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ABSTRACT
Topological indices are useful tool for characterizing chemical constitution. Graph operations is a
significant field of graph theory in which new graphs are constructed from the given graphs. In this paper,
topological indices of certain graphs obtained through a noval join operation called SK-join are
determined.
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1. INTRODUCTION

For a graph G = (V(G), E(G)) with order n = |V(G)| and size m = |E(G)|, the degree of a vertexv;, in G is
the number of edges incident on v; and is denoted by d(v;) or simply d; . The distance between two
vertices u and v in G is the length of the shortest path joining them and it is represented by d(u, v) in G. All
graphs under our consideration are simple, finite and undirected graphs. We follow [1] for more
terminologies and notations.

Chemical graph theory is an interdisciplinary field in which relevant mathematical questions are explored
using graph theoretical and computational methods, and the molecular structure of a chemical product is
examined as a graph. We now have numerous noval and distinctive concepts and techniques for these
kinds of studies because to the field’s recent rapid progress.The concept of “topological indices” is among
the most significant ones used in chemical graph theory[5].

In graph theory, graph operation is a renowned field where new graphs are created by applying rules to
existing graphs. Various parameters of a given graph can be made more widely applicable by applying
new graph operations to it. In 2020, G. Suresh Singh and Koshy introduced a new join operation called the
SK-join of two graphs G; and G, [4]. In this paper topological indices of SK-join of certain classes of graphs
are determined.

2. Basic Concepts

Definition 1.The cartesian product of two graphs G; and G,, denoted by G; X G, is a graphwith vertex
set V(G1) X V(Gy) and (u; , vj),(uy , v;) are adjacent in G; X G, if and only if u; = u, and v;v;€ E(G,) or
u;ui€ E(Gy) and v; = v;.

Definition 2.[4]Let G; and G, be two nonempty, simple, finite and undirected graphs and G; X G, be
their cartesian product. Take two copies of G; X G, and let it be G’ and G". Let G be a new graph with the
vertices vywhere i = 1,2 and j varies from 1,2,...,|V (G; X G)|. Now new graph, known as SK-join is

obtained by joining vy to v; for all j. We denote this new graph by G'®G".
Examplel. Consider two copies G' and G’ of P, X P; and join the corresponding vertices as follows:
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Note 1.The cartesian product of two graphs G; and G, is connected if and only if both the graphs are
connected

Note 2.Let G' and G be the two copies of G; X G,, then the SK-joinG'€®G", is a connected graph if and
only if, G; and G, is connected.

Definition 3. [2] Let G be a graph, then the first and second Zagreb indices of G are defined as

M@ = ) d(w) +dw)

uev(G)
M@= ) dwdw).
uv€eE(G)
Definition 4. [3] The Harmonic index of a graph G is defined as

2
R = Z d) +d(v)°

uv€eE(G)
Definition 5. [6] The Geometric-Arithmetic index of a graph G is defined as

B 2,/d(w)d(v)
GA(G) = uv;m d(uw) +d(v)

3. Topological indices of SK-join of graphs

In this section we compute the first and second Zagreb indices, Harmonic index and Geometric-Arithmetic
index of recently constructed new graphs, denoted by G'€®G"’ of some standard graphs.

Theorem 1. For P, and P;, let ¢’ and G be two copies of P, X P, then the first and second Zagreb
indices, Harmonicindex and Geometric-Arithmetic index of G'©G"" are respectively given by:

M, (G'®G") = 2(32n — 28)
M,(G'®G") = 8(16n — 19)

H(G'®G") = 2n — %

GA(G'®G") = Bn + 225

Proof: We haveG’ and G", the two copies of P, X P;. The edge set of G'@G" can be partitioned as
follows:

W e

E(G'9G)=E UE, UE;,
Where,
E, = {wl|d, = 3,d, = 3},|E;| =8

E2 = {uvldu = 3, dv = 4}, |E2| =8
E; = {uv |d, = 4,d, = 4}, |E;| = 8n — 20.

MEe6) = > dw+dw)

weE(G' ©G")

= Z d(w) +d() + Z d(w) +dw) + Z d(w) +d(v)
uv€kq uve€E, uv €E3

= Z 3+3+ Z 3+4+ Z 444
uv€Eq uv €k, uveE3
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=6Zl+721+821

uv€Ekq uv€k, uv€Es
=6%x8+7x8+8x(8n—20)
= 2(32n — 28).
MEe6) = > dwdw)
uveE(G'<°>G”)
- Z dw)d(w) + Z dw)d(w) + Z d(w)d ()
uv€Eq uv €k, uv€E3
= Z 3x3+ Z 3xX4+ Z 4 x4
uv€Eq uv ek, uv€eE3
=9 Z 1+12 Z 1+16 Z 1
uv€Eq uveE, uveEsz
=9x8+412x8+ 16 X (8n — 20)
= 8(16n — 19).
' " 2
HG®G) =

" d(u) +d(v)

weE(6 &6
2 2 2
= u; d@w) +d) :; dw) +dw) +u; d@w) +d)

STt Y Tt T
B 3+3 3+4 444

uv€Eq uv €k, uv€E3
PR DRITDN
B 7 4
uv€Eq uv ek, uv€eEsz
1 2 1
—§X8+;X8+ZX(8TL—20)
=2n——.
21
C o 2 /dw)d(v)
Ga(Gec) = S
(Ce6)= 2,  dw+dw
ueE(G ©G")

- £ dw) +d() d(w) + d(v) dw) +dw)

_22\/3x3+22\/3x4 2V4 x 4
B 3+3 3+4 444

uv€Eq uv €k, uv€E3

:ZH;ﬁszl

uv €E1 uv€Eky uv€E3

43

=8+7><8+8n—20

-84 +32V/3
- :

2\/d(u)d(v)+ Z 2\/d(u)d(v)+ Z 2/ dw)d(v)
uveE, uv€eE3

=8n+

Hence the proof.

Theorem 2. For the graphs C; and C,, let the two copies of C; X C,be denoted by G’ and G"'. Then for

the graph G'®G", first and second Zagreb indices, Harmonic index and Geometric-Arithmetic index are
respectively given by:

1. My(G'®G") = 150n
2. My(G'©G") =375n
3. HG'®G")=3n
4. GA(G'©G") = 15n.
Proof. The graph G ©G"is a 5- regular graph with 15n edges.
M,(69G") = Z d@w) + d(v) = Z 54+5=10 Z 1=10 x 15n = 150n.
weE(G ©6") weE(G'©6") weE(G'$6")
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M,(G'®G") = Z dw)d(v) = Z 5 x5 =25 Z 1= 25 x 15n = 375n.
quE(G’@G”) uveE(G’@G”) quE(G’@G”)
C o 2 2
H(G'®G") = Z — = Z —
( @ ) 4 dw)+dw) s 5+5
uveE(G'®G") weE(G'9G")
1 1
=§ Z ”1=§><15n=3n.
uweE(G ©G")
GA(G'<°>G”) _ Z 2\/dw)d@) 2V5 %5
h s dw) +dw) . 545
ueE(G' 9G") uveE(G' 9G")
= Z 1=15n.
uveE(G’@G”)

Thus, the theorem is proved

Theorem 3. Let the two copies ofK,, X K, be denoted by G’ and G". Then first and second Zagreb
indices, Harmonic index and Geometric-Arithmetic index of the graphG'© G’ are respectively given by:

1. M (G'®G") = 2mn(m + n — 1)?

2. My(G'®G") =mn(m+n—1)>3

3. H(G'®G") =mn

4. GA(G'®G") =mn(m+n-1).
Proof. The graph of G ®G ism —1 +n — 14+ 1 =m + n — 1 regular with Z(m(’;) +n(’;)) +
mn = mn(m + n — 1) edges.

M,(69G") = Z d(w) + d(v) = Z mtn—1)+m+n—1)

weE(6'©6") weE(G'e6")
=2(m+n-1) z 1= 2(m+n—1)(2(m(721)+n(721))+mn)
weE(6' ©6")
=(m+n-1)> <2 <mn(n2— ) + nm(mz— D) + mn)

=2(m+n-1) ((mn(n—1)+mn(m— 1))+mn)
=2m+n—Dmnn—14+m—-1+1) =2mn(m+n - 1)%

MEO6)= ) dwdw) = ) (mtn-Dm+n-1)

weE(6' &6") weE(G ©6")
=(m+n—1)> Z 1
uveE( G'<<>>G”)

=(m+n-1)° <2<m(721) +n(;l)>+mn)

— (m+n—1) <2 <mn(n2— 1) N nm(mz— 1)) N mn)

=(m+n-1)>° ((mn(n - +mn(m-1)+ mn)

=m+n—-1*mn(n—1+m—-1+1) =mn(m+n—1)>3.
2

H(GoG) = Z NTOETIO)
quE(G@G)
B s, 2m+n—-1)
uweE(G 9G")
Tm4+n-1 g,
uveE(G@G)
1

mmn(m+n— 1) = mn.
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Z 2,/dw)d(v) Z 2\/(m+n—1)(m+n—1)=

- 2m+n—-1)

GA(G'®G") = AT dw) - , ,
) weE(G &G") weE( G &G

1
uveE(G'<°>G
=mn(m+n—1).

Hence the proof.

Theorem 4. Let G’ and G” be the two copies ofK,, x W,, where W, is a wheel of ordern + 1. Then for
the graph G'©G", first and second Zagreb indices, Harmonic index and Geometric-Arithmetic index are
respectively given by:
1. My(G'®G") = 2(m + n)m? + 2mn(m®> + Tm+n + 9)
2. My(G'©G") = m?(m +n)? + 2mn(m + n)(m + 3) + mn(m + 2)(m + 3)*
2

C m 4mn mn(m + 2)
3. HG'9G") = + +
m+n 2Z2m+n+3 m+ 3
o dmn(m+n)(m+ 3
4. GA(G'®G") =m? + mn(m + 2) + ( ) ).
S 2Zm+n+3
Proof. The edge set of G © G can be partitioned as follows:
m m(im —1) 5
E; = {uv|d, =m+n,d, =m+n}, |E]| =2(2)+m=2f+m=m

E, = {uvld, = m+n,d, =m+ 3},|E;| = 2mn

E; = {uvld, =m+3,d, =m+ 3},

m(m—1)
2

MGEO6 )= ) dw+dw) = ) AW +d®+ ) dw+dw) + ) dw +dw)

weE(G'e6") uv€E; uvek, uv€E3

- Z (m+n)+(m+n)+ Z (m+n)+(m+3)+ Z 4(m +3)

uv€Eq uveE, uv€eE3

+(m+3) =2(m+3) Z 1+Cm+n+3) Z 1+2(m+3) Z 1
uveEq uv €k, uv€eEs
=2(m+n)m®+ (2m+n+3)2mn + 2(m + 3)mn(m + 2)
=2(m+ n)m? + 2mn(m? + 7m + n + 9).

MEOC) = ) dWdw) = ) dwd® + Y dwd®) + ) dadv)
weE(G'©6") uv€Ey uv€k, uv €k

- Z (m+n)(m+n) + Z (m+n)(m +3) + Z 4(m+3)(m+3)

uv€eEq uveE, uveEs

= (m + 3)? Z 1+ (m +n)(m +3) Z 1+ (m +3)? Z 1
uveEq uveE, uv€eE3
=(m+n)?m? + (m+n)(m + 3)2mn + (m + 3)*mn(m + 2)
=m?(m +n)? + 2mn(m + n)(m + 3) + mn(m + 2)(m + 3)2.

|E3|=2[n(rg)+mn]+mn=2n +3m =mnn + 2).

. " 2
H(G G = Z _—
( ) +, d@W) +d®)
uveE (G 9G")
2 2 2
- 3 e L e
m+n+m+n m+n+m+3 m+3+m+3
uv €E1 uv€eky uv€E3
“ o 2 s 2 s 0 !
T m+4n 2Zm+n+3 m+3
uv€Eq uv€Eky uv€Ek3
m? 4mn mn(m + 2)

= + +
m+n 2m+n+ m+ 3
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GA(G'®G") = Z 2yd@d(v)

J ,d@)+dw)
uveE(G G )

_ 2{/(m +n)(m +n) 2 /(m +n)(m + 3) 2/(m+3)(m + 3)
_Z m+n+m+n +Z m+n+m+3 +Z m+3+m+3

uv€Eq uv ek, uveEsz
2(m+n)(m+ 3
SIS RSP
2Zm+n+3
uv€Eq uveE, uveE3
dmn/(m +n)(m + 3
=m? + ( ) )+mn(n+2)
2Zm+n+3

4mn./(m +n)(m + 3)

2
=m* + +2)+
mn mn(m ) 2Zm+n+3

Hence the proof.

Theorem 5. Let G’ and G” be the two copies of P, X W,, where W, is a wheel of ordern + 1, with
n = 3. Then for the graph G'©G", first and second Zagreb indices, Harmonic index and Geometric-
Arithmetic index are respectively given by:

1. My(G'©G") = 4n® + 116n + 16

2. My(G'©G") = 4(n +2)? + 20n(n + 12)

Vo 4 8n 8n
3HEOG) = s+ 5ty

o 8n/5(n + 2
4.6A(G©G)=8n+%+4

Proof. The edge set of G @G can be partitioned as follows:
E; ={uv|d, =n+2,d,=n+2},|E;| =4
E, = {uv|d, =n+2,d, =5}, |E;| = 4n
E; = {uv|d, = 5,d, = 5}, |E3| = 8n.

M (G'®G6") = dw) +dw) = m+2)++2)+ n+2)+5+ 5+5
wv eE(zG':@ G") u;ﬁ uszI:EZ u;3

= 2(n+2) Z 1+(n+7) Z 1410 Z 1

uv€Eq uv €k, uveEs
=2(n+2)x4+(n+7)x4n+ 10 x 8n
= 4n"2 + 116n + 16.

M(EO6) = Y dwdw) = Y @+Dm+D+ Y (+25+ ) 5x5

quE(G'©G”) uv €Eq uv€Ey uveEs
= (n +2)? z 1+5(n+2) Z 1+ 25 Z 1
uv €E uv€Eky uv€E3

=(n+2)?x4+5n+2)x4n+25%8n
=4(n+2)* +20n(n + 12).

H(G'®G") = Z 2
- s, dw) +d)
uveE(G G )
B n+2+n+2 n+2+5 5+5
uv €Eq uv €k, uv€E3
_ ! DRE: 2 14l >
T n+2 n+7 5
uv€Eq uvE€E, uv €E3

4 N 8n +8n
n+2 n+7 5°
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GA(G'<<>>G”)— Z 2,/dw)d(v) Z 2/(n+2)(n+2) Z 2/ (n+2)5 Z 2vV5 %5
B ' ,d(u)+d(v) n+2+n+2 n+2+45 5+5
weE(G'® uv€E, uv€Es
2 5(n+ 2) 5(n +
R IR na i R e
n+7 +7
uv€Eq uv €k, uv€eEs
8n./5(n + 2
=8n+%+4

Hence the theorem.

Theorem 6. Let the two copies of P; X W, be G' and G", W, is a wheel of order n + 1withn > 3. Then
for the graph G'©G", first and second Zagreb indices, Harmonic index and Geometric-Arithmetic index
are respectively given by:

688, forn=3
1.M(G'®G") =1 930, forn=4
2(2n? + 100n + 17), for n=5
1856, forn=3
2. My(G'®G'") =1 2617, forn=4
m+32+8m+3)2n+1)+2(n+2)(11n+ 2) + 378n, forn=5
11.98, for n=3
o 11.10, for n=4
3. H(G ®G) = 1 8 4n 8n 2 n 8n 6n
n+3+2n+5+n+9+n+7+n+2+§+ﬁ+?' forn=5.
63.93, for n=3
, . {82.83, for n=4
+ GA(G oG = 8/(n+3)(n+2) 4nJ6(n+3) 8n/5(n+2) 8nV30
+ + + +9n+3, forn=5
2n+5 n+9 n+7 11

Proof: Forn = 3, The edge set can be partitioned as follows:

E, = {wv|d, = 6,d, = 6}, |E,| = 16
E, = {uvld =6,d, =5},|E;| = 16
E3 = {uvld 5 dl] = 5}, |E3| = 32.

M(EO6) = > d@+dw) = ) 6+6+ ) 645+ ) 5+5

weE(G'©6") uv€Eq uv€Ey uv€eEs
=1221+1121+1021
uve€Ey uveky uv€eks

=12x16+11x16+ 10 x 32 = 688.

M,(G'®G") = Z d(u)d(v)=26><6+26x5+25><5

quE(G'©G”) uv€E uv€E, uv€Es
=36 z 1+30 Z 1+25 Z 1
uv€Eq uve€k, uv€Es

=36 x16 +30x 16 + 25 x 32 = 1856.

H(G'®G") = Z ,d(u)+d(v) Z6+6 Z6+5 Zs+5

weE(6 &G uv €k, uv€E3
1
— 1 - —_
6 Z + 11 1+ 5 Z 1
uv €Eq uv€k, uv€E3
1><16+ 2 X16+1><32—1198
6 11 5
GA(G’@G”) _ Z 2/ dw)d(v) B 2\/6><6+ 2\/6><5+ 25 x5
h s dw) +dw) 6+6 6+5 5+5
uveE(G'9G") uv €Eq uv€EE; uv€eEs
2v30
= > 1S Y 1 Y
11
uv €Eq uve€E, uv€Es3
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230
=16+ 11 X 16 + 32 = 63.93.
Forn = 4,the edge set can be partitioned as follows:
Ey ={wvld, =7,d, =7} |E;| =1
E, ={uvld, =7,d, = 6},|E,| = 12
E; = {uv|d, = 6,d, = 6}, |E3| = 14
E, = {uv|d, = 6,d, = 5}, |E,| = 32
E5 = {uvldu = 5, dv = 5}, |E5| = 24,

M, (G ®G") = Z dw) +d(v) = Z d(u) + d(v) + Z dw) +d(v) + Z d(w) + d(v)

uv eE(G’@G”) uv€E uvEE; uv€Es

+ Z dw) +d) + Z d(w) + d(v)

=14%x14+13Xx12+12%x14+11x32+ 10X 24
= 930.

MEe6) = ) dwdw)
weE (G &G")

= > dwdw + Y dwde) + Y dw@de) + Y dwdw)

uv€Eq uv €k, uv€E3 uv€EE,

+ Z dw)d(v)

uv€Es

= Z 7X7+ Z 7 X6+ Z 6X6+ Z 6X%X5+ Z 5x5

=49 x1+42x124+36x 14+ 30x 32+ 25x 24 =2617.
2

H(GeG) = Z d(w) + d(v)

weE(6 &6 )

Z7+7 Z7+6 Z6+6 Z6+5 ZS+5

quEl uv €Ey uv €E3 uv€Ey uv€Es

21-{— 1+ Z:1+119 1+521

quEl quEz quE3 Uv€EEy uv €Es

1 1
—X — X X — X X =
7 1+13 12+6 14-+11 32+5 24 =11.10.

GA(G'®G") =

Z 2{/dwdv) 27T X7 2\/7><6+ 2\/6><6+ 26 x5
”)d(u)+d(v)_ s 7+7 7+6 6+6 6+5

weE(G' &G uveE; uwv€E, uv €E3 uv€Ey

2V5 x5
545

uv €Es

Y e AR e

uv €Eq uve€E, uv€Es3 uv€Ey uv€Es

242 230
Forn > 5, The edge set of the graph G’ © G can be partitioned as follows:
E; ={uv|ld, =n+3,d,=n+3},|E;| =1
E, ={uvld, =n+3,d, =n+2},|E;| =4
E; = {uv|d, =n+3,d, = 6},|E3| = 2n
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E, = {uv|d, =n+2,d, =5}, |E4| = 4n

Es ={uvld, =n+2,d, =n+ 2}, |Es| =2
Eq = {uvld, = 6, d, =6},|Es| =3n
E; = {uvld, = d =5}, |E;| = 4n

Eg = {uv|d, = = 5}, |Eg| = 6n.
M, (G ®G") = z d(w) + d(v)
weE(G'®6")
- Z d@w) + d(v) + Z d@w) + d(v) + Z d@w) + d(v) + Z d(w)
uv €Ey uvek, uv€Es UVEE,
+dw) + Z d@w) + d(v) + Z d@w) + d(v)
uv €Es uv€Eg
+ Z d@w) + d) + Z d@w) + d(v)
uv€eEy uv€Eg
= Z (n+3)+@m+3)+ Z (n+3)+@m+2)+ Z (n+3)+6+ Z (n+2)+5
uv€Eq uveE, uveEs UVEE,
+ Z (n+2)+@m+2)+ Z n+2)+@m+2)+ Z 6+6
uveEs uv€Es uv€Eg
+ Z 645+ Z 545
uveEy uveEg
= 2(n+3) Z 14+ (@2n+5) Z 14+ (n+9) z 1+(m+7) Z 1
uv €Ey uv€Ey uv€eEy UvEE,
+2(n+2) Z 1+ 12 Z 1+11 z 1+ 10 Z 1
uv€Es uv€kEq uve€Ey uv€Eg
=2n+3)X1+@2n+5)Xx4+m+9)2n+(n+7)4n+2(n+2)2+12x3n+ 11
X4n + 10 X 6m
=2(2n% +100n + 17)
mEe6) = ) dwdw)
weE(G'©6")
- Z dw)d(w) + Z dWd(v) + Z dwd(W) + Z dwd (@)
uv€Eq uv €k, uv€Es UV EE,
+ Z dw)d () + Z dw)d(v) + Z dwd(W) + Z dwd ()
uv€Es uv€Eg uveEy uv€Eg
- Z (n+3)x (n+3)+ Z (n+3)x(n+2)+ Z (n+3)6 + Z 5x5
uv€Eq uveE, uveEs uv€Eg
+ Z n+2)x5+ Z n+2)xMn+2)+ Z 6 X6+ Z 6 X5
UVEE, uv€Esy uv€Eqg uv €Ey
— (n +3)? Z 1+(+3)(n+2) Z 146(n+3) Z 1450+ 2) Z 1
uv€Eq uv€E, uv €E3 UVEE,
+ (n+2)? Z 1+36 Z 1+ 30 Z 1+ 25 Z 1
uv€Es uv €Eg uv€Ey uv €Eg

=n+3)?x1+Mm+3)(n+2)x4+6(n+3)2n+5n+2)4n+ (n+2)?2+36x3n
+ 30 x4n + 25 x 6n

=n+32+4n+3)@n+2)+2(n+2)(11n +2) +378n

=(n+3)2+8n+3)2n+1) +2(n+2)(11n + 2) + 378n.

H(G®G) = Z 2
- 4, d@) +d@)
uveE(G G )
B n+3+n+3 n+3+n+2 n+3+6 n+2+5
uv €Eq vEE, EE VEE,
n+2+n+2 6+6 6+5 5+5
uv€Es uv€Eq uv €Ey uv€ekg
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_ 1 1+2 1+2 1+2 1+121+121
“n+3 2n+5 n+9 n+7 n+2 6

uv€Eq uve€E, uv€Es UvEE, uv€Esy uv€Eqg
quE7 uUGEg
1 8 8n 2 n 8n 6n

=n+3+2n+5 n+9+n+7+n+2+§+ﬁ+?'

GA(G'®G") = Z Zydwd@)

4, d)+d®)
quE(G@(;)
2J/(n+3)x (n+3) 2J/(n+3)x (n+2) 2./ (n+3)6
-3 » e
n+3+n+3 n+3+n+2 n+3+6
uv€Eq uveE, uveEs
2 (n+2)5 2J(n+2)x (n+2) 216 x 6
+Z—+ Z +
n+2+5 n+2+n+2 6+6
uv€EE, uv€eEs uveEg
Z 2\/6><5+ 2V5 x5
6+5 545
uveky uvekg
B Z 14 2{/(n+3)(n+2) Z 2,/6(n+3 Z 2,/5(n+2 Z L
h 2n+5
uv€Eq uv €k, uv€E3 UVEE,
+Z1+Z1+ Z 21
uveEs uveEg uveEy uv€eEg
2/(n+3)(n+2 2/6(n+3 2./5(n + 2
=1+ ( S )x4+ ( )><2n+—( )x4n+2
2n+5 n+9 n+7
2v/30
+3n+ X 4n + 6n
8J(n+3)(n+2) 4nJ6(n+3) 8n/5(n+2) 8nV30
:J( )( )+ V6( )+ V5( ) ton+3
2n+5 n+9 n+7 11

This completes the proof.

Theorem 7. Let the two copies of W; X W, be G’ and G", where W, is a wheel of order n + 1. Then for
the graph G'€G", the first and second Zagreb indices, Harmonic index and Geometric-Arithmetic index
are respectively given by:

C o 1568, forn=3
1 M,(G@67) = {8(n2 +57n+16), for n>4
S 5488, for n =3
2. M,(6 9G7) = {16(71 +4)2 +56n(n+4)+1176n for n =>4
16, forn=4
3. H(G'®G") :{ 16 16n  24n
_—_ —, =4
n+4 n+11 7 forn
112, for n=3
4.GA(G'©G") = 16n7(n + 4
( ) 24n+#+16,f0rn24

Proof: Forn = 3, The graph is 7 regular with 112 edges.
MGEe6) = ) dw+dw)

weE(6'eG")
= Z 74+7=14 Z 1
weE (G 9G") uveE(G'©G")
=14 x 112 = 1568.
M,(69G") = Z dw)d(v)
weE (6 &6")
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- Z 7%7 =49 Z 1

uveE(G’@G”) quE(G’@G”)
=49 x 112 = 5488.
H(G'®G) = Z : = Z 2
- s AW +dw) . 747
uveE(G'eG") weE(G'9G")
1 1
7 Z ) 7 112 =16
uweE(G ©G")
GA(G'<<>>G”) z 2/d(u)d(v) B Z 2V7 X7
g dw) +dw) s 7T+7
uv€E(G' 9G") uveE(G' 9G")
= Z 1=112.
weE (G &G")

Forn > 4, The edge set of the graph of G ©G " can be partitioned as follows:
E; ={uvld, =n+4,d,=n+4},|E;| = 16
E, = {uv|d, =n+4,d, =7}, |E;| =8n
E; = {uv|d, = 7,d, = 7}, |E5| = 24n.

MEO6) = ) dw+dw = ) GAH+O D+ ) ED+T+ Y T+7

weE(G'e6") uv€eEy uv€Ey uv€ks

=2(n+4) Z 1+ (n+11) Z 1+ 14 Z 1

uv€Eq uv €k, uveEs

=2(n+4) X 16 + (n + 11) x 8n + 14 x 24n
= 8(n% 4+ 57n + 16).

M(Ee6) = > dwdw)
weE (6 &6")

- z (n+4)(n+4) + Z (n+4)7 + Z 7% 7

uv €E1 uv €k, uve€E3

=(n+4)* Z 14+7(n+4) Z 1449 Z 1

uv€Ey uv €k, uve€Ek3

=(n+4)?x16+7(n+4)8n+ 49 x 24n
=16(n + 4)? + 56n(n + 4) + 1176n.

Do 2 2 2
( ) ,d(u)+d(v) n+4+n+4 n+4+7 7+7
quE(G uv€Ey uv€E; uv€Es
2 1+1 1 ! 16 + 2 8 +1 24
= =——X X =X
Th+4 n+112 72 n+ 4 nt 11 oty
uv€Ey uv€Ey uv €E3

16 4 16n +24n
Tn+4 n+11 7

, " 2/dw)d(v)
GA(G'©G") = z cyamwar)
( @ ) s dw)+dWw)
uveE(G <°>G)
2d(n+4)(n+4) 2/ (n+4)7 2V7 X7
-2 3 * ) T
n+4+n+4 n+4+7 747
uv €E1 uv €Ey uve€k3
IR
B n+11
uv €Eq uv€ky uv€Es
2,7(n+4)
=16+ ——— X 8n+ 24n
n+11
16ny7(n+ 4
=24n+%+ 16.

Thus, we proved the theorem.
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Theorem 8. Let the two copies of W, X W, be G' and G", where W, is a wheel of order n + 1 withn >
4. Then for the graph G'©G", the first and second Zagreb indices, Harmonic index and Geometric-
Arithmetic index are respectively given by:

VoA 2754, for n=4
L My (G 067) = {8112 +590n+334, for n=5
A 10273, for n=4
2. My(G©G7) = {(n +5)72 + 8(n + 5)(n + 16) + 4(n + 4)(17n + 12) + 16200, for n =5
24.96, forn=4
3. H(G ©G") ={ 1 16 24 16n 12 16n 3n 20n .
n+5  Zn+1 nt13 n+il n+s 15 T8t form=
184.83, forn=4
4.GA(GC'®G")={16J/(n+5)(n+4) 48/2(n+5 16n/7(n+4) 32n/14
+ + + +23n+13,forn =5
2n+9 n+13 n+11 15

Proof. For n = 4, The edge set the graph G € G can be partitioned as follows:
E, = {uv|ld, =9,d, =9}, |E1| =1
E, = {uvld, =9,d, = 8}, |E,| = 16
E; = {uv|d, = 8,d, = 8}, |E3| = 24
E, ={uv|d, =8,d, =7}, |E,| = 64
Es = {uvld, =7,d, = 7}, |Es| = 80.

MEe6) = ) dw +dw)

weE(6' &6")
- Z dw) + d() + Z dw) + d() + Z d@w) + d() + Z d@w) + d(v)
uv€Eq uveE, uveEs UVEE,
+ Z d@w) + d(v)
uv€Es
= ) 949+ Y 948+ D 848+ ) 84T+ ) T+7
uv€Eq uv €k, uveEs UVEE, uv€Es
— 18 z 1417 Z 1416 Z 1415 Z 1414 2 1
uv€Eq uveE, uveEsz UVEE, uve€Es
=18%x1+17 X 16+ 16 X 24 + 15 X 64 + 14 X 80
= 2754.
M(Ee6) = > dwdw)
uveE(G'<°>G”)
- Z dw)d() + Z dw)d(w) + Z dw)d() + Z dw)d(w)
uv€Ey uveky uv €E3 uv€Ey
+ Z dwd )
uv€Es
- Z 9% 9+ Z 9% 8+ Z 8x8+ Z 8% 7+ Z 7%7
uv €Eq uv €k, uv €E3 UV EE, uv€Esy
— 81 Z 1472 Z 1+ 64 Z 1+56 Z 1+ 49 Z 1
uv€Eq uve€k, uv€Es UV EE, uv€Esy
=81X1+72%X16+ 64X 24+ 56X 64+ 49 X 80
=10273.
C 2
H(G ®G = Z _
( @ ) s dw)+dWw)
uveE(G @G )
=D gt 2 aest O st O it T
- 949 948 8+8 8+7 7+7
uv €Eq uv €E, uve€Es3 UvEE, uv €Es
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1
Zl+ 1+§ 1+E§Z Zl

uv€E1 uveEz uv€Es UVEE, uveEs
2 1 2 1
=—><1 —Xx 16 X 24 +— X 64 X 80
9 * 17 *3 8 * 15 *7 7
= 24.96.

GA(G'®G") = Z 2ydd ()

2, d) +d(v)
ueE (G ©G")
_ 2\/9><9+ 2\/9><8+ 2\/8x8+ 2\/8x7+ 2V7 x 7
9+9 9+8 8+8 8+7 7+7
uv€Eq uv ek, uv ek 3 UVEEy uv€eEs
12\/_

DR DREDREIE DRI

uv€Eq uveE, uveEs UvEE, uv€Es

1+12\/§ 16+24+4 1464+80
= — X —_—

17 15

= 184.83

Forn > 5,
The edge set can be partitioned as follows,
E; ={uv|d, =n+5d,=n+5},|E;| =1
E, ={uvld, =n+5,d, =n+4},|E;| =8
E; = {uv|ld, =n+5,d, =8}, |E3| =12
={uvld, =n+4,d, =7} |E,] =8n
Es ={uvld, =n+4,d, =n+4},|Es| =12
Eq = {uv|d, =8,d, =7}, |E¢| = 8n
E; = {uv|d, =8,d, = 8}, |E;| =3n
Eg = {uv|d, = 7,d, = 7}, |Eg| = 20n.

MmGEe6) = > dw +dw)
weE (6 &6")

— Z d@w) + d(w) + z d(w) + d(w) + Z d(u) +d(v)

uv€k uveky uv€E3

+ Z d@w) + d(w) + Z d(w) + d(w) + z d(w) + d(v)

UvEEy uv€Es uv€Eg

+ Z d@w) + d(w) + z d(w) + d(w)

uve€ky uv€ky

- Z (n+5)+(n+5) + Z (n+5) +(n+4) + Z(n+5)+8

uve€Eky uveE, uv €E3

+ Z(n+4)+7+ Z m+4)+n+4)+ Z 847

uv€Eky uv €Es uv€Eg

uv €Eq uv €E, uv€Ey UVEE,

+2(n+4) Z 1415 Z 1+16 Z 1+ 14 Z 1

uv€Es uv€Eg uv€Eky; uv€Eg

=n+57?x1+M+5n+4)x8+8n+5 x12+7(n+4)x8n
+(n+4)>x 12456 x 8n + 64 x 3n + 49 x 20n
=(n+5?+8n+5m+16) +4(n+4)(17n + 12) + 1620n = 8n? + 590n + 334.
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M,(G'®G") = Z dwd()
weE (G 66"
- ZE dad() + ZE dwd(v) + ZE dwd(v) + ZE d@d(v) + ZE d@w)d(v)
+ u;ﬁ dw)d(v) + u;; dw)d(v) + u;g dWd )
- Z (n+5) % (n+5) + Z (n+5) % (n+4) + Z (n+5)8
o + Z n+4)7+ 1§€:E2(n+4)x(n+4)+ §E38x7
ook, uoek, ok
+u;78x8+u;587x7
= (n+ 5):;51 1+ @+ 5)(n+4)u;2 1+8(n+ 5)1;53 1+ 7(n+4)u;41
+ (n+4)zwz€;55 1+ 5611;256 1+ 64WZ;57 1 +49u;81

=m+5?x1+Mn+5N+4)Xx8+8n+5)x12+7(n+4)Xx8n+ (n+4)? x12
+ 56 X 8n + 64 X 3n + 49 x 20n

=(n+5?+8n+5m+16) +4(n+4)(17n + 12) + 1620n

=m+5?%?+8n+5m+16) +4(n +4)(17n + 12) + 1620n.

, " 2
H(G ©G = Z _—
( ) . dw)+dw)
uveE (G ©G")
= D arsrerst X areerat O arevst O avi
B n+5+n+5 n+5+n+4 n+5+8 n+4+7
uv€Ey uv€k, uv €E3 uv€E4
+Z:n+4+n+4 28+7 28+8 Z7+7
uv€Es uEs uv €Ey uv €Eg
1
n+Sz 2n+9 n+13 n+11 Z
uv€E, uv€Ey uv€Es uv€Ey uveEs
P 1 — —
) +821+721
uv€Eqg uv €Ey uv€Eg
= ! + X 8+ 2 X 12 + 2 X 8n + ><12+2><8 +1><3
“n+s n+9” "0+ 13 n+11 T hra 157 tTgren
+7X207’l
_ 1 4 16 4 24 4 16n 4 12 +16n+3n+20n
"n+5 2n4+1 n+13 n+11 n+4 15 8 7
GA(G'©G") = 2/dwd(v)
s, d@)+dw)
uveE(G@G)
2,/(n+5)x (n+5) 2,/(n+5) x (n+4) 2,/(n+5)8
-3 '3 Sk
n+5+n+5 n+5+n+4 n+5+8
uv€Ey uv €Ly uv€ks
+22(n+4) ZZ\/(n+4)x(n+4)+ 2\/8><7+ 2v/8x 8
n+4+7 n+4+n+4 8+7 8+8
uv €Ey uv €Es uv€Eg uve€ky
ZZ\/7X7
7+7
uv€Eg
2 /(n+5)(n+4) 4w/2(n+5 2w/7(n+4
=) 1 2 P 21
2n+9 T n+13 T n+11
uv €Eq uv €E, uve€Ey UvE€E,
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P e YA S Y

uv€Es uv€Eg uveEy uveEg
2{y(n+5)(n+4 4,/2(n+5
_ 14 A )(n+4) Z 1+ (n+5) Z L
2n+9 n+ 13
uveE, uveEs
2/7(n + 4) 414
iarestmD I IEEE oD IELDIEE DI
uveE, uveEs uveEg uv€Ey, uveEg
16/ (n+5)(n+4) 48y2(n+5) 16ny7(n+4) 32nV14
= + + + + 23n + 13.
2n+9 n+ 13 n+11 15

Hence the theorem.

4. CONCLUSION
In this work, we determined several topological indices of SK-join for specific graph classes. Because the
SK-join is a noval graph structure, it is extremely important in the field of topological indices.
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