
Volume 29, Number 3                                                                       May 2021
ISSN:1521-1398 PRINT,1572-9206 ONLINE

                               Journal of
     
          Computational

          Analysis and 

          Applications

             EUDOXUS PRESS, LLC



               Journal of Computational Analysis and Applications
                 ISSNno.’s:1521-1398 PRINT,1572-9206 ONLINE
                                     SCOPE OF THE JOURNAL
                An international publication of Eudoxus Press, LLC
                (six times annually)
                      Editor in Chief: George Anastassiou
                      Department of Mathematical Sciences, 
                      University of Memphis, Memphis, TN 38152-3240, U.S.A
                         ganastss@memphis.edu

http://www.msci.memphis.edu/~ganastss/jocaaa
                 The main purpose of "J.Computational Analysis and Applications" 
            is to publish high quality research articles from all subareas of 
            Computational Mathematical Analysis and its many potential 
            applications and connections to other areas of Mathematical 
            Sciences. Any paper whose approach and proofs are computational,using 
            methods from Mathematical Analysis in the broadest sense is suitable 
            and welcome for consideration in our journal, except from Applied 
            Numerical Analysis articles. Also plain word articles without formulas and
            proofs are excluded. The list of possibly connected 
            mathematical areas with this publication includes, but is not 
            restricted to: Applied Analysis, Applied Functional Analysis, 
            Approximation Theory, Asymptotic Analysis, Difference Equations, 
            Differential Equations, Partial Differential Equations, Fourier 
            Analysis, Fractals, Fuzzy Sets, Harmonic Analysis, Inequalities, 
            Integral Equations, Measure Theory, Moment Theory, Neural Networks, 
            Numerical Functional Analysis, Potential Theory, Probability Theory, 
            Real and Complex Analysis, Signal Analysis, Special Functions, 
            Splines, Stochastic Analysis, Stochastic Processes, Summability, 
            Tomography, Wavelets, any combination of the above, e.t.c. 
              "J.Computational Analysis and Applications" is a 
            peer-reviewed Journal. See the instructions for preparation and submission
         of articles to JoCAAA. Assistant to the Editor: 
Dr.Razvan Mezei,mezei_razvan@yahoo.com, St.Martin Univ.,Olympia,WA,USA. 
Journal of Computational Analysis and Applications(JoCAAA) is published by 
EUDOXUS PRESS,LLC,1424 Beaver Trail 
Drive,Cordova,TN38016,USA,anastassioug@yahoo.com
http://www.eudoxuspress.com. Annual Subscription Prices:For USA and 
Canada,Institutional:Print $800, Electronic OPEN ACCESS. Individual:Print $400. For 
any other part of the world add $160 more(handling and postages) to the above prices for 
Print. No credit card payments.
Copyright©2021 by Eudoxus Press,LLC,all rights reserved.JoCAAA is printed in USA. 
JoCAAA is reviewed and abstracted by AMS Mathematical                   
Reviews,MATHSCI,and Zentralblaat MATH.
It is strictly prohibited the reproduction and transmission of any part of JoCAAA and in 
any form and by any means without the written permission of the publisher.It is only 
allowed to educators to Xerox articles for educational purposes.The publisher assumes no
responsibility for the content of published papers.

404

mailto:mezei_razvan@yahoo.com


 
Editorial Board  

Associate Editors of Journal of Computational Analysis and Applications 
 

 
Francesco Altomare 
Dipartimento di Matematica 
Universita' di Bari 
Via E.Orabona, 4 
70125 Bari, ITALY 
Tel+39-080-5442690 office 
   +39-080-3944046 home 
   +39-080-5963612 Fax 
altomare@dm.uniba.it 
Approximation Theory, Functional 
Analysis, Semigroups and Partial 
Differential Equations, Positive 
Operators. 
 
Ravi P. Agarwal 
Department of Mathematics 
Texas A&M University - Kingsville 
700 University Blvd. 
Kingsville, TX 78363-8202 
tel: 361-593-2600 
Agarwal@tamuk.edu 
Differential Equations, Difference 
Equations, Inequalities 
 
George A. Anastassiou 
Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152,U.S.A 
Tel.901-678-3144 
e-mail: ganastss@memphis.edu 
Approximation Theory, Real 
Analysis, 
Wavelets, Neural Networks, 
Probability, Inequalities. 
 
J. Marshall Ash 
Department of Mathematics 
De Paul University 
2219 North Kenmore Ave. 
Chicago, IL 60614-3504 
773-325-4216 
e-mail: mash@math.depaul.edu 
Real and Harmonic Analysis 
 
Dumitru Baleanu 
Department of Mathematics and 
Computer Sciences,  
Cankaya University, Faculty of Art 
and  Sciences, 
06530 Balgat, Ankara,  

Turkey, dumitru@cankaya.edu.tr  
Fractional Differential Equations 
Nonlinear Analysis, Fractional  
Dynamics 
 
Carlo Bardaro 
Dipartimento di Matematica e  
Informatica 
Universita di Perugia 
Via Vanvitelli 1 
06123 Perugia, ITALY 
TEL+390755853822 
   +390755855034 
FAX+390755855024 
E-mail carlo.bardaro@unipg.it 
Web site:   
http://www.unipg.it/~bardaro/ 
Functional Analysis and 
Approximation Theory, Signal 
Analysis, Measure Theory, Real 
Analysis. 

Martin Bohner 
Department of Mathematics and  
Statistics, Missouri S&T 
Rolla, MO 65409-0020, USA 
bohner@mst.edu  
web.mst.edu/~bohner 
Difference equations, differential  
equations, dynamic equations on 
time scale, applications in 
economics, finance, biology. 
 
Jerry L. Bona 
Department of Mathematics 
The University of Illinois at 
Chicago 
851 S. Morgan St. CS 249 
Chicago, IL 60601 
e-mail:bona@math.uic.edu 
Partial Differential Equations, 
Fluid Dynamics 
    
Luis A. Caffarelli 
Department of Mathematics 
The University of Texas at Austin 
Austin, Texas 78712-1082 
512-471-3160 
e-mail: caffarel@math.utexas.edu 
Partial Differential Equations 

405



George Cybenko 
Thayer School of Engineering 
Dartmouth College 
8000 Cummings Hall, 
Hanover, NH 03755-8000 
603-646-3843 (X 3546 Secr.) 
e-mail:george.cybenko@dartmouth.edu 
Approximation Theory and Neural  
Networks 
 
Sever S. Dragomir 
School of Computer Science and  
Mathematics, Victoria University, 
PO Box 14428, 
Melbourne City, 
MC 8001, AUSTRALIA 
Tel. +61 3 9688 4437 
Fax  +61 3 9688 4050 
sever.dragomir@vu.edu.au 
Inequalities, Functional Analysis, 
Numerical Analysis, Approximations, 
Information Theory, Stochastics. 
 
Oktay Duman 
TOBB University of Economics and  
Technology, 
Department of Mathematics, TR-
06530,  
Ankara, Turkey,  
oduman@etu.edu.tr                  
Classical Approximation Theory, 
Summability Theory, Statistical 
Convergence and its Applications 
  
Saber N. Elaydi 
Department Of Mathematics 
Trinity University 
715 Stadium Dr. 
San Antonio, TX 78212-7200 
210-736-8246 
e-mail: selaydi@trinity.edu 
Ordinary Differential Equations, 
Difference Equations 
  
   
J .A. Goldstein 
Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152 
901-678-3130 
jgoldste@memphis.edu 
Partial Differential Equations, 
Semigroups of Operators 
   
H. H. Gonska 
Department of Mathematics 
University of Duisburg 

Duisburg, D-47048 
Germany 
011-49-203-379-3542 
e-mail: heiner.gonska@uni-due.de 
Approximation Theory, Computer 
Aided Geometric Design 
  
John R. Graef 
Department of Mathematics 
University of Tennessee at 
Chattanooga 
Chattanooga, TN 37304 USA 
John-Graef@utc.edu 
Ordinary and functional 
differential equations, difference 
equations, impulsive systems, 
differential inclusions, dynamic 
equations on time scales, control 
theory and their applications 
 
Weimin Han 
Department of Mathematics 
University of Iowa 
Iowa City, IA 52242-1419 
319-335-0770 
e-mail: whan@math.uiowa.edu 
Numerical analysis, Finite element  
method, Numerical PDE, Variational  
inequalities, Computational 
mechanics   
 
Tian-Xiao He 
Department of Mathematics and  
Computer Science 
P.O. Box 2900, Illinois Wesleyan 
University 
Bloomington, IL 61702-2900, USA 
Tel (309)556-3089 
Fax (309)556-3864 
the@iwu.edu 
Approximations, Wavelet, 
Integration Theory, Numerical 
Analysis, Analytic Combinatorics 
 
Margareta Heilmann 
Faculty of Mathematics and Natural       
Sciences, University of Wuppertal 
Gaußstraße 20 
D-42119 Wuppertal, Germany,  
heilmann@math.uni-wuppertal.de       
Approximation Theory (Positive 
Linear Operators) 
 
Xing-Biao Hu 
Institute of Computational 
Mathematics 
AMSS, Chinese Academy of Sciences 

406



Beijing, 100190, CHINA 
hxb@lsec.cc.ac.cn 
Computational Mathematics 
 
Jong Kyu Kim 
Department of Mathematics 
Kyungnam University 
Masan Kyungnam,631-701,Korea 
Tel  82-(55)-249-2211 
Fax  82-(55)-243-8609 
jongkyuk@kyungnam.ac.kr 
Nonlinear Functional Analysis, 
Variational Inequalities, Nonlinear 
Ergodic Theory, ODE, PDE, 
Functional Equations. 
 
Robert Kozma 
Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152, USA 
rkozma@memphis.edu 
Neural Networks, Reproducing Kernel 
Hilbert Spaces, 
Neural Percolation Theory 
  
Mustafa Kulenovic 
Department of Mathematics 
University of Rhode Island 
Kingston, RI 02881,USA 
kulenm@math.uri.edu 
Differential and Difference 
Equations 
 
Irena Lasiecka 
Department of Mathematical Sciences 
University of Memphis 
Memphis, TN 38152 
PDE, Control Theory, Functional    
Analysis, lasiecka@memphis.edu 

Burkhard Lenze 
Fachbereich Informatik 
Fachhochschule Dortmund 
University of Applied Sciences 
Postfach 105018 
D-44047 Dortmund, Germany 
e-mail: lenze@fh-dortmund.de 
Real Networks, Fourier Analysis, 
Approximation Theory 
   
Hrushikesh N. Mhaskar 
Department Of Mathematics 
California State University 
Los Angeles, CA 90032 
626-914-7002 
e-mail: hmhaska@gmail.com 
Orthogonal Polynomials, 

Approximation Theory, Splines, 
Wavelets, Neural Networks 
 
Ram N. Mohapatra 
Department of Mathematics 
University of Central Florida 
Orlando, FL 32816-1364 
tel.407-823-5080  
ram.mohapatra@ucf.edu 
Real and Complex Analysis, 
Approximation Th., Fourier 
Analysis, Fuzzy Sets and Systems 
  
Gaston M. N'Guerekata 
Department of Mathematics 
Morgan State University 
Baltimore, MD 21251, USA 
tel: 1-443-885-4373 
Fax 1-443-885-8216 
Gaston.N'Guerekata@morgan.edu  
nguerekata@aol.com 
Nonlinear Evolution Equations, 
Abstract Harmonic Analysis, 
Fractional Differential Equations, 
Almost Periodicity & Almost 
Automorphy 
 
M.Zuhair Nashed 
Department Of Mathematics 
University of Central Florida 
PO Box 161364 
Orlando, FL  32816-1364 
e-mail: znashed@mail.ucf.edu 
Inverse and Ill-Posed problems, 
Numerical Functional Analysis, 
Integral Equations, Optimization, 
Signal Analysis 
   
Mubenga N. Nkashama 
Department OF Mathematics 
University of Alabama at Birmingham 
Birmingham, AL 35294-1170 
205-934-2154 
e-mail: nkashama@math.uab.edu 
Ordinary Differential Equations, 
Partial Differential Equations 
 
Vassilis Papanicolaou 
Department of Mathematics 
National Technical University of 
Athens 
Zografou campus, 157 80 
Athens, Greece 
tel:: +30(210) 772 1722 
Fax   +30(210) 772 1775 
papanico@math.ntua.gr 
Partial Differential Equations, 

407



Probability 
 
Choonkil Park 
Department of Mathematics 
Hanyang University 
Seoul 133-791 
S. Korea, baak@hanyang.ac.kr 
Functional Equations 
 
Svetlozar (Zari) Rachev,  
Professor of Finance, College of 
Business, and Director of 
Quantitative Finance Program, 
Department of Applied Mathematics & 
Statistics 
Stonybrook University 
312 Harriman Hall, Stony Brook, NY 
11794-3775 
tel: +1-631-632-1998, 
svetlozar.rachev@stonybrook.edu 
 
Alexander G. Ramm 
Mathematics Department  
Kansas State University 
Manhattan, KS 66506-2602 
e-mail: ramm@math.ksu.edu  
Inverse and Ill-posed Problems,  
Scattering Theory, Operator Theory,  
Theoretical Numerical Analysis, 
Wave Propagation, Signal Processing 
and Tomography 
 
Tomasz Rychlik 
Polish Academy of Sciences 
Instytut Matematyczny PAN 
00-956 Warszawa, skr. poczt. 21 
ul. Śniadeckich 8 
Poland  
trychlik@impan.pl 
Mathematical Statistics, 
Probabilistic Inequalities 
 
Boris Shekhtman 
Department of Mathematics 
University of South Florida 
Tampa, FL 33620, USA 
Tel  813-974-9710  
shekhtma@usf.edu 
Approximation Theory, Banach 
spaces, Classical Analysis 
 
T. E. Simos 
Department of Computer 
Science and Technology 
Faculty of Sciences and Technology 
University of Peloponnese 
GR-221 00 Tripolis, Greece 

Postal Address: 
26 Menelaou St. 
Anfithea - Paleon Faliron 
GR-175 64 Athens, Greece 
tsimos@mail.ariadne-t.gr 
Numerical Analysis 
 
H. M. Srivastava 
Department of Mathematics and 
Statistics 
University of Victoria 
Victoria, British Columbia V8W 3R4 
Canada 
tel.250-472-5313; office,250-477-
6960 home, fax 250-721-8962 
harimsri@math.uvic.ca 
Real and Complex Analysis, 
Fractional Calculus and Appl., 
Integral Equations and Transforms, 
Higher Transcendental Functions and 
Appl.,q-Series and q-Polynomials, 
Analytic Number Th. 
 
I. P. Stavroulakis 
Department of Mathematics 
University of Ioannina 
451-10 Ioannina, Greece 
ipstav@cc.uoi.gr 
Differential Equations 
Phone  +3-065-109-8283 
 
Manfred Tasche 
Department of Mathematics 
University of Rostock 
D-18051 Rostock, Germany 
manfred.tasche@mathematik.uni-  
rostock.de 
Numerical Fourier Analysis, Fourier  
Analysis, Harmonic Analysis, Signal  
Analysis, Spectral Methods, 
Wavelets, Splines, Approximation 
Theory 
 
Roberto Triggiani 
Department of Mathematical Sciences 
University of Memphis 
Memphis, TN 38152 
PDE, Control Theory, Functional    
Analysis, rtrggani@memphis.edu   
 

Juan J. Trujillo 
University of La Laguna 
Departamento de Analisis Matematico 
C/Astr.Fco.Sanchez s/n 
38271. LaLaguna. Tenerife. 
SPAIN 

408



Tel/Fax 34-922-318209 
Juan.Trujillo@ull.es 
Fractional: Differential Equations-
Operators-Fourier Transforms, 
Special functions, Approximations, 
and Applications 
 
Ram Verma 
International Publications 
1200 Dallas Drive #824 Denton, 
TX 76205, USA 
Verma99@msn.com 
Applied Nonlinear Analysis, 
Numerical Analysis, Variational 
Inequalities, Optimization Theory, 
Computational Mathematics, Operator 
Theory 

Xiang Ming Yu 
Department of Mathematical Sciences 
Southwest Missouri State University 
Springfield, MO 65804-0094 
417-836-5931 
xmy944f@missouristate.edu 
Classical Approximation Theory,  
Wavelets 
  
Xiao-Jun Yang 
State Key Laboratory for Geomechanics 
 and Deep Underground Engineering, 
China University of Mining and Technology, 
 Xuzhou 221116, China 
Local Fractional Calculus and Applications, 
 Fractional Calculus and Applications, 
 General Fractional Calculus and 
Applications, 
 Variable-order Calculus and Applications, 
 Viscoelasticity and Computational methods 
 for Mathematical 
Physics.dyangxiaojun@163.com 
 

 
 
 
Richard A. Zalik 
Department of Mathematics 
Auburn University 
Auburn University, AL 36849-5310 
USA. 
Tel 334-844-6557 office 
      678-642-8703 home 
Fax 334-844-6555 
zalik@auburn.edu 

Approximation Theory, Chebychev 
Systems, Wavelet Theory 
 
Ahmed I. Zayed 
Department of Mathematical Sciences 
DePaul University 
2320 N. Kenmore Ave. 
Chicago, IL 60614-3250 
773-325-7808 
e-mail: azayed@condor.depaul.edu 
Shannon sampling theory, Harmonic  
analysis and wavelets, Special  
functions and orthogonal 
polynomials, Integral transforms 
 
Ding-Xuan Zhou 
Department Of Mathematics 
City University of Hong Kong 
83 Tat Chee Avenue 
Kowloon, Hong Kong 
852-2788 9708,Fax:852-2788 8561 
e-mail: mazhou@cityu.edu.hk 
Approximation Theory, Spline 
functions, Wavelets 
 
Xin-long Zhou 
Fachbereich Mathematik, Fachgebiet  
Informatik 
Gerhard-Mercator-Universitat 
Duisburg 
Lotharstr.65, D-47048 Duisburg, 
Germany 
e-mail:Xzhou@informatik.uni- 
duisburg.de 
Fourier Analysis, Computer-Aided  
Geometric Design, Computational  
Complexity, Multivariate  
Approximation Theory, Approximation 
and Interpolation Theory 

Jessada Tariboon 
Department of Mathematics 
King Mongut’s University of Technology N. 
Bangkok 
1518 Pracharat 1 Rd., Wongsawang, 
Bangsue, Bangkok, Thailand 10800 
jessada.t@sci.kmutnb.ac.th, Time scales 
Differential/Difference Equations, 
Fractional Differential Equations 

409

mailto:Verma99@msn.com
mailto:dyangxiaojun@163.com
mailto:jessada.t@sci.kmutnb.ac.th


 
Instructions to Contributors 

 Journal of Computational Analysis and Applications 
  An international publication of Eudoxus Press, LLC, of TN.  

  
Editor in Chief: George Anastassiou 

Department of Mathematical Sciences  
University of Memphis 

Memphis, TN 38152-3240, U.S.A. 
 
       

 
      1. Manuscripts files in Latex and PDF and in English, should be submitted via 
email to the Editor-in-Chief: 
 
      Prof.George A. Anastassiou  
      Department of Mathematical Sciences  
      The University of Memphis  
      Memphis,TN 38152, USA.  
      Tel. 901.678.3144  
      e-mail: ganastss@memphis.edu  
 
Authors may want to recommend an associate editor the most related to the 
submission to possibly handle it. 
 
      Also authors may want to submit a list of six possible referees, to be used in case we 
cannot find related referees by ourselves. 
 
 
2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or AMS-LaTEX 
and according to EUDOXUS PRESS, LLC. LATEX STYLE FILE. (Click HERE to 
save a copy of the style file.)They should be carefully prepared in all respects. 
Submitted articles should be brightly typed (not dot-matrix), double spaced, in ten 
point type size and in 8(1/2)x11 inch area per page. Manuscripts should have generous 
margins on all sides and should not exceed 24 pages. 
 
3. Submission is a representation that the manuscript has not been published 
previously in this or any other similar form and is not currently under consideration 
for publication elsewhere. A statement transferring from the authors(or their 
employers,if they hold the copyright) to Eudoxus Press, LLC, will be required before 
the manuscript can be accepted for publication.The Editor-in-Chief will supply the 
necessary forms for this transfer.Such a written transfer of copyright,which previously 
was assumed to be implicit in the act of submitting a manuscript,is necessary under the 
U.S.Copyright Law in order for the publisher to carry through the dissemination of 
research results and reviews as widely and effective as possible. 
 

410

mailto:ganastss@memphis.edu?subject=JCAAM%20inquirey
http://www.msci.memphis.edu/%7Eganastss/jcaam/EUDOXStyle.tex


4. The paper starts with the title of the article, author's name(s) (no titles or degrees), 
author's affiliation(s) and e-mail addresses. The affiliation should comprise the 
department, institution (usually university or company), city, state (and/or nation) and 
mail code. 
 
      The following items, 5 and 6, should be on page no. 1 of the paper. 
 
5. An abstract is to be provided, preferably no longer than 150 words. 
 
6. A list of 5 key words is to be provided directly below the abstract. Key words should 
express the precise content of the manuscript, as they are used for indexing purposes. 
 
      The main body of the paper should begin on page no. 1, if possible. 
 
7. All sections should be numbered with Arabic numerals (such as: 1. 
INTRODUCTION) .  
Subsections should be identified with section and subsection numbers (such as 6.1. 
Second-Value Subheading). 
If applicable, an independent single-number system (one for each category) should be 
used to label all theorems, lemmas, propositions, corollaries, definitions, remarks, 
examples, etc. The label (such as Lemma 7) should be typed with paragraph 
indentation, followed by a period and the lemma itself. 
 
8. Mathematical notation must be typeset. Equations should be numbered 
consecutively with Arabic numerals in parentheses placed flush right, and should be 
thusly referred to in the text [such as Eqs.(2) and (5)]. The running title must be placed 
at the top of even numbered pages and the first author's name, et al., must be placed at 
the top of the odd numbed pages. 
 
9. Illustrations (photographs, drawings, diagrams, and charts) are to be numbered in 
one consecutive series of Arabic numerals. The captions for illustrations should be 
typed double space. All illustrations, charts, tables, etc., must be embedded in the body 
of the manuscript in proper, final, print position. In particular, manuscript, source, 
and PDF file version must be at camera ready stage for publication or they cannot be 
considered. 
 
    Tables are to be numbered (with Roman numerals) and referred to by number in 
the text. Center the title above the table, and type explanatory footnotes (indicated by 
superscript lowercase letters) below the table.  
 
10. List references alphabetically at the end of the paper and number them 
consecutively. Each must be cited in the text by the appropriate Arabic numeral in 
square brackets on the baseline.  
      References should include (in the following order):  
     initials of first and middle name, last name of author(s)  
      title of article,  

411



      name of publication, volume number, inclusive pages, and year of publication.  
 
      Authors should follow these examples: 
 
          Journal Article  
 
          1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by Gordon operators, 
(journal name in italics) J. Approx. Theory, 62,170-191(1990).  
 
          Book  
 
          2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), Chelsea,New York,1986.  
 
          Contribution to a Book  
 
          3. M.K.Khan, Approximation properties of beta operators,in(title of book in italics) Progress in 
Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic Press, New York,1991,pp.483-495. 
 
     11. All acknowledgements (including those for a grant and financial support) should 
occur in one paragraph that directly precedes the References section. 
 
     12. Footnotes should be avoided. When their use is absolutely necessary, footnotes 
should be numbered consecutively using Arabic numerals and should be typed at the 
bottom of the page to which they refer. Place a line above the footnote, so that it is set 
off from the text. Use the appropriate superscript numeral for citation in the text. 
 
     13. After each revision is made please again submit via email Latex and PDF files  
of the revised manuscript, including the final one. 
       
    14. Effective 1 Nov. 2009 for current journal page charges, contact the Editor in 
Chief. Upon acceptance of the paper an invoice will be sent to the contact author. The 
fee payment will be due one month from the invoice date. The article will proceed to 
publication only after the fee is paid. The charges are to be sent, by money order or 
certified check, in US dollars, payable to Eudoxus Press, LLC, to the address shown on 
the Eudoxus homepage.  
 
      No galleys will be sent and the contact author will receive one (1) electronic copy of 
the journal issue in which the article appears. 
 
 
     15. This journal will consider for publication only papers that contain proofs for 
their listed results. 

 
       
   
   

 

412

http://www.eudoxuspress.com/


A Numerical Technique for Solving Fuzzy Fractional
Optimal Control Problems†

Altyeb Mohammeda,b, Zeng-Tai Gonga,∗, Mawia Osmana

aCollege of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China
bFaculty of Mathematical Science, University of Khartoum, Khartoum, Sudan

Abstract In this paper, the fuzzy fractional optimal control problem with both fixed and free final
state conditions has been considered. Our problem is defined in the sense of Riemann-Liouville frac-
tional derivative based on Hukuhara difference, and the dynamic constraint is described by a fractional
differential equation of order less than 1. Using fuzzy variational approach, a necessary conditions
of our problem has been derived. A numerical technique based on Grünwald-Letnikov definition of
fractional derivative and the relation between right Riemann-Liouville fractional derivative and right
Caputo fractional derivative is proposed. Finally, some numerical examples are given to illustrate our
main results.
Keywords: Fuzzy fractional calculus;Grünwald-Letnikov fractional derivative;Fuzzy fractional optimal
control problem;Fixed final state problem;Free final state problem;Fuzzy variational approach;Necessary
conditions.

1. Introduction

Optimal control is the standard method for solving dynamic optimization problems, which deal with
finding a control law for a given system such that a certain optimality criterion is achieved. It’s playing
an increasingly important role in modern system design, and considered to be a powerful mathematical
tool that can be used to make decisions in real life. On the other hand, accurate modeling of some
real problems in scientific fields and engineering, sometimes lead to a set of fractional differential and
integral equations. Fractional optimal control problem is an optimal control problem whose dynamic
system is described by fractional differential equations. We can define the fractional optimal control
problem in sense of different definitions of fractional derivative, for example Riemann-Liouville fractional
derivative, Caputo fractional derivative and so on.

Due to, uncertainty in the input, output and manner of many dynamical systems, meanwhile,
fuzziness is a way to express an uncertain phenomena in real world. Thus, importing fuzziness in the
optimal control theory, give a better display of the problems with control parameters in real world such
as physical models and dynamical systems.

In the last decade, fuzzy fractional optimal control problems have attracted a great deal of attention
and the interest in the filed of fuzzy fractional optimal control problems has increased. In [1], Fard
and Soolaki, prove the necessary optimality conditions of pontryagin type for a class of fuzzy fractional
optimal control problems with the fuzzy fractional derivative described in the Caputo sense. In [2], Fard
and Salehi studied the constrained and unconstrained fuzzy fractional variational problems containing
the Caputo-type fractional derivatives using the approach of the generalized differentiability. In [3],
Karimyar and Fakharzadeh introduced the solution of fuzzy fractional optimal control problems by
using Mittag-Leffler function.

In this paper, we will study a fixed and free final state fuzzy fractional optimal control problems
with the fuzzy fractional derivative described in Riemann-Liouville type in sense of Hukuhara difference.

†This work is supported by National Natural Science Foundation of China(61763044).
∗Corresponding Author:Zeng-Tai Gong. Tel.: +869317971430. E-mail addresses: zt-gong@163.com email: altyebfm-

s@gmail.com
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Then, we derive the necessary conditions of that problems based on fuzzy variational approach. A
numerical algorithm is proposed to solve the necessary conditions to find the optimal fuzzy control and
optimal fuzzy state as a solutions of our problems. The definitions of a strong and weak solutions of
our problems are given, to guarantee the optimal solutions are a fuzzy functions.

This paper is organized as follows. In Section 2 we introduce and generalize some basic concepts
and notations that are key to our discussion. In Section 3 we present basic elements of fuzzy fractional
calculus and fuzzy calculus of variations. In Section 4 we establish our main results, Theorem(4.1),
that provides the necessary conditions of fuzzy fractional optimal control problems with both fixed
and free final state conditions. In Section 5 we propose a numerical technique to solve the necessary
conditions. Finally, we discuss the applicability of the main theorem and the numerical algorithm
through an examples.

2. Definitions and preliminaries

Here, we start with basic definitions and lemmas needed in the other sections for a better under-
standing of this work. The details of this concepts are clearly found in [7, 9, 10, 11, 12, 17].
Definition 2.1 A fuzzy set Ã : R → [0, 1] is called a fuzzy number if Ã is normal, convex fuzzy set,

upper semi-continuous and suppA = {x ∈ R|Ã(x) > 0} is compact, where M denotes the closure of M .
In the rest of this paper we use E1 to denote the fuzzy number space.

Where it is α−level set ã[α] = {x ∈ R : ã(x) ≥ α} = [al(α), ar(α)],∀α ∈ (0, 1], and 0−level set

ã[0] is defined as {x ∈ R|ã(x) > 0}. Obviously, the α-level set ã[α] = [al(α), ar(α)] is bounded closed
interval in R for all α ∈ [0, 1], where al(α) and ar(α) denote the left-hand and right-hand end points of
ã[α], respectively. ã is a crisp number with value k if its membership function is defined by,

ã(x) =

{
1 , x = k
0 , x ̸= k

Thus,

0̃(x) =

{
1 , x = 0
0 , x ̸= 0.

Let ũ, ṽ ∈ E1, k ∈ R, we can define the addition and scalar multiplication by using α-level set
respectively as

(ã+ b̃)[α] = ã[α] + b̃[α], (kã)[α] = kã[α],

where ã[α] + b̃[α] means the usual addition of two intervals of R, and kã[α] means the usual product
between a scalar and interval of R. Furthermore, the opposite of the fuzzy number ã is −ã, i.e.,
−ã(x) = ã(−x), it means, −ã[α] = [−ar(α),−al(α)].

The binary operation ”.” in R can be extended to the binary operation ”⊙” of two fuzzy numbers
by using the extension principle. Let ã and b̃ be fuzzy numbers, then

(ã⊙ b̃)(z) = sup
x·y=z

min{ã(x), b̃(x)}.

Using α-level set the product (ã⊙ b̃) is defined by

(ã⊙ b̃)[α] =
[
min{al(α)bl(α), al(α)br(α), ar(α)bl(α), ar(α)br(α)},

max{al(α)bl(α), al(α)br(α), ar(α)bl(α), ar(α)br(α)}
]
.

The metric structure is given by the Hausdorff distance D : E1 × E1 ×R → R+ ∪ {0},

D(ã, b̃) = sup
α∈[0,1]

max{| al(α)− bl(α) |, | ar(α)− br(α) |}.
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A special class of fuzzy numbers is the class of triangular fuzzy numbers. For a1 < a2 < a3 and
a1, a2, a3 ∈ R, the triangular fuzzy number ã is generally denoted by ã = (a1, a2, a3) is determined by
a1, a2, a3 such that al(α) = a1+(a2−a1)α and ar(α) = a3− (a3−a2)α, when α = 0 then ã[0] = [a1, a3]
and when α = 1 then ã[1] = [a2, a2] = a2.

We know that, we can identify a fuzzy number ã ∈ E1 by the left and right hand functions of its
α−level set, the following lemma introduce the properties of this functions.
Lemma 2.1 Suppose that al : [0, 1] → R and ar : [0, 1] → R satisfy the conditions:

C1: al is bounded increasing function,

C2: ar is bounded decreasing function,

C3: al(1) ≤ ar(1),

C4: lim
α→k−

al(α) = al(k) and lim
α→k−

ar(α) = ar(k), for all 0 < k ≤ 1,

C5: lim
α→0+

al(α) = al(0) and lim
α→0+

ar(α) = ar(0).

Then ã : R → [0, 1] defined by ã(x) = sup{α|al(α) ≤ x ≤ ar(α)} is a fuzzy number with ã[α] =
[al(α), ar(α)]. Moreover, if ã : R → [0, 1] is a fuzzy number with ã[α] = [al(α), ar(α)], then the
functions al(α) and ar(α) satisfy conditions C1- C5.

Definition 2.2 (H-difference). Let ã, b̃ ∈ E1, where ã[α] = [al(α), ar(α)] and b̃[α] = [bl(α), br(α)] for
all α ∈ [0, 1], the H-difference is defined by

ã⊖ b̃ = c̃ ⇐⇒ ã = b̃+ c̃.

Obviously, ã⊖ ã = 0̃, and the α-level set of H-difference is

(ã⊖ b̃)[α] = [al(α)− bl(α), ar(α)− br(α)],∀α ∈ [0, 1].

Definition 2.3 (Partial ordering). Let ã, b̃ ∈ E1, we write ã ≼ b̃, if al(α) ≤ bl(α) and ar(α) ≤ br(α)

for all α ∈ [0, 1]. We also write ã ≺ b̃, if ã ≼ b̃ and there exists α0 ∈ [0, 1] such that al(α0) < bl(α0) or

ar(α0) < br(α0). Furthermore, ã = b̃, if ã ≼ b̃ and ã ≽ b̃. In other words, ã = b̃, if ã[α] = b̃[α] for all
α ∈ [0, 1].

In the sequel, we say that ã, b̃ ∈ E1 are comparable if either ã ≼ b̃ or ã ≽ b̃, and non-comparable
otherwise.

From now we consider S as a subset of R.
Definition 2.4 (Fuzzy valued function). The function f̃ : S → E1 is called a fuzzy-valued function

if f̃(t) is assign a fuzzy number for any e ∈ S. We also denote f̃(t)[α] = [f l(t, α), f r(t, α)], where

f l(t, α) = (f̃(t))l(α) = min{f̃(t)[α]} and f r(t, α) = (f̃(t))r(α) = max{f̃(t)[α]}. Therefore any fuzzy-

valued function f̃ may be understood by f l(t, α) and f r(t, α) being respectively a bounded increasing
function of α and a bounded decreasing function of α for α ∈ [0, 1]. And also it holds f l(t, α) ≤ f r(t, α)
for any α ∈ [0, 1].

Definition 2.5 (Continuity of a fuzzy valued function). We say that f̃ : S → E1 is continuous at
t ∈ S, if both f l(t, α) and f r(t, α) are continuous functions at t ∈ S for all α ∈ [0, 1].

If f̃(t) is continuous in the metric D, then its definite integral exists and defined by

b∫
a

f̃(t)[α]dt =

 b∫
a

f l(t, α)dt,

b∫
a

f r(t, α)dt

 .

Definition 2.6 (Distance measure between fuzzy valued functions). Suppose that f̃ , g̃ : S → E1 are

two fuzzy functions. We define the distance measure between f̃ and g̃ by

DE1(f̃(x), g̃(x)) = sup
0≤α≤1

H(f̃(x)[α], g̃(x)[α])

= max{ sup
z∈f̃(x)[α]

d(z, g̃(x)[α]), sup
y∈g̃(x)[α]

d(f̃(x)[α], y)}, ∀x ∈ S.
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Where H is the Hausdorff metric on the family of all nonempty compact subsets of R, and

d(a,B) = inf
b∈B

d(a, b).

Moreover, we can define
∥ f̃(x) ∥2E1= DE1(f̃(x), f̃(x)), ∀x ∈ S,

for any f̃ : S → E1.

3. Elements of fuzzy fractional calculus and fuzzy calculus of variations

Several definitions of a fractional derivative have been studied, such as Riemann-Liouville, Grünwald-
Letnikov, Caputo and so on. In this paper, we deal with the problems defined by Riemann-Liouville
fractional derivative. In this section, we first introduce the definition of fuzzy Riemann-Liouville inte-
grals and derivatives in sense of Hukuhara difference.
Definition 3.1(see [6]) Let f̃(x) be continuous and Lebesgue integrable fuzzy valued function in [a, b] ∈
R and 0 < β ≤ 1, then the fuzzy Riemann-Liouville integral of f̃(x) of order β is defined by

aI
β
x f̃(x) =

1

Γ(β)

∫ x

a
f̃(t)(x− t)β−1dt,

where Γ(β) is the Gamma function and x > a.

Theorem 3.1(see [6]) Let f̃(x) be continuous and Lebesgue integrable fuzzy valued function in [a, b] ∈
R. The fuzzy Riemann-Liouville integral of f̃(x) can be expressed as follows

aI
β
x f̃(x) [α] =

[
aI

β
x f

l(x, α),a I
β
x f

r(x, α)
]
, 0 ≤ α ≤ 1,

where

aI
β
x f

l(x, α) =
1

Γ(β)

∫ x

a
f l(t, α)(x− t)β−1dt,

aI
β
x f

r(x, α) =
1

Γ(β)

∫ x

a
f r(t, α)(x− t)β−1dt.

In the next definition, we define the fuzzy Riemann-Liouville fractional derivative of order 0 < β < 1
of a fuzzy valued function f̃(x).

Definition 3.2(see [6]) Let f̃(x) be continuous and Lebesgue integrable fuzzy valued function in [a, b] ∈
R. x0 ∈ (a, b) and then: G(x) = 1

Γ(1−β)

∫ x
a

f̃(t)dt
(x−t)β

. We say that f̃ is Riemann-Liouville H-differentiable

of order 0 < β < 1 at x0, if there exist an element aD
β
x f̃(x0) ∈ E1 such that for h > 0 sufficiently small

(1) aD
β
x f̃(x0) = lim

h→0+

G(x0+h)⊖G(x0)
h = lim

h→0+

G(x0)⊖G(x0−h)
h ,

or

(2) aD
β
x f̃(x0) = lim

h→0+

G(x0)⊖G(x0+h)
−h = lim

h→0+

G(x0−h)⊖G(x0)
−h ,

or

(3) aD
β
x f̃(x0) = lim

h→0+

G(x0+h)⊖G(x0)
h = lim

h→0+

G(x0−h)⊖G(x0)
−h ,

or

(4) aD
β
x f̃(x0) = lim

h→0+

G(x0)⊖G(x0+h)
−h = lim

h→0+

G(x0)⊖G(x0−h)
h .
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For sake of simplicity, we say that the fuzzy valued function f̃(x) is Riemann-Liouville [(i)−β]−differentiable
if it is differentiable as in the Definition(3.2) case(i), i = 1, 2, 3, 4 respectively.

Theorem 3.2(see [6]) Let f̃(x) be continuous and Lebesgue integrable fuzzy valued function in [a, b] ∈
R and f̃(x)[α] = [f l(x, α), f r(x, α)],then for α ∈ [0, 1], x ∈ (a, b) and β ∈ (0, 1)

(i) Let us consider f̃ is Riemann-Liouville [(1)− β]−differentiable fuzzy-valued function, then:

aD
β
x f̃(x0)[α] =

[
aD

β
xf

l(x0, α),aD
β
xf

r(x0, α)
]
.

(ii) Let us consider f̃ is Riemann-Liouville [(2)− β]−differentiable fuzzy-valued function, then:

aD
β
x f̃(x0)[α] =

[
aD

β
xf

r(x0, α),aD
β
xf

l(x0, α)
]
.

Where

aD
β
xf

l(x0, α) =

[
1

Γ(1− β)

d

dx

∫ x

a

f l(t, α)dt

(x− t)β

]∣∣∣∣
x=x0

,

aD
β
xf

r(x0, α) =

[
1

Γ(1− β)

d

dx

∫ x

a

f r(t, α)dt

(x− t)β

]∣∣∣∣
x=x0

.

Theorem 3.3(see [6]) Let f̃(x) be continuous and Lebesgue integrable fuzzy valued function in [a, b]
is a Riemann-Liouville H-differentiable of order 0 < β < 1 on each point x ∈ (a, b) in the sense of

Definition(3.2) case(3) or case(4), then aD
β
x f̃(x) ∈ R for all x ∈ (a, b).

Now we state some elements of fuzzy calculus of variations.
Definition 3.3(Fuzzy increment[10]). Suppose that x̃(.) and x̃(.) + δx̃(.) are fuzzy functions for which
the fuzzy functional J̃ is defined. The increment of J̃ , denoted by ∆J̃ , is

∆J̃ := J̃(x̃+ δx̃)⊖ J̃(x), (3.1)

Where δx̃(.) is the variation of x̃(.).
Because the increment ∆J̃ depends on the fuzzy functions x̃ and δx̃, we denote ∆J̃ by ∆J̃(x̃, δx̃).

Definition 3.4(Differentiability of a fuzzy functional[10, 15]). Suppose that ∆J̃ can be written as

∆J̃(x̃, δx̃) := δJ̃(x̃, δx̃) + j̃(x̃, δx̃)· ∥ δx̃ ∥E1 , (3.2)

Where δJ̃ is linear in δx̃. We say that J̃ is differentiable with respect to x̃ if for any ϵ > 0 ,

DE1(j̃(x̃, δx̃), 0) < ϵ, as ∥ δx̃(.) ∥E1→ 0.

From now C̃[t0, t1] represent the class of all fuzzy continuous functions on [t0, t1].
Definition 3.5(Fuzzy relative minimum[10]) A fuzzy functional J̃ with domain C̃[t0, t1], has a fuzzy
relative minimizer x̃∗ = x̃∗(t), if

J̃(x̃) ≽ J̃(x̃∗), (3.3)

for all fuzzy functions x̃ ∈ C̃[t0, t1].
It is clear that the inequality (3.3) holds iff

J l(x̃, α) ≥ J l(x̃∗, α), and Jr(x̃, α) ≥ Jr(x̃∗, α), (3.4)

for all α ∈ [0, 1] and all x̃ ∈ C̃[t0, t1].
The following theorem is the fundamental theorem of the calculus of variations in fuzzy environment.

Theorem 3.4 Let x̃, δx̃ ∈ C̃[t0, t1] be two fuzzy functions of t ∈ [t0, t1], and J̃(x̃) differentiable fuzzy
functional of x̃. If x̃∗ is a fuzzy minimizer of J̃ , then the variation of J̃ regardless of any boundary
conditions must vanish on x̃∗, that is,

δJ̃(x̃∗, δx̃) = 0, (3.5)
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for all admissible δx̃ having the property x̃+ δx̃ ∈ C̃[t0, t1].
It is obviously that the equality (3.5) holds if and only if

δJ l(x̃∗(t)[α], δx̃(t)[α], t, α) = 0, (3.6)

δJr(x̃∗(t)[α], δx̃(t)[α], t, α) = 0, (3.7)

for all α ∈ [0, 1], t ∈ [t0, t1] and all admissible δx̃ where,

δx̃(t)[α] = [δxl(t, α), δxr(t, α)].

Proof. See [10]

4. Fuzzy fractional optimal control problem

In this section, we first define fuzzy fractional optimal control problem with fixed and free final
state conditions, and then we derive necessary conditions for optimality by applying fuzzy variational
approaches to our problem.

We define fuzzy fractional optimal control problem as:

min
ũ

J̃(ũ) = ϕ̃(x̃(t1), t1) +

t1∫
t0

f̃(x̃(t), ũ(t), t)dt,

subject to: t0D
β
t x̃ = g̃(x̃(t), ũ(t), t)

x̃(t0) = x̃0.

(4.1)

For fixed final state problem we have additional condition x̃(t1) = x̃1. Where f̃ , g̃ : E1 ×E1 ×R → E1

are assumed to be continuous first and second partial derivatives on t ∈ I = [t0, t1] ⊆ R with respect to
all their arguments and Riemann integrable, the fuzzy state x̃(t) and the fuzzy control ũ(t) are functions
of t ∈ I, and the fuzzy state function x̃(t) is Riemann-Liouville [(1) − β]−differentiable fuzzy-valued
function and satisfies appropriate boundary conditions, and β ∈ (0, 1).
Definition 4.1 We say that an admissible fuzzy curve (x̃∗, ũ∗) is solution of (4.1), if for all admissible
fuzzy curve (x̃, ũ) of (4.1),

J̃(x̃∗, ũ∗) ≼ J̃(x̃, ũ).

Note that, we consider an admissible fuzzy control ũ is not bounded.
Remark 4.1 If we choose β = 1, problem (4.1) is reduced to classical fuzzy optimal control problem.
Definition 4.2(Fuzzy Hamiltonian Function). We define fuzzy Hamiltonian function as,

H̃(x̃(t), ũ(t), λ̃(t), t) = f̃(x̃(t), ũ(t), t) + λ̃(t)g̃(x̃(t), ũ(t), t). (4.2)

It means that,
H̃(x̃(t), ũ(t), λ̃(t), t)[α] = [H l(xl, ul, λl, t, α),Hr(xr, ur, λr, t, α)]. (4.3)

for any α ∈ [0, 1], and where H l(xl, ul, λl, t, α) and Hr(xr, ur, λr, t, α) are classical Hamiltonian func-
tions.
Remark 4.2 In the following theorem, we assume that J l(x̃(t), ũ(t), λ̃(t), t) (or Jr(x̃(t), ũ(t), λ̃(t), t))
is stated in terms containing only xl(t, α), ul(t, α) and λl(t, α) (or only xr(t, α), ur(t, α) and λr(t, α))
in order to simplify the result presentations.
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4.1 Derivation of Necessary Conditions

Now we are in the position to state a fundamental result of this work in the following theorem.
Theorem 4.1(Necessary Conditions) Assume that x̃∗(t) be an admissible fuzzy state and ũ∗(t) be an
admissible fuzzy control. Then the necessary conditions for ũ∗ to be an optimal control for (4.1) and
for all α ∈ [0, 1], t ∈ [t0, t1] are:

t0D
β
t x

∗l(t, α) =
∂H l

∂λl
(x∗

l
(t, α), u∗

l
(t, α), λ∗l(t, α), t, α), (4.4)

t0D
β
t x

∗r(t, α) =
∂Hr

∂λr
(x∗

r
(t, α), u∗

r
(t, α), λ∗r(t, α), t, α), (4.5)

C
t D

β
t1
λ∗l(t, α) =

∂H l

∂xl
(x∗

l
(t, α), u∗

l
(t, α), λ∗l(t, α), t, α), (4.6)

C
t D

β
t1
λ∗r(t, α) =

∂Hr

∂xr
(x∗

r
(t, α), u∗

r
(t, α), λ∗r(t, α), t, α), (4.7)

∂H l

∂ul
(x∗

l
(t, α), u∗

l
(t, α), λ∗l(t, α), t, α) = 0, (4.8)

∂Hr

∂ur
(x∗

r
(t, α), u∗

r
(t, α), λ∗r(t, α), t, α) = 0. (4.9)

with

λl(t1, α) =
∂ϕl

∂xl

∣∣∣∣
t=t1

, (4.10)

λr(t1, α) =
∂ϕr

∂xr

∣∣∣∣
t=t1

. (4.11)

for free final state problems.
Proof. First we adopt fuzzy lagrange multiplier to form an augmented functional incorporating

the constraints, then we modify the performance index as,

J̃a(ũ) =

t1∫
t0

[
f̃(x̃(t), ũ(t), t) +

dϕ̃

dt
+ λ̃

(
g̃(x̃(t), ũ(t), t)⊖t0 D

β
t x̃
)]

dt, (4.12)

It means that,

[
J l
a(u

l, α), Jr
a(u

r, α)
]
=

 t1∫
t0

[
f l(xl, ul, t, α) +

dϕl

dt
+ λl(t, α)

(
gl(xl, ul, t, α)− t0D

β
t x

l
)]

dt,

t1∫
t0

[
f r(xr, ur, t, α) +

dϕr

dt
+ λr

(
gr(xr, ur, t, α)− t0D

β
t x

r
)]

dt

 .

In the remaining of the proof we will ignore the similar arguments and only we consider the left hand
of all functions of its α-level set.

J l
a(u

l, α) =

t1∫
t0

[
f l(xl(t), ul(t), t, α) + λl(t, α)gl(xl(t), ul(t), t, α)− λl(t, α)t0D

β
t x

l(t, α) +
dϕl

dt

]
dt.

(4.13)
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Using the definition of fuzzy Hamiltonian function, then we can rewrite equation (4.13) as,

J l
a(u

l, α) =

t1∫
t0

[
H l(xl(t), ul(t), λl(t), t, α) +

dϕl

dt
− λl(t, α)t0D

β
t x

l(t, α)

]
. (4.14)

Taking variation of equation (4.14), we obtain

δJ l
a(u

l, α) =

t1∫
t0

∂H l

∂xl
δxl +

∂H l

∂ul
δul +

∂H l

∂λl
δλl +

∂ϕl

∂xl
δxl − δλl

t0D
β
t x

l − λlδt0D
β
t x

l, (4.15)

where δxl, δλl and δul are the variations of xl, λl and ul respectively.
Using the formula for fractional integration by parts, integrate the last term on the RHS of (4.15),

then we obtain

δJ l
a(u

l, α) =

t1∫
t0

(
∂H l

∂xl
−C

t Dβ
t1
λl

)
δxl +

∂H l

∂ul
δul +

(
∂H l

∂λl
− t0D

β
t x

l

)
δλldt+

(
∂ϕl

∂xl
− λl

)∣∣∣∣
t=t1

δxl(t1).

(4.16)

where C
t D

β
t1

represent the classical right Caputo fractional derivative.

u∗
l
is an extremal if the variation of J l

a is zero, that is, for all α ∈ [0, 1] we require

t1∫
t0

(
∂H l

∂xl
−C

t Dβ
t1
λl

)
δxl +

∂H l

∂ul
δul +

(
∂H l

∂λl
− t0D

β
t x

l

)
δλldt+

(
∂ϕl

∂xl
− λl

)∣∣∣∣
t=t1

δxl(t1) = 0. (4.17)

It is convenient to choose the coefficients of δxl, δul, and δλl in (4.17) to be zero. This leads to

t0D
β
t x

∗l(t, α) =
∂H l

∂λl
(x∗

l
(t, α), u∗

l
(t, α), λ∗l(t, α), t, α), (4.18)

C
t D

β
t1
λ∗l(t, α) =

∂H l

∂xl
(x∗

l
(t, α), u∗

l
(t, α), λ∗l(t, α), t, α), (4.19)

∂H l

∂ul
(x∗

l
(t, α), u∗

l
(t, α), λ∗l(t, α), t, α) = 0, (4.20)

Finally, we have (
∂ϕl

∂xl
− λl

)∣∣∣∣
t=t1

δxl(t1) = 0, (4.21)

1. For the fixed final state problem
δxl(t1) = 0, (4.22)

2. For the free final state problem (
∂ϕl

∂xl
− λl

)∣∣∣∣
t=t1

= 0. (4.23)

Equations (4.18)−(4.20) represents the necessary conditions for u∗
l
to be an optimal with the condition

(4.22) for the fixed final state problem and (4.23) for the free final state problem.
By following the same steps(using the right hand of all functions of its α-level set ) for δJr

a(u
∗r , α) =

0, for all α ∈ [0, 1] and t ∈ [0, 1], we will obtain

t0D
β
t x

∗l(t, α) =
∂Hr

∂λr
(x∗

r
(t, α), u∗

r
(t, α), λ∗r(t, α), t, α), (4.24)
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C
t D

β
t1
λ∗r(t, α) =

∂H l

∂xr
(x∗

r
(t, α), u∗

r
(t, α), λ∗l(t, α), t, α), (4.25)

∂Hr

∂ur
(x∗

r
(t, α), u∗

r
(t, α), λ∗r(t, α), t, α) = 0. (4.26)

Equations (4.24) − (4.26) represents the necessary conditions for u∗
r
to be an extremal with the con-

ditions δxr(t1) = 0 for the fixed final state problem and
(
∂ϕr

∂xr − λl
)∣∣∣

t=t1
= 0 for the free final state

problem.
The above equations form a set of necessary conditions that the left and right hand functions of its

α−level set of the fuzzy optimal control ũ∗ and fuzzy optimal state x̃∗ must satisfy. 2

We know that, ũ∗(t) and x̃∗(t) are a fuzzy numbers with ũ∗(t)[α] =
[
u∗

l
(t, α), u∗

r
(t, α)

]
and

x̃∗(t)[α] =
[
x∗

l
(t, α), x∗

r
(t, α)

]
if u∗

l
(t, α), u∗

r
(t, α), x∗

l
(t, α) and x∗

r
(t, α) satisfy are related proper-

ties in C1-C5 of Lemma(2.1). In the following definition, based on the conditions C1 and C2 of
Lemma(2.1), we introduce the definition of strong and weak solutions of our problem.
Definition 4.3(Strong and Weak Solutions).

1. (Strong Solution). We say that ũ∗(t)[α] and x̃∗(t)[α] are strong solutions of (4.1) if ul
∗
(t, α), ur

∗
(t, α)

,xl
∗
(t, α) and xr

∗
(t, α) obtained from (4.4)− (4.11) satisfy the conditions C1-C2 of Lemma(2.1),

for all t ∈ [t0, t1] and α ∈ [0, 1].

2. (Weak Solution). We say that ũ∗(t)[α] and x̃∗(t)[α] are weak solutions of (4.1) if ul
∗
(t, α), ur

∗
(t, α)

,xl
∗
(t, α) and xr

∗
(t, α) obtained from (4.4) − (4.11) do not satisfy the conditions C1-C2 of

Lemma(2.1), then we define ũ∗(t)[α] and x̃∗(t)[α] as:

ũ∗(t)[α] =
[2ur

∗
(t, 1)− ul

∗
(t, α), ur

∗
(t, α)], if ul

∗
, ur

∗
are decreasing functions of α,

[ul
∗
(t, α), 2ul

∗
(t, 1)− ur

∗
(t, α)], if ul

∗
, ur

∗
are increasing functions of α,

[ur
∗
(t, α), ul

∗
(t, α)], if ul

∗
is decreasing and ur

∗
is increasing of α

and,

x̃∗(t)[α] =
[2xr

∗
(t, 1)− xl

∗
(t, α), xr

∗
(t, α)], if xl

∗
, xr

∗
are decreasing functions of α,

[xl
∗
(t, α), 2xl

∗
(t, 1)− xr

∗
(t, α)], if xl

∗
, xr

∗
are increasing functions of α,

[xr
∗
(t, α), xl

∗
(t, α)], if xl

∗
is decreasing and xr

∗
is increasing of α

for all t ∈ [t0, t1] and α ∈ [0, 1].
Now, we consider fixed and free final state problems with a quadratic performance index.

4.2 Fixed Final State Problem

We can define fuzzy fractional optimal control problem with fixed final state as

min
ũ

J̃(ũ) =
1

2

t1∫
t0

[
q(t)x̃2 + r(t)ũ2

]
dt,

subject to: 0D
β
t x̃ = a(t)x̃+ b(t)ũ,

x̃(t0) = x̃0, x̃(t1) = x̃1.

(4.27)

where q(t) ≥ 0 and r(t) > 0.
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Theorem(4.1), give the necessary conditions for u∗
l
to be an optimal as

t0D
β
t x

l = a(t)xl + b(t)ul, (4.28)

C
t D

β
t1
λl = q(t)xl + a(t)λl, (4.29)

r(t)ul + b(t)λl = 0. (4.30)

Equations (4.28) and (4.30) gives

t0D
β
t x

l = a(t)xl − r−1(t)b2(t)λl. (4.31)

We will obtain xl(t, α) and ul(t, α) by solving Equations (4.29)− (4.31) with the boundary conditions
xl(t0) = xl0 and xl(t1) = xl1.

Similarly Theorem(4.1), give the necessary conditions for u∗
r
to be an optimal as

t0D
β
t x

r = a(t)xr + b(t)ur, (4.32)

C
t D

β
t1
λr = q(t)xr + a(t)λr, (4.33)

r(t)ur + b(t)λr = 0. (4.34)

Equations (4.32) and (4.34) gives

t0D
β
t x

r = a(t)xr − r−1(t)b2(t)λr. (4.35)

We will obtain xr(t, α) and ur(t, α) by solving Equations (4.33)− (4.35) with the boundary conditions
xr(t0) = xr0 and xr(t1) = xr1.

4.3 Free Final State Problem

We can define fuzzy fractional optimal control problem with free final state as

min
ũ

J̃(ũ) = ϕ̃(x̃(t1), t1) +
1

2

t1∫
t0

[
q(t)x̃2 + r(t)ũ2

]
dt,

subject to: t0D
β
t x̃ = a(t)x̃+ b(t)ũ,

x̃(t0) = x̃0.

(4.36)

where q(t) ≥ 0 and r(t) > 0.
Following the same steps, we will obtain xl(t, α) and ul(t, α) by solving Equations (4.29) − (4.31)

with respect to the conditions

xl(t0) = xl0 and λl(t1, α) =

(
∂ϕl

∂xl

)∣∣∣∣
t=t1

. (4.37)

Also we will obtain xr(t, α) and ur(t, α) by solving Equations (4.33) − (4.35) with respect to the
conditions

xr(t0) = xr0 and λr(t1, α) =

(
∂ϕr

∂xr

)∣∣∣∣
t=t1

. (4.38)

In the next section we propose an algorithm used to find the solution of both cases numerically, the
details of this algorithm in [4, 5].
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5. Numerical technique

Considering the both cases of fixed and free final state problems defined above, in order to find
the solution of our problems, we use the Grünwald-Letnikov(GL-for short) approximation of the left
Riemann-Liouville fractional derivative and using the relation between right Riemann-Liouville fraction-
al derivative and right Caputo fractional derivative and then use GL-approximation, we can approximate
(4.31) and (4.29) as

m∑
j=0

h−βw
(β)
j xlm−j = a(mh)xlm − r−1(mh)b2(mh)λl

m, (5.1)

for m = 1, 2, ..., N , and

m∑
j=0

h−βw
(β)
j λl

m+j = q(mh)xlm + a(mh)λl
m +

λl
N (t1 −mh)−β

γ(1− β)
, (5.2)

for m = N−1, N−2, ..., 0, respectively. Where N is the number of equal divisions of the interval [0, t1],
the nodes are labeled as 0, 1, ..., N . The size of each division is given as h = t1

N , and tj = jh represent
the time at node j. The coefficients are defined as

wβ
j = (−1)j

(
β

j

)
. (5.3)

Where xli and λl
i represent the numerical approximations of xl(t, α) and λl(t, α) at node i.

Similarly, we can approximate (4.35) and (4.33) as

m∑
j=0

h−βw
(β)
j xrm−j = a(mh)xrm − r−1(mh)b2(mh)λr

m, (5.4)

for m = 1, 2, ..., N , and

m∑
j=0

h−βw
(β)
j λr

m+j = q(mh)xrm + a(mh)λl
m +

λr
N (t1 −mh)−β

γ(1− β)
, (5.5)

for m = N − 1, N − 2, ..., 0, respectively.
Also xri and λr

i represent the numerical approximations of xr(t, α) and λr(t, α) at node i. In
general, Equations (5.1) and (5.2) or Equations (5.4) and (5.5) give a set of 2N equations in terms of
2N variables, i.e., Ax = b, it means that, we can use any linear equation solver to find the solution.
Regardless the left and right bounds of the fuzzy numbers x̃ and λ̃, the vector x is constructed as
follows

• For fixed final state problem

x = [x1 x2 ... xN−1 λ0 λ1 ... λN ]T .

• For free final state problem

x = [x1 x2 ... xN λ0 λ1 ... λN−1]
T .

In the next section, we will give four examples can serve to illustrate our main results.
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6. Numerical examples

Example 6.1 Find the fuzzy control that minimize

J̃(ũ(t)) =
1

2

1∫
0

[
x̃2 + ũ2

]
dt

subject to:

0D
β
t x̃ = tx̃+ ũ,

x̃(0) = (0, 1, 2), x̃(1) = (−2,−1, 1).

Solution.We have,
q(t) = r(t) = b(t) = t1 = 1, and a(t) = t,

Then for the left bound of state and control Theorem(4.1) gives,

0D
β
t x

l = txl − λl, (6.1)

C
t D

β
1λ

l = xl + tλl, (6.2)

ul + λl = 0. (6.3)

and the boundary conditions

xl(0, α) = α,

xl(1, α) = −2 + α.

For the right bound of state and control, Theorem(4.1) gives,

0D
β
t x

r = txr − λr, (6.4)

C
t D

β
1λ

r = xr + tλr, (6.5)

ur + λr = 0. (6.6)

and the boundary conditions

xr(0, α) = 2− α,

xr(1, α) = 1− 2α.

Now, we use the numerical method to solve the above equations with the related boundary conditions,
then we obtain the following results.

Figure(1(a)) show that the state x̃∗(t) as a function of α, we observe that xl
∗
(t, α) is an increasing

function of α, xr
∗
(t, α) is a decreasing function of α and xl

∗
(t, 1) = xr

∗
(t, 1), thus, xl

∗
(t, α) and xr

∗
(t, α)

satisfy the conditions of Lemma(2.1).
Figure(1(b)) show that the control ũ∗(t) as a function of α, we find that ul

∗
(t, α) is an increasing

function of α, ur
∗
(t, α) is a decreasing function of α and xl

∗
(t, 1) = xr

∗
(t, 1), it means that ul

∗
(t, α) and

ur
∗
(t, α) satisfy the conditions of Lemma(2.1), furthermore, x̃∗(t) and ũ∗(t) represent a strong fuzzy

solution of this problem.
Example 6.2 Find the fuzzy control that minimize

J̃(ũ(t)) =
1

2

2∫
1

ũ2dt
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subject to:

0D
β
t x̃ = (2t− 1)x̃⊖ sin(t)ũ,

x̃(1) = (0, 1, 2), x̃(2) = (−2,−1, 1).

Solution.We have, q(t) = 0, r(t) = t0 = 1, b(t) = − sin(t), and a(t) = (2t− 1), then for the left bound
of the state and control, Theorem(4.1) gives,

1D
β
t x

l = (2t− 1)xl − sin2(t)λl, (6.7)

C
t D

β
2λ

l = (2t− 1)λl, (6.8)

ul − sin(t)λl = 0. (6.9)

and the boundary conditions

xl(0, α) = α,

xl(1, α) = −2 + α.

For the right bound of state and control Theorem(4.1) gives,

1D
β
t x

r = (2t− 1)xr − sin2(t)λr, (6.10)

C
t D

β
2λ

r = (2t− 1)λr, (6.11)

ur − sin(t)λr = 0. (6.12)

and the boundary conditions

xr(0, α) = 2− α,

xr(1, α) = 1− 2α.

Now, we use the numerical method to solve the above equations with the related boundary conditions,
then we obtain the following results.

Figure(2(a)) show that the state x̃∗(t) as a function of α, we observe that xl
∗
(t, α) is an increasing

function of α, xr
∗
(t, α) is a decreasing function of α and xl

∗
(t, 1) = xr

∗
(t, 1), thus, xl

∗
(t, α) and xr

∗
(t, α)

satisfy the conditions of Lemma(2.1).
Figure(2(b)) show that the control ũ∗(t) as a function of α, we find that ul

∗
(t, α) is a decreasing

function of α, ur
∗
(t, α) is an increasing function of α and xl

∗
(t, 1) = xr

∗
(t, 1), it means that ul

∗
(t, α)

and ur
∗
(t, α) do not satisfy the conditions C1-C2 of Lemma(2.1), then we use the definition(4.3) of

weak solution, we find that

ũ∗(t)[α] =
[
ur

∗
(t, α), ul

∗
(t, α)

]
.

Furthermore, x̃∗(t) and ũ∗(t) represent a weak fuzzy solution of this problem.
Example 6.3 Find the fuzzy control that minimize

J̃(ũ(t)) =
1

2

1∫
0

[
x̃2 + ũ2

]
dt

subject to:

0D
β
t x̃ = −(0, 1, 3)x̃+ ũ,

x̃(0) = (1, 1, 1), x̃(1) = (0, 0, 0).
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Solution.We know that, [
0D

β
t x

l,0D
β
t x

r
]
=
[
−(3− 2α)xl + ul,−αxr + ur

]
,

then we have,
q(t) = r(t) = b(t) = x0 = t1 = 1,

a(t) = −(3− 2α) and a(t) = −α for the left and right derivatives respectively, then for the left bound
of the state and control Theorem(4.1) gives,

0D
β
t x

l = −(3− 2α)xl − λl, (6.13)

C
t D

β
1λ

l = xl − (3− 2α)λl, (6.14)

ul + λl = 0. (6.15)

and the boundary conditions

xl(0, α) = 1,

xl(1, α) = 0.

For the right bound of the state and control Theorem(4.1) gives,

1D
β
t x

r = −αxr − λr, (6.16)

C
t D

β
2λ

r = xr − αλr, (6.17)

ur + λr = 0. (6.18)

and the boundary conditions

xr(0, α) = 1,

xr(1, α) = 0.

Now, we use the numerical method to solve the above equations with the related boundary conditions,
then we obtain the following results.

Figure(3(a)) show that the state x̃∗(t) as a function of α, we observe that xl
∗
(t, α) is an increasing

function of α, xr
∗
(t, α) is a decreasing function of α and xl

∗
(t, 1) = xr

∗
(t, 1), thus, xl

∗
(t, α) and xr

∗
(t, α)

satisfy the conditions of Lemma(2.1).
Figure(3(b)) show that the control ũ∗(t) as a function of α, we find that ul

∗
(t, α) is a decreasing

function of α, ur
∗
(t, α) is an increasing function of α and xl

∗
(t, 1) = xr

∗
(t, 1), it means that ul

∗
(t, α)

and ur
∗
(t, α) do not satisfy the conditions C1-C2 of Lemma(2.1), then we use the definition(4.3) of

weak solution, we find that

ũ∗(t)[α] =
[
ur

∗
(t, α), ul

∗
(t, α)

]
.

Furthermore, x̃∗(t) and ũ∗(t) represent a weak fuzzy solution of this problem.
Example 6.4 Find the fuzzy control that minimize

J̃(ũ(t)) =
1

2
x̃2(1) +

1

2

1∫
0

[
x̃2 + ũ2

]
dt

subject to:

0D
β
t x̃ = −(0, 1, 3)x̃+ ũ,

x̃(0) = (1, 1, 1).
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Solution.We have,
q(t) = r(t) = b(t) = x0 = t1 = 1,

a(t) = −(3−2α) and a(t) = −α for the left and right derivatives respectively, then Theorem(4.1) gives,

t0D
β
t x

l = −(3− 2α)xl − λl, (6.19)

C
t D

β
t1
λl = xl − (3− 2α)λl, (6.20)

ul + λl = 0. (6.21)

and the boundary conditions

xl(0, α) = 1,

λl(0, α) = xl(1, α).

For the right bound of the state and control Theorem(4.1) gives,

1D
β
t x

r = −αxr − λr, (6.22)

C
t D

β
2λ

r = xr − αλr, (6.23)

ur + λr = 0. (6.24)

and the boundary conditions

xr(0, α) = 1,

λr(0, α) = xr(1, α).

Now, we use the numerical method to solve the above equations with the related boundary conditions,
then we obtain the following results.

Figure(4(a)) show that the state x̃∗(t) as a function of α, we observe that xl
∗
(t, α) is an increasing

function of α, xr
∗
(t, α) is a decreasing function of α and xl

∗
(t, 1) = xr

∗
(t, 1), thus, xl

∗
(t, α) and xr

∗
(t, α)

satisfy the conditions of Lemma(2.1).
Figure(4(b)) show that the control ũ∗(t) as a function of α, we find that ul

∗
(t, α) is a decreasing

function of α, ur
∗
(t, α) is an increasing function of α and xl

∗
(t, 1) = xr

∗
(t, 1), it means that ul

∗
(t, α)

and ur
∗
(t, α) do not satisfy the conditions C1-C2 of Lemma(2.1), then we use the definition(4.3) of

weak solution, we find that

ũ∗(t)[α] =
[
ur

∗
(t, α), ul

∗
(t, α)

]
.

Furthermore, x̃∗(t) and ũ∗(t) represent a weak fuzzy solution of this problem.

7. Conclusion

In this paper, the necessary conditions of fuzzy fractional optimal control problem with both fixed
and free final state conditions at the final time has been derived using fuzzy variational approach. Our
problems is defined in the sense of Riemann-Liouville fractional derivative based on Hukuhara difference.
A numerical technique is proposed based on Grünwald-Letnikov definition of fractional derivative. The
concepts of strong and weak solutions of our problems are given. lastly, four examples are provided to
show the effectiveness of Theorem(4.1) and the numerical algorithm.
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(a) (b)

Figure 1: Example(6.1) (a) the state at t = 0.1, β = 0.77 (b) the control at t = 0.1, β = 0.77.

(a) (b)

Figure 2: Example(6.2) (a) the state at t = 0.1, β = 0.77 (b) the control at t = 0.1, β = 0.77.
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(a) (b)

Figure 3: Example(6.3) (a) the state at t = 0.1, β = 0.77 (b) the control at t = 0.1, β = 0.77.

(a) (b)

Figure 4: Example(6.4) (a) the state at t = 0.1, β = 0.77 (b) the control t = 0.1, β = 0.77.
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1 Introduction

In 1965, the fuzzy sets were introduced for the first time by Zadeh in [28]. hundreds of examples
have been supplied where the nature of uncertainty in the behavior of given system processes are fuzzy
rather than stochastic nature. In the last few years, many authors have interested in the study of the
theoretical framework of fuzzy initial value problems. Chang and Zadeh in [6] have introduced the
concept of fuzzy derivative. Kandel and Byatt in [12] have initially presented the concept of the fuzzy
differential equation. Bede and Gal in [4] have studied the concept of strongly generalized differentiable
of fuzzy valued functions, which enlarged the class of differentiable fuzzy valued functions.

In 1695, the fractional calculus was first studied. The subject of fractional calculus has gained im-
portance during the past three decades due mainly to its demonstrated applications in different area of
physics and engineering in [16]. Fuzzy fractional differential equations (FFDE) play an important role
in modelling of science and engineering problems. Padmapriya and Kaliyappan in [22] established ana-
lytical and numerical methods to solve fuzzy fractional differential equations. the concept of differential
of fuzzy function with two variables and fuzzy wave equations studied in [26]. In the last years many
authors have developed and introduced some variant methods for solving fuzzy wave equation. Kermani
in [15] used finite difference method to solve the fuzzy wave equation numerically. Also, Martin and
Radek in [25] used f-transforms to solve the fuzzy wave equation.

Zhou in [29] has presented the concept of the differential transform method (DTM), this method
constructs an analytical solution inform of a polynomial, which is different from the tradition higher
order Taylor formula method. Recently some researchers used differential transform method (DTM) to
solve fuzzy fractional differential equations and fuzzy differential equations in [9, 23, 1, 19, 20].

This paper is structured as follows. In Section 2, we call some definitions on fuzzy numbers,
fuzzy functions and fuzzy Caputo’s derivative. In Section 3, The generalization of Taylor’s formula
is presented. In Section 4, the generalized two-dimensional differential transform method (DTM) for

†This work is supported by National Natural Science Foundation of China (61763044).
∗Corresponding Author: Zeng-Tai Gong. Tel.: +869317971430. E-mail addresses: email: zt-gong@163.com
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the solution of the fuzzy wave equation with space and time-fractional derivatives are developed and
derived. Examples are shown in Section 5. Finely, conclusion is given in section 6.

2 Basic concepts

The results about fuzzy numbers space E1, we recall that E1 = {ũ : R → [0, 1] : u satis-
fies (1)(4) below } (refer to [6])

1. ũ is normal, i.e., there exists x0 ∈ R such that ũ(x0) = 1;

2. ũ is convex, i.e., for all and λ ∈ [0, 1], x, y ∈ R,

ũ(λx+ (1− λ)y) ≥ min{ũ(x), ũ(y)},

holds;

3. ũ is upper semicontinuous, i.e., for any x0 ∈ R,

ũ(x0) ≥ lim
x−→x±

0

ũ(x);

4. supp ũ = {x ∈ R|ũ(x) > 0} is the support of ũ, and its closure cl (supp ũ) is compact.

For 0 < r ≤ 1, denote [ũ]r = {x : ũ(x) ≥ r}. Then from (1)-(4), follows that the r-level set [ũ]r is a
closed and bounded interval for all r ∈ [0, 1].

For ũ, ṽ ∈ E1, k ∈ R, the addition and scalar multiplication are defined using the equations

[ũ+ ṽ]r = [ũ]r + [ṽ]r,

[kũ]r = k[ũ]r,

respectively.
Define D : E1 × E1 → R+ ∪ {0} using the equation

D(ũ, ṽ) = sup
r∈[0,1]

d([ũ]r[ṽ]r),

where d is Hausdorff metric space as

d([ũ]r, [ṽ]r) = inf{ε : [ũ]r ⊂ N([ṽ]r, ε), [ṽ]r ⊂ N([ũ]r, ε)}
= max{|ur − vr|, |ur − vr|},

where N([ũ]r, ε), N([ṽ]r, ε) is the ε-neighborhood of [ũ]r, [ṽ]r, respectively, and ur, vr, ur, vr are end-
points of [ũ]r, [ṽ]r, respectively.
By using the results of [13], we see that

• (E1, D) is complete metric space,

• D(ũ+ w̃, ṽ + w̃) = D(ũ, ṽ) for all ũ, ṽ, w̃ ∈ E1,

• D(kũ, kṽ) = |k|D(ũ, ṽ).

In addition, we can introduce a partial order in E1 by ũ ≤ ṽ if and only if [ũ]r ≤ [ṽ]r, r ∈ [0, 1] if
and only if ur ≤ vr, ur ≤ vr, r ∈ [0, 1]. For applications of the partial order on E1 (refer to [27]).

As the fuzzy number is resolved by using the interval ũr = [ur, ur], see [8] defined another statements,
parametrically, of fuzzy numbers as in following.

Definition 2.1.[31, 32] For arbitrary fuzzy numbers ũ, ṽ ∈ E1, ũ = [ur, ur], ṽ = [vr, vr], the quantity
D(ũ, ṽ) = supr∈[0,1]max{|ur − vr|, |ur − vr|} is the distance between ũ and v and also the following
properties hold:
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• (E1, D) is a complete metric space,

• D(ũ⊕ w̃, ṽ ⊕ w̃) = D(ũ, ṽ),∀ũ, ṽ, w̃ ∈ E1,

• D(ũ⊕ ṽ, w̃ ⊕ ẽ) ≤ D(ũ, w̃) +D(ṽ, ẽ),∀ũ, ṽ, w̃, ẽ ∈ E1,

• D(ũ⊕ ṽ, 0̃) ≤ D(ũ, 0̃) +D(ṽ, 0̃), ∀ũ, ṽ ∈ E1,

• D(k ⊙ ũ, k ⊙ ṽ) = |k|D(ũ, ṽ),∀ũ, ṽ ∈ E1, k ∈ R,

• D(k1 ⊙ ũ, k2 ⊙ ũ) = |k1 − k2|D(ũ, 0̃), ∀ũ ∈ E1, k1, k2 ∈ R, with k1 · k2 ≥ 0.

Let us recall the definition of the Hukuhara difference (H-difference) in [33]. Suppose that ũ, ṽ ∈ E1.
The Hukuhara H-difference has been presented as a set w̃ for which ũ ⊖gH ṽ = w̃ ⇔ ũ = ṽ ⊕ w̃. The
H-difference is unique, but it does not always exist (a necessary condition for ũ⊖gH ṽ to exist is that ũ
contains a translate {c} ⊕ ṽ of ṽ). A generalization of the Hukuhara difference aims to overcome this
situation.

Definition 2.2.[33, 31] The generalized Hukuhara difference between two fuzzy numbers ũ, ṽ ∈ E1

is defined as following:

ũ⊖gH ṽ = w̃ ⇔
{

(i) ũ = ṽ ⊕ w̃,

or (ii) ṽ = ũ⊕ (−w̃).
(2.1)

In terms of the r−levels, we get [ũ ⊖gH ṽ] = [min{ur − vr, ur − vr},max{ur − vr, ur − vr}] and if
the H-difference exists, then ũ⊖ ṽ = ũ⊖gH ṽ; the conditions for existence of w̃ = ũ⊖gH ṽ ∈ E1 are

Case (i)

{
wr = ur − vr and wr = ur − vr, ∀r ∈ [0, 1],

with wr increasing, wr decreasing, wr ≤ wr.
(2.2)

Case (ii)

{
wr = ur − vr and wr = ur − vr, ∀r ∈ [0, 1],

with wr increasing, wr decreasing, wr ≤ wr.
(2.3)

It is easy to show that (i) and (ii) are both valid if and only if w̃ is a crisp number. In the case, it
is possible that the gH-difference of two fuzzy numbers does not exist. To address this shortcoming, a
new difference between fuzzy numbers was introduced in [33].

Lemma 2.1.[10, 24] A fuzzy number ũ in parametric form is a pair [ur, ur] of function ur and ur
for any r ∈ [0, 1], which satisfies the following requirements.

• ur is a bounded non-decreasing left continuous function in (0,1];

• ur is a bounded non-increasing left continuous function in (0,1];

• ur ≤ ur.

Some the author of the classified fuzzy numbers into several types of fuzzy membership function. To
the deepest of our study, triangular fuzzy membership function or also often referred to as triangular
fuzzy numbers are the most widely used membership function.

In order to describe the fuzzy numbers and real numbers clearly, in convenience, the fuzzy numbers
and fuzzy-valued functions in the whole paper are added with a tilde sign at the top, while the real-value
function and interval-value functions are written directly.

A fuzzy valued function f̃ of two variables is a rule that assigns to each ordered pair of real numbers,
(x, t), in a set D, a unique fuzzy numbers denoted by f̃(x, t). The set D is the domain of f̃ and its

range is the set of values taken by f , i.e., {f̃(x, t)|(x, t) ∈ D}.
The parametric representation of the fuzzy valued function f : D → E1 is expressed by f(x, t)(r) =

[f(x, t)(r), f(x, t)(r)], for all (x, t) ∈ D and r ∈ [0, 1].

Suppose f : D → E1 be a fuzzy valued function of two variable. Then, we say that the fuzzy limit
of f(x, t) as (x, t) approaches to (a, b) is L ∈ E1, and we write lim(x,t)→(a,b) f(x, t) = L if for every
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number ε > 0, there is a corresponding number δ > 0 such that if (x, t) ∈ D, ∥ (x, t) − (a, b) ∥< δ ⇒
D(f(x, t), L) < ε, where ∥ · ∥ denotes the Euclidean norm in Rn (ref. to [3])

A fuzzy valued function f : D → E1 is said to be fuzzy continuous at (x0, t0) ∈ D if lim(x,t)→(x0,t0) f(x, t) =
f(x0, t0). We say that f is fuzzy continuous on D if f is fuzzy continuous at every point (x0, t0) in D
(ref. to [3, 30]).

Definition 2.3.[11] Suppose that ũ(x, t) : D → E1 and (x0, t) ∈ D. We say that ũ is strongly
generalized differentiable on (x0, t) if there exists an element ∂ũ

∂x |(x0,t) ∈ E1 such that

i. for all h > 0 sufficiently small, ∃ũ(x0 + h, t)⊖gH ũ(x0, t), ũ(x0, t)⊖gH ũ(x0 − h, t) and the limits
(in the metric D)

lim
h→0+

ũ(x0 + h, t)⊖gH ũ(x0, t)

h
= lim

h→0+
=

(x0, t)⊖gH ũ(x0 − h, t)

h
=

∂ũ

∂x
|(x0,t),

or

ii. for all h > 0 sufficiently small, ∃gH ũ(x0, t)⊖gH ũ(x0+h, t), ũ(x0−h, t)⊖gH ũ(x0, t) and the limits

lim
h→0+

ũ(x0, t)⊖gH ũ(x0 + h, t)

−h
= lim

h→0+

ũ(x0 − h, t)⊖gH ũ(x0, t)

−h
=

∂ũ

∂x
|(x0,t),

or

iii. for all h > 0 sufficiently small, ∃ũ(x0 + h, t)⊖gH ũ(x0, t), ũ(x0 − h, t)⊖gH ũ(x0, t) and the limits

lim
h→0+

ũ(x0 + h, t)⊖gH ũ(x0, t)

h
= lim

h→0+

ũ(x0 − h, t)⊖gH ũ(x0, t)

−h
=

∂ũ

∂x
|(x0,t),

or

iv. for all h > 0 sufficiently small, ∃ũ(x0, t)⊖gH ũ(x0 + h, t), ũ(x0, t)⊖gH ũ(x0 − h, t) and the limits

lim
h→0+

ũ(x0, t)⊖gH ũ(x0 + h, t)

−h
= lim

h→0+

ũ(x0, t)⊖gH ũ(x0 − h, t)

h
=

∂ũ

∂x
|(x0,t).

Definition 2.4.[4] Suppose that ũ(x, t) : D → E1 and (x0, t) ∈ D. We define the n th-order
derivative of ũ as follows: we say that ũ is strongly generalized differentiable of the n th-order at (x0, t)
if there exists an element ∂sũ

∂xs |(x0,t) ∈ E1, ∀s = 1, 2, · · ·, n such that

i. for all h > 0 sufficiently small, ∃ũ(s−1)(x0+h, t)⊖gH ũ(s−1)(x0, t), ũ
(s−1)(x0, t)⊖gH ũ(s−1)(x0−h, t)

and the limits (in the metric D)

lim
h→0+

ũ(s−1)(x0 + h, t)⊖gH ũ(s−1)(x0, t)

h
= lim

h→0+

ũ(s−1)(x0, t)⊖gH ũ(s−1)(x0 − h, t)

h
=

∂sũ

∂xs
|(x0,t),

or

ii. for all h > 0 sufficiently small, ∃ũ(s−1)(x0, t)⊖gH ũ(s−1)(x0+h, t), ũ(s−1)(x0−h, t)⊖gH ũ(s−1)(x0, t)
and the limits

lim
h→0+

ũ(s−1)(x0, t)⊖gH ũ(s−1)(x0 + h, t)

−h
= lim

h→0+

ũ(s−1)(x0 − h, t)⊖gH ũ(s−1)(x0, t)

−h
=

∂sũ

∂xs
|(x0,t),

or
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iii. for all h > 0 sufficiently small, ∃ũ(s−1)(x0+h, t)⊖gH ũ(s−1)(x0, t), ũ
(s−1)(x0−h, t)⊖gH ũ(s−1)(x0, t)

and the limits

lim
h→0+

ũ(s−1)(x0 + h, t)⊖gH ũ(s−1)(x0, t)

h
= lim

h→0+

ũ(s−1)(x0 − h, t)⊖gH ũ(s−1)(x0, t)

−h
=

∂sũ

∂xs
|(x0,t),

or

iv. for all h > 0 sufficiently small, ∃ũ(s−1)(x0, t)⊖gH ũ(s−1)(x0+h, t), ũ(s−1)(x0, t)⊖gH ũ(s−1)(x0−h, t)
and the limits

lim
h→0+

ũ(s−1)(x0, t)⊖gH ũ(s−1)(x0 + h, t)

−h
= lim

h→0+

ũ(s−1)(x0, t)⊖gH ũ(s−1)(x0 − h, t)

h
=

∂sũ

∂xs
|(x0,t).

2.1 Fuzzy Coputo’s derivative

We denote CF [a, b] as a space of all fuzzy valued functions which are continuous on [a, b], and the
space of all Kaleva integrable fuzzy-valued functions on the bounded interval [a, b] ⊂ R by KF [a, b], we

denote the space of fuzzy value functions f̃(x) which have continuous H-derivative up to order n−1 on

[a, b] such that f̃ (n−1)(x) ∈ ACF ([a, b]) by AC(n)F ([a, b]),where ACF ([a, b]) denote the set of all
fuzzy-valued functions which are absolutely continuous (ref. to [13, 9]).

Definition 2.5.[2] Suppose f̃(x) ∈ CF [a, b]∩KF [a, b], the fuzzy Riemann Liouville integral of fuzzy

valued function f̃ is defined as following:

(Iαa+f̃)(x, r) = [(Iαa+f)(x, r), (I
α
a+f)(x, r)],

where 0 ≤ r ≤ 1

(Iαa+f)(x, r) =
1

Γ(α)

∫ x

a

f(t)(r)dt

(x− t)1−α
, 0 ≤ r ≤ 1,

(Iαa+f)(x, r) =
1

Γ(α)

∫ x

a

f(t)(r)dt

(x− t)1−α
, 0 ≤ r ≤ 1.

Suppose f̃(x) ∈ CF ((0, a]) ∩ KF (0, a), be a given function such that f̃(t, r) = [f(t, r), f(t, r)] for

all t ∈ (0, a] and 0 ≤ r ≤ 1. We define Dα
∗af̃(t; r) the fuzzy fractional Riemann-Liouville derivative of

order 0 < α < 1 of f̃ in the parametric from,

Dα
∗af̃(t; r) =

1

Γ(1− α)

[
d

dt

∫ t

0
(t− s)−αf(s, r)ds,

d

dt

∫ t

0
(t− s)−αf(s, r)ds

]
,

provided that equation defines a fuzzy number Dα
∗af̃(t) ∈ E1. In fact,

Dα
∗af̃(t, r) = [Dα

∗af(t, r), D
α
∗af(t, r)].

Obviously, Dα
∗af̃(t) =

d
dtI

1−αf̃(t) for t ∈ (0, a].

3 Generalized Taylor’s formula

In this section, we present the generalized Taylor’s formula that involves Caputo fractional
derivative.

Theorem 3.1.[21] Let that (Dα
∗a)

jf(x) ∈ C(a, b] for j = 0, 1, ·····, n+1, where 0 < α ≤ 1, that we get

f(x) =
n∑

i=0

(x− a)iα

Γ(iα+ 1)
((Dα

∗a)
if)(a+) +

((Dα
∗a)

n+1f)(ζ)

Γ((n+ 1)α+ 1)
(x− a)(n+1)α, (3.4)
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with a ≤ ζ ≤ x, ∀x ∈ (a, b] and Dα
∗a is the Caputo fractional derivative of order α, where (Dα

∗a)
j =

Dα
∗aD

α
∗a · · · ·Dα

∗a. In case of α = 1, the generalized Taylor’s formula (3.4) reduces to the classical Taylor’s
formula.

Theorem 3.2.[17] Let that (Dα
∗a)

jf(x) ∈ C(a, b] for j = 0, 1, · · · · ·, N + 1, where 0 < α ≤ 1. If
x ∈ [a, b], then

f(x) ≃
N∑
i=0

(x− a)iα

Γ(iα+ 1)
((Dα

∗a)
if)(a+). (3.5)

Furthermore, there is a value ζ with a ≤ ζ ≤ x so that the error term Rα
N (x) has the from

Rα
N (x) =

((Dα
∗a)

N+1f)(ζ)

Γ((N + 1)α+ 1)
(x− a)(N+1)α. (3.6)

The accuracy of Rα
N (x) increases when we choose large N and decreases as value of x moves away

from the center a. Hence, we must choose N large enough so that the error does not exceed a specified
bound. In the following theorem, we find precise condition under which the exponents hold for arbitrary
fractional operators.

Theorem 3.3.[18] Let that f(x) = xλ
∗
g(x), where λ∗ > −1 and g(x) has the generalized power

series expansion g(x) =
∑∞

n=0 an(x− a)nα with radius of convergence R > 0, where 0 < α ≤ 1. Then

Dγ
∗aD

β
∗af(x) = Dγ+β

∗a f(x) (3.7)

for all x ∈ (0, R) if one of the following conditions is satisfied:

1. β < λ∗ + 1, and γ arbitrary,

2. β ≥ λ∗ + 1, γ arbitrary,, and aj = 0 for j = 0, 1, · · · · ·,m− 1, where m− 1 < β ≤ m.

4 Differential transform method and fuzzy fractional wave equation

4.1 Generalized two-dimensional differential transform method

In this section, we will derive the generalized two-dimensional differential transform method
(DTM) that we get developed for the solution of the wave equation with space and time-fractional
derivatives. The proposed method is based on Taylor’s formula. Consider a function of two variables
u(x, t), and Let that it can be represented as a product of two single variable functions, u(x, t) =
f(x)g(t). Based on the properties of generalized two dimensional differential transform method, function
u(x, t) can be represented as.

u(x, t) =
∞∑
j=0

Fα(j) · (x− x0)
jα

∞∑
h=0

Gβ(h) · (t− t0)
hβ =

∞∑
j=0

∞∑
h=0

Uα,β(j, h)(x− x0)
jα(t− t0)

hβ, (4.8)

where 0 < α, β ≤ 1, Uα,β(j, h) = Fα(j)Gβ(h) is called the spectrum of u(x, t). If function u(x, t) is
analytical and differentiated continuously with respect to time t∗ in the domain of interest, then we
define the generalized two-dimensional differential transform method (DTM) of the function u(x, t) as
follows:

Uα,β(j, h) =
1

Γ(αj + 1)Γ(βh+ 1)
[(Dα

x0
)j(Dβ

t0
)hu(x, t)](x0,t0), (4.9)

where (Dα
x0
)j = Dα

x0
·Dα

x0
·····Dα

x0
. In this work, the lowercase u(x, t) represents the original function while

the uppercase Uα,β(j, h) stands for the transformed function. The generalized differential transform
method (DTM) inverse of Uα,β(j, h) is defined as follows

u(x, t) =

∞∑
j=0

∞∑
h=0

Uα,β(j, h) · (x− x0)
jα(t− t0)

hβ (4.10)
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In case of α = 1 and β = 1. then generalized two-dimensional differential transform (DTM) (4.9)
reduces to the classical two-dimensional DTM [5]. From equation (4.9) and (4.10), some basic proper-
ties of the generalized two-dimensional differential transform (DTM) are introduced below (ref. to [17]).

Theorem 4.1 If u(x, t) = v(x, t)± w(x, t), then Uα,β(j, h) = Vα,β(j, h)±Wα,β(j, h).

Theorem 4.2 If u(x, t) = cv(x, t), then Uα,β(j, h) = cVα,β(j, h).

Theorem 4.3 If u(x, t) = v(x, t)w(x, t), then

Uα,β(j, h) =

j∑
r=0

h∑
s=0

Vα,β(r, h− s)Wα,β(j − r, s). (4.11)

Theorem 4.4 If u(x, t) = Dα
x0
v(x, t) and 0 < α ≤ 1, then we get

Uα,β(j, h) =
Γ(α(j + 1) + 1)

Γ(αj + 1)
Vα,β(j + 1, h). (4.12)

Theorem 4.5 If u(x, t) = Dα
x0
Dβ

t0
v(x, t) and 0 < α, β ≤ 1, then we get

Uα,β(j, h) =
Γ(α(j + 1) + 1)Γ(β(h+ 1) + 1)

Γ(αj + 1)Γ(βh+ 1)
Vα,β(j + 1, h+ 1). (4.13)

Theorem 4.6 If u(x, t) = (x− x0)
nα(t− t0)

mα, then Uα,β(j, h) = δ(j − n)(h−m).

Theorem 4.7 If u(x, t) = Dγ
x0v(x, t),m − 1 < γ ≤ m and v(x, t) = f(x)g(t), where f(x) satisfies

the conditions in Theorem 3.3, then

Uα,β(j, h) =
Γ(αj + γ + 1)

Γ(αj + 1)
Uα,β(j + γ/α, h). (4.14)

Theorem 4.8 If u(x, t) = Dγ
x0D

η
t0
v(x, t), wherem−1 < γ ≤ m,n−1 < η ≤ n and v(x, t) = f(x)g(t),

where the functions f(x) and g(x) satisfy the conditions given in Theorem 3.3, then

Uα,β(j, h) =
Γ(αj + γ + 1)

Γ(αj + 1)

Γ(βh+ η + 1)

Γ(βh+ 1)
Uα,β(j + γ/α, h+ η/β). (4.15)

4.2 Fuzzy fractional wave equation

Consider the fuzzy fractional wave equation with the indicated initial conditions and boundary
conditions.

∂αũ

∂tα
= c2 ⊙ ∂2ũ

∂x2
, 0 < α ≤ 2, 0 < x < L, t > 0, (4.16)

subject to the boundary conditions

ũ(0, t) = 0, and ũ(L, t) = 0, (4.17)

and initial conditions.

ũ(x, 0) = f̃(x), and ũt(x, 0) = g̃(x). (4.18)

We note that the case (i) of Definition 2.3 is coincident with the Hukuhara derivative [14]. We say
that a function is (i) differentiable if it is differentiable as in (i) of Definition 2.3, a function is (ii)
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differentiable if it is differentiable as in (ii) of Definition 2.3. In this paper we consider the two cases
(i) and (ii). In Ref. [4] the authors consider four cases: the case (i) in [14] is coincident with (i); the
case (iii) of Definition 2.1 is equivalent to (ii); in the other cases, the derivative is trivial because it is
reduced to crisp element. For details see Theorem 7 in [4]. Thus, we only consider the cases (i) and
(ii).

Lemma 4.2. [7]. Let ũ(x, t) : D → E1. Then the following statements hold.
(i) If ũ(x, t) is (i)-partial differentiable for x (i.e. ũ is partial differentiable for x under the meaning of
Definition 2.1 (i), similarly to t), then[

∂ũ

∂x

]
r

=

[
∂u(x, t)(r)

∂x
,
∂ū(x, t)(r)

∂x

]
; (4.19)

(ii) If ũ(x, t) is (ii)-partial differentiable for x (i.e. ũ is partial differentiable for x under the meaning
of Definition 2.1 (ii), similarly to t), then[

∂ũ

∂x

]
r

=

[
∂ū(x, t)(r)

∂x
,
∂u(x, t)(r)

∂x

]
. (4.20)

Remark 4.1. For ũ(x, t) : D → E1, the following results hold.[
∂2ũ

∂x2

]
r

=

[
∂2u(x, t)(r)

∂x2
,
∂2ū(x, t)(r)

∂x2

]
, (4.21)

in cases for that (i, i), (ii, ii)-∂
2ũ

∂x2 exist;[
∂2ũ

∂x2

]
r

=

[
∂2ū(x, t)(r)

∂x2
,
∂2u(x, t)(r)

∂x2

]
. (4.22)

in cases for that (i, ii), (ii, i)-∂
2ũ

∂t2
exist.

Remark 4.2. In this paper, we only consider that the cases of (i− ii)n-∂
nũ

∂tn such that[
∂nũ

∂xn

]
r

=

[
∂nu(x, t)(r)

∂xn
,
∂nū(x, t)(r)

∂xn

]
, (4.23)

where (i− ii)n-∂
nũ

∂tn stands for n time derivative in the cases (i) or (ii).

5 Examples

Example 5.1. Consider the following fuzzy fractional wave equation

(A)
∂2ũ

∂t2
= 4⊙ ∂2ũ

∂x2
0 ≤ x ≤ 1, 0 < t, (5.24)

subject to the boundary conditions

ũ(0, t) = ũ(1, t) = 0, 0 < t, (5.25)

and initial conditions

ũ(x, 0) = f̃(x) = k̃n ⊙ sin(πx), 0 ≤ x ≤ 1,

∂ũ(x, 0)

∂t
= g̃(x) = 0, 0 ≤ x ≤ 1. (5.26)
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where k̃n ∈ E1, n=1,2,3,... fuzzy number is defined by

k̃(s) =


s, s ∈ [0, 1],

2− s s ∈ (1, 2],

0 s /∈ [0, 2],

(5.27)

and [k̃n](r) = rn, [k̃n](r) = (2− r)n.
The parametric form of (5.24) is

∂2u

∂t2
= 4

∂2u

∂x2
0 ≤ x ≤ 1, 0 < t, (5.28)

∂2u

∂t2
= 4

∂2u

∂x2
, 0 ≤ x ≤ 1, 0 < t, (5.29)

for r ∈ [0, 1], and where u stands for u(x, t)(r), similar to u.
Taking the differential transform of equations (5.28) and (5.29), we get

(j + 2)(j + 1)U(i, j + 2)(r) = 4(i+ 2)(i+ 1)U(i+ 2, j)(r), (5.30)

(j + 2)(j + 1)U(i, j + 2)(r) = 4(i+ 2)(i+ 1)U(i+ 2, j)(r). (5.31)

From the initial given by equation (5.26), we get

u(x, 0)(r) =
∞∑
i=0

U(i, 0)(r)xi = k(r) sin(πx) = rn
∞∑

i=1,3,....

(−1)
(i−1)

2

i!
πixi, (5.32)

u(x, 0)(r) =
∞∑
i=0

U(i, 0)(r)xi = k(r) sin(πx) = (2− r)n
∞∑

i=1,3,....

(−1)
(i−1)

2

i!
πixi. (5.33)

The corresponding spectra can be obtained as follows,

U(i, 0)(r) =


0, for i is even,

(−1)
(i−1)

2

i!
rnπi, for i is odd

(5.34)

U(i, 0)(r) =


0, for i is even,

(−1)
(i−1)

2

i!
(2− r)nπi, for i is odd

(5.35)

and from equation (5.26) it can be obtained that,

∂u(x, 0)(r)

∂t
=

∞∑
i=0

U(i, 1)(r)xi = 0, (5.36)

∂u(x, 0)(r)

∂t
=

∞∑
i=0

U(i, 1)(r)xi = 0. (5.37)

Hence,

u(i, 1)(r) = 0, (5.38)

u(i, 1)(r) = 0. (5.39)
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Substituting equations (5.34) -(5.39) to equations (5.30) and (5.31), all spectra can be found as,

U(i, j)(r) =


0, for i is even or j is odd

2j(−1)
(i+j−1)

2

i!j!
rnπi+j , for i is odd or j is even

(5.40)

U(i, j)(r) =


0, for i is even or j is odd

2j(−1)
(i+j−1)

2

i!j!
(2− r)nπi+j , for i is odd or j is even

(5.41)

So, the closed from of the solution can be easily written as

u(x, t)(r) = kn
∞∑
i=0

∞∑
j=0

U(i, j)(r)xitj = rn
∞∑
i=0

∞∑
j=0

2j

j!i!
(−1)

(i+j−1)
2 πi+jxitj

= rn

 ∞∑
i=1,3,...

1

i!
(−1)

(i−1)
2 (πx)i

 ∞∑
j=0,2,...

1

j!
(−1)

j
2 (2πt)j


= rn sin(πx) cos(2πt), (5.42)

u(x, t)(r) = k
n

∞∑
i=0

∞∑
j=0

U(i, j)(r)xitj = (2− r)n
∞∑
i=0

∞∑
j=0

2j

j!i!
(−1)

(i+j−1)
2 πi+jxitj

= (2− r)n

 ∞∑
i=1,3,...

1

i!
(−1)

(i−1)
2 (πx)i

 ∞∑
j=0,2,...

1

j!
(−1)

j
2 (2πt)j


= (2− r)n sin(πx) cos(2πt). (5.43)

(B) Consider the following fuzzy fractional wave equation (5.24) with the boundary conditions:

ũ(0, t) = ũ(1, t) = 0, 0 < t, (5.44)

and initial conditions

ũ(x, 0) = f̃(x) = k̃n ⊕ sin(πx), 0 ≤ x ≤ 1,

∂ũ(x, 0)

∂t
= g̃(x) = 0, 0 ≤ x ≤ 1. (5.45)

By following the same steps, we will find that the solution. So, the closed from of the solution
can be easily written as

u(x, t)(r) = kn +
∞∑
i=0

∞∑
j=0

U(i, j)(r)xitj = rn +
∞∑
i=0

∞∑
j=0

2j

j!i!
(−1)

(i+j−1)
2 πi+jxitj

= rn +

 ∞∑
i=1,3,...

1

i!
(−1)

(i−1)
2 (πx)i

 ∞∑
j=0,2,...

1

j!
(−1)

j
2 (2πt)j


= rn + (sin(πx) cos(2πt)), (5.46)

u(x, t)(r) = k
n
+

∞∑
i=0

∞∑
j=0

U(i, j)(r)xitj = (2− r)n +

∞∑
i=0

∞∑
j=0

2j

j!i!
(−1)

(i+j−1)
2 πi+jxitj

= (2− r)n +

 ∞∑
i=1,3,...

1

i!
(−1)

(i−1)
2 (πx)i

 ∞∑
j=0,2,...

1

j!
(−1)

j
2 (2πt)j


= (2− r)n + (sin(πx) cos(2πt)). (5.47)

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

440 Osman 431-453



Mawia Osman , Zeng-Tai Gong and Altyeb Mohammed: Differential Transform Method for Solving Fuzzy ...

(C) Consider the following fuzzy fractional wave equation (5.24) with the boundary conditions:

ũ(0, t) = ũ(1, t) = 0, 0 < t, (5.48)

and initial conditions

ũ(x, 0) = f̃(x) = k̃n ⊖gH sin(πx), 0 ≤ x ≤ 1,

∂ũ(x, 0)

∂t
= g̃(x) = 0, 0 ≤ x ≤ 1. (5.49)

where k̃n ∈ E1, n=1,2,3,... , fuzzy number is defined by

k̃(s) =


2(s− 0.5), s ∈ [0.5, 1],

2(1.5− s), s ∈ (1, 1.5],

0 s /∈ [0.5, 1.5],

(5.50)

and{k̃n}(r) = (0.5 + 0.5r)n, {k̃n}(r) = (1.5− 0.5r)n.
By following the same steps, we will find that the solution. So, the closed from of the solution
can be easily written as

u(x, t)(r) = kn −
∞∑
i=0

∞∑
j=0

U(i, j)(r)xitj = (0.5 + 0.5r)n −
∞∑
i=0

∞∑
j=0

2j

j!i!
(−1)

(i+j−1)
2 πi+jxitj

= (0.5 + 0.5r)n −

 ∞∑
i=1,3,...

1

i!
(−1)

(i−1)
2 (πx)i

 ∞∑
j=0,2,...

1

j!
(−1)

j
2 (2πt)j


= (0.5 + 0.5r)n − (sin(πx) cos(2πt)) , (5.51)

u(x, t)(r) = k
n −

∞∑
i=0

∞∑
j=0

U(i, j)(r)xitj = (1.5− 0.5r)n −
∞∑
i=0

∞∑
j=0

2j

j!i!
(−1)

(i+j−1)
2 πi+jxitj

= (1.5− 0.5r)n −

 ∞∑
i=1,3,...

1

i!
(−1)

(i−1)
2 (πx)i

 ∞∑
j=0,2,...

1

j!
(−1)

j
2 (2πt)j


= (1.5− 0.5r)n − (sin(πx) cos(2πt)) . (5.52)

Example 5.2. Consider the following fuzzy time-fractional wave equation.

(A)
∂1.5ũ

∂t1.5
=

∂2ũ

∂x2
, t > 0, (5.53)

subject to the initial conditions

ũ(x, 0) = f̃(x) = k̃n ⊙ sin(x),
∂ũ(x, 0)

∂t
= g̃(x) = k̃n ⊙ (− sin(x)). (5.54)

where k̃n ∈ E1, n=1,2,3,..., fuzzy number is defined by

k̃(s) =


2(s− 0.5), s ∈ [0.5, 1],

2(1.5− s), s ∈ (1, 1.5],

0 s /∈ [0.5, 1.5],

(5.55)
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and{k̃n}(r) = (0.5 + 0.5r)n, {k̃n}(r) = (1.5− 0.5r)n.
The parametric form of (5.53) is

∂1.5u

∂t1.5
=

∂2u

∂x2
, t > 0, (5.56)

∂1.5u

∂t1.5
=

∂2u

∂x2
, t > 0. (5.57)

for r ∈ [0, 1], and where u stands for u(x, t)(r), similar to u.

Let the solution u(x, t) = f(x)g(t) where the function g(t) satisfies the conditions given in Theo-
rem 3.3. Then selecting α = 0.5, β = 1 and applying the generalized two-dimensional differential
transform method (DTM) to both sides of equations (5.56) and (5.57) by Theorem 4.7, equations
(5.56) and (5.57) Transforms to

U0.5,1(j, h+ 3)(r) =
(j + 1)(j + 2)Γ(h2 + 1)

Γ(h2 + 5
2)

U0.5,1(j + 2, h)(r), (5.58)

U0.5,1(j, h+ 3)(r) =
(j + 1)(j + 2)Γ(h2 + 1)

Γ(h2 + 5
2)

U0.5,1(j + 2, h)(r). (5.59)

The generalized two-dimensional differential transform of the initial conditions (5.54) are given
by

U0.5,1(j, 0)(r) = (0.5 + 0.5r)n
1

j!
sin(

πj

2
), (5.60)

U0.5,1(j, 1)(r) = 0, (5.61)

U0.5,1(j, 2)(r) = (0.5 + 0.5r)n
−1

j!
sin(

πj

2
), (5.62)

U0.5,1(j, 0)(r) = (1.5− 0.5r)n
1

j!
sin(

πj

2
), (5.63)

U0.5,1(j, 1)(r) = 0, (5.64)

U0.5,1(j, 2)(r) = (1.5− 0.5r)n
−1

j!
sin(

πj

2
). (5.65)

Utilizing the recurrence relation (5.58), (5.59) and the transformed initial conditions (5.60) -(5.65),
the first few components of U0.5,1(j, h) can be calculated.
So, the solution u(x, t) of equations (5.56) and (5.57) is obtained

u(x, t)(r) = (0.5 + 0.5r)n

(
1− t− 1

Γ(52)
t
3
2 +

1

Γ(72)
t
5
2 +

1

Γ(4)
t3 + .....

)
x

+ (0.5 + 0.5r)n

(
− 1

3!
+

1

3!
t+

1

3!Γ(52)
t
3
2 − 1

3!Γ(72)
t
5
2 − 1

3!Γ(4)
t3 + ....

)
x3

+ (0.5 + 0.5r)n

(
1

5!
− 1

5!
t− 1

5!Γ(52)
t
3
2 +

1

5!Γ(72)
t
5
2 +

1

5!Γ(4)
t3 − ...

)
x5

u(x, t)(r) = (0.5 + 0.5r)n

 ∞∑
j=0

(−1)jt
3j
2

Γ(3j2 + 1)
sin(x)−

∞∑
j=0

(−1)jt
3j
2
+1

Γ(3j2 + 2)
sin(x)

 ,

= (0.5 + 0.5r)n
(
E 3

2
,1(−t

3
2 ) sin(x)− tE 3

2
,2(−t

3
2 ) sin(x)

)
, (5.66)
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u(x, t)(r) = (1.5− 0.5r)n

(
1− t− 1

Γ(52)
t
3
2 +

1

Γ(72)
t
5
2 +

1

Γ(4)
t3 + .....

)
· x

+ (1.5− 0.5r)n

(
− 1

3!
+

1

3!
t+

1

3!Γ(52)
t
3
2 − 1

3!Γ(72)
t
5
2 − 1

3!Γ(4)
t3 + ....

)
· x3

+ (1.5− 0.5r)n

(
1

5!
− 1

5!
t− 1

5!Γ(52)
t
3
2 +

1

5!Γ(72)
t
5
2 +

1

5!Γ(4)
t3 − ...

)
· x5

u(x, t)(r) = (1.5− 0.5r)n

 ∞∑
j=0

(−1)jt
3j
2

Γ(3j2 + 1)
sin(x)−

∞∑
j=0

(−1)jt
3j
2
+1

Γ(3j2 + 2)
sin(x)

 ,

= (1.5− 0.5r)n
(
E 3

2
,1(−t

3
2 ) sin(x)− tE 3

2
,2(−t

3
2 ) sin(x)

)
. (5.67)

Which is the exact solution of the fuzzy time fractional wave equations (5.56) and (5.57) where
Eα,β(z) is the two parameters mittag-Leffer function defined by

Eα,β(z) = k̃n ⊙
∞∑
n=0

zn

Γ(αn+ β)
. (5.68)

(B) Consider the following fuzzy time-fractional wave equation (5.53) with the initial conditions:

ũ(x, 0) = f̃(x) = k̃n ⊕ sin(x),
∂ũ(x, 0)

∂t
= g̃(x) = k̃n ⊕ (− sin(x)). (5.69)

By following the same steps, we will find that the solution. Utilizing the recurrence relation
(5.58), (5.59) and the transformed initial conditions (5.60) -(5.65), the first few components of
U0.5,1(j, h) can be calculated.
So, the solution u(x, t) of equations (5.56) and (5.57) is obtained

u(x, t)(r) = (0.5 + 0.5r)n +

(
1− t− 1

Γ(52)
t
3
2 +

1

Γ(72)
t
5
2 +

1

Γ(4)
t3 + .....

)
x

+ (0.5 + 0.5r)n +

(
− 1

3!
+

1

3!
t+

1

3!Γ(52)
t
3
2 − 1

3!Γ(72)
t
5
2 − 1

3!Γ(4)
t3 + ....

)
x3

+ (0.5 + 0.5r)n +

(
1

5!
− 1

5!
t− 1

5!Γ(52)
t
3
2 +

1

5!Γ(72)
t
5
2 +

1

5!Γ(4)
t3 − ...

)
x5

u(x, t)(r) = (0.5 + 0.5r)n +

 ∞∑
j=0

(−1)jt
3j
2

Γ(3j2 + 1)
sin(x)−

∞∑
j=0

(−1)jt
3j
2
+1

Γ(3j2 + 2)
sin(x)

 ,

= (0.5 + 0.5r)n +
(
E 3

2
,1(−t

3
2 ) sin(x)− tE 3

2
,2(−t

3
2 ) sin(x)

)
, (5.70)
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u(x, t)(r) = (1.5− 0.5r)n +

(
1− t− 1

Γ(52)
t
3
2 +

1

Γ(72)
t
5
2 +

1

Γ(4)
t3 + .....

)
· x

+ (1.5− 0.5r)n +

(
− 1

3!
+

1

3!
t+

1

3!Γ(52)
t
3
2 − 1

3!Γ(72)
t
5
2 − 1

3!Γ(4)
t3 + ....

)
· x3

+ (1.5− 0.5r)n +

(
1

5!
− 1

5!
t− 1

5!Γ(52)
t
3
2 +

1

5!Γ(72)
t
5
2 +

1

5!Γ(4)
t3 − ...

)
· x5

u(x, t)(r) = (1.5− 0.5r)n +

 ∞∑
j=0

(−1)jt
3j
2

Γ(3j2 + 1)
sin(x)−

∞∑
j=0

(−1)jt
3j
2
+1

Γ(3j2 + 2)
sin(x)

 ,

= (1.5− 0.5r)n +
(
E 3

2
,1(−t

3
2 ) sin(x)− tE 3

2
,2(−t

3
2 ) sin(x)

)
. (5.71)

Which is the exact solution of the fuzzy time fractional wave equations (5.56) and (5.57) where
Eα,β(z) is the two parameters mittag-Leffer function defined by

Eα,β(z) = k̃n ⊕
∞∑
n=0

zn

Γ(αn+ β)
. (5.72)

(C) Consider the following fuzzy time fractional wave equation (5.53) with initial conditions:

ũ(x, 0) = f̃(x) = k̃n ⊖gH sin(x),
∂ũ(x, 0)

∂t
= g̃(x) = k̃n ⊖gH (− sin(x)). (5.73)

By following the same steps, we will find that the solution. Utilizing the recurrence relation
(5.58), (5.59) and the transformed initial conditions (5.60) -(5.65), the first few components of
U0.5,1(j, h) can be calculated.
So, the solution u(x, t) of equations (5.56) and (5.57) is obtained

u(x, t)(r) = (0.5 + 0.5r)n −

(
1− t− 1

Γ(52)
t
3
2 +

1

Γ(72)
t
5
2 +

1

Γ(4)
t3 + .....

)
x

+ (0.5 + 0.5r)n −

(
− 1

3!
+

1

3!
t+

1

3!Γ(52)
t
3
2 − 1

3!Γ(72)
t
5
2 − 1

3!Γ(4)
t3 + ....

)
x3

+ (0.5 + 0.5r)n −

(
1

5!
− 1

5!
t− 1

5!Γ(52)
t
3
2 +

1

5!Γ(72)
t
5
2 +

1

5!Γ(4)
t3 − ...

)
x5

u(x, t)(r) = (0.5 + 0.5r)n −

 ∞∑
j=0

(−1)jt
3j
2

Γ(3j2 + 1)
sin(x)−

∞∑
j=0

(−1)jt
3j
2
+1

Γ(3j2 + 2)
sin(x)

 ,

= (0.5 + 0.5r)n −
(
E 3

2
,1(−t

3
2 ) sin(x)− tE 3

2
,2(−t

3
2 ) sin(x)

)
, (5.74)
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u(x, t)(r) = (1.5− 0.5r)n −

(
1− t− 1

Γ(52)
t
3
2 +

1

Γ(72)
t
5
2 +

1

Γ(4)
t3 + .....

)
· x

+ (1.5− 0.5r)n −

(
− 1

3!
+

1

3!
t+

1

3!Γ(52)
t
3
2 − 1

3!Γ(72)
t
5
2 − 1

3!Γ(4)
t3 + ....

)
· x3

+ (1.5− 0.5r)n −

(
1

5!
− 1

5!
t− 1

5!Γ(52)
t
3
2 +

1

5!Γ(72)
t
5
2 +

1

5!Γ(4)
t3 − ...

)
· x5

u(x, t)(r) = (1.5− 0.5r)n −

 ∞∑
j=0

(−1)jt
3j
2

Γ(3j2 + 1)
sin(x)−

∞∑
j=0

(−1)jt
3j
2
+1

Γ(3j2 + 2)
sin(x)

 ,

= (1.5− 0.5r)n −
(
E 3

2
,1(−t

3
2 ) sin(x)− tE 3

2
,2(−t

3
2 ) sin(x)

)
. (5.75)

Which is the exact solution of the fuzzy time fractional wave equations (5.56) and (5.57) where
Eα,β(z) is the two parameters mittag-Leffer function defined by

Eα,β(z) = k̃n ⊖gH

∞∑
n=0

zn

Γ(αn+ β)
. (5.76)

Example 5.3. Consider the following fuzzy linear space time fractional wave equation

(A)
∂1.5ũ

∂t1.5
=

1

2
x2 ⊙ ∂1.25ũ

∂x1.25
x > 0, t > 0, (5.77)

subject to the initial conditions

ũ(x, 0) = f̃(x) = k̃n ⊙
∞∑
n=0

anx
n,

∂ũ(x, 0)

∂t
= g̃(x) = k̃n ⊙

∞∑
n=0

bnx
n. (5.78)

where k̃n ∈ E1, n=1,2,3,... fuzzy number is defined by

k̃(s) =


s, s ∈ [0, 1],

2− s s ∈ (1, 2],

0 s /∈ [0, 2],

(5.79)

and [k̃n](r) = rn, [k̃n](r) = (2− r)n.
The parametric form of (5.77) is

∂1.5u

∂t1.5
=

1

2
x2

∂1.25u

∂x1.25
x > 0, t > 0 (5.80)

∂1.5u

∂t1.5
=

1

2
x2

∂1.25u

∂x1.25
x > 0, t > 0 (5.81)

for r ∈ [0, 1], and where u stands for u(x, t)(r), similar to u.

Let the solution u(x, t) can be represented as a product of single-valued functions, u(x, t) =
f(x)g(t) where the functions f(x) and g(t) satisfy the conditions given in Theorem 3.3. Selecting
α = 0.5, β = 0.25 and applying the generalized two-dimensional differential transform to both
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sides of equations (5.80) and (5.81), the fuzzy linear space-time fractional wave equations (5.80)
and (5.81) transform to

U1/2,1/4(j, h+ 3)(r) =


1

2

Γ(h/2 + 1)Γ(j/4 + 7/4)

Γ(h/2 + 5/2)Γ(j/4 + 2/4)
U1/2,1/4(j + 3, h)(r), j ≥ 2

0, j < 2.

(5.82)

U1/2,1/4(j, h+ 3)(r) =


1

2

Γ(h/2 + 1)Γ(j/4 + 7/4)

Γ(h/2 + 5/2)Γ(j/4 + 2/4)
U1/2,1/4(j + 3, h)(r), j ≥ 2

0, j < 2.

(5.83)

The generalized two-dimensional transforms of the initial conditions (5.78) are given by

U1/2,1/4(j, 0)(r) = rnaj , (5.84)

U1/2,1/4(j, 1)(r) = 0, (5.85)

U1/2,1/4(j, 2)(r) = rnbj , (5.86)

U1/2,1/4(j, 0)(r) = (2− r)naj , (5.87)

U1/2,1/4(j, 1)(r) = 0, (5.88)

U1/2,1/4(j, 2)(r) = (2− r)nbj . (5.89)

Utilizing the recurrence relation (5.82), (5.83) and the transformed initial conditions (5.84) -(5.89),
the first few components of U1/2,1/4(j, h) are calculated. So, from equation (4.8), the approximate
solution of the fuzzy linear space-time-fractional wave equations (5.80) and (5.81) can be derived
as

u(x, t)(r) = rn
(
a0 + b0t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a3t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b3t

5/2

)
+ rn

(
a1 + b1t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a4t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b4t

5/2

)
· x1/4

+ rn
(
a2 + b2t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a5t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b5t

5/2

)
· x2/4

+ rn
(
a3 + b3t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a6t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b6t

5/2

)
· x3/4

+ rn
(
a4 + b4t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a7t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b7t

5/2

)
· x+ · · ·, (5.90)

u(x, t)(r) = (2− r)n
(
a0 + b0t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a3t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b3t

5/2

)
+ (2− r)n

(
a1 + b1t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a4t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b4t

5/2

)
· x1/4

+ (2− r)n
(
a2 + b2t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a5t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b5t

5/2

)
· x2/4

+ (2− r)n
(
a3 + b3t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a6t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b6t

5/2

)
· x3/4

+ (2− r)n
(
a4 + b4t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a7t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b7t

5/2

)
· x+ · · ·. (5.91)
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(B) Consider the following fuzzy linear-space-time-fractional wave equation (5.77) with the initial
conditions:

ũ(x, 0) = f̃(x) = k̃n ⊕
∞∑
n=0

anx
n,

∂ũ(x, 0)

∂t
= g̃(x) = k̃n ⊕

∞∑
n=0

bnx
n. (5.92)

By following the same steps, we will find that the solution. Utilizing the recurrence relation
(5.82), (5.83) and the transformed initial conditions (5.84) -(5.89), the first few components of
U1/2,1/4(j, h) are calculated. So, from equation (4.8), the approximate solution of the fuzzy linear
space-time-fractional wave equations (5.80) and (5.81) can be derived as

u(x, t)(r) = rn +

(
a0 + b0t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a3t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b3t

5/2

)
+ rn +

(
a1 + b1t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a4t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b4t

5/2

)
· x1/4

+ rn +

(
a2 + b2t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a5t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b5t

5/2

)
· x2/4

+ rn +

(
a3 + b3t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a6t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b6t

5/2

)
· x3/4

+ rn +

(
a4 + b4t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a7t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b7t

5/2

)
· x+ · · ·, (5.93)

u(x, t)(r) = (2− r)n +

(
a0 + b0t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a3t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b3t

5/2

)
+ (2− r)n +

(
a1 + b1t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a4t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b4t

5/2

)
· x1/4

+ (2− r)n +

(
a2 + b2t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a5t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b5t

5/2

)
· x2/4

+ (2− r)n +

(
a3 + b3t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a6t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b6t

5/2

)
· x3/4

+ (2− r)n +

(
a4 + b4t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a7t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b7t

5/2

)
· x+ · · ·. (5.94)

(C) Consider the following fuzzy linear space-time-fractional wave equation (5.77) with the initial
conditions:

ũ(x, 0) = f̃(x) = k̃n ⊖gH

∞∑
n=0

anx
n,

∂ũ(x, 0)

∂t
= g̃(x) = k̃n ⊖gH

∞∑
n=0

bnx
n. (5.95)

By following the same steps, we will find that the solution. Utilizing the recurrence relation
(5.82), (5.83) and the transformed initial conditions (5.84) -(5.89), the first few components of
U1/2,1/4(j, h) are calculated. So, from equation (4.8), the approximate solution of the fuzzy linear
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space-time-fractional wave equations (5.80) and (5.81) can be derived as

u(x, t)(r) = rn −
(
a0 + b0t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a3t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b3t

5/2

)
+ rn −

(
a1 + b1t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a4t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b4t

5/2

)
· x1/4

+ rn −
(
a2 + b2t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a5t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b5t

5/2

)
· x2/4

+ rn −
(
a3 + b3t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a6t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b6t

5/2

)
· x3/4

+ rn −
(
a4 + b4t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a7t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b7t

5/2

)
· x+ · · ·, (5.96)

u(x, t)(r) = (2− r)n −
(
a0 + b0t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a3t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b3t

5/2

)
+ (2− r)n −

(
a1 + b1t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a4t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b4t

5/2

)
· x1/4

+ (2− r)n −
(
a2 + b2t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a5t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b5t

5/2

)
· x2/4

+ (2− r)n −
(
a3 + b3t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a6t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b6t

5/2

)
· x3/4

+ (2− r)n −
(
a4 + b4t+

Γ(7/4)

Γ(5/2)Γ(2/4)
a7t

3/2 +
Γ(7/4)

Γ(7/2)Γ(2/4)
b7t

5/2

)
· x+ · · ·. (5.97)

6 Conclusions

In this paper, the differential transform method (DTM) has been successfully applied for solving
fuzzy fractional wave equation. The proposed method is also illustrated by three examples. The new
method is investigated based on the two-dimensional differential transform method, generalized Tay-
lor’s formula and fuzzy Caputo,s derivative. The results reveal that DTM is a highly effective scheme
for obtaining analytical solutions of the fuzzy fractional wave equation.
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Figure 1: Example (5.1), Case (A), t = 0.000001, x = 0.1, n = 1.
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Figure 2: Example (5.1), Case (B), t = 0.03, x = 0.1, n = 2.
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Figure 3: Example (5.1), Case (C), t = 0.0001, x = 0.001, n = 3.
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Abstract

Fractional integral operators generalize the concept of definite integration. There-

fore these operators play a vital role in the advancement of subjects of sciences and

engineering. The aim of this study is to establish the bounds of a generalized frac-

tional integral operator via quasi-convex functions. These bounds behave as a formula

in unified form, and estimations of almost all fractional integrals defined in last two

decades can be obtained at once by choosing convenient parameters. Moreover, several

related fractional integral inequalities are identified.
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1 Introduction

A function f : I → R is said to be convex if the following inequality holds:

f(ta + (1− t)b) ≤ tf(a) + (1− t)f(b) (1.1)
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for all a, b ∈ I and t ∈ [0, 1].

If inequality (1.1) is reversed, then the function f will be the concave on [a, b]. Convex

functions are very useful in mathematical analysis. A lot of integral inequalities have

been established due to convex functions in literature (for details see, [2–6, 10, 11, 18–20].

Quasi-convexity is also class of convex functions which is defined as follows:

Definition 1.1. ([10]) A function f : I → R is said to be quasi-convex if the following

inequality holds:

f(ta + (1− t)b) ≤ max{f(a), f(b)} (1.2)

for all a, b ∈ I and t ∈ [0, 1].

Example 1.2. ([11, p. 83]) The function f : [−2, 2] → R, given by

f(x) =

{

1 x ∈ [−2,−1]

x2 x ∈ (−1, 2]

is not a convex function on [−2, 2] but it is quasi-convex function on [−2, 2].

It is noted that class of quasi-convex functions contain the class of finite convex func-

tions defined on finite closed intervals. For some recent citations and utilizations of quasi-

convex functions one can see [2, 10, 11, 20] and references therein.

Fractional integral operators play an important role in generalizing the mathemati-

cal inequalities. In recent years, authors have proved various interesting mathematical

inequalities due to different fractional integral operators, for example see [3–811, 15, 20].

The upcoming definitions and remark provide a detailed information of recent and classical

fractional integral operators.

Definition 1.3. Let f ∈ L1[a, b] with 0 ≤ a < b. Then Riemann-Liouville fractional

integral operators of order µ > 0 are defined by

µIa+f(x) =
1

Γ(µ)

∫ x

a

(x − t)µ−1f(t)dt, x > a (1.3)

and

µIb−f(x) =
1

Γ(µ)

∫ b

x

(t − x)µ−1f(t)dt, x < b, (1.4)

where Γ(µ) is the Gamma function defined by Γ(µ) =
∫

∞

0 tµ−1e−tdt.

Definition 1.4. ([16]) Let f ∈ L1[a, b] with 0 ≤ a < b. Then Riemann-Liouville k-

fractional integral operators of order µ, k > 0 are defined by

µIk
a+f(x) =

1

kΓk(µ)

∫ x

a

(x− t)
µ
k
−1f(t)dt, x > a (1.5)

and

µIk
b−f(x) =

1

kΓk(µ)

∫ b

x

(t − x)
µ
k
−1f(t)dt, x < b, (1.6)

where Γk(µ) is the k-Gamma function defined as Γk(µ) =
∫

∞

0 tµ−1e− tk

k
dt.
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Definition 1.5. ([14]) Let f ∈ L1[a, b] with 0 ≤ a < b. Also let g be an increasing and

positive function on (a, b], having a continuous derivative g′ on (a, b). The left-sided and

right-sided fractional integrals of a function f with respect to another function g on [a, b]

of order µ > 0, are defined by

µ
g Ia+f(x) =

1

Γ(µ)

∫ x

a

(g(x)− g(t))µ−1g′(t)f(t)dt, x > a (1.7)

and

µ
g Ib−f(x) =

1

Γ(µ)

∫ b

x

(g(t)− g(x))µ−1g′(t)f(t)dt, x < b. (1.8)

Definition 1.6. ([15]) Let f ∈ L1[a, b] with 0 ≤ a < b. Also let g be an increasing and

positive function on (a, b], having a continuous derivative g′ on (a, b). The left-sided and

right-sided fractional integrals of a function f with respect to another function g on [a, b]

of order µ, k > 0 are defined by

µ
g Ik

a+f(x) =
1

kΓk(µ)

∫ x

a

(g(x)− g(t))
µ
k
−1g′(t)f(t)dt, x > a (1.9)

and

µ
g Ik

b−f(x) =
1

kΓk(µ)

∫ b

x

(g(t)− g(x))
µ
k
−1g′(t)f(t)dt, x < b. (1.10)

These are compact formulas which give almost all fractional integrals by choosing

suitable formations of function g. In this context the following remark is important:

Remark 1.7. Fractional integrals elaborated in (1.9) and (1.10) particularly produce

several known fractional integrals corresponding to different settings of k and g.

(i) For k = 1 (1.9) and (1.10) fractional integrals coincide with (1.7) and (1.8).

(ii) For taking g as identity function (1.9) and (1.10) fractional integrals coincide with

(1.5) and (1.6).

(iii) For k = 1, along with g as identity function (1.9) and (1.10) fractional integrals

coincide with (1.3) and (1.4).

(iv) For k = 1 and g(x) = xρ

ρ
, ρ > 0, (1.9) and (1.10) produce Katugampola fractional

integrals defined by Chen et al. in [1].

(v) For k = 1 and g(x) = xτ+s

τ+s , (1.9) and (1.10) produce generalized conformable

fractional integrals defined by Khan et al. in [13].

(vi) If we take g(x) = (x−a)s

s
, s > 0 in (1.9) and g(x) = − (b−x)s

s
, s > 0 in (1.10), then

conformable (k, s)-fractional integrals are achieved as defined by Sidra et al. in [9].

(vii) If we take g(x) = x1+s

1+s , then conformable fractional integrals are achieved as

defined by Sarikaya et al. in [17].

(viii) If we take g(x) =
(x−a)s

s , s > 0 in (1.9) and g(x) = −
(b−x)s

s , s > 0 in (1.10) with

k = 1, then conformable fractional integrals are achieved as defined by Jarad et al. in [12].

The rest of paper is organized as follows:

In Section 2, the bounds of sum of left-sided and right-sided generalized fractional in-

tegrals via quasi-convex function are established. First result provides an upper bound for

generalized fractional integrals, and some particular cases are elaborated. Then bounds
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along with particular cases, in modulus form have been presented. Furthermore, Hadama-

rad type bounds are formulated. In Section 3, applications of results of Section 2 are

given. Moreover concluding remarks are included at the end.

In the next sections the notation M b
a(f) = max{f(a), f(b)} has been used frequently.

2 Main Results

Firstly, the following theorem set the formula for upper bounds of fractional integrals via

quasi-convex functions in a unified form.

Theorem 2.1. Let f, g : [a, b] −→ R be two functions such that g be differentiable and

f ∈ L[a, b] with a < b. Also let f be positive, quasi-convex and g be strictly increasing

function with g′ ∈ L[a, b]. Then for x ∈ [a, b] and µ, ν ≥ k, the following inequality holds:

µ
g Ik

a+f(x) +ν
g Ik

b−f(x) ≤
(g(x)− g(a))

µ
k

kΓk(µ)
Mx

a (f) +
(g(b)− g(x))

ν
k

kΓk(ν)
M b

x(f). (2.1)

Proof. As f is quasi-convex, therefore for t ∈ [a, x], f(t) ≤ Mx
a (f). Under assumptions on

function g, for all x ∈ [a, b], t ∈ [a, x] and µ ≥ k, the following inequality holds:

g′(t)(g(x)− g(t))
µ

k
−1 ≤ g′(t)(g(x)− g(a))

µ

k
−1. (2.2)

From aforementioned two inequalities, the following integral inequality is yielded:
∫ x

a

(g(x)− g(t))
µ
k
−1f(t)g′(t)dt ≤ (g(x)− g(a))

µ
k
−1Mx

a (f)

∫ x

a

g′(t)dt. (2.3)

By using (1.9) of Definition 1.6, the following bound of fractional integral defined in (1.9)

is obtained:

µ
g Ik

a+f(x) ≤
(g(x)− g(a))

µ

k

kΓk(µ)
Mx

a (f). (2.4)

Again from quasi-convexity of f , for t ∈ [x, b], f(t) ≤ M b
x(f). Also for x ∈ [a, b], t ∈ [x, b]

and ν ≥ k, the following inequality holds:

g′(t)(g(t)− g(x))
ν
k
−1 ≤ g′(t)(g(b)− g(x))

ν
k
−1. (2.5)

From aforementioned two inequalities, the following integral inequality is yielded:

∫ b

x

(g(t)− g(x))
ν
k
−1f(t)g′(t)dt ≤ (g(b)− g(x))

ν
k
−1M b

x(f)

∫ b

x

g′(t)dt. (2.6)

By using (1.10) of Definition 1.6, the following bound of fractional integral defined in

(1.10) is obtained:

ν
gIk

b−f(x) ≤
(g(b)− g(x))

ν
k

kΓk(ν)
M b

x(f). (2.7)

From (2.4) and (2.7), the bound of sum of left-sided and right-sided fractional integrals is

achieved.
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Special cases of Theorem 2.1, are discussed in the following corollaries.

Corollary 2.2. If we take µ = ν in (2.1), then we get the following fractional integral

inequality:

µ
g Ik

a+f(x) +µ
g Ik

b−f(x) ≤
1

kΓk(µ)

(

(g(x)− g(a))
µ
k Mx

a (f) + (g(b)− g(x))
µ
k M b

x(f)
)

. (2.8)

Corollary 2.3. If we take k = 1 in (2.1), then we get the following generalized (RL)

fractional integral inequality:

µ
g Ia+f(x) +ν

g Ib−f(x) ≤
(g(x)− g(a))µ

Γ(µ)
Mx

a (f) +
(g(b)− g(x))ν

Γ(ν)
M b

x(f). (2.9)

Corollary 2.4. If we take g(x) = x in (2.1), then we get the following (RL) k-fractional

integral inequality:

µIk
a+f(x) +ν Ik

b−f(x) ≤
(x − a)

µ
k

kΓk(µ)
Mx

a (f) +
(b − x)

ν
k

kΓk(ν)
M b

x(f). (2.10)

Corollary 2.5. If we take g(x) = x and k = 1 in (2.1), then we get the following (RL)

fractional integral inequality:

µIa+f(x) +ν Ib−f(x) ≤
(x − a)µ

Γ(µ)
Mx

a (f) +
(b − x)ν

Γ(ν)
M b

x(f). (2.11)

Corollary 2.6. Under the assumptions of above theorem if f is increasing on [a, b], then

from (2.1), we get the following fractional integral inequality:

µ
g Ik

a+f(x) +ν
g Ik

b−f(x) ≤
(g(x)− g(a))

µ
k

kΓk(µ)
f(x) +

(g(b)− g(x))
ν
k

kΓk(ν)
f(b). (2.12)

Corollary 2.7. Under the assumptions of above theorem if f is decreasing on [a, b], then

from (2.1), we get the following fractional integral inequality:

µ
g Ik

a+f(x) +ν
g Ik

b−f(x) ≤
(g(x)− g(a))

µ

k

kΓk(µ)
f(a) +

(g(b)− g(x))
ν
k

kΓk(ν)
f(x). (2.13)

Next theorem provides the bound of generalized fractional integrals in modulus form.

Theorem 2.8. Let f, g : [a, b] −→ R be two differentiable functions with a < b. Also let

|f ′| be quasi-convex and g be strictly increasing with g′ ∈ L[a, b]. Then for x ∈ [a, b] and

µ, ν, k > 0, the following inequality holds:

∣

∣

∣

∣

∣

µ
g Ik

a+f(x) +ν
g Ik

b−f(x) −

(

(g(x)− g(a))
µ
k

Γk(µ + k)
f(a) +

(g(b)− g(x))
ν
k

Γk(ν + k)
f(b)

)
∣

∣

∣

∣

∣

(2.14)

≤
(g(x)− g(a))

µ
k (x − a)

Γk(µ + k)
Mx

a (|f ′|) +
(g(b)− g(x))

ν
k (b − x)

Γk(ν + k)
M b

x(|f ′|).
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Proof. As |f ′| is quasi-convex, therefore for t ∈ [a, x], we have

|f ′(t)| ≤ Mx
a (|f ′|). (2.15)

From (2.15), we have

f ′(t) ≤ Mx
a (|f ′|). (2.16)

Under assumptions of the function g, the following inequality holds:

(g(x)− g(t))
µ

k ≤ (g(x)− g(a))
µ

k (2.17)

for all x ∈ [a, b], t ∈ [a, x] and µ, k > 0.

From (2.16) and (2.17), we have

∫ x

a

(g(x)− g(t))
µ

k f ′(t)dt ≤ (g(x)− g(a))
µ

k Mx
a (|f ′|)

∫ x

a

dt, (2.18)

the left hand side calculate as follows:
∫ x

a

(g(x)− g(t))
µ
k f ′(t)dt

= f(t)(g(x)− g(t))
µ

k |xa +
µ

k

∫ x

a

(g(x)− g(t))
µ

k
−1f(t)g′(t)dt

= −f(a)(g(x)− g(a))
µ

k + Γk(µ + k)µ
g Ik

a+f(x).

Using above calculation in (2.18), we get the following inequality:

µ
g Ik

a+f(x)−
(g(x)− g(a))

µ

k

Γk(µ + k)
f(a) ≤

(g(x)− g(a))
µ

k (x− a)

Γk(µ + k)
Mx

a (|f ′|). (2.19)

Also from (2.15), we can write

f ′(t) ≥ −Mx
a (|f ′|). (2.20)

Following the same procedure as we did for (2.16), we also have

(g(x)− g(a))
µ
k

Γk(µ + k)
f(a) −µ

g Ik
a+f(x) ≤

(g(x)− g(a))
µ
k (x− a)

Γk(µ + k)
Mx

a (|f ′|). (2.21)

From (2.19) and (2.21), we get the following modulus inequality:

∣

∣

∣

∣

∣

µ
g Ik

a+f(x)−
(g(x)− g(a))

µ

k

Γk(µ + k)
f(a)

∣

∣

∣

∣

∣

≤
(g(x)− g(a))

µ

k (x − a)

Γk(µ + k)
Mx

a (|f ′|). (2.22)

Again by using quasi-convexity of |f ′|, for t ∈ [x, b], we have

|f ′(t)| ≤ M b
x(|f ′|). (2.23)

Now for x ∈ [a, b], t ∈ [x, b] and ν, k > 0, the following inequality holds:

(g(t)− g(x))
ν
k ≤ (g(b)− g(x))

ν
k . (2.24)
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By adopting the same way as we have done for (2.16), (2.17) and (2.20) one can get from

(2.23) and (2.24) the following modulus inequality:
∣

∣

∣

∣

∣

ν
gIk

b−f(x) −
(g(b)− g(x))

ν
k

Γk(ν + k)
f(b)

∣

∣

∣

∣

∣

≤
(g(b)− g(x))

ν
k (b − x)

Γk(ν + k)
M b

x(|f ′|). (2.25)

From (2.22) and (2.25) via triangular inequality, we get the modulus inequality in (2.14),

which is required.

Special cases of Theorem 2.8, are discussed in the following corollaries.

Corollary 2.9. If we take µ = ν in (2.14), then we get the following fractional integral

inequality:
∣

∣

∣

∣

µ
g Ik

a+f(x) +µ
g Ik

b−f(x)−
1

Γk(µ + k)

(

(g(x)− g(a))
µ

k f(a) + (g(b)− g(x))
µ

k f(b)
)

∣

∣

∣

∣

(2.26)

≤
1

Γk(µ + k)

(

(g(x)− g(a))
µ

k (x− a)Mx
a (|f ′|) + (g(b)− g(x))

µ

k (b − x)M b
x(|f ′|)

)

.

Corollary 2.10. If we take k = 1 in (2.14), then we get the following generalized (RL)

fractional integral inequality:
∣

∣

∣

∣

µ
g Ia+f(x) +ν

g Ib−f(x) −

(

(g(x)− g(a))µ

Γ(µ + 1)
f(a) +

(g(b)− g(x))ν

Γ(ν + 1)
f(b)

)
∣

∣

∣

∣

(2.27)

≤
(g(x)− g(a))µ(x − a)

Γ(µ + 1)
Mx

a (|f ′|) +
(g(b)− g(x))ν(b − x)

Γ(ν + 1)
M b

x(|f ′|).

Corollary 2.11. If we take g(x) = x in (2.14), then we get the following (RL) k-fractional

integral inequality:
∣

∣

∣

∣

∣

µIk
a+f(x) +ν Ik

b−f(x) −

(

(x − a)
µ

k

Γk(µ + k)
f(a) +

(b − x)
ν
k

Γk(ν + k)
f(b)

)
∣

∣

∣

∣

∣

(2.28)

≤
(x − a)

µ

k
+1

Γk(µ + k)
Mx

a (|f ′|) +
(b − x)

ν
k
+1

Γk(ν + k)
M b

x(|f ′|).

Corollary 2.12. If we take g(x) = x and k = 1 in (2.14), then we get the following (RL)

fractional integral inequality:
∣

∣

∣

∣

µIa+f(x) +ν Ib−f(x) −

(

(x− a)µ

Γ(µ + 1)
f(a) +

(b − x)ν

Γ(ν + 1)
f(b)

)
∣

∣

∣

∣

(2.29)

≤
(x − a)µ+1

Γ(µ + 1)
Mx

a (|f ′|) +
(b − x)ν+1

Γ(ν + 1)
M b

x(|f ′|).

Corollary 2.13. Under the assumptions of above theorem if |f ′| is increasing on [a, b],

then from (2.14), we get the following fractional integral inequality:
∣

∣

∣

∣

∣

µ
g Ik

a+f(x) +ν
g Ik

b−f(x) −

(

(g(x)− g(a))
µ
k

Γk(µ + k)
f(a) +

(g(b)− g(x))
ν
k

Γk(ν + k)
f(b)

)
∣

∣

∣

∣

∣

(2.30)

≤
(g(x)− g(a))

µ
k (x − a)

Γk(µ + k)
|f ′(x)|+

(g(b)− g(x))
ν
k (b − x)

Γk(ν + k)
|f ′(b)|.
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Corollary 2.14. Under the assumptions of above theorem if |f ′| is decreasing on [a, b],

then from (2.14), we get the following fractional integral inequality:

∣

∣

∣

∣

∣

µ
g Ik

a+f(x) +ν
g Ik

b−f(x) −

(

(g(x)− g(a))
µ
k

Γk(µ + k)
f(a) +

(g(b)− g(x))
ν
k

Γk(ν + k)
f(b)

)
∣

∣

∣

∣

∣

(2.31)

≤
(g(x)− g(a))

µ

k (x − a)

Γk(µ + k)
|f ′(a)|+

(g(b)− g(x))
ν
k (b − x)

Γk(ν + k)
|f ′(x)|.

We need the following lemma in the proof of next result.

Lemma 2.15. Let f : [0,∞) → R be a quasi-convex function. If f(x) = f (a + b − x),

then for x ∈ [a, b], the following inequality holds:

f

(

a + b

2

)

≤ f(x). (2.32)

Proof. We have

a + b

2
=

1

2

(

x − a

b − a
b +

b − x

b − a
a

)

+
1

2

(

x − a

b − a
a +

b − x

b − a
b

)

. (2.33)

As f is quasi-convex, therefore for x ∈ [a, b], we have

f

(

a + b

2

)

≤ max {f(x), f(a + b − x)}. (2.34)

Using given condition f(x) = f (a + b − x) in (2.34), then inequality in (2.32) is estab-

lished.

Theorem 2.16. Let f, g : [a, b] −→ R be two functions such that g be differentiable and

f ∈ L[a, b] with a < b. Also let f be positive, quasi-convex, f(x) = f (a + b − x) and g

be strictly increasing with g′ ∈ L[a, b]. Then for x ∈ [a, b] and µ, ν, k > 0, the following

inequalities hold:

f

(

a + b

2

)

[

(g(b)− g(a))
ν
k
+1

Γk(ν + 2k)
+

(g(b)− g(a))
µ

k
+1

Γk(µ + 2k)

]

(2.35)

≤ ν+k
g Ik

b−f(a) +µ+k
g Ik

a+f(b)

≤
1

k

[

(g(b)− g(a))
ν
k
+1

Γk(ν + k)
+

(g(b)− g(a))
µ

k
+1

Γk(µ + k)

]

M b
a(f).

Proof. As f is quasi-convex, therefore for x ∈ [a, b], we have

f(x) ≤ M b
a(f). (2.36)

Under assumptions of the function g, the following inequality holds:

g′(x)(g(x)− g(a))
ν
k ≤ g′(x)(g(b)− g(a))

ν
k (2.37)

for all x ∈ [a, b] and ν, k > 0.
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From (2.36) and (2.37), we have

∫ b

a

(g(x)− g(a))
ν
k f(x)g′(x)dx ≤ (g(b)− g(a))

ν
k M b

a(f)

∫ b

a

g′(x)dx.

By using (1.10) of Definition 1.6, we get

ν+k
g Ik

b−f(a) ≤
(g(b)− g(a))

ν
k
+1

kΓk(ν + k)
M b

a(f). (2.38)

Now for x ∈ [a, b] and µ, k > 0, the following inequality inequality holds:

g′(x)(g(b)− g(x))
µ
k ≤ g′(x)(g(b)− g(a))

µ
k . (2.39)

From (2.36) and (2.39), we have

∫ b

a

(g(b)− g(x))
µ
k f(x)g′(x)dx ≤ (g(b)− g(a))

µ
k M b

a(f)

∫ b

a

g′(x)dx.

By using (1.9) of Definition 1.6, we get

µ+k
g Ik

a+f(b) ≤
(g(b)− g(a))

µ

k
+1

kΓk(µ + k)
M b

a(f). (2.40)

Adding (2.38) and (2.40), we get the following inequality

ν+k
g Ik

b−f(a) +µ+k
g Ik

a+f(b) ≤
1

k

[

(g(b)− g(a))
ν
k
+1

Γk(ν + k)
+

(g(b)− g(a))
µ

k
+1

Γk(µ + k)

]

M b
a(f). (2.41)

Now on the other hand multiplying (2.32) with (g(x)− g(a))
ν
k g′(x), then integrating over

[a, b], we have

f

(

a + b

2

)
∫ b

a

(g(x)− g(a))
ν
k g′(x)dx ≤

∫ b

a

(g(x)− g(a))
ν
k g′(x)f(x)dx. (2.42)

By using (1.10) of Definition 1.6, we get

k(g(b)− g(a))
ν
k
+1

ν + k
f

(

a + b

2

)

≤ kΓk(ν + k)ν+k
g Ik

b−f(a). (2.43)

Similarly, multiplying (2.32) with (g(b)− g(x))
µ
k g′(x), then integrating over [a, b], we have

k(g(b)− g(a))
µ
k
+1

µ + k
f

(

a + b

2

)

≤ kΓk(µ + k)µ+k
g Ik

a+f(b). (2.44)

Adding (2.43) and (2.44), we get the following inequality

f

(

a + b

2

)

[

(g(b)− g(a))
ν
k
+1

Γk(ν + 2k)
+

(g(b)− g(a))
µ
k
+1

Γk(µ + 2k)

]

≤ν+k
g Ik

b−f(a) +µ+k
g Ik

a+f(b). (2.45)

From (2.41) and (2.45), we get the inequalities in (2.35), which is required.
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Special cases of Theorem 2.16, are discussed in the following corollaries.

Corollary 2.17. If we take µ = ν in (2.35), then we get the following fractional integral

inequality:

2f

(

a + b

2

)

[

(g(b)− g(a))
µ
k
+1

Γk(µ + 2k)

]

≤ µ+k
g Ik

b−f(a) +µ+k
g Ik

a+f(b)

≤
2

k

[

(g(b)− g(a))
µ
k
+1

Γk(µ + k)

]

M b
a(f).

Corollary 2.18. If we take k = 1 in (2.35), then we get the following generalized (RL)

fractional integral inequality:

f

(

a + b

2

)[

(g(b)− g(a))ν+1

Γ(ν + 2)
+

(g(b)− g(a))µ+1

Γ(µ + 2)

]

(2.46)

≤ ν+1
g Ib−f(a) +µ+1

g Ia+f(b)

≤

[

(g(b)− g(a))ν+1

Γ(ν + 1)
+

(g(b)− g(a))µ+1

Γ(µ + 1)

]

M b
a(f).

Corollary 2.19. If we take g(x) = x in (2.35), then we get the following (RL) k-fractional

integral inequality:

f

(

a + b

2

)

[

(b − a)
ν
k
+1

Γk(ν + 2k)
+

(b − a)
µ
k
+1

Γk(µ + 2k)

]

(2.47)

≤ ν+kIk
b−f(a) +µ+k Ik

a+f(b)

≤
1

k

[

(b − a)
ν
k
+1

Γk(ν + k)
+

(b − a)
µ

k
+1

Γk(µ + k)

]

M b
a(f).

Corollary 2.20. If we take g(x) = x and k = 1 in (2.35), then we get the following (RL)

fractional integral inequality:

f

(

a + b

2

)[

(b − a)ν+1

Γ(ν + 2)
+

(b − a)µ+1

Γ(µ + 2)

]

(2.48)

≤ ν+1Ib−f(a) +µ+1 Ia+f(b)

≤

[

(b − a)ν+1

Γ(ν + 1)
+

(b − a)µ+1

Γ(µ + 1)

]

M b
a(f).

Corollary 2.21. Under the assumptions of above theorem if f is increasing on [a, b], then

from (2.35), we get the following fractional integral inequality:

f

(

a + b

2

)

[

(g(b)− g(a))
ν
k
+1

Γk(ν + 2k)
+

(g(b)− g(a))
µ

k
+1

Γk(µ + 2k)

]

(2.49)

≤ ν+k
g Ik

b−f(a) +µ+k
g Ik

a+f(b)

≤
1

k

[

(g(b)− g(a))
ν
k
+1

Γk(ν + k)
+

(g(b)− g(a))
µ
k
+1

Γk(µ + k)

]

f(b).
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Corollary 2.22. Under the assumptions of above theorem if f is decreasing on [a, b], then

from (2.35), we get the following fractional integral inequality:

f

(

a + b

2

)

[

(g(b)− g(a))
ν
k
+1

Γk(ν + 2k)
+

(g(b)− g(a))
µ
k
+1

Γk(µ + 2k)

]

(2.50)

≤ ν+k
g Ik

b−f(a) +µ+k
g Ik

a+f(b)

≤
1

k

[

(g(b)− g(a))
ν
k
+1

Γk(ν + k)
+

(g(b)− g(a))
µ

k
+1

Γk(µ + k)

]

f(a).

3 Applications

In this section we give applications of the results proved in the previous section. First we

apply Theorem 2.1 and get the following result.

Theorem 3.1. Under the assumptions of Theorem 2.1, we have the following fractional

integral inequality:

µ
g Ik

a+f(b) +ν
g Ik

b−f(a) ≤
1

k

(

(g(b)− g(a))
µ

k

Γk(µ)
+

(g(b)− g(a))
ν
k

Γk(ν)

)

M b
a(f). (3.1)

Proof. If we put x = a in (2.1), then we have

ν
gIk

b−f(a) ≤
((g(b)− g(a))

ν
k

kΓk(ν)
M b

a(f). (3.2)

If we put x = b in (2.1), then we have

µ
g Ik

a+f(b) ≤
(g(b)− g(a))

µ
k

kΓk(µ)
M b

a(f). (3.3)

Adding inequalities (3.2) and (3.3), we get (3.1).

Special cases of Theorem 3.1, are discussed in the following corollaries.

Corollary 3.2. If we take µ = ν in (3.1), then we have the following fractional integral

inequality:

µ
g Ik

a+f(b) +µ
g Ik

b−f(a) ≤
2(g(b)− g(a))

µ
k

kΓk(µ)
M b

a(f). (3.4)

Corollary 3.3. ([2]) If we take µ = k = 1 and g(x) = x in (3.4), then we get the following

inequality:

1

b − a

∫ b

a

f(t)dt ≤ M b
a(f). (3.5)

Next we apply Theorem 2.8 to obtain required results.
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Theorem 3.4. Under the assumptions of Theorem 2.8, we have the following fractional

integral inequality:
∣

∣

∣

∣

∣

µ
g Ik

a+f(b) +ν
g Ik

b−f(a) −

(

(g(b)− g(a))
µ
k

Γk(µ + k)
f(a) +

(g(b)− g(a))
ν
k

Γk(ν + k)
f(b)

)∣

∣

∣

∣

∣

(3.6)

≤

(

(g(b)− g(a))
µ
k

Γk(µ + k)
+

(g(b)− g(a))
ν
k

Γk(ν + k)

)

(b − a)M b
a(|f ′|).

Proof. If we put x = a in (2.14), then we have
∣

∣

∣

∣

∣

ν
gIk

b−f(a) −
(g(b)− g(a))

ν
k

Γk(ν + k)
f(b)

∣

∣

∣

∣

∣

≤
(g(b)− g(a))

ν
k (b − a)

Γk(ν + k)
M b

a(|f ′|). (3.7)

If we put x = b in (2.14), then we have
∣

∣

∣

∣

∣

µ
g Ik

a+f(b)−
(g(b)− g(a))

µ

k

Γk(µ + k)
f(a)

∣

∣

∣

∣

∣

≤
(g(b)− g(a))

µ

k (b − a)

Γk(µ + k)
M b

a(|f ′|). (3.8)

Adding inequalities (3.7) and (3.8), we get (3.6).

Special cases of Theorem 3.4, are discussed in the following corollaries.

Corollary 3.5. If we take µ = ν in (3.6), then we have the following fractional integral

inequality:
∣

∣

∣

∣

∣

µ
g Ik

a+f(b) +µ
g Ik

b−f(a) −
(g(b)− g(a))

µ

k

Γk(µ + k)
(f(a) + f(b))

∣

∣

∣

∣

∣

(3.9)

≤
2(g(b)− g(a))

µ

k (b − a)

Γk(µ + k)
M b

a(|f ′|).

Corollary 3.6. If we take µ = k = 1 and g(x) = x in (3.9), then we get the following

inequality:
∣

∣

∣

∣

1

b − a

∫ b

a

f(t)dt −
f(a) + f(b)

2

∣

∣

∣

∣

≤ (b − a)M b
a(|f ′|). (3.10)

By applying Theorem 2.16 similar relations can be established we leave it for the

reader.

4 Concluding Remarks

The aim of this study is to explore bounds of fractional integrals in a compact form by

using the concept of quasi-convexity. The authors are succeeded in the formulation of

bounds of generalized fractional integrals (1.9) and (1.10). Theorem 2.1 provides upper

bounds, Theorem 2.8 gives bounds in modulus form while Theorem 2.16 formulates bounds

of Hadamard type. Section 3 consists of the applications of these bounds. Also some

particular case of all these results are shown. Remark 1.7 includes all possible fractional

integrals associated with generalized fractional integrals (1.9) and (1.10). The readers can

obtain bounds for desired fractional integrals by putting the corresponding function g from

Remark 1.7.

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

465 Farid 454-467



Acknowledgement

This research work is supported by Higher Education Commission of Pakistan under

NRPU 2016, Project No. 5421.

References

[1] H. Chen and U.N. Katugampola, Hermite-Hadamard and Hermite-Hadamard-Fejér

type inequalities for generalized fractional integrals, J. Math. Anal. Appl., 446 (2017),

1274–1291.

[2] S. S. Dragomir and C.E. M. Pearce, Quasi-convex functions and Hadamard’s inequal-

ity, Bull. Austral. Math. Soc., 57 (1998), 377–385.

[3] G. Farid, Some Riemann-Liouville fractional integral inequalities for convex functions,

J. Anal., (2018), doi.org/10.1007/s41478-0079-4.

[4] G. Farid, K. A. Khan, N. Latif, A.U. Rehman and S. Mehmood, General fractional

integral inequalities for convex and m-convex functions via an extended generalized

Mittag-Leffler function, J. Inequal. Appl., 2018 (2018), Paper No. 243, 12 pages.

[5] G. Farid, W. Nazeer, M. S. Saleem, S. Mehmood and S. M. Kang, Bounds of Riemann-

Liouville fractional integrals in general form via convex functions and their applica-

tions, Math., 6 (2018), Article ID 248, 10 pages.

[6] G. Farid, A. U. Rehman and S. Mehmood, Hadamard and Fejér-Hadamard type

integral inequalities for harmonically convex functions via an extended generalized

Mittag-Leffler function, J. Math. Comput. Sci., 8 (2018), 630–643.

[7] G. Farid, A.U. Rehman and M. Zahra, On Hadamard inequalities for k-fractional

integrals, Nonlinear Funct. Anal. Appl., 21 (2016), 463–478.

[8] G. Farid, A.U. Rehman and M. Zahra, On Hadamard inequalities for relative convex

function via fractional integrals, Nonlinear Anal. Forum, 21 (2016), 77–86.

[9] S. Habib, S. Mubeen, M.N. Naeem, Chebyshev type integral inequalities for general-

ized k-fractional conformable integrals, J. Inequal. Spec. Funct., 9 (2018), 53–65.

[10] R. Hussain, A. Ali, A. Latif and G. Gulshan, Some k-fractional associates of Hermite-

Hadamard’s inequality for quasi-convex functions and applications to special means,

Fract. Differ. Calc., 7 (2017), 301–309.

[11] D.A. Ion, Some estimates on the Hermite-Hadamard inequality through quasi-convex

functions, Annals of University of Craiova, Math. Sci. Ser., 34 (2007), 82–87.

[12] F. Jarad, E. Ugurlu, T. Abdeljawad and D. Baleanu, On a new class of fractional

operators, Adv. Difference Equ., 2017 (2017), Paper No. 247, 16 pages.

[13] T.U. Khan and M.A. Khan, Generalized conformable fractional operators, J. Com-

put. Appl. Math., 346 (2019), 378–389.

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

466 Farid 454-467



[14] A.A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and applications of fractional

differential equations, North-Holland Mathematics Studies, 204, Elsevier, New York-

London, 2006.

[15] Y.C. Kwun, G. Farid, N. Latif, W. Nazeer and S.M. Kang, Generalized Riemann-

Liouville k-fractional integrals associated with Ostrowski type inequalities and error

bounds of Hadamard Inequalities, IEEE Access, 6 (2018), 64946–64953.

[16] S. Mubeen and G.M. Habibullah, k-fractional integrals and application, Int. J. Con-

temp. Math. Sci., 7 (2012), 89–94.

[17] M. Z. Sarikaya, M. Dahmani, M.E. Kiris and F. Ahmad, (k, s)-Riemann-Liouville

fractional integral and applications, Hacet. J. Math. Stat., 45 (2016), 77–89.
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Rezougd

a Laboratory of Mathematics, Djillali Liabes, University of Sidi Bel-Abbes,
PO Box 89, Sidi Bel-Abbes 22000, Algeria.

E-mail: benchohra@yahoo.com

bDepartment of Mathematics, College of Science, King Saud University,
P.O. Box 2455, Riyadh 11451, Saudi Arabia

cDepartment of Mathematics, Morgan State University, 1700 E. Cold
Spring Lane, Baltimore M.D. 21252, USA

Gaston.N’Guerekata@morgan.edu

d Department of Mathematics, University of Relizane, Relizane, 48000,
Algeria.

E-mail: noreddinerezoug@yahoo.fr

Abstract

The aim of this paper is to study the existence of asymptotically
almost automorphic mild solution to some classes of second order semi-
linear evolution equation via the techniques of measure of noncompact-
ness. The investigation is based on a new fixed point result which is a
generalization of the well known Darbo’s fixed point theorem. Finally
examples are given to illustrate the analytical findings.

Key words: Asymptotically almost automorphic, second order nonau-
tonomous differential equations, mild solution, evolution system, Kuratowski
measures of noncompactness, fixed point.
AMS Subject Classification : 34G20

1 Introduction

This work is mainly concerned with the existence of asymptotically al-
most automorphic mild solution for second differential equations. More
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2 M. Benchohra, G.M. N’Guérékata and N. Rezoug

precisely, we will consider the following problem

y′′(t)−A(t)y(t) = f(t, y(t)), t ∈ R+ := [0,+∞), (1)

y(0) = y0, y
′(0) = y1, (2)

where {A(t)}t∈R+ is a family of linear closed operators from E into E that
generate an evolution system of linear bounded operators {U(t, s)}(t,s)∈R+×R+

for 0 ≤ s ≤ t < +∞, f : R+×E → E is a Carathéodory function, and (E, |·|)
is a real Banach space.

Evolution equations arise in many areas of applied mathematics [2, 37].
This type of equations has received much attention in recent years [1]. There
are many results concerning the second-order differential equations, see for
example [8, 11, 12, 20, 28, 35]. In recent years there has been an increasing
interest in studying the abstract non-autonomous second order initial value
problem

y′′(t)−A(t)y(t) = f(t, y(t)), t ∈ [0, T ], (3)

y(0) = y0, y
′(0) = y1. (4)

The reader is referred to [10, 19, 22, 36] and the references therein. In the
above mentioned works, the existence of solutions to the problem (3)-(4) is
related to the existence of an evolution operator U(t; s) for the homogeneous
equation

y′′(t) = A(t)y(t), for t ≥ 0.

For this purpose there are many techniques to show the existence of U(t, s)
which has been developed by Kozak [25].
On the other hand, since Bochner [13] introduced the concept of almost
automorphy, the automorphic functions have been applied to many areas
including ordinary as well as partial differential equations, abstract differ-
ential equations, functional differential equations, integral equations, etc.;
see [16, 21, 18, 27, 7]. We also refer the reader to the monographs by
N’Guérékata [30, 31] for the basic theory of almost automorphic functions
and applications. The concept of asymptotically almost automorphy was
introduced by N’Guérékata [29]. Since then, these functions have generated
lot of developments and applications, see [39, 14, 24, 17] and the references
therein. In the previous works, people have established the existence of
asymptotically almost automorphic mild solution of differential equations
under the conditions that f satisfies or not the Lipschitz condition.
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Asymptotically almost automorphic mild solutions 3

In this paper we use the technique of measures of noncompactness. It
is well known that this method provides an excellent tool for obtaining ex-
istence of solutions of nonlinear differential equation. This technique works
fruitfully for both integral and differential equations. More details are found
in Aissani and Benchohra [3], Akhmerov et al. [4], Alv́ares [5], Banaś and
Goebel [9], Olszowy and Wȩdrychowicz [33], Olszowy [34], and the refer-
ences therein.

Inspired by the above works,, in this work, using the properties of the
analytic semigroups, Kuratowski measure of noncompactness, fixed point
theorem, we obtain an existence result without assuming that the nonlin-
earity f satisfies a Lipschitz type condition.

This work is organized of as follows. In Section 2, we recall some fun-
damental properties of asymptotically almost automorphic and facts about
evolution systems. Section 3 is devoted to establishing some criteria the
existence of asymptotically almost automorphic mild solutions to the prob-
lem (1)-(2). Furthermore, appropriate examples are provided in section 4 to
show the feasibility of our results.

2 Preliminaries and basic results

In this section we recall certain definitions and lemmas to be used subse-
quently in this paper.
Throughout this paper, we denote by E a Banach space with the norm | · |.
Let BC(R+,E) be the Banach space of all bounded and continuous functions
y mapping R+ into E endowed with the usual supremum norm

‖y‖∞ = sup
t∈R+

|y(t)|.

In what follows, let {A(t), t ∈ R+} be a family of closed linear operators
on the Banach space E with domain D(A(t)) which is dense in E and inde-
pendent of t.

In this work the existence of solution the problem (1)-(2) is related to
the existence of an evolution operator U(t, s) for the following homogeneous
problem

y′′(t) = A(t)y(t) t ∈ R+. (5)
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4 M. Benchohra, G.M. N’Guérékata and N. Rezoug

This concept of evolution operator has been developed by Kozak [25] and
recently used by Henŕıquez et al. [22].

Definition 2.1 A family U of bounded operators U(t, s) : E → E, (t, s) ∈
∆ := {(t, s) ∈ R+ × R+ : s ≤ t}, is called an evolution operator of the
equation (5) if de following conditions hold:

(e1) For any x ∈ E the map (t, s) 7−→ U(t, s)x is continuously differentiable
and

(a) for each t ∈ R, U(t, t)x = 0,∀x ∈ E,

(b) for all (t, s) ∈ ∆ and for any x ∈ E,
∂

∂t
U(t, s)x|t=s = x and

∂

∂s
U(t, s)x|t=s = −x.

(e2) For all (t, s) ∈ ∆, if x ∈ D(A(t)), then
∂

∂s
U(t, s)x ∈ D(A(t)), the map

(t, s) 7−→ U(t, s)x is of class C2 and

(a)
∂2

∂t2
U(t, s)x = A(t)U(t, s)x,

(b)
∂2

∂s2
U(t, s)x = U(t, s)A(s)x,

(c)
∂2

∂s∂t
U(t, s)x|t=s = 0.

(e3) For all (t, s) ∈ ∆, then
∂

∂s
U(t, s)x ∈ D(A(t)), there exist

∂3

∂t2∂s
U(t, s)x,

∂3

∂s2∂t
U(t, s)x and

(a)
∂3

∂t2∂s
U(t, s)x = A(t)

∂

∂s
(t)U(t, s)x.

Moreover, the map (t, s) 7−→ A(t)
∂

∂s
(t)U(t, s)x is continuous,

(b)
∂3

∂s2∂t
U(t, s)x =

∂

∂t
U(t, s)A(s)x.

Throughout this paper, we will use the following definition of the concept
of Kuratowski measure of noncompactness [9].

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

471 Benchohra 468-493



Asymptotically almost automorphic mild solutions 5

Definition 2.2 The Kuratowski measure of noncompactness α is defined by

α(D) = inf{r > 0 : D has a finite cover by sets of diameter ≤ r},

for a bounded set D in any Banach space E.

Let us recall the basic properties of Kuratowski measure of noncompactness.

Lemma 2.3 [9] Let E be a Banach space and C,D ⊂ E be bounded, then
the following properties hold:

(i1) α(D) = 0 if only if D is relatively compact,

(i2) α(D) = α(D) ; D the closure of D,

(i3) α(C) ≤ α(D) when C ⊂ D,

(i4) α(C+D) ≤ α(C)+α(D) where C+D = {x | x = y + z; y ∈ C; z ∈ D},

(i5) α(aD) = |a|α(D) for any a ∈ R,

(i6) α(ConvD) = α(D), where ConvD is the convex hull of D,

(i7) µ(C ∪D) = max(α(C), α(D)),

(i8) α(C ∪ {x}) = α(C) for any x ∈ E.

Denote by ωT (y, ε) the modulus of continuity of y on the interval [0, T ]
i.e.

ωT (y, ε) = sup {|y(t)− y(s)| ; t, s ∈ [0, T ], |t− s| ≤ ε} .

Moreover, let us put

ωT (D, ε) = sup
{
ωT (y, ε); y ∈ D

}
,

ωT0 (D) = lim
ε→0

ωT (D, ε).

Lemma 2.4 [15] Let E be a Banach space, D ⊂ E be bounded. Then there
exists a countable set D0 ⊂ D, such that

α(D) ≤ 2α(D0).
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Lemma 2.5 [23] Let D = {yn}+∞n=0 ⊂ C(R+, E) be a bounded and countable
set. Then α(D(t)) is Lebesgue integrable on R+, and

α

{∫ t

0
yn(s))ds

}∞
n=0

≤ 2

∫ t

0
α(D(s))ds, t ∈ R+.

Now, we recall some basic definitions and results on almost automor-
phic functions and asymptotically almost automorphic functions (for more
details, see [13, 31, 38]).

Definition 2.6 A continuous function f : R→ E is said to be almost auto-
morphic if for every sequence of real numbers {τ ′n}, there exists a subsequence
{τn} such that

g(t) = lim
n→∞

f(t+ τn)

is well defined for each t ∈ R and

lim
n→∞

g(t− τn) = f(t) for each t ∈ R.

Denote by AA(R, E) the set of all such functions.

Lemma 2.7 [30] AA(R, E) is a Banach space with the supremum norm

‖f‖∞ = sup
t∈R
|f(t)|.

Definition 2.8 A continuous function f : R× E → E is said to be almost
automorphic in t ∈ R for each y ∈ E if for every sequence of real numbers
{τ ′n}, there exists a subsequence {τn} such that

lim
n→∞

f(t+ τn, y) = g(t, y)

is well defined for each t ∈ R and

lim
n→∞

g(t− τn, y) = f(t, y)

for each t ∈ R and each y ∈ E. The collection of those functions is denoted
by AA(R× E,E).

Example 2.9 [40] The function f : R× E → E given by

f(t, y) = sin

(
1

2 + cos t+ cos
√

2t

)
cos y

is almost automorphic in t ∈ R for each y ∈ E, where E = L2([0, 1]).
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The space of all continuous functions h : R+ → E such that lim
t→∞

h(t) = 0

is denoted by C0(R+, E). Moreover, we denote C0(R+×E,E); the space of
all continuous functions from R×E to E satisfying lim

t→∞
h(t, y) = 0 in t and

uniformly in y ∈ E.

Remark 2.10 Note that if ν(t) ∈ C0(R+, E), then∫ t

0
e−(t−s)ν(s)ds ∈ C0(R+, E).

Definition 2.11 A continuous function f : R+ → E is said to be asymp-
totically almost automorphic if it can be decomposed as

f(t) = g(t) + h(t),

where
g(t) ∈ AA(R, E), h(t) ∈ C0(R+, E).

Denote by AAA(R+, E) the set of all such functions.

Example 2.12 The function f : R→ R defined by

f(t) = sin

(
1

2 + cos t+ cos
√

2t

)
+ e−t

is an asymptotically almost automorphic function with

g(t) = sin

(
1

2 + cos t+ cos
√

2t

)
∈ AA(R,R), h(t) = e−t ∈ C0(R+,R).

Lemma 2.13 [31],[32]. AAA(R+, E) is also a Banach space with the norm

‖f‖∞ = sup
t∈R+

|f(t)|.

Definition 2.14 A continuous function f : R+ × E → E is said to be
asymptotically almost automorphic if it can be decomposed as

f(t, y) = g(t, y) + h(t, y),

where
g(t, y) ∈ AA(R× E,E), h(t, y) ∈ C0(R+ × E,E).

Denote by AAA(R+ × E,E) the set of all such functions.
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Example 2.15 The function f : R+ × E → E given by

f(t, x) = sin

(
1

2 + cos t+ cos
√

2t

)
cos y + e−t|y|

is asymptotically almost automorphic in t ∈ R+ for each y ∈ E, where
E = L2([0, 1]).

g(t, y) = sin

(
1

2 + cos t+ cos
√

2t

)
cos y ∈ AA(R× E,E),

h(t, y) = e−t|y| ∈ C0(R+ × E,E).

.

Lemma 2.16 [26] f : R×E → E is almost automorphic, and assume that
f(t, ·) is uniformly continuous on each bounded subset K ⊂ E uniformly
for t ∈ R, that is for any ε > 0, there exists % > 0 such that y, z ∈ K
and |y(t)− z(t)| < % imply that |f(t, y)− f(t, z)| < ε for all t ∈ R. Let
ϕ : R→ E be almost automorphic. Then the function F : R→ E defined by
F (t) = f(t, ϕ(t)) is almost automorphic.

Theorem 2.17 [6] Let Ω be a nonempty, bounded, closed and convex subset
of a Banach space E, and let Γ : Ω→ Ω be a continuous operator satisfying
the inequality

α(Γ(D)) ≤ Ψ(α(D))

for any nonempty subset D of Ω, where Ψ : R+ → R+is a nondecreasing
function such that

lim
n→+∞

Ψn(t) = 0 for each t ≥ 0.

Then Γ has at least one fixed point in the set Ω.

3 Main results

Definition 3.1 A function y ∈ BC(R+, E) is said to be a mild solution to
the problem (1)-(2) if y satisfies the integral equation

y(t) = − ∂

∂s
U(t, 0)y0 + U(t, 0)y1 +

∫ t

0
U(t, s)f(s, y(s))ds.
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For the proof of our main theorem, we need the following hypotheses:

(H1) (a) There exists a constant M ≥ 1 and δ > 0, such that

‖U(t, s)‖B(E) ≤Me−δ(t−s) for any (t, s) ∈ ∆

and for any sequence of real numbers {τ ′n}, we can extract a
subsequence {τn} and for any ε > 0, there exists N ∈ N such
that

‖U(t+ τn, s+ τn)− U(t, s)‖B(E) ≤ εe−δ(t−s),

‖U(t− τn, s− τn)− U(t, s)‖B(E) ≤ εe−δ(t−s)

for each t, s ∈ R. for all n > N, for each t, s ∈ R, t ≥ s.

(H2) There exist a constant M̃ ≥ 0 and δ > 0, such that:∥∥∥∥ ∂∂sU(t, s)

∥∥∥∥
B(E)

≤ M̃e−δ(t−s), (t, s) ∈ ∆.

(H3) The function f : R+ × E → E is Carathéodory and asymptotically
almost automorphic i.e., f(t, y) = g(t, y) + h(t, y) with

g(t, y) ∈ AA(R× E,E), h(t, y) ∈ C0(R+ × E,E),

and g(t, y) is uniformly continuous on any bounded subset K ⊂ E
uniformly for t ∈ R.
Moreover,

(a) There exist p ∈ Lq(R,R+), q ∈ [1,∞) and a continuous nonde-
creasing function ψ : [0,∞) → (0,∞) such that for all t ∈ R+

and y ∈ E,

|g(t, y)| ≤ p(t)ψ(|y|) and lim
|y|→+∞

inf
ψ(|y|)
|y|

= ρ1.

(b) There exist a function β(t) ∈ C0(R,R+) and a nondecreasing func-
tion Φ : R+ → R+ such that for all t ∈ R+ and y ∈ E with
|y| ≤ R,

|h(t, y)| ≤ β(t)φ(|y|) and lim
R→+∞

inf
φ(R)

R
= ρ2.
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(H4) There exist a locally integrable function η : R→ R+ and a continuous
nondecreasing function ϕ : R+ → R+ such that for any nonempty
bounded set D ⊂ E we have :

α(f(t,D)) ≤ η(t)ϕ(α(D)) for a.e t ∈ R+.

Additionally we assume that lim
n→+∞

(ψ+φ)n(t) = 0 for a.e t ∈ R+. Let

β(t) be the function involved in the assumption (H3), then∫ t

0
e−(t−s)β(s)ds ∈ C0(R+,R+).

Put

ρ = sup
t∈R+

∫ t

0
e−(t−s)β(s)ds.

We need the following technical lemma.

Lemma 3.2 Assume that (H1) hold. If ϕ(t) ∈ AA(R, E), then

Λ(t) :=

∫ t

−∞
U(t, s)ϕ(s)ds, t ∈ R,

belongs to AA(R,E).

Proof. From (H1) it is clear that Λ(t) is well-defined and continuous on R.
Since ϕ(t) ∈ AA(R, E), it follows that for every sequence of real numbers
{τ ′n}, we can extract a subsequence {τn} such that

(c1) lim
n→∞

ϕ(t+ τn)− ϕ̃(t) = 0 for each t ∈ R and,

(c2) lim
n→∞

ϕ̃(t− τn)− ϕ(t) = 0 for each t ∈ R.

Notes that ϕ̃ is also bounded on R, and measurable. Define

Λ̃(t) =

∫ t

−∞
U(t, s)ϕ̃(s)ds, t ∈ R.
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For t ∈ R, Since ϕ̃ is measurable, Λ̃ is well-defined.
For t ∈ R, we have∣∣∣Λy)(t+ τn)− (Λ̃y)(t)

∣∣∣
=

∣∣∣∣∫ t+τn

−∞
U(t+ τn, s)ϕ(s)ds−

∫ t

−∞
U(t, s)ϕ̃(s)ds

∣∣∣∣
=

∣∣∣∣∫ t

−∞
U(t+ τn, s+ τn)ϕ(s+ τn)ds−

∫ t

−∞
U(t, s)ϕ̃(s)ds

∣∣∣∣
≤
∫ t

−∞
‖U(t+ τn, s+ τn)‖B(E) |ϕ(s+ τn)− ϕ̃(s))| ds

+

∫ t

−∞
‖U(t+ τn, s+ τn)− U(t, s))‖B(E)ϕ̃(s)ds

≤
∫ t

−∞
Me−δ(t−s) |ϕ(s+ τn)− ϕ̃(s))| ds

+

∫ t

−∞
εe−δ(t−s) |ϕ̃(s)| ds

≤M
∫ t

−∞
e−δ(t−s)ds sup

s∈R
|ϕ(s+ τn)− ϕ̃(s))|

+ε

∫ t

−∞
e−δ(t−s)ds sup

s∈R
|ϕ̃(s)|

≤ M

δ
sup
s∈R
|ϕ(s+ τn)− ϕ̃(s))|+ ε

δ
sup
s∈R
|ϕ̃(s)| .

Using (c1), we obtain that for n→∞,

Λ(t+ τn)→ Λ̃(t).

Analogously, one can prove that,

Λ̃(t− τn)→ Λ(t) for each t ∈ R as n→∞.

This we show that
Λ ∈ AA(R, E).

Theorem 3.3 Assume that the hypotheses (H1)− (H4) are satisfied. If

Mρ1‖p‖Lq +Mδ−1ρρ2 < 1, (6)

and

M max(4‖η‖L1 , ‖p‖Lqδ−1+
1
q ) < 1, (7)

then the problem (1)-(2) has a asymptotically almost automorphic mild so-
lution.
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Proof. Consider the operator N : AAA(R+, E)→ AAA(R+, E) defined by

(Ny)(t) = − ∂

∂s
U(t, 0)y0 + U(t, 0)y1 +

∫ t

0
U(t, s)f(s, y(s))ds, (8)

where y ∈ AAA(R+, E) with y = γ + ζ, γ is the principal term and ζ
the corrective term of y. We need to prove that N is weel- defined, that is
N(AAA(R+, E)) ⊂ AAA(R+, E). Let

σ(t) = − ∂

∂s
U(t, 0)y0 + U(t, 0)y1,

then

|σ(t)| = | − ∂
∂sU(t, 0)y0 + U(t, 0)y1|

≤ | ∂∂sU(t, 0)y0|+ |U(t, 0)y1|
≤ M̃e−δt|y0|+Me−δt|y1|.

Since δ > 0, we get lim
t→+∞

|(σ(t)| = 0. that is

σ ∈ C0(R+, E). (9)

By assumption f = g+ h where g is the principal term and h the corrective
term. So we can write

f(t, y(t)) = g(t, γ(t)) + f(t, y(t))− f(t, γ(t)) + h(t, γ(t))

= g(t, γ(t)) +H(t, y(t)), (10)

In view of (10), we have

W (t) =

∫ t

0
U(t, s)f(s, y(s))ds

=

∫ t

0
U(t, s)g(s, γ(s))ds+

∫ t

0
U(t, s)H(s, y(s))ds

=

∫ t

−∞
U(t, s)g(s, γ(s))ds−

∫ 0

−∞
U(t, s)g(s, γ(s))ds

+

∫ t

0
U(t, s)H(s, y(s))ds

= (I1y)(t) + (I2y)(t),
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where

(I1y)(t) =

∫ t

−∞
U(t, s)g(s, γ(s))ds,

(I2y)(t) =

∫ t

0
U(t, s)H(s, y(s))ds

−
∫ 0

−∞
U(t, s)g(s, y(s))ds

= (J1y)(t) + (J2y)(t),

where

(J1y)(t) =

∫ t

0
U(t, s)H(s, y(s))ds,

(J2y)(t) =

∫ t

−∞
U(t, s)g(s, γ(s))ds.

Using (H3) and Lemma 2.16 , we deduce that s → g(s, γ(s)) is in
AA(R, E). Thus, by Lemma 3.2 we obtain

(I1y)(t) ∈ AA(R, E). (11)

Let’s prove that J1 ∈ C0(R+, E), J2 ∈ C0(R+, E).
Ideed by definition H ∈ C0(R+, E), that means given ε > 0, there exists
T > 0 such that if t ≥ T, we have |H(t, y)| ≤ ε. Therefore if t ≥ T, we get

∫ t

T
‖U(t, s)‖B(E)|H(s, y(s))|ds ≤ Mε

∫ t

T
e−δ(t−s)ds

≤ M

δ
ε,

then

|(J1y)(t)| ≤ M

δ
ε if t ≥ T.

So,

J1 ∈ C0(R+, E). (12)
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Next, let us show that J2 ∈ C0(R+, E).

|(J2y)(t)| ≤
∫ 0

−∞
‖U(t, s)‖B(E)|g(s, y(s))|ds

≤ M sup
t∈R
|g(t, y(t))|

∫ T

0
e−δ(t−s)ds

+ M‖g‖∞
e−δ(t

δ
→ 0 as →∞.

So,

J2 ∈ C0(R+, E). (13)

Finaly combining (9),(11), (12) and (13) proves our claim thatN ∈ AAA(R+, E).
Next, we will prove that the operator N satisfies all the assumptions of The-
orem 2.17. We will break the proof into several steps.
Let

BR =
{
y ∈ AAA(R+, E) : ‖y‖∞ ≤ R

}
,

where R be any positive constant. Then BR is a bounded, closed and convex
subset of AAA(R+, E).
Step 1: N(y) ∈ BR for any y ∈ BR.
In fact, if we assume that the assertion is false, then R < |(Ny)(t)|. This
yields that

R < |(Ny)(t)| ≤
∫ t

0
‖U(t, s)‖B(E) |g(s, y(s)|ds

+

∫ t

0
‖U(t, s)‖B(E)|h(s, y(s)|ds

≤
∫ t

0
‖U(t, s)‖B(E) p(s)ψ(|y(s)|)ds

+

∫ t

0
‖U(t, s)‖B(E)β(s)φ(|y(s)|)ds

≤ Mψ(R)

∫ t

0
e−δ(t−s)p(s)ds

+ M φ(R)

∫ t

0
e−δ(t−s)β(s)ds.
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For t ≥ 0, it follows from the Hölder inequality that

R < |(Ny)(t)| ≤ Mψ(R)‖p‖Lq +Mρ2φ(R).

Dividing both sides by R and taking the lim inf as R→ +∞, we have

Mρ1‖p‖Lq +Mδ−1ρρ2 > 1,

which contradicts (6). Hence, the operator N transforms the set BR into
itself.
Step 2. N is continuous.
Let (yn)n∈N be a sequence in BR such that yn → y in BR.

Case 1. If t ∈ [0, T ]; T > 0, then, we have

|(Nyn)(t)− (Ny)(t)| ≤M
∫ t

0
|f(s, yn(s))− f(s, y(s))| ds.

Since the functions f is Carathéodory, the Lebesgue dominated convergence
theorem implies that

‖Nyn −Ny‖∞ → 0 as n→ +∞.

Case 2. Since the functions f is Carathéodory, we can see that

|f(s, yn(s))− f(s, y(s))| ≤ δε

M
for t ≥ T. (14)

If t ∈ (T,∞), T > 0, then (14) and the hypotheses give us that

|Nyn(t)−Ny(t)| ≤
∫ t

0
‖U(t, s)‖B(E)

∣∣∣f(s, yn(s))− f(s, y(s))
∣∣∣ds

≤M δε

M

∫ t

0
e−δ(t−s)ds

≤ M

δ

δε

M
≤ ε.

(15)

Then the inequality (15) reduces to

‖N(yn)−N(y)‖∞ → 0 as n→∞.

Now, we conclude that N is continuous from BR to BR.
Step 3: N(BR) is equicontinuous.
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Let t1, t2 ∈ [0, T ] with t2 > t1 and y ∈ BR. Then, we have

|(N1y)(t2)− (N1y(t1)|

=

∣∣∣∣∫ t1

0
(U(t2, s)− U(t1, s))g(s, y(s))

+

∫ t2

t1

U(t2, s)g(s, y(s))ds

∣∣∣∣
+

∣∣∣∣∫ t1

0
(U(t2, s)− U(t1, s))h(s, y(s))

+

∫ t2

t1

U(t2, s)h(s, y(s))ds

∣∣∣∣
≤
∫ t1

0
‖U(t2, s)− U(t1, s)‖B(E) p(s)ψ(|y(s)|)ds

+M

∫ t2

t1

e−δ(t−s)p(s)ψ(|y(s)|)ds.

+

∫ t1

0
‖U(t2, s)− U(t1, s)‖B(E) β(s)φ(|y(s)|)ds

+M

∫ t2

t1

e−δ(t−s)β(s)φ(|y(s)|)ds.

It follows from the Hölder inequality that

|(N1y)(t2)− (N1y(t1)|

≤
∫ t1

0
‖U(t2, s)− U(t1, s)‖B(E) p(s)ψ(|y(s)|)ds

+
M‖p‖Lqψ(R)

δ
1− 1

q

(
e
− qδ
q−1

(t−t2) − e−
qδ
q−1

(t−t2)
)1− 1

q

+

∫ t1

0
‖U(t2, s)− U(t1, s)‖B(E) β(s)φ(|y(s)|)ds

+

Mφ(R) sup
t∈R

β(t)

δ
(e−δ(t−t2) − e−δ(t−t1)).

The right-hand side of the above inequality tends to zero as t2 − t1 → 0,
which implies that N(BR) is equicontinuous.
Consider the measure of noncompacteness µ(B) defined on the family of
bounded subsets of the space AAA(R+, E) (see [33]) by

µ(B) = ωT0 (B) + sup
t∈J

α(B(t)) + lim
T→+∞

sup{|y(t)| : t ≥ T, y ∈ E}.
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Asymptotically almost automorphic mild solutions 17

Step 4: µ(N(B)) ≤M max(4‖η‖L1 , ‖p‖Lqδ−1+
1
q )(ϕ+ψ)(µ(B)) for all B ⊂

BR. For all B ⊂ BR, N(B) is bounded. Hence, by Lemma 2.4, there exists
a countable set B1 = {y}∞n=1 ⊂ B, such that

(N(B)) ≤ 2α(N(B1)). (16)

Using the properties of α, Lemma 2.4, Lemma 2.5 and assumptions (H1)
and (H4), we get

α(NB1(t)) ≤ α

({∫ t

0
U(t, s)f(s, yn(s))ds

}∞
n=0

)
≤ 2M

∫ t

0
{α (f(s, yn(s))ds))}∞n=0 ds

≤ 2M

∫ t

0
η(s)ϕ ({(α(yn(s))}∞n=0))) ds

≤ 2M

∫ t

0
η(s)ϕ(α(B(s)))ds.

Form inequality (16), it follows that

α(NB(t)) ≤ 4M

∫ t

0
η(s)ϕ(α(B(s)))ds,

then

α(N(B(t)) ≤ 4M‖η‖L1ϕ( sup
t∈R+

α(B(t))).

Since

sup
t∈R+

α(B(t)) ≤ sup
t∈R+

α(B(t)) + lim
t→+∞

sup{|y(t)| : t ≥ T, y ∈ E}),

then

α(N(B(t)) ≤ 4M‖η‖L1ϕ( sup
t∈R+

α(B(t)) + lim
t→+∞

sup{|y(t)| : t ≥ T, y ∈ E}).(17)
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On the other hand, we have

|(Ny)(t)| ≤ M̃e−δt |y1|+Me−δt |y0|

+ M

∫ t

−∞
e−δ(t−s)p(s)ψ(|γ(s)|)ds+ |(I2y)(t)|

+ M

∫ T

−∞
e−δ(t−s)p(s)ψ(|γ(s)|)ds.

+ M

∫ t

T
e−δ(t−s)p(s)ψ(|γ(s)|)ds+ |I2(t)|.

≤ M̃e−δt |y1|+Me−δt |y0|

+ M

∫ T

−∞
e−δ(t−s)p(s)dsψ(sup

s∈R
|γ(s)|)

+ M

∫ t

T
e−δ(t−s)p(s)dsψ(sup{|γ(t)| : t ≥ T, y ∈ E})

+ sup{|(I2y)(t)| : t ≥ T, y ∈ E}).

Next, applying the Hölder inequality we derive

|(Ny)(t)| ≤ M̃e−δt |y1|+Me−δt |y0|

+
M‖p‖Lq

δ
1− 1

q

e−δ(t−T )ψ(‖y‖∞).

+
M‖p‖Lq

δ
1− 1

q

(1− e−
qδ
q−1

t
)
1− 1

qψ(sup{|y(t)| : t ≥ T, y ∈ E})

+ sup{|(I2y)(t)| : t ≥ T, y ∈ E}).

Then

|(Ny)(t)| ≤ M̃e−δt |y1|+Me−δt |y0|

+
M‖p‖Lq

δ
1− 1

q

e−δTψ(‖y‖∞).

+
M‖p‖Lq

δ
1− 1

q

ψ(sup{|y(t)| : t ≥ T, y ∈ E})

+ sup{|(I2y)(t)| : t ≥ T, y ∈ E}).
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Asymptotically almost automorphic mild solutions 19

Since δ ≥ 0, I2 ∈ C0(R+, E) and

lim
T→+∞

sup{|y(t)| : t ≥ T, y ∈ E} ≤ sup
t∈R

α(B(t))+ lim
T→+∞

sup{|y(t)| : t ≥ T, y ∈ E},

then

lim
T→+∞

sup{|(Ny)(t) : t ≥ T, y ∈ E})

≤ M‖p‖Lq

δ
1− 1

q
ψ(sup

t∈J
α(B(t)) + lim

T→+∞
sup{|y(t)| : t ≥ T, y ∈ E}). (18)

Further, combining (17) and (18), we get

sup
t∈J

α((NB)(t)) + lim
T→+∞

sup{|(Ny)(t) : t ≥ T, y ∈ E})

≤ 4M‖η‖L1ϕ(sup
t∈J

α(B(t)) + lim
T→+∞

sup{|y(t)| : t ≥ T, y ∈ E})

+M‖p‖Lq

δ
1− 1

q
ψ(sup

t∈J
α(B(t)) + lim

T→+∞
sup{|y(t)| : t ≥ T, y ∈ E}

≤M max(4‖η‖L1 ,
‖p‖Lq

δ
1− 1

q
)(ϕ+ ψ)(sup

t∈J
α(B(t)) + lim

T→+∞
sup{|y(t)| : t ≥ T, y ∈ E}).

(19)

From Step 3 and inequality (19), we conclude that

µ(N(B)) ≤M max

(
4‖η‖L1 ,

‖p‖Lq

δ
1− 1

q

)
(ϕ+ ψ)(µ(B)).

It follows from Lemma 2.17 that N has at least one fixed point y ∈ BR,
which is just a asymptotically almost automorphic mild solution of problem
(1)-(2) on R+.

4 An Example

Consider the second order differential equation of the form;



∂2

∂t2
z(t, τ) =

∂2

∂τ2
z(t, τ) + 2 sin

( 1

2 + cos t+ cos
√

2t

) ∂
∂t
z(t, τ)

+
sin2 t

12
√

1 + t2
sin
( 1

2 + cos t+ cos
√

2t

)
(|z(t, τ)|+ ln (1 + |z(t, τ)|))

+
sin2 t sinπz(t, τ)

15
√

1 + t2(1 + |z(t, τ)|)
, t ∈ R+, τ ∈ [0, π],

z(t, 0) = z(t, π) = 0, t ∈ R+,
∂

∂t
z(0, τ) = ψ(τ), τ ∈ [0, π].

(20)
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Let E = L2([0, π],R+) be the space of 2-integrable functions from [0, π] into
R+, and let H2([0, π],R+) be the Sobolev space of functions x : [0, π]→ R+,
such that x′′ ∈ L2([0, π],R+). We consider the operator A1z(τ) = z′′(τ)
with domain D(A1) = H2(R+,C), which is the infinitesimal generator of
strongly continuous cosine function C(t) on E. Moreover, A1 has discrete
spectrum, the spectrum of A1 consists of eigenvalues n2 for n ∈ Z, with
associated eigenvector

ωn(ξ) =
1√
2π
einξ, n ∈ Z,

the set {ωn ∈ Z} is an orthonormal basis of E. In particular,

A1x = −
∞∑
n=1

n2〈x,wn〉wn for x ∈ D(A).

The cosine function C(t) is given by

C(t)x =
∞∑
n=1

cos(nt)〈x,wn〉wn for x ∈ D(A), t ∈ R+,

form a cosine function on H, with associated sine function

S(t)x =
∞∑
n=1

sin(nt)

n
〈x,wn〉wn for x ∈ D(A), t ∈ R+.

From [35], for all x ∈ H2([0, π],R+), t ∈ R+, ‖C(t)‖B(E) ≤ e−t
and ‖S(t)‖B(E) ≤ e−t.
Now, we define an operator A(t) : D(A) ⊂ H → H by{

D(A(t)) = D(A)
A(t) = A1 + b(t, τ).

where b(t, τ) = 2 sin

(
1

2 + cos t+ cos
√

2t

)
Note that A(t) generates an evolutionary process U(t, s) of the form

U(t, s) = S(t− s)e
∫ t
s b(t,s)ds

Since b(t, τ) = 2 sin

(
1

2 + cos t+ cos
√

2t

)
≤ 2, we have

U(t, s) = S(t− s)e−2(t−s) (21)
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and
‖U‖B(E) ≤ ‖S‖B(E)e

−2(t−s) ≤ e−3(t−s)

We conclude that U(t, s) is a evolutionary process exponentially stable with
M = 1 and δ = 3.
It follows from the estimate (21) that U(t, s) : E → E is well defined and
satisfies the conditions of Definition 2.1.
Hence conditions (H1) and (H2) are satisfied.
Now, let

z(t)(τ) = w(t)(τ), t ≥ 0, τ ∈ [0, π],

g(t, z)(τ) =
sin2 t

12
√

1 + t2
sin
( 1

2 + cos t+ cos
√

2t

)
(|z(t, τ)|+ ln (1 + |z(t, τ)|)),

h(t, z)(τ) =
sin2 t sinπz(t, τ)

15
√

1 + t2(1 + |z(t, τ)|)
.

Then it is easy to verify that g : R× E × E is continuous and

g ∈ AA(R× E;E).

We can estimate for the functions g:

g(t, z)(τ) ≤ sin2 t

12
√

1 + t2
(|z(t, τ)|+ ln (1 + |z(t, τ)|)).

Hence conditions (H3)(a) is satisfied with

p(t) =
sin2 t

3
√

1 + t2
, ψ(t) =

1

4
(t+ ln(1 + t)).

Then it is easy to verify that p ∈ L2(R) and ρ1 =
1

4
.

On the other hand, it is clear that h : R+ × E × E is continuous and

h ∈ C0(R+ × E;E).

We can also estimate for the functions h:

h(t, z)(τ) ≤ π

15
√

1 + t2
|z(t, τ)|.
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Hence conditions (H3)(b) is satisfied with

β(t) =
π

15
√

1 + t2
, φ(R) = R.

Then it is easy to verify that β ∈ C0(R+,R), ρ2 = 1 and ρ ≤ π

15
.

Furthermore:

f(t; z) = g(t; z) + h(t; z) ∈ AA(R+ × E;E).

We can also estimate for the functions f :

f(t, z)(τ) ≤ 2 sin2 t√
1 + t2

|z(t, τ)|. (22)

By (22), for every t ∈ J , and B ∈ D ⊂ E, we have

α(f(t,D) ≤ sin2 t

12
√

1 + t2
α(D),

Hence conditions (H4) is satisfied with

η(t) =
1

6
√

1 + t2
, ϕ(t) =

sin2 t

2
.

Moreover, we have

(ψ + ϕ)(t) =
sin2 t

2
+

1

4
(t+ ln(1 + t)) ≤ t.

We conclude that (see Lemma 2.1. [6])

lim
n→+∞

(ψ + φ)n(t) = 0 for a.e t ∈ R+.

Consequently, can be written in the abstract form (1)-(2) with A(t) and
f as defined above. Thus, Theorem 3.3 yields that equation (20) has a
asymptotically almost automorphic mild solution.
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Abstract

In this work, we apply hybrid fixed point theory method to prove the existence of solution of systems of

second order ordinary nonlinear hybrid differential equations with periodic boundaries.

Key words and phrases. Second order differential equation; hybrid systems; boundary value problems; coupled fixed

point.
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1 Introduction

Let X 6= φ, and F : X ×X → X is a mapping. A point (x, y) ∈ X ×X is said to a coupled fixed point of F in

X ×X if F (x, y) = x and F (y, x) = y. The notation of coupled fixed point was introduced in 2006 by Baskar

and Lshmikantham [1]. It will known that the existence of the fixed point play an important role for showing

the existence of solutions of nonlinear integral [2, 3] , differential equations [4, 5] and iterative process [6].

In 1964, Krasnoselskii [7] initiated the idea of study the hybrid fixed point theory for the function which

can be written as the sum of two other functions.In 2013, Dhage [2] obtained hybrid fixed point theorems for

the operator which can be written as the sum of two other operators using Krasnoselskii fixed point theorem

techniques and developed a Krasnoselskii fixed point technique helpful to analyze the existence of solution of

nonlinear Volterra fractional integral equations under some conditions.

Recently, in 2015, Dhage and Dhage [8] proved the existence of solutions of the boundary value problems of

second order ordinary nonlinear differential equations using the hybrid fixed point theorem which was obtained

by themselves [9] .
1t−3bdelsadek@yahoo.com
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More recently, in 2017, Yang et al. [10] introduced the notation of hybrid coupled fixed point theorems and

applied this ideas to prove the existence of system of fractional differential equations of order α, 0 < α < 1.

In this paper, we apply the hybrid fixed point theorem to study and prove the existence of solution of

a certain system of boundary -value problems with periodic boundaries( for short BVPPB) of second order

ordinary nonlinear hybrid differential equations.

To this end, the remainder of the article is organized as follows. Section 2, is given some preliminaries

and basic definitions. Section3, is established the existence results of coupled nonlinear system of second order

differential equations.

2 Preliminaries

Throughout this paper, let E be a nonempty set and (E,≤, ‖.‖) be a partially ordered normed linear space. If

Q : E → E is a mapping. Then Q is said to be monotone nondecreasing if a ≤ b the Q(a) ≤ Q(b) , for all

a, b ∈ E. Two elements a, b ∈ E are said to be comparable if a ≤ b or b ≤ a. If C is nonempty subset of E,C is

said to be chain if each two elements a, b ∈ C are comparable.

Definition 1 [10] Let Q : E → E be a mapping. Q is called partially compact if for each chain C subset of E,

Q(C) is reltively compact subset of E.

Definition 2 [2, 10] Let Q : E → E be a mapping. Given an element a ∈ E. Define orbit Γ(a;Q) as:

Γ(a;Q) = {a,Qa, Q2a,Q3a, ....., Qna, ....}.

If for any sequence {an} ∈ Γ(a;Q) such that: an → a∗ as n → ∞ then Qan → Qa∗, for each a ∈ E, then

Q is called Γ− orbitally continuous in E. Furthermore, (E,≤, ‖.‖) is said to be Γ− orbitally complete if each

sequence {an} ∈ Γ(a;Q) converges to an element a∗ ∈ E.

Definition 3 [2, 10] A mapping φ : E → E is said to be D− function if it is upper semi continuous and

monotone nondecreasing such that: φ(0) = 0.

2
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Definition 4 [2, 10] A mapping Υ : E → E is called partially nonlinear D− contraction in E , if for each

comparable elements a, b ∈ E, there exist a D− function φ : <+ → <+ such that the following conditions are

satisfied:

(i) ‖Υa−Υb‖ ≤ φ(‖a− b‖), and

(ii) φ(r) < r for all r > 0.

Definition 5 [10] Let (E,≤, ‖.‖) be a Γ− orbitally complete linear space. The positive cone K ∈ E is defined

as: K = {x ∈ E : x ≥ 0}

The following theorem will be used as tool to prove the main results.

Theorem 6 [10] Let E is a partially ordered Γ− orbitally complete normed linear space and K is the positive

cone of E. Let K is normal and C be a nonempty closed subset of E. Consider P,Q : C → C are two monotone

nondecreasing mappings such that the following are satisfied: (1) P is Γ− orbitally continuous and a partially

nonlinear D− contraction,

(2) Q is Γ− orbitally continuous and a partially compact,

(3) there exist an element a ∈ C such that: a ≤ Pa + Qy for all y ∈ C and

(4) every pair of elements in C has an upper and lower bounded.

Then F (x, y) = Px + Qy has a coupled fixed point in E × E.

Now, we give some notations and definitions about the problem which we will study the existence of its solution.

Definition 7 Consider I = [0, b] ∈ < where b > 0. The periodic boundary value problem of second-order

nonlinear differential equation can be written as:

d2x(t)
dt2

= f(t, x(t) + h(t, x(t)), x(0) = x(b), x′(0) = x′(b) (1)

for all t ∈ I, where f, h : I × < → < are continuous function. The solution of the differential equation

(1) is the function x ∈ C2(I,<) that satisfies equation (1), where by x ∈ C2(I,<) we mean the space of twice

continuously differentiable real-valued functions on I.

3
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Definition 8 the space C(I,<) is the space of all continuous real-value function defined on I. It is easy to

prove that: C(I,<) is a Banach space with the norm:

‖x‖ = sup
t∈I

|x(t)|. (2)

Therefore, it is also clear that C(I,<) is partially ordered with respect to the partially order relation:

x ≤ y if and only if x(t) ≤ y(t) for all t ∈ I. (3)

Also C(I,<) is a partially ordered Γ− orbitally complete linear space with normal cone KC = {x ∈ C(I,<) :

x(t) ≥ 0, t ∈ I} [10].

Lemma 9 [11] Consider σ, g ∈ L1(I,<) , then x is a solution of the differential equation:

x′′(t) + σ(t)x(t) = g(t), t ∈ I,

x(0) = x(b) , x′(0) = x′(b),

if and only if x is a solution of the integral equation:

x(t) =
∫ b

0

Gσ(t, s)g(s)ds,

where Gσ(t, s) is a Green’s function associated with the differential equation:

x′′(t) + σ(t)x(t) = 0, t ∈ I,

x(0) = x(b) , x′(0) = x′(b),

Remark 10 The Green function Gσ is continuous an nonnegative on I × I and there exist the number :

Mσ = max{|Gσ(t, s)| : t, s ∈ [0, b]}

for all σ ∈ L1(I,<+).

Lemma 11 [8] Consider the differential equations (1). Let F (t, x) = f(t, x) + λx, such that:

(P1) The function f : I × < → < is continuous and there exist a constant k1 > 0 such that| F (t, x)| ≤ k1

for all t ∈ I,

4
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(P2) The function h : I × < → < is continuous and exist a constant k2 > 0 such that| h(t, x)| ≤ k2 for all

t ∈ I.

Then a function v ∈ C(I,<) is a solution of the differential equation:

d2x(t)
dt2

+ λx(t) = F (t, x(t) + h(t, x(t)), x(0) = x(b), x′(0) = x′(b) (4)

if and only if v is the solution of the integral equation:

x(t) =
∫ b

0

G(t, s)F (s, x(s))ds +
∫ b

0

G(t, s)h(s, x(s))ds, (5)

for all t ∈ I, where G(t, s) is a Green’s function associated with the differential equation:

x′′(t) + λx(t) = 0, t ∈ I,

x(0) = x(b) , x′(0) = x′(b),

3 Main results

Now , consider the system of nonlinear differential equations:

d2x(t)
dt2 = f(t, x(t) + h(t, y(t)), t ∈ I,

d2y(t)
dt2 = f(t, y(t) + h(t, x(t)), t ∈ I,

x(0) = x(b) , x′(0) = x′(b),

y(0) = y(b) , y′(0) = y′(b).

(6)

Then the hybrid system (6) can be written as:

d2x(t)
dt2 + λx(t) = F (t, x(t) + h(t, y(t)), t ∈ I,

d2y(t)
dt2 + λy(t) = F (t, y(t) + h(t, x(t)), t ∈ I,

x(0) = x(b) , x′(0) = x′(b),

y(0) = y(b) , y′(0) = y′(b),

(7)

where F (t, x(t)) = f(t, x(t)) + λx(t). By applying Lemma 11, we have the following Lemma .

5
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Lemma 12 Consider the hybrid system of differential equations (7), such that the conditions (P1) and (P2)

hold.

Then a function (v1, v2) ∈ C(I,<)× C(I,<) is a solution of the differential equation the system (7) :

if and only if (v1, v2) is the solution of the system of nonlinear integral equation:

x(t) =
∫ b

0
G(t, s)F (s, x(s))ds +

∫ b

0
G(t, s)h(s, y(s))ds,

y(t) =
∫ b

0
G(t, s)F (s, y(s))ds +

∫ b

0
G(t, s)h(s, x(s))ds

(8)

for all t ∈ I, where G(t, s) is a Green’s function associated with the differential equation:

x′′(t) + λx(t) = 0, t ∈ I,

x(0) = x(b) , x′(0) = x′(b),

By using the continuity of the integrals, we can define the two mappings: T1 : C(I,<) → C(I,<) and

T2 : C(I,<) → C(I,<) as:

T1(x(t)) =
∫ b

0

G(t, s)F (s, x(s))ds,

and

T2(x(t)) =
∫ b

0

G(t, s)h(s, x(s))ds.

Then we can define the following :

T (x(t), y(t)) = T1x(t) + T2y(t)

The coupled fixed point of the operator T is the solution of the system (7).

With the two conditions (P1) and (P2) consider the following set of assumptions:

(P3) There exists λ > 0 and ε > 0 such that:

0 ≤ [f(t, x) + λx]− [f(t, y) + λy] ≤ ε(x− y),

for all t ∈ I and x, y ∈ < such that: x ≥ y.

(P4) The function h(t, x) nondecreasing.

(P5) There exists an element v ∈ C2(I,<) such that:

v′′(t) ≤ f(t, v(t)) + h(t, y(t)),

6
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v(0) ≤ v(b) , v′(0) ≤ v′(b),

for all t ∈ I and y ∈ C(I,<).

Lemma 13 Assume that (P1) and (P3) holds. Let εMb < 1 . Then the operator T1 is Γ− orbitally continuous,

nondecreasing and a partially nonlinear D− contraction.

Proof. Let E = C(I,<). The proof will be done in 3 steps.

Step 1: To prove that T1 is nondecreasing.
¯

Let x, y ∈ E , such that: x ≥ y Then by (P3), we have that:

T1x(t) =
∫ b

0

G(t, s)F (s, x(s))ds ≥
∫ b

0

G(t, s))F (s, y(s))ds ≥ T1y(t),

for all t ∈ I. Thus T1 is nondecreasing operator.

Step 2: To prove that T1 is Γ− orbitally continuous.
¯

Take a sequence {xn} ∈ Γ(x;T1) for any x ∈ E with xn → x∗ as n → ∞. Since T1 is continues by (P1)

again, then we have that:

limn→∞(T1xn)(t) =
∫ b

0
G(t, s) limn→∞ F (s, xn(s))ds

=
∫ b

0
G(t, s)F (s, x∗(s))ds

= (T1x
∗)(t),

(9)

for all t > 0. Hence , T1 is Γ− orbitally continuous.

Step 3: To prove that T1 is partially nonlinear D− contraction.
¯

For any comparable element x, y ∈ E such that:x ≥ y. For t ∈ I, we have that:

| (T1x)(t)− (T1y)(t) |=|
∫ b

0
G(t, s)[F (s, x(s))− F (s, y(s))]ds |

≤
∫ b

0
G(t, s) | [F (s, x(s))− F (s, y(s))] | ds

≤ Mεb‖x− y‖,

(10)

Let τ = Mεb . New define the mapping Θ(l) = τ l , for each l ∈ <+ . Thus Θ(l) < l and Θ(0) = 0. Therefore,

we proved that:‖T1x− T1y‖ ≤ Θ(‖x− y‖). Hence T1 is partially nonlinear D− contraction.

7
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Lemma 14 Assume that (P2) and (P4) holds. Then the operator T2 is Γ− orbitally continuous, nondecreasing

and a partially compact in E = C(I,< .

Proof. The proof is also done in 3 steps.

Step 1: To prove that: T2 is Γ− orbitally continuous.
¯

Consider for any x ∈ E with xn → x∗ as n →∞. Since T2 is continues by (P2), then we have that:

limn→∞(T2xn)(t) =
∫ b

0
G(t, s) limn→∞ h(s, xn(s))ds

=
∫ b

0
G(t, s)h(s, x∗(s))ds

= (T2x
∗)(t),

(11)

for all t > 0. Hence , T2 is Γ− orbitally continuous.

Step 2: To prove that: T2 is nondecreasing.
¯

Let x, y ∈ E , such that: x ≥ y Then by (P2), we have that:

T2x(t) =
∫ b

0

G(t, s)h(s, x(s))ds ≥
∫ b

0

G(t, s))h(s, y(s))ds ≥ T2y(t),

for all t ∈ I. Thus T2 is nondecreasing operator.

Step 3: To prove that T2 is partially compact in E = C(I,<) .
¯

Let C be an arbitrary chain in E. We show

T2(C) is uniformly bounded and equicontinuous set in E. Consider x ∈ C be arbitrary, then we get that:

| T2x(t) |=|
∫ b

0
G(t, s)h(s, x(s))ds |

≤
∫ b

0
G(t, s) | h(s, x(s)) | ds

≤ Mk2b,

(12)

Thus , we have that: ‖T2x‖ ≤ τ , where τ = Mk2b. Hence, T2(C) is uniformly bounded subset in E.

To prove T2(C) is an equicontinuous : let t1, t2 ∈ I such that: t1 − t2 < 0. We have that:

| T2x(t2)− T2x(t1) |=|
∫ b

0
[G(t1, s)−G(t2, s)]h(s, x(s))ds |

≤
∫ b

0
| G(t1, s)−G(t2, s) | h(s, x(s))ds

≤
∫ b

0
| G(t1, s)−G(t2, s) | k2ds → 0,

(13)

as t1 → t2. Hence T2(C) is a compact subset of E . Therefore, T2 is partially compact in E = C(I,<) .

8
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Theorem 15 Let the hypotheses (P1), (P2), (P3), (P4) , (P5) and εMb < 1 hold. Then the hybrid system (6)

has a coupled solution on I.

Proof. By (P5) There exists an element v ∈ C2(I,<) such that:

v′′(t) ≤ f(t, v(t) + h(t, y(t)),

v(0) ≤ v(b) , v′(0) ≤ v′(b),

for all t ∈ I and y ∈ C(I,<). Then , we get that: There exists an element v ∈ C2(I,<) such that:

v′′(t) + λv(t) ≤ F (t, v(t)) + h(t, y(t)),

v(0) ≤ v(b) , v′(0) ≤ v′(b),

for all t ∈ I and y ∈ C(I,<). Applying Theorem 6, we get that : the mapping T (x, y) = T1x+T2y has a coupled

fixed point. This coupled fixed point is the solution of the hybrid system (6).

Corollary 16 Let the hypotheses (P1), (P2), (P3), (P4) and εMb < 1 hold. Consider there exists an element

v ∈ C2(I,<) such that:

v′′(t) ≥ f(t, v(t) + h(t, y(t)),

v(0) ≥ v(b) , v′(0) ≥ v′(b),

for all t ∈ I and y ∈ C(I,<).

Then the hybrid system (6) has a coupled solution on I.

Example 17 Let I = [0, 1]. Suppose we have the following system of differential equations:

x′′(t) = tan−1x(t)− x(t) + h(t, y(t)), t ∈ I,

y′′(t) = tan−1y(t)− y(t) + h(t, x(t)), t ∈ I,

x(0) = x(1) , x′(0) = x′(1),

y(0) = y(1) , y′(0) = y′(1),

(14)

9
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and t ∈ [0, 1]. Consider g : I ×< → < such that:

g(t, x) ==


1, if x ≤ 1

2x
1+x , if x > 1.

(15)

It is clear that f(t, x) = tan−1 x(t)−x(t) and f and g are continues functions.Define F (t, x) = tan1 x(t)−x(t).

Then we get that: |F (t, x)| < 1
π = k1. Therefore , f(t, x) is satisfied condition (P1) . Also, since we have that:

0 ≤ tan1 x− tan1 y ≤ 1
1 + κ2

(x− y) ∀x, y ∈ <, x > y, x > κ > y.

Thus f is satisfied condition (P3) with λ = 1. It is also clear that: λ > ε = 1
1+κ2 , where x > κ > y. Also, g(t, x)

is nondecreasing in x for all t ∈ I and bounded . Thus g is satisfied the conditions (P2) and (P4). Finally , the

function :

v(t) = −2
∫ 1

0

G(t, s)ds +
∫ 1

0

G(t, s))ds,

is satisfied the condition (P5). Then the hybrid system has (14) a coupled solution.
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Abstract: Co-ordinated convex function of two variables and corresponding in-
equalities have been studied before by many researchers. This paper deals with
Co-ordinated convex function of three variables. In the present paper the idea of
co-ordinated convex function of two variables in a rectangle from the plane R2 is
extended to that of three variables in a rectangle from space R3. Moreover corre-
sponding extended right handed Hermite-Hadamard type inequalities are also in-
corporated. At the end some applications of resulting inequalities to special means
are also given.

Key Words: Hermite-Hadamard’s inequality, co-ordinated convex function,
Hölder’s integral inequality, power mean inequality, arithmetic mean, logarithmic
mean.

1. Introduction

It is said that the notion convex was pioneered by Archimedes. While estimating
value of π, he noticed that the perimeter of a convex figure is smaller than that
of any other convex figure, encompassing it. As per J. L. Jensen, idea of convex
function is as primeval as an increasing function or a positive function. A docu-
mented result spontaneously identified with convex function is Hermite-Hadamard
(HH) inequality

g

(
α+ β

2

)
≤ 1

β − α

∫ β

α

g(u)du ≤ g(α) + g(β)

2
, (1.1)

where g is a real valued convex function on the real interval I and α, β ∈ I with
α < β. The idea of co-ordinated convex (CC) function on a rectangle from the
plane was coined by Dragomir and Pearce in 2000, see [6]. Co-ordinated convexity
is more general than convexity. It only requires a function to be convex on each

2010 Mathematics Subject Classification. 26A51, 26D15, 52A15
*Corresponding Author.
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2 R. HUSSAIN, A. ALI, A. LATIF AND G. GULSHAN

coordinate individually and independently, not simultaneously as in case of con-
vexity. Thereafter Dragomir and many other mathematicians worked in this field,
see [1,5,8,9,11,13,14,16–18,20–22]. The idea of co-ordinated convexity was joined
with other classes of convex functions like s-convex, m-convex, (α,m)-convex, h-
convex, log-convex, ((s,m), QC)-convex functions and many interesting results were
obtained, see [2–4,10,12,15,19] and references there in.

Dragomir and Pearce [6] defined CC function of two variables as follows. The
principal outcomes of the present article are actuated by this definition.

Definition 1.1. A function g : 4 −→ R is called CC on 4 if the partial functions
gu : [γ, δ] −→ R and gv : [α, β] −→ R, defined as gu(y) = g(u, y) and gv(x) = g(x, v)
respectively, are convex. Here 4 is bi-dimensional interval given by 4 = [α, β] ×
[γ, δ].

2. Main Results

In this section we mainly establish results on the basis of definition of CC function
of three variables on a rectangle from the space R3. We derive HH type inequality
for CC functions of three variables and then establish inequalities related to the
algebraic combination of middle term and right side terms of this inequality, to be
called right HH type inequalities. Let us first define CC function of three variables.
Motivated by Definition 1.1, CC function of three variables is defined as:

Definition 2.1. A function g : ∆ −→ R is called CC on ∆ if the partial functions
gu,v : [ζ, η] −→ R, gu,w : [γ, δ] −→ R and gv,w : [α, β] −→ R, defined as gu,v(z) =
g(u, v, z), gu,w(y) = g(u, y, w) and gv,w(x) = g(x, v, w) respectively, are convex.
Here and on wards ∆ is tri-dimensional interval given by ∆ = [α, β]× [γ, δ]× [ζ, η].

Lemma 2.2. If a function g : ∆ −→ R is CC function on ∆, then the subsequent
inequality is induced

g (lc+ (1− l)d,me+ (1−m)h, nr + (1− n)s)

≤ lmng(c, e, r) + lm(1− n)g(c, e, s) + l(1−m)ng(c, h, r)

+ l(1−m)(1− n)g(c, h, s) + (1− l)mng(d, e, r) + (1− l)m(1− n)g(d, e, s)

+ (1− l)(1−m)ng(d, h, r) + (1− l)(1−m)(1− n)g(d, h, s),

for all l,m, n ∈ [0, 1] and (c, e, r), (c, e, s), (c, h, r) e.t.c. are in ∆.

Proof. The Ineq. (??) can be proved simply by applying Definition 2.1, to the given
function g. �

Lemma 2.3. Every convex function is CC. The converse in general is not true.

Proof. It can be proved by using Definition 2.1 of CC function. Moreover the
function g : [0, 1]3 −→ [0,∞) given by g(u, v, w) = uvw, for all (u, v, w) ∈ [0, 1]3 is
CC function but is not convex on [0, 1]3. �

Motivated by Dragomir [7], we extend HH Ineq. (1.1) for CC functions of three
variables as follows:
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CO-ORDINATED CONVEX FUNCTIONS OF THREE VARIABLES 3

Theorem 2.4. Suppose that g : ∆ ⊂ R3 −→ R is CC function on ∆, then the
subsequent inequality is induced

g

(
α+ β

2
,
γ + δ

2
,
ζ + η

2

)
≤ 1

3

[
1

β − α

∫ β

α

g

(
u,
γ + δ

2
,
ζ + η

2

)
du+

1

δ − γ

∫ δ

γ

g

(
α+ β

2
, v,

ζ + η

2

)
dv

+
1

η − ζ

∫ η

ζ

g

(
α+ β

2
,
γ + δ

2
, w

)
dw

]
(2.1)

≤ 1

3

[
1

(β − α)(δ − γ)

∫ δ

γ

∫ β

α

g

(
u, v,

ζ + η

2

)
dudv +

1

(δ − γ)(η − ζ)∫ δ

γ

∫ η

ζ

g

(
α+β

2
, v, w

)
dvdw +

1

(β−α)(η−ζ)

∫ β

α

∫ η

ζ

g

(
u,
γ+δ

2
, w

)
dudw

]
(2.2)

≤ 1

(β − α)(δ − γ)(η − ζ)

∫ β

α

∫ δ

γ

∫ η

ζ

g(u, v, w)dudvdw (2.3)

≤ 1

6

[
1

(β − α)(δ − γ)

∫ β

α

∫ δ

γ

{g(u, v, ζ) + g(u, v, η)} dudv

+
1

(δ − γ)(η − ζ)

∫ δ

γ

∫ η

ζ

{g(α, v, w) + g(β, v, w)} dvdw

+
1

(β − α)(η − ζ)

∫ β

α

∫ η

ζ

{g(u, γ, w) + g(u, δ, w)} dudw

]
(2.4)

≤ 1

12

[
1

β − α

∫ β

α

{g(u, γ, ζ) + g(u, γ, η) + g(u, δ, ζ) + g(u, δ, η)} du

+
1

δ − γ

∫ δ

γ

{g(α, v, ζ) + g(α, v, η) + g(β, v, ζ) + g(β, v, η)} dv

+
1

η − ζ

∫ η

ζ

{g(α, γ, w) + g(α, δ, w) + g(β, γ, w) + g(β, δ, w)} dw
]

(2.5)

≤ 1

8
[g(α, γ, ζ) + g(α, γ, η) + g(α, δ, ζ) + g(α, δ, η) + g(β, γ, ζ) + g(β, γ, η)

+g(β, δ, ζ) + g(β, δ, η)] . (2.6)

Proof. Since g : ∆ −→ R is CC function, it follows that the function gu,v : [ζ, η] −→
R, defined by gu,v(z) = g(u, v, z) is convex on [ζ, η]. Then from Inequality (1.1),
we have

gα+β
2 , γ+δ2

(
ζ + η

2

)
≤ 1

η − ζ

∫ η

ζ

gα+β
2 , γ+δ2

(w)dw, where w ∈ [ζ, η]

g

(
α+ β

2
,
γ + δ

2
,
ζ + η

2

)
≤ 1

η − ζ

∫ η

ζ

g

(
α+ β

2
,
γ + δ

2
, w

)
dw.
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Similar arguments applied to the functions gu,w and gv,w respectively, we get

g

(
α+ β

2
,
γ + δ

2
,
ζ + η

2

)
≤ 1

δ − γ

∫ δ

γ

g

(
α+ β

2
, v,

ζ + η

2

)
dv

and

g

(
α+ β

2
,
γ + δ

2
,
ζ + η

2

)
≤ 1

β − α

∫ β

α

g

(
u,
γ + δ

2
,
ζ + η

2

)
du,

adding above three inequalities, we get Ineq. (2.1) as follows

g

(
α+ β

2
,
γ + δ

2
,
ζ + η

2

)
≤ 1

3

[
1

β − α

∫ β

α

g

(
u,
γ + δ

2
,
ζ + η

2

)
du+

1

δ − γ

∫ δ

γ

g

(
α+ β

2
, v,

ζ + η

2

)
dv

+
1

η − ζ

∫ η

ζ

g

(
α+ β

2
,
γ + δ

2
, w

)
dw

]
.

Now consider the following inequality

gα+β
2 ,v

(
ζ + η

2

)
≤ 1

η − ζ

∫ η

ζ

gα+β
2 ,v(w)dw, where w ∈ [ζ, η],

g

(
α+β

2
, v,

ζ+η

2

)
≤ 1

η−ζ

∫ η

ζ

g

(
α+ β

2
, v, z

)
dw,

1

δ−γ

∫ δ

γ

g

(
α+β

2
, v,

ζ+η

2

)
dv ≤ 1

(δ−γ)(η−ζ)

∫ δ

γ

∫ η

ζ

g

(
α+β

2
, v, w

)
dvdw,

adding all such inequalities, we get Ineq. (2.2) as follows

1

β−α

∫ β

α

f

(
x,
γ+δ

2
,
ζ+η

2

)
du+

1

δ−γ

∫ δ

γ

f

(
α+β

2
, v,

ζ+η

2

)
dv

+
1

η−ζ

∫ η

ζ

f

(
α+β

2
,
γ+δ

2
, w

)
dw ≤ 1

(β−α)(δ−γ)

∫ β

α

∫ δ

γ

f

(
u, v,

ζ+η

2

)
dudv

+
1

(δ−γ)(η−ζ)

∫ δ

γ

∫ η

ζ

f

(
α+β

2
, v, w

)
dvdw

+
1

(η − ζ)(β − α)

∫ β

α

∫ η

ζ

f

(
u,
γ + δ

2
, w

)
dwdu.

Considering

gu,v

(
ζ + η

2

)
≤ 1

η − ζ

∫ η

ζ

gu,v(w)dw ≤ gu,v(m) + gu,v(n)

2
, where w ∈ [ζ, η],

gives

g

(
u, v,

ζ + η

2

)
≤ 1

η − ζ

∫ η

ζ

g(u, v, w)dw ≤ g(u, v, ζ) + g(u, v, η)

2
, (2.7)
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CO-ORDINATED CONVEX FUNCTIONS OF THREE VARIABLES 5

integrating Ineq. (2.7) w.r.t u and v over the intervals [α, β] and [γ, δ] respectively,
then multiplying by 1

(β−α)(δ−γ) , we have

1

(β − α)(δ − γ)

∫ β

α

∫ δ

γ

g

(
u, v,

ζ + η

2

)
dudv

≤ 1

(β − α)(δ − γ)(η − ζ)

∫ β

α

∫ δ

γ

∫ η

ζ

g(u, v, w)dudvdw

≤ 1

2(β − α)(δ − γ)

[∫ β

α

∫ δ

γ

g(u, v, ζ)dudv +

∫ β

α

∫ δ

γ

g(u, v, η)dudv

]
,

by the same argument applied on the functions gv,w and gu,w, we tend to get two
additional such inequalities. Then by adding these inequalities, we have Ineqs. (2.3)
and (2.4) as follows

1

3

[
1

(β − α)(δ − γ)

∫ β

α

∫ δ

γ

g

(
u, v,

ζ + η

2

)
dudv +

1

(δ − γ)(η − ζ)∫ δ

γ

∫ η

ζ

g

(
α+ β

2
, v, w

)
dvdw +

1

(β − α)(η − ζ)

∫ η

ζ

∫ β

α

g

(
u,
γ + δ

2
, w

)
dudw

]

≤ 1

(β − α)(δ − γ)(η − ζ)

∫ β

α

∫ δ

γ

∫ η

ζ

g(u, v, w)dudvdw

≤ 1

6

[
1

(β−α)(δ−γ)

∫ β

α

∫ δ

γ

g(u, v, ζ)dudv +
1

(β − α)(δ − γ)

∫ β

α

∫ δ

γ

g(u, v, η)dudv

+
1

(δ−γ)(η−ζ)

∫ δ

γ

∫ η

ζ

g(α, v, w)dvdw +
1

(δ − γ)(η − ζ)

∫ δ

γ

∫ η

ζ

g(β, v, w)dvdw

+
1

(β−α)(η−ζ)

∫ ζ

η

∫ β

α

g(u, v, ζ)dudw +
1

(β−α)(η−ζ)

∫ ζ

η

∫ β

α

g(u, v, η)dudw

]
.

By convexity of gα,v, we have

1

η − ζ

∫ η

ζ

gα,v(w)dw ≤ gα,v(ζ) + gα,v(η)

2
, where w ∈ [ζ, η]

1

η − ζ

∫ η

ζ

g(α, v, w)dw ≤ g(α, v, ζ) + g(α, v, η)

2
,

integrating this inequality w.r.t. v over the interval [γ, δ], we have

1

(δ − γ)(η − ζ)

∫ δ

γ

∫ η

ζ

g(α, v, w)dvdw ≤ 1

2(δ − γ)

∫ δ

γ

{g(α, v, ζ) + g(α, v, η)}dv,

similarly by convexity of gβ,v we have

1

(δ − γ)(η − ζ)

∫ δ

γ

∫ η

ζ

g(β, v, w)dvdw ≤ 1

2(δ − γ)

∫ δ

γ

{g(β, v, ζ) + g(β, v, η)}dv,
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after further calculation we have six such inequalities, adding these we get Ineq.
(2.5) as follows

1

(β − α)(δ − γ)

∫ β

α

∫ δ

γ

{g(u, v, ζ) + g(u, v, η)} dudv

+
1

(δ − γ)(η − ζ)

∫ δ

γ

∫ η

ζ

{g(α, v, w) + g(β, v, w)} dvdw

+
1

(β − α)(η − ζ)

∫ β

α

∫ η

ζ

{g(u, v, ζ) + g(u, v, η)} dudw

≤ 1

2

[
1

β − α

∫ β

α

{g(u, γ, ζ) + g(u, γ, η) + g(u, δ, ζ) + g(u, δ, η)} du

+
1

δ − γ

∫ δ

γ

{g(α, v, ζ) + g(α, v, η) + g(β, v, ζ) + g(β, v, η)} dv

+
1

η − ζ

∫ η

ζ

{g(α, γ, w) + g(α, δ, w) + g(β, γ, w) + g(β, δ, w)} dw
]
.

Now to get last inequality we use the convexity of gα,γ , which implies

1

η − ζ

∫ η

ζ

gα,γ(w)dw ≤ gα,γ(ζ) + gα,γ(η)

2
, where w ∈ [ζ, η],

1

η − ζ

∫ η

ζ

g(α, γ, w)dw ≤ g(α, γ, ζ) + g(α, γ, η)

2
,

adding such inequalities, we get Ineq. (2.6) as follows

1

β−α

[∫ β

α

g(u, γ, ζ)du+

∫ β

α

g(u, γ, η)du+

∫ β

α

g(u, δ, ζ)du+

∫ β

α

g(u, δ, η)du

]

+
1

δ−γ

[∫ δ

γ

g(α, v, ζ)dv +

∫ δ

γ

g(α, v, η)dv +

∫ δ

γ

g(β, v, ζ)dv +

∫ δ

γ

g(β, v, η)dv

]

+
1

η−ζ

[∫ η

ζ

g(α, γ, w)dw +

∫ η

ζ

g(α, δ, w)dw +

∫ η

ζ

g(β, γ, w)dw +

∫ η

ζ

g(β, δ, w)dw

]
≤ 3

2
[g(α, γ, ζ) + g(α, γ, η) + g(β, γ, ζ) + g(β, γ, η) + g(α, δ, ζ) + g(α, δ, η)

+g(β, δ, ζ) + g(β, δ, η)] .

Hence proved. �

Motivated by notion given in [22], we now present right handed HH type inequal-
ities related to inequality given in Theorem 2.4, for differentiable CC functions on
rectangle from the space R3. In order to establish further results we need the fol-
lowing lemma.

Note: From here onwards we use ‘A’ to represent the following algebraic combi-
nation of middle and the right sided terms of HH type inequality given in Theorem
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CO-ORDINATED CONVEX FUNCTIONS OF THREE VARIABLES 7

2.4.

1

8
[g(α, γ, ζ)+g(α, γ, η)+g(α, δ, ζ)+g(α, δ, η)+g(β, γ, ζ)+g(β, γ, η)+g(β, δ, ζ)

+g(β, δ, η)]− 1

4

[
1

β − α

∫ β

α

{g(u, γ, ζ) + g(u, γ, η) + g(u, δ, ζ) + g(u, δ, η)} du

+
1

δ − γ

∫ δ

γ

{g(α, v, ζ) + g(α, v, η) + g(β, v, ζ) + g(β, v, η)} dv

+
1

η−ζ

∫ η

ζ

{g(α, γ, w)+g(α, δ, w) + g(β, γ, w)+g(β, δ, w)} dw
]
+

1

2

[
1

(β−α)(δ−γ)∫ β

α

∫ δ

γ

{g(u, v, ζ)+g(u, v, η)}dudv+
1

(δ−γ)(η−ζ)

∫ δ

γ

∫ η

ζ

{g(α, v, w)+g(β, v, w)}dvdw

+
1

(β − α)(η − ζ)

∫ β

α

∫ η

ζ

{g(u, γ, w) + g(u, δ, w)} dudw

]

− 1

(β − α)(δ − γ)(η − ζ)

∫ β

α

∫ δ

γ

∫ η

ζ

g(u, v, w)dudvdw.

Lemma 2.5. Let g : ∆ ⊂ R3 −→ R be partial differentiable function on ∆. If
glmn ∈ L(∆), then the subsequent identity is induced

A =
(β − α)(δ − γ)(η − ζ)

8

∫ 1

0

∫ 1

0

∫ 1

0

(1− 2l)(1− 2m)(1− 2n)

glmn(lα+ (1− l)β,mγ + (1−m)δ, nζ + (1− n)η)dldmdn.

Proof. Considering the following triple integral and integrating it by parts w.r.t.
l,m and n respectively, we get∫ 1

0

∫ 1

0

∫ 1

0

(1−2l)(1−2m)(1−2n)

glmn(lα+ (1−l)β,mγ + (1−m)δ, nζ + (1−n)η) dldmdn

=

∫ 1

0

∫ 1

0

(1−2m)(1−2n)

[
(1−2l)

α−β
gmn(lα+(1−l)β,mγ+(1−m)δ, nζ+(1−n)η)

∣∣∣∣1
0

−
∫ 1

0

(−2)

α− β
glmn(lα+ (1− l)β,mγ + (1−m)δ, nζ + (1− n)η)dl

]
dmdn

=

∫ 1

0

∫ 1

0

(1−2m)(1−2n)

β−α
[gmn(α,mγ+(1−m)δ, nζ+(1−n)η)+gmn(β,mγ+(1−m)δ,

nζ+(1−n)η)−2

∫ 1

0

glmn(lα+(1−l)β,mγ +(1−m)δ, nζ+(1−n)η)dl]dmdn

=
1

(β−α)(δ−γ)(η−ζ)
{[g(α, γ, ζ)+ g(α, γ, η)+ g(α, δ, ζ)+ g(α, δ, η)+ g(β, γ, ζ)

+g(β, γ, η) + g(β, δ, ζ) + g(β, δ, η)]−2

[∫ 1

0

{g(u, γ, ζ) + g(u, γ, η) + g(u, δ, ζ)
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+g(u, δ, η)} du+

∫ 1

0

{g(α, v, ζ)+g(α, v, η)+g(β, v, ζ)+g(β, v, η)} dv

+

∫ 1

0

{g(α, γ, w)+g(α, δ, w) +g(β, γ, w) +g(β, δ, w)

}
dw

]
+ 4

[∫ 1

0

∫ 1

0

{g(lα+(1−l)β,mγ+(1−m)δ, ζ)+g(lα+(1−l)β,mγ+(1−m)δ, η)}dldm

+

∫ 1

0

∫ 1

0

{g(α,mγ+(1−m)δ, ζn+(1−n)η)+g(β,mγ+(1−m)δ, ζn+(1−n)η)} dmdn

+

∫ 1

0

∫ 1

0

{g(lα+ (1−l)β, γ, ζn+(1−n)η) + g(lα+(1−l)β, δ, ζn+(1−n)η)} dldn
]

−8

∫ 1

0

∫ 1

0

∫ 1

0

g(lα+ (1− l)β,mγ + (1−m)δ, nζ + (1− n)η)dldmdn

}
, (2.8)

on multiplying both sides Eq. (2.8) by (β−α)(δ−γ)(η−ζ)
8 , we get

1

8
[g(α, γ, ζ) + g(α, γ, η) + g(α, δ, ζ) + g(α, δ, η) + g(β, γ, ζ) + g(β, γ, η)

+g(β, δ, ζ)+g(β, δ, η)]− 1

4

[∫ 1

0

{g(u, γ, ζ) + g(u, γ, η) + g(u, δ, ζ) + g(u, δ, η)} du

+

∫ 1

0

{g(α, v, ζ) + g(α, v, η) + g(β, v, ζ) + g(β, v, η)} dv

+

∫ 1

0

{g(α, γ, w) + g(α, δ, w) + g(β, γ, w) + g(β, δ, w)} dw
]

+
1

2

[∫ 1

0

∫ 1

0

{g(lα+(1−l)β,mγ +(1−m)δ, ζ)+ g(lα+(1−l)β,mγ+(1−m)δ, η)}dldm

+

∫ 1

0

∫ 1

0

{g(α,mγ+(1−m)δ, nζ+(1−ζn)η)+g(β,mγ+(1−m)δ, nζ+(1−n)η)}dmdn

+

∫ 1

0

∫ 1

0

{g(lα+(1−l)β, γ, nζ +(1−n)η) + g(lα+(1−l)β, δ, nζ +(1−n)η)} dldn
]

−
∫ 1

0

∫ 1

0

∫ 1

0

g(lα+ (1− l)β,mγ + (1−m)δ, nζ + (1− n)η)dldmdn

=
(β − α)(δ − γ)(η − ζ)

8

∫ 1

0

∫ 1

0

∫ 1

0

[(1− 2l)(1− 2m)(1− 2n)

glmn(lα+ (1− l)β,mγ + (1−m)δ, nζ + (1− n)η)]dldmdn. (2.9)

By changing variable on left hand side of Eq. (2.9), we get the required result. �

Theorem 2.6. Let g : ∆ ⊂ R3 −→ R be partial differentiable function on ∆. If
|glmn| is a CC function on ∆, then the subsequent inequality is induced

|A| ≤ (β − α)(δ − γ)(η − ζ)

512
[|glmn(α, γ, ζ)|+ |glmn(α, γ, η) + |glmn(α, δ, ζ)

+|glmn(α, δ, η)|+ |glmn(β, γ, ζ)|+ |glmn(β, γ, η)|+ |glmn(β, δ, ζ)|+ |glmn(β, δ, η)|].
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Proof. From Lemma 2.5, properties of modulus, co-ordinated convexity of |glmn|
and integrating by parts w.r.t. l,m and n respectively, we have

|A|

≤ (β−α)(δ−γ)(η−ζ)

8

∫ 1

0

∫ 1

0

∫ 1

0

|1−2l||1−2m||1−2n| [l|glmn(α,mγ+(1−m)δ,

ζn+(1−n)η)|+ (1− l)|glmn(β,mγ + (1−m)δ, nζ + (1− n)η)|] dldmdn

=
(β−α)(δ−γ)(η−ζ)

8× 4

∫ 1

0

∫ 1

0

|1−2m||1−2n| [|gmn(α,mγ + (1−m)δ,

nζ + (1− n)η)|+ |gmn(β,mγ + (1−m)δ, nζ + (1− n)η)|] dmdn

=
(β − α)(δ − γ)(η − ζ)

8× 4× 4

∫ 1

0

|1−2n| [|gn(α, γ, ζn+ (1−n)η)|

+|gn(α, δ, nζ+(1−n)η)|+|gn(β, γ, nζ+(1−n)η)||gn(β, δ, nζ+(1−n)η)|]dn

=
(β − α)(δ − γ)(η − ζ)

512
[|glmn(α, γ, ζ)|+ |glmn(α, γ, η) + |glmn(α, δ, ζ)

+|glmn(α, δ, η)|+ |glmn(β, γ, ζ)|+ |glmn(β, γ, η)|+ |glmn(β, δ, ζ)|+ |glmn(β, δ, η)|].

Hence proved. �

Theorem 2.7. Let g : ∆ ⊂ R3 −→ R be partial differentiable function on ∆. If
|glmn|q with q > 1 and 1

p + 1
q = 1, is a CC function on ∆, then the subsequent

inequality is induced

|A| ≤ (β − α)(δ − γ)(η − ζ)

8(p+ 1)
3
p

(
1

8

) 1
q

[|glmn(α, γ, ζ)|q + |glmn(α, γ, η)|q + |glmn(α, δ, ζ)|q + |glmn(α, δ, η)|q

+ |glmn(β, γ, ζ)|q+|glmn(β, γ, η)|q + |glmn(β, δ, ζ)|q+|glmn(β, δ, η)|q]
1
q .

Proof. From Lemma 2.5, properties of modulus, Hölder’s integral inequality and
Lemma 2.2, we have

|A|

≤ (β − α)(δ − γ)(η − ζ)

8

∫ 1

0

∫ 1

0

∫ 1

0

|(1− 2l)(1− 2m)(1− 2n)|

|glmn(lα+ (1− l)β,mγ + (1−m)δ, nζ + (1− n)η)|dldmdn

≤ (β − α)(δ − γ)(η − ζ)

8

(∫ 1

0

∫ 1

0

∫ 1

0

|(1− 2l)(1− 2m)(1− 2n)|pdldmdn
)1
p

(∫ 1

0

∫ 1

0

∫ 1

0

|glmn(lα+ (1−l)β,mγ + (1−m)δ, nζ + (1−n)η)|qdldmdn
)1
q

≤ (β − α)(δ − γ)(η − ζ)

8

(∫ 1

0

∫ 1

0

∫ 1

0

|1− 2l|p |1− 2m|p |1− 2n|pdldmdn
)1
p
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(

∫ 1

0

∫ 1

0

∫ 1

0

(lmn|glmn(α, γ, ζ)|q + lm(1−n)|glmn(α, γ, η)|q

+ l(1−m)n|glmn(α, δ, ζ)|q +l(1−m)(1−n)|glmn(α, δ, η)|q

+ (1−l)mn|glmn(β, γ, ζ)|q+(1−l)m(1−n)|glmn(β, γ, η)|q

+(1−l)(1−m)n|glmn(β, δ, ζ)|q+(1−l)(1−m)(1−n)|glmn(β, δ, η)|q) dldmdn)
1
q

=
(β − α)(δ − γ)(η − ζ)

8

(
1

(p+ 1)3

)1
p
(

1

8

)1
q

(|glmn(α, γ, ζ)|q+|glmn(α, γ, η)|q

+ |glmn(α, δ, ζ)|q + |glmn(α, δ, η)|q + |glmn(β, γ, ζ)|q + |glmn(β, γ, η)|q

+|glmn(β, δ, ζ)|q + |glmn(β, δ, η)|q)
1
q .

Hence proved. �

Theorem 2.8. Let g : ∆ ⊂ R3 −→ R be partial differentiable function on ∆. If
|glmn|q, q ≥ 1 is a CC function on ∆, then the subsequent inequality is induced

|A| ≤ (β − α)(δ − γ)(η − ζ)

64

(
1

8

) 1
q

[|glmn(α, γ, ζ)|q + |glmn(α, γ, η)|q + |glmn(α, δ, ζ)|q + |glmn(α, δ, η)|q

+ |glmn(β, γ, ζ)|q+|glmn(β, γ, η)|q + |glmn(β, δ, ζ)|q+|glmn(β, δ, η)|q]
1
q .

Proof. From Lemma 2.5, properties of modulus, power mean inequality and Lemma
2.2, we have

|A|

≤ (β − α)(δ − γ)(η − ζ)

8

∫ 1

0

∫ 1

0

∫ 1

0

|(1− 2l)(1− 2m)(1− 2n)|

|glmn(lα+ (1− l)β,mγ + (1−m)δ, nζ + (1− n)η)|dldmdn

≤(β − α)(δ − γ)(η − ζ)

8

(∫ 1

0

∫ 1

0

∫ 1

0

|(1− 2l)(1− 2m)(1− 2n)|dldmdn
)1− 1

q

(

∫ 1

0

∫ 1

0

∫ 1

0

|(1− 2l)(1− 2m)(1− 2n)|

|glmn(lα+(1−l)β,mγ+(1−m)δ, nζ+(1−n)η)|qdldmdn)
1
q

≤ (β − α)(δ − γ)(η − ζ)

8

(
1

8

)1− 1
q

(

∫ 1

0

∫ 1

0

∫ 1

0

|1− 2l||1− 2m||1− 2n|

(lmn|glmn(α, γ, ζ)|q+lm(1−n)|glmn(α, γ, η)|q+l(1−m)n|glmn(α, δ, ζ)|q

+ l(1−m)(1− n)|glmn(α, δ, η)|q + (1− l)mn|glmn(β, γ, ζ)|q+
(1− l)m(1− n)|glmn(β, γ, η)|q + (1− l)(1−m)n|glmn(β, δ, ζ)|q

+ (1− l)(1−m)(1− n)|glmn(β, δ, η)|q)dldmdn)
1
q
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=
(β − α)(δ − γ)(η − ζ)

8

(
1

8

)1− 1
q
(

1

64

) 1
q

(|glmn(α, γ, ζ)|q + |glmn(α, γ, η)|q + |glmn(α, δ, ζ)|q +|glmn(α, δ, η)|q

+ |glmn(β, γ, ζ)|q+|glmn(β, γ, η)|q+|glmn(β, δ, ζ)|q+|glmn(β, δ, η)|q)
1
q ,

after simplification we get the required result. �

Remark. Since 1
8 <

1

(p+1)
3
p

for p > 1, therefore estimation given in Theorem 2.8

with an improved and simplified constant is even better than that of Theorem 2.7.

3. Some Applications to special Means

In Section 2, we established some inequalities based on CC functions of three
variables. Now we apply these inequalities to get estimates for absolute values of
different patterns of some special means. For this let us first have a look at follow-
ing special means of positive real numbers ε, κ (ε 6= κ).

Arithmetic mean

A(ε, κ) =
ε+ κ

2
.

Harmonic Mean

H(ε, κ) =
2εκ

ε+ κ
.

Logarithmic mean

L(ε, κ) =
κ− ε

ln(κ)− ln(ε)
.

Genralised Log-mean

Li(ε, κ) =

[
κi+1 − εi+1

(i+ 1)(κ− ε)

] 1
i

, i ∈ Z \ {−1, 0}.

Proposition 3.1. Let α, β, γ, δ, ζ, η ∈ R+ such that α < β, γ < δ, ζ < η, we have∣∣∣AiAjAk−(LiiAjAk+AiL
j
jAk+AiAjL

k
k

)
+
(
LiiL

j
jAk+LiiAjL

k
k+AiL

j
jL
k
k

)
−LiiL

j
jL
k
k

∣∣∣
≤ (ijk)

[(β − α)(δ − γ)(η − ζ)]2

64
Ai−1Aj−1Ak−1. (3.1)∣∣∣AiAjAk−(LiiAjAk+AiL

j
jAk+AiAjL

k
k

)
+
(
LiiL

j
jAk+LiiAjL

k
k+AiL

j
jL
k
k

)
−LiiL

j
jL
k
k

∣∣∣
≤ (ijk)

[(β − α)(δ − γ)(η − ζ)]2

8(p+ 1)
3
p

(
Aq(i−1)Aq(j−1)Aq(k−1)

) 1
q . (3.2)

∣∣∣AiAjAk−(LiiAjAk+AiL
j
jAk+AiAjL

k
k

)
+
(
LiiL

j
jAk+LiiAjL

k
k+AiL

j
jL
k
k

)
−LiiL

j
jL
k
k

∣∣∣
≤ (ijk)

[(β − α)(δ − γ)(η − ζ)]2

64

(
Aq(i−1)Aq(j−1)Aq(k−1)

) 1
q . (3.3)

Where Ai = A
(
αi, βi

)
, Aj = A

(
γj , δj

)
, Ak = A

(
ζk, ηk

)
, Lii = Lii(α, β), Ljj =

Ljj(γ, δ), L
k
k = Lkk(ζ, η), Ai−1 = A

(
αi−1, βi−1

)
, Aq(i−1) = A

(
αq(i−1), βq(i−1)

)
etc.
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Proof. The assertions in Proposition 3.1 follow by taking g(u, v, w) = uivjwk as the
CC function in Theorem 2.6, Theorem 2.7 and Theorem 2.8 respectively. Where
u, v, w ∈ R+ and i, j, k ∈ Z+. �

Proposition 3.2. Let α, β, γ, δ, ζ, η ∈ R+ such that α < β, γ < δ, ζ < η, we have∣∣∣HiHjHk − (Li−iHjHk+HiL
j
−jHk +HiHjL

k
−k

)
+
(
Li−iL

j
−jHk +  Li−iHjL

k
−k +HiL

j
−jL

k
−k

)
− Li−iL

j
−jL

k
−k

∣∣∣
≤(ijk)

[(β−α)(δ−γ)(η−ζ)]2

64
(HiHjHk)

(
H−1
i+1H

−1
j+1H

−1
k+1

)(
Li−iL

j
−jL

k
−k

)
.

∣∣∣HiHjHk − (Li−iHjHk+HiL
j
−jHk +HiHjL

k
−k

)
+
(
Li−iL

j
−jHk +  Li−iHjL

k
−k +HiL

j
−jL

k
−k

)
− Li−iL

j
−jL

k
−k

∣∣∣
≤(ijk)

[(β−α)(δ−γ)(η−ζ)]2

8(p+ 1)
3
p

(HiHjHk)
(
H−1
q(i+1)H

−1
q(j+1)H

−1
q(k+1)

)1
q
(
Li−iL

j
−jL

k
−k

)
.

∣∣∣HiHjHk − (Li−iHjHk+HiL
j
−jHk +HiHjL

k
−k

)
+
(
Li−iL

j
−jHk +  Li−iHjL

k
−k +HiL

j
−jL

k
−k

)
− Li−iL

j
−jL

k
−k

∣∣∣
≤(ijk)

[(β−α)(δ−γ)(η−ζ)]2

64
(HiHjHk)

(
H−1
q(i+1)H

−1
q(j+1)H

−1
q(k+1)

)1
q
(
Li−iL

j
−jL

k
−k

)
.

Where Hi = H
(
αi, βi

)
, Hj = H

(
γj , δj

)
, Hk = H

(
ζk, ηk

)
, Lii = Li−i(α, β),

Lj−j = Ljj(γ, δ), L
k
−k = Lkk(ζ, η), H−1

i+1 = H−1
(
αi+1, βi+1

)
,

H−1
q(i+1) = H−1

(
αq(i+1), βq(i+1)

)
etc.

Proof. The assertions in Proposition 3.2 follow by taking g(u, v, w) = 1
uivjwk

as
CC function in Theorem 2.6, Theorem 2.7 and Theorem 2.8 respectively. Where
u, v, w ∈ R+ and i, j, k ∈ Z+. �

4. Conclusion

In this paper the idea of CC function of two variables in a rectangle from the
plane R2 is extended to that of three variables in a rectangle from the space R3.
Then HH type inequality for CC function of three variables is established. Con-
sequently by using this inequality the analogous extended right handed HH type
inequalities for CC functions of three variables are obtained. Thus obtained right
handed inequalities are utilized to give bounds for algebraic combinations of some
special means.

Motivated by these results one can also find extensions of existing left handed
HH type inequalities. Furthermore it is asserted that in the same way idea of CC
function of three variables in a rectangle from the space R3 can be further extended
to CC functions of n variables in a rectangle from n-dimensional Euclidean space
Rn.
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ABSTRACT

The main objective of this paper is to study the local and the global stability of the solutions, the periodic
character and the boundedness of the di¤erence equation

xn+1 = βxn¡l + αxn¡k +
axn¡t

bxn¡t + c
, n = 0, 1, ...,

where the parameters β, α, a, b and c are positive real numbers and the initial conditions x¡s, x¡s+1, ..., x¡1,
x0 are positive real numbers where s = maxfl, k, tg.

Keywords: Di¤erence equations, Stability, Global stability, Boundedness, Periodic solutions.

Mathematics Subject Classi…cation: 39A10

—————————————————

1. INTRODUCTION

The higher-order di¤erence equations are of paramount importance in applications. Such equations also seem
naturally as discrete analogues and as numerical solutions of di¤erential which model various diverse phenomena
in biology, ecology, physiology, physics, engineering, economics and so on [1-9]. The theory of di¤erence equations
gets a central position in applicable analysis. That is, the theory of di¤erence equations will continue to play an
important role in mathematics as a whole. Hence, it is very interesting to study the behavior of solutions of a
di¤erence equations and to discuss the local and global asymptotic stability of their equilibrium points [10-15].
In recent years, the behavior of solutions of various di¤erence equations has been one of the main topics in the
theory of di¤erence equations [16-34].

Abo-Zeid [35] obtained the global asymptotic stability of all solutions of the di¤erence equation

xn+1 = Axn¡2

B+Cxnxn¡1xn¡2
, n = 0, 1, ...,

where A, B, C are positive real numbers and the initial conditions x¡2, x¡1, x0 are real numbers.

Abu-Saris et al. [36] studied the globally asymptotically stability of the equilibrium solution of the rational
di¤erence equation

xn+1 =
a+xnxn¡k

xn+xn¡k
, n = 0, 1, ...,

where k is a nonnegative integer, a ¸ 0, and x¡k, ..., x0 > 0.

You-Hui et al. [37] investigated the global attractivity of the nonlinear di¤erence equation

yn+1 = p+qyn

1+yn+ryn¡k
, n = 0, 1, ...,

where p, q, r 2 [0, 1) , k ¸ 1 is a positive integer and the initial conditions y¡k, . . . , y¡1 are nonnegative real
numbers and y0 is a positive real number.
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Zayed et al. [38] investigated the boundedness character, the periodicity character, the convergence and the
global stability of positive solutions of the di¤erence equation,

xn+1 = α0xn+α1xn¡l+α2xn¡k

β0xn+β1xn¡l+β2xn¡k
, n = 0, 1, ...,

where the coe¢cients αi, βi 2 (0, 1) for i = 0, 1, 2, and l, k are positive integers such that l < k. The
initial conditions x¡k, , ..., x¡l, ..., x¡2, x¡1, x0 are arbitrary positive real numbers.

El-Dessoky [39] investigated some qualitative behavior of the solutions of the di¤erence equation

xn+1 = axn¡l + bxn¡k +
cxn¡s

dxn¡s ¡ e
, n = 0, 1, ...,

where the parameters a, b, c, d and e are positive real numbers and the initial conditions x¡t, x¡t+1, ..., x¡1,
x0 are positive real numbers where t = maxfl, k, sg.

Our goal is to obtain some qualitative behavior of the positive solutions of the di¤erence equation

xn+1 = βxn¡l + αxn¡k + axn¡t

bxn¡t+c
, n = 0, 1, ..., (1)

where the parameters β, α, a, b and c are positive real numbers and the initial conditions x¡s, x¡s+1, ..., x¡1,
x0 are positive real numbers where s = maxfl, k, tg.

2. LOCAL STABILITY

In this section, we study the local stability of the equilibrium point of equation (1).

The equilibrium points of Eq. (1) are given by

x = βx + αx + ax
bx+c ,

b(1 ¡ α¡ β)x2 + c(1 ¡ α¡ β)x = ax.

So, x0 = 0 is forever an equilibrium point of the di¤erence equation (1). If α+β< 1, then the positive equilibrium
point of the Eq. (1) is given by

x1 = a
b(1¡α¡β)

¡ c
b
.

Let f : (0, 1)3 ¡! (0, 1) be a continuous function de…ned by

f(u, v, w) = βu + αv + aw
bw+c

.

Therefore, it follows that

∂f(u, v, w)
∂u = β, ∂f(u, v, w)

∂v = α, ∂f(u, v, w)
∂w = ac

(bw+c)2
. (2)

Theorem 2.1. The zero equilibrium x0 of the di¤erence equation (1) is locally asymptotically stable if

c (α+ β) + a < c. (3)

Proof: So, we can write Eq. (2) at zero equilibrium point x0 = 0 in the form

∂f(x0, x0, x0)
∂u = β= p1,

∂f(x0, x0, x0)
∂v = α= p2 and ∂f(x0, x0, x0)

∂w = a
c = p3.

Then the linearized equation of Eq. (1) about x0 is

yn+1 ¡ p1yn¡k ¡ p2yn¡l ¡ p3yn¡s = 0,
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According to Theorem 1.6 page 7 in [1], then Eq. (1) is asymptotically stable if and only if

jp1j + jp2j + jp3j < 1.

Thus,
jβj + jαj +

¯̄
a
c

¯̄
< 1,

and so
c (α+ β) + a < c.

The proof is complete.

Example 1. Consider l = 2, k = 1, t = 3, β = 0.3, α = 0.2, a = 0.5, b = 0.7 and c = 6 and the initial
conditions x¡3 = 0.2, x¡2 = 0.4, x¡1 = 0.6 and x0 = 0.1, the zero solution of the di¤erence equation (1) is local
stability (see Fig. 1).

0 10 20 30 40 50 60 70 80 90 100
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

n

x(
n)

plot of x(n+1)= beta X(n-l)+ alpha X(n-k) + (a X(n-t) / ( b X(n-t) + c ))

Figure 1. Plot the behavior of zero solution of Eq. (1) is local stable.

Theorem 2.2. The positive equilibrium x1 of the di¤erence equation (1) is locally asymptotically stable if

c (1 ¡ α¡ β) < a. (4)

Proof: So, we can write Eq. (2) at the positive equilibrium point x1 = a
b(1¡α¡β) ¡ c

b

∂f(x1, x1, x1)
∂u = β= p1,

∂f(x1, x1, x1)
∂v = α= p2 and ∂f(x1, x1, x1)

∂w = c(1¡α¡β)2

a = p3.

Then the linearized equation of Eq. (1) about x1 is

yn+1 ¡ p1yn¡k ¡ p2yn¡l ¡ p3yn¡s = 0,

According to Theorem 1.6 page 7 in [1], then Eq. (1) is asymptotically stable if and only if

jp1j + jp2j + jp3j < 1.

Thus,
jβj + jαj +

¯̄̄
c(1¡α¡β)2

a

¯̄̄
< 1,

and so
c(1¡α¡β)2

a
< 1 ¡ a ¡ b,

if α+ β< 1, then
c (1 ¡ α¡ β) < a.
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The proof is complete.

Example 2. Figure (2) shows the solution of the di¤erence equation (1) is local stability if l = 2, k = 1,
t = 3, β = 0.3, α = 0.2, a = 3, b = 0.7 and c = 0.6 and the initial conditions x¡3 = 0.2, x¡2 = 0.4, x¡1 = 0.6
and x0 = 0.1.

0 10 20 30 40 50 60 70 80 90 100
0

1

2

3

4

5

6

7

8

n

x(
n)

plot of x(n+1)= beta X(n-l)+ alpha X(n-k) + (a X(n-t) / ( b X(n-t) + c ))

Figure 2. Draw the behavior of the positve solution of Eq. (1) is local stable.

Example 3. The solution of the di¤erence equation (1) is unstable if l = 2, k = 1, t = 3, β= 0.9, α = 0.2,
a = 3, b = 0.7 and c = 0.6 and the initial conditions x¡3 = 0.2, x¡2 = 0.4, x¡1 = 0.6 and x0 = 0.1. (See Fig. 3).
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plot of x(n+1)= beta X(n-l)+ alpha X(n-k) + (a X(n-t) / ( b X(n-t) + c )))

Figure 3. Sketch the behavior of the solution of Eq. (1) is unstable.

3. GLOBAL STABILITY

In this section, the global asymptotic stability of equation (1) is studied.

Theorem 3.1. The equilibrium point x0 is a global attractor of di¤erence equation (1) if

α+ β+
a

c
< 1. (5)

Proof: Suppose that ζand ηare real numbers and assume that F : [ζ,η]3 ¡! [ζ,η] is a function de…ned by

F (x, y, z) = βx + αy + az
bz+c .

Then
∂F (x, y, z)

∂x
= β, ∂F (x, y, z)

∂y
= α and ∂F (x, y, z)

∂z
= ac

(bz+c)2
.
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Now, we can see that the function F (x, y, z) increasing in x, y and z. Then·
βx + αx +

ax

bx + c
¡ x

¸
(x ¡ x0)

·
h
¡ (1 ¡ α¡ β)x +

ax

bx
+

ax

c

i
(x ¡ 0) · ¡

³
1 ¡ α¡ β¡ a

c

´
x2 < 0

If α+ β+ a
c < 1, then F (x, y, z) satis…es the negative feedback property

[F (x, x, x) ¡ x] (x ¡ x0) < 0, for x0 = 0.

According to Theorem 1.10 page 15 in [1], then x1 is a global attractor of Eq. (1). This completes the proof.

Example 4. Consider l = 2, k = 1, t = 3, β = 0.03, α = 0.02, a = 0.5, b = 0.7 and c = 4 and the initial
conditions x¡3 = 0.5, x¡2 = 0.7, x¡1 = 0.6 and x0 = 1.1, the zero solution of the di¤erence equation (1) is
global stability (see Fig. 4).
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Figure 4. Plot the behavior of the zero solution of Eq. (1) is global stability.

Theorem 3.2. The equilibrium point x1 is a global attractor of di¤erence equation (1) if

β+ α< 1. (6)

Proof: Suppose that ζand ηare real numbers and assume that g : [ζ, η]3 ¡! [ζ,η] is a function de…ned by

g(u, v, w) = βu + αv + aw
bw+c .

Then
∂g(u, v, w)

∂u = β, ∂g(u, v, w)
∂v = α and ∂g(u, v, w)

∂w = ac
(bw+c)2

.

Now, we can see that the function g(u, v, w) increasing in u, v and w.

Let (m,M) be a solution of the system M = g(M, M, M) and m = g(m, m, m). Then from Eq. (1), we
see that

M = βM + αM +
aM

bM + c
, m = βm + αm +

am

bm + c
,

thus

b(1α¡ β)M2 ¡ c(1 ¡ α¡ β)M = aM,

b(1α¡ β)m2 ¡ c(1 ¡ α¡ β)m = am.
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Subtracting we obtain

b(1 ¡ α¡ β)(M2 ¡ m2) ¡ (a + c(1 ¡ α¡ β)) (M ¡ m) = 0,

(M ¡ m)fb(1 ¡ α¡ β)(M + m) ¡ a ¡ c(1 ¡ α¡ β)g = 0

under the condition 0 6= b(1 ¡ α¡ β), we see that

M = m.

According to Theorem 1.15 page 18 in [1], then x1 is a global attractor of Eq. (1). This completes the proof.

Example 5. The solution of the di¤erence equation (1) is global stability when l = 2, k = 1, t = 3, β= 0.1,
α= 0.2, a = 2, b = 1 and c = 0.01 and the initial conditions x¡3 = 0.2, x¡2 = 0.4, x¡1 = 0.6 and x0 = 0.1. (See
Fig. 5).
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Figure 5. Plot the behavior of the solution of Eq. (1) is global stability.

4. PERIODIC SOLUTIONS

Theorem 4.1. Let l, k and t are both odd positive integers then for all β, α, a, b and c are positive real
numbers, then Eq. (1) has a prime period two solution if

α+ β< 1 and c (1 ¡ α¡ β) < a. (7)

Proof: First, suppose that there exists distinct nonnegative solution P and Q, such that

...P, Q, P, Q, ...,

is a prime period two solution of Eq.(1).

We see from Eq. (1) when l, k and t are both odd, then xn+1 = xn¡l = xn¡k = xn¡t = P. It follows Eq. (1)
that

P = βP + αP + aP
bP+c and Q = βQ + αQ + aQ

bQ+c .

Therefore,
b (1 ¡ α¡ β) P 2 + (c (1 ¡ α¡ β) ¡ a)P = 0, (8)

b (1 ¡ α¡ β)Q2 + (c (1 ¡ α¡ β) ¡ a)Q = 0, (9)

Subtracting (9) from (8) gives
P + Q = a¡c(1¡α¡β)

b(1¡α¡β) (10)
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Again, adding (8) and (9) yields
PQ = 0. (11)

where a > c (1 ¡ α¡ β) and 1 > α + β. Let P and Q are the two distinct nonnegative real roots of the
quadratic

b (1 ¡ α¡ β) t2 ¡ (a ¡ c (1 ¡ α¡ β))t = 0, (12)

and so
a ¡ c (1 ¡ α¡ β) > 0 and 1 ¡ α¡ β> 0, (13)

from Inequality (13), we obtain Inequality (7).

Second suppose that Inequality (7) is true. We will show that Eq. (1) has a prime period two solution.

Therefore P and Q are distinct nonnegative real numbers.

Set
x¡l = P, x¡k = P, x¡t = P, , ..., x¡3 = P, x¡2 = Q, x¡1 = P, x0 = Q.

We would like to show that

x1 = x¡1 = P = a¡c(1¡α¡β)
b(1¡α¡β)

and x2 = x0 = Q = 0.

It follows from Eq. (1) that

x1 = βP + αP + aP
bP+c

= (β+ α)P +
a

(
a¡c(1¡α¡β)

b(1¡α¡β)

)
b

(
a¡c(1¡α¡β)

b(1¡α¡β)

)
+c

,

= (β+ α)
³

a¡c(1¡α¡β)
b(1¡α¡β)

´
+ a(a¡c(1¡α¡β))

b(a¡c(1¡α¡β))+cb(1¡α¡β) = (β+ α)
³

a¡c(1¡α¡β)
b(1¡α¡β)

´
+ a(a¡c(1¡α¡β))

ab ,

= (β+α)(a¡c(1¡α¡β))+(1¡α¡β)(a¡c(1¡α¡β))
b(1¡α¡β) = (a¡c(1¡α¡β))(β+α+1¡α¡β)

b(1¡α¡β) = a¡c(1¡α¡β)
b(1¡α¡β) = P.

and
x2 = βQ + αQ + aQ

bQ+c = 0 = Q,

Then by induction we get

x2n = Q and x2n+1 = P for all n ¸ ¡2.

Thus Eq. (1) has the prime period two solution

..., P , Q, P , Q, ...,

where P and Q are the distinct nonnegative roots of the quadratic Eq. (12) and the proof is complete.

Theorem 4.2. Let l, k and t are both even positive integers then for all β, α, a, b and c are positive real
numbers, then Eq. (1) has no positive prime period two solution.

Proof: Let that there exists distinct positive solution P and Q, such that

...P, Q, P, Q, ...,

is a prime period two solution of Eq.(1).

We see from Eq. (1) when l, k and t are both even, then xn+1 = P and xn¡l = xn¡k = xn¡t = Q. It follows
Eq. (1) that

P = βQ + αQ + aQ
bQ+c and Q = βP + αP + aP

bP+c .
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Therefore,
bPQ + cP = b(β+ α)Q2 + (a + c(β+ α))Q, (14)

bPQ + cQ = b(β+ α)P 2 + (a + c(β+ α))P, (15)

Subtracting (15) from (14) gives
P + Q = ¡a+c(1+β+α)

b(β+α) (16)

Again, adding (14) and (15) yields
PQ = c(a+c(1+β+α))

b2(β+α)(1+β+α) . (17)

From (16) and (17), we have

(P + Q)PQ = ¡c(a+c(1+β+α)+c)2

b3(β+α)2(1+β+α) < 0

This contradicts the hypothesis that both P and Q are positive. Thus, the proof is now completed.

Theorem 4.3. Let l, k are even and t is odd positive integers then for all β, α, a, b and c are positive real
numbers, then Eq. (1) has no positive prime period two solution.

Proof: Let that there exists distinct positive solution P and Q, such that

...P, Q, P, Q, ...,

is a prime period two solution of Eq.(1).

We see from Eq. (1) when l, k are even and t is odd, then xn+1 = xn¡t = P and xn¡l = xn¡k = Q. It follows
Eq. (1) that

P = βQ + αQ + aP
bP+c

and Q = βP + αP + aQ
bQ+c

.

Therefore,
bP 2 + cP = b (α+ β)PQ + c (α+ β)Q + aP, (18)

bQ2 + cQ = b (α+ β)PQ + c (α+ β)P + aQ, (19)

By subtracting (18) from (19), we deduce

P + Q = a¡c(1+α+β)
b (20)

Again, by adding (18) and (19), we get

PQ = ¡
³

c(α+β)(a¡c(1+α+β))
b2(α+β+1)

´
. (21)

If a > c (1 + α+ β) , then PQ is negative. But P, Q are both positive, and we have a contradiction. Therefor,
the proof is completed.

Theorem 4.4. If l, t are even and k is odd positive integers then Eq. (1) has no positive prime period two
solution.

Proof: Let there exists distinct positive solution P and Q, such that

...P, Q, P, Q, ...,
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is a prime period two solution of Eq.(1).

We see from Eq. (1) when l, t are even and k is odd, then xn+1 = xn¡k = P and xn¡l = xn¡t = Q. It follows
Eq. (1) that

P = βQ + αP + aQ
bQ+c and Q = βP + αQ + aP

bP+c .

Therefore,
b (1 ¡ α)PQ + c (1 ¡ α) P = bβQ2 + (cβ+ a)Q, (22)

b (1 ¡ α)PQ + c (1 ¡ α)Q = bβP 2 + (cβ+ a)P, (23)

By subtracting (23) from (22), we get

P + Q = ¡
³

a+c(1¡α+β)
bβ

´
(24)

While, by adding (22) and (23), we deduce

PQ = c(1¡α)(a+c(1¡α+β))
b2β(1¡α+β) . (25)

If α < 1 and α< 1 + β then from (24) and (25), we have

PQ (P + Q) = ¡c(1¡α)(a+c(1¡α+β))2

b3β2(1¡α+β)
< 0

This contradicts the hypothesis that both P, Q are positive. Thus, the proof is now completed.

Theorem 4.5. Suppose that k, t are even and l is odd positive integers, then Eq. (1) has no positive prime
period two solution.

Proof: Assume that there exists distinct positive solution P and Q, such that

...P, Q, P, Q, ...,

is a prime period two solution of Eq.(1).

We see from Eq. (1) when k, t are even and l is odd, then xn+1 = xn¡l = P and xn¡k = xn¡t = Q. It follows
Eq. (1) that

P = βP + αQ + aQ
bQ+c and Q = βQ + αP + aP

bP+c .

Therefore,
b (1 ¡ β)PQ + c (1 ¡ β)P = bαQ2 + (cα+ a)Q, (26)

b (1 ¡ β)PQ + c (1 ¡ β)Q = bαP 2 + (cα+ a)P, (27)

By subtracting (27) from (26), we have

P + Q = ¡
³

a+c(1+α¡β)
bα

´
(28)

Again, by adding (26) and (27),we deduce

PQ = c(1¡β)(a+c(1+α¡β))
b2α(1+α¡β) . (29)
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If β< 1 and β< 1 + α then from (28) and (29), we have

PQ (P + Q) = ¡c(1¡β)(a+c(1+α¡β))2

b2α2(1+α¡β) < 0

This contradicts the hypothesis that both P, Q are positive. Thus, the proof is now completed.

Theorem 4.6. Let k is even and l, t are odd positive integers then for all β, α, a, b and c are positive real
numbers, then Eq. (1) has no positive prime period two solution.

Proof: Assume that there exists distinct positive solution P and Q, such that

...P, Q, P, Q, ...,

is a prime period two solution of Eq.(1).

We see from Eq. (1) when k is even and l, t are odd, then xn+1 = xn¡l = xn¡t = P and xn¡k = Q. It follows
Eq. (1) that

P = βP + αQ + aP
bP+c and Q = βQ + αP + aQ

bQ+c .

Therefore,
b (1 ¡ β)P 2 + c (1 ¡ β)P = bαPQ + cαQ + aP, (30)

b (1 ¡ β)Q2 + c (1 ¡ β)Q = bαPQ + cαP + aQ, (31)

By subtracting (31) from (30), we get

P + Q = a¡c(1+α¡β)
b(1¡β) (32)

Again, by adding (30) and (31), we have

PQ = ¡cα(a¡c(1+α¡β))
b2(1¡β)(1+α¡β)

. (33)

where β< 1, β< 1 + α and c (1 + α¡ β) < a, then PQ is negative. But P, Q are both positive, and we have a
contradiction. Therefor, the proof is completed.

Theorem 4.7. If l is even and k, t are odd positive integers, then Eq. (1) has no positive prime period two
solution.

Proof: Assume that there exists distinct positive solution P and Q, such that

...P, Q, P, Q, ...,

is a prime period two solution of Eq.(1).

We see from Eq. (1) when l is even and k, t are odd, then xn+1 = xn¡k = xn¡t = P and xn¡l = Q. It follows
Eq. (1) that

P = βQ + αP + aP
bP+c

and Q = βP + αQ + aQ
bQ+c

.

Therefore,
b (1 ¡ α)P 2 + c (1 ¡ α)P = bβPQ + cβQ + aP, (31)

b (1 ¡ α)Q2 + c (1 ¡ α)Q = bβPQ + cβP + aQ, (32)

Subtracting (32) from (31) gives
P + Q = a¡c(1+β¡α)

b(1¡α)
(33)
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Again, adding (31) and (32) yields
PQ = ¡ cβ(a¡c(1+β¡α))

b2(1¡α)(1+β¡α) . (34)

If α < 1, α < 1 + β and c (1 + β¡ α) < a, then PQ is negative. But P, Q are both positive, and we have a
contradiction. Thus, the proof is completed.

Theorem 4.8. Let t is even and l, k are odd positive integers. If

c (1 ¡ α¡ β) + a 6= 0,

then Eq. (1) has no prime period two solution.

Proof: Assume that there exists distinct positive solution P and Q, such that

...P, Q, P, Q, ...,

is a prime period two solution of Eq.(1).

We see from Eq. (1) when t is even and l, k are odd, then xn+1 = xn¡k = xn¡l = P and xn¡t = Q. It follows
Eq. (1) that

P = βP + αP + aQ
bQ+c

and Q = βQ + αQ + aP
bP+c

.

Therefore,
b (1 ¡ α¡ β)PQ + c (1 ¡ α¡ β)P = aQ, (35)

b (1 ¡ α¡ β)PQ + c (1 ¡ α¡ β)Q = aP, (36)

Subtracting (47) from (46) gives

(c (1 ¡ α¡ β) + a) (P ¡ Q) = 0

Since c (1 ¡ α¡ β) + a 6= 0, then P = Q. This is a contradiction. Thus, the proof is completed.

Example 6. Figure (6) shows the Eq. (1) has a period two solution when l = 1, k = 3, t = 5, β= 0.1, α= 0.2,
a = 0.5, b = 0.07 and c = 0.05 and the initial conditions x¡5 = P, x¡4 = Q, x¡3 = P, x¡2 = Q, x¡1 = P

and x0 = Q where P = a¡c(1+β¡α)
b(1¡α)

and Q = 0.
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Figure 6. Sketch the solution of Eq. (1) has a period two solution.

Example 7. Consider l = 5, k = 2, t = 4, β = 0.6, α = 0.2, a = 0.4, b = 0.7 and c = 0.5 and the initial
conditions x¡5 = 1.2, x¡4 = 1.4, x¡3 = 0.6, x¡2 = 1.1, x¡1 = 0.3 and x0 = 0.8 the solution of Eq. (1) has no
period two solution (See Fig. 7).
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Figure 7. Draw the solution of Eq. (1) has no periodic.

5. BOUNDEDNESS OF THE SOLUTIONS

In this section, we investigate the boundedness nature of the positive solutions of equation (1).

Theorem 5.1. Every solution of di¤erence equation (1) is bounded if β+ α < 1.

Proof: Let fxng1
n=¡s be a solution of Eq. (1). It follows from Eq. (1) that

xn+1 = βxn¡l + αxn¡k + axn¡t

bxn¡t+c ,

6 βxn¡l + αxn¡k + axn¡t

bxn¡t
= βxn¡l + αxn¡k + a

b for all n ¸ 1.

By using a comparison, we can right hand side as follows

tn+1 = βtn¡l + αtn¡k + a
b
.

and this equation is locally asymptotically stable if β+ α < 1, and converges to the equilibrium point t =
a

b(1¡β¡α)
.Therefore

lim
n!1 supxn 6 a

b(1¡β¡α) .

Thus the solution is bounded.

Theorem 5.2. Every solution of di¤erence equation (1) is unbounded if β> 1or α> 1.

Proof: Let fxng1
n=¡s be a solution of Equation (1).Then from Equation (1) we see that

xn+1 = βxn¡l + αxn¡k + axn¡t

bxn¡t+c > βxn¡l for all n ¸ 1.

We see that the right hand side can be written as follows

tn+1 = βtn¡l.

then
tln+i = βntl+i + const., i = 0, 1, ..., l,

and this equation is unstable because β> 1, and lim
n!1tn = 1.Then by using ratio test fxng1

n=¡s is unbounded

from above.

Similarly from Equation (1) we see that

xn+1 = βxn¡l + αxn¡k + axn¡t

bxn¡t+c
> αxn¡k for all n ¸ 1.

We see that the right hand side can be written as follows

tn+1 = αtn¡k.
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then
tkn+i = αntk+i + const., i = 0, 1, ..., k,

and this equation is unstable because α> 1, and lim
n!1tn = 1.Then by using ratio test fxng1

n=¡s is unbounded

from above. Thus, the proof is now completed.

Example 8. We assume l = 2, k = 1, t = 3, β = 0.4, α = 1.2, a = 3, b = 0.7 and c = 0.6 and the
initial conditions x¡3 = 0.2, x¡2 = 0.4, x¡1 = 0.6 and x0 = 0.1, the solution of the di¤erence equation (1) is
unbounded (see Fig. 8).
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Figure 8. Plot the behavior of the solution of Eq. (1) is unbounded.
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Abstract. For the classical Hermite-Hadamard inequality of harmonically convex functions, i.e.,
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2ab

a+ b
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b− a
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x2
dx ≤ f(a) + f(b)
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1. Introduction

One of the most important integral inequalities which is related to harmonically convex functions is classical

Hermite-Hadamard integral inequality. Double inequality

f

(
2ab

a+ b

)
≤ ab

b− a

∫ b

a

f(x)

x2
dx ≤ f(a) + f(b)

2
.

is known as Hermite-Hadamard integral inequality for harmonically convex functions, where f ∈ L([a, b]) [7, 5].

When we are trying to obtain these inequalities in the spirit of monotone measures and non-additive integrals,

we get different results than the classic form.

The concept of the fuzzy integral was introduced and initially examined by Sugeno [17]. Further theoretical

investigations of the integral and its generalizations have been pursued by many researchers [14, 15, 12, 2, 8, 1].

The study of inequalities for the Sugeno integral was initiated by Román-Flores and Chalco-Cano [13]. In this

article, at the first we prove some Hermite-Hadamard type inequalities for harmonically convex functions in the

case of non-additive integrals. Consequently, upper bound for these functions are established. In fact, the main

purpose of this article is to obtain an approximation for non-solvable integral of this type.

This paper is organized as follows. Some necessary preliminaries are presented in Section 2. We address

the essential problems in Sections 3 and upper bound for the Sugeno integral based on a harmonically convex

function is presented. Finally, a conclusion is drawn and a problem for further investigations is given in Section

4.

0 a.ebadian@urmia.ac.ir (A. Ebadian), oraki57@yahoo.com (M. Oraki).
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2

2. Preliminaries

In this section, we are going to review some well known results from the theory of non-additive measures.

Definition 2.1. [8, 18] Let Σ be a Σ-algebra of subsets of X and let µ : Σ→ [0,∞) be a non-negative, extended

real-valued set function, we say that µ is a monotone measure (or fuzzy measure) iff:

(FM1): µ(∅) = 0;

(FM2): E,F ∈ Σ and E ⊆ F imply µ(E) ≤ µ(F ) (monotonicity);

(FM3): (En) ⊆ Σ, E1 ⊆ E2 ⊆ . . . imply limn→+∞ µ(En) = µ(
∞⋃
i=1

Ei) (continuity from below);

(FM4): (En) ⊆ Σ, E1 ⊇ E2 ⊇ . . . , µ(E1) < ∞ imply limn→+∞ µ(En) = µ(
∞⋂
i=1

Ei) (continuity from

above).

Let (X,Σ, µ) be a monotone measure space and f is a non-negative real-valued function on X. We denote the

set of all non-negative measurable functions f by F+ and Fα denote the set {x ∈ X | f(x) ≥ α}, the α-level of f ,

for α ≥ 0. F0 = {x ∈ X | f(x) > 0} = supp(f) is the support of f. We know that: α ≤ β ⇒ {f ≥ β} ⊆ {f ≥ α}.

Definition 2.2. [17, 8, 18] Let µ be a monotone measure (or fuzzy measure) on (X,Σ). If f ∈ F+ and A ∈ Σ,

then the Sugeno integral (or fuzzy integral) of f on A, with respect to the monotone measure µ is defined by

−
∫
A

fdµ :=
∨
α≥0

(α ∧ µ(A ∩ Fα)),

where ∨, ∧ denotes the operation sup and inf on [0,∞) respectively. In particular if A = X, then

−
∫
X

fdµ := −
∫
fdµ =

∨
α≥0

(α ∧ µ(Fα)).

The following properties of the Sugeno integral are well known and can be found in [18, 19].

Proposition 2.3. Let (X,Σ, µ) be a fuzzy measure space, with A,B ∈ Σ and f, g ∈ F+. We have

1. −
∫
A
fdµ ≤ µ(A);

2. −
∫
A
kdµ ≤ k ∧ µ(A), for k non-negative constant;

3. if f ≤ g on A, then −
∫
A
fdµ ≤ −

∫
A
gdµ;

4. if A ⊂ B, then −
∫
A
fdµ ≤ −

∫
B
fdµ;

5. if µ(A) <∞, then −
∫
A
fdµ ≥ α⇔ µ(A ∩ {f ≥ α}) ≥ α;

6. µ(A ∩ {f ≥ α}) ≤ α⇒ −
∫
A
fdµ ≤ α;

7. −
∫
A
fdµ < α⇔ there exists γ < α such that µ(A ∩ {f ≥ γ}) < α;

8. −
∫
A
fdµ > α⇔ there exists γ > α such that µ(A ∩ {f ≥ γ}) > α.

Remark 2.4. Consider the distribution function F associated to f on A, that is, F (α) = µ(A ∩ Fα). Then,

due to (5) and (6) of Proposition 2.3, we have that

F (α) = α⇒ −
∫
A

fdµ = α.
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the Hermite-Hadamard inequality for the Sugeno integral based on harmonically convex functions 3

Thus, from a numerical point of view, the Sugeno integral can be calculated by solving the equation F (α) = α.

The following proposition shows how to transform a Sugeno integral −
∫
A
fdµ, which is defined on a mono-

tone measure space (X,Σ, µ), into another Sugeno integral −
∫
gdm defined on the Lebesgue measure space

([0,∞), B+,m), where B+ is the class of all Borel sets in [0,∞) and m is the Lebesgue measure.

Proposition 2.5. [18] For any A ∈ Σ

−
∫
A

fdµ = −
∫
µ(A ∩ Fα)dm,

where Fα = {x ∈ X | f(x) ≥ α} and m is the Lebesgue measure.

Definition 2.6. [16] A t-norm is a function T : [0, 1]× [0, 1]→ [0, 1] satisfying the following conditions:

(T1): T (x, 1) = T (1, x) = x for any x ∈ [0, 1];

(T2): For any x1, x2, y1, y2 ∈ [0, 1] with x1 ≤ x2 and y1 ≤ y2, T (x1, y1) ≤ T (x2, y2);

(T3): T (x, y) = T (y, x) for any x, y ∈ [0, 1];

(T4): T (T (x, y), z) = T (x, T (y, z)) for any x, y, z ∈ [0, 1].

A function S : [0, 1] × [0, 1] → [0, 1] is called a t-conorm [9] if there is a t-norm T such that S(x, y) =

1− T (1− x, 1− y).

Example 2.7. The following functions are t-norms:

1: TM (x, y) = x ∧ y.

2: TP (x, y) = x.y.

3: TL(x, y) = (x+ y − 1) ∨ 0.

Hereafter, we assume that (X,Σ, µ) is a monotone measure space. To simplify the calculation of the Sugeno

integral, for a given f ∈ F+(X) and A ∈ Σ, we write

Γ = {α : α ≥ 0, µ(A ∩ Fα) > µ(A ∩ Fβ) for any β > α}.

It is easy to see that

−
∫
A

fdµ =
∨
α∈Γ

(α ∧ µ(A ∩ Fα)).

Remark 2.8. A binary operator T on [0, 1] is called a t-seminorm[16] if it satisfies the above condition (T1)

and (T2). Notice that if T is a t-seminorm, for any x, y ∈ [0, 1], we have T (x, y) ≤ T (x, 1) = x and T (x, y) ≤
T (1, y) = y, and consequently, T (x, y) ≤ TM (x, y).

By using the concept of t-seminorm, Garćıa and Álvarez [16] proposed the following family of fuzzy integral.

Definition 2.9. Let T be a t-seminorm. Then the seminormed Sugeno’s fuzzy integral of a function f ∈ F+

over A ∈ Σ with respect to T and the fuzzy measure µ is defined by∫
T,A

fdµ =
∨

α∈[0,1]

T (α, µ(A ∩ Fα)).
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Notice that the Sugeno integral of f ∈ F+ over A ∈ Σ is the seminormed Sugeno’s fuzzy integral of f over

A ∈ Σ with respect to the t-seminorm TM .

Proposition 2.10. (Garćıa and Álvarez [16])Let (X,Σ, µ) be a monotone measure space and T be a t-seminorm.

Then,

1: For any A ∈ Σ and f, g ∈ F+ with f ≤ g, we have∫
T,A

fdµ ≤
∫
T,A

gdµ.

2: For A,B ∈ Σ with A ⊂ B and any f ∈ F+,∫
T,A

fdµ ≤
∫
T,B

fdµ.

Definition 2.11. [7] Let I ⊂ R−{0} is a real interval. A function f : I → R is said to be harmonically convex

on I if the inequality

f

(
ab

ta+ (1− t)b

)
≤ tf(b) + (1− t)f(a) (2.1)

holds, for all a, b ∈ I and t ∈ [0, 1]. If the inequality (2.1) is reversed, then f is said to be harmonically concave.

We note that for t = 1
2 , we have the definition of Jensen type of harmonic convex functions, that is

f

(
2ab

a+ b

)
≤ f(a) + f(b)

2
, ∀a, b ∈ I.

Proposition 2.12. [7] Let I ⊂ R− {0} be a real interval and f : I → R is function, then:

1: if I ⊂ (0,+∞) and f is convex and nondecreasing, then f is harmonically convex.

2: if I ⊂ (0,+∞) and f is harmonically convex and nonincreasing, then f is convex.

3: if I ⊂ (−∞, 0) and f is harmonically convex and nondecreasing, then f is convex.

4: if I ⊂ (−∞, 0) and f is convex and nonincreasing, then f is harmonically convex.

Proposition 2.13. [4] If [a, b] ⊂ I ⊆ (0,∞) and we consider the function g :
[

1
b ,

1
a

]
→ R defined by g(t) = f( 1

t ),

then f is harmonically convex on [a, b] if and only if g is convex in the usual sense on
[

1
b ,

1
a

]
.

Proposition 2.14. [6] A function f : (0,∞)→ R is harmonically convex if and only if xf(x) is convex.

Theorem 2.15. Let f : [a, b] ⊆ (0,∞)→ [0,+∞) be a convex function with f(a) 6= f(b).Then

−
∫ b

a

fdµ ≤
∨
α∈Γ

(
α ∧ µ

(
[a, b] ∩

{
x ≥ α(b− a) + af(b)− bf(a)

f(b)− f(a)

}))
where Γ = [f(a), f(b)) for f(b) > f(a) and Γ = [f(b), f(a)) for f(a) > f(b).

Proof. As f is convex function, for x ∈ [a, b] we have,

f(x) = f

(
(1− x− a

b− a
)a+

x− a
b− a

b

)
≤ (1− x− a

b− a
)f(a) +

x− a
b− a

f(b)
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and so by (3) of Proposition 2.3

−
∫ b

a

fdµ ≤ −
∫ b

a

(
(1− x− a

b− a
)f(a) +

x− a
b− a

f(b)

)
dµ = −

∫ b

a

g(x)dµ.

In order to calculate the integral in the right hard part of the last inequality, we consider the distribution

function F (α) given by

F (α) = µ([a, b] ∩ {g ≥ α}) = µ

(
[a, b] ∩

{
b− x
b− a

f(a) +
x− a
b− a

f(b) ≥ α
})

.

If f(a) < f(b), then

F (α) = µ

(
[a, b] ∩

{
x ≥ α(b− a) + af(b)− bf(a)

f(b)− f(a)

})
= µ

(
[
α(b− a) + af(b)− bf(a)

f(b)− f(a)
, b]

)
.

Thus Γ = [f(a), f(b)) and we only consider α ∈ [f(a), f(b)).

If f(a) > f(b), then

F (α) = µ

(
[a, b] ∩

{
x ≤ α(b− a) + af(b)− bf(a)

f(b)− f(a)

})
= µ

(
[a,

α(b− a) + af(b)− bf(a)

f(b)− f(a)
]

)
.

Thus Γ = [f(b), f(a)) and only need α ∈ [f(b), f(a)).

This completes the proof. �

Remark 2.16. In the case f(a) = f(b) in Theorem 2.15, we have g(x) = f(x) and so

−
∫ b

a

fdµ ≤ −
∫ b

a

gdµ = −
∫ b

a

f(a)dµ = f(a) ∧ µ([a, b]).

Corollary 2.17. Let f : [a, b] ⊆ (0,∞) → (0,∞) be a convex function and Σ be the Borel field and µ be the

Lebesgue measure on X = R, then

−
∫ b

a

fdµ ≤



∨
α∈[f(a),f(b))

(
α ∧ (b− α(b−a)+af(b)−bf(a)

f(b)−f(a) )
)

, f(a) < f(b)

f(a) ∧ (b− a) , f(a) = f(b)

∨
α∈[f(b),f(a))

(
α ∧ (α(b−a)+af(b)−bf(a)

f(b)−f(a) − a)
)

, f(a) > f(b)

So

−
∫ b

a

fdµ ≤



(b−a)f(b)
f(b)−f(a)+(b−a) ∧ (b− a) , f(a) < f(b)

f(a) ∧ (b− a) , f(a) = f(b)

(b−a)f(a)
f(a)−f(b)+(b−a) ∧ (b− a) , f(a) > f(b).

Proof. In the case where f(a) < f(b), we have∨
α∈[f(a),f(b))

(
α ∧ (b− α(b− a) + af(b)− bf(a)

f(b)− f(a)
)

)
=

(b− a)f(b)

f(b)− f(a) + (b− a)
.
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In fact, α = (b−a)f(b)
f(b)−f(a)+(b−a) is as the solution of the equation F (α) = α, where F is the distribution function.

So taking into account (1) of Proposition 2.3 (−
∫ b
a
fdµ ≤ µ([a, b]) = b− a) and Remark 2.4 we have

−
∫ b

a

fdµ ≤ (b− a)f(b)

f(b)− f(a) + (b− a)
∧ (b− a).

Proofs the other cases is analogous. �

Note that Corollary 2.17 is the same as the Sadarangani Theorem [3].

3. Main Results

Let I ⊂ R− {0} be a harmonically convex function and a, b ∈ I with a < b and f ∈ L([a, b]). The following

inequalities

f

(
2ab

a+ b

)
≤ ab

b− a

∫ b

a

f(x)

x2
dx ≤ f(a) + f(b)

2
. (3.1)

holds. This double inequality is known in the literature as Hermite-Hadamard integral inequality for harmoni-

cally convex functions.

Unfortunately, as we will see in the following example, in general, the Hermite-Hadamard inequality is not

valid in the fuzzy context.

Example 3.1. Let µ be the usual Lebesgue measure on R and the function f(x) = 3
7x

2 on X = [ 1
2 , 1].

Obviously, this function is convex and nondecreasing as a result f is harmonically convex function on [1
2 , 1].

With the above inequality we have

−
∫ 1

1
2

f(x)

x2
dx = −

∫ 1

1
2

3

7
dx =

3

7
∧ µ([

1

2
, 1] =

3

7
' 0.42.

on the other hand,
f( 1

2 )+f(1)

2 = 15
56 ' 0.26.

This proves that the right-hand side of inequality (3.1) is not satisfied for the Sugeno integrals.

The aim of this work is to show a the Hermite-Hadamard type inequality for the Sugeno integral in the case

where f is a harmonically convex function.

Lemma 3.2. Let f : [a, b] ⊆ (0,∞)→ (0,∞) be a harmonically convex function which is not concave, then

−
∫ b

a

fdµ ≤



∨
α∈[f(a),f(b))

(
α ∧ µ[α(b−a)+af(b)−bf(a)

f(b)−f(a) , b]
)

, f(a) < f(b)

f(a) ∧ µ([a, b]) , f(a) = f(b)

∨
α∈[f(b),f(a))

(
α ∧ µ[a, α(b−a)+af(b)−bf(a)

f(b)−f(a) ]
)

, f(a) > f(b).

Proof. Since f : [a, b] ⊆ (0,∞)→ (0,∞) is harmonically convex function on the interval [a, b], then by Proposi-

tion 2.13 the function g : [ 1
b ,

1
a ]→ R, g(s) = f( 1

s ) is convex on [ 1
b ,

1
a ]. Obviously for any x ∈ [a, b], f(x) = g( 1

x ),
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and therefor applying Theorem 2.15 to g, we have

−
∫ b

a

f(x)dµ = −
∫ b

a

g(
1

x
)dµ ≤



∨
α∈[g( 1

a ),g( 1
b ))

(
α ∧ µ[

α(b−a)+ag( 1
b )−bg( 1

a )

g( 1
b )−g( 1

a )
, b]
)

, g( 1
a ) < g( 1

b )

g( 1
a ) ∧ µ([a, b]) , g( 1

a ) = g( 1
b )

∨
α∈[g( 1

b ),g( 1
a ))

(
α ∧ µ[a,

α(b−a)+ag( 1
b )−bg( 1

a )

g( 1
b )−g( 1

a )
]
)

, g( 1
a ) > g( 1

b )

=



∨
α∈[f(a),f(b))

(
α ∧ µ[α(b−a)+af(b)−bf(a)

f(b)−f(a) , b]
)

, f(a) < f(b)

f(a) ∧ µ([a, b]) , f(a) = f(b)

∨
α∈[f(b),f(a))

(
α ∧ µ[a, α(b−a)+af(b)−bf(a)

f(b)−f(a) ]
)

, f(a) > f(b).

�

Corollary 3.3. Let f : [a, b] ⊆ (0,∞)→ (0,∞) be a harmonically convex function which is not concave, Σ be

the Borel field and µ be the Lebesgue measure on X = R, then

−
∫ b

a

fdµ ≤



(b−a)f(b)
f(b)−f(a)+b−a ∧ (b− a) , f(a) < f(b)

f(a) ∧ (b− a) , f(a) = f(b)

(b−a)f(a)
f(a)−f(b)+b−a ∧ (b− a) , f(a) > f(b).

Remark 3.4. If [a, b] ⊆ (0,∞) and f is harmonically convex and nonincreasing, then taking into account (2)

of Proposition 2.12 the function f is convex and hance the upper bound for the Sugeno integral of f mentioned

in article ”Hermite-Hadamard inequality for fuzzy integral”, were written by K. sadarangani is established.

Remark 3.5. If [a, b] ⊆ (−∞, 0) and f is harmonically convex and nondecreasing, then taking into account

(3) of Proposition 2.12 the function f is convex and hance the upper bound for the Sugeno integral of f is

established.
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Example 3.6. Let µ be a Lebesgue measure and consider function f(x) = e−
1
x on [1

3 ,
3
4 ]. Obviously, this

function is non-negative and harmonically convex but neither convex, nor concave. we have,

−
∫ 3

4

1
3

fdµ =
∨
α≥0

(
α ∧ µ

(
[
1

3
,

3

4
] ∩
{
e−

1
x ≥ α

}))

=
∨
α≥0

(
α ∧ µ

(
[
1

3
,

3

4
] ∩
{
− 1

x
≥ lnα

}))

=
∨
α≥0

(
α ∧ µ

(
[
1

3
,

3

4
] ∩ {−1 ≥ xlnα}

))

=
∨
α≥0

(
α ∧ µ

(
[
1

3
,

3

4
] ∩
{
x ≥ −1

lnα

}))
.

As result with the solution of the equation

1

lnα
+

3

4
= α

we conclude that α ' 0/175. Then −
∫ 3

4
1
3

fdµ ' 0/175.

On the other hand, since f( 3
4 ) = 1

e
4
3

and f( 1
3 ) = 1

e3 . By Corollary 3.3, we have

−
∫ 3

4

1
3

fdµ ≤
f( 3

4 )( 3
4 −

1
3 )

f( 3
4 )− f( 1

3 ) + ( 3
4 −

1
3 )
∧ (

3

4
− 1

3
)

' 0/234 ∧ 5

12
= 0/234 ∧ 0/416 = 0/234

that is a logical inequality.

Example 3.7. The function f(x) = x − ln(x + 1) is nondecreasing and harmonic convex function on [1
2 , 1].

f(1) = 1− ln 2 and f( 1
2 ) = 1

2 − ln( 3
2 ). As f(1) > f( 1

2 ), Corollary 3.3 gives us,

−
∫ 1

1
2

fdµ ≤
(1− 1

2 )f(1)

f(1)− f( 1
2 ) + 1

2

∧ (
1

2
) ' 0.718 ∧ 1

2
=

1

2
.

Thus, we find an upper bound for the Sugeno integral of this function on [1
2 , 1].

Example 3.8. The function f(x) = ex
2+x is nondecreasing and harmonic convex function on [1, 2] and f(1) = e2

and f(2) = e5. As follows we find an upper bound for the Sugeno integral of this function,

−
∫ 2

1

ex
2+xdµ ≤ e5

e5 − e2 + 1
∧ (1) ' 1.0449 ∧ 1 = 1.

Remark 3.9. f(x) = log(x) is a harmonically convex function but not convex, that is why in the Corollary

3.3, does not apply because it is concave. For concave function, we use the Sadarangani paper.
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Corollary 3.10. Let f : [a, b] ⊆ (0,∞) → R be a harmonically convex function which is not concave and

g : R→ R is a linear function, then f ◦ g is harmonically convex[10] and so,

−
∫ b

a

(f ◦ g)dµ ≤



∨
α∈[f(g(a)),f(g(b)))

(
α ∧ µ[α(b−a)+af(g(b))−bf(g(a))

f(g(b))−f(g(a)) , b]
)

, f(g(a)) < f(g(b))

f(g(a)) ∧ µ([a, b]) , f(g(a)) = f(g(b))

∨
α∈[f(g(b)),f(g(a)))

(
α ∧ µ[a, α(b−a)+af(g(b))−bf(g(a))

af(g(b))−bf(g(a)) ]
)

, f(g(a)) > f(g(b)).

Corollary 3.11. Let f : [a, b] ⊆ (0,∞) → R be a harmonically convex function which is not concave and

g : R → R is a linear function, Σ be the Borel field and µ be the Lebesgue measure on X = R, then f ◦ g is

harmonic convex function[10] and so,

−
∫ b

a

(f ◦ g)dµ ≤



(b−a)f(g(b))
f(g(b))−f(g(a))+b−a ∧ (b− a) , f(g(a)) < f(g(b))

f(g(a)) ∧ (b− a) , f(g(a)) = f(g(b))

(b−a)f(g(a))
f(g(a))−f(g(b))+b−a ∧ (b− a) , f(g(a)) > f(g(b)).

Remark 3.12. In the case g be harmonic convex function and f be relative convex function, we know that

f ◦ g is harmonically convex function [11]. Thus similar results of Corollary 3.10 and Corollary 3.11 hold.

Corollary 3.13. Let f : [a, b] ⊆ (0,∞) → (0,∞) be a harmonically convex function which is not concave

function, Σ be the Borel field and µ be the Lebesgue measure on X = R, then

∫
TP ,[a,b]

fdµ ≤



(b−a)2f(b)
f(b)−f(a)+b−a , f(a) < f(b)

(b− a)f(a) , f(a) = f(b)

(b−a)2f(a)
f(a)−f(b)+b−a , f(a) > f(b).

Proof. For harmonically convex function f : [a, b] ⊆ (0,∞)→ (0,∞) with f(a) 6= f(b) according to Proposition

2.10 and Corollary 3.3 with t-norm Tp, we have

∫
TP ,[a,b]

fdµ ≤



(b−a)f(b)
f(b)−f(a)+b−a .(b− a) , f(a) < f(b)

f(a).(b− a) , f(a) = f(b)

(b−a)f(a)
f(a)−f(b)+b−a .(b− a) , f(a) > f(b)

=



(b−a)2f(b)
f(b)−f(a)+b−a , f(a) < f(b)

(b− a)f(a) , f(a) = f(b)

(b−a)2f(a)
f(a)−f(b)+b−a , f(a) > f(b).
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Example 3.14. Let µ be the Lebesgue measure on R. Consider the function f(x) = 1
x2 on X = [1, 3].

Obviously, this function is harmonically convex and positive on X = [1, 3]. As f(1) = 1 and f(3) = 1
9 , using

Corollary 3.13, we can get the following estimate:∫
TP ,[1,3]

1

x2
dµ ≤ (3− 1)2f(1)

f(1)− f(3) + (3− 1)
=

18

13
.

Now, let’s introduce the most important theorem of this article. With the help of it, an upper bound in the

framework of the Sugeno integral for Hermite-Hadamard inequality of harmonically convex functions can be

established.

Theorem 3.15. Let f : [a, b] ⊆ (0,∞)→ (0,∞) be a harmonically convex function which is not concave, then

−
∫ b

a

m0
f(x)

x2
dµ ≤ −

∫ b

a

fdµ ≤



∨
α∈[f(a),f(b))

(
α ∧ µ[α(b−a)+af(b)−bf(a)

f(b)−f(a) , b]
)

, f(a) < f(b)

f(a) ∧ µ([a, b]) , f(a) = f(b)

∨
α∈[f(b),f(a))

(
α ∧ µ[a, α(b−a)+af(b)−bf(a)

f(b)−f(a) ]
)

, f(a) > f(b)

where m0 = min{a2, b2}.

Proof. Let f be a harmonically convex function which is not concave and m0 = min{a2, b2}. By Proposition

2.5 we have,

−
∫ b

a

m0
f(x)

x2
dµ = −

∫ b

a

µ([a, b] ∩ Fα)dm (3.2)

where m is the Lebesgue measure and

Fα = {x ∈ X : m0
f(x)

x2
≥ α}.

Obviously, (
[a, b] ∩

{
f(x) ≥ x2

m0
α

})
⊆ ([a, b] ∩ {f(x) ≥ α}) .

By monotonicity µ, we deduce

µ

(
[a, b] ∩

{
f(x) ≥ x2

m0
α

})
≤ µ ([a, b] ∩ {f(x) ≥ α}) .

Now, by Proposition 2.3 and Proposition 2.5, we obtain

−
∫ b

a

µ

(
[a, b] ∩ {f ≥ x2

m0
α}
)

dm ≤ −
∫ b

a

µ ([a, b] ∩ {f ≥ α}) dm = −
∫ b

a

fdµ. (3.3)

Combining ( 3.2 , 3.3), we have

−
∫ b

a

m0
f(x)

x2
dµ ≤ −

∫ b

a

fdµ.

The last inequality follows from Lemma 3.2. �
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Corollary 3.16. If f : [a, b] ⊆ (0,∞)→ (0,∞) be a harmonically convex function which is not concave then,

−
∫ b

a

xf(x)dµ ≤



∨
α∈[af(a),bf(b))

(
α ∧ µ[α(b−a)+abf(b)−baf(a)

bf(b)−af(a) , b]
)

, af(a) < bf(b)

af(a) ∧ µ([a, b]) , af(a) = bf(b)

∨
α∈[bf(b),af(a))

(
α ∧ µ[a, α(b−a)+abf(b)−baf(a)

bf(b)−af(a) ]
)

, af(a) > bf(b).

Proof. f is harmonically convex function.Therefore, according to the Proposition 2.14 xf(x) is convex. Finally,

the proof is complete by using Theorem 2.15. �

Corollary 3.17. If f : [a, b] ⊆ (0,∞)→ (0,∞) be a harmonically convex function which is not concave, Σ be

Borel field and µ be a Lebesgue measure on X = R, then

−
∫ b

a

xf(x)dµ ≤



(b−a)bf(b)
bf(b)−af(a)+b−a ∧ (b− a) , af(a) < bf(b)

af(a) ∧ (b− a) , af(a) = bf(b)

(b−a)af(a)
af(a)−bf(b)+b−a ∧ (b− a) , af(a) > bf(b).

Example 3.18. Let µ be the usual Lebesgue measure on X and the function f(x) = 3
5x

2 on X = [1, 2].

Obviously, this function is convex and nondecreasing. So by (1) of Proposition 2.12 f is harmonically convex on

[1, 2]. With use the Corollary 3.17 we have

−
∫ 2

1

xf(x)dx ≤ (2− 1)2f(2)

2f(2)− f(1) + (2− 1)
∧ (2− 1) ' 0.923.

On the other hand, −
∫ 2

1
xf(x)dx ' 0.87. This show that the Corollary 3.17 is valid.

4. Conclusion

In this paper, we have researched the Hermite-Hadamard inequality for the Sugeno integral based on har-

monically convex functions. For further investigations we propose to consider the Hermite-Hadamard inequality

for the Choquet integral, and also for some other non-additive integrals. In the future research, we will continue

to explore other integral inequalities for non-additive measures and integrals based on harmonically convex

function.
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Abstract

In this paper, the authors investigate the [p, q]-order and [p, q]-type of f1 +f2, f1f2, f1/f2,
where f1, f2 are meromorphic functions or analytic functions with the same [p, q]-order and
different [p, q]-type in the unit disc, and the authors also study the [p, q]-order and [p, q]-type
of f and its derivative. At the end, the authors investigate the relationship between two
different [p, q]-convergence exponents of f . The obtained results are the improvements and
supplements to many previous results.
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1. Notations and Results

We use C to denote the complex plane and ∆ = {z : |z| < 1} to denote the unit disc. By a
meromorphic function f , we mean a meromorphic function in the complex plane or a meromorphic
function in the unit disc. We shall assume that readers are familiar with the fundamental results
and the standard notations of the Nevanlinna value distribution theory in the complex plane or
in the unit disc (see [4, 10, 14 − 17, 19, 20]). Firstly for r ∈ (0,+∞), we define exp1 r = er and
expi+1 r = exp(expi r), i ∈ N, for all r sufficiently large in (0,+∞), we define log1 r = log r and
logi+1 r = log (logi r) , i ∈ N, we also denote exp0 r = r = log0 r and exp−1 r = log1 r. Moreover,

we denote the logarithmic measure of a set E ⊂ [0, 1) by mlE =
∫
E

dt
1−t . Throughout this paper,

we use p, q to denote positive integers satisfying 1 ≤ q ≤ p. Secondly, we recall some notations
about meromorphic functions and analytic functions.

Definition 1.1 (see [4, 17, 19, 20]). The order σ(f) and lower order µ(f) of a meromorphic func-

tion f in the complex plane are respectively defined by

σ(f) = lim
r→∞

log T (r, f)

log r
, µ(f) = lim

r→∞

log T (r, f)

log r
,

1
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where T (r, f) is the characteristic function of a meromorphic function f in the complex plane or
in the unit disc.

Definition 1.2 (see [4, 19, 20]). Let f be a meromorphic function in the complex plane or an

entire function satisfying 0 < σ(f) <∞, then the type of f is respectively defined by

τ(f) = lim
r→∞

T (r, f)

rσ(f)
, τM (f) = lim

r→∞

logM(r, f)

rσ(f)
.

Definition 1.3 (see [8, 9, 11, 13]). The [p, q]-order of a meromorphic function f in the complex

plane is defined by

σ[p,q](f) = lim
r→∞

logp T (r, f)

logq r
.

If f is a transcendental entire function, the [p, q]-order of f is defined by (see [11, 13])

σ[p,q](f) = lim
r→∞

logp T (r, f)

logq r
= lim

r→∞

logp+1M(r, f)

logq r
.

If f is a polynomial, then σ[p,q](f) = 0 for any p ≥ q ≥ 1. From Definition 1.3, if q = 1, we
denote σ[1,1] = σ1(f) = σ(f), and σ[p,1] = σp(f). Similar with Definition 1.2, we can also give
the definitions of τp(f) and τM,p(f) when p > 1. In order to keep accordance with Definition 1.1,
we give Definition 1.3 by making a small change to the original definition of entire functions of
[p, q]-order (see [8, 9]).

Definition 1.4 (see [3, 7]). The iterated p-order of a meromorphic function f in ∆ is defined by

σp(f) = lim
r→1−

logp T (r, f)

− log(1− r)
(p ∈ N).

For an analytic function f in ∆, we also define

σM,p(f) = lim
r→1−

logp+1M(r, f)

− log(1− r)
.

Remark 1.1. If p = 1, then we denote σ1(f) = σ(f) and σM,1(f) = σM (f), and we have
σ(f) ≤ σM (f) ≤ σ(f) + 1 (see [6, 12, 16, 17]) and σM,p(f) = σp(f) (p ≥ 2) (see [3, 7]).

Definition 1.5 (see [2]). Let f be a meromorphic function in ∆, then the [p, q]-order and lower

[p, q]-order of f are respectively defined by

σ[p,q](f) = lim
r→1−

logp T (r, f)

logq

(
1

1−r

) , µ[p,q](f) = lim
r→1−

logp T (r, f)

logq

(
1

1−r

) .
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Definition 1.6 (see [2]). Let f be an analytic function in ∆, then the [p, q]-order and lower

[p, q]-order about maximum modulus of f are respectively defined by

σM,[p,q](f) = lim
r→1−

logp+1M(r, f)

logq

(
1

1−r

) , µM,[p,q](f) = lim
r→1−

logp+1M(r, f)

logq

(
1

1−r

) .

Definition 1.7 (see [2]). The [p, q]-type of a meromorphic function f of [p, q]-order in ∆ with

0 < σ[p,q](f) = σ1 <∞ is defined by

τ[p,q](f) = lim
r→1−

logp−1 T (r, f)[
logq−1

(
1

1−r

)]σ1 .
For an analytic function f in ∆, and the [p, q]-type about maximum modulus of f of [p, q]-order

with 0 < σM,[p,q](f) = σ2 <∞ is defined by

τM,[p,q](f) = lim
r→1−

logpM(r, f)[
logq−1

(
1

1−r

)]σ2 .
Definition 1.8 The lower [p, q]-type of a meromorphic function f of lower [p, q]-order in ∆ with

0 < µ[p,q](f) = µ1 <∞ is defined by

τ [p,q](f) = lim
r→∞

logp−1 T (r, f)[
logq−1

(
1

1−r

)]µ1 .
Similarly for an analytic function f in ∆, and the lower [p, q]-type about maximum modulus of

f of lower [p, q]-order with 0 < µM,[p,q](f) = µ2 <∞ is defined by

τM,[p,q](f) = lim
r→∞

logpM(r, f)[
logq−1

(
1

1−r

)]µ2 .
Remark 1.2. From Definitions 1.7 and 1.8, it is easy to see that τ[p,q](f) ≤ τM,[p,q](f) and
τ [p,q](f) ≤ τM,[p,q](f).

Definition 1.9. For any a ∈ C ∪ {∞}, we use n
(
r, 1
f−a

)
to denote the unintegrated counting

function for the sequence of a-point of a meromorphic function f in ∆. Then the [p, q]-exponents

of convergence of a-point of f about n
(
r, 1
f−a

)
is defined by

λn[p,q](f, a) = lim
r→1−

logp n
(
r, 1
f−a

)
logq

(
1

1−r

) .
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Definition 1.10. Let N
(
r, 1
f−a

)
be the integrated counting function for the sequence of a-point

of a meromorphic function f in ∆. Then the [p, q]-exponents of convergence of a-point of f about

N
(
r, 1
f−a

)
is defined by

λN[p,q](f, a) = lim
r→1−

logpN
(
r, 1
f−a

)
logq

(
1

1−r

) .

Remark 1.3. Similar with Definitions 1.9 and 1.10, we can also give the definitions of the [p, q]-

exponents of convergence of distinct a-point of f about n
(
r, 1
f−a

)
and N

(
r, 1
f−a

)
, i.e., λ

n
[p,q](f, a)

and λ
N
[p,q](f, a).

The order and type are two important indicators in revealing the growth of the entire functions
or meromorphic functions, many authors have investigated the growth of entire functions or
meromorphic functions in the complex plane or in the unit disc (e.g., see[4, 8− 10, 14− 20]) since
the first half of the twentieth century. In the following, we list some classic results in the complex
plane.

Theorem A(see [4, 10, 19, 20]). If f1 and f2 are meromorphic functions of finite order with
σ(f1) = σ3 and σ(f2) = σ4, then σ(f1 + f2) ≤ max{σ3, σ4}, σ(f1f2) ≤ max{σ3, σ4}, σ(f1/f2)
≤ max{σ3, σ4}; if σ3 < σ4, then σ(f1 + f2) = σ(f1f2) = σ(f1/f2) = σ4.

Theorem B (see [20]). If f1 and f2 are meromorphic functions of finite order, then µ(f1 +f2) ≤
min{max{σ(f1), µ(f2)},max{µ(f1), σ(f2)}}, µ(f1f2) ≤ min{max{σ(f1), µ(f2)},max{µ(f1), σ(f2)}}.
Furthermore, if σ(f1) < µ(f2), then µ(f1 + f2) = µ(f1f2) = µ(f2); or if σ(f2) < µ(f1), then
µ(f1 + f2) = µ(f1f2) = µ(f1).

Theorem C (see [10]). If f1 and f2 are entire functions of finite order satisfying σ(f1) = σ(f2) =
σ5, then the following two statements hold:
(i) If τM (f1) = 0 and 0 < τM (f2) <∞, then σ(f1f2) = σ5, τM (f1f2) = τM (f2).
(ii) If τM (f1) <∞ and τM (f2) =∞, then σ(f1f2) = σ5, τM (f1f2) =∞.

Theorem D (see [18]). Let f1(z) and f2(z) be entire functions satisfying 0 < σp(f1) = σp(f2) =
σ6 <∞, 0 ≤ τM,p(f1) < τM,p(f2) ≤ ∞. Then the following statements hold:
(i) If p ≥ 1, then σp(f1 + f2) = σ6, τM,p(f1 + f2) = τM,p(f2);
(ii) If p > 1, then σp(f1f2) = σ6, τM,p(f1f2) = τM,p(f2).

Theorem E (see [18]). Let p ≥ 1, f(z) be an entire function or a meromorphic function in the
complex plane satisfying 0 < σp(f) < ∞. If p ≥ 1, then σp(f) = σp(f

′), τM,p(f
′) = τM,p(f); if

p > 1, then σp(f) = σp(f
′), τp(f

′) = τp(f).

From Theorems A-E, we can easily obtain the following similar propositions in the unit disc.
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Propositions (i) If f1 and f2 are meromorphic functions satisfying σ[p,q](f1) = σ6 and σ[p,q](f2) =
σ7 in ∆, then σ[p,q](f1 ± f2) ≤ max{σ6, σ7}, σ[p,q](f1f2) ≤ max{σ6, σ7} and σ[p,q](f1/f2) ≤
max{σ6, σ7}.

(ii) If σ6 6= σ7 in Proposition (i), then σ[p,q](f1 ± f2) = σ[p,q](f1f2) = σ[p,q](f1/f2) =
max{σ6, σ7}.

(iii) If f1 and f2 are meromorphic functions in ∆, then µ[p,q](f1 + f2) ≤ max{σ[p,q](f1),
µ[p,q](f2)} or µ[p,q](f1+f2) ≤ max{µ[p,q](f1), σ[p,q](f2)} and µ[p,q](f1f2) ≤ max{σ[p,q](f1), µ[p,q](f2)}
or µ[p,q](f1f2) ≤ max{µ[p,q](f1), σ[p,q](f2)}.

(iv) If f1 and f2 are meromorphic functions in ∆ satisfying σ[p,q](f1) < µ[p,q](f2) ≤ ∞, then
µ[p,q](f1 + f2) = µ[p,q](f1f2) = µ[p,q](f1/f2) = µ[p,q](f2).

(v) If f1 and f2 are analytic functions in ∆ satisfying σM,[p,q](f1) = σ8 and σM,[p,q](f2) = σ9,
then σM,[p,q](f1 ± f2) ≤ max{σ8, σ9} and σM,[p,q](f1f2) ≤ max{σ8, σ9}. If σ8 6= σ9, then
σM,[p,q](f1 ± f2) = max{σ8, σ9}.

(vi) If f1 and f2 are analytic functions in ∆, then max{µM,[p,q](f1 ± f2), µM,[p,q](f1f2)} ≤
max{σM,[p,q](f1), µM,[p,q](f2)} or max{µM,[p,q](f1±f2), µM,[p,q](f1f2)} ≤ max{µM,[p,q](f1), σM,[p,q](f2)}.

(vii) If f1 and f2 are analytic functions of [p, q]-order in ∆, for any r ∈ [0, 1), by the inequal-
ity T (r, f) ≤ log+M(r, f) ≤ 4

1−rT
(
1+r
2 , f

)
(see [4, 17]), we easily obtain that if p = q ≥ 2 and

σ[p,q](f) > 1, or p > q ≥ 1, then σ[p,q](f) = σM,[p,q](f) and τ[p,q](f) = τM,[p,q](f). Similarly, we
have µ[p,q](f) = µM,[p,q](f) and τ [p,q](f) = τM,[p,q](f) if p = q ≥ 2 and µ[p,q](f) > 1, or p > q ≥ 1.

Combining Theorems D and E, a natural question is: Can we get the similar results with
Theorems D, E for meromorphic functions or analytic functions of [p, q] order in ∆? In fact, we
obtain the following results:

Theorem 1.1. Let f1 and f2 be meromorphic functions in ∆ satisfying 0 < σ[p,q](f1) =
σ[p,q](f2) = σ10 < ∞ and 0 ≤ τ1 = τ[p,q](f1) < τ[p,q](f2) = τ2 ≤ ∞. Then σ[p,q](f1 + f2) =
σ[p,q](f1f2) = σ[p,q](f1/f2) = σ10, and the following two statements hold:

(i) If p > 1 and p ≥ q ≥ 1, then τ[p,q](f1 + f2) = τ[p,q](f1f2) = τ[p,q](f1/f2) = τ[p,q](f2).
(ii) If p = q = 1, then τ2 − τ1 ≤ max{τ(f1 + f2), τ(f1f2), τ(f1/f2)} ≤ τ2 + τ1.

Theorem 1.2. Let f1 and f2 be meromorphic functions in ∆ satisfying 0 < σ[p,q](f1) =
µ[p,q](f2) <∞ and 0 ≤ τ[p,q](f1) < τ [p,q](f2) ≤ ∞, then µ[p,q](f1+f2) = µ[p,q](f1f2) = µ[p,q](f1/f2) =
µ[p,q](f2). And if p > 1 and p ≥ q ≥ 1, we have τ [p,q](f1 + f2) = τ [p,q](f1f2) = τ [p,q](f1/f2) =
τ [p,q](f2).

In the following, when f1 and f2 are analytic functions of [p, q]-order in the unit disc we have
the similar results.
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Theorem 1.3. Let f1 and f2 be analytic functions in ∆ satisfying 0 < σM,[p,q](f1) = σM,[p,q](f2) =
σ11 <∞ and 0 ≤ τM,[p,q](f1) < τM,[p,q](f2) ≤ ∞, then σM,[p,q](f1+f2) = σ11 and τM,[p,q](f1+f2) =
τM,[p,q](f2).

Remark 1.4. By Proposition (vii), we know that Theorem 1.3 is of the same with Theorem 1.1
for p > q ≥ 1 and p = q ≥ 2, σ[p,q](f) > 1. For the case p = q = 1, the result of Theorem 1.3 is
better than that of Theorem 1.1.

Corollary 1.1. Let f1 and f2 be analytic functions in ∆ satisfying 0 < σM,[p,q](f1) = µM,[p,q](f2) <
∞ and 0 ≤ τM,[p,q](f1) < τM,[p,q](f2) ≤ ∞, then µM,[p,q](f1 + f2) = µM,[p,q](f2) and τM,[p,q](f1 +
f2) = τM,[p,q](f2).

Theorem 1.4. Let f be an analytic function of [p, q]-order in ∆, then σM,[p,q](f) = σM,[p,q](f
′),

µM,[p,q](f) = µM,[p,q](f
′). If 0 < σM,[p,q](f) < ∞ or 0 < µM,[p,q](f) < ∞, then τM,[p,q](f) =

τM,[p,q](f
′), τM,[p,q](f) = τM,[p,q](f

′).

Theorem 1.5. Let f be a meromorphic function of [p, q]-order in ∆, then

(i) If p ≥ q ≥ 2 and p > q = 1, then σ[p,q](f) = σ[p,q](f
′), µ[p,q](f) = µ[p,q](f

′) and τ[p,q](f) =
τ[p,q](f

′), τ [p,q](f) = τ [p,q](f
′) for 0 < σ[p,q](f) <∞ or 0 < µ[p,q](f) <∞.

(ii) If p = q = 1, then σ(f) = σ(f ′), µ(f) = µ(f ′) and τ[1,1](f
′) ≤ 2τ[1,1](f), τ [1,1](f

′) ≤ 2τ [1,1](f).

Theorem 1.6. Let f be a meromorphic function of [p, q]-order in ∆, a ∈ C ∪ {∞}. Then the
following statements hold:

(i) If p > q ≥ 1, then λN[p,q](f, a) = λn[p,q](f, a).

(ii) If p = q = 1, then λN (f, a) ≤ λn(f, a) ≤ λN (f, a) + 1 (see [12]).

(iii) If p = q ≥ 2, then λN[p,p](f, a) ≤ λn[p,p](f, a) ≤ max
{
λN[p,p](f, a), 1

}
. Furthermore, we have

λN[p,p](f, a) = λn[p,p](f, a) if λN[p,p](f, a) ≥ 1, and if λN[p,p](f, a) < 1 then λN[p,p](f, a) ≤ λn[p,p](f, a) ≤ 1.

Remark 1.4. The conclusions of Theorem 1.6 also hold between λ
n
[p,q](f, a) and λ

N
[p,q](f, a).

2. Preliminary Lemmas

Lemma 2.1 (see [4, 19, 20]). Let f1, f2, · · ·, fm(z) be meromorphic functions in ∆, where m ≥ 2
is a positive integer. Then

(i) T (r, f1f2 · · · fm) ≤
m∑
i=1

T (r, fi),

(ii) T (r, f1 + f2 + · · ·+ fm) ≤
m∑
i=1

T (r, fi) + logm.

Lemma 2.2 (see [6, 17]). Let f be a meromorphic function in ∆, and let k ≥ 1 be an integer.
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Then

m

(
r,
f (k)

f

)
= S(r, f),

where S(r, f) = O
{

log+ T (r, f) + log
(

1
1−r

)}
, possibly outside a set E1 ⊂ [0, 1) with

∫
E1

dt
1−t <

∞.

Lemma 2.3 (see [1]). Let g : (0, 1) → R and h : (0, 1) → R be monotone increasing functions
such that g(r) ≤ h(r) holds outside of an exceptional set E2 ⊂ [0, 1) for which

∫
E2

dt
1−t < ∞.

Then there exisits a constant d ∈ (0, 1) such that if s(r) = 1 − d(1 − r), then g(r) ≤ h(s(r)) for
all r ∈ [0, 1).

Lemma 2.4 (see [5, 15]) Suppose that f is meromorphic in ∆ with f(0) = 0. Then

m(r, f) ≤
[
1 + ϕ(

r

R
)
]
T (R, f ′) +N(R, f ′), (3.13)

where 0 < r < R < 1, ϕ(t) = 1
π log 1+t

1−t .

3. Proofs of Theorems 1.1 -1.6

Proof of Theorem 1.1. Assume that 0 ≤ τ1 = τ[p,q](f1) < τ[p,q](f2) = τ2 <∞, by Definition

1.7, it is easy to see that for any given ε > 0 and r → 1−, we have

T (r, f1) ≤ expp−1

{
(τ1 + ε)

[
logq−1

(
1

1− r

)]σ10}
, (3.1)

T (r, f2) ≤ expp−1

{
(τ2 + ε)

[
logq−1

(
1

1− r

)]σ10}
. (3.2)

By using (3.1)-(3.2) and Lemma 2.1, we have

T (r, f1 + f2) ≤ T (r, f1) + T (r, f2) + log 2

≤ expp−1

{
(τ1 + ε)

[
logq−1

(
1

1− r

)]σ10}
+ expp−1

{
(τ2 + ε)

[
logq−1

(
1

1− r

)]σ10}
+ log 2

≤ 2 expp−1

{
(τ2 + ε)

[
logq−1

(
1

1− r

)]σ10}
.

Hence σ[p,q](f1 + f2) ≤ σ10. In addition, if p = q = 1, we can get τ[p,q](f1 + f2) ≤ τ1 + τ2, if p > 1,
then τ[p,q](f1 + f2) ≤ τ2 for any p ≥ q ≥ 1. On the other hand, for any given ε > 0, there exists a

sequence {rn}∞n=1 → 1− satisfying

T (rn, f1) ≤ expp−1

{
(τ1 + ε)

[
logq−1

(
1

1− rn

)]σ10}
, (3.3)
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T (rn, f2) ≥ expp−1

{
(τ2 − ε)

[
logq−1

(
1

1− rn

)]σ10}
. (3.4)

By (3.3)-(3.4) and Lemma 2.1, we obtain

T (rn, f1 + f2) ≥ T (rn, f2)− T (rn, f1)− log 2

≥ expp−1

{
(τ2 − ε)

[
logq−1

(
1

1− rn

)]σ10}
− expp−1

{
(τ1 + ε)

[
logq−1

(
1

1− rn

)]σ10}
− log 2.

(3.5)
By (3.5) we have σ[p,q](f1 + f2) ≥ σ10. Furthermore, if p = q = 1, then τ[p,q](f1 + f2) ≥ τ2 − τ1
and τ[p,q](f1 + f2) ≥ τ2 for p > 1 and p ≥ q ≥ 1.

Therefore, we have σ[p,q](f1 + f2) = σ10, and if p > 1, then τ[p,q](f1 + f2) = τ[p,q](f2), if
p = q = 1, then τ2 − τ1 ≤ τ[p,q](f1 + f2) ≤ τ2 + τ1. Since T (r, f1f2) ≤ T (r, f1) + T (r, f2),

T (r, f1f2) ≥ T (r, f2) − T (r, f1) − O(1) and T
(
r, 1
f2

)
= T (r, f2) + O(1), by the above proof,

σ[p,q](f1f2) = σ[p,q](f1/f2) = σ10, τ[p,q](f1f2) = τ[p,q](f1/f2) = τ[p,q](f2) for p > 1 and τ2 − τ1 ≤
max{τ(f1f2), τ(f1/f2)} ≤ τ2 + τ1 if p = q = 1 also can hold. Moreover, Theorem 1.1 also holds
for τ[p,q](f2) = τ2 =∞.

Proof of Theorem 1.2. Without loss of generality, we suppose that 0 ≤ τ3 = τ[p,q](f1) <
τ [p,q](f2) = τ4 < ∞. Assume that σ[p,q](f1) = µ[p,q](f2) = µ3, and by Definition 1.8, it is easy to

see that for any given ε > 0, there exists a sequence {rn}∞n=1 → 1− satisfying

T (rn, f1) < expp−1

{
(τ3 + ε)

[
logq−1

(
1

1− rn

)]µ3}
, (3.6)

T (rn, f2) < expp−1

{
(τ4 + ε)

[
logq−1

(
1

1− rn

)]µ3}
. (3.7)

By (3.6)-(3.7) and Lemma 2.1, we have

T (rn, f1 + f2) ≤ T (rn, f1) + T (rn, f2) + log 2

≤ expp−1

{
(τ3 + ε)

[
logq−1

(
1

1− rn

)]µ3}
+ expp−1

{
(τ4 + ε)

[
logq−1

(
1

1− rn

)]µ3}
+ log 2

≤ 2 expp−1

{
(τ4 + ε)

[
logq−1

(
1

1− rn

)]µ3}
.

Hence µ[p,q](f1 + f2) ≤ µ3. In addition, if p > 1, then τ [p,q](f1 + f2) ≤ τ4 for p ≥ q ≥ 1. On the

other hand, for any given ε > 0 and r → 1−, we have

T (r, f1) ≤ expp−1

{
(τ3 + ε)

[
logq−1

(
1

1− r

)]µ3}
, (3.8)

T (r, f2) ≥ expp−1

{
(τ4 − ε)

[
logq−1

(
1

1− r

)]µ3}
. (3.9)
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By (3.8)-(3.9) and Lemma 2.1, we obtain

T (r, f1 + f2) ≥ T (r, f2)− T (r, f1)− log 2

≥ expp−1

{
(τ4 − ε)

[
logq−1

(
1

1− r

)]µ3}
−expp−1

{
(τ3 + ε)

[
logq−1

(
1

1− r

)]µ3}
−log 2. (3.10)

By (3.10) we have µ[p,q](f1 + f2) ≥ µ3 and τ [p,q](f1 + f2) ≥ τ4 for p > 1 and p ≥ q ≥ 1.
Thus we have µ[p,q](f1 + f2) = µ(f2) and if p > 1 and p ≥ q ≥ 1, then τ [p,q](f1 + f2) =
τ [p,q](f2). Since T (r, f1f2) ≤ T (r, f1) + T (r, f2), T (r, f1f2) ≥ T (r, f2) − T (r, f1) − O(1) and

T
(
r, 1
f2

)
= T (r, f2) + O(1), by the above proof, µ[p,q](f1f2) = µ[p,q](f1/f2) = µ[p,q](f2) and

τ [p,q](f1f2) = τ [p,q](f1/f2) = τ [p,q](f2) also hold if p > 1 and p ≥ q ≥ 1.
The conclusions of Theorem 1.2 also hold for τ3 = τ[p,q](f1) < τ [p,q](f2) = τ4 =∞.

Proof of Theorem 1.3. Set 0 ≤ τ5 = τM,[p,q](f1) < τM,[p,q](f2) = τ6 <∞, by Definition 1.7,

for any given ε (0 < 2ε < τ6 − τ5), there exists a sequence {rn}∞n=1 → 1− satisfying

M(rn, f1) ≤ expp

{
(τ5 + ε)

[
logq−1

(
1

1− rn

)]σ11}
, (3.11)

M(rn, f2) > expp

{
(τ6 − ε)

[
logq−1

(
1

1− rn

)]σ11}
. (3.12)

We can choose a sequence {zn}∞n=1 satisfying |zn| = rn(n = 1, 2, · · ·) and |f2(zn)| = M(rn, f2), by
(3.11)-(3.12) we have

M(rn, f1 + f2) ≥ |f1(zn) + f2(zn)| ≥ |f2(zn)| − |f1(zn)| ≥M(rn, f2)−M(rn, f1)

≥ expp

{
(τ6 − ε)

[
logq−1

(
1

1− rn

)]σ11}
− expp

{
(τ5 + ε)

[
logq−1

(
1

1− rn

)]σ11}
≥ 1

2
expp

{
(τ6 − ε)

[
logq−1

(
1

1− rn

)]σ11}
(rn → 1−).

Hence σM,[p,q](f1 + f2) ≥ σ11 and τM,[p,q](f1 + f2) ≥ τ6. On the other hand, we have

M(r, f1 + f2) ≤M(r, f1) +M(r, f2)

≤ expp

{
(τ5 + ε)

[
logq−1

(
1

1− r

)]σ11}
+ expp

{
(τ6 + ε)

[
logq−1

(
1

1− r

)]σ11}
≤ 2 expp

{
(τ6 + ε)

[
logq−1

(
1

1− r

)]σ11}
,

therefore σM,[p,q](f1 + f2) ≤ σ11 and τM,[p,q](f1 + f2) ≤ τ6. Thus we can get σM,[p,q](f1 + f2) =
σ11 and τM,[p,q](f1 + f2) = τM,[p,q](f2). Moreover, Theorem 1.3 also holds for τM,[p,q](f1) <
τM,[p,q](f2) = τ6 =∞.
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Proof of Theorem 1.4. Since f is an analytic function in the unit disc, from the formula

f(z) = f(0) +

∫ z

0
f ′(ζ)dζ (|z| = r < 1)

where the integral route is a line from 0 to z in the unit disc. We obtain that

M(r, f) ≤ |f(0)|+ |
∫ z

0
f ′(ζ)dζ| ≤ |f(0)|+ rM(r, f ′) ≤ |f(0)|+M(r, f ′),

i.e.

M(r, f ′) ≥M(r, f)− |f(0)|. (3.13)

By (3.13), we have

σM,[p,q](f
′) ≥ σM,[p,q](f), µM,[p,q](f

′) ≥ µM,[p,q](f).

On the other hand, in the circle |z| = r ∈ (0, 1), we take a point z0 satisfying |f ′(z0)| = M(r, f ′).
By the Cauchy inequality

f ′(z0) =
1

2πi

∫
C

f(ζ)

(ζ − z0)2
dζ,

where C = {ζ : |ζ − z0| = s(r)− r} and s(r) = 1− d(1− r), d ∈ (0, 1). We deduce that

M(r, f ′) = |f ′(z0)| ≤
1

2π

∫ 2π

0

∣∣∣∣ f(ζ)

(ζ − z0)2
(s(r)− r)

∣∣∣∣ dθ ≤ M(s(r), f)

s(r)− r
,

i.e.

M(r, f ′) ≤ M(s(r), f)

(1− d)(1− r)
. (3.14)

By (3.14), then σM,[p,q](f
′) ≤ σM,[p,q](f), µM,[p,q](f

′) ≤ µM,[p,q](f). Hence

σM,[p,q](f) = σM,[p,q](f
′), µM,[p,q](f

′) = µM,[p,q](f). (3.15)

If 0 < σM,[p,q](f) < ∞ and by (3.13), (3.15), we can get τM,[p,q](f
′) ≥ τM,[p,q](f). Then by

(3.14)-(3.15), if p ≥ q = 1 we can obtain

logpM(r, f ′)(
1

1−r

)σM,[p,1](f
′)
≤ max


logp

[
1

(1−r)(1−d)

]
(

1
1−r

)σM,[p,1](f)
,
logpM(s(r), f)(

1
1−r

)σM,[p,1](f)


≤ max


logp

[
1

(1−r)(1−d)

]
(

1
1−r

)σM,[p,1](f)
,

logpM(s(r), f)[
1

1−s(r)

]σM,[p,1](f)
·
(

1

d

)σM,[p,1](f)

 ,
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let d→ 1, therefore τM,[p,q](f
′) ≤ τM,[p,q](f), then τM,[p,q](f) = τM,[p,q](f

′). If p ≥ q ≥ 2, then

logpM(r, f ′)[
logq−1

(
1

1−r

)]σM,[p,q](f
′)
≤ max


logp

[
1

(1−r)(1−d)

]
[
logq−1

(
1

1−r

)]σM,[p,q](f)
,

logpM(s(r), f)[
logq−1

(
1

1−r

)]σM,[p,q](f)

 ,

thus we have τM,[p,q](f
′) ≤ τM,[p,q](f) and τM,[p,q](f) = τM,[p,q](f

′). If 0 < µM,[p,q](f) <∞, we can
similarly obtain τM,[p,q](f) = τM,[p,q](f

′).

Proof of Theorem 1.5. By Lemma 2.2, we have

T (r, f ′) = m(r, f ′) +N(r, f ′) ≤ m(r, f) +m

(
r,
f ′

f

)
+ 2N(r, f)

≤ 2T (r, f) +m

(
r,
f ′

f

)
≤ (2 + ε)T (r, f) +O

{
log

1

1− r

}
(r 6∈ E1). (3.16)

From (3.16) and Lemma 2.3, we have σ[p,q](f
′) ≤ σ[p,q](f), µ[p,q](f

′) ≤ µ[p,q](f) for p ≥ q ≥ 1,
τ[p,q](f

′) ≤ τ[p,q](f), τ [p,q](f
′) ≤ τ [p,q](f), for p > 1 and τ[1,1](f

′) ≤ 2τ[1,1](f), τ [1,1](f
′) ≤ 2τ [1,1](f)

for p = q = 1. On the other hand, set R = s(r) = 1− d(1− r), d ∈ (0, 1) in Lemma 2.4, we have

T (r, f) <

(
2 +

1

π
log

3

(1− d)(1− r)

)
T (s(r), f ′). (3.17)

By (3.17) and by the similar proof in Theorem 1.4, we have σ[p,q](f) ≤ σ[p,q](f
′), µ[p,q](f) ≤

µ[p,q](f
′) for p ≥ q ≥ 1, τ[p,q](f) ≤ τ[p,q](f

′), τ [p,q](f) ≤ τ [p,q](f
′) for p ≥ q ≥ 2 and τ[p,q](f) ≤

(1d)σ[p,q](f)τ[p,q](f
′) for p > q = 1, letting d→ 1, therefore the following statements hold:

If p ≥ q ≥ 2 and p > q = 1, then σ[p,q](f) = σ[p,q](f
′), µ[p,q](f) = µ[p,q](f

′) and τ[p,q](f) =
τ[p,q](f

′) for 0 < σ[p,q](f) <∞, τ [p,q](f) = τ [p,q](f
′) for 0 < µ[p,q](f) <∞.

If p = q = 1, then σ(f) = σ(f ′), µ(f) = µ(f ′) and τ[1,1](f
′) ≤ 2τ[1,1](f), τ [1,1](f

′) ≤ 2τ [1,1](f).

Proof of Theorem 1.6. Without loss of generality, assume that f(a) 6= 0, by

N

(
r,

1

f − a

)
=

∫ r

0

n
(
t, 1
f−a

)
− n

(
0, 1

f−a

)
t

dt (0 < r < 1),

we have

n

(
r,

1

f − a

)
≤ 1

log
(
1 + 1−r

2r

) ∫ r+ 1−r
2

r

n
(
t, 1
f−a

)
t

dt ≤ 1

log
(
1 + 1−r

2r

)N (1 + r

2
,

1

f − a

)
, (3.18)

where 0 < r < 1, log(1 + 1−r
2r ) ∼ 1−r

2r , r → 1−. By (3.18), we have

lim
r→1−

logp n
(
r, 1
f−a

)
logq

(
1

1−r

) ≤ max

 lim
r→1−

logpN
(
1+r
2 , 1

f−a

)
logq

(
1

1−r

) , lim
r→1−

logp

(
2r
1−r

)
logq

(
1

1−r

)
 . (3.19)
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By (3.19), we can obtain
(i) if p > q ≥ 1, then λn[p,q](f, a) ≤ λN[p,q](f, a);

(ii) if p = q = 1, then λn(f, a) ≤ λN (f, a) + 1;

(iii) if p = q ≥ 2, then λn[p,p](f, a) ≤ max
{
λN[p,p](f, a), 1

}
.

On the other hand, by

N

(
r,

1

f − a

)
=

∫ r

r0

n
(
t, 1
f−a

)
t

dt+N

(
r0,

1

f − a

)
≤ n

(
r,

1

f − a

)
log

(
r

r0

)
+O(1), (3.20)

where 0 < r0 < r < 1. By (3.20), we can get
(i) if p > q ≥ 1, then λN[p,q](f, a) ≤ λn[p,q](f, a);

(ii) if p = q = 1, then λN (f, a) ≤ λn(f, a);
(iii) if p = q ≥ 2, then λN[p,p](f, a) ≤ λn[p,p](f, a).

Therefore, the conclusions of Theorem 1.6 hold.
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Abstract
In this paper, we consider a control system for semilinear integrodifferential

equations in Hilbert spaces with Lipschitz continuous nonlinear term. Our
method is to find the equivalence of approximate controllability for the given
semilinear system and the linear system excluded the nonlinear term, which is
based on results on regularity for the mild solution. Finally, we give a simple
example to which our main result can be applied.

Keywords: approximate controllability, semilinear control system, lipschtiz
continuity, approximate controllability, reachable set

AMS Classification Primary 35B37; Secondary 93C20

1 Introduction

Let H and V be real Hilbert spaces such that V is a dense subspace in H. In this
paper, we are concerned with the control results for the following retarded semilinear
control system in Hilbert space H:{

x
′
(t) = Ax(t) + g(t, x(t),

∫ t
0
k(t, s, x(s))ds)) +Bu(t), t > 0,

x(0) = x0,
(1.1)

This research was supported by Basic Science Research Program through the National re-
search Foundation of Korea(NRF) funded by the Ministry of Education, Science and Technol-
ogy(2019R1F1A1048077)

1
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where t > 0, B is a bounded linear controller, and u(t) is an appropriate control
functions. Let A be the operator associated with a bounded sesquilinear form defined
in V × V satisfying G̊arding inequality. Then it is well known that S(t) generated
by A is an analytic semigroup in both H and V ∗, where V ∗ is the dual space of V ,
and so the system (1.1) may be considered as an system in both H and V ∗. g is is
a nonlinear mapping as detailed in Section 2.

Whether the reachable set associated with control space in dense subset of H.
This is called an approximate controllability problem. As for linear evolution sys-
tems in general Banach, there are many papers and monographs, see [1, 2], Triggiani
[3], Curtain and Zwart [4] and references and therein.

The controllability for nonlinear control systems has been studied by many au-
thors, for example, control of nonlinear infinite dimensional systems in [5], control-
lability for parabolic equations with uniformly bounded nonlinear terms in [6], local
controllability of neutral functional differential systems in [7].

Recently, the approximate controllability for semilinear control systems can be
founded in [8, 9, 10], their results give sufficient condition on strict assumptions on
the control action operator B. Similar considerations of semilinear systems have
been dealt with in many references [11, 12, 13, 14].

We investigate the equivalence of approximate controllability for (1.1) such that
excluded the nonlinear term and the controller. The solution mapping from the
initial space to the solution space is Lipschitz continuous in [0, T ]. We no longer
require the strict range condition on B, and the uniform boundedness in [6] but
instead we need the regularity and a variation of solutions of the given equations.
For the basis of our study we construct the fundamental solution and establish
variations of constant formula of solutions for the linear systems, see [15, 16].

Based on L2-regularity properties of semilinear integrodifferential equations in
Hilbert space and the regularity of solutions discussed in Section 2. We will obtain
the relations between the reachable set of the semilinear system and that of its
corresponding linear system in Section 3. Finally, a simple example to which our
main result can be applied is given.

2 Regularity for retarded semilinear equations

If H is identified with its dual space we may write V ⊂ H ⊂ V ∗ densely and the
corresponding injections are continuous. The norms on V , H and V ∗ will be denoted
by || · ||, | · | and || · ||∗, respectively. The duality pairing between the element v1
of V ∗ and the element v2 of V is denoted by (v1, v2), which is the ordinary inner
product in H if v1, v2 ∈ H.
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For l ∈ V ∗ we denote (l, v) by the value l(v) of l at v ∈ V . The norm of l as
element of V ∗ is given by

||l||∗ = sup
v∈V

|(l, v)|
||v||

.

Therefore, we assume that V has a stronger topology than H and, for brevity, we
may regard that

||u||∗ ≤ |u| ≤ ||u||, ∀u ∈ V. (2.1)

Let a(·, ·) be a bounded sesquilinear form defined in V × V and satisfying
G̊arding’s inequality

Re a(u, u) ≥ ω1||u||2 − ω2|u|2, (2.2)

where ω1 > 0 and ω2 is a real number. Let A be the operator associated with this
sesquilinear form:

(Au, v) = −a(u, v), u, v ∈ V. (2.3)

Then A is a bounded linear operator from V to V ∗ by the Lax-Milgram Theorem.
The realization of A in H which is the restriction of A to

D(A) = {u ∈ V : Au ∈ H}

is also denoted by A. It is well known that A generates an analytic semigroup in
both of H and V ∗(see [17]).

From the following inequalities

ω1||u||2 ≤ Re a(u, u) + ω2|u|2 ≤ |Au| |u|+ ω2|u|2 ≤ max{1, ω2}||u||D(A)|u|,

where
||u||D(A) = (|Au|2 + |u|2)1/2

is the graph norm of D(A), it follows that there exists a constant C > 0 such that

||u|| ≤ C||u||1/2D(A)|u|
1/2. (2.4)

Thus we have the following sequence

D(A) ⊂ V ⊂ H ⊂ V ∗ ⊂ D(A)∗, (2.5)

where each space is dense in the next one, which is continuous injection.

Lemma 2.1. With the notations (2.1), (2.4), and (2.5), we have

(V, V ∗)1/2,2 = H,

(D(A), H)1/2,2 = V,

where (V, V ∗)1/2,2 denotes the real interpolation space between V and V ∗(Section
1.3.3 of [18]).
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Assumption (K). Let k : R+ × [ − h, 0] × V → H be a nonlinear mapping
satisfying the following:

(K1) For any x ∈ V the mapping k(·, ·, x) is measurable;

(K2) There exist positive constants K0, K1 such that

|k(t, s, x)− k(t, s, y)| ≤ K1||x− y||,
|k(t, s, 0)| ≤ K0

for all (t, s) ∈ R+ × [−h, 0] and x, y ∈ V .

Assumption (G). Let g : R+×V ×H → H be a nonlinear mapping satisfying the
following:

(G1) For any x ∈ V , y ∈ H the mapping g(·, x, y) is measurable;

(G2) There exist positive constants L0, L1, L2 such that

|g(t, x, y)− g(t, x̂, ŷ)| ≤ L1||x− x̂||+ L2|y − ŷ|,
|g(t, 0, 0)| ≤ L0

for all t ∈ R+, x, x̂ ∈ V , and y, ŷ ∈ H.

For x ∈ L2(−h, T ;V ), T > 0 we set

G(t, x) = g(t, x(t),

∫ t

0

k(t, s, x(s))ds).

The above operator g is the semilinear case of the nonlinear part of quasilinear
equations considered by Yong and Pan [19]. The mild solution of (1.1) is represented
by

x(t) = S(t)x0 +

∫ t

0

{
G(s, x(s)0 +Bu(s)

}
ds, t ≥ 0.

Lemma 2.2. Let x ∈ L2(0, T ;V ), T > 0. Then G(·, x) ∈ L2(0, T ;H) and

||G(·, x)||L2(0,T ;H) ≤ (L0 +K0L2)
√
T + (L1 + L2K1T )||x||L2(0,T ;V ).

Moreover if x1, x2 ∈ L2(0, T ;V ), then

||G(·, x1)−G(·, x2)||L2(0,T ;H) ≤ (L1 + L2K1T )||x1 − x2||L2(0,T ;V ). (2.6)
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Proof. Hence, from (K2), (G2) and the above inequality it is easily seen that

||G(·, x)||L2(0,T ;H) ≤ ||G(·, 0)||+ ||G(·, x)−G(·, 0)||

≤ L0

√
T + L1||x||L2(0,T ;V ) + L2||

∫ ·
0

k(·, s, x(s))ds||L2(0,T ;H)

≤ L0

√
T + L1||x||L2(0,T ;V ) + L2K1T ||x||L2(0,T ;V ) +K0L2

√
T

≤ (L0 +K0L2)
√
T + (L1 + L2K1T )||x||L2(0,T ;V )

Similarly, we can prove (2.6).

In view of Lemma 2.2, we can apply the regularity results of Theorem 3.1 of [10]
to (1.1), and so we obtain the following results.

Proposition 2.1. 1) Let x0 ∈ H and k ∈ L2(0, T ;V ∗), T > 0. Then there exists a
unique solution x of (2.7) belonging to

L2(0, T ;V ) ∩W 1,2(0, T ;V ∗) ⊂ C([0, T ];H)

and satisfying

||x||L2(0,T ;V )∩W 1,2(0,T ;V ∗) ≤ C1(|x0|+ ||k||L2(0,T ;V ∗)), (2.7)

where C1 is a constant depending on T .

2) If x0 ∈ H and k ∈ L2(0, T ;V ∗), then the mapping

H × L2(0, T ;V ∗) 3 (x0, k) 7→ x ∈ L2(0, T ;V ) ∩W 1,2(0, T ;V ∗)

is Lipschitz continuous.

Here, we note that by using interpolation theory, we have that for z ∈ L2(0, T ;V )∩
W 1,2(0, T ;V ∗), there exists a constant C2 > 0 such that

||z||C([0,T ];H) ≤ C2||z||L2(0,T ;V )∩W 1,2(0,T ;V ∗). (2.8)

3 Approximately reachable sets

Let U be a Banach space and the controller operator B is bounded linear operator
from another Banach space U to X.
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Let S(t) be an analytic semigroup generation by A. Then we may assume that there
exists a positive constant C0 such that

||S(t)|| ≤ C0, ||AS(t)|| ≤ C0/t(t > 0). (3.1)

The solution x(t) = x(t;x0, G, u) of initial value problem (1,1) is the following form:

x(t;x0, G, u) = S(t)x0 +

∫ t

0

S(t− s){G(t, x(s)) +Bu(s)}ds, t > 0,

For T > 0, x0 ∈ H and u ∈ L2(0, T ;U) we define reachable sets as follows.

LT (x0) = {x(T ;x0, 0, u) : u ∈ L2(0, T ;U)},
RT (x0) = {x(T ;x0, G, u) : u ∈ L2(0, T ;U)},

L(x0) =
⋃
T>0

LT (x0), R(x0) =
⋃
T>0

RT (x0).

Definition 3.1. (1) System (1.1) is said to be H-approximately controllable for
initial value x0 (resp. in time T ) if R(x0) = H ( resp. RT (x0) = H).
(2) The linear system corresponding (1.1) is said to be H-approximately controllable
for initial value x0 (resp. in time T ) if L(x0) = H ( resp. LT (x0) = H).

Remark 3.1. Since A generate an analytic semigroup, the following (1)-(4) are
equivalent for the linear system (see [2, Theorem 3.10]).

(1) L(x0) = H ∀x0 ∈ H.

(2) L(0) = H.

(3) LT (x0) = H ∀x0 ∈ H.

(4) LT (0) = H.

Theorem 3.1. For any T > 0 we have

RT (0) ⊂ LT (0).

Proof. Let z0 /∈ LT (0). Since LT (0) is a balanced closed convex subspace, we have
αz0 /∈ LT (0) for every α ∈ R, and

inf{||z0 − z|| : z ∈ LT (0)} = d.

By the formula (2.7) we have

||x(·; 0, G, u)||L2(0,T ;V ) ≤ C1||B||||u||L2(0,T ;U), (3.2)
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where C1 is the constant in Proposition 2.1. For every u ∈ L2(0, T ;U), we choose a
constant α > 0 such that

C0{(L0 +K0L2)
√
T + (L1 + L2K1T )C1||B||||u||L2(0,T ;U)} < αd. (3.3)

Hence form (3.2), (3.3) and by using Hölder inequality, it follows that

|x(T ; 0, G, u)− αz0|

≥ |
∫ T

0

S(T − s)Bu(s)ds− αz0| − |
∫ T

0

S(T − s)G(s, x(s))ds|

≥ αd− C0{(L0 +K0L2)
√
T + (L1 + L2K1T )||x||L2(0,T ;V )}

≥ αd− C0{(L0 +K0L2)
√
T + (L1 + L2K1T )C1||B||||u||L2(0,T ;U)} > 0.

Thus, we have αz0 /∈ RT (0).

Lemma 3.1. Suppose that k ∈ L2(0, T ;H) and x(t) =
∫ t
0
S(t − s)k(s)ds for 0 ≤

t ≤ T . Then there exists a constant C3 such that

||x||L2(0,T ;D(A)) ≤ C1||k||L2(0,T ;H), (3.4)

||x||L2(0,T ;H) ≤ C3T ||k||L2(0,T ;H), (3.5)

and
||x||L2(0,T ;V ) ≤ C3

√
T ||k||L2(0,T ;H). (3.6)

Proof. The assertion (3.4) is immediately obtained by (2.7). Since

||x||2L2(0,T ;H) =
∫ T
0
|
∫ t
0
S(t− s)k(s)ds|2dt ≤ C0

∫ T
0

(
∫ t
0
|k(s)|ds)2dt

≤ C0

∫ T
0
t
∫ t
0
|k(s)|2dsdt ≤ C0

T 2

2

∫ T
0
|k(s)|2ds

it follows that
||x||L2(0,T ;H) ≤ T

√
C0/2||k||L2(0,T ;H).

From (2.4), (3.4), and (3.5) it holds that

||x||L2(0,T ;V ) ≤ C
√
C1T (M/2)1/4||k||L2(0,T ;H).

So, if we take a constant C3 > 0 such that

C3 = max{
√
C0/2, C

√
C1(C0/2)1/4},

the proof is complete.
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Theorem 3.2. Under Assumptions (K) and (G), for any x0 ∈ H we have

LT (x0) ⊂ RT (x0).

.

Proof. Let u ∈ L2(0, T ;U) be arbitrary fixed. Then by (2.7) we have

||xu||L2(0,T ;V ) ≤ C1(|x0|+ ||B||||u||L2(0,T ;U)),

where xu is the solution of (1.1) corresponding to the control u. For any ε > 0, we
can choose a constant δ > 0 satisfying

min{
√
δ, δ} < min

[{
7C3(L1 + L2K1T ))

}−1
, (3.7)

ε
{
C3(L0 +K0L2

√
T )
}−1

,

ε
{
C3(L1 + L2K1T )(C1C2||xu||L2(0,T ;V )∩W 1,2(0,T ;V ∗) + ε)

}−1
,

ε
{
C3(C0||xu||L2(0,T ;V )∩W 1,2(0,T ;V ∗) + ε)(L1 + L2K1T )

}−1
,

ε
{

(C2
3(L0 +K0L2)

√
T + ε)(L1 + L2K1T )

}−1]
/6.

Set

x1 := x(T − δ;x0, G, u) = S(T − δ)x0+

+

∫ T−δ

0

S(T − δ − s)G(s, xu(s))ds+

∫ T−δ

0

S(T − δ − s)Bu(s)ds,

where xu(t) = x(t;x0, G, u) for 0 < t ≤ T . Consider the following problem:{
y
′
(t) = Ay(t) +Bu(t), δ < t ≤ T,

y(T − δ) = x1, y(s) = 0 − h ≤ s ≤ 0.
(3.8)

The solution of (3.8) with respect to the control w ∈ L2(T − δ, T ;U) is denoted by

yw(T ) = S(δ)x1 +

∫ T

T−δ
S(T − s)Bw(s)ds (3.9)

= S(T )x0 + S(δ)

∫ T−δ

0

S(T − δ − s)G(s, xu(s))ds

+ S(δ)

∫ T−δ

0

S(T − δ − s)Bu(s)ds+

∫ T

T−δ
S(T − s)Bw(s)ds.
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Then since z ∈ LT (x0), and LT (x0) = L(0) is independent of the time T and initial
data x0(see Remark 2.1), there exists w1 ∈ L2(T − δ, T ;U) such that

sup
T−δ≤t≤T

|yw1(t)− z| <
ε

6
, (3.10)

and hence, by (3.9),

|
∫ t

T−δ
S(T − s)Bw1(s)ds| ≤ C0||xu||L2(0,T−δ;V ) +

ε

6
, t− δ ≤ t ≤ T. (3.11)

Now, we set

v(s) =

{
u if 0 ≤ s ≤ T − δ,
w1(s) if T − δ < s < T.

Then v ∈ L2(0, T ;U). Observing that

xv(t;G, v) = S(t)x0 +

∫ t

0

S(t− τ){G(τ, xv(τ)) +Bv(τ)}dτ,

from (3.9) and (3.10) we obtain that

|x(T ;x0, G, v)− z| ≤ |yw1(T )− z|+ |x(T ;x0, G, v)− yw1(T )| (3.12)

≤ |yw1(T )− z|

+
∣∣ ∫ T

0

S(T − s)G(s, xv(s))ds− S(δ)

∫ T−δ

0

S(T − δ − s)G(s, xu(s))ds
∣∣

+
∣∣ ∫ T

0

S(T − s)Bv(s)ds− S(δ)

∫ T−δ

0

S(T − δ − s)Bu(s)ds

−
∫ T

T−δ
S(T − s)Bw1(s)ds

∣∣
≤ ε

6
+
∣∣ ∫ T

T−δ
S(T − s)G(s, xw1(s))ds

∣∣
≤ ε

6
+ II.

Here, we remind that the xw1 is represented by

xw1(t) =S(t)x(T − δ;x0, G, u)

+

∫ t

T−δ
S(T − s)G(s, xw1(s))ds+

∫ t

T−δ
S(T − s)Bw1(s))ds
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for T − δ < t ≤ T . Here, by (2.7) we have

||S(·)x(T − δ;x0, G, u)||L2(0,T ;V ) ≤ C1|x(T − δ;x0, G, u)| (3.13)

≤ C1C2||xu||L2(0,T ;V )∩W 1,2(0,T ;V ∗).

Put

p(t) =

∫ t

T−δ
S(t− s)G(s, xw1(s))ds, T − δ < t ≤ T,

and

q(t) :=

∫ T

t−δ
S(t− s)Bw1(s)ds T − δ < t ≤ T.

Then with aid of (3.6) of Lemma 3.1 and Lemma 2.2, we have

||p||L2(T−δ,T ;V ) ≤ C3

√
δ||G(·, xw1)||L2(T−δ,T ;V ) (3.14)

≤ C3

√
δ{(L0 +K0L2)

√
T + (L1 + L2K1T )||xw1||L2(T−δ,T ;V )},

and by (3.11),

||q||L2(T−δ,T ;V ) ≤
√
δ(C0||xu||L2(0,T−δ;V ) +

ε

6
). (3.15)

Since C3

√
δ(L1 + L2K1T )) < 1 by virtue of (3.7), by (3.13)-(3.15), we get

||xw1 ||L2(T−δ,T ;V ) ≤{C1C2||xu||L2(0,T ;V )∩W 1,2(0,T ;V ∗) (3.16)

+
√
δ(C0||xu||L2(0,T−δ;V ) +

ε

6
)

+ C3

√
δT (L0 +K0L2)}{1− C3

√
δ(L1 + L2K1T ))}−1.

Hence, with aid of (3.6), (3.7), (3.16), and by using the Hölder inequality, we have

II =
∣∣ ∫ T

T−δ
S(T − s)G(s, xw1(s))ds

∣∣ (3.17)

≤ C3

√
δT{(L0 +K0L2) + (L1 + L2K1T )||xw1||L2(T−δ,T ;V )}

≤ C3

√
δT (L0 +K0L2) + C3

√
δ(L1 + L2K1T )

{
C1C2||xu||L2(0,T ;V )∩W 1,2(0,T ;V ∗)

+
√
δ(C0||xu||L2(0,T−δ;V ) +

ε

6
)

+ C3

√
δT (L0 +K0L2)

}{
1− C3

√
δ(L1 + L2K1T ))

}−1
<

5ε

6
.

Therefore, by (3.12) and (3.17), we have

||x(T ;x0, G, v)− z||H < ε,

that is, z ∈ RT (x0) and the proof is complete.
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Remark 3.2. Noting that H([0, T ];U) is dense in L2(0, T ;U), we can obtain the
same results of Theorem 3.2 corresponding to (1.1) with control space

H([0, T ];U) = {w : [0, T ]→ U : |w(t)− w(s)| ≤ H0|t− s|θ, 0 < θ < 1, H0 > 0}

instead of L2(0, T ;U)

From Theorems 3.1-2, we obtain the following control results of (1.1).

Corollary 3.1. Under Assumptions (K) and (G), for T > 0 we have

LT (x0) = H ⇐⇒ RT (x0) = H.

Therefore, the approximate controllability of linear system (1.1) with g = 0 is equiv-
alent to the condition for the approximate controllability of the nonlinear system
(1.1).
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Abstract : In this paper we introduce the modified degenerate degenerate poly-tangent polynomials

and numbers. We also give some properties, explicit formulas, several identities, a connection with

modified degenerate poly-tangent numbers and polynomials, and some integral formulas. Finally,

we investigate the zeros of the modified degenerate poly-tangent polynomials by using computer.
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als, Cauchy numbers, Stirling numbers, modified degenerate poly-tangent polynomials.
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1. Introduction

Many mathematicians have studied in the area of the Bernoulli numbers and polynomials, Euler

numbers and polynomials, Genocchi numbers and polynomials, tangent numbers and polynomials,

poly-Bernoulli numbers and polynomials, poly-Euler numbers and polynomials(see [1-11]). In this

paper, we define modified degenerate poly-tangent polynomials and numbers and study some prop-

erties of the modified degenerate poly-tangent polynomials and numbers. Throughout this paper, we

always make use of the following notations: N denotes the set of natural numbers and Z+ = N∪{0}.
Carlitz [1] has defined the degenerate Stirling numbers of the first kind and second kind,

S1(n, k, λ) and S2(n, k, λ) by means of(
1− (1− t)λ

λ

)k

= k!
∞∑

n=k

S1(n, k, λ)
tn

n!
, (1.1)

(
(1 + λt)1/λ − 1

)k
= k!

∞∑
n=k

S2(n, k, λ)
tn

n!
. (1.2)

Howard [12] has defined the degenerate weighted Stirling numbers of the first kind and second

kind, S1(n, k, x, λ) and S2(n, k, x, λ) by means of

(1− t)λ−x

(
1− (1− t)λ

λ

)k

= k!
∞∑

n=k

S1(n, k, x, λ)
tn

n!
, (1.3)

(1 + λt)x/λ
(
(1 + λt)1/λ − 1

)k
= k!

∞∑
n=k

S2(n, k, x, λ)
tn

n!
. (1.4)

The generalized falling factorial (x|λ)n with increment λ is defined by

(x|λ)n =

n−1∏
k=0

(x− λk).

The generalized raising factorial < x|λ >n with increment λ is defined by

< x|λ >n=
n−1∏
k=0

(x+ λk).
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for positive integer n, with the convention (x|λ)0 = 1. We also need the binomial theorem: for a

variable x,

(1 + λt)x/λ =
∞∑

n=0

(x|λ)n
tn

n!
.

The degenerate poly-Bernoulli numbers B(k)
n (λ) were introduced by Kaneko [5] by using the following

generating function

Lik(1− e−t)

1− (1 + λt)−1/λ
=

∞∑
n=0

B(k)
n (λ)

tn

n!
, (k ∈ Z), (1.5)

where

Lik(t) =
∞∑

n=1

tn

nk
(1.6)

is the kth polylogarithm function.

The degenerate poly-Euler polynomials E(k)
n (x, λ) are defined by generating function

Lik(1− e−t)

(1 + λt)1/λ + 1
(1 + λt)x/λ =

∞∑
n=0

E(k)
n (x, λ)

tn

n!
, (k ∈ Z). (1.7)

The familiar degenerate tangent polynomials Tn(x, λ) are defined by the generating func-

tion([7]): (
2

(1 + λt)2/λ + 1

)
(1 + λt)x/λ =

∞∑
n=0

Tn(x, λ)
tn

n!
, (|2t| < π). (1.8)

When x = 0, Tn(0, λ) = Tn(λ) are called the degenerate tangent numbers. The degenerate tangent

polynomials T
(r)
n (x, λ) of order r are defined by(

2

(1 + λt)2/λ + 1

)r

(1 + λt)x/λ =

∞∑
n=0

T(r)
n (x, λ)

tn

n!
, (|2t| < π). (1.9)

It is clear that r = 1 we recover the degenerate tangent polynomials Tn(x, λ).

The degenerate Bernoulli polynomials B
(r)
n (x, λ) of order r are defined by the following gener-

ating function (
t

(1 + λt)1/λ − 1

)r

(1 + λt)x/λ =

∞∑
n=0

B(r)
n (x, λ)

tn

n!
, (|t| < 2π). (1.10)

The degenerate Frobenius-Euler polynomials of order r, denoted by H
(r)
n (u, x, λ), are defined as(

1− u

(1 + λt)1/λ − u

)r

(1 + λt)x/λ =
∞∑

n=0

H(r)
n (u, x, λ)

tn

n!
. (1.11)

The values at x = 0 are called degenerate Frobenius-Euler numbers of order r; when r = 1, the

polynomials or numbers are called ordinary degenerate Frobenius-Euler polynomials or numbers.

The degenerate poly-tangent polynomials T (k)
n (x, λ) are defined by the generating function:

2Lik (1− e−t)

(1 + λt)2/λ + 1
(1 + λt)x/λ =

∞∑
n=0

T (k)
n (x, λ)

tn

n!
, (k ∈ Z). (1.12)

When x = 0, T
(k)
n (0, λ) = T

(k)
n (x, λ) are called the degenerate poly-tangent numbers. Many kinds

of of generalizations of these polynomials and numbers have been presented in the literature(see

[1-12]). In the following section, we introduce the modified degenerate poly-tangent polynomials

and numbers. After that we will investigate some their properties. We also give some relationships
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both between these polynomials and modified degenerate poly-tangent polynomials and between

these polynomials and cauchy numbers. Finally, we investigate the zeros of the modified degenerate

poly-tangent polynomials by using computer.

2. Modified degenerate poly-tangent polynomials

In this section, we define modified degenerate poly-tangent numbers and polynomials and pro-

vide some of their relevant properties.

The modified degenerate poly-tangent polynomials T (k)
n (x, λ) are defined by the generating

function:
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

(1 + λt)x/λ =

∞∑
n=0

T (k)
n (x, λ)

tn

n!
, (k ∈ Z). (2.1)

When x = 0, T (k)
n (0, λ) = T (k)

n (x, λ) are called the degenerate poly-tangent numbers. Upon setting

k = 1 in (2.1), we have

T (1)
n (x, λ) =

n∑
l=0

(
n

l

)
λn−1S1(l, 1)Tn−l(x, λ) for n ≥ 1.

By (2.1), we get

∞∑
n=0

T (k)
n (x, λ)

tn

n!
=

(
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

)
(1 + λt)x/λ

=
∞∑

n=0

T (k)
n (λ)

tn

n!

∞∑
n=0

(x|λ)n
tn

n!

=
∞∑

n=0

(
n∑

l=0

(
n

l

)
T (k)
l (λ)(x|λ)n−l

)
tn

n!
.

(2.2)

By comparing the coefficients on both sides of (2.2), we have the following theorem.

Theorem 2.1. For n ∈ Z+, we have

T (k)
n (x, λ) =

n∑
l=0

(
n

l

)
T (k)
l (λ)(x|λ)n−l.

The following elementary properties of the degenerate poly-tangent numbers T (k)
n (λ) and poly-

nomials T (k)
n (x, λ) are readily derived form (2.1). We, therefore, choose to omit details involved.

Theorem 2.2. For k ∈ Z, we have

(1) T (k)
n (x+ y, λ) =

n∑
l=0

(
n

l

)
T (k)
l (x, λ)(y|λ)n−l.

(2) T (k)
n (2− x, λ) =

n∑
l=0

(−1)l
(
n

l

)
T (k)
n−l(2, λ) < x|λ) >l .

Theorem 2.3 For any positive integer n, we have

(1) T (k)
n (mx, λ) =

n∑
l=0

(
n

l

)
T (k)
l (x, λ)((m− 1)x|λ)n−l.

(2) T (k)
n (x+ 1, λ)− T (k)

n (x, λ) =

n−1∑
l=0

(
n

l

)
T (k)
l (x, λ)(1|λ)n−l.

(2.3)
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From (1.6), (1.8), and (2.1), we get

∞∑
n=0

T (k)
n (x, λ)

tn

n!
=

(
2
Lik
(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

)
(1 + λt)x/λ

=
∞∑
l=0

(
1− (1 + λt)−1/λ

)l+1

(l + 1)k
2(1 + λt)x/λ

(1 + λt)2/λ + 1

=
∞∑
l=0

1

(l + 1)k

l+1∑
i=0

(
l + 1

i

)
(−1)i

2(1 + λt)x/λ (1 + λt)
−i/λ

(1 + λt)2/λ + 1

=

∞∑
l=0

1

(l + 1)k

l+1∑
i=0

(
l + 1

i

)
(−1)i

∞∑
n=0

 n∑
j=0

(
n

j

)
Tj(x, λ)(−1)n−j < i|λ >(n−j)

 tn

n!

=
∞∑

n=0

 ∞∑
l=0

l+1∑
i=0

n∑
j=0

1

(l + 1)k

(
l + 1

i

)
(−i)n+i−j

(
n

j

)
Tj(x, λ) < i|λ >(n−j)

 tn

n!
.

(2.4)

By comparing the coefficients on both sides of (2.4), we have the following theorem.

Theorem 2.4 For n ∈ Z+, we have

T (k)
n (x, λ) =

∞∑
l=0

l+1∑
i=0

n∑
j=0

(−i)n+i−j

(l + 1)k

(
l + 1

i

)(
n

j

)
Tj(x, λ) < i|λ >(n−j)

=
∞∑
l=0

l+1∑
i=0

(−i)i

(l + 1)k

(
l + 1

i

)
Tn(x− i, λ).

By (2.1), we note that

∞∑
n=0

T (k)
n (x, λ)

tn

n!
= 2

∞∑
l=0

(−1)l(1 + λt)2l/λ
∞∑
l=0

(
1− (1 + λt)−1/λ

)l+1

(l + 1)k
(1 + λt)x/λ

= 2

∞∑
l=0

l∑
i=0

(
1− (1 + λt)−1/λ

)i+1

(i+ 1)k
(−1)l−i(1 + λt)(2l−2i)/λ(1 + λt)x/λ

=
∞∑
l=0

l∑
i=0

i+1∑
j=0

2(−1)l+j−i
(
i+1
j

)
(i+ 1)k

(1 + λt)(2l−2i+x)/λ (1 + λt)
−j/λ

=

∞∑
n=0

 ∞∑
l=0

l∑
i=0

i+1∑
j=0

n∑
m=0

2(−1)l+j−i
(
i+1
j

)(
n
m

)
(2l − 2i+ x|λ)m < j|λ >(n−m)

(i+ 1)k

 tn

n!
.

Comparing the coefficients on both sides, we have the following theorem.

Theorem 2.5 For n ∈ Z+, we have

T (k)
n (x, λ) =

∞∑
l=0

l∑
i=0

i+1∑
j=0

n∑
m=0

2(−1)l+j−i
(
i+1
j

)(
n
m

)
(2l − 2i+ x|λ)m < j|λ >(n−m)

(i+ 1)k

=
∞∑
l=0

l∑
i=0

i+1∑
j=0

2(−1)l+j−i
(
i+1
j

)
(2l − 2i− j + x|λ)m

(i+ 1)k
.

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

573 RYOO 570-581



3. Some identities involving degenerate poly-tangent numbers and polynomials

In this section, we give several combinatorics identities involving degenerate poly-tangent num-

bers and polynomials in terms of degenerate Stirling numbers, generalized falling factorial functions,

generalized raising factorial functions, Beta functions, degenerate Bernoulli polynomials of higher

order, and degenerate Frobenius-Euler functions of higher order.

By (2.1) and by using Cauchy product, we get

∞∑
n=0

T (k)
n (x, λ)

tn

n!

=

(
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

)(
1− (1− (1 + λt)−1/λ)

)−x

=
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

∞∑
l=0

(
x+ l − 1

l

)
(1− (1 + λt)−1/λ)l

=
∞∑
l=0

< x >l
((1 + λt)1/λ − 1)l

l!

(
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

(1 + λt)−l/λ

)

=
∞∑
l=0

< x >l

∞∑
n=0

S2(n, l, λ)
tn

n!

∞∑
n=0

T (k)
n (−l, λ)

tn

n!

=

∞∑
n=0

( ∞∑
l=0

n∑
i=l

(
n

i

)
S2(i, l, λ)T (k)

n−i(−l, λ) < x >l

)
tn

n!
,

(3.1)

where < x >l= x(x+ 1) · · · (x+ l − 1)(l ≥ 1) with < x >0= 1.

By comparing the coefficients on both sides of (3.1), we have the following theorem.

Theorem 3.1 For n ∈ Z+, we have

T (k)
n (x, λ) =

∞∑
l=0

n∑
i=l

(
n

i

)
S2(i, l, λ)T (k)

n−i(−l, λ) < x >l .

By (2.1) and by using Cauchy product, we get

∞∑
n=0

T (k)
n (x, λ)

tn

n!

=

(
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

)(
1− (1− (1 + λt)−1/λ)

)−x

=
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

∞∑
l=0

(
x+ l − 1

l

)
(1− (1 + λt)−1/λ)l

=
∞∑
l=0

< x >l
(1 + λt)−l/λ((1 + λt)1/λ − 1)l

l!

(
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

)

=

∞∑
l=0

< x >l

∞∑
n=0

S2(n, l,−l, λ)
tn

n!

∞∑
n=0

T (k)
n (λ)

tn

n!

=

∞∑
n=0

( ∞∑
l=0

n∑
i=l

(
n

i

)
S2(i, l,−l, λ)T (k)

n−i(λ) < x >l

)
tn

n!
,

(3.2)

where < x >l= x(x+ 1) · · · (x+ l − 1)(l ≥ 1) with < x >0= 1.

By comparing the coefficients on both sides of (3.2), we have the following theorem.
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Theorem 3.2 For n ∈ Z+, we have

T (k)
n (x, λ) =

∞∑
l=0

n∑
i=l

(
n

i

)
S2(i, l,−l, λ)T (k)

n−i(λ) < x >l .

By (2.1) and by using Cauchy product, we get

∞∑
n=0

T (k)
n (x, λ)

tn

n!
=

(
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

)(
((1 + λt)1/λ − 1) + 1

)x
=

2Lik
(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

∞∑
l=0

(
x

l

)(
(1 + λt)1/λ − 1

)l
=

∞∑
l=0

(x)l

(
(1 + λt)1/λ − 1

)l
l!

(
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

)

=

∞∑
l=0

(x)l

∞∑
n=0

S2(n, l, λ)
tn

n!

∞∑
n=0

T (k)
n

tn

n!

=
∞∑

n=0

( ∞∑
l=0

n∑
i=l

(
n

i

)
(x)lS2(i, l, λ)T (k)

n−i

)
tn

n!
.

(3.3)

By comparing the coefficients on both sides of (3.3), we have the following theorem.

Theorem 3.3 For n ∈ Z+, we have

T (k)
n (x, λ) =

∞∑
l=0

n∑
i=l

(
n

i

)
(x)lS2(i, l, λ)T (k)

n−i.

By (1.2), (1.10), (2.1), and by using Cauchy product, we get

∞∑
n=0

T (k)
n (x, λ)

tn

n!

=

(
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

)
(1 + λt)x/λ

=
((1 + λt)1/λ − 1)r

r!

r!

tr

(
t

(1 + λt)1/λ − 1

)r

(1 + λt)x/λ
∞∑

n=0

T (k)
n (λ)

tn

n!

=
((1 + λt)1/λ − 1)r

r!

( ∞∑
n=0

B(r)
n (x, λ)

tn

n!

)( ∞∑
n=0

T (k)
n (λ)

tn

n!

)
r!

tr

=
∞∑

n=0

(
n∑

l=0

(
n
l

)(
l+r
r

)S2(l + r, r, λ)
n−l∑
i=0

(
n− l

i

)
B

(r)
i (x, λ)T (k)

n−l−i(λ)

)
tn

n!
.

By comparing the coefficients on both sides, we have the following theorem.

Theorem 3.4 For n ∈ Z+ and r ∈ N, we have

T (k)
n (x, λ) =

n∑
l=0

n−l∑
i=0

(
n
l

)(
n−l
i

)(
l+r
r

) S2(l + r, r)T
(k)
n−l−iB

(r)
i (x, λ).
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By (1.2), (1.11), (2.1), and by using Cauchy product, we get

∞∑
n=0

T (k)
n (x, λ)

tn

n!

=
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

(1 + λt)x/λ

=
((1 + λt)1/λ − u)r

(1− u)r

(
1− u

(1 + λt)1/λ − u

)r

(1 + λt)x/λ
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

=
∞∑

n=0

H(r)
n (u, x, λ)

tn

n!

r∑
i=0

(
r

i

)
(1 + λt)i/λ(−u)r−i 1

(1− u)r
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

=
1

(1− u)r

r∑
i=0

(
r

i

)
(−u)r−i

∞∑
n=0

H(r)
n (u, x, λ)

tn

n!

∞∑
n=0

T (k)
n (i, λ)

tn

n!

=
∞∑

n=0

(
1

(1− u)r

r∑
i=0

(
r

i

)
(−u)r−i

n∑
l=0

(
n

l

)
H

(r)
l (u, x, λ)T (k)

n−l(i, λ)

)
tn

n!
.

By comparing the coefficients on both sides, we have the following theorem.

Theorem 3.5 For n ∈ Z+ and r ∈ N, we have

T (k)
n (x, λ) =

1

(1− u)r

r∑
i=0

n∑
l=0

(
r

i

)(
n

l

)
(−u)r−iH

(r)
l (u, x, λ)T (k)

n−l(i, λ).

By (1.2), (1.11), (2.1), and by using Cauchy product, we get

∞∑
n=0

T (k)
n (x, λ)

tn

n!

=
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

(1 + λt)x/λ
(1 + λt)1/λ + 1

(1 + λt)1/λ + 1

=
2Lik

(
1− (1 + λt)−1/λ

)
(1 + λt)1/λ + 1

(1 + λt)x/λ
(

(1 + λt)1/λ

(1 + λt)2/λ + 1
+

1

(1 + λt)2/λ + 1

)
=

( ∞∑
n=0

E(k)
n (x, λ)

tn

n!

)( ∞∑
n=0

1

2
(Tn(1, λ) +Tn(λ))

tn

n!

)

=
∞∑

n=0

(
1

2

n∑
l=0

(
n

l

)
(Tn(1, λ) +Tn(λ)) E(k)

n−l(x, λ)

)
tn

n!
.

By comparing the coefficients on both sides, we have the following theorem.

Theorem 3.6 For n ∈ Z+ and r ∈ N, we have

T (k)
n (x, λ) =

1

2

n∑
l=0

(
n

l

)
(Tn(1, λ) +Tn(λ)) E(k)

n−l(x, λ).

By (1.2), (1.11), (2.1), and by using Cauchy product, we get

∞∑
n=0

T (k)
n (x, λ)

tn

n!
=

2Lik
(
1− (1 + λt)−1/λ

)
(1 + λt)2/λ + 1

(1 + λt)x/λ
1− (1 + λt)−1/λ

1− (1 + λt)−1/λ

=
Lik
(
1− (1 + λt)−1/λ

)
1− (1 + λt)−1/λ

(
2(1 + λt)x/λ

(1 + λt)2/λ + 1
− 2(1 + λt)(x−1)/λ

(1 + λt)2/λ + 1

)
=

( ∞∑
n=0

B(k)
n (λ)

tn

n!

)( ∞∑
n=0

(Tn(x, λ)−Tn(x− 1, λ))
tn

n!

)

=
∞∑

n=0

(
n∑

l=0

(
n

l

)
(Tn(x, λ)−Tn(x− 1, λ))B(k)

n−l(x, λ)

)
tn

n!
.
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By comparing the coefficients on both sides, we have the following theorem.

Theorem 3.7 For n ∈ Z+ and r ∈ N, we have

T (k)
n (x, λ) =

n∑
l=0

(
n

l

)
(Tn(x, λ)−Tn(x− 1, λ))B(k)

n−l(λ).

By Theorem 3.6 and Theorem 3.7, we have the following corollary.

Corollary 3.8 For n ∈ Z+ and r ∈ N, we have

n∑
l=0

(
n

l

)
(Tn(1, λ) +Tn(λ)) E(k)

n−l(x, λ)

= 2

n∑
l=0

(
n

l

)
(Tn(x, λ)−Tn(x− 1, λ))B(k)

n−l(λ).

3. Distribution of zeros of the degenerate poly-tangent polynomials

This section aims to demonstrate the benefit of using numerical investigation to support theo-

retical prediction and to discover new interesting pattern of the zeros of the degenerate poly-tangent

polynomials T (k)
n (x, λ). The degenerate poly-tangent polynomials T (k)

n (x, λ) can be determined

explicitly. A few of them are

T (k)
0 (x, λ) = 0,

T (k)
1 (x, λ) = 1,

T (k)
2 (x, λ) = −3 + 21−k − λ+ 2x

T (k)
3 (x, λ) = 4− 3 · 22−k + 2 · 31−k + 9λ− 3 · 21−kλ+ 2λ2 − 9x

+ 3 · 21−kx− 6λx+ 3x2,

T (k)
4 (x, λ) = 3 + 33−2k + 7 · 21−k + 3 · 23−k − 8 · 31−k − 4 · 32−k − 24λ

+ 3 · 23−kλ+ 3 · 24−kλ− 4 · 32−kλ− 33λ2 + 11 · 21−kλ2 − 6λ3

+ 16x− 3 · 24−kx+ 8 · 31−kx+ 54λx− 3 · 22−kλx− 3 · 23−kλx

+ 22λ2x− 18x2 + 3 · 22−kx2 − 18λx2 + 4x3.

We investigate the beautiful zeros of thedegenerate poly-tangent polynomials T (k)
n (x, λ) by

using a computer. We plot the zeros of the poly-tangent polynomials T (k)
n (x, λ) for n = 30, k =

−5,−1, 1, 5, λ = 1/2, and x ∈ C(Figure 1). In Figure 1(top-left), we choose n = 30 and k = −5. In

Figure 1(top-right), we choose n = 30 and k = −1. In Figure 1(bottom-left), we choose n = 30 and

k = 1. In Figure 1(bottom-right), we choose n = 30 and k = 5. Stacks of zeros of T (k)
n (x, λ) for

1 ≤ n ≤ 30 from a 3-D structure are presented(Figure 2). In Figure 2(left), we choose k = −5. In

Figure 2(middle), we choose k = 1. In Figure 2(right), we choose k = 5. Our numerical results for

approximate solutions of real zeros of T (k)
n (x, λ), λ = 1/2 are displayed(Tables 1, 2).

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

577 RYOO 570-581



-800 -600 -400 -200 0

-15

-10

-5

0

5

10

15

Re(x)

Im(x)

-10 0 10 20

-15

-10

-5

0

5

10

15

Re(x)

Im(x)

-10 0 10 20

-15

-10

-5

0

5

10

15

Re(x)

Im(x)

-10 0 10 20

-15

-10

-5

0

5

10

15

Re(x)

Im(x)

Figure 1: Zeros of T (k)
n (x, λ)

Table 1. Numbers of real and complex zeros of T (k)
n (x, λ)

k = −10 k = 1 k = 10

degree n real complex zeros real complex zeros real complex zeros

2 1 0 1 0 1 0

3 2 0 2 0 2 0

4 3 0 3 0 3 0

5 4 0 4 0 4 0

6 5 0 5 0 5 0

7 6 0 2 4 2 4

8 5 2 3 4 3 4

9 6 2 4 4 4 4

10 5 4 5 4 5 4

11 6 4 6 4 6 4

12 7 4 7 4 5 6

The plot of real zeros of T (k)
n (x, λ) for 1 ≤ n ≤ 30 structure are presented(Figure 3). In Figure

3(left), we choose k = −5 and λ = 1/2. In Figure 3(middle),we choose k = 1 and λ = 1/2. In Figure

3(right), we choose k = 5 and λ = 1/2.

We observe a remarkable regular structure of the complex roots of the degenerate poly-tangent
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Figure 2: Stacks of zeros of T (k)
n (x, λ) for 1 ≤ n ≤ 30

Figure 3: Real zeros of T (k)
n (x, λ) for 1 ≤ n ≤ 30

polynomials T (k)
n (x, λ). We also hope to verify a remarkable regular structure of the complex roots

of the degenerate poly-tangent polynomials T (k)
n (x, λ)(Table 1).

Next, we calculated an approximate solution satisfying poly-tangent polynomials T (k)
n (x, λ) = 0

for x ∈ R. The results are given in Table 2 and Table 3.

Table 2. Approximate solutions of T (k)
n (x, λ) = 0, λ = 1/2, k = −5

degree n x

2 30.250

3 −53.896, −6.1044

4 −77.421, −8.8591, −2.9699

5 −100.91, −11.489, −3.9628, −1.6365

6 −124.39, −14.080, −4.7720, −2.3421, −0.66874

7 −147.85, −16.655, −5.4611, −3.0181, −1.0879, 0.076439
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Table 3. Approximate solutions of T (k)
n (x, λ) = 0, λ = 1/2, k = 5

degree n x

2 1.7188

3 0.95682, 2.9807

4 0.44597, 2.2234, 3.9869

5 0.13979, 1.4750, 3.4758, 4.7844

6 0.090663, 0.71964, 2.7246, 4.7571, 5.3017

7 1.9752, 3.9751

By numerical computations, we will make a series of the following conjectures:

Conjecture 4.1. Prove that T (k)
n (x, λ), x ∈ C, has Im(x, λ) = 0 reflection symmetry analytic

complex functions. However, T
(k)
n (x, λ), k ̸= 1, has not Re(x, λ) = a reflection symmetry for a ∈ R.

Using computers, many more values of n have been checked. It still remains unknown if the

conjecture fails or holds for any value n(see Figures 1, 2, 3). We are able to decide if T (k)
n (x, λ)) = 0

has n− 1 distinct solutions(see Tables 1, 2, 3).

Conjecture 4.2. Prove that T (k)
n (x, λ)) = 0 has n− 1 distinct solutions.

Since n−1 is the degree of the polynomial T (k)
n (x, λ), the number of real zeros RT (k)

n (x,λ)
lying on

the real plane Im(x, λ) = 0 is then RT (k)
n (x,λ)

= n−1−CT (k)
n (x,λ)

, where CT (k)
n (x,λ)

denotes complex

zeros. See Table 1 for tabulated values of RT (k)
n (x,λ)

and CT (k)
n (x,λ)

. The author has no doubt that

investigations along these lines will lead to a new approach employing numerical method in the

research field of the degenerate poly-tangent polynomials T (k)
n (x, λ) which appear in mathematics

and physics.
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On the Carlitz’s type twisted (p, q)-Euler polynomials and
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Abstract : In this paper we construct Carlitz’s type twisted (p, q)-Euler zeta function. In order

to define Carlitz’s type twisted (p, q)-Euler zeta function, we introduce the Carlitz’s type twisted

(p, q)-Euler numbers and polynomials by generalizing the Euler numbers and polynomials, Carlitz’s

type q-Euler numbers and polynomials. We also give some interesting properties, explicit formulas, a

connection with Carlitz’s type twisted (p, q)-Euler numbers and polynomials. Finally, we investigate

the zeros of the Carlitz’s type twisted (p, q)-Euler polynomials by using computer.

Key words : Euler numbers and polynomials, q-Euler numbers and polynomials, (h, q)-Euler

numbers and polynomials, Carlitz’s type twisted (p, q)-Euler numbers and polynomials, (p, q)-Euler

zeta function, twisted (p, q)-Euler zeta function.

AMS Mathematics Subject Classification : 11B68, 11S40, 11S80.

1. Introduction

Many mathematicians have studied in the area of the Bernoulli numbers and polynomials,

Euler numbers and polynomials, Genocchi numbers and polynomials, tangent numbers and polyno-

mials(see [1-10]). In this paper, we define Carlitz’s type twisted (p, q)-Euler numbers and polynomials

and study some properties of the Carlitz’s type twisted (p, q)-Euler numbers and polynomials.

Throughout this paper, we always make use of the following notations: N denotes the set of

natural numbers, Z+ = N ∪ {0} denotes the set of nonnegative integers, Z−
0 = {0,−1,−2,−3, . . .}

denotes the set of nonpositive integers, Z denotes the set of integers, R denotes the set of real

numbers, and C denotes the set of complex numbers.

We remember that the classical Euler numbers En and Euler polynomials En(x) are defined

by the following generating functions(see [1, 2, 3, 4, 5])

2

et + 1
=

∞∑
n=0

En
tn

n!
, (|t| < π). (1.1)

and (
2

et + 1

)
ext =

∞∑
n=0

En(x)
tn

n!
, (|t| < π). (1.2)

respectively.

The (p, q)-number is defined as

[n]p,q =
pn − qn

p− q
= pn−1 + pn−2q + pn−3q2 + · · ·+ p2qn−3 + pqn−2 + qn−1.

It is clear that (p, q)-number contains symmetric property, and this number is q-number when p = 1.

In particular, we can see limq→1[n]p,q = n with p = 1.

By using (p, q)-number, we define the (p, q)-analogue of Euler polynomials and numbers, which

generalized the previously known numbers and polynomials, including the Carlitz’s type q-Euler
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numbers and polynomials. We begin by recalling here the Carlitz’s type q-Euler numbers and

polynomials(see 1, 2, 3, 4, 5]).

Definition 1. The Carlitz’s type q-Euler polynomials En,q(x) are defined by means of the

generating function

Fq(t, x) =
∞∑

n=0

En,q(x)
tn

n!
= [2]q

∞∑
m=0

(−1)mqme[m+x]qt. (1.3)

and their values at x = 0 are called the Carlitz’s type q-Euler numbers and denoted En,q.

Many kinds of of generalizations of these polynomials and numbers have been presented in

the literature(see [1-10]). Based on this idea, we generalize the Carlitz’s type q-Euler number En,q

and q-Euler polynomials En,q(x). It follows that we define the following (p, q)-analogues of the the

Carlitz’s type q-Euler number En,q and q-Euler polynomials En,q(x) (see [6, 7, 9, 10]).

Definition 2. For 0 < q < p ≤ 1, the Carlitz’s type (p, q)-Euler numbers En,p,q and polyno-

mials En,p,q(x) are defined by means of the generating functions

Fp,q(t) =

∞∑
n=0

En,p,q(x)
tn

n!
= [2]q

∞∑
m=0

(−1)mqme[m]p,qt. (1.4)

and

Fp,q(t, x) =

∞∑
n=0

En,p,q(x)
tn

n!
= [2]q

∞∑
m=0

(−1)mqme[m+x]p,qt, (1.5)

respectively.

In the following section, we define Carlitz’s type twisted (p, q)-Euler zeta function. We introduce

the Carlitz’s type twisted (p, q)-Euler polynomials and numbers. After that we will investigate

some their properties. Finally, we investigate the zeros of the Carlitz’s type twisted (p, q)-Euler

polynomials by using computer.

2. Twisted (p, q)-Euler numbers and polynomials

In this section, we define twisted (p, q)-Euler numbers and polynomials and provide some of

their relevant properties. Let r be a positive integer, and let ω be rth root of 1.

Definition 2. For 0 < q < p ≤ 1, the Carlitz’s type twisted (p, q)-Euler numbers En,p,q,ω and

polynomials En,p,q,ω(x) are defined by means of the generating functions

Fp,q,ω(t) =
∞∑

n=0

En,p,q,ω(x)
tn

n!
= [2]q

∞∑
m=0

(−1)mqmωme[m]p,qt. (2.1)

and

Fp,q,ω(t, x) =
∞∑

n=0

En,p,q,ω(x)
tn

n!
= [2]q

∞∑
m=0

(−1)mqmωme[m+x]p,qt, (2.2)

respectively.

Setting p = 1 in (2.1) and (2.2), we can obtain the corresponding definitions for the Carlitz’s

type twisted q-Euler number En,q,ω and q-Euler polynomials En,q,ω(x) respectively. Obviously, if

we put ω = 1, then we have

En,p,q,ω(x) = En,p,q(x), En,p,q,ω = En,p,q.

Putting p = 1, we have

lim
q→1

En,p,q,ω(x) = En,ω(x), lim
q→1

En,p,q,ω = En,ω.
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By using above equation (2.1), we have

∞∑
n=0

En,p,q,ω
tn

n!
= [2]q

∞∑
m=0

(−1)mqmωme[m]p,qt

=
∞∑

n=0

(
[2]q

(
1

p− q

)n n∑
l=0

(
n

l

)
(−1)l

1

1 + ωql+1pn−l

)
tn

n!
.

(2.3)

By comparing the coefficients tn

n! in the above equation, we have the following theorem.

Theorem 3. For n ∈ Z+, we have

En,p,q,ω = [2]q

(
1

p− q

)n n∑
l=0

(
n

l

)
(−1)l

1

1 + ωql+1pn−l
.

If we put p = 1 in the above theorem we obtain

En,p,q,ω = [2]q

(
1

1− q

)n n∑
l=0

(
n

l

)
(−1)l

1

1 + ωql+1
.

By (2.2), we obtain

En,p,q,ω(x) = [2]q

(
1

p− q

)n n∑
l=0

(
n

l

)
(−1)lqxlp(n−l)x 1

1 + ωql+1pn−l
. (2.4)

By using (2.2) and (2.4), we obtain

∞∑
n=0

En,p,q,ω(x)
tn

n!
=

∞∑
n=0

(
[2]q

(
1

p− q

)n n∑
l=0

(
n

l

)
(−1)lqxlp(n−l)x 1

1 + ωql+1pn−l

)
tn

n!

= [2]q

∞∑
m=0

(−1)mqmωme[m+x]p,qt.

(2.5)

Since [x+ y]p,q = py[x]p,q + qx[y]p,q, we see that

En,p,q,ω(x) = [2]q

n∑
l=0

(
n

l

)
[x]n−l

p,q qxl
l∑

k=0

(
l

k

)
(−1)k

(
1

p− q

)l
1

1 + ωqk+1pn−k
. (2.6)

Next, we introduce Carlitz’s type twisted (h, p, q)-Euler polynomials E
(h)
n,p,q,ω(x).

Definition 4. The Carlitz’s type twisted (h, p, q)-Euler polynomials E
(h)
n,p,q,ω(x) are defined by

E(h)
n,p,q(x) = [2]q

∞∑
m=0

(−1)mqmphmωm[m+ x]np,q. (2.7)

By using (2.7) and (p, q)-number, we have the following theorem.

Theorem 5. For n ∈ Z+, we have

E(h)
n,p,q,ω(x) = [2]q

(
1

p− q

)n n∑
l=0

(
n

l

)
(−1)lqxlp(n−l)x 1

1 + ωql+1pn−l+h
.

By (2.6) and Theorem 2.4, we have

En,p,q,ω(x) =
n∑

l=0

(
n

l

)
[x]n−l

p,q qxlE
(n−l)
l,p,q,ω
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The following elementary properties of the (p, q)-analogue of Euler numbers En,p,q,ω and poly-

nomials En,p,q,ω(x) are readily derived form (2.1) and (2.2). We, therefore, choose to omit details

involved.

Theorem 6. (Distribution relation) For any positive integer m(=odd), we have

En,p,q,ω(x) =
[2]q
[2]qm

[m]np,q

m−1∑
a=0

(−1)aqaωaEn,pm,qm,ωm

(
a+ x

m

)
, n ∈ Z+.

Theorem 7. (Property of complement) For n ∈ Z+, we have

En,p−1,q−1,ω−1(1− x) = (−1)nωpnqnEn,p,q,ζ(x).

Theorem 8. For n ∈ Z+, we have

ωqEn,p,q,ω(1) + En,p,q,ω =

{
[2]q, if n = 0,

0, if n ̸= 0.

By (2.1) and (2.2), we get

− [2]q

∞∑
l=0

(−1)l+nql+nωl+ne[l+n]p,qt + [2]q

∞∑
l=0

(−1)lqlωle[l]p,qt = [2]q

n−1∑
l=0

(−1)lqlωle[l]p,qt. (2.8)

Hence we have

(−1)n+1qnωn
∞∑

m=0

Em,p,q,ω(n)
tm

m!
+

∞∑
m=0

Em,p,q,ω
tm

m!
=

∞∑
m=0

(
[2]q

n−1∑
l=0

(−1)lqlωl[l]mp,q

)
tm

m!
. (2.9)

By comparing the coefficients tm

m! on both sides of (2.9), we have the following theorem.

Theorem 9. For n ∈ Z+, we have

n−1∑
l=0

(−1)lqlωl[l]mp,q =
(−1)n+1qnωnEm,p,q,ω(n) + Em,p,q,ω

[2]q
.

We investigate the zeros of the twisted (p, q)-Euler polynomials En,p,q,ω(x) by using a computer.

We plot the zeros of the twisted (p, q)-Euler polynomials En,p,q,ω(x) for x ∈ C(Figure 1). In Figure

1(top-left), we choose n = 20, p = 1/2, q = 1/10 and ω = e
2πi
2 . In Figure 1(top-right), we choose

n = 40, p = 1/2, q = 1/10 and ω = e
2πi
2 . In Figure 1(bottom-left), we choose n = 20, p = 1/2, q =

1/10 and ω = e
2πi
4 . In Figure 1(bottom-right), we choose n = 40, p = 1/2, q = 1/10 and ω = e

2πi
4 .

3. Twisted (p, q)-Euler zeta function

By using twisted (p, q)-Euler numbers and polynomials, (p, q)-Euler zeta function and Hurwitz

(p, q)-Euler zeta function is defined. These functions interpolate the twisted (p, q)-Euler numbers

En,p,q,ω, and polynomials En,p,q,ω(x), respectively. From (2.1), we note that

dk

dtk
Fp,q,ω(t)

∣∣∣∣
t=0

= [2]q

∞∑
m=0

(−1)nqmωm[m]kp,q

= Ek,p,q,ω, (k ∈ N).

By using the above equation, we are now ready to define twisted (p, q)-Euler zeta function.
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Figure 1: Zeros of En,p,q,ω(x)

Definition 10. Let s ∈ C with Re(s) > 0.

ζp,q,ω(s) = [2]q

∞∑
n=1

(−1)nqnωn

[n]sp,q
. (3.1)

Note that ζp,q,ω(s) is a meromorphic function on C. Note that, if p = 1, q → 1, then ζp,q,ω(s) = ζE(s)

which is the Euler zeta functions(see [4]). Relation between ζp,q,ω(s) and Ek,p,q,ω is given by the

following theorem.

Theorem 11. For k ∈ N, we have

ζp,q,ω(−k) = Ek,p,q,ω.

Observe that ζp,q,ω(s) function interpolates Ek,p,q,ω numbers at non-negative integers. By using

(2.2), we note that

dk

dtk
Fp,q,ω(t, x)

∣∣∣∣
t=0

= [2]q

∞∑
m=0

(−1)mqmωm[m+ x]kp,q (3.2)

and (
d

dt

)k
( ∞∑

n=0

En,p,q(x)
tn

n!

)∣∣∣∣∣
t=0

= Ek,p,q(x), for k ∈ N. (3.3)

By (3.2) and (3.3), we are now ready to define the Hurwitz (p, q)-Euler zeta function.
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Definition 12. Let s ∈ C with Re(s) > 0 and x /∈ Z−
0 .

ζp,q,ω(s, x) = [2]q

∞∑
n=0

(−1)nqnωn

[n+ x]sp,q
. (3.4)

Note that ζp,q,ω(s, x) is a meromorphic function on C. Obverse that, if p = 1 and q → 1, then

ζp,q,ω(s, x) = ζE(s, x) which is the Hurwitz Euler zeta functions(see [1, 3, 6]). Relation between

ζp,q,ω(s, x) and Ek,p,q,ω(x) is given by the following theorem.

Theorem 13. For k ∈ N, we have

ζp,q,ω(−k, x) = Ek,p,q,ω(x).

Observe that ζp,q,ω(−k, x) function interpolates Ek,p,q,ω(x) numbers at non-negative integers.
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STABILITY OF SET-VALUED PEXIDER FUNCTIONAL EQUATIONS

ZIYING LU, GANG LU∗, YUANFENG JIN∗, DONG YUN SHIN∗, AND CHOONKIL PARK

Abstract. In this paper, we investigate a set-valued solution of the following Pexider func-
tional equation

F (ax+ by) = αG(x) + βH(y)

with three unknown functions F , G and H, where a, b, α, β are positive real scalars.

1. Introduction and preliminaries

Assume that Y is a topological vector space satisfying the T0 separation axiom. For real

numbers s, t and sets A,B ⊂ Y we put sA + tB := {y ∈ Y ; y = sa + tb, a ∈ A, b ∈ B}.
Suppose that the space 2Y of all subsets of Y is endowed with the Hausdorff topology (see [4]).

A set-valued function F : X → 2Y is said to be additive if it satisfies the Cauchy functional

equation F (x1 + x2) = F (x1) + F (x2), x1, x2 ∈ X. The family of all closed and convex subsets

of Y will be denoted by CC(Y ), and the sets of all real, rational and positive integer numbers

are denoted by R,Q,N, respectively.

Lemma 1.1. [1] Let λ and µ be real numbers. If A and B are nonempty subsets of a real vector

space X, then

λ(A+B) = λA+ λB,

(λ+ µ)A ⊆ λA+ µB.

Moreover, if A is a convex set and λ, µ ≥ 0, then we have

(λ+ µ)A = λA+ µA.

Lemma 1.2. [3] Let A,B be subsets of Y and assume that B is closed and convex. If there

exists a bounded and nonempty set C ⊂ Y such that A+ C ⊂ B + C, then A ⊂ B.

Lemma 1.3. If (An)n∈N and (Bn)n∈N are decreasing sequences of compact subsets of Y , then⋂
n∈N(An +Bn) =

⋂
n∈NAn +

⋂
n∈NBn.

Lemma 1.4. If (An)n∈N is a decreasing sequence of compact subsets of Y , then An →
⋂

n∈NAn.

Lemma 1.5. If A is a bounded subset of Y and (sn)n∈N is a real sequence converging to an

s ∈ R, then snA→ sA.

Lemma 1.6. If An → A and Bn → B, then An +Bn → A+B.

2010 Mathematics Subject Classification. Primary 54C60, 39B52, 47H04, 49J54.
Key words and phrases. Hyers-Ulam stability, additive set-valued functional equation, closed and convex

subset, cone.
∗Corresponding authors.
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Lemma 1.7. If An → A and An → B, then clA = clB.

Lemma 1.3–1.7 are rather known and can be easily verified. The proofs of them can be found

in [1, 2].

2. Set-valued solution of the Pexider functional equation

In the section, we give the solution of the Pexider functional equation.

Theorem 2.1. Assume that (X,+) is a vector space and Y is a T0 topological vector space.

If set-valued functions F : X → CC(Y ), G : X → CC(Y ) and H : X → CC(Y ) satisfy the

functional equation

F (ax+ by) = αG(x) + βH(y) (2.1)

for all x, y ∈ X, where a, b, α and β are positive real numbers, then there exist an additive

set-valued function F0 : X → CC(Y ) and sets A,B ∈ CC(Y ) such that

F (x) = αF0(x) + αA+ βB, G(x) = F0(ax) +A and H(x) = F0(bx) +B

for all x ∈ X.

Proof. First, assume that 0 ∈ G(0) and 0 ∈ H(0). Then, for all x, y ∈ X, we have

F (x+ y) = F
(
a
x

a
+ b

y

b

)
= αG

(x
a

)
+ βH

(y
b

)
⊂ αG

(x
a

)
+ βH(0) + αG(0) + βH

(y
b

)
= F (x) + F (y).

Letting x = y in the above equation, we get F (2x) ⊂ 2F (x), which implies that the sequence

(2−nF (2nx))n∈N is decreasing. Put F0(x) :=
⋂

n∈N 2−nF (2nx), x ∈ X. It is clear that F0(x) ∈
CC(Y ) for all x ∈ X. Similarly, we get

αG(2x) + βH(0) = F (2ax) = F
(
ax+ b

(ax
b

))
= αG(x) + βH

(ax
b

)
⊂ αG(x) + αG(0) + βH

(ax
b

)
= αG(x) + F (ax) = αG(x) + αG(x) + βH(0) = 2αG(x) + βH(0).

In view of Lemma 1.2, we obtain that G(2x) ⊂ 2G(x), and consequently the sequence

(2−nG(2nx))n∈N is decreasing. Applying Lemma1.3 and this equality F (a2nx) = αG(2nx) +

βH(0), n ∈ N, we obtain

F0(ax) =
⋂
n∈N

2−nF (a2nx) = α
⋂
n∈N

2−nG(2nx) + β
⋂
n∈N

2−nH(0).

But
⋂

n∈N 2−nH(0) = {0}, since the setH(0) is bounded. Therefore F0(ax) = α
⋂

n∈N 2−nG(2nx)

for all x ∈ X. In an analogous way we show that the sequence (2−nH(2nx))n∈N is decreasing
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and F0(bx) = β
⋂

n∈N 2−nH(2nx) for all x ∈ X. Hence,using once more Lemma 1.3, we get

F0(x1 + x2) =
⋂
n∈N

2−nF (2nx1 + 2nx2) =
⋂
n∈N

2−n
(
αG

(
2nx1
a

)
+ βH

(
2nx2
b

))
=
⋂
n∈N

2−nαG

(
2nx1
a

)
+
⋂
n∈N

2−nβH

(
2nx2
b

)
= F0(x1) + F0(x2), x1, x2 ∈ X,

which means that the set-valued function F0 is additive.

Now observe that

F (nbx) + (n− 1)βH(0) = F (bx) + (n− 1)βH(x) (2.2)

for all x ∈ X and n ∈ N. Indeed, for n = 1 the equality is trivial. Assume that it holds for a

natural number k. Then, in virtue of (2.1), we obtain

F ((k + 1)bx) + kβH(0) = αG

(
kbx

a

)
+ βH(x) + kβH(0) = F (kbx) + βH(x) + (kβ − β)H(0)

= F (bx) + (k − 1)βH(x) + βH(x) = F (x) + kβH(x).

which proves that (2.2) holds for n = k + 1. Thus, by induction, it holds for all n ∈ N. In

particular, we have

F (2nx) + (2n − 1)H(0) = F (x) + (2n − 1)H
(x
b

)
,

and so

2−nF (2nx) + (1− 2−n)H(0) = 2−nF (x) + (1− 2−n)H
(x
b

)
for all x ∈ X. By Lemma 1.4, 2−nF (2nx)→

⋂
n∈N 2−nF (2nx) = F0(x).

On the other hand, by Lemma 1.5, 1−2−nH(0)→ H(0), 2−nF (x)→ {0} and (1−2−n)H
(
x
b

)
→

H
(
x
b

)
. Thus, using Lemmas 1.6 and 1.7, we get cl[F0(x) +H(0)] = clH

(
x
b

)
, whence H

(
x
b

)
=

F0(x) + H(0) for all x ∈ X. Similarly, we can obtain G
(
x
a

)
= F0(x) + G(0), x ∈ X. Let

A := G(0) and B := H(0). Then G(x) = F0(ax) + A and H(x) = F0(bx) + B for all x ∈ X.

Moreover F (x) = αF0(x) + αA+ βB, x ∈ X. This finishes our proof in the case that 0 ∈ G(0)

and 0 ∈ H(0).

In the opposite case, fix arbitrarily points a ∈ G(0) and b ∈ H(0), and consider the set-valued

functions F1, G− 1, H1 : X → CC(Y ) defined by F1(x) := F (x)− αa− βb,G1(x) := G(x)− a
and H1 := H(x)− b, x ∈ X. These set-valued functions satisfy the equation (2.1) and moreover

0 ∈ G1(0) and 0 ∈ H1(0). Therefore, by what we have discussed previously, we can get the

same result. This completes the proof. �

In [2], Nikodem proved that a set-valued function F0 : [0,∞)→ CC(Y ), where Y is a locally

convex Hausdorff space, is additive if and only if there exists an additive function f : [0,∞)→ Y

and a set K ∈ CC(Y ) such that F0(x) = f(x) +xK, x ∈ [0,∞). Thus we can get the following.

Theorem 2.2. Let Y be a locally convex Hausdorff space. The set-valued functions F : [0,∞)→
CC(Y ), G : [0,∞) → CC(Y ) and H : [0,∞) → CC(Y ) satisfy the functional equation (2.1) if

and only if there exist an additive function f : [0,∞)→ Y and sets K,A,B ∈ CC(Y ) such that

F (x) = αf(x) + αKx+ αA+ βB,G(x) = f(ax) + akx+A and H(x) = f(bx) + bkx+B
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for all x ∈ [0,∞).
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On symmetries and solutions of certain sixth order difference
equations
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Abstract

We use the Lie group analysis method to investigate the invariance prop-
erties and the solutions of

xn+1 =
xn−5xn−3

xn−1(an + bnxn−5xn−3)
.

We show that this equation has a two-dimensional Lie algebra and that
its solutions can be presented in a unified manner. Besides presenting
solutions of the recursive sequence above where an and bn are sequences
of real numbers, some specific cases are emphasized.

Key words: Difference equation; symmetry; reduction; group invariant solu-
tions, periodicity
MSC 2010: 39A05, 39A23, 70G65

1 Introduction

Difference equations are important in mathematical modelling, especially where
discrete time evolving variables are concerned. They also occur when studying
discretization methods for differential equations. Countless results in the subject
of difference equations have been recorded. For rational difference equations
of order greater than 1, the study can be quite challenging at the same time
rewarding. Rewarding in the sense that such a study lays ground for the theory
of global properties of difference equations (not necessarily rational) of higher
order.
In [4], the author developed an effective symmetry based algorithm to deal with
the obtention of solutions of difference equations of any order. However, the
calculation one deals with in this application to difference equations of order
greater than one can become cumbersome but with great recompense often
times. The method consists of finding a group of transformations that maps
solutions onto themselves. Symmetry method is a valuable tool and it has been
used to solve several difference equations [1–3, 7, 8].
In this paper, our objective is to obtain the symmetry operators of

xn+1 =
xn−5xn−3

xn−1(an + bnxn−5xn−3)
(1)

1
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where an and bn are real sequences and to find its solutions by way of symme-
tries. Without loss of generality, we equivalently study the forward difference
equation

un+6 =
unun+2

un+4(An +Bnunun+2)
. (2)

We refer the interested reader to [4, 9] for a deeper knowledge of Lie analysis.

2 Definitions and Notation

In this section, we briefly present some definitions and notation (largely from
Hydon in [4]) indispensable for the understanding of Lie symmetry analysis of
difference equations.

Definition 2.1 Let G be a local group of transformations acting on a manifold
M . A subset S ⊂ M is called G-invariant, and G is called symmetry group of
S, if whenever x ∈ S, and g ∈ G is such that g · x is defined, then g · x ∈ S.

Definition 2.2 Let G be a connected group of transformations acting on a man-
ifold M . A smooth real-valued function V : M → R is an invariant function for
G if and only if

X(V) = 0 for all x ∈M,

and every infinitesimal generator X of G.

Definition 2.3 A parameterized set of point transformations,

Γε : x 7→ x̂(x; ε), (3)

where x = xi, i = 1, . . . , p are continuous variables, is a one-parameter local Lie
group of transformations if the following conditions are satisfied:

1. Γ0 is the identity map if x̂ = x when ε = 0

2. ΓaΓb = Γa+b for every a and b sufficiently close to 0

3. Each x̂i can be represented as a Taylor series (in a neighborhood of ε = 0
that is determined by x), and therefore

x̂i(x : ε) = xi + εξi(x) +O(ε2), i = 1, ..., p. (4)

Assuming that the sixth-order difference equation has the form

un+6 =Ψ(n, un, . . . , un+5), n ∈ D (5)

for some smooth function Ω and a regular domain D ⊂ Z. To deduce the
symmetry group of (5), we search for a one parameter Lie group of point trans-
formations

Γε : (n, un) 7→ (n, un + εQ(n, un)), (6)

2
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in which ε is the parameter and Q a continuous function, referred to as charac-
teristic. Let

X =Q(n, un)
∂

∂un
+Q(n+ 1, un+1)

∂

∂un+1
+ · · ·+Q(n+ 5, un+5)

∂

∂un+5
(7)

be the corresponding ‘prolonged’ infinitesimal generator and S : n 7→ n+ 1 the
shift operator. The linearized symmetry condition is given by

S6Q−XΨ = 0. (8a)

Upon knowledge of the characteristic Q, it is important to introduce the canon-
ical coordinate

Sn =

∫
dun

Q(n, un)
, (9)

a useful tool which allows one to obtain the invariant V.

3 Main results

As earlier emphasized, our equation under study is

un+6 = Ψ =
unun+2

un+4(An +Bnunun+2)
. (10)

Appliying the criterion of invariance (8) to (10), we get

Q(n+ 6, un+6) +
unun+2

u2n+4 (An +Bnunun+2)
Q (n+ 4, un+4)

− Anun

un+4 ((An +Bnunun+2)
2Q (n+ 2, un+2)

− Anun+2

un+4 (An +Bnunun+2)
2Q (n, un) = 0. (11)

In order to eliminate un+3, we invoke implicit differentiation with respect to un
(regarding un+4 as a function of un, un+2 and un+3) via the operator

L =
∂

∂un
− Ψun

Ψun+4

∂

∂un+4
.

With some simplification, one gets

(An +Bnunun+2)Q′ (n+ 4, un+4)− (An +Bnunun+2)

un+4
Q (n+ 4, un+4)

+BnunQ(n+ 2, un+2)− (An +Bnunun+2)Q′(n, un)

+

(
2Bnun+2 +

An

un

)
Q (n, un) = 0. (12)

3
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Note that the symbol ′ stands for the derivative with respect to the continuous
variable. After twice differentiating (12) with respect to un, keeping un+2 and
un+4 fixed, we are led to the equation

−Bnunun+2Q
′′′(n, un)−AnQ

′′′(n, un) +
An

un
Q′′ (n, un)− 2An

un2
Q′ (n, un)

+
2An

un3
Q (n, un) = 0 (13)

Note that the characteristic in (13) is not a function of un+2 and so we split
(13) up with respect to un+2 to get the system

1 : Q′′′(n, un)− 1

un
Q′′ (n, un) +

2

un2
Q′ (n, un)− 2

un3
Q (n, un) = 0 (14a)

un+2 : Q′′′(n, un) = 0. (14b)

We find that the solution to (14) is

Q (n, un) = αnun
2 + βnun (15)

for some arbitrary functions αn and βn that depend on n. Substituting (16)
and its first, second and third shifts in (11), and then replacing the expression
of un+3 given in (10) in the resulting equation yields

Bnun
2un+2

2un+4
2αn+4 +Bnun

2un+2
2un+4(βn+4 + βn+3)

−Anun
2un+2un+4αn −Anunun+2

2un+4αn+2 +Anunun+2un+4
2αn+4

+ un
2un+2

2αn+2 −An (βn + βn+2 − βn+4 − βn+3) = 0. (16)

Equating all coefficients of all powers of shifts of un to zero and simplifying the
resulting system, we get its reduced form

αn = 0, (17)

βn + βn+2 = 0. (18)

The two independent solutions of the linear second-order difference equation
above are given by

βn = βn and βn = β̄n, (19)

where β = exp{iπ/2} and β̄ = − exp{iπ/2} is its complex conjugate. The
characteristic functions are given by

Q1(n, un) = βnun and Q2(n, un) = β̄nun, (20)

and so the Lie algebra of (10) is generated by

X1 =βnun
∂

∂un

+ βn+2un+2
∂

∂un+2

+ βn+4un+4
∂

∂un+4

(21)

X2 =β̄nun
∂

∂un

+ β̄n+2un+2
∂

∂un+2

+ β̄n+4un+4
∂

∂un+4

. (22)

4
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Using the canonical coordinate

Sn =

∫
dun

Q1(n, un)
=

∫
dun
βnun

=
1

βn
ln |un| (23)

and (17), we derive the invariant function Ṽn as follows:

Ṽn = Snβ
n + Sn+2β

n+2. (24)

Actually,

X1(Ṽn) = βn + βn+2 = 0 (25)

and

X2(Ṽn) = β̄n + β̄n+2 = 0. (26)

For the sake of convenience, we use

|Vn| = exp{−Ṽn} (27)

instead/ In other words, Vn = ±1/(unun+2). Using (10) and (27), one can prove
that

Vn+4 = AnVn ±Bn. (28)

Utilizing the plus sign, the solution of (28) can be written as

V4n+j =Vj

(
n−1∏
k1=0

A4k1+j

)
+

n−1∑
l=0

(
B4l+j

n−1∏
k2=l+1

A4k2+j

)
, (29)

where j = 0, 1, 2, 3. From here, obtaining the solution of (10) is straightforward.
We first employ (23) to get

|un| = exp (βnSn) . (30)

Secondly, we employ (24) to obtain

|un| = exp

(
βnc1 + β̄nc2 −

1

2

n−1∑
k1=0

βnβ̄k1 Ṽk1
− 1

2

n−1∑
k2=0

β̄nβk2 Ṽk2

)
. (31)

Lastly, we use (27) to get

|un| = exp

(
βnc1 + β̄nc2 +

1

2

n−1∑
k1=0

βnβ̄k1 ln |Vk1 |+
1

2

n−1∑
k2=0

β̄nβk2 ln |Vk2 |

)
,

(32a)

in which Vk is given in (28) with γ(n, k) = βnβ̄k. Note that the constants c1
and c2 satisfy

c1 + c2 = ln |u0| and β(c1 − c2) = ln |u1|. (32b)

5
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Note. Equations in (32) give the solutions of (2) in a unified manner.
On a further note, γ(n, k) = βnβ̄k satisfies

γ(0, 1) = β̄, γ(0, 2) = −1, γ(1, 0) = β, γ(1, 2) = −β, γ(1, 3) = −1,

γ(n, n) = 1, γ(n+ 2, k) = −γ(n, k),

γ(n, k + 2) = −γ(n, k), γ(4n, k) = γ(0, k), γ(n, 4k) = γ(n, 0).

(33)

From un given in (32a) and equation (33), observe that

|u4n+j | = exp

(
Hj +

4n+j−1∑
k1=0

Re(γ(0, k1)) ln |Vk1 |

)
(34)

in which
Hj = βjc1 + β̄jc2.

For j = 0, we have,

|u4n| = exp(H0 + ln |V0| − ln |V2|+ . . .+ ln |V4n−4| − ln |V4n−2|)

= exp(H0)

n−1∏
s=0

∣∣∣∣ V4sV4s+2

∣∣∣∣ . (35)

It can be shown that there is no need for the absolute values via the utilization
of the fact that

Vi =
1

uiui+2
. (36)

In order to deduce exp(H0), we set n = 0 in (35) and note that |u0| = exp(H0).
Thus

u4n = u0

n−1∏
s=0

V4s
V4s+2

.

Similarly, replacing n with 4n+ j for j = 0, 1, 2, 3, we obtain

U4n+j = uj

n−1∏
s=0

V4s+j

V4s+j+2
. (37)

Nevertheless, from (28), using the plus sign we are led to

V4n+j =Vj

(
n−1∏
k1=0

A4k1+j

)
+

n−1∑
l=0

(
B4l+j

n−1∏
k2=l+1

A4k2+j

)
, (38)

6
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for j = 0, 1, 2, 3, where V0 = 1
u0u2

. Thus, using (37) with j = 0, we get

U4n = u0

n−1∏
s=0

V4s
V4s+2

= u0

n−1∏
s=0

V0

(
s−1∏
k1=0

A4k1

)
+

s−1∑
l=0

(
B4l

s−1∏
k2=l+1

A4k2

)

V2

(
s−1∏
k1=0

A4k1+2

)
+

s−1∑
l=0

(
B4l+2

s−1∏
k2=l+1

A4k2+2

)

= u0

n−1∏
s=0

u4
u0

(
s−1∏
k1=0

A4k1

)
+ u0u2

s−1∑
l=0

(
B4l

s−1∏
k2=l+1

A4k2

)
(

s−1∏
k1=0

A4k1+2

)
+ u2u4

s−1∑
l=0

(
B4l+2

s−1∏
k2=l+1

A4k2+2

)

= u1−n0 un4

n−1∏
s=0

(
s−1∏
k1=0

A4k1

)
+ u0u2

s−1∑
l=0

(
B4l

s−1∏
k2=l+1

A4k2

)
(

s−1∏
k1=0

A4k1+2

)
+ u2u4

s−1∑
l=0

(
B4l+2

s−1∏
k2=l+1

A4k2+2

)

For j = 1, we have

U4n+1 = u1

n−1∏
s=0

V4s+1

V4s+3

= u1−n1 un5

n−1∏
s=0

(
s−1∏
k1=0

A4k1+1

)
+ u1u3

s−1∑
l=0

(
B4l+1

s−1∏
k2=l+1

A4k2+1

)
(

s−1∏
k1=0

A4k1+3

)
+ u3u5

s−1∑
l=0

(
B4l+3

s−1∏
k2=l+1

A4k2+3

)

For j = 2, we have

U4n+2 = u2

n−1∏
s=0

V4s+2

V4s+4

= un0u
−n
4 u2

n−1∏
s=0

(
s−1∏
k1=0

A4k1+2

)
+ u2u4

s−1∑
l=0

(
B4l+2

s−1∏
k2=l+1

A4k2+2

)
(

s∏
k1=0

A4k1

)
+ u0u2

s∑
l=0

(
B4l

s∏
k2=l+1

A4k2

)

7
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For j = 3, we get

U4n+3 = u3

n−1∏
s=0

V4s+3

V4s+5

= un1u
−n
5 u3

n−1∏
s=0

(
s−1∏
k1=0

A4k1+3

)
+ u3u5

s−1∑
l=0

(
B4l+3

s−1∏
k2=l+1

A4k2+3

)
(

s∏
k1=0

A4k1+1

)
+ u1u3

s∑
l=0

(
B4l+1

s∏
k2=l+1

A4k2+1

)

Hence, our solution in terms of xn (n > 0) is given by

x4n−5 = x1−n−5 xn−1

n−1∏
s=0

(
s−1∏
k1=0

a4k1

)
+ x−5x−3

s−1∑
l=0

(
b4l

s−1∏
k2=l+1

a4k2

)
(

s−1∏
k1=0

a4k1+2

)
+ x−3x−1

s−1∑
l=0

(
b4l+2

s−1∏
k2=l+1

a4k2+2

) ,
(39)

x4n−4 = x1−n−4 xn0

n−1∏
s=0

(
s−1∏
k1=0

a4k1+1

)
+ x−4x−2

s−1∑
l=0

(
b4l+1

s−1∏
k2=l+1

a4k2+1

)
(

s−1∏
k1=0

a4k1+3

)
+ x−2x0

s−1∑
l=0

(
b4l+3

s−1∏
k2=l+1

a4k2+3

) , (40)

x4n−3 = xn−5x
−n
−1x−3

n−1∏
s=0

(
s−1∏
k1=0

a4k1+2

)
+ x−3x−1

s−1∑
l=0

(
b4l+2

s−1∏
k2=l+1

a4k2+2

)
(

s∏
k1=0

a4k1

)
+ x−5x−3

∑s
l=0

(
b4l

s∏
k2=l+1

a4k2

)
(41)

and

x4n−2 = xn−4x
−n
0 x−2

n−1∏
s=0

(
s−1∏
k1=0

a4k1+3

)
+ x−2x0

s−1∑
l=0

(
b4l+3

s−1∏
k2=l+1

a4k2+3

)
(

s∏
k1=0

a4k1+1

)
+ x−4x−2

s∑
l=0

(
b4l+1

s∏
k2=l+1

a4k2+1

)
(42)

In the following sections, we specifically look at some special cases.

4 The case an , bn are 1-periodic

Let an = a and bn = b, where a and b are non-zero constants.

8
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4.1 Case: a 6= 1

We have

x4n−5 = x1−n−5 xn−1

n−1∏
s=0

as + bx−5x−3
1−as

1−a

as + bx−3x−1
1−as

1−a
,

x4n−4 = x1−n−4 xn0

n−1∏
s=0

as + bx−4x−2
1−as

1−a

as + bx−2x0
1−as

1−a
,

x4n−3 = xn−5x
−n
−1x−3

n−1∏
s=0

as + bx−3x−1
1−as

1−a

as+1 + bx−5x−3
1−as+1

1−a
,

x4n−2 = xn−4x
−n
0 x−2

n−1∏
s=0

as + bx−2x0
1−as

1−a

as+1 + bx−4x−2
1−as+1

1−a

as long as any of the denominators does not vanish.

Case: a = −1

We have

x4n−5 =


x1−n−5 xn−1

(
−1+bx−5x−3

−1+bx−3x−1

)bn−1
2 c

, if n is odd;

x1−n−5 xn−1

(
−1+bx−5x−3

−1+bx−3x−1

)bn−1
2 c+1

, if n is even;

x4n−4 =


x1−n−4 xn0

(
−1+bx−4x−2

−1+bx−2x0

)bn−1
2 c

, if n is even;

x1−n−4 xn0

(
−1+bx−4x−2

−1+bx−2x0

)bn−1
2 c+1

, if n is odd;

x4n−3 =


xn
−5x

−n
−1 x−3

−1+bx−5x−3

(
−1+bx−3x−1

−1+bx−5x−3

)bn−1
2 c+1

, if n is odd;

xn−5x
−n
−1x−3

(
−1+bx−3x−1

−1+bx−5x−3

)bn−1
2 c+1

, if n is even;

and

x4n−2 =


xn
−4x

−n
0 x−2

−1+bx−4x−2

(
−1+bx−2x0

−1+bx−4x−2

)bn−1
2 c+1

, if n is odd;

xn−4x
−n
0 x−2

(
−1+bx−2x0

−1+bx−4x−2

)bn−1
2 c+1

, if n is even;

9
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where bx−ix2−i 6= 1 for i = 2, 3, 4, 5.

4.2 Case: a = 1

The solution is given by

x4n−5 = x1−n−5 xn−1

n−1∏
s=0

1 + bx−5x−3s

1 + bx−3x−1s
, x4n−4 = x1−n−4 xn0

n−1∏
s=0

1 + bx−4x−2s

1 + bx−2x0s
,

x4n−3 = xn−5x
−n
−1x−3

n−1∏
s=0

1 + bx−3x−1s

1 + bx−5x−3(s+ 1)
,

x4n−2 = xn−4x
−n
0 x−2

n−1∏
s=0

1 + bx−2x0s

1 + bx−4x−2(s+ 1)
.

5 The case an, bn are 2-periodic

In this case, we have {an}∞n=0 = a0, a1, a0, a1, . . ., and similarly {bn}∞n=0 =
b0, b1, b0, b1, . . . where a0 6= a1, and b0 6= b1. Then the solution is given by

x4n−5 = x1−n−5 xn−1

n−1∏
s=0

as0 + b0x−5x−3
s−1∑
l=0

al0

as0 + b0x−3x−1
s−1∑
l=0

al0

,

x4n−4 = x1−n−4 xn0

n−1∏
s=0

as1 + b1x−4x−2
s−1∑
l=0

al1

as1 + b1x−2x0
s−1∑
l=0

al1

,

x4n−3 = xn−5x
−n
−1x−3

n−1∏
s=0

as0 + b0x−3x−1
s−1∑
l=0

al0

as+1
0 + b0x−5x−3

s∑
l=0

al0

and

x4n−2 = xn−4x
−n
0 x−2

n−1∏
s=0

as1 + b1x−2x0
s−1∑
l=0

al1

as+1
1 + b1x−4x−2

s∑
l=0

al1

as long as any of the denominators does not vanish.
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6 The case an, bn are 4-periodic

We assume that {an} = a0, a1, a2, a3, a0, a1, a2, a3, . . . and {bn} = b0, b1, b2, b3,
b0, b1, b2, b3, · · · . The solution is given by

x4n−5 = x1−n−5 xn−1

n−1∏
s=0

as0 + b0x−5x−3
s−1∑
l=0

al0

as2 + b2x−3x−1
s−1∑
l=0

al2

, (43)

x4n−4 = x1−n−4 xn0

n−1∏
s=0

as1 + b1x−4x−2
s−1∑
l=0

al1

as3 + b3x−2x0
s−1∑
l=0

al3

, (44)

x4n−3 = xn−5x
−n
−1x−3

n−1∏
s=0

as2 + b2x−3x−1
s−1∑
l=0

al2

as+1
0 + b0x−5x−3

s∑
l=0

al0

(45)

and

x4n−2 = xn−4x
−n
0 x−2

n−1∏
s=0

as3 + b3x−2x0
s−1∑
l=0

al3

as+1
1 + b1x−4x−2

s∑
l=0

al1

(46)

as long as any of the denominators does not vanish.

7 Conclusion

In this paper, non-trivial symmetries for difference equations of the form (1) were
found. Consequently, the results were used to find formulas for the solutions of
the equations. Specific cases of the solutions were also discussed.
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