑚.

𝑚

𝑖=𝑛+1

 

Then by lemma (2.12), suppose𝜑𝑖 ℳ 𝑢0, 𝑣1, 𝑡𝑖  > 1 −
1

2𝑖
, 𝑖 = 𝑙𝑎𝑟𝑔𝑒 𝑒𝑛𝑜𝑢𝑔ℎ. 

We know that by Cauchy series  
1

2𝑖
∞
𝑖=1  is convergent therefore   1 −

1

2𝑖
𝑚−1
𝑖=𝑛  is also convergent. i.e 

 1 −
1

2𝑖
𝑚−1
𝑖=𝑛 = 1. hence the sequence  𝑢𝑛    is Cauchy sequence and  Ω, ℳ,⋆  is complete fuzzy metric 

space.Therefore, there exist  𝜗 ∈ Ω such that 𝑢𝑛 → 𝜗. if assume that 𝑈 is a continuous function then  
𝑈𝜗 = 𝑙𝑖𝑚𝑛→∞ 𝑈𝑢𝑛 = 𝑙𝑖𝑚𝑛→∞ 𝑢𝑛+1 = 𝜗. hence ϑ is a fixed point. 
Also 𝛼 𝑢𝑛 ,𝑢𝑛+1, 𝑡 ≤ ƞ 𝑢𝑛−1,𝑢𝑛+1 , 𝑡 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ∈ 𝑁 ∪  0  
𝛼 𝑢𝑛 ,𝜗, 𝑡 ≤ ƞ 𝑢𝑛 ,𝜗, 𝑡  
Now using condition (a) in inequality (3.1) then we get 
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ℳ 𝑈𝜗,𝑈𝑢𝑛 , 𝑡 ≥ 𝜑 𝑀𝑖𝑛  

ℳ 𝜗,𝑢𝑛 , 𝑡 , ℳ 𝑢𝑛 ,𝑈u𝑛 , 𝑡 , ℳ 𝜗,𝑈𝑢𝑛 ∗ ℳ 𝑢𝑛 ,𝑈𝑢𝑛 ,

 
 1 + ℳ 𝜗,𝑈𝜗, 𝑡  . ℳ 𝑢𝑛 ,𝑈𝑢𝑛 , 𝑡 

1 + ℳ 𝜗,𝑢𝑛 , 𝑡 
 

   

ℳ 𝑈𝜗,𝑢𝑛+1 , 𝑡 ≥ 𝜑 𝑀𝑖𝑛  

ℳ 𝜗,𝑢𝑛 , 𝑡 , ℳ 𝑢𝑛 ,𝑢𝑛+1 , 𝑡 , ℳ 𝜗,𝑢𝑛+1 ∗ ℳ 𝑢𝑛 ,𝑢𝑛+1 ,

 
 1 + ℳ 𝜗,𝑈𝜗, 𝑡  . ℳ 𝑢𝑛 ,𝑢𝑛+1, 𝑡 

1 + ℳ 𝜗,𝑢𝑛 , 𝑡 
 

   

Taking limit as 𝑛 → ∞ on both sides then we get 
ℳ 𝑈𝜗,𝜗, 𝑡 ≥ 𝜑(ℳ 𝜗,𝑈𝜗, 𝑡 ) > 𝑀 𝜗,𝑈𝜗, 𝑡  
ℳ 𝜗,𝑈𝜗, 𝑡 = 1 ⇒ 𝑈𝜗 = ϑ. 
 
Theorem (3.2) let  Ω, ℳ,⋆ be a complete FMS and 𝑈: Ω → ℳ(Ω) beset valued mappingfor all 
𝑥, 𝑦 ∈ Ω ,𝛼 ∈ (0,1]  and ℎ∈  0,1 if satisfying the conditions: 

(a) 𝑙𝑖𝑚𝑡→∞ ℳ 𝑥, 𝑦, 𝑡 = 1. 

(b) 𝐻 [𝑈𝑥]𝛼(𝑥), [𝑈𝑦]𝛼(𝑦), ℎ𝑡 ≥ 

                                                            𝑀𝑖𝑛  

ℳ 𝑥, 𝑦, 𝑡 , ℳ 𝑥,  𝑈𝑥 𝛼 𝑥 , 𝑡 , ℳ 𝑦,  𝑈𝑥 𝛼 𝑥 , 𝑡 ,

 
 1 + ℳ 𝑦,  𝑈𝑥 𝛼 𝑥 , 𝑡  . ℳ(𝑦,  𝑈𝑦 𝛼 𝑦 , 𝑡)

1 + ℳ(𝑦,  𝑈𝑦 𝛼 𝑦 , 𝑡)
 
  

Then U ℎ𝑎𝑣𝑒 𝑎  𝑓𝑢𝑧𝑧𝑦 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡. 
Proof: Let 𝑥0  be an arbitrary point ofΩ  and 𝑙𝑒𝑡 𝑥1 ∈  𝑈𝑥0 𝛼(𝑥0)

 then by lemma [2.16], we may 

choose𝑥2 ∈  𝑈𝑥1 𝛼(𝑥1) 

 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ℳ 𝑥1 , 𝑥2 , 𝑡 ≥ 𝐻  [𝑈𝑥0]𝛼(𝑥0), [𝑈𝑥1]𝛼(𝑥1),
𝑡

ℎ
  

.By induction we can write 𝑥𝑘+1 ∈  𝑈𝑥𝑘  𝛼(𝑥𝑘 )  , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑘 ∈ 𝑁, satisfying  

ℳ 𝑥𝑘 , 𝑥𝑘+1 , 𝑡 ≥ 𝐻 [𝑈𝑥𝑘−1]𝛼(𝑥𝑘−1), [𝑈𝑥𝑘 ]𝛼(𝑥𝑘 ), 𝑡 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑘 ∈ 𝑁, 

Now ,  

ℳ 𝑥2, 𝑥3 , 𝑡 ≥ 𝐻 [𝑈𝑥1]𝛼(𝑥1), [𝑈𝑥2]𝛼(𝑥2), 𝑡  

By using inequality 3.2(b) we get 

ℳ 𝑥2, 𝑥3 , 𝑡 ≥  𝑀𝑖𝑛

 
 
 

 
 ℳ  𝑥1 , 𝑥2 ,

𝑡

ℎ
 , ℳ  𝑥1 ,  𝑈𝑥1 𝛼 𝑥1 ,

𝑡

ℎ
 , ℳ  𝑥2 ,  𝑈𝑥1 𝛼 𝑥1 ,

𝑡

ℎ
 ,

 
 1 + ℳ  𝑥2 ,  𝑈𝑥1 𝛼 𝑥1 ,

𝑡

ℎ
  . ℳ(𝑥2 ,  𝑈𝑥1 𝛼 𝑥1 ,

𝑡

ℎ
)

1 + ℳ(𝑥2,  𝑈𝑥2 𝛼 𝑥2 ,
𝑡

ℎ
)

 

 
 
 

 
 

 

≥ 𝑀𝑖𝑛

 
 
 

 
 ℳ  𝑥1 , 𝑥2 ,

𝑡

ℎ
 , ℳ  𝑥1 , 𝑥2 ,

𝑡

ℎ
 , ℳ  𝑥2 , 𝑥3 ,

𝑡

ℎ
 ,

 
1 + ℳ  𝑥2, 𝑥3 ,

𝑡

ℎ
 . ℳ(𝑥2, 𝑥3 ,

𝑡

ℎ
)

1 + ℳ(𝑥2 , 𝑥3 ,
𝑡

ℎ
)

 

 
 
 

 
 

 

                    ≥  𝑀𝑖𝑛  ℳ  𝑥1 , 𝑥2,
𝑡

ℎ
 , ℳ  𝑥2 , 𝑥3 ,

𝑡

ℎ
   

If  𝑀𝑖𝑛  ℳ  𝑥1, 𝑥2 ,
𝑡

ℎ
 , ℳ  𝑥2 , 𝑥3,

𝑡

ℎ
  = ℳ  𝑥2 , 𝑥3 ,

𝑡

ℎ
  then  

We have  ℳ 𝑥2 , 𝑥3 , 𝑡 ≥ ℳ  𝑥2, 𝑥3 ,
𝑡

ℎ
  

So, by lemma 6 nothing left to prove. Now if we have  

𝑀𝑖𝑛  ℳ  𝑥1, 𝑥2 ,
𝑡

ℎ
 , ℳ  𝑥2 , 𝑥3,

𝑡

ℎ
  = ℳ  𝑥1 , 𝑥2 ,

𝑡

ℎ
  then  

Then again by lemma 2.16, we have  ℳ 𝑥2 , 𝑥3 , 𝑡 ≥ ℳ  𝑥1 , 𝑥2,
𝑡

ℎ
  

Again  ℳ 𝑥2, 𝑥3 , 𝑡 ≥ 𝐻  [𝑈𝑥0]𝛼(𝑥0), [𝑈𝑥1]𝛼(𝑥1),
𝑡

ℎ
  

≥  𝑀𝑖𝑛

 
 
 

 
 ℳ  𝑥0 , 𝑥1 ,

𝑡

ℎ2 , ℳ  𝑥0 ,  𝑈𝑥0 𝛼 𝑥0 ,
𝑡

ℎ2 , ℳ  𝑥1 ,  𝑈𝑥0 𝛼 𝑥0 ,
𝑡

ℎ2 ,

 
 1 + ℳ  𝑥1 ,  𝑈𝑥0 𝛼 𝑥0 ,

𝑡

ℎ2  . ℳ(𝑥1 ,  𝑈𝑥0 𝛼 𝑥0 ,
𝑡

ℎ2)

1 + ℳ(𝑥1 ,  𝑈𝑥1 𝛼 𝑥1 ,
𝑡

ℎ2)
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≥ 𝑀𝑖𝑛

 
 
 

 
 ℳ  𝑥0 , 𝑥1 ,

𝑡

ℎ2 , ℳ  𝑥0 , 𝑥1 ,
𝑡

ℎ2 , ℳ  𝑥1 , 𝑥2 ,
𝑡

ℎ2 ,

 
1 + ℳ  𝑥1 , 𝑥2 ,

𝑡

ℎ2 . ℳ(𝑥1, 𝑥2 ,
𝑡

ℎ2)

1 + ℳ(𝑥1 , 𝑥2 ,
𝑡

ℎ2)
 

 
 
 

 
 

 

                    ≥  𝑀𝑖𝑛  ℳ  𝑥0, 𝑥1 ,
𝑡

ℎ2 , ℳ  𝑥1 , 𝑥2 ,
𝑡

ℎ2   

If  𝑀𝑖𝑛  ℳ  𝑥0, 𝑥1 ,
𝑡

ℎ2 , ℳ  𝑥1 , 𝑥2 ,
𝑡

ℎ2  = ℳ  𝑥1, 𝑥2 ,
𝑡

ℎ2  then  

We have  ℳ 𝑥2 , 𝑥3 , 𝑡 ≥ ℳ  𝑥1 , 𝑥2,
𝑡

ℎ2  

So, by lemma 2.17 nothing left to prove. Now if we have  

𝑀𝑖𝑛  ℳ  𝑥0, 𝑥1 ,
𝑡

ℎ2 , ℳ  𝑥1 , 𝑥2 ,
𝑡

ℎ2  = ℳ  𝑥0, 𝑥1 ,
𝑡

ℎ
 then 

Then again by lemma 2.16, we have  ℳ 𝑥2 , 𝑥3 , 𝑡 ≥ ℳ  𝑥0 , 𝑥1,
𝑡

ℎ2  

In the same manner,  ℳ 𝑥𝑛 , 𝑥𝑛+1, 𝑡 ≥ ℳ  𝑥0 , 𝑥1 ,
𝑡

ℎ𝑛
  

Now let 𝑝 = 𝑛 + 𝑚, (𝑝 > 𝑛) then we have  

ℳ 𝑥𝑛 , 𝑥𝑛+𝑚 , 𝑡 ≥ ℳ  𝑥𝑛 , 𝑥𝑛+1,
𝑡

𝑚
 ∗ … . .∗ ℳ  𝑥𝑛+𝑚−1 , 𝑥𝑛+𝑚 ,

𝑡

𝑚
 ,   𝑚 − 𝑡𝑖𝑚𝑒𝑠 

By applying above results then we get  

ℳ 𝑥𝑛 , 𝑥𝑛+𝑚 , 𝑡 ≥ ℳ  𝑥0, 𝑥1 ,
𝑡

𝑚ℎ𝑛 ∗ … . .∗ ℳ  𝑥0, 𝑥1 ,
𝑡

𝑚ℎ𝑛 + 𝑚 − 1
 ,   𝑚 − 𝑡𝑖𝑚𝑒𝑠 

Letting limit as 𝑛 → ∞  and using inequality 3.2(a) then we get 
𝑙𝑖𝑚𝑛→∞ ℳ 𝑥𝑛 , 𝑥𝑛+𝑚 , 𝑡 = 1,  
Hence  𝑥𝑛    follows Cauchy sequence. So by completeness there exists 𝜗 ∈ Ω  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑙𝑖𝑚𝑛→∞ 𝑥𝑛 =
𝜗. 
Now to show 𝜗  is a fuzzy fixed point of 𝑈. we have  

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ ℳ 𝜗, 𝑥𝑛+1, (1 − ℎ)𝑡 ∗ ℳ(𝑥𝑛+1 ,  𝑈𝜗 𝛼 𝜗 , ℎ𝑡) 

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ ℳ 𝜗, 𝑥𝑛+1, (1 − ℎ)𝑡 ∗ 𝐻( 𝑈𝑥𝑛  𝛼(𝑥𝑛 )
,  𝑈𝜗 𝛼 𝜗 , ℎ𝑡) 

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ ℳ 𝜗, 𝑥𝑛+1, (1 − ℎ)𝑡 ∗

≥ 𝑀𝑖𝑛

 
 
 

 
 ℳ 𝑥𝑛 ,𝜗, 𝑡 , ℳ  𝑥𝑛 ,  𝑈𝑥𝑛  𝛼(𝑥𝑛 )

, 𝑡 , ℳ  𝜗,  𝑈𝑥𝑛  𝛼(𝑥𝑛 )
, 𝑡 ,

 
 1 + ℳ  𝑥𝑛 ,  𝑈𝑥𝑛  𝛼(𝑥𝑛 )

, 𝑡  . ℳ(𝜗,  𝑈𝑥𝑛  𝛼(𝑥𝑛 )
, 𝑡)

1 + ℳ(𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡)
 

 
 
 

 
 

 

Taking 𝑛 → ∞   𝑡ℎ𝑒𝑛 𝑤𝑒 𝑔𝑒𝑡  

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ ℳ 𝜗, 𝑥𝑛+1, (1 − ℎ)𝑡 ∗≥ 𝑀𝑖𝑛  

ℳ 𝜗,𝜗, 𝑡 , ℳ 𝜗,  𝑈𝜗 𝛼(𝜗), 𝑡 , ℳ 𝜗,  𝑈𝜗 𝛼(𝜗 , 𝑡 ,

 
 1 + ℳ 𝜗,  𝑈𝜗 𝛼(𝜗), 𝑡  . ℳ(𝜗,  𝑈𝜗 𝛼(𝜗 , 𝑡)

1 + ℳ(𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡)
 

  

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ 𝑀𝑖𝑛 ℳ 𝜗,  𝑈𝜗 𝛼(𝜗), 𝑡 , 1,1,1  

If  𝑀𝑖𝑛 ℳ 𝜗,  𝑈𝜗 𝛼(𝜗), 𝑡 , 1,1,1 = 1  then we get  

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ 1 

Hence we get  𝜗  is a fuzzy fixed point of 𝑈. 

If  𝑀𝑖𝑛 ℳ 𝜗,  𝑈𝜗 𝛼(𝜗), 𝑡 , 1,1,1 = ℳ 𝑥𝑛 ,  𝑈𝜗 𝛼(𝜗), 𝑡   then we get  

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ ℳ 𝜗,  𝑈𝜗 𝛼(𝜗), 𝑡  

Which is a contradiction then we have  ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 = 1,  thus  𝜗 =  𝑈𝜗 𝛼(𝜗 ) 

Hence 𝜗 is a fuzzyfixed point of   𝑈. 
 
Remark(*)let uswe define new class of 𝜓 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠. 

Let 𝜓 be the class of all mapping 𝛴 =  𝜓 ∶  0,1 → [0,1]    be a collection of all continuous 
function such that  
(a)   𝜓 𝑎 > 𝑎,   ∀(0 < 𝑎 < 1); 
(b)   𝜓 1 = 1,𝜓 0 = 0 ; 

 
Theorem (3.3) let  Ω, ℳ,⋆ be a complete FMS and 𝑈: Ω → ℳ(Ω) be a set valued mapping for all  
𝑥, 𝑦 ∈ Ω ,𝛼 ∈ (0,1]  and ℎ∈  0,1 if satisfying the conditions: 

(a) 𝑙𝑖𝑚𝑡→∞ ℳ 𝑥, 𝑦, 𝑡 = 1. 
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(b) 𝐻 [𝑈𝑥]𝛼(𝑥), [𝑈𝑦, ℎ𝑡]𝛼(𝑦) ≥ 

                    𝑀𝑖𝑛

 
 
 

 
 𝜓 ℳ 𝑥, 𝑦, 𝑡  ,𝜓  ℳ 𝑥,  𝑈𝑥 𝛼 𝑥 , 𝑡  ,𝜓  ℳ 𝑦,  𝑈𝑥 𝛼 𝑥 , 𝑡  ,

 
 1 + 𝜓 ℳ 𝑦,  𝑈𝑥 𝛼 𝑥 , 𝑡   .𝜓 ℳ(𝑦,  𝑈𝑦 𝛼 𝑦 , 𝑡) 

1 + 𝜓ℳ(𝑦,  𝑈𝑦 𝛼 𝑦 , 𝑡)
 

 
 
 

 
 

 

Then 𝑈 ℎ𝑎𝑣𝑒 𝑎  𝑓𝑢𝑧𝑧𝑦 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡. 
Proof: Let 𝑥0  be an arbitrary point ofΩ  and 𝑙𝑒𝑡 𝑥1 ∈  𝑈𝑥0 𝛼(𝑥0)

 then by lemma [2.14], we may 

choose𝑥2 ∈  𝑈𝑥1 𝛼(𝑥1) 

 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡   ℳ 𝑥1 , 𝑥2, 𝑡 ≥ 𝐻  [𝑈𝑥0]𝛼(𝑥0), [𝑈𝑥1]𝛼(𝑥1),
𝑡

ℎ
  

By induction we can write 𝑥𝑘+1 ∈  𝑈𝑥𝑘  𝛼(𝑥𝑘 )  , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑘 ∈ 𝑁, satisfying  

ℳ 𝑥𝑘 , 𝑥𝑘+1 , 𝑡 ≥ 𝐻 [𝑈𝑥𝑘−1]𝛼(𝑥𝑘−1), [𝑈𝑥𝑘 ]𝛼(𝑥𝑘 ), 𝑡 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑘 ∈ 𝑁, 

Now ,  

ℳ 𝑥2, 𝑥3 , 𝑡 ≥ 𝐻 [𝑈𝑥1]𝛼(𝑥1), [𝑈x2]𝛼(𝑥2), 𝑡  

By using inequality 3.3(b) we get 

ℳ 𝑥2, 𝑥3 , 𝑡 ≥  𝑀𝑖𝑛

 
 
 

 
 𝜓 ℳ  𝑥1 , 𝑥2,

𝑡

ℎ
  ,𝜓 ℳ  𝑥1 ,  𝑈𝑥1 𝛼 𝑥1 ,

𝑡

ℎ
  ,𝜓 ℳ  𝑥2 ,  𝑈𝑥1 𝛼 𝑥1 ,

𝑡

ℎ
  ,

 
 1 + 𝜓  ℳ  𝑥2,  𝑈𝑥1 𝛼 𝑥1 

,
𝑡

ℎ
   .𝜓  ℳ(𝑥2 ,  𝑈𝑥1 𝛼 𝑥1 

,
𝑡

ℎ
) 

1 + 𝜓  ℳ(𝑥2,  𝑈𝑥2 𝛼 𝑥2 ,
𝑡

ℎ
) 

 

 
 
 

 
 

 

≥ 𝑀𝑖𝑛

 
 
 

 
 𝜓 ℳ  𝑥1 , 𝑥2 ,

𝑡

ℎ
  ,𝜓 ℳ  𝑥1 , 𝑥2,

𝑡

ℎ
  ,𝜓 ℳ  𝑥2, 𝑥3 ,

𝑡

ℎ
  ,

 
1 + 𝜓  ℳ  𝑥2, 𝑥3 ,

𝑡

ℎ
  .𝜓  ℳ(𝑥2 , 𝑥3 ,

𝑡

ℎ
) 

1 + 𝜓  ℳ(𝑥2 , 𝑥3 ,
𝑡

ℎ
) 

 

 
 
 

 
 

 

                    ≥  𝑀𝑖𝑛  𝜓  ℳ  𝑥1 , 𝑥2 ,
𝑡

ℎ
  ,𝜓 ℳ  𝑥2 , 𝑥3 ,

𝑡

ℎ
    

If  𝑀𝑖𝑛  𝜓  ℳ  𝑥1 , 𝑥2 ,
𝑡

ℎ
  ,𝜓  ℳ  𝑥2 , 𝑥3,

𝑡

ℎ
   = 𝜓 ℳ  𝑥2 , 𝑥3 ,

𝑡

ℎ
   

By using remark (*) property (a) 𝑖. 𝑒.  𝜓 𝑎 > 𝑎,   ∀(0 < 𝑎 < 1); 

Then we have  ℳ 𝑥2 , 𝑥3, 𝑡 ≥ ℳ  𝑥2, 𝑥3 ,
𝑡

ℎ
  

So, by lemma 2.17 nothing left to prove. Now if we have  

𝑀𝑖𝑛  𝜓  ℳ  𝑥1, 𝑥2 ,
𝑡

ℎ
  ,𝜓  ℳ  𝑥2 , 𝑥3,

𝑡

ℎ
   = 𝜓 ℳ  𝑥1 , 𝑥2 ,

𝑡

ℎ
  then  

Then again by lemma 2.16, we haveℳ 𝑥2 ,𝑥3 , 𝑡 ≥ ℳ  𝑥1 , 𝑥2 ,
𝑡

ℎ
 . 

Again  ℳ 𝑥2, 𝑥3 , 𝑡 ≥ 𝐻  [𝑈𝑥0]𝛼(𝑥0), [𝑈𝑥1]𝛼(𝑥1),
𝑡

ℎ
  

≥  𝑀𝑖𝑛

 
 
 

 
 𝜓 ℳ  𝑥0 ,𝑥1 ,

𝑡

ℎ2  ,𝜓 ℳ  𝑥0 ,  𝑈𝑥0 𝛼 𝑥0 ,
𝑡

ℎ2  ,𝜓 ℳ  𝑥1 ,  𝑈𝑥0 𝛼 𝑥0 ,
𝑡

ℎ2  ,

 
 1 + 𝜓  ℳ  𝑥1 ,  𝑈𝑥0 𝛼 𝑥0 ,

𝑡

ℎ2   .𝜓  ℳ(𝑥1 ,  𝑈𝑥0 𝛼 𝑥0 ,
𝑡

ℎ2) 

1 + 𝜓  ℳ(𝑥1 ,  𝑈𝑥1 𝛼 𝑥1 ,
𝑡

ℎ2) 
 

 
 
 

 
 

 

≥ 𝑀𝑖𝑛

 
 
 

 
 𝜓 ℳ  𝑥0 , 𝑥1 ,

𝑡

ℎ2  ,𝜓 ℳ  𝑥0 , 𝑥1 ,
𝑡

ℎ2  ,𝜓 ℳ  𝑥1 , 𝑥2 ,
𝑡

ℎ2  ,

 
1 + 𝜓 ℳ  𝑥1 , 𝑥2 ,

𝑡

ℎ2  .𝜓  ℳ(𝑥1 , 𝑥2 ,
𝑡

ℎ2) 

1 + 𝜓  ℳ(𝑥1 , 𝑥2 ,
𝑡

ℎ2) 
 

 
 
 

 
 

 

                    ≥  𝑀𝑖𝑛  𝜓  ℳ  𝑥0 , 𝑥1 ,
𝑡

ℎ2  ,𝜓 ℳ  𝑥1, 𝑥2 ,
𝑡

ℎ2    

If  𝑀𝑖𝑛  𝜓  ℳ  𝑥0 , 𝑥1 ,
𝑡

ℎ2  ,𝜓  ℳ  𝑥1 , 𝑥2 ,
𝑡

ℎ2   = 𝜓  ℳ  𝑥1 , 𝑥2,
𝑡

ℎ2   

By using remark (*) property (a) 𝑖. 𝑒.  𝜓 𝑎 > 𝑎,   ∀(0 < 𝑎 < 1); 
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Then we have  ℳ 𝑥2 , 𝑥3, 𝑡 ≥ ℳ  𝑥1, 𝑥2 ,
𝑡

ℎ2  

So, by lemma 2.17 nothing left to prove. Now if we have  

𝑀𝑖𝑛  𝜓  ℳ  𝑥0, 𝑥1 ,
𝑡

ℎ2  ,𝜓 ℳ  𝑥1 , 𝑥2,
𝑡

ℎ2   = 𝜓 ℳ  𝑥0 , 𝑥1 ,
𝑡

ℎ
   

By using remark (*) property (a) 𝑖. 𝑒.  𝜓 𝑎 > 𝑎,   ∀(0 < 𝑎 < 1); 

Then, we have  ℳ 𝑥2 , 𝑥3 , 𝑡 ≥ ℳ  𝑥0, 𝑥1 ,
𝑡

ℎ2  

In the same manner,  ℳ 𝑥𝑛 , 𝑥𝑛+1, 𝑡 ≥ ℳ  𝑥0 , 𝑥1 ,
𝑡

ℎ𝑛
  

Now let 𝑝 = 𝑛 + 𝑚, (𝑝 > 𝑛) then we have  

ℳ 𝑥𝑛 , 𝑥𝑛+𝑚 , 𝑡 ≥ ℳ  𝑥𝑛 , 𝑥𝑛+1,
𝑡

𝑚
 ∗ … . .∗ ℳ  𝑥𝑛+𝑚−1 , 𝑥𝑛+𝑚 ,

𝑡

𝑚
 ,   𝑚 − 𝑡𝑖𝑚𝑒𝑠 

By applying above results then we get  

ℳ 𝑥𝑛 , 𝑥𝑛+𝑚 , 𝑡 ≥ ℳ  𝑥0 , 𝑥1 ,
𝑡

𝑚ℎ𝑛 ∗ … . .∗ ℳ  𝑥0 , 𝑥1 ,
𝑡

𝑚ℎ𝑛 + 𝑚 − 1
 ,   𝑚 − 𝑡𝑖𝑚𝑒𝑠 

Letting limit as 𝑛 → ∞  and using inequality 3.2(a) then we get 
𝑙𝑖𝑚𝑛→∞ ℳ 𝑥𝑛 , 𝑥𝑛+𝑚 , 𝑡 = 1,  
Hence  𝑥𝑛    follows Cauchy sequence. So by completeness there exists 𝜗 ∈ Ω  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑙𝑖𝑚𝑛→∞ 𝑥𝑛 = 𝜗. 
Now to show 𝜗  is a fuzzy fixed point of 𝑈. we have  

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ ℳ 𝜗, 𝑥𝑛+1, (1 − ℎ)𝑡 ∗ ℳ(𝑥𝑛+1 ,  𝑈𝜗 𝛼 𝜗 , ℎ𝑡) 

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ ℳ 𝜗, 𝑥𝑛+1, (1 − ℎ)𝑡 ∗ 𝐻( 𝑈𝑥𝑛  𝛼(𝑥𝑛 )
,  𝑈𝜗 𝛼 𝜗 , ℎ𝑡) 

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ ℳ 𝜗, 𝑥𝑛+1, (1 − ℎ)𝑡 ∗

≥ 𝑀𝑖𝑛

 
 
 

 
 𝜓 ℳ 𝑥𝑛 ,𝜗, 𝑡  ,𝜓  ℳ  𝑥𝑛 ,  𝑈𝑥𝑛  𝛼(𝑥𝑛 )

, 𝑡  ,𝜓  ℳ  𝜗,  𝑈𝑥𝑛  𝛼(𝑥𝑛 )
, 𝑡  ,

 
 1 + 𝜓  ℳ  𝑥𝑛 ,  𝑈𝑥𝑛  𝛼(𝑥𝑛 )

, 𝑡   .𝜓  ℳ(𝜗,  𝑈𝑥𝑛  𝛼(𝑥𝑛 )
, 𝑡) 

1 + 𝜓 ℳ(𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡) 
 

 
 
 

 
 

 

Taking 𝑛 → ∞   𝑡ℎ𝑒𝑛 𝑤𝑒 𝑔𝑒𝑡  

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ ℳ 𝜗, 𝑥𝑛+1, (1 − ℎ)𝑡 ∗

≥ 𝑀𝑖𝑛

 
 
 

 
 𝜓 ℳ 𝜗,𝜗, 𝑡  ,𝜓  ℳ 𝜗,  𝑈𝜗 𝛼(𝜗), 𝑡  ,𝜓  ℳ 𝜗,  𝑈𝜗 𝛼(𝜗 , 𝑡  ,

 
 1 + 𝜓  ℳ 𝜗,  𝑈𝜗 𝛼(𝜗), 𝑡   .𝜓 ℳ(𝜗,  𝑈𝜗 𝛼(𝜗 , 𝑡) 

1 + 𝜓 ℳ(𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡) 
 

 
 
 

 
 

 

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ 𝑀𝑖𝑛  𝜓  ℳ 𝜗,  𝑈𝜗 𝛼(𝜗), 𝑡  , 1,1,1  

By using remark (*) property (a) 𝑖. 𝑒.  𝜓 𝑎 > 𝑎,   ∀(0 < 𝑎 < 1); 

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ 𝑀𝑖𝑛   ℳ 𝜗,  𝑈𝜗 𝛼(𝜗), 𝑡  , 1,1,1  

If  𝑀𝑖𝑛 ℳ 𝜗,  𝑈𝜗 𝛼(𝜗), 𝑡 , 1,1,1 = 1  then we get  

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ 1 

Hence we get  𝜗  is a fuzzy fixed point of 𝑈. 

If  𝑀𝑖𝑛 ℳ 𝜗,  𝑈𝜗 𝛼(𝜗), 𝑡 , 1,1,1 = ℳ 𝑥𝑛 ,  𝑈𝜗 𝛼(𝜗), 𝑡   then we get  

ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 ≥ ℳ 𝜗,  𝑈𝜗 𝛼(𝜗), 𝑡  

Which is a contradiction then we have  ℳ 𝜗,  𝑈𝜗 𝛼 𝜗 , 𝑡 = 1,  thus  𝜗 =  𝑈𝜗 𝛼(𝜗 ) 

Hence 𝜗 is a fuzzy fixed point of   𝑈. 
Example (3.4): Let Ω =  1,3 and   𝑈 𝑥, 𝑦 < 𝑡  ∀ 𝑥, 𝑦 ∈ Ω ,t =𝑓𝑖𝑥(0,∞)and 𝑤:𝑅+ → (𝑡, ∞) is non-

decreasing function defined by 𝑤 𝑡 = 𝑡 + 2. Defined a map ℳ: Ω2 ×  0, ∞ →  0,1  𝑎𝑠   

ℳ 𝑥, 𝑦, 𝑡 = 1 −
𝑑(𝑥, 𝑦)

𝑤(𝑡)
;  𝑥, 𝑦 ∈ Ω, 𝑡 > 0. 

Then  Ω, ℳ,⋆ be a complete FMS under t-norm *. 

Define a fuzzy mapping  𝑈: Ω → 𝐹 Ω  𝑏𝑦 𝑈 𝑥  𝑡 =  

1

2
 ,1 < 𝑡 ≤

3

2
1

3
 ,

3

2
< 𝑡 ≤ 2

0  ,2 < 𝑡 ≤ 1

  

For all 𝑥 ∈ 𝑋, 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝛼 𝑥 =
1

2
= 𝛼 𝑦 , 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑈𝑥 1

2

=  1,
3

2
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𝑎𝑛𝑑 [𝑈𝑦]1

2

=  1,
3

2
 𝑡ℎ𝑒𝑛 𝑙𝑖𝑚

𝑡→∞
ℳ 𝑥, 𝑦, 𝑡 = 1 −

𝑑(𝑥, 𝑦)

𝑤(𝑡)
= 1. 

and also, we find  

𝐻 [𝑈𝑥]𝛼(𝑥), [𝑈𝑦, ℎ𝑡]𝛼(𝑦) ≥ 

                      𝑀𝑖𝑛  

ℳ 𝑥, 𝑦, 𝑡 , ℳ 𝑥,  𝑈𝑥 𝛼 𝑥 , 𝑡 , ℳ 𝑦,  𝑈𝑥 𝛼 𝑥 , 𝑡 ,

 
 1 + ℳ 𝑦,  U𝑥 𝛼 𝑥 , 𝑡  . ℳ(𝑦,  𝑈𝑦 𝛼 𝑦 , 𝑡)

1 + ℳ(𝑦,  𝑈𝑦 𝛼 𝑦 , 𝑡)
 
  

𝐻  [𝑈𝑥]1

2

, [𝑈𝑦, ℎ𝑡]1

2

 ≥ 

𝑀𝑖𝑛

 
 
 

 
 ℳ 𝑥, 𝑦, 𝑡 , ℳ  𝑥,  𝑈𝑥 1

2

, 𝑡 , ℳ  𝑦,  𝑈𝑥 1

2

, 𝑡 ,

 
 1 + ℳ  𝑦,  𝑈𝑥 1

2

, 𝑡  . ℳ(𝑦,  𝑈𝑦 1

2

, 𝑡)

1 + ℳ(𝑦,  𝑈𝑦 1

2

, 𝑡)
 

 
 
 

 
 

= 0 

Therefore, 0 ∈ Ω is the fuzzy fixed point of 𝑈. 
Corollary (3.5)let  Ω, ℳ,⋆ be a complete FMS and 𝑈: Ω → ℳ(Ω) be a set valued mapping for all  
𝑥, 𝑦 ∈ Ω ,𝛼 ∈ (0,1]  and ℎ∈  0,1 if satisfying the conditions: 

(a) 𝑙𝑖𝑚𝑡→ ℳ 𝑥,𝑦, 𝑡 = 1. 

(b) 𝐻 [𝑈𝑥]𝛼(𝑥), [𝑈𝑦, ℎ𝑡]α(𝑦) ≥ ℳ 𝑥, 𝑦, 𝑡  

           Then 𝑈 ℎ𝑎𝑣𝑒 𝑎  𝑓𝑢𝑧𝑧𝑦 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡. 
Corollary (3.6)let  Ω, ℳ,⋆ be a complete FMS and 𝑈: Ω → ℳ(Ω) be a set valued mapping for all  
𝑥, 𝑦 ∈ Ω ,𝛼 ∈ (0,1]  and ℎ∈  0,1   𝑎𝑛𝑑  𝜓 ∈ 𝜮  if satisfying the conditions: 

(a) 𝑙𝑖𝑚𝑡→ ℳ 𝑥,𝑦, 𝑡 = 1. 

(b) 𝐻 [𝑈𝑥]𝛼(𝑥), [𝑈𝑦, ℎ𝑡]𝛼(𝑦) ≥ 𝜓 ℳ 𝑥, 𝑦, 𝑡   

           Then 𝑈 ℎ𝑎𝑣𝑒 𝑎  𝑓𝑢𝑧𝑧𝑦 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡. 
Applications: To solve an integral if we define a non-decreasing and continuous function 𝛶 𝛼 :  0, ∞ →

 0, ∞ as𝛶 𝛼 =  𝛽 𝛼 𝑑𝛼,      ∀𝛼 > 0
𝛼

0
, for each 𝛽  𝛿 > 0, 𝛿 > 0  and 𝛽 𝛼 = 0  𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝛼 = 0.  

then  
 
Theorem (3.7) let  Ω, ℳ,⋆ be a complete FMS and 𝑈: Ω → ℳ(Ω) be set valued mapping for all  
𝑥, 𝑦 ∈ Ω , 𝛼 ∈  0,1 , 𝛽 𝛼 ∈ [0, ∞)  and ℎ∈  0,1 if satisfying the conditions: 

(a) 𝑙𝑖𝑚𝑡→∞ ℳ 𝑥, 𝑦, 𝑡 = 1. 

(b)  𝛽 𝛼 𝑑𝛼
𝐻 [𝑈𝑥 ]𝛼(𝑥),[𝑈𝑦 ]𝛼(𝑦 ),ℎ𝑡 

0
≥ 

 𝛽 𝛼 𝑑𝛼

𝑀𝑖𝑛 

ℳ 𝑥 ,𝑦 ,𝑡 ,ℳ 𝑥 , 𝑈𝑥  𝛼 𝑥 ,𝑡 ,ℳ 𝑦 , 𝑈𝑥  𝛼 𝑥 ,𝑡 ,

 
 1+ℳ 𝑦 , 𝑈𝑥  𝛼 𝑥 ,𝑡  .ℳ(𝑦 , 𝑈y  𝛼 𝑦 ,𝑡)

1+ℳ(𝑦 , 𝑈𝑦  𝛼 𝑦 ,𝑡)
 

 

0

 

Such that  [𝑈𝑥]𝛼 𝑥  𝑎𝑛𝑑 [𝑈𝑦]𝛼(𝑦)  are compact subset of  Ω  then 𝑈 has FP. 

Proof:if we take  𝛽 𝛼 = 1 then we can easily proof by using theorem (3.2). 
 
Theorem (3.8) let  Ω, ℳ,⋆ be a complete FMS and 𝑈: Ω → ℳ(Ω) be a set valued mapping for all  
𝑥, 𝑦 ∈ Ω ,𝛼 ∈  0,1 ,𝛽 𝛼 ∈ [0, ∞)  and ℎ∈  0,1 if satisfying the conditions: 

(a) 𝑙𝑖𝑚𝑡→∞ ℳ 𝑥, 𝑦, 𝑡 = 1. 

(b)  β α dα
𝐻 [𝑈𝑥 ]𝛼(𝑥),[𝑈𝑦 ]α(y ),ht 

0
≥ 

                                                        φ

 
 
 

 
 

 β α dα

Min  

ℳ x,y,t ,ℳ x, Ux  α x ,t ,ℳ y, Ux  α x ,t ,

 
 1+ℳ y , Ux  α x ,t  .ℳ(y , Uy  α y  ,t)

1+ℳ(y , Uy  α y ,t)
 

 

0

 
 
 

 
 

 

φ ∈ 𝚺, such that  [Ux]α x  and [Uy]α(y)  are compact subset of  Ω  then U has FP. 

Proof:if we take  β α = 1  and also use remark (*) property (a) i. e.  ψ a > 𝑎,   
   ∀(0 < 𝑎 < 1)    Then we can easily proof by using theorem (3.3). 
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𝟒.  CONCLUSION 
Numerous authors have presented different fixed-point results for self-mapping in a metric space. In this 
work, we demonstrate the existence and uniqueness of fuzzy fixed point outcomes for single-valued 
mappings and set-valued using fuzzy metric space. In order to examine fuzzy fixed point results for 
single-valued and set-valued mappings, we use two generalized contractions with novel including 
rational expressions in the context of fuzzy metric spaces in this paper. We have incorporated examples 
and applications that highlight and validate our acquired outcomes. Our results have generalized 
numerous fixed point results found in the relevant literature, as fuzzy mapping is a generalization of 
multi-valued mapping. 
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