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ABSTRACT

In this paper, a fuzzy linear system is investigated by using single and double parametric forms of
triangular fuzzy number. Conditions for the existence of strong and weak fuzzy solutions are derived.
Further some problems are solved to illustrate the efficacy and reliability of the proposed method.
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1. INTRODUCTION

The system of simultaneous linear equations is crucial in numerous fields such as mathematics,
operational research, physics, statistics, and engineering. In numerous applications the involved
parameters are necessary to be solved that are present in the System of simultaneous linear equation.The
form of a linear equation that is real is MW = d where the real matrix A and d are crisp and the real vector
W is unknown. Having clearly numbered variables for the variables involved in the system of equations
will make solving it easier and simpler. Observation, experiments and experience is usually used to
estimate variables because of the uncertainty or vagueness of the parameters. Fuzzy numbers can be used
instead of crisp numbers to overcome uncertainty and vagueness.

Zadeh [30] first presented the notion of fuzzy sets and fuzzy numbers in 1965. Friedman et al. introduced
the generalized ntimesFSLE solution in 1998, The components of them are the coefficient matrix and the
right-hand column vector, which are defined as crisp and fuzzy respectively. Allahviranloo[[4],[5]],
Abbasbandy et al. [2], Chakraverty and Behera [11] are among the authors who have suggested solutions
to this type of systems.

Friedman [22] made it possible to turn the system into a 2nx2n crisp by implementing embedding
method. When using the method, a strong solution is determined by the fact that the found solution is a
vector of fuzzy numbers, while a weak solution is determined by the fact that it is not a vector of fuzzy
numbers. A new method has been proposed by Babbar et al. [10] to find a non-negative solution for a fully
fuzzy linear system, in which coefficient elements are included as arbitrary triangular fuzzy numbers of
the form (e, f,g). In [[9], [14] Behera describe a method for solving real and complex fuzzy system of linear
equations. One of the major applications using fuzzy number is treating linear systems whose parameters
are all or partially represented by fuzzy numbers [[1],[3], [6],[7][16][21][28][29]].

In this paper, a fuzzy linear system is investigated by using single and double parametric forms of
triangular fuzzy number. Conditions for the existence of strong and weak fuzzy solutions are derived.
Further some problems are solved to illustrate the efficacy and reliability of the proposed method.

2. Preliminaries
Definition 2.1 [22] Fuzzy Number:
A fuzzy number is a map f: R — [0,1] which satisfies:
1. 3a, € R thatis equal to 1, then fis normal. where fis the membership function of the fuzzy set.
2. flwa + (1 — w)b} = min{f(a), f(b)}, w € [0,1] and for every, a,b € R, then fis said to be convex fuzzy
set.
3. f(ay) is piece wise continuous.

Definition 2.2 [10] A Triangular fuzzy number Fis a convex, normalised fuzzy set A of the real line R
such that,
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1. 3 exactly one f € Rsuch that f(ag) =1

2. f(ay) is piecewise continuous.

Let F = (e, f, g), be an arbitrary fuzzy number then the membership function of triangular fuzzy number is
defined as:

(g,_e as e; \

o e < a < f;
f(a) = g—a

F, g <ac<f;

0, a =g

Definition 2.3 [2] A fuzzy set A that is defined on X and € € [0,1] can be called the e-cut set. Since it
contains all the elements of the fuzzy set A for which the membership function fis greater or equal to €. It
is denoted by A, or A® and is defined as:

A, = {a € X|f(a) > ¢€}.

Definition 2.4 [15] An ordered pair of functions can be used to represent F = (e, f, g), which is the
triangular fuzzy numberF = (e, f, g).

[E),F@®)] = [(f-e)e+e,—(g—He+gle€[01]
The acronym e-cut form refers to the parametric form or single parametric form of fuzzy numbers.
The upper and lower bounds of fuzzy numbers meet the following criteria, as specified.
1. F(¢) is a bounded, left-continuous, increasing function over [0,1].

2. F(¢) is a bounded, right-continuous, decreasing function over [0,1].
3. F(e) < F(e),0 < (e) < 1.

Definition 2.5 [18] In accordance with the parametric form defined in the definition 2.4,
F = [Ee), F(e)].
Then double parametric form, represent in a crisp form as:
F(e0) = A (F(e) - F(®)) + F (),
wheree, A € [0,1].

Definition 2.6 [22] If all members of the matrix [M] = (fy; ) are fuzzy numbers, the matrix is known to
be a fuzzy matrix. If all members of [M] are non-negative fuzzy numbers, the fuzzy matrix [M] will be non-
negative, as indicated by [M] > 0.

Definition 2.7 [26] The system of linear equations that involves n X n is written as:
rTlll(T)l +fﬁ12(7)2 +"‘+ﬁlln&n :d1
ﬁ'121(T)1 +ff122(’r)2 +--'+ff12n<T)n =az

mnl(l)l + mnz(l)z + te + mnn(L)n

Il
jon}

n

The system can be expressed in matrix notation as [M]{W} = {d}, in which the fuzzy n x n matrix
[M] = (mk]-) is the coefficient matrix, {d} = {d,},1 <kis a column vector of fuzzy numbers, and
w}) = {ooj} is the vector of fuzzy unknowns. In this case, M, d, and W > 0. have been assumed.

Definition 2.8 [24] If ® = (w;, Wy, "+, W,, —W;, —W3, ***, —wW, )" is a solution of fuzzy linear system Sw = d
and Vi<i<n , the inequalities, W, < w, holds, then the solution
w = (01, Wy, ", W, —W7, —m_z,m,—u)_n)T is a strong solution of the fuzzy linear system. In this case,

S=s;,1<1ij<2n, and Sis a 2n X 2n crisp matrix.

Definition 2.9 [24] If ® = (0, W,, *, W, —W;, —W3, -+, —w,) T is a solution of fuzzy linear system
Sw = d and for some1 € [l,ﬁt};ineqaities, a, > a, holds, then the solution

® = (W1, Wy, , Wy, —Wyg, — Wz, ,—w,) T isa weak solution of the fuzzy linear system.

In thiszls:S = siTl <1i,j < 2n,and Sis a2n X 2n crisp matrix.

817 Kulsoom Aslam et al 816-825



Journal of Computational Analysis and Applications VOL. 33,NO. 2, 2024

3. Solutions for fuzzy system of linear equation

In this section, we mainly discuss two approaches for solving fuzzy linear systems: the first method is
based on single parametric form of triangular fuzzy numbes, while the second method is based on double
parametric form of triangular fuzzy numbers.

3.1. Solution method using single parametric form
The representation of the system
[M{w} = {d},
is formatted as:
2t Mo, = d fork=12,...,n. (3.1)
Using the parametric form of fuzzy elements, the real fuzzy unknown, the right-hand real fuzzy number
vector, and the members of the fuzzy coefficient matrix can all be written as follows:

g = [my (), My(e)], @) = [ (£), & ()], dc = [di (&), de(D)]:

Substituting the above expression in equation (3.1), we get;
Y [mg(®), Mg(@)][w (e), @, (e)] = [di(e), di(e)] fork=12,...,n (3.2)
Applying the standard rule of fuzzy arithmetic, convert equation 3.2 to the following two equations 3.3
and 3.4.

2= my(E)w, (e) = di(e) (3-3)

Tl Mg (£)d,(e) = du(e) (3.4)
It is possible to express the combined form of equations 3.3 and 3.4 in an explicit manner.
Now solve the below equation;

6o) ()= (o) (35)

where,

my;(€) myp(e) ... My,(e)

5=1¢ : wo (3.6)
km(s) myp(€) .. My, (€) )
M) Mmp(e) .. mp(e)
My (e) My(e) .. Mgy(e)

b=1: 3 R (37)
my(e) mpp(e) ... My, ()

w1 (8)

{ wy(¢)

y=1: (3.8)

K&(s)

®1(¢)

/‘32(3)

z=| (3.9)

@y (€)
/g(s)
dz(e)

p=|t (3.10)
d, (¢)

818 Kulsoom Aslam et al 816-825



Journal of Computational Analysis and Applications VOL. 33,NO. 2, 2024

\| (3.11)
J

Where O represent n X n zero matrix.
One has the choice of either solving equations (3.3) and (3.4) separately or equation (3.5) directly to
obtain the lower and upper bounds of the solution vector.

3.2. Solution method using double parametric form

The fuzzy coefficient matrix, fuzzy unknown vector, and right-side fuzzy number vector of the
aforementioned system can be expressed in several ways using the specification of the double parametric
form (2.5) in the system (3.2):

[(myg(e), My (e)] =A(my(e) — MJ(e)) + my(e)

[,(©), B,(2)] =A@ (&) = () + @ (&)

[de(e), de(@)] = A (de(®) — de(®)) + du(e)
If we substitute these expressions in system (3.1), we may end up with:
2= M (e) — m(e) + mg(E)HA@, (&) — & (e)) + w (£)} = A(di(e) — d(e)) + di(e).  (3.12)
Let us define 7\(9] (&) —w,(e) + @ (¢) = ®,(&,2) and then we put this in equation (3.12) to get,
Tibi Mmg(e) — My(e)) + my(&)H®, (5, 1)} = A(dy(e) — dic()) + du(e). (3.13)
To determine the value ¥, (g, 1), the equation (3.13) is symbolically solved. Substituting A = 0 and 1 after
getting the expression X, (g, A) determines the upper and lower bounds of the fuzzy solution vector. The
result of this is that X, (g, 0) corresponds to x,(¢) and X, (¢, 1) corresponds to X, (¢).
The solution procedure does not change the order of the main system. In comparison to other methods,

the method is computationally more efficient. The approach is straightforward to use since it converts the
fuzzy system into a crisp one utilizing double parametric fuzzy numbers.

4. Theorems and Numerical examples
This section covers fuzzy linear system solutions that are based on the existence of both strong and weak
fuzzy solutions. Additionally, we provide some examples to support the proposed methods.
Theorem 4.1 In a single parametric form, the matrix,
S O
P = (0 D)

is a non singular if and only if S and D non singular, where O is a n X n zero matrix.

r~(o o)

where S is the lower bound of the coefficient matrix and D is the upper bound of the coefficient matrix.
Also, the matrix Q = (S — 0).

Proof. The matrix,

By adding the (n + 1)™ row of P to its 1*" row for 1 <1 < n, we obtain

S 0
p= (o D) (4.1)

Next, we substract the ) column of P from its (n + )" column for 1 <1 < n and obtain

S+0 04D
P, = (0 D > (4.2)
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Here, in P, the absolute value of D and S are same, the only difference is that one is lower bound and one
is upper bound. So,
S+0 O
P, = (O D-— O> (4.3)

Clearly, [P| = |P;| = |P,] = |S+ O||S— O] = |S + O||C| and here,C=D —0or only D which is a upper
bound of n X n matrix.
From above, |P| # 0 ifand only if |S + O] # 0 and |C| # 0 or |S| # 0 and |D| # 0. Thus the proof is done.

Theorem 4.2 It is necessary for P! to have the same structure as P if it exists.

T O
p-1 =<o E> (4.4)

Proof. The entries of P in the 1" row and j*™" column are represented by p, and the elements of P! at the

same row and column are denoted by vy, then

—DMpji|
py = (45)

where the matrix obtained by deleting the 1™ column and j*" row from P is denoted by P,. Let us now
consider, for some 1 <1i,) <n, the entriesv,,, and v, of P71, P,;,and P, are the corresponding
related matrices.It is simple to demonstrate that by switching rows and columns an even number of times,
P,,, may be created from P}, n+1.

P
Vin+ = (_1)1+n+] TT (4.6)

P
Vot = (_1)1+n+] ]I%Iﬂ (47)
Similar to this, for all1and ), v, = vy, 44 SO, P~! must have the structure determined by equation (4.4),

which completes the proof.
The computation of T and E is done as follows:

696

ST+0=1 (4.8)
0+DE=1 (4.9)

thus we get

From equation (4.8) and (4.9), we get the structure of T = S™! and E = D~!. Now, assuming that S and D
are non-singular, we obtain X = P~1Y. Thus P~! has the same structure as P have. Thus the proof is

completed
S O

Theorem 4.3 Assume P = (0 D) is a matrix that is non-singular matrix. If and only if (S + 0)™'(d —

d) < 0, then the system MW = d has a strong solution.
Proof. As we define,
w = (w1, Wy,...,W,)
0 = (01, Wz,...,0,)
Next, we get the following from the system MW = d:

(b 9)(%)-(%

Sw—O0w=d (4.10)

Hence,

—Ow +Dw =d (4.11)
From equation (4.10) and (4.11)

w+0w—-0w—Dw=d-d
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S+0)w—-(0+D)w=d—d
As we know that the absolute value of S and D are equal. So, we can write the absolute value of D = S and
vice-versa.
Therefore,

(S+0)w— (0+D)w =d—d.
Also,

(S+0)(w-w)=d-d
(S + 0) is a non-singular, as demonstrated by theorem (5.1). As a result,
(w—®) = (S+0)1(d-d) (4.12)

By definition, (2.9), if there is a strong solution to the system, then (w-w) < 0. This means that the
inequality (S + 0)7'(d — d) < 0 holds. Accordingly, we have (w —®) <0by equation (4.12). Which
completes the proof.
By combining Theorems 4.1 and 4.3, we get following result.

Corollary 4.4 The system has a unique strong solution, if the following conditions hold:
1. The matrices Q = (S — 0) and (S + 0) both are non-singular.

2. (S+0)(d-d) <o.

Theorem 4.5 If and only if P~! is non-negative, that is, (P~!) = 0,and 1 <1,J < 2n, then the unique
solution W of W = P~1D is a fuzzy vector for any D.
Proof. Take P~ = v,, where 1 <1, < 2n,
then
o, =YL ﬁd] — 21 Vinpd, 1<1<n (4.13)

~®; = X1 V) = X1 Vansd, (4.14)
Because of P~'’s unique s?ructure, we substitute equation (4.14) with
@ = =% Viand + Xk v, 4, (415)
then deduct equation 4.13 from (4.15). We receive
B — 0, = By vy (@ — d) + i Vi (d — d) (4.16)
Accordingly, if D is an arbitrary input vector that represents a fuzzy vector, such thata —d, =0, then
v, = 0 for all1and ) is a necessary and sufficient condition for w, —w, 2 0,1 <1<n. N
As a consequence, for each J, d_] is monotonically decreasing and d, is monotonically increasing. Equations

(4.13) and (4.15) require that w, and w, be monotonically incr;lsing and decreasing, respectively, in

addition to the prior criterion.
The following example illustrates that the fuzzy matrix has a strong solution.

Example 4.6 Consider a 2 X 2 fuzzy linear system;
lh-1,=(q2-q)

where q € [0,1].

The 4 X 4 extended matrix is

a a
11+312=4+q

(-l)+0,=-2-¢
(=l +(=3l) = -7 —2q
Using the single parametric form

—
=

oo wo
_ o oo
oo
—/

w
\_
/I_
ol
\_
—_
~ Q0
|
)
o)
~_

On solving the above matrix, we get:
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4
L(e) =
Li(e) = 2-a
L) =5
Now, using double parametric form to find the solution we get,
{8(1 1) + 1}{8(0 — 0) + 0}{8(1; — 1) + 1 }{8(I, — o) + 1o} = {8((2 ~ ) — (@) + q} (4.17)

{8(1—1) + 1483 — 3) + 3}{8(; — 1) +1}{8(0; — o) + L} = {8((7 — 2q) — (4 + @) + (4 + P} (4-18)
Let us consider S(E(s) —1,(8)) +1,(¢) = X/(g,8) for) = 1,2. So, putting this value in the above equation, it
can be written as: - -

{8(1—1) + D; (5, 8){8(0 — 0) + 0}, (&, 6) = {8((2 —q) — (1)) + q} (4.19)

61 -D+1L(e8){8B -3) +3}2(,8) = {8((7T-2) — 4+ ) + (4 + D} (4.20)

Now, put 6 =0and 1in1l (g, 6) in both the equation to get lower and upper bounds of the fuzzy solution
respectively. Therefore, put 6 = 0 in equation (4.21) and (4.22) we get,

(50)=1(e)=q

~ 4
L(0)=l(e) =5
Now putting & = 1 in equation (4.21) and (4.22) we get,
L) =hE)=2-q
5-¢q

l2(e 1) =To(e) = ——
for0 < q <1, we check whetherl; = (l;, ) andl, = (I, 1,) are strong fuzzy solutions or weak fuzzy
solutions. Now for finding the strong and weak fuzzy solution we can replace (€) by (q), so we write the

equation as:

(@ =q li(@=2-q
L@ == L) =
L) =3 2(@) = —
Forq =0,
1,(0) = 0,1,(0) = 2
1,(0) = 1.33,1,(0) = 1.66
Forq =1,
LMW =1L@) =1
11(1) = 1.33,1,(1) = 1.33
Forq = 0.2,

1,(0.2) = 0.2,1;(0.2) = 1.8
1,(0.2) = 1.33,1,(0.2) = 1.594
Here, 1_1 < E; 1_2 < E ; 11 and 1, are monotonic non-increasing function. Therefore, the fuzzy solutions1; =
(s, ,)andl, = (2, 1,) are strong strong fuzzy solutions.
Fuzzy matrix may have both strong and weak solutions as illustrated by the following example.

Example 4.7 A 3 X 3 fuzzy linear system is taken into consideration;

L+l -13=(q2-0q)
11_212+13 :(2+q,3)
21, + 1, + 3l3(=2,—1 — q)

Using single parametric form,
L+, +0l3=q (4.21)
I} +0; +0l3 =2+q (4.22)
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21, +1p + 313 = -2 (4.23)
(-l + (=) +0; =2 —q (4.24)
(1) 401, + (-13) =3 (4.25)
(=21 + () + (=31;) =-1—q (4.26)
The extended matrix is
Ly
11000 0 ([ q
/1 01 0 0 0\ 2 2+q
[2 13100k -2
000 1 1 0ff_f =l2-q
00010 1 C |3 !
000 2 1 3/ 2 \—1—q/
_]3
L+l =g (4.27)
L+l3=2-q (4.28)
2l +1, + 3l = -2 (4.29)
L+,=2-q (4.30)
L+1;=3 (4.31)
2L+, +3l;=-1—q (4.32)

Thus, from equation (4.29), (4.30) and (4.31); we get
Iy =4+2q]; = —4—qandl_3= -2-q,

and from equation (4.32), (4.33) and (4 34)
l,=6l,=—4— q andl3——

Now, using double parametric form

(61— 1)+ 1H{5(1 - 1) + 1}{600 - 0) + 0} {8 (I, -1, ) + 1.} {8 (I,

~1) +1}{3 (5 1) +1)

={8(2-q) —(q+ (@)} (4.33)
{8(1—1)+1}{8(0—0)+o}{8(1—1)+1}{ ( 1)+1} ( )+12}{8(l3 Ip) + 13}
=83)-2+9+2+q) (434)

(B2-2)+ 251 - D)+ 136G - 3) + 33 {8 (I, — 1) + L} {8 (I — 1) + L }{8 (I - 15) + 15}
_ ={8(—1—q) — (—2) + (—2)}(4.35)
Let us consider 81, () — 1,(¢)) +1,(¢) = X, (¢, 8) for) = 1,2,3. So, putting this value in the above equation,

it can be written as:
{6(1—1) + Bl (e 8)(8(1 — 1) + 1},(e,6){8(0 — 0) + 0}I3(&,8) = (82 — @) — () + (@)}  (4.36)
{6(1 —1)+ 1}1(,8){6(0 —0) + 0}, (5, 8){6(1 — 1) + 1}3(,86) ={6(3) — 2+ q) + 2+ q)}(4.37)
{6(2—2)+ 2L (58)(8(1 — 1) + 1}, (e, 6){8(3 — 3) + 3}I3(&,8) = {8(—1 — q) — (—2) + (~2)}(4-38)
Now, put § =0and 1 in l~](£, 6) in the above equations to get lower and upper bounds of the fuzzy solution
respectively. Therefore, put 6 = 0 in equation (4.38), (4.39) and (4.40) we get,
L(e) +1(e)=q
L +()=2+q
2li(e) + L (e) + 313 = =2

Now put again 6§ = 1 in the above equation we get,
L©+hE=2-q
Li(e)+13(e) =3
2L (e) + (&) +3l; =-1—¢q
for 0 <q<1, we check whetherl, = (I;,1;),l, = (IZ,E) and I3 = (13,E) are strong or weak fuzzy
solutions.
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Now for finding the strong and weak fuzzy solutions, we can replace (€) by (q), so we write the equation
as:

(@) =4+2¢1(q) =6
L@=-4-q L@=-4-¢q
l3(q) = —2-ql3(Q) = -3

Now, we check for g = 0,0.5 and 1.

Forq=20
1,(0) = 4,1,(0) = 6
1,(0) = —4,1,(0) = —4
13(0) = =2,13(0) = -3
Forq = 0.5
1,(0.5) = 4,1,(0.5) = 6
1,(0.5) = —4.5,1,(0.5) = —4.5
13(0.5) = —2.5,13(0.5) = -3
Forg=1

L(D)=5L1)=6
(1) = =5,1,(1) = =5
l3(1) = =3l3(1) = -3
Here, 1; < 1; ; 1, and I3 are not fuzzy numbers, in this case they are weak fuzzy solution. Thus only l; =

(s 1,) is a strong fuzzy solution and 1, = (I, ;) andl; = (1_3E) are weak fuzzy solutions.

5. CONCLUSION

The non-negative solution of a fuzzy linear equation system was examined in this study. This work
investigated the strong and weak fuzzy solutions of the fuzzy system of linear equations using the single
and double parametric forms of fuzzy numbers. In contrast to the single parametric form of a fuzzy
number, the double parametric form is easier to manage and more straightforward, making it
computationally more efficient. In contrast to other methods, this technique maintains the same order.
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