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Abstract

Numerous image formulae for a diversity of polynomials and functions
subjected to a variety of fractional integrals and derivatives have been
given. In this paper, we aimto construct image formulae for the product
of incomplete H-functions and a general class of polynomials under the
Katugampola fractional integral and derivative operators . We also pro-
vide some particular instances of our main findings in corollaries, among
many others.
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1 Introduction and preliminaries

We begin by recalling the well-known Gamma function I' defined by (see, e.g.,
[19, Section 1.1])

I eronldn  (R(w) > 0)

M) = (L1)

k
% (HEC\ZS(); ]{ZEN()),
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where the Pochhammer symbol (p)y (K, v € C) is defined, in terms of Gamma
function I (see, e.g., |19, p. 2 and p. 5]), by

(H)V:W (LL""VE(C\ZS(),VE(C\{O};HEC\ZS(),‘V:O)
! (v=0,ueC\{0)), (12)
Sl e+ (ptn=1) (v=neN,pnel),

it being assumed that (0)g = 1. Here and throughout, let C, R, R*, Z, and
N denote the sets of complex numbers, real numbers, positive real numbers,
integers, and positive integers, respectively. Also let Ny := N U {0} and Z<,
be the set of integers which are less than or equal to some integer ¢ € Z. The
incomplete Gamma function y(u, u) and its complement I'(p, w) defined by

(1, ) :/ ePohldy (w3 0; R(w) > 0), (1.3)
0
and
T'(w,w) z/ e "o"do (u>0; R(n) >0 when u=0), (1.4)

respectively, satisfy the following relation:

Y(u) +T(wu) =T(w)  (R(w) > 0). (1.5)

Srivastava et al. [21] used the incomplete Gamma functions to introduce the
following incomplete H-functions (see also [5]):

(e1,E1,y), (ei,Ei)2p
Vo (2) =vpg | 2

i (fi, Fi)1g
[ (e1,E1,y), (e2,E2), -+, (ep, Ep)
=Ypa | #
L (f17F1)>(f27F2)7"' 7(funq)
1
= o [ GlEy) o, (1.6
¢
where
Y~ o1~ Ea&,y) TP+ Ff) TT 11— e — Es6)
G(y) = 3 L = ; (1.7)
I[I TA—fi—F&) I T(es +Eif)
i=m-+1 i=n+1
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(e1,E1,y), (ei, Ei)2p
Ma (2) =55 | »

L (fiaFi)l,q
i (e1,E1,y), (e2,E2), -+, (ep, Ep)
=T | #
(flaFl) (f27F2)7"' a(fq7Fq)
1
= / (6y) =d (1)
¢
where
P~ e~ i€y [T T+ ) TTT(1 e~ E)
F(&y) = =1 . : (1.9)
H F1—f —F&) [I T(ei+Eg)
i=m-+1 i=n+1

For convergence conditions of these incomplete H-functions as well as the de-
scription of the contour €, one may refer to [21]. They [21] explored a variety
of intriguing properties of these incomplete H-functions, such as decomposi-
tion and reduction formulas, derivative formulas, various integral transforms,
and computational representations, as well as applied some significantly general
RiemannLiouville and Weyl type fractional integral operators to each of these
incomplete H-functions.
Srivastava [17] introduced the following general class of polynomials:

[n/m]
S [x] = Z ( ]:?mk A a® (meN, neNy), (1.10)
k=0 ’

where the coefficients A, , (n, k¥ € Np) are arbitrary real or complex constants.
By properly specializing A, the general class of polynomials may generate
many existing polynomials as special instances, including Jacobi and Laguerre
polynomials (see, e.g., [15]). In particular, setting Ago = 1 and = = 0 reduces
S [z] to unity.

There have been many introductions and investigations of fractional integrals
and derivatives. Two of them are recalled here. The left-sided and right-sided
Riemann-Liouville fractional integrals I, f and Ii* f of order o € C are defined
as (see, e.g., [10L[12414])

(150 @ = 775 | @ n T () dr (@ >a R)>0),  (L11)
and
b
(I8 f) (2) = ﬁ/ (r—2)* 1 f(r)dr (> R(@)>0),  (L12)
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respectively. The Riemann-Liouville fractional derivatives D, f and Dy f of
order a € C (R(a) > 0) are defined by

(e} d " n—o
(Dgf)(x) = (d;v) (I259f) (2) (x> a) (1.13)
and
(e d " n—«
(DE-N@) = (=) (L=f) (@) (z <), (1.14)
where n = [R(«w)] + 1.
For p € R\ {0}, the left-sided and right-sided Katugampola fractional inte-

grals, respectively, denoted by P17}, and *Ij of order A € C (R(A) > 0), are
defined as (see [7])

o _ ot ()
( It?‘i’d)) (8) - F(A) L (8/’ _ Tp)l—)\dT (S > a’)? (115)
and
1-X b = (T
(PI}_¢) (s) = ?()\) /S o ji()l)A dr (b>s). (1.16)

It is noted that

(i) when p =1, (1.15)) and (1.16]), respectively, reduce to Riemann-Liouville
fractional integrals (1.11)) and (|1.12));

(i) taking p — 0%, (1.15) and (1.16)), respectively, reduce to the famous
Hadamard fractional integrals (see [6]; see also |7]):

(Hyu0) (s) = F(IA)/ (1og ;)H ) 4r (5> a, RO) > 0), (117)

-
and

b -1 T
(H ¢) (s):ﬁ/s (logg))\ @dT (s < b, R(\) > 0). (L.18)

The matching Katugampola fractional derivatives on the left and right sides,
designated respectively by #D, and ?D}_, are defined as (see [8])

("Day9) (s) = (s“”i)n (P12 9) (s)

_ <sl—pd>n/s s A R (1.19)

T'(n—M\) ds §P — rP)A—HL T
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and

0= (=) ) 9

PA7H+1 d n b Tpflgb(’r)
= T)\) <81 pds) /S WdT’ (120)
where n = [R(N\)] + 1.

The identities in Lemmas [I.1] and [T.2] provide the image formulae for the
power function t* when the fractional integral and derivative operators of Katugam-

pola are used. In this case, we make major use of the well-known beta function
(see, e.g., |19, p. 8]):

/1 11— )P tdt (R(e) >0, R(B) > 0)
0

Bla, §) = (1.21)
M(a)T(B)
—_—t C\Z<).
F(OL +B) (0[7 ﬁ € \ SO)
Proofs have been omitted.
Lemma 1.1 Let p > 0, ®(a) > 0, and R(A\) > 0. Then
Me+
(PI54t%) (s) = pka(p ) oA (1.22)
r (; r14 )\)
and
rfe+1
(R () = <—p>—Aa(’))sa+ﬂ*. (1.23)
r(e+1+2)
Lemma 1.2 Let p > 0, ®(a) >0, R(A) >0, and n = [R(A\)] + 1. Then
re+1
O WETR I Ch) B (12
r(e+1-2)
and
pD/\ a (A r<;+1) a—pA 1.25
("Dy-t*) (s) = (=p) s*T00 (1.25)
r (% vl /\)

Numerous image formulae for a diversity of polynomials and functions sub-
jected to a variety of fractional integrals and derivatives have been given (see,
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e.g., [1, [2, 3], 14], 19], [18], [22], [23], [24], [25]). The purpose of this article
isto establish image formulae for the product of incomplete H-functions and
a general class of polynomials under the Katugampola fractional integral and
derivative operators. Among many others, we also present some specific exam-
ples of our major results.

2 Katugampola fractional integral operators in-
volving incomplete H-functions and general
class of polynomials

In this part, we state the following theorems that establish the image formulae
for product of the incomplete H-functions and the general class of polynomials
under the left- and right-sided Katugampola fractional integral operators.

Theorem 2.1 Let R(\) >0, a,b€R, p,a, BERY, y>0, and s > 0. Then

(elaElvy)a(ej7Ej)2,p (%] (
”I@S,’T[at“]lﬂ:&” bt? (5) = p~ s
(£, Fj)1q k=0

x Tt 1 pgh

p+1,9+1
(f, Fj)ras (A — 2£, 2)
(2.1)
and
(e17E17y)a(ej7Ej)2q (]
, _ —n
PI3 ST lat Ty | bt ()= 3 k?mkAn’k(as >
(fjv Fj)lvw k=0 '
(e1,E1,y). (&), Ej)2,p(=5%, 5)
m,n+1 B
X Ypitqt1 |08

<fj7 Fj)Lm (_)‘ - OLT]C’ %)

(2.2)
Proof. Let A be the left-handed member of (2.1). Using (1.15), (1.10) and
(1.8), and changing the order of integrals, which may be readily verified under

the constraints, we have

B [n/m] (=)
k!

Apg /@ F(& b6 (PI [°45€)) (s)de. (2.3)

k=0

Employing (1.22) to evaluate the right-handed Katugampola fractional integral
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in (2.3), we obtain

[n/m]
(_

ri+et_5
A=p sy ;:?mkAn,k(saa)ki/F(&y)(bsﬁ)_f [ . pf}
k=0 : ¢

E_ o
142+t - 2¢

271 } ac,

which, upon expressing the integral in terms of (1.8]), yields the desired right-
handed member of (2.1)).

The proof of (2.2) would run in parallel with that of (2.1). We omit the
specific. 0

Theorem 2.2 Let R(A) >0, a, bR, p,a, BERT, y >0, and s < 0. Then
(elvElay)v(ejan)Zp (=]

PRSPl bt () = (—p) 5P
(5, Fi)1q k=0

x ML g P

p+1,9+1
(fj Fj)l,qa(_>‘ %7%)
(2.4)
and
\ (elaElvy)7(ej7Ej)2,p NS (7] (*n)mk .
PRSPty | (5) = () D0 I A (a5
(f;,Fj)1a k=0

1 (elaElay)a(e_ﬁEj)Q,p(_Tka%)

m,n

X Voiliqr |bs” L s
(fj, Fj)l.,q7 (_)‘ - %7 ;)

(2.5)

Proof. The proof would proceed in the same manner as the proof of Theorem

We omit specifics. O

3 Katugampola fractional derivative operators
with incomplete H-functions and general class
of polynomials

The following two theorems provide the image formulae for product of the in-
complete H-functions and the general class of polynomials under the left- and
right-sided Katugampola fractional derivative operators. Since the proofs here

would be identical to those used in Theorems [2.1] and we omit the required
proofs.
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Theorem 3.1 Let R(A) >0,a,bER, p, o, BERT, y >0, and s > 0. Then
(e1,E1,y), (&5, Ej)2,p

(fjFi)iq

Dy, Sylat* T | bt”

(s)

n/m] (elvElvy)a(ej7Ej)2,P7(7%k7%)

— p)\sp)\ [Z
k=0

(_n)mk o m,n
o Ap i (as )krp+1;1+1 bs®

(fj7 Fj)l,qa ()‘ - %7 %)
(3.1)
and

(e1,E1,y), (eja Ej)2,p

(fjFi)1q

oDy, ST lat "y [bt?

(s)

[n/m] (_ (elaElvy)a(ej7Ej)2,pa(_a7k7g)

N)mk
:p)‘sm Z k'm An,k(asa)k'yr_;_nl—!_ql_i_l bsﬂ
k=0 ’

(f, Fi)ig, (A — £, 5)

plp

(3.2)

Theorem 3.2 Let R(A) >0, a,b€ER, p,a, BERT, y >0, and s < 0. Then
(ela Ela Y)7 (ejv Ej)?,p

(f5:Fi)1a

Dy Sy {at®rTe" | bt”

(s)

[n/m]

X pA (=) mk kpm,n+1 (61,E1,y),(ej,Ej)g,p,(—%ﬂ,%)
= (N D T An(ast) g | b
k=0 '

(fjv Fj)l,qv ()‘ — ok ﬁ)

and

(e1,E1,y), (e, Ej)2p

(f5, Fi)iq

oDY_SPlat YT | bt (s)

n/m]

\ )\[ (_n) A . i (e1>E17y>7(ej,Ej)Q)m(—anC,g)
m « m,n

= (—p)'s” Z i Ango(as®)oyTntl | bs”
k=0 '

(7, Fj)1,qs (A — 2k 5

PP

(3.4)
4 Particular cases and remarks

Due to the generality of both incomplete H-functions and the general class
polynomials, the main identities established in the preceding sections may result
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in a variety of simpler formulae as special instances. For example, the case y = 0
of (1.8]) reduces to the Fox’s H-function (see, e.g., |20, p. 10]; see also [11], [16]):

(e1,E1), (e, Ei)ap [ (e1,E1), (&4, Ei)app
Moa | # =HJg | 2
(fisFi)ig (fi,Fi)ig

(e1’ El)’ (e27 E2)7 Tty (ep, Ep)
= Hpg' |

(fla Fl)v (f27 F2)7 Tty (fqv Fq)

(4.1)
For another example, putting m = 1, n = p, q being replaced by q+1 and taking
appropriate parameters, the functions and reduce, respectively, to
the incomplete Fox-Wright W-functions p\Il‘(qy) and p\IJgr) (see |21, Egs. (6.3) and
(6.4)]; see also |2, Egs. (14) and (15)]):

1p (l_elaElay)7(1_ej7Ej)2,p ™) (elaE17y)a(ej7Ej)27p;
Yoiq+1 |7 =p¥y” z
(07 1)’(17bjﬂB]’)1,q (ijBj>1,q;
(4.2
and
(1 —e,Er,y), (1 —ej,Ej)2p (e1,E1,y), (e5, Ej)2,p;
[ =, z
p,a+1 T P7q
(0,1),(1 = bj,Bj)14 (bj, Bj)1.q;
(4.3)

The following corollaries cover some of them.
Corollary 4.1 Let R(A) >0, a, b€ R, and p, o, 8 € RT. Then

(e, Ej)1p o/l
I3, ST at* | HT | bt” () =p s>
(f5,Fi)ia k=0

Nm o
k? kAn,k(as )]C

(ej,Ej)1p(—2£, 2)
x H™" T 1 psP rr

p+1,9+1
(fj7 Fj)l,qa (_>\ - OLT}C’ %)
(4.4)
(s >0)
and
(ej,Ej)Lp [n/m] _
”I(j\fsg‘[at“]Hg&” bt? (5) = (—=p)~rs” Z ( Z?mkAn’k(as“)k
(f5:Fj)1q k=0

B (e, Ej)up(=2£,2)
X Hylvg bs” -
(f5, Fi)ra (A =55 2)

B (45)
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(s <0).
Proof. Taking y =0 in (2.1) and (2.4)), we get the required results. O
Corollary 4.2 Let R(\) >0, a, b€ R, and p, o, 8 € RT. Then
(&5, Ej)1p &)
pDS‘JrSrr,“ [ato‘]H:&” bt? (s) = prsPA Z 7< Z?mk Anjc(asa)k
(£, Fi)1q k=0
+1 (ejan)l,pa(_aTﬁ7%)
x HJY g [bs” L 5
(fja Fj)l,qa (>\ - a?’ p)
(4.6)
(s >0)
and
(e, Ej)ip [n/m]

(,

pDS‘_S:‘[at”‘}H;jC’]" bt? (5) = p*sP Z ]:?mk Ap p(as™)k
(f;,Fj)ia k=0

(ej7 Ej)va (_Lk ﬁ)

pp
,n+1
x HiyvhL o [bs” .
(fja Fj)l,qa ()‘ - a?v ;)
(1.7)
(s <0).

Proof. Taking y =0 in (3.1)) and (3.3)), we get the required results.

Corollary 4.3 Let R(A\) >0,a, bR, p,a, BERT, y >0, and s > 0. Then

(el’ Elv y)a (ej7 Ej)Z,p [n/m] (_n) .

pIé‘+S,T[ata]p\I/ér) bt” (s) = p s Z 7k,m An,k(asa)k
(f5,Fia k=0

(e1,E1,y), (&), Ej)ap(1+ £, 2)

r plp
X a1 UL, | bs®

(f5, F)ras (T+ A+ 2&, 2)

(4.8)
and

(ela E17 y)? (eja Ej)?,P [n/m] (_

— n «
”I(j\+SrT[at“}p\IlgV) bt? o) (5) = p~ s Z k?mkAn,k(as )k
32 Fi)1a k=0 )

(ela Elay), (eja Ej)Z,p(l + %ﬁv %)

X p+1 \Pt(qr-)l bSB

(f_]7 Fj)l,qa (1 + A + anC’ %)

(4.9)

10
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Proof. Using (4.2)) and ( in ) and (2.2 . gives the required identities. [J

Corollary 4.4 Let R(\) >0, a,b€R, p, a, BERT, y >0, and s < 0. Then

(e17E17 ) (ej’E )Q,P

I Srat], v btﬂ‘ (s)
(f5,Fi)iq

[n/m] (elaElay)a(ejvE ) (1+ 7;)
v bs?
An i (as®) o1 q+1 |98

(6, F)ras (14 A+ 2, 8)

L plp
(4.10)
and
(e1,E1,y), (&), Ej)2p
PIy ST [ata]pllféy) btﬁ’ (s)
(f5,Fj)1q
(%] (_n) (elaElvy)a(ejij)Q,p(1+ OLT}C:%)
= (—p) s k'mk An,k(asa)karl\I/ng)l bs?
k=0 : (fj,Fj)l,q,(lJr)\Jran,%)
(4.11)
Proof. Employing . ) and (| . in and (| . provides the desired identi-
ties. O

Corollary 4.5 Let R(A\) >0, a, b€ R, p,a, BERT, y >0, and s > 0. Then

(e1,E1.y), (&5, Ej)2p

Dy, Stlat*], " | bt? (s)
(f5,Fi)1q
[n/m] ) (elaElay)v(ejij)Q,pa(l+ %a%)
(as™)* p+1¥q 1 bs? . s
k=0 (£, Fj)ia, (L= A+ 25 0)
(4.12)
and
(elvElv ) (eJ7E )ZP
Do, S [at®], () | bt? (s)
(fjFi)1q
") (elaEla ) (e]aE )2pa(1+apka€)
=p s"AZ (as ) pr1 gy bs?

(f5,Fj)1q, (1= A+ 2& 5)

PP
(4.13)
Proof. Applying (4.2) and ([4.3)) to (3.1) and (3.2) offers the desired results. [

11
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Corollary 4.6 Let R(\) > 0,5 € C\Z<_1, a,beR, p,a, B €RT, y>0,
and s > 0. Then

(elaElaY)7(ej7Ej)2p [n]

(e n ’ _ —N)g 1 1) n

P]g‘_,'_LEfS)(at )I"pl:q bi? (s)=p Asp/\§ : (=) ( )
(f5,Fi)1q k=0

x TLn+l - pgh

p+1,9+1
(fj Fj)l,qa( A %ﬁvﬁ)
(4.14)
and
(e1,E1,y), (&), Ej)2q [n]
N ; s Y)s ) s B _n)k: (1 46
1L i | (9= p et S Ce L sy
(5, F) 1w k=0 k
- (e1,E1,Y), (&5, Ej)2,p(— pk»ﬁ)
xyp$17q+1 bs? ,

where Lg‘s)(x) are Laguerre polynomials.

Proof. Setting m = 1 and choosing An = (1 + §)n/ {(1 + )i n!} in the results

in Theorem with the aid of Laguerre polynomials L (x) (see, e.g., [15, p.
201, Eq. (3)]), we obtain the desired identities here. O

Likewise, as with Corollary substituting m = 1 and selecting A, =
(I+8)n/{(1+ 6)kn!} in the identities in Theorems|2.2 and Corollaries
results in the corresponding formulae involving the Laguerre polynomials.
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