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ABSTRACT

This study suggested a novel fuzzy transform based on the Emad-Falih transform and used it to derive
accurate solutions to first-order fuzzy differential equations. To clarify this methodology, pertinent
properties and theorems are shown in detail, and the approach is demonstrated by resolving specific
issues.
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1. INTRODUCTION

In recent decades, fuzzy differential equations have been employed in various disciplines due to their
widespread and substantial applications in a wide range of businesses. We provided this work, which
includes a novel approach for solving this kind of problem, in order to stay up with the field of fuzzy
differential equations' quick growth and advancement. Our study will be restricted to solving first-order
fuzzy differential equations. Following the introduction of the fuzzy derivative by Chang and Zadeh [1],
Kandel and Byatt [2] introduced the idea of fuzzy differential equations, and Abbasbandy and
Allahviranloo [3] presented the numerical solution approach for solving fuzzy differential equations over
time. A extension of the Hukuhara derivative, the fuzzy derivative was described by Seikkala [4]. Bede and
Gal [5] provide an excellent introduction to generalized differential, which Bede et al. [6] investigate. In
order to solve these kinds of equations, a new fuzzy transform based on the Emad-Falih transform will be
built in this study. On the other hand, a number of researchers have studied the "fuzzification" of several
techniques that are often used in the crisp scenario and have developed fuzzy versions of these methods,
including fuzzy Laplace and fuzzy Abood (see to [7,8] and the cited work therein). Samer et al. used fuzzy
systems in the second dimension (system research) to estimate costs [9].

2. Fundamental Preliminaries
For the interest of completeness, the following basic ideas and theorems related to our work in this area
are given

(2.1) Definition [10]

By R, the set of all real numbers is represented as, the mapping F: R = [0,1]is fuzzy number if it fulfills
1.F is upper semi-continuous.

2.F is fuzzy convex, i.e.,F({x + (1 — QY) = min{{F(x),F(Y)},forallx,Y € Rand T € [0,1].
3.Fisnormali.e.,3 x, € Rfor which F() = 1.

4.supp(F) ={x € RFQO > 0}, and cl(Supp (F)) is compact.
Let @ be the set of all fuzzy number on R. The (-level set of a fuzzy number F € @, 0 < { < 1 denoted by

[Flis defined as
XeRFOO=3, if0<7<1
[Fl; = if7
c(Supp(F)) ifg=0
Done [F]; = [E(Z),F(Z)], so theg-level set[F]; is a bounded and closed interval for all ¢ € [0,1].
Zadeh's extension principle states that the operation of addition on @ is given by

(F @ D00 = supyeg minifF(Y), Qx — N} x € R

and a fuzzy number's scalar multiplication is provided by
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F(%). ifp > 0

0 ifp=0
The following characteristics are widely acknowledged to be true at all levels:

[F® Q. =[Flc+ [l [p OFl; =plFl

where 0 € ©

(P OFX) =

(2.2) Definition [11]

A pair that is sorted parametrically is a fuzzy number, (F ,F) of functions F(?), F(¢) ,{€[0,1], which fulfills:
1.F(©) is a continuous function with a right function of 0 and a left function of (6,1] that is non-decreasing.
2.F(Q) is a bounded, non-increasing function with 0 continuous right and (0,1] continuous left.

3.F(Q) <sF@, L€ [01].

For arbitraryf = (E(Z),F(()),f = (f(©,f(©),0 < T < 1and p > 0 we define:

1. Addition F @a=FQ+20.F@® +2@).
2. Subtraction FOn=FQ-29.F @ -2@).
3. Multiplication F of =
(min {F (90, F (QfQ.FQAQ.F @@}, max{F (2@, FQQ,FQRQ.FQa®}
(F.pF) p=0,

4. Scalar multiplication pOF = .If p = 1then pOF = —F

(pF.pF) p<o0.
(2.3) Definition [6]

Let f and Q are fuzzy numbers, the Hausdorff distance between fuzzy numbers is provided by:
K wX®© - [0,+x]

B, Q) = supgep, max{[F@Q - 2 @, [FQ -2 @)},
Where F = (E(Z),]_:(Z)) f = (Q(Z),ﬁ({)) c R and following properties are well known:

1.K(F®n ,00F ) =K(F,Q),VF ,QL 1€ .
25(pOF ,pO Q) = |p|BF ,Q),VF ,QE€Ew,pER.
3K(FOQ ,n®h) <KBF ,Q) +K0 ,6),VF, Q1 ,flEw.

4.(K5, @) is a complete metric space.

(2.4) Definition [11]
Let ¢: R — wbe a function with fuzzy values. Assuming a random fixed point x, € R and € > 0 there
exists 6 > 0 such that |x —x0| <56=H (c])(x),c])(xo)) < €F is said to be a continuous fuzzy-valued

function.

(2.5) Definition [12]

A mappingd: R X @ — wis referred to as continuous at one point (ty,X,) € R X wsupplied for any
fixed¢, € [0,1]and arbitrary € > Othere exists an §(g, {)such that I§ ([cl)(‘c, 0lo [Q)(TO,XO)]() < &€ whenever

It — tol < 8(& Q) and K([x], [XO]Z < 8(g,QforallTER X E®

(2.1) Theorem [13]

Assume @ (y)function with fuzzy values on [e, o) and it is embodied by ((D(x, (),5()(, 0)). For any fixed
€ [0,1], let ®(x, Q) and ®(x, {) are Riemann-integrals on [, ¢]. For every ¢ = p, if there are two positive
functions8(¢) and 0(0) such that f;|9(x , ()|dx <0(Q and f;@(x, 0 |dx < 6(Q), then the fuzzy number is
the improper fuzzy Riemann-integrable, and ® () is said to be improper fuzzy Riemann-integrable on
[p, o] ie.

[ @00 ax= fm (D06, fw B¢, )dx
» » »
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(2.6) Definition [12]

Assume F,f € w.There is 1 € wsuch that f = f@uathen s is known the H-differential of F and f andit is
represented byf © f. In this paper, the sign " © " always stands for H-difference, and also note that
O#0QLandFO f#*F+ (-1)f

(2.7) Definition [14]
A function®: (p, ¢): — @ and y; € (p, g¢). We say that ®is strongly generalized differentiable at y,If such
an element exists (x,) € @, such that:

i.  VQ> 0thatis adequately little, there are®(y, + Q) © ®(xy), P(xy) © P(xo — 0),
where limg w = limy g w = @' (x)
or

ii. VvV Q> 0thatis adequately little,there are®(y,) © ®(x, + 0),P(xy — 0) © P (x,)

. D(x0)OP(xo +Q) . P(xo —0)OP(x0) ’
where llmo_ﬂ)% = llmo_m% = ® (x)

or

iii. V Q > 0 that is adequately little, there are®(yy + Q) © ®(xp), P(xo — 0) © P(xy)
where limy _ ¢(){0+0())9¢(){o) = lim,_,, 4’(){0—0_)094)()(0) _ ‘13'()(0)
or

iv. VO >0 that is adequately little, there are®(y,) © ®(x, + 0), P(xy) © ©(xo — Q)
P(x0)OP(x0+0) PU0)OPGo-0) _ CD,()(O)

where limgy _,
0—0 -0 0

(2.2) Theorem [15]
Let ®(x): R — wbe a function and represents ®(x) = ((®(x, {),®(x,{))in every instance for
¢ € [0,1]. Then:
1. If ®(y) is differentiable form i, then (®(x,{) and ®(y,¢) are differentiable functions and
O (1) = (@14, P (6 O)-
2. If ®(y) is differentiable form ii, then (®(y,{) and ®(y,{) are differentiable functions and

O () =@ (0,0, 9 (0 0))-

3. Fuzzy Emad-Falih Transform

The fuzzy start and boundary value difficulties that go along with fuzzy differential equations are resolved
by the fuzzy Aboodh transform technique. Fuzzy Aboodh transformations simplify the challenge of
solving afuzzy differential equation by reducing it to an algebraic problem. Operational calculus, a crucial
branch of practical mathematics, is this transition from calculus operations to algebraic operations on
transformations.

(3.1) Emad- Falih Integral Transform[16]
Emad A. Kuffi and Sara F. Maktoof introduced a novel integral transform known as the (Emad-Falih)
integral transform. This Transform is defined for the function ®(y) as:

EF [®(y)] = %fomdb()()e_fz dy = T(#), Where y = 0,y < 7 < p; andin the function ®, the variable 7 is
used as a factor to the variable y

(3.2) Definition
Let ®(y) be a fuzzy-valued continuous function. Suppose thatiCD()() ®e~"’is an inappropriate fuzzy

Integrable at Rimann on [0, o), then %fow CDQ()Qe‘“’Z dyis being called fuzzy Emad- Falih transform and

is known as

_ 1[0
EF[®(y)] = ;J- dD(X)Qe‘VZ dy ,(r > 0 and integer)
0

! OOCD T OOCD iy, 2 OOE - g
~ [ owoe ar =( -~ [ e e dx. - [ Boooe " dx )
0 0 0

Using the definition of classical Emad- Falih transform, to get:

1 oo 2 — 1 o= _2
EF[®(x, O] =~ ;" 20 e " dy and EF[®(x, O] =~ ;" @, e dy, then:
EF[®C0] = (EF[2(, O] EF[0(x, §)]
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(3.3) Theorem

Let ®(x),¥(x) be continuous fuzzy-valued functions, d; and d, are constants, then
(1). EF[d; 0P (0)] = d; OEF[®(x)] .

(2). EF[(d; 00 () ®(d, 0¥ ()] = (& OEF[@()]) D (d, OEF[¥(0)])

Proof

EF[d, 0 ()] = (EF[d, (. )], EF[d, D (1, 0)]) < f d, O e dy,— f d, (e " d)()

d [oe] , [oe]
=<71f9(x.€)e‘4’ ar. 5 [ ®on0e dx)
0 0

1 ‘ 2 1 OO— 2 —
= (dll <4_/VJ- Q(Xv {)e_/r d)(';f CD(X! {)e—f dX) = (dll(IE[F[Q(X! ()],IEIF[CD()(, ()])
0

0

= d; OEF[®(¥)]

(2). Suppose ®(x) = (2(r, ), ®(r, Q) and ¥(x) = (¥(r. . ¥ ) ~
EF[(d; @9 (0))®(d,0¥(0)] = (EF [d2(x, O) + do¥(x, O, EF[dy @ (x, O) + d¥(x, D))

_ (1 j (20 + ¥ (D) d)(,% f e (@0 ) + d. ¥ (1, 0)) d)()

0

1 r ( — 2
= (;f (?_4'~ (dl1q)0( ()d)(! j (dll CDO(, ()e—/r dX)) )
0

0

+ lJwe—”«n ¥(x,Od if«ﬂ ¥ e dy))
/VO 2\ X'/l’ 2 ’ X

0

1( 1(— )
= d, (; [ e ew i [ Baean) )
0

0

1 [ 2 1 00_ )
+d, (;J e”” ¥(x,€)dx,;J ¥(x, e dy)) )

0 0

= dy (EF[@(r, O], EF[®(x, O)]) + 2 (EF[¥(x, O], EF[¥(x, O)])
= (4, OEF[®(])®(d, OEF[¥(x)])

4. Fuzzy Emad- FalihTransform for First -Order Fuzzy Differential Equation

Examining the fuzzy Emad-Falih transform of the derivative of a first order under generalized H-
differentiability is essential to solving fuzzy differential equations for high-order fuzzy differential
equations.

(4.1) Theorem

Let ®(y) is the primitive of dD’()() on [0, ) and ®(y)is a fuzzy-valued function that is integrable, then:
a. ®(y)is (i)-differentiable then EF[® (x)] = »2@QEF[®(x)] © 4%@(13(0).

b. d(x)is (ii)-differentiable then EF[d ()] = (— 4% @@(0)) O (—r*OEF[®(n)])

Proof (a)
For a fixed, arbitrary0 < { < 1,

— 1 1 — 1_
r?OEF[®(1)] © —OP(0) = <«~ZIEIF[9(X, O] = - 2(0,0), 7 *EF[0(r, O)] - —@(0, o)
Since

EF[® (1,9)) = #2BF[00r O] - 20009, BF[® (1,.0)| = BB 0] - 28(0,0).
Since @ () is differentiable of form i using Theorem (2.2):
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P00 = @D, P () =B () 1
EF[9 (v, )] = EF[® O, )] = ~*EF[®(, )] - —(0,0)
— — — 1—
EF [d) 0, ()] = EF [CD ., ()] = r2EF[®(x, O] - ;cb(o, 0
__ 1 ) 7 __
+EF[000] © 00) = (EF[® (O] EF|9 (1. 0)|) = BF[® (0]
™ 1 1 1
(— ;@cbm)) © (~r*@EFO(]) = (- ~B(0.O) + rBF[®( )]~ — 8(0,9) + rEF[2 (1, 0)])

Since

EF[® (r, 0] = ~EF[000 )] - 2000, EF @ (1.0)] = +2EF[8(. 0] - £8(0,9).
Since @ (y) is differe_ntiable of form ii using Theorem (2.2):

PUD=2(DP )= )

EF[@ (r, 0] = EF|® (1. 0)| = +2EF[@(r 0] - —-8(0,9)

— , 1
EF|9'(1,0)| = BF[® (0, 0)] = #2EF[0(r. O] - —0(0,0)

1 _ , — .
(—;@cbm)) © (~r*OEFe()]) = (EF[® (r. O] EF |9 (r.0)|) = EF[@ (0]

(4.1) Example: Consider a fuzzy initial value problem:

() =00, PON=C-11-9,0<¢<1.
Solution:
Apply both sides' fuzzy Emad-Falih transforms to get

EF[® (0] = EF[®(0]
Case (1)
®(y) be (i)-differentiable,

_ 1 S
r*OEF[©(0] © —0d(0) = EF[® (0]
Using upper and lower functions, to have

1 — 1_— —
7?EF[20 O] = —2(0,9) = EF[®( )], +*EF[@(0 O] = — (0,0 = [2(. 9]
1 — 1
(r? = DEF[20 ] =~ G- 1, (r* - DEF[®G )] = - (1 -9
1 — 1 1
EF[®(x Q] = p (- 1),EF[®(x, Q)] = m;(l -0

D
) 1 o 1 1
Q(x,0) = (EF)™ (m;(i - 1)).CD(X. D= (ERN™ ((4,2 - 1);(1 - C))

Using inverse Emad- Falih transform

DY) =~ D, P = (1 - e
Case (2)
@ (y) be (ii)-differentiable,

- 1 _
EF[® ()] = (— ;OCID(O)) © (- ?EF[®(0])
Using upper and lower functions, to have

1 _ _ 1
7 EF[200 )] - —2(0,) = EF[®(; )], 7 EF[@ (0 O] — —@(0,0) = EF[2(x 9)]

5 1 — S 1
T EF[Q0 0] = — (@~ 1) + EF[00 )] ~*EF[®(, )] = —(1 - ) + EF[@(x 0]
With simple calculation and Using inverse Emad- Falih transform obtained the solution of case (2)

P Y = Q- 1e X0 =(1-e™
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5. CONCLUSION

We have developed the fuzzy Emad-Falih transform to solve fuzzy initial-value issues for first-order
linear fuzzy differential equations, which can be understood via the use of the highly extended
differentiability idea. This might result in solutions whose support varies with time.

REFERENCES

[1] Chang, Sheldon SL, and Lofti A. Zadeh. "On fuzzy mapping and control.” IEEE transactions on
systems, man, and cybernetics 1 (1972): 30-34.

[2] Kandel, A, and W. ]J. Byatt. "Fuzzy differential equations.
Conference On Cybernetics And Society, 1978.

[3] Abbasbandy, Saeid, and Tofigh Allah Viranloo. "Numerical solutions of fuzzy differential equations by
Taylor method." Computational Methods in Applied Mathematics 2.2 (2002): 113-124.

[4] Kaleva, Osmo. "Fuzzy differential equations.” Fuzzy sets and systems 24.3 (1987): 301-317.

[5] Bede, Barnabas, and Sorin G. Gal. "Generalizations of the differentiability of fuzzy-number-valued
functions with applications to fuzzy differential equations." Fuzzy sets and systems 151.3 (2005):
581-599.

[6] Bede, B, and S. G. Gal. "Remark on the new solutions of fuzzy differential equations." Chaos Solitons
Fractals (2006).

[7] Allahviranloo, Tofigh, and M. Barkhordari Ahmadi. "Fuzzy laplace transforms." Soft computing 14
(2010): 235-243.

[8] Alshibley, Samer Thaaban Abaas. "Solving a circuit system using fuzzy Aboodh transform." Turkish
Journal of Computer and Mathematics Education (TURCOMAT) 12.12 (2021): 3317-3323.

[9] Alshibley, Samer Thaaban Abaas, Athraa Neamah Albukhuttar, and Ameera Nema Alkiffai. "Using
Fuzzy Aboodh Transform to Solve A System of First Order Fuzzy Linear Differential
Equations." Journal of Physics: Conference Series. Vol. 2322. No. 1. IOP Publishing, 2022.

[10] Sinha, Kalyan B., and Debashish Goswami. Quantum stochastic processes and noncommutative
geometry. Vol. 169. Cambridge University Press, 2007.

[11] Friedman, Menahem, Ming Ma, and Abraham Kandel. "Numerical solutions of fuzzy differential and
integral equations." Fuzzy sets and Systems 106.1 (1999): 35-48.

[12] Wu HC (2000) The fuzzy Riemann integral and its numerical integration. Fuzzy Set Syst 110:1-25

[13] Wu, Hsien-Chung. "The improper fuzzy Riemann integral and its numerical integration." Information
Sciences 111.1-4 (1998): 109-137.

[14] ElJaoui, Elhassan, Said Melliani, and L. Saadia Chadli. "Solving a system of tow fuzzy linear
differential equations by fuzzy laplace transform method.” Global Journal of Science Frontier
Research 15.4 (2015): 81-98.

[15] Song, Shiji, and Congxin Wu. "Existence and uniqueness of solutions to Cauchy problem of fuzzy
differential equations."” Fuzzy sets and Systems 110.1 (2000): 55-67.

[16] [Kuffi, Emad, and Sara Falih Maktoof. "“Emad-Falih Transform” a new integral transform." Journal of
Interdisciplinary Mathematics 24.8 (2021): 2381-2390.

Proceedings Of The International

1059 Ahmed hameed oleiwi et al 1054-1059



