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Second order duality for multiobjective optimization
problems

Meraj Ali Khan, Falleh R. Al-Solamy

Abstract

In this paper, we first introduce a new class of generalized convex functions,
called second order (F, a, p, d)-V-convex functions and then discuss appropriate du-
ality results for second order Mangasarian type, Mond-Weir type and general Mond-
Weir type multiobjective duals.

Keywords: Multiobjective optimization; Second order generalized convex functions;
Weak efficiency; Duality

Mathematics Subject Classification 2000: 90C29, 90C30, 90C46, 49N15

1. Introduction

Optimization theory is one of the most lively and exciting branch in modern
mathematics, in which the importance of convexity is well known. But the notion
of convexity does no longer suffice for many mathematical models used in decision
sciences, economics, management sciences, stochastics, applied mathematics and en-
gineering. Therefore, various generalizations of convex functions have been provided
for the validity of results to larger classes of optimization problems. The generaliza-
tion of convex functions was originally proposed by Hanson [7], which were named
as invex functions by Craven [4], and n-convex functions by Kaul and Kaur [10].
In [9], Jeyakumar and Mond introduced V-invexity and its generalization for vector
functions. More specifically, Preda [16] introduced the concept of (F) p)-convexity,
an extension of F-convexity defined by Hanson and Mond [8] and p-convexity given
by Vial [17]. Recently, Agarwal et al. [1] introduced a new class of generalized V-
type I functions for a multiobjective problem and discussed sufficiency and duality
results.

Second order duality was first introduced by Mangasarian [11] for a scalar pro-
gramming problem. Mond [13] reproved second order duality results of Mangasarian
[11] under simpler assumptions, and showed that the second order dual has compu-
tational advantages over the first order dual. Zhang and Mond [19] extended the
class of (F, p)-convex functions to second order (F, p)-convex functions and discussed
duality results for Mangasarian type, Mond-Weir type and general Mond-Weir type
multiobjective duals. Aghezzaf [2] introduced new classes of generalized second order
(F, p)-convexity for vector-valued functions and established various duality results
for mixed type vector dual. In [6], Hachimi and Aghezzaf proposed a new class of
generalized second order type I vector-valued functions for multiobjective program-
ming problem and obtained mixed type duality theorems. Ahmad and Husain [3]
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defined a class of generalized second order (F,a, p,d)-convex functions and estab-
lished duality results for Mond-Weir type multiobjective dual. Gulati and Agarwal
[5] established Huard type converse duality theorems for second-order scalar and
multiobjective dual problems showing certain inconsistencies in the earlier work of
Yang et al. [18] and Mond and Zhang [15].

Being inspired by the excellent work of Mond and Zhang [15], Zhang and Mond
[19] and Ahmad and Husain [3], we introduce the concept of second order (F, «, p, d)-
V-convex function and its generalizations, which includes most of the introduced
classes of generalized convex functions. To characterize the introduced definitions,
an example of second order (F,«,p,d)-V-convex function is given. Weak, strong
and strict converse duality theorems are proved for second order Mangasarian type,
Mond-Weir type and general Mond-Weir type multiobjective duals. These results
extend the results appeared in [3, 15, 16, 19].

2. Notations and preliminaries

The following conventions for vectors in R™ will be followed: z 2 y < z; 2

yvi, 1 = 1,2,...,m; x > y < x = y, and there exists at least one i such that
T >y x>y <S>y, ¢ =1,2,...,n. The index sets are K = {1,2,...,k} and
M={1,2,...,m}.

Consider the following nonlinear multiobjective programming problem:

(P) Minimize f(z) = [f1(z), fa(2), ..., fu(z)]
subject toxz € S ={x € X : g(z) £ 0},

where X C R™ is a nonempty open set and the functions f = (fi, fo,..., fx) : X —
R* and g = (g1,92,---,9m) : X — R™ are twice differentiable at 7 € X.

Definition 1. A point Z € S is said to be a weakly efficient solution of (P), if there
exists no other € S such that

fx) < f(z).
The following definitions are due to Mond and Zhang [15]:

Definition 2. Function f : X — RF is said to be second order V-invex at Z € X,
if there exist functions 7 : X x X — R™ and o; : X x X — R, \ {0}, i € K such that

() = 12) + 5 V@)D 2 e, 2)[V(2) + VA (@)ln(e, )
holds for all p € R" and for all z € X.
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Definition 3. Function f : X — R is said to be second order V-quasiinvex at
z € X, if there exist functions n: X x X > R and v;: X x X - R, \ {0}, i € K
such that

k k
;%(%i)ﬁ(m) < ;%(%@)[ﬁ(f) — 50"V fi(7)p]
k
= 2IVi@)+ V2 fi(@)pln(z, ) = 0
holds for all p € R" and for all z € X.

Definition 4. Function f : X — R* is said to be second order V-pseudoinvex at
T € X, if there exist functions n: X x X - R"and 3;: X x X - R, \ {0}, i€ K
such that

k k

Y[V i)+ V2 fi(@)pln(z, 7) 2 0 = iﬂi(% z)fi(x) 2 32 Bil=, 2) [fi(@)—5p" V2 fi(Z)p)

] =1

=1

holds for all p € R™ and for all z € X.

Definition 5. A functional F: X x X x R™ — R is said to be sublinear in its third
argument, if for any x,z € X,

(i) F(z,Z;a1 + ag) = F(x,Z;a1) + F(x,%;a2) YV a1,a2 € R”,
(i1) F(z,Z;a) = aF(z,Z;a) Va € R,a=20and VaeR"™

The following definitions of second order (F) p)-convexity and its generalization
were introduced by Zhang and Mond [19]. Let F' be a functional sublinear in its
third argument, ¢ : X — R be twice differentiable at z € X, d: X x X — R be a
metric and p € R.

Definition 6. Function ¢ : X — R is said to be second order (F,p)-convex at
ze X, it

1
(x) = () + 5" V' o(@)p 2 F(x,7; VH(2) + V*6()p) + pd(z, 7)
holds for all p € R™ and for all z € X.

Definition 7. Function ¢ : X — R is said to be second order (F, p)-quasiconvex at
ze X, if

6(x) < 3(z) — %pTV2¢(ZB)p = F(o,5 V(@) + V2b(3)p) < —pd(z, 7)

holds for all p € R" and for all z € X.
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Definition 8. Function ¢ : X — R is said to be second order (F, p)-pseudoconvex
at z € X, if

F(a, 7 V9(a) + V2()p) 2 —pd(z, ) = 9(a) 2 6(z) — 3o Vp(ap

holds for all p € R" and for all z € X.

Finally, in view of Definitions 2-8 and the concept of generalized second or-
der (F,a,p,d)-convex functions [3], we propose our definitions of second order
(F,a, p,d)-V-convex function and its generalizations as follows:

Definition 9. Function f : X — R is said to be (strictly) second order (F, c, p, d)-
V-convex at z € X, if there exist functions a; : X x X — R, \ {0},7 € K, d :
X x X = Rand p=(p1,p2,.-.,p) €RF such that

filz) = fi(z) + %PTsz(f)P (>) 2 F(z,7;05(z, 2)(V fi(Z) + V2 fi(2)p)) + pid® (2, T)
holds for all p € R™ and for all z € X.

Remark 1.

(i) For k = 1 and «;(z,z) = 1, the above definition becomes that of (strictly)
second order (F, p)-convex function introduced by Zhang and Mond [19].

(i) If p; =0, i € K and F(x,Z;a) = a’n(z, ) for a certain mapping n: X x X —
R™, the inequality reduces to that of (strictly) second order V-invex function
introduced by Mond and Zhang [15].

(133) If ay(x,Z) = a(z,Z), 1 € K, then we get the definition of (strictly) second
order (F,a, p,d)-convex function given by Ahmad and Husain [3].

Following example includes earlierly studied classes as special cases of second order
(F, a, p,d)-V-convex function.

Example 1. Consider the function f = (fi, f2, f3) : X — R3, where X = R such
that

filz) =(z+2)%,  fale)=2-2" f3(z) =—a®—22.
The feasible region is S = {x € X : z = 2}.

Let F(z,Z;a) = &(2* + 2% — 4); au(2,T) = 2; az(x,z) =4; az(z,z) = 12;
pr=-1 pp=1; p3=—-1;d(z, )=z —Z+2|; p=2; T=2.
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It can be seen that f = (fi, fo, f3) is second order (F, «, p, d)-V-convex for all z € X

file) = f1(z) + 30" V2 fi(@)p = 2® + 4o — 8

2 F(z,z; 01 (a, )(Vf1( ) + V2 fi(@)p)) + prd*(2,7) = 27, (1)
f2(z) = fo(2) + 3" V2 fo(2)p =
> F(z,7;00(2, ) (V f2(Z) + V2 fo(Z)p)) + pod®(z,7) = —gxg, (IT)

fs(z) = f5(2) + spT V2 f3(Z)p = —2 — 20 + 4

> F(x,7;a3(z,7)(Vf3(2) + V2 f3(2)p)) + psd*(x,Z) = — 1122 (I17)

The above inequalities show that f = (f1, f2, f3) is second order (F, a, p, d)-V-convex
forall p e R at Z.

If aj(z,2) = ao(x,Z) = as(z,z) = 2, then Inequality (II) does not hold. If
a1(x,Z) = a(z,Z) = as(x,z) = 4, then Inequality (I) is not satisfied. Similarly,
if a1(z,Z) = as(x,Z) = as(x,z) = 12, then Inequality (I) is not satisfied. Hence,
f = (f1, f2, f3) is not second order (F,a, p,d)-convex [3] for all p € R at Z.

Let ay(x, %) = as(z,Z) = ag(x,Z) = 1. Then Inequality (II) does not hold. There-
fore, f = (f1, f2, f3) is not second order (F, p)-convex [19] for all p € R at z.

Let p1 = pa = p3 = 0. Then Inequalities (I) and (II) are not satisfied. Hence
f = (f1, f2, f3) is not second order V-invex [15] for all p € R at .

Definition 10. Function f : X — R” is said to be (strictly) second order (F, &, p, d)-
V-quasiconvex at € X, if there exist functions &; : X x X - R, \ {0},i € K, d:
X x X — R and p € R such that

k k
Z z, %) fi(z) = Z z)fi(z) ——PTV2Z% ,Z) fi(T)p

k

= F(z,7; Y (Vfi(®) + V2 fi(@)p)) + pd*(x,7) (<)

i=1
holds for all p € R™ and for all z € X.

A
o

Definition 11. Function f : X — R” is said to be (strictly) second order (F, @, p, d)-
V-pseudoconvex at & € X, if there exist functions @; : X x X — R \{0},i € K, d:
X x X — R and p € R such that

F(x,z; i(Vfi(jz) + V2f(Z)p)) + pd*(z,7) = 0

=1

1199 Meraj Ali Khan et al 1195-1213



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.7, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

S @@ ()2 X ale () - BTV ale o)

i=1
holds for all p € R™ and for all z € X.

Remark 2. By using the sublinearity of F', one can see from the above definitions
that a second order (F,«, p,d)-V-convex function is both second order (F, &, p, d)-

1 k
V-pseudoconvex (with @; = —, i € K and p = ) —p;) and second order
(e 73 i=1 Q4 (l‘, l‘)
1 k 1
(F, &, p,d)-V-quasiconvex (with &; = —, i € K and p = >, ———p;). Obviously,
Qy =1 iz, T)

the converse is not necessarily true.
Following Kuhn-Tucker theorem will be needed in the sequel:
Proposition 1 [12]. Let Z be a weakly efficient solution of (P) at which the Kuhn-

Tucker constraint qualification is satisfied. Then there exist A € R¥ and v € R™
such that

k m
S OVNAE) + D Vugi(E) =0,
i=1 j=1

> ujg;(z) =0,
j=1

3. Mangasarian type duality

In this section, we consider the following second order Mangasarian type dual
for (P) and discuss duality results.

(SD) Maximize (fi(y) +u”g(y) — 30" V2(f1(y) +u"g(y))p,

o) +ulg(y) — 0" VA(fre(y) +uTg(y))p)

subject to
k m
Y (VALY) + VN Siw)p) + D (Vug(y) + Viuyg5(y)p) = 0, (1)
=1 j=1
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Let @ be the set of all feasible solutions of (SD).

Theorem 1 (Weak duality). Suppose that for all x € S and (y,u, A\, p) € Q,

(7) f is second order (F,a, p,d)-V-convex at y, and g is second order (F, &, p, d)-
V-convex at y;

ko)
X —— _=1andé(z,y) =1, j € M; and
W &) =g
(13i) > A —I—iu'ﬁ >0
=1 oz@(x,y) j=1 =
Then
m 1 .
filz) £ fily) + Zujgj(y) - —pTV2 (fily Zu]g] )p, i€ K. (5)
j=1

Proof. Suppose contrary to the result that (5) cannot hold, i.e.,
) < fily +Zu]gy - —pTV2 (fily) + Zuggy )p, i € K,

which on using (2), (3), a;(z,y) > 0, i € K and hypothesis (i7) becomes
k

k m k "
Z A fl Z + > uig(y) — %pTVQ { ;\%{ZZ(Z)) T Z“jgj(y)}p’
=1 i=1 " j=1

Z
=1 7 Y

k m k m
) )

According to hypothesis (i), it follows that

filz) = fily) + 5PTV2fi(y)p 2 F(z,y; 05(z,y)(Vfily) + V2 fi(y)p)) + pid®(x, y)

and

gi(z) — g;(y) + %pTVng(y)p > F(z,y; 05z, 9)(Vg;(y) + Vg (y)p)) + p;d*(z,y).

On multiplying the first inequality by >0, i € K and second by u; = 0,

Ai
Q; ('7j ) y)
with &;(z,y) =1, j € M, then summing over ¢ and j respectively, and on using the
sublinearity of F', we have
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k m X .
Z; 2;{;:(,3;)) * Z w95 () = Z; 2;{;%)) - Z u;g;(y)

k m
2 F (xy Y (VAfily) + V2Aifi(y)p)> +F (xy > _(Vug;(y) + Vu;g;(y )p)>

i=1

Q

) )\Z(fal:(,z)) + Zujgj Z AZfZ(y Z“jgj )

i=1

which by virtue of hypothesis (iii) gives

k m X .
Z; 23{;(,3 " 2; 439i() = Z; 2;{;%)) - Z u;g;(y)

By u 2 0 and g(x) < 0, it follows that

Zla.f()) Za ;uygj y)+ P {

a contradiction to (6). This completes the proof. a

£Mw
>/
}H
S
+
INgE
I~
.

L
<
—
=

|
o

Theorem 2 (Strong duality). Let Z be a weakly efficient solution of (P) at which the
Kuhn-Tucker constraint qualification is satisfied. Then there exist A € RF, 4 € R™
and p € R™ such that (Z,a, A\,p = 0) € @ and the corresponding objective values of

8
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(P) and (SD) are equal. If, in addition, the hypotheses of weak duality (Theorem
1) hold, then (z,u, A\,p = 0) is a weakly efficient solution of (SD).

Proof. Since Z is a weakly efficient solution of (P) at which the Kuhn-Tucker
constraint qualification is satisfied, from Proposition 1, there exist A € R* and
@ € R™ such that

k m
S OVNAE) + D Vigi(E) =0,
=1 Jj=1
ujg; (j) =0,
=1

Therefore, (z,1,\,p = 0) € Q and the corresponding objective values of (P) and
(SD) are equal. Weak efficiency of (Z,u,\,p = 0) thus follows from weak duality
(Theorem 1). O

Theorem 3 (Strict converse duality). Let Z € S and (7, @, A, p) € @ such that
ok ko m 1 e, ko m
(1) 2 Nfi(@) = YoM Sfi(y) + X0 us95(y) — 5PV Z Aifi(y) + Zajgj(?) p;
i=1 i=1 Jj=1 2 i=1 j=1

(1) f is strictly second order (F,a, p,d)-V-convex at y with «;(z,9) =1, i € K
and g is second order (F, &, p, d)-V-convex at g with &;(z,y) =1, j € M; and

(iif)

k
=

Xipi + > up; 2 0.

1 j=1

Then x = .

Proof. We assume that Z # g, and exhibit a contradiction. Using (2)-(4), hypoth-
esis (i1), and the sublinearity of F', we obtain

PIRTAGESS S\z‘fi(ﬂ)ﬂL%ﬁTvz Z Nfi(g)p > F (573; 7; > (VL) + V25\z’fi(3?)ﬁ)>

=1 =1 =1
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Adding these inequalities, we get

k m
Z Aifi(@ +Z ;9(% Z iy Z ;9§ %ﬁTW {Z Nfi() + D i;(9) } P
i=1 j=1

k m
3 Npid(3,9) + > 157, 7)
i=1 J=1
k m
> F (:g Y (VAL) + VEAL@)D) + Y (Vag(y) + VQujgj(wp))
=1 Jj=1

k m
+Z Xipid®(Z, gj)+z u;p;d*(z,7) (by the sublinearity of F),
i=1 j=1

which on using (1) and F(z,y;0) = 0 gives

Zj\ifi(:i)—FZu]g] ZA i@ Zu]g] {ZA filg +Zujgj(y>}p
k B m

This inequality along with hypothesis (iii), 2 = 0 and ¢(z) < 0 yields

k m k m
Zj\zfz('f) Z Z p'Vv? {Zj‘zfz(g) +Zﬂjgj(27)}]5> 0,
1=1 i=1 7=1 i=1 j=1
a contradiction to hypothesis (7). Hence, T = §. O

4. Mond-Weir type duality

In this section, we present the following Mond-Weir [13] type dual associated
to (P):

(MD) Maximize (f1(y) — 50" V2 f1(y)p, - .., fr(y) — 50" V> fe(y)p)

10
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subject to
k m
Y (VASi(y) + VAN Lw)p) + Y (Vusg(y) + Vug5(y)p) = 0, (8)
i=1 j=1
iy _1 724 0. > e M
u;9;(y) — 5" Vousg;(y)p 20, j € M, (9)
A2>0, (10)
k
d =1, (11)
=1
u>0.  (12)

Let U be the set of all feasible solutions of (MD). In this section and in
Section 5, f* denotes the vector (\ifi,Xafa,..., \fx) and g* denotes the vector
(U191, U292, - - - UmGm)-

Theorem 4 (Weak duality). Suppose that for all x € S and (y,u, A, p) € U,

(i) f* is second order (F,a, p,d)-V-pseudoconvex at y, and g* is second order
(F, &, p,d)-V-quasiconvex at y; and

(i1) p+p=0.

1 .
fi(z) £ fily) — §pTV2fi(y)pa i€ K. (13)
Proof. Since x € S and (y,u, \,p) € U, we have
1 .
u;95(%) = 0 = ujg;(y) — 50" Viug;(y)p, j € M.

As aj(z,y) >0, j € M, we get

m 1 m R
Z (l’ y u]gj Z 053 x y ujg] ) - §pTv2 Zaj(xay)ujgj(y)p'
j=1 j=1

Using second order (F, &, p, d)-V-quasiconvexity of g at y, we obtain

F (l’, y; > (Vug;(y) + Vz“ij(Z/)P)) + pd*(z,y) £ 0. (14)

Jj=1

11
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The equation (8) along with the sublinearity of F' gives

F (x v > (VAifily) + VgAM@/)p)) +F (x v; Yy (Vuyg;(y) + Vzujgj(y)p)>

i=1 Jj=1

k m
> F (az,y;Z(V)\ifi( )+ VAN fily +Z Vu;gi(y) + Vu,g;(y)p )) =0. (15)

i=1

Inequalities (14), (15) and hypothesis (i) imply
k
F (90; Y; Z(VAzfz(y) + v2)‘ifi(y)p)> + pd*(z,y) 2 0,
i=1

which by second order (F, &, p, d)-V-pseudoconvexity of f* at y yields

k k
1
A ) = — Zply? s f. ] 1
E ai(z,y)\ifi(r) = E: i@y Nifily) =57V ;:1 ai(z,y)Aifily)p.  (16)
Now suppose contrary to (13), i.e.,
1 .
filz) < fily) — 5PTV2fz‘(y)p, i€ K.

k
Using A =20, > A\ =1, and a;(x,y) >0, i € K, we get
i=1

k k k
1
> (@ y)hifilz) < Y ailzy)hifily) - 5PTV2 > ai(w, y)\ifi(y)p,
i=1 i=1 i=1
a contradiction to (16). Hence the theorem. a

The proof of the following weak duality theorem is similar to that of Theorem
4, and hence is omitted.

Theorem 5 (Weak duality). Suppose that for all x € S and (y,u, A, p) € U,

(i) f* is second order (F,@,p,d)-V-quasiconvex at y, and g% is strictly second
order (F,a, p,d)-V-pseudoconvex at y; and

(i) p+p=0.
Then ]
filz) £ fily) — §pTV2fi(y)p, i€ K.

12
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Since the proof of the strong duality theorem follows on the similar lines of
Theorem 2, we just state the theorem but omit the details of the proof.

Theorem 6 (Strong duality). Let Z be a weakly efficient solution of (P) at which the
Kuhn-Tucker constraint qualification is satisfied. Then there exist A € R*, @ € R™
and p € R" such that (Z, 4, \,p = 0) € U and the corresponding objective values of
(P) and (MD) are equal. If, in addition, the hypotheses of weak duality (Theorem
4 or 5) hold, then (Z, %, \, p = 0) is a weakly efficient solution of (MD).

Theorem 7 (Strict converse duality). Let Z € S and (¥, 4, A, p) € U such that

k

(1) Yo Nifi(®) = . Aifi(y) — %ﬁTV2 .il)‘ifi(y)p;

=1 %

B

(i7) f* is strictly second order (F,a, p,d)-V-pseudoconvex at y with &;(z,7)
=0(7,7), i € K and g" is second order (F,a, p, d)-V-quasiconvex at g; and
(i) p+p = 0.
Then z = y.

Proof. We assume that z # y and exhibit a contradiction. Since z € S and
(y,u, \,p) € U, we have

_ _ _ _ 1_ _ .
;9;(%) = 0 = wj9;(9) — 5" V*u0,(§)p, J € M.
By &;(z,y) > 0, j € M, it follows that
a;(z,9)u;9;(y) — 307 V2 Y &;(Z, §)u;g;(9)p.

1 7j=1

s

f:l a;(Z,9)u;g;(T) =

On using second order (F,a, p, d)-V-quasiconvexity of g% at g, we get

J

F(z,y; i(v%gj (@) + V?u,9;(7)p)) + pd*(Z,7) < 0. (17)

j=1
Now from (8), (17), hypothesis (i7i) and the sublinearity of F', we obtain
k _ _
F(z,y; ;(VAifi(g) + V2\ifi(9)p)) + pd’(2,9) 2 0.
The strict second order (F, @, p, d)-V-pseudoconvexity of fj‘ at ¢ yields
k _ k _ . k _
;di(ff, PN fi(Z) > ; & (Z, PN fi(y) — 507 V22 @(Z, 7) N fi(9)p.

7 =1

13
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Since a;(z,y) = 0(z,7), i € K, we have

5. General Mond-Weir type duality

For (P), we present the following second order general Mond-Weir type dual:

(GD) Maximize ( A) + X wigiy) — 3" VA(fily) + X uigi(y))p,s

J€Jo Jj€Jo

L Se) + X wgi(y) — 0TV (fr(y) + 2 ujgj(y))p>

j€T j€To
subject to
k m
Y (VALY) + VN Siw)p) + D (Vug;(y) + Viuyg5(y)p) = 0, (18)
i=1 j=1
1 .
ujgj(y) - §pTv2u]-gj(y)p Z 0, 7€ Jﬁv p=12...,m (19)
A0, (20)
k
d =1, (21)
i=1
u =0, (22)

where J3 C M, =0,1,2,...,r with J Jg=M and JgNJ, =0, if 3 #~.
#=0

Remark 3. Let J3 = (). Then the dual (GD) reduces to Mangasarian type dual
considered in Section 3. If J, = ), then (GD) becomes Mond-Weir type dual dis-
cussed in Section 4.

Let Y be the set of all feasible solutions of (GD).

Theorem 8 (Weak duality). Suppose that for all x € S and (y,u, A\, p) € Y,

(1) (Aifitus,g1,)ick is second order (F, &, p, d)-V-pseudoconvex at y, and (u;9;) e,
f=1,2,...,r is second order (F,a, p,d)-V-quasiconvex at y; and

(12) ﬁ+ﬂZﬁﬁ 2 0.
=1

14
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Then

% fz + Z u].g] - _pTv2{fz ‘I' Z u]g] }p, (S K. (23)

JEJO ]eJo

Proof. Since x € S and (y,u, \,p) € Y, we have

1 .
ujgj(x) g 0 g ujgj(y) - §pTV2Ujgj(y)P> J S Jﬂa ﬁ = 1727 -, T
As aj(z,y) >0, j € Jg, we get

> a(x,y)uigi(e) = X0 a5z, y)uigs(y)—5p" V2 X &5z, y)usgi(y)p, B =1,2,.
Jj€Jg Jj€Jg Jj€Js
The second order (F, &, p, d)-V-quasiconvexity of (u;g;)jes,, 8 =1,2,...,7r at y im-
plies

F (l’,y; > (Vugg(y) + VQUjgj(y)p)) +ppd®(z,y) 20, 6=1,2,...,r.  (24)

jEJﬁ

Inequality (24) along with (18), hypothesis (i7) and the sublinearity of F' yields
k

F (az Yi ZI(VA@-J‘;-(Z/) + V2 fily)p) + Z; (Vu;g;(y) + Vgujgj(y)p)>
1= J1€Jo

+ pd*(z,y) = 0.

On using second order (F, @, p, d)-V-pseudoconvexity of (\;f; + wy, g7, )icx at y, we
obtain

=

.
—_

i@@-(%y) (Azfz(a:) + > “j&b’(@) 2 > ai(z,y) <>‘zfz(y) + > “jgj(y)>

i=1 jedo jes

J€Jo

— 'V (éai(fﬁay)(&ﬂ(y) + > ujgj(y))> p. (25)

Now, suppose contrary to the result that (23) cannot hold, then by v = 0 and
g(x) £ 0, it follows that

filz) + 3 uigi(z) < fily) + X0 wig;(y) — 50" VH{Si(y) + X wigi(y)ip, i € K.

jedo jedo j€do
Using (20), (21), a;(z,y) > 0, ¢ € K and summing over 7, we get
k

> i, ) Ofile) + X u;9;(2)) < 3 iz, y)(Nifily) + 22 u;95())

i=1 jeo i=1 jeds

15
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WIS e )W)+ T w0

Jj€Jo
a contradiction to (25). This completes the proof. O

The proof of the following strong duality theorem follows on the lines of Theo-
rem 2 and hence being omitted.

Theorem 9 (Strong duality). Let Z be a weakly efficient solution of (P) at which the
Kuhn-Tucker constraint qualification is satisfied. Then there exist A € R*, @ € R™
and p € R” such that (Z,%,\,p = 0) € Y and the corresponding objective values of
(P) and (GD) are equal. If, in addition, the hypotheses of weak duality (Theorem
8) hold, then (Z, 1, A, p = 0) is a weakly efficient solution of (GD).

Theorem 10 (Strict converse duality). Let 7 € S and (¢, @, \,p) € Y such that
ko ko
(6) 2 ASil@) = X NS0) + 2 09;(9) — 50" VA(Si®) + X 1;95(9));
i=1 i=1 j€ds i€l
(i5) (Nifi+u% g7, )iex is strictly second order (F, &, p, d)-V-pseudoconvex at § with

a;(z,y) = 0(z,y), i € K and (u;9;)jes;, B8 = 1,2,...,7 is second order
(F, &, p, d)-V-quasiconvex at g; and

Proof. We assume that z # y and exhibit a contradiction. Since z € S and
(y,u,\,p) € Y, we have

L N .

ujgj(x) g 0 g ujgj(y) - EPTV2Ujgj(Z/)P> ) € Jﬂa ﬁ = 1727 e, T
As a;(z,y) > 0, j € Jg, it follows that
> 6&;(7,9)ui9;(2) = 32 64(7,9)u59,(5) 50" VX &5(7,9)ui9;(9)p, B=1,2,...,m.
j€Js J€Js VSV

The second order (F, &, p, d)-V-quasiconvexity of (%;g;)jes,, 8 =1,2,...,7 at g gives

F |z, z; (Vag;(9) + V2u;9;(9)p) | +pad?(@,9) = 0. (26)
JEJp
The inequality (26) along with (18), hypothesis (i77) and the sublinearity of F' yields

k _ _
F (3_3; s ;(V)‘ifi(g) + V32X, f;(9)D) + ; (Va,g;(5) + V*u,9;(7)p)
+ pd*(z,9) 2 0.

16
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On using strict second order (F, @, p, d)-V-pseudoconvexity of (\; fi + @%_g,. )icx at
i, we obtain

idi(iﬁﬂ) <>\¢fi($) + X Ujgj(ff)> > iilai(l',y) (Aifi(y) + > Uij(?J))

i=1 j€Jo j€Jo

i=1 j€o

k _
—3p" V? (Z ai(z, ) (N fi(y) + 22 ﬂij(’tJ))) p,
which by the feasibility of z for (P) gives

i@i(jvg)Aifi<j) > idi(ffag) (Xifi(y) + Ujgj(ﬂ))

J€Jo

—ﬁ“ﬂ<i®@@ﬂ&mm+§:%%®0ﬁ~

]EJO

Since @;(z,y) = 0(z,7), i € K, we obtain

ko ko ko
ZMM@>ZMM@+Zﬂm@%ﬁfW<ZMM@+ZﬂM@0R
i=1 i=1 j€ds i=1 jeds

a contradiction to hypothesis (7). Hence, T = . O
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ON A FIFTH-ORDER DIFFERENCE EQUATION

STEVO STEVIC*, JOSEF DIBLIK, BRATISLAV IRICANIN, AND ZDENEK SMARDA

ABSTRACT. We investigate the following difference equation
In—3Tn—4Tn—>5

b
xnflanQ(an'*bnxn73$n74$n75)

Ty = ’neNo,

where (an)nen, and (bn)nen, are two real sequences and the initial values
Z_5,...,2_1 are real numbers. The case when the sequences (an)nen, and
(bn)nen, are constant is thoroughly studied. Our results considerably extend
some results in the recent literature.

1. INTRODUCTION

There has been a great recent interest in nonlinear difference equations and
systems of difference equations (see, for example, [1]-[6], [8]-[14], [18]-[43] and the
references therein), and, among them, some renewed interest in the difference equa-
tions and systems which can be solved in closed form (see, for example, [1]-[4], [6],
8], [19], [22], [23], [26], [27], [29]-[37], [39]-[43] and the related references therein).
For some classical methods for solving difference equations and systems see, for
example, [7], [16] and [17]. Many of the papers in the theory deal with difference
equations and systems which can be regarded as perturbations of solvable ones (see,
for example, [25] and [38]), so that their solutions are frequently compared with the
solutions of the solvable ones, or are connected with some other solvable equations
as it is the case in [21], [25] and [38]. This fact also shows the importance of solvable
difference equations and systems.

Among the papers in the area there are some which present formulas of some
particular difference equations and/or systems of difference equations which are
almost always proved by induction, but do not give any theoretical explanation
related to the presented formulas and how the equations/systems can be solved.
Paper [22] by S. Stevié¢, in which a natural explanation is given for the formula
presented in [8], motivated numerous authors to re-attract their interest in difference
equations which can be solved in closed form. Various other explanations and
extensions of some results in the literature can be also found in papers [26], [36]
and [41].

It is said that the difference equation

xn:f(xn—lw-')mn—k)v nENO,

where k € N, is solvable in closed form if every solution can be written in terms of
the initial values x_,...,z_1 and index n only.

2000 Mathematics Subject Classification. Primary 39A20.

Key words and phrases. Difference equation, equation solved in closed form, asymptotic
behavior.
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Paper [43] is one of the papers of above mentioned type. Namely, formulas for
solutions of the next four difference equations

Tp—2Tn—-3Tn—4

x = n €N 1

e xnmn—1(1+'xn—2xn—3xn—4)7 0 ( )
Lpn—2Ln—3Ln—4

Tp41 = n € Ny 2

nr xnxnfl(l_'xn72xn73xn74)7 ’ ()
Tp—2Tn—3Tn—4

Tn+l = n € Ny 3

nr xnzn—l(‘J-+’xn—2xn—3xn—4)7 ’ ( )
Tp—2Tp_3Tp—

Tpir = n—24n—-34n—4 ne NO; (4)

$n$n71(—1'—$n72$n73$n74y
are presented in [43] and for some of them are given sketches of the inductive proofs,
but there are no theoretical explanations for the formulas.

A natural problem is to extend the results in [43] and give theoretical explana-
tions for formulas presented therein.

Here, we will study the next difference equation

Tp—3Tn—4Tn—5

xn—lxn—Q(an/+'bnxn—3xn—4xn—5)’

T, = n € Ny, (5)
where (an)nen, and (b )nen, are real sequences and the initial values x_5, ..., z_1
are real numbers, which is a natural extension of equations (1)-(4) (we shifted the
indices backward for one, since the equation in this form as well as the result might
look clearer).

To deal with equation (5) we essentially use the idea in [22], later exploited in
numerous papers, where a suitable change of variables is used so that the equation
therein is transformed into a solvable difference equation (see, for example, [1], [2],
[4], [19], [27], [29)-[31], [33]-[37], [39]-[42]).

Solution (xy,)n>—s, of the difference equation

Tn :f<.’1,'n71,...,.’15n73), TLGNQ, (6)
where f : R® — R, s € N, is called eventually periodic with period p, if there is an
n1 > —s such that

Tntp = Tp, for n>ng.
It is called periodic with period p, if ny = —s. For some results in this area see,
e.g. [5,9, 10, 11, 12, 13, 14, 15, 18, 20, 24, 28] and the references therein.
Throughout the paper we use the following standard conventions

l
Zaj =0, when k>I,

and

where k£ and [ are integers.

2. FORMULAS FOR WELL-DEFINED SOLUTIONS OF EQUATION (5)

Assume that (x,,),>—5 is a solution of equation (5). If z_5 = 0 or z_4 = 0 or
x_3 =0 and z_2 # 0 # z_1, then from (5) we see that zg is or not defined (if
ag = 0) or g = 0, and consequently z; is not defined. If z_5 =0 or z_; = 0, then
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from (5) we see that xp is not defined. This means that if one of the initial values
xz_j, j€{1,...,5} is equal to zero, then such a solution is not defined.

Now assume that z,, = 0 for some ny € Ny, that z; are defined when —5 <
i < ng, and that ng is the smallest index for which a member of the solution is
equal to zero. Then, from (5) we see that x,,—3 = 0 or x,,—4 = 0 or Z,,—5 = 0,
which along with (5) would imply respectively that x,,_o if ng > 2 is not defined,
or x,,_3 if ng > 3 is not defined, or x,,_4 if ngp > 4 is not defined, which would be
a contradiction with the fact that x,, are defined for —5 < n < ng.

If ng = 2, then we have that z_;y = 0 or x_5 = 0 or x_3 = 0, if ng = 1, then
we have that z_5 =0 or z_3 = 0 or x_4 = 0, while if ng = 0, then we have that
r_3=0orxz_4 =0o0r x_5 =0. So, in these three cases we have that at least one
of the initial values is equal to zero, and consequently by previous considerations
such solutions are not defined.

If ng = 3, then from (5) we have that zp =0orz_; =0o0rz_2=0. Ifz_; =0
or x_s = 0, then zg is not defined, while the case g = 0 has been previously
considered.

If ng = 4, then from (5) we have that x; =0 or zg =0or z_; =0. If z_; =0,
then z( is not defined, while the cases z; = 0 or xy = 0 have been previously
considered. Thus, according to all above mentioned such solutions are not defined.

Hence of some interest are solutions for which

x_j;éO, jE{l,...,5},
since for them it must be
Tp # 0, n > —b. (7)

Now assume that (2, )n>_5 is a well-defined solution of equation (5). By previous
considerations we have that (7) holds, so that for every well-defined solution we can
use the following change of variables

1

)
TpTn—1Tn—-2

n> -3, (8)

Yn =
which transforms equation (5) into the following linear third-order difference equa-
tion

Yn = GnYn—3 +bn, n € Np. (9)

Now note that every integer n > —3 can be written in the following form n =
3m + i, for some m > —1 and ¢ € {0,1,2}. Hence, equation (9) can be written in
the next form

Y3m+i = @3m+iY3(m—1)+i T b3m+i, ™M € N, (10)
where ¢ € {0,1,2}.

This means that the sequences (Ysm+i)m>—1, ¢ € {0,1,2}, are solutions of the

following three linear first order difference equations
Zm = A3m+iZm—1 + b3m+i7 m e NO; (11)

i€{0,1,2}.
The linear first order difference equation is solved in closed form and by using
well-known formula for its solution we have that

m m m
Y3m—+i = Yi—3 H agj+i + Z b3144 H asj+i, m € Ny, (12)
=0 1=0 j=l+1
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i € {0,1,2}. This formula can be easily obtained, for example, if we multiply the
next equalities

Ysi+i = 314+iY3(1—1)+i + b3i+is

by H;”:Hl asj+i, L =0,1,...,m, and sum up such obtained equalities ([17]).
Now we find formulas for well-defined solutions of equation (5). From (8) with
n = 3m + i, we have that

1
T3m+i —
Y3m+iT3m—+i—1L3m4-i—2
T3m+i—3 Y3m+i—1
_ m—+1 _ m—+i T3(m—1) ti- (13)
Y3m—+iT3m+i—1L3m+i—2T3m—+i—3 Y3m+i
By repeating use of (13) we obtain
m
"Egm:l'_gl_[M, m > —1, (14)
o Y3s
s=0
and
m ) )
T3mti = Ti—6 H 34‘35*7’*17 m > —1, (15)
em_1 Y3s+i
for i € {1, 2}.

Using formula (12) in (14) and (15) we obtain formulas for general solution of
equation (5)

m
Y3(s—1)+2
Ty =y [ 02
5=0 Y3s

m

-1 1 1
- H Y-1 Hj:o asgj+2 + ZZS:O b3i42 H;:Hl as;+2
=z_3 . ( :
sty llimoasy + X0 bar [Tj—ih1 a3
_ —1 —1 s—1
el (zo1w—22—3) " T30 asjee + 20720 barra [T52 14 asjto
=z_3

o (@esroams) Mg as; + g ba [5— 1 ass

, (16)

Y3s+i—1
Y3s+i

L3m+i — Li—6

s=—1

m S S S
. H Yi—a [0 asjri—1 + 20—0 barvi—1 [ [y asjria
= Li—6 s s S
o0 vims im0 asivi + 2010 baiti [ 1241 asjv

" (i—aTio5Tig) " Hj:o azjpi-1+ 2o barrio1 [[j—yy1 asj4i
= Ti—6 H 3 5 3
' (Tim3mi—ai—5) " [15g asji + 2i—g baiwi [Tj=yy 1 a3jti
(17)

for m > —1 and for ¢ € {1, 2}.
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3. CASE WHEN SEQUENCES a, AND b, ARE CONSTANT

In this section we consider the case when the sequences (an)nen, and (bn)nen,

are constant, that is, when

an = a, b, =0, n € Np.
In this case equation (5) becomes
Ln—3Tn—4Tn—5
n — y € Np. 18
v Tn—1Zn—2(a + bTp_3Tn_aZn_s) mero (18)
By using formulas (16) and (17) in this case we obtain
T3m = T_ Sﬁ(x 10-20-3) H +Z HJ l+1a
i T T ) ey | P Oa+2l oij +1 @
m
B b as— -1
B (T > ) "
o (@oszogmos) et + b o a~
m > —1, and
i = T ﬁ (®i—awi—s2i-6) " [[joga + 2o bl i1 @
S—— 1(.%'1 3L;—4T;— ) H] 0a+Zl ObHJ l+1a
m 1gstt b
— H (Ti—a%i—5Ti—6)” +b>_a% ’ (20)
- (1’1 3L;—4L5— 5) las*1 + bZl 0 0% !
for m > —1 and for i € {1,2}.
We have now two cases.
3.1. Case a # 1. In this case formulas (19) and (20) become
T3m = T 3H (212 -p7-5)"'a" +b Y1 a*
" i (Tsraz5)"las T + bZz:o as~!
o, ﬁ (r_12_97_3)"ta*(1 —a) + b(1 — a®)
_ 1 (2_32_42_5)"1a*T1(1 — a) + b(1 — as+1)
" 1 —a)(r_1w_ox_3)" L —b)+b
=x_ , 21
31_‘[ S+1 (ZL’ 3L _4X 5) b)+b ( )
m > —1, and
T =x; ﬁ (@i-a2i-5Tiz6)” 1SH_'_bzloa
3m+i i— 1l 1(1'1 ATi_ATi_ 5) 1as+1+bzl Oas l
Pater (ncz 3Ti—4Ti_5 ) Las+1(1 —a) +b(1 — as+1)
" st1((1 — i—AT; 5T — -1 _p b
— i g as+1(( aNTi-aiosTizg)” —B) £5 (22)
=1 a ((1 — a)($i73$i74$i,5) - b) + b
for m > —1 and for ¢ € {1, 2}.
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3.2. Case a = 1. In this case formulas (19) and (20) become

T 1T _oT_ 3) L+ bs
m = , 23
3 $3Hx3x L b ) (23)

m > —1, and

xz 4T 54— 6) ! + b(S + 1)
m+i — Li— N 24
T3m+i — Ti—6 snl (SC»L 3T 4T 5) 1 + b(S + 1) ( )

for m > —1 and for ¢ € {1,2}.

3.3. Asymptotic behavior of solutions of equation (18). Here we study the
asymptotic behavior of well-defined solutions of equation (18). Prior to stating
and proving our results we introduce some quantities which will be used in the
statements of the results.
Set

(1—a)(x_1x_ow_3)"1 —b
a((1— a)(x,gm,4x,5)_1 —b)’
1 —a)(wi_ami_sTig) " =D

1—a)(wi_smiqwi5)" 1 —b
where ¢ = 1,2, and set
1 1

KO = - - ]-7
33_133_233_3() I_3$_433_5b

1 1 1
AT
b\ Zi—aTi—5Ti—6  Ti—3Ti—4Ti_5

where 1 = 1, 2.
Our first result considers the case |a| > 1, b # 0.

Theorem 1. Assume that |a| > 1, b # 0, and (xn)n>—5 is a well-defined solution

of equation (18). Then the following statements are true.

(a) If |Lo| < 1, then x3,; — 0 as m — +oo.

(b) If |Lo| > 1, then |z3m| — 400 as m — +o0.

(c) If Ly = 1, then the sequence (T3m)m>—1 is constant.

(d) If Ly = —1, then the sequences (Tem)men, ond (Tem+3)m>—1 are convergent.

(e) If |L;| <1, for some i € {1,2}, then x3m+i — 0 as m — +oo.

(f) If |L;| > 1, for some i € {1,2}, then |Tgmyi| — +00 as m — +oo.

(9) If L; =1, for some i € {1,2}, then the sequence (Tgm+yi)m>—2 i constant.

(h) If L; = —1, for somei € {1,2}, then the sequences (Tem—+i)m>—1 and (Tem+3+i)m>—1
are convergent.

Proof. (a), (b) Let
a*((1 —a)(x_12_ox_3) 1 —b)+b

= . 25
p a1 ((1—a)(z_sz_4z_5)" 1 —b)+0b (25)
Then we have
1—a)(z_17_sx_3)"' —b b
lim p, = lim (I —a)(@_17_27_3) )/a+ ab+1 y (26)
s—+00 s—+00 (1 — a)($_3$_4l'_5) —b+ g+1
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From (21) and (26), these two statements easily follow.
(c¢) In this case, we have that

(1 —a)(z_12—0z_3)~ ' —b)/a+ L

s = =1, seNg. 27
(I—a)(z_sz_gz_5)" ' —b+ b 0 @7)
From (21) and (27) the result easily follows.
(d) Since Ly = —1, and by using the asymptotic relation
1

when z is close to the origin, we have that

(1—a)(z_3r_42_5)" 1 —b— asb+1

(1—a)(x_sz_gz_5)"t—b+ as%

s

b
- <1 B a1 ((1—a)(z_gx_g2_5)"1 — b))
b
. (1 - ast((1—a)(z_gzr_g2z_5)"1 —b) + O(ais))

:—(1+O(a15))7 (29)

for large enough s. From (21), (29), the assumption |a] > 1, and by a known
criterion for the convergence of products the result easily follows.

(e), (f) Let
i G,S+1((1 — a)(a:i_4xi_5xi_6)_l — b) +b

_ = 1,2, 30
& e (1= a)(@istiam o) L =)+ (30)
Then we have
; 1- i—aTi5Ti—g) L — b+ b
lim ¢ = lim (1= a)(@i—a2i—52i—s) ST L, =12 (31)
s—-+00 s—+00 (1 — CL)(ZEZ‘_3$Z‘_4$1‘_5)_1 —b+ 57T
From (22) and (31), these two statements easily follow.
(g) In this case we have that
) 1— a)(@igTiswig) L — b+ =Lt
g = Mimatizstice) ZT 1, seN, (52)

(1 — a)(xi_gxi_4xi_5)*1 — b + as%
From (22) and (32) the result easily follows.
(h) Since L; = —1 and by using (28), we have that

; (1 —a)(zi—smi—amis) t —b— L

s = —
s (1 — a) ($i731’i741’i75)71 —b+ as%

b
(1 ot (1= a)(wi_swiamios) ' — b))
b 1
. (1 © a5t (1 — a)(zi_sxi_axi_5)" L —b) * O<a25>)

:_(1+O<als)>, (33)

for large enough s. From (22), (33), the assumption |a] > 1, and by a known
criterion for the convergence of products the result easily follows. [
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Now we consider the case |a| < 1, b # 0.

Theorem 2. Assume that |a] < 1, b # 0, and (x,)n>—5 is a well-defined solution
of equation (18). Then the sequences (T3m+i)m>—1, @ € {0,1,2}, are convergent.
Proof. From (25) and (28), we have
1+a*((1 —a)(z_1v_22_3)"1 —b)/b
P T o (1= a) (w_sa_gz—5) L — b) /b
—(1+a* (1 — a)(w12_27_3)"} — b)/b)
x (1 —a*™((1 - a)(z_sr_sz_5)"" — b)/b+ O(a*))
=1+ 0(a%), (34)
for large enough s, while from (30) and by using (28), we have
;. 1+a*((1—a)(zi—amismig) L —b)/b
=17 a’ (1 — a)(xj—3wi—gmi—5)"1 — b)/b
=14+ a* ™ ((1 = a)(w;_4zi_57,6) " —b)/D)
x (1 = a1 = a)(zi_szi_4zi_5) "+ — b)/b+ O(a**))
=1+ 0(a%), (35)
for large enough s and i € {1,2}. From (21), (22), (34), (35), the assumption

la| < 1, and by a known criterion for the convergence of products we have that the
sequences (Z3m+i)m>—1, ¢ € {0,1,2}, are convergent. [

Now we consider the case a =1, b # 0.

Theorem 3. Assume that a =1, b# 0, and (z,)n>—5 is a well-defined solution of

equation (18). Then the following statements are true.

(a) If a =1 and Ky <0, then x3, — 0 as m — +o0.

(b) If a =1 and Ko > 0, then |x3,| = +00 as m — +o0.

(c) If a=1 and Ko = 0, then the sequence (T3m)m>—1 S constant.

(d) If a=1 and K; <0, for some i € {1,2}, then T3m4+; = 0 as m — +oo.

(e) Ifa =1 and K; > 0, for some i € {1,2}, then |zgmy:| = +00 as m — +oo.

(f) If a =1 and K; = 0, for some i € {1,2}, then the sequence (Tgm+i)m>—1 1S
constant.

Proof. (a), (b) Let

(r_12_9w_3)" +bs

L= . 36
" (x_sx_gx_5)"t+b+bs (36)
From (36) and by using (28) we have that
1
o ]'+ br_1x_ox_38
s 71 + (bw,3w74:,5)—1+1
1 br_sr_4x_5)" 41 1
(14— (- brsraars)T +O<—)
br_1w_9x_38 s 52
K 1
—1+ =2+ 0(5). 37
+ 5 + =2 (37)
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for large enough s. From (23) and (37), and known criteria for the convergence of
products, these two statements easily follow.
(c) Note that in this case rs = 1, s € Np, from which the result follows.
(d), (e) Let
v (Ti—a®i5mi6) ' +b+ bs’ i—=1,2. (38)
* (Ti—s®i—azi5) L+ b+ bs

From (38) and by using (28) we have that

(bxi—azi_sxi_6) " +1
T’i _ 1 + S
- (bxi_sxi_qmi—5) 141
1+ p

. . . -1 . . . -1
(1 + (b$2—4xz—5$z—6) + 1> <1 . (bx2—3m2—4x2—5) +1 + 0(1)>

S S

:1+%+O(§2), (39)

for large enough s and ¢ € {1,2}. From (24) and (39), and known criteria for the
convergence of products, these two statements easily follow.

(f) Note that in this case 2 = 1, i = 1,2, s € Ny, from which the result
follows. O

If a = —1 and b # 0, then from (21) and (22), we have that

m

Tom = T_3 1;[0 (£—1)1)5(2(:v1x2x3)—1 —b+b 1, (40)

S+1(2(x_3x_4x_5)—1 - b) +b’ -

and

O (1)t (2(w g5 mig) " —b) + b
T3m+i = Ti—6 H E_ ;SHE 4Ti-5%i6) ) m>—1

(
41
1 2(%1‘,3‘%1‘,4(&;5)_1 — b) +b’ - ’ ( )

s=—1
for some ¢ € {1, 2}.
Hence, by using formulas (40) and (41) we have that

(x_1z_gw_3)" ((x_lx_ga:_g)‘l(b — (x_lx_2x_3)—1))m,

Tem = T
0 *b— (2_32_42_5) ' \(@_32_47_5) L (b— (z_32_42_5)" 1)
(42)
T 1z sz 3) (b= (z_1z_om_3)~ 1)\
Tem+3 — -3 ( ! 2 3)71( ( ! 2 3)71) ) (43)
(x_sx_gx_5) b — (x_sz_g2_5)"1)
(zi—awi_sxi6) (b — (Ti—ami_s5xi6)"") m
=2 44
omei = 6((%3&524&625)_1(5— (Ti—3Ti—ami5)71) 7 (44)
(Ti—awi_5xi_6) (b — (Ti_awi_s2i_6) ") m
m i = Li— y 45
ompati =8 3<($i—3$i—4$i—5)_1(b— (Ti-3Ti—ami5)"1) (45)
for i € {1, 2}.
From (42)-(45) it is not difficult to describe the asymptotic behavior of well-
defined solutions of equation (18) for the case a = —1, in terms of the quantities

(x_12_9x_3) 1 (b— (v_12_91_3)7 1)
(w_3z_gx_5)" (b~ (v_3z_4z_5)"")

N() =
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and

(Ti—ami—szi—6) (b — (Ti—a®i—sTi_g) ")

N; = . i=1,2.
(%—3%—4%—5)71(11 - (%‘—3%‘—4%‘—5)71)
Namely, it is easy to see that the following result holds.
Theorem 4. Assume that a = —1, b # 0, and (Ty)n>—5 is a well-defined solution

of equation (18). Then the following statements are true.

(a) If |N;| <1 for some i€ {0,1,2}, then Tem+sj+i — 0, 7 =0,1, as m — +o0.

(b) If |N;| > 1 for some i € {0,1,2}, then |Tem+3j+i] — +00, 7 =0,1, as m —
+00.

(c) If N; =1 for some i € {0,1,2}, then the sequences (Zem+3j+i)m>—1, j = 0,1,
are constant.

(d) If N; = =1 for some i € {0, 1,2}, then the sequences (Tem+3j+i)m>—1, J = 0,1,
are two-periodic.

Now we consider the case a # 0, b = 0. In this case equation (18) becomes

Tp—3Lpn—4Ln—
@y = TS L e N, (46)

Tp—1Tp—20

and formulas (21)-(24) also hold. Hence for a € R\ {0}, we have

T T m—41
= x_3<45> 7 (47)
ar_1T_2
m > —1, and
. m—+1
T3mi = Ti-3 (xl_s) : (48)
Zi—6
for m > —1 and for ¢ € {1,2}.
Let
L3 := Loatos and L3+i = xiig, 1€ {1,2}
ar_1T_o Ti—6

By using formulas (47) and (48) it is easy to see that the following result holds.
We omit the proof.

Theorem 5. Assume that a # 0, b =0, and (T, )n>—5 is a well-defined solution of
equation (18). Then the following statements are true.

(a) If |Ls34i| < 1, for some i € {0,1,2}, then x3my; — 0 as m — +oo.

(b) If |Lsyi| > 1, for some i € {0,1,2}, then |xgmyi| — 00 as m — +oo.

(¢) If Lgy; =1, for some i € {0,1,2}, then the sequence (T3m+i)m>—2 is constant.

(d) If Lsy; = —1, for some i € {0,1,2}, then the sequence (T3m4i)m>—2 is two-
periodic.
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4. DOMAIN OF UNDEFINABLE SOLUTIONS OF EQUATION (5)

In Section 2 we proved that solutions of equation (5) for which is z_; = 0 for some
j€{1,2,3,4,5} are not defined. The set of all such initial values is characterized
here.

Definition 1. ([32]) Consider the difference equation

Tn = f(Tp_1,-.-,Tn_s,n), n € Ny, (49)
where s € N, and z_; € R, i = 1, s. The string of numbers z_,...,Z_1,Z0,...,Tn,
where ng > —1, is called an undefined solution of equation (49) if

T = f(Tj-1,. . Tjos, )
for 0 < j < no+ 1, and z,,4+1 is not defined number, that is, the quantity
f(@ngy- -y Tng—s+1,n0 + 1) is not defined.
The set of all initial values z_g,...,x_1 which generate undefined solutions of

equation (49) is called domain of undefinable solutions of the equation.

The next result characterizes the domain of undefinable solutions of equation (5)
for the case a,, # 0, b, # 0, n € Np.

Theorem 6. Assume that a,, # 0, b, # 0, n € Ng. Then the domain of undefinable
solutions of equation (5) is the following set

2 m
1 b3jti 1
U= U U {(55,5,...,$71) €ERS :z;_swi_4mi_5 = —, when ¢y = — E # : #0
meNg i=0 ém j=0 BBi+i =g A3l+i

Ujol{(xs,...,ml)eR“’:x_j0}. (50)

j—1

Proof. As we have already mentioned the set
5

U {(xg,,...,xl) ER®:x_j = 0},

j=1
belongs to the domain of undefinable solutions of equation (5).
Now we will consider the case when z_; # 0, j = 1,5 (Le. x, # 0 for every
n > —5). Such a solution (z,,)n>_5 is not defined if

an

Lp—3Tn—a4Ln—-5 = — b (51)

for some n € Nj.
Since the change of variables (8) implies that equation (5) is transformed to the
equations in (10), this along with (51) implies that the solution is not defined if

b3m i
Ys(m—1)+i = _agm: (52)

for some m € Ny and i € {0, 1, 2}.
Set
f3m+i(t) ‘= azm—+it +b3mti, meNy, 1€ {0, 1, 2}
Then f3_"1+i(t) = (t — b3m+i)/a3m+i, m € Ng, 1 € {0, 1, 2}, so that

b m+1 .
f3_771+i(0) = —ﬁ, m € Ny, i € {0,1,2}. (53)
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Now write equations in (10) as

Y3m+i = f3mi (yS(m—l)-i-i)a m € No,
for i € {0,1,2}.
Then, we have

Y3m+i = fam+i © f3(m-1)4i© -0 fi(yi-3), m € No, i € {0,1,2}. (54)
From (53) and (54) we have that (52) holds for some m € Ny, i € {0,1,2}, if
and only if
Yi-3 = fiil 00 fi;‘rlL-‘ri(O)’
that is,
m b j—1 1
35+
Yi-3 = — — )
j; a3j+i g) agi+i
for some m € Ny and ¢ € {0, 1,2}, which along with the relations
1
Yi-3= """, i€ {Oa 1’2}7

Li—3%i—4Ti—5

implies that the first union in (50) belongs to the domain of undefinable solutions
too, as desired. [
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ABSTRACT. We prove the existence of the common fixed point for three
asymptotically nonexpensive mappings defined on a A-uniformly convex
metric space. A three-step iterative scheme is constructed which converges
to the common fixed point. We also generalize the results of several authors.
2010 Mathematics Subject Classification: 47TH10, 47J25.

Key words and phrases: Iterative schemes, asymptotically nonexpansive
mappings, A-uniformly convex metric spaces.

1. INTRODUCTION

It is well known that the parallelogram law distinguishes the Hilbert spaces
from the general Banach spaces. Recently many authors have introduced the
idea for solving problems in Banach spaces by establishing identities and in-
equalities analogous to the parallelogram law (see for example [9, 20]).

In 1965, the Banach contraction principle was extended to nonexpansive
mappings by Browder [3], Goehde [7] and Kirk [10]. In [10], Kirk proved that

* Corresponding author.
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there exists a k-Lipschitzian map which has no fixed point. Goebel and Kirk [6]
introduced the notion of asymptotically nonexpansive mappings and obtained
a generalization of the results obtained in [3, 7, 10]. Afterwards Takahahashi
[20] introduced the notion of convexity in metric spaces. Subsequently, Cirié
[5], Guay et al. [8], Shimizu and Takahashi [15] and many other authors have
studied fixed point theorems on convex metric spaces. Shimizu and Takahashi
[16] introduced the concept of uniform convexity in convex metric spaces and
studied its properties.

Definition 1.1. ([18]) Let (X,d) be a metric space. A mapping W : X X
X x [0,1] — X is said to be a conver structure on X if for each (z,y,\) €
X x X x[0,1] and v € X,

The metric space X together with W is called a convexr metric space.

Definition 1.2. Let X be a convex metric space. A nonempty subset A of X
is said to be conver if W(x,y, \) € A whenever (z,y,\) € A x A x [0,1].

Takahashi [18] has shown that open spheres B(x,r) ={y € X : d(z,y) < r}
and closed spheres B(z,r) = {y € X :d(z,y) <r} are convex. All normed
spaces and their convex subsets are convex metric spaces. But there are many
examples of convex metric spaces which are not embedded in any normed space
(see Takahashi [18]).

Recently, Beg [1] introduced and studied the notion of 2-uniformly convex
metric spaces.

Definition 1.3. ([1]) A convex metric space X is said to have property (B)
if it satisfies d(W (z, a, ), W (y, a,a)) = ad(z,y). Taking z = a, property (B)
implies ad(z,y) = W(y, a, a).

Definition 1.4. ([1]) A convex complete metric space X is said to be uniformly
convex if for all z,y,a € X,
[ (a, W (z,y,1/2))]?

1 d(z,y) 2 2
<—-(1-9 d d
<3 (1 (it sy ) ) (de2)F + @),
where the function 0 is a strictly increasing function on the set of strictly
positive numbers and §(0) = 0.
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Remark 1.5. ([1]) Uniformly convex Banach spaces are uniformly convex
metric spaces.

Definition 1.6. ([1]) A uniformly convex metric space X is said to be 2-
uniformly conver if there exists a constant ¢ > 0 such that §(€) > ce?.

Definition 1.7. (1) Let A be a nonempty subset of a metric space X. A
mapping 7' : A — A is said to be asymptotically nonezpansive [6] if there
exists a sequence {k,} C [1,00) with > % (k, — 1) < 400 such that

d(T"z, T"y) < kyd(z,y) forall z,ye A, n>1.

(2) T is said to be uniformly L-Lipschitzian with a Lipschitzian constant
L > 1, i.e., there exists a constant L > 1 such that

d(T"z, T"y) < Ld(z,y) forall z,y € A, n>1.

This is a class of mapping introduced by Goebel and Kirk [6], where it is
shown that if A is a nonempty bounded closed convex subset of a uniformly
convex Banach space and T : A — A is asymptotically nonexpansive, then T’
has a fixed point and, moreover, the set F'(T') of fixed points of 7" is closed and
convex.

Remark 1.8. As an application of the Lagrange mean value theorem, we can
see that

-1 < qti(t — 1)
for ¢ > 1 and ¢ > 1. This together with > > (k, — 1) < +oc implies that
S (kL —1) < +oo.

Theorem 1.9. ([16, Theorem 1)) If (X, d) is uniformly convexr complete met-
ric space then every decreasing sequence of nonempty closed bounded convex
subsets of X has nonempty intersection.

Definition 1.10. Let (X, d) be a metric space and Y be a topological space.
A mapping T : X — X is said to be completely continuous if the image of each
bounded set in X is contained in a compact subset of Y.

In [1, 2], Beg proved the following remarkable results.

Theorem 1.11. Let (X, d) be a uniformly convex metric space having property
(B). Then X is 2-unformly convez if and only if there exists a number ¢ > 0
such that

2[d (a, W (2,y, 1/2)]" + c[d(z,y)]" < [d(a,2)]" + [d(a,y)]"  (L.1)
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forall a,x,y € X.

Theorem 1.12. Let A be a nonempty closed bounded convexr subset of a uni-
formly convex complete metric space (X,d) and T : A — A be an asymptoti-
cally nonexpansive mapping. Then T has a fized point.

Theorem 1.13. Let (X, d) be a convexr metric space and A be a nonempty
convex subset of X. Let L > 0 and T : A — A be uniformly L-Lipschitzian.
For x1 € A. Define

Yo = W(T"xp, x,,1/2), zpe1 = W(T yp, xp,, 1/2)
and set ¢, = d(T"xy, z,) for alln € N. Then
d(xn, Txy) < o+ Cu1 (L + 3L +2L7)
for alln € N.

Theorem 1.14. Let (X, d) be a 2-uniformly convexr metric space having prop-
erty (B), A be a nonempty closed bounded convez subset of X andT : A — A be
asymptotically nonezpansive with sequence {k,} € [1,+00)N and Y77 (k2 — 1)
< 4o00. Let xy € A and xpyy = W(T"xp, x,,1/2) for all n € N.

Then lim,,_o d(x,, Tx,) = 0.

Theorem 1.15. Let (X, d) be 2-uniformly convex metric space having property
(B), A be a nonempty closed bounded conver subset of X and T : A — A
be completely continuous asymptotically nonexrpansive mapping with sequence
{kn} € [1,+00)N and 07 (k2 — 1) < +oo0.

Let x1 € A and xpy1 = W (T"x,,, T, %2) for allm € N. Then {z,} converges
to some fixed point of T.

In [12], Rafiq introduced the notion of A-uniformly convex metric space
defined as follows:

Definition 1.16. A convex complete metric space X is said to be A-uniformly
convex if for all z,y,a € X,

d(z,y)
d(a, W (z,y,\)]* < max{\,1— A (1—5( ) ))
e Wy A= maxdid L = A) max {d(a. 7). dia. )} ) ) (1.2
x ([d(a, )" + [d(a,y)]")
where the function 0 is a strictly increasing function on the set of strictly
positive numbers and §(0) = 0.
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Remark 1.17. 1. The inequality (1.2) can be easily proved in a Hilbert space
H using the well known identity [9]

Az + (1= Nyll* = Ml + (1= 2 lyl* = ML= X) &~y

for all z,y € H.
2. For A =1/2in (1.2), we get the inequality (1.1).
3. Uniformly convex Banach spaces are A-uniformly convex metric spaces.

Definition 1.18. ([12]) The A-uniformly convex metric space X is said to be
(2, A)-uniformly convez if there exists a constant ¢ > 0 such that d(e) > ce?.

The purpose of this paper is to generalize the results of [2, 4, 6, 11, 13,
14, 17, 19, 21] and construct a three-step iterative scheme, convergent to the
common fixed point, for three asymptotically nonexpansive mappings defined
on a A-uniformly convex metric space.

2. MAIN RESULTS

In the sequel, we will need the following results.
The following lemma is now well known.

Lemma 2.1. Let {a,} and {b,} be sequences of non-negative real numbers
such that any1 < (1+by) apn for alln > 1 and "7 b, < oo. Then lim,_. a,
exists.

Theorem 2.2. ([2, 12]) Let A be a nonempty closed convexr subset of a uni-
formly convex complete metric space (X,d) and T : A — A be an asymptoti-
cally nonexpansive mapping. Then the set F(T) of fized points of T is closed
and convex.

Theorem 2.3. ([12]) Let (X, d) be a A-uniformly convex metric space. Then
X is (2, A)-uniformly convex if and only if there exists a number ¢ > 0 such
that for all a, x, y in X and X € [0,1] ,

[d (a, W (z,y, )]

< max{, 1= A} [[d(a, 2)] + [d(a,y)]* = c[d(z, y)]"] .
Theorem 2.4. Let (X,d) be a (2, A)-uniformly conver metric space, A be
a nonempty closed conver subset of X and T,S,H : A — A be asymp-

totically monexpansive with sequence {k,} € [1,+00)" and > 07 (k, — 1) <
+oo. Let 11 € A and xp1 = W(T Y, Tny ), Yo = W(S" 20, T, Br), 2n =

(2.1)
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W(H"y, xp, Bn) for all n € N, where {a,}, {Bn} and {v,} are the real se-
quences in [0,1] satisfying o, Bnyyn € [0,1 — 6] for some 6 € (0,1). Then
limy, oo d(T"Yp, ) = 0 = limy, oo d(S™ 2, ) = limy, oo d(H" 2y, 4,).

Proof. Since T, S and H are asymptotically nonexpensive, so each mapping
possesses a fixed point p € A by Theorem 1.12. Let p € F(T)NF(S)NF(H).
CrLAIM. {z,} is bounded.
For this claim, we compute as follows:

d(p, xps1) = d (0, W (T"Yn, T, )
< ad(p, T"yn) + (1 — o) d(p, @)
=, d(T"p, T"yn) + (1 — o) d(p, z,,)
< aknd(p, yn) + (1 — o) d(p, @),

d(p,yn) = d(p, W (S" 20, Tn, Bn))
< Bnd(p, S"zn) + (1 = Bn) d(p, zn)
= Bpd(S"p, S"zn) + (1 — B,) d(p, zn)
< Bpknd(p, zn) + (1 = B,) d(p; a),

d(p, zn) = d(p, W (H"Tn, Ty, Bn))
< Bnd(p, H"xy) 4+ (1 = Bn) d(p, )
= Bnknd(H"p, H"x,) 4+ (1 — Bn) d(p, x»)
< Buknd(p, x) + (1 — B,) d(p, zn)
= [1+ (kn — 1)Bald(p, x)
< knd(p, z,).
Substituting (2.4) in (2.3) gives

d(p,yn) < [1+ (K2 —1) Ba] d(p, )
< k}zzd(pa fn)

(2.4)

(2.5)

From (2.5) in (2.2), we get
[1 + (k:fl - 1) an} d(p, z,)
[1 + (k:fl — 1)} d(p, x,),

which implies that lim,, ., d(p, =, ) exists and {x,} is bounded.

<
<
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Let M=sup,, d(p, z,). Now with the help of (2.1), we have
[d (p, fn+1)]2
= [d(p, W (T Y, n, )]
< max{ay,, 1 — ay}[ [d (p, T"y))* + [d(p, z))* — c[d (Tn?/m:”n)]z} (2.6)
< [d(p, T"yn))* + [d(p, 20)]" — max{an, 1 — an}e[d (T"yn, 20)]
= [d (T, T"ya)]” + [d(p, w0)]" — max{an, 1 — an}e[d (T"yn, 20)]”
< K ld (p,yn))? + [d(p, 20)]* = max{an, 1 = an}e [d (T, )],
[ (p, yn))”
= [d(p, W (S" 2, 20, 52))]°
< max{fa, 1 = Bu} [[d(p, S"20)]" + [d(p, 20)]" = ¢[d (5" 20, 2)]" ] 27)
< [d (p, §"2)]" + [d(p, 2n)]" — max{fn, 1 = Bu}e[d (™20, 2n))"

= [d(S"p, S"z))* + [d(p, xn)]* — max{B,, 1 — B, }e[d (5" zn, 2)]?
< k2[d (p, 20)]* + [d(p, 70)]* — max{ B, 1 — Ba}e[d (520, 24)]7,

[ (p, zn)]”

= [d(p, W (H"2n, T, 1))

< max{yn, 1 = Yu} [[d(p, H"x0))* + [d(p, 2))* — c[d (H"zp, 7))

< [d(p, H"xp))* + [d(p, 2)]* — max{yn, 1 — o }c[d (H 2, 20)] (2.8)
= [d (H"p, H"z,))]" + [d(p, ©,)]" — max{y,, 1 — yu}e[d (H"zy, z,)]"

< kald (p, 2a)] + [d(p, 7)) — max{yn, 1 =y }e[d (H"zp, )]

= (14 k2) [d(p, 2,)* = max{,, 1 — yu}e[d (H 2y, 24)] .

Substituting (2.8) in (2.7), we get

[d (p,yn)]* < (14 Ky + k) [d(p, )]
— k2 max{y,,1 — v Ye|d (H "z, z,)]° (2.9)
— max{fn, 1 = Ba}e[d (5" 20, 20)]",
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and by (2.6), we obtain
[d (p, 5En+1)]2
< (A4 k2+E 4+ k9 [d(p, 2,))] — max{an, 1 — oy ye [d (T, 2,)]
— k2 max{f,, 1 — Bute[d(S"zn, z0)]
— kmax{yn, 1 — yu}eld (H zp, z,)) (2.10)
< [+ (ky = D] [d(p, 2))" = max{an, 1 = ap}e[d(T"yn, 20))"
— k2 max{f,, 1 — Bute[d(S"zn, zn)]
— kmax{y,, 1 — v Yeld (H 2z, z,)]° .

With the help of condition ., 5y, 7, € [0,1 — d] for some 6 € (0,1), it can
be easily seen that

max{a,,l — a,}, max{G,,1—F,}, max{y,,1—y,} >0 (2.11)
Using (2.11) in (2.10) and by k, > 1, we obtain
[ (p, zas1)]” < [1+ (], — 1)) [d(p, 20)]
— 50( [d (T"yn, [L’n)]2 + [d(S" 2y, [L’n)]2 + [d(H"xp, [L’n)]z),
which implies that
dc ([d (T, :En)]2 + [d(S"zy, :ltn)]2 + [d(H"xp, xn)]z)
< [d(p, x0)]* = [d (p, )] + M (ky, = 1).

Thus
50(2 [d(ijj, :Ej)}z + Z [d(Hj:Ej, :Ej)]2 + Z [d(Sij, :Bj)f)
<3 1)+ 2 (W)~ [,y

Hence
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and
Z (Hz;, :Bj ? < +oo.
7=1
It implies that
lim d(T"yy, z,) = 0,
lim d(S"zp, x,) =0,
and
lim d(H"zp, x,) = 0.
This completes the proof. O

Theorem 2.5. Let (X, d) be a (2, A)-uniformly convexr metric space, A be a
nonempty closed convex subset of X and T,S,H : A — A be asymptotically
nonexpansive with sequence {k,} € [1,+00)N and Y _, co(k, —1) < +oo.
Further let H be completely continuous and T and S are continuous. Let x; €
A and Tpt1 = W(T”yn,xn,an), Yn = W(S“zn,xn,ﬁn), “n = W(ann>xn>ﬁn)
for all n € N, where {a,,}, {6n} and {v,} are the real sequences in |0, 1]
satisfying am, Bn, Yn € [0,1 — 8] for some 6 € (0,1). Then the sequences {x,},
{yn} and {z,} converge to the common fixed point of T',S and H.
Proof. Consider
d(xp1, H"xpy1) < d(xpsr, ) + d(xpn, H"xy) + d(H" 2, H" 2 11)

< d(Tps1,Tn) + d(xn, H"xy) + knd(xy, Tpit)

= (1 + kn)d(@p41, 20) + d(2n, H" )

= (1 + kn)dW(T"Yn, T, 1/2), 05) + d(20, H"21)

= (1 + kn) nd(T"Yp, ) + d(2y, H" ;)

— 0 asn — oo.
Thus
d(@ps1, Hrngr) < d(@psr, H ) + d(H™ 2y, Hong)

< d(@pgr, H"  2pg) + krd(@ng, H 2

— 0 asn — oo,
which implies that

lim d(x,, Hz,) = 0.

n—oQ
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Since H is completely continuous and {x,} is bounded, there exists a subse-
quence {z,, } of {x,} such that {Hx,, } converges.

Therefore from lim,, oo d(x,,, Hz,) = 0, {2, } converges. Let lim,, o T, =
p. It follows from the continuity of H and lim,,_., d(z,, Hz,) = 0 that p = Hp.
We know that lim, . d (p, z,,) exists. But lim,, o d (p, z,, ) = 0. This implies
lim,, .o d(p, z,) = 0, i.e., lim, . x, = p. Since

d(Im Zn) = d(Im W(ann, Tn, 'Yn)) = 'Vnd(fm Hnivn)
— 0 asn — oo,

and
d(Im yn) = d(Im W(Snzm T, ﬁn)) = ﬁnd(fm Snzn)

— 0 asn — oo,

so limy, oo 2, = p = limy, o0 Yn.
The following estimates hold:

d(Im zn—l-l) = d(Im W(Tn?/m Tn, an)) = O‘nd(fm Tnyn)

— 0 asn — oo,

d(ym yn—l) < d(ym zn) + d(Im xn—l) + d(fn—la yn—l)

— 0 asn — oo,

d(zn> Zn—l) S d(zn> zn) + d(fna zn—l) + d(fn—la Zn—l)

— 0 asn — oo,

d(zn, S"zn) < d(zpn, xy) + d(Tp, S"2n)

— 0 asn — oo,

AW T"Yn) < d(Yns Tn) + d(@0, T"Yn)
— 0 asn — oo,
d(zp, S" ' 20)
< d(zp, 2n-1) F d(2p-1, 8" 2no1) +d(S" 21, 8" 2,)
< d(2n, 2ne1) F d(2ne1, S"  2no1) + kno1d(2n-1, 20) (2.12)
= (14 kp_1)d(2n, 2n-1) + d(2n-1,5" " 2,_1)

— 0 asn — oo,
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d(zn, Szn) < d(zp, S"zn) + d(S" 2, Szp)
< d(2n, S"zn) + k1d(S™ 2, 2) (2.13)

— 0 asn — oo,

d(yn, T" )

< AW, Yn1) + AdYn_1, T" 1) + AT ypy, T" Ly)

< d(Yn, Yn-1) + dYn-1, T" Y1) + kn-1d(Yn, Yn—1) (2.14)
=1+ kn1)dWn, Y1) + d(Yn_1, T"  yn_1)

— 0 asn — oo,

AW, Tyn) < d(Yn, T"yn) + d(T"yn, T'yn)
< d(Yn, T"yn) + k1 d(T" "y, ) (2.15)

— 0 asn— oo.

Now according to the continuity of 7" and S and by using (2.15) and (2.13),
we obtain Tp = p = Sp. Thus p is the common fixed point of 7, S and H.
This completes the proof. O
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ABSTRACT. In this paper we consider differential equations which are closely related to
the generating functions of Euler numbers. By using the same method of Kim’s calcula-
tion in Kim [24,25], we derive identities involving Euler numbers arising from differential
equations. In particular, we derive some new identities between the sums of Euler numbers
and Genocchi numbers of higher order.

1. INTRODUCTION

We consider the Euler numbers defined by the generating function as follows(see [4,8,17,21-
25]):

2 ¢k
50 = = 2 B g
k=0

and the Genocchi numbers defined by the generating function as follows(see [2,3,5,7,9-16,18,20,26-
30,32,33,35,36]):

2t =, tF

G(t) = g :ZG’“H (2)
k=0

Kim(2012) derived some new identities between the sums of products of Frobenius-Euler

polynomials and Frobenius-Euler polynomials of higher order (see[1,6,31,34,37,38]).

In this paper we derive differential equations which are closely related to the generating
function of Euler numbers. By using these differential equations, we derive some identities
between the sums of products of Euler numbers and Euler numbers of higher order. In par-
ticular, we obtain some identities between the sums of Euler numbers and Genocchi numbers
of higher order.

1991 Mathematics Subject Classification. 11B68, 11540.
Key words and phrases. Euler numbers, Genocchi numbers, sums of Euler numbers, differential equations.
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2 LEE-CHAE JANG AND BYUNG MOON KIM

2. COMPUTATION OF SUMS OF THE PRODUCTS OF EULER NUMBERS

In this section we assume that

F=F(t) = and FN =Fx.-..xF (3)
et +1 —_——
N —times
for N € N. Thus, by (3), we get
dF(t) —et
F(t)D = =
® dt (et +1)2
—1—et 1
- +
(el +1)2 " (et +1)2
= —-F+F2 (4)
Let us consider the derivative of (4) with respect to t as follows:
oF P = p(1) 4 p(), (5)
Thus, by (5) and (3), we get
AF3 —2F% = ) 4 ), (6)
From (6), we note that
AR = 2F2 4 FD 4 3
= 2F+FY) 4+ FV 4 FO®
= 2F 4 3FW 4 F®) (7)
where F) = d;tf. Thus, by the derivative of (5) with respect to ¢, we get
213F2FM) = 2P 4 3F3) 4 FO). (8)
By (8), we see that
IF2(—F + F?) = 2FV) 4 3p®? 4 FG) (9)
and
FO = —F 4 F2 (10)
By (9), we see that
3(-1)32F* = 6F%+2FM 4 3F® 4 FO)
1
= 6(F + gF(l) + 5F<2>) +2FW 4 3@ 4 G
= 6F+11FW 4 6F® 4 &), (11)
Continuing this process, we get
N-1
(N=DIFN =" ag(N)F® (12)
k=0

where F(F) = ‘575 and N € N.
Now we try to find the coefficients ax(N) in (12). By (12), we differentiate the both sides
of (12) as follows:
N_
(N -DINFN-1p) = ap(N)F*+HD
k=0

=
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N
= Y a1 (N)F®. (13)
k=1
By (7), we get
(N-DINFN=IPW = NIFN(—F + F?)
= NI(—FN 4 pN+h
= —NIFN 4 NIFN+L (14)
By (13) and (14), we get
N
NIFNTE = NIFN £ ")y (N)FH)

k=1

= N(N-1)FN 4+ Zakl N)YF®

N-1
= N> a F(’“>+Zak L(NYE®), (15)
k=0
In (12), replacing N by N + 1, we have
N
NIFNTE =3 " (N + 1)) (16)
k=0
y (15) and (16), we get
N N-1
Zak (N +1)F®) —NZak F(k>+2ak L(N)YF®), (17)
k=0 k=0 k=1

By comparing coefficients on the both sides of (17), we have the followings:

ag(N +1) = Nag(N) and an(N +1) =an—_1(N). (18)
For 1 <k <n-—1, we have
ar(N +1) = Nag(N) = ag—1(N) (19)
where ai(N) =0 for k > N or k < 0. From (19), we note that
ao(N+1) = Nag(N)=N(N — 1)ag(N — 1)
= . =N(N-1)--2a0(2). (20)
By comparing coefficients on the both sides of (15) with N =1,
F+FY = 11F?= 21: ar(2)FH
 w@)F + (@) FD), (21)
Thus, by (21), we get
ap(2) =1 and a1(2) = 1. (22)

Finally, we derive the values of ax(N) in (12) from (19).
Let us consider the following two variable function with variables ¢, s:

tN sk
s) = Z Z ak(N)W’ where || < 1. (23)

N>10<k<N-—1
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Then, Kim [25] derived the followings:
N

N 1
COED DY G 1 ) TR TR (24)

N>10<k<N-1 "4l =N

By (23) and (24), we get

ak(N):(kTU! y o (25)

Lo leoy’
i+ +lgr1=N ! k+1

Therefore, by (12) and (25), we obtain the following theorem.

Theorem 2.1. For n € N, let us consider the following differential equation with respect to
t:
NoToy 1
FNt)=N > ——F®) (26)

' oo
e R I R

where F*)(t) = dEO ong FN({t) = F(t) x---x F(t). Them F(t) =

i s a solution of

_1
et+1

N —times

(26).

We assume that

2 2 —iEWViL (27)
et +1 et+1) " onl

n=0

N —times

where Ey(LN) are called the n-th Euler numbers of order N. By (3) and (27), we get

o - () ()

N —times

_ (2 2
T 9N \et+1 et +1

N —times

_ LiEmﬁ (28)
2N ="

w0 = g ()

1o ¢
=0 :

and

From (29), we note that
d*F(t)
dtF

1 — t
= 5 ZEl+kﬁ. (30)
1=0 ’

F (%)
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Therefore, by (26), (29), and (30), we obtain the following theorem.

Theorem 2.2. For N € N, n € Zy, we have

Noly >
EWN) — oN N Z _ - Z _Tntk (31)
n | Ce
= (k+1)! bt =N Iy lpgr
From (28), we can derive the following equation:
3 gt _ 2 N (2
— " onl et +1 et +1
N —times
= B — |- B, —
e In=0 In
N —times

Sy (Behene

- [N n!
i, SR ll. ZN. n:
> n tm

- Z Z I ---1 By, - Eiy ol (32)
n=0 \l{+---+Iln=n 1 N ’

Therefore, by (31) and (32), we obtain the following corollary.

Corollary 2.3. For N € N, n € Z,, we have

N—-1
> ) (ll'? )Ell“'ElNZQNNZ (k+11)u > ek (33)

litHler1=N ! k+1

3. IDENTITIES BETWEEN SUMS OF EULER NUMBERS AND (GENOCCHI NUMBERS OF HIGHER

ORDER
In this section we assume that
2 2t > "
GYN =GNt =N " gV 34
()(et—i—l) <€t+1) T;) " nl (34)
N —times

where GSfV ) are called the n-th Genocchi numbers of order N. We note that

dF 2t
pr <et+1> lt=0= G (35)

for k € N. By (35), we obtain the following equation:

d* (2t
G = _ _— —
¥ dit* (et + 1) le=0
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- 5 (e

=0
= F®) poppk-1), (36)

By (30) and (36), we get

G = ) Gy
k=0

o o L e L
= M F T +2 > kF o
k=0 k=0
= Z EH’“ﬁH—"QZZkEH’“—lﬁH
k=0 1=0 k=0 1=0
= Y D Bk +2kEi,1) al (37)
k=0 Li=0 ’ ’

Therefore, by (37), we obtain the following theorem which is the identities between the sums
of Euler numbers and Genocchi numbers.

Theorem 3.1. For k € Z,, we have

Gr=> (Eisr+2kEr ) ik (38)
1=0 ’
From (38), we easily see that
(N)
G = (PO 42kt
FWNHR) 4 o p(N+k=1) (39)
By (39), we get
0 k
N _ (vt
GM o= Y G
k=0
- Z (F(N+k) + QkF(NJrkr*l)) =
k!
k=0
= Z ZEN+l+kl' i +QZ ZENHH@A“ A
k=0 \1=0 ’ k=0 \i=0
= Z Z Eniiyr+ 2kEN+l+k71ﬁ ok (40)
k=0 \1=0 ’ ’

Therefore, by (40), we obtain the following theorem which is the identities between the sums
of Euler numbers and Genocchi numbers of higher order.

Theorem 3.2. For N € N, k € Z, we have
o0 1

t
G](CN) = Z (El+k + QkEl—i-k—l) ﬁ (41)
1=0 )
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An algorithm for multi-attribute decision making
based on soft rough sets *

Guangji Yu'
March 3, 2015

Abstract: Based on soft rough sets, some new concepts such as soft decision
systems, soft relative positive regions, relative reduction in soft decision systems
and conditional significance relative to decision partition soft sets are proposed.
The multi-attribute decision rule in soft decision systems is presented. An al-
gorithm of multi-attribute decision making based on soft rough sets is given.

Keywords: Soft rough set; Partition soft set; Soft decision system; Relative
reduction; Decision making; Decision rule

1 Introduction

In 1999, Molodtsov [9] initiated soft set theory as a new mathematical
tool for dealing with uncertainties which classical mathematical tools cannot
handle. Recently, there has been a rapid growth of interest in soft set theory.
Many efforts have been devoted to further generalizations and extensions of soft
sets. Recently there has been a rapid growth of interest in soft set theory and
its applications. Many efforts have been devoted to further generalizations and
extensions of soft sets. Maji et al. [11] defined fuzzy soft sets, combining soft
sets with fuzzy sets. Maji et al. [12] reported a detailed theoretical study on
soft sets, with emphasis on the algebraic operations. Jiang et al. [7] extended
soft sets with description logics. Aktas et al. [1] initiated the notion of soft
groups, extending fuzzy groups. Feng et al. [2, 5] investigated the relationships
among soft sets, rough sets and fuzzy sets.

Applications of soft set theory in decision making problems was initiated in
[10]. To address fuzzy soft set based decision making problems, Roy et al. [14]
presented a novel method of object recognition from an imprecise multi-observer
data. Using level soft sets, Feng et al. [3] proposed an adjustable approach to
fuzzy soft set based decision making. This approach was further investigated in
[4, 8]. Although soft sets have been applied by several authors to the study of

*This work is supported by Quantitative Economics Key Laboratory Program of Guangxi
University of Finance and Economics (2014SYS11) and Guangxi University Science and Tech-
nology Research Project.

tCorresponding Author, School of Information and Statistics, Guangxi University of Fi-
nance and Economics, Nanning, Guangxi 530003, P.R.China. guangjiyul00@Q126.com
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decision making under uncertainty, it seems that soft set based group decision
making has not been discussed yet in the literature. Thus the present study
can be seen as a first attempt toward the possible application of soft rough
approximations in multi-attribute decision making problems under uncertainty.

The purpose of this paper is to give a method for multi-attribute decision
making applying soft rough sets.

2 Preliminaries

Throughout this paper, U denotes an initial universe, E denotes the set of
all possible attributes or parameters, 2V denotes the family of all subsets of U
and | . | is the cardinality of a set. We only consider the case where both U and
E are nonempty finite sets.

2.1 Soft sets

Definition 2.1 ([9]). Let A C E. A pair (f, A) is called a soft set over U, if f
is a mapping defined by f : A — 2U.

In other words, a soft set over U is a parameterized family of subsets of the
U. For e € A, f(e) may be considered as the set of e-approximate elements of

(f; A).

Definition 2.2 ([12]). Let (f, A) and (g, B) be two soft sets over U.

(1) (f, A) is called a soft subset of (g, B), if A C D and f(e) = g(e) for each
e € A. We denote it by (f,A) C (g, B).

(2) (f,A) and (g, B) are called soft equal, if A= B and f(e) = g(e) for each
e € A. We denote it by (f,A) = (g, B).

Obviously, (f,A) = (g, B) if and only if (f, A) C (g, B) and (f, A) D (g, B).

Definition 2.3 ([12]). Let (f, A), (g, B) and (h,C) be soft sets over U.

(1) (h,C) is called the intersection of (f,A) and (g,B), if C = AN B and
h(e) = f(e)Ng(e) for each e € C. We denote (h,C) by (f, A)N(g, B).

(2) (h,C) is called the union of (f, A) and (g,B), if C = AU B and

fle), ec A—B,
h(e)=4¢ f(e)Ugle), ecANB,
g(e), e€ B—A.

We denote (h,C) by (f,A) U (g, B).

Definition 2.4 ([12]). Let (f, A) and (g,B) be two soft sets over U. (f,A)
AND (g, B) denoted by (f, A) A (g, B) is defined by (f, A) A (g, B) = (h, Ax B),
where h(a,b) = f(a) N g(b) for each (a,b) € A x B.

Definition 2.5 ([5]). A soft set (f, A) over U is called a partition soft set if
{f(e)| e € A} forms a partition of U.
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Definition 2.6 ([6]). Let A C E. Let (f, A) be soft sets over U. (f, A) is called
a bijective soft set, if f is a mapping f : A — 2Y such that

(1) UeeA fle)="U.
(2) Forej,e; € A and e; #¢e; , f(e) N f(e;) = 0.

In other words, suppose B = {f(e;)| e; € A, <1 <i <n} C2Y. From
Definition 2.7, the mapping f : A — 2V can be transformed to the mapping
f + A — B, which is a bijective function, namely, for every X € B, there is
exactly one attribute e € A such that f(e) = X and no unmapped element
remains in both A and B.

Proposition 2.7. Let (f, A) be a bijective soft set U and let (g, B) be a null
soft set over U. (h,C) = (f, A) U (g, B) is a bijective soft set.

Proposition 2.8. Let (f, A) and (g, B) be two bijective soft sets over U. Then
(hyAx B) = (f,A) A\ (g,B) is also a bijective soft set.

2.2 Soft rough sets

Definition 2.9 ([5]). Let (f, A) be a soft set over U and X C U. Then the
pair P = (U,(f,A)) is called a soft approzimation space. Based on the soft
approzimation space P, we define the following two operations

apr X ={ze€U[JecAst ze fle) C X},
aprpX ={z€U|Jec Ast. ze fle), fle)NX #0}.

apr ,(X) and aprp(X) are called the soft P-lower approximation and the
soft P-upper approzimation of X, respectively. In general, we refer to the pair
(apr ,(X),aprp(X)) as the soft rough set of X with respect to P. Moreover, the
sets

Posp(X) = apr ,(X), Negp(X) =U —aprp(X),

Bndp(X) =aprp(X) — apr ,(X)
are called the soft P-positive region, the soft P-negative region and the soft P-
boundary region of X, respectively. X is said to be soft a soft P-definable set if
apr ,(X) =aprp(X); otherwise, X is called a soft P-rough set.

From the analogy with Pawlak rough sets, we also have the following inter-
pretation of above concepts.

(1) € Posp(X) = apr ,(X) means that x surely belongs to X with respect
to P;

(2) x € aprp(X) means that x possibly belongs to X with respect to P;

(3) x € Negp(X) means that = surely does not belong to X with respect to
P.

Clearly, apr P(X ) and @prp(X) can be expressed equivalently as:

apr ,(X) = Uecea{f(e)| f(e) € X}, aprp(X) = Ueea{f(e)| f(e) N X # 0}

1250 Guangji Yu 1248-1258



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.7, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

3 Soft decision systems

It is worth nothing that information systems and soft sets are closely related.
Given a soft set (f, A) over U. (f, A) could induce an information system in a
natural way. In the section, we mainly discuss soft decision systems.

Let (f;,C;)(i = 1,2,--- ,n) be bijective soft sets over U where C; NC; =0
for i # j. Denote

(,0) = Ui (fi,Co), (0, K) = N\ (£, Co).

=1

where C'= | C; and K =Cy x Cy X ... X Cp.

i=1

3.1 Soft relative positive regions

Definition 3.1. Let (f, A) and (g, B) be two soft sets over U. Then the soft
positive region of (f, A) to (g, B) is defined as follows

Pos(s.a) (9,B) = U apr ,g(b) = U {reU|JecAst. xe fle) Cgd)},
beB beB

where P = (U, (f, A)).

Example 3.2. Let U = {x1, 22, %3, 24,25, T, 7} be a common universe, A =
{e1,€2,e3,e4} and B = {by,ba} be two attribute sets. Suppose that (f, A) and
(g, B) are two soft sets over U.

The mapping of (f, A) is given below:

fler) =A{z1, 22}, fle2) = {za, 5,26}, f(e3) = {3, 27}

The mapping of (g, B) is given below:

g<b1> = {1‘1756‘2,1'3}, g(bg) = {31‘4,.%'5,376,.’177}.

Then apr ey ay g(b1) = {x1, 22}, apr s ay g(ba) = {x4, x5, 26}

So Poss 4y (9, B) = {21, 72, 24,75, 26}

Definition 3.3. Let (f;,C;)(i =1,2,--- ,n) be bijective soft sets over U where
C;NCj =0 fori+#j. Let (g,D) be a partition soft set over U where CND = .
Then the triple (U, (f,C), (g, D)) is called a soft decision system, (f,C) is called
the condition bijective soft set and (g, D) is called the decision partition soft set.

Accordingly, in a soft decision system (U, (f,C), (g, D)), we have
Pos(, i) (9, D) = U @Pg(d) = U {reU|Jec K st.xze€pe) Cg(d},
deD deD

where K = C; x Cy x ... x C,, and P = (U, (p, K)). We call it soft relative
positive regions of soft decision systems.
For a given soft decision system, we always consider Pos, x (9, D) # 0.
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Example 3.4. Suppose that U = {x1,x2, T3, 4, 5,26} IS a common universe,
3
which is a set of six shops. C = |J C; denotes the attribute set where Cy stands

i=
for the empowerment of sales personnel, Cy stands for the perceived quality of
goods, and C'5 stands for the high traffic location, respectively. The value sets
of these attributes are C; = {high, medium, low}, Co = {good, average} and
C3 = {no, yes}, respectively. And D = {profit,loss} describes shop profit or
loss. Suppose that the six shops are characterized by the condition bijective soft
set O?Zl(fi,C'i), and the management benefit of shop is characterized by the
decision partition soft set (g, D).

The mapping of each bijective soft set over U is defined as follows:

fi(high) = {x1, 26}, f1(medium) = {xa, 23,25}, f1(low) = {x4},

fa(good) = {x1, 22,23}, fa(average) = {x4, x5, x4},

fa(no) = {z1, 22,23, 24}, f3(yes) = {x5, 76}

The mapping of the decision partition soft set over U is defined as follows:

g(profit) = {x1, 23,26}, g(loss) = {w2, 74,75}

Then we can view each bijective soft set (f;,C;) as a collection of approxi-
mations as follows:

(f1,C1) = {high = {x1, x6}, medium = {x2, x5, 25}, low = {x4}},

(f2,C2) = {good = {1, x2, 23}, average = {x4, x5, 76} },

(f3,C3) = {no = {z1, 22, 3, 24}, yes = {x5, 26} }.

Similarly, (g, D) = {profit = {1, x3,z6}, loss = {2, x4, T5}}.

Denote

(£.0)=U_,(fi.C)), (9, K)= A

>w

(fia Cl)a

3
where C = |J C; and K = Cy x Cy x Cs.

Let e; 611(}, then

e1 =high and good and no, eo =medium and good and no,

es =low and average and no, es =medium and average and yes,
e5 =high and average and yes.

pler) ={a1}, @le2) = {a2, 23}, wles) = {za},

ples) ={as}, pl(es) = {we}.

Besides, we have the tabular form of (¢, K) given in Table 2.

Table 1: Tabular representation of (o, K)

ey 2] €3 €4 €5
T 1 0 0 0 0
s 0 0 0
3 0 1 0 0 0
T4 0 0 1 0 0
s 0 0 0 1 0
g 0 0 0 0 1

So (U, (f,C),(g,D)) is a soft decision system on how to choose profitable
shops. Thus

ﬂ(U,(f,C)) g(profit) = {x1,z6}, @(U,(f,())) g(loss) = {w4, w5}
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Therefore Pos(, iy (9, D) = {1, 24, T5, 26}

3.2 Relative reduction in soft decision systems

Definition 3.5. Let (U, (f,C), (g, D)) be a soft decision system and let 1 < j <
n. Then
(1) (f;,C;) is called a soft dispensable set of (f,C) relative to (g, D), if

Pos, k) (9,D) = Pos(y.q) (9, D), where (¢,Q) = . {\il(fi,ci). Otherwise,
i=1,i#j
(f;,C;) is called a soft indispensable set of (f,C) relative to (g, D).

(2) (f,C) is called a soft independent set relative to (g, D), if every soft bijec-
tive set (fi, C;) of (f,C) is a soft indispensable set relative to (g, D). Otherwise,
(f,C) is called a soft dependent set relative to (g, D).

(3) The unit set of all the soft indispensable set of (f,C) relative to (g, D)
is called the core of (f,C) relative to (g, D), denoted by core((f,C), (g, D)).

Definition 3.6. Let (U,(f,C),(g,D)) be a soft decision system. Let k =
1,2,....m and 1 < jx < n, denote

(f/acl) = G?:l(fjwcjk) and (@vi,) = k}n_\l(fjkacjk)'
D

(f',C") is called a relative reduction in (U, (f,C), (g, D)), if
(1) Pos(y,k) (9, D) = Pos(y i1y (9, D),
(2) (f',C") is a soft independent set relative to (g, D).

Example 3.7. In Example 3.4, denote
(gOvil) - (f17cl) A (f2702)7 (gOQaKQ) - (flacl) A\ (f3703)7
(@3, K3) = (f2,C2) A (f3,C3).
We have
POS(WI,K1) (g?D) = POS(Soz,Kz) (g?D) = POS(Q&,K) (g5D) = {x17x47x57x6}?
POS(Lpg,Kg) (gaD) = {LE4}
But

Pos(fhcl) (g7D) = {331,.134,2136} 7é POS(@,K) (g,D),
Pos(f&cs) (gvD) =0 7é POS(LP,K) (gaD)-

So
(f1,C1) U (f2,C2) and (f1,C1) U (f3,C3) are both relative reductions in
U, (f,C), (9, D)).

3.3 Dependent degree of decision partition soft sets

Definition 3.8. Let (f, A) and (g, B) be two soft sets over U. (f, A) is said to
depend on (g, B) to a degree k (0 < k < 1), denoted (f,A) =1 (g,B), if

| Pos(s,.ay (9,B) |

AW, 4), (9, B) =
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Accordingly, in a soft decision system (U, (f,C), (g, D)), we have

_ | POS(Lp,K) (9,D) |
| U |

We call it the dependent degree of decision partition soft sets upon condition
bijective soft sets. It characters a degree of condition bijective soft sets in
classifying decision partition soft sets. Obviously, we have 0 < k < 1.

If k =1, then (g, D) is completely dependent on (f,C).

If k =0, then (g, D) is completely independent on (f,C).

k= "y((gD,K), (gvD))

Example 3.9. In example 3.4, the dependent degree of the decision partition
soft set (g, D) upon the condition bijective soft set (f,C) = O?Zl(fi, ;) :
3

- .y _ Moz ws w6} 4 2

Proposition 3.10. Let (U, (f,C),(g,D)) be a soft decision system. Let m,n €
N and m <n. Then

7(/\(fiyci)’ (97D)) < ’V(/\(fhci)v (g7D>).

i=1 i=1

Proof. Since we have

| U apr,g(d) |
| Poso )9, D) | asp— T
|ng{er| Jee K sit.x € p(e) Cg(d)}|
- el ’

| U apr,,g(d) |
| Pos (k1) (g, D) | acp——F

/ / P,
(e, K), (g9, D)) = =
(¢ K"). (9. D) o 7

| dUD{x eU|Jec K st.xe(e) Cg(d)}]
€

| U | ’
where K = /\ C;, K' = /\ C;, P=(U,(f,C)) and P' = (U, (f',C")).
By Deﬁmtlon 2.6, for any (c1,¢0,++ ,¢n) €CL X Cy X -+ - x Cp, we have

W(Clvc?v"' acn) = fl(cl) mfZ(C2) m"'mfm(cm) M- ﬂf?’b(cn)'

Moreover, for any (c1,ca, - ,¢m) € C1 X Cy X -+ X C,y,, we also have

o'(er, e, sem) = fier) N fale) NN fr(em).
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For m,n € N and m <n, apr,g(d) C apr ,g(d).

So
U apr,.9(d) € | aprg(d)

deD deD
Hence

7(/\(]01701)7 (97D))} < V(A(fiaci)’ (g’D))'

i=1 i=1

O

In other words, condition bijective soft sets can explain the most detailed
classification of decision partition soft sets. And deleting some condition bi-
jective soft sets can lose some information about decision partition soft sets.
Thus, more information (more condition bijective soft sets) can result in bigger
dependent degree of decision partition soft sets.

3.4 Conditional significance relative to decision partition
soft sets

Definition 3.11. Let (U, (f,C), (g, D)) be a soft decision system and 1 < j < n.
The conditional significance of (f;,C;) in (f, C) relative to (g, D) is denoted and
defined as follows

n n

s((£5,C5), (£,0),(9: D) = v\ (fi-Ci), (9: D) = ~( N\ (£ Ci), (g, D)).

i=1 i=1,i#j

This definition indicates the decrease of the dependent degree of decision
partition soft sets when deleting one bijective soft set (f;,C;) from (f,C). The
following results are easily obtained from the above deﬁmtlons

Proposition 3.12. Let (U, (f,C), (g, D)) be a soft decision system and 1 < j <
n.

(1) 0 < s((f5,C5), (f,C), (9, D)) < 1,
(2)(f;,C5) is a soft indispensable set of (f,C) to (g, D) if and only if

((f]7 ) (f> ) ( )) >0
(3) COT}G((f7C)7(g7 )) - U{(fj7 ) ‘ S((fj7 ) (f7 ) ( 9, )) > Ov] =
n}.
Theorem 3.13. Let (U, (f,C),(g,D)) be a soft decision system. Let k =
1,2,...,m and 1 < ji <mn, denote
(f,C") = O;Cn:l(fjk’cjk) and (¢', K') = ké\l(fjk’cjk>7
where C" = Lnj Cj, and K' = Cj1 x Cja x ... X Cjp,.
Jr=1

If v((¢', K), (9, D)) = ~((, K), (9, D)) and s((f;,C5),(f",C"), (g, D)) > 0,
then (f',C") is a relative reduction of (U, (f,C), (g, ))
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3.5 The multi-attribute decision rule in soft decision sys-
tems

Definition 3.14. Let (U, (f,C), (g, D)) be a soft decision system. Lete € K =
CyxCyx...xCp, d€ D. The soft rough membership function of p(e) relative
to g(d) is denoted and defined as follows

|p(e) Ng(d)|
le(e)]

Definition 3.15. Let (U, (f,C), (g, D)) be soft decision system. Letk =1,2,...,m
and 1 < jr < n, denote

(f.c" = G?l;nzl(fjk?ojk) and (¢, K') = k/_\l(fjkvcjk)a
where C = |J Cj, and K' = Cj; x Cjo X ... x Cjp,. Let (f',C") be a relative
Jre=1

reduction of (U, (f,C),(g,D)). We call

If e, then d (£(¢(e), 9(d)))

the multi-attribute decision rule by induced (f',C") in (U, (f,C), (g, D)), where
e€ K', de D and £(¢'(e), g(d)) denotes the soft rough membership function of
¢ (e) relative to g(d), which expresses the support degree of rules.

§(p(e), 9(d)) =

4 An algorithm for multi-attribute decision mak-
ing based on soft rough sets

Based on above definitions and results, we will give an algorithm for the
multi-attribute decision rule.
Algorithms:
Step 1. Construct a soft decision system (U, (f,C), (g, D)).
n

Step 2. Calculate the dependent degree of (¢, D) upon A (fi,C;) (5 =
i=1,i#j

0,1,2,...,n).

Step 3. Calculate each conditional significance of (f;,C;) in (f, C) relative
to (g, D) by Definition 3.11.

Step 4. Find core((f,C), (g, D)) by Proposition 3.12.

Step 5. Find relative reductions in (U, (f, C), (g, D)) by Theorem 3.13.

(1) It5(core((/,C). (g, D)), (9, D)) = 7({f.C), (g, D)), then core((f, C), (g, D))
is a relative reduction in (U, (f,C), (g, D)). In this case, the process stops.

Otherwise, it continues (2).

(2) Denote

core((f,C),(g9,D)) = A (fjx,Cj,), where k =1,2,...,mand 1 < j, <n.
k=1
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(a) Calculate the conditional significance of each bijective soft set (f;, C;)
(i # ji) about Uy, (f;.,Cj,) relative to (g, D) by Definition 3.11.

(b) Select (f;,C;) with maximal conditional significance one by one. If there
are many soft sets with the same maximal significant, we choose the attribute
set containing the most elements. So core((f,C), (g, D))U(f;, C;) is a relative
reduction in (U, (f,C), (g, D)).

Step 6. Obtain decision rules by relative reductions in the soft decision
system (U, (f,C), (g, D)).(Fig.1)

An algorithm

Input | Output

the decision rules by soft relative
attribute reducts in (U . (f. C) . (g. D))

the historv data analvsis

|

Construct a soft decision system T

.. C).lg.D)

Find soft relative attribute reducts
of (U.{f.C).(g.D))

Fy

h 4

Calculate the dependent degree of (g .D) upon
Tt

uporn: & (FaCd =025 mn) Find core ((f. C). (g . D))

i=li#]

Calculate each conditional significance of (ff . C;)
in (f, C) relative to (g . D)

5 Conclusions

This method is based on cases of library history data analysis, then we can find
the useful information. The multi-attribute decision rule and the support degree
of rules provides scientific objective basis. This method reduces the search
domain and hence does a more efficient retrieval than the existing methods.
Therefore, the new evaluation method can help users to decide the component
adapter scheme and reduce pressure and subjectivity in the component reuse
process adapter decision-making.
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Abstract

In this study, we define the notion of modular ultrametric space. We present a fixed
point theorem in modular spherically complete ultrametric space, and prove coincidence
point theorem for three self maps in a modular spherically complete ultrametric space.

1 Introduction

Fixed point theory is a developing field of mathematics with various applications to
engineering, applied mathematics, some disciplines of sciences, etc. Fixed point theorems
play a key role in this theory. Under certain conditions, we get some results related to a self
map on any set, which allows one or more fixed points by means of them.

Ultrametric space is a kind of metric space but it has the strong triangle inequality, i.e.,

d(z,y) < max{d(zx, z),d(z,y)}.

2010 Mathematics Subject Classification: Primary 46A80, 47H10, 54E35.
Key words and phrases: Modular ultrametric space; coincidence point; fixed point.
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This metric is also known non-Archimedean metric. The notion of ultrametric is utilized out-
side mathematics. For example, ultrametric distances are tools of taxonomy and phylogenetic
tree. The notion of ultrametric space was introduced by Van Rooij [32]. Gajic [13] proved
a fixed point theorem for a class of generalized contractive mapping on ultrametric space.
Rao et al. [30] introduced two coincidence point theorems for three and four self maps in a
spherically complete ultrametric space. Some fixed point results on ultrametric spaces were
given by Kirk and Shahzad [17]. There are also some studies in [10, 21].

Modular space was appeared by Nakano [24] in 1950. Many authors [19, 20, 25, 26, 27,
28, 29| gave some remarks on modular spaces. The concept of a modular metric space more
general than a metric space was presented by Chistyakov [6]. He also developed the theory of
modular metric spaces in [7, 8]. Chaipunya et al. [5] showed the existence of fixed point and
uniqueness of quasi-contractive mappings in modular metric spaces. Azadifar et al. [4] proved
the existence and uniqueness of a common fixed point of compatible mappings of integral
type in modular metric spaces. Hussain and Salimi [14] investigated the existence of fixed
points of generalized a-admissible modular contractive mappings in modular metric spaces.
Kilinc and Alaca [15] defined (e, k)-uniformly locally contractive mappings and n-chainable
concept and proved a fixed point theorem for these concepts in complete modular metric
spaces. Many studies were done in [1, 2, 3, 9, 11, 12, 16, 18, 22, 31, 33, 34].

In this paper, we first introduce the notion of modular ultrametric space. We give some
fixed point theorems in a modular spherically complete ultrametric space.

2 Preliminaries

Definition 2.1. [27]. A modular on a real linear space X is a functional p : X — [0, o0]
satisfying the following statements:

p(0) =

Al)

A2) If z € X and p(ax) = 0 for all positive real numbers «, then x = 0;
)
)

(
(
(A3) p(—x) = p(x) for all z € X;
(A4) plax+ By) < p(z) + p(y) for all o, 5 > 0 with o« + =1 and z,y € X.
Let X be a nonempty set and A € (0,00). We indicate that the function
w: (0,00) x X x X — [0, 0]
is denoted by wy(z,y) = w(A, x,y) for all A > 0 and =,y € X.
Definition 2.2. [7]. Let X be a nonempty set. The function
w:(0,00) x X x X — [0, 00]
is called a metric modular on X if, for all z,y, z € X, the following conditions hold:
(i) wa(z,y)=0forall A\ >0 & x=y;
(ii) wa(z,y) =wi(y,x) for all X > 0;

(ii) wrp(z,y) < wr(z, 2) +wy(z,y) for all A, > 0.
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Let’s recall the definitions of two sets X,, and X [7]:
Xo = Xy(zg) ={z € X : wr(z,20) > 0 as A\ — oo}

and
X5 =X (xv0) ={xr € X :3IX\=A(z) >0 such that wy(z,z¢) < c0}.

Definition 2.3. [32]. Let (X, d) be a metric space. If the metric d satisfies the strong triangle
inequality
d(z,y) < max{d(z, z),d(z,y)}

for all z,y,z € X, then it is called ultrametric on X. The pair (X, d) is said to be ultrametric
space.

3 Modular ultrametric spaces

In this section, we first give some new definitions.

Definition 3.1. Let (X,w) be a modular metric space. If w satisfies the strong triangle
inequality
O.J)\(.f,y) < max{w,\(x, Z),(/J)\(Z, y)}

for all z,y, z € X, then it is called a modular ultrametric on X.

Definition 3.2. Let (X,w) be a modular ultrametric space. For r > 0 and =z € X, we define
the open sphere B, (x,r) and the closed sphere B[z, r] with centre z and radius r as follows:

By(xz,r) ={y € X, :wir(z,y) <7}
B[z, r] ={y € Xy, 1 wi(z,y) <71}

Definition 3.3. The modular ultrametric space X, is called a modular spherically complete
ultrametric space if every nest of balls has a nonempty intersection.

Theorem 3.4. Let X! be a modular spherically complete ultrametric space. Assume that
there exists an element x = x(\) € X such that wy(x,Tz) < oco. If T : X} — X} is a map
such that for every xz,y € X}, © # vy,

(31) OJ)\(T(L’, Ty) < max{wA(:v, T.T), w,\(x, y)7 w)\(yv Ty)}a
then T has a unique fized point.

Proof. Let B, = By[a,wx(a,Ta)] be the closed sphere centered at a with the radius wy(a, T'a)
and let A be the collection of these spheres for all a € XJ.
It is clear that the relation

BaSBb A BbgBa

is a partial order on A.
Now we pay attention to a totally ordered subfamily A; of A. Since X is modular spher-
ically complete, we have
() B.=B#0.
Bac AL
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Let b € B, b, € Ay and x € By. Then we get the following:

wx(z,b) < w)(b, Tb) < max{wy(b,a),wx(a,Ta),w\(Ta,Th)}

(3.2) = max{wy(a,Ta),wx(Ta,Th)}.
The case wy(Ta, Th) < wy(a,Ta) implies that

wr(z,b) <wy(a,Ta).
In case of wy(T'a, Tb) > wy(a,Ta), it follows from (3.2) that

wi(x,b) < wx(b,Th) <wx(Ta,Th) < max{wy(a,Ta),wx(a,b),wr(b,Th)}
=max{w)(a,Ta),wx(b,Th)}.

By wx (b, Th) < wy(a,Ta), we have
W)\(w, b) < w)\(CL, TCL)

and wy(b,Th) > wx(a,Ta) shows that wy(b,Tb) < wy(b,Tb), which is a contradiction. So
wx(z,b) < wy(a,Ta) for x € By,.
Since we have
wx(z,a) < wy(a,Ta),

x € B, and By, C B, for any B, € A;. Thus By is the upper bound for the family A. From
Zorn’s Lemma, we conclude that A has a maximal element B, where z € X.
Now we prove z = T'z. Suppose that z # T'z. The inequality (3.1) implies that

wx(Tz,T(Tz)) < wx(z,Tz).
If y € By, then wy(y,T2) < w\(Tz,T(Tz)) < wx(z,Tz). In this case, we get
wr(y, z) < max{w\(y,Tz),wr(Tz,2)} =wr(Tz,z2),
ie., y € B, and By, C B,. Moreover, z ¢ Br, since
wa(z,Tz) > wr(Tz,T(Tz)).

As a consequence, we have By, C B, but it contradicts to the maximality of B,. Hence we
have z = Tz.

It only remains to show the uniqueness. For this purpose, we take u as a different fixed
point. For u # z, we have

wr(z,u) = wx(Tz,Tu) < max{wy(Tz,2),wr(z,u), wx(u, Tu)} = wx(z,u)
which is a contradiction. This completes the proof. ]

Theorem 3.5. Let X! be a modular ultrametric space, and let f,S,T : X}, — X} be maps
satisfying

(1) f(X}) is modular spherically complete,
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(2) WA(S:EaTy) < max{w)\(fx, fy)aw)\(fxa S$)7w)\(fy7Ty)} f07” T,y € X:); T 7& Y,
(3) fS=Sf, fT=Tf, ST=TS,
(4) S(X) € f(X5), T(X) € f(XE).

Then either fw = Sw or fw =Tw for some w € XJ,.

Proof. For a € X}, let B, = [fa,max{w\(fa,Sa),w\(fa,Ta)}] denote the closed sphere
centered at fa with the radius max{wy(fa,Sa),wx(fa,Ta)}. Let A be the collection of all
the spheres for all a € f(X). We state that the relation B, < By iff B, C B, is a partial
order on A. For a totally ordered subfamily A; of A, since f(X}) is modular spherically
complete, we have

() Ba=B#0.
Ba,€A;
Let fb € B where b € f(X}) and B, € A;. Then we have fb € B, and so
(33) w)\(fb’ fCL) < maX{w)\(fa, Sa’)7 w,\(fa, TCL)}

If a = b, then B, = By. Assume that a # b and x € By. It follows from the condition (2) and
(3.3) that
W)\(.CL', fb) < max{w)\(fb, Sb)> w)\(fba Tb)}

< max{wy(fb, fa),wr(fa,Ta),wx(Ta,SH),
wx(fb, fa),wx(fa, Sa),wx(Sa,Th)}
< max{wx(fb, fa),wr(fa,Ta),wr(fa,Sa),
max{wx(fb, fa), wr(fb, Sb),wr(fa,Ta)},
max{wy(fa, fb),wx(fa, Sa),wr(fb,Th)}}
= max{wy(fa, Sa),wx(fa,Ta)}.
Thus

(3.4) wy(z, fb) < max{wx(fa, Sa),wr(fa,Ta)}.
From (3.3) and (3.4), we get

wx(z, fa) < max{wx(z, fb),wx(fd, fa)}
< max{w)\(fa, Sa)7 w,\(fa, TCL)}
Therefore, x € B,. We have also B, C B, for any B, € Ay and By, is an upper bound in A
for the family A;. By Zorn’s Lemma, there is a maximal element, denoted by B,, in A, where
z € F(X}). There exists an element w € X such that z = fw.
Suppose fw # Sw and fw # Tw. Since fS = Sf,
w/\(wa’ TS’U)) < max{wk(wi, fS’lU),(,U)\(fZUJ, Sf’U)),UJ)\(fS’LU, TS’LU)}

(3.5) = wr(f*w, fSw).

Since fT =T,

wA(STw, Tfw) < max{wy(fTw, f2w),wn(fTw, STw),w(f*w, T fw)}
(3.6) = w(f*w, fTw)
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Since ST =TS, it follows from (3.5) and (3.6) that

w (S fw, S*w)

IN

max{wy (S fw, TSw),wx(TSw, T fw),ws(T fw, S*w)}
< max{wy(f?w, fSw),wx(f2w, fTw),

(37) max{w)\(fSw, f2w)v w)\(fSU}, Szw)a w,\(f2w, wa)}}
= max{w\(f*w, fSw),wr(f*w, fTw)}.

From (3.5) and (3.7), we have

(3.8) max{wy (S fw, TSw),wx(S fw, S*w)}
< max{wy(f2w, fSw),w (2w, [Tw)}.

By (3.5) and (3.6),

wx(T fw, T?w)

IN

max{wy (T fw, TSw),wx(T'Sw, S fw),w(S fw, T?w)}
max{wy(f?w, fTw),w\(f*w, fSw),
(
(

A

(3.9) masc{w (20, FTw),wr(f2w, S fuw), w(fTw, T?w)}}
= max{w(f*w, fTw),ws(f2w, fSw)}.

From (3.6) and (3.9), we have

max{wy(STw, T fw),wx(T fw, T?w)}
(3.10) < max{wy (2w, fTw), wx(f2w, fSw)}.

If max{wy(f?w, fTw),w\(fw, fSw)} = wx(f?w, fSw), then from (3.8), we have
max{wy (S fw, TSw),wy(Sfw, S*w)} < wr(f?w, fSw)

which gives f2w ¢ Bg,,. Hence fz ¢ Bg,. But fz € B,. Hence B, ¢ Bgy. It is a contradiction
to the maximality of B, in A, since Sw € S(X}) C f(X}). If

max{wA(wi,fTw),wA(wi,fSw)} = wA(wi,fTw),

then from (3.10), max{wy(STw, T fw),ws(T fw, T?w)} < wr(f?w, fTw) which gives f?w ¢
Bry,. Hence fz ¢ Bpy,. Since fz € B,, we get B, ¢ Bry,. It contradicts to the maximality of
B, in A, since Tw € T(X}) C f(X). As a result, either fw = Sw or fw = Tw. O

Proposition 3.6. Let X be a modular spherically complete ultrametric space and let
LT X5 — X}

be maps satisfying T(X)) C f(X}) and

(3.11) w(T, Ty) < max{un(fz, fy),wr(fz, Tx), wx(fy, Ty)}

for all x,y € X,

w?’

with © # y. Then there exists z € X, such that fz = Tz. Moreover, if f
and T are coincidentally commuting at z, then z is a unique common fixed point of f and T.
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Proof. Let B, = [fa,wx(fa,Ta)] represent the closed sphere centered at fa with radius
wx(fa,Ta) and let A be the collection of these spheres for all a € X. By the same reasoning
as in Theorem 3.5, we conclude that A has a maximal element B, for an element z € X.
Let’s assume fz # T'z. Since Tz € T(X) C f(X), there exists w € X, such that Tz = fw.
It is clear that w # z. From (3.11), we have
wi(fw, Tw) =wx(Tz, Tw)
< max{wA(fz, fU)), W)\(fZ, TZ)7 w,\(fw, TUJ)}
:CU)\(fZ, fw)
Thus fz ¢ By, and B, SZ B,,. This contradicts to the maximality of B,. So fz =1Tz.
On the other hand, we suppose that f and T are coincidentally commuting at z. Then
fPe=f(f2)=fTz=Tfz=T(Tz) =Tz
Suppose fz # z. By (3.11), we conclude that

wx(Tfz,Tz) <max{wx(f3z, f2),wr(f22, Tfz),wr(fz,T2)}
—n(Tf2T2),

which is a contradiction. Thus z = fz = T'z.
Now we show the uniqueness. Let u be a different fixed point. For u # z, we have

wa(z,u) = wr(Tz,Tu) < max{wx(fz, fu),wr(fz,Tz),wr(fu,Tu)}

= W)\(Z,u),

which is a contradiction. As a consequence, we have the required result. O
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Abstract. In this paper, we construct a backward difference scheme for a
class of SIRS epidemic models with nonlinear incidence rate Sf(S)g(I) and
vaccination in susceptible. The dynamical properties of the scheme are in-
vestigated. By using the inductive method and the linearization method of
difference equations, the positivity and the boundedness of solutions, the ex-
istence and local stability of equilibria are obtained. By constructing new
discrete type Lyapunov functions, under the conditions which functions f(.S)
and g(I) satisfy assumptions (H;) — (Hs), the global stability of the equilibria
is obtained. That is, the disease-free equilibrium is globally asymptotically
stable if basic reproduction number %y < 1, and the endemic equilibrium is

globally asymptotically stable if %y > 1.

Keywords: discrete SIRS epidemic model; backward difference scheme; non-

linear incidence; local and global stability; discrete Lyapunov function.

1. Introduction

As we well known, for some practical purposes, especially the numerical comput-
ing, it is often necessary to discretize the continuous-time model to a corresponding
discrete difference scheme, that is discrete dynamical model.

In recent years, aim at the continuous-time SIR and SIRS epidemic models, the
various discrete dynamical models are constructed, and the dynamical properties of

these models are studied in many articles, for example, see [1-22] and the reference
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therein. Many important results have been established. These results focus on: the
computation of the basic reproduction number, the local and global stability of the
disease-free equilibrium and endemic equilibrium, the permanence, persistence and
extinction of the disease, the bifurcation and chaos phenomena, etc.

Particularly, we see that, in [1,2], the authors studied a class of discrete SIRS
epidemic models with time delays and bilinear incidence derived from corresponding
continuous models by applying the nonstandard finite difference scheme (See [23-
26]), and the sufficient conditions on the global asymptotic stability of the disease-
free equilibrium and the permanence of the disease are established. In [3], the
authors studied a discrete SIRS epidemic model with bilinear incidence derived
from corresponding continuous model by applying the backward difference scheme,
and the sufficient and necessary conditions on the global asymptotic stability of
the disease-free equilibrium and endemic equilibrium are established. In [4], the
authors discussed a class of discrete SIRS epidemic models with general nonlinear
incidence derived from corresponding continuous model by applying the forward d-
ifference scheme, and the sufficient conditions for the existence and local stability
of the disease-free equilibrium and endemic equilibrium are obtained. In [5], the
authors discussed a class of discrete SIRS epidemic models with standard incidence
discretized from corresponding continuous model by applying the forward difference
scheme, and the sufficient condition for the global stability of the endemic equilib-
rium is established.

However, from above articles we easily see that the studies on the backward
difference scheme for SIRS epidemic models with nonlinear incidence are few. In this
paper, we construct a backward difference scheme for a class of continuous-time SIRS
epidemic models with nonlinear incidence §f(S5)g(I) and vaccination in susceptible.
We will study the dynamical properties, especially the global asymptotic stability of
the disease-free equilibrium and endemic equilibrium for this discrete model. Firstly,
the basic properties of the model, such as, the positivity and the boundedness of
solutions, the existence and local stability of equilibria are discussed by using the
inductive method and the linearization method of difference equations. Further,
by constructing new discrete type Lyapunov functions which is different from those
given in [3] and using the theory of stability of difference equations, we will establish

the global asymptotic stability of equilibria under the assumptions (H;) — (Hj) (see
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Section 2). That is, when assumptions (H;)— (H3) hold, the disease-free equilibrium
is globally asymptotically stable if and only if basic reproduction number %, < 1,
and the endemic equilibrium is globally asymptotically stable if and only if Z, > 1.

The organization of this paper is as follows. In the second section we firstly
introduce a backward difference scheme, that is discrete dynamical model, for SIRS
epidemic models with nonlinear incidence, and further give some basic assumptions.
In the third section the results on the positivity and boundedness of solutions, the
existence and local stability of equilibria for the model are stated and proved. In the
fourth section we will state and prove the theorems on the global asymptotic stability
of the disease-free equilibrium and endemic equilibrium for the model. Lastly, in

the fifth section we will give a conclusion.

2. Model description

We consider the following continuous SIRS epidemic model with nonlinear inci-

dence and vaccination in susceptible

dsS

o A= Bf(S)g(I) — diS —nS + IR,

dI

= BAS)D) ~ . )
% = nS+~v[—d3R— IR,

where S(t), I(t) and R(t) denote the numbers of susceptible, infected and recovered
individuals at time t, respectively. A is the recruitment rate of the total popula-
tion, di,ds, and d3 represent the death rate of susceptible, infected and recovered
individuals, respectively. Particularly, death rate dy includes the natural death rate
and the disease-related death rate of the infected individuals. ¢ is the rate at which
recovered individuals lose immunity and return to the susceptible class. ~ is the
natural recovery rate of the infective individuals, £ is the proportionality constan-
t. f(S) and g(I) are continuous functions defined on [0,00). The transmission of
the infection is governed by a nonlinear incidence rate Sf(S)g(I). In this paper,
we always assume that 0 is nonnegative constant, and A, dy, ds, ds, 3,7 are positive
constants.

Now, we use the backward difference scheme to discretize model (1). Let A > 0

be the time step size. Since

dS() _ . S =S dI) T h) - 1)
dt h—0 h dt h—0
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lim (A — BF(S(t+h))g(I(t +h)) — (di +0)S(t + h) + OR(t + h))
= A= pf(S(#))g(L(t) — (di +n)S(t) + 0R(t),
Hm(Bf(S( +h))g(L(t +h)) = (d2 +7)I(t + 1))
= B (5(t)g(L(t)) — (d2 +7)I(t)

and
lim (nS(t +h) +71(t + h) = (ds + O)R(t + h))

=nS(t) +71(t) — (ds + ) R(t),
we can assume from model (1) for any h > 0

S(t+h) — S(t)
h

= A-=Bf(S(t+h))g(I(t+h))
—(dy +n)S({t+h)+0R(t+ h),

2
I(th);m) = Bf(S{t+h)g(I({t+h))— (da+7)I(t+h), @)
)

R(t+h) —

h
Denote t = n, t+h =n+1, S(t) = S,, I(t) = I,, R(t) = R,, S(t+ h) =
Snt1, It +h) = I,y and R(t + h) = R,41, then from (2) we further obtain the

= nS({t+h)+~vI(t+h)—(ds+0)R(t+ h).

following discrete SIRS epidemic model with nonlinear incidence and vaccination in

susceptible

Snt1 = S = hlA = Bf(Sn1)9(In+1) = (di + 1) Sni1 + 0Rna],
Lnpi = I = h[Bf(Sns1)9(Ln+1) — (d2 + ) Ln41], (3)
Rusy1— Ry = h[nSps1 + I — (ds + )R]
In this paper, our main aim namely is to investigate the dynamical properties of

model (3). The initial condition for model (3) is given in the following form
So>0, Iy >0, Ry > 0. (4)

For model (3) we firstly introduce the following assumption.

(Hy) Functions f(S) and g¢(/) are continuously differentiable and monotone
increasing on R, f(0) = g(0) = 0, ﬁ is monotone increasing on (0,+o0) and
g'(0) > 0.

Remark 1. It is obvious that assumption (H;) is basic for model (3). In
fact, when f(S) = SP (where 0 < p < 1) or f(5) = and g(I) = then

ot
assumption (H;) naturally holds.

1+a5
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Remark 2. If function g(/) satisfies that second order derivative ¢”(I) exists
and ¢"(I) < 0 for all I € [0,00), then we can easily prove that ﬁ is monotone
increasing on I € (0, +00).

Define a function F'(u,v) as follows. For any u,v € R, if u # v then F(u,v) =
W, and if w = v then F(u,u) = f'(u). In order to obtain the global asymp-
totic stability of equilibria of model (3), we need to further introduce the following
assumption.

(HQ) (dl + dg)’}/ — (dg + d3)77 > 0.
(Hs) There are positive constants K; and K3 such that

4d1[d3 + l{?4(d3 + 5)] > (d1 + d3 — k‘47] — Kl(gF(U, 1)))2
and
4K1(d1 + n)sz(U, U) > (dl + dQ - KgﬁF(U, 1)))2

for any 0 < u,v < 4 with u # v, where ky = @ and d = min{dy, do, d3}.
Remark 3. When f(S) = S, we have F'(u,v) = 1. Choosing positive constants

Ky = BB and K, = 9% then assumption (H;) naturally holds.

B
Remark 4. When f(S) = 7255, we have that there is a & = &(u,v) € (0, 4)
such that F(u,v) = m Obviously,
1 1
- < F = ——-=<1
(1 +w%)2 = (U,U> (1 +w€)2 >

for all u,v € (0, 4] with u # v. Choose positive constants

2(dy + ds — kan)(1 + w4)? i 2(dy + do) (1 + wi)?

T s+ (w2 T B (1w

then we can easily obtain that

2(1 + wi)?
di +ds — kyn — Ki0F 2<(1— ——42 V2 (dy +ds — kyn)?
(dy + ds — kan 108 (u,v))” < ( 1+<1+w§)2)(1+ 3 — kan)”,
2(1 + w4)?
dy +dy — K38F 2<(1— ———22 2 (dy + dy)?
(dy +d 3BF (u,v))” < ( 1+(1+w§)2)(1+ 2)

and
dy + ds — kan

4K (d do F > 8(d d
1(dy + m)doF (u,v) > 8(di + 1) 25(1+(1+w§)2)

for all u,v € (0, 4] with u # v.
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Therefore, for f(S) = 2, if we assume that the following conditions hold

T+wS?
4dy (d3 + ka(d +5))>(1—2<H—“§)2)2(d +ds — k4n)? (5)
1(as 4(d3 1+(1+w§)2 1 3 47
and ( A)2
dy +ds — kan 2(1 +wg 2 2
8(dy +n)d > (11— T7dl V24 1 qd,)? 6
(d ”)25(1+(1+wg)2) ( 1+(1+wg)2)(1 2) (6)

then it can be easily proved that assumption (Hjz) holds.
Particularly, when w = 0, that is f(S) = S, we easily see that conditions (5) and
(6) naturally hold.

3. Basic properties

Firstly, on the existence of positive solutions with initial condition (4) and the
boundedness of all solutions of model (3), we have the following results.

Theorem 1. Suppose that (H;) holds. Then model (3) has a unique positive
solution (Sy, I,, R,) for all n > 0 with initial condition (4), and

A
limsup(S,, + I, + R,) < rE

n—oo
where d = min{d,, ds, ds}.
Proof: When n = 0, from model (3) we have
(1 +h(di +m))S1 = So+ h[A+ R — Bf(S1)g(11)],
(L4 hl(d2 + 7)1 = Lo + hBf(S1)g(1h), (7)
(1+ h(ds +6))R1 = Ry + h[nSy + v11].

Solving S from (7), we obtain

1
Si= ——[So+h(A+ IR Iy — (1 + h(d I
| 1+h(§h+n)[ o+ h(A+6R) + 053( +h(dz +7))11]
= — [So4+ Iy +h(A+ —T"——
1+h(d1+77)[ o °+2( +1+h(d3+5)2)
h*yd h<dn
—(1+ h(d — I S1l.
(1+hids +7) 1+h(d3+5))1+1+h(d3+5) !
Therefore, (7) is equivalent to
_ 1 ORy
Sy = L [So+Ip+h(A+ ————
L A L 0; At i 1 0)
h*yd
—(1+ h(d - —F—F ) 1], 8
I Iy + hBf(S1)g() __Ro+hh
! L+h(dy+~) " 1+h(ds+0)
6
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where
h26n

Obviously, a > 0, 1 + h(dy + ) — 0~ (. Let

a=1-—

1+h(d3+9)
So+ Io + h(A + 28 )
F >0 0 1+h(d3+9)
- h2y5 0
1+ h(dQ + 7) - m

then from (8) we have S; > 0 when 0 < I} < I, S; < 0 when I; > I}, and S; = 0

when I; = I;.
Let
[1 1 [0
U*([) & _  RBE(S
e g(I1) 1+h(d2+7)(g(11) Bf(S1))
with 1 y
Si= a e[S+ Iy + (A F —
1 ’ 1+h(d1‘|‘77)[ 0 02+ ( +1+h(d3+5))
h*~vd
—(1+ h(d M N
(1+h(dy +7) 1—{—h(d3—|—5))1]

Then, from (8) we have W*(1;) = 0. Under assumption (H;), we obtain that W*(I;)
is monotonically increasing for I; > 0 and limy,_,o U*(/;) = —oo. On the other

hand, when I; = I; we have f(S;) = f(0) = 0 and hence,

*(T ) — fl — ! IO
U* (1) = g()  1+h(dy+7)g()
= g(jl)( 1T h(dy +)

Therefore, ¥*(I;) = 0 has a unique positive solution y* € (0, ;). That is,

1

Y= m(fo —hBf(S1)9(y")).

Now, we show that y* is the unique solution of ¥*(I;) = 0 on (0, c0). Otherwise,
there is a 3y € [I;,00) such that U*(y/) = 0. Since y' > I;, we have that S; < 0
when I} = 3/. From (H,), we have f(S) <0 for any S < 0. Hence, from ¥*(y') =0

Io ik On the other hand, since I; > —-2— we obtain

/
we further have ¢ < TTh(daT) 1+h(dz+7)

y > m, which leads to a contradiction.

Therefore, we have I = y* > 0. Again from (8), we further also have S; > 0

and Ry > 0. This shows that from (7) we can obtain a unique positive solution
(Slu Ila Rl)
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When n = 1, a similarly argument as in above, we can obtain a unique positive
solution (Ss, I, Rs) satisfying model (3) at n = 1. By using the induction, we finally
obtain a unique positive solution (S,, I,,, R,) for all n > 0 satisfying model (3).

Let N, =S, + I, + R,,, then from model (3) we have

N, = No_y + h(A — di S, — dol,, — dsR,) < Na_q + h(A — dN,).

Hence,
hA+ N,
N, < ——.
- 1+hd
By using iteration method, we obtain
N < hA n hA P hA N Ny
"= 1+hd (1+ hd)? N (L+hd)» (14 hd)"
1 0

T T e T T R

Therefore, it holds that limsup,,_, . IV, < g. This completes the proof.
The basic reproduction number for model (3) can be defined by

~ Bf(S)g'(0)
 dyty

Y

where S0 = %. On the existence of equilibria of model (3), we have the

following result.
Theorem 2. Suppose that (H;) holds.
(1). If Zy < 1, then model (3) has only a unique disease-free equilibrium E° =

(59,0, R%), where S° is given in the above and R° = Wﬁ%.

(2). If #y > 1, then model (3) has a unique endemic equilibrium E* = (S*, I*, R*),
except for disease-free equilibrium E°.
Proof: We know that any equilibrium E = (S, 1, R) of model (3) satisfies the

following equation
A= Bf(S)g(I) = (di +n)S+0R =0,

Bf(S)g(I) = (d2 +~)I =0, (9)
nS +~I — (ds+ )R =0.

Firstly, when I = 0, we have
From this, we directly obtain disease-free equilibrium E° = (S° 0, R).

8
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Second, when I > 0, from equation (9), we obtain
S+l w0 @0 +d3) +dzy
§+ds dy(0 + ds) + dsn
Substituting S into the second equation of (9) and we have

_ dz((s + dg) + dg’)/
di(0 + ds) + dsn

Bf(S° Ng(I) = (dy +~)I = 0.

Let
_ o d2(0+ds) +dzy . g(])
H(I)=B81(S di(0 + d3) + dsn ) I

By assumption (H;), H(I) is strictly monotone decreasing on (0, +00) and satisfies

— (d2 + ).

lim H(1) = BF(S")g/(0) — (dz +7) = (da +7) (% — 1)

I—0+t

and we also have H(I) = —(dy +v) < 0, where I = %

When %, < 1, we have lim;_,o+ H(I) < 0. Consequently, there is not any I* > 0
such that H(I*) = 0. Therefore, model (3) only has a unique disease-free equilibrium
Ey.

When %, > 1, we have lim; o+ H(I) > 0. Therefore, there exists a unique
I* € (0, 1) such that H(I*) = 0. Furthermore, we have §* = §0 — 920tds)tdsy )

dy1(0+d3)+d3n
and R* = 2521 ~ (). This implies that model (3) has a unique endemic equilibrium

5+ds

E* = (58*,I*, R*). This completes the proof.

Further, on the local stability of equilibria of model (3), we have the following
result.

Theorem 3. Suppose that (Hy) holds.

(1). When %y < 1, then disease-free equilibrium E° of model (3) is locally
asymptotically stable.

(2). When %y > 1, then disease-free equilibrium E° of model (3) is unstable,
and endemic equilibrium E* is locally asymptotically stable.

Proof: Calculating the linearization system of model (3) at equilibrium E°, we

have
Up+1 — Up = h[ﬁf(so)g/(o)vnﬂ - (dl + TI)Un+1 + 5wn+1],

Unt1 — Unp = h[ﬁf(so)g/(o)UTH»l - <d2 + f}/)anrl]? (10)
Wpi1 — Wy = h[NUny1 +YUn1 — (d3 + 0)wnya].
From the second equation of system (10), we have

Un

= T 1 - AR (O)] (1)

9
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When Ry < 1, we obtain

1 1
S 15 hldy +7 = BA(S)G(0)] 1+ hids +7)(1 — Ra)

Therefore, from (11) we have lim,, o, v, = 0. From the first and third equations of

0 < 1.

system (10) we have

( - ) e ( " ) e ( —hBF(5%)g(0) )vn% 12)
Wn+1 Wn, h’}/

A 1+ h[d1 + 77] —ho
—hn L+ hlds+6] )

It is clear that two eigenvalues \; (i = 1,2) of matrix A satisfy |\;] > 1. Hence,

where

norms of two eigenvalues of A~ are less than one. Since lim,, ., v, = 0, from (12)
we can obtain lim,,_,. t, = 0 and lim,_,. w, = 0. This shows that equilibrium E°

of model (3) is locally stable.

When %, > 1, since |1+h[ (0)]| > 1, from (11) we obtain lim,, . v, =

1
da+y—Bf(S%)g’
oo. Therefore, EY is unstable.

Calculating the linearization system of model (3) at equilibrium E*, we have

Upy1 = Up — h[ﬂf/(S*)g<I*)un+l — BﬂS*)g/([*)Unﬂ
—(dy + )uny1 + dwpi1),

(13)
Unt1 = Un + h[ﬂf/(S*)g<I*)un+l + Bf(S*)g/([*)Un-&-l - (d2 + P)/)Un-ﬁ—l]a
Wpy1 = Wy + h[nun-i-l + YUpg1 — (d3 + 5)wn+1]'
Let
L+ A[Bf'(S*)g(I") + di + 1] hBf(5™)g'(I7) —ho
A= —hBf'(S*)g(I”) 1= h[Bf(S")g'(I") = d2 — 7] 0
—hn —hy 1 + hlds + 0]
and X,, = (U, vn, w,)T, then equation (13) can be rewrote into
Xn+1 - A_an' (]‘4)

It is clear that if all eigenvalues A of matrix —A satisfy |A\| > 1, then all eigenvalues o
of matrix A~ will satisfy |o| < 1. The characteristic equation of —A is [NE+ A| = 0,

where F is the unit matrix. Let r = %, then we easily obtain
IAE + A| =1° + ar® + br + ¢,

10
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where
a=di+n+Bf(S)gI") +ds+ 5+ do+v = Bf(S)g (1),
b= di(ds +0)+dyn+ (ds + 6)Bf'(S*)g(I*) + (d2 +7)Bf(S*)g(I*)
(ds + 6 +di +n)(d2 + v — Bf(S)g' (7))

and

¢ = (di(ds + 0) + dsn)(da + v = Bf(S™)g'(I")) + (da(ds + 6) + ds7) Bf'(S")g(I7).

From assumption (H;), we easily obtain # —¢'(I) > 0 for all I > 0. Since
Bf(S*)g(I*) — (dy +~)I* = 0, we obtain dy +v — Bf(5S*)g'(I*) > 0. Hence, we have
a>0,b>0and ¢ > 0. By calculating, we further obtain

ab—c= (di+n+ds+0)[(d2+v—Bf(S)g (1))
+(d3 + 0)(di + Bf'(S*)g(I")) + d3n]
+(dz + v = BF(S)g' (I*)[(ds + 0 + dy + 1)
+Bf'(S*)g(I*)(2(ds + &) +do + v + di + 1))
+B(5%)g(I")[(dr + n)(d2 + ) + di(ds + 6) + 7]
+(Bf(S*)g(I*))?(dy + v + ds + 0) > 0.

Therefore, by the Routh-Hurwitz criterion all roots of equation

)
)
)

3 +ar* +br4+c=0

have the negative real parts. Since A = hr — 1, we further obtain that all eigenvalues
A of matrix —A satisfy |A| > 1. Therefore, the zero solution X = 0 of equation (14)
is asymptotically stable. This shows that equilibrium £* is locally asymptotically
stable. This completes the proof.

Remark 5. From Theorems 3 we directly see that assumptions (Hs) and (H3)
only are used to obtain the global asymptotic stability of equilibria of model (3).

Remark 6. From the results obtained in this section, we easily see that the
backward difference scheme, that is discrete dynamical model (3), for a class of
SIRS epidemic models (1) with nonlinear incidence is provided for us with excellent
properties in the local stability of equilibria and the permanence of disease. These

properties nearly are same to corresponding continuous-time model (1).

4. The global stability

11
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Now, we study the stability of equilibria of model (3). Firstly, on the global
stability of disease-free equilibrium E°, we have the following result:

Theorem 4. Suppose that (Hy)— (Hs) hold. If %, < 1, then for any time step
size h > 0 disease-free equilibrium E° of model (3) is globally asymptotically stable.

Proof: Model (3) can be rewritten as the following form

Snt1 = Sn = h[=(di +n)(Sps1 = 8°) = Bg(Ln11) (f(Sn11) — £(5?))
+0(Rps1 — R°) = BF(S°)g(Tni1)],
Lnjy = In = h[Bg(Lns1)(f(Sns1) — F(S°)) (15)
—(dy + )1 + BF(S°)g(Ing)],
Rpp1 — Ry = h[n(Sni1 —S°) + L1 — (ds + 6)(Rps1 — R°)].

We consider the following Lyapunov function

1 S”l
Wn - 5(5’77, - SO + .[n + Rn - R0)2 + kl/ (f(T) - f(SO))dT
S0
k
(ky + k)L + 5 (Ro = RY)?,

where k; (i = 1,2, 3,4) are positive constants which will be determined in the follow-
ing. Calculating difference of W,, along solutions of equation (15), by assumption

(Hy) we have

Sn+1
Wn+1 — Wn = k’l / (f(T) — f(SO))dT + (kg + kg)([nJrl — [n)

k
5 (R = B)? = (R = R

1
+5[(Snir = S+ Lsa + Rug — RY)?

—(S, =S +1,+ R, — R
= k1(Snt1 = Su)(f(Sug1) = F(S%) + (ka + k) (Lng1 — 1)

k

+5 [(Rus = Ru)(Ro = Rugs +2(Ruis — RY)]
1

+§[(Sn+1 - Sn + In+1 - In + Rn—l—l - Rn)

X (S — Sp1 4+ 2(Sppr — SO + I, — Iy
+2L41 + Ry — Roj1 + 2(Rog1 — RY))

< k(Snir = Sn)(F(Snpr) = £(S°)) + (k2 + ks) (g1 — 1)
+ky(Rys1 — Rp)(Rpp1 — R°) + (Spy1 — S+ Iyt + Ry — RY)
X(Spy1— Sp + Ins1 — L+ Ruy1 — Ry)

= kh[—(di +1)(Snt1 — %) = Bg(Lnr1) (f(Snr1) — £(S9))

12

1279 Zhidong Teng et al 1268-1289



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.7, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

+0(Rp1 — R°) = BF(S°)g(Lns1)](f (Snyr) — f(S))
+hoh[Bg(Lns1) (f(Snt1) = F(S%)) = (do + 1) Tnia
+B£(S°)g(Ins1)] + ksh(Bf (Snt1)g(Int1) = (d2 +7) Lng1)
+hah[n(Sni1 — S%) +vLug1 — (ds + 6)(Ruys — R°)]
X(Rpy1 — R%) + h[—di(Sni1 — S°) — dolnia

—d3(Rps1 — R°)] X (Sn1 — 8%+ L1 + Ry — RY)

Since %y = %ﬁ’;(m < 1, we have Bf(5°)¢'(0) < dy +~. Under assumption (H;),

we have
I, I
Iy 10+

Choosing constants ko = k; f(S°) and ky = dﬁd?’, we further have

Woi1 = Wo < =kihB9(Lns1)(f(Sni1) = £(S))? = dih(Spi1 — S°)°
—dohI?, | — ksh(ds + 6)(Ryi1 — R°)?
—dsh(Rpy1 — R")? — h(dy + da)(Spi1 — S°) Lpa
—h(dy + ds — kan)(Sni1 = S°) (Rpy1 — RY)
—(dy + )kih[f (Sni1) = F(SN))(Spa — 5°)
+k1hd (f(Snt1) = F(S)(Ruyr — R°)

FhohBF(SO) a2 Unir) _ g'(0)]

In+1
a8 £(S0) (L) (0) 4 g (0)(F(Sir) — F(5"))

—d h(Sps1 — S%)? — djz—;%+1 — (ka(ds + 6) + d3)h(Rpy1 — R°)?
+hihd (f(Sne1) = F(SU)(Rur1 — RY)
—(di +m)kih[f(Sns1) = F(SD)](Sns1 — S°)
—(dy + d2)h(Spy1 — S%) i1 + kshBg'(0) Luia (f(Snia) — £(S?))
—(dy + ds — kan)h(Sng1 — S°)(Rng1 — R°)
= (St — SO — dohI2,, — (ka(ds + ) + ds)h(Rpsy — R°)?
—(dy + ds — ka)h(Ssr — SO (Russ — BY)
—(dy 4 do)h(Sps1 — S°) I
f(Sns1) — £(5°)

IN

—(dy +n)kih] — (S — 8°)?
o s
R e [CNEEL LN

13
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Spt1) — f(S°
+k3hBg'(0) Is1(Sps1 — SO)(f< sz — f;g) )

- _h[(Sn—H - SO; ]n+1)P(Sn+1 - SO’ In—|—1>T
+<Sn+1 - 507 Rn+1 - RO)Q(Sn+1 - SO; Rn+1 - RO)T]a

)

where

P ( ki(dy +n)F(Sp11,5°)  pr2 > Q= ( d; q12 >

D12 da, Q12 [ds + ka(ds + 0)]

with
1 /
P12 = §(d1 +dy — k39" (0) F(Sni1, 5%)),

1
Q12 = §(d1 +dy — kan — k16 F(Spp1, S°)).

Further, we choose k; = K; and k3 = %, then assumption (H3) implies that

matrices P and () are positive definite. This implies that
Wyp1 — W, <0 forall (S,,I,, R,) # (S°,0,R%).

By the Lyapunov’s theorems on the global asymptotical stability for difference e-
quations [28], we obtain that disease-free equilibrium E° is globally asymptotically
stable. This completes the proof.

Remark 7. In articles [1-3,5], the authors studied the global properties of
solutions for the various discrete difference scheme, such as the nonstandard finite
difference scheme, backward difference scheme and forward difference scheme, for
continuous-time SIRS epidemic models. The condition that the death rate (d;) of
susceptible is less than or equal to the death rate (dy) of infected and the death
rate (ds) of recovered, that is, d; < min{ds,ds} is required. Therefore, the global
asymptotic stability of the disease-free equilibrium can be established only when the
basic reproduction number %, < 1, except for some basic assumptions, for example,
such as assumption (H;) for model (3).

However, in this paper we do not require the condition d; < min{ds, d3} for model
(3). Therefore, in order to obtain the global stability of the disease-free equilibrium
of model (3), a new Lyapunov function is constructed and the assumption (Hs) is
introduced.

On the global stability of the endemic equilibrium E*, we have the following

result.

14
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Theorem 5. Suppose that (Hy)— (Hs) hold. If %, > 1, then for any time step
size h > 0 endemic equilibrium E* of model (3) is globally asymptotically stable.

Proof: The model (3) can be rewritten as the following form:
Snt1 = Sp = h[=Bg(Lps1)[f(Snt1) — F(S)] = (di + 1) (Sns1 — 57)
F6(Rn1 — RY) = BF(S")(9(Lns1) — 9(I7))],
Iy = In = h[Bg(Tns1)(f (Snt1) = F(S7)) = (da +7)(Inga — I7) (16)
+BF(S)(gUnsa) — g(I"))],
Rop1 — Ry = h[n(Sps1 = S7) +v(Lnp1 — I7) = (ds + 6)(Rnyr — RY)).
Since (ds +v)I* = Bf(S*)g(I*), we also have
Lnsr — Iy = h[Bf(Snt1)9(Tns1) — (d2 + 7) Lnta]

— Bl (S D) — g0 17
= B8 (B A 4 A s, - (57
and
Soet — S+ Tpoy — I+ Ror — Ry,
{0

= —di(Spt1 = 5") = do(In1 — I") — d3(Rpt1 — 7).
We consider the following Lyapunov function
1 Sn
Vim 5(S.= 8"+ L= I 4 Ro= RP 4k [ () = (S7)ir

1

ng(T)_g([*) * * [n k4 *\ 2
+ S k(I — IF — I"In =) + (R, — R
k2/* e dr + ks(I, n— 2( n )°s

where k; (i = 1,2,3,4) are positive constants which will be determined in the fol-

*

) +

lowing. Calculating difference of V,, along equation (16), then by (17) and (18) we

have
Sn+1 Inga — o(I*
Ve = Vo= bl 00 = s ar +y [ A g
n I i In Q(T)
tks(Insr — I, — I*In 7}—“) + ;[(Rnﬂ — R)? = (R, — R)?
1 n
+§[(Sn+1 —S*+ Iy — I+ R,y — RY)?
—(Sp — S*+ I, — I* + R, — R*)?]
< k1(Sn1 = Sn)(f(Snga) — £(S7))
I,.1) — g(I* I, —1I*
+k2([n+l _[n)(g( +1> g( )) +k53(]n+1 _In)L
i Q(In+1) Ini
+% (Rut = Ra)(Ro = Rugi + 2(Rys = RY))
1
+§(Sn+l - Sn + In+l - In + Rn-l—l - Rn)
15

1282 Zhidong Teng et al 1268-1289



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.7, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

X(Sn — Sn+1 + 2<Sn+1 — S*) + [n — [n+1
+2(Ip1 — I")+ R, — Ry + 2(Rys1 — RY))

k1<Sn+1 - Sn)(f(sn+1> - f(S*)) + k4(Rn+1 - Rn)(RnJrl - R*)

Loot) — o(I* Lyt —I*
k(L — L)) )y gy e =
g([n-i-l)

+(Snat — S+ Iner — Iy + Rosr — Ry)
(Spir — S 4 Iysy — I* + Ryt — RBY)
= kih[=Bg(Tni1)[f(Sns1) = F(ST)] = (di + n)(Spi1 — S%) + 0(Rnya — R)
=B (5")(g(Tns1) — g(I")](f (Sns1) — [(S57))
Fhoh[Bg(Lns1)(f (Sntr) — F(S¥)) = (d2 +7)(Lps1 — I7)

. N g([n+1) - g(I*)
HBF(S") (i) = oINS

b (Ss) () = 280 4 90 450) = (S s = 1)
+hah[n(Sps1 — %) + Y(Lne1 — I7) — (ds + 0)(Rps1 — BY)|(Rpy1 — RY)
—h(di(Sp+1 — %) + do(Lps1 — ") + ds(Rp1 — RY))

X(Sn+1 -5 + In+1 — I + Rn+1 — R*)

IN

]n—i-l

Choosing constants ke = ky f(S*) and ky = 1127;:137 we further have

Viir = Vi € —dih(Spir — S%)2 — doh(Isr — I7)?
—h[ky(ds 4 8) + ds](Rp1 — R*)? — (dy + d2)h(Spir — S*)(Lpsy — I*)
—(di + ds — kan)h(Rp1 — R*)(Sp41 — 57)
—ki(di +mh(Sps1 = S)(f (Sns1) — F(57))
+h1hd(Ryy1 — RY)(f (Snt1) — F(S7))

o ) =9 1 oy 01 1)) — g(I) — (do + 9) (s — I°)]

g(In+1) .
kB () (L — 1) (2Lmet) _ ),
g(”) "

+/€3hﬁT(In+1 = I")(f(Snt1) — [(S7)).
From assumption (H;) and dy 4+ v = Bf(S*)w, we have

9(Lny1) — g(I")

ko [BF(S)g(ns1) = 9(I7)) = (da +7)(ngr — I7)]

7 g(In+1> I+
= k2 =S 55 g 11) — ()
= BRI 1,) - g ) - L) <0
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and
g<]n+1) . g<]*)
s I*

k3B f(Sn+1)(Ln1 — I)(
Hence,
Vier = Voo < —dih(Snsr — 52 — doh(Lnst — I7)?2
—h[ky(ds 4 8) + ds](Rpi1 — R*)? — (dy + d2)h(Spir — S*)(Lpsy — I*)
—(di +ds — kan)h(Rp1 — R*)(Sp41 — 57)
—ki(d1 +mh(Sps1 — S)(f (Sns1) — F(57))
+h1hd(Ryy1 — RY)(f (Snt1) — F(S7))

k8 1 ) (S0) — (5

== —dlh(Sn+1 - S*)Q - th([n+1 - [*)2
—hlka(ds + 0) + ds](Ros1 — R*)* = (d + do)(Sny1 = §7) (Lnss = I7)
—(dl + d3 - ]i]47])h(Rn+1 - R*)<Sn+1 — S*)

(s + (S — 5720 2157

Sn+1 -5 %
+]{jlh5(Rn+1 _ R*)(Sn+1 o S*)f(sg+1z - QES )
n+l =
—|—/€3hﬁg<[* )(In—i-l _ [*)(Sn+1 - S*)f( S::z — gi )

= _h[(Sn-‘rl - S*, In+1 - I*)P(Sn-l—l - S*a In—l—l - I*)T
+(Snt1 — 5%, Ryy1 — R*)Q(Spi1 — S*, Ry — RY)T,

where

P ( ki(di +n)F(Snt1,5") pr2 ) o= ( d; q12 >

P12 dsy 12 |ds + k4(ds + 0)]

with
1
2

1
qi2 = §<d1 + d3 — ]{347] — kldF(SnJrl, S*))

I*
P12 = (dl + d2 - kSﬁ%F(SnJrla S*)>?

Further, we choose k; = K; and k3 = Kgﬁi), then assumption (Hj) implies

that matrices P and () are positive definite. This implies that
Vor1 — Vo <0 forall (S, L, R,) # (S*, 1", R").

By the Lyapunov’s theorems on the globally asymptotical stability for difference
equations [28], we directly obtained that the endemic equilibrium E* is globally
asymptotically stable. This completes the proof.
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Remark 8. From the above discussion we immediately see that constant %,
is the basic reproduction number of model (3) and it can completely determine the
global asymptotic stability of model (3).

Remark 9. From the above discussions we easily see that assumption (Hs)
only is used to ensure the positivity of constant K;. When n = 0, that is, there is
not vaccination in susceptible, then assumption (Hs) naturally holds.

As consequences of Theorems 4 and 5, combining Remarks 3 and 4 we have the
following corollaries.

Corollary 1. Assume that in model (3) f(S) =S and (H,) and (Hs) hold.

(1). If Zy < 1, then disease-free equilibrium E° of model (3) is globally asymp-
totically stable.

(2). If #y > 1, then endemic equilibrium E* of model (3) is globally asymptoti-
cally stable.

Corollary 2. Assume that in model (3) f(S) = H%S’ (Hy) and (Hs), and
conditions (5) and (6) hold.

(1). If Zy < 1, then disease-free equilibrium E° of model (3) is globally asymp-
totically stable.

(2). If #y > 1, then endemic equilibrium E* of model (3) is globally asymptoti-
cally stable.

Remark 10. In [3], the following backward difference scheme for SIRS epi-

demic model with the bilinear incidence is studied

Sni1= Sp+ B — p1Sn1 — BSniilnir + 0Ru
L= I+ BSns1lnsr — (po +7) i (19)
Roii= Ry +7vlh1 — (3 +0)Roya.

The condition py < min{pus, s} is required. By constructing the discrete Lyapunov
functions UF’ and UF" (see the proof of Theorem 2.1 in [3]), the authors established
that if the basic reproduction number %, < 1, then disease-free equilibrium E° of
model (19) is globally asymptotically stable, and if Z, > 1, then endemic equilibrium
E* of model (19) is globally asymptotically stable.

By computing, we easily see that the Lyapunov functions UF’ and UF" are
not applicable for model (3). Therefore, in this paper we construct a class of new

Lyapunov functions to study the global asymptotic stability of model (3).

18
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Furthermore, we also see that above Corollary 1 is an extension of the main
results given in [3] in the nonlinear incidence case.

Remark 11. Analyzing the conditions and results given in Corollary 1 and
Theorems 3 given in Section 3, we can propose an important and interesting open
problem for general model (3): whether only when assumption (H;) holds, we can
obtain that the disease-free equilibrium is globally asymptotically stable if and only
it Zy < 1, and the endemic equilibrium is globally asymptotically stable if and only
if %y > 1.

5. Conclusion

In [4], the dynamical properties of the forward difference scheme for a class of
SIRS epidemic models with general nonlinear incidence are investigated. It is shown
that when step size h is small enough the disease-free equilibrium and endemic
equiloibrium are local asymptotically stable, and along step size h increase, the
scheme will occur the bifurcation phenomena.

In this paper, the dynamical properties of the backward difference scheme for a
class of SIRS epidemic models with nonlinear incidence S f(S)g(I) are investigated.
From the main results obtained in this paper, we see that the backward difference
scheme, that is discrete dynamical model (3), is provided for us with excellent dy-
namical properties for any step size h in the local and global stability of equilibria.
These properties nearly are same to corresponding continuous-time model (1).

Furthermore, we also see that the results on the global asymptotic stability of the
endemic equilibrium for the backward difference scheme for SIRS epidemic model
with bilinear incidence obtained in [3] are directly extended. By constructing new
discrete Lyapunov functions we established the sufficient and necessary conditions
on the global asymptotic stability of the disease-free equilibrium and endemic equi-
librium for a class of discrete SIRS epidemic models with general nonlinear incidence
Bf(S)g(I), vaccination in susceptible and different death rates d;, dy and d3. That
is, under assumptions (H;) — (Hs), the disease-free equilibrium is globally asymp-
totically stable if and only if basic reproduction number %, < 1, and the endemic
equilibrium is globally asymptotically stable if and only if %, > 1.

However, we also see that assumption (Hj3) is very strong. For the local stability

of the disease-free equilibrium and endemic equilibrium for model (3), the assump-
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tion (Hj) is not required. Therefore, an interesting and important open problem is
whether the assumption (Hj3) can be weakened in the studies of the global stability
of equilibria of model (3).

On the other hand, we know that there is the nonstandard difference scheme to
discretize continuous-time model (1) with nonlinear incidence. For the the nonstan-
dard difference scheme of model (1) whether we also can establish the same results,

like in this paper, still is an interesting open problem.
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Bounds for the largest eigenvalue of nonnegative
tensors
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Abstract

In this paper, we establish some eigenvalue properties of nonnegative tensors.
We derive new bounds for the largest eigenvalue (Z-eigenvalue, H-eigenvalue,
and B-eigenvalue) of nonnegative tensors. Numerical examples show the effi-

ciency of these bounds.
Key words: Nonnegative tensor; Spectral radius; Eigenvalue; Bound

AMSC (2010): 15A18; 15A69; 65F15; 65F10

1 Introduction

Eigenvalue problems of higher order tensors have become an important topic of
study in a new applied mathematics branch, numerical multilinear algebra, and they
have a wide range of practical applications [2, 5, 6,7, 8, 9, 10, 17].

First, we recall some definitions on tensors. Let R be the real field. An m-th order
n dimensional square tensor A consists of n™ entries in R, which is defined as follows:

A= (Apiyin)s Aiigei, €ER, 1 <y, oyl S 1
A s called nonnegative if A, ;,..;, > 0. To an n-vector x, real or complex, we define

the n-vector:
n
m—1 __
Ax —[ E aiiZ'"imxiz"'xin) ;
i> 1<i<n

i, im=1

-1 -1
x[m ]: (x71 )lsiSn-

*E-mail: hejunfan1 @163.com
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In this paper, we continue this research on the eigenvalue problems for tensors. In
section 2, bounds for the largest Z-eigenvalue are obtained, and proved to be tighter
than that in Corollary 4.5 in [16]. In section 3, bounds for the largest H-eigenvalue are
given. Moreover, the upper bound for the largest B-eigenvalue is presented in section
4.

2 Notation and preliminaries.

The following two definitions were first introduced and studied by Qi and Lim
[4, 11].
Definition 2.1. Let A be an m-order and n-dimensional tensor. A pair (A,x) €
C x (C"\{0}) is called an eigenvalue-eigenvector (or simply eigenpair) of A if they
satisfy the equation
Ax = axml,

We call (A, x) an H-eigenpair if they are both real.
Definition 2.2. Let A be an m-order and n-dimensional tensor. A pair (A,x) €
C x (C"\{0}) is called an E-eigenvalue and E-eigenvector (or simply E-eigenpair) of
A if they satisfy the equation
T )

x'x=1.

{ Ax"l = Ax,

We call (A, x) an Z-eigenpair if they are both real.
Recently, Chang et al. [1, 2] generalized the notion of eigenvalues of higher order
tensors to tensor pairs (or tensor pencils).
Definition 2.3. Let A, B be two m-order and n-dimensional tensors. A pair (A, x) €
C x (C"\{0}) is called an B-eigenvalue and B-eigenvector of A relative to B if they
satisfy the equation
Ax" ! = A8xIm1,

The following definition for irreducibility has been introduced in [1, 11].

Definition 2.4. The tensor A is called reducible if there exists a nonempty proper
index subset ] C {1,2,--- ,n} such that a;,;, .. ;, =0, Vij €J, Vi, -+ i, ¢ J.If Alis
not reducible, then we call A to be irreducible.

In this paper, let N = {1,2,...,n}, we define the ith row sum of A as R,(A) =

Y, Qij.i,, and denote the largest and the smallest row sums of A by

i, im=1

Ru(A) = max R(A), Ruia(A) = min Ri(A).

Furthermore, a real tensor of order m dimension # is called the unit tensor, if its entries
are 0;, ,, foriy,...,i, € N, where

6 — 17 ifilz"':im
iin =\, otherwise.
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And we define
ri(A) = Z Aiiy....ipy» r{(ﬂ) = Z Qjjy...iy, = Fi(A) — aij...j-

Siiy..im =0 Siiy..im =0,
o 0

jiz.,.im =

3 Bounds for the largest Z-eigenvalue.

First, we list some results about the largest Z-eigenvalue of tensors.

Definition 3.1. Let A be an m-order and n-dimensional tensor. We define o(A)
the Z-spectrum of A by the set of all Z-eigenvalues of A. Assume o(A) # 0, then the
Z-spectral radius of A is denoted by

P(A) = max{|1] : 2 € o (A)}.

In [3], Chang, Pearson, and Zhang gave the following bounds for the Z-eigenvalues
of an m-order n-dimensional tensor A.
Lemma 3.2. (Proposition 3.3 in [3]) Let ‘A be an m-order and n-dimensional

tensor. Then
n

p(A) < \/ﬁr?eaAllx | Z | \iis..in]- (2)
[

For the positively homogeneous operators, Song and Qi [16] studied the relation-
ship between the Gelfand formula and the spectral radius as well as the upper bound
of the spectral radius. From Corollary 4.5 in [16], we can get the following Lemma:

Lemma 3.3. (Corollary 4.5 in [16]) Let ‘A be an m-order and n-dimensional

tensor. Then
n

pA) <max ) Jai | 3)

i2,enim=1

Obviously, the bound in (3) is better than the bound in (2). Here, we give another
proof of Lemma 3.3, which is very simple.
Proof. Suppose that A is an Z-eigenvalue of A with eigenvector x. Assume that

|x;| = max |xj|'
JEN

Consider the i-th equation of (1). We have

n

/lx,- = E a,-,-z...,-mx,-2 e .X','m.

iy sim=1
By |x;| < "Vx] < 1, we can get
n n
1] < Z i i | Xi, ‘ Kiyy < Z |a~~ |
- tigeel m-, R = iip...i
2, =1 " "Vl "Vxi] . "

i2eensim=1
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Thus, we complete the proof. O

Note that A and x may be non-real here.
A tensor A is called weakly symmetric if the associated homogeneous polynomial
Ax™ satisfies
VAX" = mAX" "

This concept was first introduced and used by Chang, Pearson and Zhang [3] for study-
ing the properties of Z-eigenvalue of nonnegative tensors and presented the following
Perron-Frobenius Theorem for the Z-eigenvalue of nonnegative tensors, which was
later reproved as Lemma 4.7 by Song and Qi in [16], using a different technique.

Lemma 3.4. Suppose that m-order n-dimensional tensor A is weakly symmetric,
nonnegative and irreducible. Then p(A) is a positive Z-eigenvalue with a positive
Z-eigenvector.

Based on the above Lemma, we give the main result of this section.

Theorem 3.5. Suppose that m-order n-dimensional tensor A is weakly symmetric,
nonnegative and irreducible. Then

1 1
PR < max S{ai.i+ .+ rl() + A (A,

i,JEN, j#i

where .
A,‘,]‘(ﬂ) =(a;.;— aj.j+ l"lj(ﬂ))z + 4aij,_.jrj(ﬂ).

Proof. Let x = (x1,...,x,)! be an Z-eigenvector of A corresponding to p(A), that
1s,
A = p(A)x, )
Let
x> xg>max{xg, k=1,...,n, k#t,s}.

Obviously, by Lemma 3.4, we have x; > 0, x; > 0. From Corollary 4.10 in [3], we
have
,D(ﬂ) —a;. ;= O, I = l,.. ., n.

Consider the equation of (1), by xf"‘] < Xx;, x’s’“1 < x4, wWe can get

P(A) —a; )x; = Z Qiy...ipg Xiy + + + Xiyy, T ats...sx’sn_l + at...t(-x;n_l - X1)

Otiy...im =0,
Osiy...im =0
< m—1 m—1
= atiz...i,,,x; + ats...sxs
Otiy...im =0,
Osiy...im =0
s
< 1/ (A)x; + a5 Xy, ®))
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equivalently,
(P(ﬂ) —qs.r— rf(ﬂ))xt < Ays.. s Xs-

Moreover, from equality (1), we similarly get

(p(ﬂ) — Us.5)Xs = Z Uiy iy Xiy -+ - Xjy, T clsms(x’;l_l - X;)

Osiy..im =0
< rs(ﬂ)x;n_l + as...s(xrsn_l - xs)
S rs(ﬂ)xt- (6)

Multiplying equation (5) and (6), we get
(p(ﬂ) —dir— r;(ﬂ))(p(ﬂ) - as...s) < ats...srs(ﬂ)-

Then, solving for p(A),

1 1 1 1
P(A) < z{ai‘..i taj. ;j+ ”ij(ﬂ) + Azj(ﬂ)} < max E{ai...i taj;. .+ rf(ﬂ) + A,%j(ﬂ)}-

i,jEN, j#i

Thus, we complete the proof. O

From Theorem 3.5 in [12], we know that

Ajiy...ipy >

1 . 1 n
J 2
max —{a; ;+a; ;+r(A)+A.(A Smaxé
i,jEN, j#i 2{ et I ’( ) ”J( ) ieN i25ensim=1

that is to say, our new bound in Theorem 3.5 is always better than the bound in Lemma
3.3. We now show the efficiency of the upper bound in Theorem 3.5 by the following
example which was introduced in [3].

Example 3.1. Consider the tensor A = (a;ji;) of order 4 dimension 2 with entries
defined as follows:

1 1
ainnn = 5, aron = 3, and Aijki = § elsewhere.

By Lemma 3.2, we have
o(A) < 10.6666.

By Lemma 3.3, we have
P(A) < 5.3333.

By Theorem 3.5, we have
p(A) < 5.1667.

In fact, p(A) = 3.1092. Hence, the bound in Theorem 3.5 is tight and sharper.
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4 Bounds for the largest H-eigenvalue

In this section, we give the lower bound and the upper bound for the largest H-
eigenvalue of an m-order n-dimensional nonnegative tensor A.

Definition 4.1. Let A be an m-order and n-dimensional tensor. We define the
H-spectrum of A, denoted H(A) to be the set of all H-eigenvalues of A. Assume
H(A) # 0, then the H-spectral radius of A, denoted u(A), is defined as u(A) =
max{|d] : 1 € H(A)}.

First, we introduce some results for H-eigenvalue of nonnegative tensors [1, 13,
14], which are generalized from nonnegative matrices.

Theorem 4.2. If A is irreducible and nonnegative, then there exists a number
u(A) > 0 and a vector xy > 0, such that ﬂxgH = ,u(ﬂ)xg"_“. Moreover, if A is an
eigenvalue of ‘A, then || < u(A).

Lemma 4.3. (Lemma 5.2 in [13]) Let ‘A be an m-order and n-dimensional non-
negative tensor. Then

Riyin(A) < pt(A) < Rinax (A). (7)

According to some eigenvalue inclusion theorems, Li, Li and Kong [12] obtained
the following upper bound for the spectral radius of a nonnegative tensor, which is
sharper than the upper bound in Lemma 4.3.

Lemma 4.4. (Theorem 3.3 in [12]) Suppose that m-order n-dimensional tensor A
is nonnegative. Then

! j }
p(A) < jmax.> {ai...i +aj j+r(A)+ Ai’j(ﬂ)} ,
where . )

A j(A) = (Cli...i —aj;. .+ r{(ﬂ)) +4ay;. jri(A).

In the following Theorem, we give new bounds for the spectral radius of a nonneg-
ative tensor.
Theorem 4.5. Suppose that m-order n-dimensional tensor A is nonnegative. Then

1 ; 1 1 1
: J : J
min jg}{fl};i = {a,;_.i taj. j+r(A)+ Ai}.(ﬂ)} S u(A < max ngvljr;l 3 {a,-__.i taj.j+r;(A)+ Azj(ﬂ)} ,

where . )
A j(A) = (ai.‘.i —aj.;+ r{(ﬂ)) +4a;;. jri(A).
Proof. First, we assume that tensor A is strictly positive and let x be the unique

positive eigenvector corresponding to p(A), i.e.

A = p(A)FmN,
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Assume 0 < x; = max x;, then, for any s # 7, we can get
ieN

-1 -1
u(A) - at...t)x;n - azs...sxT = Z Atis..iygXiy + + « Xipys

Otiy...im =0,
Osiy...im =0

-1 -1
(/J(ﬂ) - as...s)-x{:1 - ast.‘.tx;” = Z asiz...imxiz cee X

Otiy...im =0,
Osiy...im =0

o

Solving for x, we obtain

() = a, A = @) = Ay s )X = WA =05 D iy iy - X,

Otiy...im =05
Osiy...im =0
+ s s E Agiy..in Xiy -+ - X, - (8)
Otiy...im =0,
Osiy...im =0
Recalling that 0 < x, = max x;, we have
ieN
— Xiy Xiy
(:u(ﬂ) - asv)(,u(ﬂ) - at...t) — Qg 1Ars..s = (ll(ﬂ) - as...s) Aliy.dy ™ oo
Xg Xy
Otiy...im =05
Osiy...im =0
Xiy Xiy,
+ .5 § asiz,,_,‘mx— . x—
Stiy..im =0, $ s
iy .im =

< (ﬂ(ﬂ) - as...s)r}y(ﬂ) + ats...sr‘lq(ﬂ)- (9)

Therefore 1
HA) < 5 {au + ans 1) + ALAD)

This must be true for every s # t, then, we get

I | )
uA) < min > {a,,_., fa; 4+ A + A;j(ﬂ)}.

JEN, j#t

And this could be true for any ¢ € N, that is

1 : 1
/«l(ﬂ) < max min 5 {aim,- ta;. ;+ rlj(ﬂ) + Aij(ﬂ)} .

iEN jeN,j#i
Similarly, assume 0 < x; = m}vn X;, we can get
1€
: 1 j l
4(A) > min max = {aim[ Yay A + Ai’j(?{)} .

ieN  jeN,j#i !

7
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If the tensor A is not strictly positive, we denote by D = (d,, ;) the m-order n-
dimensional tensor with d;, ; =1, foralli; € N,...,i, € N. Hence, A+ tD is strictly
positive for any chosen positive real number 7, and then letting  — 0, the result follows
by continuity. O

From the proof of the Theorem 3.5 in [12], we can get the following result:

. 1 . 1
: 1 2 1 2
max min 3 {a,-m,- + Cljj + rlj(ﬂ) + AZ](ﬂ)} < ~max 2 {ai‘..i + (,l]] + rlj(ﬂ) + Alz,](ﬂ)}
ieN JEN,j#i i,JEN, j#i
< R,

where ‘ )
Aj(A) = (i = aj.; + r( D)) +4aij jri(A).

We now compare the lower bound in Theorems 4.5 with that in Lemma 4.3.
Theorem 4.6. Suppose that m-order n-dimensional tensor ‘A is nonnegative. Then

1 ; 1
Rpin(A) < min max > {a,-m,- +aj ;j+ rl.’(ﬂ) + Aij(?l)} ,

iEN jeN,j#i

where

» 2
A j(A) = (Cli...i —aj.;+ r{(ﬂ)) +4aj;. jri(A).

Proof. First, we assume that tensor A is strictly positive. Equivalently, we will
prove that, if

1 ; 1
/,l(ﬂ) > min max E {aimi + aj.j + I"ll(ﬂ) + A}’](ﬂ)} .

i€N jeN,j#i

Then, we can get
:u(ﬂ) 2 Rmin(ﬂ)-

If u(A) satisfies the lower bound in the Theorem 4.5 and the matrix is positive, similar
to the proof of Theorem 4.5, if assume 0 < x7 = mgl x;, for any s # T, we can get
1€

(,L[(ﬂ) - ass)(ﬂ(ﬂ) - aT...T) 2 (ﬂ(ﬂ) - a;JI"}(ﬂ) + aTs...srs(ﬂ)-
If we assumed that u(A) < Ry(A), then we have that u(A) — a,_; < ry(A). So,
(ll(ﬂ) - asv)(,u(ﬂ) —dar.t — r;(ﬂ) = aTs...srs(ﬂ) = aTs...x(ﬂ(ﬂ) - as...s)’

that is
(ﬂ(ﬂ) - aas)(/l(ﬂ) —dar.r — I"}(ﬂ) - aTs...s) > 0

From Lemma 3.2 in [12], we know u(A) — ay._; > 0, then, we obtain

WA —ar. 7 —rp(A) —ars.s >0,
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that is
H(A) = Ry (A) = Riyin(A).

If the tensor A is not strictly positive, we denote by D = (d;, ;) the m-order n-
dimensional tensor with d;, ; = 1, forall i, € N,...,i,, € N. Hence, A + tD is
strictly positive for any chosen positive real number #, and then letting  — 0, the result
follows by continuity. O

We now show the efficiency of the bounds in Theorem 4.5 by the following exam-
ple.
Example 4.1. Consider the tensor A = (a;j) of order 4 dimension 3 with entries
defined as follows:
ann =1, apn =1, apn =1,

arin =2, amxn =2, apsz =2,
azin =3, axnp =3, assz =3,

and a;j; = 0 elsewhere. By Lemma 4.3, we have

3<u(A) <9.
By Lemma 4.4, we have
H(A) < 8.
By Theorem 4.5, we have
SSu(A) <.

In fact, u(A) = 6. Hence, the bound in Theorem 4.5 is tight and sharper.

5 Bounds for the largest B-eigenvalue

In this section, we focus our attention on the largest B-eigenvalue of a m-order
n-dimensional nonnegative tensor A relative to 8.

Definition 5.1. Let A, B be two m-order and n-dimensional tensors. We define the
B-spectrum of A relative to B, denoted T(A) to be the set of all B-eigenvalues of A
relative to B. Assume T(A) # 0, then the B-spectral radius of A, denoted v(A), is
defined as v(A) = max{|d] : 1 € T(A)}.

For an m-order n-dimensional tensor A, let

m—1 [ﬁ]
Fy{ = (ﬂx ) s

Song and Qi [15] proved the Perron-Frobenius property for nonnegative tensor pairs
(A, B) without the requirement of the tensor inversion.

Lemma 5.2. (Corollary 4.2 in [15]) Let A, B be two weakly irreducible and
nonnegative tensors with order m and dimension n and F 4Fg = FgF #. If Ax > 0 such

9
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that Bx™' > x!"1 then A has a unique positive B-eigenvalue with a corresponding
positive B-eigenvector.
Based on the above Lemma, we give the main results of this section.
Theorem 5.3. Under the conditions of Lemma 5.2 and b;_; > 0 for all i € N. Then
Ri(A)

V(A) < max .
N b

Proof. Let x be the unique positive eigenvector corresponding to v(A), i.e.
A" = y(A)Bx".
Assume 0 < x; = m&/lVX X;, then, from the i-th equation of the above equation, we can
IS
get
-1 -1
Z tiy..ipyXiy - - - Xiy, + Ay 41X = V(A) Z biiy. iy Xiy - - - Xiy, + by X |,
Stiy...im =0 Otiy...im =0

Dividing both sides by x~! and rearranging yields

Z Xiy Kipy Z Xiy i
V(A) btiz...im? coo—+ b | —a = atiz...im7 coo— 2 r(A).
t

Stiy...im =0 X Stiy...im =0 ! Xt
Hence,
) < R(A) _ R
TN by dmgp T b
1.1y X T T Xy t.t .t
Otiy...im =0

Thus, we complete the proof. O

If 3x > 0 such that Bx"~! > x"~!1 and suppose that m-order n-dimensional tensor
$ is nonnegative and diagonal, we can get

b i>1,

for all i € N. Similar to the proof of Theorem 4.5, we can get some new bounds for
v(A), including the upper bound and the lower bound.

Theorem 5.4. Under the conditions of Lemma 5.2 and suppose that m-order n-
dimensional tensor B is nonnegative and diagonal. Then

. 1
a;.ibj..j+aj. jbi. i+bj. jr! (ﬂ)+Ai?j(ﬂ)
2b;...ibj... -

V(A)

min max
ieN jeN,j#i
. 1
ai.,,ibj..,j+aj...jbi...i+bj...jr,~1(ﬂ)+Ai,2j(~7{)
2b;..ibj... >

< max min
ieN jeN,j#i

10
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where
. 2
A j(A) = (ai...ibj...j —aj. b i+ bj...jr,-/(ﬂ)) +4aj; b ibj. jri(A).
If b ; = 1 for all i € N, then, the results in Theorem 5.4 reduce to the result in
Theorem 4.5.
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A note on fractional neutral integro-differential inclusions

with state-dependent delay in Banach spaces

Selvaraj Suganya; Dumitru Baleanu,! Mani Mallika Arjunan?

Abstract

We have applied different fixed point theorems to examine the existence results for fractional neutral
integro-differential inclusions (FNIDI) with state-dependent delay (SDD) in Banach spaces. We tend to con-
jointly discuss the cases once the multivalued nonlinear term takes convex values further as nonconvex values.
An example is offered to demonstrate the obtained results.

Keywords: Fractional order differential equations, state-dependent delay, multivalued map, fixed point theo-
rem, Banach spaces, semigroup theory.
2010 Mathematics Subject Classification: 26A33, 34A08, 35R12, 34A60, 34G20, 34K05, 45]05.

1 Introduction

The aim of the manuscript is to investigate the existence of mild solutions for neutral integro-differential

inclusions of fractional order as given below

d bt —s)2
p [x(t) — %(t,xg(mt))] € A mﬁ/[z(s) —Y(s, mg(sws))]ds
+ ﬁ(t, xg(@xt)), ae. tes = [0, b], (1.1)
To =6 € B, (1.2)

such that 1 < a < 2and & : D(&/) C X — X denotes a linear densely defined operator of sectorial type
on a complex Banach space (X, | - |), the convolution integral within the equation is understood because the
Riemann-Liouville fractional integral (see [4]) and .# : # x # — Z(X) represents a multivalued map (#(X)
is the family of nonempty subsets of X), ¥ : ¥ x # — X,and ¢ : & x % — (—00, b] are apposite functions, and
2 is a theoretical phase space axioms outlined in Preliminaries.

We recall that for any continuous function « defined on (—o0, b] and for any ¢ > 0, we designate by x; the
part of # defined by x;(8) = z(t + 6) for 6 < 0. Here x(-) speaks to the historical backdrop of the state from
every 0 € (—oo, 0] likely the current time ¢.

Fractional differential equations have picked up hefty grandness as a final result of their exertion in numer-

ous field of science and engineering. In the latest years, there has been a major growth in differential systems

*Department of Mathematics, C. B. M. College, Kovaipudur, Coimbatore - 641 042, Tamil Nadu, India. ~E. Mail: selvarajsug-
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comprising fractional derivatives, e.g. the monographs of Abbas et al. [5], Baleanu et al. [6], Podlubny [7],
Diethelm [§], Kilbas et al. [9], Tarasov [10] and Anastassiou [11], and the papers [12} 13} (14, [15] [16] 17, [18, [19],
and the references cited therein.

As it is known, a delay differential equation (DDE) may be a special sort of functional differential equation
(FDE). FDEs with SDD seem often in applications as models of equations and for this intention the report of
this kind of equations received nice care in latest years. For points of interest, we recommend the reader to
check the papers by by Abada et al. [20], Ait Dads et al. [21], Anguraj et al. [22], Benchohra et al. [23], Cuevas
et al. [24], Hernandez et al. [25, 26], Mallika Arjunan et al. [27] and Yan et al. [28].

In the situation where .# is either a single or a multivalued map, the problem (1.1)-(1.2) with ¢ = 0 was in-
vestigated on a compact interval in Agarwal et al. [29], Benchohra et al. [30,[31]. On unbounded interval when
F is a single map, the problem (1.1)-(1.2) with ¥4 = 0 was discussed by Benchohra et al. [32]. According to
the knowledge of the authors , there is no work on the existence results for FNIDI with SDD in Banach spaces,
which is communicated in the structure (1.1)-(1.2). Roused by this thought, in this paper, we concentrate on
this problem, which is common generalizations of the idea of mild solution for fractional neutral equations
well known in the theory of integer order systems.

This manuscript has the following structure. In section 2, we show some preliminaries and lemmas to be
utilized to demonstrate our primary results. In section 3, we show two results for the problem (1.1)-(1.2) when
the right-hand side is convex valued. The principal result is focused on a fixed point theorem of Bohnenblust-
Karlin [1], and the second one on the nonlinear alternative of Leray-Schauder type [2]. The final existence result
is given for a nonconvex valued right-hand side by utilizing a fixed point theorem for contraction multivalued

maps thanks to Covitz and Nadler [3]. An application is presented in Section 4.

2 Preliminaries
Let C(.#,X) be the Banach space of all continuous functions from .# into X with the norm
2]l oo = sup{|z(t)] : t € £}

Let B(X) signifies the Banach space of all bounded linear operators from X into X.

A measurable function = : .# — Xis Bochner integrable if and only if |z| is Lebesgue integrable. ( For extra
insights about Bochner integral, see Yosida [33]).

Let L'(.#,X) signify the Banach space of all continuous functions z : .# — X which are Bochner integrable

and have norm

b
||x||L1:/ w()|dt forall ze L}(7,X).
0

We expect that the phase space (4, || - || %) is a semi-normed linear space of functions mapping (—oo, 0] into

X, and fulfilling the subsequent elementary adages as a result of Hale and Kato ( see more details in [34} 35]).

(P) If 2 : (—o00,0] — X,b > 0, is continuous on .# and zy € %, then for every ¢t € .# the accompanying

conditions hold:

(1) x¢isin %;

(i) [z(2)| < Hl|x]|2;
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(iii) ||zt < Zr(t)sup{|z(s)] : 0 < s < t} + Pa(t)||xol|, where H > 0 is a constant and % (-) :

[0,400) — [0,+00) is continuous, Zs(+) : [0,+00) — [0,400) is locally bounded, and %;, Z» are
independent of x(-).

(P2) For the function z(-) in (Py), z; is a #-valued continuous function on .#.

(P3) The space % is complete.

Designate 2; = sup{Zi(t) : t € Z} and Z5 = sup{Z(t) : t € F}.
Now, we briefly review some known results from the solution operator. The Laplace transformation of a
function f € L}, .(RT,X) is defined by

loc

£ =Fo = [ TN f(@dr, Re(N) > w,

0

if the integral is definitely convergent for Re()\) > w. We mention the subsequent definition [4].

Definition 2.1. Let &7 : D(</) C X — X be a closed and linear operator on a Banach space X. We call o/ is the
generator of a solution if there exist w € R and a strongly continuous function S, : R — B(X) such that

{A*: Re(\) >w} Cp(e),

and -
NI\ — ) e = / e MS(H)xdt, Rel>w, zeX.
0

In this case, S, (t) is called operator function created by <. The idea of a solution operator, as characterized
above, is nearly identified with the ones of a resolvent family [37]. Having in mind the uniqueness of the
Laplace transform, in the fringe case o = 1, the family S, (¢) relates to a strongly continuous semigroup (see
Pazy [38]]), while in the case o« = 2 a solution operator relates to the idea of a cosine family; see [39]. The

subsequent result is an immediate outcome of [40, Proposition 3.1 and Lemma 2.2].
Proposition 2.1. Let S, (t) be a solution operator on X with generator </ . Then, we have
(a) S, (t) is strongly continuous for t > 0 and S(0) = I;
(b) So(t)D(«7) C D() and o7 Sy (t)x = So(t) L x forall x € D(), t > 0;

(c) Foreveryx € D(<«/)and t > 0,

t
(d) Let x € D(</). Then / U= (s)ads € D(e/) and
0

Se(t)z = x—i—%/o u;‘so)é(;_sa(s)xds.

Definition 2.2. A solution operator {Sq (t) }+>o is called uniformly continuous if

lim S0 (t) = Sa(s) | 5y = 0.
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Before we finish this section, we review some known results from multivalued analysis that we will apply

in the spin-off. We recall that

P2X)={Y cX: Y £0}, Zu(X) ={Y € Z(X): Y closed}, Z(X) ={Y € Z(X) :Y bounded },
Pp(X) ={Y € Z(X) : Y compact},
Pepo(X) ={Y € Z(X) : Y compact and convex}.

Remark 2.1. For extra points of interest on this, we suggest the reader to [13].
Definition 2.3. The multivalued map & : .9 x B — P (X) is said to be Carathéodory if
(i) t — F(t,u) is measurable for each v € %;
(ii) w— Z(t,u) is upper semicontinuous for almost all t € 7.

Let Sz . be a set characterized by
Sza.={ve L' (S,X): v(t) € F(t,xpn0,)) aet eI}
Definition 2.4. A multivalued operator Y : X — P(X) is called:
(a) A-Lipschitz if there exists A > 0 such that

Hy(Y(x),Y(z)) < Ad(x,T) forall z,TeX;

(b) a contraction if it is A-Lipschitz with A < 1.
Presently, we express the accompanying lemmas which are important to make our primary result.

Lemma 2.1 ([41]). Let X be a Banach space. Let F : % x B — P, (X) be an L'-Carathéodory multivalued map and
let W be a linear continuous mapping from L' (.#,X) to C (.7, X), then the operator

Vo Sp: C(I,X) = Pepo(C(I,X)),
z — (ToSgz)(x):= \IJ(SQ;C)

has a closed graph operator in C(.#,X) x C(.7,X).

Lemma 2.2 (Bohnenblust-Karlin’s [1). Let X be a Banach space and D € £, .(X). Suppose that the operator
G : D — P, (D) is upper semicontinuous and the set G(D) is relatively compact in X. Then G has a fixed point in D.

Lemma 2.3 (Covitz and Nadler [3]). Let (X, d) be a complete metric space. If T : X — P(X) is a contraction, then
Fix T # 0.

For more details on multivalued maps see the books of Graef et al. [42] and Castaing et al. [43]].

3 Existence results

We demonstrate below the existence of solutions for the problem (1.1)-(1.2). To start with, we delineate the
mild solution for the problem (1.1)-(1.2).
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Definition 3.1. We affirm that the function x : (—oo,b] — Xis a mild solution of (1.1)-(1.2) if x(t) = ¢(¢) forall t <0,
the constraint of (-) to the interval [0, b] is continuous and there exists v(-) € L* (7, X), such that v(t) € F (t, 2t 2,))

a.e. t € [0,b], and x fulfills the consecutive integral equation:

z(t) = Sa(t)[c(0) = 4(0,5(0)] + L (t, T p(t,20)) + /Ut So(t — s)v(s)ds foreach te€ 7. (3.1

Let us set
R(o™) ={o(s,<) : (s,5) € I x B, 0(s,5) < 0}

We generally expect that ¢ : & x & — (—o0, b] is continuous. Moreover, we suppose:

(H.) The function ¢t — ¢ is continuous from R (o~ ) into #Z and there exists a continuous and bounded function
Ls: R(o~) — (0,00) such that

llsille < LE(t)||s|lz forevery te& R(o™).

Lemma 3.4. [26, Lemma 3.1] If x : (—o0, b] — X is a function such that xy = s, then
sl < (73 + L*) sl + 71 sup{|z(0)] : 6 € [0, max{0, s}]}, s € R(e™)U 7,

where LS = sup L°(t).
teR(0™)

3.1 Existence results: The convex case

In this section, we are dealing with the existence results for the structure (1.1)-(1.2). We expect that .% is
a compact and convex valued multivalued map and we apply Lemma 2.2 to build our first result. Thus, we

have:
(H1) The solution operator S, (t);c.» is compact for ¢ > 0, and there is M > 0 such that

[Sa(t)|px) < M, foreach te.7.

(H2) The multivalued map .% : ¥ x # — P, (X) is Carathéodory.
(H3) There exists a continuous function k& : .# — RT such that
| Z (t,u) — F(t,0)] < k@)|u—v||z, t€.F, uv B,
and

t
kT = sup/ k(s)ds < oo.
tes Jo

(H4) The function t — Z(t,0) = %y € L*(#,RT) with #* = || %] 1.
(H5) The function ¢(¢, -) is continuous on .# and there exists a constant K¢ > 0 such that
|4 (t,u) — 9 (t,v)| < Kgl|lu—v|s, foreach wu,ve A,
and

G =sup|9(t,0)] < cc.
tes
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(H6) For eacht € .# and any bounded set V C %, the set {Z (t,u),¥9(t,u) : uv € B} is relatively compact in X.
(H7) For any bounded set V C %, the function {t — ¥ (t,2,(;4,)) : © € V} is equicontinuous on ..

Theorem 3.1. Assume that (H1)-(H7) and (H) hold. Then, the problem (1.1)-(1.2) has a mild solution on (—oo, b]
provided that

[.@f(@ + Mk*)} <1. (3.2)
Proof. We will transmute the structure (1.1)-(1.2) into a fixed point problem. We conceive the set
V={x:(—00,b] = X:2|s iscontinuousand =z¢ € A},

where z| s is the constraint of « to the real compact interval on .#. Recognize the multivalued operator T :
VYV — Z(V) defined by Y(h) = {h € V} with
<(t), t<0;

h(t) = t
Sa(t)[s(0) —4(0,5(0))] + D (t, 2 p(t,2,)) +/0 So(t —s)v(s)ds, te .7,

wherev € Sz For ¢ € %, we express the function y(-) : (—o0,b] — X by

Co(s,xs) "
Sa(t)s(0), te s,
then yo = ¢. For every function z € V with zy = 0, we designate by Z the function clear by
0, t<0;
z(t) =
z(t), te.z.
If z(-) fulfills (3.1), we are able to decompose it as x(t) = z(¢) + y(¢), t € #, which suggests z; = z + y,, for

each ¢t € .# and also the function z(-) fulfills

t
2(t) = Gt Zp(t.zetve) + Yp(tzetun) = Sa(t)(0,5(0)) + / Sa(t = s)u(s)ds, te.7,
0

where U(S) = S‘gaze(syz«rys)+ye(5,2s+ys)'
Let V) = {z € V: 2(0) = 0 € #}. For some z € V, we have

[121ls = sup [|z(&)[| + [[20]| 2 = sup [[2(£)]]-
tes tes

Thus V) is a Banach space with the norm |-||,. We delimit the operator T : VY — 2(V?) by Y(z) = {h € V{}
with .
h(t) =G (t, 2p(t,204ye) T Yp(t,ze4u:)) — Sa(t)¥(0,5(0)) —|—/ Sa(t = s)v(s)ds, te€J,
0

where U(S) < Sg’ze(syze-%—ys)+y9(5,25+ys) ’
We recall that the operator T has a fixed point if and only if T has a fixed point. Thus, let us demonstrate
that T has a fixed point. Let

By ={z €V :2(0) =0, |lz[ly <7},

where 7 is any fixed real number. It is perfect that B, is a closed, convex, bounded set in V.
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Remark 3.1. By hypotheses (H3)-(H5) we obtain:
(i)

t
M [ 15 2t + Baternn) = 55,0+ F(5,0)ds
0

t t
<M / k() Zato.m 0y + Yotorm sy laads + M / |7 (s, 0)|ds.
0 0

Since

1Zo(s,2e+90) F Yos,zery) |2 < zo(s 2y |2 + 1Yo(s 204y | 2
< Di12(s8) + (25 + L) ||lzollz + 271y ()| + (25 + L°)|[s |
< P7|2(s)| + (25 + L° + 2T MH)|[s|| 2
< 27|2(s)| + C1,

where C, = (25 + L* + 27 M H)|[s|| . Then (3.3) becomes
M [ 126t St )~ (6,0) (5,0

0)lds

<M/ $)1Z0(s,25+y5) T Yo(s.2
<M/ (s)| + C1]ds + M.F*
< MPirk* + MCiE* + M.Z*.

(i1)

|%(t7 Zp(t,ze+yt) + yp(t,zt-‘ryt)) - g(tv 0) =+ g(ta 0)'
< Kf?||zp(t,Zt+yt) + y,o(t,Zf,—O—yt)”%’ +9"
< KyP{r+ KyCr1+9".

(iii)
1
/0 [Sa(m2 = 5) = Sa(m = s) Beo)|F (5, Zo(s,za+v2) T Yo(s,20+v.)) — F (5,0)]ds
m
[ 1a0m = 5) = S = 9o |7 (5.0 ds
n2
Jr/ ‘|Sa(772 - 3)||B(X)|g(s»zg(s,zs+ys) + yg(s,zs-i-ys)) - <97(870)|ds

m
n2
+ / 1Sa(nz — ) ol (s, 0)]ds
m .
< Fir [ 1Salm — 5) = Salm — 5)lncok(s)ds
0
m
e / 152 — 3) — S — 8)l| gy k(s)ds
0

m
+ / 152 — 5) — S — )]l 50| F (s, 0)|ds

(3.3)
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2
+70r [ 18u — 9 pk(s)ds

m

2
+a/|mmrwmmw@w
n

1

72
+ [ 18l = 9)llngo| (5, 0)lds
un

Presently, we might demonstrate that Y fulfills all the assumptions of Bohnenblust-Karlin’s theorem. For
better comprehensibility, we break the verification into succession of steps.
Step 1: Y(z) is convex for each z € V).

In fact, if hy and hy have a place with Y(z), then there exists v1,v2 € S .
t € .Z,we have

such that, for

o(s.zs+ys) TYo(s. 25 +us)

t
hz(t) = g(t» Zo(t,ze4y:) T yQ(t,Zt,"ryt,)) B Sa(t)g(oa C(O)) + / Soz(t - S)Ui(s)dsv i=1,2.
0
Let 0 < d < 1. Then, for every ¢t € .#, we have
t
(Ah1 4+ (1 = Nh2)(t) = G (L, 2o(t,204y0) T Yo(t,z0)) — Sa(t)9(0,5(0)) + / Sa(t = s)[Avi(s) + (1 = Ava(s)] ds.
0

Since .# has convex values, SF 2gs rtve) Fole retwe)
Step 2: Y(B,) C B, for some r > 0.
We assert that there exists a positive number r such that Y (b,) C B,. On the off chance that it is not true,

is convex, we see that (Ahq + (1 — A)ha) € Y(2).

then for every positive number r, there exists a function z, € B, and h € Y(z,) such that |h(t)| > r for some
t € #. Then from Remark 3.1, we have

r < W) |G, 2o(t,204y0) + Yolt.zerye) — 9 (£,0) + 4 (£,0)] + |Sa(®)] ) |4(0,5(0))]
t
+ /O [1Sa(t = $) B0 [ F (5, 20(s,20492) + Yols,zetu.) — F (8,0) + F(s,0)|ds
< Kgir + KgCy +9* + M|9(0,5(0))| + Mk*Zir + MCyk* + M.F*
< KgPir+ ME*Dir + Cs,

where Cy = KyC1 +9* + M|94(0,5(0))| + MC1k* + M.Z* is independent of r. Dividing both sides by r and
taking the lower limit, we have
[Qf(Kg + Mk*)} > 1.

This contradicts to (3.2). Hence for some positive number r, T(B,) C B,.
Step 3: T(B,) is relatively compact.

We know that B, is bounded and Y(B,) C B,, it is clear that Y(B,) is bounded. It remains to show that
T(B,) is equicontinuous.

Let 1,12 € . with 1 < 12 and 2z € Y(B,.). Then from the remark 3.1 (iii), we have

|h(772) - h(nl)‘ < |g(772a Zo(n2,2ny +Yns) + Yo(nz,zn, +yn2)) - g(m, Zo(M1,2n, +Yny) + yy(n172n1+yn1))|
+ [1Sa(m2) = Sa(m)lBex)1¥(0,5(0))]

m
+/0 HSa(772 - S) - Sa(nl - S)HB(X)"?(S’ Zo(s,254Ys) + yg(S,zs+ys))|d3

2
5/H&%—@M®@m%mﬁm+wwﬂmm
n

1
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< |g(7]27 Z0(M2+2ny+Yng) + Yo(nz,2n, +yn2)) - g(nlv Zo(M1 20, +Yny) + Yo(n1,2n, +yn1))|
+ [|Sa(n2) = Sa(n)|lBx)|9(0,5(0))]

m

e / 1Sa(n2 — 8) — Sa(m — 9)l|ok(s)ds

0

m
e / 1Sa(n2 — 8) — Salm — )| 5ok(s)ds

0
m
+ / 1Sa(ns — ) — Sa(m — 9)l| 5ol (5, 0)\ds
0

72
+ 70 [ 1800~ 5)lacobl)ds
n

1

1

n2
+C1 [ 1Satm ~ 5l eok(s)ds
n

2
+ / 1Sa(n2 — )l 500 Z (5, 0)lds.
n

1
At the point when 1, — 7, the right-hand side of the overhead inequality has a tendency to zero, subsequent
to by (H7) and S, (¢) is uniformly continuous, this demonstrates the equicontinuity. As a result of Steps 1-3,
together with the Arzela-Ascoli’s theorem, we conclude that the operator T is completely continuous.
Step 4: T has a closed graph.

Suppose that 2" — 2*, h,, € T(z") with h,, — h.. We claim that h,. € T(z*). In fact, assumption h,, € T(z")

suggests that there exists v,, € Sg,z;l(s,zgﬂg+ye<-s,zg+ys)

such that, for every ¢t € .7,

¢
hn(t) = g(tvzg(t,z;L+yt) + Yo(t,2p+y0)) — Sa(t)¥(0,(0)) + /0 Sa(t = s)vp(s)ds.

We must demonstrate that there exists v, € Sz .- such that, for each t € .7,

g(s,z;+ys)+y£’(5722+ys)

t
Ba(t) = D2t + st 20) — SaOFO.50) + [ 5,0 = . (s)ds.

Set
t
On(t) = ha(t) —9(t, Zg(t,z{Lert) + Yot 27 +u:)) — Sa(t)4(0,5(0)) +/0 Sa(t = s)vn(s)ds,

t
O.(t) = h.(t) — G(t, zz(t72;+yt) + yg(t7zf+yt)) — S,(6)9(0,¢(0)) +/O Sa(t — s)v.(s)ds.

We have, for every ¢t € .7,
19,(t) — ©.(1)]] -0 as n— co.

Recognize the linear continuous operator ¥ : L' (.#,X) — V) defined by

t
W(0)(t) = / Su(t — 5)0(s)ds.
0
From Lemma 2.1 and the definition of ¥, it follows that ¥ o Sz is a closed graph operator, and for every ¢t € .7,
Gn(t) € Q(Sy,zg(syz?_*_ys)+yg(5,zz}+ys))'

Since 2™ — z* and ¥ o Sz is a closed graph operator, then there exists v, € Sz .- such that,

9(572§+ys)+y9(512§+ys)
foreacht € .7,

t
Bolt) = DL 22y + ottons 1)) + Sa(F(0,5(0)) = /O Su(t — 5)v. (s)ds.
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Hence h, € T(z*).
As a result of Lemma 2.2, we find that T has a fixed point z on the interval (—oc,b]. Along these lines,

x = Z + y is a fixed point of the operator Y which is the mild solution of the structure (1.1)-(1.2). O

Our next result is focused on the Leray-Schauder’s alternative fixed point theorem [2]]. In order to utilize

this theorem, we require the subsequent further hypothesis:

(H3*) There exists a function ¥ € L!(.#,R") and a continuous non-decreasing function §3 : R™ — (0, 00) such
that
|7 (t,u)] <9(t)U||u||2) forae. te s andeach wu e RB.

Ifp=1-2{Ky >0and

DM /b > ds
Y(s)ds < —_—,
o Jo =) c SUs)

where C = Cy + 21 [M|g(o, S(0)| + Ky Cy + g*]

Theorem 3.2. Assume that (H1), (H2), (H3*) and (H5)-(H8) are fulfilled. Then, the problem (1.1)-(1.2) has a mild

solution on (—o0, b].

Proof. Let z be solutions of the inclusion z € AY(z), forany A € (0, 1), then there exists v € Sg ,
such that

o(s.zstvs) TYo(s, 25 +us)

‘Z(t)‘ < ||Sa(t)||B(X)|%(Oa C(O))| + |£¢(t7 Zg(t,zt-i-yt) + yg(t,zﬁ‘yt)) - g(t70) + %(t,0)|
t
[ 150t = 50017 (52 + U )
< M|g(07 §(0))| + Kg”ZQ(t»Zt‘i’yt) + Yo(t,ze+yz) ||=@ +9*

t
M / IS a(ostyny + Volorertn)

2)ds.
From the remark 3.1, we have
|2(t)] < M[9(0,5(0))| + K C1 + Kg 27 |2(t)| + 9™ + M/Ot 9(s)SU DT |2(s)| + Ch)ds
< (Mg 0.0+ KaCr+97] + 20 /Ot AU |2(3)] + Cr)ds.
Then
D7 |2(t)|+ C1 < C1 + % [M|€4(07<(0))| + KgCh + %*} + %TM /Ot W(8)SU 27 |2(s)| + Cr)ds.
We conceive the function 3 characterized by
B(t) =sup{Z;|z(s)| + C1: 0 < s <b}, te.J.
Let t* € [0, ] be such that 5(t) = 27 |2(t*)| + Ci||s||z- By the aforementioned inequality, we sustain
B(t) < i+ % [M#0.5O)] + Ky Cr +97] + 97M / 9()B(5))ds.
Let us occupy the right-hand side of the overhead inequality as v(t), for all t € .#. Then, we sustain

B(t) <w(t), forall te 7.

10
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From the meaning of v, we obtain

w(0) = Cy + if (M9 0.50)| + KsC, +9°] = C
and
V(t) = QiM IOQUBE), ae. te ..
Applying the non-decreasing character of §, we conclude
v'(t) < giMﬁ(t)gz(v(t)), ae. te.g,
and hence

o gs DM [ DM [P ® s
< =L / 9(s)ds < =L / I(s)ds < )
/y(o)—c QUs) = w o (s)ds < ®oJo (=) o SUs)

In this manner, for each ¢ € .#, there exists a constant A, such that v(¢) < A, and henceforth 5(¢) < A.. Since
lIzllz < B(t), we have ||z||2 < A.. Set

U={zeV): |2]lo < As+1}.

From Theorem 3.1, we realize that the operator T : &/ — Y(z) is completely continuous. Besides, from the
decision of U, there is no z € U such that z = A\Y(z), for A € (0, 1). As an outcome of the nonlinear alternative
of Leray-Schauder type [2], we conclude that Y has a fixed point z in U/, then the structure (1.1)-(1.2) has at

least one mild solution on (—o0, ). O

3.2 Existence results: Nonconvex case

The next step is to demonstrate the existence results for the structure (1.1)-(1.2). Our result is focused

around the Lemma 2.3.
Theorem 3.3. Assume that the subsequent hypotheses hold:
(H8) F : I x B — P.p(X) has the assets that F (-, u) : I — P.,(X) is measurable, for each u € B.
(H9) There exists p € L*(.#,R™) such that
Hy(Z(t,u), Z(t,u) < p(t)||lu —ul|lz, forevery u,uec A,

and
d(0,.7(t,0)) < p(t) ae te.7.

(H10) There exists a positive constant L, > 0 such that
|9(t,u) —9(t,0)| < Li|lu—1u|lz, ae te.f andforall uue AB.
Then the problem (1.1)-(1.2) has at least one mild solution on (—oo, b).

Remark 3.2. For every z € V,?, the set Sz, is nonempty, since, by (H8), F has a measurable choice [[43] Theorem 111.6].

Proof. LetY : V) — 2(V?), where T is defined in Theorem 3.1 be solutions of the problem (1.1)-(1.2). Presently,
we might demonstrate that the operator T fulfills all the states of Lemma 2.3. For our comfort, we split up the

proof into two steps:

11
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Step 1: Y(z) € Z,(VY) forall z € V).

In fact, let (2"),>0 € T(z) besuch that 2" — Z € V. Then z € V) and there exists v, € Sz -, . .\ 4yoiornive

such that, for every t € .7,

t
2M(t) = Gt 2ot 20w0) F Yolt.zte) = Sa(t)¥(0,6(0)) + /0 Sa(t = s)vn(s)ds.

Utilizing the way that .# has compact values and from (H9), we may go to a subsequence if important to get

that v,, converges to v in L!(.#, X) and consequently v € Sz . ,- Then, forevery t € .7,

o(s.zs+us) TYe(s.zs+us

t
2M(t) = 2 =Gt 2g(t,20+y0) T Yolt.zity)) — Sa(H)F(0,5(0)) +/ Sa(t = s)v(s)ds.
0

Soz € T(2).
Step 2: There exists A < 1 such that

Hy(F(2), Z(Z)) < Al|z —Z||oe  forall z,ze V.

Let 2,z € VY and h € Y(z). Then there exists v(t) € Z (¢, Zo(t,2e4y:) T Yolt,zi+y.)) Such that, for every t € .7,

t
h(t) =9 (t, 2ot 20490) T Yolt.zi+y)) — Sa(t)%(0,5(0)) + /0 S(t — s)v(s)ds.

From (H9), it takes after that

Ha(F (b 2ofa,m0 400 + Yottzorun)s Z (b Zatazeiu) + Vottzorun))) S 0020020400 = Zotezeryn |-
Therefore, there is w € .F (1, Zy(¢,2,4y.) + Yo(t,2:+v:)) Such that

[v(t) = wl < ) |Zo(t,20ty0) = Zott 2ty |z t €S-
Recognize U : .¢ — (X)) specified by
Ut) = {w € X: o) —w| < 9)l|2g(t,20+y0) = Zott,ze4ye) |2}

Since the multivalued operator V' (t) = U(t) (| Z (t, Z4(t,2,4+y:) + Yo(t,2+v,)) i Measurable [43, Proposition II1.4],
there exists a function 7(t), which is measurable choice v. Along these lines, T(t) € .7 (£, Zp(¢,2,4y.) T Yo(t,2+v:))s

and utilizing phase space axioms, for every ¢ € J, we obtain

|’U(t) - @(t” < p(t)HZQ(t,Zt‘i‘yt) - Eg(t,ZHryt)H%
< p(t) 27 [2(t) —Z(1)].

For every t € .7, give us a chance to characterize

h(t) =9 (t, Z gt 20 4y0) T Yolt,zotwe) — Sa(t)¥(0,6(0)) + /075 S(t — s)v(s)ds.
Then, for every ¢t € .7,
() = h(t)] < |G (t, Zo(t,2090) + Yolt,zetw) = G Zottz0rw0) + Yolt,zerun)]
[ 18att = ) sco o) 76
< Lullzot svtun) = Zolt,ztun) |2 + MDY /Ot p(s)]z(s) —z(s)|ds
< Lo77|2(t) = Z(1)] + /Ot P(s)lz(s) — Z(s)|ds

12
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e'rL(s)

< [L*@feﬂ@)} [e*TL<f>|z(t) - z(t)@ + /O t [@(s)eTL(s)} [af“snz(s) - E(s)\]ds
<L,

}Ids

t
MOl — 2l + =l [ |
0

e _
< [L.27 + =] Oz 31l
¢
where 7 > 0, L(t) = / p(s)ds, p(t) = MP{p(t), and || - || is the Bielecki-type norm on V) defined by
0
2l = sup{e " D 2(t)]] : t € ).
Thus, we obtain )
Ih=Rlly < [L.95 + =1z = Zlp-
By exchanging the parts of z and Z, we have
o L1 _
Ho(T(2),X(2)) < [L. 75 + ||z~ Zlly-
Settling 7 > 0 and for [L*Qf + %] < 1, implies T is a contraction, and by Lemma 2.3, it has a fixed point z,
which represents a mild solution (1.1)-(1.2). O

4 Application

We consider the FNIDI with SDD, namely:

0 —g)a—2 2
g [100.9) = attute = otutt,0). )] € [ (T = ) s ) = glovuts = o(u(5,0),)] s
+ [Alt ult = o(t,0).9). Lot ult — o(u(t,0).€)]. 0<t<b 0<g<m (1)
u(t,0) =u(t,m) =0, te.Z, 4.2)
u(0,6) = uo(0,€), € (—0,0], €€ # =[0,7) 43)

82
€2
special variable ¢, f1, fo : & x % — R are measurable in ¢ and continuous in , and g : & x &4 — R are

where 1 < o < 2, (up,0) € C(R,[0,00)), L¢ = ( — r),r > 0 stands for the operator with respect to the
appropriate functions. We expect that for every ¢t € ., fi(t, ) is lower semicontinuous , and assume that for
eacht € .7, f»(t,-) is upper semicontinuous.

Consider X = L?([0, 7], R) and the operator &7 : L¢ : D(«/) C X — X with domain

D(#)={ueX:u" €X, u(0)=u(r)=0}
o/ is densely defined in X and is sectorial. As a result .7 represents a generator of a solution operator on X.
For the phase space, we pick # = C, = {¢ € C((—0,0] : X) : , lim e%¢() exists in X} invested with the
norm

s|= sup "[s(0)].
—00<0<0

We note that the phase space C., satisfies the conditions (P;), (P») and (Ps). Set
z(t)(§) = ut,§), tes, e 7,
g(O)(§)zu0(9,§)7 te s, 6<0,

Y(t,6)(€) =9(t,5(0,8), tes, e 7,
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y(f,§)(§) = fl(t7§(0a€))7f2(t7§(07€)) , teS, L€ /»
o(t,<) =t —0(<(0,0)).

The multivalued map % is u.s.c. with compact convex values [43]. Hence (H1) and (H2) are satisfied.
At this stage, the existence of mild solutions can be reasoned from an immediate application of Theorem
3.2.

Theorem 4.1. Let ¢ € C., be such that (H.) holds, and let t — ¢; be continuous on R(o~). Moreover, we assume that
(H3*) is fulfilled. Thus, there exists at least one mild solution of (4.1)-(4.3).

Corollary 4.1. Let s € C., be continuous and bounded and assume that (H3*) holds. Thus, there exists at least one mild
solution of (4.1)-(4.3) on (—oc, b].
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NEW HERMITE-HADAMARD’S INEQUALITIES FOR
PREINVEX FUNCTIONS VIA FRACTIONAL INTEGRALS

SHAHID QAISAR, MUHAMMAD IQBAL, AND MUHAMMAD MUDDASSAR*

ABSTRACT. In this paper,we have established some Hermite— Hadamard in-
equalities for preinvex functions via fractional integrals and these results have
some relationship with the obtained results. Application of the obtained re-
sults are given as well.

1. Introduction

The usefulness of inequalities involving convex functions is realized from the very
beginning and is now widely acknowledged as one of the prime driving forces behind
the development of several modern branches of mathematics and has been given
considerable attention. One of the most famous inequalities for convex functions is
Hermite—Hadamard’s inequality, stated as [12]:

Let f: I C R — R be a convex function on the interval I of real numbers and
a,b € I with a < b. Then

f(““’)s ! /abf(x)dzré Ha) £ 1), 1)

2 b—a 2
Both inequalities hold in the reversed direction for f to be concave.
In [19] Pearce and J. Pecaric established the following result connected with the
right part of (1).

Theorem 1. Let f : I° C R — R is a differentiable function on I° a,b € I° with
a < b,and If | f'|? is convex function on |a,b],for some fized ¢ > 1.then the following
inequality holds:

b 1
fla)+f0) 1 b—a [If (@] +|f ®)]°
_b—a/f(m)dx < 1 { } .

2 2

If | f'|* is concave function on [a,b], for some fized q > 1.then

) £ 1) _bia/bﬂ:c)dx <2 f/(a;b)"

Some necessary definitions and mathematical preliminaries of fractional calculus
theory which are used further in this paper.
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Definition 1. Let f € L'[a,b]. The left—sided and right—sided Riemann— Liouville
fractional integrals of order o > 0 with a > 0 are defined by

S f(@) = g [ =0T 0 a<a

and

b
T () = ﬁ/ (t— 2 f(B)dt, w<b
respectively, where I'(.) is Gamma function and its definition is T'(e) = [ e~ *u®~'du.
It is to be noted that J?, f(z) = Jp_ f(z) = f().

In the case of « = 1, the fractional integral reduces to the classical integral.
Properties concerning this operator can be found in [13] and for some recent re-
sults connected with fractional integral inequalities, see [8], [9], [10], [17], [22],[24].
Hermite—Hadamard Inequality has received renewed attention in recent years and
a remarkable variety of refinements and generalizations have been found in [11],
[15], [16], [19] and the references cited therein.

In [24] Sarikaya et. al. proved a variant of Hermite—Hadamard’s inequalities in
fractional integral forms as follows:

Theorem 2. Let f :[a,b] = R be a positive function with 0 < a < b and
f € La,b]. If f is convex function on [a,b], then the following inequalities for
fractional integrals hold:

f (a;rb> < ;((baja;l [T F(b) + J2 f(a)] < M .

with o > 0

Remark 1. For a = 1, inequality (2) reduces to inequality (1).
Using the following identity Sarikaya et. al. established the following result which
hold for convex functions.

Lemma 1. Let f : [a,b] — R be a differentiable function on (a,b), with a < b and
f' € Lla,b], then the following identity holds:

J@4f)  Tlatl)
2 B 2(b — a)> [Jar F(0)+ = f(a)]

b—a

1/2
= /O [(1—8)% —t*] f'(ta + (1 — t)b)dt, (3)

Theorem 3. Let f : [a,b] = R be a differentiable function on (a,b), with a < b. If | f'|
is convez function on [a,b], then the following inequalities for fractional integrals holds:

20 J0t D s+ 50 < o= (1= 5 ) (r @7 @) @

In recent years several extensions and generalizations have been considered for
classical convexity. A significant generalization of convex functions is that of in-
vex functions introduced by Hanson in [14]. Weir and Mond [18] introduced the
concept of preinvex functions and applied it to the establishment of the sufficient
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optimality conditions and duality in nonlinear programming. Pini [20] introduced
the concept of prequasiinvex as a generalization of invex functions. Later, Mohan
and Neogy[18] obtained some properties of generalized preinvex functions. Noor
[2]-[4] has established some Hermite-Hadamard type inequalities for preinvex and
log-preinvex functions. In recent papers Barani et al. in [5] presented some esti-
mates of the right hand side of a Hermite-Hadamard type inequality in which some
preinvex functions are involved. In this paper we generalized the results in [15] and
[16] for preinvex functions via fractional integrals. Let K be a closed set R™ and
let f: K — Randn: K x K — R be continuous functions. Let « € K, then the
set K is said to be invex at x with respect to 7 (.,.),

If

z+tn(y,x) € K,Vz,y € K,t €[0,1].

K is said to be an invex set with respect to 7 if K is invex at each z € K. The

invex set K is also called a n-connected set.

Definition 2. The function f on the invex set Kis said to be preinver with respect
ton, if

fluttn(vu) <+ Q1) f(u)+tf (v),Vu,v € Kt €[0,1].
The function f is said to be preconcave if and only if —f is preinvez.

In the recent paper, Noor [4] has obtained the following Hermite-Hadamard
inequalities for the preinvex functions:

Theorem 4. Let f: [a,a+n(b,a)] — (0,00) be a open preinvezr function on the
interval of real numbers K° (the interior of K°) and a,b € K° with a < a+n(b,a).
the following inequality holds:

a+n(b,a)

2a 4 1 (b, a) 1 f(a) + f(b)
f( 5 > < T / f(z:)dng

a

Barani, Ghazanfari and Dragomir in [5], presented the following estimates of the
right-side of a Hermite-Hadamard type inequality in which some preinvex functions
are involved.

Theorem 5. Let K C R be an open invex subset with respect ton: K x K — R.
Suppose that f : K — R is a differentiable function. If |f'| is preinvex on K, then
for every a,b € K with n(b,a) # 0 the following inequality holds:

a+n(b,a)

f(a) + fla+n(b,a)) 1 n(b,a
2 B n (b, a) / fl@)de) < 8

)

{If" @l +1f @1}

a

Theorem 6. Let K C R be an open invex subset with respect ton: K x K — R.
Suppose that f : K — R is a differentiable function. Assume p € R with p > 1. If
|f'|®=D s preinvex on K, then for every a,b € K with n(b,a) # 0 the following
inequality holds:

p—1

atn(b,a) (= (=
f@+fatna)y 1 " e {f’(a)l( 1) ’}

2 n (b, a) T 2(1+p)t/r 2
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The aim of this paper is to establish left Hermite—Hadamard type inequalities
for Riemann—Liouville fractional integral using the identity obtained for fractional
integrals.

2. Main Results

In order to obtain our results, we modified [15, Lemma 2.1] as following:

Lemma 2. Let A C R be an open invex subset with respect to n: Ax A — R and
a,be A witha < a+mn(b,a).Suppose that f : A — R be a differentiable function.If
flis preinvex function on A and f' € Lla,a + n(b,a)], then the following identity
for Riemann— Liouville fractional integrals holds:

; (2a + (b, a)) _Det1) [V S (@4 n(b,0)) + I g0y~ F(0)] =

2 20 (b, a)

where
I :/01/2 £ f'(a + tn(b, a))dt, /0 (b + tn(a, b))dt,
Igz/ljz(t“—l)f(a—i-tnba /1:21—75 "(b+ tn(a,b))dt.

Proof. Integrating by parts

1/2
11:/ £ F(a + tn(b, a))dt

0

o 1/2 1/2
=tf“;ﬁ$®”ﬂ)—m3@4 21 f(a + ty(b, a))dt

_ 2 2a + n(b,a) o« 1/2 v )
_U(b>a)f( 2 ) U(bva)/o t* fla+tn(b,a))dt.

Analogously:

. 9—a 2a +n(b, a) o 1/2 o
b‘nw@f( 2 )‘m@@A L (b tn(a,b))dt

and

@:/(wqﬁw+mmmm

= Df(attmba)|t o
B n(b,a) 1/2 n(b, a) /1/2t fla+tn(b,a))dt
1-2 (2a+n(ba) o 1o
”@@f< 2 >ma@[mtlﬂawmmmﬁ
Analogously:
_ 1—-2—¢« 2a+77(b’ a) «a 1 o
= n(b,a) f( 2 > ~ (b, a) /1/2t Lf(b+ tn(a,b))dt
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Adding above equalities, we get

2 2a + n(b, a) a v .
n(b, a)f( 2 ) ) [/0 ¢ 1f(a+“7(b’a))df+/o = F (b + tn(a, b))dt
=hL+L+13+ 14

Now making substitution u = (a + tn(b, a)), we have

1 ot B 1 a+n(b,a) ot
/0 t*7 fla+tn(b,a))dt = W/a (u—a)*" " f(u)du
T
(b, a)

Jy- f(a),

likewise

1/2 a—1 _ F(a>
/0 L+ tnfab) =

which completes our proof. I
New upper bound for the left-hand side of (2) for convex functions is proposed
in the following theorem.

Jor fla+n(b,a)),

Theorem 7. Let A C R be an open invexr subset with respect to n: Ax A — R
and a,b € A with a < a+n(b,a).Such that f' € Lla,a + n (b, a)].Suppose that
f: A= R be a differentiable function. If |f'| is preinver function on A then the
following inequality for fractional integrals holds for 0 < a <1:

)

(7% Fla+ (b)) + T f(a)] \

n(b,a)

< m( [f @)+ 1 ®)1)  (6)

Proof. By using the properties of modulus on Lemma 2, we have

() b

Now, using preinvexity of |f’|, we have

[T s (@ n(b,0) + T2 - F(@)] | <

el

1/2 1/2
|11 g/ to‘|f’(a+t77(b7a))|dt§/ t*1f' (1 — t)a + tb|dt
0 0

1/2

1/2
F@l [ = de+ 1) / (g
0 0

a-+3 , 1 ,
= 2a+2(a+1)(a+2)|f (a)‘—’—mu‘ (b)|

IN

Analogously:

a+3 ,
< st Da O £ (@)

By using preinvexity on |f'| and fact that for « € (0,1] and V #1,t2 € [0, 1],

|I2| <

2a+2(a +2)

[t1% — %] < |t — t2],
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i@l [ ammu-naslf o) [ -

1
<|f |/ SO A 1) [ (- ar
1/2 1/2
a+3
_ _ b
20{+2(Oé+2)|f( )‘ 20‘+2((X+1)(Oé+2)|f( )|7
similarly
a+3
4] <

= m'fl(b)‘ + 2O‘+2(Oé+ 1)(Oé—|—2)|f/(a)|’

which completes the proof.

Corollary 1. If we take n(b,a) =b— a in Theorem 7, then inequality (6) becomnes
inequality as

! (a;b>—§(§)a_+a;i [Jar f(D)+ - f(a)]| < Wf)l())( |f'(a)]+]f' ()] ). (7)

I

Remark 2. If we take a = 1, in Corollary 1 then inequality (7) becomes inequality
as obtained in [15, Theorem 2.2].

The corresponding version for powers of the absolute value of the derivative is
incorporated in the following theorem.

Theorem 8. Let A C R be an open invexr subset with respect to n: Ax A — R
and a,b € A with a < a + n(b,a).Such that f' € Lla,a + n (b, a)].Suppose that
f A — R be a differentiable function. If |f’|PZ’%1 s preinvex function on A for
some fized p > 1 with ¢ = %7 then the following inequality for fractional integrals
holds for0 < a<1:

f (za + g(b, a) ) - ;52‘(;“ 3 [J;;f(a +1(b,a)) + Jfﬂ(b’a)ff(a)] ’

(Lorsarary ., (MW)/] - ®

n(b, a)
>~ 2a+1(ap+ 1)1/p

Proof. From Lemma 2 and using Holder inequality with properties of modulus,
we have

’ ; <2a+n(b a)) - Qf(g)ajai) [T Fla+1(b,0)) + T - H

4
k=1
By using the convexity of |f’|?, we have

1/2 1/p 1/2 1/q
ap ’ q
|| < (/0 t dt) (/0 |f'(a +tn(b,a))] dt)
1 1/p ) 1/2 / 1/2
< (WOM) (If (a)\q/O (1—t)dt + |f (b)|‘1/0 t dt)

_ (w)/ (If’(b)lqﬂ;3|f’(a)|q>1/q7

1/q
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similarly

1 G E ORI O
5 < () ()

1 1/p 1 1/a
|I3|§</1/2(1—t°‘)”dt> (/1/2|f’(tb+(1—t)a)|th> .

Let a € (0,1] and V t1,t2 € [0, 1],

now

[t1Y — 2% < [t — ta]?,

therefore
1 1 1
1—t“”dt§/ 1-)Pdt = ————
/1/2( ) 1/2( ) 20t (ap + 1)
Hence
1 1
Ll < 1 1131 (@)
U=\ 200t (ap + 1) 8 ’
and
1 1
1 < 1 7Bl ® I (@)
=\ 200t (ap + 1) 8 ’
which completes the proof. 1

Corollary 2. .If we take n(b,a) = b—a in Theorem 8, then inequality (8) becomnes
inequality (2.1) of [16, Theorem 2.3]

() - g e s+ s

b—a) K|f/<b>|q+3|f/<a>|Q>”q +(f<a>l+?ﬁ<b>l)/} ©

= 20t (ap+1)1/P 4 4

Remark 3. If we take a = 1, in Corollary 2 then inequality (9) becomes inequality
(2.1) of [15, Theorem 2.3].

Another similar result may be extended in the following theorem.

Theorem 9. Let A C R be an open invexr subset with respect to n: Ax A — R
and a,b € A with a < a + n(b,a).Such that f' € Lla,a + n(b,a)].Suppose that

f A — R be a differentiable function. If |f’|PZ’%1 s preinvex function on A for
some fized p > 1 with ¢ = %7 then the following inequality for fractional integrals
holds for a > 0:

2a + b7(l I'a+1 ey a b7a
f< ;z( )) _ 27§a(b’a§ [T f(b) + i f(a)]| < %

/ q / q\ 1/q ’ q ’ o\ 1/q
((a+3)|f (b)] +(a+1)\f(a)\> +<(a+3)|f(a)| +a+1)|f (b)l) ] (10)

2(a+2) 2(a+2)

Proof. Using the well-known power-mean integral inequality for ¢ > 1 we have

1/2 My v
| < (/ t“dt) (/ | f"(a + tn(b, a))th>
0 0
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By preinvexity of |f/?

1 1-1/q a+3 / 1 ) 1/q
s (grrrs) (s O+ gy FOF)

! ((a+3) F'(@)|" + (a + 1) If’(b)lq)l/q

20+l (a4 1) 2(a+2)
Analogously:
TH—— <(a+3)If’(b)l"’+(a+1)|f’(a)lq>1/q
— 20t (a4 1) 2(a+2)
n<_ 1 ((a+3)If’(b)l”+(a+1)|f’(a)lq)1/q
— 20t (a4 1) 2(a+2)
and
[Ap— <(a+3)If’(a)|q+(a+1)|f’(b)lq>1/q
— 20t (a4 1) 2(a+2)
Combining all the obtained inequalities, we get desired inequality. Which completes
the proof. T

Corollary 3. Let A C R be an open invex subset with respect to n: Ax A — R
and a,b € A with a < a+n(b,a).Such that f' € Lla,a + 1 (b, a)].Suppose that
f: A= R be a differentiable function. If |f'|" is preinvex function on A for some
fized ¢ > 1 then the following inequality for fractional integrals holds for

a+n(b,a) a a a 1/q ) )
ey (PR ) <A (LR i @l e, o

Proof. 1If we take o = 1 in Theorem 9, then inequality (10) becomes as:

1 atn(b,a) 2a + n(b, a)
gl e ()

n(b,a) [ (20 @)+ £/ O\ (1F/ @] + 21 0)]7)
< 00 | (A EOIE (o T,

N

which can be made equivalent to (11) by using the fact:
D (atb) <) an+ b
i=1 i=1 i=1

for0<r<1, ay,as,...,a, >0 and by,bs,...,b, > 0. T

Remark 4. Inequality (11) is an improvement of obtained inequality as in [16, Theorem 2.1].

3. Applications to special means

In what follows we give certain generalizations of some notions for a positive
valued function of a positive variable.

Definition 3. A function M : Ry — Ry,is called a Mean function if it has the
following properties:

(1) Homogeneity : M (ax,ay) = aM (x,y), for all a > 0,

(2) Symmetry : M (z,y) = M (y,x),

(3) Reflezivity : M (z,z) = z,
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(4) Monotonicity : If x < x and y <y’ then M (x,y) = M («',y),
(5) Internality : min {x,y} < M (x,y) <maz{z,y}.

We consider some mens for arbitrary positive real numbers a and b (see for
instance [7]).
The arithmetic mean
a+b
5

A(a,b) = a,beR

The geometric mean
G(a,b) = Vab , a,beR

The harmonic mean

2ab
H = —
(a.b) = == a,b € R\{0}
The power mean
1
T b’l" r
P(a,b)z(a; > ) r>1
.The identric mean
a ifa="0

I(a,b) = .
(a,5) é(i)b ifa#b , ab>0

a’

The logarithmic mean

a ifa=5
Len = sl azh |
Generalized logarithmic mean
a ifa=19
1
L,(a,b) = n el | ™
(a,5) [W] ifa#b ,neZ\{-1,0}; ab>0

Now, using the results of Section Main Results, some new inequalities are derived
for the above means.It is well known that Lp is monotonic nondecreasing over
p € Rwith Ly =L and Ly := I. In particular, we have the following
inequality H < G < L <1 <A

Now letting @ and b be positive real numbers such that a < b.Consider the
function M := M (a,b) : [a,a+n(b,a)] X [a,a+n(b,a)] — R ,which is one of
the above mentioned means, therefore one can obtain variant inequalities for these
means as follows:

Setting 1 (b,a) = M (b—a) in (6),(8),(10), one can obtain the following inter-
esting inequalities involving means:

[J;ﬁr f(a + M(b, a))‘i‘n]ng(b,a)f f(a)]

M(b,a)
< Fa )

‘f (2a + ]\Q/I(b, a)) B 25\(4%’1;)

CIf @+ @) ). (12)
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M (b, a) LF O7+31f/ ()T (1 @)+ 31/ (b)]7) ¢
< 55 (ap + 177 [( PR () ] (1)

’ ; (2a+12w(b, a)> _ 21;\(40; (+b’1a)) [T @+ M(b,0) + I asy- F(0)] | <
Mb,a) [(et3)f @ +@+ DIF BN (@+3)F ) +a+ DIf @)\
37 (at 1) ( 2+ 2) q)*( 2(a +2) ) } (14)

Proof. Letting M = A,G,H,P,I,L,Lp in (12),(13), and (14), we can get the required
inequalities, and the details are left to interested reader. |
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1 Introduction and main results

We use C to denote the open complex plane, C(= C[J{oo}) to denote the extended complex
plane, and Q(C C) to denote an angular domain. We assume that the readers are familiar with the
standard notations and fundamental results of Nevanlinna value distribution theory of meromorphic
functions (see [7, 16]).

Let S be a set of distinct elements in C and Q := {z: a<argz <} CC. Define

E(S,Q,f) = U {z € Q|fa(z) = 0, counting multiplicities},
a€s

E(S,Q,f) = U {z € Q|fa(2) =0, ignoring multiplicities},
a€s
where f,(z) = f(2) —aif a € Cand fx(2) = 1/f(2).

Let f and g be two non-constant meromorphic functions in C. We say f and g share the set
S CM (counting multiplicities) in Q if E(S,Q, f) = E(S,Q, g); we say f and g share the set S IM
(ignoring multiplicities) in Q if E(S,Q, f) = E(S,Q,g). If S = {a}, where a € C, we say f and g
share the value a« CM in Q if E(S,Q, f) = E(S,Q, g), and we say f and g share the value a TM in
Qif B(S,Q, f) = E(S,Q,g). If Q = C, we give the simple notation as before, E(S, f), E(S, f) and
so on(see [17]).

In 1926, R. Nevanlinna (see [11]) proved his famous five-value and four-value theorems. After
this very work, many investigations studied the uniqueness of meromorphic functions with shared
values in the whole complex plane (see [17]). Around 2003, Zheng [18, 19] was the first to study the
uniqueness of meromorphic functions sharing five values and four values in some angular domain
under some condition.

*The first author was supported by the NSF of China(11561033, 11301233, 61202313), the Natural Science
Foundation of Jiangxi Province in China (20132BAB211001, 20151BAB201008), and the Foundation of Education
Department of Jiangxi (GJJ14644) of China.
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Theorem 1.1 ([18, Theorem 1.1]). Let f(z) and g(z) be both transcendental meromorphic func-
tions and let f(z) be of the finite lower order p and such that for some a € C and an integer p > 0,
§ =0d(a, fP)) > 0. For q pair of real numbers o, B; satisfying

Tl <frLaz< B Lag < By <,

and
d 4 s
Z (aj41 — By) < —arcsiny /o, (1)
Jj=1

where 0 = max{w,u} and w = max{z" -, ,quaq}, assume that f(z) and g(z) have five

distinct IM shared values in Q = |Jj_ {2z : oy < argz < B;}. Ifw < A(f), then f(z) = g(z).

After Zheng’s work, there were many interesting results about the uniqueness with shared
values in the angular domain, see [1, 9, 14, 15, 20].

In 2006, Lin, Mori and Tohge [9] dealt with the uniqueness problem on meromorphic functions
sharing three finite sets in an angular domain and obtained the following theorems.

Theorem 1.2 (see [9, Thereom 1]). Let Sy = {co}, S2 = {w|w" Y (w +a) — b = 0}, S3 = {0},
where n(> 4) is an integer, and a,b are two nonzero constants, such that the algebraic equation
W Y w +a) — b = 0 has no multiple roots. Assume that f is a meromorphic function of lower

order u(f) € (1/2,00) in C and § == 6(1, f) > 0 for some 1 € @\{O,—a}. Then, for each o < o0
with u(f) < o < A(f), there exists an angular domain Q = Q(«, 8) == {2z : a < argz < B} with

0<a<p<2rand
s 4 . 0
B —a >max{ —,2m — —arcsiny/ - (2)
o o 2

such that if the conditions E(Ss, f) = E(Ss,g) and E(S;,Q, f) = E(S;,Q,9) (j = 1,2) hold
for a meromorphic function g of finite order or, more generally, with the growth satisfying either

logT(r,g9) = O(logT(r, f)) or

- loglog T'(r, g)
r—oo min{logr,log T'(r, f)}

=0, r¢ L, (3)

where Ey is a set of finite linear measure, then f = g.

It is well known that Borel direction is an important singular direction for meromorphic function
in the fields of complex analysis, and Borel directions played an important role in the topic of
angular distribution(see [8, 12, 13]). Valiron [16] proved that every meromorphic function of finite
order p > 0 has at least one Borel direction of order p, where the order of meromorphic function

f is defined by p = p(f) = lifrisogp %

In 2012, Long and Wu[10] was the first to investigate the problem concerning Borel direction
and shared value of meromorphic functions and obtained the following theorems.

Theorem 1.3 (see [10, Theorem 1.1]) Let f be meromorphic function of infinite order p(r), g €
M(p(r)), argz = 6(0 < 6 < 27) be one Borel direction of p(r) order of meromorphic function f,
a; € @(z =1,2,3,4,5) be five distinct complex numbers. If f and g share a;(i =1,2,3,4,5) IM in
the angular domain Q(0 —e,0 + €) for any (0 < e <), then f = g.

Definition 1.1 [2]. Let f be a meromorphic function of infinite order, p(r) is a real function
satisfying the following conditions:
(i) p(r) is continuous, non-decreasing for r > ro and p(r) = 0o as r — 0o;
(ii)
logU(R) r

lim 22V g T
oo log Ul(r) ’ T logU(r)’
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where U(r) = rP") (r > rg);
(iii)
. log T'(r, f)
1 082 T) gy
linf;ip logU(r)

Then p(r) is called infinite order of meromorphic function f. This definition is given by Xiong
Qinglaif2].

Let p(r) be infinite order of meromorphic function f, we will denote by M (p(r)) the set of

meromorphic function g satisfying 0 < limsup,._, ., % <1, that is,

. log T'(r, ) }
M(p(r)) := 0 < limsup ————=-<1,.
(o)) = {50 < limsup “E T <

Let a < 8,8 —a < 2m,r>0,and Q(o, 8,r) :={z:a<argz < 3,0 < |z| <r}. The definition
of Borel direction of meromorphic functions f of infinite order p(r) is defined as follows.

Definition 1.2 [2]. Let f be meromorphic functions of infinite order p(r), if for any (0 < & < 7),
the equality

Jim sup logn(Q0 —e,0+¢,7), f =a)

=1
oo p(r)logr

holds for any complex number a € (A:, at most except two exception, where n(Q(0—e,0+¢,r), f = a)
is the counting function of zero of the function f—a in the angular domain Q (6 —e,0+¢), counting
multiplicities. Then the ray argz = 6 is called a Borel direction of p(r) order of meromorphic
function f.

Remark 1.1 Chuang [2] proved that every meromorphic function f with infinite order p(r) has
as least one Borel direction of infinite order p(r).

In this paper, we will investigate the uniqueness problem of meromorphic functions sharing one
finite set in an angular domain containing a Borel line. We will mainly consider the following finite
set S ={w € A: Pi(w) =0}, where

(n—1)(n—-2) nn—1) . o

Py (w) = fw" —n(n —2)uw"t + —g " e

¢ is a complex number satisfying ¢ # 0, 1.

Theorem 1.4 Let f be meromorphic function of infinite order p(r), g € M(p(r)), argz = 6(0
0 < 27) be one Borel direction of p(r) order of meromorphic function f, if E(S,Q(0—¢,0+¢), f)
E(S,Q0 —¢,0+¢),9) and n is an integer > 11, then f = g.

<

A set S is called a unique range set for meromorphic functions on the Borel direction argz = 0,
if for any two nonconstant meromorphic functions f and g the condition E(S,Q(0 —e,0+¢), f) =
E(S,Q0 —¢€,0 +¢),g) implies f = g. We denote by #5 the cardinality of a set S. Thus, from
Theorem 1.4, we can get the following corollary

Corollary 1.1 There exists one finite set S with 5 = 11, such that any two meromorphic func-
tions f and g on the Borel direction, which f(z) is meromorphic function of infinite order p(r),
g€ M(p(r)), argz = 60(0 <0 < 2m) be one Borel direction of p(r) order of meromorphic function
f,and E(S,Q0 —¢,0+¢),f) =E(S,Q0—¢,0+¢),9).
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2 Some Lemmas

We first introduce the basic notations and definitions of meromorphic functions in an angular
domain as follows(see [7, 18, 19]).

Let f be a meromorphic function on the angular domain Q(«, 3) = {2z : @ < argz < 8} and
0 < 8 —a < 2w Define

Aasro£) = 2 [ (5 = o) l0g” Ifte™) 10" |t )}

2w [P ,
B g(r, ) = ﬁ/ log™ | f(re?)|sinw(f — a)d#,

L (1

w ,r.2w

)sinw(0, — ),

Caplrf)=2 D (

1<|bu|<r

Sa,,@(T7 f) = Aa,ﬁ(rv f) + Ba,B(Tv f) + Coc,ﬁ(ra f)v
where w = 57 and b, = b€ (= 1,2,---) are the poles of f on Q(a, 3) counted according

|bs]

to their multiplicities. S, g(r, f) is called the Nevanlinna’s angular characteristic, and Cy, s(r, f)
is called the angular counting function of the poles of f on Q(a, ), and Cy g(r, f) is the reduced
function of Cy g(r, f). Similarly, when a # oo, we will use the notations A, g(r, f%a), B, a(r, ﬁ),

Cop(r, ﬁ)y Se, (7, ffia) and so on.
To prove our result, we require the following Lemmas.

Lemma 2.1 (see [6]). Let f be a nonconstant meromorphic function on Q(«, B). Then for arbi-
trary complex number a, we have

Sa,ﬂ (T, fla) = Sa,ﬁ(r7 f) + E(T, Cl),

where e(r,a) = O(1) as r — oo.

Lemma 2.2 (see [5, 19]). Suppose that f is a non-constant meromorphic function in one angular
domain (e, f) with 0 < B — a < 2w, then for arbitrary q distinct a; € C(1 < j < q), we have
= 1 1
(q — 2)5a7ﬁ(T, f) < Z CO(73 (T, f—a,) — Cfiﬁ('f', ?) + RQ,B(T, f),
» j

Jj=1

where ngﬁ(r, %) is the counting function of the zeros of [’ in Q where [ does not take anyone of
the values a;(j = 1,2,...,q), and the term C g(r, ﬁ) will be replaced by Cy 5(r, f) when some
a; = oo and

Ra,ﬂ(rv f) :Aa,ﬁ <T7 j];) + Bag (ra ff->

S O R L |

Lemma 2.3 (see [6, P138].) Let f be a nonconstant meromorphic function in the whole complex
plane C. Given one angular domain on Q(«, 8). Then for any 1 < r < R, we have

f R\” /R log™ T(r, f) Lo R
Apslr =) <K= = g+ logt —— +log— +17p,
’ﬁ<r )= r 1 titw gt o tles
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and

f/ 40.} f/
B r= | <—m|(r,=],
o ( f) o\
where w = 5—% and K 1is a positive constant not depending on r and R.

Remark 2.1 Nevanlinna conjectured that

Aoy (7Y 4 B (1) = oS0 ) )

when r tends to +o0o outside an exceptional set of finite linear measure, and he proved that
Aap (7’, fTI) + Ba,g (T, fTI) = O(1) when the function f is meromorphic in C and has finite order.
In 1974, Gol’dberg [5] constructed a counter-example to show that (5) is not valid.

Remark 2.2 From Lemma 2.2 and Lemma 2.3, we can get the following conclusion:

R [ 0@, fis of finite order,
o (1, f) = O(logU(r)), r € E, f is of infinite order,

where R 5 (r, f) is stated as in (1), U(r) = ") p(r) is infinite order of meromorphic function
f, E is a set of finite linear measure.

Lemma 2.4 (see [3]). Let f be meromorphic function of infinite order p(r). Then the ray argz =
0 is one Borel direction of p(r) order of meromorphic function f if and only if f satisfies the
equality
1 S*E e\l
lim sup 08 So-c.0+<(, f)
r—so0 p(r)logr

=1, (6)
for any e(0 <e < §).
Similar to discuss as in [1, Lemma 1] and [17], we can get the lemma below easily.

Lemma 2.5 Suppose that f is a non-constant meromorphic function with infinite order p(r), the
ray arg z = 0 is one Borel direction of p(r) order of meromorphic function f. Let P(f) = aofP +
a1 fP 1+ +a,(ag # 0) be a polynomial of f with degree p, where the coefficients a;(j = 0,1,...,p)
are constants, and let bj(j =1,2,...,q) be q(¢ > p+ 1) distinct finite complex numbers. Then for
any (0 <e < 7/2),

P(f)-f'
(f =b1)(f —b2) - (f —by)

where Do_c g1c(r,0) = Ag—c 94e(7,0) + Bo—c o4<(7, ).

D975,0+5 (Ta ) = R976,9+5(7’7 f)7

Lemma 2.6 Suppose that f is a non-constant meromorphic function with infinite order p(r), the
ray argz = 0 is one Borel direction of p(r) order of meromorphic function f. Then for any
e(0 < e <7/2), we have

1 1 _
CG—E,G—}-& <T> f,> S 09—5,0+6(T7 ?) + 09_5,94_5(7', f) + R9—s,0+s(7"7 f) + O(]-)

Proof: By Lemma 2.1, Lemma 2.3 and Lemma 2.4, we have

1 1 !
D675,6+5(T, 7) S DO*E,GJrs(T» *,) + D075,0+s(7', f?

1
f ) - D9,5’9+5(7", *) + R07s,0+s(7ﬂa f)a

f/

~
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then from the definition of S(r, f), we have

1 1
So—co4e(r, f) — Co—co1e(r, ?) < Sg—co4e(r, [1) — Co—cpte(r, ?) + Ro—co4<(r, f) +O(1),

ie.,

},) SSQ—a,G-‘y—E (’/‘, f/) - 59—879-"—8 (T’ f)

CQ—E,9+E(T7

 Coepilr, })  Ry—egye(r, f) + OQL). (7)

Since

SG—E,9+6 (7”7 f/) = D9—6,9+s (7'; f/) + D9—670+s (7'; f/) (8)

!

< D076,0+8(Ta f) + D975,6+5 (7’7 f?) + 0976794*6 (707 f) + 6076,94’6 (rv f)

S 5975,94*6(747 f) + 6976,0+6 (T7 f) + R07€,9+€ (’I", f) + 0(1)7
then from (7) and (8), we can get the conclusion of this lemma. a

Lemma 2.7 Let F be transcendental entire function of infinite order p(r), G € M(p(r)), argz =
0(0 < 0 < 27) be one Borel direction of p(r) order of function f and Q := Q0 — €, + ¢) for any
e(0 <e<m). If F and G satisfy E(0,Q,F) = E(0,Q,G) and c1,c¢a,...,¢cq are ¢(> 2) distinct
non-zero complex numbers. If

— —(2 —
. 309_579+8(7‘, F) —+ 23:1 C‘(g_)€79+5(7", ﬁ) + 00—5,9+5(T7 %)
lim sup !

r—oo,rel 5076,04»6(74) F)

<q, 9)

and
— —(2 —
. 309_5794_5 (’I"7 G) —+ Z?:l Céje,g+a(r, ﬁ) + 00—8,0+a (Ta é)
lim sup 2

r—oo,rel 5075,0+5(r; G)

< q, (10)

~(2) ral (2 ~(2 =
where CG*E,GJrs(r?') = Cocote(r,-) + 0075,0+5(T7')7 0975,0%»5(707') = Cocote(r,7) — Cl)(ﬁ');
0;1579%(7", \) is the counting function which only counts simple zeros of the function - in Q and I
is some set of r of infinite linear measure, then

_aG+b
TG+ d

where a,b,c,d € C are constants with ad — be # 0.

Proof: Since meromorphic function F' is of infinite order p(r) and argz = (0 < 6 < 27) is one
Borel direction of p(r) order of F, then we can get by Lemma 2.4 for any (0 < ¢ < )

log 59_5794_5 (’I"7 F)

lims =1. 11
ey T p(r) log (n
And since G € M(p(r)), we have
1 —& € b
lim sup 08 So—c.0+<(1, &) (12)

r—00 p(r)logr

Set R(r) = O(p(r)logr)) as r — oo, (r € E), where E is a set of finite linear measure, then from
(11) and (12), we have R(r) = 0(Sp—e,o+(1, F')) = 0(Sp—c,94(r,G)) as r — oo, & E.
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Set

F’ F G’ G
Suppose that H Z 0, from Lemma 2.1 and Lemma 2.2, we have

F// F/ 1" /
PR Ay 5

D0—£79+5(7"7 H) = R(T) (14)
Since E(0,9, F) = E(0,Q,G), and by an elementary calculation, we can conclude that if zy is a
common simple zero of F and G in 2, then H(zp) = 0. Thus, from (13) we have

1
C;),E,(ﬂ,g(r) < 09—579-{-5(7"7 ﬁ) < 59_5794_5(7", H) + O(l) < 09—5794-5(7"7 H) + R(’I“), (15)

where Cel)—e,a+a(r) C’;) R 0+E(r +) = Cgl) core(ms &)- The poles of H in Q(f —€,6 + ¢) can only
occur at zeros of F and G/ in Q(f —e,0+¢) or poles of F'and G in Q(0 —¢,0 + ¢). Moreover, H
only has simple zeros in Q(0 — ,6 + €). Hence, from (13), we have

_ — —0 1 —0 1
091)7570+5(T) §C9—€79+E(r7 F) + 09—8,9+E(T’ G) + 09—5 0+8( F,) + 00 € 9+5( ) a) (16)
1
+Zce 60+s +ZCG 619+E —C)+R()
J

—=0 . . . .
where Cy__ g, .(r, 7) is the reduced counting function for the zeros of F' in Q where F does not

take one of the values 0,¢1,c2,...,¢q.
Since
Comeelr,2) + Cooealr =)
0—e,04+c\T, I 0—e,0+e\T, G
1
_200 50+s( )+CO 60+6( F)+Ct9 50+6( 5)7 (17)
then from (15)-(17), we have
Comeselr,2) + Coepelr =)
0—e,04+c\T,s I 0—e,04c\T, G
— — —0
§20076,0+6(r= F)+ 20075,9+6(7“7 G)+2C,_. O+e (r, ﬁ)"‘
—0 1 1
+20975 0+6( G,)+09 60+5( F)+C(9 59+6( E)+
1 1
+2209 eo+e(T +2ZC«9 c.042(T m)‘i‘R(T) (18)
Cj i)
By Lemma 2.2, we have
4Sp—co4=(r, F) <Cycoye(r, F) +Cocpre(r +ZC¢9 cote(r #) (19)
F — Cj
o 1
- 09,579+5(7", F) + R(T)a r g Ea
1 1
QSQ € .9+5(’I“ G) <09 € 9+E(T G) + CQ € 9+5 Z Co_ €, 9+€ O e ) (20)
=1 j

1
- 09076,94*6(767 a) + R(T)7 r g Ea
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where F is a set of r of finite linear measure, and it needs not be the same at each occurrence.
From (18)-(20), it follows for r ¢ E,

q{So—c,04e(r, F) + So—c o+<(r, G)}

<38Ch—c1e(r, F) +3Cy_c01c(r,G) +;CG e0+e(r +Zce e0+e(T %)
+2209 cote(r +2209 cote(r Cj)+02€,9+6(r?;v)
0 corelrs ) + T8 el ) + T8 gyl é>+R<r>. (21)
Since
iéé%5,0+a(r7 i3 i Cl) +a5)275,9+5(73 %) +6276,9+5(7°7 %) = Co—co4(r, %), (22)

j=1 J
and

q
1 —(2 1 —0 1 — 1
Z Ca e 9+€ m) + Cefa¢9+g(7“7 5) + 0075,9+5(T7 @) = 0676,0+e(7"» @)7 (23)

J

and from ( 1)-(23), we have for r ¢ E,

{So—c04e(r, F) + Sp—c04(r,G)} (24)
1
<309 e 9+5(7' F) + 309 €, 9+5 r, G + ZCé?)s 9+E(7", ﬁ)"‘
j=1 J
—(2) 1 — 1 1
Z CG €, 9+5 7) + 0075,0+€( F/) + 00 € 0+6( G/) + R( )

From (9), (10) and (24), and since Let F' be transcendental entire function of infinite order p(r),
G € M(p(r)), argz = 0(0 < 6 < 27) be one Borel direction of p(r) order of function f, we have

5076,9+€(7A7 F) + 5675,0+5(7“, G) S 0{5076,94»8(71’ F) + 5075,9+e(73 G)}» T g Ea rel.
Thus, we can get a contradiction. Therefore, H(z) = 0, that is,

F" F G G’
7 OFC @ Yo
For above equality, by integration, it follows that
aG+b
G +d’

where a,b,c,d € C and ad — be # 0. |
The following result can be derived from the proof of Frank-Reinders’ theorem in [4].

F=

Lemma 2.8 Letn > 6 and

n n—2

(n—1)(n—2)
2

n(n—1)

P(w) = 5

—n(n —2)uw" "+

Then P(w) is a unique polynomial for transcendental meromorphic functions, i.e., for any two
transcendental meromorphic functions f and g, P(f) = P(g) implies f = g.
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3 The Proof of Theorem 1.4

Proof: Since f is a meromorphic function of infinite order p(r) and argz = (0 < 6 < 27) be
one Borel direction of p(r) order of meromorphic function f, similar to (11) and (12), for any
e(0 < e < 7), we have
1 _
lim sup 28 30-=0+e(r: f)

=1 25
r—oco p(r)logr ’ (25)

and

lim sup log So—c 6-+=(r,9) <
r—00 p(r)logr
Set R(r) = O(p(r)logr)) as r — oo, r & E, where E is a set of finite linear measure, then we have
R(r) = o(So—c,04<(r, f)) as r — oo, r ¢ E from (25) and (26).
From the definition of P (w), we have Pi(1) =1 —c:=¢; #0, P1(0) = —c:= ¢z # 0 and

(26)

-1 -2
Pl(w) = %@U — 1) 3, (27)
Pi(w) —e; = (w—1)*Qq(w), Qi(1) #0, (28)
P1 (’lU) — C2 = ’U.)n72Q2(’UJ), Q2(0) # 0, (29)
where @1, Q2 are polynomials of degree n — 3 and 2, respectively. We also see that Q;(i = 1,2)

and P; have only simple zeros.
Let F and G be defined as F' = P;(f) and G = P;(g). Since E(S,Q, f) = E(S,Q,g), we have
E(0,Q,F) = E(0,9Q,G). From (28) and (29), we have

1 — 1 —(2 1
Ce € 9—‘,—5( "R 01) = Co—core(r, Ia )+ C9_€79+6(r,

)

= Foa
<2Cy_cgie(r +ZC'0 e,04e(T f—laz)
<(n- 1>se,e,@+s<r, )+ R0 (30)
and
Ol ) = G Fi@) + 0 el F%@) (31

1
<200 50+€ +ZCG 59+s — )

< 4S9—6,9+E(Ta f) + R(T)a

where a;(i =1,...,n —3) and b;(j = 1,2) are the zeros of Q1(w) and Q2(w) in €2, respectively.
From (27), we have

1 — 1 1

N+ o - il
T, f) +Co 679+E(r7 f 1 ) f,
From [6, Theorem 6.3], we have Sg_ g1<(7, F') = nSo—c o+<(r, f) + R(r). Thus, combining (30),
(31) and (32), by Lemma 2.6, Lemma 2.7 and n > 11, we have

2
3Co—cp4e(r. ) + X0y Cpegre(r 5) + Comepe (1 )

60—579-1-5(7" < 69—5,0-&-5( ) +€9—579+£(r ) (32)

1
7?)

lim su 33

r%oo,rng 59—8,9+E(T7 F) ( )
< limsup 4C9_cg4e(r, f) + (n+6)So—co4c(r, f) <9

r—00,r@E nSo—c,o4+<(1, f)
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Similarly, we have

— —_ 2 J—
8Co-04e(1, G) + X5y Cpolegue (1, g2) + Coepre(r, &)

lim sup 34

r—oo,rZFE S@—E,9+E(T7 G) ( )
< Timsup 4Ch—c 94e(r,9) + (n+6)So_c 042(r,9) <9

r—oo,r¢E n5976,0+6(r7 g)

Thus, we have by Lemma 2.7
F// F/ G// G/
— 2= =——-2—.
a F G’ G
For above equality, by integration, it follows that
aG+b

F =
cG+d’

where a,b,¢,d € C and ad — bc # 0. Since E(S, €2, f) is nonempty, and E(S,€Q, f) = E(S,Q, g), we

have b =0, a # 0. Hence
aG G

cG+dE AG + B’

F= (35)
whereAzgandB:g;éO.

Two cases will be considered as follows:

Case 1: A # 0. From the definition of P|(w) and (35), we know that every zero of Py(g) + &
in  has a multiplicity of at least n. Here, we wiil consider the three following subcases.

Subcase 1.1: £ = —¢;. From (28), we have

o)+ 5 = (9= 19— a)lg — )+ (g~ anos),

where a; # 0,1 are distinct values. It follows that

Co_ Co , 1
Oo_-pselar, f) = 1 — limsup 20=2t=1 D) o 4y oy Gomeose(ria) !

>
r—00 5'97579+e (7"7 f) r—00 CG—E,GJrE (7"7 f) o

We can see that it has n — 2 values satisfying the above inequality. Thus, from Lemma 2.2 and
n > 11, we can get a contradiction.
Subcase 1.2: £ = —¢;. From (28), we have

Pi(g) + % =g"?(g - b1)(g — ba),

where by # by, b; # 0,1(i = 1,2). It follows that every zero of g in £ has a multiplicity at least 2
and every zero of g — b;(i = 1,2) in Q has a multiplicity at least n. Then, by Lemma 2.2, we have

_ 1 — 1 — 1
_ < _ - _ _
SG 6,9+€(T7 g) =~ CO s,0+s(r; g) CG €,9+E(T7 g— bl) + CG 6,0+5(T7 g— b2) + R(T)

1 1 1 1 1 1

< Z — — - —

> 2C07s,0+€('ra g) + nC075,0+€(7ﬂa g— bl) + Cﬁfs 9+8(T) — bl) + R(T)

1 2
< (5 + E)Sefs,eJrs(rv g9) + R(r).

Since g € M(p(r)) and n > 11, we can get a contradiction.
Subcase 1.3: % # —c1, —Co. Similar to discuss as in Subcase 1.1 or Subcase 1.2, we can get
a contradiction.
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Case 2: A=0. If B # 1, from (35) we have F' = & that is,

1
Pi(f) = Epl(g)- (36)
From (29) and (36), we have
Puf) ~ 2 = L(Pulg) — e2) = 9" (g~ bi)(g — bo) (37)
1 B—Blg 02—B9 g 1)\9 2)-
Since % # ca, from (27), it follows that P(f) — % at least n — 2 distinct zeros e1, e, ..., e, 2.
Then, we have from Lemma 2.2
n—27 1
(n —4)Sp—co4(r, f) < Z Co—co+e(r, ﬁ) + R(r) (38)
i=1 v

_ 1 _ — 1
< Co—g pye(r, 5) + Coco4(r, )+ Co—co4(r, p—

b
g—"b
§ 3S«975,l9+5(7n7 g) + R(T‘)

Since f is a meromorphic function of infinite order p(r), argz = 6(0 < 6 < 27) is one Borel
direction of p(r) order of meromorphic function f, we have from Lemma 2.4 S(r, f) = O(p(r) logr).
Then, applying Lemma 2.7 to (36), and from (38) and n > 11, we can get a contradiction.

Thus, we have A =0 and B = 1, that is, Pi(f) = Pi1(g). Note the form of P;(w), we can get
that P(f) = P(g). Then, by Lemma 2.8, we get f = g.

Therefore, the proof of Theorem 1.4 is completed.
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Pseudo-valuations on BCH-algebras with respect to subalgebras and
(closed) ideals

Young Bae Jun! and Sun Shin Ahn?*

L Department of Mathematics Education, Gyeongsang National University, Jinju 660-701, Korea
2 Department of Mathematics Education, Dongguk University, Seoul 100-715, Korea

Abstract. The notion of pseudo-valuations (valuations) on a BCH-algebra is introduced by using the Busgneag’s
model ([1, 2, 3]), and a pseudo-metric is induced by a pseudo-valuation on BCH-algebras. Conditions for a real-
valued function to be an I-pseudo-valuation are provided. The fact that the binary operation in BCH-algebras is

uniformly continuous is provided based on the notion of (pseudo) valuation.

1. Introduction

Busneag [2] defined pseudo-valuation on a Hilbert algebra, and proved that every pseudo-
valuation induces a pseudo metric on a Hilbert algebra. Also, Busneag [3] provided several
theorems on extensions of pseudo-valuations. Busneag [1] introduced the notions of pseudo-
valuations (valuations) on residuated lattices, and proved some theorems of extension for these
(using the model of Hilbert algebras ([3])). As a generalization of BCK/BCl-algebras, Hu and Li
[5, 6] introduced the notion of BCH-algebras, and Chaudhry [4] investigated several properties
of BCH-algebras.

In this paper, using the Busneag’s model, we introduce the notion of pseudo-valuations (valu-
ations) on BCH-algebras, and we induce a pseudo-metric by using a pseudo-valuation on BCH-
algebras. We provide conditions for a real-valued function on a BCH-algebra X to be an I-
pseudo-valuation on X. Based on the notion of (pseudo) valuation, we show that the binary
operation x in BCH-algebras is uniformly continuous.

2. Preliminaries

An algebra (X *,0) of type (2,0) is called a BCH-algebra if it satisfies the following conditions:
(I) Vo e X) (x*2x=0),
(Il) Vz,y e X) (xxy=0, yxx =0 = z=y),
(IIT) (Vz,y,z € X) ((z*xy)*x 2 = (v * 2) xy).
Any BCH-algebra X satisfies the following conditions:

92010 Mathematics Subject Classification: 06F35; 03G25; 03C05.

YKeywords: S-pseudo-valuation; I-pseudo-valuation; CI-pseudo-valuation; (Positive) valuation; Pseudo-
metric induced by pseudo-valuation
* The corresponding author.

YE-mail: skywine@gmail.com (Y. B. Jun); sunshine@dongguk.edu (S. S. Ahn)
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TABLE 1. x-operation

x| 0 a b ¢ d
00 0 0 0 d
ala 0 0 a d
bl b b 0 0 d
clec ¢ ¢ 0 d
dld d d d 0

(al) (Vz,y € X) ((z+ (z*y)) xy = 0),
(a2) Vz € X) (zx0=0 = 2 =0),
(a3) (Vx,y € X) (0 (x*xy) = (0xx)* (0xy)),
(ad) (Vz € X) (x %0 =x).
A BCHy-algebra is a BCH-algebra X which satisfies 0 x x = 0 for all z € X.
We can define a relation < on a BCH-algebra X by
Vz,ye X) (z <y & zxy=0)

This relation is reflexive and anti-symmetric but not transitive in general. A non-empty subset
S of a BCH-algebra X is called a subalgebra of X if z xy € S for all x,y € S.
A subset I of a BCH-algebra X is called an ideal if it satisfies:

(11) 0 € 1,
(12) Ve e X) (Vyel) (zxyel = xe€l).

Note that an ideal of a BCH-algebra may not be a subalgebra. An ideal I of a BCH-algebra
X is said to be closed if 0 x x € I for all z € [.

3. Pseudo-valuations on BCH-algebras

In what follows let X denote a BCH-algebra unless otherwise specified.
Definition 3.1. A real-valued function ¢ on X is called a pseudo-valuation on X with respect
to a subalgebra (briefly, S-pseudo-valuation on X) if it satisfies the following condition:

(Va,y € X) (0(z *y) < d(z) +J(y)). (3.1)

Example 3.2. Let X = {0,a,b,c,d} be a BCH-algebra with the %-operation given by Table 1
(see [4]). Let 9 be a real-valued function on X defined by

7=(05 15 0)
Then ¥ is an S-pseudo-valuation on X.
Proposition 3.3. Fvery S-pseudo-valuation 9 on X satisfies the following inequality:
(Ve e X) (0(0xz) < 30(x)). (3.2)
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Pseudo-valuations on BCH-algebras with respect to subalgebras and (closed) ideals

Proof. For any x € X, we have
D0 x) <I(0) +d(z) =z *x)+ I ()
¥(z) +
by using (I). O

<
<

Corollary 3.4. For any S-pseudo-valuation ¥ on a BC'Hy-algebra X, we have
(Vo € X) (9(x) > 0). (3.3)
Proof. Straightforward. O
The following example shows that Corollary 3.4 may not be true in BCH-algebras.

Example 3.5. Consider the BCH-algebra X which is given in Example 3.2. Let ¢ be a real-

B 0 a b ¢ d
Y=\ 3312 —3)

Then ¢ is an S-pseudo-valuation on X with negative values.

valued function on X defined by

Theorem 3.6. Let S be a subalgebra of X. For any real numbers t; and to with 0 <t < tq, let
¥s be a real-valued function on X defined by

o t1 z'foS,
195(‘”)_{@ ifz ¢S

for all x € X. Then vg is an S-pseudo-valuation on X.
Proof. Straightforward. 0
Theorem 3.7. If a real-valued function ¥ on X is an S-pseudo-valuation on X, then the set
A:={re X |v¥x) <0}
s a subalgebra of X.
Proof. Let x,y € A. Then ¥(z) < 0 and 9(y) < 0. It follows from (3.1) that
Dz *y) <9(x)+9(y) <0
so that z xy € A. Hence A is a subalgebra of X. O

The following example shows that the converse of Theorem 3.7 may not be true, that is, there
exist a BCH-algebra X and a mapping ¥ : X — R such that

(1) ¥ is not an S-pseudo-valuation on X,
(2) A:={z € X |9Y(r) <0} is a subalgebra of X.
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TABLE 2. x-operation

x| 0 a b c
0|l 0 a b c
ala 0 ¢ b
bl b ¢ 0 b
clec ¢ 0 O

Example 3.8. Consider the BCH-algebra X which is given in Example 3.2. Let ¢ be a real-

(0 a b ¢ d
7T\3 1 -5 4 —3)
Then ¢ is not an S-pseudo-valuation on X since

plexb) =p(c) =4 £ —1=4-5=0(c) + ¢(b).
But A:={zx € X | p(z) <0} ={0,b,d} is a subalgebra of X.

valued function on X defined by

Corollary 3.9. If a real-valued function ©¥ on a BCHy-algebra X is an S-pseudo-valuation on
X, then the set
A={zre X |J(x)=0}

s a subalgebra of X.

Definition 3.10. A real-valued function ¥ on X is called a pseudo-valuation on X with respect
to an ideal (briefly, I-pseudo-valuation on X) if it satisfies the following two conditions:

(i) 9(0) =0,

(i) (Vz,y € X) (9(z) < I(zxy) +0(y)).
Definition 3.11. A real-valued function 9 on X is called a pseudo-valuation on X with respect
to a closed ideal (briefly, C'I-pseudo-valuation on X) if it satisfies the following condition:

(Vz,y € X) (90 *2) <P (x) < Hxxy)+ I y)).
If 9 is an S-pseudo-valuation (resp. I-pseudo-valuation and C'I-pseudo-valuation ) on X sat-
isfying the following condition:
Ve X) (z#0 = J(x)#0)

then we say that 9 is an S-valuation (resp. I-valuation and CI-valuation) on X.

Example 3.12. Let X = {0,a,b,c} be a BCH-algebra with the x-operation given by Table 2.
Let ¥ be a real-valued function on X defined by

0 a b c
19—(0132)'
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Then 9 is both a C'I-pseudo-valuation and an I-pseudo-valuation on X.
Theorem 3.13. Every CI-pseudo-valuation is an S-pseudo-valuation.

Proof. Let ¥ be a C'I-pseudo-valuation on X and let z,y € X. Then
Hxxy) <I(xxy)*x)+ Jd(x)
= ((z * ) * y) + I(x)
= 0(0xy) +9(z) <I(x) +9(y)
Hence 9 is an S-pseudo-valuation on X. U

The following example shows that the converse of Theorem 3.13 may not be true.

Example 3.14. Consider an S-pseudo-valuation ¥ which is given in Example 3.2. Then 1 is not
a C'I-pseudo-valuation since ¥(a) £ ¥(a * b) + 9(b).

The following example shows that a CI-pseudo-valuation may not be an I-pseudo-valuation.

Example 3.15. Consider the BC' H-algebra X which is given Example 3.12. Let ¢ be a real-
valued function on X defined by
9 — <O a b c> '
1 1 3 2

Then 9 is a C'I-pseudo-valuation on X, but not an /-pseudo-valuation on X since J(0) =1 # 0.

Proposition 3.16. In a BC Hy-algebra, every CI-pseudo-valuation ¥ satisfies the following in-
equality:
(Vo,y) ((z+y) <9(0) +9(x)).

Proof. For any z,y € X, we have

W xy) <I((xxy)*xz)+ J(x)
= ((zxx)*xy) +0(z)
=390 y) +J(z) =J(0) + I(x)
This completes the proof. U

Theorem 3.17. In a BCHy-algebra, every I-pseudo-valuation is an S-pseudo-valuation.
Proof. Let 9 be an I-pseudo-valuation on a BC Hy-algebra X. Since
(wry)xa)xy=((zrz)xy)xy=(0xy)xy=0

for all x,y € X, we have
0

9(0) = I(((z * y) * ) x y)

((zxy) x2) = 0(y)

(zxy) = J(z) = O(y)-

Hence J(x xy) < J(z) + J(y), and therefore ¥ is an S-pseudo-valuation on X. O
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TABLE 3. x-operation

*x 0 a b ¢
0] 0 0 0 O
ala 0 0 a
bbb b 0 0
clec ¢ ¢ 0

The converse of Theorem 3.17 is not true as shown by the following example.

Example 3.18. Let X = {0,a,b,c} be a BC Hy-algebra with the x-operation given by Table 3.
Let ¢ be a real-valued function on X defined by

0 a b c
V= <0 41 3) '
Then ¢ is an S-pseudo-valuation , but not an I-pseudo-valuation on X since ¥(a) =4 £ 1 =
9(0) + 9(b) = ¥(a * b) + V(D).
In general, Theorem 3.17 may not be true in a BCH-algebra as shown by the following example.

Example 3.19. Consider a commutative group (R, +,0). Then (R, %,0), where z xy = = — y, is
a BCH-algebra which is not a BC' Hy-algebra. Define a real-valued function 9 on R by

0 ifz=0
v = ’
() { —3x +1 otherwise

for all x € R. Then ¢ is an I-pseudo-valuation on R, but it is not an S-pseudo-valuation on R
since ¥(1 % 2) =9¥(—1) =4 £ =7 = ¥(1) + ¥(2). Moreover ¥ is not a CI-pseudo-valuation on R.

Proposition 3.20. For any I-pseudo-valuation ¥ on X, we have the following inequalities:

(1) ¥ is order preserving.

(2) (V2,5 € X) (9(z +y) +V(y ) > 0).
Proof. (1) Let z,y € X be such that < y. Then x x y = 0, and so
O(z) <Oz xy) +9(y) = 9(0) +I(y) = I(y).

(2) Let z,y € X. Using Definition 3.10(ii), we have ¢(zx*y) > 9(x)—9(y) and ¥(y*x) > P (y)—9(z).
It follows that ¥(x * y) + J(y *x =) > 0. O

We provide conditions for a real-valued function on X to be an I-pseudo-valuation on X.
Theorem 3.21. If a real-valued function ¥ on X satisfies Definition 3.10(i) and
(Va,y, 2 € X) (I(((z *y) xy) * z) 2 I(x xy) — I(2)) (3.4)

then 9 is an I-pseudo-valuation on X.
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Proof. Taking y = 0 in (3.4) and using (a4), we have
Vax*xz)=9((x*0)%0)x2) >J(xx0) —dJ(2) =d(x) — I 2),
that is, J(x) < ¥(x * z) + ¥(z) for all z,z € X. Hence 9 is an I-pseudo-valuation on X. O
In a BCHp-algebra X, every [-pseudo-valuation 9 on X satisfies the inequality (3.3). We

know from Example 3.19 that an /-pseudo-valuation ¥ on a BCH-algebra X does not satisfy the
inequality (3.3).

Definition 3.22. An [-pseudo-valuation on a BCH-algebra X is said to be positive if it satisfies
the inequality (3.3).

Example 3.23. Consider a C'I-pseudo-valuation ¥ which is given in Example 3.12. Then 9 is a
positive [-pseudo-valuation.
Theorem 3.24. Let ¢ be a real-valued function on X such that

(1) (Vo,y € X) (z <y = d(z) <d(y)),

(2) (Va,y € X) (U(z) < Iz xy) +9(y)).
Then the set

A:={xre X |dx) <0}U{0}

s an ideal of X.
Proof. Let z,y € X be such that xxy € Aandy € A. If y =0, then x =z %0 € A. Assume
that y # 0. Then ¥(y) < 0. If x xy = 0, then x < y which implies from (1) that J(x) < d(y) < 0.

Hence x € A. If z %y # 0, then J(z xy) < 0. Using (2), we have ¥(z) < d(z *y) +J(y) < 0 and
so ¢ € A. Therefore A is an ideal of X. O

Corollary 3.25. For any I-pseudo-valuation v on X, the set
A={zre X |V(z) <0}
1s an ideal of X.
Proof. Straightforward. O
The following example illustrates Corollary 3.25.

Example 3.26. Consider the [-pseudo-valuation ¥ on R which is described in Example 3.19.
Then A= {z € R|z > 1} U {0} which is an ideal of R.

Theorem 3.27. If an I-pseudo-valuation ¥ on X is positive, then the set
A={re X |J(x)=0}
s an ideal of X.

Proof. Obviously, 0 € A. Let z,y € X be such that zxy € A and y € A. Then ¥(z xy) = 0 and
J(y) = 0. It follows from Definition 3.10(ii) that J(x) < J(x *x y) + ¥(y) = 0 so that J(z) = 0
since ¢ is positive. Hence x € A, which shows that A is an ideal of X. O
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TABLE 4. x-operation

*x 0 a b ¢
0|0 0 0 O
ala 0 0 a
blb b 0 0
cle ¢ b 0

Combining Theorems 3.17 and 3.27, and Corollary 3.4, we have the following corollary.

Corollary 3.28. Let X be a BCHy-algebra. If a real-valued function ¥ on X is an I-pseudo-
valuation on X, then the set

A:={ze X |¥(x)=0}
1s an ideal of X.

Given a real-valued function ¢ on X, consider the following condition:
(Va,y,2 € X) (U(zxy) < I(x*2) +0(z +y)). (3.5)

In general, a real-valued function ¥ on X does not satisfy the condition (3.5) as shown by the
following example.

Example 3.29. Let ¢ be a real-valued function on X which is given in Example 3.12. Then ¢ does
not satisfy the condition (3.5) since ¥(0xb) = ¥(b) = 3 £ 2 = 240 = I(c)+9(0) = F(0%c)+I(cxb).

Example 3.30. Let X = {0,a,b,c} be a BCH-algebra with the x-operation given by Table 4.
Let ¢ be a real-valued function on X defined by

0 a b ¢
0(1123)'

By a pseudo-metric space we mean an ordered pair (M, d), where M is a non-empty set and

Then ¥ satisfies the condition (3.5).

d: M x M — R is a positive function such that the following properties are satisfied: d(x,z) =
0,d(z,y) = d(y,z) and d(x, z) < d(z,y) + d(y, z) for every x,y,z € M. If in the pseudo-metric
space (M, d) the implication d(z,y) = 0 = z = y holds, then (M, d) is called a metric space. For
a real-valued function ¢ on X, define a mapping dy : X x X — R by dy(x,y) = Hx*xy)+ I (y*x)
for all (z,y) € X x X.

Theorem 3.31. If a real-valued function ¥ on X is an I-pseudo-valuation on X and satisfies
the condition (3.5), then dy is a pseudo-metric on X, and so (X,dy) is a pseudo-metric space.

We say dy is the I-pseudo-metric induced by an I-pseudo-valuation .
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Proof. Obviously, dy(z,y) > 0, dy(x,z) = 0 and dy(x,y) = dy(y,x) for all x,y € X. Let z,y,z €
X. Using the condition (3.5), we have
dy(x,y) + do(y, z) = [J(x *x y) + Iy * 2)] + [0y * 2) + 0z * y)]
= [0z xy) + 0y * 2)] + [0(z * y) + Iy * o)]
> rxz)+0(zxz)=dy(x,2).
Therefore (X, dy) is a pseudo-metric space. O

Theorem 3.32. For a real-valued function ¥ on X satisfying the condition (3.5), if dy is a
pseudo-metric on X, then (X x X,d}) is a pseudo-metric space, where

dy((2,9), (a, b)) = max{dy(z, a), dy(y,b)}
for all (x,y), (a,b) € X x X.

Proof. Suppose dy is a pseudo-metric on X. For any (x,y), (a,b) € X x X, we have

dy((2,9), (2,y)) = max{dy(z, 2), ds(y,y)} = 0
and
dy((2,9), (a, b)) = max{dy(z, a), dy(y, )}
= max{dy(a,x),dy(b,y)}
= dy((a,0), (z,y)).
Now let (z,y), (a,b), (u,v) € X x X. Then
dy((2,y), (u, v)) + dy((u,v), (a, b))
= max{dy(z, u), dy(y,v)} + max{dy(u, a), dy(v,b)}
> max{dy(x,u) + dy(u,a),dy(y,v) + dy(v,b)}
> max{dy(x,a),dy(y,b)}
= dy((z,y), (a,0)).
Therefore (X x X, d}) is a pseudo-metric space. O

Corollary 3.33. If ¥ : X — R is an [-pseudo-valuation on X and satisfies the condition (3.5),
then (X x X, dj) is a pseudo-metric space.

Theorem 3.34. If ¥ : X — R is a positive I-valuation on X satisfying the condition (3.5), then
(X, dy) is a metric space.

Proof. Suppose ¥ is a positive [-valuation on X. Then (X, dy) is a pseudo-metric space by Theo-
rem 3.31. Let x,y € X be such that dy(x,y) = 0. Then 0 = dy(z,y) = V(z*xy) +I(y *x), and so
Y(z *xy) =0 and Y(y * ) = 0 since ¥ is positive. Also, since 9 is an [-valuation on X, it follows
that z xy = 0 and y * x = 0 so from (II) that = = y. Therefore (X, dy) is a metric space. O
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Corollary 3.35. If a real-valued function v on a BC Hy-algebra X is an I-valuation and satisfies
the condition (3.5), then (X, dy) is a metric space.

Theorem 3.36. If ¥ : X — R is a positive I-valuation on X which satisfies the condition (3.5),
then (X x X, d}) is a metric space.

Proof. Note from Corollary 3.33 that (X x X, d}) is a pseudo-metric space. Let (z,y), (a,b) €
X x X be such that d5((z,y), (a,b)) = 0. Then
0= d:;((x? y>7 (CL, b)) = IIlaX{dg<$, CL), dﬁ(y7 b)}7
and so dy(x,a) = 0 = dy(y,b) since dy(z,y) > 0 for all (z,y) € X x X. Hence
0=dy(x,a) =z *a)+ I ax*x)
and
0=dy(y,b) = (y*xb) +1(bxy).

Since ¥ is positive, it follows that J(z *xa) = 0 = J(a* z) and J(y xb) = 0 = J(b x y) so that
xxa=0=axzand yxb=0=bxy. Using (II), we have a = z and b =y, and so (z,y) = (a,b).
Therefore (X x X, d}) is a metric space. O

Corollary 3.37. If ¥ : X — R is an [-valuation on a BC' Hy-algebra X satisfying the condition
(3.5), then (X x X, d}) is a metric space.

Proposition 3.38. Let § be an I-pseudo-valuation on X which satisfies the condition (3.5).
Then the I-pseudo-metric dy induced by ¥ satisfies the following inequality:

do(zxy,axb) < dg(xxy,axy)+dy(a*xy,ax*b) (3.6)
for all a,b,z,y € X.

Proof. Using the condition (3.5), we have
(@ xy)* (axb)) <I((z*y)* (axy)) +I((a*y)*(axd)),

D((axb)x (z+y)) < I((axb)*(axy))+I((axy)(z*y))
for all z,y,a,b € X. Hence
dy(x *y,axb) = I((x*y)* (axb)) +I((axb)* (z*y))
< [O((xxy) * (axy)) +I((axy) * (axDb))]
+ [((axb) * (axy)) +d((axy) (zxy))
= [((zxy) * (axy)) +I((axy)* (zxy))]
+ [((axb) * (axy)) +d((axy)x(axb))
=dyg(x*xy,axy) + dyg(a*y,ax*Db)
for all z,y,a,b € X. O
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Theorem 3.39. Let ¥ be a positive I-valuation on X which satisfies the condition (3.5). If the
I-pseudo-metric dy induced by 9 satisfies the following inequality:

dy(z,y) > max{dy(z *x a,y *a),dy(a*x,a*y)} (3.7)
for all x,y,a,b € X, then the operation x in X is uniformly continuous.

Proof. Note that (X, dy) and (X x X, d}) are metric spaces (see Theorems 3.34 and 3.36). For
any € > 0, if dj((,y), (a,b)) < 5, then dy(z,a) < 5 and dy(y,b) < 5. Using (3.7) and Proposition
3.38, we have
dy(x *xy,axb) <dg(x*xy,axy)+dy(a*y,axb)
< dy(z,a) +dy(y,b) < 5+5=¢

Therefore the operation * : X x X — X is uniformly continuous U
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DERIVATIVES OF DECREASING FUNCTIONS WITH
RESPECT TO FUZZY MEASURES

H.M. KIM, Y.H. KIM, AND J. CHOI

Abstract In this paper, we consider Choquet integrals and derivatives of non-
negative, continuous and decreasing functions on the non-positive real line with
respect to fuzzy measures. We prove some properties of derivatives of those func-

tions and some examples.

1. INTRODUCTION

The concept of fuzzy measure was introduced by Sugeno([7]). We
note that Choquet first studied Choquet integral and T. Murofushi
et al. studied Choquet integrals with respect to a fuzzy measure([2],
[6]). In [8], Sugeno introduced the concept of derivatives of non-
negative, continuous and incresing functions on the non-negative real
line R* = [0, 00) with respect to fuzzy measures. Choi showed some
basic properties of derivatives of those functions([1]). In this paper, we
consider Choquet integrals and derivatives of non-negative, continuous
and decreasing functions on the non-positive real line R~ = (oo, 0] with
respect to fuzzy measures.

We assume that X is a nonempty set. Let A be the any o-algebra
of subsets of X. Then (X,.A) is called a measurable space. A fuzzy
measure is a set function v : A — RT which satisfies
(1) v(¢)=0,

(2) v(A) < v(B), whenever A, B € A and A C B,

(3) if for every increasing sequence {A,} of measurable sets, then
v(U Ay = nlg.lo v(A,) and if for every decreasing sequence {A,} of
lim v(A,). Recall

n—oo

that a function h : X — R is said to be measurable if {¢|h(t) > a} € A
for all o € (—o0, 00).

In section 2, we give Choquet integrals of non-negative, continuous
and decreasing functions on R~ with respect to fuzzy measure accord-
ing to the ideas of [8]. In section 3, we investigate some properties and
examples of derivatives of those functions with respect to distorted

measurable sets and v(A;) < oo, then v(N)2,A,)

2010 Mathematics Subject Classification : 28E10, 46A55.

Key words and phrases : fuzzy measures, Choquet integral.
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Lebesgue measures. Finally, we show that existence and non-existence
of derivatives depend on fuzzy measures.

2. CHOQUET INTEGRAL OF g € M~

In this paper, we assume that X = R~. Let A be the smallest
o-algebra of subsets of X. Then (X, .A4,v) is called a fuzzy measure
space.

As in [8], Choquet integral of g with respect to a fuzzy measure v
on a set A is defined by

@) (0 [ o= [T vt > a} 0 4)da.

Let M~ be the set of measurable, non-negative, continuous and de-
creasing functions such that g : R~ — R™.

Definition 2.1. (/8]) Let m : R* — R be a continuous and increasing

function m(0) = 0. A fuzzy measure vy, a distorted Lebesque measure,
is defined by

(2.2) Vin(-) = m(A()),
where \([a,b]) = b —a for all [a,b] C R™.
From Definition 2.1 and (2.1), we have the following theorem([8]).

Theorem 1. We assume that v([t,t]) =0 for allt € R™. Let g € M~
then Choquet integral of g with respect to v on [t,0] is represented as

(2.3) /OOO v({tlg(t) = a} N [t, 0)dor = /t ([t ])g(r)dr.

In particular, for v = v,,,

(2.4) /000 v({tlg(t) > a} N[t,0])da = /t m/(t — t)g(T)dr.
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3

Proof. Let a = g(7),da = ¢'(7)dr and g~'(«) = 7. By the definition
of Choquet integral, we have that

Knﬁmﬂﬂw®?=AMWHMﬂ2a}ﬂhmﬂa
géo) g(t)
=A uwmwzwmmwm%/@uwmwz@mmwm
g(t)
=wmwmm+/ v((t, g (a)])da

9(0)

:wwmw@+zu@ﬂmmm

0

=wwmmmw{AMﬂmvﬂ71Avﬂnmaﬂw
= w([t.0)(0) + w({t:)g(e) = (8, 0Dg(0) + [ v/t gt
= /t V([t, 7])g(T)dT.

For v = v,,, we obtain
C r)dv(t) = [ V([t,7])g(T)dr = Om'T— T)drT.
© [ o) = [t ar = [ ' 0o(r)
]

From Theorem 1, we have the following corollary.

Corollary 2. Let g(t) = k be a constant function for all t € R~ and
k€ R*. Then

/Ooo V({tlg() = a} N [t,0])der = k([ 0)).
In particular, for v =v,,,
/0 T {tlg®) > o} N[t 0))da = km(—t).
Proof. From (2.1) we have that

(©) gﬁﬂ%ﬂ=iAMWUw@%:k2a}ﬂhmMa

[t,0]

:/O v([t. 0))da = ku([t,0]).
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For v = v,,, we obtain that
C T)dv(T) = kv([t,0]) = km(—t).
( )/[1570} g(7)dv() ([t, 01) (—1)

O

Definition 2.2. Let f be a continuous and decreasing function with
f(0) = 0. The derivative of f with respect to a fuzzy measure v, is
defined as the inverse operation of Choquet integral based on (2.4) by

df (t)
dl/m<t) = Dm(f) = g<t>7

if g(t) is found to be an element of M™.

(2.5)

From (2.5), let us consider a class of f’s for a given m(t) such that
(2.6) T (M f|f / m/(t — t)g(7)dr, gGM‘}.

3. DERIVATIVES WITH RESPECT TO DISTORTED LEBESGUE
MEASURES

In this section, we discuss some properties of derivatives of con-
tinuous and decreasing functions with respect to distorted Lebesgue
measures. From the conditions of g(¢) in (2.5), we obtain the following
theorem.

Theorem 3. D,,(f) is linear for f € T,,(M™) and non-negative con-
stants.

Proof. Let fi(t), fa(t) € Tm(M™) and k € RT. From the condition of
fi(t) and fy(t), we have that

(3.1) fi(t) = / (7 — ) D (f1(7))dr
and
(3.2) / ! (7 — £) Do fol7))dr.

Adding (3.1) and (3.2), we obtain that

) + falt) / (v~ ){ D () + Dl fo() br
By the definitions of M~ and T,,(M ™), we know that
Din(f1(t)) + Din(f2(t)) € M™ and  fi(t) + fo(t) € Ton(M7).
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From (3.1), we see that

00 = [ it — kD ()i
Since kD, (f1(t)) € M™, we have kf,(t) € T,,(M™). O

From Definition 2.2 and Theorem 3, we have the following theorem.

Theorem 4. Fort € R™, we have the followings:

M) w1,
(2) dym( /mT—t) "1d7):(—t)”, n=12...
O (o [ mir-gerar) =en, aso

(4) % (/t ml%:)ch) = In(1 —¢).

Proof. (1) From (2.4), we have that

(2) By (—t)" € M~, n=1,2,..., we obtain that

m(r
—n/mT—t ”ldT.

3) Similarly, by e € M~ for all a <0, we have that

/mT—t “TdT—[ (1 —t)e” —a/mT—t e dr
=m(— —a/m e dr.

(4) Since In(1 —t) € M~, we have

Om(r —t)

dr

/t m/ (7 —t)In(1 — 7)dr = [m(7 — t) In(1 — 7’)]? +

/ mT—t
1—7'
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Thus (4) is proved. O
By Definition 2.1 and (2.3), we have the following remark.

Remark 1. We assume that g(t) is even function. Let T —t = p,
dr =dp, and 0 < p < —t. Then, we have

©) /[ oty = / V([t, 7)) g(r)dr = / /[t ) g(—r)dr

= /Ot V'(p)g(—p —t)dp = /OcY V(1)g(a — 7)dr
= /Oa V(e —71)g(7)dr.

In particular, for v =uv,,
(C’)/ g(t)dv = —/ m'(a — 7)g(7)dr.
[t,0] 0

From Remark 1, the Choquet integral (2.3) on R~ is considered as
a convolution. That is, under the assumption of even function, we
can apply the Laplace transformation for calculations of the Choquet
integrals.

As you see (2.5) and (2.6) of Definition 2.2., to find ¢(¢) is same
with the solvability of a Volterra integral equation of the first kind
for given f(t) and a fuzzy measure v, ([4]). In fact, fuzzy measures
play important roles in the existence of derivatives. Now we give a
theorem to explain the relation with the existence of derivatives and
fuzzy measures.

Theorem 5. (The dependence on fuzzy measures)
Lett € R™.
(1) If vy ([t,0]) = m(—=t) = e " — 1, then —t ¢ T(M™), that is,
AD,,(—t).
(2) If v ([t,0]) = m(—t) = —t, then —t € T,,,(M™), that is, 3D,,(—t).

Proof. Suppose that —t € T,,,(M™). From (2.6) of Definition 2.2., we
know that

(33)  —t— /t o — ) (7)dr = /t 0 (1)

where D, (—t) = z1(t) € M.
But differentiating (3.3), we obtain

L1 —et/t ey (7)dr — (1) = £ — 21 (8).
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From the definition of M™, we obtain

(1) is proved by this contradiction.
To prove (2), it is sufficient to find x5(t) € M~ such that

0 0
(3.4) —t :/ m/ (1 — t)xo(7)dr :/ xo(T)dT.
t ¢
Differentiating (3.4), we have
$Q(t) =1¢€ Mi.
U
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Some new inequalities for the gamma function

Xiaodong Cao

Abstract

In this paper, we present some new inequalities for the gamma function. The main tools
are the multiple-correction method developed in [6, 7] and a generalized Mortici’s lemma.

1 Introduction

Duo to its importance in mathematics, the problem of finding new and sharp inequalities for
the gamma function and, in particular for large values of x

[o.¢]
(1.1) I(z) := / t"e7tdt, x>0,
0
has attracted the attention of many researchers (see [2, 3, 8, 9, 12, 14, 15, 16, 17, 18] and the

references therein). Let’s recall some of the classical results. Maybe one of the most well-known
formula for approximation the gamma function is the Stirling’s formula

(1.2) T(x +1) ~ v2rz (g)m z — 400,

See, e.g. [1, p. 253]. The following two formulas give slightly better estimates than Stirling’s
formula,

e

(1.4) T(z+1) ~V2r <§>z \/ T+ é, (Gosper [10], 1978).
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(1.3) [(z+1) ~ V21 <$ i 5) . (Burnside [5], 1917 ),
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Ramanujian [22] proposed the claim (without proof) for the gamma function

1
x 0.\ ¢
(1.5) I(z+1)=v7 (g) (8x3 + 42 + o+ 30> ,

where 0, — 1 as © — 400 and % < 6, < 1. This open problem was solved by Karatsuba[13].
Thus (1.5) provides a more accurate estimate for the gamma function (see Sec. 2 below).

In this paper, we will continue the previous works [6, 7], and introduce a class of new
approximations to improve these inequalities.

Throughout the paper, the notation W(k;x) denotes a polynomial of degree k in x with all
coefficients non-negative, which may be different at each occurrence. Let (an)n>1 and (by)n>0
be two sequences of real numbers with a, # 0 for all n € N . The generalized continued fraction

ay ap ap e n
T:b0+7b1+a72:bo—i_bljbgj.”:bo—i_r}:{oa
bot

is defined as the limit of the nth approximant

as n tends to infinity. See [2, p.105].

2 A generalized Mortici’s lemma

Mortici [14] established a very useful tool for measuring the rate of convergence, which says that
a sequence (z,)n>1 converging to zero is the fastest possible when the difference (2, — Zp41)n>1
is the fastest possible. Since then, Mortici’s lemma has been effectively applied in many paper
such as [6, 7, 17, 18]. The following lemma is a generalization of Mortici’s lemma.

Lemma 1. Iflim, ., f(x) =0, and there exists the limit

(2.1) lim 2 (f(z) — f(zx+1)) =1 R,

T—+00

with A > 1, then there exists the limit

l
2.2 lim 271 =
(2:2) Jm 27 () =
Proof. 1t is not very difficult to prove that for z > 2
1 a1 oo dt 1
(23) (A —1)ar! /9; th ~ Z (@ +5)* ~ /x—l th (A=1)(@ 1!

j=0
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For £ > 0, we assume that [ — ¢ < 2 (f(x) — f(z + 1)) < [ + ¢ for every real number z greater
than or equal to the rank Xy > 0. By adding the inequalities of the form

1 1
(24) (1—e)—5 < f@) = [e+1) < (I +0) =5,
we get
m—1 m—1 1
2.5 (I — + (I + —
25) 9L g S m S 049 Y
for every > Xo and m > 1. By taking the limit as m — oo, then multiplying by 22!, we
obtain
> 1 > 1
2.6 —e) 1y —— <M <(l A Y —
(2.6) (L —2) ;(Hj)kx f(2) < (@ +e)e J}:%(HW
It follows from (2.3) that
l—c _ l+e aM!
2. :
(2.7) >\—1_ f()_A—l( — 1)1
Now by taking the limit as x — +o00, this completes the proof of the lemma at once. O

An example Let’s consider the Ramanujan’s asymptotic formula (1.5). Let the error term
E(x) be defined by the following relation

T\ T 3 5 1 é
(2.8) F(x—i—l):\/?r(f) 82° +40” + o+ oo ) (14 E(a)).
e
It follows readily from the recurrence formula I'(x + 1) = zI'(x) that
1
(2.9) Imh(1+E(z)-Im(1+E@x+1)=—1+zln <1+>
x

+11118(3:—1-1)3+4(:U+1)2+(:U+1)+%
6 8% + 42?4+ x + 55 ‘

By using the Mathematica software, we expand the right-hand function in the above formula as
a power series in terms of 1/xz:

(2.10) In(1+ E(z) —In(1+ Bz + 1)) = @+0(ﬁ).

Thus, by Lemma 1 we have

11
(2.11) zhm+ z'In(1+ E(x)) = T1520°
Noting that lim, g ln(H ) — 1, one get finally
11
. 4 _
(2.12) mhr}_l *E(zr) = 1520°

Remark 1. Just as Motici’s lemma, Lemma 1 also provides a method for finding the limit of a
function as x tends to infinity.
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3 Gosper-type inequalities

In this section, we use an example to illustrate the idea of this paper. To this end, we introduce
some class of correction function (MCpg(x))r>0 such that the relative error function Ej(z) has
the fastest possible rate of convergence, which are defined by the relations

@ 1
(3.1) D(z+1) = v2r (2) \/x—i— &+ MCi(x) - exp(Ei()).
If limg oo 2 f () = 1 # 0 with constant u > 0, we say that the function f(x) is order x7#, and
write the exponent of convergence p = u(f(z)). Clearly if u(Ex(x)) = pg, we have the following
asymptotic formula

(3.2) [(z+1) =27 (g)x \/x + % +MCi(z) - (14 0(z")), 2 — +oo.

Let us briefly review a so-called multiple-correction method presented in our previous paper [6, 7.
Actually, the multiple-correction method is a recursive algorithm, and one of its advantages is
that by repeating correction process we always can accelerate the convergence, i.e. the sequence
(u(Ex(z)))k>0 is a strictly increasing. The key step is to find a suitable structure of MCg(z). In
general, the correction function MCy(x) is a finite generalized continued fraction (see [7] or (3.8)
below) or a hyper-power series (see [6] or (4.7) below) in z.

It is not difficult to see that (3.1) is equivalent to

In(2r) + 2 (Ine — 1)+ %m (& + MCy(2)) + Ex(x).

| =

(3.3) InT(z+1) =

—~

By the recurrence formula I'(x 4+ 1) = 2I'(z), we have for > 0

1\ 1. (@+1)+ %1 4+MCr(z+1)
3.4 Ey(x) — E =—-14+zln(14+=)+=1 6
B4 BB = team (14 ) 4 g O EEETCRS

Now by taking the initial-correction function MCq(z) = i&o and using Mathematica software,

we expand Ey(x) — Ei(z + 1) into a power series in terms of 1/x:

_% + Ko 17 — 945k — 8101“?0/\0_‘_

(3.5) Ep(z) — Eo(z+1) =

x3 540z4
—641 + 33120kg — 12960&% + 43200k9 g + 25920#&0)\8 L0 i
12960z5 x6 )

The fastest possible function Ey(z) — Eo(x + 1) is obtained when the first two coefficients in the

above formula vanish. In this case, we find kg = %, Ao = %, and
5929 1

3.6 E — F 1)=———F4+0(—=|.

(3.6) o(@) = Bole +1) = 355150,5 (:::6)
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By Lemma 1, we can check that

. 4 5929

(3.7) m 2 Eo(*) = 1565600

We continue the above correction process to successively determine the correction function
MCp(z) until some £* you want. On one hand, to find the related coefficients, we often use
an appropriate symbolic computations software because it’s huge of computations. On the
other hand, the exact expressions at each occurrence also need lot of space. Hence in this paper
we omit many related details. For interesting readers, see our previous paper [6, 7]. In fact, we
can prove that for 0 < k <3

k
.
3.8 MC -K 7
(3.8) k() ANy
where
1 31
= — A —
RO 79 5 0 907
5929 481937
M= 394007 1= 3735270°
76899172249 7745462509019287
K = ——————— =
27 248039857296’ 27 10149278075101482°
786873417270631211749921 2098335745817751685364201067279071
R3 3

 851541507731717527392144° ~ 30311088872486921466334781589254970°

By Lemma 1 again, we get for some constant Cj, # 0

(3.9) lim 2B (z) =Ck, (k=0,1,2,3),

T—r—+00

ie. u(Ex(z)) =2k+4 for k =0,1,2,3. Thus we obtain more accurate approximation formulas:

(3.10) T(z+1) =21 (g)x \/x + % + MCy(z) - (1 + O(af(%*‘*))) . & — too.

It should be noted that if we rewrite MCy(z) in the form of S:((:Z)) , where P, are polynomials

with r = k and s = k + 1, theoretically at least, for a large x the above formula may reduce or
eliminate numerically computations compared with the previous results, see e.g. [9, 12]. This is
the main advantage of the multiple-correction method.

The following theorem tells us how to obtain sharp inequalities.

Theorem 1. Let MCy(z) be defined as (3.8). Let x > 1, then we have for k = 0,2,

(3.11) Pz +1) > m<i)x\/m+é+MCk(x),

and for k=1,3,

(3.12) T(z+1) < m(j)z\/m+é+Mck(z).
5
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Proof. We let fi(z) = Ex(z) — Ex(z + 1). Clearly if limy , o Ex(z) = 0, then Ei(x) =
Z;io fe(xz + j). This transformation plays an important role in this paper (essentially, it is
a difference method). Hence, in order to prove inequality Ex(xz) > 0 (or Ei(z) < 0), it suffices
to show that the equality fi(z) > 0 (or fi(x) < 0) holds under the condition limg_, 4 Ex(x) = 0.
By the Stirling’s formula (1.2), we can show that the condition lim,_, 4+, Fx(x) = 0 always holds.
In what follows, we will apply this condition many times.

By using Mathematica software, we may prove that for z > 1

_ Vi(8;2)
" (1 + 2)2(31 + 902)2(121 + 902)2(77 + 552z + 108022)2(1709 + 2712z + 108022)2
Uy(13;z)(x — 1) + 1463 - - - 9447

1 — _ < 0’
1(#) 2(1 + 2)2)(1359251 + 2829648z + 597643222)2 U 3(16; 2)

(1 + 2)?U5(28; )
| W6(25;2)(z — 1) + 17135 - - 66999

i (@) = 2(1+ )20+ (36; 2) <0

0 (x)

>0,

> 0,

We only give the proof of inequalities in case k = 3, other may be proved similarly. In this case,

we see that for z > 1 the inequality (3.12) is equivalent to F3(x) < 0. As lim,_, 1~ F3(x) =0, it

suffices to prove that f3(z) < 0 for > 1. Since f5(z) is strictly decreasing, but lim,_, 4o f5(z) =

0, so fi(x) > 0. Thus f3(z) is strictly increasing with lim, 4 f3(z) = 0, so f3(z) < 0. This

completes the proof of Theorem 1. O
By the multiple-correction method, we also find another kind of inequalities.

Theorem 2. Let the k-th correction function MCy(z) be defined by

KQ
MCo(z) = — 2
o(@) (z+ 2)2 + )\
k
RO Kj
MCy(z) = K— (k>1),
() (z+ 2)2 + hot+i=l & + A (k=21)
where
1 4007
0= ~Tir 0~ 91600
L 4304 130311599
1™ 637875 L 15575040
7894414898425 \, _ _ 265702682899837009577
"2 = 19793516544 2 T T 34427631789478287360
1897560849252106177858465792 30320380455616293004898928163131563244811979
K3 3 =

T 77174813342532578267347147395 6134364315672065325746652708240298034227200

Then we have

(3.13) D(z+1) < \/%(EY\/:U%—%O—FMCO(J‘)), x> 13,
6
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(3.14) I’(m+1)<\/ﬂ(g)xy/x—ké(l—l-l\/[(]g(x)), x> 6,
and for k=1,3,
(3.15) T(z+1)> \/ﬂ(g)x Jr+ % (1+MCy(z)), z>1.

Proof. Since the proof of Theorem 2 is very similar to that of Theorem 1, here we only give the
outline of the proof. First, let the relative error function Ej(z) be defined by

(3.16) P+ 1) =var (2)" o+ % (1 + MCy(2)) exp(Ex(x)).
Hence
(3.17) Ep(@) - Ex(z+1) = —1 + zln <1 + i) +in Hﬁ’gf&”.

By making use of Mathematica software and Lemma 1, we can prove
(3.18) w(Eg(z)) =2k+5, (k=0,1,2,3).

Next we let gx(x) = Ex(x) — Ex(x+1). By using Mathematica software, it isn’t difficult to check
that

1y = Y104 D) (@ —13) +29707- 81369
90\) = T 2)2(1 4 62)2(7 1 62)2W2(16; 2)

() = — W3(20;7)(z — 1) + 13798---80479
! 2(1+ 2)2(1 + 62)2(7 + 61)204(24; 7)

() = W5(26; ) (x — 6) + 97250 - - - 34321

x(1+ 2)%2(1 4 62)2(7 + 6x)%2Ws(32; )

) = W7(32;2)(x — 1) + 836559 - - - 37479

z(1 4 2)2(1 + 62)%(7 + 62)2Vg(40; z)

<0, z>1.

Lastly, just as the proof of Theorem1, Theorem 2 follows from the above inequalities readily. [J

4 Ramanujan-type inequalities

Theorem 3. Let the k-th correction function MCyg(z) be defined as
k

4.1 M K Y
( ) Ck(x> =0 + b]7
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where
_ 1 oo 1O
0= 540 0= I5q°
459733 1455925
U= 711480 L 70798882’
. _ 4960087414043 ~10259108965771635091
27 101450127018720° 2 19545564575317443762°
. _ 169085305336152527131511003963 6141448535908002711219920016488834171
3 = 3 = —

101221579151797375403194730976
Let x > 1, then for k=0, 2,

203275987838924050801436670299517447102°

1

1 6
(4.2) F(x+1)<\/?r< ) <8:c 2 4o+ g5+ MCy(a )> ,
and for k=1,3,

1 s
(4.3) F(x+1)>ﬁ< > <8:c + 422 +x+%+MCk( )> )
Proof. We define the relative error function Ej(z) by the relation

x 1 o

(4.4) T(z+1) =7 (g) 8% 442”4 2+ 2 + MCy() ) exp(Ex ().
Thus

(4.5) Ek($)—Ek(l‘+1) =—14+zln <1+i>

+11118(354-1)3+4(Jc—|—1)2+($+1)+%+MC;€($+1)
6 823 + 422 4+ x + 55 + MCy () ‘

By using Mathematica software and Lemma 1, we can check
(4.6) W(E(z)) =2k +6, (k=0,1,2,3).
We let Uy (z) = E(x) — Ex(z+1). By making use of Mathematica software again, we can prove
Ul (z) = Uy (13;2)(x — 1) + 416838558509297754261614731715717 <0
€ )
0 32(1 + 2)2(79 + 1547)2(233 + 1542)2 (a1 (3; 2)(z — 1) + 363565)2 W2, (4; 7)
W5(19; 2) (2 — 1) + 85653 - - - 25001

174
Uile) = (1 2)20,4(28; 2) >0,
W5(25;2)(z — 1) + 32968 - - - 13479
1" _ )
Vale) = (1 + 2)2U(36; ) <0
U-(31: —1 17145 ---57723
Ul(z) = L1BLD@ -1 + 0.

3x(l + )2 Wg(44; x)

Similar to the proof of Theorem 1, we can get the desired assertions from the above inequalities.
O
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Theorem 4. Let the first-correction function MC7(z) be defined by

Ko K1
4.7 MC* (z) = + :
(47) i) 4+ 3+ Aoz? + A1z + A2
where
__1 9
F0= o0 0= I54°
459733 71181889
K1 = ————— o —
1 15523200 107 70798882
\. _ T17183502490887 ~ 1118629052995381153799
1 520777318696096 127 1958878792277282473920

Then for x > 1, the following inequality holds true

(4.8) T(z+1) < ﬁ(g) <8:L‘3+4:U2+:v+310 +Mc>{(x)>é.

Proof. Let the first-correction error function Ef(z) be defined by

o=

(4.9) T(z+1) =7 (%) <8x3 +da o+ % + Mc;(x)> exp(EL(z)).

Hence

(4.10) Ef(w)—Ef(x—i—l):—1+xln(1+i>

L 8(x+ 1) +4(z+1)2 + (z+ 1) + 55 + MCj(z + 1)
— n .
6 823 + 422 + x + 5 + MCj(z)

By using Mathematica software and Lemma 1, we have
(4.11) w(E7(z)) = 10.
Now we let V() = Ef(xz) — Ef(x + 1). By using Mathematica again, we have

Wy (33; ) (x — 1) 4 96057 - - - 27429 —0
3z (Wo(3;2))? W3(12; ) (W4 (6; ) (x — 1) + 2169 - - - 3461)% Wy (14; z)

(412)  V(z) = -

By the same approach as the proof of Theorem 1, the inequality (4.8) follows from the (4.12). [

Remark 2. 1t is an interesting question whether our method may be used to obtain some sharp
bounds for the ratio of the gamma functions, see e.g. [11, 19, 20, 21].
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Abstract

In this paper, we propose and analyze a viral infection model with humoral immunity. The
incidence rate is given by Hill type infection rate. We have derived two threshold parameters,
Ry and R; which completely determined the global properties of the model. By constructing
suitable Lyapunov functions and applying LaSalle’s invariance principle we have established the
global asymptotic stability of all steady states of the model. We have proven that, if Ry < 1, then
the infection-free steady state is globally asymptotically stable (GAS), if Ry < 1 < Ry, then the
chronic-infection steady state without humoral immune response is GAS, and if Ry > 1, then the
chronic-infection steady state with humoral immune response is GAS.

Keywords: Virus infection; Global stability; Immune response; Lyapunov function; Hill type

infection rate.

1 Introduction

In recent years, considerable attention has been paid to study the dynamical behaviors of viruses
such as human immunodeficiency virus (HIV) (see e.g. [1]-[11]), hepatitis B virus (HBV) [12]-[14],
hepatitis C virus (HCV) [15]-[17], human T cell leukemia (HTLV) [18] and dengue virus [19], etc.
There are many benifits from mathematical models of viral infection include: (i) it provide important
quantitative insights into viral dynamics in vivo, (ii) it can improve diagnosis and treatment strategies
which yield to raise hopes of patients with viruses, (iii) it can be used to estimate key parameter values
that control the infection process.

Nowak and Bangham [2] proposed the basic viral infection model which contains three variables
xz, y and v representing the populations of the uninfected target cells, infected cells and free virus
particles, respectively. In [20]-[26], the basic model has been modified to take into consideration the

humoral immune response. The basic model of viral infection with humoral immune response has
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been introduced by Murase et. al. [20] and Shifi Wang [26] as:

&= \—dzx— fzv, (1)
§ = Bav — ay, (2)
0 =ky —cv—rzv, (3)
Z=gzv — puz, (4)

where z denotes the population of the B cells. Parameters A, k and g represent, respectively, the
rate at which new healthy cells are generated from the source within the body, the generation rate
constant of free viruses produced from the infected cells and the proliferation rate constant of B cells.
Parameters d, a, ¢ and p are the natural death rate constants of the uninfected cells, infected cells,
free virus particles and B cells, respectively. Parameter § is the infection rate constant and r is the
removal rate constant of the virus due to humoral immune response. All the parameters given in
model (1)-(4) are positive.

In model (1)-(4), the incidence rate is supposed to be bilinear, Szv, which is based on the law of
mass action. In reality, bilinear incidence rate is not accurate to describe the viral dynamics during
the full course of infection. In [27], the incidence rate is given by Hill type infection rate. However,
the humoral immune response has been neglected.

Our aim in this paper is to propose a viral infection model with humoral immune response and
investigate its global stability analysis. The incidence rate is given by Hill type infection rate. Using
Lyapunov functions, we prove that the global stability of the model is determined by two threshold
parameters, the basic infection reproduction number Ry and the humoral immune response activation
number ;. We have proven that, if Ry < 1, then the uninfected steady state is globally asymptotically
stable (GAS), if R; < 1 < Ry, then the infected steady state without humoral immune response is

GAS, and if Ry > 1, then the infected steady state with humoral immune response is GAS.

2 The model

In this section, we propose a viral infection model with humoral immune response. The incidence rate

is given by a Hill type infection rate.

b= A —dp— DT (5)
Bx"v

Y= m - ay, (6)

0 =ky —cv—ruz, (7)

Z = guz — Uz, (8)

where v and n are positive constants. Next, we study the properties of the solutions of the model.
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2.1 Positive invariance

We note that model (5)-(8) is biologically acceptable in the sense that no population goes negative. It
is straightforward to check the positive invariance of the non-negative orthant Réo by model (5)-(8).
In the following, we show the boundednes of the solution of model (5)-(8).

Proposition 1. There exist positive numbers L;,¢ = 1,2,3 such that the compact set 1 =
{(:U,y,v,z) € Réo 0<2,y<L1,0<v < [y,0<2< Lg}

is positively invariant.

Proof. Let X;(t) = z(t) + y(t), then
Xlz)\—dx—ayg)\—lel,

A

where s; = min{d,a}. Hence X;(t) < Ly, if X;(0) < Ly, where L1 = —. Since z(¢t) > 0 and y(t) > 0,
S1

then 0 < z(t), y(t) < Ly if 0 < 2(0) + y(0) < Ly. On the other hand, let Xs(t) = v(t) + gz(t), then

Xy =ky—cv— ¢, < kLj — sa(v+ iz) = kL — s9Xo,
g g

kL
where so = min{c, u}. Hence Xy(t) < Lo, if X2(0) < Ly, where Ly = ~—%. Since v(t) > 0 and
52

2() >0, then 0 < v(t) < Ly and 0 < 2(t) < L3 if 0 < v(0) + £2(0) < Ly, where Lz = 22,

T

2.2 Steady states

In this subsection, we calculate the steady states of model (5)-(8) and derive two thresholds parameters.

The steady states of model (5)-(8) satisfy the following equations:

A —dx — =0, 9)
Bx™v

—ay =0, 10

T Y (10)

ky —cv —rvz =0, (11)

(gv — )z =0, (12)

Equation (12) has two possible solutions, z = 0 or v = p/g. If z = 0, then from Egs. (10)-(11) we

obtain
kBx™v
a(y" + ")
Equation (13) has two possibilities, v = 0 or v # 0. If v = 0, then y = 0 and = = % which leads to

—cv=0. (13)

the uninfected steady state Ey = (x0,0,0,0), where 2o = %. If v # 0, then from Egs. (9) and (13) we

obtain
_k Bx™v :k(/\—d:):) (14)
acy™ + " ac
ac
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Then, Eq. (13) becomes
kg3 (aco — %v)n v

ac

a'y”+a(:c0 - %v)n =0

Let us define a function ¥; as

kg3 (:Uo — %U)nv

Uy(v) = —cv=0.
1(0) av”—ka(l‘o—%v)n
It is clear that U1(0) = 0, and when v = 7 = xZ—‘Clk > 0, then ¥1(v) = —cv < 0. Since ¥y(v) is

continuous for all v > 0, then we have

¥ (0) _c<km_1>.

acy™ + xg

Therefore, if ¥} (0) > 0 i.e. ﬁvfﬁcg > 1, then there exist a v; € (0,7) such that U;(v1) = 0. From

Eq. (11) we obtain y; = fv1 > 0 and from Eq. (9) we define a function ¥, as:

n
We have ¥5(0) = A > 0 and Wa(xg) = _75%6;3121 < 0. Since f(z) = ,ﬁ% is a strictly increasing

function of x, then Wy is a strictly decreasing function of x, then there exist a unique x; € (0, z() such

that Wo(x;) = 0. It means that, an infected steady state without humoral immune response E; =

(z1,y1,v1,0) exists when ﬁvfﬁ;g > 1. Now we are ready to define the basic infection reproduction
number as:
k  Bxp
R() - 7717071‘
acy"™ + x

The other possibility of Eq. (12) z # 0 leads to vy = iy Inserting v in Eq. (9) we define a function
g

s as:
n
Wy(a) = A — dp — DE02
Note that Us is a strictly decreasing function of x. Clearly, U3(0) = XA > 0 and ¥3(xzg) = —f,ﬁ;% < 0.

Thus, there exists a unique z3 € (0, xg) such that WU3(z3) = 0. It follows from Eq. (11) that,
By cl|lk pBab
Yo=—"F—"—1n, = |-/ 1.
a(y" + %) r lacy™ + x5

k  Bryvz
acvy Y +xy

Thus y2 > 0, and if

> 1, then 2z > 0 when . Now we define the humoral immune response

activation number as:
n
Ry — ﬁ By
=——2_
acy" + x4

Hence, 2o can be rewritten as zp = £(R; — 1). It follows that, there exists an infected steady state
with humoral immune response Fa(z2,y2, v2, 2z2) when Ry > 1. Since z1 < zg, then

P N
acy" +xy  acy™ + xg
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From above we have the following result.
Lemma 1 (i) if Ry < 1, then there exists only one positive equilibrium Ejy,
(ii) if Ry <1 < Ry, then there exist two positive steady states Ey and E7, and

(iii) if Ry > 1, then there exist three positive steady states Ey, Fq and Es.

3 Global stability analysis

In this section, we establish the global stability of the three steady states of system (5)-(8) employing
the direct Lyapunov method and LaSalle’s invariance principle.
Theorem 1. If Ry < 1, then Ey is GAS.

Proof. Define a Lyapunov functional Wy as follows:

xT

xd(y"™ + s") a ar
Wo=a—x¢— | 2L "~ /g 2o+ —
0= — X /s”(7”+m6‘) s+y+kv+kgz

o

Calculatlng 0 along the trajectories of (5)-(8) as:

%: (1_953(’/”“5")) (A_dx_ pa"v >+ b _
dt z (Y™ + xf)) A"+ x™ A"+ ™

+ % (ky — cv —rvz) + Z—; (gvz — pz) (16)
:A<1_wo<v+fﬁ>) (1_$>+ prgv _ac = arp
(Y + ) xo Y4y k kg
:A<1_9W+l’">)(1_w>+cw<k _ Py _1)U_awz
(Y + ) xo k \ac (v + z) kg
A" — ap) (z0 — @) | arp
= Ro—1pw—2F 17
"o (Y + ) % ( o= Dv kg = (17)

We have (2" —zy) (o — x) < 0 for all ,n > 0. Then if Ry <1 then dWO < 0 for all z,v,z > 0. Thus,
the solutions of system (5)-(8) converge to €, the largest invariant subset of {M = O} [28]. Clearly,
it follows from Eq. (17) that % = 0 if and only if x = g, v = 0 and z = 0. The set Q2 is invariant
and for any element belongs to 2 satisfies v =0 and z = 0, then ¥ = 0. We can see from Eq. (7) that
0 = ¢ = ky, and thus y = 0. Hence70—01fandonly1fx—x0,y—0 v =0 and z = 0. From
LaSalle’s invariance principle, Fy is GAS.

Theorem 2. If Ry <1 < Ry, then E; is GAS.

Proof. We construct the following Lyapunov functional

x

(Y™ + s") y a v ar
Wi=a—a — | AL T8 g um (L) Lom (2 .
1=x—T /s”(fy"—i—x’f) s+ " —|—kv1 o —i—kgz
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The time derivative of W; along the trajectories of (5)-(8) is given by

(o) (e ) o) (27
a(y" + ay) "t yrran Y
a
Tk

(1 — ;) (ky — cv —rvz) + % (gvz — pz). (18)

U1

Applying A = dx; + +or and collecting terms of Eq. (18) we get
1

M:(l—w)wxl—dxnﬁ“f%(l_ﬂwﬂ”)

dt (Y + oY) Y+ af (Y 4 ay)
Bx"v Y1 yvi - ac ar arp
- —a>— + —v —V12 — —2Z.
T an y + ayy " + U + U kg
Using the equilibrium conditions for Fy, 7: +Zl = ay1, cv; = kyi, we obtain

aw (" + ") z\ | Baiv 27 (v" +2")
N e
dt an(y" + ) x1) Y+t (" +af)

B Batvr (Y™ + 2oy Bt Bt yu + % + ar (111 - M) z

Vot p(yrtan)ory | el Attty A +ap |k
dy™ (™ — ™ o
_ (@ —af) (1 x)+a7’<v u)z

(Y + ) k L= 5
| Bt [3 2ty +at)  a"(Y taf)oyn yvl] (19)
Y+ ot (Yt +al) 2Tyt ey yv]

Clearly, the first term of Eq. (19) is less than or equal zero. Because the geometrical mean is less than
or equal to the arithmetical mean, then the third and fourth terms of Eq. (19) are less than or equal

zero. Now we show that if Ry <1 then vy < % = v9. This can be achieved if we show that
sgn (ra —x1) = sgn (v —v2) = sgn (R — 1).

We have

23 TN ) >0 (20)
— Ty — T ,
Y +xy Y+ 2 !
Suppose that, sgn (ze — x1) = sgn (v2 — v1). Using the conditions of the steady states E; and Es we
have
()\ . de) ()\ dx ) 61"2’02 - 61"?’01
Y +xh Y+t
_ Bryva  Brju  Brivr Briu
Ytz yttay v tan 9t tat
zl s "
g nﬁ2n(vz—vl)+ﬁ’l}1(n2 n_ nl n))
Y+ T LAt I e

and from inequality (20) we get sgn (r1 — x2) = sgn (x2 — 1), which leads to contradiction. Thus,

sgn (xe — x1) = sgn (v1 — v9) . Using the steady state conditions for F; we have k _Bey 1, then

acy"+z
Ro_1ok(Bay B )
ac \Y" +x§ A"+
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From inequality (20) we get:
sgn (Ry — 1) = sgn (v1 — v2).

It follows that, if Ry < 1 then vy < & = vy, Therefore, if Ry < 1 then dgt/l <0 for all z,y,v,z > 0,
where the equality occurs at the equilibrium FE;. LaSalle’s invariance principle implies the global
stability of Ej.

Theorem 3. If R; > 1,then Fs is GAS.

Proof. We construct the following Lyapunov functional
ro (Y +s Y a v ar z
Wo=a—2o— | 22" 24 H{= —voH | — —zH | —].
o [t () < () + 5 ()

z2

We calculate the time derivative of W5 along the trajectories of (5)-(8) as:

awa _ (1_%W+x>> (A_dx_ﬂ“>+<1_yz> (ﬂfﬂv_ay>
dt (Y + xy) VAt an y ) \y"+a"

—&-%(1—%2) (k:y—cv—rvz)—i—%(l—%) (gvz — pz). (21)
Applying A\ = das + ffizz and collecting terms of Eq. (21) we get

dW n n n n n n n
Wy _ () 280"+ gy 4 D8V () mEO Eat)
dt (Y + o) Y+ g (Y 4 )
Bryv B"v Yo ac Yvo
” s ~—tay — —v—a——
Y +xh A+ aty k v
n ac n ar arp ar n arp
—U — V9% — ——Z — — 290 —Z9.
E 2Tk T kg BT kg

Using the equilibrium conditions for Fs

Bxiva

vl ayz, kya = cvg + rvaze, p= gus,

we get

dWs _ ds (1 _ap(y" —i—a:”)) <1 B x) N Brhvg (1 B x%(’y”%—x”))
dt " (y" + xh) T2 Y+ xy (Y™ + xh)

BxBuvy (Y™ + xH)vys Bxfvg BxBvy yvo Bahve
B v+ xh (Y a)vay "+ b B Y+ xh Yov Y+ zh
_ (@ —wf) (w2 —w) | Pafy [3 a0 +a") 2" ("t aB)uy yz]
am(y" + 2y) V" + eyt af)  aR(ytatvay v

(22)

Thus, if Ry > 1 then x9,y2,v9 and z5 > 0. Clearly, we get that the first and second terms of Eq. (22)
are less than or equal zero. Since the arithmetical mean is greater than or equal to the geometrical
mean, then @%2 < 0. It can be seen that, &2 = if and only if x = z9, y = yo and v = vo. From Eq.

dt dt
(7), if v = vg and y = yo, then © = 0 and 0 = kys — cve — rvyz, which yields z = z9 and hence %

equal to zero at E5. LaSalle’s invariance principle implies global stability of Es.
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4 Conclusion

In this paper, we have proposed and analyzed a viral infection model with humoral immune response.
The model is a four dimensional that describe the interaction between the uninfected target cells,
infected cells, free virus particles and B cells. The incidence rate has been represented by Hill type
infection rate. We have derived two threshold parameters, the basic reproduction number Ry and the
humoral immune response number R; which completely determined the basic and global properties
of the viral infection model. Using Lyapunov method and applying LaSalle’s invariance principle we
have proven that if Ry < 1, then the uninfected steady state is GAS, if R; < 1 < Ry, then the infected
steady state without humoral immune response is GAS, and if Ry > 1, then the infected steady state

with humoral immune response is GAS.
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Abstract. We prove that if A < 1/2, then

B 00 1 n n -
=3 e 22 () A

with

H. 1 (n? (2)
e e
%= 72 k(6 k)

where Hy and H ,gz) denote the harmonic numbers and the generalized har-
monic numbers of order 2, respectively.
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1. INTRODUCTION

The famous Riemann zeta function is defined for all complex numbers s
with Rs > 1 by the Dirichlet series

oo

1 1 1
1 = 7:1 JR— J— e,
(1) ()= =l s+ +

n=1

In this note we are concerned with the special case s = 3, that is, with
=1
3) = — =1.20205... .
¢(3) ; =

This number is known in the literature as Apéry’s constant. It is named after
the Greek-French mathematician Roger Apéry (1916-1994), who proved in
1979 that ((3) is irrational; see [4]. A central role in his proof is played by
the elegant series representation

5o (1) !
O e

Apéry’s constant has been the subject of much attention. It appears in the
solution of finding sharp bounds for the Mathieu series Y oo ; 2n(n?+1r?)~2,
it has applications in physics and it also occurs in the solution of probability
problems; see [1], [8] and [10, A002117]. Euler, Ramanujan and numerous
other researchers provided various integral and series representations for {(3)
and related constants. We refer to Srivastava’s survey paper [12] and the
references therein; see also [2].

As is well-known, Euler proved that the numbers ((2n) (n = 1,2,3,...)
are irrational. Thus, it is natural to ask whether the values ((2n + 1)
(n = 2,3,4,...) are also irrational. This is a classical open problem. Re-
cent progress on this subject was made by Rivoal [9], who established that
infinitely many of the numbers ((2n+1) are irrational, and Zudilin [14], who
proved that at least one of the numbers ((5), ((7), ((9), ¢(11) is irrational.

It is the aim of this note to present a new singly-parameterized series
representation for ¢(3) in terms of the classical harmonic numbers

k
1 1 1 1
M=) c=l4g+gttp (h=12.)

= 2 3 k

and the generalized harmonic numbers of order 2

(2) k 1 1 1 1

2 —

H,, _—Zfz—_H?*gﬁ*'”*ﬁ (k=1,2,...).
j:l

Our method of proof, which can be used to obtain series representations
for other mathematical constants as well, is explained in detail in [3]. A key
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role is played by the remarkable integral representation

1 (0] (0] —
) o=y [ E e

which was published by Janous [7] in 2006.

2. MAIN RESULT

The following series representation for Apéry’s constant is valid.

Theorem. Let A be a real number with A < 1/2. Then,

o0

(3) ®=3 nﬂz() N
with
_H 1 w2 (2)
Proof. Let A <1/2 and 0 < t < 1. Then,
t— A

Expanding in a geometric series, we obtain

1 1 1 1 = /t-\\"
1—t_1—A'1_t:§_1—AnZO(1—A>

1

Since

(t _ /\)n _ (Z) tk(_)\)n—k
k=0
(where (—\)" % =1if A =n — k = 0), we find that
1 . >0 1 " n k n—k
—t _7;)(1_)\)n+1k§::0<k>t (="

Substituting this into (2) gives

1 [Ylogt log(l —t) 1 =~ (n _
B =g [ BN g X () e

n=

33 o 2 (1) v
k=0

where

1
Ok :/ th=1log tlog(1 — t)dt.
0
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4

Here if we substitute the series

o0

log(1 —1t) —

og( Z ”

we obtain

(6) 5k:—§:1/1tk+l’_1logtdt:il
—v o — v(k +v)?

using integration by parts.
For k = 0 we have

and for £ > 1 we find that

P oY N T T Gt
R 2\v k+v) kk+v)2) K2 ko

v=1

Applying (5) gives

1 1
C(3):2Z(1_)\)n+1< ”50+Z<> nk6k>

R L

Since
[ee]

5 AN 1.1
2(13)\)7;)<1—)\> =300 =5¢6)

and ((2) = 72/6, we conclude that (3) is valid with d;, as given in (4). [

3. EXAMPLES

We consider the cases A = 0,—1,+1/2, and 1/4.

Example 1. The special case A = 0 leads to the representation

This formula can also be proved without using the Theorem. In fact, the
last expression can be written as the difference of two series whose terms all
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cancel, except for those in series (1) for {(3). Indeed,
o0 o0 o0 2
H; ¢(2) - Hj
" ST L S
n=1 i=1 j=1 J
00 7 00 00
1 1 1 1
SR NP
=1 j=1 =17 i=j+1

I
-~

\H

|
M.
S
3 =

i>i>1" s
1 1
_ o= > = = (),
i=j>1 J i>1

as claimed.
If we combine this with (6) and reverse the order of summation, we get

LRSI IR e

v=1n=1

Together with (7), this proves Euler’s famous relation [5]
9] H,
>3 =%0)
i=1

Example 2. The case A = —1 yields

o0

2(3) = 2% . (Z)ak.

1 k=1

3
I

This may be compared to the series

9= 53 (Do

which in turn is the case s = 3 of a global series for {(s) due to Hasse [6]
and rediscovered in [11].

Example 3. The cases A =1/2,—1/2,1/4 give

n=1 k=1
I IR S AP
5¢(3) ;3;@2 O
3 :°° 1 & /n ok
1= g2 (1) vt
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6

respectively.

4. CONCLUDING REMARKS

We conclude the paper with three remarks.

Remark 1. If we multiply both sides of (3) by (1 — A\)*! (a € R) and
differentiate with respect to A, then we find that

(@+1)¢B3) =) (11A)n+1 > (Z) (V)" — aX + (A = 1K) 6.
n=1 k=1

Applying this with a = 1, A = —1/4 and (3) with A\ = —1/4 yields
5 N RN A
- = — 4%(4n — 5k) Og.
% g5§(k> (4n — 5K) 8

Remark 2. Using the asymptotic formulas
1
Hy ~ logk and ((2)— H® ~ o (ko)

we obtain

(k — 00).
For £k =1,2,...,10, we have the values

0 = 0.35506. .., 0.17753 ..., 0.10909...,0.07487..., 0.05506.. .,
0.04246 ..., 0.03389..., 0.02777...,0.02324..., 0.01977 ... .

Remark 3. Applying the series representation (6) and [13, Theorem 11d]
we conclude that the sequence {d;}72, is not only decreasing and convex
but even completely monotonic, that is,

(=) A", >0 for k,n=0,1,2,..,
where A denotes the forward difference operator defined by
AO(Sk =0, A" = An715k+1 — Anilék (k=0,1,2,..;n=1,2,...).

REFERENCES

[1] H. Alzer, J. L. Brenner, O. G. Ruehr, On Mathieu’s inequality, J. Math. Anal. Appl.
218 (1998), 607-610.

[2] H. Alzer, D. Karayannakis, H. M. Srivastava, Series representations for some mathe-
matical constants, J. Math. Anal. Appl. 320 (2006), 145-162.

[3] H. Alzer, S. Koumandos, Series and product representations for some mathematical
constants, Period. Math. Hung. 58 (2009), 71-82.

[4] R. Apéry, Irrationalité de ¢(2) et ¢(3), Astérisque 61 (1979), 11-13.

[5] L. Euler, Meditationes circa singulare serierum genus, Novi Comm. Acad. Sci.
Petropolitanae 20 (1775), 140-186; reprinted in Opera Omnia, ser. I, vol. 15, B.
G. Teubner, Berlin, 1927, pp. 217-267.

1385 HORST ALZER et al 1380-1386



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.7, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

[6] H. Hasse, Ein Summierungsverfahren fiir die Riemannsche ¢-Reihe, Math. Zeit. 32
(1930), 458-464.
[7] W. Janous, Around Apéry’s constant, J. Inequal. Pure Appl. Math. 7(1) (2006),
article 35, 8 pages.
[8] C. Nash, D. J. O’Connor, Determinants of Laplacians, the Ray-Singer torsion on lens
spaces and the Riemann zeta function, J. Math. Phys. 36 (1995), 1462-1505.
[9] T. Rivoal, La fonction zéta de Riemann prend une infinité de valeurs irrationnelles
aux entiers impairs, Compt. Rend. Acad. Sci. 331 (2000), 267—-270.
[10] N.J. A. Sloane, The On-line Encyclopedia of Integer Sequences, http://oeis.org, 2010.
[11] J. Sondow, Analytic continuation of Riemann’s zeta function and values at negative
integers via Euler’s transformation of series, Proc. Amer. Math. Soc. 120 (1994),
421-424.
[12] H. M. Srivastava, Some families of rapidly convergent series representations for the
zeta functions, Taiwanese J. Math. 4 (2000), 560-598.
[13] D. V. Widder, The Laplace Transform, Princeton Univ. Press, Princeton, NJ, 1941.
[14] W. Zudilin, One of the numbers ¢(5), ¢(7), ¢(9), ¢(11) is irrational, Russ. Math. Surv.
56 (2001), 774-776.

1386 HORST ALZER et al 1380-1386



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL
ANALYSIS AND APPLICATIONS, VOL. 20, NO. 7, 2016

Second Order Duality for Multiobjective Optimization Problems, Meraj Ali Khan, and Falleh R.
Al-SOlaMY, .. e e e e een 2. 1195

On A Fifth-Order Difference Equation, Stevo Stevic, Josef Diblik, Bratislav Iricanin, and Zdenek

Modified Three-Step Iterative Schemes for Asymptotically Nonexpansive Mappings In
Uniformly Convex Metric Spaces, Shin Min Kang, Arif Rafig, Faisal Ali, and Young Chel

On Identities between Sums of Euler Numbers and Genocchi Numbers of Higher Order,
Lee-Chae Jang, and Byung MoOON Kim,.......ou e i e e e e ee e e eae e 1240

An Algorithm for Multi-Attribute Decision Making Based On Soft Rough Sets, Guangji Yu,1248

Fixed Point Results for Modular Ultrametric Spaces, Cihangir Alaca, Meltem Erden Ege, and

ChoonKil Park,.........oou i e et e e e e e ie e e e e eneene a0 1259
On the Backward Difference Scheme for a Class of SIRS Epidemic Models With Nonlinear
Incidence, Zhidong Teng, Ying Wang, and Mehbuba Rehim,....................................1268
Bounds for the Largest Eigenvalue of Nonnegative Tensors, Jun He,...........................1290

A Note On Fractional Neutral Integro-Differential Inclusions With State-Dependent Delay In
Banach Spaces, Selvaraj Suganya, Dumitru Baleanu, and Mani Mallika Arjunan,............ 1302

New Hermite-Hadamard's Inequalities for Preinvex Functions via Fractional Integrals, Shahid
Qaisar, Muhammad Igbal, and Muhammad Muddassar,.............cccveiiiiiiiiin e e, 1318

The Borel Direction and Uniqueness of Meromorphic Function, Hong Yan Xu, Hua Wang,1329

Pseudo-Valuations on BCH-Algebras with Respect To Subalgebras and (Closed) Ideals, Young
Bae Jun, and Sun Shin ANN, ... .. 1341

Derivatives of Decreasing Functions with Respect to Fuzzy Measures, H.M. Kim, Y.H. Kim, and



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL
ANALYSIS AND APPLICATIONS, VOL. 20, NO. 7, 2016

(continued)

Mathematical Analysis of Humoral Immunity Viral Infection Model with Hill Type Infection
Rate, M. A, ODaId,.......oe i e e e e e een e 22 1370

A Parameterized Series Representation for Apery's Constant {(3), Horst Alzer, and Jonathan
85T 16 0 P 1380





