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Abstract

Numerous image formulae for a diversity of polynomials and functions
subjected to a variety of fractional integrals and derivatives have been
given. In this paper, we aimto construct image formulae for the product
of incomplete H-functions and a general class of polynomials under the
Katugampola fractional integral and derivative operators . We also pro-
vide some particular instances of our main findings in corollaries, among
many others.

Keywords: Fractional Integral operators, Incomplete H-functions, Fox’s
H-function, Mellin-Barnes type contour integral.
Mathematics Subject Classification 2010: 26A33; 33C60; 44A10; 34A08;
33B20.

1 Introduction and preliminaries

We begin by recalling the well-known Gamma function Γ defined by (see, e.g.,
[19, Section 1.1])

Γ(µ) =


∫∞

0
e−vvµ−1dv (<(µ) > 0)

Γ(µ+k)
(µ)k

(µ ∈ C \ Z≤0; k ∈ N0),
(1.1)

∗ Corresponding author
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where the Pochhammer symbol (µ)ν (µ, ν ∈ C) is defined, in terms of Gamma
function Γ (see, e.g., [19, p. 2 and p. 5]), by

(µ)ν =
Γ(µ + ν)

Γ(µ)
(µ + ν ∈ C \ Z≤0, ν ∈ C \ {0}; µ ∈ C \ Z≤0, ν = 0)

=

{
1 (ν = 0, µ ∈ C \ {0}) ,
µ(µ + 1) · · · (µ + n− 1) (ν = n ∈ N, µ ∈ C) ,

(1.2)

it being assumed that (0)0 = 1. Here and throughout, let C, R, R+, Z, and
N denote the sets of complex numbers, real numbers, positive real numbers,
integers, and positive integers, respectively. Also let N0 := N ∪ {0} and Z≤`
be the set of integers which are less than or equal to some integer ` ∈ Z. The
incomplete Gamma function γ(µ, u) and its complement Γ(µ, u) defined by

γ(µ, u) =

∫ u

0

e−vvµ−1dv (u ≥ 0; <(µ) > 0), (1.3)

and

Γ(µ, u) =

∫ ∞
u

e−vvµ−1dv (u ≥ 0; <(µ) > 0 when u = 0), (1.4)

respectively, satisfy the following relation:

γ(µ, u) + Γ(µ, u) = Γ(µ) (<(µ) > 0). (1.5)

Srivastava et al. [21] used the incomplete Gamma functions to introduce the
following incomplete H-functions (see also [5]):

γm,n
p,q (z) = γm,n

p,q

 z

∣∣∣∣∣∣
(e1,E1, y), (ei,Ei)2,p

(fi,Fi)1,q


= γm,n

p,q

 z

∣∣∣∣∣∣
(e1,E1, y), (e2,E2), · · · , (ep,Ep)

(f1,F1), (f2,F2), · · · , (fq,Fq)


:=

1

2πi

∫
C

G(ξ, y) z−ξdξ, (1.6)

where

G(ξ, y) =

γ(1− e1 − E1ξ, y)
m∏
i=1

Γ(fi + Fiξ)
n∏
i=2

Γ(1− ei − Eiξ)

q∏
i=m+1

Γ(1− fi − Fiξ)
p∏

i=n+1

Γ(ei + Eiξ)

; (1.7)
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Γm,np,q (z) = Γm,np,q

 z

∣∣∣∣∣∣
(e1,E1, y), (ei,Ei)2,p

(fi,Fi)1,q


= Γm,np,q

 z

∣∣∣∣∣∣
(e1,E1, y), (e2,E2), · · · , (ep,Ep)

(f1,F1), (f2,F2), · · · , (fq,Fq)


:=

1

2πi

∫
C

F(ξ, y) z−ξdξ, (1.8)

where

F(ξ, y) =

Γ(1− e1 − E1ξ, y)
m∏
i=1

Γ(fi + Fiξ)
n∏
i=2

Γ(1− ei − Eiξ)

q∏
i=m+1

Γ(1− fi − Fiξ)
p∏

i=n+1

Γ(ei + Eiξ)

. (1.9)

For convergence conditions of these incomplete H-functions as well as the de-
scription of the contour C, one may refer to [21]. They [21] explored a variety
of intriguing properties of these incomplete H-functions, such as decomposi-
tion and reduction formulas, derivative formulas, various integral transforms,
and computational representations, as well as applied some significantly general
RiemannLiouville and Weyl type fractional integral operators to each of these
incomplete H-functions.

Srivastava [17] introduced the following general class of polynomials:

Sm
n [x] =

[n/m]∑
k=0

(−n)mk
k!

An,k x
k (m ∈ N, n ∈ N0) , (1.10)

where the coefficients An,k (n, k ∈ N0) are arbitrary real or complex constants.
By properly specializing An,k, the general class of polynomials may generate
many existing polynomials as special instances, including Jacobi and Laguerre
polynomials (see, e.g., [15]). In particular, setting A0,0 = 1 and x = 0 reduces
Sm
n [x] to unity.

There have been many introductions and investigations of fractional integrals
and derivatives. Two of them are recalled here. The left-sided and right-sided
Riemann-Liouville fractional integrals Iαa+f and Iαb−f of order α ∈ C are defined
as (see, e.g., [10, 12–14])

(
Iαa+f

)
(x) =

1

Γ(α)

∫ x

a

(x− τ)α−1f(τ) dτ (x > a, <(α) > 0), (1.11)

and

(
Iαb−f

)
(x) =

1

Γ(α)

∫ b

x

(τ − x)α−1f(τ) dτ (b > x, <(α) > 0), (1.12)

3

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.2, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

224 Bansal 222-235



respectively. The Riemann-Liouville fractional derivatives Dα
a+f and Dα

b−f of
order α ∈ C (<(α) ≥ 0) are defined by

(Dα
a+f)(x) =

(
d

dx

)n (
In−αa+ f

)
(x) (x > a) (1.13)

and

(Dα
b−f)(x) =

(
− d

dx

)n (
In−αb− f

)
(x) (x < b), (1.14)

where n = [<(α)] + 1.
For ρ ∈ R \ {0}, the left-sided and right-sided Katugampola fractional inte-

grals, respectively, denoted by ρIλa+ and ρIλb− of order λ ∈ C (<(λ) > 0), are
defined as (see [7])

(
ρIλa+φ

)
(s) =

ρ1−λ

Γ(λ)

∫ s

a

τρ−1φ(τ)

(sρ − τρ)1−λ dτ (s > a), (1.15)

and

(
ρIλb−φ

)
(s) =

ρ1−λ

Γ(λ)

∫ b

s

τρ−1φ(τ)

(τρ − sρ)1−λ dτ (b > s). (1.16)

It is noted that

(i) when ρ = 1, (1.15) and (1.16), respectively, reduce to Riemann-Liouville
fractional integrals (1.11) and (1.12);

(ii) taking ρ → 0+, (1.15) and (1.16), respectively, reduce to the famous
Hadamard fractional integrals (see [6]; see also [7]):

(
Hλ
a+φ

)
(s) =

1

Γ(λ)

∫ s

a

(
log

s

τ

)λ−1 φ(τ)

τ
dτ (s > a, <(λ) > 0), (1.17)

and

(
Hλ
b−φ

)
(s) =

1

Γ(λ)

∫ b

s

(
log

τ

s

)λ−1 φ(τ)

τ
dτ (s < b, <(λ) > 0). (1.18)

The matching Katugampola fractional derivatives on the left and right sides,
designated respectively by ρDλ

a+ and ρDλ
b−, are defined as (see [8])

(
ρDλ

a+φ
)

(s) =

(
s1−ρ d

ds

)n (
ρIn−λa+ φ

)
(s)

=
ρλ−n+1

Γ(n− λ)

(
s1−ρ d

ds

)n ∫ s

a

τρ−1φ(τ)

(sρ − τρ)λ−n+1
dτ, (1.19)
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and (
ρDλ

b−φ
)

(s) =

(
−s1−ρ d

ds

)n (
ρIn−λb− φ

)
(s)

=
ρλ−n+1

Γ(n− λ)

(
−s1−ρ d

ds

)n ∫ b

s

τρ−1φ(τ)

(τρ − sρ)λ−n+1
dτ, (1.20)

where n = [<(λ)] + 1.

The identities in Lemmas 1.1 and 1.2 provide the image formulae for the
power function tα when the fractional integral and derivative operators of Katugam-
pola are used. In this case, we make major use of the well-known beta function
(see, e.g., [19, p. 8]):

B(α, β) =


∫ 1

0

tα−1(1− t)β−1 dt (<(α) > 0, <(β) > 0)

Γ(α) Γ(β)

Γ(α+ β)
(α, β ∈ C \ Z≤0) .

(1.21)

Proofs have been omitted.

Lemma 1.1 Let ρ > 0, <(α) > 0, and <(λ) > 0. Then

(
ρIλ0+t

α
)

(s) = ρ−λ
Γ
(
α
ρ + 1

)
Γ
(
α
ρ + 1 + λ

)sα+ρλ (1.22)

and

(
ρIλ0−t

α
)

(s) = (−ρ)−λ
Γ
(
α
ρ + 1

)
Γ
(
α
ρ + 1 + λ

)sα+ρλ. (1.23)

Lemma 1.2 Let ρ > 0, <(α) > 0, <(λ) > 0, and n = [<(λ)] + 1. Then

(
ρDλ

0+t
α
)

(s) = ρλ
Γ
(
α
ρ + 1

)
Γ
(
α
ρ + 1− λ

)sα−ρλ (1.24)

and

(
ρDλ

0−t
α
)

(s) = (−ρ)λ
Γ
(
α
ρ + 1

)
Γ
(
α
ρ + 1− λ

)sα−ρλ. (1.25)

Numerous image formulae for a diversity of polynomials and functions sub-
jected to a variety of fractional integrals and derivatives have been given (see,
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e.g., [1], [2], [3], [4], [9], [18], [22], [23], [24], [25]). The purpose of this article
isto establish image formulae for the product of incomplete H-functions and
a general class of polynomials under the Katugampola fractional integral and
derivative operators. Among many others, we also present some specific exam-
ples of our major results.

2 Katugampola fractional integral operators in-
volving incomplete H-functions and general
class of polynomials

In this part, we state the following theorems that establish the image formulae
for product of the incomplete H-functions and the general class of polynomials
under the left- and right-sided Katugampola fractional integral operators.

Theorem 2.1 Let <(λ) > 0, a, b ∈ R, ρ, α, β ∈ R+, y ≥ 0, and s > 0. ThenρIλ0+S
m
n [atα]Γm,np,q

btβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s) = ρ−λsρλ
[ n
m ]∑
k=0

(−n)mk
k!

An,k(asα)k

× Γm,n+1
p+1,q+1

bsβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p(
−αk
ρ , βρ )

(fj ,Fj)1,q, (−λ− αk
ρ ,

β
ρ )


(2.1)

andρIλ0+S
m
n [atα]γm,n

p,q

btβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,q

(fj ,Fj)1,w

 (s) = ρ−λsρλ
[ n
m ]∑
k=0

(−n)mk
k!

An,k(asα)k

× γm,n+1
p+1,q+1

bsβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p(
−αk
ρ , βρ )

(fj ,Fj)1,q, (−λ− αk
ρ ,

β
ρ )

 .
(2.2)

Proof. Let ∆ be the left-handed member of (2.1). Using (1.15), (1.10) and
(1.8), and changing the order of integrals, which may be readily verified under
the constraints, we have

∆ =

[n/m]∑
k=0

(−n)mk
k!

An,k a
k

∫
C

F(ξ, y)b−ξ
(
ρIλ0+

[
tαk−βξ

])
(s) dξ. (2.3)

Employing (1.22) to evaluate the right-handed Katugampola fractional integral

6
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in (2.3), we obtain

∆ = ρ−λsρλ
[n/m]∑
k=0

(−n)mk
k!

An,k(sαa)k
1

2πi

∫
C

F(ξ, y)(bsβ)−ξ
Γ
[
1 + αk

ρ −
β
ρ ξ
]

[
1 + λ+ αk

ρ −
β
ρ ξ
]dξ,

which, upon expressing the integral in terms of (1.8), yields the desired right-
handed member of (2.1).

The proof of (2.2) would run in parallel with that of (2.1). We omit the
specific.

Theorem 2.2 Let <(λ) > 0, a, b ∈ R, ρ, α, β ∈ R+, y ≥ 0, and s < 0. ThenρIλ0−S
m
n [atα]Γm,np,q

btβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s) = (−ρ)−λsρλ
[ n
m ]∑
k=0

(−n)mk
k!

An,k(asα)k

× Γm,n+1
p+1,q+1

b sβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p(−αkρ ,
β
ρ )

(fj ,Fj)1,q, (−λ− αk
ρ ,

β
ρ )


(2.4)

andρIλ0−S
m
n [atα]γm,n

p,q

btβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s) = (−ρ)−λsρλ
[ n
m ]∑
k=0

(−n)mk
k!

An,k(asα)k

× γm,n+1
p+1,q+1

bsβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p(−αkρ ,
β
ρ )

(fj ,Fj)1,q, (−λ− αk
ρ ,

β
ρ )

 .
(2.5)

Proof. The proof would proceed in the same manner as the proof of Theorem
2.1. We omit specifics.

3 Katugampola fractional derivative operators
with incomplete H-functions and general class
of polynomials

The following two theorems provide the image formulae for product of the in-
complete H-functions and the general class of polynomials under the left- and
right-sided Katugampola fractional derivative operators. Since the proofs here
would be identical to those used in Theorems 2.1 and 2.2, we omit the required
proofs.
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Theorem 3.1 Let <(λ) > 0, a, b ∈ R, ρ, α, β ∈ R+, y ≥ 0, and s > 0. ThenρDλ0+S
m
n [atα]Γm,np,q

btβ∣∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s)

= ρλsρλ
[n/m]∑
k=0

(−n)mk
k!

An,k(asα)kΓm,n+1
p+1,q+1

bsβ∣∣∣∣∣
(e1,E1, y), (ej ,Ej)2,p, (−αkρ ,

β
ρ )

(fj ,Fj)1,q, (λ− αk
ρ ,

β
ρ )


(3.1)

andρDλ0+S
m
n [atα]γm,n

p,q

btβ∣∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s)

= ρλsρλ
[n/m]∑
k=0

(−n)mk
k!

An,k(asα)kγm,n+1
p+1,q+1

bsβ∣∣∣∣∣
(e1,E1, y), (ej ,Ej)2,p, (−αkρ ,

β
ρ )

(fj ,Fj)1,q, (λ− αk
ρ ,

β
ρ )

 .
(3.2)

Theorem 3.2 Let <(λ) > 0, a, b ∈ R, ρ, α, β ∈ R+, y ≥ 0, and s < 0. ThenρDλ0−Sm
n [atα]Γm,np,q

btβ∣∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s)

= (−ρ)λsρλ
[n/m]∑
k=0

(−n)mk
k!

An,k(asα)kΓm,n+1
p+1,q+1

bsβ∣∣∣∣∣
(e1,E1, y), (ej ,Ej)2,p, (−αkρ ,

β
ρ )

(fj ,Fj)1,q, (λ− αk
ρ ,

β
ρ )


(3.3)

andρDλ0−Sm
n [atα]γm,n

p,q

btβ∣∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s)

= (−ρ)λsρλ
[n/m]∑
k=0

(−n)mk
k!

An,k(asα)kγm,n+1
p+1,q+1

bsβ∣∣∣∣∣
(e1,E1, y), (ej ,Ej)2,p, (−αkρ ,

β
ρ )

(fj ,Fj)1,q, (λ− αk
ρ ,

β
ρ )

 .
(3.4)

4 Particular cases and remarks

Due to the generality of both incomplete H-functions and the general class
polynomials, the main identities established in the preceding sections may result

8
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in a variety of simpler formulae as special instances. For example, the case y = 0
of (1.8) reduces to the Fox’s H-function (see, e.g., [20, p. 10]; see also [11], [16]):

Γm,np,q

 z

∣∣∣∣∣ (e1,E1), (ei,Ei)2,p

(fi,Fi)1,q

 = Hm,n
p,q

 z

∣∣∣∣∣∣
(e1,E1), (ei,Ei)2,p

(fi,Fi)1,q


= Hm,n

p,q

 z

∣∣∣∣∣ (e1,E1), (e2,E2), · · · , (ep,Ep)

(f1,F1), (f2,F2), · · · , (fq,Fq)

 .
(4.1)

For another example, putting m = 1, n = p, q being replaced by q+1 and taking
appropriate parameters, the functions (1.6) and (1.8) reduce, respectively, to

the incomplete Fox-Wright Ψ-functions pΨ
(γ)
q and pΨ

(Γ)
q (see [21, Eqs. (6.3) and

(6.4)]; see also [2, Eqs. (14) and (15)]):

γ1,p
p,q+1

−z
∣∣∣∣∣∣

(1− e1,E1, y), (1− ej ,Ej)2,p

(0, 1), (1− bj ,Bj)1,q

 = pΨ
(γ)
q

 (e1,E1, y), (ej ,Ej)2,p;

(bj ,Bj)1,q;
z


(4.2)

and

Γ1,p
p,q+1

−z
∣∣∣∣∣∣

(1− e1,E1, y), (1− ej ,Ej)2,p

(0, 1), (1− bj ,Bj)1,q

 = pΨ
(Γ)
q

 (e1,E1, y), (ej ,Ej)2,p;

(bj ,Bj)1,q;
z

 .
(4.3)

The following corollaries cover some of them.

Corollary 4.1 Let <(λ) > 0, a, b ∈ R, and ρ, α, β ∈ R+. ThenρIλ0+S
m
n [atα]Hm,n

p,q

btβ∣∣∣∣ (ej ,Ej)1,p

(fj ,Fj)1,q

 (s) = ρ−λsρλ
[n/m]∑
k=0

(−n)mk
k!

An,k(asα)k

×Hm,n+1
p+1,q+1

bsβ∣∣∣∣ (ej ,Ej)1,p(−αkρ ,
β
ρ )

(fj ,Fj)1,q, (−λ− αk
ρ ,

β
ρ )


(4.4)

(s > 0)

andρIλ0−S
m
n [atα]Hm,n

p,q

btβ
∣∣∣∣∣∣

(ej ,Ej)1,p

(fj ,Fj)1,q

 (s) = (−ρ)−λsρλ
[n/m]∑
k=0

(−n)mk
k!

An,k(asα)k

×Hm,n+1
p+1,q+1

bsβ∣∣∣∣ (ej ,Ej)1,p(
−αk
ρ , βρ )

(fj ,Fj)1,q, (−λ− αk
ρ ,

β
ρ )


(4.5)

9
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(s < 0).

Proof. Taking y = 0 in (2.1) and (2.4), we get the required results.

Corollary 4.2 Let <(λ) > 0, a, b ∈ R, and ρ, α, β ∈ R+. ThenρDλ0+S
m
n [atα]Hm,n

p,q

btβ∣∣∣∣∣ (ej ,Ej)1,p

(fj ,Fj)1,q

 (s) = ρλsρλ
[ n
m ]∑
k=0

(−n)mk
k!

An,k(asα)k

×Hm,n+1
p+1,q+1

bsβ∣∣∣∣∣
(ej ,Ej)1,p, (−αkρ ,

β
ρ )

(fj ,Fj)1,q, (λ− αk
ρ ,

β
ρ )


(4.6)

(s > 0)

andρDλ0−Sm
n [atα]Hm,n

p,q

btβ∣∣∣∣∣ (ej ,Ej)1,p

(fj ,Fj)1,q

 (s) = ρλsρλ
[n/m]∑
k=0

(−n)mk
k!

An,k(asα)k

×Hm,n+1
p+1,q+1

bsβ∣∣∣∣∣
(ej ,Ej)1,p, (−αkρ ,

β
ρ )

(fj ,Fj)1,q, (λ− αk
ρ ,

β
ρ )


(4.7)

(s < 0).

Proof. Taking y = 0 in (3.1) and (3.3), we get the required results.

Corollary 4.3 Let <(λ) > 0, a, b ∈ R, ρ, α, β ∈ R+, y ≥ 0, and s > 0. ThenρIλ0+S
m
n [atα]pΨ

(Γ)
q

btβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s) = ρ−λsρλ
[n/m]∑
k=0

(−n)mk
k!

An,k(asα)k

× p+1Ψ
(Γ)
q+1

bsβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p(1 + αk
ρ ,

β
ρ )

(fj ,Fj)1,q, (1 + λ+ αk
ρ ,

β
ρ )


(4.8)

andρIλ0+S
m
n [atα]pΨ

(γ)
q

btβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s) = ρ−λsρλ
[n/m]∑
k=0

(−n)mk
k!

An,k(asα)k

× p+1Ψ
(γ)
q+1

bsβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p(1 + αk
ρ ,

β
ρ )

(fj ,Fj)1,q, (1 + λ+ αk
ρ ,

β
ρ )

 .
(4.9)
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Proof. Using (4.2) and (4.3) in (2.1) and (2.2) gives the required identities.

Corollary 4.4 Let <(λ) > 0, a, b ∈ R, ρ, α, β ∈ R+, y ≥ 0, and s < 0. ThenρIλ0−S
m
n [atα]pΨ

(Γ)
q

btβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s)

= (−ρ)−λsρλ
[n/m]∑
k=0

(−n)mk
k!

An,k(asα)kp+1Ψ
(Γ)
q+1

bsβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p(1 + αk
ρ ,

β
ρ )

(fj ,Fj)1,q, (1 + λ+ αk
ρ ,

β
ρ )


(4.10)

andρIλ0−S
m
n [atα]pΨ

(γ)
q

btβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s)

= (−ρ)−λsρλ
[ n
m ]∑
k=0

(−n)mk
k!

An,k(asα)kp+1Ψ
(γ)
q+1

bsβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p(1 + αk
ρ ,

β
ρ )

(fj ,Fj)1,q, (1 + λ+ αk
ρ ,

β
ρ )


(4.11)

Proof. Employing (4.2) and (4.3) in (2.4) and (2.5) provides the desired identi-
ties.

Corollary 4.5 Let <(λ) > 0, a, b ∈ R, ρ, α, β ∈ R+, y ≥ 0, and s > 0. ThenρDλ0+S
m
n [atα]pΨ

(Γ)
q

btβ
∣∣∣∣∣∣

(e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s)

= ρλsρλ
[n/m]∑
k=0

(−n)mk
k!

An,k(asα)kp+1Ψ
(Γ)
q+1

bsβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p, (1 + αk
ρ ,

β
ρ )

(fj ,Fj)1,q, (1− λ+ αk
ρ ,

β
ρ )


(4.12)

andρDλ0+S
m
n [atα]pΨ

(γ)
q

btβ
∣∣∣∣∣∣

(e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s)

= ρλsρλ
[ n
m ]∑
k=0

(−n)mk
k!

An,k(asα)kp+1Ψ
(Γ)
q+1

bsβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p, (1 + αk
ρ ,

β
ρ )

(fj ,Fj)1,q, (1− λ+ αk
ρ ,

β
ρ )

 .
(4.13)

Proof. Applying (4.2) and (4.3) to (3.1) and (3.2) offers the desired results.
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Corollary 4.6 Let <(λ) > 0, δ ∈ C \ Z≤−1, a, b ∈ R, ρ, α, β ∈ R+, y ≥ 0,
and s > 0. ThenρIλ0+L

(δ)
n (atα)Γ1,n

p,q

btβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p

(fj ,Fj)1,q

 (s) = ρ−λsρλ
[n]∑
k=0

(−n)k
k! n!

(1 + δ)n
(1 + δ)k

(asα)k

× Γ1,n+1
p+1,q+1

bsβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p(−αkρ ,
β
ρ )

(fj ,Fj)1,q, (−λ− αk
ρ ,

β
ρ )


(4.14)

andρIλ0+L
(δ)
n (atα)γ1,n

p,q

btβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,q

(fj ,Fj)1,w

 (s) = ρ−λsρλ
[n]∑
k=0

(−n)k
k! n!

(1 + δ)n
(1 + δ)k

(asα)k

× γ1,n+1
p+1,q+1

bsβ∣∣∣∣ (e1,E1, y), (ej ,Ej)2,p(−αkρ ,
β
ρ )

(fj ,Fj)1,q, (−λ− αk
ρ ,

β
ρ )

 ,
(4.15)

where L
(δ)
n (x) are Laguerre polynomials.

Proof. Setting m = 1 and choosing An,k = (1 + δ)n/ {(1 + δ)k n!} in the results

in Theorem 2.1, with the aid of Laguerre polynomials L
(δ)
n (x) (see, e.g., [15, p.

201, Eq. (3)]), we obtain the desired identities here.

Likewise, as with Corollary 4.6, substituting m = 1 and selecting An,k =
(1 + δ)n/ {(1 + δ)k n!} in the identities in Theorems 2.2–3.2 and Corollaries 4.1–
4.5 results in the corresponding formulae involving the Laguerre polynomials.
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