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Abstract

Fractal like Julia set is regarded as one of the striking and significant mathemat-
ical fractals in the field of science and technology. There are different numerical
iterative techniques which generate these fractals and in fact these numerical it-
erative techniques are the strength of fractal geometry. In recent past, Julia sets
have been studied through numerical techniques like Picard, Mann, and Ishikawa
etc. which are the examples of one-step, two-step, and three-step iterative tech-
niques respectively. In this article, we have concentrated our research work on the
computation as well as the different features of cubic Julia sets for the complex
polynomial Pm,n(z) = z3 +mz+ n. This generation process has been carried-over
through a new numerical four-step iterative technique. We have generated new and
ever seen cubic Julia sets for the above complex polynomial. The cubic Julia sets
generated through above polynomial have important mathematical properties. It is
also fascinating that some of the generated cubic Julia sets are analogous to frac-
tal shaped antennas, butterfly and some categories of ants. Some of the generated
cubic Julia sets can also be categorized as wall-decorated pictures.
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1 Introduction
Fractals have many applications in various fields of science and technology. The pro-
duction of cell phone has become possible only due to fractal shaped antennas. This
was not possible before the introduction of this notion. The Chaos theory is what frac-
tals are all about, and that is at the core of most Cosmological Models which describe
our entire Universe on both the scales of very small and large. Fractal geometry is very
practical for all sorts of things from biology to physics to cosmology to even the stock
market. For instance veins and arteries form fractal trees, some mineral deposits are
distributed under the fractal laws through the soil, and the stock market, perhaps not
quite a natural phenomenon, behaves according to fractal laws.

If we look back into the history of fractal geometry, we find that the interest in
fractal geometry with respect to Julia sets began in the 19th century. Named after
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the esteemed French mathematician Gaston Julia, the Julia set expresses a complex
and rich set of dynamics, giving rise to a large range of breathtaking visuals. Gaston
was first who invented Julia sets and examined their features [27] (p−122). In 1918,
a masterpiece of him on Julia sets was published which was the major event in the
history of fractal geometry. In this masterpiece, Gaston Julia first proposed the latest
idea on a Julia set and that made him famous in the world of mathematics. Julia sets
live in complex plane and this is the place where all chaotic behavior of complex plane
occurs [9] (p− 221). When all the computational experiments were far ahead of its
time, Herald Cramer gave the first approximate graphical representation to Julia sets.
Mathematical items like Julia sets were recognized when computer graphics became
user friendly [28].

What makes Julia sets interesting to analysis is that, despite being borne out of ap-
parently easy iterative techniques, they can be very tangled and often fractal in nature.
Due to fascination of computer experiments and incredulity of their graphical represen-
tation, Mandelbrot and Julia asets remain a topic of modern research with much interest
being in evoking the tangled structure of Julia sets and in calculating their properties
such as ’fractal dimension’ [14]. For detailed investigation on Mandelbrot and Julia
sets, one can follow the related work and complex dynamics system in references like
[4, 5, 6, 8, 9, 12, 16, 18, 25, 26, 39].These sets (Julia sets) have been computed and
examined for cubic [2, 3, 7, 9, 12, 13], quadratic [9, 19, 27], and also for higher degree
polynomials using Picard iteration,which is an example of one-step numerical proce-
dure.

Julia sets may be generated for any order complex polynomial. In this research
Paper, we have emphasized our research work on cubic Julia sets with reference to
complex polynomial of order 3. In 1988, Branner and Hubbard, by a series of papers,
paid concerned with the way in which the space of polynomial of degree d > 3 is de-
composed when the polynomial are classified according to their active behavior using
iterative procedure. However their results are satisfied only for d = 3. They also dis-
pense with the good framework of the locus connectedness for cubic polynomials [2].
In 1992, their second paper of this series was also dedicated to the account of dynami-
cal system complex cubic polynomial. They also raised the query when the Julia set of
a cubic polynomial became a Cantor set [3].

In 1998, Liaw found the regularities for the parameter space of the cubic polynomi-
als in the two dimensional projections. The projection of the parameter points that have
non-totally disconnected Julia sets can be observe as a combination of Mandelbrot-like
sets [20]. In the same year Cheng and Liaw established asymptotic similarity between
the parameter spaces (the Mandelbrot set) and the dynamic space (the Julia sets) of
cubic mappings. The dynamic spaces and the parametric spaces of cubic polynomials
consist many small copies of the Julia sets and Mandelbrot sets respectively of the stan-
dard quadratic mapping [7]. In 2001, Liaw studied the orientations, sizes, and positions
of above small copies to understand the formation of the cubic polynomials [21].

In 1999, Yan, Liu, and Zhu worked on a general complex cubic iteration and pro-
duced results on the range of Mandelbrot and Julia sets generated from above cubic
iteration[41]. These results are helpful in plotting the above generated sets. In 2003,
Tomova produced results about the limits of cubic Julia and Mandelbrot sets for com-
plex polynomial z3 + pz+ q and also for Julia and Mandelbrot sets of higher orders
polynomial of the form zn + c, [40].

In 2006, Fu et.al. generated higher order Julia set and Mandelbrot sets by applying
fast computing algorithm [15]. Mamta et.al. studied and computed superior Julia sets
for nth degree complex polynomial [32, 33], for cubic [6] and for quadratic complex
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polynomials [17, 30, 31] using superior iterates (a two-step feedback procedure). Su-
perior Julia sets have also been analysed under the effect of noises [34, 35]. In 2018,
Narayanet.al. computed and analysed new collection of antifractals for the complex
polynomial z̄n + c in the GK-orbit [23].

In our previous article, we have computed and examined new collection of frac-
tals using faster iteration with s-convexity [24].Recently, Rahman, Nisar and Gola-
mankaneh, also studied the generalized Riemann–Liouville fractional integral for the
functions with fractal support. They explored reverse Minkowski’s inequalities and cer-
tain other related inequalities by employing generalized Riemann–Liouville fractional
integral for the functions with fractal support [29].

Fractals have also vital role in various domains ranging from mathematical to en-
gineering applications, nano technology to bio medical domain. However, for a deep
understanding of fractals and to review the relevant areas, one must go through some
recent implementations of non-linear concepts in various areas of machine learning,
microprocessors and computer science related to data analysis [10, 37]. For more ap-
plications of numerical computing techniques one may see [11, 38].

In this research paper, we have explored new and ever seen cubic fractal sets for
the complex cubic polynomial z→ z3+mz+n , using new different numerical iterative
technique (a four-step feedback system) with improved escape criterion. We have also
analysed the characteristics of the above generated cubic Julia sets.

2 Material and Method
In past years, researchers focused mainly on three types of feedback procedures like
Picard iterates, a one-step feedback system [27], Mann iterates, a two-step feedback
system [17, 36], Ishikawa iterates, a three-step feedback system [6] etc. In 2014, Mu-
jahid et. al. introduced a new four-step iterative procedure and proved that it is faster
than all of Mann, Picard and Agarwal et. al. processes. They supported analytic proof
by a numerical example and mentioned that this process is independent of all above
processes. They also demonstrated some strong and weak convergence results for two
non-expansive functions [1].

In this research paper, we have computed Julia sets for the cubic complex poly-
nomial using this faster four-step feedback procedure with improved escape criterion
which provides the different results than the previous results.

Definition 2.1. Let S be a non-empty set and p be a self-map from S to S. For a point
s0 in S, the Picard orbit (generally called orbit of p) is the set of all iterates of a point
s0, that is: P(p,s0) = {sn : sn = p(sn−1), n = 1,2, · · ·}, where P(p,s0) of p at the initial
point s0 is the sequence (pns0)

Definition 2.2. The filled in Julia set of the function F(z) = zn + c is defined as

K(F) = {z ∈ C : Fk(z) does not tend to ∞}

where Fk(z) is the kth iterate of function F, K(F) denotes the filled in Julia set and C is
the complex space. The boundary of K(F) is known as Julia set of the function F. Julia
set is the set of those points whose orbits are bounded under Fc(z) = zn + c.

Definition 2.3. (New Iterative Procedure-NIP) Let X be a non-empty set such that
T : X → X and {xn} be a sequence of iterates of initial point x0 ∈ X such that
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{xn+1 : xn+1 = (1−un)Tyn +unT zn ;

yn = (1− vn)T xn + vnT zn ;

zn = (1−wn)xn +wnT xn; n = 0,1,2, · · · ,},

where un,vn,wn ∈ [1,0] and {un},{vn},{wn} are sequences of positive numbers. For
the sake of simplicity, we take un = u,vn = v,wn = w.

2.1 Escape Criterion for Cubic Complex Polynomial
In computation of fractals like Julia and Mandelbrot sets, there is always need to es-
tablish a criterion called ‘Escape criterion’ which enacts a chief role in the graphical
representation of Mandelbrot as well as Julia sets and these criteria are different for
different order complex polynomials.
Here, in this part, we demonstrate the new escape criterion using NIP for the complex
cubic polynomials:

Pm,n(z) = z3 +mz+n

where m and n are complex numbers.
The following theorem and results provide the escape criterion using NIP for the above
mentioned complex polynomial.

Theorem 2.1. Consider that |z| > |n| > (|m|+2/|u|)1/2, |z| > |n| > (|m|+2/|v|)1/2,
and |z|> |n|> (|m|+2/|w|)1/2, where 0 < u < 1, 0 < v < 1, 0 < w < 1, and c is in the
complex plane.
Define

z1 = (1−u)Pm,n(z)+uPm,n(z) ,

z2 = (1−u)Pm,n(z1)+uPm,n(z1) ,

...

zn = (1−u)Pm,n(zn−1)+uPm,n(zn−1) ,n = 2,3,4, · · ·

where Pm,n(z) is the fuction of z.
Then |z| → ∞ as n→ ∞

Proof. Consider

|P′m,n(z)|= |(1−w)z+wP
′′
m,n(z)| whereP

′′
m,n(z) = z3 +mz+n

= |(1−w)z+w(z3 +mz+n)|
= |z−wz+wz3 +mwz+wn)|
≥ |wz3 +mwz+ z−wz|− |wn|
≥ |z|(|wz2 +mw+1−w|)−w|z|, (∵ |z| ≥ n)

≥ |z|(|wz2 +mw|− |1−w|)−w|z|
= |z|(w|z2 +m|−1)

i.e.
|P′m,n(z)| ≥ |z|(w|z2 +m|−1) (2.1)
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Also

|Pm,n(z)|= |(1− v)P
′′
m,n(z)+ vP

′
m,n(z)|

≥ |(1− v)(z3 +mz+n+ v|z|(w|z2 +m|−1|)) [By using Eq.(2.1)]

= |(1− v)z3 +m(1− v)z+n(1− v)+ vw|z|(|z2 +m|− v|z||)
≥ |(1− v)z3 +m(1− v)z|− (1− v)|z|+ vw|z|(|z2 +m|− v|z|)
= |z|[(1− v)|z2 +m|−1]+ vw|z||z2 +m|
≥ |z|[(vw− v+1)(|z2|− |m|−1)]

Since,

zn = (1−u)Pm,n(zn−1)+uP
′
m,n(zn−1)

We have

|z1|= |(1−u)Pm,n(z)+uP
′
m,n(z)|

≥ |(1−u)[|z|(vw− v+1)|z2 +m|−1]+u[|z|(w|z2 +m|−1)]

≥ |z||(uv+ vw−uvw−u− v+1)|z2 +m|− |(1−u)|z||
+uw|z||z2 +m|−u|z|

= |z|[(uv+ vw+uw−uvw−u− v+1)|z2 +m|−1]

≥ |z|[(uv+ vw+uw−uvw−u− v+1)(|z2|− |m|)−1]

= |z|R[|z2|− (|m|+1/R)]

where

R = uv+ vw+uw−uvw−u− v+1

Since, |z| > |n| > (|m|+ 2/|u|)1/2, |z| > |n| > (|m|+ 2/|v|)1/2, and |z| > |n| > (|m|+
2/|w|)1/2, so that we have |z| > (|m|+2/R)1/2, this mean |z2|− (|m|+1/R) > (1/R)
so that R(|z2|− (|m|+1/R))> 1. Therefore there exists a λ > 0 such that

|z1|> (1+λ)|z|

Repeating the same argument, we get

|zn|> (1+λ)n|z|

Thus, orbit of z tends to infinity as n→ ∞. This completes the proof.

Corollary 2.1.1. Consider the complex cubic polynomial Pm,n(z) = z3 +mz+n where
m, n are complex numbers and assume
|z|>max[ |n|,(|m|+2/|u|)1/2,(|m|+2/|v|)1/2,(|m|+2/|w|)1/2] then |zn|> (1+λ)n|z|
and |zn| →∞ as n→∞. This provides the ‘escape criterion’ for the above complex cu-
bic polynomial.
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Corollary 2.1.2. Assume
|zk|> max[ |n|,(|m|+2/|u|)1/2,(|m|+2/|v|)1/2,(|m|+2/|w|)1/2] for some k ≥ 0 then
|zk|> (1+λ)n|zk−1| and |zn| → ∞ as n→ ∞.
This result provides an algorithm to generate cubic Julia sets for the above mentioned
complex polynomial.

3 Result And Discussion

3.1 Fractals as Cubic Julia sets
Cubic Julia sets, applying new different fixed point technique, are generated through
complex polynomial Pm,n(z) = z3 +mz+n, using cubic escape criterion with the soft-
ware Mathematica 10.0, See Figures 1-20.

Figure 1: Ants Cubic Julia set for u= v=.48, w=.28, m=-
3.2, n=.56I

Figure 2: Ants Cubic Julia set for u= v=.477, w=.283,
m=-3.13, n=.59I

3.2 Graphical Execution of Cubic Julia Sets Employed NIP
For the graphical execution of cubic Julia sets we iterate complex cubic polynomial
Pm,n(z) = z3+mz+n, and define the prisoner set using escape criterion under the above
new different iterative procedure. We have also generated some interested and ever
seemed cubic Julia sets.
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Figure 3: Cubic Julia set for u= v=.42, w=.05, m=-1.6,
n=.45I

Figure 4: Cubic Julia set for u= v=.45, w=.09, m=-2.3,
n=.52I

Figure 5: Cubic Julia set for u= v=.44 w=.07 m=.6-.01I
n=1.2I

Figure 6: Cubic Julia set for u= v=.44 w=.03 m=.62-.01I
n=1I

In this paper we have used two sets of parameters, u,v,wand m,n, and by changing
parametric cost of these set of pairs, we have also noticed many important observations
as follow:
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Figure 7: Cubic Julia set for u= v=.44 w=.07 m=.62-.01I
n=1I

Figure 8: Cubic Julia set for u= v=.57 w=.05 m=.6+.01I
n=1.2I

Figure 9: Antenna Cubic Julia set for u= v=.15 w=.83
m=2.5 n=-.80I

Figure 10: Antenna Cubic Julia set for u= v=.15 w=.83
m=2.62 n=-.80I

Figure 11: Antenna Cubic Julia set for u= v=.46 w=.366
m=-29.1 n=.75I

Figure 12: Antenna Cubic Julia set for u= v=.46 w=.366
m=-3.1 n=.59I
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Figure 13: Cubic Julia set for u= v=.48,w=.32 m=-3.13,
n=-.59I

Figure 14: Cubic Julia set for u= v=.48, w=.32 m=-3.03,
n=-.89I

Figure 15: Cubic Julia set for u= v=.5, w=.03, m=1.2I
n=0

Figure 16: Cubic Julia set for u= v=.5, w=.05,m=-1.17I
n=0

• It has been observed that the Figures 1 - 14 and Figures 17 - 20 show the perfect
mathematical reflexive symmetry about imaginary axes only whereas the Figures
15 - 16 show the perfect mathematical reflexive symmetry about both the axes
(real as well as imaginary axes).

• It is noticed that the prisoner sets of the cubic Julia sets in the Figures 1 - 5, Figure
17 and Figures 11 - 16 are mathematically disconnected whereas the prisoner
sets of the remaining cubic Julia sets are mathematically connected.
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Figure 17: Cubic Julia set for u= v=.03 w=.95 m=1.0
n=1.001I

Figure 18: Cubic Julia set for u= v=.5 w=.01 m=1.3 n=-
.80I

Figure 19: Cubic Julia set for u= v=.19 w=.376 m=2.2
n=.40I

Figure 20: Butterfly Cubic Julia set for u= v=.5 w=.3 m=-
2.03 n=-.6I

• It is also noticed that the cubic Julia sets in Figure 1 and Figure 2 capture the shape
of ants, Figures 4 - 8, look like as meditating posture, the cubic Julia in Figures
9-12 and Figure 19 take the shape of antennas, the cubic Julia set in Figure 20
take the shape of a butterfly and the Julia sets in Figure 3-4 and Figures 13-14
are wall-decorated pictures.

Conclusion
In this research paper, a new different four-step iterative procedure has been applied to
the complex cubic polynomial Pm,n(z) = z3+mz+n, and significant as well as exciting
results have been obtained.We have obtained new and ever seen cubic Julia sets as
output for the above complex cubic polynomial. Some of the generated cubic Julia sets
have perfect mathematical reflexive symmetry about the axes. From above generated
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cubic Julia sets, some Julia sets are connected and some are disconnected which is
also an important mathematical property of fractals.It is also fascinating to see that
some of the generated cubic Julia sets take the shape of antennas which is an important
application of fractals, some cubic Julia sets capture the shape of ants and the butterfly,
some cubic Julia sets look like as meditating posture, and some other look like as wall-
decorated pictures.
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