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Riesz Basis in de Branges Spaces of Entire
Functions

Sa’ud Al-Sa’di'* and Hamed Obiedat?

L2 Department of Mathematics, Faculty of Science, The Hashemite University,
P.O Box 330127, Zarqa 13133, Jordan

Abstract

In this paper we consider the problem of Riesz basis in de Branges
spaces of entire functions H(E) with the condition that ¢’(z) > a > 0,
where ¢ is the corresponding phase function. We are concerned with the
sets of real numbers {\,} such that the normalized reproducing kernels
k(An,)/|E(An, .)|| satisfies the restricted isometry property, which in turn
constitute a Riesz basis in H(E). Then we give a criterion on stability
of reproducing kernels corresponding to real points which form a Riesz
basis in H(F) with respect to small perturbations, which generalize some
well-known Riesz basis perturbation results in the Paley-Wiener space.

2010 Mathematics Subject Classification: 46E22; 41A99; 30B99; 30D10
Key words and phrases: de Branges Spaces; Reproducing kernels; phase
function; Restricted isometry property; Riesz basis.

1 Introduction

Compressive sensing provides an alternative method for efficiently acquiring and
reconstructing a signal to the Shannon sampling theorem when the signal under
acquisition is known to be sparse or compressible. Recently, Candeés and Tao [4]
introduced very intense activity related to compressed sensing, known as the
restricted isometry property, which is also known as the uniform uncertainty
principle. The restricted isometry property generalizes the notion of coherence,
and allow recovering and extending many known compressive sampling results.

In this paper we work in the context of a reproducing kernel Hilbert spaces.
In these spaces the restricted isometry property is a very convenient tool which
allows one to reconstruct a signal from its sampling values. It is known that
a frame which satisfies a restricted isometry property with isometry constant
0 < 1 act as an orthogonal basis. For this reason, one of the main interests
of the present paper is to understand what properties of a sequence {\,} of
real numbers guarantee that the corresponding normalized reproducing kernels

* Corresponding author: saud@hu.edu.jo
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satisfies a restricted isometry property in de Branges spaces H(FE) of entire
functions as a special class of reproducing kernel Hilbert spaces. Theory of de
Branges spaces is an important branch of modern analysis having numerous
interesting applications in mathematical physics, harmonic analysis and even
number theory.

The problem of description of Riesz bases of normalized reproducing kernels
is one of intriguing open problems in the area, results in this direction would
be of interests for specialists in de Branges theory and its applications. In
spite of many deep and important results, there is still no explicit description
of bases in general de Branges spaces. The present paper studies stability of
Riesz bases of reproducing kernels in the class of de Branges spaces with the
condition that ¢'(z) > « > 0 on R, where ¢ is an important characteristic of
a de Branges space known as a phase function. Specifically, we are concerned
with the sets of real numbers A = {\,} such that the normalized reproducing
kernels k(An,.)/[|k(An,.)|| constitute a Riesz basis. We also prove new results
on stability of reproducing kernels corresponding to real points which form a
Riesz basis in H(F) with respect to small perturbations, which generalize some
well-known Riesz basis perturbation results in the Paley-Wiener space.

In order to properly state our results, we need to review the main concepts
and terminology of the theory of de Branges spaces of entire functions intro-
duced by L. de Branges [13] in connection with inverse spectral problems for
differential operators. These spaces generalize the classical Paley-Wiener space
which consists of the entire functions of exponential type and square integrable
on the real line. More information about these spaces can be found in [8-11].

2 Theory of de Branges spaces

In this section, we present a brief review and some relevant results on de Branges
spaces theory. Assume f is an analytic function on the upper half-plane C*+ =
{z € C : 3z > 0}, then f is said to be of bounded type in CT if it can be written
as a quotient of two bounded analytic functions in C*. The mean type of f in
C™ is defined by

1 .
mt (f) :=limsup M.
y——+00 Yy
For an entire function f, we define the function f* as f*(z) := f(z). The
Hermite-Biehler class, denoted by HB, consists of all entire functions F(z) that
has no zeros in the upper half-plane and satisfies the condition
|E(2)| < |E(z)|, whenever Sz > 0. (1)

Given a function E € HB, the associated de Branges space H(FE) consists of
all entire functions f(z) such that

916 = [ [ e < . ©)
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and f(z)/E(z) and f*(z)/E(z) are of bounded type and nonpositive mean type
in the upper half-plane. This is a Hilbert space with respect to the inner product

_ [ [

F9e = ], Tewr

The Hilbert space H(F) has the special property that, for every nonreal
number w, the linear functional defined on the space by f +— f(w) is continuous.
Therefore, for every nonreal w € C there exists a function k(w, z) in H(E) such
that

f(w) = (f(t), k(w, 1)), (3)

for every f € H(FE). Property (3) is known as the reproducing kernel property.
The function k(w, z) is called the reproducing kernel of H(E), which is given by
(see [13, Theorem 19)])

k(w, 2) = EW)EQ(;}(; Ji“(:;)E*(z). (4)

An important feature of the de Branges space H(FE) is the phase function
corresponding to the generating function FE, that is, for any entire function
E € HB, there exists a continuous and strictly increasing function ¢ : R — R
such that E(x)e™®) € R for all 2 € R, essentially, ¢ = —arg(FE) on R, and
E(z) can be written as

E(z) = |E(z)le”® zecR. (5)

If a function ¢ has these properties then it is referred to as a phase function
of E. It follows that a phase function of F is defined uniquely up to an additive
constant, a multiple of 27. If p(z) is any such function, and E(x) # 0, then
using (4) and (5), an easy computation gives

1
e, )P = k(z, z) = —¢'(2)| BE@)[*. (6)
The leading example of de Branges spaces is the Paley-Wiener space
H(e ™) = PW,,

consists of square-integrable functions on the real line whose Fourier trans-

forms are supported on [—m, 7]. The reproducing kernel for PW is k(w, z) =
sin w(z—w)
T(z—w)
A key feature of a de Branges space is that it always has a basis consisting
of reproducing kernels corresponding to real points, [2].

, w,z € C, z # w, and the corresponding phase function p(z) = 7z.

Theorem 2.1. Let H(E) be a de Branges space and ¢(x) be a phase function
associated with E. If « € R, and A = {\,}nez is a sequence of real numbers,
such that o(A\,) = a+mn, n € Z, then The functions {k(An, 2)tnez form an
orthogonal set in H(E).
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If e E(z) — e~ E*(2) ¢ H(E), then { Hk()\:’Z)H }nEZ 1is an orthonormal basis

for H(E). Moreover, for every f(z ) € H(E),

%)
- S SO e ™
neZ

and

1712 =>"

neE”Z

(8)

A central tool in our proofs is the following Bernstein inequality in de
Branges spaces introduced by A. Baranov, whose proof can be found in [2]:

Lemma 2.2. Let E € HB be such that E'/E € H*(C"), then

flle
for all f € H(E), where C,,, = (4+ V6)||E"/E||o-

If'/Ell2 < C,,,

3 Basis Theory

In this section we recall some basic concept of frames and Riesz bases for Hilbert
spaces (see for example, Daubechies [7]; Duffin and Schaeffer [14]).

A family of elements {f,}32; in a separable Hilbert space H forms a frame
if there exist 0 < A < B < oo such that

A|lfI? < Z (. f)l* < B|fII?, forall feH. 9)

The constants A, B in (9) are called the frame bounds for {f,}>2,. If the
two frame bounds are equal we call a frame {f,}>2, a tight frame. For each
f € H we have the frame expansions

Z fo bl Z fofu) fo, (10)

with unconditional convergence of these series, where {f,} is the dual frame of
{fn}. If, in addition to (9), {fn}>2, is a linearly independent set, we call it
a Riesz basis for H. An equivalent characterization for a sequence {f,}52; to
be a Riesz basis is that {f,}°2, be a complete sequence in H and there exist
positive constants A and B such that

AN el < | enta

for all finite sequences of scalars {c,}, see [20].

2

<BY el (11)
H n
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If the Reisz basis is an orthogonal basis, then A = B = 1. Hence, a Riesz
basis is automatically a frame, moreover, inequality in (9) holds with the same
constants A and B as the inequality in (11). A Riesz basis {f,}°2 is equivalent
to an orthonormal basis {e, }52; for H, namely, if there is a bounded invertible
operator U : H — H such that Uf,, = e,. Consequently, any Riesz basis of H
is an unconditional basis of H but not conversely in general. Because of this
parallelism, the Riesz bases is the appropriate framework from which to obtain
nonorthogonal sampling formulas. It follows that every f € H has a unique
expression

F=>Af Fa)fn

where f,, = U*U f,, are the elements of the dual basis of {fn}

If H is a reproducing kernel Hilbert space, a sequence A = {\,} is inter-
polating for H if there exists an f € H satisfying f (\,) = a, for any choice
of interpolation data {a,/ ||[k(An,.)||} € £2(C). It is complete interpolating if in
addition f is unique. From an equivalent point of view, it is well known that a
sequence A is an interpolating sequence in H if and only if {k(An,.)/|lk(An, )|}
is a Riesz sequence, and A is a complete interpolating sequence if and only if
{k(An, )/ kA, )|} is a Riesz basis in H, see [17] for more details and discus-

sions.

Definition 3.1. A sequence {f,}52 is said to have the restricted isometry
property if there exists 6 € (0,1) such that

=0 el < [Xcatn
n=1 n=1

for any sequence of scalars {c,}, where § is known as the isometry constant.

2 00
<1+ leal, (12)

Although the restricted isometry property is difficult to verify, small re-
stricted isometry constants are desired; the closed § to zero, the closer to or-
thogonal basis. On the other hand, this definition in particular means that { f,,}
is a Riesz basis for its linear span. Conversely, if { f,} is a Riesz basis satisfying

(11) then the scaled sequence {4/ BiJrAfn} satisfies (12) with § = g—jrfl. In this
work, we approach the problem of stability of Riesz basis of a Hilbert space H.
Specifically, given a family {g,}52; C H which is close, in some sense, to the
Riesz basis (or a frame) {f,}52,; C H, we find conditions to ensure that {g,}52
is also a Riesz basis (or a frame). This problem is important in practice, and
has been studied widely by many authors in the context of bases of exponentials
in L2 on some interval. The first result due to Paley and N. Wiener [18] states
that if {An}nez € R and sup,ez [An — n| < 0 < 5, then the set {e*"*}, ¢z
is a Riesz basis for the Paley-Wiener space PW, (in this cae f, = " and
gn = €®). In [19] M. Kadec proved that the result is true for § < i, whereas
the conclusion may fail if sup,,cz |\, — n| = 1 (see [5]). Recently, some results
obtained in [3] on the stability of bases and frames of reproducing kernels based
on the estimates of derivatives in terms of Carleson measure in model spaces

16 AL-SADI 12-26
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K2 = H? & ©H? of the Hardy class H? in the upper half plane C*, where © is
an inner function in Ct.

In the present paper we are particularly interested in the reproducing kernel
Hilbert space H(FE), we shall take for the f,,’s the normalized reproducing kernel

functions HkE/\i)H’ where A = {\,} is a sequence of real numbers. To be exact,

we are interested in stability of the basis m given a Riesz basis m

for H(FE) and a set of points u, which, in some sense, close to A, whether the
system % is also a Riesz basis for H(FE), which, as a result, leads to a
Riesz basis expansion.

We will need below the following lemma which will play the key role in our
proofs, see Corollary 15.1.5 in [6].

Lemma 3.1. Let {f,},—, be a frame for a Hilbert space H with bounds A, B,
and let {gn},>, be a sequence in H. If there exists a constant R < A such that

Z (s fu — gu)ul> < RIF|3, VfEH,

then {gn},—, is a frame for H with bounds

A(1 = \/R/A)?,B(1+ \/R/B)?

If {fn},2, is a Riesz basis, then {g,},—, is a Riesz basis.

4 Riesz Basis in de Branges Spaces

Given a de Branges space H(FE) with reproducing kernel k(w, z), we can assume,
without loss of generality, that F has no real zeros (see [16]), hence k(x,z) > 0
for all z € R by (6). Let A = {\,}52 be a sequence of real numbers, from now
on, we set

k(A z)
k(A NI

Definition 4.1. Let A = {\,}52, be a sequence of distinct points. We say that
A is sequentially separated if [A\p11 — M| > o, for alln > 1, and o, < 011
for alln > 1.

ful(z) = neN,zeC. (13)

Next we derive an estimate of the isometry constant §. This estimate leads
to a sufficient condition for a sequence {f,} to have the Restricted Isometry
Property.

Lemma 4.1. Given a de Branges space H(E), and ¢(z) a phase function as-
sociated with E such that ¢'(x) > a > 0 on R. Let {\,}>2, be a sequentially

17 AL-SADI 12-26
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o0
separated sequence of real numbers such that op, > 1. If 3 (%2 < ?’7%2, then

-(x |<fn,fm>|2); <1 (14

m,n=1
m#n

)

Proof. For any real number z, E(z) = e~*(*)|E(z)|, which implies tha

b E
e~2%(®) et a,b € R, then using (4) and the fact that k(a,b) = (k(a,.), k(b,.))
we get,
k(a,b) 1 E(a)E(b) — E(a)E(b)
E(a) E(a) 2mi(a —b)
_ E(b) — e 2¥(@E(b)
B 2mi(a —b)

Simple calculations then shows that

<k:(a,.) k(b7.)> 1 k(a,b)

E(a)’ E(b) E(b) E(a)
1 — e2i(v(b)=p(a))
- 2mi(a —b)
and,
k*(a,b) _ sin® (p(a) — (b))
|E(a)|2|E( ) m(a —b)?
Consequently, since k(z,z) = 2¢/(z)|E(z)|? for all z € R, we have
k2(a,b) o k2(a,b)
ka,0kb,b) " da)p ( )|E(61)|2|E(b)\2
1 sin (@) — o)

w’(a)@’(b) (a —b)?
In particular, for f, defined in (13) we have

s KO ) k)
bl = e o
. L sin? (o) — 9(0)
©'(Am)¢’ (An) (Am — )‘n)Q

<
= a2 (A — M)

because ¢'(x) > a on R by the hypothesis. Since {\,,} is sequentially sepa-
rated and o, > 1 then for m > n, m = n + k, for some k > 1, and

Am — An) > (m —n)o, = ko,

18
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Therefore, for any n > 1,

oo

1 1
2
< -
m=n+1 m=n+1
[ 1
< Z o3
= 2 — 2,2
m=n+1 (m n) On
< =
- a202 k2 6 a202
Consequently,
Z |<fnaf’m Z Z f’rufnL 37272
m,n=1 n=1m=n+1 n=1 Tn
m#n
From this the conclusion follows with § < 1. O

Next we apply the estimate obtained in Lemma 4.1 to give conditions for
the sequence {f,} to have the Restricted Isometry Property.

Theorem 4.2. Given a de Branges space H(E), and ¢(x) a phase function
associated with E such that ¢'(x) > a >0 on R. Let {\,}52, be a sequentially

separated sequence of real numbers such that o, > 1, Vn > 1. If Z oz <

71-2 )’

n=1

then the sequence {f,}52, satisfies the Restricted Isometry Property.
Proof. From the definition of f,, |[fu|| = 1, for n > 1, then for any finite

sequence of complex numbers {c,, },>1 we have
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[e’e} 2 [e’e)
chfn = Z Cn5m<fn7fm>
n=1 m,n=1
= Z ‘Cn‘QanHQ + Z Cném<fnafm>
n=1 ’n;r,l'r;il
<Slenl+ S lentmfus finl
n=1 %2&?1
<ol (3 lenlPlen) (3 W ful?)
e M e
<> el + (Z cn2> ’ (Z |cm|2) ) < > <fn7fm>|2> )
n=1 n=1 m=1 n:r,géil
By |cn|2< 3 <fmfm>2)2
n=1 n=1 7%7;711
_ <1+ ( >y |<fn,fm>|2)2) S leal?
rr;;;il n=1
=(1+46) ) |eal

n=1

where ( > |<fn,fm>|2> =4, by Lemma 4.1.

=1
“in
Similarly, we prove the first part of the inequality. We use the claim in
equation (14) above, we have

S z(1-(% |<fn,fm>|2>é> 3 fenl?

n=1 m,n=1 n=1
m#n

=(1=0)> leal”
n=1

Therefore, the sequence {f,} satisfies the Restricted Isometry Property for
some ¢ € (0,1), completing the proof. O

If A = {\.}502, is a given sequence, then for € > 0, we define a perturbation
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sequence
k(An, An
Me:{,UInGRC,Uzn)\n+En70<En§€ ( ),TZ21}, (15)
Tn
where 7,, = max  k(t,t). In what follows, the constant Ay is the lower frame

tE[AR, Ant1]
bound of the sequence {f,} in (9) and (11), and C,_, is the Berntein constant
from Lemma 2.2.

Theorem 4.3. Given a de Branges space H(E), such that E'/E € H>*(C"),
and ¢(x) a phase function associated with E such that ¢'(x) > o> 0 on R. If

{fn} is a Riesz basis in H(E), then the sequence {Hk(kn 2 i, € M.} s also

no )l
aAy

p
wC
Ber

Proof. Since the function k(¢,t) is continuous for all ¢ € R, the Mean Value
Theorem implies that there exists t, € (A, tn) such that

k(1) k(tn,tn)
—— - dt = €,———%, foralln > 1.
/A KO An) T RO A
Moreover, since p, € M., then
k
o Ktnta) _ FOw ) (tat)
E(An, A\n) Tn k(An, An)

Let f € H(E), and hy(z) := ”,j(“v; z))H for ji, € M. Then

2

a Riesz basis in H(E) whenever € <

< e foralln > 1.

Hn

(f(t)) dt

f'(t) ? Hn 2
| A B dt

Hn k(t,t) 1
dt / T dt
An k(Ans An) /(1)

oo k(¢ 1)
dt/ —— 1t
An k(>‘na)‘n)

2
dt.

B 1
kO, A |y,

oo
[l
) a"/un

Hn

2

(1)
E(t
f'(®)
E(t)

=q .

Hence, we have

a me [
T;I(f,fn—hmlkg Aol
T 2
=—I/'/El
< 2 I,
10
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where the last inequality follows from Lemma 2.2. Consequently, {h,} is a Riesz
basis by Lemma 3.1 with R = %Cﬁer < Ay by the hypothesis.
O

Theorem 4.4. Let H(E) be a de Branges space, with reproducing kernel func-
tion k(w,z). Let {\n}, {in} be two sequences of real numbers, and {h,(z) :=
H]Z((’f\”’z)u} be a Riesz basis in H(E) with frame bounds Ay, and By,. If there exits

positive constants C1,Cy such that

for all n > 1, then the sequence {”k(“" Z)”} is also a Riesz basis in H(E),

whenever CBy, < Ay, where C = (1+ C—l — \/207)

Proof. Since the sequence {h,} is a Riesz basis, then for all f € H(E),

ARl I < Z ha)l® < Bullf11%.
Let f € H(E), and gn(2) := gp=5r. Then
B f(pn)
|<.f7 gﬂ |\/k‘ >\n7)\ ) \//{J(,Un,,un)
2
| f(1n) s An) \/k(un»ﬂn)
— 2 ! ! - =
B |f(ﬂn)| k(/\m)\n) * k(.u'm:u”) \/k(A”’A")k(MmMn)
|f(ﬂn)‘2

where R =1+ C% — \/% Thus, we have

(oo} |2
;W’ oo |2<RZk)\mn>\
:RZ|<fahn>|2

n=1

< RBu| f|*

Consequently, {gn} is a Riesz basis by Lemma 3.1 as RBj, < Ap,. O

Now we state the main result on stability of Riesz basis in de Branges spaces,
the proof is an immediate consequence of Theorem 4.3 and Theorem 4.4.

11
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Theorem 4.5. Given a de Branges space H(E), such that E'/E € H>*(C"),
and ¢(x) a phase function associated with E such that ¢'(x) > o > 0 on R.
Let {f,} be a Riesz basis in H(E) with bounds Ay, By. Let M. be the sequence
defined in (15), and assume that there exits positive constants Cy,Co such that

Clk()\n;/\n) < k(,unv,un) < Cqy k(/\n,/\n)a fO?” alln > 1. (17)
Then the sequence {% D pn € M.} is also a Riesz basis in H(E)
whenever

aA
€< wc2f and CBf(1+ \/R/B; ) < As(1— \/R/A;)?

Ber

where R = Z<C? and C = (1+ c% - \/%)

Remark 4.1. de Branges spaces H(E) that satisfy the conditions of the pre-
vious theorems in general do not have simple analytic characterizations. We
would like to emphasize that the best way to construct the corresponding gen-
erating functions E € HB is via their Weierstrass factorization formula. A
special class of Hermite-Biehler functions is the Polya class where any function
can be characterized by its Hadamard factorization formula. For the sake of
completeness, we include some examples of such functions, see [1] and [13]:

(1) Let E have the form

E(z) = yebe o2 H (1 — Z>62Re(zln), (18)

nez “n
and let the zeros z, satisfy the following conditions:

(a). zp = Bn+wy, for alln € Z, where > 0, and the sequence {wy nez
s bounded,

(b). Im(w,) > a > 0.

Then % € H>*(C"). If, in addition, w, = u, + v, where u, € a1, az)

and vy, € [a1,as], ay > 0 for alln € Z, then E'/E € H*®(C*). and ¢'(z)
s bounded away from zero.

(2) Let .
B(z) =ve " 5(2) [ (1 _ Z) ghn,

z
n=1 n

for all z € C, where the sequence {z,}3>, C C* has no condensation
points in C and satisfies the Blaschke condition

(o)
> yn/ (25 +yp) < +o,

n=1

12
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which guarantee the convergence of the previous product, and
hn :xn/ (xi+y72L)7 ne Na

a >0, S is an entire function taking the real values on the real line and
having only real zeros, and ~y is a complex number with modulus 1. If the
sequence {z,}5°, is contained in the set T, = {z € CT : 7 < argz <
m—71}, >0, then % € H*(C*) and ¢'(z) is bounded away from zero.

Furthermore, a wide class of de Branges spaces for which the previous the-
orems may be applied is the homogeneous de Branges spaces. Such spaces are
related to the classical Bessel functions and more general confluent hypergeo-
metric functions, and were characterized by L. de Branges [12,13]. We present
a brief review of the construction of these spaces. Let v > —1. A space H(E) is
said to be homogeneous of order v if, for all0 < a < 1 and all F € H(E), the
function z — a**1F(az) belongs to H(E) and has the same norm as F. For
v > —1 consider the real entire functions A,(z) : C — C and B,(z) : C —» C

given by
RS ()™ 1\
Av(z) _;n!(u+1)(u+2)...(y+n) =T +1) <2Z> Tu(2)
and
s (1" (39" _ o
B.(z) Tl A A2 (v nt D) =T+ (2Z> Tu(2)
where

(_1)71 (%Z)QTLJFV

Tu(2) = n;o nll(v+n+1)

1s the classical Bessel function of the first kind. These special functions have
only real, simple zeros and have mo common zeros. Furthermore, they satisfy
the following differential equations

Al(z)=—B,(2) and B.,(z)=A,(2) — (2v+1)B,(2)/z. (19)

If we define
E, (z):=A,(z) —iB,(z),

then the function E,(z) is a Hermite-Biehler function with no real zeros, of
bounded type in the upper-half, and is of exponential type 1 in C. Also we have
that

Pt < 1B ()| < Claf

for all real |x| > 1 and for some c,,C, > 0, see [15]. Moreover, it is known
that A,, B, ¢ H(E,). Note that if v = —1/2 we have A_;/3(2) = cosz and

13
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—iz

B_i/5(2) = sinz, hence, E_y/5(z) = e and the space H(E_y/3) coincides
with the Paley-Wiener space PWy. By (19) we have

B,(z)
2E,(2)’

for all z € C*. Hence E.(2)/E,(z) € H®(C"). This also implies that the
phase function ¢, (z) associated with E,(z) satisfies

EU2)
E,(2)

=1—(2v+1)

(2v + 1)Au(x)B,j(x).

‘Pu($> =1- x\E,,(m)F

Hence, ¢, (x) =1 for all real x.
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Abstract

The present paper aimed to explore the linear moment problem for the
real sequences defined by the nonhomogeneous linear recursive relation.
Various properties are provided, especially, those related to the Hankel
matrices. Some considerations in connection with K-moment problem,
for the nonhomogeneous recursive are discussed.
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1 Introduction

In view of its fundamental role in various fields of mathematics and applied
science, the linear moment problem has been extensively studied in the literature
(see [4,5,9,11-13]). Especially, it has been shown that this problem is useful for
some topics in physics, such that the quantum dynamical systems, the resolvent
R,(X) of a given Hamiltonian A, which can be written as an infinite series in
terms of 1/, whose coefficients are the moment p,, = (¢|A™|p) of order n of the
operator A, where ¢ is a state vector of the given system (see [4,12] for example).
Furthermore, the linear moment problem is also related to the Lanczos numerical
method, which is an important technique for finding the positions of n particles
such that the first 2n — 1 moments own given values (see [5,13] for example).
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Recently, the linear moment problem has been investigated in the literature, by
various methods (see, for example, [4,9,11,12]).

The linear moment problem is simple to formulate. Indeed, let H be a
real separable Hilbert space, L(#H) be the space of linear operators on H and
S(H) C L(H) the subspace of self adjoint operators on H. For a given operator
A € L(H) and non-vanishing = € H, the sequence I' = {ay, }n>0 defined by
an = (A™z|x) for n > 0, is called the moment sequence of A on z, and «,, is
the moment of order n of the operator A on x. The linear moment problem
is the reciprocal of the previous situation. More precisely, let T' = {O‘n}ogngp
(p < 400) be a sequence of real numbers, the linear moment problem associated
with I' consists to find a self-adjoint operator A € S(H) and a non-vanishing
vector x € H such that,

apn = (A"z|z), for 0 <n <p. (1)

The problem (1) is called the full linear moment problem when p = 400 and
the truncated linear moment problem for p < 400 (see [7-9,12], for example).

On the other hand, the linear moment problem (1) for the sequence T', is
also related to the classical power K-moment problem (K is a closed set of R),
whose aim is to find a positive Borelean measure p with supp(u) C K such that

ay, = / t"du(t), for 0 <n <p, (2)
K

where p < +0o. The moment problem (2) is important in operator theory,
particularly, it is related to the study of the shift of subnormal operators and
subnormal extension (see [1,3,6-8]). Recently, the two preceding moment
problems (1) and (2) have been studied in [3,9-11], for some sequences defined
by linear recursive relations. Moreover, it was established the closed connection
between the full and the truncated moment problem for recursive sequences
in [9,11]. More precisely, let {u,}n>0 be the sequence satisfying the following
linear recursive relation of order r,

Upt1 = AoUp + A1UR—1 F+ -+ Ap_1Up_py1 forn>r— 1, (3)

where wug,u1,...,u,—1 are the initial data, it was shown in [9-11] that, for the
linear moment problems (1), the full one (p = +o0) and the truncated one
(p < +00) are closely related. Especially, it was shown in [9] that in the finite
dimensional case (dimg H < +00), the two preceding linear moment problems
(the full and the truncated) are identical. On the other side, it was shown in [9]
that the full and truncated moment problem (2), for the recursive sequence (3),
are equivalent.

The purpose of this paper is to study the linear moment problem (1), for
a real non-homogeneous recursive sequence {v,}n>o of order r, defined by the
following recursive relation,

Upt1 = QoUp + @1Vp—1 4+ + Qr_1Un_ypt1 + Cpy1 for n >r —1, (4)
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where the coefficients ag,...,a,—1 (r > 2, a,_1 # 0) are real numbers, vy =
Qp,...,Upr—1 = ap_1 are the initial values, and C = {c,}n>, is a (non trivial)
real sequence. It seems to us that properties of the linear moment problem (1)
for nonhomogeneous sequences (4), can be useful for the study of certain related
perturbed physical systems. For the K-moment problem (2), it can be also, for
studying the perturbed moment, of the shift of operators.

In this study, we characterize the solution of the linear moment problem (1)
for sequences (4) in the general setting, especially, when the operator A € S(H),
namely, A is self-adjoint. When the real separable Hilbert space H is of finite
dimension and the non-homogeneous sequence {v,}»>0 is a moment sequence
of an operator A, on a non-vanishing x € H, we establish that the sequence
{¢n}n>r is a linear recursive sequence of type (3). And when the real separable
Hilbert space H is of infinite dimension and the non-homogeneous sequence
{vn}n>0 is & moment sequence of an operator A, on a non-vanishing =z € #,
then the general term of the sequence {c,}n>,, is expressed as a limit of

(s)

Cn = hgl l®), where ¢y is a linear recursive sequence of type (3). We establish
S—r+00

the solution of the linear moment problem (1), using the properties of the Hankel
matrices. The special case when {¢,}n>, is a linear recursive sequence of type
(3), is discussed. Moreover, the K-moment problem (2) for nonhomogeneous
recursive sequences (4) is provided, using the spectral measures of self-adjoint
operators. By the way, some other consequences are derived, especially, the
Stieltjes and Hamburger moment problems (2), for the nonhomogeneous recursive
sequences (4), are discussed through the spectral measures of self-adjoint operators.
It should be noted that the study of these two problems for the sequences (4),
is not common in the literature.

2 Linear moment problem and sequences (4)

Let improve the connections between solutions of (4) considered as a difference
equation and the linear moment problem (1). Let {Q,},>, be the family of
polynomials defined by @Q,,(2) = 2" " P(z), where P(z) = 2" —apz" "1 —a;2" 2 —
-+« —ap_1, is the so-called characteristic polynomial of the homogeneous part
of the sequence (4). Let z # 0 be an element of H and A € S(H). Suppose
that v, = (A"x|z), for every n > 0. Then, we have, (A" z|z) = ag(A"x|z) +
oot a1 (A" | 2) 4 ¢y, for every n > r — 1. Therefore, we derive ¢, 41 =
(Qn+1(A)z|x), for every n > r — 1. Consequently, we can state the following
proposition.

Proposition 2.1. Let T = {v, }n>0 be a sequence (4), of characteristic polynomial
P(z) = 2"—apz" ' —a12" 2~ -—a,_1. Suppose that T = {v,}n>0, is a moment
sequence of an operator A € S(H), namely, v, = (A"zx|z), for every n > 0,
where & # 0. Then, the sequence {cp}n>r is given by cpp1 = (Qny1(A)z|x), for
every n > r — 1, where Q,(z) = 2" "P(z).

Therefore, the question of studying the converse of the preceding affirmation
of Proposition 2.1 arises.
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Theorem 2.2. Let T = {v, }n>0 be a sequence (4), of characteristic polynomial
P(z)=2"—apz" ' —a12" %~ —a,_1. Let A€ S(H) and x # 0 € H. Then,
we have v, = (A"x|z), for every n > 0, if and only if, v, = (A"z|zx) for
n=0,1,...,7—1 and ¢, = (A" "P(A)z|x), forn > r.

Proof. Suppose v, = (A"z|x) (n > 0), for some = # 0 in H and A € S(H).

r—1 r—1

Then, we have ¢, = Uk—z A;Vk—j—1 = <(Ak - ZajAkjl)x|x> = <Ak7TP(A)x|9:>,
j=0 j=0

for every k > r. Conversely, suppose that v,, = (A"z|x), forn =0,1,...,r — 1

and ¢, = (A" "P(A)z|z) for every n > r. Therefore, we have
r—1
vy = Z a;j (A" x|z) + (P(A)x|z) = (A"2|z).
§=0

And, by induction, we derive that v, = (A"z|x), for every n > 0. O

As a consequence of Theorem 2.2, we obtain the following corollary.

Corollary 2.3. Let A € S(H) and x € H, then under the data of Theorem 2.2,
the following statements are equivalent,

(i) v, = (A™z|x), for every n > 0.

(ii) v, = (A"z|z), forn=0,1,....2r—1, andc, = Y ajcp_j_1+ (A" ?"z|2)
0

for every n > 2r, where z = P(A)x.

Proof. Tt suffices to establish the equivalence between (ii) and the second statement
of Theorem 2.2. Let A be a self-adjoint operator, suppose that v, = (A"z|x)
forn=0,1,...,7 =1 and ¢, = (A" "P(A)zx|x), for every n > r. Then, for z =

P(A)z, we have, (A""%"z|z) = (A" "z|P(A)x) — Y a; (A" "7 P(A)z|z) =

§=0
r—1
Cn — Y. GjCp_j_1, for any n > 2r. Conversely, suppose that (ii) holds. A
§=0

direct computation shows that ¢,, = (A" "P(A)z|z), forn =r,r+1,...,2r—1.
On the other hand, by induction we prove that ¢, = (A"""P(A)z|z), for every
n > 2r. It follows that (i) and (ii) are equivalent. O

We conclude this section by the following observation. Let 7 = {vy, }n>0 be a
sequence (4), whose characteristic polynomial is P(z) = 2" —ag2" ! —a;2" "2 —

- — ay—1. Suppose that there exist A € S(H) and = € H such that v, =

r—1
(A"z|z). Then, we have, cor, — Y ajcop—j—1 = ||A*""P(A)z|]? for every k > r.
3=0
r—1
Therefore, when co;, # 0, for some k € N, we have co, > Y ajcop—j—1, for

any k > r. This later inequality is a necessary condition for the existence of
the solution of the linear moment problem (1), for the sequence 7 = {v, }n>0
defined by (4).
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3 The linear moment problem (1) for sequences
(4)

Let H be a finite dimensional Hilbert space over R (m = dimg H) and T =
{vn}n>0 a sequence (4). A straightforward computation and by using Theorem
2.2, allows us to see that 7 = {v, },,>0 is a moment sequences of a self-adjoint

S
operator A on a non-vanishing vector = of H if and only if v, = Y )\j”ijHz
Jj=

form=0,1,...,7r—1 and

"L P(\ N
en= 3 PO 2, )
j=1 7Y

where z; = Iljz € H; (0 < j < s), the subspace of the eigenvectors of A,
corresponding to the eigenvalues A; (0 < j < s). Expression (5) is nothing else
but the analytic formula of the sequence {c¢,}n>r, viewed as a linear recursive
sequence of type (3) of order s. More precisely, (5) implies that {c,}n>, is
a linear recursive sequence of type (3), of characteristic polynomial K(z) =

i=-

(z — Aj). Thus, we can state the following proposition.
J

Proposition 3.1. Let T be a sequence (4). Suppose that T is a moment

sequences of a self-adjoint operator A on the finite dimensional Hilbert space

‘H. Then, the nonhomogeneous part C is a linear recursive sequence of type (3)

of order s (with s < dim#H ). More precisely, the characteristic polynomial of C
S

is K(z) = [1(z—Aj), where the A\; (0 <j <s) are the eigenvalues of A.

j=1

Suppose that # is a separable real Hilbert space (over C) of infinite dimension.
The simplest spectral theorem (after the algebraic case) concerns a compact self-
adjoint and a compact normal operator A on H, and asserts that H coincide
with the closure of the orthogonal sum of the eigenspaces H,,, corresponding to
all possible eigenvalues {A,, },,>0. With a view to generalization it is convenient

+oo

to express it under the spectral resolution form Az = > A\,I,z, where II,, is
n=0

an orthoprojection onto H,,, the eigenspace corresponding to the eigenvalue A;,

—+oo
and x = Y II,z. We consider the class of operators satisfying the Spectral
ne=

Theorem, Woich are called spectral operators or S-operators for short.

Let T = {vn}n>0 be a sequence (4), with characteristic polynomial P.
Suppose that 7 is a sequence of moments of an S-operator A of L(#H), on a
non-vanishing vector € H, namely, v, = (A"z|x), for every n > 0, where A is

+oo
an S-operator and x = > I,z € H.

n=0
Let s > 1 and consider the sequence {v,(f )}nZO defined as follows: v§5) = v;
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fori=0,1,...,r — 1, and
07(184)-1 = aovgf) + aﬂ};&zl 4t ar_lvifzr_,_l + cgf_‘)_l, (6)

S

for n > r — 1, where ¢{¥ = ZL@H%HQAP". It is easy to see that ¢, =
p=0 P
lim ¢, For n = r, expression (6) shows that we have v, = lim o). By
s—+oo s——400
induction on n, we have v, = sEg_noo vﬁls), for every n > r. In conclusion, we

have the following result.

Theorem 3.2. Let T = {v, }n>0 be a sequence (4), with characteristic polynomial

P. Suppose the Hilbert space H is of infinite dimension and that T is a moment
+oo

sequences of an S-operator A on H, on a non-vanishing vector x = Y ,x.
n=0

Then, we have v, = lir+n vff), for every n > r, where {vff)}n>0 18 a sequence
S—r+00 -

(4), whose associate nonhomogeneous term is

9N~ POw) r
Cg) = Z ,.p pr”Q)‘p " (7)
p=0 P

1 2

where P(z) = 2" —agz" ' —a12" % — -+ —a,—1 (a,—1 #0) is the characteristic

polynomial of T and x, = ll,a € H. Moreover, expression (7) stands for the
. (s) . ) .
analytic formula of the sequence {cy’ }n>0, viewed as a linear recursive sequence

of type (3).

From Theorem 3.2, we derive that

X P(A ,
en =3 PO 20, ©
p=0 7P

Remark 3.3. If there exists s > 1 such that A\, = 0, for every p > s+1, we show
that expressions (5) and (8) are identical. Suppose that for every N > 0 there
exists k > N such that Ap # 0. Therefore, expression (8) doesn’t represent a
recursive sequence of finite order. Meanwhile, we can approximate this situation
by a family of sequences (4), whose associated ¢, is given by expression (7).

4 Hankel matrices and solution of the linear moment
problem (1)

In this section, we present algebraic treatment of the Hankel matrix related
to the sequences defined by (4), and its use for characterizing the existence of
solutions for the linear moment problem (1).

Let Hj, be the Hankel matrix of size k+ 1, whose entries are defined from the

elements of the sequence 7" = {v;},, in the sense that Hy := (vit;)o<; j<p
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The j column of Hj, will be denoted by V; := (Uj+z)];:0 ,0 <3 <k, so that
Hj, can be briefly written as Hxy = (Vg Vi --- Vj). Observe that we can
verify that

Vit =aoVegp—1 +a1Vegpo+---+a,_1 Vi + 6r+k7 9)

s r+k—1
where C,yp = (Crq0),y -

With a vectorial representation, we can write the matrix H,.,,, as follows

Hr+n = (VO Vi -+ Vo, v, .- Vr+k T VrJrnfl) .

Using expression (9) and some computational techniques emanated from determinant
properties, we get,

detHyey =det (Vo Vi o Vi | @ v G o Copaa)

Repeating the same treatment on the matrix Sy := (vi4j11)g<; < One gets
out of it by the following result. T

Proposition 4.1. Let T = {v,}n>0 be a sequence (4),
Hyyn = (Vigj)o<ij<rin—1 and Syin = (Vitj+1)0<i j<r+n—1

be the Hankel matrices associated with T . Then, we have

Vo e VUr—1 Cr e Cr4n—1
Vr—1 tee V2r—2 C2r—1 e C2r4n—2
det Hyy,p = + (10)
Ur et V2r—1 Cor e C2r4n—1
Ur4+n—1 e V2r4+n—2 C2r4n—1 ce C2r42n—2
and
U1 e Uy Cry1 v Cr+n
(% e V2r—1 Cor e C2r4n—1
det Syin = + : (11)
Vr+1 e v2r C2r41 e C2r4n
Ur4n - V2r4n—1 C2r4n - C2r42n—1

Expression (10) shows that, for n > 0, it appears only the columns which
depend on the entries of the sequence {¢,},>, after the r-th column, in the
determinant of the Hankel matrix H,,,. A similar situation is observed for the
matrix Sk = (Vitj+1)p<i j<k -

If the sequence C = {¢, }n>r is also of type (3) of order s, then the r+s—th
column of the matrix H,,,, is a linear combination of the columns r,r+1,...,r+
s —1, and the r + s+ 1 — th column of the matrix S, is a linear combination
of the columns r+ 1,7+ 2,...,7 + s. Therefore, by Proposition 4.1, we get the
following property.
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Proposition 4.2. If the sequence {cp}n>r is also a linear recursive sequence
of type (3) of order s, then we have,

1. det H.q, = 0, for n > s, if and only if, the v + s + 1-column of the
matric Hy4,, is a linear combination of the previous s columns, namely,
the r,mr+1,....,7+ s — 1 columns of the matriz Hy,.

2. det Sy, = 0, for n > s+ 1, if and only if, the s + 1-column of the
matric Sy4n 1S a linear combination of the previous s columns, namely,
ther+1,r+2,...,7r+ s columns of the matrix H,,,.

The two Hankel matrices Hy 4, = (Vitj)o<ij<r+n—1 a0d Sriyn = (Vigj+1)0<i,j<rtn—1
and their determinants (10)-(11), play a central role for solving the two moment
problems (1)-(2) and their applications.

We recall that it was established in [12, Lemma 1.1] that a N x N Hermitean
matrix A is strictly positive definite if and only if each sub-matrix A, =
(@ij)1<i,j<k has det(Ax) > 0, for £ = 1,2,...,N. For a given Hankel matrix

H = (mit;)i,j>0, we consider the family of sub-matrices H,, = (Mmit;)o<i j<n-
Then, [12, Proposition 1.2] shows that for a Hankel matrix the family of sesquilinear
form F = {H,}n>0, defined by H,(a,8) = Z;‘L,kzo mjira;Be, is (strictly)
positive definite if and only if det(H,,) > 0, where H,, = (mit;)o<i,j<n. Equivalently,
we say that the Hankel matrix H,, = (m;4;)o<i j<n is positive definite if and
only if det(H,) > 0, where H,, = (m;1;)o<i,j<n-

In order to establish the existence of solution of the linear moment problem
(1), we will present a result of the closed relation between Hankel positive
matrix, self-adjoint operator and measure. More precisely, we recall that from [6]
the following theorem.

Theorem 4.3. If {v,}, - is a sequence of real numbers, the following statements
are equivalent. -

(a) There is a self-adjoint operator A and a vector e such that e € dom A"

for all n and v, = (A™e,e), for alln > 0.

n
(b) If o = (aw, . .., ), where a; € C, then we have Z Mmjyraoy > 0, for
J,k=0
every n > 0.

(c¢) There is a positive reqular Borelean measure i on R such that / [t]"du(t) <
oo for alln >0 and v, = /t"du(t),
Therefore, for the Hankel matrix H = (mj4;)i >0, the second assertion of B
Theorem 4.3, implies that the sesquilinear form defined by H, (o, 8) = Z?,k:o M+ Bk,

is a (strictly) positive definite form if and only if the matrix H, = (mi1;)o<i,j<n
is (strictly) positive definite, for every n > 0. Equivalently, the second assertion
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of Theorem 4.3, shows that the Hankel matrix H = (m;;); j>o0 is positive, or
in an equivalent way, det H,, > 0, for every n > 0, where H,, = (mi+j)0§i7j§n-

Combining Proposition 4.1 and Theorem 4.3, we can formulate the following
result.

Theorem 4.4. Let T = {vn}n>0 be a sequence (4). Then, the following
assertions are equivalent,

1. The linear moment problem (1) for sequence (4) owns a solution.
2. The Hankel matric H = (vi4;); j>0 5 positive.

3. det H, > 0, for every 0 <n <r —1 and det H,y, > 0, for every n > 0,
where det Hy, 4, is given by (10).

Let 7 = {v, }n>0 be asequence (4) and suppose that the associated nonhomogeneous
part C = {cp}n>r is a sequence of type (3) of order s, whose characteristic
polynomial is Q(z) = 2° — bp2* 1 —b12°72 — ... — by 1. Let R(z) = 2" —
apz" ' —a12" "2 —---—a,_; be the characteristic polynomial of the homogeneous
part of (4). The linearization process of [2, Theorem 2.1 (Linearization Process)]
applied to the sequence (4), allows us to show that 7 = {v, },>0 is a sequence of
type (3) of order r+ s, with initial data vg, v1,. .., v,+s—1 and whose coefficients
€0, C1, - - -, Crys are obtained from its characteristic polynomial given by P(z) =
Q(2)R(z). Therefore, following Proposition 4.2, we get the following property.

Proposition 4.5. Let T = {v,, }n>0 be a sequence (4) and Hy+p, = (Vitj)o<i,j<r+n—1
its associated Hankel matrices of order r + n. Suppose that C is a sequence of
type (3) of order s. Then, we have det H,1,, =0, for every n > s.

On the other hand, let A be a self-adjoint operator on a Hilbert space
H be a solution of the linear moment problem (1) on a vector on a non-
vanishing © € H, associated with the sequence 7 = {v,}n>0 defined by (4).
By the linear recursive relation (3), related to the linearized expression of
(4), we have (A"P(A)z|z) = (P(A)z|A"z) = 0, for every n > 0, where
P(z) = Q(2)R(z) is the characteristic polynomial of the linearized sequence
of (4). Therefore, we have (A" P(A)z|A™P(A)x) = 0, for every n > 0, m > 0,
especially ||[A"P(A)z|| = 0, for every n > 0. This implies that A™x is a linear
combination of z, Az, ..., A"t 1z. Therefore, when the nonhomogeneous part
Cis an s — GF'S, if the linear moment problem owns a solution A, a self-adjoint
operator on a Hilbert space H, then it has a solution A on some r+s-dimensional
Hilbert space (for more details see [11, Proposition 2.2 ]). This allows us to
suppose that the Hilbert space H is of finite dimension (r 4 s). Therefore, we
have the following result.

Proposition 4.6. Let T = {v,}n>0 be a sequence (4), with positive definite
associated Hankel matriz H,., and let P(z) the characteristic polynomial of its
homogeneous part. Suppose that C is a linear recursive sequence of type (3) of
order s, whose characteristic polynomial is Q(z). Then, there exists a (deg(P)+
deg(Q))-dimensional Hilbert space H(ry and a self-adjoint operator A on H 7y,
solution of the moment problem (1).
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Proposition 4.6 shows the main role of the recursiveness of the sequence
{¢n}n>0, in reducing the study of the linear moment problem (1) to the finite
dimensional Hilbert space H.

5 Some considerations on the K-moment problems
(2) for sequences (4)

The aim here is to apply results of the preceding sections for solving the K-
moment problem (2) for nonhomogeneous recursive sequences (4), using results
of the linear moments problems in Hilbert spaces H. More precisely, the solution
of K-moment problem (2) is obtained in terms of representing measure of the
self-adjoint operator A and the vector x € H solution of the linear moment
problem (1), for the nonhomogeneous recursive sequences (4). The Stieltjes and
Hamburger moment problems for the nonhomogeneous recursive sequences (4)
are discussed.

5.1 K-—moment problems associated with sequences (4)

Recall that the purpose of the K—moment problem associated with a given
sequence T = {v, }o<n<p, where K is a closed subset of R, is to find a positive
Borel measure 1 such that Expression (2) is verified, namely,

Up = / t"du(t) and supp(p) C K.
K

As mentioned above, the problem (2) has been studied in the literature, by
various methods and techniques. It is called the full moment problem when
p = 400 and the truncated moment problem, for p < 400 (see [7-9]). Using
the spectral representation of the self-adjoint operators, we can show that the
linear moment problem (1) and the moment problem (5.1) are equivalent (see
for example [6]). Moreover, using Theorem 4.3 and Theorem 4.4, we get,

Theorem 5.1. Let T = {v,}n>0 be a sequence (4). Suppose that the Hankel
matriz H = (vi1)i j>0 is positive. Then, there exists a positive Borel measure

W such that
Un = / t"du(t),
K

where K = supp(u). Namely, the there exists a positive Borel measure p solution
of the K-moment problem (2).

Now consider the moment problem (2) for a sequence T = {vy, }n>0 given by
(4). Let u be a positive Borel measure of support K. Then, following the proof

of Theorem 2.2, we have v,, = / t"du(t) for every n > 0, if and only if, v, =
K

/ t"du(t) forany n=0,...,r—1land ¢, = / t" 7" P(t)du(t) for n > r, where
K K

10
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K = supp(p). Moreover, a direct computation allows us to get the following
result.

Proposition 5.2. Under the preceding data, the following assertions are equivalent.

(i) v = [ t"du(t), for every n >0, where K = supp(u).

r—1
(i) vy = [ t"dp(t) forn=0,...,2r—1 andcp,— Y ajcn_j_1 = [} =2 P(t)*dp(t),
j=0
for every n > 2r, where K = supp(p).
It is easy to show that the second assertion of the Proposition 5.2 implies
r—1
2
that cop — Zaj62k7j71 = /[tkiTP(t)} du(t), for any k > r, and if there
j=0
r—1
exists ko > 7 such that cop, — Y. ajcop,—j—1 = 0, then supp(n) C Z(P) U {0}
Jj=0
or equivalently the sequence 7 is an r — GF'S, in which case the sequence C
vanish. This allows us to give a necessary condition for a sequence (4) to be a
moment sequences of some positive Borel measure. Thus, we recover Lemma
2.2 of [10], considered for the special case of the Hausdorff moment problem.

Since the sequence C is a nontrivial, if a sequence (4) is a moment sequence of
r—1

a positive Borel measure p, we have cof > Zaj@k._j_l, for k > r. Hence, we
§=0

can obtain the following.

Proposition 5.3. Let T = {v,}n>0 be a sequence (4). If T is a moment
r—1

sequences of a positive Borel measure i, then cop > > ajcon—j—1 for any k > 7.
j=0

Using Proposition 4.5, we can easily establish the following.

Proposition 5.4. Let T = {v,}n>0 be a sequence (4), p a positive Borel
measure and p a measure given by t"dp(t) = P(t)du(t). Then u is a solution
of the full moment problem (2) associated with T if and only if 1 is a solution
of the truncated moment problem (2) associated with T, = {vn}o<n<r—1 and
{Cn+rtn>0 is a moment sequences of p.

Particularly, when 7 = {v,}n>0 is a sequence of type (3) of order r (i.e
¢n, = 0, for every n > 0), then the second assertion of the preceding proposition
is equivalent to the fact that p is a solution of the truncated moment problem
(2) associated with 7 = {vn }o<n<r—1 and [, t"dp(t) = [, t" " P(t)dpu(t), for
every n > r. The last statement is equivalent to supp(u) C Z(P), and we obtain
Lemma 2.2 of [10] in the particular case of the Hausdorff moment problem.

5.2 Moment problems (2) associated with sequences (4),
with ¢, satisfying (3)
Let consider the linear moment problem (1) for sequence sequences (4), where

the sequence C = {c, }n>, satisfies the linear recursive relation (3). Then, by

11
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Proposition 4.2, Theorem 4.4, Proposition 4.6 and Theorem 5.1, we get the
following result concerning the Hamburger moment problem for sequences (4).

Theorem 5.5. Let T = {v,}n>0 be a sequence (4). Suppose that C = {cy}n>0
is a sequence of type (3) of order s. Then, a necessary and sufficient condition
that there ezists a measure p solution of the truncated Hamburger moment
problem associated with a sequence T = {vp}n>o is that the Hankel matriz
H, s is positive definite or equivalently det H, > 0 forn=0,1,...,r + s.

Similarly, we get the following result concerning the Stieltjes moment problem
for sequences (4).

Theorem 5.6. Let T = {v,}n>0 be a sequence (4). Suppose that C = {cy,}n>0
is a sequence of type (3) of order s. Then, a necessary and sufficient condition
that there exists a measure p solution of the truncated Stieltjes moment problem
associated with a sequence T = {v,}n>0 is that the two matrices H,1s and
Sris are positive definite or equivalently det H,, > 0 and det S,, > 0 for n =
0,1,...,74+s.

Note that a similar result can be established for the Hausdorff moment
problem.
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ABSTRACT
Sometimes, it is not possible to find a general solution for some differential
equations using some classical methods, like separation of variables. In such
a case, one can try to use theory of tensor product of Banach spaces to find
certain solutions, called atomic solution. The aim of this paper is to find

atomic solution for conformable non-linear wave equation.
Key Words: fractional wave type equation; conformable derivative; atomic solu-

tion.

1 Introduction

In [Khalil et al., 2014, a new definition called a-conformable fractional deriva-

tive was introduced as follows:
Letting o € (0,1), and f: E C (0,00). Then for z € £

l1—o
D f(z) = lim floter™) - f(x) (1)
e—0 g
If the limit exists then it is called the a-conformable fractional derivative of
f at x.
For =0, if f is a-differentiable on (0, r) for some r > 0, and lim,_,o D*f(0)
exists then we define D®f(0) = lim,_,o D*f(0). The new definition satisfies:

1. Tolaf +bg) = aT,(f) + bT,(g), for all a,b € R.

*i.aldarawi@ju.edu.jo
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2. T,(N\) = 0, for all constant functions f(t) = A.

Further, for o € (0, 1] and f,g are a-differentiable at a point ¢, with g(¢) # 0.
Then

L. Tu(fg) = fTa(g) + gTu(f).

2. Ta(§> — gTa(f);fTa(g),g(t) # 0.

g

We list here the fractional derivatives of certain functions,

1 1
4. Tyeat" = eal”.

On letting o = 1 in these derivatives, we get the corresponding classical rules

for the ordinary derivatives.

One should notice that a function could be a-conformable differentiable at a

point but not differentiable, for example, take f(t) = 2v/t. Then T%(f)(O) =

1.

This is not the case for the known classical fractional derivatives, since
T1(f)(0) does not exist.

A vast number of researcher dedicated so much of their work to study con-
formable derivatives and its applications. Among them, [Abdeljawad, 2015],

[Abu Hammad and Khalil, 2014], [Aldarawi, 2018|, [Alhabees and Aldarawi, 2020],
|ALHabees, 2021]|, [ALHorani and Khalil, 2018|, [Anderson et al., 2018], [Atangana et al., 2015],
|Chung, 2015], [Hammad and Khalil, 2014], [Khalil et al., 2016], [Kilbas, |,
[Mhailan et al., 2020].

2 Atomic Solution

Let X and Y be two Banach spaces and X* be the dual of X. Assume z € X
and y € Y. The operator T': X* — Y, defined by

T(x") = a*(x)y (2)
is bounded one rank linear operator. We write x ® y for T'. Such operators

are called atoms. Atoms are among the main ingredient in the theory of
tensor products.
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Atoms are used in theory of best approximation in Banach spaces, see [Al Horani et al., 2016].
According to [Khalil, 1985], one of the known results that we need in our
paper is: if the sum of two atoms is an atom, then either the first components
are dependent or the second are dependent.
For more on tensor product of Banach spaces we refer to [Deeb and Khalil, 1988|
and [Khalil, 1985].
Our main object in this paper is to find an atomic solution of the equation

D Dfu = *DP DPu + D¢ DPu. (3)
This is called the conformable non-linear wave equation, where ¢ is constant.
Let ¢ = 1 for simplicity to get

DDy = DP DPy 4 D? Db, (4)

If one tries to solve this equation via separation of variables, then it is not
possible since the variables can not be separated.

3 Procedure
Let u(z,t) = X (x)T(t). substitute in equation (4) to get:

X(2)T*(t) = X% (2)T(t) + XP(2)T(t). (5)

This can be written in tensor product form as:

X(2)@T*(t) = X*(2) @ T(t) + XP(x) @ T*(t). (6)

Let us consider the following conditions: X (0) = 1, X?(0) = 1.
In equation (6), we have the situation: the sum of two atoms is an atom.
Hence, we have two cases:

3.1 case I: X?%(2) = X¥(x)

The situation of case I: X??(z) = X”(x), using the result in [Al-Horani et al., 2020],
we get

B

X(x)=e7r. (7)
Now, we substitute in (6) to get
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5

e? @ T (t)
N

eF @ T (t)

(1)

T R T(t) +eF ®T(0).
% @ [T(t) +T°(1)).

T(t) 4+ T(t). (8)

Hence, T?*(t) = T(t)+T*(t). Again, using the result in |Al-Horani et al., 2020,

T(t) = e 5D T 4 el 3T 9)
Using the conditions 7°(0) = 7%(0) = 1, we get
5 1 1 t* 5 — 1 —1 t*
T(t) = ks ek V5 ek (10)
25 25
From (7) and (10), we obtain the atomic solution of (4) as follows:
2 041 11v5 2 5—1 (1-v5,&2
u(z,t) =e? icks S o V5 2 (11)
25 2v/5

3.2 case II: T'(t) = T%(¢)

This is conformable linear differential equation. Hence, we can use the result
in [Khalil, 1985], or use the fact that

T(t) = t'T1(t). (12)
To get
T(t) = t'"7°TI¢)
dT(t) -1
= o7 lat
T(t)
tCM
LnT(t) = — +k. (13)
a
Where £ is constant. Hence,
T(t) = Ke's | K = ¢". (14)
Again, by using the conditions T'(0) = 7%(0) = 1, we get
T(t) = e, (15)
4
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Substitute in equation (4) to get

e

X(@)@es = (X¥(x)+ X(2) @t
X(z) = X%(x)+ X°(x). (16)

Again, by using the result in [Khalil, 1985], and the conditions X (0) =
XP(0) =1, we get

..3

3+5 V5 2 —3+5
X(z) = (2\[> 6+< Wi >e 5 (17)

From (15) and (17), we obtain the atomic solution of (4) as follows:

(i, t) = ((?f) “§+< z;f)e : ﬂ> s (8)

3.3 Example

Considering the following fractional wave equation

D}?D}*u = DY?DY?u + D> DY u. (19)
The solution of (19) is

u(z,t) = (20)

V5 +1 ENVAY VB —1 1y 0e
o 5) o5 +_€< 5 .
25 25
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Abstract This paper deals with stability of nonlinear differential equations with
parameter with periodic perturbation. We determine values of the parameter under
which the solutions of the perturbed systems could be uniformly exponentially stable.
Sufficient conditions for global uniform asymptotic stability and/or practical stability
in terms of Lyapunov-like functions are obtained in the sense that the trajectories
converge to a small ball centered at the origin. Moreover, to illustrate the applicability
of our result, we study the stabilization problem for a class of control system.

Keywords: Differential equations, parametric systems, perturbation, asymptotic
behavior of solutions.
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1 Introduction

The investigation of stability analysis of nonlinear uncertain systems is an important
topic in systems theory. The problem of stability analysis of nonlinear time-varying
systems has attracted the attention of several researchers and has produced a vast
body of important results (see [2]-[26], [29], [32], [33], [34] and the references therein).
There have been a number of interesting developments in searching the stability cri-
teria for nonlinear differential systems, but most have been restricted to finding the
asymptotic stability conditions for some classes of certain systems. In particular,
parametric stability for nonlinear systems is an interesting area of research, and it
naturally arises in diverse fields such as population biology, economics, neural net-
works, and chemical processes.
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Basically, parametric stability for nonlinear systems addresses the stability of equilib-
ria for nonlinear systems with real parametric uncertainty, especially the feasibility
of equilibria and the stability nature of the equilibria with respect to small variations
of the real parametric uncertainty (see [25]). Dynamic systems governed by ordinary
differential equations with periodically varying coefficients have been studied since
one and a half centuries ago (see [12], [14], [19] and the references therein).

Mathieu [31] introduced a differential equation with periodic coeflicient and Hill [24]
presented the first ever solution technique of linear periodic equations. Lyapunov [30]
demonstrated the Lyapunov-Floquet transformation for autonomous systems which
is a linear periodic system into a dynamically equivalent time-invariant form. Unlike
the differential systems without parameters, studying stability of differential para-
metric systems with periodic coefficients may not be easily verified ([16]-[17]).

It is well known that for linear parametric systems of the form: & = A(a)z, « is a
real parameter which can be constant or depending on time. For technical reasons, it
is important to distinguish between constant and time-varying parameters. Constant
parameters have a fixed value that is known only approximately. In this case, the
underlying dynamical linear system is time invariant. Time-varying parameter «(t)
is a certain function which varies in some range and the resulting system is then
time-varying. Kharitonov’s theorem (see [27]) gives a simple necessary and sufficient
condition for parametric system where a quadratic Lyapunov function is used to solve
the problem of stability. Barmish in [3] introduced the notion of parameter dependent
Lyapunov functions for continuous-time linear systems whose dynamic matrices are
affected by bounded uncertain time-varying parameters. Floquet [20] developed the
complete study for stability of linear time-periodic differential equations. Based on
Floquet theory the stability of the linear system with time-periodic coefficients can
be determined from the eigenvalues of a certain matrix. These eigenvalues are often
called Floquet multipliers. He proved that, if all Floquet multipliers have magnitude
less than one, the linear system with time-periodic coefficient is asymptotically stable.
In general to solve the problem of stability the usual techniques are related to some
linear matrices inequalities that finding an adequate Lyapunov matrix to solve a sys-
tem of Lyapunov inequalities which is a convex program. Perturbation theory is a
pertinent discipline for the applications of time parametric dynamics which is a com-
pilation of methods systematically used to evaluate the global behavior of solutions
to differential equations. This motivates us to study the problem of uniform exponen-
tial stability of perturbed systems by assuming that the nominal associated system
is globally uniformly asymptotically stable by imposing some restrictions on the size
of perturbations in particular that are periodic in time.

The goal is to obtain estimates for the solutions of perturbed differential equations
and to get uniform boundedness and uniform convergence to a small neighborhood of
the origin. The notion of practical stability, (see [6]), is introduced in a special case.
We determine values of parameters under which the systems are uniformly practically
exponentially stable where some estimates on the decay rate of solutions at infinity
are obtained. Finally, we give an application for the stabilization a class of control
parametric system.
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2 General definitions

Consider the non-autonomous system

dz

=t 1
where [ :[0,00) x R" — R" is continuous in t and locally Lipschitz in = on [0, 00) X
R™. The origin is an equilibrium point for (1), if f(¢,0) =0, V¢ > 0.
Definition 1. (Exzponential stability) The zero solution of system (1) is exponen-
tially stable if there exist positive constants c, i, and \ such that

lz@)] < pllx(to) e,V lla(t)]| < ¢ (2)

and globally exponentially stable if (2) is satisfied for any initial state x(ty) € R™.

The exponential stability is more important than stability, also the desired system
may be unstable and yet the system may oscillate sufficiently near this state that
its performance is acceptable, in particular when f(¢,0) # 0, thus the notion of
practical stability is more suitable in several situations than Lyapunov stability, it
means that the trajectories converge to a small neighborhood of the origin, in the
sense of uniform stability and uniform attractivity of system (1) with respect a certain

ball B, = {x € R"/||z| < r}.
Definition 2. (Uniform stability of B,) B, is uniformly stable if for all ¢ > r,
there exists 0 = 0(e) > 0, such that

lz(to)ll <0 = [lz(®)]| <&, VE=to. (3)

Definition 3. (Uniform attractivity of B,) B, is uniformly attractive, if for
e>r,ty >0 and x(ty) € D, there exists T'(e,x(ty)) > 0, such that

lx(t)]] <e, Vt>to+T(e,z(ty)). (4)
B, is globally uniformly attractive if (4) is satisfied for all x(ty) € R™.

Definition 4. (Practical stability) System (1) is said uniformly practically asymp-
totically stable, if there exists B, C R™, such that B, is uniformly stable and uniformly
attractive. It is globally uniformly practically asymptotically stable if x(to) € R".

Definition 5. System (1) is said uniformly exponentially convergent to B,., if there
exist y >0 and k > 0, such that

le(@)]l < klla(to)| exp(—(t — t) + 7. V¢ > to, Valte) € R (5)

If x(ty) € R™, the system is globally uniformly exponentially convergent to B,.
We say that the system is globally uniformly practically exponentially stable if for
r >0, it is globally uniformly exponentially convergent to B,.

Here, we study the asymptotic behavior of a small ball centered at the origin for
0 <|| z(t) || —r, so that if » = 0 we find the classical definition of the uniform
asymptotic or exponential stability of the origin viewed as an equilibrium point.

3
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3 Problem formulation

We consider the following system of differential equations

d
o = MA) + B +vp(tx). 120 (6)
where A(a(t)) € R™ " is a matrix given by A(«a(t)) = aq(t) Ay + aa(t) Ay, with oy (t) +
as(t) = L,au(t) € RT, V& > 0, B(t) € R™" is T-periodic matrix, u,v € R are
parameters and ¢(t,z) is a smooth vector function such that, for all ¢ > 0 and
r € R"”
p(t+T,2) = p(t, )

and

lo(t, )| < El|z||*° +7, §>0, k>0, r>0. (7)

Suppose that the spectrum of matrices A; and A, belong to the left half-plane
{Ae C,R(A\) <0} and
T
/ B(t)d(t) = 0. (8)
0
Throughout this paper, we indicate the following domains:

L={peR0<pu<pm}, L={veR|v<n},

such that the system (6) is practically uniformly exponentially stable for p € I, v €
I5. Moreover, we obtain estimates on the solutions of (6) that guarantee exponential
decay when t — 400 to a certain ball B(0,r;) with a radius r;,7 =1, 2.

Remark For 1 = v = 1, the system (6) can be seen as a perturbed system (see [8],
[9)-
Notations: The following notations will be used throughout this paper. For a matrix

X, the notation X* denotes the transpose of matrix X. Ay (X) and Apax(X) denote
the minimum and the maximum eigenvalues of X respectively.

Since
spect(A;)i=12 C {) € C, Re()\) < 0},

then, there exist symmetric and positive definite matrices H; and H, solutions of
the matrices Lyapunov equations (see [26] for the existence and uniqueness of the
matrices H;, i = 1,2),

HA + ATH, = -1 9)

and

The matrices H;, i = 1,2 satisfy:

o0
Hi:/ esAietids.
0
4
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In many cases, it is hard to find a common positive-definite matrix H = H; = H,.
In fact, the existence of a common positive-definite matrix depends on the difference
of the two matrices A;,7 = 1,2. In order to solve these problems, many scholars have
made many further investigations. For example, in [28], the authors showed that, if
the matrices A; and Ay are real Hurwitz matrices, and that their difference is rank
one, then A; and A, have a common quadratic Lyapunov function if and only if the
product A; A, has no real negative eigenvalue. We can solve this problem, in the
special case when A; + A} = Ay + A5, we get

0o o)
* *
H — / esAl GSAldS _ / 68A2€8A2d8.
0 0

To facilitate our task, we will suppose that, (9) and (10) have a unique solution
H=H">0.
We have

nllzl* < (Ha,x) < | HJ ||z,

where v = Apin(H).

Now, In order to study the asymptotic behavior of solutions, we shall impose some
conditions on the parameters under which the system (6) can be practically uniformly
exponentially stable.

Theorem 1. Let

B = max |H/ ds+/ B (s)dsH]|.

TE to,to—l—T]

by = max H/ ds—l—/ B*(s)dsH)(A; + B(1))||,

TE[to,to—l—T]

f3 = max H/ ds+/ B*(s)dsH)(Ay + B(1))]],

TE[to,t0+T]

and

o = mln{ } where 3 = max{fa, 3}

Let H be a solution to the matmces Lyapunov equations (9) and (10) and 6 = 0.
Then, for parameters p and v such that

O<p<p and 2,uﬂ+2|y|k:(H H 1)<1,

and for any initial data x(ty) € R", the solutions of system (6) converge exponentially
towards the ball B(0,r1) whose radius is given by

(ML )2
(2 = 1) (1 - 28 = 2wlk(L2L + )

ry = 2|v|r
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Remark Note that, if v = v(t) with |v(t)] — 0 as ¢ — +o00, then the solution of
system (6) tend to zero when ¢ tends to infinity.

Proof Define the following matrix

H(t,pn) ——H H/ ds—/ B*(s)ds H. (11)
Since H = H*, it follows that
H(t, p) = H"(t, )
and by (8), the matrix H (¢, ) is T-periodic, i.e.
H(t+T,p) = H(t, ),
Let z(t) be a solution to (6), then the function
h(t, p, v) = (H(t, p)a(t), x(t))

is continuously differentiable on t. It follows that, the derivative of h(t, u, /) is given
by

St i) = (), (0) + () o 0), 2(0) + (L pha(e), (D)

dt dt dt
Since 4
dtH(t u) =—HB(t) — B*(t)H,
then
d
pr (t,pu,v)

(HB(t) + B"(t)H)x(t), z(t))
(£))(

—

HpH (E, p)(A(a(t) + B(t))x(t), x(t))
Hp(Al)" + B () H (L, (1), (1))
HV(H (L, p)o(t, x), 2(1)) + v(H(t, p)(t), o(L, v)).

Using the definition of matrix H (¢, 1), we obtain

%h(t pov) = ((=HB({t) = B*(t)H)x(t), x(t)) + (H(A(a(t)) + B(t))x(t), z(t))

—pu{ H/ d8+/ B*(s)ds H)(A(a(t)) + B(t))x(t), z(t))
+((A(a(t))" + B*(t))Hz(l), x(t))
_i{(A(a(t))* + B (1)) H/ ds+/ B*(s)ds H)z(t), z(t))

+2 (V(H(t, p)p(t, o), x(
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Replacing A(a(t)) by its value and multiplying B(t) by (a4 (t) 4+ aa(t)), we get

ih(t p,v) = (oq(t)(HAL + ATH) + ao(t)(HAs + A5 H)x(t), z(t))

' oo (0 [ Byt + [ B 1A+ BO)a(0.000)
+ (A + B() H/ ds+/ B*(s)ds H)z(t), 2(t))

~as(thn (2 / $)ds + / B (s)ds H)(As + B(0))a(t), 2(0)
+ (A + B (H / s)ds + / B (s)ds H)o(t). (1)

+2 (V(H(t, p)p(t, ), z(1)))

(12)

Taking into account (9) and (10) and using the fact that 0 < u < wo, we obtain the
following estimate

Chit ) < ()P

topan(t) max |[(H / §)ds + / B*(s)dsH) (A, + B(r))|[|«(t)]?

TE [to to +T]

topan(t) max |[(H / §)ds + / B*(s)dsH)(Ay + B(r))|[|«(t)]?

TE [to to +T]

vl (V50 ) oty + 2 (B0 4 ) he

- (12— (B 5 ) oo
vl (B0 60 pato

Since the matrix H(t, ) is positive definite for 0 < pu < po, it follows that

IN

1 1
0 < (;% —p)l < H(t,p) < (EHHH + Pl
Thus,
dh(t v) < L2 k<@+ﬁl>h(t )
_ //1/’ < J— 7/’L7V
dt SIH + By
]|
SRR
=+ 2|V|T’M h(tnuv V)'
=5
7

54 Hammami 48-65



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

Let H(t, pu,v) = \/h(t, p,v), it follows that,

128 2 k(14 8,)
Q(Huﬂ + B1)

LH]|
+ 51
+ |vlr—=

d
EH((Z s l/)

IN

H(t, p,v)

which implies that

1208 — 2] k(M4 5,)
201 H 1| + pbr)

(M + B1)?

\/fﬁl <1 —2upB — 2|I/‘k(@ + 51))

m
LA ]
/HHH 1—2uB —2|v| k(7+51>

(@ + 5)?

Ht,p,v) < H(to, pu,v)exp wu(t — to)

+2|v|r

IN

+2vlr 1]
2= Gy (1 208 = 2L + )
and consequently
e < /1E 22 (5 61) (t—to) | 2(to)]
T < ———exp | — — T
E—) 2(|H | + pbh) o °
| H]| 2
Rl
+ 2ly|r G 2

(2 = 1) (1 - 28 — 2k + )

Thus, we obtain an estimation as in Definition 5. Hence, the solutions of system (6)
converge exponentially towards the ball B(0, ;) whose radius is given by

(M + B1)?
(2 —81) (1-208 - 2wlk(ML + 5y))

ry = 2v|r

Remark A simple verification shows that r; > 0.

In the next part of this paper, a new class of functions appears: functions that
depend on a set of constant parameters, that is, f = f(¢,x,¢), where ¢ € RP. The
constant parameters could represent physical parameters of the system and the study
of perturbation of these parameters accounts for modeling errors or changes in the
parameter values due to aging. Let begin by introducing the following lemma.

8
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Lemma (see [26]) Let f(¢,x,¢) be continuous in (¢, x,¢) and locally Lipschitz in x
(uniformly in ¢ and €) on [tg, +oo[xR"™ x {||e — &¢|| < ¢}. Let y(t, o) be a solution of
T = f(t,x,e0) with y(to, e0) = yo € R™. Suppose y(t,eo) is defined and belongs to R"
for all t > tog. Then, given A > 0, there is v > 0 such that, if

120 = woll < v and |le —eoll <~

then there is a unique solution z(t, €) of & = f(t,x, ¢) defined for t > ty, with z(tg, ) =
2o, and z(t, €) satisfies

HZ(t,&') - y(t7€0)H < )\7 vt Z tO'

Quite often when we study the state equation @ = f(¢,x,¢), where € € RP, we need
to compute bounds on the solution z(¢) without computing the solution itself. That
is why, in order to make our tache more easy, we will solve the differential equation
& = f(t,x,e0) where gy is a parameter sufficiently close to ¢, i.e., || — g¢]| sufficiently
small and after that we will approximate the solution of & = f(¢, z,¢).

Theorem 2. Let H be a solution to the matrices Lyapunov equations (9) and (10).
Let By, B2, B3, B and ug be defined in the Theorem 1, let § >0, p > 0 and

P02 (= pB) O (1= 2u8)

2 k(IH[| + pB)? (1 Hlp + )0

Vg =

with 7y is some constant. Then, for 0 < p < ug, |v| < vy and for any initial data
z(to) € R, lz(to)l| < p,
the system (6) is practically uniformly exponentially stable.

Proof Let z(t) be a solution to system (6) and H (¢, ) be defined by (11). From
the proof of Theorem 1, the function h(¢, u,v) satisfy the inequality (12). By the
definition of matrix H (¢, 1) and taking into account that ||¢(t, z)|| < k|z|**° +r, we
obtain the following estimate

d H
it < ==zl + 2k (1504 6, ) ot

raolr (146} pato.

Since 5/2
le(@)? < 2D g ey < MEBDT
(= B) (5 — B
then,
a2 < L)

(%ﬂl _ 51)1+5/2'

9
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It follows that
1—2pup
_ﬁHHII + 5
2l (LIH] + 6)
(i% — By)1+9/2

d
_h<t7 22 V) <

h(t
o (t, pu,v)

h(t, p,v)+o/2

Introduce the following notation

1—ous 2wk (RIHI+8) (L 1 5,)

TR A PR AR e 2Mrm’
hence %h(u 1,v) < —erh(t, 1, 1) + esh(t, i, ]/)1+6/2 + 63\/m.
Let 2(t) = /h(t, w,v),
we have %z(t) . _%z(t) n %Z(t)H-J X %3 (13)

Let z(t,e) the solution of (13) where € = (€1, €2, €3) € RY and y; (¢, &) the solution of

2l < —%z(t) + %z(t)1+5 (14)

where g9 = (€1, €,0) € R3.

In order to solve (14), we can take n = 1+ ¢ and w(t) = y1(t,£0)* " = y1(t,€0)°.

Thus,
d 615 625

“w(t) = = — =
=55
Solving the homogenous equation

%w(t) = ?w,
we get
€10
w(t) =L e2 .
Now, suppose that L is a function that depends on ¢, i.e. we have
€10

w(t) = L(t) e 2
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A simple computation shows that

615
€9 ——t
Lity=—e 2 +6, Vv0>0,
€1
and consequently
615
€9 —t
w(t) == +0e 2
€1
where
_@t
0= (w(to)—E—Q) e 2"
€1
It follows that,
61(5
t—1t
w(t):€—2+< (t0>_€_2)€2( 0)
€1 €1
Since y1(t,g0) = w(t)Y% and w(ty) = y1(to, £0) "%, we obtain
615 615 —1/s
t—1t —(t =t
yl(t,sg) = yl(to,€0) € 2 ( 0) + 6—2 — 6—2 e 2 ( 0)
€1 €1
If
€29y (to, €0) < €1, (15)

which will be verified later on, and using the fact that for all @ > 0 and b > 0, we
have

b
(a+b) <aP(l1+-)P, VpeR,
a
Thus,

—1/5
y1(t,e0) < y1(to,50)€_71(t_t0) % (1 - 91(150,50) + y1(t0>50)_€ 6(t—t0)>
€1

yields,
~1/s
e €
y1(t,e0) < yi1(to,co0)e 2 (t=t0) (1 - 3/(15(750750)6_2> :
1

Then, by the Lemma, for ||es|la < v and A > 0, we get

HZ(t,{-:) - yl(t>€0)” < /\7
which implies that

15
_f1 (4 €
2t o)l < A+ ||y (to,e0)e 2 710 <1_yf(to,€o)e_2>

1

~1/6
< At (l2(to, 2)]| +7)e 2

€
1- yf(toﬁo)—z‘
€1

< A+ ( \/ H to)]| +7)e 2t

e |7
1—y}(to,e0)—
€1
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Since
M |H ||
— = Bullz@)]| < 2(t,€) < + Ballz (@)1,
H K
then,
1 H| 5 62‘ e — L (t—t0)
x(t < —— |1 —y7(¢0,€0)— x(tg)|le” 2V
@l <\ e Z [ ()]
A\ N 6 —-1/5

1 -y} (to, €0)

€1

+—= + 0=
no_ i
VE=B a5
The last inequality implies that the solutions of system (6) converge exponentially
toward the ball B(0,ry) whose radius is given by

A e || 7Y°
ro = + 7 Hl—y‘f(to,sg)e—Q

\/%—51 \/%—51 !

which is clearly positive.

Finally, let verify the condition (15). Since |v| < v, 0 < p < po and ||z(to)]| < p,
then

2luk (114 3,)°
(o 557 (1~ 370)

210k (H + pbr)? HHHijv
=02 (= )02 (1= 2p3) u

€
248 (to, €0)
€1

IA

(l=(to, )l +7))°

)

Hence, according to the definition of v, we have

€
—zy(ls(to, 80) < 1.
€1

4 Application to control

In this section we study the stabilization problem of a control system modeled by the
same dynamic as (6).

Definition 6. A function « : [0,a[— [0, 00| is said to be of class K, if it is contin-
uous, strictly increasing and «(0) = 0. It is of class Ko if, in addition, a = +00 and
a(r) = 400 as r — +00.

Let as recall the following result (see [6]).

12
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Theorem 3. Let consider system (1) and suppose that there exist a continuously
differentiable real function h(-,-) on Ry xR, K functions a;(+), as(-), a K function
as(+) and a small positive real number o such that the following inequalities hold for
allt e Ry and z € R"
ar(flzl]) < h(t,z) < ax(flz])
oh  Oh

5t 5 f(ta) < —as(lal) + o

Then the system is globally uniformly practically stable with r = o' o ap 0 a3 *(0).

When the function satisfying f(¢,0) # 0 for certain ¢ € Ry, we shall study the
asymptotic stability of the system at a neighborhood of the origin viewed as a small
ball centered at the origin. The state approaches the origin (or some sufficiently small
neighborhood of it) in a sufficiently fast manner. The following result gives sufficient
conditions for practical global exponential stability.

Theorem 4. Consider system (1). Let h: [0, +00[xR" — R be a continuously dif-
ferentiable Lyapunov function such that

allzl* < h(t,z) < eol2]®

oh Oh
i < _
5 + e f(t,x) < —csh(t,x) + 0

for allt > 0 and x € R, where ¢y, co and c3 are positive constants. Then B, is
globally uniformly exponentially stable, with r = \/o/cico.

Now we state the stabilizability problem associated with the following nonlinear time-
varying control system:

dx
— = [(ta(t),ut), t=0, (16)

where x € R", u € R™, f(t,z,u) : Ry x R" x R™ — R".

Definition 7. The feedback controller u(t) = u(t, z(t)), where u(t,xz) : RT xR" — R™
stabilizes globally uniformly asymptotically or exponentially the control system (16) if
the closed-loop system

dz
S = (1) ult, 2(1) (17)
15 globally uniformly asymptotic or exponential stable.

In the case where f(¢,0,0) # 0 for a certain t > 0. We can formulate the above
definition as:

Definition 8. The feedback controller u(t) = u(t,x(t)) stabilizes globally uniformly
asymptotically or exponentially the control system (16) with respect B,, if the as-
sociated closed-loop system (17) is globally practically uniformly asymptotically or
exponentially stable.

13
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From Theorem 3, one has the following result which concern the asymptotic stabiliz-
ability problem of system (16).

Theorem 5. Suppose that there exist a stabilizing feedback controller u(t) = u(t, x(t))
for control system (16) and a continuously differentiable function h(-,-) : Ry x R" — R,
Koo functions aq(+), as(-), a K function as(-) and a small positive real number o such
that the following inequalities hold for allt € Ry and x € R

ar([lz]]) < At z) < as((]])

oV oh
o+ g ftrulte(t) < —as(lz]) + o

Then system (16) in closed-loop with the feedback controller u = u(t,z(t)) is globally
uniformly practically asymptotically stable with r = a;* o a0 a3 (o).

Also, we can say that the control system (16) is globally uniformly exponentially
stabilizable by the feedback control u(t) = u(t, z(t)), where u(t, z) : Rt x R* — R™,
if the closed-loop system (17) is globally uniformly exponentially stable.

Definition 9. B, is globally uniformly exponentially stabilizable by the feedback con-
trol u(t) = u(t,x(t)) if there exist v > 0 and k > 0 such that for all t >ty > 0 and
xo € R™, the solution x(t) of the closed-loop system (17) satisfies:

()] < Ellzollexp(—(t — to)) + 7.

In this case, system (16) is globally practically uniformly exponentially stabilizable by
the feedback control u(t) = u(t,z(t)).

One has the following result which concern the exponential stabilizability problem of
system (16).

Theorem 6. Let u = u(t,z(t)) an exponential stabilizing feedback law and
h:[0,400[xR" — R
be a continuously differentiable Lyapunov function such that
allz|* < hlt ) < el

Oh  Oh
L7 < _
BT + I f(t,z,u(t,x(t))) < —csh(t,x) + o

for allt > 0 and x € R™, where ¢1, co and c3 are positive constants. Then B, is
globally uniformly exponentially stable with r = \/o/cica, with respect the closed-loop
system (17).

Now, we will study the practical exponential stability problem a class of nonlinear
systems of the form (6). It is worth to notice that the origin is not required to be an
equilibrium point for the system (6). This may be in many situations meaningful from

14
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a practical point of view specially, when stability for control systems is investigated.

Consider the class of systems that can be modeled by:

Z_f = u(A(a(t)) + B(t))x + ve(t, z,u), t>0, (18)

where A(a(t)) € R™™ is a matrix given by A(a(t)) = aq(t)A; + as(t) Az, with oy (t) +
as(t) = 1,04(t) € RY, Vt > 0, B(t) € R"™" is T-periodic matrix, 4 € R, v € R are
parameters and (¢, x,u) is a smooth vector function. u denotes the control of the
system. We suppose that there exists a stabilizing feedback control u(t) = u(t, z(t)),
where the function u is a suitable feedback controller such that the condition (7) is
replaced as follows: ¢(t, z,u) is a smooth vector function such that, for all ¢ > 0 and
r € R",
Sp(t + T, z, u(t> Jf(t))) = Qp(tv €, u(t7 $(t)))
and
lo(t, 2, u(t, ()] < k|| +7r, >0, k>0, r>0.

The practical uniform exponential stability can therefore be established as in Theo-
rem 2, an d an estimation as in Definition 9 can be obtained which gives that the
system (18) in closed-loop with w(t) = wu(t,z(t)) is practically globally uniformly
exponentially stable.

5 Conclusion

Asymptotic stability of a class of parametric differential equations has been studied.
New sufficient conditions for practical uniform asymptotic exponential stability of so-
lutions for parametric systems with periodic coefficients are obtained. An application
to control system is given.

References

[1] O. Aeyels and P. Penteman, A new asymptotic stability criterion for nonlinear
time-varying differntial equations. IEEE Trans. Aut. Contr., 43(1998), 968-971.

[2] S. Akhalaia, M. Ashordia and N Kekelia, On the necessary and sufficient condi-
tions for the stability of linear generalized ordinary differential, linear impulsive
and linear difference systems, Georgian Mathematical Journal, 16 (4), 597-616.

[3] B.R. Barmish, Necessary and sufficient conditions for quadratic stabilizabilityof an
uncertain system, Journal of Optimization Theory and Applications, 46 (4) 399-408
(1985).

[4] B. Benaser, K. Boukerrioua, M. Defoort, M. Djemai, M.A. Hammami, T.M.L.
Kirati, Sufficient conditions for uniform exponential stability and h-stability of some
classes of dynamic equations on arbitrary time scales. Nonlinear Anal.: Hybrid
Systems 32 (2019), 54-64.

15

62 Hammami 48-65



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

[5] A.Benabdallah and M.A.Hammami, On the output stability for nonlinear un-
certain control systems. International Journal of Control, vol 74 N6 (2001), pp.
547-551.

6] A.Ben Abdallah, I.LEllouze and M.A.Hammami, Practical stability of nonlinear
time-varying cascade systems, Journal of Dynamical and Control Systems 15 No.
1, (2009), 45-62.

[7] A. Benabdallah, I. Ellouze and M.A. Hammami, Practical exponential stability of
perturbed triangular systems and a separation principle, Asian journal of control,
13 (3), 445-448.

[8] A. Ben Abdallah, M. Dlala and M.A. Hammami, A new Lyapunov function for
stability of perturbed nonlinear systems. Systems and Control Letters, vol 56 N3
pp.179-187 (2007).

9] A. Ben Abdallah, M. Dlala and M.A. Hammami, Exponential stability of per-
turbed nonlinear systems. Nonlinear Dynamics and Systems Theory, 5(4) pp. 357-
367 (2005).

[10] B. Bellman, Stability Theory of Differntial Equations. Mac Grow-Hill, 1959.

[11] B. Ben Hamed, I. Ellouze, M.A. HammamiPractical uniform stability of non-
linear differential delay equations, Mediterranean Journal of Mathematics, 8 (4),
603-616.

[12] V.V. Bolotin, The dynamic stability of elastic systems. Holden-Day, San Fran-
cisco, 1964.

[13] T. Caraballo, M.A. Hammami and L. Mchiri, Practical exponential stability of
impulsive stochastic functional differential equations Systems and Control Letters,
109, 43-48.

[14] M.P. Cartmell, Introduction to linear, parametric and nonlinear vibrations.
Chapman and Hall, London, 1990.

[15] H. Damak, M.A. Hammami and B.Kalitine, On the global uniform asymptotic
stability of time-varying systems. Differ. Equ. Dyn. Syst. 22 (2014), 113-124.

[16] G. Demidenko and I. Matveeva, On stability of solutions to linear systems with
perioic coefficients, Siberian Math. J., 42(2001), No. 2, 282-296.

[17] G. Demidenko and I. Matveeva, On asymptotic stability of solutions to nonlinear
systems of differential equations with periodic coefficients, Sel. Journal of Applied
Mathematics, Vol. 3, No. 2,pp.37-48,(2002).

[18] T Ellouze, MA Hammami, A separation principle of time *varying dynamical
systems: A practical stability approach, Mathematical Modelling and analysis, 12
(3), 297-308.

16

63 Hammami 48-65



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

[19] M. Farkas. Periodic motions, volume 104. Springer Science and Business Media,
2013.

[20] G. Floquet, Sur les équations différentielles linéaires a coefficients périodiques.
Annales scientifiques de [’Ecole normale supérieure, volume 12, pages 4788, 1883.

[21] B. Ghanmi, N. Hadj Taieb, M.A. Hammami, Growth conditions for exponential
stability of time-varying perturbed systems, International Journal of Control, 86
(6), 1086-1097.

[22] M.A.Hammami, On the stability of nonlinear control systems with uncertainty.
Journal of Dynamical Control systems, vol 7 N2 (2001), pp. 171-179.

[23] A. Hamza and K. Oraby, Stability of abstract dynamic equations on time scales
by Lyapunov’s second method. Turkish J. Math. 42 (2018), 841-861.

[24] Hill G.W. On the part of the motion of the lunar perigee which is a function of
the mean motions of the sun and moon. Acta mathematica, 8(1):136, (1886).

[25] M. Ikeda, Y. Ohta, D.D. Siljak, Parametric stability, G. Conte, A.M. Perdon,
B. Wyman (Eds.), New Trends in Systems Theory, Birkhauser, Boston, 1991, pp.
120.

[26] Hassan. K. Khalil. Nonlinear Systems. Macmillan Publishing Company, Singa-
pore, (1992).

[27] V. L. Kharitonov, Asymptotic stability of an equilibrium position of a family of
systems of differential equations, Differentsialnye uravneniya, 14 (1978), 2086-2088.
(in Russian).

[28] C. King, M. Nathanson, On the existence of a common quadratic Lyapunov
function for a rank one difference, Linear Algebra and its Applications 419 (2006)
400416.

[29] V. Lakshmikantham, S. Leela and A. Martynyuk, Stability Analysis of Non-linear
Systems. Marcel Dekker, New York, (1989).

[30] Lyapunov A.M. Sur une série relative a la théorie des équations différentielles

linéaires avec coeficient périodiques. Comptes Rendus de |’ Academie des Sciences,
Paris, 123:12481252, (1896).

[31] E. Mathieu, Mémoire sur le mouvement vibratoire dune membrane de forme
elliptique. Journal de mathematiques pures et appliquees, 13: 137203, (1868).

[32] M. Meghnafi, M. A. Hammami and T. Blouhi, Existence results on impulsive
stochastic semilinear differential inclusions, Int. J. Dynamical Systems and Differ-
ential Equations, Vol. 11, No. 2, 2021 131.

17

64 Hammami 48-65



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

[33] V. Slynko, C. Tunc, S. Erdur, On the interval stability of impulsive systems with
time delay, Journal of Computer and Systems Sciences International, 59 (1),(2020)
8-18.

[34] C. Tunc, A remark on the qualitative conditions of nonlinear IDEs, Int. J. Math.
Comput. Sci. 15 (3), (2020) 905-922.

18

65 Hammami 48-65



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

Generalized Canavati Fractional
Hilbert-Pachpatte type inequalities for Banach
algebra valued functions

George A. Anastassiou
Department of Mathematical Sciences
University of Memphis
Memphis, TN 38152, U.S.A.
ganastss@memphis.edu

Abstract

Using generalized Canavati fractional left and right vectorial Tay-
lor formulae we prove corresponding left and right fractional Hilbert-
Pachpatte type inequalities for Banach algebra valued functions. We cover
also the sequential fractional case. We finish with applications.
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1 Introduction

Motivation follows:
‘We need

Definition 1 (see [5]) A definition of the Hausdorff measure h,, goes as follows:
if (T,d) is a metric space, A C T and 6 > 0, let A(A,0) be the set of all
arbitrary collections (C'); of subsets of T', such that A C U;C; and diam (C;) < 6
(diam =diameter) for every i. Now, for every a > 0 define

hS (A) := inf {Z (diamCy)™ | (Cy), € A(A,6)}. (1)

Then there exists %in(l)hi (A) = suph? (A), and hy (A) := %in(l)hi (A) gives an
- 6>0 -

outer measure on the power set P (T), which is countably additive on the o-field

66 Anastassiou 66-77



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

of all Borel subsets of T. If T = R"™, then the Hausdorff measure h,,, restricted
to the o-field of the Borel subsets of R™, equals the Lebesgue measure on R™ up
to a constant multiple. In particular, hy (C) = u (C) for every Borel set C C R,
where p is the Lebesque measure.

We also need

Definition 2 (/2/, Ch. 1) Let [a,b] C R, X be a Banach space, v > 0; n :=
[v] € N, [-] is the ceiling of the number, f : [a,b] — X. We assume that
f™ € Ly ([a,b],X). We call the Caputo-Bochner left fractional derivative of
order v:

Y ()= L : z— )" ) z € [a
(DY, f) (x) )/< DT (), Ve ot (2)

F'n—v) J,
If v e N, we set DY, f := f®) the ordinary X -valued derivative, and also set
DY, f := f. Here T is the gamma function and integrals are of Bochner type [3].

y [2], Ch. 1, (DY, f) (x) exists almost everywhere in x € [a,b] and DY, f €
Ly ([a’a b] 7X)

If ||f(n)HLoo([a,b],X) < o0, then by [2], Ch. 1, DY, f € C ([a,b], X).

We are motivated by a Hilbert-Pachpatte left fractional inequality:
Theorem 3 (/2/, Ch. 1) Let p,q > 1: %—i—% =1, and v > %, vy > %,
n; = [v;], i = 1,2. Here [a;,b;] C R, i = 1,2; X is a Banach space. Let
fi c C’M*l ([az,bl] ,X), 1= 1,2 Set

ni—1 (25 — t,)jw' ,
Fy (t) =Y g—_,’fﬁ” (t:) (3)
3i=0 v

Y t; € [a;,x;], where z; € [a;,b;]; i = 1,2. Assume that fi(ni) exists outside a
p-null Borel set By, C [a;, 2;], such that

hi (Fy, (By;)) =0, V@i € [a;,b;]; i=1,2. (4)
We also assume that fi(m) € L ([as, bi] , X), and

@) =0, k=010 —1; i=1,2, (5)
and
(D% f) € Ly ([a1,b1], X)), (D2, f2) € Ly ([az, bo] , X) . (6)
Then -
e ILf1 (@)l [ f2 (w2) || dz1das
(1 —ayp)P(V1—D+1 (zo—ag)d2—D+1\ —
p(p(r1—1)+1) q(q(v2—1)+1) )
(b —a1) (b2 — 02)
T ()T () H *a1f1HL 1([a1,b1],X) HD*a2f2HL p(laz,b2],X) (7)
2
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‘We need

Definition 4 (/2/, Ch. 2) Let [a,b] C R, X be a Banach space, « > 0, m :=
[a]. We assume that f™ € Ly ([a,b],X), where f : [a,b] — X. We call the
Caputo-Bochner right fractional derivative of order a:

D™ meant vela
F(m_a)/mu el f ) (1 dJ, Y€ fab].  (8)

We observe that DY f (z) = (—=1)™ f™) (z), form € N, and DY_f (z) = f (z).

(D5-f) (@) =

By [2], Ch. 2, (Dy- f) (=) exists almost everywhere on [a,b] and (D§_f) €

Ly ([av b] 7X)

([ FO L (ax) < 00 and a ¢ N, then by [2], Ch. 2, Di_f € C([a,b], X),
hence || Dg_f|| € C ([a,b]).

We are motivated also by the following Hilbert-Pachpatte right fractional
inequality:

Theorem 5 (/2/, Ch. 2) Let p,q > 1 : %—l—% =1, and oy > %, Qg > %,
m; = [a;], i = 1,2. Here [a;,b;] C R, i = 1,2; X is a Banach space. Let

fi € C™i([as,bi], X), i =1,2. Set

F)= 3 @t oo, )

Y t; € [z;,b;], where x; € [a;,b;]; i = 1,2. Assume that fi(mi) exists outside a
p-null Borel set By, C [x;,b;], such that

hl (FIq (Brl)) = 0’ v T; € [aiabi} ; i = 132~ (10)
We also assume that f-(mi) € Ly ([as, 0], X), and

FE) (b)) =0, ki=0,1,...,,m;—1; i =1,2, (11)

K2

and
(Dy)_f1) € Ly ([a1,01], X) . (D52 fo) € Ly (a2, b2], X)) - (12)
Then

bt ILf1 (@) [[f2 (22) || dz1ds
(b1 zp)Ple1—D+1 (by—mq)2(@2— 1)+1> —=
p(p(a1—1)+1) q(q(a2—1)+1)

(bl - al) (b2 - &2 H
['(a1) T (a2)

Al o ([a1,b1],X) [r2rs f2HL (ann] ) (13)

In this work we derive Hilbert-Pachpatte inequalities for Banach algebra
valued functions with respect to their Canavati type generalized left and right
fractional derivatives. We cover also the sequential fractional case. We finish
with applications.

68 Anastassiou 66-77



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

2 Background on Vectorial generalized Canavati
fractional calculus

All in this section come from [2], pp. 109-115 and [1].

Let g : [a,b] — R be a strictly increasing function. such that g € C! ([a, b)),
and g=! € C"([g(a),g(d)]), n € N, (X,]-]]) is a Banach space. Let f €
C" ([a,b],X),and call | := fog=' :[g(a),g (b)] — X. Itis clear that [, ', ...,1("™)
are continuous functions from [g (a), g (b)] into f ([a,d]) C X.

Let v > 1 such that [v] = n, n € N as above, where [] is the integral part of
the number.

Clearly when 0 < v < 1, [v] = 0.

I) Let h € C([g(a),g(b)],X), we define the left Riemann-Liouville Bochner
fractional integral as

U0 ()= i [ =0 n (14)

Z0

for g (a) < 20 < z < g (b), where I is the gamma function; I (v) = [~ e 71"~ Ldt.

0
We set J;°h = h.
Let o := v—[v] (0 < o < 1). We define the subspace Cy, , ([g (a) , g (b)], X)
of C" (g (a), g (b)],X), where zq € [a,b] as:

Cilay) (19 (a) ;9 ()], X) =

{hec(lg@),g®)], %) eI € (g (@0),g )], X)}. (15)
Solet h € CY, ) ([g9(a),g(b)],X), we define the left g-generalized X-valued
fractional derivative of h of order v, of Canavati type, over [g (xq),g (b)] as

v — (9@ ()
DY b = (Jf,; Kl D) . (16)

Clearly, for h € Cy, | ([g(a),g(b)],X), there exists
1 d [~ _
’ _ d )
(Dian) 9= F—a7 5 / Lo @a )
for all g (zg) <z < g(b).
In particular, when fog~! € Cyzo) ([g (a),g (b)],X), we have that

(D3 (Fo07™) ()= f_adi (=0 (fog )" (ar, (18)

< ). We have that D;‘(%) (f ogfl) — (fog*l)(”) and

for all g (zg) < 2 < g(b
DYy (fog™") = fog™" see[1].
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By [1], we have for fo gt € €, ([g(a),g(b)],X), where @ € [a,0]
the following left generalized g-fractional, of Canavati type,X-valued Taylor’s
formula:

Theorem 6 Let fog™! e C¥
(i) If v > 1, then

o) ([9(a), g (b)], X), where zg € [a,b] is fived.

M1 e oo (0 (e
) - fla)= 3 28 )k' @) o) +
k=1
1 g(x) vt (s )
m /g(zo) (9(z)—1) (Dg(xo) (fog )) (t) dt, (19)

for all xg <z <b.
(i) If 0 < v < 1, we get

g(z)
F@ =55 | 0@ =07 (D (Fog™)) a0

for all xg < x <b.

IT) Let h € C ([g (a) , g (b)] , X), we define the right Riemann-Liouville Bochner
fractional integral as

(J2-h) (2) = ﬁ / (t—2)"""h(t)dt, (21)

for g (a) <z <2z <g(b). Weset J) _h=h.
Leta:=v-[r] (0 < a<1). WedeﬁnethesubspaceC(x )— (lg(a), g ()], X)

of C"/([g (a) g (b)], X), where zg € [a,b] as:
Cg(ffo)— (lg(a),g(b)],X) =

{hec(lg(),g®)], X): 1152 D € C (g (a) g (w0)], )} . (22)

Solet h € Cy .\ (lg(a),g(b)],X), we define the right g-generalized X-
valued fractional derivative of h of order v, of Canavati type, over [g (a), g (x0)]
as

!
v . 11—« v
DYy = (~1)"" (Jg( ol D) . (23)

Clearly, for h € Cy(, ) (lg(a), g (b)], X), there exists

Lyt peteo)
( Z(l‘o)—h) (2) = ls(ll)_a)jz/ (t—2)"" a7 (@) at, (24)

for all g(a) <z <g(xg) <g(b).
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In particular, when fog~! e Cyzo)— (l9(a) g (b)], X), we have that

_1\n1 g(xo)
(Phan- oo™ = rigyas [ €97 Gea ™)™ @
Z (25)
for all g (a) < z < g (o) < g (b).
We get that
(D;L(fvo)* (fo 9_1)) (z) = (1" (fog )" (2) (26)

and (D0, (Fog™)) (2) = (Fog™) (2). all 2 € [g(a) g (). see [1].

By [1], we have for fog™! € Chizo)— (19 (a) g (0)], X), where z € [a,b] is
fixed, the following right generalized g-fractional, of Canavati type, X-valued
Taylor’s formula:

Theorem 7 Let fog™! e C? ([g(a),g(b)],X), where xo € [a,b] is fived.

(i) If v> 1, then ool
N I N o
Fa) - Flag) = Y U0 )M 66O ) g o)
k=1
1 g(xo) . ) B
I'(v) /g@) (t=g()) 1( owo)— (fo9g ))(t)dt, (27)

for all a < x < xy,
(i) If 0 < v < 1, we get

1 g(zo) b1 , B
F@ =gy [ 0@ (D (eg ™)) G 03

all a < x < xg.
III) Denote by

We mention the following modified and generalized left X -valued fractional Tay-
lor’s formula of Canavati type:
Theorem 8 Let f € C* ([a,b],X), g € C'([a,b]), strictly increasing: g~ €

O (g (@).g ). Assume that (Di,. (Fog™)) € 2, (g(a).g(B)].X).
0<v<l, x€lab], fori=0,1,....,m. Then

O (T

9(x)
G L 0@ = (D (rog ) ()

(zo)
(30)
all zg < x <b.
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IV) Denote by

D;TE‘,I;O)_ = DZ(-TU)_DZ("IJO)_.“DZ(‘TO)_ (’ITL times), m & N. (31)

We mention the following modified and generalized right X-valued fractional
Taylor’s formula of Canavati type:

Theorem 9 Let f € C' ([a,b],X), g € C*([a,b]), strictly increasing: g~ €

O (19 (@) (). Assume that (D, (fog™)) € C2) (g (a).g (). ).
0<v<l, xz€[a,b], for alli=0,1,....,m. Then

9(xo)
f(z) = w /q(w) (2 — g (x) Tt (Dé?;ﬁ)lly (fo g_l)> (2)dz,
| (32)

alla <x<zo<h.

3 Banach Algebras background

All here come from [4].
‘We need

Definition 10 (/4], p. 245) A complex algebra is a vector space A over the
complez filed C in which a multiplication is defined that satisfies

z (yz) = (zy) 2, (33)
(x+y)z=2z4yz, z(y+2)=zy+xz, (34)

and
a(zy) = (ax)y =z (ay), (35)

for all x,y and z in A and for all scalars a.
Additionally if A is a Banach space with respect to a norm that satisfies the
multiplicative inequality

leyll < llzll lyll (z €A, yeA) (36)
and if A contains a unit element e such that
re=er=z (z€A) (37)

and

lell =1, (38)

then A is called a Banach algebra.
A is commutative iff xy = yx for all z,y € A.
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‘We make

Remark 11 Commutativity of A will be explicited stated when needed.

There exists at most one e € A that satisfies (37).

Inequality (36) makes multiplication to be continuous, more precisely left and
right continuous, see [4], p. 246.

Multiplication in A is not necessarily the numerical multiplication, it is some-
thing more general and it is defined abstractly, that is for x,y € A we have
xy € A, e.g. composition or convolution, etc.

For nice examples about Banach algebras see [1], p. 247-248, § 10.3.

We also make

Remark 12 Next we mention about integration of A-valued functions, see [4],
p. 259, § 10.22:

If A is a Banach algebra and f is a continuous A-valued function on some
compact Hausdorff space Q on which a complex Borel measure p is defined, then
[ fdp exists and has all the properties that were discussed in Chapter 3 of [4],
simply because A is a Banach space. However, an additional property can be
added to these, namely: If x € A, then

/fdu / ) du(p) (39)
fdu)z= [ f(p)z du(p). (40)
(7)==

The Bochner integrals we will involve in our article follow (39) and (40). Also,
let f € C([a,b],X), where [a,b] CR, (X,||]]) is a Banach space. By [2], p. 3,
f s Bochner integrable.

and

4 Main Results

We start with a left generalized Canavati fractional Hilbert-Pachpatte type in-
equality over a Banach algebra.

Theorem 13 Let p,q > 1, such that % + % =1, and (A,|]|) is a Banach
algebra; and i = 1,2. Let also xo; € [a;, b)) C R, v; > 1, n; = [v4], fi €
C™i ([a;,bi], A); gi € Ct ([as, b;]), strictly increasing, such that gi_1 e C™ (g; (a;),9: (b)]),
with (fiogi_l)(ki) (9i(z0;)) = 0, ki = 0,1,...,n; — 1. Assume further that

fiogit € Gy (l9i (@) gi (bi)], A). Then

/ 1(b1) /(12(52) H fiogy ) (Zl) (f2 oggl) (ZQ)H dz1dza
g g2

(z21—g1 (z01))P 1 —D+? + (22*92(102))(1("2_1)“) -
p(p(v1—1)+1) q(q(v2—1)+1)

1(zo1) (zo02)
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(91 (b1) — g1 ﬁﬁg%?— g2 (z02) (41)
1750

Lqy([g1(z01),91(b1)] HH g2(z02

Proof. By (19) and assumptions we get that
1 zi .
-1 o il Vi ) -1 . .
(fi297) () = 53 /q ot (DY oy (Fr097)) () dti, (42)
for all g; (zo;) < z; < g (bi); 1 =1,2

Ly ([92(02),g2(b2)],A)

By Holder’s inequality we obtain

HumgﬂwmurénllmwlhV”H@&mﬂﬁwfﬂwwﬁﬁ

; - 21 — ¢, )Pr1=D)
F(l/l) (L - ( 1 tl) dtl)

3 =

1(zo1)

Q=

([ @ roa) o] )

Py —1)+1 !
ey (R ) o)
That is

(43)

p(ri—1)+1
1 I (z1i—gi(zon) 7
H(fl %G )(21)|| < T (1) -

(p(vi — 1)+ 1)7

) D91 (zo1) (f1091 ) (t1) thl Ea (44)
(0 )l )

for all g1 (z01) < 21 < g1 (b1)
Similarly, we prove that
1 (g (we) T
-1 22 — 92 (To2 1
<
H (f2 © 92 ) (ZQ)H =T (v2)

(q(vs— 1)+ 1)7

1
Z2 v » » >
‘(D!]z(woz) (f2 © 92 )) (tQ)H dto
g2(z02)
for all g3 (zg2) < 22 < go (b2)

Therefore we have

; (45)

p(r1—1)+1
_ 1 (z1— g1 (zn v
fiogit) (z1)] < ;
[reor) G P -1 +1)r
9
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H H (D;;ll(‘rm) (fl ° gfl)) ’ ¢.[91(201),91(b1)] | (46)
for all gy (zo1) < 21 < g1 (b1);
and a(vg 141
[(faog5) ()] < T 5/2) (22 ~ g2 (w02)) q;
(q(r2—1)+ 1)«
H H( 92(@o2) f2 °92 ))‘ p.lg2(w02),92(b2)] 47

for all go (z02) < 22 < g2 (ba).
Hence we get that

1(fog) ||| (20 027) (22)] < !

T ()T (ve) (p(v1 — 1)+ 1)¥ (q(va— 1) +1)7

p(ri—1H+1 q(vp—1)+1

(5191 (@) 7 (22— o (w02)) (48)

DU o1 ‘ HH PZ o -1 ‘
HH( g1(zo1) (fl 91 )) a[91 (01),91 (b1)] ( g2 (202) (f2 92 )) plga(z02).ga(ba)]
(using Young’s inequality for a,b > 0, arbi < % + Z)

1 (21— g1 (o))" D! + (22 — g2 (w02)) "2~ V!
L (v1)T (v2) p(p(v1 —1)+1) @z —1) +1)

DVt oo} HH D2 o a1 7

HH( o) (fl . )) Lq([g1(z01),91(b1)],A) ( 92(w02) (f2 92 )> Lp([92(z02),92(b2)],A)

V (21, 22) € [91 (zo1) g1 (b1)] X [g2 (z02) ; g2 (b2)] -
So far we have

||(f1 o 91_1) (z1) (f2 092_1) (ZQ)H

((21791@01))17(”1—1)4—1 + (22*92(Z02))q(yz_1)+1) — (50)
p(p(v1—1)+1) q(q(v2—1)+1)
[(fiogr") )| |(fae92) (22)] (51)

((21*!]1(9001))17(”171)4rl + (Z2*92(9002))Q(V271)+1) o
p(p(r1—1)+1) a(g(v2—1)+1)

1 . B
aomeeal ICATGEER)] |

HH( nateon) (f2002 ) Ly ([92(w02),92 (b2)],A) |

V (21, 22) € [g1 (zo1) , g1 (b1)] X [92 (z02) , g2 (b2)] -

The denominators in (50), (51) can be zero only when both z; = ¢1 (zo1)
and 22 = g2 (1’02) .

Therefore we obtain (41), by integrating (50), (51) over [g1 (zo1), g1 (b1)] X
[92 (202) , g2 (b2)] . m

We continue with a right generalized Canavati fractional Hilbert-Pachpatte
type inequality over a Banach algebra.

Lq([g1(z01),91(b1)],A)

10
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Theorem 14 All as in Theorem 13, however now it is fiog; * € Cg”:(mm)i (lgi (ai) , gi (b))], A),
fori=1,2. Then

/91(:7001) /92(!7002) || (fio 91_1) (21) (fo 0 92_1) (zg)H dz1dzo
g g

x —z)P(rv1—1)+1 T —z5)a(v2—1)+1 —
o) S (WS o Pl )
(91 (w01) — g1 (a1)) (g2 (wo2) — g2 (a2)) (52)
(vy)T (v2)
° o g5t H‘ .
HH g1(zo1) ~(frogn ‘H Lq([91(a1),91 (zo1)],A) HH g2 (r02) (f209:7) Ly ([92(a2),92(z02)],A)

Proof. Similar to Theorem 13, by using now (27). m
Next comes a sequential left generalized Canavati fractional Hilbert-Pachpatte
type inequality over a Banach algebra.

Theorem 15 Let p,q > 1, such that 1 [11 =1, and (A, |]) is @ Banach
algebra; and i = 1,2. Let also f; € C{)([a“ b;],A); g € C* ([az, bi]), strictly
increasing, such that g; * € C* ([gi (a;), i (b;)]). Assume that m <v; <1,

zoi € [ai,bi], and DI (fiogit) € Cui (93 (ai) ,9i (b)), A), for ji =
0,1,....,m; € N. Then

/91(b1) / 2(b2) [(frogit) (z1) (f2095") (22)]| dz1dze
o —an p((m1+1)vy—1)+1 2o —ao(x q((ma+lva—1)+17\ —
g1(z01) Jg2(wo2) ( : zfﬁv(((fﬁl)ll)ul—nJrl) = q?35<253)+1>u2-1)+1) )

(91 (b1) = g1 (01)) (g2 (b2) — g2 (wo2))
['((m1+ 1) v1) T ((m2 + 1) va)

szrl)l/Q
Lq([91(x01),91(b1)],A) HH 92(w02) (£ 209z

(53)

(m1+1 v
HH g1(xo1) 091

p([92(w02),92(b2)], Ay

Proof. Using (30), as similar to Theorem 13 the proof is omitted. m
The right side analog of Theorem 15 follows:

Theorem 16 Let p,q > 1, such that £ + 1 = 1, and (A,|-||) is a Banach
algebra; and i = 1,2. Let also f; € CF([aZ, ],A) gi € C* ([az, i]), strictly
increasing, such that g;'* € C* ([g; (a;),gi (b;)]). Assume that m <y <

1, zo; € lai,b;], and DZ;?;O . (fiog;1> c C;”(IO )— ([gi (as) ,9: (b;)], A), for
ji=0,1,....m; € N. Then

/01 (zo01) / 2(z02) ||(f1 IS gl_l) (z1) (fg og2_1) || dz1dzy
g g

1(a1) (91 z01)—z)P M1ty — D+ (92(wo2) —2p)9(tm2F1va— 1)+1) B

2(az)

p(p((m1+1)r1—1)+1) fI(Q((m2+1)V2 1)+1)

(91 (z01) — g1 (a1)) (92 (z02) — g2 (a2))
['((m1+1)v1) T ((m2 +1)va)

e )|
Lo([91(a1),91 (z01)], A) HH satens) (J2992

(54)

(m1+1 v -1
HH g1(wo1)— 091 )

Lp(lg2(a2),92(x02)],4)

Proof. Using (32), as similar to Theorem 13 is omitted. m

11
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5 Applications
We give

Corollary 17 (to Theorem 13) All as in Theorem 13 for g; (t) = €', i = 1,2.
Then

/ / [|(f1 0log) (21) (f2 olog) (22)|| dz1dza

(21— emm)p(lq 1)+1 (22781'02)(1(1‘271)4’1 —
p(v1—1)+1) a(a(r2—1)+1)

(ebl — 61601) (€b2 — 63302)
I'(v1)T (v2)
11D2r (1 0108)ll, (fonos,1,) 11D2202 (F2 0 108l (fonos 2], )

(55)

We finish with

Corollary 18 (to Theorem 15) All as in Theorem 15 for [a1,b1] C R, [a2,bs] C
(0,00), and g1 (t) = €' and go (t) = logt. Then

/ /bg(b? [(f1 olog) (21) (f2 0 €') (22) dz1d2s
eo1 JI

Zl_ew01)P((ml+1)V1*1)+1 (22—10g(m02))'I((m2+1)V271)+1 —
P DI T a(a((mat Do 141

og(zo2)

(e’ — e0) log (ba/x02)
I((m1+1)v1) I ((ma + 1) v2)

m2+1)l/2 t
log(a:og)

(56)

ot

eo1 eb1], L, ([log(o2) log(b2)],A)
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Abstract

Using a generalized vectorial Taylor formula involving ordinary vector
derivatives we establish mixed Ostrowski, Opial and Hilbert-Pachpatte
type inequalities for several Banach algebra valued functions. The esti-
mates are with respect to all norms [|-[|,, 1 < p < co. We finish with
applications.
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1 Introduction
The following result motivates our work.

Theorem 1 (1938, Ostrowski [6]) Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b), i.e.,
115" == sup |f"(¢)] < +oo. Then

t

€(a,b)

b x_LbQ
o [ fwd- @ i+((b_))

<

1 G-a)lFI" @)

for any x € [a,b]. The constant % is the best possible.
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Ostrowski type inequalities have great applications to integral approxima-
tions in Numerical Analysis.

We present ([1], Ch. 8,9) mixed fractional Ostrowski inequalities for several
functions for various norms.

In this article we generalize [1], Ch. 8,9 for several Banach algebra valued
functions by using ordinary vector valued derivatives and our integrals here are
of Bochner type [4]. Motivation comes also from [3].

We are also inspired by Z. Opial [5], 1960, famous inequality.

Theorem 2 Let x (t) € C* ([0,h]) be such that z (0) =z (h) =0, and x (t) >0
in (0,h). Then

h / noh / )
[ eoe o<t [ @ ora 2)

In (2), the constant % is the best possible. Inequality (2) holds as equality for
the optimal function

ct, 0<t< 3,
m(t)_{c(h—t), bt <h, (3)

where ¢ > 0 is an arbitrary constant.

Opial-type inequalities are used a lot in proving uniqueness of solutions to
differential equations and also to give upper bounds to their solutions.

In this work we also derive Opial type inequalities for Banach algebra valued
functions with respect to ordinary vector valued derivatives.

Additionally we include in this article related Hilbert-Pachpatte type in-
equalities, [7]. We finish with selective applications to Ostrowski, Opial and
Hilbert-Pachpatte inequalities.

2 About Banach Algebras

All here come from [8].
We need

Definition 3 (/8], p. 245) A complex algebra is a vector space A over the
complez field C in which a multiplication is defined that satisfies

z (yz) = (2y) 2, (4)
(x+y)z=xz+yz, z(y+2)=u1zy+2az, (5)
and
a(zy) = (ax)y =z (ay), (6)
2
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for all x,y and z in A and for all scalars «.
Additionally if A is a Banach space with respect to a norm that satisfies the
multiplicative inequality

eyl < llzll lyll (z €A, yeA) (7
and if A contains a unit element e such that
ze=ex=2x (x€A) (8)

and
el =1, )

then A is called a Banach algebra.
A is commutative iff xy = yx for all x,y € A.

‘We make

Remark 4 Commutativity of A will be explicited stated when needed.

There exists at most one e € A that satisfies (8).

Inequality (7) makes multiplication to be continuous, more precisely left and
right continuous, see [8], p. 246.

Multiplication in A is not necessarily the numerical multiplication, it is some-
thing more general and it is defined abstractly, that is for z,y € A we have
xy € A, e.g. composition or convolution, etc.

For nice examples about Banach algebras see [8], p. 247-248, § 10.5.

We also make

Remark 5 Next we mention about integration of A-valued functions, see [8],
p. 259, § 10.22:

If A is a Banach algebra and f is a continuous A-valued function on some
compact Hausdorff space Q on which a complex Borel measure i is defined, then
[ fdp exists and has all the properties that were discussed in Chapter 3 of [8],
simply because A is a Banach space. However, an additional property can be
added to these, namely: If x € A, then

z / fdp= / o (9) dyt(p) (10)
Q Q

(/Qfdu)a?z/Qf(p)xdu(p)- (11)

The Bochner integrals we will involve in our article follow (10) and (11).

and
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3 Background
We use the following generalized vector Taylor’s formula:

Theorem 6 ([2/, p. 97) Let n € N and f € C" ([a,b],X), where [a,b] C R
and (X, |||) is a Banach space. Let g € C* ([a,b]), strictly increasing, such that
g teC([g(a),g(d)]). Let any z,y € [a,b]. Then

1 o n—1 —1\(n)
+(n_1)!/g(y) (g(x)=2)"" (fog™') " (2)d=

The derivatives here are defined similarly to the numerical ones, see [9], pp.
83-86.

The above integral is of Bochner type [4], and so are the integrals in this
work. By [2], p. 3, if f € C ([a,b],X) then f is Bochner integrable.

4 Main Results

We start with mixed generalized Ostrowski type inequalities for several functions
that are Banach algebra valued. A uniform estimate follows.

Theorem 7 Let n € N and f; € C™([a,b],A), i = 1,...,r € N—{1}; where
[a,b] C R and (A, |-]|) is a Banach algebra. Let g € C* ([a,b]), strictly increas-
ing, such that g~ € C™ ([g (a), g (b)]). We assume that (f; ogfl)(j) (g (x0)) =
0,j=1,...,n—1;i=1,...,7; where xg € [a,b] be fized. Denote by

E (fla ceey fr) (1‘0) =

T b r b r
S| s@ ]| s@d—| [ |15 |de| @] 03
=\ C A\
Then
1)
E(fl,"',fT) (Z’o) = (n_l 1)|

T

To T g(xo)
(-1)" / H fi (@) (/ (z—g(x)" " (fio g_l)(n) (2) dz) dx | +
a j=1 g

i=1 (z)
J#i

(14)
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IE (f1s e fr) (mo)|| < %

(fz ° g—l)(n)

; I ettty @ ) ~9 @ L/lymumdx

i

(f; Og_l)(n)

Proof. Let zo € [a,b] such that (f;09~1)" (g (20)) =0, j = 1,..on — 1;
i=1,...,7 Let « € [a,z0], then by Theorem 6 we have

b r
& -g@)" | [ [TLI5 @1 | iz

i

‘oo,[gm)}g(b)]

1 g(x) _ )
ﬁm—ﬁmwzm_mémﬁum—@ (fiog )" (s (16)

_1\" g(zo)
N (7(1 —1)1)! /( ) (z=g@)" " (fiog™)™ (2)d,

fori=1,...,7.
And for x € [xg, b], then again by Theorem 6 we get

1 g(x) 1 NG
ﬁ@ﬁ@@m_mém#M@@ (fiog )™ (2)dz.  (17)

fori=1,...,7.

We multiply (16) by <H;_1 I (z)) to get:
i

Hfj(x) fi(w) — Hfj(l“) fi(wo) =
i g
(= £5@) 1
J#i
(n—1)!

g(z0) S NG
/b (c—g@)" " (fiog )™ (2)dz,  (18)
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V€ la,zo]; fori=1,...,r
Similarly, we get (by (17))

Hf] z Hfj fz xO

1751 7#2

<H§—1 1 (x)> o)
#i— ) — 2 n—1 o _1\(n) 2) dx
(n—1)! /g(l_o) (9(x) —2)" (fiog™) " (2)dz, (19)

YV x € [xo,b]; fori=1,...,7.
Adding (18) and (19) as separate groups, we obtain

Z Hfj fi( Z Hfj fi (o) =

i=1 =1\ j=1
1751 J#i

1" < g(zo)
1)1)! ; H fi(@ /g (z—g(a)"! (fio g_l)(n) (2)dz,  (20)

()

J#%
Yz € [a,zq],
and
Z H fJ z Hf] fz 150
i=1 i=1
J?ﬁz J#t
Ly H 5 ( / @ - (o) (s (21)
(n— 1) & ’ g(wo) ' 7
1751
Ve [LC(), b] .

Next, we integrate (20) and (21) with respect to « € [a,b]. We have

T

Z/ H fi(z x)dw — Z /l‘U H fi(@) | dz | fi(z0) = (22)
a j=1

i=1 =
752 J#i

(_1)n r zo ( g(z0) . NG )
e fi (@ (z—g ()" (fie (z)dz | dz |,
(n—1)! ; /a H /q g (fiog™)

g(x)
J#t
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and
T b r o [ r
Z/ (H fi(z ) i (z) dow — Z (/ (H fi (l‘)) dﬂ?) fi(zo) = (23)
AV =TT\
1 r b T ' g(x) 1 - (n)
m; {/fo (jl_[lfg (x)) (/g(mo) (9(x)—2)"" (fiog™) (z)dz> da::| .
J#i

Finally, adding (22) and (23) we obtain the useful identity

E (fl) ceey fr) (:L’O) =

i{/ (Hf] )1 dx(/ab(f[lfg(ff))dm)fz(wo)](nll)!

r Zo r g(z0)
3 {(1)" {/ (HlfJ(m) (/g@) (2= g ()" (fiogl)(n)(z)dz> dw]Jr

J#i
b r g(x) 1 )
/ 117 @) / (9(2)— )" (fiog ™)™ (2)dz ) dz| |, (29)
zo | 5=y 9(wo)
i

proving (14).
Therefore, we get that

1E (f1; - fr) (o) || =

el ) o

r o r L g(xo) . n—1/,¢ | (n) 5 dz) de
{ZlH/ (jﬂlfg()) (/M (=g @) (fiog™)™ (2)
J#i
/b ﬁ fi (@) (/g(l-) (9(z)—2)"" (f; Og_l)(n) (2) dz) dz <
To \ j=1 g(zo) o

J#i
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J#i

@ r g(zo)
(1_[1 fi (ft)) (/g(x) (z=g@)" " (fiog™)™ (2) dz)

(zo)

r g(x)
(H f (@) ( / (9(@) —2)" " (fiog )™ (2) dz)

1 " zo [ T g(z0) -
1) ZH/ (]Hlfj(@) (/m (z—g(x))

i=1
J#i

b r g(z) .
" {/ (H 15, (m)) (/g(mo) (9(2) - 2)

J#i

Hence it holds
1E (fr, s fr) (o) < (). (27)

We have that

©<5 {Z HW M. (ﬁ 7 “”) (ol o)t d“"]
’ {%091)“’ ], (Hfj ) @) - g<xo>>"dw”}<
(28

)
5' { H o )HHoov[g(a»g(m)] ol =) (/zo (Hfj ) )]
+ {(f“’gl)(n)oo,[g(mg(b)] (g(b) —g(z ( ; (H If; (« ) )”}

(29)
proving (15). =m
Next comes an L estimate.
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Theorem 8 All as in Theorem 7. Then

||E(f1>'-'7f7’) (:EO)H S

(n—1)!

T

,Z [f[(seg™ ‘m([g(@g(@])[g ﬁ”fj(a?)l (9 (o) =g ()" da

L J#i

([

L1(lg(20),9(0)]) J

[ @0 | @@ - da
T

(30)
Proof. By (26), (27), we get that

1B (f1s 05 fr) (o) || < () <

(n—1)!

T

5| [los

Pl ‘ L1([g(a),g(z0)])

/ : [T1155 @ | (9 (z0) — g ()" dae
a j=1
JFi

{fses®

L1([g(z0),9(b)])

b T
/ 115 @) | (0 @) - g o) x| |

) j=1

JFi

proving (30). =m
An L, estimate follows.

Theorem 9 All as in Theorem 7, and let p,q > 1:

HE(fla'“af’l‘) (Z‘Q)H < (

3

ZTo T
og! () ‘ / 20) — g ()" i (x dx
[oa™ N, i | ] @0 =g @) 115 @
L G#i

|

-
Il
—

b

L(l9(20),9(b)]) /x

ooy

(9(2) — g (@)« | TT I @ | da
j=1

i
(32)
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Proof. By (26), (27), we get that

||E(f17 ~-~7fr) (-'L'O)H < (5) < (77, _ 1)!

1

o - g(zo0) P
[ sl (/() (Zg(z))p(n_l)dz>

J#i

</<(>) (oa )™ @ "”) | dx] '

b r g(x) %
[ TLis @I (/( )(g(x)—z)ﬁwdz) (39)
To \ j=1 g(zo

3

i=1

J#i
o(a) . . |
(Ll s) s} - v
- p(n—1)|+1
- . g(wo) —g(x)) 7 )
i1 /“ I;IHfJ (p(n—1)+1)% HH(f ) Lq([g(a),gmn)dx
b r p(n—1)|+1
‘ (9(@) =g (@) 7 oy
" / g”fj(x)ll (p(n—1)+1)7 HH(f g Lq<[g<xo>,g<bmdx
VE
_ 1
(n—Dlp(n—1)+1)7
HH 1o, sy | [ @0 =g @) I 155 ol |

i

M | 6006207 | Lo ||

i
proving (32). =m
Next we present a left generalized Opial type inequality for ordinary deriv-

atives:

10
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Theorem 10 Let p,q > 1 : %—i—% =1, andn €N, f € C"([a,b],A); where
[a,b] C R and (A, |||) is a Banach algebra. Let g € C* ([a,b]), strictly increas-

ing, such that g=* € C™ ([g(a), g (b)]). We assume that (f og’l)(j) (g9 (zg)) =
0,7=0,1,..,n—1; where xy € [a,b] be fixred. Then

/g(ﬂf)
g(zo)

(g(xz)—g (330))%%_% </9(x)
2 (- —1)+ 1) (p(n—1) +2) ot

for all xg < x <b.

(Fog™) @) (Fog™)™ @) d= <

Proof. Let z¢ € [a,b] such that (f og’l)(j) (9(20))=0,7=0,1,....n— 1.
For z € [zg,b] by Theorem 6 we have

—1 o 1 9(=) _\n—1 o —1y(n)
oo oeN =gy [ @ (eg ) (e @)

By Holder’s inequality we obtain

_ 9(=) et NG
(Foa™) Gl < gy [ 6@ =2 [(reg™)” )] @<
(37)
I R
(n - 1)' g(xo) g(zo)
p(n—1)+1 %

1 (g9(x) —g(z0) 7 ( /W)
(="'  (p(n—1)+1)7 9(xo)

Call o() ,

e = [ oo e (39)
¢ (g (o)) = 0.

Thus
D (rea) " @) 20 (39)

and

<d*z;g<§5§”)q oo emlzo
v g (@) € lg(w0) 9 (V)]

11
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Consequently, we get

[(Foa™) @) (729" (g w)

(g (w) = g(20)) p(n_;)“

oy de (g )\
(n—1!(p(n—1)+1)» <cp(g( ) ) ’
Vg (w) € [g(z0),g(b)].

Then we observe that

IN

9() -1 —1\(n) (7)
L Nges ) oo™ wn]dsw)

g(x)
/ L NEea) @@l (o9 (o w)]|dy (w)
1
(n—D!'(pn—-1)+1)

" (o) = g (o) do (g (w)) ¥
[ @ o™ (el GE) < @

=

)

g9(x) . 2
1 T f ° —1 (n) P dz)
2i (n—1)!((p(n—1)+1) (p(n—1)+2))7 (/_q(%) (Fog™) )H
for all g (z9) < g (z) < g(b), proving (35). m

(44)
The corresponding right generalized Opial type inequality follows:

12
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Theorem 11 All as in Theorem 10. Then
g(xo)

oo
(9 (o) =g (@) 77 (/ﬂm)

21 (n—D!'((p(n—1)+1) (p(n—1)+2))% g(z)

(Foa™) () (Fog™)™ ()] de <

for all a < x < xy.

Proof. As similar to Theorem 10 is omitted. =
Next we present a left generalized Hilbert-Pachpatte inequality for ordinary
derivatives.

Theorem 12 Leti=1,2;p,q > 1: %—Fé =1, andn; €N, f; € C™ ([a;,b;], A);
where [a;,b;] C R and (A, |||]) is a Banach algebra. Let g; € C*([a;,bi)),
strictly increasing, such that g;' € C™ ([gi(a;),g: (b;)]). We assume that
(fiogfl)(]i) (gi (z0;)) = 0, 5; = 0,1,...,n; — 1; where xo; € [a;,b;] be fized.
Then

/91(171) /gz(bz) H(fl ngl) (1) (fz 092_1) (ZQ)H dz1dzo
g g

T (z1—g1(mp1))P(m1 —DF! (2292 (wg2))?("2 DL —
2 (xo2) ( p(p(n1 =1+ + q(g(n2—1)+1) )

I(IOI)

(91 (b1) — g1 (w01)) (g2 (b2) — g2 (T02))
(TL1 — 1)' (n2 — 1)'

Proof. Let i = 1,2; z9 € [a;,b;], such that (fZ ogfl)(‘j'i) (gi (x0s)) = 0,
ji = 07 1, ey Ny — 1.
For z; € [zgi, b;] by Theorem 6 we have

(46)

e H"

200y

Lq([91(201),91(b1)],A) H H (f Ly ([g2(w02),92(b2)],A)

gi(zi) .
(oo @) = gy [ ) =" (frog )™ G
(47)
As in (37) we have

p(ny—1)+1
P

1(Frog) (o @) < ——o (@) — 91 (700))

(n1 = 1)! (p(ny — 1) +1)7
/91(901)
g1(xo1)

q q
dz) <

|~

(Froar)™ ()

13
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p(ny—1)+1
P

1 T1) — T
1'(91( 1) — g1 (z01)) l HH Log! ’
(np —1)! (p(ng —1)+ 1) Lq([91(w01),91(b1)])
(48)

for all 21 € [x01,b1].

Similarly, we obtain that
a(ng—1)+1
q

L (g2 (w2) — g2 (z02))

fa095") (g2 (m2))| <
(5065 tor o] = gt e
o _1 (n2) ’ , 49
HH f209, Ly ([9 (02,92 (b2)) (“9)
for all zo € [.’L’OQ, bQ] .
By (48) and (49) we get
[(frogr") (g1 (z1)) (f2095") (92 (22))]| <
1
—1 -1
H(fl °0 ) (91 (351))” ||(f2 © 95 ) (92 (%))H < (n1 — 1)l (ng — 1)1
p(ny—1)+1 a(ng—1)+1
(g1 (x1) — g1 (xo1)) 7 (92 (x2) — g2 (z02)) ¢ (50)
(p(n1—1)+1)» (q(n2 —1)+ 1)1
o —1 (n1) ’ HH o (n2)
HH 1o9 Lq([91(201),91(b1)]) 2002 ) Ly([92(z02),92(b2)]) —
(using Young’s inequality for a,b > 0, arbs < s+ g)

! (91 (21) = g1 (20)"" ™V (g2 () — go (wp2)) ">~V
(n1 —1)! (ng —1)! p(p(ni—1)+1) 2(@na— D+ 1)
(51)

| |

\4 (iEl,.’EQ) c [ZCOl,bﬂ X [$027b2] .
So far we have

)(nz)

A giice
o )
H H 129 Lq4([g1(%01),91(b1)] 92 Ly ([g2(x02),92(b2)])

[(Frog:h) (91 (@) (fogs?) (g2 ()| _ (52)
((91(m)—gmwm)w"l*““ + (gz<z2)—g2<x02>>‘*<"2*”“) -
p(p(n1—1)+1) q(g(n2—1)+1)
ooy
(ny — Dl (ng —1)! Lq([g1(201),91(b1)],A)
! (n2) ’
H H (f2 92 Ly ([g92(z02),92(b2)],A)

Y (z1,22) € [xo1,b1] X [zo2,b2] .

14
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The denominator in (52) can be zero, only when both g; (z1) = g1 (z¢1) and
92 (22) = g2 (T02) -

Therefore we obtain (46), by integrating (52) over [g1 (zo1), g1 (b1)]X[92 (%o2) , g2 (b2)] -
]

It follows the right generalized Hilbert-Pachpate inequality for ordinary
derivatives.

Theorem 13 All as in Theorem 12. Then
/91(101) /92(102) || fio 91 ) ( ) (fQ 092_1) (2’2)” dz1dzo

(g1 (w01)— zl)p(m 1)+1 + (92(w02),z2)q(n2—1)+1) —

p(p(n1—1)+1) q(g(n2—1)+1)
(91 (3301) — g1 (a1)) (92 (zo2) — g2 (a2)) (53)
(n1 — 1! (ng — 1)'
S| || (2002
[e] (o] .
HH(fl 9) La(Gor(angs o) 1 W2 092 Lp([92(02),92(202)],A)

Proof. As similar to theorem 12 is omitted. m

5 Applications

‘We make

Remark 14 Assume next that (A, ||-||) is a commutative Banach algebra. Then,
we get that

T

1 S b
B o) o [ 160 | a3 | [

i=1 a

I14 @) | da| fi (z0),
j=1
J#i

xo € [a,b].
When r = 2, we have that

b b
E (1, f2) (w0) = 2 / f1 (&) fa () d— fy (o) / fo (&) dz— i (o) / f1 (z) da,

zo € [a,b].
We give

Corollary 15 (to Theorem 7) All as in Theorem 7, (A,|]]) is a commutative
Banach algebra, r = 2. Then

VB (f1. £2) (20 ;iHHH frog )™

H 1l9(a),9(z0)]

15
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(9 (20) — g (a))" / TL15 @ || | +

Jj=1
J#i

| [

b 2
Hoo,[guo),g(b)](9(’))_9(”30)) / H||fj(x)|\ dz

Jj=1
JFi

It follows

Corollary 16 (to Corollary 15) All as in Corollary 15, with g (t) = et. Then

12, ) ()] < ZHHHﬁolog )|

00,[e®,e®0]

ey | [T @ ||| +

i

€0 ,¢?]

b 2

ot ™ =) / [T15 @I | dz ||| 7
Zo i=1
e

‘We continue with

Corollary 17 (to Theorem 10) All as in Theorem 10 for g (t) = et. Then

x

€

(ex—e )7l+ 2 . q 2
2% (- D (o — )+ 1) (p(n— 1)+ 2))7 (L Jireron e ) .

(f o10g) () (£ o log)™ (2)|| = <

for all xg < x <b.
We finish with

Corollary 18 (to Theorem 12) All as in Theorem 12 for g; (t) = €', i = 1,2.
Then

/ / [[(f1 olog) (21) (f2 o log) (22)[| dz1dzp

Z1 (,J,m p(ng—1)+1 (22—6102)'1("271)*1) =

pm—DFD T q@ma—D+0)

16
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(ebl _ ex(n) (eb2 _ 63302)

(n1 — 1)' (n2 — 1)'

HH(fl olog)™) )(n2)

The simplest applications derive when g (t) =t and A = R, leading to basic
known results.

e

Lg([e01,et1], Ly ([ev02,e72],A) '
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Abstract

Here we are dealing with several smooth functions from a compact
convex set of R¥, k > 2 to a Banach algebra. For these we prove general
multivariate Ostrowski type inequalities with estimates in norms ||-||,, for
all 1 < p < oo. We provide also interesting applications.
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Keywords and Phrases: Multivariate integral inequality, Ostrowski inequal-
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1 Introduction
In 1938, A Ostrowski [5] proved the following famous inequality:

Theorem 1 (1938, Ostrowski [6]) Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) whose derivative [’ : (a,b) — R is bounded on (a,b), i.e.,
| F52P == sup |f'(t)| < +oc. Then

te(a,b)

<

_a+b 2
Ty ()] b-a) /12,

b T
o | roa @) < G w,

for any x € [a,b]. The constant % is the best possible.

Since then there has been a lot of activity around these inequalities with
important applications to Numerical Analysis and Probability.
This article is also greatly motivated by the following result:
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Theorem 2 (see [1]) Let f € C! (H [ai,bi]>, where a; < b;; a;,b; € R,

i=1

i=1,...,k, ans let Ty = (zo1, ..., Tox) €

K2

1 b1 b; b
7/ / / f (21, 2) dzy.dzy — f (70)| <
_ . al a; ag

[a;, b;] be fized. Then

k
=1

i=1
k
Z (zo; — ai)? + (b; — x0:)° \ || OF
P 2 (bL — ai) (9Zi 0o '
Inequality (2) is sharp, here the optimal function is
k
[ (21,0 21) = Z |z — woi|™, ;> 1
i=1

Clearly inequality (2) generalizes inequality (1) to multidimension.

We are inspired also by [2].

In this article we establish multivariate Ostrowski type inequalities for sev-
eral smooth functions from a compact convex subset of R¥, k > 2, to a Banach

algebra. These involve the norms |[|-[|,,, 1 < p < oco.

2 About Banach Algebras

All here come from [6].
We need

Definition 3 (/6/, p. 245) A complex algebra is a vector space A over the

complex field C in which a multiplication is defined that satisfies
x (yz) = (zy) z,

(x4+1)z =2z +yz, ly+2) =ay+az,

and
a(zy) = (az)y =z (ay),

for all x,y and z in A and for all scalars .

Additionally if A is a Banach space with respect to a norm that satisfies the

multiplicative inequality

eyl < llzllllyll (z€ A, yeA)

96
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and if A contains a unit element e such that
ze=ex=zx (x€A) (7)

and
ell =1, (8)

then A is called a Banach algebra.
A is commutative iff xy = yx for all x,y € A.

We make

Remark 4 Commutativity of A will be explicited stated when needed.

There exists at most one e € A that satisfies (7).

Inequality (6) makes multiplication to be continuous, more precisely left and
right continuous, see [6], p. 246.

Multiplication in A is not necessarily the numerical multiplication, it is some-
thing more general and it is defined abstractly, that is for z,y € A we have
xy € A, e.g. composition or convolution, etc.

For nice examples about Banach algebras see [6], p. 247-248, § 10.5.

We also make

Remark 5 Next we mention about integration of A-valued functions, see [6],
p. 259, § 10.22:

If A is a Banach algebra and f is a continuous A-valued function on some
compact Hausdorff space Q on which a complex Borel measure p is defined, then
[ fdp exists and has all the properties that were discussed in Chapter 3 of [6],
simply because A is a Banach space. However, an additional property can be
added to these, namely: If x € A, then

m/@f duz/wa(p) e () (9)

(/(Qfd/z)w:/(gf(p)wdu(p)- (10)

The vector integrals we will involve in our article follow (9) and (10).

and

3 Vector Analysis Background

(see [8], pp. 83-94)
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Let f (t) be a function defined on [a, b] C R taking values in a real or complex
normed linear space (X, ||-||), Then f (¢) is said to be differentiable at a point
to € [a,b] if the limit

f(to+h) = [ ()
h

exists in X, the convergence is in ||-||. This is called the derivative of f (¢) at
t = to.

We call f (t) differentiable on [a, ], iff there exists f’ (t) € X for all ¢t € [a, b].

Similarly and inductively are defined higher order derivatives of f, denoted
7 f® L f%) )k €N, just as for numerical functions.

For all the properties of derivatives see [8], pp. 83-86.

Let now (X, ||-||) be a Banach space, and f : [a,b] — X.

We define the vector valued Riemann integral f: f(t)dt € X as the limit of
the vector valued Riemann sums in X, convergence is in ||-||. The definition is

' (to) = Jim (1)

as for the numerical valued functions.

If f:f (t)dt € X we call f integrable on [a,b]. If f € C ([a,b],X), then f is
integrable, [8], p. 87.

For all the properties of vector valued Riemann integrals see [8], pp. 86-91.

We define the space C™ ([a,b], X), n € N, of n-times continuousky differ-
entiable functions from [a, ] into X; here continuity is with respect to ||-|| and
defined in the usual way as for numerical functions-.

Let (X, |]|) be a Banach space and f € C" ([a,b],X), then we have the
vector valued Taylor’s formula, see [8], pp. 93-94, and also [7], (IV, 9; 47).

It holds

fTw—f@%ﬁ"@ﬂy—z%éf”@Ny—zf— O @)y —a)"

(n—1)!

g [ T @ Ve o,

NGRS
In particular (12) is true when X = R™ C™, m € N, etc.

A function f (t) with values in a normed linear space X is said to be piecewise
continuous (see [8], p. 85) on the interval a < ¢t < b if there exists a partition
a =ty <ty <ty <..<t,=>bsuchthat f(¢)is continuous on every open
interval ¢t < t < t;41 and has finite limits f (o +0), f (¢4 —0), f(t1 +0),
ft2—=0), f(t2+0),...,f(tn, —0).

Here f (tp —0) = limf (¢), f (tx +0) = lHmf (¢).

1ty tlty

The values of f (t) at the points t; can be arbitrary or even undefined.

A function f (¢) with values in normed linear space X is said to be piecewise
smooth on [a, b], if it is continuous on [a, b] and has a derivative f’ (¢) at all but

a finite number of points of [a,b], and if f’(¢) is piecewise continuous on [a, ]
(see [8], p. 85).
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Let u (t) and v (¢) be two piecewise smooth functions on [a, b], one a numerical
function and the other a vector function with values in Banach space X. Then
we have the following integration by parts formula

b b
/u(t)dv(t)zu(t)v(mg—/ v () du (t), (13)

see [8], p. 93.
We mention also the mean value theorem for Banach space valued functions.

Theorem 6 (see [{], p. 3) Let f € C([a,b],X), where X is a Banach space.
Assume f' exists on [a,b] and || f' (t)|| < K, a <t <b, then

1f () = fla)| <K (b—a). (14)

Here the multiple Riemann integral of a function from a real box or a real
compact and convex subset to a Banach space is defined similarly to numerical
one however convergence is with respect to ||-||. Similarly are defined the vector
valued partial derivatives as in the numerical case.

We mention the equality of vector valued mixed partiasl derivatives.

Proposition 7 (see Proposition 4.11 of [3], p. 90) Let Q = (a,b) x (¢,d) C R?
and f € C(Q,X), where (X, ||-]|) is a Banach space. Assume that %f(s,t),
2 f(s,t) and %;Sf (s,t) exist and are continuous for (s,t) € Q, then %f (s,t)
exists for (s,t) € Q and

2 2

5501 1) = 555

f(s,t), for (s,t) €Q. (15)

4 Main Results

We present general Ostrowski type inequalities results regarding several Banach
algebra valued functions.

Theorem 8 Let p,g > 1 : %—i—% = 1; (A |l) e Banach algebra and f; €
C"(Q,A),i=1,..,m;r €N, necZy and fized T) € Q C R*, k > 2,
where @ is a compact and convexr subset. Here all vector partial derivatives

o g k .
fia = 2L where a = (ay,...ap), ax € ZY, X =1,k o] = 3 oy = 7,
A=1

820‘ )
G =1,.n, fulfill fio () =0,i=1,..,r
Denote
Dasr (£) = max |fialllg (16)

a:lal=n+

t=1,...,7r, and

k
IZ = Zolly, ==Y 122 — zoal - (17)
A=1
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Then
S e | r@a-Y | [ 116 || 6@ <
i=1 p=1 i=1 Q p=1
pFi pFi ( )
18
ieglaXT}Der (fz) r r "
1 @I 17 -~ @l a7 | <
(n+1)! ; /Q l)l;[l ° !
pFi
max Dj4q fL r
ie{L'“v"’} n+1
— d ,
e (L1 -7 a7) |3 | Tl
L pséz
n+1 "
(e anpu ,
Q =1
pt L1(Q,A)
_ ﬂ+1H - - . 19
=201, o > || { Izl (19)
P Lq(Q.A)

Proof. Take g;» (t) := fi (zo +t(Z —20)), 0 <t < 1;i=1,..,7. Notice
that g, (0) = fi (zo) and g, (1) = f; (Z'). The jth derivative of g;» ( ), based
on Proposition 7, is given by

k
0
(j) ( E (2x — zox) 8z>\> fi| (@or +t(z1 —2o1), .. Tor +t (26 — Tok))
=1

(20)
and

k J
49 (0) (Z o= 703) ) 5| @), (21)
A=1
forj=1,..,n+1;:=1,..,r
Let fio be a partial derivative of f; € C"*1(Q, A). Because by assumption
of the theorem we have fi, (zg) =0 for all a : |a| = j, j = 1,...,n, we find that
gz(]; (0)=0, j=1,...,n; i=1,..,7

Hence by vector Taylor’s theorem (12) we see that

n_ (9
Fi(Z) = fi (3) = Z 91-7'(0)

j + Rin (?7 0) = Rin (77 0) ) (22)
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where
1 t1 tn—1
Rir (,0) ::/ (/ (/ (42 (1) — 2 (@) ) )dtl, (23)
0 0 0
1=1,..,r
Therefore,

g (e (tn))H HOO tndtn) ) dty, (24)

1 t1 tn—1
|Rin (Z.,0)] g/ (/ (/
0 0 0
(n)

by the vector mean value Theorem 6 applied on g, over (0,t,). Moreover, we

get
(n+1) t1 th—1
| )
,[0,1]

”*”HH

|Rin (Z,0)| H

0,[0,1]
(n+1)!

(25)

However, there exists a t;o € [0, 1]

That is

o = ol ]
10.1] gzz (zO) .

k n+1
0
n+1 B A - PR
H H J[0,1] H g ZX T Zox (92)\) fi (.%'0 + tio ( z 201))

n+1
0
a@\H) fil (@ +tio (Z = 207)) -

) o) e

k
(Z |ZA - $0>\|
A=1

Le.,

9=l -
o 1] Az: |2y — oA

1=1,..,r
Hence by (26) we get

k n+1
(S -mllll) s
|Rin (Z,0)]| < +== Ty <
+1
”“ L) (Zn—xm) l? (1))|| mLt, @D
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Therefore it holds
max Dyy1 (fi)

N i€{l,..., r} n+1
[Rin (2, 0)]| < 1) 1% —2oll) (28)
fori=1,..,r
By (22) we get that
|IEAER pr (&) | fi @) = | [T £ (Z) | Rin (Z,0),
= =1
pAi p?ﬁt f)?fi
(29)
foralli=1,...,r
Hence
[r&|rnE - 115G | 5@
i=1 \ p=1 i=1 | p=1
pFi pFi
= 11/ @) | Rin(Z,0). (30)
i=1 | p=1
pF#i
Therefore we find
(f17"'7f7“)( ) =

Z/ pr fi )dsz/ o (Z) | d7Z | fi(z0) =

9751 pFi

Z/ pr (Z) | Run (Z,0)d7. (31)

Consequently, we have that

HE (f17 ey f?”) (fE(])H =

Z/ pr r@az =Y | [ 1163 |42 | n@)| -

#Z pFi
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5 /Q 15 | R (0007 < (32)
=1 =
i
Z/Q 17,3 | R (Z.00a7| <
i=1 =1
l i
- - — — — 6)
> : 11/ @) | B (Z,0)|dZ | <
i=1 =
i
s s (28)
L@ | iz 0147 | < (3)
i=1 =1
i
e%ax }Dn+1 (fz) r r 1
il Ifo I 17 =0l d
(n+1)! ; /Q p1;[1 r
pFi
So far we have proved
HE(f17"'7f7') (x0)|| S
zG?ilaX }DnJrl (fz) T T 1
w2 | L T 0| 17 - w15 a7 | =
i=1 =1
b
Furthermore it holds
?llax DrH—l ft T T
i€{1,...,r} n 1
0 < St — ([ 17 =37 ) | T | |
i=1 p=1
pFi
(35)
and
'G?llax }D7L+1 (fz) L T r
7 yeensT n+
@ < gm0 [ TLs ,
=1 p:l'
P L1(Q.4)
(36)
9
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and finally

max Dpy1 (fi) | »

i€{l,....,r} H 71+1H
< _
O < |2 | [15, [

e Lq(Q,A)

(37)
proving (18), (19). =
We give

Corollary 9 (to Theorem 8) All as in Theorem 8, with f1 = ... = f = f,

r € N. Then
H/Qf"(7)d7_</ ez )dz)f%)

”+1 r—1 n+1
et ([ iz @) < (38)

ey mm{(/ 17 -l 47) ()

T .
=z ez RN (7 S
(39)

<

LI(Q)A)

We also give

Corollary 10 (to Theorem 8) All as in Theorem 8, with (A, |-]|) being a com-
mutative Banach algebra. Then

r/Q (fllfp (7)) 07—

/ 15 | a7 | rn@)| <

i=1 p=1
pFi
Right hand side of (18) < Right hand side of (19). (40)

‘We make

k
Remark 11 Of great interest are applications of Theorem 8 when Q = [] [ax, b,
A=1

where [ax,by] CR, A=1,..., k.
We observe that by the multinomial theorem we get:

k

n+1
E E : n+1)!
/’C ( |Z)\ - mOA) dZ]_de = Q
AI;Il[ambx]

19,1 |
A=1 pr+patpp=nt1 PLP2 PR

10
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/k |21 — $01|p1 |22 — $02|p2 |Zk — $0k|pk dzldzk = (41)
[T [ax;ba]

A=1
n+1 b
Z H </ |Z)\ —Z'UA‘pk dZ)\> =

p1t+pat...pp=n+1 Pr: p2
k p b
n+1)! Lo o
Z ( & ) H (/ (x())\ - 2:)\)pA dzy +/ (Z)\ - xo)\)pA dZ)\> =
ax Tox

k | A=1
> pr=n+l )\1:[1‘0)\'

A=1
k
Z (n+1)! H (zox — ax)p*H + (bx — on)pkH (42)
- py+1 '
Z pr=n+1 H L=

We have found that

— n+1
17 — o),

k
[T [ax;ba]
A=1

k
Z (n—|—1)! H <(b)\ —l‘oA)pA+1+(l‘o)\—a>\)pA+l>
. .
r — 1 H p)\' A=1 P - !
)\Elpx—n-‘r Nl

Based on (18), (19) and (43) we conclude:

k
Theorem 12 Let (A,]-||) a Banach algebra and f; € C"*1 (H [ax, b)] ,A),
A=1

k
i=1,..,r;r €N, n € Zy, and fized z5 € [] [ar,bx] C R*, k > 2. Here

A=1
all vector partial derivatives fio := %O;éi, where a = (aq,...,ax), ax € ZT,
k
A=1,..,k |lal= > ax=4,j=1,...n, fulfill fi, (Zg)=0,i=1,....r
A=1
Denote
Dn fz = max fioc 44
0= e Wl g (44)
1=1,..,1.
Then
> / 117, | fz)az-
H[axqu] p=1
pFi
>/ 15 | a7 | rn@)| < (45)
i=1 [ax,ba] | p=1
- pF#i
11
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(ze?}ax D f@) TL s

i=1 | p=1

k
oo, [T [ax,bx]
: A=1
pFi

k
1
Z 2 k H ( (bx — zox)™ " + (2o — a/\)pﬁl)

k | A=1
=, et /\1;11 o ,\1;[1 (pr+1)
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Abstract

In this paper, we study the Mexican hat wavelet formulated from the
Gaussian function. The Mexican hat wavelet transform (MHWT) is de-
fined using this basic wavelet. A standard method is introduced to obtain
the gap formula for the MHWT. Further, an example for the gap formula
is also presented.
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Mathematics Subject Classification(2010): 44A15; 46F12; 54B15;
46F99

1 Introduction

By utilizing the theory of distributional as well as classical Fourier and Hilbert
transforms, the theory of wavelet transform in LP-spaces (1 < p < o) is formu-
lated. The wavelet transform has been rising as a major mathematical tool for
the past two decades and its contribution to signal analysis is significant. The
major reason for this is the representation of functions in a time-frequency plane
is possible with wavelet transform. Hence, the wavelet transform can be treated
as an operator which localizes time and frequency. Moreover, one can regulate
wavelets within a fixed time period to acquire varied frequency components that
are useful in enhancing the study of signals having localized impulses and os-
cillations. Based on the idea of wavelets as a family of functions, the mother
wavelet 9y (t) is defined by dilating and translating the function ¢ € L?(R)
and is given by

u —

Vpa(u) = (Va)~ ( b) , bbueR aeRy =(0,00), (1.1)

a

LCorresponding author: Department of Mathematics and Statistics
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where a is the dilation, which calculates the level of compression, and b is called
shifting parameter, which works out the wavelet’s time location. If |a|< 1, then
(1.1) is the compressed version of the mother wavelet and represents higher
frequencies.

For a square integrable function f, the wavelet transform with respect to 4
is defined by [5],

W(b,a) = /OO f(w)hpq(w)du for a € Ty and u,b € R. (1.2)

The inversion formula for (1.2) is given as follows:

f(x)zc%/ooo UO; %W(b,a)w (xa_b) db} %, sER (13)

Lo _ [TBW@E, _ [~ BEwP
2C¢—/0 du-/o du < 0o [1,p. 64].

|ul |ul

Recently among very many authors, the researches carried out by R. S. Pathak
et al. [4-10] have investigated the theory of wavelet transform to distributions
and ultradistribution spaces. Singh et al. have extended the theory for distri-
butional wavelet and mexican hat wavelet transform [11-14]. Further, inversion
formulae for the same are established in the sense of distributions and ultradis-
tributions.

where

Mexican hat wavelet that is formulated by taking the second derivative of
Gaussian function is defined by

2

W(u) = exp (%) 1-u?) = —j—; exp (‘T“Q) . (1.4)

Therefore,

Upa(u) = —a*2D2exp (— (- u)2> , (Du = i) : (1.5)

2a?

Thus from (1.2), we have

W (b,a) = —a’/? /00 f(t) D? exp <— (b- t)z) dt, a> 0. (1.6)

2a?
Then, under certain conditions on f, we have

W (b,a) = —a®/? /OO FO(t) exp <— (b2_a§)2) dt, a> 0. (1.7)

From the above two equations we can consider the MHWT as the Weierstrass
2 . . . .
transform of (%) f(w). This relation can further be utilized to explore various
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properties of W(b,a). Also, as Weierstrass transform is defined for complex
values of b, therefore, the definition of the MHWT can be extended for b being
complex, whenever required.

Now for a € (0,00) and b € C, we define

1 —b?
k(b,a) = ——exp | — | . 1.8
00) = en (5 ) (1)
Clearly,
1 —(b—u)?
D? - )= —-D? _ . 1.
20— u.a?) = D2 (enn (<50 ) (1.9
Hence the Mexican hat wavelet transform of a function f(t) is given by [7]
00 C(h_ a2
W(b,a) = a3/2/ @ (w)exp (%) du. (1.10)

2 Gap formula for Mexican hat wavelet trans-
form

The gap formula which is also known as the jump operator provides a uni-
fied approach to obtain a relation between the determining function at a given
point in terms of the transform. Here, it acts as an operator which gives
F@(b+) — fF®(b=) in terms of W (b, a) where W (b, a) and f?)(b) are related by
(1.10). Such representations have been obtained for various integral transform
like Laplace transform, Stieltjes transform, Weierstrass transform, and many
more [2, 15, 16]. In the next theorem, we present Gap formula for the Mexican
hat wavelet transform.

Theorem 2.1. Let f®(y) € Li(m,n) for any finite interval such that the
integral (1.10) relating W (b,a) to f(y) converges for m < b < n. Also, there
exists numbers f) (b4 0) satisfying

/h[f@) (b+u) — fP(b+0)]du = o(h), h— 0.
0

Then for d satisfying m < d < n we have for —oo < b < o0,

lim —i(1—a?)*%a /dﬂoo(s—b) exp ((s _ b)Q) W (s, 1)ds = f@(b+0)—f? (b-0).
d

a?—1— oo 2a?

Proof. Let a(u) = [, f@(v)dv, Yd € (m,n). Also, let a(u) be locally bounded
variation, such that

@l = { pg(uj@z

u<x.

> Lo 2.1)

)

M exp
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Then the MHWT of f(v) is defined by

W(b,1) = / k(b — u, 1) F® (v)dv. (2.2)
Now, using integration by parts on (2.2), we get
W(b,1) = / k1(b —u, Da(u)du, (2.3)
where 9
ki(b—u,1)= %k(b —u,1).
Consider

I = —i(1— a2 /ddmo(s _ b)exp <(S _b)2> W (s, 1)ds

—7300 20“2
d+7oo

= —i(l—a2)3/2/ ( )/ k1(s —u, Da(u)du
d—ioco

= —i(1-a?)?**V2ra / /dﬂoo _ P<(82_a2b) >k1(s—u,1)ds.

Let us consider

J = \/;_;a/:;oo(s—b)exp((sz_b)2>kl(s—u,nds

= ! / (d+iy —b)exp (M> ky(d+ iy —u, Ddy, (s=d+iy)

V2ra 2a?
I —(y—i(d=b)*\, .
= N [mz(y—z(d—b))exp (T k1(iy +d —u, 1)dy
= / k(d+ iy — b,a*)ka(d + iy — u, 1)dy,
where P2k
—ul
ka(s —u,1) = % = (s —uwki(s —u,1).

By [7, Theorem 2.1], we have

J

/ k(d 4 iy — b,a*)ka(d + iy — u, 1)dy (2.4)

= ko(d+iy—u—d—iy+b1—a?)
= kg(b—u,l—QQ).

Hence, we obtain J = ko(b — u, 1 — a?), by combining (2.4) with Corollary 2.2
of [3], where f®)(b) = ko(b — u,1 — a?). Further, breaking the integral I into
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4 parts, corresponding to the intervals (—oo,b — ¢), (b — 9,b), (b,b+ d) and
(b + 0, 00), we have

(1 — a)2(2m) {/_b: + /b; + /bm + /b:} () (u)ka (b — 1,1 — a2)du

= IL(a)+ Ix(a) + Is(a) + I4(a).

For I5(a), we can choose a § > 0 so that |f®) (u)— fP) (b—)|< eforb—6 <u <b
and therefore,

~
Il

b
IB(a) + FO ()] = /b%h(b_u,l_a?)[f@nu)_f<2><b_>]du+o<1>

b
/ ko(b —u, 1 — a®)B(u)du| + o(1)
b—3

IA

e/bbékg(b —u,1—a?)|s — uldu + o(1)
< eM;o(l) as a® —1—.
Similarly |I3(a) — f®)(b+)|< eM + o(1).
For € being arbitrary, we have Ir(a) ~ —f) (b—) and Is(a) = f@® (b+).

For I1(a) and I4(a) by Lemma 2.1c of [3], for some & and 7 such that m <
E<n<n,ata=1

fPw) = O[pr (M)}y u— o0,

;
fPw) = o[exp(@ﬂ, U — o0.
Therefore,
h@ = Jim |@n)20 - a)P /b i(b— u,1 — a®) £ (w)du
< a;grlliMﬂ—aQ) 3/2 exp(2 ) p<_(“f_§)2>du
— o1).

Hence, I1(a) = o(1) and similarly I4(a) = o(1) as a®> — 1—, which concludes
the proof of the theorem.
O

111 Abhishek Singh 107-113



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

Example 2.2. As a simple example take the MHWT at a = 1,

Wi(s,1) = /Oo ki(s —u, 1)o(u)du

— 00

- () 2s)

Oé(u):/ouf(Q)(U)dU:{O u <0

where

1 u > 0.

Since the integral (1.10) converges always, therefore by Theorem 2.1, we have

~ lim —i(1—a?)¥? /Oo (5 — b) exp ((S_b)Q) W (s, 1)ds

a?—1— o 2&2

o) 2 2
_ s (1 4213/2 _ (s —b) -5
a2lgr117 i(l —a®) /oo(s b) exp ( 5.7 exp | — ds

_ i(1 - a?)*?2ma’ . —b?
T et @-o12 P o a2
1 =
- =0 (2.6)
0 otherwise.
Conclusions

In this article, we studied the conditions needed to obtain a relation between
the determining function at a point of discontinuity with its MHWT. As the
Gaussian function derives the Mexican hat wavelet, therefore it satisfies the
Gaussian decays in both frequency and space. Further, as the MHWT has
localization in both space and frequency, it has a strong appeal to applications
in space-frequency analysis, mixed boundary value problems, approximation
theory, mathematical modeling, other digital modulation.
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Abstract

In an ecosystem, the balance of prey-predator system is greatly
influenced by the availability of prey and the fear imposed on
it’s population. In this paper, it is proposed that a prey-predator model
in which prey is assumed to be able to detect the presence of predator and
to counteract it by forming patches and incorporating the cost of fear into
prey reproduction. Equilibrium points are calculated and analysis
of the local and global asymptotic behaviors of the system are
done. Hopf-bifurcation is seen in case of adequate availability
of prey. The system stabilizes in presence of high levels of fear.
Availability of prey act as a crucial role to change the dynamics of the sys-
tem. Numerical simulations showcases the relationship between
prey patches and other related parameters like level of fear,
conversion rate of predator and availability of prey. These sim-
ulations reveal the impact of fear on the prey-predator system
and also justify the theoretical findings. In the end, the bifurcation
scenarios are derived when two different parameters switch together at a
same time. Numerical simulations are justified the theoretical findings.

Keywords: Fear; Patches; Hunting Stability; Bifurcation.

1 Introduction

The survey of prey-predator dynamics is one of the blooming topics of ecosystem
in last few decades. Predation process perform an indispensable part to main-
tain ecological balance. In real field application, the predator do not capture all
the prey population due to refuge property of prey [1, 2]. In biomathematics, the
research of prey refuge is one of the hot spot area. As a result, many researchers
focus in this aspect [3, 4, 5]. Some experimental finding confirm that fear effect
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Modelling the fear effect in prey predator ecosystem incorporating prey
patches

on predator may alter the behavior of prey [6, 7, 8]. Some theoretical studies
have revealed that growth rate of prey need to improve through implementation
of fear effects [9, 10, 11]. Recently, the authors in [12] studied the hunting co-
operation and the fear factor among prey in a Leslie-Gower model. This study
revealed that fear factor is more effective than hunting cooperation to stabi-
lize the system. Also, the scientists in [13] proposed a Beddington-DeAngelis
functional response of predator-prey model and investigated the impact of anti-
predator activity on whole system. They noted that the system may exhibits
multiple Hopf-bifurcation. The researchers in [14] investigated that chaotic
system turned into stable system in presence of cost of fear in three species
model. But very few numbers of researchers explored the combine effects of
hunting cooperation and anti-predator activity in predator-prey system. In re-
cent past, the authors in [15] studied the combine effects of hunting cooperation
and fear factor in prey-predator system and observed that strong demographic
Allee phenomenon. Recently, the authors in [16] studies the influence of
harvesting and allee effects in disease induced prey-predator system
and reveals that allee effect and harvesting can be a handy technique
for controlling the spread of disease. Fractional order mathemati-
cal models are a new research field in non-linear dynamics [17, 18].
The authors in [19] apply the homotopy analysis transform technique
in prey-predator model to evaluate approximate solution which con-
verges to the exact solution of time-fractional nonlinear subject to
initial conditions.

Anti-grazing strategy is a vital part in prey-predator system to
protect prey from predator. In marine system, size of phytoplankton are
very small compare to the predatory enemies but they can survive from con-
sumes by using anti-grazing strategies like morphology [20] formation of colonies
[21] which resist the grazing pressure by higher trophic organisms. Toxin ejected
by phytoplankton is one of another anti-grazing strategies to protect from zoo-
plankton [22]. The author in [23] studied the formulation of patches for defense
mechanism and discussed the ability of releasing toxin chemicals. Thus, paired
mechanism over with patching and poison release outcomes will act a crucial
role for the coexistence species. Some experimental researches noted that the
patch size depend on organism density and also proportional with it [24]. In
real field, phytoplankton are allowed to form spherical patches or colonies and
release toxin chemicals [25].

Motivated by the above theoretical and experimental literatures,
the dynamics of such system in which hunting by predator and fear of prey is
studied. The aim of the present study is to investigate the impact of hunting,
fear effect and toxin effect due to formulation of patches. As per my knowledge,
the combine effect of three above factors has not to explore yet. The main
target in present manuscript is to investigate the subsequent biolog-
ical topics:

e How does availability of prey density influence on the dynamics of prey-
predator system.
e Can fear factor among prey influence to stabilize the prey-predator system.
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e How does patches influence the prey-predator dynamics.

It is considered that, birth rate of prey population is reduced due to fear
of hunting by predator. In the next section, proposed model is developed with
incorporate prey patches. Section 2 represents the construction of mathemat-
ical model based on some assumptions. Basic properties such as boundedness
is discussed in Section 3. Analytical results based on the model and global
stability are discussed in Section 4. Section 5 represents the local bifurcation
such as Hopf and transcritical-bifurcation analysis. Numerical simulations and
discussion are illustrated in Section 6 & 7. Finally, the paper summarize with
a brief conclusion.

2 Basic assumptions and model formulation

Let us consider the assumption to construct the following mathematical model:
Let x(t) and y(t) be the density of prey and predator population at time ¢ > 0
respectively. Here r and r; be the intrinsic growth rate and the intra-species
competition rate of prey. ¢ and e represent the predation rate and conver-
sion rate of predator. Here (1—k;) terms represents the amount of availability
of prey for predation by the predator where, k1 € (0, 1]. It is assumed that pre-
dation term is the Holling-II functional form. According to literature review, a
fraction part ki of prey aggregate to form N patches. Therefore, each patches
represent as %klx. It is assume that the three dimensional patch is roughly
spherical in ocean. Therefore, the radius of patch is proportional to [% klx]l/ 3,
As a result the surface of patch is proportional to [%klx]2/3 = pa?/3
p= [%kl]z/?’. The effect of fear has a direct impact on prey reproduc-
tion [26, 27, 28]. In presence of predator, intrinsic growth of prey becomes
a function of the predator density like F'(y; K) = %Ky in which K is defined
as level of fear of the prey according to anti-predator response. This above
function follows some conditions:

(i) F(y;0) = r: in the absence of fear effect, the prey reproduction rate remain
unaltered.

(ii) F(0; K) = r: in the absence of predator, the prey reproduction rate
remain unaltered.

(iii) IgiirlmF(y; K) = 0: extremely fearful prey fails to reproduce.

, where

(iv) lim F(y; K) = 0: at a extremely higher predator density, prey fails
Y—r00

to reproduce.
(v) % < 0: the prey reproduction rate low with high amount of fear effect.
(vi) %ZK) < 0: the prey reproduction rate low with high amount of predator

density.

116 Chatterjee 114-129



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

Modelling the fear effect in prey predator ecosystem incorporating prey
patches

dx rT 9 c(l —ky)zy

= = — - =G

dt Ky T T Tl ke - OH®Y)
dy e(1—ky)xy

dy el —k)ay 2y = Gu(ay).
7 Tha(l ke WP 2(2,y)

The system (1) will be analyzed with the following initial conditions,

z(0) = 0, y(0) = 0. (2)

3 Mathematical preliminaries

Theorem 1. All non negative solutions (x(t),y(t) of the system (1) initiate in
R% —{0,0} are uniformly bounded.

Proof. Let us choose a function © = x + y.

Therefore,
do _de | dy _ _rz  _ 2 _ _c(l—ki)zy e(l—kyzy _ 5 2/3
at = dt T a = Tiky "7 T Traohne T Traoinz — W —eprTCy.

Let us consider a positive constant ¢ such that { < d. Therefore,

% +(O <rox —ma? 4+ (x — 7(13;16(11)7(2:)2 —y(d—-¢) — epx?/3y

< (TO 4 <)$C _ T1$2 < (T0+C)2.

47"1

(ro+¢)?

By choosing I' = T

, we obtain

0.<O(x(t),y(t) < ¢(1— e + O(x(0), y(0))e =",

which indicates that 0 < ©(z(t),y(t)) < % as t — 0o. Therefore, all non nega-

tives solutions of the system (1) are originated from R% —{0,0} will be restricted
in the region V = {(z,y) € R : z(t) + y(t) < % +e}.

In ecology, it means that the system act in a specified manner. Boundedness of
the system implies that none of the two interacting species grow unexpectedly or
exponentially for a long period of time. Clearly, as a result of limited resource,
numbers of each species is surely bounded. O

From the ecological point of view, let us first consider the following
region R? = {(z,y) : > 0,y > 0}. Here, the function Gy(z,y) = zf(z,y)
and G3 = yg(z,y) of the system (1) are continuously differentiable and
locally Lipschitz in R = {(z,y) : # > 0,y > 0}. Therefore, Theorem
A.4, page 423 in H. R. Thieme’s book [29] implies that the solutions of
the initial value problem with non-negative initial conditions exist on
the interval [0,5) and unique, where S is a sufficiently large number.
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4 Equilibria: Existence and stability

All possible equilibria are catalogued below:
(i) The predator free equilibrium Ey = (-, 0).
(ii) The positive coexistence equilibrium E* = (z*, y*),
while 2* is ensured by solving {a(1 — k1)}?e3p32*® + 3{a(1 — k1)}?e3p32** +
[Be3p3a(l — k1) — {(1 — k1) (e — da) }*]a*3 + [e3p® + 3{(1 — k1) (e — da) }?d]z*? —
3{(1 - k1)(e — da)}d?z* + d® = 0.
Also, y* is ensured by solving cK (1 — k1)y? + [e(1 — k1) + maz*(1 + a(l —
k) Kly* — (14 a(l — kp)a™)(r — riaz*) = 0.

Thus the condition for the existence of the interior equilibrium point E*(z*, y*)
is given by, z* > 0, y* > 0.

Explicitly, general form of the Jacobian matrix at E = (T, %) is defined as

r _ 2T T C(l*kl)g _ _rK=® _ C(l*kl)f
J=| O+KD) T Otai=kn2)? (I+Kp)? ~ T+a(l—k)z (3)
e(l-k)y 2, — 1 el—k)T g o =2/3
(ta(i—k)m)2 _ 3¢PY7/m Tra(l_ki)T epx

There exists a feasible predator free steady state E; of the system (1) which

, , 1k
is unstable if % + p%z/?’ < W

The Jacobian matrix at £* can be written as
— pix* — c(1—k1)y” _ _rKz* __c(d—kip)z”
1 (I+a(l—Fk1)z")2 (A+Ky*)?2 ~ T+a(l—k1)z*
_e(=k)y” 2, y" 0
(ta(i—k1)z")2 — 3CP-173
us the eigenvalues in this case are obtained as roots of the quadratic
Thus the eig 1 in thi btained ts of the quadrati

A2 — tr(J*) + det(J*) =0,

o= | @R

*\ T * c(l-k ) -
tr(J*) = arigey — 2nat - (1+¢5(1721;}x*)2=

*\ _ rK c(l—k1) e(l1—k1) 2 1 * %
det(J”) = [arryy + Traa—wne lTrat=fzP — 3¢ 77"y’

Now ¢r(J*) < 0 if iy < 2ne’ + (14?15217—% as well as det(J*) > 0 if
27 (1—ky)3z~

P < ¥ Tra(—Fn)z)0"
Therefore, according Routh—Hurwitz criterion we can admit that E* is locally
asymptotically stable providing the above two conditions are fulfilled.

Theorem 2. If the non negative equilibrium E* exists, then (z*,y*) is
c(1—k1)%a

globally asymptotically stable in the x —y plane if 4 > Trad—kDz "

Proof. Let us consider a Lyapunov function about E*

V=z—a"—a"ing + {(1+al —k)z")(y —y" —y*ink).

Differentiating V' with respect to t of the system (1), we get

W — (") (e — 117 — o) € (1 a(1—ky)z™) (y —y*) (Fon o

1+Ky T Tta(l—ky)z T+a(l—ky)x
dy — epz®/3y)
ey (K —y) ) 4 0=k =y c(1—k1)?a(e—a")
=(@=a7) (<1+Ky>y<1ffz<y*> - — @)+ oAt T [1+a<1—k1)lnl+a<1—k1>z*1)“L

et a(l =k)rt)y —y) (1+a<1i(;5§32§i;?13k1)m*) — ep(as — I*%)} '
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After some calculation and simplification we get

c(l—k 211 * T * *
S—[ﬁ—lﬁf@%ﬁl)m* (= 2*)* — ey (@ — 2*)(y — y*).

Clearly, V is negative definite if r; > % Therefore by LaSalle’s

theorem [30] E* is globally asymptotically stable in  — y plane. O

5 Local bifurcation

5.1 Hopf-Bifurcation

Theorem 3. The necessary and sufficient conditions for Hopf bifurcation of
the system (1) around E* at ky = k{ are [tr(J*)]k,=ke =0, [det(J*)]k,=ke >0
and d%l[tr(J*)]kl:kf # 0.

Proof. The condition [tr(J*)]k,=k; = 0 gives ey —2r1a" — Ufﬁ% =
0, in which [tr(J*)]g,=ks = 0.

Now [det(J*)|x, =k > 0 which is equivalent to the characteristic equation A* +
[det(J*)]k,=re = 0 whose roots are purely imaginary,

For k; = kf, the characteristic can be written as
X*+w=0, (4)

where w = [det(J*)]k,=k: > 0. Therefore, the above equation has two roots of
the form x; = +iv/w and x2 = —iv/w. Let at any neighbouring point k; of kf,
we can express the above roots in general form like x1,2 = 601(k1) + ti62(k1),

where 61 (k1) = tr(;*) and O3(k1) = ¢/ det(J*) — %. Now it is to be verified

the transversality condition d%l(Re(Xj (k1)))ky=ke # 0 for j =1,2.
Substituting x1 = 61(k1) + i02(k1) in (4) and calculate the derivative, we have

291 (k1)9'1 (kl) — 26‘2(1€1)9’2(k1) + w’ = 0,
202(k1)04 (k1) + 2601 (k1)05(k1) = 0. (5)
Solving (5), we get
ai (Re(xi (k)ki=ks = gzigny # 0, i, giltr(J")le=xs # 0, which satisfy

the transversality condition. This implies that the system undergoes a Hopf-
bifurcation at k1 = kf. O

5.2 Transcritical-bifurcation

Theorem 4. System (1) undergoes a transcritical bifurcation when the system
parameters satisfy the restriction ky = k1 ©. Here, ki is seen as the bifurcation
parameter.
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Proof. For ki = k¥'¢, the Jacobian matrix .J; of the system (1) around F;
has one zero eigenvalue. Let U; and V; be the eigenvectors of the matrix Jy
and (J1)T corresponding to zero eigenvalue respectively. Therefore, we ob-

T
tain U = (—(% + ) 1) and V; = (0 1)T. We have Fy, (z,y) =

(0 —y)' B (Biiki =k = (0 0)" and (Vi)' Fy, (Ersky = k7€) =
0

AISO7 DFkl (El; kl = k’,ll"C) U1 = (0 — 1)T.
Therefore, we obtain (V;)” [DFy, (E1; k1 = k1) (Uy)] = —1.
Further, (Vi)" D2F (Ey; ki = k7€) (U, Un)

— ri(1=ky) 2ep (v r e(1—ky)
=—2e [(r1+lzz(lfk11)r)2 - %(%)1/3} |:71 + T‘1+El(171]€1)7”:| <0.

By applying Sotomayor’s theorem [31] we can conclude that the system experi-
ences a transcritical bifurcation at F; when ki crosses k;fc.
O

6 Numerical simulations

In order to visualize the analytical finding, we perform the numerical simulation
over the set of parametric values [32, 33, 34]

r=1.2,r =0.05K=0.1, k =0.7,
c=045, ¢=0.25 a=0.3, d=0.1, p=0.15. (6)

It is noted that the system (1) shows stable dynamics around at E*(3.06,5.74)
(cf. Fig. 1(a)).

6.1 Effect of k;

It is observed that when availability of prey species is high for predation, i.e.,
the low value of k1, the dynamical system switches to unstable behavior (viz.
k1 = 0.66). But high level of fear can stabilize the system (1) (viz. K = 0.2).
It is illustrated in Fig. 1(b). Thus, the fear effect can prevent the oc-
currence of limit cycle oscillation and increase the stability of the
system. Fig. 2(a-b) depicts various steady state behavior of prey and preda-
tor for the parameter k;. Here, it is noted that a Hopf point are situated
(H) at k; = 0.673026 with eigenvalue +0.284862¢ and one Limit point (LP)
and a Branch point (BP) coincide at k1 = 0.864180 with eigenvalue (0. — 1.2).
Branch point (BP) indicates that at that particular point, predator
goes to extension and the transcritical bifurcation occurs. The Limit
point (LP) is a collision and disappearance of two equilibria in the
dynamical system. The system switches from stable to unstable or
unstable to stable behavior after crossing the Hopf point(H). It is ob-
served that the first Lyapunov coefficient being —2.654148e~%% at Hopf point
(H) which confirm that a family of stable limit cycle generate from H (viz. Fig.
3(a)). It is clearly indicates that increasing the amount of prey refuge
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Figure 1: (a) The equilibrium point E* is stable for the set of parametric
values. (b) The figure depicts oscillatory behavior around at E* of system (1)
for k; = 0.66 and K = 0.1(blue line), stable behaviour at E* for k; = 0.66 and
K = 0.2(black line).

(0.86, 24) 7L

(0.67,265)

Figure 2: (a-b) The trajectory represents the different dynamical behaviors of
prey and predator respectively for k.
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Figure 3: (a) The trajectory represents a family of stable limit cycles generate
from Hopf (H) point for k; in z —y — ky plane. (b) Bifurcation diagram for k;.

(0.36,5.78)
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Figure 4: (a-b) The trajectory represents the different dynamical behaviors of
prey and predator respectively for e.
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Figure 5: (a) The trajectory represents a family of stable limit cycles generate
from Hopf (H) point for e in  — y — e plane. (b) Bifurcation diagram for e.
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Figure 6: (a-b) The trajectory represents the different dynamical behaviors of
prey and predator respectively for p.
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Figure 7: (a) The trajectory represents a family of stable limit cycles generate
from Hopf (H) point for e in x — y — p plane.. (b) Bifurcation diagram for p.

can increase both densities of prey and predator. On the other hand,
when k; reaches a high risk threshold of the prey refuge the preda-
tor goes to extinct and the equilibrium F; is globally asymptotically
stable.

6.2 Effect of ¢

Fig. 4(a-b) indicates that predator’s conversion rate (e) play a crucial role to
switch the prey and predator natures. Here, we have one Hopf point (e =
0.360577), Branch point (e = 0.097047) and a Limit point (e = 0.096319).
Further, the system experiences a family of stable limit cycle generate from
Hopf point (viz. Fig. 5(a)).

6.3 Effect of p

It is observed that the prey patches play a big impact in the system (1). From
Fig. 6(a-b) & Fig. 7(a) it follow several stability behaviour and family of
stable limit cycle for the free parameter p respectively. At p = 1.416971, the
system experiences a super critical bifurcation with first Lyapunov coefficient
—2.031921e93 and predator becomes extinct at p = 0.225770 i.e., at BP point.
Also, a Limit point (LP) is obtained at p = 0.254407.

6.4 Bifurcation
The bifurcation diagrams (cf. Fig. 3(b), Fig. 5(b) and Fig. 7(b)) illustrate the

complete dynamic pictures of the system (1) for the effect of parameter kq, e

11
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Figure 8: (a) Two parameters bifurcation diagram for k1 — p. (b) Two param-
eters bifurcation diagram for p — e.

and p respectively. Fig. 5(a-b) display the two parameters bifurcation diagram
for k1 — p and p — e respectively. In this case, we see a Bogdanov-Takens (BT),
Cusp bifurcation (CP) and Generalized Hopf (GH). Generalized Hopf sep-
arates branches of sub-and supercritical Andronov-Hopf bifurcations
in the two parameter plain. The It is clearly indicates that a saddle-node
bifurcation curve meet at transcritical curve at Cusp point(CP), i.e., SN-TC
point and saddle-node and Hopf bifurcation curve touch at BT point.
Also, the bifurcation curve exhibits a Generalized Hopf point (GH) where the
1%t Lyapunov coefficient turn out to be zero. All the numerical finding are
summarized in Table 1.

7 Discussion

In this present article, a prey-predator model is designed by incorporating
patches, prey refuge and fear effect to discover the dynamics of prey-predator
systems. It is assumed that prey population grows logistically and
predators consume prey population under Holling II functional re-
sponse. Firstly, some basic properties are analyzed and verified which are
ecologically well behaved such as boundedness and properties of existence of
equilibria. The local stability behavior of the system is carried out
around each equilibrium. In order to explore the dynamics of pro-
posed system, it is identified that, the system (1) has two equilibrium
point such as axial (E;) and coexistence equilibrium (E*). We also
perform the global stability of coexistence equilibrium by choosing a
suitable Lyapunov function. Throughout the analysis, availability of prey,
i.e., the parameter k; play crucial role to exhibit Hopf bifurcation and stability

12
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Table 1: Natures of equilibrium points.

Parameters Values Eigenvalues Equilibrium points
3 0.673026 (£0.2848621) Hopf (1)
0.864180 (0, —1.2029) Limit Point (LP)
0.864180 (0,—1.2029) Branch Point (BP)
e 0.360577 (£0.3059074) Hopf (H)
0.096319 (0, —1.00886) Limit Point(LP)
0.097047 (0,-1.2) Branch Point(BP)
p 0.074021 (£0.2898791) Hopf (H)
0.225770 (0,-1.2) Branch Point(BP)
0.254407 (0, —0.398958) Limit Point(BP)
(k1,p) 0.4146440.397248 (= £0.00) Bogdanov-Takens (BT)

( )

(0.8639100.150199) (0, —1.20027)  Cusp bifurcation (CP)

(0.0835480.129990) (0,-1.2) Cusp bifurcation (CP)
(0.319445,26.549989)  (£1.53468i)  Generalized Hopf (GH)

(p,e)

switching behavior. Numerically, we observe that when k; < kf = 0.673026, the
system exhibits oscillatory behavior and each population shows stable coexis-
tence between 0.673026 < k1 < 0.864180. When processed further, coexistence
equilibrium looses stability via transcritical bifurcation i.e., branch point and
the predator population will die out. Similar characteristic nature of prey and
predator have been seen for the effect of conversion rate of predator and toxic-
ity level due to patches. Further, to study the impact of fear effect, prey shows
anti-predator behaviours. Several two parameter bifurcations are drawn
that show different stability nature of dynamics. It is observed that high
value of fear level can stabilize the whole system in presence of high availability
of prey species for predation. So, availability of prey species, conversion
rate of predator, prey patches and fear level acts an crucial roles in in
determining the long-term population dynamics. We hope that this
study will contribute in understanding the impact of fear, effect of
conversion rate of predator and toxicity level due to patches. The
system (1) can also be modified further for two prey and one or two
predator which may be more significant to the biological diversity.

8 Conclusion

In this article, we consider fear effect prey-predator model and a prey refuge with
forming patches. By examining the characteristic equation of the corresponding
linearized system we obtain the threshold conditions for the stability of system.
It is observed that level of fear, availability of prey due to refuge mechanism,
conversion rate of predator and toxicity level due to patches play major role to
stabilize the system. We find that combined effects of more than one parameters
results in complex dynamical behaviour.
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Abstract

In this study, we have proposed second, fourth and sixth order convergent numerical techniques
for approximating linear and non-linear boundary value problems of second order with the help
of fractal non-polynomial spline function. We have discussed the convergence analysis and
error bound for sixth order method to prove the theoretical aspects of the presented method.
Numerical problems are experimented to validate the theoretical results. Comparison with
fractal polynomial and few other existing methods leads us to the conclusion that the proposed
technique is more efficient.

Keywords: Difference equations, fractal non-polynomial spline, quasilinearisation,
convergence analysis, truncation error.
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1. Introduction

With the help of fractal non-polynomial spline, we have developed numerical techniques to
find the approximate solution of boundary value problems(BVPs) of the type:

wa(t) +p(O)w(r) = £(2), 1€ (0, 1),
W(O):G(), W(l)zdl,

(1.1)

and

wyu(t) +F(t,w(r)) =0, t€(0, 1),

W(O) = Oy, W(l) = 01,

(1.2)

where op and o) are constants. In (1.1), p(¢) and £(¢) are continuous functions in closed in-

terval / = [0, 1]. For random choices of p and £, exact solution of these BVPs cannot be find.
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Therefore we approach numerical methods to get approximate solution of (1.1). In (1.2), pre-
sume that for (£,w(7)) eD={0<r<1, —oo <w(f) < oo}, Fand g—fv are continuous. We know
that (1.2) admits unique solution, if  sup g—fv < m2,[22]]. Here we assume that 3—& <0 on
(t,w(t))eD
D and 3—5 <0onD*={0<r<1, —eo<w(t)<eo}. The notation w; symbolizes second
derivative of w with respect to z.
Various authors have used different techniques to find numerical solution of linear as well as
non-linear BVPs. Authors in [[11]] used cubic spline functions to find the approximate solution
of nonlinear BVPs. Few numerical techniques derived by various authors for solving non-linear
BVPs are given in [} 2, 18, [14, 23, 27, 28, 32] and fractional differential equations are given in
(13,150 1164117, 118, 19} 129, 130].
With the help of quasilinearisation technique[6, 21}, 26]], the non-linear BVP (1.2) is converted
into a system of linear BVPs, which in turn are solved by derived numerical scheme using
fractal non-polynomial quintic spline function. A parameter A called scaling factor is used in
fractal spline which is suitably restricted to obtain the approximate solution of the linearized
BVPs. Fractal interpolation function was introduced by Barnsley[4] using Iterated function
system. Although fractals are difficult to constrain but they are best suitable for generation
of various irregular shapes found in nature. It provides the possibility of simulating and de-
scribing landscapes precisely with the help of mathematical models. To find the numerical
solution of (1.2), Balasubramani et. al.[3] have worked upon fractal quintic polynomial spline
functions. In this paper we have worked upon finding the approximate solution using fractal
non-polynomial spline functions and observed that the proposed scheme provides better results.
The description of paper is as follows:
At the beginning ,we have given a brief description of the presented method which uses fractal
non-polynomial quintic spline to get a relation between w(f) and M(¢) using continuity con-
ditions. In section 3, we have discussed the truncation error. Thereafter, possible classes of
method are discussed in section 4. Then we have discussed the convergence analysis of sixth
order method in section 5. Error bounds are carried out. Thereafter, we have given a briefing
about finite-difference method and Numerov’s method, and experimented four numerical prob-
lems to testify the efficacy of proposed method in section 6. Concluding remarks are provided

in section 7.

2. Fractal Nonpolynomial spline

Let0=1) <t <t <...<t, =1 be the partition of the interval / = [0, 1] given in (1.1)
and (1.2). Let w(z) and W; denote the analytical and approximate solutions respectively. For
t;=jh, h=1/n, 3=0,1,...,n. Let Mj; and S; denote the approximation corresponding to
wi(t5) and wi () respectively.

Concept of Iterated functions system (IFS) is used to develop fractal interpolation functions(FIF).

Basic details related to fractal interpolation are provided in [S} 9, [10].
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Define Hj : I — I3, where I3 = [tj_1,1;] such that
Hj(t) =ht+t5_1, t€l
Clearly, H;(to) = t;—1 and H;(t,) = 15,
and define [Fj:1x R — R such that
Fy(t,w) =Aw+r;(1), (t,w) € IxR,
where A is scaling factor such that |A| < A* and

ri(t) = Ajcos& (t —to) +Bysin& (t — t9) + C; (¢ — t9)> +Dj (t — t9)* +E; (t — 19) +F;.
Constructing the IFS as follows
I xR;X5(t,w) = (Hj(1),(F5(t,w))) : j =1,2,...,n,

which satisfies the following conditions:

]FJ (t()aWO) = Wj*lu ]FJ (trlen) = WJ?
F5.1(th, Wn1) = Fy41,1(t0, Wo 1),
Fj,Z(t()?MO) = Mj*la Fj,Z(tI’l?Mn) = MJ?
F33(th, Wy 3) = F3113(t0, Wo 3),

\Fj,4(t0,SO> = Sj—17 IFj,4(t}’l7S}’l) = SJ7

k
where j = 1,2,.....n— 1, and Fy o (r,w) = 2030 k=123 4 and
(1) _ () (1) _ )

Woi === Wai == Wo3 =353 Wa3 =525 -
Clearly, IFS is satisfying C*-differentiability conditions on FIFs[3} [0, 10].

LetF = {® € C*(L,R) | D(ty) = Wo, P(tx) = Wy, D (1) = My,
D2 (1,) = My, DM (1) = So, @™ (1,) = S,,}.
Then (F,d) is a complete metric space and d is a metric induced on F by C*—norm. Let us

define the Read-Bajraktarevic operator T on (&,d) as

T(P(H; (1)) = AD(t) + Ajcosé (t — to) + Bysin& (t — t9) + C5 (¢ — 9)> +Dj (1 — 19)?
+E;j(t—10) +Fj, t € [to,tn], j=12,...,n.

As operator T is contraction map, it must have a unique fixed point ¢ (say) which will

satisfy the following conditions:

@(H;(1)) = A@() + Ajcos& (t — to) +Bysin& (t — tg) + C;(t — t9)> + D3 (t — 1)
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+Ej(t—19) +F;5, t€(tot), j=12,...,n. (2.1)
From [[10], it can be seen that

Fj(t0, Wo) = Wi_1, Fy(t,, W,) =Wy, Fj2(t0,Mo) =M;_1,
FJ,2(IV!7M ) M ]F_] 4(t07S0) Sj*la FJ,Z(tn,Sn) - SJ7
are equivalent to

¢(t5—1) = Wi_1, @(t;) = W;, <P(2)(fj—1) =M;_1,

2 4 4 (2.2)
(P( )(tj) :Mja (P( )(tj—l) ZSj_l, (P( )(lj) =Sj.

The conditions ]FjJ(l‘n, Wn,l) = Fj+171(t0, W()J), and Fj@(tn, Wn’3) = Fj+173(l‘0, W0,3), can be
reevaluated as @) (H;(t,)) = (p(l)(Hj+1(t0)) and @) (H;(1,)) = (p(3)(Hj+1(t0)) respectively.
The coefficients A, B, Cj, D;, E; and F; used in (2.1) are evaluated using (2.2). We get

h4

h4
; ﬁ(sﬂ ~ i)

h2
£y = (Wso1=AW0) + £ (854 %S‘))'
For continuity of @(!), we have used (p(l)(tj_) = (p(')(t}L) ie., (p(l)(Hj (ty)) = (p(l)(Hj+1(t0))
and eventually get the following condition:

Ao (1,) — A;Esin& +BjE cosE +3C;54+2D5 +E5 =A@ (10) + EBjyy +Ej11.  (23)

Similarly for continuity of ¢\ we have used ¢*)(r) = @1)(7) i, @ (H;(1)) =
@) (H;41(t)) and get

203 (1) + A;E3sin€ —B;jE3cos & +6C5 = Ao (1) + E3By 11 4+ 6C5 1. (2.4)

After substituting the values of A;, Bj, Cj, D3, Ej, Bj41, Cj+1 and Ejq in (2.3) and (2.4),
we obtain

(50+9) (552 gsiing ~ 25n€) + (514500 (g e+ 89)
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h* 2h* cos
+5; (65402 487%) - gﬁ)=7up<”(rn>—Mo<”(ro)—(Wj+1—2Wj+wj1)
A h?
=7 (Mo+My) + (M1 +4M; + M), (2.5)

(So+Sn)(&Cf’—sg_L> <§sli§ 2‘;)( 1+SJH)+S_<2_M_2_M@_S§>

=A%) (19) — 9 (1)) + KX (Mj_1 —2M;5 +M;j+1), (2.6)

respectively. From equation (2.5), we have

1 A
e Mi+1+4M; +Mj71>+h4k2<SO+S ) o (o (t)

A 1
oW1y 10)) + 5,5 (Mo+Mp) + 53 (Wit =2W5 + Wiph),  27)

<06sz71 —|—2ﬁ25j + 06sz+1> =—

and from equation (2.6), we have

(015142185 018y 1) = 1 (My 1 — 25+ My 1) — k(S0 +5)
(00— 00 w), (2.8)
where
o = é(écosec(g) - 1) ., Bi= é(l —écot(é)),
OCzZé(%—OCl), [32:&_12 %—ﬁ1>7

Solving (2.7) and (2.8), we get

(So+Sn) (oka+00k)  and (9 (1) —9W(10))  0pA (%) (1a) — 9 (10))
2t (upr—ofr) 20t (ufr—of) 2n* (0P — o)
ud  (Mo+My) o (Wi =2W5+Wi1)  on (My +4M5+M5-,)
4pt (Otlﬁz—(Xzﬁl) 2ht (061[32—062[31) 12h2 ((Xlﬁz—azﬁl)
(07} (Mj+1 —2Mj —i—Mj,l)

Sj =

2h2 (OC] [32 — 052[31) (2.9)
Using equation (2.9) in equation (2.8), we have
o (Wj+2 + Wj_z) +2(ﬁ1 — al)(Wj—i-l + Wj—l) (20{1 4[31)
= —2(a1 + 1) (9 (10) — 9V (1)) +2(02 + B2) A (0 (3)(to) — ¢ (1))
—(061 + B]))L(M() +Mn) +h2(pMj+2 —|—qu+1 + T'Mj +qMJ-_1 —|—pMJ-_2), (210)
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where

p =0+ %,

g =2[4(20+B1) — (0 —B2)]

r= 2[%(061 +4B1) + (0 — Zﬁz)} -

Remark 1: When (al,ﬁl,az,ﬁz> = (%, %, %, %) equation (2.10) reduces to (2.5) of Bal-
asubramani et al.[3]].

Remark 2: When A = 0, equation (2.10) reduces to quintic non-polynomial spline method by
P. Srivastav et al.[31].

2.1. Spline Solution for Linear BVPs
Equation (1.1) is discretized at t =15, since M;+p;W; =£;, where p; =p(t;), £5 =£(¢5).
The boundary equations are discretized as Wy = 6y, W, = o7.

Substitute
Wo+3W,—3W,+ W —3W,_1+3W, =W, _
¢ () = MM, gy - Mo Mokt
(p(l)(t()) lh 0 (p( )([n):T”'7
M;=15—p;W;j,

in (2.10), and after some calculations we get,

(— :2(a1;ﬁ1)/1 + 6(062:3132)/1} Wi+ [aoa}l%} W, — [z(azhﬁ} W3 — [061 +Ph2pj72} Wi—2
~ |2(B1 — @)+ ahps-1| Wyt — | (200 — 4By) + rips | W3 — [2(B1 — o)

TP | Wit — [0+ phPpyia| Wyso — |2 fh | w, g [ty
Pk Stk = k(£ 2 £50) +q(E5 +E500) 4

A (01 +B1)[(F0+24) — (oG +pacy)] — | 21epPE 4 2eefall

- [Haght | A, i=23,...,(n—2).

2.11)

\

In (2.11) we have (n— 1) unknowns Wy, W,,...W,_; and (n — 3) equations. Therefore two
more equations are required to find unique solution. Hence we derive two boundary equations
as follows:

Boundary equations

Let the equationat j =1and j =n—1be

m "

| 2(+B)A W3 — 2(0624-3!32)1} W, 3+ [6 0624;132)/1] W, »— [ (0614};51)
h n—3 3 n—

+6(062+ﬁ2)/1] W, 1+ [2(051-};51)7L + (062+Bz) ]Wn = Ao+ B1)[(fo+ £5)
—(q000 + 4n0n)] +Z§§S (lkW(fk) +mih Wn(lk)),

2(a14}:ﬁ1)l+2(a2+ﬁ2)l Wo — 2(a1;ﬁ1)l_’_6(a2+[32) Wy + (052+l32) ]Wz
(

(2.12)
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and

( [2(051-}11-131)/1 + 2(0622—3[52)1} Wo — 2(0614-131)7L + 6(052+[52) ]W + [ (052+[32) ]Wz

B [2(052—1—[32)1} Ws— [2(%;3132) }an + [ (Ocz+ﬁ2) ]Wn—z _ [ (al—zﬁl)

_|_6(Ocz+ﬁ2)/l]Wn7 +[2(0614431) + (062;;[32) ]Wn:)b(al+ﬁl)[(f0_|_fn)

— (9000 + gn0n)] + Zk n—>5 (lkW(lk) —l-mkhzwzt(fk)),

(2.13)

respectively. The system (2.11), (2.12) and (2.13) provides the numerical solution Wy, j =
1,2,...,n—1 for linear BVPs.

2.2. Spline Solution for nonlinear BVPs
2.2.1. Quasilinearisation technique

We use quasilinearisation technique to convert the non-linear BVP given in (1.2) into a sys-
tem of linear BVPs. Here w(% (7) denotes the initial approximation and the function F(¢,w(r))
is expanded around the w(% (r) to obtain

JF
I w0y T

F(t,w) (1) = F(e,w % (1) + (W) = (V) (
In general,

oF

F(t, w(r—i-l)(t)) = F(l,w(r>(t)) + (w(r—H) — w(r)) (%)(hw(r)(l)) +...,

where r is the iteration index such thatr =0,1,2, ...

The nonlinear BVP (1.2) can be written as

wiE () +Fe,wEt (1) =0, 1 € (0,1),

(2.14)
wED(0) =0y, wrtD(1) = oy.
By substituting
F(t,w (1)) = F(t,w® (1)) + (wE+D — w<r>)(£)
’ ’ ow’ (tw)(0)
in (2.14), we get
w0+ gD w0 = SO, e 1), T=0.1.. 015

W(I_H)(O) = Oy, W(r+1)(l) = 01,

where

r r r 8F r
q' )(t> = (%)(,,W(r)(,))y £ )(t) = w )(t)(%)(hw(r)(,)) —F(t,w( )(t))-
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Hence the non-linear BVP (1.2) is converted into a system of linear BVPs. Now we will proceed

to solve this system numerically.

2.2.2. Numerical scheme

Let WJ(I) is the approximate value of w(*) ;) and M §r) is the approximate value of wt(,r ) (#5)-

Now, at ¢ = ¢;, the differential equation (2.15) can be discretized as

(x+1) | (O) g (c+1) _ £(r)
My gy Wy =05

where

() _ (9F @ _ () 9F @
q; —(%)(G,Wgﬂ), I3 =w; (%)(G,Wgﬂ)—F(rJ,wj ).

Also, the boundary conditions can be discretised as W(()IH) = 0y, W,(ZIH) = 0.

Substitute " - N
o) (1) = —wir 3w h3—3W2 L
(p(3) (tn) _ W’(IrJrl)_3W(r+1);_;3W’5rq;1)_W’(lr:51),
(p(l)(to) — w, (0(1)(tn) _ W,§r+1);W}5r_Jq1>’
M:(jr+1) _ fJ(r) . qgr) W§r+1),

in equation (2.10) we have

(_ 2(0612131)/1+6(0€2};[32)/1}W1(r+1)_‘_ [6(062;3132) ]
| W~ (B ) |
208, - a1>+qh2q§ﬁl]w§i” [a +phzq§+)2 W§j§”—[%}wﬁi§”

+ -6(0‘22;[52)1] Wr(zr—jzl) _ [Z(al‘;ﬁl) + (O‘Z}‘:‘BZ) ]Wr(zr+ll) _ _h2 |:p(f3(j—)2 +f_](i)2)
Fal2h AT | Ao+ BT + A7)~ (a6 o0 + 47 00)
(

__2(alzﬁl>x+zazl;ﬁzn}60_[Z(alzﬁn + <azh+3ﬁz> }ol, i=2,3,...,(n=2).

+1) _ [2(0‘2}1;352)1] Wi - [al

' 2o —4py) + g | WY

(r
2
+
1 ]

(2.16)

\

In (2.16) we have (n— 1) unknowns W(IH) Wérﬂ), e W,(f[l) and (n — 3) equations.
Therefore two more equations are required to find unique solution. Hence we derive two bound-
ary equations as follows:
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Boundary equations

Let the equationat j=1and j =n—1be

r[2(0:14;:/31)7L_|_2(a2}—l|—3ﬁ2)/l]w(gr+l)_ 2(a14};[31) 4 (a2+ﬁ2) }W§r+1)+ 6(a2;r3ﬁ2)/1]W2(r+1)

) _[2(052;;3[32)/1 W3(r+1)_ [2(052:3[32)1 Wr+1 [6 a2+[32 Wr(zjl)— [2(051:/31)1 .
ook [y i) g [HERIA g 2ol }Wé”” = Alen+ B[ + 1)

\ —(f](()r)ffo + f]r(zr) on)]+ Y55 (lkW(rH) (t) +mkh2W§tr+1) (t)),

and

r[Z(al-;ﬁ]))t+2(oc2}-l|;[32)/l]w(()r+l)_ [2(051;/31) 4 (a2+ﬁ2) }W1(r+1)+ 6(052}-:—3[32)/1]W§r+1)
B [2(%};/}2),1 W3(r+1) _ [2(0:2;/32),1 W r+l + [6 a2+[32 Wr(tr—zl) _ [2(051;[3,)1 o18)

_}_6(062;!32)1}W(r+1)+ [2(0514431)14_ (0522332) }WISIJFI) _ (O£1+B])[(f(§r)+fn(r))

n—1

(a5 00+ a7 )] + EiT_s (b ™) (1) +midPwif ™ (1))

respectively. For non-linear BVPs, system (2.16), (2.17) and (2.18) gives the approximate
solution WJ(HI), j=12,...,n—1.

3. Truncation error

From (2.16), we have

j h3 ]’l3
+ 6(062}—:-3[32)1:| WEHD (1) — [2(062};[32)/1] WD (1) — [061

+ P2 (15-2) [ WED (152) = 2081 = o) + gl (151) | W (1)
— | (2on = 4B1) + gD (1) [ W 15) — |2(B1 — 1)

+qh2q(r)(fj+1)] WE (1541) - [061 + phq'®) (tj+2)} W (1549)

B :2(az};ﬁz)l}w(r+1)(tn_3)+ |:6((X2;;ﬁz)l:|w(r+l)(tn_2)

_ :2(0‘17}:[31)7L + 6(062;1r3ﬁ2)1] W(r+1)(tn_1) + [2(0614};51))b + 2(052;;[32)/1] W(r+1)(tn)
12U (15:12) + £ 15-2)) + g Dty 1) + £ 1)) + 1D 1y)|

— (0 + B)[(F) () + £ (1)) — (4 (10) W+ (10)

+gPWED ()], §=2,3,...,(n—2).

T(r) (h) = [2(0614}1'131)1 n 2(062+ﬁz)/1] W(r+1)(t0> _ [2(0614}1'131)1 + 6(062-0—[}2)/1] W(r+1)(t1>

3.

Substituting f&) () = wt(,r+1)(tj) +q) (t;)wEHD (45) in (3.1), we get
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(

7(®) (h) = —2(0 + o)A WD (1) L 3W D (1) - 3WETY (1) + WD (13)

J +2(00+B2)A W“*”WW“”(’H-'}i;fv Dl ot BT
200+ ) [T 2+ ) [
— (o +BAW (10) = (o + B)AW, (1)
— o (WD (1342) + WD (152)) = 2081 — ) (WD (1500) + 0D 15-1))
— (200 = 4B)wE D (1) + phPwi ™ (1g40) + alPwiy ™ (t50) 4+ i (1)
\ +ahwiy Y (t541) + o2l (1542).
After further simplification we obtain,
(77 (h) = —2(00+B)A | Wiy ™ (10) + O(h)| + 200+ B)A | Wiy ™ (1) + O(h)
—2(a +B)A [ WiV (t0) + O(h)| + 2 + B [ Wi (1) + O(n)|
= (o BAWS Y (10) = (o + B2 (1) a3

r+1
+ 5 7a1+ﬁ1)—(4p+q)}h4w§,ﬂ+ )(tj)+ [Wlo(3la1+ﬁ1)
r+1
_%(16P+‘])]h6W£zm+t)(tj)+[ﬁ(l6lla1+3lﬁl)
r+1
- %(417—'—‘])} hSWEtthtrztz)OJ) + O(hg)-

\

We write

T (h) = T (h) + T (1),

where

17 () = ~2(0a+ B)A | Wiy (1) + 0(h) | +2(a2 + B)A | Wi ™ (1) +0()|
=20+ )2 | W (1) + 08| +2(0a + B)A W (1) + O(h)

— (0t + BO)AWY T (10) = (o + BAWST ™ (1),
and

[1 70‘1"‘[31 4P+Q)}h4W£tl;:_l)(tj)+[Wlo(?’lal‘Fm) 12(16p+‘1)]h6W§mzt )(tj)
+ | rrtom (16111 +31B1) — 5l (4p -+ )| Pl (15) + O(8°).

4. Class of methods

4.1. Second order method

Choose A such that [A| < h*. For getting method of second order, unknown coefficients

must satisfy Conditions:
(1 +Br) = 3.

[5(7061 +B1) — (4p+q)| #0.
One such set of values are:

10
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((Xl,ﬁl) = (%,%) and
p=1/4,q=0,r=1/2.

Also

atj:17 (10711712713;14715>:(07_1727_17070)7
(m07m17m27m37m47m5) = (07%7%7%7070),

and

atj =n-— L, (ln;ln—l7ln—27ln—3aln—4yln75) = (07_1727_170;0)7

(mnamn—l 7mn—27mn—37mn—47mn75> = (07 %7 %7 %7070) .
Since [A| < h*, we have T, (h) = O(h*) and T.7) (h) = 2w, (15) + O().
Therefore

T (h) = O(h*). 4.1)

4.2. Fourth order method

Choose A such that |A| < hS. For getting method of order four, values of unknown coeffi-

cients must satisfy conditions:
(on+p1) =14,
[%(7061 +pBi) - (4p+q)} =0,

[11@(31a1+131)—11—2<16p+q)} #0.

_ 1 __ 26 .. __ 66
P =109~ 12007 = 120
Also
at j =1, (10711712713714715): 0,_1727_17070)7
(m05m17m27m37m47m5) = (0567}_711_2705())’
and

atj =n— 1, (lnaln—laln—27ln—37ln—4aln—5) = (07_1727_17070)7

1 10 1
(mnamnfl7mn727mn737mn747mn—5) = (07E7E7ﬁ7070)'

Since || < 7, we have T, (h) = O(hS) and T.7) (h) = <l hwis ) (15) + O(7).
Therefore

T (h) = O(h°). (4.2)

4.3. Sixth order method

Choose A such that |A| < k. For getting method of order six, values of unknown coeffi-

cients must satisfy conditions:

11
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(o +B1) = 3,
(7o +B1)— (4p+q) =0,
55 (31an +B1) — 5 (16p+q) =0,

£0.

|

| st (16111 +31By) = 5k (4p + )

4.3)

5.1

— (L 5 -1 ,_ 56 246
The only set of such values are (01, 1) = (15, 75) and p = 555,9 = 355, " = 3eq-
Also
atjzla (10711712713714715):(_47 _27_17070)7
71 43 7 1 =5 1
(m07mlam27m37m47m5) (2407ﬁ7§7§7ﬁ7@)
and
atj=n—1, (ln7ln—1aln—27ln—37 ln—4vln75) = ( -4,7,-2, _1,070)7
71 43 71 =5 1
(mnamn 1,Mp—2,My—3,My—4, My 5) (2407ﬁ7§7§7ﬁ7@)
. 8 )y — 8 (r) 8,,(r+1) 9
Since [A| < h°, we have T’ (h) = O(h°®) and T, (h) = 5000h Wi (t5) +O(07).
Therefore
() 7y _ 8
T; (h) = O(h®).
_ 1 _ 1
Remark 3: Since o, = 3(5 - al) and B, = ?(— —[31>
. 1 (1
ie.(aw+p)= ) <§ — (o +ﬁ1)>;
therefore (0 + 1) = 5 implies (@ + ) =
5. Convergence analysis
The system given in (2.16), (2.17) and (2.18) can be written as
MO WwE) — d(r)’
where
[a®) M M 0 0 0 0 0 0 0 0 0 0 M
S U U o o0 0 0 0 M
M oME oM ME M 0 o0 o 0 0 0 0 0 M
3.1 32 33 34 35 3.n-3
I R R VA A UV o o0 0 0 0 M) s
L A R R o0 0 0 0 ) s
M= : : : : : : ; :
Mr(ti)S.l Mr(xi)S.Z Mr(zrf)S‘B 0 0 0 0 0 0 M)(xi)inf7 Mr(ti)S.nf& Mr(lz)S.rHS Mrgr)Sn 4 MI(XJS.U73
MPy MY, MP, o 0 0 (U 0 0 My e MY MD M,
MPy oMY, mP o 0 0 (U 0 0 0 My s M, M
My MY, MP, o 0 0 (U 0 0 0 0 M7 M,
_Mr(li)l,l Mr(ti)].z Ml(z]i)lj 0 0 0 0 0 0 0 0 0 0 Mr(xl;)l‘nfff
12
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where WD) = (Wl(rJrl),WérH), s W(rﬁl))T, M®) is coefficient matrix of W(*t1and
d® =@, ... .d" )"
Let N (r) be the matrix when A = 0 . Note that,

n—1
M) =N = max . |15 =3

Thus we get

2(0n +Br)A 4 6(0n+ B)A
h h3

—6(a +fB2)A

IM®) —NO|,, =2 3

'+2' ’+2‘M‘.

h3

Theorem 5.1. [[7] : Let Q1and Q> be any two matrices having matrix norm as ||.||. If the eigen
values of Q1 are given as 01,60, ...,0, and eigenvalues of Q> be given as 1,2, ..., Un. Then

2N—1 1 N1 1
mjax\ej—uj]§2 N NN (2P) N ||Q1 — Q2||¥, (5.2)

where P = max(HQl H, HQZH)

In our case, we take the matrices M) = Q;, N*) = 0,, N =n—1. Using ||.||~ in theorem
5.1, we get

—‘m

max(; — 5] < 2051) (n— 1) (520) 2y (50) g — ey ), (5.3)
J

where P = max(|M™) ||, |[N®)||) and M) and N(*) have eigenvalues 0; and pj,j =

1,2,...,n— 1 respectively.

For sufficiently small values of z, N) (r) becomes irreducible, Nl-(f) >0, Nl.(g) <0, i#j
and the row sums give
R =a—§ntq” — gy’ —3ngs >0,

(r) 1
R; 12~ 360 360

56 36 p2g () 246h2qg) 36oh2‘1g)_mh2 (x) >0,

Rgr) = 360h2%( )2 360h2q1( )1 %gghqu( & 360h2qz(+)1 _%h2q1(+)2 >0,

where j =3,4,...n—3,

(r) _ 1 56 (r)  246,2 (r) 56 (r) 1 (r)
R, Hh=1— 360h2 n—1 36Oh2qn 2 360h2qn 3 360h2qn 4 >0,
Rflr—)l =4- 43h2q£, )1 7h2%(1 )2 %hzqgr—)s > 0.

Here N*) is a monotone matrix [20]. Therefore for adequately small values of , (N (r))’1

13
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exist and we get non-zero eigenvalues [, j = 1,2,...n— 1. Thus for these values of & (corre-
sponding to which N(*) is a monotone matrix), A lies in the region (—h®, h®). We select A in
such a manner that it must satisfy the following two conditions :

(i) M@ is invertible matrix, since |[M® — N®)||., = 2| 2% ZB'M + 6(062;3[32)1

—6(n+B)A
h3

+2 -

2 2(0422—3[32)1

ficiently small.

‘, and from (5.3) we find that eigenvalues of M (*) are non-zero, whenever A is suf-

(ii) Since NJ(r) >0, j=1,2,...,n—1,, the row sum corresponding to M*) is

4o +PA 4+ Br)A .
- h - h3 y ] 9Ly e

s\ =Ry L1, (5.4)

when A is sufficiently small.
When N®) is monotone (i.e. when A is adequately small ) and M%) invertible and row sum of
M) is positive (i.e. for sufficiently small A € (—h®,A%) ).We derive the error bound as follows:

5.1. Error Bound for Sixth order method
The system (2.16), (2.17), and (2.18) with analytic solutions can be written as

ME)pERD = g&) 4 76 (p), (5.5)

where

and

Since from (5.1) we have
MEWETD = g=), (5.6)
Using (5.5) and (5.6) we get
M) () WDy — 7@ (),

that is,

MEEED = () (p), (5.7)

14
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where E 1) = (Eﬁr“),Eér“),...,Effj]”)T, E§r+1) _ W(r—l—l)(tj) . WJ(HI)-

Consequently, using (5.7) we obtain

-1

ECH) = (M) TE (). (5.8)

Using the definition of product of inverse of matrix with the matrix itself, we get

n—1 1
Zﬂﬁ? s =1, i=1,2,..,n— 1.
j=1

Hence by (5.4) we get

r)! 1 1
)3 Mi(J) ST@ T A0 (5.9)
= S; c;n?

1<j<n—1

such that C®) is constant. Using (5.8) and (5.9) we get

1

™m), i=1,2,....n—1. (5.10)

n—1
r+1 r)”
Ez( = ZMz‘(,j) J
j=1
Substituting (4.3) and (5.9) in (5.10), we get

(x+1) gh®
B l< o

where ¢ is a constant.
Hence we obtain

IE ]| = O(R®),

which proves that the proposed scheme is sixth-order convergent. Similar procedure can be

used to derive the convergence of second as well as fourth order methods.

6. Numerical experiments
We take adequate number of iterations till the maximum error between the two succeeding

iterations satisfy the following tolerance bound:

max| W™ —wi| < TOL,
J

where TOL is convergence tolerance. When the condition is met, we believe W& i the
approximate value W of the given problem. Here we have considered TOL = 10~13,

For each n, Ex denotes the maximum point-wise error which is determined by

mjax|w(tj) — Wsl,

15
144 Arshad Khan 130-152



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

where w(t;) and Wj are the analytic and approximate solutions respectively at ¢ = ¢;. Order of

convergence of the proposed method is determined as

n

()

6.1. Numerical Schemes for comparison

As we compare the presented method with Numerov’s method and second order finite dif-
ference method, here we give a brief particulars about these two methods.

6.1.1. Finite-difference method
Consider BVP given in (1.1) and (1.2), let W=D be the approximate value of w(r+1)(t).
Putting

+ 1 +1 +1 41
Wi )”mﬁ[wf_l ) —awH pwiTY), 6.1)
in (1.2) and after simplifying, we get
(x+1) 2 (r+1) i (r+1) (x+1) _ 12.(r)
W +[=2+n%q W +W =m0 (6.2)

for j =1,2,...n. Here Wy = 0p and W| = o7.

6.1.2. Numerov’s method

For BVP given in (1.1) and (1.2), Numerov’s method can be written as

2

h
Wj_1 — ZWJ' + Wj+1 =

E[fj—l+10fj+fj+l]v (6.3)

where f; = £(t;,W;), j =0,1...n, Wy = op and W; = o7. To get more details about this
method, one can refer [[12]].
Problem 1: Consider the following linear BVP[25, 31]

we(t)+w(t)=—1, 0<r<l, 6.4)

1—cos(1)
sin(1)
1 along with results given by Srivastava et al.[31]] and Ramadan et al.[25]. A varies according

with exact solution w(t) = cos(t) + sin(t) — 1. Approximate results are shown in Table
to the order of method.

Problem 2: Consider the following nonlinear BVP[3]]

wy(t) +exp(—2w(t)) =0, 0<t<1,
w(0) =0, w(l) =1log(2),

(6.5)

16
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Table 1: M.A.E. for problem 1.

h

1/8

1/16

1/32

1/64

Second Order Method
p =0.04063483994113,
q = 0.25412730690212,
r=0.41047570631347

1.5516 x 1079

2.9263

2.0410 x 107%4

2.7296

3.0770 x 1079

2.5502

5.2534 x 1079

3.4324 x 10703

6.0707 x 10~%

1.2491 x 10~%

2.8070 x 10795

pN 2.4992 2.2809 2.1538

Fourth Order Method

(p,q.7) = (o5 22, 2&)  1.9214x 10795 58656 x 10777 1.7739x 107%  5.2095 x 101
pN 5.0337 5.0472 5.0896

_ 1 11 183
<p>Q7r) - (W7B’ﬁ)

1.9558 x 1079

6.0424 x 10797

1.8788 x 10708

5.8564 x 10710

jad 5.0164 5.0072 5.0036
Sixth Order Method
(P,q.7) = (505 10, 228)  2.6594x 10777 22124x 107 1.6972x 10711 1.2678 x 10713
Al 6.9093 7.0262 7.0646
Srivastava et al.[31] 7.1320x 107% 52213 x107%  3.6359x 10710 3.1275x 107!
pY 3.7720 3.8440 3.5392

Ramadan et al.[25]

pN

1.7538 x 10794

3.0213

2.1600 x 1079

3.0123

2.6770 x 10706

3.0065

3.3310 x 10797

17
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with exact solution w(t) = log(1 +t). Approximate results are shown in Table 2 along with

results given by Balasubramani et al.[3]], finite difference method and Mohanty et al.[24].

Table 2: M.A.E for problem 2.

h 1/8 1/16 1/32 1/64
Second Order Method
(p.q,r) = (3,0,3) 1.9977x 1079 4.5767 x 107" 11324 x 107* 2.8198 x 10~ %
Y 2.1259 2.0148 2.0058

(p.q,r) = (3,1.0)

27119 x 10703

6.2781 x 107%

1.5566 x 10~%4

3.8770 x 10705

N 2.1109 2.0119 2.0053
Fourth Order Method
p.q,r) = (7=, 1L 18Y 95 637710795 9.0287 x 10797 3.0209 x 1079 1.0626 x 10~%
7207 45 360
oY 4.8686 4.9014 4.8292
Balasubramani et al.[3]
(P,a.7) = (55 B> 1a5) 37039 x107%  1.3093 x 10777 4.6024 x 107" 1.6823 x 107°
N 4.8222 4.8303 4.7739
Sixth Order Method
(P,q:7) = (555,55, 3a0)  2.4456x 10777 2.1358x 1077 1.6419x 10" 1.1984 x 10~13
Al 6.8392 7.0233 7.0980

Finite difference method

pN

2.2281 x 107%

1.9890

5.6130 x 1079

1.9972

1.4060 x 1079

1.9993

3.5166 x 107

Mohanty et al.[24]

1.6424 x 1079

1.0481 x 10790

6.5976 x 10798

3.8966 x 10~%

pN 3.9699 3.9896 4.0816
Problem 3: Consider the following nonlinear BVP[3]]
wi(£) — (Z*I)EXP(ZW(?H(1/(t+1)) =0, 0<t<I,
w(0)=0,  w(l)=log(1/2),

with exact solution w(t) = log(1/1 +1¢). Approximate results are shown in Table 3 along with

(6.6)

results given by Balasubramani et al.[3], finite difference method and Numerov’s method.

18
147

Arshad Khan 130-152



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

Table 3: M.A.E for problem 3.

h 1/8 1/16 1/32 1/64
Second Order Method
(p.q,r) = (4,0,%) 1.3688 x 10795 4.1286 x 107 1.1600 x 10~ 3.0846 x 10~%
Y 1.7292 1.8314 1.9110

(p7q7r) = (%7%170)

2.3839 x 1079

6.2248 x 107%

1.6526 x 10~%

4.2528 x 1079

pY 1.9372 1.9132 1.9582

Fourth Order Method

(P,q,r) = (735, 15> 53)  2.7594x107%  9.4434% 1077 3.1573x107%  1.1062 x 10~
pY 4.8689 4.9025 4.8349

Balasubramani et al. [3]

1 26 66
(P,a:7) = (135, 5> 126)

3.8662 x 10700

1.3680 x 10797

4.8082 x 10799

1.7524 x 10710

pN 4.8207 4.8304 4.7781
Sixth Order Method
(P,q:7) = (505 15> 3e0)  1.3851x 10797 1.2157x107%  6.9262x 10712 1.2062x 10713
pY 6.8320 7.4555 5.8434

Finite difference method

pN

2.3261 x 107%

1.9890

5.8573 x 1079

1.9974

1.4670 x 10795

1.9989

3.6702 x 10700

Numerov’s Method

PN

2.1034 x 10700

3.9743

1.3382 x 10°%7

3.9935

8.4017 x 1079

3.9982

5.2577 x 10710
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Problem 4: Consider the following nonlinear BVP[3]]

wi (1)
w(0)

with exact solution w(r) = —

. 2588 exp(w(r))—208 -0,

441

= —log(4),

w(l) = —log(5),

0<t<1,

(6.7)

log(4+1°). Approximate results are shown in Table 4 along with

results given by Balasubramani et al.[3], finite difference method and Numerov’s method.

Table 4: M.A.E for problem 4.

h

1/8

1/16

1/32

1/64

Second Order Method
(p7Q7r) = (%707%)

5.5212x 1079

2.1118

1.2773 x 1079

1.9500

3.3060 x 10~%4

1.9738

8.4161 x 1079

9.5912 x 10793

2.0448 x 10793

5.2840 x 107%4

1.3576 x 10~%

N 2.2296 1.9523 1.9605

Fourth Order Method

(P,q.7) = (755 1%, 32) 6.2487 x107%  1.0123x107%  3.8928 x 107  2.7550 x 10~%°
PN 5.9477 4.7007 3.8206

Balasubramani el al. [3]

(P,q:7) = (55 o> 1) 3.9439x 1079 3392910777 1.4653x 1079 6.6424 x 1010
PN 3.5391 4.5332 4.4633

Sixth Order Method

(P,q:7) = (5050 555 3e0) 51118 x 10706 1.2322x107%  2.1551x 10710 3.1186 x 1012

PV 8.6963 5.8374 6.1107

Finite difference Method

pN

1.1795 x 1079

2.0080

2.9324 x 107%

2.0056

7.3024 x 10795

1.9992

1.8265 x 1079

Numerov’s Method

pN

3.0070 x 10~%

4.0242

1.8480 x 1079

3.9956

1.1585 x 10797

4.0014

7.2337 x 1079

7. Conclusion

This study deals with developing second, fourth and sixth order convergent numerical

schemes by using fractal non-polynomial spline function. With the help of quasilinearisation
technique, the non-linear BVPs is converted into a system of linear BVPs, which in turn are

solved by using the proposed schemes. These schemes are used to find approximate solution
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of second order linear as well as nonlinear BVPs. Comparison with polynomial fractal quintic

spline and few other methods leads us to the conclusion that the presented methods are more

efficient.
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Abstract

Solitary wave propagation and interaction in plasma using numerical
tools like Galerkin Finite Element scheme are discussed in this paper.
A one-dimensional nonlinear Schrodinger-Korteweg De-Vries (Sch-KdV)
equation is taken as model equation for Non-linear waves propagation in
the said media. The derived system, with the help of cubic B-spline source
functions are engaged as element and weight functions, after finite element
formulation is solved with Runge Kutta Fourth Order method (RK?).
Previously the finite element methods with some numerical simulations
do not exhibit the complex nature of wave interaction, especially solitary
wave interaction. A combination of Galerkin Finite Element scheme with
RK* is a very prominent instrument to study the nature of Non-linear
evolution equations in ionic medias, which is the novelty of the paper.

Key words: Schrodinger - Korteweg - De Vries (Sch-KdV)equations,
Galerkin Finite Element Scheme,Cubic B-spline source functions, Solitary
Wave
Mathematics Subject Classification(2010): 35M10, 65Z05.

1 Introduction

Several physical phenomena are described either by nonlinear coupled partial
differential equations or by nonlinear evolution equation. This Non-linear wave
propagation phenomenon appears in one or other ways can be well explained
by travelling and solitary wave solution of the said equations. Most of these
equations do not have an analytical solution, or it is extremely difficult and
expensive to compute their analytical solutions. Hence numerical study of these
nonlinear partial differential equations is important in practice. The Non-linear
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waves propagation in plasma can also be explained by these solutions. In the
past study, many methods for finding the Solitary and periodic solutions [1]-[8]
and numerical method [8]-[12],[21]-[24] are used for Non-linear evolution equa-
tions (NLEEs).

In this paper, we study a Galerkin finite element Scheme for the 1D nonlinear
Schrodinger -Korteweg-De -Vries (Sch-KdV) equation by using linear finite el-
ements in space and extrapolation to remove the nonlinear term. We discuss
the properties of this method and compare its accuracy with previous studies.
The interaction of two solitons is also studied. Moreover, the propagation of
the Maxwellian initial condition is simulated.

The outline of this paper is as follows, In the next section the model equation is
discretized to form a numerical scheme. In section 3 a numerical scheme is de-
veloped and results are explained graphically. Finally, we give a brief conclusion
in Section 4

2 Model Equation and Discretization

Non-linear waves propagation and interactions in plasma for this purpose we
consider the 1D nonlinear Schrodinger -Korteweg-De -Vries (Sch-KdV) equation
[13]-[15] as model equation as -

i, = 0p0 + v (2.1)
vy = =60V, — Vaze + (10)%)e (2.2)

Here 6(z,t)is complex function and v(x,t)is real-valued function. This system
appeared as model equation for describing various types of wave propagation
such as Langmuir wave, dust-acoustic wave and electromagnetic waves in plasma
physics. with initial conditions

0(x,0) = f(zx) = 9V2e k?sech? (k) (2.3)
2
v(z,0) = g(x) = ﬂ _ 6ktanh?(kz) (2.4)
and boundary conditions
O(t,a) =0, v(t,b) =0, z € [a,blandt € [0,T) (2.5)

Here 6 = 0(z,t) and v = v(x,t) are going to be considered as sufficiently differ-
entiable functions.

We multiplied weight function to the equations (2.1)-(2.2) and integrated over
the x domain for finite element method [16]-[20], so we get

b
/ (iwh; — Wby —whv)dx =0 (2.6)

b
/ (wvs + 6whV, 4+ WULLe — w(|0]?)e)dz =0 (2.7)

The domain [a, b] of x is separated into N finite subdivision as
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a=rg<r1<x3<..<xNy_1<ITN=Db

Here nodal point is {z,, }¥_, i.e. m = 0,1,2,...,N and length of subdivision will
be h = Zyy1 - T - We construct the approximate solutions for the system
with cubic B-spline base functions

N+1

On(@t) = 3 V@t 28)
N+1

on(ant) = 37 ()0 29)

where u;(t) and v;(t) are function of time t and ;(x) are function of x, called
element size functions. A local coordinate & = r—x,, for 0< ¢ < h introduced
for cubic B-spline base functions with typical element [, Zm+1] , which has

the form;
h—&)3
wm—l - %
b = (h2 +3h%(h — &) + 3h(h — &)? — 3(h — £)3)
m - h3
e = (h3 + 3h2¢ + 3h&? — 3€3)
m—+1 — h3
3
¢m+2 = % (210)

The approximate solutions of Egs.((2.8)-(2.9)) with element size function eq.(2.10)
may be define as with typical element [z, Ty 11];

m—+2

On(Et) = > uS(t)ys(d) (2.11)

j=m—1

m+2

on (6 ) = D oS (YE(E) (2.12)

Jj=m-—1

The point-wise values of 65 and vy in terms u and v will be

ON (s t) = Um—1 + 4t + Upmp1 (2.13)
ON (T, t) = Um—1 + 4Um + Vg1 (2.14)
So Egs. ((2.6)-(2.7)) with [z, Tm41] will be
Tm4+1
/ (iwby — whzy — wbv)dx (2.15)
Tm4+1
/ (wur + 6whV, + Wer Uy — 2000, )dx + [WULe — Wr U] (2.16)
3
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here weight function w; with size functions 1); are takenfor the Galerkin finite
element method, Substituting Eqs. ((2.11)-(2.12)) into Egs. ((2.15)-(2.16)),we

get
m—+2 ., m—+2
S ¢ / (ibethy iy — (0 Yy — 3 (Wetogbn)ug)ualda} =0 (2.17)
j=m—1 k=m—1

m—+2 m—+2

R / [ty )os+ v+ S (60wl )us)oe—2((ity

j=m—1 k=m-—1

Gpugur))da + (Vi) — (Vib)vsle} = 0
(2.18)

where i, j, k = m-1, m, m+1, m+2, u® = (Um—1, Um, Um+1, Um+2) and v¢ =
(V=15 Vm,Um+1, Um+2) are element parameters where

h h
Ay = [ (i), By = / i )de, Cou= [ (v
h h
Dy = / (iapy)dE, Fijp = /0 6(Vsth; V) de, Gigh = /O (et d

h
Hijk :/0 2ipibr)ds, Ly = [(Wap)le,  Jiy = (W)

The element matrices in ((2.17)-(2.18)) are computed as follows:

20 129 60 1 4 -7 2 1
o ﬂ 129 1188 933 60 o i 33 —44 —-11 22
777140 | 60 933 1188 129 YT10R |22 —11 —44 33
1 60 129 20 1 2 -7 4
-3 -5 7 1 20 129 60 1
Ch = i 5 3 -9 1 Do — i 129 1188 933 60
YT op2 -1 9 -3 -5 Y7140 | 60 933 1188 129
-1 -7 5 3 1 60 129 20
-1 2 -1 0 -1 0 1 0
[,,_E -4 9 -6 1 ,]..—3 0 1 -1
T p2 -1 6 -9 4 YRz |1 0O -1 0
0 1 -2 1 0o -1 0 1
Gri(uw) Gra(u) Giz(u) Gia(u)
G' (u) L G21 (’LL) G22 (u) G23 (u) G24 (’LL)
Y 840 |Gsi(u) Gaz(u) Gaz(u) Gaalu)
G41(U) G42(u) G43(U) G44(U)
4
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Fii(v) Fia(v) Fiz(v) Fia(v)
F (U): 6h Fgl(’U) FQQ(U) Fgg(v) F24(’U) .
Y 840 | F31(v) Fsa(v) Fzz(v) Fia(v)| '
F41(U) F42(’U) F43(’U) F44(1))
Hu(u) ng(u) H13(’U,) H14(u)
( ) 2h Hgl(u) HQQ(U) H23(’U,) H24(u)
* 840 | Hs1(u) Hso(w) Hsz(u) Hszy(u)
H41(’LL) H42(U) H43(u) H44(’LL)
where
G11(u)=(84,463,172,1)(u), G12(U):(463,2889,1275,17)(u),
G13(u)=(172,1275,696,17)(u), G1a(u)=(1,17,17,1)(u)
(}’21(u):(463,2889,1275,17)(u), Goa(u)=(2889,23664,15519,696) (1)
Ga3(u)=(1275,15519,15519,1275)(u), Ga4(u)=(17,696,1275,172)(u),
G31(u)=(172,1275,696,17)(u), G32(u)=(1275,15519,15519,1275)(u),
G33(u)=(696,15519,23664,2889)(u), G34(u)=(17,1275,2889,463)(u),
Ga1(u)=(1,17,17,1)(u), Ga2(u)=(17,696,1275,172)(u),
G43(u)=(17,1275,2889,463)(u), Ga4(u)=(1,172,463,84)(u)
F11(v)=(-280,-150,420,10)(v) Fi5(v)=(-1605,-1305,2781,129)(v)
Fi3(v)=(-630,-792,1314,108)(v) Fi4(v)=(-5,-21,21,5)(v)
Fy(v)=(-1605,-1305,2781,129)(v) Fy(v)=(-10830,-17640,25002,3468)(v)
Fo3(v)=(-5349,-17541,17541,5349)(v) Foy(v)=(-108,-1314,792,630)(v)
F31(v)=(-630,-792,1314,108)(v) F35(v)=(-5349,-17541,17541,5349)(v)
F35(v)=(-3468,-25002,17640,10830)(v) F34(v)=(-129,-2781,1305,1605)(v)
11 (v)=(-5,-21,21,5)(v) F42( )=(-108,-1314,792,630)(v)
Fy3(v)=(-129,-2781,1305,1605)(v) Fy4(v)=(-10,-420,150,280) (v)
Hyp (u)=(-280,-150,420,10)(u) Hiy5(u)=(-1605,-1305,2781,129)(u)
Hiy5(u)=(-630,-792,1314,108)(u) Hy4(u)=(-5,-21,21,5)(u)
Hy1(u)=(-1605,-1305,2781,129)(u) Hgg( ):( 10830,-17640,25002,3468) (u)
Hosz(u)=(-5349,-17541,17541,5349) (u) Hoy(u)= (108 -1314,792,630)(u)
Hjsq(u)=(-630,-792,1314,108)(u) Hso(u)=(-5349,-17541,17541,5349)(u)
Hj5(u)=(-3468,-25002,17640,10830)(u) Hsy(u)=(-129,-2781,1305,1605)(u)
Hyp (u)=(-5,-21,21,5)(u) H42(u) (-108,-1314,792,630)(u)
Hy3(u)=(129,2781,1305,1605)(u) Hy4(u)=(-10,-420,150,280)(u)

Here Aj;, Bij, Cji, Dij, Fiji, Gijk, Hijr, I;; and J;; are element matrices.
so, the new obtained system in matrix form

= A"{B — G(u)}u] (2.19)
=D 'Huu+ (J—I)v—Cv— F(u)v] (2.20)
)
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Here u = (u_1,up, u1,...,un,un+1) and v = (v_1,vg, V1, ..., UN, UN+1) are time
dependent constraints, The generalized rows of the combined matrices are:

A = 1(1,120,1191,2416,1191,120,1)
B = ih(l 24,15,-80,15,24,1)
= 5.(-1,-8,19,0,-19,8,1)
D= 0(1 120,1191,2416,1191,120,1)
I = -5(0,0,0,0,0,0,0)
J =2 (0,0,0,0,0,0,0)
G(u) = 5 {(1,17,17,1,0,0,0)u,(17,868,2550,868,17,0,0)u,(17,2550,18871,18871,2550,17,0)u,
(1,868,18871,47496,18871,868,1)u,(0,17,2550,18871,18871,2550,17)u,(0,0,17,868,2550,868,
17)1,(0,0,0,1,17,17,1)u}

F(v) = & {(-5,-21,21,5,0,0,0)v,(-108,-1944,0,1944,108,0,0)v,(-129,-8130,-17841,17841,8130,
129,0)v,  (-10,-3888,- 35682,0,35682,3888,10)v,(o,-129,-8130,-17841,17841,8130,129)v,(o,0,-
108,-1944,0,1944,108)v,

(0,0,0,-5,-21,21,5)v}

H(u) = 2k {(-5,-21,21,5,0,0,0)u,(-108,-1944,0,1944,108,0,0)u,(-129,-8130,-17841,17841,8130,
129,0)u,  (-10,-3888,-35682,0,35682,3888,10)u,(0,-129,-8130,-17841,17841,8130,129)u,(0,0,-
108,-1944,0,1944,108)u, (0,0,0,-5,-21,21,5)u }

The system equations (2.19) and (2.20) has (N + 3) x (N + 1) ordered un-
known equations. if we use time dependent boundary condition in Egs.(2.13)
and (2.14) with m = 0, then so parameters can be written as other parameters;

U_1, V_1 — Ug, u1 and vg,v1 ; when we take m =0
Similarly
UN+1 5 UN+1 —> Un—1,un and vy_1,uy we take m = N

Then, the system of Eqs. (2.19) and( 2.20) will be two matrix systems of
(N +1) x (N + 1) orders.These equations of systems will be solved by RK*
(Runge-Kutta fourth order method) to known initial condition u} and v} with
nodal points z,, for m=0(1)N as follows:

w(Tpm,0) = On(zm,0)

(T, 0) = vn(zm,0)

If we write the system explicitly as
On(20,0) = u_1 + dug + u1 = u(zo,0),

91\/(:171,0) = U + 4U1 —+ ug = u(xl,()),
U(.’EQ,O),

0]\[(%2,0) =ui + 4'LL2 “+ us
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On(zN,0) =un—1 +4dun + uns1 = u(zy,0),

and
uN(%0,0) = v_1 + 4vg +v1 = v(x0,0),

vy (21,0) = vo + 4v1 + v9 = v(x1,0),

N (22,0) = v1 + 4vy + v3 = v(22,0),

un(zn,0) =vn_11 + 4oy +on41 = v(zN, 0),

if we write u_1 , uny41 — ug , un, and v_1 , YN+1— Vg and vy respectively.
then we get a new system (N + 1) x (N + 1) order in matrix form as :

4 2 Ug u(zxo, 0)
1 41 uy u(z1,0)
1 41 Ug u(x2,0)
- ' (2.21)
1 4 1| |uny—_y u(xy_1,0)
L 2 4] | un | u(xy,0)
and ~ I -
4 2 Vo
: 111 zll 1 21 v(z0,0)
? U(Ilao)
= | v(z2,0) (2.22)
v(rn_1,0)
1 4 1 UN -1 ,U(mN7O)
L 2 4_ _UN i

By Matleb solving the algebraic Equations (2.21) and (2.22) with initial param-

eters u? and v? are gained for j=0(1)N.

3 Numerical Scheme

Non-Linear waves propagations and interaction are investigated to the system
of equations (2.1)-(2.2) numerically for numerous values of x and t. Lo , Lo, and
L'y , L' are error norms and used to investigate consistency with numerical
solutions(Soliton) for 6(z,t) and v(zx,t) respectively for initial conditions for the
Sch-KdV equation.

0(z,0) = f(z) = 9v/2 e k?sech? (kzx), (3.1)
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a+ 16k?

2
v(z,0) = g(z) = 3 — 6k*tanh® (kx) (3.2)
N+1 2
Ly=[0=0xly= [h Y |0: = (On), (3.3)
j=-1
Lo =0—0y|. = Mazx ‘9.—9N ) 3.4
w0 =10~ 051l = Maz_ |05~ (0n), (3.4)
And
N41 2
! — PR
Ly =lo—vnlly = [ [os = (n), (3.5)
Jj=-
L'ew=|v—uvnl|. = Max |v;— (vn ‘ 3.6
Numerical error L, and L_ For 6(x.t)with k =\5., a=1/20
Ar =0.001 Ar =0.002 At =0.003 Ar=0.01
h L, L, L, L, L, L, L, L,
0.2 15.82x107 ; 5124107 | 30.71x107 ; 95.17x107| 41.39:107 ; 97.41x107 | 55.56x107 : 9956x107
04 5421x107 ; 55.88%1077 | 63.56x1077 ; 68.67x107) 7139x1077 ; 70.70x107| 86.66 %10~ : 85.01x107
0.625 | 5724107 ; 59.82x1077| 6821x107 ; 6123107 | 7820107 ; 6821x107 [ §7.21%107 . 82.01x107
0.8 6819x107 ; 6421x107 | 7221107 ; 50.52x107| 80.19x107 ; 63.11x107 | 8921107 ; 78.21x107
0.1 7521x107 ; 72.24%107 | 7511107 ; 5211107 83.12x107 ; 5020x107 | 91 11%107 : 72.31x107
Numerical error L, and L_For v(x,1)
Ar=0.001 At =0.002 At =0.003 Ar=0.01
h |1 L L L | L I | L L
0.25 0785%107 ; 05683107 08.75x107 ; 07.05x107 | 15.16x107 ; 06.65x107 | 19 56 %10 : 08.75x107
0.5 0995%107 ; 0695107 10.72x107 ; 08.75>107 | 2061x107 ; 08.85x107 | 2511%107 : 09.85x107
0.625 | 10.01x107° ; 07.02x107| 1336 %107 ; 09.11x107 | 22356x107 ; 0921x107 | 2692x107 : 10.96x107
0.8 1221107 ; 0811x107% | 15.11x107 ; 1021107 | 2411107 ; 10.09x107 | 28 11x107 : 12.11x107
0.1 14.02x107° ; 09.75%107°| 1921x107 ; 1125107 | 27.725107 ; 1221107 | 3127x107 : 14.25x107

In figure 1 and 2 nonlinear wave propagation and its travelling wave solution is
presented. The coupled equations (2.1) and (2.2) are plotted for some fix values
of k, h and t (=5 < ¢t < 5). the space step is taken as 0.001. It is shown in the
figure that the solution of said equation exhibit a soliton for the small values
of x (0 < 2 <0.1). If we extend the range of x (=15 < z < 15) the solution
converted from soliton to a wave natured system. A solitary wave interaction
is presented in the figure 3 for the same values of k, o, h and step lengths with
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Solitary wave propagation for model equations

-3 B & 2 83 2 3

Figure 1. Moduwlus in 3D, 2D plot the solitary wave Figure 2. Modulus in 3D, 2D plot the solitarywave

propagation of & when k =T, a=1/20,A=04 propagation of vwhen k =2, a=1/20,A=04
M=0001, ax=000L-5 = ¢ =5, 0<x =01 A =0001 Ax=0001,-3 <t =5, -155x=<15,

0.5 4

4]

Fig -3 Solitary wave interaction
k=2, a=1/20, At=0.02, Ax=0.02, —20 < (3,1} <20,

large values of x and t (—20 < (z,¢) < 20). It clearly exhibit that solitons are
developed when the values of x and t coincides. For different values of x and t
the system represent the travelling wave solution.

4 Conclusions

In the present paper, we have investigated numerically a physical model for
wave propagation in a nonlinear, dispersive medium i.e a relativistic plasma.
A Galerkin finite element Scheme is exhibited to locate Solitary wave(Solitons)
propagation and interactions in plasma for Schrodinger - KortewegDe Vries (Sch-
KdV) equations. The new obtained systems (finite element formulation) solved
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by RK* (Runge-Kutta fourth order method). The different values of z, ¢ and
error norms Lo , L, are used for numerical solutions of Sch-KdV equations.The
numerical results obtained by this method are in good agreement with the ex-
act solutions available in the literature. The errors obtained by the proposed
method are less when compared with those of available in the literature. The
solitary wave solution in fig.-1,2 and its interaction in fig.-3 of this system are
presented which are new. here, we learn that this method will emulates devel-
opment of many exact travelling wave solutions with new solitons.This scheme
is a significant instrument for Non-linear evolution equations (NLEESs).

The advantages of the present scheme for oscillatory problems are discussed in
detail. It can be expected that the main ideas will also be useful for other phys-
ical problems being highly oscillatory in nature, e.g., the nonlinearized model.
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MULTIPLE SUMMATION FORMULAE FOR THE MODIFIED
MULTIVARIABLE I-FUNCTION

D.K.PAVAN KUMAR'*, FREDRIC AYANT?, Y. PRAGATHI KUMAR?, N.SRIMANNARAYANA?*,
AND B.SATYANARAYANA®

ABSTRACT. The importance of I-function, H-function and many more special
functions has a wide range of applications in applied mathematics and applied
physics. Some of the multiple summations for the modified multivariable I-
function(MMIF) has been discussed in the present article. Some of the sum-
mation formulae are concluded at the end of the paper as special cases of our
primary results. Also these summation formulae leads to develop the solution
of a boundary value problem.

1. INTRODUCTION

Recent advancements of special functions and their applications in mathe-
matical modelling attracting researchers. The motivation of this work is by
the applications of special functions like G, H and I-functions by several au-
thors( [1], [2], [3]). The generalization of H-function, namely I-function has
great importance in Physics and Applied Mathematics. Prasad [15] generalized
the I-function and studied many results. In the literature of the special func-
tions like H, G, Meijer etc., many authors established integral results and solved
boundary value problems also( [7], [11], [5]). Recently, I-function has found
its applications in wireless communication.

Srivastava and Panda [8, 9] studied multivariable H-function. The extension
of the same as two functions H and I studied by Prasad and Singh [14, 15].
Here we establish four different summation formulae for the MMIF defined by
Prasad [15] and a number of summation formulae derived as particular cases.

'D.K.Pavan Kumar

2010 Mathematics Subject Classification. 33C99, 33C60, 44A20.
Key words and phrases. Modified multivariable I and H-functions, Multiple Integral Contours,

Multiple Summation Formulae.
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Assume C,R and N as set of complex, real and positive integers respectively
and Ny = NU {0}. We define MMIF as :

(1.1) I(Zla"'7Z7“):

el 11 11 111 .
A (a2]1 Q955 azj) ) (a3]a 043]7 3,4, Q35 >1 ;
O,ng;O,ng;....;O,nT:|R1:m1,n1;“..;m(”,n(”) ’p2 P3

P2,423P3,43;----iPronr | Ripl,qts...p() q(7)

Zy (sz;@y@}) (533753J753g75111> as

1’q2

) oo (r) Aot (r) (r) )
g(@rgi gy s J1p, 1 (€53 U595, w95 1R

?( ""]7/37'37' 76/)"] ) 7¢Z'r : (]ﬂUJI ‘;7"'7 U;T)f;r))17R

r)

((ZJ7OZ) p(1)7( ; ;ag'r))l,p('f>

(0% B5)1.4m (b§r);5§r))1,q<r>

- M[/E(Sl’>ST)}:[1¢(Sz) z;%idsy ....ds,

where £(s1, ...., s,) and ¢(s;) clearly mentioned in [6]. The MMIF is analytic if
(1.2)
ST 50 S 400
Z ol +kz al) + ..+ Z ol z B _ XA == B - A <0
= = j:

The contour integral in (1.1) converges absolutely if |arg z;| < £(;7, where

() o) ) 4 ey -
(1.3) Qi:Za,‘j’— Y af +Zﬁk S8+ el - Y ol
k=1 =n(i)4+1 k=m() +1 k=1 k=na+1
S - ) N~ ()
(2 (]
ST S NUS JNCI S
k=1 k=n3+1 k=1 k=n,+1

qr

2 6 B 6 o & o & Le :
=2 Bop — 22 By — Zﬁrk+29j _ij >0 (i=1,....1).
k=1 k=1 j=1 j=1
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We note
(1.4) A=(ag;; oo, a”Qj)Lm; e (a(r,l)j; & (o 1)js ey az;ll)j> -
(1.5) B= <62j5ﬁéj’5gj>1,q2; o <b(TUﬁﬁ;”‘l)j’""’ﬁgT_11)7>1,qr_1
(1.6) A= <arj; &y, ai’;)>1,pr; S =(d),ay)y i <a§'7¢)70‘§‘r)>17p<r>

A7 B= (i 89), W= (5.), s (68,

1,qr 1,9
R (r) (r) r—(1..77 ¢ (r) p(r)
E = (ej,ujgj,....,uj 9; >1,R'7L = (l],Ujfj,....,Uj fj )1,R
(1.8) U =p2,q2;p3,G3; - Pr—1, @15 V = 0,n2; 0,35 ...; 0,104
(1.9 Y=00p,q4);.... (p(r), q(r)) X =m/,n):... (m(r), n(r))

2. MAIN RESULTS

In this section, we establish the summation formulae for the MMIF as follows:

Theorem 2.1.
(2.1
21 A;
- fr (@)u; V30,00 +1:| R:X
Ul % =0 Jl;Il uj! . IU;pr+1:QT+1Z‘RZY ) )
Zr Ba B7

(1—9g-— Z;”zltj;al,...,ar),A B S

(L=h =370 tjsb1,sbr) t L R
21 | A (1=g;aq,..a),

. IV;O,nr+2:\R/:X
~ “U;pr+2,g-+2:|RY

Zr B; B,
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(L+g—nh+>" wisb —a1,...by —ap), At E: S

(L=h+30 wisbi, s br), (1 + g — hiby — a1, ..., by — ar

):L:R

Following the lines of Braaksma( [4], p.278), we may establish the asymptotic

expansion in the following convenient way :

m
ai,bi,bi —a; > O(i =

J=1

1), Re(h — g — > w;) > 0and |arg(z;)| < 3(9; —

2b;)m

Proof. To establish the Theorem (2.1), expressing the MMIF by Prasad [15] in
the Mellin-Barnes multiple integrals contour using (1.1) and interchanging the

order of summation and 1ntegrat10n we obtain

D(g+3275, aisi)
f f P51, -ny Sp kl_[ O (s6) 2" TTs T Bmy)

(27rw

S b
<2 1l u]j! <h+zm bs)

UL,...um=0 J=1

d82

Now applying result of Panda( [12], p.108, Eq.2) and Gauss’s theorem ( [10],
p.28, Eq.1.7.6) in the above equation and interpreting the resulting expression

with the help of (1.1), we arrive at Theorem (2.1).

0

Theorem 2.2.
(2.2)
21 | A; (1—g—ZT:1tj;a1,...,ar),
S ((wj))u, V ;0,mp+2: | R X
E H u ! - U ipr+2,qr+2:|RY
UL ,... Um =0 j=1 .
Zp B; B,

(I—g =37 tja),an), A E: S

(0 —g—2Litjia1 — ah, s ar — ag), (3200 w;

168

m .
—9— Ej:l tjaala ceey

ap): L:R
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. . a a, /. ! /
2 | AA(l=4:%..%),(1-45d,...,a;),
_ 4V50,np+3:|R": X

U;pr+3,g-+3:|R:Y

. / g.a / a /
Zp B7B7 (g - 57?1 —ag, ... 5 )7

/ m a.a / a / . - O
(¢ +> 7w — 5% —al, e, §F—ay),A:E: S

iy wj+9g —giar —ay, . ar —ap) L R

T

provided
m
a;,ab,a; —2a; > 0(i =1,...,7), Re(¢’ — £ — 3" w;) > 0 and |arg(z;)| < 3(Q; — 2a;)
j=1
Theorem 2.3.
(2.3)
21 | A;(1—g— ZTzl tjsai, ..., ar),
e 2 ((w))u; Vi0,n,+4:|R: X
u1 zu: :0]1;[1 ug't J IU;pT+4’qT+4:|R:Y .
Zr B; B,

T

(L—g =20 tjiah, o ap),(1 —g" = X001 ty50f, .. ay),

(¢ = 9= Sy tsar — dhyeesay — a), (S0 wy — g — Y tian, o ay)

(=4 -2t %), (g" —g— E;nzl tijar —af,...,ap —al) : L: R

r

2 A (1= il dl)

_ Vi0,np+3:|R": X
~ “U;pr+3,¢r+3:|RY

Zr B;Ba(g'—ngZT:le;al—a’l,...,ar—a’),

r

(L=g"af,...a)), (¢ +¢" — g+ > wisa1 — af, ..., ar — ay),

T

(g” —g+ Z;’nzl wy; a1 — allla ooy Qp — a;"/)v
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AE:<
(¢ +9"—g+iLwjiar—ay —af,...ap —ap —a) : L: R
provided a;,a},al,a; —a;, —al! >0 =1,...,7), Re(¢’ +¢" —g— > w;) <1
and |arg(z)| < $(Q; — La;)m.
Theorem 2.4.
2.4)

21 A7 (_%_Z;‘nzltj;%a"'a%)a

U;pr+3,g-+3:|R:Y

i ﬁ ((wj))uj IV;O,n,«+3:|R’:X
]
UL ,...um=0j=1 uj'

2y B;B,(l—%—zgnzltj;%l,... 4y,

(_% - 27]7;1 tj7 %7 ceey %)1 (1 —9g— Z;nzl tj;ala "'7a7“)7

(1 - % - Z;mzl tj7 %7 (X3} %T)? (_g - Z;nzl t] + Z;mzl wjia1, '--7ar)7
(9" =2 tjsal,nal) A E S

(¢ —g—->2" tjsa —af,.ap —a) : L: R

21 45
_ 4V50,np+3:|R": X
— "U;pr+3,9-+3:|R:Y
zr | B;B,
l1—g.a a ", 1 "
( 2 a71> 7?)7(1 g ;ay, 7a7~)7
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provided

a;,ah,a;—a—2a > 0@ =1,..,r), Re(¢' = — Y wj) < 1 and |arg(z)| < $(Qi— Sa;)7

s

1

J

To prove Theorems (2.2, 2.3 and 2.4), we follow the similar lines with the
help of ( [10], p.52, Eq.(2.3.3.5)), ( [10], p.56, Eq.(2.3.4.5)) and ( [10], p.245,
Eq.(II1.22)) respectively, instead of Gauss’s theorem.

3. PARTICULAR CASES

In this section, we observe several particular cases. If we take a; = 0(i =
1,...,r)and assume ¢’ — oo in Theorem (2.2) and Theorem (2.4), also using the
following properties of confluence,

i o ()] -

and

(3.2) lim [(pw)m} =w", m=0,1,...
p=o0 | (P)m

After algebraic simplification, we obtain the following corollaries :

Corollary 3.1.

(3.3)
21 A;
io: ﬁ (1) (W)u; V0,00+1:| R X
N U;pr+1,qr+1:|R:Y
. =0 j=1 uj ipr+1,gr+1:] ] )
zr | B;B,

(1_9_2‘1]?1:1tj;a17'”7a7’)7A:E:% )
E

21 A;(l—%;a1 ),

_ 7Vi0,np+1:|R: X
— "U;pr+1,g-+1:|RY

zr | BB, (X wi — 5%, %) LR

provided a; > 0(i = 1, ...,7), Re(> w;) > 0 and |arg(z)| < $(Q — a;).

J=1
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Corollary 3.2.
(3.4)
z1 A;
wj) Vi0,n-+2:|R":X
Uul,. zu:m—Ojl_[l — IU?pr+27QT+2:\R:Y
Zr Ba Ba
(-3 _Z 1t S L %5 ), (1—g— Zj (tisat, . an), AT E S

(1-9- Z;n S LY ), (g — Z;":l tj + Z;nzl wjal, ...,ap) LR

l—g.a
z1 A,(Tg, 21’.“’77") A FE:
Vi0,nr+1:|R: X
U;pr+1,q-+1:|R:Y

Zr BaBa(l_Tg

provided a; > 0(i = 1,...,7), Re(
J

+ Z;n:l wis G, ., G) LR

oF

wj) < 3 and |arg(z)| < 3(% — 3a;)m.
1

Taking a; = 0(i = 1,...,7) and assume ¢” — oo in Theorem (2.3). Also
using the equations (2.4),(3.1) and after algebraic manipulations, we obtain
the following corollary.

Corollary 3.3.
(3.5)
21 A;
X M (=) (W) L V0m, 43| RX
Z H u;! ’ IU;pT+3,qT+3:|R:Y
UL ,... Um=0j=1
zr | B;B,

(1—g-" a1, a0),(1 = g' = 300 ty5a), s a7),

(¢ —g— 2 tiiar —ay, s ar —ap), (o wyj — g — Z}”zl tj;an, ..., ar)

(- St G A B

(1—%—2?1:1%;%,...,“—2’“):[/:%
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2 A;(1—45ad), . ,a),A: E:SQ

eoy U

_ 7V50,np+1:|R: X
— “U;pr+1l,-+1:|RY

z | BiB, (¢ —g+ YL wjsa1 —ay, . ap —ap) LR

provided a; > 0(i = 1,...,7), Re(> w;) < 3

and |arg(z;)| < $(Q — 3a;)m.

We can give a number of corollaries by specializing the parameters. The mul-
tiple summation formulae involved in this article are general in nature in their
manifold.

4. CONCLUDING REMARKS

If I-function defined by Prasad [15] reduces in generalized form of H-function
defined by Prasad and Singh [14], we obtain the similar relations using analogue
techniques. Also by modifying the functions defined by Srivastava and Panda(
[8], [9]) and Goyal and Garg [13], we can obtain similar type of relations.

The importance of all these results are common in nature. We can obtain
single, double or multiple summation formulae by making use of general mul-
tiple summation formulae used here. By specializing various parameters and
variables in the MMIF, we get several useful product of such functions like E,
F, G, H and I of one and several variables. These formulae are useful in many
interesting cases of Applied Mathematics and Mathematical Physics. In the next
extension of this work, we are going to apply these summation formulae to
obtain the solutions of Boundary value problems.
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Analysis of unsteady MHD Williamson nanofluid
flow past a stretching sheet with nonlinear mixed
convection, thermal radiation and velocity slips

M. Das!, B. Kumbhakar!* and J. Singh?

'Department of Mathematics,

NIT Meghalaya, Shillong-793003, Meghalaya, India
2Department of Mathematics,

JECRC University, Jaipur-303905, Rajasthan, India

Abstract

This article examines the transient MHD convective flow with heat
and mass transport of Williamson nanofluid over a stretching sheet in the
presence of a chemical reaction. Velocity slips, convective heating and
vanishing mass flux conditions at the surface are imposed. As a novelty,
the effects of nonlinear thermal radiation, mixed convection, velocity slips
and activation energy are incorporated. Such problems find significant
applications in aircraft, missiles, gas turbines, etc. Similarity transforma-
tions are employed to convert controlling PDEs into a system of ODEs
and the resulting nonlinear BVP is solved numerically using bupjc. The
effects of various parameters on velocity, temperature and concentration
distributions are demonstrated and depicted graphically. However, the
numerical values of local skin friction coefficients, Nusselt and Sherwood
numbers are tabulated and discussed. The graphs show that the nonlinear
convection parameters, for both temperature and concentration, boost the
primary flow. Higher values of the velocity slip parameters result in dimin-
ishing the flow. The fluid temperature rises as a result of both radiation
and convective heating. The activation energy improves the concentration
profile within the boundary layer. The current findings would appeal to
a broad audience in mechanical engineering, medical sciences, industrial
engineering, etc.

Keywords Williamson nanofluid - Thermal radiation - Velocity slip -
Convective heating - Activation energy - Chemical reaction
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Nomenclature
u,v,w Velocity components
x,y,z Space coordinate
To  Ambient temperature
Cs  Ambient concentration
S Unsteadiness parameter
n Fitted rate constant
kr Chemical reaction coefficient
Uw,Vy  Stretching velocities along
z and y directions
By Constant magnetic field
k Thermal conductivity
Dp  Mass diffusivity
Rd  Thermal radiation parameter
Pr  Prandtl number
g Gravitational acceleration
¢p  Specific heat
T Fluid Temperature
C Species concentration
Nt Thermophoresis parameter
T,  Wall temperature
Cy  Wall concentration
Nb  Brownian motion parameter
7,d5  Velocity slip coefficients
Wei, Weo Weissenberg numbers
along x and y directions
E,  Activation energy
M Magnetic parameter
k* Mean absorption coefficient
E Dimensionless activation energy

L Dimensionless quantity
N Buoyancy ratio parameter
Le Lewis number
Dt Thermal diffusion coefficient
Bi Biot number
GreekSymbols
v Kinetic viscosity
1 Dynamic viscosity
I'1  Chemical reaction parameter
o Electrical conductivity
%k  Boltzmann constant
o* Stefan-Boltzmann constant
0  Dimensionless temperature
I'  Material parameter
«  Thermal diffusivity
¢ Dimensionless concentration

a1, as Velocity slip parameters
A1, A2 Nonlinear thermal and solutal

P
O

A

T

convection parameters

Fluid density

Temperature ratio parameter
Velocity ratio parameter
Heat capacity ratio

Bc, B& Linear and non-linear solutal

expansion coefficients

Br, B7 Linear and non-linear thermal

A

expansion coefficients

Mixed convection parameter

1 Introduction

For the past few decades, nanotechnology-based techniques have been used to
create nanoscale particles with a size of less than 100 nm. Stable suspensions
can be made using nanoparticles to increase the thermal characteristics of the
base fluid. It has been demonstrated that adding tiny quantities of metal or
metal oxide nanoparticles to liquid improves thermal conductivity. Nanoflu-
ids, like current working fluids, have high heat absorption and heat transmis-
sion characteristics. Recent years have seen a significant increase in interest in
nanofluids research owing to its numerous usages in communication, electronics
and computer systems, as well as optical devices. Hayat et al. [I] discussed the
movement of a non-Newtonian fluid across a wedge as a mixed convection flow.

177

M. Das 176-195



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

Nourazar et al. [2] used the HPM to solve an MHD nanofluid flow on a horizon-
tal flat plate with a changing magnetic field and viscous dissipation. A study on
the effect of natural convection in viscoelastic fluid past a cone taking viscous
dissipation was done by Makanda et al. [3]. In a rotating device, Sheikholeslami
et al. [4] examined the nanofluid flow and heat transmission properties between
two parallel horizontal plates. Using a fixed wedge with changing wall temper-
ature and concentration, Srinivasacharya et al. [5] investigated the influence of
a varied magnetic field on nanofluid flow.

Understanding the boundary layer flow with heat transfer along a stretched
sheet has become more significant because of several engineering activities. Ex-
trusion of polymers, paper manufacturing, and other similar processes are ex-
amples of chemical engineering and metallurgy applications. The rate of heat
transfer between the fluid and stretching surface considering heating and/or
cooling has a significant impact on the quality of the final product. As a result,
the choice of heating or cooling fluid is critical to the heat transfer rate. In light
of the physical relevance of heat transmission across moving surfaces, several
researchers have been obliged to publish their discoveries in this area. Crane
[6] examined the flow past a stretched plate that is subject to the relation be-
tween the velocity and the distance from a slit. This yielded an accurate result.
Following Crane’s work, MHD viscous flow across a stretched sheet was given
by Azimi et al. [7], who discussed the analysis of momentum features in the
flow. Dessie and Kishan [§] investigated the effect of viscous dissipation and
heat source/sink over a stretching sheet. Mishra et al. [9] studied numerically
MHD power-law fluid flow over a stretching sheet taking a non-uniform heat
source.

Regarding the MHD heat transfer fluxes, thermal radiation is a crucial fac-
tor in controlling heat transfer rate. It may impact many industrial processes
such as glass manufacture, gas turbine production, furnace design, and re-entry
vehicle engine design. As a result, this generated extensive studies on the influ-
ence of heat radiation in hydromagnetic fluxes. Daniel and Daniel [I0] explored
the impact of thermal radiation and buoyancy force on MHD flow through a
stretchable sheet with the help of the homotopy analysis method. Kumbhakar
and Rao [I1] discussed MHD stagnation point flow of an electrically conducting
fluid over a nonlinearly stretching surface considering thermal radiation and vis-
cous dissipation. Kho et al. [12] studied thermal radiation effect in the flow of
Williamson nanofluid passing through a stretching sheet. With heat and mass
transfer through an unstable stretched surface in a uniform magnetic field, Ishaq
et al. [I3] explored entropy production and thermal radiation. Alharbi et al.
[14] conducted experiments on MHD Eyring-Powell flow in an unstable oscilla-
tory stretching sheet to evaluate the influence of thermal radiation and a heat
source/sink. Kumar et al. [I5] examined the transient natural/free convective
nanofluid flow past a vertical plate with effects of radiation and magnetic field.

According to current trends in chemical reaction analysis, it is essential to
create a mathematical model of a system to forecast its performance. Espe-
cially in the chemical and hydro-metallurgical sectors, heat and mass transport
research during chemical reactions is of great significance. Some examples of
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combined heat and mass transfer applications with chemical reaction effects are
chemical processing equipment design, fog formation and dispersion, temper-
ature and moisture distribution over agricultural fields and fruit tree groves,
crop damage due to freezing, cooling towers, and food processing. An excel-
lent example of a first-order homogeneous chemical reaction is the production
of smog. Das [16] examined the effects of thermal radiation and chemical reac-
tion on MHD micropolar fluid flow near an inclined porous plate. Sheikh and
Abbas [17] studied chemical reaction impact on MHD viscous fluid flow over an
oscillating stretching sheet under the influence of heat generation/absorption.
Tarakaramu and Narayan [I8] explored the effect of chemical reactions on un-
steady MHD nanofluid flow towards a stretchable sheet. Kumar et al. [19]
investigated the influence of binary chemical reaction with Arrhenius activation
energy on the MHD Carreau fluid flow over a stretched surface. They found
that the chemical reaction has a significant impact on the flow. Khan et al.
[20] studied the aspects of activation energy and thermal radiation on MHD
flow containing TigAl,V nanoparticle past a stretching sheet. Chu et al. [21]
discussed the action of a chemical reaction and activation energy on MHD third
grade nanofluid flow past a stretching sheet.

The assumption that the flow field obeys the standard no-slip condition
at the sheet is quite common in the preceding research and all relevant refer-
ences. However, the no-slip criterion is inadequate when the fluid is made up
of particle emulsions and polymers. Furthermore, boundary-slipping fluids have
crucial technological uses, such as cleaning prosthetic heart valves and interior
cavities. In such circumstances, the partial slip is an appropriate boundary
condition. Additionally, when micro-scale dimensions are included in the flow
field, such a slip is necessary. Slip at the wall boundary significantly alters the
fluid’s flow behavior and shear stress than no-slip circumstances. Using a low-
magnetic Reynolds number assumption, Zheng et al. [22] investigated the slip
consequences of Oldroyd-B fluid flow across a plate. Hayat et al. [23] explored
velocity slip condition on MHD nanofluid flow past a rotating disk. Amanulla
et al. [24] discussed the slip effects on MHD Prandtl flow past an isothermal
sphere in a non-Darcy porous medium. Ellahi et al. [25] analyzed the combined
impact of slip and entropy generation on MHD flow through a moving plate.
Khan et al. [26] explored the significance of slip conditions for a magnetite
Jeffrey nanofluid flow over a porous stretching sheet in the existence of ther-
mal radiation and the Soret effect. Das et al. [27] studied mutiple slip effects
on tangent hyperbolic fluid flow along a stretching sheet considering Soret and
Dufour effects, thermal radiation and heat source.

In processes in which high temperatures are involved, convective heat trans-
fer is essential. Consider the following examples: gas turbines, nuclear power
plants, thermal energy storage, and so forth. It is more feasible to use convec-
tive boundary conditions in industrial and technical processes, such as material
drying and transpiration cooling operations [28]. Because of the practical signif-
icance of convective boundary conditions in viscous fluids, Many scholars have
investigated and presented their findings on this issue. Ramzan et al. [29] inves-
tigated the impact of convective heating conditions and Cattaneo-Christov heat
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flux with heat production/absorption on MHD 3D Maxwell fluid flow across
a bidirectional stretching surface. Nayak et al. [30] studied MHD nanofluid
flow over a linearly stretching sheet considering the convective heating bound-
ary constraint along with viscous dissipation, velocity slip, nonlinear thermal
radiation and Joule heating. Shah et al. [31] observed simultaneous effects of
convective boundary condition and thermal radiation on MHD Carbon nan-
otubes nanofluid flow across a stretching sheet. Aspects of convective boundary
condition, Joule heating, thermal radiation, and a changing heat source/sink
were studied in detail by Kumar et al. [32] concerning the flow and heat trans-
fer properties of an electrically conducting Casson fluid due to an exponentially
expanding curved surface. Loganathan et al. [33] examined the impact of con-
vective heating, Cattaneo-Christov double diffusion and thermal radiation on
MHD Maxwell fluid flow along an extended surface. Recently, Jamshed and
Nisar [34] studied convective heating, thermal radiation and heat source effects
on Williamson nanofluid flow over a stretching sheet.

Based on the above literature survey, the authors have found that no attempt
has been made yet to study the impacts of nonlinear thermal radiation and
Arrhenius activation energy on unsteady mixed convective flow of Williamson
nanofluid over a stretching surface. Therefore, this research aims to fill such gap
by exploring the novel circumstances of nonlinear thermal radiation and acti-
vation energy on unsteady MHD convective flow with heat and mass transport
of Williamson nanofluid over a stretching sheet in the presence of a chemical
reaction. The outcomes of this study may have significant bearings on several
practical applications such as in aircraft, missiles, gas turbines, food process-
ing, etc. Numerical solutions are obtained for the velocity, temperature and
concentration distributions with the help of bvp4c routine of MATLAB soft-
ware. The impacts of significant flow parameters on velocity, temperature and
concentration profiles are illustrated and presented graphically. However, the
variations in surface drag-coefficients, Nusselt and Sherwood numbers are dis-
cussed using numerical data. Moreover, for a limiting case of the present study,
a data comparison is made just to ensure that the obtained results are correct
and reliable.

2 Mathematical formulation

Consider a three-dimensional, unsteady and incompressible MHD Williamson
nanofluid flow along a stretching surface with velocity slip. Further, the in-
fluences of nonlinear thermal radiation and chemical reaction with activation
energy are also considered. A physical configuration of the flow problem is
demonstrated in Fig. [l The figure shows that the sheet is positioned in the
Cartesian coordinate system (x,y, z) such that the z-axis is along the surface
in the direction of flow, y-axis is along the width of the surface, and z-axis is
normal to xy plane. A constant magnetic field of magnitude By is applied along
the z-direction. The surface is stretched along x and y-directions with velocities

Uy = 1f%t and vy, = lﬁ—yﬁt (a,b being positive constants and § is a parameter
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having dimension time~!) respectively. The nanofluid temperature and species
concentration at the surface are kept at constant values of Ty, and C, respec-
tively. In contrast, the ambient fluid temperature and species concentration are
maintained at constant values of T, and C4,, respectively.

A

Figure 1: Physical configuration of the problem

Based on the aforementioned assumptions, the governing equations of the
current fluid flow (continuity, momentum, energy and species concentration)

may be modeled as ([35], [36]):

ou Ov Ow
o oy o M
2 2
Ou u3u+06u+w8u +\[F6u6u vI0vd“v  oB (t)u

ot T Ty Tz 9:02 502022 p;
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or . or  or . or 0T [, 9T0C Dy (0T’
ot oz oy 5z “o2 t 5oz 02 " T \ 02 n
1 9g,
(pp)y 0z
oc | oc | oC | 0C _ 320 Dy 82T
ot Oz Oy 9z P2 T T, 0922
ran _Fe (5)

The physical boundary conditions for the current problem are given as follows:

ou L Ov oT
u-uw+da vw+d2$, =0, —ka hy(Tw —1T),
oC DT8T_ (6)
DB8 +T 2 0 atz—O
u—0, v—=0, T-o>Ty, C—Csx as z— .

In order to approximate the radiative heat flux ¢,, the following Rosseland’s

approximation for an optically thick fluid is employed (Fatunmbi and Adeniyan

[37]):

160*T3 0T .
3k* 9z (7)

The energy equation has the form after applying expression @ to equation

qr = —

or 9T T  OoT 9T oT dC Dy [0T\?
o T Ty TV g T {DBa b w(az)}
(8)
166+ T2 {Ta2 +B(BT) }
3(pep) kb 072 oz '

The variable aspects of wall temperature, wall concentration and magnetic field
are given by the following form [38]

ToxUy Cozuy n By
v(1—fBt)? v(1 - Bt)? (1-pt)z

To obtain similar solutions of equations , , and subject to the
boundary conditions @, the following similarity variables are introduced:

Tw(z,t) = +Ts, Cylz,t)= B(t) =

o0y

_ar _ay _ av
1_&1‘(77), 157 (), w= Bi {fm) +g9(m)},
T T C—-Cx a )
0(n) = To—T' P(n) = C C’ Ui m
7
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Substitution of the above similarity variables in equations , , and
yields the following ordinary differential equations:

f/// [1 + Welf//] 2 L2 " /// f/2 + (f +g) f// _ S (f/ _|_ ;77]“’) (10)

~MF X1+ XM0)0+AN (14 Xap)p=0

/// Wesg "enm 12 "o ’ 1 7
[+ Weag"| + S5 /" =97+ (F+9) 9" =S g+ 5n9 1)
_Mg/:07
0 + Pr(f+g) 9’—Pr§(39—|—779’)—2Pr9f’++PrNb9’q§’+PrNt9’2
(12)
FRA{L+0 (0 — 112302 (00 — 1) + {1+ 66y )}9"} —0,
¢" + PrLe(f +g)¢ — PrLe§(3¢ +n¢') — 2PrLegf’ + MO"
2 K Nb (13)

— PrLel; {1+ (6y — 1)) - rme=m9) g = 0.
The dimensionless boundary conditions are stated as
f1(0) =14 0a1f"(0), g¢'(0)=p1+a2g"(0), f(0)=0, ¢(0)=0,
9(0)=~Bi(1-6(0), ¢(0)=—176(0). (14)
f'(00) =0, g'(00) =0, 6(c0) =0, ¢(c0) 0.
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3 Skin-friction coefficients, Nusselt number and
Sherwood number

The physical quantities of engineering interest for the present fluid flow problem
are the local skin-friction coefficients, Nusselt number and Sherwood number.
The skin-friction coefficient measures the shear stress, whereas the Nusselt num-
ber and Sherwood number describe the rate of heat and mass transfer at the
surface. A low Nusselt number signifies that conductive heat transport is more
than the convective heat transfer, whereas a high Nusselt number indicates that
convective heat transfer dominates the conductive heat transfer. Thermal engi-
neering devices may be designed more effectively with this in mind. Convective
mass transfer is divided by diffusive mass transport, and this ratio is known
as the Sherwood number. It is used to conduct mass transfer analyses on sys-
tems such as liquid-liquid extraction. Mathematically, the local skin-friction
coefficients (Cfy, Cfy), Nusselt number (Nu,) and Sherwood number (Sh,) are
expressed as

v -Bu I ou 2 ov 2] ]
Cre =2z |02 1+\/§\/<8z) #a) | (19)
L 4 z2=0
v _81) T ou 2 ov 2]
=g |o: 1+ﬁ\/ ) <)yl -
L 4 z2=0
a; 165*T3\ OT
Nus = = T K’” 3 )6}_ 17
. I'DB oC
She = - o (8>0 (18)

The aforementioned physical values can be expressed in non-dimensional form
using the dimensionless variables specified in @D

Cro/Re = "0 |1+ R0+ 2P0 )

We 1 _
Cr/Fiey =0 |1+ 022 [ L o)+ g~2<o>] Vet o)

Num 3 /
T = [1 + RA{1 + (6, — 1)0(0)} ] 0'(0), (21)
Shy
where Re, = u% and Re, = % are the local Reynolds numbers.
9
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4 Numerical solution

4.1 Methodology

The coupled and highly nonlinear ordinary differential equations — sub-
ject to the boundary conditions are solved numerically by employing the
bup4c solver in MATLAB. The higher-order equations — are converted
into a set of first-order equations. Furthermore, while implementing the numer-
ical technique, the boundary value problem is metamorphosed into an initial
value problem by assuming some suitable guess values to those missing initial
conditions.

Table 1: Comparison of values of —f”(0) for altered values of M when 3, = 0.5

—f"(0)
M Present Opyelakin et al. [39] Nadeem et al. [40]
0 1.093096 1.09310 1.0932
10 3.342030 3.34204 3.3420
100 10.058166 10.05818 10.058

Table 2: Comparison of values of —g”(0) for altered values of M when 3, = 0.5

-9"(0)
M  Present Opyelakin et al. [39] Nadeem et al. [40]
0  0.465206 0.46520 0.4653
10 1.645891 1.64590 1.6459
100 5.020785 5.02080 5.0208

4.2 Validation

The numerical values of —f”(0) and —g”(0) displayed in Tables [1| and [2 have
been computed for different values of magnetic parameter M for a specific sit-
uation of the current problem, i.e., when We; = Wes = A= )X; = Ay = a1 =
as =N =0, 8y =0.5 and n = 1 to test the correctness of the obtained results
and the reliability of the employed numerical approach. From the tables, it is
clearly observed that our results have a firm agreement with the results reported
by Oyelakin et al. [39] and Nadeem et al. [40].

5 Results and discussion

This section presents the analysis of the obtained results for the current heat
and mass transport phenomenon. The behavior of the flow profiles as well as
the physical quantities of practical importance, is investigated in depth with

respect to the changes of the emergent parameters. For the computational
purpose, we have assumed the parameters’ values as We; = Weg = S = 0.2,

10
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N=n=Nt=05 Pr=0,=12L=Nb=X=qa; =ay =04, Rd=0.1,
Le=M=1.0, 6, =0.7, Bi= X = Ao = K; = 0.3, E = 0.6. Throughout the
study, the same values for parameters are adopted, while the altered values of
the parameters are shown separately in the respective figures.

[\ s=0206 10

Figure 6: Changes in f'(n) vs S
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Figure 7: Changes in ¢'(n) vs S
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Figure 10: Changes in f'(n) vs ay Figure 11: Changes in ¢'(n) vs as

Figures 2HI]] illustrate the influence of X\, M, S, A1, A2, a1 and as on the
velocity field. Growth in f’(n) and reduction in ¢'(n) are observed in Figures
and 3] The higher mixed convection parameter contributes to a larger buoyancy
force. This powerful force accelerates the primary flow by suppressing the flow
in the secondary direction. A significant increase in the magnetic parameter has
caused a significant drop in the nanofluid velocity profile. Increased M leads to
a corresponding rise in the resistive Lorentz force, which causes the fluid flow to
decrease as depicted in Figures and Decreasing nature of f'(n) and ¢'(n) for
improvement in S is noted in Figures[ and [7] In Figures[§ and [J] it is noticed
that larger values of A\; and \g indicate an upsurge in f’(n). Temperature and
concentration differences arise from nonlinear convection parameters A; and
Ao that are greater than the equivalent linear convection values. Velocity is
therefore emphasized. Figures|10|and [11| express diminishing character of f/(n)
and ¢'(n) wr.t. a; and as. An increase in velocity slip parameters lead to
increase the slip between the fluid and surface of the sheet. So a partial slip
velocity moved to the flow field that has the tendency to decelerate the flow.

Figure [12[ shows that 6(n) heightens on rising values of M. When the mag-
netic parameter increases, a stronger Lorentz force is generated. This force

12
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Figure 12: Changes in 6(n) vs M
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Figure 13: Changes in 6(n) vs Rd
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Figure 17: Changes in 0(n) vs Nt

provides resistance against the flow and thereby, the fluid temperature is inten-
sified. Figure |[13| elucidates a rising trend for 6(n) on enhanced values of Rd.
Improved radiation parameter reduces the mean heat absorption coefficient. As
a result, the fluid temperature gets hiked. From Figure an increase in 6(n)
is noticed for enlarged values of Bi. An increase in the Biot number leads to
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K,=03,06,08

Nt=05,1.0, 15

Figure 20: Changes in ¢(n) vs Le Figure 21: Changes in ¢(n) vs E

enhance the heat transfer due to convective heating with hot fluid. So, temper-
ature of the fluid is augmented. Figure [15|shows that when Nb increases, 6(n)
decreases near the sheet and takes on an inverse nature far away from it. In
reality, a larger Nb causes more Brownian diffusion with lesser viscous forces,
and therefore, a hike in the temperature profile is observed. ¢(n) is enhanced
near the sheet for uplifting Nb values, while a reverse influence is seen away
from the sheet, as shown in Figure [I6] According to Figure [I7] with upsurging
values of Nt, 6(n) is increased. Physically, an increase in Nt causes a stronger
thermophoretic force, which enriches the fluid’s temperature. Figure [18| shows
that ¢(n) decreases towards the sheet, while the opposite trend is seen further
away from the sheet in terms of Nt.

Figure [I9) shows that an improvement in K; leads to a significant fall in
o(n). A devastating chemical reaction corresponds to a positive K;. As a
result, an improvement in K7 causes a decrease in species concentration. In
Figure it is seen that for growing values of Le, ¢(n) is reduced. Lewis
number is basically the relation between thermal diffusivity to mass diffusivity.
So, higher Lewis number implies less mass diffusion in the fluid flow. Hence,
species concentration is lessened. Figure [21] reveals that there is an upward

14
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Table 3: Numerical values of the skin friction coefficients when (¢ = (y = 0.4,

L=A=N=n=0.5We; =Wey =1.6 and 5, = 0.6

A M S M A a1 ar —vVRe,Cpp  —/Re,Cyy
04 1 02 03 03 04 04 0.953465 1.833773
1 0.921040 1.766040
2 0.871657 1.663539
04 2 1.095809 2.137023
3 1.204741 2.373294
1 06 1.006186 1.945268
1.0 1.052698 2.044400

0.2 0.6 0.952571 -

0.9 0.951679 —

0.3 0.6 0.953415 -

0.9 0.953364 -

0.3 0.7 0.725064 -

1.0 0.586788 -
0.4 0.7 - 1.812118
1.0 - 1.799073

trend in ¢(n) with the progress of the parameter E. Boosted E values aid in
the speeding up of chemical reactions and hence the species concentration is
escalated.

The numerical values of the local skin-friction coefficients for various values
of the controlling parameters \, M, S, A1, A2, a3 and aq are set forth in Table
For higher values of M and S, both v/Re,C¢, and /Re,Cf, are increased
whereas reverse trend is detected w.r.t. A, A1, A2, a1 and as. Local Nusselt and
Sherwood numbers calculated for flow parameters M, Rd, Bi, Nb, Nt, K1, Le
and E are described in Table 4| Increasing trend of \]/V;Ti is found for Rd and
Bi but opposite nature is noticed for M, Nb and Nt. Growing values of Nt and
F imply increasing tendency of fl%w whereas converse behavior is found w.r.t.

Nb, Le and K;.

6 Conclusions

The present analysis explores the aspects of nonlinear thermal radiation and
activation energy on unsteady convective heat and mass transport phenomena
of Williamson nanofluid over a stretching sheet in the existence of Lorentz force
and chemical reaction. Moreover, Navier’s velocity slip and convective heating
conditions are imposed at the surface boundary. The following are some of the
significant outcomes from the simulation of the problem:

e A diminishing nature is observed for the velocity profiles with the im-
provement in unsteadiness and the intensity of the Lorentz force.
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Table 4: Numerical values of the local Nusselt and Sherwood numbers when
Pr=14,0,=11and Le=1.5

M Rd Bi Nb Nt K, Le E %7 — jgf

1 01 03 04 05 03 1.0 0.6 0.267377 0.300448
2 0.262851 -
3 0.259108 -
1 05 0.361351 -
1.0 0.474500 -
0.1 05 0.395575 -
0.7 0.497861 -

0.3 0.6 0.267364  0.200288

0.8 0.267357  0.150212

04 1.0 0.267028  0.600074

1.5 0.266675 0.898864

05 0.6 - 0.300408

0.8 - 0.300385

0.3 0.5 - 0.300598

1.5 - 0.300337

1.0 2.0 - 0.300487

5.0 - 0.300502

e The temperature distribution is enhanced as the thermal radiation and
the convective heating at the bottom of the surface is boosted.

e The thermophoretic force and the activation energy are found to have
strong influence on rising the species concentration far away from the
sheet. However, the impact is getting reversed near the sheet.

e The skin friction coefficients are uplifted with the increase of unsteadiness
and the magnetic impact.

e There is an enhancement in heat transfer rate at the surface for growing
value of Biot number and thermal radiation parameter.

e Rate of mass transfer at the wall is improved as the values of thermophore-
sis and the activation energy parameters increase.
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