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Abstract

In this paper, by considering Barnes-type Peters polynomials of the first kind
as well as poly-Cauchy polynomials of the first kind, we define and investigate
the mixed-type polynomials of these polynomials. From the properties of Sheffer
sequences of these polynomials arising from umbral calculus, we derive new and
interesting identities.

1 Introduction

In this paper, we consider the polynomials

s®(2) = s® x|\ p) = sP (@A, N g, )

1
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called the Barnes-type Peters of the first kind and poly-Cauchy of the first kind mixed-type
polynomials, whose generating function is given by

IIO+%1+QMYMUQGM1+QM1+ﬂx:E:épwuhanﬂm”wuﬁ%, (1)
n=0 ’

j=1

where Ay, ..., Ap, i1, - .., i € C with A, ..., A\ # 0. Here, Lify(z) (k € Z) is the polyfac-
torial function ([6]) defined by

oo m

Llfk(l‘) = 2_:0 m|(:;+ l)k

When z = 0, s = s,(zk)(()) = S%k)(0|>\;ﬂ) = s (0 Ayeooy Apy 4, - -+, 1) 18 called the the
Barnes-type Peters of the first kind and poly-Cauchy of the first kind mixed-type number.
Recall that the Barnes-type Peters polynomials of the first kind, denoted by

Sn(T| A1, oo N ety - o, 14y), are given by the generating function as
T o tn
TLO+ @+ 02) 07 =3 sualber s At i)
j=1 n=0

If r =1, then s,(z|\; ) are the Peters polynomials of the first kind. Peters polynomials
were mentioned in [9, p.128] and have been investigated in e.g. [5].

The poly-Cauchy polynomials of the first kind, denoted by ¢\t (x) ([3, 7]), are given
by the generating function as

TL

Lify (In(1+£))(1+8)" = (-2
n=0

The generalized Barnes-type Euler polynomials F, (z|A1, ..., Ar; 1, - - -, i) are defined
by the generating function

T

2 M . OO \ ) tn
— = £, ey AR Ly ey ) —
I (r5am) = 2 Bl o o)

If pu = -+ = p = 1, then E,(z|A1,...,\) = E,(z|A, ..., A5 1,...,1) are called
the Barnes-type Euler polynomials. If further \y = --- = A\, = 1, then Eff)(x) =

E,(x|1,...,1;1,...,1) are called the Euler polynomials of order r.

In this paper, by considering Barnes-type Peters polynomials of the first kind as well
as poly-Cauchy polynomials of the first kind, we define and investigate the mixed-type
polynomials of these polynomials. From the properties of Sheffer sequences of these
polynomials arising from umbral calculus, we derive new and interesting identities.
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2 Umbral calculus

Let C be the complex number field and let F be the set of all formal power series in the

variable ¢:

F= {f(t) = %t’“

k=0

0 c} | @)

Let P = Clz] and let P* be the vector space of all linear functionals on P. (L|p(z)) is
the action of the linear functional L on the polynomial p(x), and we recall that the vector
space operations on P* are defined by (L + M|p(x)) = (L|p(z)) + (M|p(z)), (cL|p(x)) =
c¢(L|p(x)), where ¢ is a complex constant in C. For f(¢) € F, let us define the linear
functional on P by setting

(f®O))z") = an, (n=0). (3)
In particular,

<tk|x"> =nlo,r (n,k>0), (4)
where 9, is the Kronecker’s symbol.
itk
For fr(t) =3 rey (! >tk, we have (fr(t)|z") = (L|z"™). That is, L = fy(t). The map

|
L — fr(t) is a vector s]fiace isomorphism from P* onto F. Henceforth, F denotes both
the algebra of formal power series in ¢ and the vector space of all linear functionals on
P, and so an element f(¢) of F will be thought of as both a formal power series and a
linear functional. We call F the umbral algebra and the umbral calculus is the study of
umbral algebra. The order O(f(t)) of a power series f(¢)(# 0) is the smallest integer k
for which the coefficient of t* does not vanish. If O(f(t)) = 1, then f(t) is called a delta
series; if O(f(t)) = 0, then f(t) is called an invertible series. For f(t),g(t) € F with
O(f(t)) =1 and O(g(t)) = 0, there exists a unique sequence s,(z) (deg s,(z) = n) such
that (g(t)f(t)*|s,(z)) = nld,k, for n,k > 0. Such a sequence s,(z) is called the Sheffer
sequence for (g(t), f(t)) which is denoted by s,(z) ~ (g(t), f(¢)).
For f(t),¢(t) € F and p(z) € P, we have

(f()g@)p(x)) = (f(B)]g()p(x)) = (g(t)]f (#)p(x)) (5)

and
1) =3O 1, pe) =3 (a3 ()
k=0 ) k=0 '
([9, Theorem 2.2.5]). Thus, by (6), we get
t*p(z) = p® () = % and e¥'p(z) = p(x + ). (7)

Sheffer sequences are characterized in the generating function ([9, Theorem 2.3.4]).

Lemma 1 The sequence s,(x) is Sheffer for (g(t), f(t)) if and only if

1 yf(t) — - Sk_(y) k
g(f(t))e _kzo Ll l (yE(C),

3
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where f(t) is the compositional inverse of f(t).

For s,(z) ~ (g(t), f(t)), we have the following equations ([9, Theorem 2.3.7, Theorem
2.3.5, Theorem 2.3.9]):

F(t)sale) = nsua(x) (n>0), 0
sula) = 32 5 (a(F®) " Fpla) @, 0

sn(@ +y) = Z (?) $;(2)pn—; () , (10)

where pn () = g(t)sn().
Assume that p,(z) ~ (1, f(t)) and g,(z) ~ (1,g(¢)). Then the transfer formula ([9,
Corollary 3.8.2]) is given by

qn(z) =2 (%) rpa(x) (n>1).

For s,,(z) ~ (g(t), f(t)) and 7,(z) ~ (h(t),1(t)), assume that

Then we have ([9, p.132])

x”> : (11)

From the definition (1), s (x| A1, Aps iy - -+, i) 18 the Sheffer sequence for the pair

3 Main results

T

g(t) = H(l + e’\jt)“j#k(t) and f(t) =e" — 1.

j=1

So,

=

|
s;k)(xp\l, ey AR ey ) ™ ( (1+ e’\ft)“f FADE et — 1) , (12)

Jj=1
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3.1 Explicit expressions

Let (n); =n(n—1)---(n—j+1) (j > 1) with (n)o = 1. The (signed) Stirling numbers
of the first kind S;(n,m) are defined by

n

(), = Z Si(n,m)z™ .

m=0

Theorem 1

S;k)<x’)\17"'7)\r;,ula 7/’%")
= 272;:11“1]1 Z Sl(nﬂm) Z (l S}i)kEm—l(‘r|)\17 . '7)\7";1ul7 s 7:u7") (13)
m=0 =0
n n—j n
= (z)sl(" l,j)sl( ) (14)
=0 1=0
n n—j 1 n l
= Z (l) () Sl(n - lvj)cz(k)sl—i()\la s 7/\7’;/J“17' . 7“1”)3:] (15)
7=0 [=0 =0 ¢
" n
= (l>snl()\1, A s ) (=) (16)
=0
n n i
= (l>5l(x‘)\la'"7)\T;M17"'7M7”)cn—l' (17)
=0
Proof. Since
: 1
1+ M0 ——— s @\, N ) ~ (Le = 1 18
g( te ) Llfk(t)sn (l’| 15 ) M1, 7:“) (76 ) ( )
and
(2)n ~ (1,e" = 1), (19)
)
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we have
SO @A, A s i) = 50 (2)

= [La+ M) mLite(t) (2),

j=1

— Z Sy (n,m) H(1 + MO THILIf (£ 2™

—ZSlnm Hl—i—e“) #i

= Z Si(n,m) H(l + eAjt)_Nj

j=1
n
= Z Sl (nv m)
m=0
n m
l

. m r 9 1
— 9= 2 =1k Si(n,m ( ) (_> =l
o 1( ); (l+1>k£[1 1+€Ajt
ZQ*Z]T':MJ‘ZSl(n,m)Z (7) T D TR W VR T

k
m=0 =0 (l + 1>

tl
N

Ms

=0

(m)l l,m—l
{1 1)F

g

NE

I
o

13).
(12), we get

(
= <ﬁ(1 + (1+6)%) "Lify (In(1+¢)) (In(1 + t))j ac”>

So, we get (
By (9) with

r !
= H(l—l—(l—l—t)AJ “]L1fk(lnl—|—t ‘j'ZSllj; >
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On the other hand,

(a(F®) " F@)1a")

)Sl<l,j> [T+ @+ )" |Lify (In(1 + t))x”_l>
7) $il.3) D (n . Z) o <£[1(1 + (14 ) ™ x"—l—i>

e (n—1 = tm
Sl(l7]) ( i )Cgk) <Z$m<>\la---7)\r;ﬂl>"'v,ur)%
1=0 m=0

xn—l—i>

n n—l
. n\ [n—1 _
:jl E E (l)( i )Sl(lvj)cz('k)snl’i()‘lw"a)\r‘;ula"'),ur)'

I=j i=0

Thus, we obtain

W) =3 5 () suto = L )sf

n\ (1 4 ~
(l) ( )Sl(n - ZJ)CEk)Sl—i()\la .- 'a)‘T;Mlv s nu?“)x]a

l

M-

which are the identities (14) and (15).

809 Dae San Kim et al 803-825



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Next,

i

> t
Zsfk)<y|)\l7 M) )\r;,ula s 7:“7“)5 xn>
i=0 ’

ﬁ<1 +(1+ t)/\j)_ujLifk(ln(l +1))(1+¢)

L )
)

S;k)(y‘)q, e AR e ) =

f[(1+ (L4 0)N)™

Lify, (In(1 +¢)) (1 +t)%x

7=1 1=0

n n r .
- <Z)Cl(k)(_y) <H(1—|—(1—{—t))‘a) il pn l>

1=0 e

n n 0o tZ )
— Z (l)cl(k)(_y) <Z Si()\l, ce )‘r;ﬂl, . ’MT)E " l>

=0 i=0 !

" n
- (l)cgk)(_y)sn_l()\l""7>‘T;M17~'-7Nr).

=0

Thus, we obtain (16).
Finally, we obtain that

o0 i tZ .
S (YA, o Aes s - ) = <Zs§ )(y|)\1,...,)\r;ul,...,,ur)ﬁ T >
i=0 )

f[(1 + (14 t)Y) " Lif (In(1 + ¢)) >

<

<Lifk(ln(1+t))‘H(1—l—(1+t) )+ ) >

Il
—

Llfk ln1+t ‘Zslyp\l,... T,,ul,...,,u,,)l >
1=0

n

Sl(y|)‘17"'7/\T;M17"'7M7") (7;) <L1fl€(1n(1 +t)) T

=0

- n N Wt
:Zsl(y‘)\la"'7)\T;M17"'7/’LT‘)<Z) <ZC§ )ﬁx l>

1=0 i=0 ’

n
B (l)sl(y’)‘lw"7)\T;/*L1""7M7")C§l’€—)l
0
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Thus, we get the identity (17).

3.2 Sheffer identity

Theorem 2

n

szk)(x +y|)\17 .. '7>\r;,u17 S 7#7‘) =

3
7\

=0 \J

Proof. By (12) with

r

n(@) = | [(1+ M) ———s,(x[ A1y A s i
p (l‘) ( +e ) Llfk(t>8 (.Z" 1, ) s M, 7“)
7j=1
= (ﬂf)n ~ (Let o 1)7
using (10), we have (20). 1
3.3 Difference relations
Theorem 3
FOICEES 1D VIS Wy SRR ROl 71D VIR W TR TR

=ns™ (@A A ). (21)

Proof. By (8) with (12), we get
(e = D)s® (@A, N iy ooy ) = nsibk_)l(xp\l, e AR Ly ey ) -

By (7), we have (21). 1

811

.>3§'k)($’)\17---a)\h/llv--'v“?“)(y)”_j' <20)
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3.4 Recurrence

Theorem 4

k
s(ll(:vpxl? e AR Ly ey )

n

= asW(z — 1A, A s i)

. v n m T (m)
-9 1 2,7:1 Mg mEZO lEO ;1 Sl (n, m) (l —|—l 1)ku7’)\lEm_l(x + )\1 — 1|>\, 1% + ei)
=i iy En Em (T;L) _ .

m=0 [=0
= asW(z — 1A, A iy i)

1 e~ 2 (1 , _ x4+ N —1
SR B2 (s tas (S5 =)

4+ 27Xt Z %Sl(n, m)E(z — 1|\ p) . (23)

Proof. By applying

= x—g/(t) Ls T
sunte) = (2= 95 ) 2y

([9, Corollary 3.7.2]) with (12), we get

k
3,(1421(3:])\1, e AR Ly ey )

/
_ t
= xs;’“)(m — AL, A, ) — € td (t)sg“)(as\)\l,...,/\T;,ul,...,ur).

Since

PO _ (1 g(r))

9(t)
= (Z i In(1 + e**) —1In Lifk(t)>

. - ,ui/\ie’\it Llf%(t)

< 1+eMt Lify(t)

1=

10
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by (13), we have

70 o,
g(t) " (@)

_ - Nz‘)\ie)\it . Lif;(t) 5(k) (33)
— 1+ 6/\it Llfk (t) "

n m - "
:2—1—Z§:1uj2251(n,m kZm e 1+2€/\tH( 2 )]xm—l

1+ eMit
m=0 (=0 +

= Si(n,m) H(1 + N THILAf (8) 2™ . (25)

The first term in (25) is

212] 1“]222517],771 ()>klu,2)\Em l($+)\|)\,u+€z)a

m=0 [=0 =1

where A\ = (Aq,...,\), p = ooy ity) and e; = (0,...,0,1,0,...,0) (1 =1,2,...,7).
(A )o b= (p1, - pr) ( ) ( )

Since

Lify_1(t) — Lify(t) = (1 _i>t+...,

9k—1 ok
the second term in (25) is

T Wi
1 M5 ’ m
9-j- uzslnlef H(He“) x

m=0 j=1

= 9 Xj=1h Z S1(n,m) Lify1 () = Lifk() Epn (x| 5 p)

m=0 t
N7 ) n ‘ . E (-T‘)"U)
=27 2= S Life 1 (#) — Lif, (¢)) 2m i )
r = Si(n,m w tl mil
= 7Zj=1 J LS .
=2 K Z m4+1 (Z (] + 1)k1 Eni (x| A p) — Z—l!(l+1)kEm+1(x’)‘aN)
m=0 1=0
_3r Sl TL m m+ m+1 m+1  (m+1
=92 Zg=1“] m+ 1 (Z l_|-1 k 1 m+1fl(l")\;,u) - (l(—i-llngm+1l(x|)\"u)
=0 1=0 —o
-3 . Sl TL m ! m+1
= Tan 3 A Hf S
m=0 =1
_2 ZJ 1 My ZS]_ n m Z m+2 (x‘)\ ILI/)
m=0 1=

11
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Thus, we obtain

k
s () = 25z 1

)
_2—1 = 1MJZ Sl TL m ( ))kMZA E,,_ l(x—|—/\ 1|)\;[L+€i)
m=0 [=0 i=1

m

27 =1t n,m)E;(x — 1|\; u),
m0;;7n+2—l 10, m) By — 1)

n

which is (22).
On the other hand, by (14) with (22), we have

st ()
r A Y

_ piAie .t _ L?fk(t) s®)(2)
— 1+ elit Llfk (t)

n n—j
:_Z'M"l 1+€At22(>sln—lj)3l)y

n m m

— 27 L=k Ey(z|A; 1) . 26
z(; m+2 Si(n,m) Ei(z|A; p) (26)

The first term in (26) is

n n—j
333 (1)1 S e

l
7=0 [=0
1 ¢ 2 n it
523 (7)sutn -1 E)AeMEQ)
7=0 =0 =1
1 & = n T+ N
_ - ]+1
=3 (l) n—17)s Z,uz)\ < N >
7=0 [=0

A LN . ‘ 1
B I
+2Z%u%§i S ()

m&(n, m)El(:c — 1‘)\, ,u) .

which is (23). 1

12
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3.5 Differentiation

Theorem 5

d

—5n (| A1, A 1y e ) = slk (| A1, A iy ) - (27)

Proof. We shall use

= (=)™
_ ;( " >

—1)mt m|,.n—l
= mz::l - <t |z >
n—l . 1\m—1
- Z ( 1) (n - l)|5m n—l
m=1 m

with (12), we have

d
%S;k)<x’)\17 SRR )\r; M1y .- 7“7")
n—1
n
— (l) (=) (n—1- 1)!sl(k)(ac\)\1, ey A Ly e )
=0
n—1 (_1)717[71 *)
= nl mSl (:r|)\1,...,/\r;u1,...,u,«),
=0
which is the identity (27). 1

3.6 A more relation

The classical Cauchy numbers ¢,, are defined by

oo

t t"
In(l1+¢) nz:; ol

(see e.g. [2, 6]).

13
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Theorem 6 Forn > 1, we have

SO @y i s )

1 /n _
— l‘sslk_)l(l‘ — 1|>\1, .. .,)\r;ﬂl, e ,,ur) + E Z (l)cn_l(sl(k 1)(1, . 1) . Sl(k)(a7 _ 1))
=1
— Zui/\isik_)l(x + AN =1 p+e). (28)

i=1

Proof. For n > 1, we have

nk)(y|)\17 LR 7)\7';“1, .« . 7,[,L,r)

F n
D> s )(y‘)\b"‘7)\r;/~517...,/j,7,>ﬁ‘x >

— <ﬁ(1 + (L4 6)%) " Lify (In(1 +¢)) (1 + )Y :17”>

xn—l

= ( O, ( r (14 (1+t)%) ™Lify (In(1 +¢)) (1 +t)y>

xn—l

={( |0 f[(1 + (1+ t)%)‘“f) Lify (In(1 +#)) (1 + t)¥

xnfl

: (14 (14 6)N) (@Lifk (In(1 + t))) (1+1) x”_1>

Yy ﬁ(l + (14 6)%) VLify(In(1 + 1)) (1 + )" x"1>

—

<

k
= ysil_)l(y — YA, A ey ) -

Since

Lify_1 (In(1 +¢)) — Lif (In(1 + ¢)) = (% — i) tt -
14
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the second term is

r - Lifg—1 (In(1 +#)) — Lify (In(1 + 1)) y
<H(1+(1+t)*) (1+¢)In(1+1) (L+1)

j=1

xn—1>

t xn—l
In(1+1¢)

i <ﬁ<1 L))

Lif,_1 (In(1 +¢)) — Lify (In(1 + t))

- (1+t)v!

i <f[<1 HU 1)

Lifios (0 +1)) = L (L +0) (| ] 2>

t

_ n_: (” ; l)c, <ﬁ(1 F (0N

I= j=1

1+t !

mm4@m1+w)—mmam1+wxw1,>
i

e n% (” | 1)cl <ﬁ(1 (L)

i=1

(14 0"~ (Lo (In(1 + 1)) = Lify (In(1 + 1)) 2"~

=5 (e (T 0 o 0y o)

j=1

- <ﬁ(1 + (1+6)Y) Lif (In(1 4+ 1)) (1 + £)v " x"l>>

j=1
182 /n
k—1 k

:E (l)cl(sﬁll)(y_1|)‘17"‘7/\7‘;,u17"'7:u7")_81(1)l<y_1|A17"'J)\T;ﬂ1a"'7:u""))
=0

_ L5~ (n S T By 1.\

_EZ I Cn—l(sl (y_ | 1y---5 TaMl)"'a:uT)_Sl (?J_ | 1y T7/’L17"‘)/~L7‘))'
=1
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Since

T

) H(l (L))

J=1
r

]:1

=1

the first term is

— imAi <(1 F(1+DA)T f[(1 + (1+¢)Y) Lif, (In(1 4+ 1)) (1 + t)y+’\"1|x”1>

=— Z ui)\isgk,)l(y + A=\ p+e).
i=1

Therefore, we obtain

sg“)(x|/\1, ey A Ly ey )

n

1 n -
= CES’SL]C—)I(:L‘ - 1|>‘17 e 'a)\r;ﬂly s nur) + E Z (l)cn—l(sl(k 1)(517 - 1) — Sl(k)(l’ — 1))

=1

i=1
which is the identity (28). 1

3.7 A relation including the Stirling numbers of the first kind

Theorem 7 Forn—12>m > 1, we have

n—m n
m Z (Z)Sl(n - l7m)sl(k)<)\17 . ‘7)‘7“;#17‘ s 7:U"r)

l
n—m o 1
+ " l )Sl(n_l_lam_l)s(k 1)( 1|>\17 )‘Taﬂla 7:“7‘)
1=0
n—-m—1 r n—1
—m Z ( l )Sl(n—l—1,m),ui)\z~sl(k)()\,~—1|)\;/L+ei). (29)
=0 =1

16
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Proof. We shall compute

<ﬁ(1 + (14 6)%) P Lify (In(1 4 1)) (In(1 + 1)) “”n>

J=1

in two different ways. On the one hand, it is equal to

<ﬁ(1 (L) Lifi (1 + 1)) | (In(1 + t))m$n>

J=1

= <ﬁ(1 + (1+¢)Y) "Lify, (In(1 + t)) ‘m! f: Si(1, m)z;—ix">

7j=1 l=m

:mxz(l)sl(l,m) <H(1+(1+t)%) “Lify (In(1 + 1)) |2 l>
l=m 7j=1
n n o] tz -
zmlz <Z>Sl(l,m) <ngk)()‘la'--7/\r;,u17~-u,ur>ﬁ z" l>
l=m =0
" /n
:m!Z(l)sl(lam)sg?l(Alv‘”7)\7";M17"'7/~LT)
l=m
St (7 s (k) _
=m)! ] (n—=1m)s; (A, ooy Ay s ooy fhr) -
1=0

On the other hand, it is equal to

<at (ﬁ(l + (14 t)%) "Lif (In(1 + t)) (In(1 + t))’”)

j=1

xn1>
xn1>

<ﬁ(1 + (1+6))™" (OLify(In(1 +¢))) (In(1 +¢))™ xn—1>

T

o JJ(+@a+ t)%')‘“f> Lify (In(1 +¢)) (In(1 +¢))"™

j=1

+ f[(1 + (1+¢)M) MLif, (In(1 + ¢)) (8 (In(1 +¢))™) x”_1> : (30)

17

819 Dae San Kim et al 803-825



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

The third term of (30) is equal to

m<f[(1+(1H)Aj)‘“jLifk(lnu+t))(1+t) (In(1+1¢)™ 2™ 1>

Jj=1

—m <f[(1 + (L4 0)Y) L (In(1 4+ ¢)) (1+1)"

j=1
[o¢] tl .
m—1! Y Si(l,m— e
I=m—1
-1
-1
- (”l )Sl(l,m—l)
I=m—1

X <H(1 + (1+¢)Y) Lifp (In(1 4+ 8)) (1 + )~ x"‘l‘l>

n—1
n—1 k)
= m! Sy(l,m — 1) LA, s A [ e e s fly
3 (") Sm D Ao

n—

-1
= m! (n >Sl(n—l—1 m—l) ( LI, oy AR iy e e ey )
1=

The second term of (30) is equal to

<1£[(1 e (Lifk_l(ln(l +1)) — Lif, (In(1 4+ t))) (n(1 4 )"

(I+¢)In(1+1)

xn—1>

j=1

- <ﬂ(1 + (14 6)Y) VLifp (In(1+ ) (1 + )7 (In(1 +¢)" 2™ 1>

J=1

_ <ﬁ(1 + (14 6)%) MLify(In(1+ )1+ ¢) " (In(L 4+ ¢))" 2"~ 1>

J=1

n—1 -
< >Sl(n_ [— 17m - 1)Sl(k 1)(_1|)\17 s 7/\7';/1’17' - 7IU’T)

n—
— (m—1)! ( l )Sl(n—l—l m—l) ( LA ooy A ey ey i)
0
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The first term of (30) is equal to

< (at f[( +(1+ t)%')‘“f) Life (In(1+¢)) (In(1 +¢))"

xn1>

T

__Z/Lz)\z< 1H 1"’ +t H
7=1

(In(1+£))"a" 1>

:_ZW 1H L+ (L+0)M) ™™

Lify, (In(1 4 1)) (1 + ¢)% !

X <(1 + (1 + t)’\i)_l ﬁ(1 + (1+¢)) ™Lif (In(1 +¢)) (1 + )

j=1

n—
:_mlzﬂl)‘lz< )Sllm)n)1 (i = 1A+ e)

-1 xn—l—l>
n—-m—1 r

= —m/ Z Z(n )Sl n—l—lm)ul)\sl (i—ll)\;u+ei).

Therefore, we get, forn —1>m > 1,

= m! —1—1,m—1)s® (-1
m;( l )slm {—1m— 1) (1)
+ (m—1)! (n;1>51(n—l—1m—1) (h=D(_1)
=0
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Dividing both sides by (m — 1)!, we obtain forn —1>m > 1

n—m n
m Z (l)Sl(n - l7m)8l(k)<)\17 e 'J)‘T;ILLh' - 7/"7’)

1=0
—(m-1) ( l )sl<n—Z—1m—1> TERT VRS WP
1=0
n—m _1
+ nl )Sl(n_l_lvm_l)s(k 1)( 1|A17"'7)\7’;Mlu"'7:u7")
1=0
n—-m—1 r n 1
—m Z ( l )Sl(n—l—l m) s, ( LA g+ e;)
=0 =1
Thus, we get (29). 1

3.8 A relation with the falling factorials

Theorem 8

- n
S%k)(x|>\17 ceey )\Tu Hi, - 7,“7“) - Z < >8£Lk_)m(x)m . (31)

m=0

Proof. For (12) and (19), assume that s (@)A1, A ) = Do o Crn () By
(11), we have
1 1

Onm = x"
) m) <H] 1(1 + e 1n(1+t)) >
1 iT - m,.n

= < 1 + (1 +¢)Y) " Lify, (In(1 + t)) |2"
7j=1
Thus, we get the identity (31). |

7 Lify (In(1 4 2))t™

3.9 A relation with higher-order Frobenius-Euler polynomials

For a € C with a # 1, the Frobenius-Euler polynomials of order r, Hy (x]oz) are defined
by the generating functlon

(61_0‘> ZH’“ x|a—

20
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(see e.g. [4]).

Theorem 9

n n—mmn—m-—j
S n —
S;k)(x’)‘la"-a)‘hula a,UT‘): ( Z ()( l j)(n)]
m=0 \ j=0 (=0 J
(1 —a) S (n—j— l,m)sl(k)> HO (z]a). (32)

Proof. For (12) and

HS) (2]a) ~ ((elt__j)t) , (33)

assume that s& (2| A1, ..., A fia, - .. ) = >0 Cnva,(,f)(a:\a). By (11), similarly to
the proof of (29), we have
x”>

= m <ﬁ(1 + (1+)Y) MLifp(In(1 4+ 8)) (In(1 + )" (1 —a + t)° xn>

1 <—ln(1lm ”)
Chn = — <H- = 2 Lify, (In(1+ 1)) (In(1 + )"

m! T (1+ eXin(i+0)

B 1
C ml(l—a)s
r min{s,n}
X (14 (14 6)%) ™Lif, (In(1 +¢)) (In(1 + t))’”) Z (f) (1— a)s_itix”>

'(1 Z ( )(1 —a)(n);
f[ 1+ W'Lifk (ln(l + t)) (ln(l + t))m l.n—i>

j:

ml(l L S ;” (S> (1- a)s_i(n)ing;im! (n . Z) Si(n —i—1,m)s"

1=

ijz ( ) (" h Z) (n)i(1 = @) ' Sy(n — i — 1,m)s") |

=0 [=0

3

—

n—mn

Thus, we get the identity (32). 1

21
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3.10 A relation with higher-order Bernoulli polynomials
Bernoulli polynomials %5{")(3:) of order r are defined by

Y o =B (@),
(et—1>e :Z n! !

n=0

(see e.g. [9, Section 2.2]). In addition, Cauchy numbers of the first kind ¢ of order r

are defined by
r 00 (r)
t n
_— — —tn
<ln(1 - t)) Zn: n!

(see e.g. [1, (2.1)], [8, (6)]).
Theorem 10

S (@A, A iy i)

_ Z: <$ni < ) (" - Z) ¢gitn—i— l,m)sl(k)> B (7). (34)

BE) () ~ ((6:_1)577&) , (35)

assume that s\ ( AL, A i, ) = D0 C’mm%gﬁ) (). By (11), similarly to the
proof of (29), we have

Proof. For (12) and

(e
In(14t m|
Cram = m! <HT (1 N0 -Lify, (In(1 + 1)) (In(1 + 1)) | >
J
— L - A\ THIT m t ’ n
=— <JH1(1 + (14 t)%) "Lify(In(1 + ¢)) (In(1 + ) ) (—ln(l H)) x >
_ % <H(1 + (14 6)M) M Lify (In(1 + ¢)) (In(1 + t))’”) > ¢§s)z—'x">
T o\j=1 i=0 ’
= % e ( ) H (1+6)%) " Lify (In(1 +¢)) (In(1 4+ ¢))™ :1:'”>
T =0 j=1
—% Q () Zm(n_l>5’1(n—z—lm) l(k)
" =0 1=0
= (7;) (nl—z) jSS)Sl(n—z—l,m)sl(k).
=0 1=0
Thus, we get the identity (34). 1

22
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On the hyperstablity of a functional equation
in commutative groups
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Abstract. Using the fixed point method, we prove the hyperstablity of the functional equa-

tion
flaa+by) =V 04y 4 OV g0y,

where a, b are different integers greater than 1, in the class of functions from a commutative
group into a commutative complete metric group.

1. Introduction and preliminaries

The stability problem of functional equations originated from a question of Ulam [33] con-
cerning the stability of group homomorphisms. Hyers [19] gave a first affirmative partial answer
to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [4] for ad-
ditive mappings and by Rassias [29] for linear mappings by considering an unbounded Cauchy
difference. A generalization of the Th.M. Rassias theorem was obtained by Gavruta [17] by
replacing the unbounded Cauchy difference by a general control function in the spirit of Th.M.
Rassias’ approach. The stability problems of several functional equations have been extensively
investigated by a number of authors and there are many interesting results concerning this
problem (see [6, 12, 13, 14, 15, 16, 20, 21, 25, 27, 28, 30, 31, 34]).

We say a functional equation ® is hyperstable if any function f satisfying the equation ©
approximately is a true solution of ®. It seems that the first hyperstability result was published
in [6] and concerned the ring homomorphisms. However, The term hyperstability has been used
for the first time in [24]. Quite often the hyperstability is confused with superstability, which
admits also bounded functions. Numerous papers on this subject have been published and we
refer to [1, 2, 3, 5, 7, 8, 9, 11, 18, 24, 26, 32].

Throughout this paper, we will denote the set of natural numbers by N, the set of integers by
Z and the set of real numbers by R. Let N, be the set of positive integers. By N,,, m € N,
we will denote the set of all integers greater than or equal to m. Let Ry = [0,00) the set of
nonnegative real numbers and R, = (0,00) the set of positive real numbers. We write B4 to
mean “ the family of all functions mapping from a nonempty set A into a nonempty set B 7.

Definition 1.1. Let X be a nonempty set, (Y,d) be a metric space, ¢ € R{" and Fi, F» be
operators mapping from a nonempty set D C YX into YX". We say that the operator equation

Fro(xi, ... xn) = Fop(1, ..y xn), (T1,...,2, € X) (1.1)
02010 Mathematics Subject Classification: 39B52, 54E50, 39B82.

OKeywords: Hyers-Ulam stability; hyperstability; fixed point method; complete metric space.
*Corresponding author: Choonkil Park (email: baak@hanyang.ac.kr).
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is e-hyperstable provided that every g € D which satisfies
d(Freo(x1y .. xn), Fopo(x1, .. xn)) <e(x1,...,20), (T1,...,2, € X)
fulfills the equation (1.1).

In 2011, Kenary [22] introduced and proved the Hyers-Ulam stability for the following func-
tional equation
(a+b) (a—b)

flaz +by) = ——flz +y) + ——f(z —y) (1.2)

in non-Archimedean normed spaces and in random normed spaces, where m, n are different
integers greater than 1. In 2011, Kenary, Jang and Park [23] proved the Hyers-Ulam stability
of (1.2) in various normed spaces by using the fixed point method.

In this paper, using the fixed point method derived from [10, Theorem 1], we prove the hy-
perstability of (1.2) in the class of functions from a commutative group into a commutative
complete metric group.

Before proceeding to the main results, we state the following theorem which is useful for our
purpose.

Theorem 1.2. ([10, Theorem 1]) Let X be a nonempty set, (Y,d) a complete metric space,
fi,- o fs: X = X and Ly,...,Ls: X = Ry be given mappings. Let A: Rff — ]Ré( be a linear
operator defined by

A6(@) = 3 Li(@)8(filw), (1.3)
i=1
for 6 e RX and x € X. If T: YX =YX is an operator satisfying the inequality
0

d(TE(), Tu(x)) < Y Liw)d E(fi(@), n(filx), &neYX,zeX,
i=1

and a function e: X — Ry and a mapping p: X — Y satisfy
d(Te(x), () <e(z), (ze€X),

e*(z) == iAka(az) <oo, (zeX),
k=0

then for every x € X, the limit
P(z) = lim T"p(z),
exists and the function 1 € YX so defined is a unique fized point of T with
d(p(z),¥(z)) <e*(z),  (veX).
2. Main results

Suppose (G, +) and (H,+) are abelian groups, and d is a metric on H such that
(i): d is invariant with respect to +, that is,

d(u+ w,v +w) = d(u,v), (u,v,w € H);

(ii): (H,d) is a complete metric space.
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We will denote by Aut(G) the family of all automorphisms of G. Moreover, for each u: G — G
we write uz := u(z) for x € G and we define v’ by vz :=x — ux for z € G.
Let

UG) = {u € Aut(G) : (v — u), (au + bu) € Aut(G),

|a — ]
+b

ay = —— N au' + bu) + ANu' —u) <1} # @, (2.1)

a+b
where
Au) :=inf {t € Ry : e(ux,uy) < te(x,y), Vr,y <€ G}

for u € Aut(G) and £: G — Rg. The following theorem is a result concerning the hyperstability
of the functional equation (1.2).

Theorem 2.1. Let f: G — H be a mapping satisfying the inequality
2
A(Fo ). gt t) - 2@ ) ) < oy (2.2

forallz,y € G, wheree: G*> — Ryq is an arbitrary function. Assume that there exists a nonempty
subset U C I(G) such that

wov=vou, Yu,veElU,

and
inf {e(v/'z,uz) :u e} =0, Vzegd,
sup{ay :ueU} <1,

then f is a solution of (1.2) on G.

Proof. Let us fix u € U. Replacing z with 'z and y with uz in (2.2), we get
a (£@), 2 (b)) = S0 (0~ w)a) ) < clulnur) = eu(a)  (24)
"a+b a+b - ’ B '
for all z € G. We define the operators T,,: H — HE and Ay: ]RG — IR{G by

Tub(e) i= e ((and +bu)e) = S0 — ), (2.5)

Aud(z) = - i b5<(au' + bu)a;) 4 la - lb” 5((u' - u)x)

a

for all x € G, ¢ € HY and § € R§. Then (2.4) becomes

A(f(@). Tuf (@) < eu(@)

for all z € G.

The operator A, : R§ — RS has the form given by (1.3) with s = 2 and fi(x) = (au’ + bu)z,
fo(x) = (W —w)z, Li(z) = a%rb, Lo(x) = | b‘ for all z € G.
Further,
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<
“a+b

o+t ) 25

for all z € G and &, u € HC.
Note that, in view of the definition of A(u),
e(uz,uy) < Mu)e(z,y), z,y € G,

So it is easy to show by induction on k that

for all x € G, where

2 —-b
ay = <a+b)\(au' + bu) + |a n b| Mu' — u)>
Hence
* o Ak / — p_ e(u'z, uz)
e*(x) :ZAugu(x)<5(ua;,ux)Zau— =0 <X
k=0 k=0 “

for all x € G. By Theorem 1.2, there exists a unique solution Fy, : G — H of the equation

i bFu((au/ + bu)x) = Z—{—ZFU ((ul - u)x)

for all x € GG, which is a fixed point of T, such that

F,(z)=

e(u'z,ux)

d(Pul@), f(2)) <

1— oy

for all x € GG. Moreover,
F,(z) = lim T f(x)
k—o0

for all z € G.
To prove that F,, satisfies the functional equation (1.2) on G, just prove the following inequality

2

A(Trfa+y). =

T2 flaw +by) — ST ) < ale() (2.6

for all x,y € G, and n € N.
Indeed, if n = 0 then (2.6) is simply (2.2). So, take n € Ny and suppose that (2.6) holds for n
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and x,y € G. Then, by using (2.5) and the triangle inequality, we have

a (T4 ), 2 T o by) — ST - >)

a

+ZT5‘ (0~ e +2).

2 )(a—b

= <T"f( au' + bu) ac-f—y))

( av’ + bu)(azx + by)) (— )Tgf((u’ —u)(ax + by))

a+ba+b
—<aib><z+b>T”f(<au'+bu><x—y>) HErT (W -0 - )

< a—2i—bd (Wf((au’ + bu) (z + y)),

ST (@ + bu)(az + by)) -

a—+b a+b "

ey (m(w )t y).

2 (= e s w) - ST (- ) - ) )

e (a4 )

a+b

< ay <a i bé((au/ + bu)z, (au’ + bu)y) o J_r b‘ ((u’ —u)z, (u' — u)y))
la

)

2
e(x,y)al <a+b)\(au’ + bu) +

wHe(z,y).

By induction, we have shown that (2.6) holds for all z,y € G. Letting n — oo in (2.6), we get

=y,

+b -b
Fu(az +by) = = Fu(e +y) + 5= Fu(e =)

for all z,y € G. Thus, we have proved that for every u € U there exists a function F, : G - H
which is a solution of the functional equation (1.2) on G and satisfies
e(u'z, ux
a(f(x). By(a)) < LD
— Qi
for all z € G. By (2.3), we get

inf, ey e(u'z, uz
d(f(:n),Fu(x)) = 1 —esu; e )
ue u

=0

for all x € G. This means that F,(z) = f(z) for all x € G and v € U, and hence

flaz+by) = T f @+ y) + S f )

for all z,y € G, which implies that f satisfies the functional equation (1.2) on G. O

In the next theorem, we will study the hyperstablity of the functional equation (1.2) on G
without 0 the neutral element, because of the reason that one can easily deduce some applica-
tions.
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Theorem 2.2. Let f: G — H be a mapping satisfying the inequality
2 a—2b
d — by) — —— - <
(ot e+ o)~ 2o =) < el
for all x,y € G\{0}, where 0 is the neutral element of the group (G,+) and ¢ : (G\{O})2 — Ry
is an arbitrary function. Assume that there exists a nonempty subset U C I(G) such that
uov=vou (u,v €U),

and
inf {e(v'z,uz) :uelU} =0, Vze G\{0},

2.7
sup{a, :ueU} <1, 2.7)

then f is a solution of the functional equation (1.2) on G\{0}.
Proof. The proof is the same as in the proof of Theorem 2.1. O

3. Some consequences
From Theorem 2.2, we can obtain the following corollaries as natural results.

Corollary 3.1. Let E and F be a normed space and a Banach space, respectively. Assume that
X is a subgroup of the group (E,+), p<0,q<0 andc>0. If f: X — F satisfies

flaz+by) 25

for all x,y € X\{0}, then f satisfies the functional equation (1.2) on X\{0}.

(w4) = S5 = )| < ellall + Il (3.)

Proof. The proof follows from Theorem 2.2 by taking

e(@,y) = c(l=” +llyl*), =,y € X\{0},
with some real numbers ¢ > 0, p < 0, ¢ < 0 and d(z,y) = ||z — y||. For each m € Ny define
um: X\{0} = X\{0} by upx := —mz and u),: X\{0} — X\{0} by u,,z := (1 + m)z. Then
e(umz, upy) = e(=ma, —ky) = c(||[-mz|” + [|-ky[)
= om? [P+ ek [yl < (mP + k) e ([l + [lyl|7)
= (m"+ k) e(z,y)
for all x € X \ {0}, k,m € N,. Hence

lim e(u,,z, umy) < lim (T+m)P +mT)e(z,y) =0
m—o0 m—o0

for all z,y € X\{0}. Then (2.7) is valid with A(u,,) = mP + m? for m € N, and there exists
np € N4 such that

(’a—i— (a — b)m’p—i- ’a—k (a — b)m’q> + |Z_b|<(2m+ 1P+ (2m + 1)q> <1 (m > ny).

a-+b +b

So it easily seen that (2.1) is fulfilled with
U:={u, € Aut X :me Ny, }.

Therefore, by Theorem 2.2, every f : X — F satisfying (3.1) is a solution of the functional
equation (1.2) on X\{0}. O
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Corollary 3.2. Let E and F be a normed space and a Banach space, respectively. Assume that
X is a subgroup of the group (E,+), p,q € R, p+q<0andc>0. If f: X — F satisfies

|stao 09 = 524 = 5 e = )| < cllol? ol

Jor all z,y € X\{0}, then f satisfies the functional equation (1.2) on X\{0}.

Proof. 1t is easily seen that the function ¢ given by
e(@,y) =cllzl’llyl* =,y € X\{0},
satisfies (2.7), since
e(ma, ky) = c|lma||” kyl|* = c|m[” [k|* [[z]” [y|* = [m|” k[ e(z,y)

for all z,y € X\{0}, k,m € Z, and km # 0.
The remainder of the proof is similar to the proof of Corollary 3.1. U

By an analogous conclusion, the function ¢ given by
e(@,y) = c(lzl” + lyll* + =" [yI"), =,y € X\{0},
satisfies (2.7), since
e(ma,ky) = c([ma]|” + [kyll? + [ma||” Iky|*)
e (Imf" |z ]l” + [K* [y " + [ml® [k [|2]” [y 1)
(Im[” + |k + |m[” |k|") e(z, y)
for all z,y € X\{0}, k,m € Z, and km # 0. So we have the following corollary.

A

Corollary 3.3. Let E and F' be a normed space and a Banach space, respectively. Assume that
X is a subgroup of the group (E,+), and p < 0,q¢<0,p+q<0andc>0. If f: X - F
satisfies

a+b
_Tf

—b
(w4) = 521G =) < elel? + "+ ol I

’f(ax + by)

for all xz,y € X\{0}, then f satisfies the functional equation (1.2) on X\{0}.
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Abstract. In this manuscript we investigated the fractional finite difference inclusion A} ,x(t) € F(t,xz(t), Ax(t))
via the boundary conditions Az(b + p) = A and z(p —2) = B, where 1 < pu < 2, A,B € R and
F: NZJ:‘;“ x R x R — 2% is a compact valued multifunction.

Keywords: Fixed point of multifunction, Fractional finite difference inclusion, Hausdorff metric.

1 Introduction

We recall that there are several published works on the existence of solutions for some frac-
tional finite difference equations. In [1, 3, 7] the boundary value problems for discrete frac-
tional equations were explain in detail. In [4] the discrete nabla fractional Taylor formulae
were described together with some well known inequalities. In [8] the authors investigated a
k-dimensional system of fractional finite difference equations. The papers [11, 12, 13, 14| re-
ported several results on discrete boundary value problem and existence results for fractional
difference equations. Further results can be seen in [17, 19, 20, 21| and the references therein.
The readers can find more details about elementary notions and definitions of fractional finite
difference equations in |5, 6, 10, 15] and [16].

In |2] it was proved the existence of solutions for nonlinear fractional g-difference inclu-
sions involving convex as well as non-convex valued maps with nonlocal Robin (separated)
conditions. However,in the of our knowledge there is no research on fractional finite differ-
ence inclusions so far. Here, we give a motivation about the importance of studying the
fractional finite difference inclusions. For example, consider the fractional finite difference
equation Aty(t) = h(t + p — 2,y(t + p — 2)) via the boundary conditions y(u — 3) = 0,
AY(p—1—a) =0and APy(u+b+1—pF) =0, wheret e No™ be Ny, 2 < pu<3,1<a<2,
0<p <1andh: Ni’:‘;ﬂ X R — R is a map. Define the compact valued multifunction
Ty : Ni’:‘;ﬂ xR — 28 by Tp,(t) = {h(t + p — 2,y(t + u — 2))}. Tt is easy to check that each
solution of the fractional finite difference equation A*y(t) = h(t +p — 2,y(t + p —2)) is a
solution for the fractional finite difference inclusion A*y(t) € Ty,(t). Thus, studying the frac-
tional finite difference inclusions needs more potential mathematical abilities. In this paper,
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we provide some preliminaries to investigate the existence of solution for a fractional finite
difference inclusion.

We recall some basic definitions utilized in the rest of the manuscript. The Gamma function
is defined by I'(z) = fooo e~'t*~1dt for the complex numbers 2 in which the real part of z is

positive (see [18]). Now, we define t£ := F(I;(ﬁri) for all ¢, 4 € R whenever the right-hand side

is defined (see 7] and [16]). In this paper, we use the notations N, = {p,p+ 1,p+2,...}
for all p € R and NI = {p,p+1,p+2,...,q} for all real numbers p and g whenever ¢ — p is
a natural number. Let p > 0 with m — 1 < p < m for some natural number m. The p-th

fractional sum of f based at a is defined by A *f(t) = ﬁ i (t — o(k)“=Lf (k) for all

t € Ngtp, where o(k) = k + 1 is the forward jump operator (see [3, 8]). Similarly, we define
Ablf(t) = F(iu) W (t—a (k) =E=Lf (k) for all t € Nyi,,_, (see |7, 16]). Note that, the domain
of A f is Nytym—p for r > 0 and N,_, for r < 0. Also, for the natural number ;1 = m, we have
the known formula AP f(t) = A™f(t) = 37" (=1)(") f(t + m — i) (see |7, 16]). Finally, set
the trivial sum AYf(t) = f(¢) for all t € N,,.

Lemma 1.1. [7/ Let m > 1, m—1 < pu <m and h : Ni’:‘?z — R be a map. The general
solution of the equation A} ,y(t) = h(t) is given by

m t—p
, 1
y(t) =Y it ="+ = > (t—o(s))"= h(s)
2 2
for allt € N,_o, where c1,---, ¢, are arbitrary constants.

Let (X,d) be a metric space. The Hausdorff metric Hy : 2% x 2% — [0, 00) is defined by

Hy(C, E) = max{supd(c, E),supd(C,e)},

ceC eeE

where d(C,e) = inf.ccd(c,e) ([18]). We denote the set of compact subsets of X by P.,(X)
and the set of closed subsets of X by C'(X). Let T : X — 2% be a multifunction. An element
x € X is called a fixed point of T" whenever € Tz (|18|). A multifunction T": X — C(X) is
called a contraction whenever there exists A € (0,1) such that Hy(T'(z),T(y)) < Ad(z,y) for
all z,y € X (|18]). In 1970, Covitz and Nadler proved next theorem (|9]).

Theorem 1.2. Fach closed valued contraction multifunction on a complete metric space has
a fized point.

2 Main result

Now, we are ready to investigate the existence of solutions for fractional finite difference
inclusion

Al x(t) € F(t,x(t), Ax(t)) (1)

2
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via the boundary conditions Az(b+ ) = A and x(p — 2) = B, where 7 : NZJQ‘QH — Risa
map, 1 < p <2 and F': Nfi’;rz x R x R — 2% is a compact valued multifunction.

Lemma 2.1. Let 1 < p < 2 and x : NZJQ’QH — R and y : Ni™ — R be two maps. Then
xo is a solution of the fractional finite difference equation A},_,x(t) = y(t) via the boundary
conditions Ax(b+ p) = A and x(p — 2) = B if and only if xo is a solution of the fractional

, b _ _
sum equation x(t) = o(t) + S0 G(t, s)y(s), where p(t) = [(u—l)(;ﬁrb)ﬁ — (li(g)l“?x)t) =l 4
Lo+ p—o(s))L=2

F(fl)t“ 2 G(t,s) = — D= + (t —o(8))“=L whenever 0 < s <t —pu <b+1
p=l — n=2
and G(t,s) = —t (b(:ﬁ b)ua—(;)) whenever 0 <t —pu<s<b+1.

Proof. Let xy be a solution of the equation A} ,x(t) = y(t) via the boundary conditions
Az(b+ p) = A and z(p — 2) = B. By using Lemma 1.1, we get

t—

1
()
where ¢1,co € R. By using the boundary condition zo(u — 2) = B, we obtain ¢y =

Since Azo(t) = c1(p — 1)tE=2 + co(p — 2)t4=3 +
boundary condition Axy(b+ ) = A we get

=

zo(t) = erth=L + cpth=2 + (t —o(s))E=Ly(s)

Il
o

s

B
t—p+1 ey
r(ul_1) STt — o(s))“=2y(s), by using the

. A _ Bu-2 1 < s
T DG 0+ 3T (e b)) ;(““ (8))=y(s).
Hence, , ( |
_ ~ Bp=2) 1, R
folt) = [(u — 1) (p+b)E=2 (b+3)F(u)} T 1)t
=1 b+1 1 = b+1
_(M+b)”—_2f(u) Z(b"‘ﬂ o(s))E=2y mzt o _|_ZG1§ s)y

s=0

0
Now let xy be a solution of the equation x(t) = ¢(t) + SoFs G(s, t)y(s). Then, we have

— A B(p —2) p—1 B u—2
) = | = Gt T
t& b+1 ) 1 t—p
TG 2 T DR+ gy 2 o=t
Since (4 — 24 = 0, (j — 22 = T(pu — 1) and X221 — 2 — o(s))=Ly(s) = 0, we gt

xo(p — 2) = B. A simple calculation shows that Azg(p + b) = A. On the other hand, it is

easy to check that xo(t) = cit*=L + cptt=2 + ﬁ SRt — o(s))2"Ly(s) is a solution for the

equation A} ,x(t) = y(t) and so A'zo(t) = y(t). This completes the proof. O

3
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A function z : N°™#*? 5 R is a solution for the problem (1) whenever it satisfies the bound-

ary conditions and there exists a function y : N3™ — R such that y(t) € F(t,z(t), Az(t)) for
all t € N;™ and

B A B B(u—2) p—1 _B 12
#(t) = [(u —D(p+bE=2 (b+ 3)F(u)]t -1
=l a2 L
“ DI ;(b+u—o—( s))E=2y F— 2 (t — o(s)“ty(s).

Let X be the set of all functions x : Nf:’fz — R endowed with the norm

loll = max Jo(O)] + e [As(0)]

Suppose that {z,} is a Cauchy sequence in X. For each € > 0, choose a natural number
N such that ||z, — z,|| < € for all m,n > N. Hence, MAX, b2 |zn(t) — zp(t)] < €
pal

and max, by |Az,(t) — Az, ()] < €. Choose z(t), z(t) € R such that z,(t) — z(t) and
Az, (t) — z(t) for all t € NZJQ’QH. Note that, Az, (t) = z,(t + 1) — x,(¢) for all n and so

Ax(t) = z(t + 1) — x(t) = z(t). This implies that there exists a natural number M such that
|zn(t) —2(t)| < § and |Az,(t) — Ax(t)| < 5 for all t € Ni’:‘;rz and n > M. Thus,

oo = ol = ma foalt) = 0]+ s |Ara) = Ae(o)] <
pn—2

This shows that (X, ].||) is a Banach space. For each x € X, put
= {y :Ni™ = R: y(t) € F(t,z(t), Ax(t)) for all t € NJ2}.

Note that, the selection principle implies that Sg, is nonempty because F'(t, z(t), Az(t)) # 0.
Put

b+2

1 ,LL—2 n— 1 o S “_1
G = e eI () ; b+ 1= o (5) 227 o (o )2t — o (5))]
and
1 b+2 o . |
Gr = tegmaz i+ D)2 (i = 1) ; [(b + 1 — o (s))E=HE2 4 (e + )2t — a(s))_] _

Since every Green function is bounded and the summations are finite, G; and G5 are real
numbers.
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Theorem 2.2. Let g : NZJQ‘QH — R be a map such that 0 < A, (bt lg(®)|(G1 + G2) < 1
Suppose that F - Nf:i’;rz X R xR — P, (R) is a multifunction such that

Hy(F(t, 21, 22), F(t, 21, 22)) < g() (|21 — 21| + |22 — 22]) (2)
for allt e NZJ:’SH and 1, %9, 21, 29 € R. Then the inclusion problem (1) has a solution.
Proof. Choose y € Sp,. Define h € X by

A B(p—2) B

hlt) = [(u PP = R B)P(u)] BN
it < = e
TG 2 T D)+ g 2 (=t

for all t € Nﬁfgﬁ. This shows that the set

{h € X : there exists y € Sp, such that h(t) = w(t) for all t € Nu+b+2}

is nonempty, where

B A _ Be=2)1,., B
w(t) = [(u—l)(ujtb)ﬂ (b+3>F(u>]t B
=1 bl ) 1 A
T ;( + 1 —o(s))E=2 W 2 (t — o (s))=Ly(s).

Now, define the multifunction 7" : X — 2% by
T(z) = {h € X : there exists y € S, such that h(t) = w(t) for all t € N/’f_rg”}.

First, we show that 7'(x) is a closed subset of X for all x € X. Let x € X and {u,},>1 be a
sequence in 7'(z) with u, — u. Choose y,, € Sr, such that

B A B B(p—2) 1 B o
tnlt) = [(u— 1) (p+ b)e=2 (b+3)r(u)}t+ T(p— 1)’3*
tg b+1 o 1 t—p
(i DR () ;(b = o) a(s) + - (t = o () =yn(s)

for all ¢t € NZJQ‘;” and n > 1. Since F' has compact values, {y,},>1 has a subsequence which

converges to some ¥ : N8+2 — R. We denote this subsequence again by {y,}n>1. It is easy to
check that y € Sg, and

A B(p —2)

pn—1 B 2
[(u —D(u+b)E=2 b+ 3)F(u)] EEARA(ESY

un(t) — u(t) = =2
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t“—_l b+1 1 t—p
G 250 T g 2 o)

for all t € Nb+“+2 This implies that u € T'(x) and so the multifunction 7" has closed values.
Now, we show that 7' is a contraction multifunction with the constant

A= max |g(t)[(G1+Gs) <1

b+pu+2
telez

Let z,z € X, hy € T(x) and hy € T(z). Choose y; € Sp, and y2 € Sk, such that

0 = [t ~ et T
o ;;;r ™ i(b o — o(8)) 2y, (s) + ﬁ i: (t = a(s)“1y(s)
B 0 = [t ~ Ao T
o ;;ir ™ i(b + p— o(8)E"2ys(s) + ﬁ t;: (t — o (5))“ya(s)
for all t € N>"42 Since

Hy(F(t, (1), Ax(t)), F(t, 2(t), Az(t))) < g(@)([x(t) — 2(8)] + [Az(t) — Az(2)]),
we get |y () — ya(t)] < g(t) (| (t) — 2(t)| + |Az(t) — Az(t)|) for all t € N3, Hence,

(b4 — o((s) 2L

[ha(t) = ha(t)] <

)~ ) + 3 EE ) = o).

— T(p)(p+b)E=2 1
Since ZZJ’f 1 % =0 and % = 0, we obtain

) =) < 3 CH P ) - e

and so

max |hy(t) = ho(t)] < Gy max [g()|( max |o(t) —z(t)] + max [Ax(t) — Az(t)])

ptb+2 u+b+2 pt+b+2 M+b+2
teNnT) teN, teNs TS teNy:

=Gy max_|g(t)][lz - =]

e
teNtth
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Since
B A B(p—2) 2 B s
Ahy(t) = [(;H-b)H - I 1)} 2 gt
th=2 bl 2 1 t—p+1 s
_(Iu n b)ﬂ_—QF(,u — 1) ;(b + o — U(S))iyl(S) + m ; (t — 0’(8)) yl(s)’
we get

At~ Aot < 3 IR T 5 — o)

and so

max |Ahy(t) — Ah2()|<G2 max |g(t)|( max |z(t) — ()\—i— max |Az(t) — Az(t)])

b2 b2 ptb+2 b2
ent: ent, teNtt) ent:

= Gy teg}ﬁfégz lg(@®llz — =]
Hence, [|h; — hol| < MAX, bt lg(O|(G1+ Go)||x — z|| = M|x—z|| for all z, z € X, hy € T(x)

and hy € T(z). This implies that Hy(T(z),T(z)) < M|z — z|| for all z,z € X and so the
multifunction 7" is a contraction with closed values. Now by using Lemma 1.2, 7" has a fixed
point which is a solution for the inclusion problem (1). O

Now, we present an example to illustrate the problem.

Example 2.1. Consider the fractional finite difference inclusion

1.5 ¢, sin(z(t)) 2 |Ax(t)|
AL sa(t) € [0, + S st - m} (3)

via the boundary conditions Ax(6.5) = 5 and ©(—0.5) = —15. Put p = 1.5, b =5, A =5,

B = —15 and F(t, 21, 7) = [O,et +osnm gy 67‘1@2'] for all t € N33, and 21,75 € R.

Note that, et + Slﬁ% + 82 — 67‘1@2' > 0 for allt € N85 . and z1, 75 € R and so F is a compact

valued multifunction on N®3 . x R x R. Define g(t) = ﬁ\tl' Note that max,enss _[9()

| = 1%

7
Gy = max ©5) 05r15 D (5.5 — 5)722408 4 (6.5)=22(t — 0(s))™® ~ 66.8457
s=0

8.5
teNZg 5

and

7
Gy = max 55 05r 05) D (5.5 — 5)722=00 4 (6.5)=05(t — o(s))=22 ~ 15.3947.
s=0

8.5
teNZq 5
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Also, X = 2:(66.8457 + 15.3947) < 1. On the other hand, we have

165
siny, |y2] SN &y ||
sup  d(F(t,z1,29),b) = - —
bEF (t,y1,y2) s ’ e’ e’ + [ys] e’ e’ + |z
whenever 3¢ — 67%&‘&' > s e7|—f\2x|2\ and SUDye (1.4, o) AF (8,21, 22),b) = 0 otherwise. This

implies that

sin g 2 sin |22
Hy(F(t F(t < — -
d( ( ,$17x2)7 ( 7y17y2)> = e? e’ 4 |y2| e? e’ + |LU2|

I : 1
< —[sing — sin | + vz — 72l < g(0)([o1 — il + |22 — pal)

for all t € N®3 . and z1,79,91,y2 € R. Now by using Theorem 2.2, the problem (3) has at
least one solution.

Remark 2.1. The values A and B are arbitrary constants in the problem. In particular, the
problem (3) has a solution via the boundary conditions Ax(6.5) = A and x(—0.5) = B for all
A, B eR.
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Abstract In this paper we define the second kind Bernoulli polynomials of order
« in the complex plane and find some interesting properties, symmetric identities of this
polynomials. We also derive some relations between the second kind Bernoulli polynomials
of order «, Euler polynomials of the second kind of order «, the stirling numbers and other
polynomials.
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Key words- the second kind Bernoulli polynomials of order «, Euler polynomials of
the second kind of order «, the stirling numbers, the stirling polynomials, central factorial
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1. Introduction

The Bernoulli, Euler and Genocchi polynomials have been a subject of investigations
and have been used in various branches of mathmatics such as theory of numbers, calcu-
lus of finite differences, combinatorial analysis, p-adic analytic number theory etc. These
polynomials which are divided the first kind or the second kind have been researched by
many mathematicians. Those polynomials have been extended and generalized in various
direction, in particular, Bernoulli polynomials have been discussed by C. S. Ryoo, Q.-M.
Luo, H. M. Srivastava, and T. Kim, etc(see [1-23]).

In this paper we use the following notations. N denotes the set of natural numbers, Z
denotes the ring of integers, Q denotes the fild of rational numbers, C denotes the set of

complex numbers and Ny := NU {0}.

The second kind Bernoulli numbers B,, and polynomials B, (z) are by means of the
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following generating function (see [16-18]):

tet
et —1

tet
<e2t—1) e (|t < m),

respectively. From the above generating function, we can easily see that

tn
= (1t < ),

(1.1)

()5

o ~
> 5,
n=0
> Bn
n=0

B, := B,(0).

Also, the Euler polynomials En(x) of second kinds are given by

=~ t" 2¢et tx T
Z%En(g;)m = <62t+1> e ([t < 3)- (1.2)

In [7], they expanded the Euler polynomials using a real or complex parameter « and
introduced the Euler numbers and polynomials of the second kind of order « as follows:

e 2¢t \“ s
() _ [ _ == z
S Bl - () <

n=0
S " 2¢t \“ T
() v tx o

We usually define the central factorial numbers by the following expansion formula.

(1.3)

n

> T(n, k)a(z —17)(x = 2%) - (x — (k- 1)?) = 2™ (1.4)

k=0
or by the generating function

xQn

(2k)! > T(n, k) )~ (e + e % —2)k. (1.5)
n=~k ’

By using (1.4) and (1.5), we can find some properties of the central factorial numbers
T(n, k) (see [8,23]).

The stirling numbers of the second kind are the number of ways to partition a set of
n objects into k non-empty subsets and are denoted by Sa(n, k). The Stirling numbers of
each kind according to the parameters n, k£ can form mutually inverse triangular matrices.
The Stirling numbers of the second kind Sa(n, k) can be defined by means of

2" =Y Sa(n,k)z(e —1)(x—2)--- (z—n+1), (1.6)
k=0

2
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or by the generating function

(" —1)F =k Sa(n, k)%:l

n=~k

(1.7)

It follows from (1.6) or (1.7) that
Sz(n, k) = Sz(n -1,k — 1) + ]CSQ(TL -1, k),

with S3(n,0) = 0(n > 0), Sz2(n,n) =1, Sa(n,1) = 1(n > 0), Sz2(n,k) = 0(k >n or k < 0)
(see [4,10,22-23]).

Associated Stirling numbers of the second kind b(n, k) are defined by

(e® —1—x)F = k! i b(n,k)%r:. (1.8)
n=2k '

It follows from (1.8) that
b(n,k)=(n—1)bn—2,k—1)+kb(n — 1,k),

with b(n,0) = 0(n > 0), b(0,0) =1, b(n,1) = 1(n > 1), b(n, k) = 0(2k > n or k < 0)(see
[3-4, 10-11]).

Sp(z) is the stirling polynomials, defined by

o~ Su(®) t\"
> ot = (1.9)
n=0
The stirling polynomials are related to the stirling numbers of the first kind S (n, m) by
_ (=" N
Sn(m)_ Sl(m+17m ’I’L+1),

where (") is a binomial coefficient and m is an integer with m > n(see [19]).

This paper is organized as follows. In section 2, we construct the second kind Bernoulli
polynomials of order « in the complex plane. We also study some interesting and basic
properties of their polynomials. In section 3, we find some relations between the second
kind Bernoulli polynomials of order a and Euler polynomials of the second kind of order
«, the stirling numbers and other polynomials. We also define the power sum polynomials
in oder to derive some symmetric identities about the second kind Bernoulli polynomials
of order « in the complex plane.
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2. Some properties of the second kind Bernoulli polynomials of oder «

In this section, we construct the second kind Bernoulli polynomials of order « in the
complex plane. We get some basic propertites of their polynomials.

Definition 2.1. For a real or complex parameter «, the second kind Bernoulli numbers

BT(LQ) and the second kind Bernoulli polynomials Eﬁla)(:ﬂ), each of degree n in x as well as
in «, are defined by means of the following generating functions:

and
oo

Z (u)

respectively. Note that

B()(0) := B,

oo n t o
3 Byt _ (_te
v " opl e2t—1) 7

(82t—1) e ([t <m; 1%:=1),

Er(Ll) = En('r)’ §7(10) (x) =",

From Definition 2,1, we can find the above polynomials by using computer.

(n S No)

n EI EI’L (@) Bn (a) (l’)
1 1 1
=0 = — _
" 2 2 90
1
n=1 0 0 7{]3
2
_ 1 11 N 2)
n=2 % 20( Sa) 20( 3a+x
1
n=3 0 0 ;(—aerxg)
4 ’ L (La+ia2) i(loﬁrla —2az? +:13)
"= 30 20 (270 %" 27 215473
12 5 2) _ 10 3 5)
n=>5 0 0 20((3a+3a:p 3a:13 +x
_ 31 1(7& 6 5 5 3) 1( 16 10 5 16 5 5 3 2) 2 4 ()‘)
n==6 yel P 63 9 ga p” 53 a+ 9 «a 9 @ ga +(2a+5a ):v Sax” +x

Table 1: The comparison of Bn, B

) and B ()

From now on, we will find the basic propertities of the second kind Bernoulli polynomials

of order « from Definition 2.1.
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Theorem 2.2. Let o, 8 € C. Then we find that

n

B ) =3 (1) B @B )

k=0

Proof. From Definition 2.1, we obtain as the following equation by the binomial theorem.

m tet
ZB(a+5) (z + y)j — (Qte) oty
(&

-1
n=0

=3 BWS Y B

Comparing the both sides of -1, we complete the proof.

Corollary 2.3. Let a, 8 € C. From Theorem 2.2, we can see that
(i) If we suppose 8 = 0, then

B (z +y) zn: ( )B(“) = En: <Z> B (y)z" .

k=0 k=0

(ii) If we suppoes 8 =0 and y = 0, then

n n
ET(LQ)(Z) _ Z (Z) E](Ca)xnfk _ Z (Z) E}(Ca)xk

k=0 k=0

Theorem 2.4. Let a,x € C and n € Ny. Then we get that
B (—z) = (=1)"B{ ().

Proof. Substituting —z instead of x we get the following equation.
oo «
~ " te!
(@) (_ ) — —t
ZBna( x)n!_<€2t_1> e ™
n=0

—te=t \“ _,,
“\e2_1) €
o0 . tn
=) BO@
n=0 ’

Hence the proof of Theorem 2.4. is clear.
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Theorem 2.5. Let o € C and n € Ny. Then we have
B (2 +2) — B@(x) = nBeV(z + 1) Z( )kBa D (z).
k=0

Proof. By using Definition 2.1, we get that

~ tm tet \“ tet \“
(a) n(a) e t(x+2) _ ("~ tx
Bf(w+2) - B (@ )n! _(62t1> ¢ (thl) ¢

We can find out the following equation.

t a—1
(62561) 1ot(@+1) _ ZB(a n Z ZZ( )kB(“ n( )n!

n=0 k=0

We also find the other equation as the follows:

tet ot tet(@+1) — ZB a— 1)(:,C + 1)tn+ . ZnB(a U(CC-I— 1)
2t ] n!

€
n=0

Hence we terminate the proof of Theorem 2.5.

Theorem 2.6. Let o € C and n € Ny. Then we derive that
_ 1 N
Z (" VB0 = 2 [Ba+2) - B ).

n+1
nti—ri [T+ 1\ =@ o
S oot (" ) - B

k=0

1
n+1

(i) Bl D(z+1)=

@) B =3 (1) B0 @ - kB ).

k=0

Proof. (i) Using Corollary 2.3.(i), we can see that
~ o n n ~ «
B >(x+1)z<k)3,§ ) (2), (2.1)

and

B (z+2) = i (Z) 2" KB (). (2.2)
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If we combine Theorem 2.5 and (2.1), then we find that
» » n—1 n—1\ ~
B (x+2) - B (z)=n_ ( . >B}f‘1>(x).
k=0

Therefore, we can see Theorem 2.6.(i).
(ii) From (2.2) we can transform Theorem 2.5 as following equation:

n

n n—k 5 Sla ~(—
> (k>2 EBL(x) — B{ (2) = nBL (@ + 1).

k=0
Hence we have

n+1

ZQnﬂ k<n+ 1>B<a>( )_Eﬁ)l(x)] .

(iii) This proof is very similar to the proof of (ii). We find the below equation from
Theorem 2.5 and (2.2).

i (Z) 2" 5B (z) — B{*)(z) = kzn::o (Z) kBN (@)

k=0

B V(z4+1) =

n

From the above equation we know that

n

é,sa><x>=2(k) 2B @) — kB @)

k=0
Thus we wind up the proof of Theorem 2.6.
O

Corollary 2.7. Let n be non-negative integer. From Theorem 2.4.(ii), we can see

that
n+1

1 n+1\ =
"= gnti=k By (x —1).
URTEeP) (") Bt

Theorem 2.8. For wy,ws be positive integers and o € C, we have

w2 — 171)1 1
Z( ) SN whirug B (w2$+2jf) %a)(w1y+2i%)

2

n=0 =0 5=0
l I w1 —1wa—1

=Z<n> > D0 wh Tl B (e 4+ 2j ) B (way + 200,
n=0 i=0 ;=0

Proof. We can consider that
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(62w1w2t _ 1)2(w1w2t2et(w1+w2))aewlwgt(ery)

A(t) C= (e2w1t _ 1)a+1(€2w2t — 1)a+1

Then we are able to express A(t) as follows:
wltewlt « wa—1 ) w2t€w2t wi—1 )
. wiwate w1t wwty Jwat
A= (i) e Y e ( ) e

=0
o) l I wo—1wy—1 tl (23)
o l n e (a) 71
-3 (1) 30 X ol g B a4 22 B way + 2022 .
=0 n=0 =0 j=0
We also represent A(t) as the following form.
wate?t \* v N oy Wittt \© b st
P w1 w2txT W ’LU w w
A(t)—(e2w2tl) eWi1wz Ze 2(62111125) 1292@]1
=0
co 1 w1 —1wa—1 t)l (24)
S5 () a2 2
=0 n= i=0 5=0 w1
By using the coefficient comparison in (2.3) and (2.4), we proved Theorem 2.8.
O

Corollary 2.9. By substituting w; = 1 from Theorem 2.8, we easily see that

! l w2l ~(a) ~ 21
> ()5 ek 2

i=0 2

l l w271 . ~( ) 2]
> ( ) > wh " BY (way) B (v + =),
n—o \"/ 5 w

2

Theorem 2.10. For wi,wy be positive integers, o € C and n € N, we obtain

n wo—1
Z (7) lwf“flwéfléff:ll)(ng) Z El(f (wry + 2@ + —)
1=0 i=0 w2
n n wy—1
:Z(l>lwg+l fwl= 1B wlx Z B w2y+2]——|—w—l)
1=0

Proof. Assume that

(62w1w2t _ 1)(wlw2t26t(w1+w2))aewlet(ac+y)

B(t): = (e2wit — 1)a(g2wst — 1)
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Then we express B(t) as follows:

wlte““t a—1 wa—1 ) wgte“’Qt a
B(t) = (e2w1t — 1) ewlwﬁmwﬁewlt Z e2iwit (e2w2t — 1) eWi1waty
i=0
i o " (2.5)
(a—1) n+l—1, 1—1 ~(a 21 N
ZZ< )lB (o)1 ;Bl, oy + 202 4 22
We can also represent B(t) as the following equation.
thert a—1 , , w1 —1 - wlte“’lt « .
P— w1 W x U} W w1 w
B<t)_ 62w2t1) € : ’ Z ’ (62w1t1> € =
i1 (2.6)
= Z Z B(a 1)(wlx)wg"'l_lwll_1 Z B (way + 2j% + %)ﬁ
=s = =1 w;  wy’ n!
We get the following symmetric equation from (2.5) and (2.6).
n n wo—1 w w
n+l—1 1—1p5(a=1) ( ) LW 1
; (l>lw1 wy Bnoil (wa) Z B~ @ 1wy + QZw—2 + w—2)
n n wi—1
= Z ( >lw§+1 ! Bfl (wlm) Z Bl(a)l(wgy + 2]— + 7)
l ; wy
=0 7=0
Thus, we complete the proof of Theorem 2.10.
0

Corollary 2.11. When w; = 1 from Theorem 2.10, we can see that

n wo—1

n 1~ (o ~(a 24 1
3 (IURLICERS S CIME RS

w
1=0 i=0 2

n n o "
=2 (l)leH "B, (@) By (way + w).
=0

3. Some relations of the second kind Bernoulli polynomials of order «, the various kinds
of numbers and polynomials

In this section, we investigate some interesting relations between the second kind
Bernoulli polynomials of order o and the Euler polynomials of the second kind of order «.
We find some relations between the second kind Bernoulli polynomials of order «, stirling
numbers, the associated stirling numbers of the second kind and central factorial numbers.
We also derive the analogue of Srivastava-Pintér addition theorem(see [14,20]).
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Theorem 3.1. Let n € Ny and o € C. Then one has
= (@ "= (7 5@) () 7@ "= (7 50) (@)
B =(3) X (1) B A e = () 2 (1) m e

Proof. We can find the following equation by using generating function.

[e%s} « 1 @ 1 @
Z (a) tet oo tezt ezt ot
— et —1 et —1 et +1

From the above equation we can combine the Euler polynomials of the second kind of oder
() : )
a, Ey 7, by using Cauchy product as follows:.

S-S 5(0) () e

n=0 k=0

Hence, the proof of Theorem 3.1 is clear.
a

From simple transformation, we are able to represent to the following equation from The-
orem 3.1.

n

nSia) T n\ =(a) T =(a),T "\ ~(a) ~(a
rBEG) =Y (DEGE G =X (1) BB @,

k=0 k=0

By using addition theorem of the Euler polynomials of the second kind of order o, we
find the analogue of Srivastava-Pintér addition theorem as the following theorem 3.2.

Theorem 3.2. Let a € C and n € Ng. Then we obtain that

B0 =53 () [0+ 2+ B0 W) Buste =)

k=0

Proof. In [6], we can make the following equation by using simple calculation.

" = % [Z (Z) 2" FEp(x —1) 4 En(z — 1)1 . (3.1)

k=0

Substituting (3.1) in Corollary 2.3.(i), inverting the order of summation and using the
elementary combinatorial, we get

(2 +y) = z ( ) B |4 > (” ; k)2"—’f—jﬁj(g; )t Bl 1)
= % [Z (”) Ej(z - 1) 3 (” L ! ) 2" M B (y) + kZ_Z (Z) B\ (y)Ep-i(x — 1)

10
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Note that 4
n—j
BYy+2) =Y (” L J)?" B ().
k=0
By applying the above form, we derive that
~ 1= /1) [~ ~a ~
B =53 (1) B0+ + B Buate - ).

2
k=0

Hence, we complete the proof of Theorem 3.2.

Corollary 3.3. When a = 1 from Theorem 3.2, we see that

n

Butao ) =53 (1) [Buty+ 2+ )] Buste - ).

k=0
Corollary 3.4. By setting y = 0 from Theorem 3.2, we have
Sy — L8 (™) [B@ 9y 1+ 5] B
B =35> () [Bk (2) + B¢ ] Bz —1).
k=0

Theorem 3.5. Let n € Ny and m € N. Then we get

( o (%) <§vl—k(1)Ek + §,,1_kEk(_1)))

~ |
Bm) — n -
n 2m o __Z,U:mzo /Ul “e
V1t U =n
(i () (B s Ex + Bu, -1 Er(-1)) )
X .
U

Proof. Suppose that o = 1. That is,
Z s te N\ tedt N te!
! e2t—1)  (e2t —1)(e2t +1) = (et —1)(e2t +1)

e
n=0
oo 001
=z DNLEEIIRL

11
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Consider that o = 2. Then we have
i ég)% _ (; i {Z <Z) (En,k(l)Ek + Enkﬁk(—l))} Z:)
« (; > {k (1) (BortwBis én_kﬁk<—1>)} ;)

Lo v (32) (Bur- k() By + Buy 1 Br(-1))
=52 X o
n=0 vi,v2=0
v1t+ve=2
22:0 (vkz) (Evsz(1>Ek: + évszva‘k(—:l))

’Ug!

Therefore, we can derive the below equation when oo = m.

(S0 () (Bores(VEx + Boy s Bi(-1))) -+

- !
B,(lm>=2”—m 3

V1, Um=0 A
’U1+---<7|>’U,,L:TL
( ZZO (U]:;n) (gv'm_k(l)Ek + évm_kEk(_l))>
X .

U!

Theorem 3.6. Let n € N and a € C. Then we have
L\ 2 (7 e
B(a) — (e _
B+ =3 (7) 5 (B setn s

where Sa(n — j, k) is the stirling numbers of the second kind.

Proof. From Definition which is the stirling numbers of the second kind we can find

this theorem. Note that .
=Y <z>k!52(n, k),

k=0

where Sy(n, k) are the stirling numbers of the second kind.
By combining the above equation and Corollary 2.3.(i), we can easily see that

Bty =3 (") 5 (5B @S2t - .

=0 k=0

Therefore, we complete the proof.

12
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Theorem 3.7. Let n € Ny and o € C. Then we derive

B =Z(k>2 - ’“ni (£+jl)i> (“j 1>b(n—k+j,j)a’“

k=0 7=0 J

where b(n — k + j, 7) is the associated stirling numbers of the second kind.

Proof. By using the associated stirling numbers of the second kind, we find that

oo

3 Bl _ (_te _ 1 1 port
" onl et —1 20 \1+ L (e —2t—1)

n=0
1 & -1\ [ 1Y’ o
o <a+? )(—2) (e —2t —1)7 t7det

1 & Sati—1\ =, ot ot
:2a§:pqy< J >ﬂ§:2bm+JJNn+jﬂe

i=0 J n=j

oo n n—=k ;
1 1) fa+j—1 _ R tn
S () S e (1 s

Therefore we express B\

éé"‘)=i(k>2” - ’“gw)];)(a” 1>b(n—k+j,j)a’“

k=0 7=0 J J

as follows.

Theorem 3.8. Let n € Ny and a € C. Then we obtain

ZZZ< )2” ok ’C“i%””) ]3-) (“f”)b(nﬂ—l—k,j)xl

=0 k=0

Proof. By using the associated stirling numbers of the second kind, we express the poly-
nomials B\ (z) as follows.

n=0 n=0 " n=0
oo n n—l n—Il—k
n k) —a—l—k Kk <n+]> (-1 <Q+J1>
=2 rettthal Y
n+
n=0 1=0 k=0 < ! §=0 k ( jJ) J
tTL
. 1
xbn+j—1l—kjz oy
13

855 Ryoo et al 843-859



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

From the above equation, we have the Theorem 3.8 as follows:

Zn:nZ:l< )2n a—l—k Z <n+]> ]])) <a+§_1>b(n+j—l—k,j)ml

=0 k=0

Thus, we complete the proof of Theorem 3.8.

O
Theorem 3.9. Let n € Ny and o« € C. Then we obtain that
5] (o " QHSn(a)
(B+B0+a)) =m0,

where Sy, («) is the stirling polynomials.
Proof. Consider that B® = B,,. Then we get the following equation from binomial
operation and definition of stirling polynomials.

2a+1i(;)n(§+§<a>(1+ ) fZZB 2a§:3a>1+ ()"
n=0
i} (efe_l)a+ =3 suay

Hence we can finish the proof.

Theorem 3.10. Let n € Ny and k£ € N. Then we derive that

n—2k
(22) B (w) = 30 2T (k4 1 ke R,
=0

where T'(n, k) is the central factorial numbers.
Proof. Consider that

0 t2n et — 1 2k
;T(”’ W) o = ((Qk)!ez’“ '

In oder to make relation of the second kind Bernoulli polynomials and the central factorial
numbers, we can express as the follows:

I 1\
—_ =) B T( k
e (a) = Lo 3 (5)
From the above equation, we obtain the below equation by using some calculation and

2k+n
2k+ R

n n—2k
n\ (1) s(-2x) T(k+1k) o opy
<2k) <2> B, o () = Z on—2k—1 :

=0

comparing the both sides of o=l

Therefore the Theorem 3.10 is clear.

14
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Let [ € Ny and n be non-negative integers. Then we can define lgg(n) as follows:
P,(n) = Bi(2n) Bl_lz 1+ 2i)

where P;(n) is the symmetric power sum polynomials.

Theorem 3.11. For w;,wy be positive integers and a € C, we get
n l
> (7) B o 3 () ot vus B Putun)
n n\ ~(q_1 l I _
= Z (Z)Bna—l )(wa) Z (s) wh W H'SB(OO L(w1) Py (ws).

Proof. Where

(62w1w2t o 1)(w1w2t26t(w1+w2))aewlwzt(x+y)
(e2w1t _ 1)a(€2w2t _ 1)0{ ’

C(t) ==

say that

wit @ wi1—1 wat a—1

wite wlwgtz t (14-2¢)wat wate wiwaty

2wt _ | wate 2wt €

esw1t — 1 e esw2t — 1
1=

3

(o) Wit)" o= = Wot)® o= = (o wat)"
n=0

o
[
I
=)

o0
o0

n l
« l —s. n—Il+sp (o "
3 ( > B (wiy) S <S>w§ wplt ps(wl)Bl(_l(ng)> =
1=0 '

n=0 s=0

which is true. A(t) get transformed in the other following equation.

t a wo—1 t a—1
C(t) L= ( w2t€w72 ) etrwzte Z 2’w1te(1+2i)w1t ( wiltewl ) eWiwaty

62’u)2t _ 1 £ 62w1t — 1
=0

= Z (Z ( ) B (way) i (i) wh” Sw{’”sﬁs(wg)ﬁl(a)s(wlx)) "

n!
s=0

(3.3)

Comparing the coefficients of t—, in (3.2) and (3.3), we get the equation as:

n l

Y p(a— ! —s —l+s pla D
S () B o 3 (D)ot ug B e Pt
=0

s=0 §
n l
_ n\ 3(a-1) ! Wi B
— ; (Z)B"_l (way) ; <s> w2 I+ B, (wlx)P (ws).
15
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Therefore we complete the proof.
O

By using Theorem 3.11, we also get symmetric property of the second kind Bernoulli poly-
nomials of order «

Corollary 3.12. By substituting w; = 1 from Theorem 3.11, we have

n l
n\ 5(a— l n—l+s o
> (z)Br(z—ll)(y)Zs<s)w2 Bl (wa)

=0 s=0

n 1
") Bles l —s pla ~
= (Z>B,(1_ll)(w2y) Z (S> wh Bl(—l(x)Ps(WQ).
1=0

s=0
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Abstract. In this paper, we study the oscillatory properties for asymptotic behaviors of solutions of a class of
nonlinear second-order stochastic 1td6 equations. Meanwhile, we investigate existence of zeros of its solutions with
probability 1. Sufficient conditions for the oscillation and nonoscillation of solutions are obtained on the half-line
[to, o0) for every tog > 0.
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1 Introduction

During the past few decades, stochastic differential equations (SDEs) are becoming increasingly important as models
of stochastic phenomena that play a prominent role in a diverse range of application areas, including mathematical
modeling in engineering and physics, geophysical sciences, stochastic control, mechanics, environmental processes,
mathematical biology, molecular dynamics for chemistry, epidemiology, economic modeling, industrial mathematics
and mathematical finance [1-10]. Indeed, these models can be stochastic for different reasons. Therefore, numerous
studies have been performed to understanding their dynamical behaviors, particularly in relation to problems of the
specification of the stochastic processes governing the behaviors of an underlying quantity, as well as fundamental
microscopic laws generate stochastic behaviors in the case of coarse-graining and modeling error and so on [11-16].
However, a complete understanding of SDEs theory requires familiarity with advanced probability and stochastic
processes, whereas solutions of such models are themself stochastic processes.

Further, in particular, second-order differential equations with random coefficients have found wide variety
applications in branches of science. Typically, they are mathematical models of objects under the influence of
random forces such that the presence of infinite set of zeros of solutions for these equations indicates that the
evolution of investigated objects is oscillatory. Recently, research work about oscillation phenomenon occupies an
important place in differential stochastic theory due to the sensitivity of stochastic forces and behaviors. Moreover,
the stochastic theory for these equations, as well as the theory of oscillatory solutions of deterministic equations
have been studied extensively and are well-developed. Oscillation and nonoscillatition conditions for both linear
and nonlinear differential equations, difference equations and delay equations have been investigated in [17-22]. The
oscillating properties for solutions of difference equations can be found in the excellent monograph of Agarwal et
al. [23]. Besides, the authors in the monograph [24] were devoted to the problem of relationship between oscillation
behavior of solutions for differential equations and the corresponding difference equations. On the contrary, the
theory of the oscillation of stochastic system is not well-developed.

Incidentally, Mao in [25] considered the stochastic equation of the following form

i+ kx = hW (1),
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where W (t) is a Wiener process which is nowhere differentiable. It was proved that the solution with initial values
2(0) = 1, (0) = 0 has infinitely many zeros, all simple, on each half-line [t, c0) for every tg > 0. The first two
moments of the first zero were estimated.

In contrast, the more general equation of the form

i+ k(t,z, @) = hW (t),

was studied in [26]. The author there demonstrated that this equation has infinitely many zeros with probability 1.
Consequently, the explicit upper and lower estimates for the expected values of these zeros were obtained. However,
the Ito stochastic equations of the form

&+ (p(t) +qOW(t)z =0

was considered by method of asymptotic equivalence in [27,28], whereas the oscillation of solutions was analyzed.
In the monographs [29,30], the oscillatory properties of solutions for both linear and nonlinear stochastic delay
differential equations with multiplicative noise are given. It was shown that such noise induces an oscillation in
solutions. Besides, the oscillation of solutions of first order nonlinear stochastic difference equations is investigated
in [31].

The purpose of this paper is to study an asymptotic behavior, as t — oo, of solutions of a second order stochastic
It6 equation. Meanwhile, we investigate existence of zeros of its solutions with probability 1. In the sequel, unless
otherwise specified, we say that a solution is oscillatory if it has infinitely many zeros with probability 1 on the
half-line [0, 00). A solution which is not oscillatory is called nonoscillatory.

This paper is organized in five sections including the introduction. In the next section, we present some necessary
definitions and preliminary results that will be used in this work. In the same time, statement of a second order
SDEs is introduced. In Section 3, the discussion of a solution for linear case of second-order SDEs is presented, as
well as the conditions of nonoscillatory behavior of its solutions for nonlinear case of SDEs are constructed. Finally,
the conclusions are drawn in Section 4.

2 Statement of the problem and auxiliary results

The material in this section is basic in some sense. For the reader’s convenience, we present some necessary
definitions and auxiliary results related to the SDEs theory that will be used in the remainder of this paper.

Let us consider a nonlinear second-order stochastic equation of the following form

&+ p(t,z, &)+ q(t,z,2)W(t) =0,t > 0. (1)
While the corresponding system of stochastic Itd equations will be written as

d.i?l = xgdt,

(2)
dry = —p(t, 21, w2)dt — q(t, 1, 22)dW (2),

where x € R',t > 0, W (t) is a standard Wiener process defined on the probability space (2, F, P), {F;,t > 0} is the
family of o-algebras adapted to W (t), and the functions p(t,z1,2z2) and ¢(t, 1, z2) are continuous with respect to
x1, To € R for t > 0, as well as satisfy the Lipschitz condition with respect to x;, x5 together with linear growth
condition. Without loss of generality, we assume that p(t,0,0) = ¢(¢,0,0) = 0.

It should be noted that the presence of stochastic in equation (1) causes new difficulties in studying the oscillation
of solutions. In this regard, we mention here the following remark: Firstly, solutions of equation (1) are random
processes, so their zeros are random variables with certain properties. As a consequence, we need to introduce a
new definition of zero which is different of the deterministic case (¢ = 0). Secondly, from the Strook-Varadham
support theorem, it follows that solutions of equation (1) can be nonoscillatory on finite intervals. Therefore, the
oscillatory solutions should be considered only on infinite intervals. Thirdly, since solutions of equation (1) have
only first derivative, so we can not use a second derivative to apply the concavity property of the solution between
two successive zeros. It is well known that this method is used in the deterministic case.
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Nevertheless, system (2) is a particular case of general second-order system, it would seem that this simplifies
its investigation, as well it is the system with a degenerate diffusion that completes its investigation by probability
methods. Subsequently, under the above assumptions of equation (1) and the corresponding system (2), we assume
that the solution Z(t) = (z1(t), z2(t)) of system (2) subject to the initial condition Z(tg) = Zo satisfy all necessary
requirements of the existence of a unique solution for ¢t > ¢y, whereas Z, is an F};,—measurable random variable. In
addition, the process Z(t) will never reach the origin (0,0), for more details see Lemma 2.3 in [32]. In our notation,
let x1(t) = x(t). Throughout this paper, a solution z(t) of equation (1) is called a nontrivial solution if it satisfy
the following condition

P{x(t) =0, t >t} =0

On the other hand, for any nontrivial solution z(t) of equation (1), where t > ¢, > 0, the random variable 71
can be defined as follows

inf{t > tg | xl(t) :0}, if {t >ty | xl(t) :0} #+ 9,
T1 = (3)

00, otherwise.

Now, we will introduce the definition of zeros of a solution z(t) on the half-line ¢ > 0.

Definition 2.1 The random variable 71 is called the first zero of a solution z(t) on the interval ¢ > ¢, if 71 < 00
with probability 1.

In consequence, one can define another random variable 74 as follows

inf{t>7’1|$1(t)=()}, if {t>7’1|.’171(t):0}7é®,
e @)
00, otherwise.

Here, the random variable 75 is called the second zero of a solution z(t) on the interval ¢ > to, if 79 < oo with
probability 1.

Correspondingly, one can define by induction a sequence of zeros {7, } of a solution z(¢) on the interval ¢ > t;.
Particularly, if ¢ = 0. Then, we deal with zeros on the half-line ¢ > 0.

Definition 2.2 A nontrivial solution x(t) of equation (1) is called oscillatory on the half-line ¢ > 0, if it has
infinitely many zeros there. Otherwise, it is called nonoscillatory.

3 Main results and behavior solutions of the SDEs

In this section, some definitions and results are briefly reviewed to establish and generalize the results to the main
equation in this work. Meanwhile, we study the behavior of the zeros of solutions for a class of second-order SDEs
subject to some initial conditions, as well as we detect the conditions of nonoscillatory behavior of its solutions.

3.1 Linear stochastic It6 equation

Consider the following equation
E+a=fH)W(), (5)

subject to the initial conditions
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where f(t) is a nonrandom function defined on ¢ > 0 such that a stochastic Ito integral

/t f(s)dw (s)

is defined for any ¢ > 0.

Note that equation (5) is special case of equation (1), so it satisfies all arguments mentioned in the previous
part of our work. Further, we give the following theorem regarding to study the behavior of the zeros of solutions
for equation (5) with initial conditions (6).

Theorem 3.1 Assume that f(¢) satisfies the following conditions:
1. f(t) is differentiable function for ¢ > 0 such that f(0) > 0,
2. (sin(t —s)f(s)) <0for 0 <s <t < 7.

Then, the solution of equation (5) subject to initial conditions (6) oscillates on the half-line ¢ > 0. Besides, a
mathematical expectation 71 of the first zero satisfies the estimation

B > 200 (—), (7)

\/F

where t* is the solution of the equation

f(0) = cot(t) (8)
on [0, 7] and ®(z) = %/e%ﬂdu.
0

Proof. From Ito formula, the representation of the solution of (5) with initial conditions (6) is given by

t

x(t) = cos(t) + /f(s) sin(t — s)dW (s). (9)

0
Which implies that

t t

x(t) = cos(t) + sin(t)/f(s) cos(s)dW (s) — cos(t)/f(s) sin(s)dW (s).

0 0

Accordingly, the process x(t) can be written as

a(t) = cos(t) + Wi(p(t)) sin(t) + Wa(q(t)) cos(t),

where

t t
p(0) = [ 7)ot ()ds, att) = [ £2(5)sin? (),
0 0
and Wi, Wy are Wiener processes.
In contrast, if we consider z(t) at the times t,, = (2m + %)7‘(‘ for m = 1,2,3,..., and define a sequence
2m+3)n
{Vin} by Yo, = z((2m + §)7) — 2((2(m — 1) + 1)7), whereas z((2m + $)m) = Wy / cos?(s) f2(s)ds

0
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Then, Yy = W(%), Y1 = Wl(%ﬂ) — Wi(%),..., is a sequence of random variables with mean zero and variance
@2m+3)m

[ e

(2(m=1)+3)r

Here, it is worth to mention that
1
m((2m+§)7r) =Yo+Yi+...+Y,. (10)

By the familiar theorems on the limits of sums of independent random variables (e.g. the law of the iterated
logarithm), it follows that the sequence {z((2m+ 3)7)} has infinitely many switches of sign. Since z(t) is continuous
on [0,00), so it has infinitely many zeros on [0, 00). Therefore, it oscillates on [0, o).

Now, let us prove the estimation (7) for the first zero of the oscillation. By applying the integration-by-parts
formula to (9), we obtain

t t

x(t) = cos(t) — /(sin(t —8)f(5)) dW(s) > cos(t) + /(sin(t —3s)f(s))ds, (11)

0 0
for w € Q, where W(t) > —1land 0 <s <t < 7.

From properties of a Wiener process, it follows that

1
P {w | tg{l&);]W(t) > —1} = 2@(%)7 (12)

2
u
2 du.

z
where ®(z) = 2\/1ﬂ/e
0

As a result, from equation (11), we obtain the estimate
z(t) > cos(t) — f(0)sin(t) > 0, (13)

for t € [0,¢*), where t* is solution of equation (8).

Hence, from equations (12) and (13), we have

P{r>cot ™ (f(0 20 ; ’ )
{7 > cot™'(f(0)} > < cot_l(f(o))> .

for the first zero 71. By using Chebyshev’s inequality, it yields that EFrq > 2t*®( \/1?) The proof is complete. m

3.2 Nonlinear stochastic Itdé equation

Let P(a,n) = {xz € R™ | (x — a,n) > 0}, where a,n € R™, and (-, -) is the usual scalar product. Thus, a polyhedron
is any set of the form

ﬂ P(an,na), (15)

acl

where I = {1, ..., N} is a finite subset of N.

Now, consider a system of SDEs

dx = f(t,x)dt + g(t,z)dW (t) (16)
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where © € R™, f :[0,00) x R™ — R™, g = [g45] : [0,00] x R™ — R™ x R" are mappings, and W(t) is an
r—dimensional Wiener process.

Definition 3.1 A set K € R™ is said to be stochastically invariant for system (16), if for any =(0) € K and every
solution z(t) of equation (1), then P{z(t) € K,t >0} = 1.

The next theorem states conditions of an invariance of the set (15) for system (16).

Theorem 3.2 [33] Let K = ﬂ P(an,nq) be a polyhedron in R™. Suppose that the coefficients f(t,z) and g(¢, x)

acl
of system (16) are defined for t > 0, x € R™, and satisfy the following conditions:

1. for each T' > 0, there exists a constant Kt > 0 such that for all x € K and ¢ € [0,T),
1t @) + llg(t.2)|* < Kr(L+ |2));

2. forallT>0,z€ K,ye K and t € [0,T),
1£,2) = fE )+ N9t @) = 9(t )l < Kr | =yl

3. for each = € K, the functions f(-,x) and g(-, ), defined for ¢ > 0, are continuous.

Then, the set K is invariant for the system (16) if and only if the following condition holds:

(a) for all @ € T and = € K such that (x — as,ns) = 0, we have

(f(t,x),na) > 0 and (g,(t,z),nq) =0,

where t > 0, j =1,r, and g; is the j — th column of the matrix g = [g;;].

Now, we use the above theorem to find the conditions of nonoscillatory behavior of the solutions of equation
(1). As well, we state the following theorem:

Theorem 3.3 Suppose that the functions p and ¢ in equation (1) satisfy the conditions (1)-(3) of Theorem 3.2.
Moreover, if

(1) p(t,x1,0) >0, z1 <0, t > 0;
(3) q(t,x1,0) =0, t > 0,21 € R".

Then, all solutions of equation (1) with nonrandom initial values such that z(0) > 0, #(0) > 0 or z(0) < 0, £(0) <0
are not oscillate on the half-line [0, co).

Proof. We consider any solution of equation (1) with initial values z(0) > 0, #(0) > 0. It corresponds to the
solution (x1,z2) of system (2) with initial values z1(0) > 0, 22(0) > 0. Obviously, there exists € > 0 such that
0 <e<z(0).

Let M be a set such that M = {(x1,22) | #1 > €, 2o > 0}. It is a polyhedron, if we set a; =€, ny = 1 = (1,0)7,
az = 0, ny = Iy = (0,1)T. Then, M = ﬂ P(ay,nq), where I = {1,2}. Consequently, the boundaries of this

acl
polyhedron are lines

v, = {(z1,22) | 1 =€, 2 > 0},
72 = {($17$2) | 1 2 €, Tog = O}.
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Therefore, by using Theorem 3.2, the functions f and ¢ have the form
f(ta T1, :1:2) - (:1:27 7p(t, T, :132))T,
g(t, 1, 32) = (0, —q(t, 21, 72))",

Next, we verify the conditions of Theorem 3.2. On the boundary v, we have

(fvnl) = (fvll) =x3 >0, and (g7n1) = (g7l1) =0.

From condition (3) of equation (17), we have

(fvnQ) = (fv 12) = —p(t,xl,O) >0,

and

(9,m2) = (9,12) = —q(t,21,0) = 0.

on the boundary 7,.

Again from Theorem 3.2, it follows that the set M is the invariant set for the solutions of system (2). Thus, the
curve (z1(t),z2(t)) does not intersect with probability 1 the line 1 = 0. This means that the solutions of equation
(1) with initial values z(0) > 0, ©(0) > 0 do not oscillate.

It remains to consider the case with initial values z(0) < 0, £(0) < 0. We only introduce the polyhedron
My = {(z1,22) | x1 < —€, 29 < 0} instead the set M. Hence, the proof is complete. m

4 Concluding remarks

The use of SDEs is a natural way to model real-world phenomena under stochastic processes. In this paper, we study
the qualitative behavior of nonlinear second order stochastic differential equations. Interest focuses on solutions of
such equations which are oscillatory. A nontrivial solution is called oscillatory if it has infinitely many zeros with
probability 1 on half-line. Otherwise, it is called nonoscillatory. The sufficient conditions for the oscillation and
nonoscillation of solutions are obtained.
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Abstract: In this paper, we obtain the existence of non-normal solid cone and
some fixed point theorems for generalized Lipschitz contractive mappings in cone
metric spaces over Banach algebras. Our results greatly generalize the main work
by Xu and Radenovié¢ (Fixed Point Theory and Applications, 2014, 2014: 102).
Moreover, we verify the P property and T-stability of Picard’s iteration. Further,
we give an example to illustrate that our works are never a copy of metric results
in the literature.
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1 Introduction

Since Huang and Zhang [1] introduced the concept of cone metric space, many scholars
have focused on fixed point theorems in such spaces. There are lots of works on fixed point
results in the setting of cone metric spaces (see [2-6]). It is said that [1] is well-known as a
result of the fact that cone metric spaces generalize metric spaces and expands the famous
Banach contraction principle. But recently, it had not yet been a hot topic since some

authors appealed to the equivalence of some metric and cone metric fixed point results

*Corresponding author: Huaping Huang. E-mail: mathhhp@163.com
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(see [7-12]). Owing to these reasons, people set out to lose interest in studying fixed point
theorems in cone metric spaces. However, the present situation has gone better since, very
recently, Liu and Xu [13] introduced the concept of cone metric space over Banach algebra
and obtained some fixed point theorems in normal cone metric spaces over Banach algebras.
Moreover, they gave an example to illustrate that the non-equivalence of versions of fixed
point theorems between cone metric spaces over Banach algebras and (general) metric
spaces (in usual sense), which shows that it is essentially necessary to investigate fixed
points in cone metric spaces over Banach algebras. Lately, Xu and Radenovié [15] delete the
normality of cones and greatly generalize the main results of [13]. Throughout this paper,
we obtain the existence of non-normal solid cone for generalized Lipschitz mappings in
cone metric spaces over Banach algebras. Moreover, we present some fixed point theorems
for such mappings in such setting by omitting the assumptions of normalities of cones. Our
theorems include the main results of [13] and [15]. Furthermore, we consider the mapping’s
P property and T-stability of Picard’s iteration. Our results greatly unite and extend the
main work of [13-15] and [17-21]. In addition, we give an example to illustrate our results in
cone metric spaces over Banach algebras are never equivalent to the counterpart of metric
spaces.

Let A be a Banach algebra with a unit e, and # the zero element of A. A nonempty
closed convex subset K of A is called a coneif {0, e} C K, K* = KK C K, KN(—K) = {0}
and AK + uK C K for all A\, u > 0. On this basis, we define a partial ordering < with
respect to K by z = y if and only if y — 2 € K. We shall write z < y to indicate that
xr = y but z # y, while + < y will indicate that y — z € intK, where intK stands for
the interior of K. If int K" # (), then K is said to be a solid cone. Write || - || as the norm
on A. A cone K is called normal if there is a number M > 0 such that for all x,y € A,
0 < = =<y implies ||z|| < M||y||. The least positive number satisfying above is called the

normal constant of K.

In the sequel we always suppose that A is a Banach algebra with a unit e, K is a solid

cone in A, and = is a partial ordering with respect to K.

Definition 1.1.([13]) Let X be a nonempty set and A a Banach algebra. Suppose that
the mapping d : X x X — A satisfies:

(i) 0 < d(x,y) for all z,y € X with x # y and d(z,y) = 0 if and only if z = y;

(ii) d(z,y) = d(y,x) for all z,y € X
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(ili) d(z,y) 2 d(z,2) +d(z,y) for all z,y,z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space over Banach
algebra.

Definition 1.2.([15]) Let (X,d) be a cone metric space, x € X and {z,} a sequence in
X. Then

(i) {x,} converges to x whenever for every ¢ > 6 there is a natural number N such
that d(z,,z) < c for all n > N. We denote this by lim z, =z or z, = x (n — 00).

(i) {x,} is a Cauchy sequence whenever for eacfl_)coo>> 6 there is a natural number N
such that d(z,,z,) < c for all n,m > N.

(iii) (X, d) is a complete cone metric space if every Cauchy sequence is convergent.
Definition 1.3. Let (X, d) be a cone metric space, {y,} a sequence in X and T a self-map
of X. Let xg be a point of X, x,,,; = Tz, a Picard’s iteration in X. The iteration procedure
ZTpt1 = Tz, is said to be T-stable with respect to 7" if {z, } converges to a fixed point g of
T, and for each ¢ > 6, there exists a natural number N such that d(y,+1,Ty,) < c for all
n > N, then lim y, = q.

Remark 1.47:1._>DOComparing Definition 2.1 of [18] and Definition 1.3, we find that, the
conditions of the former are stronger than the latter. Actually, if lim d(y,41,Ty,) =
0, then we must have that for each ¢ > 0 there exists an integernﬁo > 0 such that
d(Yns1, Tyn) < c for all n > N. But the contrary is not true (see [6]).

Lemma 1.5.([6]) Let u,v,w € A. If u < v and v < w, then u < w.

Lemma 1.6.([6]) Let A be a Banach algebra and {a,} a sequence in A. If a,, — 0 (n —
o0), then for any ¢ > 0, there exists N such that for all n > N, one has a, < c.

Lemma 1.7.([16]) Let A be a Banach algebra with a unit e, x € A, then the limit

lim ||z"||= exists and the spectral radius p(z) satisfies
n—oo
plw) = lim [l2"* = inf 2"
n—oo

If p(z) < ||, then Ae — x is invertible in A, moreover,

7

L =T
(Ae — ) IZZN’H’
i=0

where A is a complex constant.
Lemma 1.8.([16]) Let A be a Banach algebra with a unit e, a,b € A. If a commutes
with b, then

pla+0b) < p(a) + p(b), plab) < p(a)p(b).
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2 Main results

In this section we give some basic but important properties, which will be used con-
stantly in the sequel. Moreover, we introduce a class of contractive mappings with some
generalized Lipschitz constants and prove the existence of non-normal solid cone and sev-
eral fixed point theorems based on them without the assumption of normalities of cones.
In addition, we obtain the fixed point periodic property and T-stability of Picard’s itera-
tion. All results greatly generalize the main assertions of [13-15] and [17-21]. Further, we
display an example to illustrate the applications. In the end, we give another example to
claim that our results in the setting of cone metric spaces over Banach algebras are never

equivalent to those in usual metric spaces.

Lemma 2.1. Let A be a Banach algebra and k € A. If p(k) < 1, then 7}1—{1010 |k™]| = 0.
Proof. Since p(k) = nh_>nolo ||k”||% < 1, then there exists & > 0 such that nh_)rxolo [k»]|= <
a < 1. Letting n be big enough, we obtain ||k"||x < a, then ||k < o™ = 0 (n — o).
Hence [|£"]| — 0 (n — o0). O
Lemma 2.2. Let A be a Banach algebra with a unit e, {z,} a sequence in A. If z,
converges to x in A, and for any n > 1, x, commutes with x, then p(z,) — p(z) as
n — oo.

Proof. Since z,, commutes with z, then it follows by Lemma 1.8 that
plan) < plzn —x) + p(x) = p(an) — p(z) <
px) < plx —an) + plan) = p(z) — p(rn) <

thus

p(n) = p(x)| < p(an — x) < |20 — 2| = plan) = p(z)(n — o0).

0
Lemma 2.3. Let A be a Banach algebra with a unit e and K be a solid cone in A. Let

{a,} and {¢,} be two sequences in K satisfying the following inequality:
Uni1 = hay, + ¢, (2.1)

where h € K and p(h) < 1. If for each ¢ > 0, there exists N such that ¢, < ¢ for all
n > N, then a,, < ¢ (n > N).
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Proof. By virtue of p(h) < 1, it follows by Lemma 1.7, e — h is invertible and (e—h)~! =

>~ hi. Moreover, by Lemma 2.1, it establishes ||h"|| — 0 (n — o0). Assume ¢ > 6 be
=0

a}bitrary. Then there exists /N7 such that for all n > Ny, we have

e < e (2.2)
2
Since

12" gl < IR lay, 410l = 0 (= o0),

thus there is Ny such that for all n > N, it satisfies

c
3"
Put N = max{N;, No}, then for all n > N, both (2.2) and (2.3) are satisfied. Taking

advantage of (2.1), we speculate that

W May, 0 < (2:3)

Qpy1 — han j Cn,
han - h2an—1 —_< hcn—h

2 3 2
h Ap—-1 — h Ap—2 j h Cn—2,

n—Np—1 n—Ny n—N;1—1
h Ani+2 — h Ayyi+1 =h Cny+1-

Conbine with the above terms, for all n > N, it follows that

- 2 —N;—1
Apy1 2 h" 1CLN1+1 +c¢, +he,_1 +hocpog+ - FRVTM Caitl

—h
<<§+(e+h+h2—|—-~+h”Nll)-<eT>c
c ., (e=h)e
_<_ — 1 =
_2+(e h) 5 c

UJ
Remark 2.4. Lemma 2.3 greatly generalizes Lemma 1 of [17] and Lemma 1.5 of [18].
Virtually, we delete the normality of K. Moreover, our conditions are weaker than them.
Indeed, if a,, — 6 (n — o0), then a, < ¢ (n > N). But the converse is not true (see [6]).
Further, if ||k|| < 1, it is natural that p(k) < 1. Yet, the converse is not true.
Theorem 2.5. Let (X,d) be a cone metric space over Banach algebra A and K be a
solid cone in A. Suppose that the mapping 7" : X — X satisfies the following contractive

condition:

d(Tx,Ty) = kpd(z,y) + kod(z, Tx) + ksd(y, Ty) + kad(z, Ty) + ksd(y, Tx),
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for all x,y € X, where k; € K(i = 1,...,5) are generalized Lipschitz constants with
p(k1) + p(ka + ks + kg + ks) < 1. If ky commutes with ks + k3 + k4 + k5, then there exists a
sequence {x,} in X such that it is a Cauchy sequence. Moreover, if {d(z,,y,)} converges
to some non-zero element in A for any two different Cauchy sequence {x,} and {y,}, then
K is a non-normal cone.

Proof. Fix 2y € X and set 2,41 = T'z,, = T""'2y. Then we have

d(xpi1, ) = d(Tx,, T, 1)
< k1d(xp, Ty 1) + kod(xp, Tay) + ksd(2p_1, Txn 1)
+ kyd(xpy, Txp1) + ksd(xp—1, Txy,)
= kyd(xp, 1) + kod(2y, Tpi1) + ksd(xn_1, 2,)
+ ksd(xp—1, Tpi1)
= (k1 + k3 + ks)d(xp, xp—1) + (ko + ks)d(Tpi1, Tn). (2.4)

We also have

d(xpi1, ) = d(Txy, Try 1) = d(Txy_1, Txy,)
= kd(zn_1,xn) + kod(xp_1, Txp_1) + ksd(x,, Txy)
+ kyd(xp—1, Txy) + ksd(zp, Tp—1)
= kid(zp, Tp—1) + kod(xp_1, Tp) + k3d(Tp, Tpi1)
+ kad(p—1, Tpi1)
= (k1 + ko + ky)d(xp, 1) + (ks + ka)d(Tpi1, T0). (2.5)

Add up (2.4) and (2.5) yields that

2d($n+1, SL’n) j (2]€1 + kz + kg + /{74 + k5)d(l’n, l’n,1>
+ (ko + k3 + kg + ks)d(2p41, Tn),

which establishes that
(26 — ]{32 — ]C3 — k4 — k5)d($n+1, [L’n) j (2]{31 + k‘g + k?g + k?4 + k5)d([L’m xn—l)-
Put k = kg + k'g, + ]C4 + /{5, then

(2e — k)d(xpy1,7n) = (2k1 + k)d(xy, 2 1). (2.6)
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Since p(k) < p(k1) + p(k) < 1 < 2, then by Lemma 1.7 it follows that 2e — k is invertible.

Furthermore,

-1 __
(2e — k) = E St
=0

By multiplying in both sides of (2.6) by (2e — k)™, we arrive at
d(Tpyr, Tn) =< (2 — k) 12k + k)d(xy, Tp_y). (2.7)
Denote h = (2e — k)~*(2k; + k), then by (2.7) we get
d(Tpi1,Tn) X hd(xy, Tpq) <X -+ < h"d(xq, 20).

By Lemma 1.8 we conclude that

p(L o) < Lolahn) < 2

1=0

which implies by Lemma 2.2 that

0 i 00 )
o(5 ) < 3 sl

1=0

Since k; commutes with &, it follows that

(2¢ — k) (21 + ) = (fj ) (2 + ) = 2(2 e b+ 2’;—1

=0

— 2k1<2 2Z+1> Tk Z ZM = (2k; + k)( S 2{11> (2ky + k)(2e — k)71,

=0 i=0

that is to say, (2¢ — k)~! commutes with 2k; + k. Then by Lemma 1.8 we gain
p(h) = p((2e — k)7 2k + k) < p((2e — k)" ) p(2k1 + k)

< (S ot ) 2oth) + (0] < (S ) 20(k0) + ()
1
= 2_—/)(@[%(/?1) +p(k)] <1,

which establishes that e — h is invertible and ||h™| — 0 (m — oc). Thus for all n > m,
AT, Tm) 2 d(Tn, Tn1) + d(@n1, Tn2) + -+ + d(Tns1, Tm)
< (WP R ™Y (2, )
_ (hn_m_l LR L L+ e)h™d(xy,xo)
z h%)hmd 1, 0)
(e h) " hmd(w, ).
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Owing to
I(e = h) " h™d(wy, 2o)l| < [[(e = B)THIIA™[[[ld(21, zo) || = O (m — o0),

we have (e — h)"*h™d(z1,z¢) — 0 (m — o). So by using Lemma 1.5 and 1.6, we easily
see that {x,} is a Cauchy sequence in X.

Now we take yg € X such that yg # xy. Using the same method as the above mentioned,
we can show that {y,} is also a Cauchy sequence if y,,,1 = Ty, = T" yo. In the following
we suppose the contrary, that is, K is normal. We shall prove that {d(x,, y,)} is convergent
in (A, | -|) if K is a normal cone with normal constant M. In fact, in view of the

completeness of (A, || - |), it will be enough to show that the sequence {d(z,,y,)} is a

Cauchy sequence. To this end, let ¢ > 0 and choose ¢ > 6 and ||c|| < 37 Since {z,}

and {y,} are Cauchy sequences, there is N such that d(z,, z,,) < ¢ and d(yy,, ym) < ¢ for
all n,m > N. It is clear that

AT, Yn) = d(Tn, Tm) + d( @y Ym) + A Yy Yn) = AT, Ym) + 2¢, (2.8)
(T, Ym) 2 d(Tm, n) + d( @0, Yn) + A(Yns Ym) = A(Tp, Yn) + 2¢. (2.9)

It follows immediately from (2.8) and (2.9) that
0 =< (T, Ym) + 2¢ — d(T, yn) = d(Tp, yn) + 2¢ + 2¢ — d(2p, ypn) = 4. (2.10)
By virtue of the normality of K, (2.10) means that
(@ s ym) + 2 — d(zn, yn )| < 4M||c]].
Hence, it ensures us that
14 o) — s )| < s ) + 26 — )| + 126]] < (AM +2) ] < &,

which implies that {d(z,,y,)} is Cauchy and hence convergent.
Next, put lim d(z,,y,) = a, it is evident that § < a. Finally, we claim that a = 6.
n—o0
Actually, if there exists ng € N such that z,, = y,,, the claim is clear. Without loss of
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generality, we suppose that x,, # y, for all n € N. Notice that

d(@ps1, Ynt1) = ATz, Tyn)
= k1 d(xn, yn) + kod(xn, Tay,) + ksd(Yn, Tyn)
+ kyd(xy, Typ) + ksd(yn, Txy)
= k1d(2p, yn) + kod(2n, Tns1) + k3d(Yn, Ynt1)
+ kad(@n, Yns1) + ksd(Yn, Tns1)
= (k1 + ka4 ks)d(wn, yn) + (k2 + ks)d(zn, Tog1) + (ks + ka)d(Yn, Yns1)-

Taking the limit as n — 0o, we obtain that
a j (k’l + k’4 + k5)a.
Set A = ki + k4 + ks, then it follows that

a=<Xxa=<---<\a.

Because A < ki + k leads to A\ < (k; + k)", moreover, by Lemma 2.1, p(k; + k) <
p(k1) + p(k) < 1 leads to (k; + k)™ — 6 (n — o0), we claim that, for each ¢ > 6, there
exists ng(c) such that A\ < ¢ such that for all n > ng(c). Consequently, a = 6, a contra-
diction. O

It is clear that if T" is a map which has a fixed point u, then w is also a fixed point of
T™ for each n € N. It is well known that the converse is not true. If a map T satisfies
F(T) = F(T™) for each n € N, where F'(T) stands for the set of all fixed points of 7', then
it is said to have a property P (see [19-21]). The following results are generalizations of
the corresponding results in metric and cone metric spaces (see [20-21]). It will be deduced

also without using normality of the cone.

Theorem 2.6. Let (X, d) be a complete cone metric space over Banach algebra A and
K be a solid cone in A. Let T': X — X be a mapping such that F(T) # () and that

d(Tx, T?x) < kd(z, Tx) (2.11)

for all x € X, where k € K is a generalized Lipschitz constant with p(k) < 1. Then T has
a property P.
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Proof. We will always assume that n > 1, since the statement for n = 1 is trivial. Let
z € F(T™). By the hypotheses, it is clear that

d(z,Tz) = d(TT" 'z, T*T" '2) R kd(T" 2, T"2) = kd(TT" 2z, T*T"22)
< E2A(T 22, T 2) < - R k"d(2,T%).

On account of p(k) < 1, it follows by Lemma 2.1 that ||| — 0 (n — o0). Thus
|\k™d(z, Tz)|| < ||&"||||d(z,Tz)|| = 0 (n — o0). Hence d(z,Tz) =6, that is., Tz = z. [
Theorem 2.7. Let (X, d) be a complete cone metric space over Banach algebra .4 and
K be a solid cone in A. Suppose that the mapping 7' : X — X satisfies the following

contractive condition:
d(Tx,Ty) < kid(x,y) + kod(z, Tx) + ksd(y, Ty) + ksd(x, Ty) + ksd(y, Tx),

for all x,y € X, where k; € K(i = 1,...,5) are generalized Lipschitz constants with
p(k1)+ p(ka+ ks + ks + ks) < 1. If ky commutes with ks + k3 + ky + k5, then T has a unique
fixed point in X. Moreover, for arbitrary z € X iterative sequence {T"x} converges to
the fixed point. Further, T" has a property P.

Proof. By using Theorem 2.5, we obtain {z,} is a Cauchy sequence in X. Since X is
complete, there exists x* € X such that z, — x* as n — co. We shall prove x* is the fixed

point of 7. To this end, on the one hand, we have

d(Tx*,x*) 2 d(Tx*, Tx,) + d(Tx,, x")
= kyd(x*, ) + kod(2™, Tx™) + kad(x,, Tx,,)
+ kyd(z*, Txy,) + ksd(zy,, Tx™) + d(Txp, %)
= kyd(z*, 2,) + kod(x*, Tx") + ksd(2p, Tny1)
+ (e + ky)d(z*, xpiq) + ksd(zp, T™)
= (k1 + ks + ks)d(zp, %) + (ko + ks)d(T'z", z¥)
+ (e + ks + ky)d(p41, 27),

which implies that

(e — ko — ks)d(Tx*,x") = (k1 + ks + ks)d(zn, ") + (€ + k3 + kg)d(xpiq, 7). (2.12)

10
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On the other hand, we obtain

d(Tz*,z*) 2 d(Tx,, Tx") + d(Tx,, z")
= kd(zpn, ) + kod(zp, Txy,) + ksd(z*, Tx™)
+ kgd(xy, Tx™) + ksd(z*, Txy,) + d(Txy, z*)
= kyd(xp, ) + kod(2p, Tni1) + ksd(x*, Tx*)
+ (e + ks)d(z", pi1) + kad(zy, Tz")
= (k1 + ko + kg)d(zp, %) + (ks + kg)d(Tx™, z*)
+ (e + ko + k5)d(xpi1, 27),

which means that
(e — k3 — ky)d(Tx", x2%) < (k1 + ko + kg)d(xn, ") + (€ + ko + ks5)d(xpy1, 7). (2.13)
Combining (2.12) and (2.13) yields that

(26 — k’g — k’g — k’4 — k’5)d(T$*, .CE*)
= (2k1 + ko + ks + Ky + ks)d(x,,, %)
+ (26 + ]{72 + k’3 + k’4 + k5)d(37n+1, x*)

Denote k& = kz + k’g + ]{34 + k‘5, then
(2e — k)d(Tz*, 2*) < (2ky + k)d(x,, %) + (2e + k)d(zp 41, 7).
Consequently, we deduce that

d(Tx*, 2*) = (2 — k)1 (2k, + k)d(z,,, %)
+ (2 — k)" H(2e + k)d(zpp1, 7).

In view of x, — 2* (n — 00), then for each = > 6 (m = 1,2,...), there exists NV, such

that for all n > N, one has d(z,,2*) < 5. Hence we speculate that

d(Tx*, 2*) = (2 — k)" (2K, + k)d(z,, %) + (2 — k)1 (2e + k)d(2p41, 27)
< (26 — k)M 2k + k) + (2 — k)1 (2e + k;)]% 0 (m — o0),

which follows that Tz* = x*.

11
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In the following we shall show the fixed point is unique. Actually, if there is another

fixed point y*, then

d(z",y") 2 kad(2",y") + kod (2™, T2") + kad(y*, Ty")
+ kyd(z*, Ty") + ksd(y*, Tx")
= (k1 + ]{34 + ]{35)d($*, y*)

Set A = ki + k4 + ks, then it follows that
d(z*,y") 2 Ad(z",y") = - 2 Ad(2", y").

By the proof of Theorem 2.5, we claim that, for each ¢ > 6, there exists ng(c) such that
A" < ¢ such that for all n > ng(c). Consequently, d(x*,y*) = 0, that is, * = y*.

Finally, we shall prove that T has a property P. We have to show that the mapping T'
satisfies the condition (2.11). Indeed, firstly we have

d(Tz, T?r) = d(Tx, TTx)
= kid(z, Tx) + kod(x, Tx) + ksd(Tx, T?x)
+ kad(x, T?x) + ksd(Tx, Tx)
= kid(z, Tx) + kyd(z, Tx) + ksd(Tx, T?x)
+ kyd(z, Tx) + kyd(Tw, T?z),
that is,
(e — ks — ky)d(Tx, T?x) = (k1 + ko + ka)d(x, Tx). (2.14)

Also, we have

d(Tx, T?*r) = d(TTx,Tx)
= kyd(Tz,x) + kod(Tx, T?7) + ksd(z, Tx)
+ kyd(Tx, Tx) + ksd(z, T?2)
= kid(z, Tx) + kod(Tx, T?) + ksd(x, Tx)
+ ksd(z, Tx) + ksd(Tx, T?z),

that is,
(6 — ]{72 — k5>d<T§L’,T2$> = (k’l + k'g + k5)d($, TI) (215)
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Adding (2.14) and (2.15) we obtain
(2e — k)d(Tz, T?z) = (2ky + k)d(z, Tx).
According to the above proof, we demonstrate that
d(Tz, T?z) < hd(x, Tx),

where h = (2e — k) ™' (2k; + k) and p(h) < 1. Therefore, by Theorem 2.6, T has a property
P. ]
Theorem 2.8. Let (X, d) be a complete cone metric space over Banach algebra A and
K be a solid cone in A. Suppose that the mapping 7' : X — X satisfies the following

contractive condition:
d(Tz,Ty) = kd(z,y) + kod(x, Tx) + ksd(y, Ty) + kad(x, Ty) + ksd(y, Tx),

for all z,y € X, where k; € K(i = 1,...,5) are generalized Lipschitz constants with
p(k1) + p(ka + ks + kg + k5) < 1. If ky commutes with ky + k3 + k4 + ks, then Picard’s
iteration is T-stable.

Proof. By utilizing Theorem 2.7, we obtain that 7" has a unique fixed point ¢ in X.
Assume that {y,} C X satisfies the following condition: for each ¢ > 6, there exists N
such that for all n > N, d(yn+1, Tyn) < c. Firstly we have

d(Tyn,q) = d(T'yn, T'q)
= k1d(Yn, @) + k2d(yn, Tyn) + kad(q, T'q)
+ kad(yn, Tq) + ksd(q, Tyy,)
= k1d(Yn, @) + k2d(Yn, Tyn) + kad(yn, q) + ksd(q, Tyy)
= (k1 + ka)d(Yn, @) + k2ld(yn, @) + d(q, Tya)] + ksd(q, Tyn)
= (k1 + ko + ka)d(yn, q) + (k2 + ks)d(q, Tyn). (2.16)
Secondly, we arrive at
Ad(Tyn,q) = d(q,Tyn) = d(T'q, Ty,)
= k1d(q, yn) + kod(q, Tq) + k3d(yn, Tyn)
+ kad(q, Tyn) + ksd(yn, T'q)
= k1d(Yn, @) + k3d(Yn, Tyn) + kad(q, Tyn) + k5d(yn, q)
= (k4 ks)d(yn, @) + k3[d(yn, @) + d(q, Tyn)] + kad(g, Tyn)
= (k1 + k3 + ks5)d(Yn, q) + (k3 + ka)d(q, Tyn). (2.17)
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Adding up (2.16) and (2.17) yields that
2d(TYn, q) = (2ky + ko + ks + kg + k5)d(Yn, @) + (k2 + k3 + kg + ks)d(q, Tyn),
Denote k = kg + k3 + k4 + ks, then we get
(2¢ = K)d(Tyn, q) = (2k1 + k)d(yn, q)-

Based on the proof of Theorem 2.5, it is not hard to verify that

d(Tyn, q) = hd(yn, q),

where h = (2¢ — k)*(2k; + k) and p(h) < 1.
Setting a,, = d(yn, q) and ¢, = d(Ynt1, Tyn), we claim that

nt1 = A(Ynt1,0) 2 dYns1, TYn) + d(Tyn, @) =X o + hay,.

If for each ¢ > 6, there exists N such that for all n > N, ¢, = d(yn+1,Tyn) < ¢. Then,
making full use of Lemma 2.3, we get a,, = d(y,,q) < ¢, which leads to y, — q as n — oc.
That is to say, the Picard’s iteration is T-stable.

Corollary 2.9. Let (X,d) be a complete cone metric space over Banach algebra A and
K be a solid cone in A. Suppose that the mapping 7" : X — X satisfies the following

contractive condition:
d(Tz, Ty) = kd(z,y),

forall z,y € X, where k € K is a generalized Lipschitz constant with p(k) < 1. Then T has
a unique fixed point in X. Moreover, for any x € X iterative sequence {T™z} converges
to the fixed point. Further, T" has a property P and Picard’s iteration is T-stable.

Corollary 2.10. Let (X, d) be a complete cone metric space over Banach algebra A and
K be a solid cone in A. Suppose that the mapping 7' : X — X satisfies the following

contractive condition:
k
d(Tz, Ty) < Sld(x, Tw) + d(y, Ty)],

forall z,y € X, where k € K is a generalized Lipschitz constant with p(k) < 1. Then T has
a unique fixed point in X. Moreover, for every x € X iterative sequence {T"x} converges

to the fixed point. Further, T" has a property P and Picard’s iteration is T-stable.

14
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Corollary 2.11. Let (X, d) be a complete cone metric space over Banach algebra A and
K be a solid cone in A. Suppose that the mapping 7' : X — X satisfies the following

contractive condition:
k
d(Tz, Ty) < 5ld(x,Ty) +d(y, Tz)],

for all z,y € X, where k € K is a generalized Lipschitz constant with p(k) < 1. Then T has
a unique fixed point in X. Moreover, for each = € X, iterative sequence {T"z} converges
to the fixed point. Further, T" has a property P and Picard’s iteration is T-stable.
Remark 2.12. Throughout the conclusions above, we focus on fixed point theorems
in cone metric spaces over Banach algebras instead of the theorems only in cone metric
spaces. All the coefficients are vector elements and the multiplications such as kd(z,y) are
vector multiplications instead of usual scalar ones, which may bring us more convenience
in applications.

Remark 2.13. In our results such as Corollary 2.9, we only suppose the spectral radius
of k is less than 1, while ||k|| < 1 is not assumed. Generally speaking, it is meaningful
since by Remark 2.4, the condition p(k) < 1 is weaker than that || k|| < 1.

Remark 2.14. Compared with the main results of [13] and [15], our main results in
this paper deal not only with the fixed point theorems for generalized Lipschitz mappings,
but also with P property and 7T-stability of Picard’s iteration, all in the setting of cone
metric spaces under the condition that the underlying cones are solid without assumption
of normality. These results may be more valuable to put into use since the cones discussed
are not necessarily normal under ordinary conditions. Therefore, it is an interesting thing
to discuss the fixed point results in cone metric spaces over Banach algebras without the
assumption that the underlying cones are normal. The following examples show that our
main results will be very useful.

Example 2.15. Let A = C3[0, 1] and define a norm on A by ||z|| = ||z||c+|7'||co- Define
multiplication in A as just pointwise multiplication. Then A is a real Banach algebra with
aunit e =1 (e(t) =1 for all t € [0,1]). Theset K ={z € A:x(t) >0 forall t € [0,1]}
is a cone in A. Moreover, K is a non-normal solid cone (see [6]). Let X = {a,b,c}.
Define d : X x X by d(a,b)(t) = d(b,a)(t) = €', d(b,c)(t) = d(c,b)(t) = 2¢', d(c,a)(t) =
d(a,c)(t) = 3¢" and d(x, z)(t) = 0 for all t € [0,1] and each z € X. We have that (X, d) is
a solid cone metric space over Banach algebra A. Further, let T : X — X be a mapping
defined with Ta = Tb = b, Tc = a and let ky, ks, ks, ka, ks € K defined with k() = 5t + 3,
ka(t) = ks(t) = ka(t) = ks(t) = 5 for all ¢ € [0,1]. By careful calculations one can get

15
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that T' is not a Banach contraction and all the conditions of Theorems 2.7 are fulfilled.
The point x = b is the unique fixed point of 7. By using Theorem 2.7 and Theorem 2.8,
we can also conclude that T has a P property and Picard’s iteration is T-stable.
Example 2.16. Let A = R? and the norm be |[(x1,22)|| = |z1] + |z2|. Define the
multiplication by

vy = (21, 22) (Y1, ¥2) = (T191, 12 + T2y1),

where z = (z1,22),y = (y1,¥2) € A. Then A is a Banach algebra with a unit e = (1,0).
Taking X = [0,0.55] X (=00, +00), K = {(x1,72) € A: x1,25 > 0} and

d(z,y) = (|21 — w1, [z2 — wo) for all @ = (z1,22),y = (11,42) € X,
we claim that (X,d) is a cone metric space over A and K is a normal solid cone with
normal constant M = 1.

Define a mapping T': X — X as

1 1
Te =T(x1,29) = (é(cos 5 = |z — §|), arctan(1l + |xo|) + In(zy + 1)>

By using mean value theorem of differentials, it follows that

d(Tx,Ty) = d(T(z1,22), T (y1,y2))
1 x 1 1
= (‘5(00551 — COS% — |z — §| + |y — §|)|,

|arctan(1 + |zo|) — arctan(1 + |yz|) + In(zy + 1) — In(y; + 1)|>
< <’$1+91H$1 — %
4 4

[+ gles = sl gl — 3ol +n — 3l
2 "2
5
= <§7 1) 1 — 1|, |22 — y2’)
5
-
8
for all z,y € X. Put k = (g, 1). Simple calculations show that all conditions of Corollary
2.9 are satisfied. Thus by Corollary 2.9, T has a unique fixed point in X. Further, T" has

(
d(z,y)

a property P and Picard’s iteration is T-stable.
The following statement indicates our fixed point results in cone metric space over

Banach algebra A are not equivalent to those in metric spaces. In order to end this, put

di(z,y) {uep:il?xf,y)ju}”“”’ do(z,y) = inf{r € R: d(z,y) < re},

where z,y € X and e = (e1,e3) € intK. Then by Theorem 2.2 of [10], d; and dy are

both equivalent metrics. Hence we need to consider only one of them. Let us refer to the
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metric dy. We shall prove our conclusions are not equivalent to the well-known Banach
contraction principle, which means Theorem 2.4 of [8] does not hold in the setting of cone
metric spaces over Banach algebras. As a matter of fact, taking ' = (%, 0), v = (0,0),

e =(1,3), we have

1 1 1 3 1
dg(T.Z’/,Ty/) = il’lf{T eR: <§ COSZ - Z,ln 5) j 7’(1, 5)}
1 1 1 3 3
:max{écosz — Z’QIHQ} = 21n§
1
> 5 = d2($,7?/)7

which implies that there does not exist A € [0,1) such that
dy(Tx, Ty) < Ada(x,y)

for all x,y € X. Thus it does not satisfy the contractive condition of Banach contraction
principle. That is to say, Theorem 2.4 of [8] is unsuitable for cone metric spaces over
Banach algebras.

Remark 2.17. Since the contractive mapping in Example 2.15 is generalized Lipschitz
mapping, we are easy to make a conclusion that Corollary 2.1 in [5] cannot cope with
Example 2.15, which infers that the main results in the setting of cone metric spaces over
Banach algebras are very meaningful.

Remark 2.18. In Example 2.16, we are not hard to see that the main results in this
paper are indeed more different from the standard results of cone metric spaces presented
in the literature. Also, Example 2.16 shows that cone metric space over Banach algebra do
be a real generalization of metric space even if some works with the assumption of normal

cone.
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Abstract. The notions of (Boolean) int-soft filters in MTL-algebras are introduced, and several properties are
investigated. Characterizations of (Boolean) int-soft filters are discussed, and a condition for an int-soft filter to
be Boolean is provided. The extension property for a Boolean int-soft filter is constructed, and the least int-soft

filter containing a given soft set is established.

1. Introduction

The logic MTL, Monoidal ¢-norm based logic, was introduced by Esteva and Godo in [3]. This
logic is very interesting from many points of view. From the logic point of view, it can be regarded
as a weak system of Fuzzy Logic. Indeed, it arises from Héjek’s Basic Logic BL [4] by replacing
the axiom

(AA(A — B)) +» (AN B)
by the weaker axiom

(AA(A — B)) — (A A B).
In connection with the logic MTL, Esteva and Godo [3] introduced a new algebra, called a MTL-
algebra, and studied several basic properties. They also introduced the notion of (prime) filters
in MTL-algebras. Vetterlein [8] studied MTL-algebras arising from partially ordered groups.
Borzooei, Khosravi Shoar and Americ [1] discussed some types of filters in MTL-algebras. Morton
and van Alten [6] considered the algebraic semantics of the monoidal ¢-norm logic(MTL) with
unary operations (modalities).

In this paper, we introduce the notion of (Boolean) int-soft filters in MTL-algebras, and inves-
tigate several properties. We discuss characterizations of (Boolean) int-soft filters, and provide a
condition for an int-soft filter to be Boolean. We establish the extension property for a Boolean
int-soft filter. We also construct the least int-soft filter containing a given soft set.

2. Preliminaries

92010 Mathematics Subject Classification: 06F35; 03G25; 06D72.

YKeywords: (Boolean) filter; (Boolean) int-soft filter.

* The corresponding author.

YE-mail: skywine@gmail.com (Y. B. Jun); szsong@jejunu.ac.kr (S. Z. Song);
idealmath@gmail.com (E. H. Roh); sunshine@dongguk.edu (S. S. Ahn)

889 Young Bae Jun et al 889-901



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Young Bae Jun, Seok Zun, Eun Hwan Roh and Sun Shin Ahn

By a residuated lattice we shall mean a lattice L = (L, <, A, V, ®, —, 0, 1) containing the least
element 0 and the largest element 1, and endowed with two binary operations ® (called product)
and — (called residuum) such that

e (© is associative, commutative and isotone.
e Vzel)(zo1=u).
e The Galois correspondence holds, that is,

(Vz,y,z€ L) (z 0y <z <= x <y — 2).

In a residuated lattice, the following are true (see [7]):

al) x <y <= z—>y=1.

a2) 0 »zrx=11—-o=x2—(y—z) =1

a3) y < (y = z) = x.

- y—=2)=(@0y) »z=y— (r— 2).
—y<(z—z)=>(z—-y), zoy<(y—z2) —(r—2).

)
)
)
ab)
)
)

y(vyi%m:/\(yﬁx»

ab <r=>zrz—=>25y—=>2,2—=y<z—ux.
a7
ier il
We define 2* = \/{y € L | x ® y = 0}, equivalently, 2* = 2 — 0. Then
(a8) 0* =1, 1* =0, z <z*, and x* = ™.

Based on the Hajek’s results [4], Axioms of MTL and Formulas which are provable in MTL,
Esteva and Godo [3] defined the algebras, so called MTL-algebras, corresponding to the MTL-
logic in the following way.

Definition 2.1. An MTL-algebra is a residuated lattice L = (L, <, A, V, ®, —, 0, 1) satisfying
the pre-linearity equation:

(x—=y)V(y—z) =1

In an MTL-algebra, the following are true:
(a9) z— (yVz)=(x =y V(ir—2).
(al0) 20y <z Ay.
Definition 2.2 ([3]). Let L be an MTL-algebra. A nonempty subset F' of L is called a filter of
L if it satisfies
(bl) Vz,y e F) (x 0y e F).
(b2) (Vxe F) (Vye L) (x<y = yeF).
Since A is not definable from ©® and — in a MTL-algebra, one could consider that the further
condition
(b3) (Vx,y € F) (x Ny € F)
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should be also required for a filter. However the condition (b3) is indeed redundant because it is
a consequence of conditions (b1) and (b2). Namely, since t @y < x Ay, if 2,y € F thenx©y € F
and thus x Ay € F as well.

Proposition 2.3. A nonempty subset F of an MTL-algebra L is a filter of L if and only if it
satisfies:

(b4) 1 € F.

(b5) Ve e F) (Vyel) (x—wyeF =yel).

A soft set theory is introduced by Molodtsov [5], and Cagman et al. [2] provided new definitions
and various results on soft set theory.

Let Z(U) denote the power set of an initial universe set U and A, B,C,--- C E where FE is a
set of parameters.

Definition 2.4 ([2, 5]). A soft set (f, A> over U is defined to be the set of ordered pairs
( 4) = {(a.f@) :x € B, fl2) € 2(U)},
where f : E — 2(U) such that f(z) =0 if = ¢ A.

For a soft set (f, L) over U, the set
iL (fw) —~ {:L‘ eL|vyC f(fv)}
is called the v-inclusive set of (f, L) .

3. Int-soft filters

In what follows, we take an MTL-algebra L as a set of parameters.
Definition 3.1. A soft set ( f , L> over U is called an int-soft filter of L if it satisfies:

(va.y € L) (Flz®y) 2 f2) N f(y). (3.1
(veyel) (v<y = J@) € fw). (3.2
Example 3.2. Let L = [0, 1] and define a product ® and a residuum — on L as follows:
Ay ifx+y>%, 1 if x <y,
ny'_{O otherwise Ty 05—z)Vy if x>y

for all z,y € L. Then L is an MTL-algebra. Let ( 1, L) be a soft set over U in which

=« [ a if 2e€(0.5,1],
flw) = { £ otherwise,

where o O 5 in Z(U). Then it is routine to verify that ( £ L) is an int-soft filter of L.
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We provide characterizations of an int-soft filter.

Theorem 3.3. A soft set (f, L) over U 1s an int-soft filter of L if and only if it satisfies:

(vee 1) (F(1) 2 (@), (3.3)
(va,y € L) (fy) 2 f@) N flz = ). (3.4)

Proof. Assume that ( 1 L) is an int-soft filter of L. Since x < 1 for all x € L, it follows from

(3.2) that f(z) C f(1) for all z € L. Since z < (z — y) — y, we have z ® (z — y) < y for all
x,y € L by the Galois correspondence. It follows from (3.2) and (3.1) that

f) 2 fze@—y)2 fl@)nflz—y)

for all x,y € L.
Conversely, let ( £ L) be a soft set over U which satisfy two conditions (3.3) and (3.4). Let
x,y € L be such that x <y. Then z — y = 1, and so

fW) 2 flx)n @ —y) = flz) N (1) = f(o),
for all # € L. This proves (3.2). Using (a4), we know that
=y —=(x0y)=(@0y) = (zoy) =1
Using (3.3) and (3.4), we have
fleoy) D fly)

for all x,y € L. Therefore ( 1, L) is an int-soft filter of L. O
Theorem 3.4. A soft set (f, L) over U is an int-soft filter of L if and only if it satisfies:
(Va,b,c € L) (a <b—oc = f(0)2 fla) mf(b)) . (3.5)

Proof. Assume that (f, L) is an int-soft filter of L. Let a,b,c € L be such that a < b — ¢. Then
f(a) C f(b — ¢) by (3.2), and so

F@) 2 F@) N fb—c) 2 f(b) N f(a).
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Conversely, let <f, L) be a soft set over U satisfying (3.5). Since z < x — 1 for all x € L, it
follows from (3.5) that

f(1) 2 f(@) N f(z) = f(x)
forall z € L. Since v — y < x — y for all z,y € L, we have
fw) 2 flx)n flz—y)

for all z,y € L. Therefore < L> is an int-soft filter of L. U
, L

f,
Corollary 3.5. A soft set <~ ) over U is an int-soft filter of L if and only if it satisfies the
following assertion:

f@) 2 () flaw) (3.6)
k=1
whenever a, — (-+- — (ag = (a1 = x))---) =1 for every ay,as,- -+ ,a, € L.
Proof. Tt is by induction. O

Theorem 3.6. For a filter F' of L and a € L, let (f, L) be a soft set over U defined by

~ if re{zeLl|laVzeF},
Fa) = { ” tze L J
~v9 otherwise,

for all x € L where v C v, in P(U). Then (f, L) is an int-soft filter of L.

Proof. Since aV1 e F,wehavele {z€ L|aVze F}andso f(1) = 2 f(z) for all z € L.
Now if y € {z € L |aV z € F}, then clearly

fy)=m2 fla)n fz —y).

Suppose that y ¢ {z € L | aV z € F}. Then at least one of x and  — y does not belong to
{z€Ll|aVze F}. Hence

fly) == flz)n flz = y),
and therefore ( 1, L) is an int-soft filter of L. O

Theorem 3.7. A soft set <f, L> over U 1is an int-soft filter of L if and only if the nonempty
~v-inclusive set iy, <f, 7) is a filter of L for all v € 2(U).

Proof. Assume that the nonempty ~-inclusive set i, ( f; ’y) is a filter of L for all v € Z2(U). For
any r € L, let f(x) =~. Then x € i1, (f, 7) . Since 17, <f, 7) is a filter of L, we have 1 € i, (f;’y)
and so f(z) = v C f(1). For any z,y € L, let f(x — y)N f(x) = ~. Then z — y € iy, (f;v)
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and x € i, (f;y) . It follows from (b5) that y € i, (f;y) . Hence f(y) D v = f(z — y) N f(x).
Therefore ( f , L) is an int-soft filter of L by Theorem 3.3.

Conversely, suppose that (f, L) is an int-soft filter of L. Let v € &2(U) be such that iy, (f ) #+
(). Then there exists a € iy, (f, fy) , and so v C f(a). It follows from (3.3) that v C f(a) C f(1).
Thus 1 € ip, (f;fy). Let z,y € L be such that x — y € i (f;fy) and z € iy, <f;’y>. Then
v C f(x = y) and v C f(x). It follows from (3.4) that

7y C flz = y)n flz) € fy),

that is, y € ig, (f, 7) . Thus iy, (f, 7) (£ 0) is a filter of L by Proposition 2.3. O

Theorem 3.8. If (f, L) 15 an int-soft filter of L, then the set

Qu:={reL]|f(z)2 fa)}
is a filter of L for every a € L.

Proof. Since f(1) D f(x) for all € L. we have 1 € Q,. Let x,y € L be such that = € ©, and

)
=y € Q. Then f(x) D f(a) and f(z — y) D f(a). Since f is an int-soft filter of L, it follows
from (3.4) that

fly) 2 fx) N flz =) 2 f(a)
so that y € ,. Hence €, is a filter of L. O

Theorem 3.9. Let a € L and let (f L) be a soft set over U. Then

(1) If Q, is a filter of L, then ( L) satisfies the following implication:
(Va,y € L) (f(a) C flz = y) N f(x) = fla) C fly). (3.7)

(2) If (f, L) satisfies (3.3) and (3.7), then Q, is a filter of L.

Proof. (1) Assume that Q, is a filter of L. Let 2,y € L be such that
fla) € fo =) N f().

Then z — y € Q, and = € Q,. Using (b5), we have y € Q, and so f(y) 2 f(a).
(2) Suppose that f satisfies (3.3) and (3.7). From (3.3) it follows that 1 € Q,. Let 2,y € L be
such that x € Q, and x — y € Q,. Then f(a) C f(x) and f(a) C f(z — y), which imply that

f(a) C f(:z:) N f(z — y). Thus f(a) C f(y) by (3.7), and so y € €,. Therefore (2, is a filter of
L. l

Proposition 3.10. Let (f, L) be an int-soft filter of L. Then the following are equivalent:

(1) (Vz,y,z € L) (f(x—)z) ;)f(m—> (y—>z))ﬁf(x—>y)>
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2) (va,ye L) (Fla—y) 2 flo = (@ —y).
(3) (va,y,2 € L) (f(lz > 9) > (@ > 2)) 2 fla = (y = 2)))

Proof. (1) = (2). Suppose that (f, L) satisfies the condition (1). Taking z =y and y = z in (1)

and using (3.3), we have

N—

fla=y) 2 flz = (z—=y)N fla > )

for all z,y,z € L.
(2) = (3). Suppose that (f, L> satisfies the condition (2) and let x,y, z € L. Since

s (y—=2)<z—((r—=y) — (r—2),

it follows that

fllw—=y) = (x = 2)) = fla = (€ = y) = 2))
2 flz = (&= (([x = y) = 2))
=fle = (& =y) = (&= 2))
2 fla = (y— 2)).

(3) = (1). If <f, L> satisfies the condition (3), then

fla=y) 2 fl(x—=y) = (x—=2)N flz > y)
D flx—=(y—=2)Nflz—y)
This completes the proof. U

Theorem 3.11. For a fized element a € L, let <fa, L) be a soft set over U defined by

~ _fm fa<lua,
fal@) := { v, otherwise,
where y1 2 y2 in P(U). Then (fa,L> is an int-soft filter of L if and only if it satisfies the

following tmplication:

Ve,ye L) (a<y—x,a<y = a<uz). (3.8)

Proof. Assume that (f;, L) is an int-soft filter of L and let z,y € L be such that a <y — = and
a <y. Then f,(y — z) =% = fa(y), and thus

fa(x) 2 ]Ea(y - [L’) N fa(y> =N

which implies that f,(x) =y and so a < z.
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Conversely, suppose that (3.8) is valid. Note that i (fa;%) = L and 1y, <f~a;71> = {x €
L | a < z}. Obviously 1 € iy (fa;%). Let z,y € L be such that x € iy, (fa;yl) and © —
Yy € 1if (fa;71>. Then a < z and @ < z — y, which imply from (3.8) that a < y, that is,

Y € i (fa; ’yl) . Hence iy, (fa;’yl> is a filter of L. Using Theorem 3.7, we know that (fa, L) is an
int-soft filter of L. O

Definition 3.12. An int-soft filter ( 1, L) of L is said to be Boolean if it satisfies the following
identity

(Vz € L) (f(x V) = f(1)) . (3.9)

Proposition 3.13. Fvery Boolean int-soft filter (f, L) of L satisfies the following inclusion:

N——

(Vx,y,z € L) (f(m —z) 2 f(x = (Z"—=y))Nn f(y — z)> . (3.10)
Proof. Using (ab), we have
y—=>2< 22y =@ o2)<(z=(—>y) = (r— (25— 2).

It follows from (3.2) that

Since

we have f((2* — z) = 2) D f(2* V z) = f(1). Since

IN =

z— (2" o2 2)< ("= 2)—2) > (z—2),
it follows from (3.2) that

f(:v — (2" = 2)) C f(((z* —2z)—2) = (xr = 2)).

Thus
fx=2)Df((z"=2) = 2)Nf((zF = 2) = 2) = (z = 2))
D f()N fla— (25— 2))
= flz = (" = 2))
D flx—= (=" = y)N fly—2)
This completes the proof. O
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We provide a condition for an int-soft filter to be Boolean.

Proposition 3.14. If an int-soft filter (f, L) of L satisfies the following inclusion
f

(Va,y € L) ( (@) 2 fllz = y) — x)) , (3.11)
then it is Boolean.

Proof. Using (a2), (a4) and (ab), we have
l=z— ((z"F -5 z) = 2x)

*

*

<(z"—=2x)—= (" —=2)—2

*

=(((z" »2) > 2)—
It follows from (3.2), (3.3) and (3.11) that

f(@* = 2) = 2) 2 f(((z" = @) = x) = 0) = ((z" = 2) = x)) = f(L).
Using (a7) and (a9), since

(" —=z) =< ((z"—>2x)—>2)V(2"—2x)—2"
(" = z) = (z V")
=(1A(@" —2z)— (zVa")
((

zVat)—x)— (zVa),

we get
f(1) = f((a" = 2) = 2)
C f(((xVa*) = z)— (zVa")
C flava),
and so f(z V 2*) = f(1). Therefore (f, L) is Boolean. O

Proposition 3.15. If an int-soft filter <f, L) of L satisfies the condition (3.10), then it satisfies
the condition (3.11).

Proof. Since (z — y) — © < z* — x, it follows from (3.2) that
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Hence <f, L) satisfies the condition (3.11). O

Proposition 3.16. If an int-soft filter (f, L) of L satisfies (3.11), then it satisfies the following

mnclusion:
(Vz,y,z € L) (f(x —2) 2 f(x — (y—2))N f(x — y)) ) (3.12)
<

Proof. Since x — (y — 2) =y — (v = 2) < (x = y) = (x — (v — 2)), it follows from (3.2)

that

fla=(y—=2) S fll@—=y) = (= (2 2))
so from (3.4) that

flx = (z=2)2 fle=y)N f((@ = y) = (@ = (@ 2))
2 fle—y)N fla—=(y—2)
Since
r—=(rz—=2)<z—=>(((r—2) —2) —2)=(x—2) —=2) = (x—2),
we have
D f(x = (z = 2))
2 fle—y)n fla—=(y—2)
by using (3.2) and (3.10). This completes the proof. O

Proposition 3.17. Fvery Boolean int-soft filter (f, L) of L satisfies the following inclusion:

(Vz,y,z € L) (f(a: —2) D flx—= (y—2)Nflz — y)) :
Proof. Note that 2 —» (y = 2) =y — (z = 2) < (x = y) = (x — (¢ — 2)) and
r=x—=2)<z=>((r—2)—2)—22))=(zr—2) =2 — (r—2)
for all z,y, z € L. It follows from (3.2), (3.4), and Propositions 3.13 and 3.14 that

(x = 2) = 2) = (x — 2))

r=y)Nflz=y) = (r = (= 2))
z—y) N flz— (y— 2)).
This completes the proof. U

Combining Propositions 3.13, 3.14 and 3.15, we have a characterization of a Boolean int-soft
filter.

Theorem 3.18. Let (f, L) be an int-soft filter of L. Then the following assertions are equivalent:
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(1) (f, L) is Boolean.
(2) (f, L) satisfies the condition (3.10).
(3) (f, L) satisfies the condition (3.11).

Proposition 3.19. Fvery Boolean int-soft filter (f, L) of L satisfies:
(va,y € L) (flo =) € F(lly = 2) > ) > ). (3.13)
Proof. Let <f, L) be a Boolean int-soft filter of L. Since y < ((y — x) — =) — y, we have

(y—=2x)—>2x)—y) Dx<y—z (3.14)

by (a6). Using (ad), (ab), (a6) and (3.14), we get

y—=x) = (((y—=2) =) —=y)

(
—-y<((y—=2) =)= ((y—=>2)—>Y)
= (
<((((y—=2) =)=y =)= ((y—=z) =)= Y)

and so

Flly=2) = 2) = 9) 2 F(y = 2) = 2) = 1) > 2) = ((y = 2) = ) > 1))

2 flz —y)
by Theorem 3.18(3) and (3.2). O
Theorem 3.20. (Extension Property for Boolean int-soft filter) Let ( 1 L) and (g, L) be two
int-soft filters of L such that f(1) = g(1) and f(x) C g(x) for all x € L. If (f, L) is Boolean,
then so is (g, L) .

Proof. Assume that (f, L) is a Boolean int-soft filter of L. Then f(z V 2*) = f(1) for all z € L.
It follows from the hypothesis that

glava’) 2 fleva®) = f(1) = g(1). (3.15)

Combining (3.15) and (3.3), we have g(x V 2*) = g(1) for all € L. Hence (g, L) is a Boolean
int-soft filter of L. O

For any soft set < 1, L> over U, let (g, L) be a soft set over U in which

=U{kﬁlf<an>

(3.16)

a1,ag,: - 7an€L

—>(---—>(a2—>(a1—>x))--~):1,}
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for all z € L. Let a,b,xz € L be such that a < b — x. Take ay,as, -+ ,a,,b1,bs,--- ,b,, € L such
that
an — (= (aa = (@ — a))--+) =1,
by = (v = (by = (b = b)) ---) =1,
gla) =) fla),
k=1
g(b) =) ;)
j=1
Then
by = (- = (by = (ap = (- = (ag = (a1 = x))--+))) -+ ) =1,
and so

Hence (g, L) is an int-soft filter of L by Theorem 3.4. Since x — x = 1 for all x € L, we have
f(x) C g(z) for all z € L. Thus (§, L) contains (f, L) . Let (71, L) be an int-soft filter of L that
contains ( f , L> . Then

N
CI(: -

Nz ap = (- = (ag = (e = x)) -+ ) =1,
{Ofan ai,ag, -+ ,a, € L }

ﬁ ap = (o= (ag = (g = x)) -+ ) =1,
k=1 a1, g, - - 7an€L

h(z) = h(z

N

by Corollary 3.5, that is, (g, L) is contained in (7@, L) )
We summarize this as follows:

Theorem 3.21. For any soft set (f, L> over U, the soft set (g, L) over U in which
Uy

for all x € L s the least int-soft filter of L that contains (f, L> .

(-~-—>(a2—>(a1—>x))«-~):1,}

ay,Q2, - - 7an€L
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CONCLUSION

Based on the soft set theory, we have introduced the notion of (Boolean) int-soft filters in
MTL-algebras, and have investigated several properties. We have discussed characterizations of
(Boolean) int-soft filters, and have provided a condition for an int-soft filter to be Boolean. We
have established the extension property for a Boolean int-soft filter. We have also constructed
the least int-soft filter containing a given soft set. Future research will focus on applying the
notions and contents to other types of filters in related algebraic structures, and on studying it
again by using Boolean algebra instead of P(U).
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Abstract. The purpose of this paper is to introduce the concept of total asymp-
totically nonexpansive mappings and to prove some A-convergence theorems of it-
eration processes with errors to approximating a common fixed point for four total
asymptotically nonexpansive mappings in hyperbolic spaces. The results presented
in the paper extend and improve some recent results announced in the current lit-
erature.
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1 Introduction and preliminaries

Most of the problems in various disciplines of science are nonlinear in nature, whereas fixed point
theory proposed in the setting of normed linear spaces or Banach spaces majorly depends on the
linear structure of the underlying spaces. A nonlinear framework for fixed point theory is a metric
space embedded with a ’convex structure’. The class of hyperbolic spaces, nonlinear in nature, is a
general abstract theoretic setting with rich geometrical structure for metric fixed point theory. The
study of hyperbolic spaces has been largely motivated and dominated by questions about hyperbolic
groups, one of the main objects of study in geometric group theory.

Throughout this paper, we work in the setting of hyperbolic spaces due to Kohlenbach [1], defined
below, which is more restrictive than the hyperbolic type introduced in [2] and more general than
the concept of hyperbolic space in [3].

A hyperbolic spaces is a metric space (X,d) together with a mapping W : X2 x [0,1] — X
satisfying

(i) d(u, W(z,y,a)) < ad(u, x) + (1 — a)d(u, y);

(i) d(W (2,9, ), W (2,5, 8)) = | — Bld(z, )

(111) W(Lt, yva) = W(y,x, (1 - a));

(iv) dW(z, z, ), W(y,w, @) < ad(z,y) + (1 — a)d(z,w)
for all u, z,y, z,w € X and «, 8 € [0, 1] (see also [4]). A nonempty subset K of a hyperbolic space X
is convex if W(z,y,«) € K for all z,y € K and « € [0,1]. The class of hyperbolic spaces contains
normed spaces and convex subsets thereof, the Hilbert open unit ball equipped with the hyperbolic
metric [5], Hadamard manifolds as well as CAT(0) spaces in the sense of Gromov (see [6]).

*The corresponding author: hengyoulan@163.com (H.Y. Lan)
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A hyperbolic space is uniformly convex [7, 8] if for any r > 0 and € € (0, 2] there exists J € (0, 1]
such that for all u,z,y € X, we have

d(W (z,y, %), u) < (1-=9)r,
provided d(z,u) <7, d(y,u) < r and d(z,y) > er.

A map n: (0,400) x (0,2] — (0, 1], which provides such § = n(r,€) for given r > 0 and € € (0, 2],
is known as a modulus of uniform convexity of X. We call 7 monotone if it decreases with r (for
fixed €), i.e., Ve > 0, Vra > 11 > 0 (n(ra,€) <n(ry,e€)).

In the sequel, let (X,d) be a metric space, and let K be a nonempty subset of X. We shall
denote the fixed point set of a mapping T' by F(T) = {x € K : Tz = z}.

A mapping T': K — K is said to be nonexpansive if

d(Tz,Ty) < d(z,y), Vz,ye€ K.

A mapping T : K — K is said to be asymptotically nonexpansive if there exists a sequence
{kn} C [0, +00) with k,, — 0 such that

d(T"x, T"y) < (1 + ky)d(z,y), Vn=1lxz,y€ K.

A mapping T : K — K is said to be uniformly L-Lipschitzian if there exists a constant L > 0
such that
d(T"z, T"y) < Ld(z,y), Vn>1l,z,y€ K.

Definition 1.1 A mapping T : K — K is said to be ({sn}, {&n}, p)-total asymptotically non-
expansive if there exist nonnegative sequences {u,}, {&.} with pu, — 0, & — 0 and a strictly
increasing continuous function p : [0, 4+00) — [0, 4+00) with p(0) = 0 such that

d(T"z, T"y) < d(x,y) + pnp(d(z,y)) + &, V> 1,2,y € K.

Remark 1.1 From the definitions, it is to know that each nonexpansive mapping is an asymp-
totically nonexpansive mapping with a sequence {k, = 0}, and each asymptotically nonexpansive
mapping is a ({un}, {&n}, p)-total asymptotically nonexpansive mapping with &, = 0, and p(t) = ¢,
t>0.

The existence of fixed points of various nonlinear mappings has relevant applications in many
branches of nonlinear analysis and topology. On the other hand, there are certain situations where
it is difficult to derive conditions for the existence of fixed points for certain types of nonlinear
mappings. It is worth to mention that fixed point theory for nonexpansive mappings, a limit case
of a contraction mapping when the Lipschitz constant is allowed to be 1, requires tools far beyond
metric fixed point theory. Iteration schemas are the only main tool for analysis of generalized
nonexpansive mappings. Fixed point theory has a computational flavor as one can define effective
iteration schemas for the computation of fixed points of various nonlinear mappings. The problem
of finding a common fixed point of some nonlinear mappings acting on a nonempty convex domain
often arises in applied mathematics.

On the other hand, Zhao et al. [9] introduced a mixed type iteration for total asymptotically
nonexpansive mappings in hyperbolic spaces, and prove some A-convergence theorems for the itera-
tion process approximating to a common fixed point; Zhao et al. [10] consider convergence theorems
for total asymptotically nonexpansive mappings in hyperbolic spaces. Furthermore, Fukhar-ud-din
and Kalsoom [11] extended iterative process with errors to asymptotically nonexpansive mappings
in hyperbolic spaces, and obtained some convergence results.

Motivated and inspired by the above works, the purpose of this paper is to introduce the con-
cepts of total asymptotically nonexpansive mappings and to prove some A-convergence theorems of
iteration process with errors for approximating a common fixed point of four total asymptotically
nonexpansive mappings in hyperbolic spaces. The results presented in the paper extend and improve
some recent results given in [9-25].
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2 Preliminaries

In order to define the concept of A-convergence in the general setup of hyperbolic spaces, we first
collect some basic concepts.

Let {z,,} be a bounded sequence in a hyperbolic space X. For x € X, we define a continuous
functional (-, {z,}) : X — [0, +00) by

r(z,{z,}) = limsupd(x,x,).

n—so0
The asymptotic radius r({z,}) of {z,} is given by

r({zn}) = inf{r(z, {z,}) : z € X}.
The asymptotic center Ax ({z,}) of a bounded sequence {x,,} with respect to K C X is the set

Ax({zn}) = {z € X vz, {za}) <r(y, {zn}), Vy € K}

This is the set of minimizers of the functional r(-, {z,}). If the asymptotic center is taken with
respect to X, then it is simply denoted by A({z,}). It is known that uniformly convex Banach
spaces and CAT(0) spaces enjoy the property that 'bounded sequences have unique asymptotic
centers with respect to closed convex subsets’. The following lemma is due to Leustean [26] and
ensures that this property also holds in a complete uniformly convex hyperbolic space.

Lemma 2.1 ([26]) Let (X, d, W) be a complete uniformly convex hyperbolic space with monotone
modulus of uniform convexity. Then every bounded sequence {z,} in X has a unique asymptotic
center with respect to any nonempty closed convex subset K of X.

Recall that a sequence {z,} in X is said to A-converge to z € X if x is the unique asymptotic
center of {u,} for every subsequence {u,} of {z,}. In this case, we write A-lim, . 2, = = and
call z the A-limit of {z,}.

Lemma 2.2 ([27]) Let {a,}, {b»} and {w,} be sequences of nonnegative real numbers satisfying

Gpt1 < (1 + wn)an +bn, Vn2>1.

If >  w, < +o0 and Y02 b, < +oo, then lim,_,o a, exists. If there exists a subsequence
{an,} C {an} such that a,, — 0, then lim, . a, = 0.

Lemma 2.3 ([17]) Let (X, d, W) be a uniformly convex hyperbolic space with monotone modulus
of uniform convexity 7. Let € X and {«,} be a sequence in [a,d] for some a,b € (0,1). If {x,}
and {y,} are sequences in X such that

lim sup d(xy,, z) < ¢, limsup d(y,, z) < ¢,

n—oo n—00
lim d(W (2, Yn, an), ) = c
n— 00

for some ¢ > 0, then lim, o d(Zn, yn) = 0.

Lemma 2.4 [17] Let K be a nonempty closed convex subset of uniformly convex hyperbolic
space and {z,} be a bounded sequence in K such that A({z,}) = {y} and r({z,}) = ¢. I {ym} is
another sequence in K such that lim,,—co 7(Ym, {zn}) = ¢, then lim,,— 00 Ym = y.

3 Main results

In this section, we give our main results.

Theorem 3.1 Let K be a nonempty closed convex subset of a complete uniformly convex hy-
perbolic space X with monotone modulus of uniform convexity n. Let T; : K — K,i = 1,2, be
a uniformly L;-Lipschitzian and ({u?}, {1}, p')-total asymptotically nonexpansive mapping with
{ut} and {&} satisfying lim, ,oo p, = 0, lim, ,o, & = 0 and a strictly increasing continuous
function p® : [0,4+00) — [0,+00) with p’(0) = 0,i = 1,2, let S; : K — K,i = 1,2, be a uni-
formly L;-Lipschitzian and ({fif}, {€%}, p*)-total asymptotically nonexpansive mapping with {/}
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and {€/} satisfying lim, o fif, = 0, lim, 400 £, = 0 and a strictly increasing continuous function
Pt 1[0, 4+00) — [0,+00) with p*(0) = 0,4 = 1,2. Assume that F := ﬂ?zl(F(Ti) NF(S;)) # ¢, and
for arbitrarily chosen z7 € K, a new iterative approximating scheme {x,,} with errors is defined as
follows:

Tp+1 = (S?xnaW(Tlnyn7un’9’ﬂ1) Oén)7

Yn (52 Tn, (TQ T, Un, ng) Bn) (31)
where {an}, {Bn}, {Wm}, {on}s {Cn} {A\n} are sequences in [0,1] and {u,}, {v,} are bounded
sequences in K and 0,, =1— {22~ = 152 y Ony =1 — 1i7[3n = 15723,1 Let {ud}, {&8}, o, {ad},

{6, pt,i=1,2, {am}, {Bn}, {vn} {0}, {Cn} and {A,} satisfy the following conditions:

(i) Zn=1 fr, < 400, D07 fip, < oo, 307, & < oo, 30T 521 < 400, 30l M < +00,
S A < 400, 0 =1,2;

(ii) There exist constants a,b € (0,1) such that {a,} C [a,b], {Bn} C [a,b], {6n} C [a,}],
{¢n} C [a,b] and limy,—, o v, = a € [a, b];

(iii) There exist a constant M* > 0 such that p'(r) < M*r and p'(r) < M*r, r > 0,i = 1,2;

(iv) d(z,y) < d(S;z,y) for all z,y € K and i = 1, 2.
Then the iterative sequence {x,} defined by (3.1) A-converges to a common fixed point of F :=
N (F(T) 0 F(S)).

Proof. Set L = maX{Li,[A@,i = 1,2}, pp, = max{pl, fi,,i = 1,2}, and &, = max{ffl,éfl,i =1,2},
p = max{p’, p',i = 1,2}. By condition (i), we know that > > u, < +oo, >0, &, < +oo. The
proof of Theorem 3.1 is divided into three steps.

Step 1. We first prove that lim,,,~ d(x,,p) exists for each p € F.

For any given p € F, since T; and S;,7 = 1,2, are total asymptotically nonexpansive mappings,
by condition (iii) and (3.1), we have

d(Tn+1,p)
= d(W (ST @pn, W(T"Yn, tun, On, ), atn), p)
< 0 d(S7 T, p) + (1 — an)d(W(T{"Yn, un, On, ), p)
< anpd(STn,p) + (1 - an)(enld(TI"yn,p) +(1— 9n1)d(un»p))
< and(S1'@n, p) + ond(T7'Yn, p) + Ynd(un, p)
< apld(zn,p) + an(d(xmp)) + &l
+0u[d(Yns p) + pnp(A(Yn: p)) + €n] + Ynd(un, p)
< ap[(1 + pp M*)d(2n, p) + &0l
+0n[(1 + 0 M*)d(yn, p) + &n] + Ynd(un, p)
< an(1+ pn M*)d(20, ) + 0n(1 4 pn M*)d(yn, p)
FYnd(Un; ) + (n + 55)En, (3.2)

where

d(Yn, ) = d(W(S5wn, W(T3'n, v, On, ), Bn), p)
< Bnd(S3 %, p) + (1 = Bn)d(W (T3 T, v, Ony ), D)
< Bnd (S5 Tn, p) + (1 = B)[0ny d(T5 %, p) + (1 = Ony )d(vn, p)]
< Bnd(S3Tn, p) + Cud(15'n, p) + And(vn, p)
< Buld(@n, p) + pnp(d(zn, ) + &0
+Cnld(zn, p) + an(d(xmp)) +&n] + And(vn, p)
< (Bn + )X + pnM*)d(z, p) + &n] + And(vn, p)
= (Bn + Cu) (X + pn M*)d(2n, p) + And(vn; ) + (Bn + Cn)én
< (14 pnM*)d(0,p) + Apd(Vn, D) + En- (3.3)
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Substituting (3.3) into (3.2) and simplifying it, we have

d(Tpy1,p) < 6n(1+ pn MO)[(1 + pp M*)d(2n, p) + And(vn, p) + &5
Fan (1 + pnM*)d(xn, p) + Ynd(tn, ) + (n + 0,)n
= (an + 0p + Qpptn M* + 20, o M* + 6nuiM*2)d(xn,p)
¥ d(tn, p) + Ann (1 + pn M*)d(vp, p)
+an + 0n + 00 (1 4+ pn M™)]En
<1+ pn M* (an + 265 + S pin M¥)d(xn, p)
FYnd(tn, p) + Andn (1 + pn M*)d(vp, p)
+[1+ 6, (1 + p M™))ER
= (1 4+ wp)d(xn,p) + b, (3.4)

where wy, = pnM*(an + 20, + Snpin M*), by = Ynd(tn, p) + An0n (1 + pn M*)d(vy,p) + [1 4 6, (1 +

pnM*)|&,. Since D07 pn < 400, Yoo &y < 400 and condition (i),(ii), and {u,}, {v,} are

bounded sequences in K, it follows from Lemma 2.2 that lim,_, . d(z,,p) exists for each p € F.
Step 2. We show that

lim d(z,,T;x,) =0, lim d(z,, Six,) =0, i=1,2. (3.5)

n—oo n—oo

For each p € F, from the proof of Step 1, we know that lim,,_,~ d(z,,p) exists. We may assume
that lim,, o d(2n,p) = ¢ > 0. If ¢ = 0, then the conclusion is trivial. Next, we deal with the case
¢ > 0. From (3.3), we have

d(l/mp) < (1 + I’LTLM*)d(x’er) + /\nd(vnap) + & (36)
Taking lim sup on both sides in (3.6), we have

lim sup d(yn,p) < c. (3.7)

n—oo

In addition, since

d(Tlnynvp) < d(ymp) + an(d(yn,p)) +& < (1 + UnM*)d(yn;p) +én

and
d(S7Tn,p) < (1 + pnM*)d(2n, p) + &n,
we have
limsup d(T7'yn,p) < ¢ (3.8)
n— o0
and
lim sup d(S7 zn,p) < c. (3.9)
n—oo
Also

d(W(Tlnyna Un, O, )7p)
< ind(Tlnyn,p) + (1 - enl)d(unvp)

57L ’Yn
- 17 ns n>
1_and( 1Yy p)+1_and(u p)
< A(T} Y, p) + —d(un, ). (3.10)

1-5

Since Y07 Yn < +00, limy, 00 75, = 0, by boundedness of {u,} in K and (3.8), taking lim sup
on both sides in (3.10), we have

lim sup d(W (T{'Yn, Un, On, ), p) < c. (3.11)

n—oo
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By lim,, oo d(zn+1,p) = ¢, it is easy to prove that

lim d(W (ST @n, W (T Yn, tn, On, ), n), D) = C. (3.12)

n— 00

It follows from (3.9), (3.11), (3.12) and Lemma 2.3 that

lim d(ST@n, W(TT"Yn, Un, On,)) = 0. (3.13)

n—oo

Since

d(W(SIan, (Tl Yn, Un, nl) an)»p)
d(STTn,p) + d(ST T, Tnt1)
d(Siv.r,mp) + (1 - Oén)d(SIl.’L‘n, W(Tlnynauna 9n1))a

d(anrlvp)

<
<

with the help of (3.13), we have

liminf d(STxp,p) > ¢

n— oo

Combined with (3.9), it yields that

lim d(STx,,p) =c. (3.14)

n—oo

Since

d(@nt1,p) < nd(S7Tn,p) + 60 d(T1"Yn, p) + Ynd(un, p)
< and(ST 20, p) + 0n[d(Yn, ) + tinp(d(Yn, p)) + &nl
+Ynd(tn, p)
< apd(S7Tn,p) + 60 (1 + o M*)d(Yn, p) + Ynd(un, p) + 00
< and(S7Tn, p) + (1 — an) (1 + pn M™)d(Yyn, p)
+Yn (Um ) (1 70‘71)5717

we get

d(a?n+1,p) - O‘nd(SIanap)
1—a,

< (14 pn M*)d(yn, p) +

T
[ a, d(un, p) + &n-

By condition (ii), (3.12) and (3.14), we have

liminf d(y,,p) > ¢

n— oo

Combined with (3.7), it yields that
lgn d(yn,p) = c. (3.15)

By the same method and (3.15), we can also prove that

lim d(S5xn, W(T5 @y, vp, 0n,)) = 0. (3.16)

n—oo

It follows from virtue of condition (iv), (3.13), and (3.16) that

li_>m A( @, W(TT Yy U, Oy ) < li_>m A(ST @, W(TT"Yn, Un, On,)) = 0, (3.17)
and
Hm d(x,, W(T3'@n, vn, On,)) < lim d(S§ @, W(Ty @, Un,0n,)) = 0. (3.18)
n—oo n—oQ
6
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From (3.1) and (3.16), we have

d(yn, ngn) (W(ngm W(T2 Tn, Un, nz) Bn), Sy xn)
(1 )d(Sg$7HW(T2 xnavrueng)) — O
(as n — o0) (3.19)

and
A(TnsYn) = d(@n, W(T5 @0, Un, On,)) + d(S5 20, W (T3 20, V5, 0ny)) + d(S3 20, Yn).-

It follows from (3.16), (3.18) and (3.19) that

lim d(2,,y,) = 0. (3.20)

n—oo
This together with (3.17) implies that
A, W(TT @0, Uy, Oy )

S d(x’ﬂv W(T{Lyﬂn unv e’nl)) + d(W(T{Lyny un7 977,1)7 W(T{L‘rnv 'U,n, 977,1 ))
< d(SEn, W(Tlnynv Unp, 9”1)) + 0”1 d(Tlnyn’ Tlnxn)

§ d(i[n, W(TlnywmuTwenl)) +

T n Ld(yn,zn) >0 (n — 00). (3.21)
“a,

On the other hand, from (3.13) and (3.20), we have

d(STXp, W(TT @, i, Oy )
< d(S{LCEn, W(Tflym Unp, enl)) + d(W(Tflym U, 9n1)7 W(T{lxna Un,, anl))
< d(S{L(ﬂn, W(Tlnynauna onl)) + 9n1d(T1”yn,T1”$n)

On
< d(STn, W(TT"Yn, tn, On,)) + - Ld(yn,zn) =0 (n — 00). (3.22)

From (3.21) and (3.22), we have that

d(S7 T, Tp) < d(STTn, W(T{" T, tn, On,y )
+d(W(TT @y Uy Oy )y ) = 0 (0 — 00). (3.23)

In addition, since

d(Tnt1,Tn) =d(W(ST@n, W(TT"Yn, tn, On, ), Qn), Tn)
< @pd(ST@n, ) + (1 — an)d(W (T Yn, Uny Ony )y ),

it follows from (3.17) and (3.23) that

lim d(xpq1,2,) =0. (3.24)
n—oo
Observe that
d(xn, T ) < d(@n, W(T{ T, Un, Oy ) + AW (T 2, U, Oy ), T 00
< d(@n, W(T{' p, un, m)) (1-0, ) (T s un)
< d(x'ru W<T T,y Un, n1>)
T AT @0, 0) + (@, p) + d(un, ),
then
" 1—a, "
d(xn,Tl xn) S md(xn,W(Tl mn,un,em))
(@0, p) + d(un, ). (3.25)
—Op —Tn
7
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By boundedness of {u,} in K and condition (i), (ii) and lim, . d(zn,p) exists and (3.21),
(3.25), we have

lim d(x,,T'x,) = 0. (3.26)
n—oo

Similarly, we can also prove that
lim d(x,, T5'x,) = 0. (3.27)
n—oo

For all i = 1,2, now we know
d(x’ru T’zxn) S d(l‘n, xn-‘rl) + d(xn-‘rla T;n+1xn+1)
(T 2, T ) + (T, T,
<1+ L)d(zp, Tpi1) + d(@ny, En+1xn+1) + Ld(T{"wp, zy).

It follows from (3.24), (3.26) and (3.27) that

lim d(z,,Tiz,) =0, i=1,2.

n—00
By virtue of condition (iv), i.e.,
d(S1Zn, , W(I]' @y, Up, On, ) < d(ST 2, , W(T] @y, Un, O, ),
we have

d(l‘n, ) W(Tlnxn? u’n? 6711)) + d(Sl.TT“ b W(Tin'rn7 u’l’H 9711))
d(fEn, ) W(Tln‘rnd U, enl)) + d( {an’ ) W(T{L(E»,“ U, 9’111))7

from (3.21) and (3.22), which implies that

lim d(z,,S12,) = 0.

n— oo

By the same method, we can also prove that

lim d(z,, Sex,) = 0.

n—oo

Step 3. We shall prove that the sequence {z,} A-converges to a common fixed point of F :=
2
Mi=1 (F(T3) N F(S5)).
In fact, for each p € F, lim, o0 d(2y,,p) exist. This implies that the sequence {d(z,,p)} is
bounded, so is the sequence {z,}. Hence, by virtue of Lemma 2.1, {x,} has a unique asymptotic

center Ax({z,}) = {}.
Let {uy} be any subsequence of {x,,} with Ax({u,}) = {u}. It follows from (3.5) that

lim d(up, Tiu,) = 0. (3.28)

n—oo

Next, we show that u € F(T;), for all i = 1,2. For this, we define a sequence {2} in K by
2l = Tmu, for all i = 1,2. So we calculate

d(zfm Up)
< d(T™u, T up) + ATy, Tim_lun) + -+ d(Tiun, )

< d(u, up) + pmp(d(u, un)) + &n + Z A(TFup, TF V)
k=1

< (L i M) d(t,un) + & + > d(TFun, T Huy). (3.29)
k=1
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Since T; is uniformly L-Lipschitzian, it follows from (3.29) that
d(zpn,1n) < (1 i M)d(u, wn) + & + mLd(Titin, un).

Taking lim sup on both sides of the above estimate and using (3.28), we have

r(zfn, {un}) = hm_)sup d( ,Un)
n o0
< (1 + pm M) limsup d(u, up) + &
n— o0

= (1 + pm M) (u, {un}) + &m,

and so

limsup 7(z;,, {un}) < r(u, {un}).
m— o0
Based on Ax({u,}) = {u} and the definition of asymptotic center Ax({u,}) of a bounded
sequence {u,} with respect to K C X, we have

r(u, {un}) <r(y,{un}), VyeK.

This implies that

lim infr(zfn, {un}) > r(u, {us}).

m— 00

Hence, we have

w}gnoo T(ZZm {un}) = T(ua {uﬂ})

It follows from Lemma 2.4 that lim,, oo z = u, namely, lim,,, oo T/"u = u. As T; is uniformly
continuous, so that Tyu = T;(limy, oo T u) = hmmﬁoo T,Lmﬂu = u. That is, u € F(T;). Similarly,
we also can show that u € F(S;), for all i = 1,2. Hence, u is the common fixed point of T; and
S;, for all i = 1,2. And we want to show x = u, suppose = # u, by the uniqueness of asymptotic
centers,

lim sup d(uy,, u) < lim sup d(uy,,
n—oo n—oo

(tn, )
< limsup d(xy, x)
n—oo
< lim sup d(xy, u)
n—oo
= lim sup d(tn, u),

n—oo

a contradiction. Thus we have = u. Since {u,} is an arbitrary subsequence of {z,, }, A({u,}) = {z}
for all subsequence {u,} of {x,}. This proves that {z,} A-converges to a common fixed point of
F = ﬂle(F(Ti) N F(S;)). This completes the proof. O

The following theorem can be obtained from Theorem 3.1 immediately.

Theorem 3.2 Let K be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexity n. Let T; : K — K,i=1,2, be a
uniformly L;-Lipschitzian and ({Mn} {€1}, p*)-total asymptotically nonexpansive mapping with { un}
and {&!} satisfying 11r11n_><>o pl =0, lim,_, & = 0 and a strictly increasing continuous function p*
[0, 400) = [0, +00) with pi(0) = 0,i =1,2, let S; : K — K,i = 1,2, be a uniformly L; Llpschltman
and asymptotlcally nonexpansive mapping with {k?} C [0, +00) satlsfymg lim,, o0 k%, = 0. Assume
that F := ﬂi:l( (T;) N F(S;)) # ¢, and for arbitrarily chosen x; € K, {z,} is deﬁned as follows:

LTn+1 = W(SILQWN W(Tlnyna Unp, enl) an)7
Yn = W(S;xnv W<T2 Tn,Un, n2) Bn) (330)
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where {an}, {Bn}, {m} {0n}, {0}, {/\n} are sequences in [0,1] and {u,}, {v,} are bounded
sequences in K and 0, =1— 12— = ﬁ, O, =1— 1)‘% 19;3”. Let {ui}, {&}, pb, {KE},
i=1,2, {an}, {Bn}s {1}, {n} {Cn} and {\,} satisfy the following conditions:

(1) Zn 1 Py < F00, Zn 1£n < too, Zn 1]% < +0o0, Zn 1M < +00, Zzo:1>‘n < +oo,
i=1,2;

(ii) There exist constants a,b € (0,1) such that {a,} C [a,b], {8.} C [a,b], {on} C [a,b],
{¢u} C [a,b] and limy, o vy = a € [a, b];

(iii) There exist a constant M* > 0 such that p'(r) < M*r, r > 0,i =1,2;

(iv) d(z,y) < d(S;z,y) for all z,y € K and i = 1,2.
Then the sequence {z,} defined by (3.30) A-converges to a common fixed point of F := ﬂ?:l (F(T;)N
F(51).

Proof. Take pi(t) =t,t >0, éfl =0, it = k', i=1,2, in Theorem 3.1. Since all the conditions
in Theorem 3.1 are satisfied, it follows from Theorem 3.1 that the sequence {z,} A-converges to a
common fixed point of F := ﬂ?zl(F(Ti) N F(S;)). This completes the proof of Theorem 3.2. |

Theorem 3.3 Let K be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexity n. Let T; : K — K, = 1,2, be a
uniformly L;-Lipschitzian and ({ﬂn} {€0}, p*)-total asymptotically nonexpansive mapping w1th {un}
and {£!} satisfying hmnﬁoo pl =0, lim, o & = 0 and a strictly increasing continuous function p*
[0, 400) = [0, +00) with pi(0) = 0,i =1,2,let S; : K — K,i = 1,2, be a uniformly L; L1psch1t21an
and abymptotlcally nonexpansive mapping with {k} C [0, +00) satlsfymg lim,, o0 kY, = 0. Assume
that F := ﬂi:l( (T;) N F(S;)) # ¢, and for arbitrarily chosen x; € K, {z,} is defined as follows:

Tnt+1 = W(Silxanlnynvan)u
Yn = W(ngmTanmﬁn)a (3.31)

where {a,,} and {3,} are sequences in [0,1]. Let {u%}, {€5}, pb, {ki}, i = 1,2, {an}, {Bn} satisfy
the following conditions:

(1) oy, < 400, Yool & < 400, 307 ki, < 4005

(ii) There exist constants a,b € (0,1) such that {a,} C [a,b], {Bn} C [a,b], lim, yeo v, = @ €
[a, b];

(iii) There exist a constant M* > 0 such that p'(r) < M*r, r > 0,i =1,2;

(iv) d(z,y) < d(S;z,y) for all z,y € K and i = 1,2.
Then the sequence {z,, } defined by (3.31) A-converges to a common fixed point of F := ﬂ?:l (F(T;)N
F(S5)). 4 N -

Proof. Take p'(t) =t,t>0,&, =0, i}, =k, i=1,2 and 7, = A\, = 0 in Theorem 3.1. Since
all the conditions in Theorem 3.1 are satisfied, it follows from Theorem 3.1 that the sequence {z,}
A-converges to a common fixed point of F := ﬂ?zl(F(Ti) N F(S;)). This completes the proof. O

Theorem 3.4 Let K be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexity n. Let T; : K — K,i = 1,2, be
a uniformly L;-Lipschitzian and ({,un} {€8}, p')-total asymptotically nonexpansive mapping with
{ut} and {fl} satisfying lim,, o pf, = 0, lim, 0 &, = 0 and a strictly increasing continuous
function p’ : [0, +00) — [0, 4+00) with p(0) = 0,i = 1,2, Suppose that F := ﬂ?:l F(T;) # ¢, and
for arbitrarily chosen x1 € K, {z,} is defined as follows:

Tn1 = W(xn;Tlnyn; an)a
Yn = W(Ina Tznxna Bn)a (332)

where {a,,} and {3,} are sequences in [0,1]. Let {ul}, {&.}, o', i = 1,2, {an}, {Bn} satisfy the
following conditions:

() 2 i, < o0, 52, £ < +oo;
(ii) There exist constants a,b € (0,1) such that {a,} C [a,b], {Bn} C [a,b];
(iii) There exist a constant M* > 0 such that pi(r) < M*r,r > 0,i=1,2.
Then the sequence {x,} defined by (3.32) A-converges to a common fixed point of F := ﬂle F(T;).

10
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Proof. Take v, =\, =0and S; = 1,7 = 1,2 in Theorem 3.1. Since all the conditions in Theorem
3.1 are satisfied, it follows from Theorem 3.1 that the sequence {z,} A-converges to a common fixed
point of F := ﬂ?zl F(Ty). O

Remark 3.1 The results of Theorems 3.3 and 3.4 improve the corresponding results in Theorem
2.1 of [9] and Theorem 7 of [10], respectively.
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SOME OSTROWSKI TYPE INTEGRAL INEQUALITIES FOR DOUBLE
INTEGRAL ON TIME SCALES

WAJEEHA IRSHAD, MUHAMMAD IQBAL BHATTI, AND MUHAMMAD MUDDASSAR*

ABSTRACT. Weighted montgomery identity on time scales for functions of two variables
is established. Corresponding discrete and continuous versions of montgomery identities
for functions of two variables are obtained. By using the obtained weighted montgomery
identity on time scales, an Ostrowski type inequality for double integrals on time scales is

pointed out as well.

1. INTRODUCTION AND PRELIMINARY RESULTS

The Ostrowski type inequality, which was originally presented by Ostrowski in [14],
can be used to estimate the absolute deviation of a function from its integral mean.
In [6], Bohner and Matthews derived the Montgomery identity on time scales and es-
tablished the following Ostrowski inequality on time scales, which unifies and extends

corresponding discrete [7], continuous [13] and other cases.

Theorem 1. Let a,b,s,t € Twitha < b f : [a,b] = R be a differentiable function with

the property that, M = sup, -, | fA(t)| < oo, induces

b
ft) — (bia)/ flo(s)As| < %+(h2(f,&)+h2(f,b)) (1.1)

is the best possible in the sense that rightside cannot be replaced by a smaller quantity.
Where h(.,.) is defined by definition (6) below.
2. TIME SCALE ESSENTIALS
During the past decades, with the development of the theory of differential and integral

equations as well as difference equations, a lot of integral and difference inequalities have

Date: September 15, 2014.
2010 Mathematics Subject Classification. 26D10, 26D15, 39A12.

Key words and phrases. Ostrowski Inequality, Weighted Montgomery Identity, Time Scales.
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been discovered e.g., and the references therein, which play an important role in the re-
search of boundedness, global existence, stability of solutions of differential and integral
equations as well as difference equations. On the other hand, Hilger initiated the theory
of time scales as a theory capable to contain both difference and differential calculus in a
consistent way. Since then many authors have expounded on various aspects of the theory
of dynamic equations on time scales including various inequalities on time scales. The
existence of a derivative at a point in a time scale depends on the type of the point itself,
because time scale may not be connected. Points are classified according to two major

operators, the forward jump operators and the backward jump operators.

Definition 1. For an arbitrary time scale T, the forward jump operator, o : T — T, is
defined to be

o(t)=inf{seT:s>t}
If the set of all points in T that are larger than t is empty, then inf¢ = supT.

If T has a maximum t, then o (t) = t.

The backward jump operator, p : T — T, is
p(t) :==sup{s e T:s <t}

If the set of all points in T that are less than t is empty, then sup¢ = in fT.
If T has a minimum t, then p(t) = t.

Definition 2. Using these two operators for t € T, the point can be classified in the
following manner; t is right-scattered if o(t) > t, t is right-dense if o(t) = t, t is left-
scattered if p(t) < t, t is left-dense if p(t) = t, t is isolated if it is left- and right-scattered:
p(t) <t < o(t)andt is dense if it is both left- and right-dense p(t) =t = o(t) fort € T.

Definition 3. The graininess function, i : T — [0, 00), is defined to be

p(t) = o(t) —t

The graininess function essentially describes the step size between two consecutive points
in T. Oftentimes the differences in results obtained from discrete and continuous calculus

stem from the different value of the graininess function evaluated at a given point t.

Definition 4. The derivative in time scale calculus, called the delta derivative, determines

the rates of forward change over a time scale. For a function f : T — R andt € T, the
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delta derivative of f att, f2(t), is defined to be the number, when it exists, where for any

given € > 0, there exists a neighborhood U of t such that

|[f(o(t)) = F(s)] = FADo(t) — ]| < elo(t) — s 2.2)

is true for all s € U. Here, TF = T \ {m} when T has a left-scattered maximum m,
otherwise, T* = T[1]. Since the delta derivative definition involves the forward jump
operator, if the time scale has a left scattered maximum m, then one cannot jump past this
point. Therefore, this point is removed from the set of points used to determine the delta
derivative. However, if the time scale does not contain such a left-scattered maximum, then
T* is equivalent to the time scale.

Take T = R, then o(t) =t, u(t) = 0, > = f’ is the derivative used in standard calculus.
IfT =7 0(t) =t+1, ut) =1, f> = Af is the forward difference operator used in

difference equations.

Theorem 2 (Properties of the Delta Derivative). f : T — R be a function and t € T* as
defined above. For such a function, the following properties hold:

(1) If f is delta differentiable at t, then f is continuous at t.

(2) Ift is right-scattered and f is continuous at t, then the delta derivative of f, f=,

is defined as follows

(3) Ift is right-dense, then the delta derivative at t is as follows (if and only if the limit
exists as a finite number)

fA(t) = lim f(t) — f(S)

s—t t—s

(4) If f is delta differentiable at t, then

Flo(t)) = f(t) +u(t) f2(2)

(5) If T =R, then the delta derivative is f'(t) from continuous calculus.
(6) If T = Z, then the delta derivative is the forward difference, Af, from discrete

calculus.

Definition 5. If F2(t) = f(t) for all t € T, then F(t) is said to be anti-derivative of
f(t) and f(t) is said to be delta integrable provided that f(t) is rd-continuous. The cauchy
integral of f(t) is defined by [” f(t)A(t) = F(s) — F(r).
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Theorem 3. Let f, g be rd-continuous, a,b,c € T and o, 5 € R, then
M) [l(af(t) + Bg)At = a [l WAL+ B [) g(t)At
@ [7f(6)AL=— [ f(t)At
G) [CFOAt= [P FRAL+ [ F(H)AL
@ [7 (1) g> () At = f(b) g(b) — f(a) gla) — [} FA(1) glo () At

Theorem 4. If f is A-integrable on [a,bl, then so is | f|, and

/abf(t)At

Let Ty, T9 be two time scales. Let o;, p; and A; be the forward jump operator, the

b
< / F()|A

backward jump operator and the delta differentiation, respectively on T;, for ¢ = 1, 2. Let
a,b € Ty, ¢,d € To, witha < b, ¢ < d. [a,b) and [c, d) are the half-closed bounded

intervals in Ty and T respectively, and a “rectangle” in T; x Ty by
R = [a,b) X [¢,d) = {(t1,t2) : t1 € [a,]),t2 € [¢,d)}

Let f be a real valued function on Ty x Ts. This function f is said to be rd-continuous in
ty if a; € Ty, then function f is real valued function on Ty x Ts, this function f is said to
be rd-continuous in ¢ if a; € Ty, then f(aq,t2) is rd-continuous on Ty. CC,.4 denotes

the set of functions f(ay,t2) on Ty x Ty, having the properties:

(1) f isrd-continuous in ¢; and t5.
(2) If (x1,x2) € Ty x To with z; right dense and z right dense, then f is continuous

at (.%'17.%‘2).

Definition 6. Let gy, hy : T2 — R, k € Ny be defined by go(t,s) = ho(t,s) = 1 for all

s,t € T and then recursively by

t
ge+1(t, ) = / g (0(7),8) ATVs, t € T (2.3)

t
hgt1(t,8) = [ hgp(o(7),s)ATVs, t € T (2.4)
3. MAIN RESULTS

Lemma 1 (Weighted Montgomery Identity on Time Scales). Ler g : [a,b] — [0,00),
G : [c,d] — [0,00) be rd-continuous and positive and h : [a,b] = R, H : [¢,d] — R be
invertible and differentiable, such that g(t,) = h™*(t1) on [a,b] and G(ts) = H?2(ty).
Leta,b,s1,t1 € Ty, ¢,d, 83, ta € Ty witha < b,c < d,
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1= %) h(a) + 5 (b)), B=h""((1-%)h(b) + § h(a)),
C=H" ((1 - g) G(e) + gﬂ(d)), D=H" ((1 - g) G(d) + §H(c))

f i la, b, x [e,d]r, — Ris AyA, differentiable. Then for all s1 € [A, B),s2 € [C, D],

0<a,p <1, we have

*f(s1,52)
W(ty,t A1s1A
// 1,02,51, 82 A151A252 151252

(@~ 5(@) {ui0)~ (1= 5) o)+ 5p() 000 Flad)+ 0. 0)

Fhl@) + Sh(®) {(1 = B)H(Q) + (8 = VH()} (f(a.tz) + f(b,12))

(§H<c> n §H<d>) (L= a)h(B) + (@ — Dh(@)} (F(tr.c) — (11, d))
(a

(L= a)h(b) + (= 1)h(a)) (1 = BYH(d) + (8 — 1) H(c)) f(t1,t2)
b
+ [H(c) - ((1 — g) H(c) + gH(d))} / h'(s1)f(o(s1),c)A1s1

~[mea - ((1-5) mo+ 5r@)] [ wonsow
[ 60 (0~ @) + (o D) St o052 Ao

[ {(n@ — (1 5 h@) + 300)) } S o) 2ass
/ H'(s2 {(h ( Y h®) + Sh@)) )} 16,0 (52)Aas

b
/ h/ 81 81 (SQ))Alsl} Ag(tg)

\
Ja
;

where
h(s1) — ((1 — §)h(a) + %h(b)) ,  S1€Ja,t1)
h(s1) — (2h(a) + (1 — (b)),  s1 € [tr,b]
Wi(ty,t2,81,82) =
(i ) H(sy) — ((1 ~ 5)H(c) + gﬂ(d)) . sp€ e ta)
H(ss) — (gﬂ(c) +(1- g)H(d)) . 52 € [ta,d]

Proof. Let’s start with

/ / W tl t2 S1, 82 a f(Sl S2)A181A282
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_ / tl/ctz{h(sl )~ ((1-5) har+ S nm)} {H(SQ)— <<1— f) H(c) +§H(d)>}
o amamas [ {10~ ((1-5) e+ S0))
{H( )— <(1 _ g) H(d)+ gH( ))} aAlfs(lAzsjAlslAng

(o (o5 o GV
)

|
WD Loy (1) s ) } Lot g2 aotel] o,
o [ {0 (- 2w+ Sh)y [{me - (1-2) e+ S}
8f£ t)_{H( _((1_5 H(e)+2 af(sllsjlc) /:jq,( 2@“(5;;( 2))]A2$
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- {H(C) - <(1 - g) H(c) + gH(d)ﬂ { [h(tl) - (1 - %) h(a) — %h(b)] F(t1,¢)
~ [ha) (1= ) hta)— Sh(1)] f(a0) - /atlh’(sl)f(a(sl),c) Alsl}
- [ {0 - (1 )00 = S00)] £ 1.062) — [pia) ~ (1 3)

h(a) — %h(b)} f(a,0(s2)) — / 1 W (s1)f (o(s1),0(s2)) Alsl} As(s2)

(67

- {H(tg) - <(1 - g) H(d) + §H(c)>} {[h(sl) - (1 - %) h(a) — §h(b)} F(t1,t2)

(07

- / ij<32> { [t = (1= 5) h@) = SR®)] 1 (11, 0(52)) = [(a) = (1= 5 ) ()

o] Q

) - (1= 5 ) 1o + 5@ | { (b - (1= ) 00 - 1@ s
— [ty - y% h(b)—%h(a)} f(t tg)/tbh’(sl)f(osl,tQ)Alsl}

[re - (1-3)
- [H(C) - ((1 - g) H(c) + §H<d))] {[h(tl) - (1 - %) h(b) — %h(a)] F(b,¢)
(1-3)
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{H(d) - ((1 - g) H(d) + gH(C))] {[h(b) - (1 - %) h(b) — %h(a)] F(b,d)
. o~ [ h'(snf<a<s1>,o<sz>mlsl}
- [h(y) - ((1 - §> H(d) + SH(C)H {[h(b) - (1 - %) h(b) — %h(a)] F(byt2)

«

-/ (s ()~ (1 = ) o)+ 20) )1 1,000} [pa)-(1 - 2 )b

[e%

H<c>) ()= ((1=5) 1®) + Sh(@)) ) (F(b. )~ F(a, d)+£(b. )

) h'(s1)f (o(s1),t2) Arsy

- / " H/(52) (1 = 0) (@) + (o= 1) A1) £ (t,0(52)) Dass

[ 1o { (0 (1-3) o+ 510)) s ot 205
+ / " H(s) { / " W(s0)f (0(s1), 0(s2)) A} Ao(s2)

O

Remark 1. When T = R

b rd 2
// W(t17t2751,82)d f<81’82)d181d282

dys1d2s2

~ (5 -5 ) {10~ ((1-5) o)+ §h@) } 706,00~ 0. )+ £0.0)
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+ (Fh@) + Sh0)) {0 = B) H(e) + (8 = 1) H(@} (f(a,t2) + F(b.12)
+(5HO + SH@) (0= @)h®) + (o~ D) (01,) = S22,
(1= @) h(b) + (= 1) Al@)) (1= B H(d) + (8= 1) H(©)) S (11, 12)
b
+ [H(c) - <<1 - g) H(c)+ gH(d))] / h'(s1)f(s1,c)d1s1
b
— |:H(t2) — ((1 — g) H(C) + gH(d)>:| /LL h/(Sl)f(Sl,tg)dlsl

d
_/ H'(s5) (1 — 0) h(a) + (o — 1) h(B)) f(tr, 55)das

/ H(s3) ~((1-5) na) + Sh0)) )} £, s2)oso

/ H'(s9 {/ (s1) f(81782)d181}d2(t2)

Remark 2. T =7

b—1 d—1

SN Wty ta, s1,52)

—(Sata)-5(0)) {n)- ((1-5) 1)+ 30@) } (7000~ e ) +£0.)
+ (Sh(@) + ShO) {(1 = B) H(e) + (8= 1) H(@)} (F(a,t2) + F(bi12)

it (1= 2) e+ )] 5 wnst s

S1=a

+ H {(r@) = ((1-5) bla) + 5h0))) } Fasta + 1)

b
+ H/ 82 {/ h/ Sl)f(tl +1,t2+1)}

S1=a S2=cC
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Remark 3. By taking h(s1) = s1, H(s2) = so, we obtain

// Wit A1S1A282)A 18252 = (1-0a) (1-6) (b=a)(d—c) f(t1, t2)
a B
a)(dC){(lﬂ)Q[f( 2) + F(b12)] + 5 (1= ) [f(tr, ) + f (b, d)]}
20— U0+ Sad) + 500}~ D) [ 17 ot
+f (o( FAs =5 / {f (a,0(t) + f (b, o ()} Mgty

+Alf

Theorem 5. Under the conditions of Lemma, if {2122 € Lo ((a,b)t, x (c,d)r,), with
h(s1) = s1, H(s2) = so, then we have

(1-0) (1-8) (b= a)(d — ) f(t1.t2) + (b~ a)(d = ©) [ (1=B) 5 [F(a ) + F(bit2)]

£ (1-0) (flr. O+ (0, @ﬂ+j§w @)(d— ) {7 (b.) + [(a,d) + [ (b.d)}
f o [ 1ot D} Bisi — /{f(
[f(b &)~ f(a.d)F(b.0) + f(a )]
Lo ( }At+//f ) Brs1Bzss— (b—a)2(d—c)2

[h(f +Hh< e ) o) o)
o A e A O
e e ey R R N I
D) ) )
257 o) (onerey ) taeney?)ats) o]
(e z><<h (pamet53) o a5 (55 0-0)
i (1 (o5 sara5t) o (e (10-0%7))
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(i) (et o)
O e e

where

T(f)= /ab /Cd F2(s1,52)A2s2A151 — Wl(d—c) (/ab /Cd f(81782)A282A1S1>2

Proof. From the definition of W (ty, t2, $1, $2), and taking h(s1) = s1, H(s2) = sa, we

obtain

b rd b d
//W(t17t2751782)A282A181=/ Wl(tl,Sl)Alsl/ Wy(ta, s2)Aasy

b _ b _
[l etz o (59
a 2 t] 2
ta _ d _
/ {52 (c+o¢d C)}AgSng/ {52 <dad C>}A252
c 2 ta 2
b—a b—a b—a b—a
= |:h2 (tl,a+a2> —ho (a,a+a2>+h2 <b,ba 3 >h2 (tl,ba2):|

x [hz (tz, c+a¥> —hy <c, c—&-oz%) thy (d, d—ad;c) —hy (t2, d—adgcﬂ

and

X

b pd b d
/ / W2(t1,ta, 51, 52)A2s2A1 51 :/ W12(t1a51>A13/ W3 (ta, s2)Azss
t1 _ 2 b _ 2
AL b e o 59 o
a 2 t1 2
to d* 2 d d* 2
X {/ [52 — (c—O—ozC)} JAGED +/ {52 — <d—a C)} ACED
c 2 to 2
b b—a b—a
:[/a {s%—Z(a—&—aQ) <81—<a+a 3
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t13—a? b b—a b—a b—a\?>
_u . —2(a—|—a2> |:h2 (tl,a+a2)—hg(a,a—i—aQ)}—(a—i—a2) (t1—a)
b3 —t3 b b—a b—a b—a\>
A AU PR PR A
_'t2—_c 2 C_A'_OZM h2 t27c+aﬁ _h2 c,c—&—a;c
3 2 2 2
d?— t3 d—c d— —c
92 il g g
47 (d (@5 2 ) |:h2 (d d—o 9 ) hz (tg,d (65 B )

Furthermore, we have

b pd b rd
1
// [W(tth’Shsz)_(b—Q)(d—c)// W(t17t2;51752)A232A151 AgsoA1sy

0% f(s1,52) f(s1,82)
b _ ) A A
A151A98 —a)(d—c) / / AysiAgsy 2525151
0*f(s1,5
// w f1,t2,81752)Af9(1i2822) A282A181—(b7/a ) W (t1,t2, 51, 52)AssoA1s1

Sla 82
——— =2 A5 A
/ / A151A25 252515

9? f(817 52) [f(bv d)_f(a" d)_f(b’ C)+f(aa C)]
/ / W t17t2781,82) AlslAQSQ A282A181— (b—a)(d—c)

b rd
X / / W (t1,t2,51,52)Aas2A151
a C

On the other hand

b pd 1 b pd
/a/c [W(t1,t2751,32)—MM/GA W(t13t2a31752)A2$2A151

y 32f(81782)_ // f(s1,82)
AlSlAQSQ 7CL 70 . A181A252

AgsaAgsy

ACYIYANER
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S W(tl,tg,...) — m/ / W tl,tQ,Sl,Sg)A282A1S1

Pr(,) / / f(s1,52)
AlsAgt (b — a — C A181A2$2

1
2] 2

//W t1,t2,81,52)A282A151*ﬁ //Wt1,t2,81,82)A292A181
2

// 0°f(s1,52) 2_ 1 /b 407 f(s1,59)

A1$1A282 (b — a)(d — C) a c AlSAQSQ

)
// W23( t17t2781,82)A252A181— // Wt1,t2,81,32)A282A181>
s [T(,

N|=

[
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The Henstock-Stieltjes integral for fuzzy-number-valued
functions on a infinite intervall

Ke-feng Duan*
College of Mathematics and Statistics, Longdong University, Qingyang Gansu, 745000, P.R. China

Abstract: In this paper, the Henstock-Stieltjes integral for fuzzy-number-valued functions on a infinite
interval which is an extension of the usual fuzzy Riemann-Stieltjes integral on infinite interval is firstly
defined and discussed. Several necessary and sufficient conditions of the integrability for fuzzy-number-
valued functions are given by means of the Henstock-Stieltjes integral of real-valued functions on infinite
interval and Henstock integral of fuzzy-number-valued functions on infinite interval.

Keywords: Fuzzy numbers; Fuzzy Henstock integral; Stieltjes integral

AMS subject classifications. 26E50; 28E10.

1 Introduction

Recently, in order to complete the theory of fuzzy integrals and to meet the solving need of the fuzzy
differential equations [1-3], fuzzy integrals of fuzzy-number-valued functions have been studied by many
authors from different points of views, including Nanda [4], Wu et al. [5] and other authors [6-9]. As an
extension for Riemann integral and Lebesgue integral, the Stieltjes integral plays an important role in
probability theory, stochastic processes, physics, econometrics, biometrics and numerical analysis[10-13]
in the Mathematics analysis. In fact, the establishment of the Stieltjes integral was related to the moment
of inertia in physics [14]. Until 1909, Riesz presented a general expression for the linear functional of
the space of the continuous functions in a finite interval by Stieltjes integral [15]. After Riesz’ work,
people find that the Stieltjes integral is a powerful tool in several branches of mathematics. In the
fuzzy analysis, in 1968, Zadeh defined the probability measure of a fuzzy event by using the Lebesgue-
Stieltjes integral of the membership function [16]. It is well known that the notion of the Stieltjes
integral for fuzzy-number-valued functions was originally proposed by Nanda [4] in 1989. In 1998, Wu
[17] discussed and defined the concept of fuzzy Riemann-Stieltjes integral by means of the representation
theorem of fuzzy-number-valued functions, whose membership function could be obtained by solving a
nonlinear programming problem, but it is difficult to calculate and extend to the higher-dimensional
space. In 2006, Ren et al. introduced the concept of two kinds of fuzzy Riemann-Stieltjes integral
for fuzzy-number-valued functions [18,19] and showed that a continuous fuzzy-number-valued function
was fuzzy Riemann-Stieltjes integrable with respect to a real-valued increasing function. To overcome
the limitations of the existing studies and to characterize continuous linear functionals on the space of
Henstock integrable fuzzy-number-valued functions, in 2014, the concept of the Henstock-Stieltjes integral
for fuzzy-number-valued functions is defined and discussed, and some useful results for this integral are
shown [20].

The expectations of fuzzy random variables were investigated by M. L. Puri and D. A. Ralescu in
1986 [21]. It well known that the notion of a fuzzy random variable as a fuzzy-number-valued function
and the expectation E(X) of a fuzzy random variable X was defined by a fuzzy integral E(X) = [ X
or set-valued integral of X [21]. In 2007, the concept of the fuzzy Henstock integral on infinite interval
is proposed and discussed in order to solve the expectation E(X) of a fuzzy random variable X which
distribution function has some kinds of discontinuity or non-integrability [7]. In this paper, the Henstock-
Stieltjes integral for fuzzy-number-valued functions on infinite interval which is an extension of the usual
fuzzy Riemann-Stieltjes integral on infinite interval is firstly defined and discussed. Several necessary
and sufficient conditions of the integrability for fuzzy-number-valued functions are given by means of the

tThe work is supported by the Natural Scientific Fund of Qingyang City (2j2014-10)
* Tel.:4+8618293439829, E-mail: kfduanldu@163.com

928 Ke-feng Duan 928-937



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Ke-feng Duan: The Henstock-Stieltjes integral for fuzzy-number-valued functions on a infinite interval

Henstock-Stieltjes integral of real-valued functions on infinite interval and Henstock integral of fuzzy-
number-valued functions on infinite interval.

2 Preliminaries

Fuzzy set @ € E' is called a fuzzy number if @ is a normal, convex fuzzy set, upper semi-continuous
and supp u = {x € R | u(z) > 0} is compact. Here A denotes the closure of A. We use E' to denote the
fuzzy number space [22].

Let @, 9 € E',k € R, the addition and scalar multiplication are defined by

[G+ 0]\ = [a]x + [0]x,  [ka]x = K[d]y,

respectively, where [a]y = {z : u(z) > A} = [u},u], for any A € [0,1].

We use the Hausdorff distance between fuzzy numbers given by D : E' x E' — [0, +00) as follows
[22]:

D(i,5) = sup d(fix [7]x) = sup max{luy — o3|, [uf — vf [},
A€[0,1] A€[0,1]

where d is the Hausdorff metric. D(u,?) is called the distance between @ and o.

Lemma 2.1 [22]. If & € E', then

(1) [a]x is non-empty bounded closed interval for all A € [0, 1];

(2) [a]x, D [a]y, for any 0 < A1 < A2 < 1

(3) for any {\,} converging increasingly to A € (0, 1],

(@, = [

Conversely, if for all A € [0, 1], there exists Ay C R satisfying (1) ~ (3), then there exists a unique
@ € E' such that [i]y = Ay, A € (0,1], and [@]o = Une,11[@x C Ao.

Definition 2.1 [7, 20, 23]. R denote the generalized real line, for f defined on [a, +oc], we define
f(+00) =0, and 0 - (+00) = 0.

Let § : [a,+00] — R be a positive real function. A division P = {[z;_1,%;];&} is said to be d-fine,
if the following conditions are satisfied:

(DNa=z¢p <21 < ... <xp_1 =b< xp=400;
(2)§l € [xi—laxi] - O(fz),l = 1727 s 1
where O(&;) = (& — 0(&),& +0(&)) fori=1,2,...,n — 1, and O(,) = [b, +00).

For brevity, we write T' = {[u, v]; £}, where [u, v] denotes a typical interval in T" and ¢ is the associated
point of [u,v].

Definition 2.2. Let « : [a,+o0] — R be an increasing function. A function f : [a,+00] — R is
Henstock-Stieltjes integrable with respect to a on [a, +00] if there exists a real number I such that for
every € > 0, there is a function §(x) > 0 on [a, +00] such that for any d-fine division T" = {[z;_1, xi]; &} g,
we have

1> FE)lala) — a(zia)] — I <e.
i=1

As usual, we write (HS) fjoo f(z)da =1 and (f,«) € HS[a, +0].
_ Recall, also, that a function f: [a,b] — E!is said to be bounded if there exists M € R such that
| f(x)]| = D(f(x),0) < M for any x € [a,b]. Notice that here || f(zo)| does not stand for the norm of E'.

3 The fuzzy Henstock-Stieltjes integral on infinite interval and its properties

In this section we shall give the definition of the Henstock-Stieltjes integral for fuzzy-number-valued
functions on a infinite interval.

Definition 3.1. Let « : [a,+00] — R be an increasing function. A fuzzy-number-valued function
f (x) is said to be fuzzy Henstock-Stieltjes integrable with respect to a on [a, 00| if there exists a fuzzy
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number H € E' such that for every € > 0, there is a function §(z) > 0 on [a,+00] such that for any
d-fine division T = {[z;_1, z;]; & }}-,, we have

foz _O‘(:El l)] ﬁ)<5

We write (FHS) [ f(z)da = H and (f,a) € FHSa, +00].
The definition of f € FHS(—o0,a] is similar. Naturally, we define f € FHS(—o0,400) iff f €
FHS(—o00,a] and f € FHS[a,+00), and furthermore

“+00

- LI oo
(FHS)/ f(z)dda = (FHS)/ f(x)dda—i—(FHS)/ f(z)ddo.

—0o0

Remark 3.1. It is clear, if f (x) is a real-valued function then Definition 3.1 implies the definition of
(H S) integral on infinite interval introduced by [20]; if a(x) = x, then Definition 3.1 implies the definition
of (FH) integral introduced by Gong et al. [7].

Remark 3.2. From the definition of the fuzzy Henstock-Stieltjes integral and the fact that (E', D)
is a complete metric space, we can easily obtain the following conclusions. 3

Theorem 3.1. Let « : [a, +00] — R be an increasing function. A fuzzy-number-valued function f is
fuzzy Henstock-Stieltjes integrable with respect to « on [a, +00] if and only if for every € > 0, there is a
function &(x) > 0 on [a, +00] such that for any d-fine division T' = {[u,v]; £} and T" = {[u’,v'];£'}, we

have
DY F©)law) — a@)], Y FE)]aw@) —a)]) <e.
T T’

Theorem 3.2. Let « : [a, +00] — R be an increasing function and let f : [a,+00] — E'. Then the
following statements are equivalent: ~ 3

(1) (f,a) € FHS[a,+00] and (FHS) [ f(z)da = A;

(2) for any A € [0,1], f; and fy are Henstock-Stieltjes integrable with respect to a on [a, +00] for
any A € [0, 1] uniformly (§(z) is independent of A € [0,1]), and

+oo —+00

+oo
(FES) [ f@)daly=[(HS) [ fi (2)da, (HS) /0 5 (2)dal.

a a

(3) For any b > a, f € FH|a,b], lim f f(z)de as a fuzzy number exists and

b—4o00

Jim / " Fa)da = / ™ Fa)da

b—+oo J,

Proof. First we prove that (1) is equivalent to (2).
(1) implies (2): If f+oo z)da = A, then given ¢ > 0, there exists a positive-valued function d(z) on
[a, +00] such that for any 0— ﬁne division of [a, +o0] : T' = {[x;—1,x;]; &}, we have

D(Z Fé)(alzi) — a(zi)), A) <e

l.e.

sup max({]| Zf §i)(a(xi) — alzia))]y — AXT, HZ Flé) (@) — alzim))]f — AT} <,

A€[0,1]

so for any A € [0, 1] and any d—fine division T = {[x;_1, z;];&; }, we have

foz i) — a(xi-1))] __A |—|Zf)\ (&i)(a(zi) — ol 1))_A;|<57
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I[Z Fé)(ala:) — alwi1)){ — A| =] Z I (&) (a(@) — a(zim1)) — AY] <e.

Thus, f; and f, are Henstock integrable uniformly with respect to A € [0,1] on [a, 4+00), and

Ay =] / ™ fo(@)da, / ™ P (2)dal.

Conversely, since f, and fy are Henstock integrable uniformly with respect to A € [0,1] on [a, 4+00),
then given € > 0, there exists a positive-valued function §(z) on [a, +oc] such that for any d—fine division
T = {[zi-1,xi]; &}, and for any A € [0, 1], we have

|Z i G)azi) —a(zia)) — AY| <e, (0.1)

| Z I (&) (alzi) — alzio1)) — A{| <e. (0.2)

We can prove that the class of closed intervals {[A}, A{]: A € [0,1]} determines a fuzzy number. In fact,
[A}, AY] satisfies the conditions of lemma 2.1.

(1) Since fy (z) < f(z), A €[0,1], then Ay < AY, ie. [A}, Af]is a closed interval, A € [0,1],

(2) Forany 0 < A\; < Ay <1,

Fan @) < fi (@) < £ (2) < £ (2).

This implies

+oo +oo +oo

fy, (@)da < /+OO [ (@)da < f/{;(ac)da < f;rl (z)da.

a a a

That is, [A} , AT ] D [A},, A%
(3) For any {\,} increasingly converging to A € (0, 1],

([f @), = [f(@)]x,
n=1
(U, @), 1 @) = 15 (@), 13 ()]
n=1
That is
lim_fy (2) = fy (@), lim () = £} (2)
Note that

This implies
0< fy (@) = fo (@) < f (z) = fo (2),0 < £ (@) = fif (2) < fif (2) = fif (@)

By the non-negativeness and Henstock integrability of f;” — f, fJ — f7, we know that f; — fo s fJ —ff
are Lebesgue integrable (refer to [9]). Hence f; (z)— fq (2), f;n (z) — f{ (x) are Lebesgue integrable, and

+00 +oo
[ @) - Sy @da = [ @)~ Sy @)da,
+o00 +oo
Jm [ @) - e = [ @) - S @)da.
That is
+o0 +oo +oo +o0
7};120 [y, (@)da = / f;(m)da,nli_)rgo/ f;\rn(x)da = ().
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o
Thus, Ol[A;n,Aj\'n] = [A;,A;\F].

Combining the inequality (1) and (2) we obtain
D(Z(a(%‘) —a(zi-1)f(&), A) <e,
ie. .
feFH[a,—i—oo),/ f(x)da = A.

We'll prove that (i) is equivalent to (iii) as follows.

(1) implies (3): Let € > 0. Suppose f € FHJa,+00). There exists a positive-valued function § on
[a, +00] such that

~ +oo
D(Y F€alw) ~ alwin)). [ )<

for any d—fine division of [a, +00] : T' = {[x;—1, x;]; & }11. On the other hand, by the Cuachy Rule about
f € FHla,b] (refer to Th 2.3 of [24]), then f € F'H|a,b] for any b > a. There is a positive-valued function
91 on [a,b] such that for any d;—fine division of [a,b] : T' = {[z;—1, z;]; &}, we have

_ b
DY f€) ala:) - alaio)) / f<e

We may assume that 6; < ¢ for any & € [a, b]. Then

+oo b 5
DY / 7. / 7
a ] a +Oo ) ] b ) ]
< D(Y F(&)(aw:) — alwi-)), / H+ DY (&) (alm) — alwi)), / 7) + D(F(+o00)ullb, +00))

<e+e =2

Hence

lim / " Fla)da = / ™ Fa)da

b—+o00

(3) implies (1): Let ¢ > 0. Choose a sequence a = by < by < by < ...,bp T +oo. Since f €
FH[bg_1,b;],k =1,2,3, ..., there exist d; such that

by
D( Y fOw-uw, [ ) <e2

[br—1,bk] br—1

for any 0;—fine division on [bg_1,bx],k = 1,2,3,.... Suppose blim fab f(x)doa = A. Choose N such that
—>+00

b > by which implies D(f;7 f(x)da, A) < /2.
Define

516(5)7 56 (bk—labk)ak: 172731"'7
(br), Or41(br) E=bp,k=1,2,3,..

d1(£), € € [bo, b1),
6(§) = {
min(dx
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For any d—fine division P = {[x;_1,x;]; &} satisfies i = 1,2,...,n, O(&,) = [b, +00) and b > by, we have

D(Z fé)(alzi) — alzi-1), A)

—+00
<e/2+) e/2P =2

k=1
Hence, f € FH[a,+o0) and
b _ +oo
lim / f(z)da = f(z)dzx

b—+c0 J,
The proof is complete.
_ Theorem 3.3. Let a : [a,+00) — R be an increasing function such that a € C'a, +o00) and
f : [a,+00) — E' be a bounded fuzzy-number-valued function. Then f is fuzzy Henstock-Stieltjes
integrable with respect to a on [a,400) if and only if fo' is fuzzy Henstock integrable on [a,400).

Furthermore, we have
—+00

+oo ,
(FHS) / fada=Fm) [ f@)e @,

where (F'H) integral denotes the fuzzy Henstock integral introduced by Wu et al. [5].
Proof Since f : [a,+00) — E' is bounded on [a, +00), SUPze[a,400) D(f(x),0) exists. Continuity

of & on [a,b] implies uniform continuity on [a, b] for any b > a. Hence, for each e > 0, there exists 7 > 0

such that c

3 SUPze[a,400) D(f((l)), 6) ’ (b - CL)

for any z,y € [a, b] satisfying |z — y| < . Choose a positive-valued function d;(x) on [a,b] with §;(z) < n
for all = € [a,b]. Let T = {[z;_1,2;]; &}, be a d;-fine division on [a,b], then by Lagrange mean value
theorem, there exists Z; € [x;_1, ;] such that

o (2) —a'(y)] <

!

a(z;) — a(zi—1) = a (Z;) (a(x;) — a(zi-1)), (I1<i<n).
Since |Z; — x;| < d1(x;) < n for 1 < i < n, we have

€
3 SUPzela,400) D(f(x)7 ()) ’ (b - CL)

for 1 < ¢ < n. Hence, for any 0;-fine division 7' = {[z;—1, z;]; &} on [a,b], we have

o (@;) — o ()] <

D(Zf(&)[a(fri) a(wi-1) Zf &)a (&)(a(zi) — a(wi-1)))

=D Zf 5, z - 377, 1 Zf f@ z Z) - O[(ﬂ?i_l)))
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= Z sup max{|fy (&)’ (2:) — a (€I, |3 (&)l (#:) — &' (&)][Ha(zs) — afwion))

i— 1/\6[0 1]

<Yl (€l (a) — alri1) s max{lfy (€)]156)])

A€[0,1]

<(b—a)- - - sup D(f(x),0
) e DE@0) (=) a0
<§. (%)

On the other hand, since f is fuzzy Henstock-Stieltjes integrable with respect to « on [a, +00), by Theorem
3.1, there is a function da(z) > 0 such that for any do-fine division T' = {[u,v];¢} and T" = {[u’,v']; £’}

on [a,b], we have
D(Y_ F(©)law) - a()], Y- FE)la() - a)) < <.
T/

T
Define §(z) on [a,b] by d(x) = min{di(x),d2(x)}. Then for any o-fine division T = {[u,v];¢} and
T {[“/,U/];ﬁl} on [a,b], we have

DY (&) (©)(w—u), > (€)' (€)' —u))
T T

*m

Hence, fo is Henstock integrable on [a, b] for any [a, b] by Theorem 2.3 of [5], and by above formula (*),
we know that

b b
(FHS) / F(@)da = (FH) / F@)a (z)dz.

Applied Theorem 3.1, fa' is Henstock integrable on [a, +00).
Conversely, if fo' is Henstock integrable on [a, +00), then by Theorem 2.3 of [5], for each e > 0, there
is a function d3(z) > 0 such that for any ds-fine division T = {[u,v]; £} and T = {[u’,v'];¢'}, we have

DY F(©)a @ — ), S FE€)a' (€ —u)) <
T T

Define é(x) on [a,+00) by 0(z) = min{d;(x),d3(z)}. Then for any d-fine division T = {[u,v];£{} and
T = {[u',v'];€}, we have

Wl m
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Hence, f is fuzzy Henstock-Stieltjes integrable with respect to a on [a, +00).
In the following part, we will prove the equation (FHS) fa+oo fda = (FH) fa+oo fa'dz. For any
division T :a =29 < 1 < 9 <, -+ ,< x, = b, according to the Lagrange mean value theorem, we have

a(z;) — a(zi—1) = a (Z;) (a(x;) — alzi-1)), (Ti1 < T < x5).

This implies

That is

The proof is complete.

Theorem 3.4. Let o : [a,+00) — R be an increasing function such that o € C'[a, +00), |’ (x)| < M
and f = 0 a.e. on [a,+00) (i.e. f(x) = 0 on [a,+00) except a Lebesgue zero measure set). Then
(f,a) € FHS[a,+00) and (FHS) ["° f(z)da = 0.

Proof. Since a(z) € C'[a,+00), and |o(z)] < M for all z € [a,+00). By Lagrange mean value
theorem, there exists £ € [x;—1,x;] such that

alwi) — azi1) = o () (@) — alzia1)) < M(a(z;) — alzi1)).
Let S = {x|f( ) # 0} and for each positive integer n, set S = |J S, C [a,+00), where S, = {z|n — 1 <
D(f(x),0) < n},n =1,2,3,---. For every ¢ > 0 and a positive integer n, choose an open set G, such
that S, C G, and pu(G,) < 57w Define é(z) on [a, +-00) by

5z) = 1, x € [a,+00)\S,
| 6(z), such that (z —d(z),z+d(z)) C Gp,z € Sp,n=12,---.

For any d-fine division T = {[x;_1, z;]; &}, we have

+oo - _
D(/ F2)da,0) = DY Felae) — om0l + Y F€)latw) — alzi1)),0)

&ies &i€la,+00)\S
Zféz _a xz 1 ZD _O‘(xl 1)]76)
5163 &es
<M D= alz ) < M
;52 (aes) ~ 1)) < ZZ T

= E.

The proof is complete.
Remark 3.3. Let a: [a,+0o0) — R be an increasing function and « € C'a, +00), and | (x)] < M.
If f(x) = g(x) a.e. on [a,+0o0) and (f, ) € FHS[a,+00), then (g, a) € FHS[a,+00) and

+oo +oo
(FHS) / F@)da = (FHS) / 3(z)da.

Using Theorem 3.4, naturally, we have the following conclusion. ) .
~ Theorem 3.5. Let «: [a,+00) — R be an increasing function. If f(z) = 0 a.e.s. on [a, +00) (i.e.
( ) = 0 on [a,+00) except a a-Lebesgue-Stieltjes zero measure set), then (f,a) € FHS[a,+00) and
f+°° z)da = 0.
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4 Conclusion

The aim of this paper is attempt to extend the theory of the fuzzy Henstock-Stieltjes integral on

a infinite interval, we firstly define and discuss the Henstock-Stieltjes integral for fuzzy-number-valued
functions on a infinite interval. On the other hand, the integrability of the fuzzy Henstock-Stieltjes
integral on a infinite interval are also shown and discussed. In the future, we shall consider the continuity
and the differentiability of the primitive for the fuzzy Henstock-Stieltjes integral on a infinite interval, the
quadrature rules for the fuzzy Henstock-Stieltjes integral on a infinite interval, the convergence theorems
for sequences of the fuzzy Henstock-Stieltjes integrable functions on a infinite interval, and so on.
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1 Introduction and preliminaries

1882, P.L. Cebysev [7] prove that, if f/, ¢’ € Lso[a,b], then

1

= (0= @/ llocllgloc (1)

IT(f,9) <

where for two functions f, g : [a,b] — R, the functional

b b b
Tﬁg)zbia/"ﬂxm@Mx—<bia/.NMMJ<bfa/’mmm>, (12)

and || - ||co denotes the norm in Lo [a, b] defined as || f||cc = ess sup |f(t)].
te(a,b]

In 1935, G. Griiss [13] showed that

1
T, 9)] < (M = m)(N = n), (13)
provided m, M,n and N are real numbers satisfying the conditions,
m< f@) <M, n<gle)<N, (1.4)

for all € [a,b], where T(f,g) is as defined by (1.2).

In 1938, Ostrowski [19] proved the following integral inequality:

Let f: I — R, where I C R is an interval, be a mapping that is differentiable in the interior of I (IntI),
and let a,b € Intl, a <b. If |f'(t)] < M, Vt € (a,b), then,

<

b
‘ﬂm—fa/fww

i + 21 (b—a)M, (1.5)

for all € [a, b].

During the past few years, many researchers have given considerable attention to the above results and
various generalizations, extensions and variants of these inequalities (1.1), (1.3) and (1.5) have appeared in
the literature, see [1, 2, 3, 6, 8, 9, 11, 12, 16, 17, 18, 20, 21, 22] and the references cited therein. Find new

*Corresponding author.
Email:1z790821ks@126. com (Z. Liu) and wgyang0617@yahoo.com (W. Yang)
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inequalities in the multidimensional cases still an interesting problem. In [4, 10], the authors proved the
double integrals Montgomery identity:

b d b pd
f(x,y):ﬁ/a f(t,y)dt—kﬁ/c f(x,s)ds—ﬁ//f(t,s)dtds

// (,0)Q(y, s )65(8 %) dtds, (1.6)

where f : [a,b] X [¢,d] — R is differentiable, the derivative 628];(5;8) is integrable on [a, b] X [¢, d], and the Peano
kernels P(x,t) and Q(y,z) are defined by

t—a s—c
—, a<t<z c<s<y
P — b—a> - =" — d—c’ — ’
(x,t) { %’ z<t<b and Q(y,S) Z:CCl7 yS5<d
Furthermore, Guezane-Lakoud and Aissaoui [14] established new extension of the weighted Montgomery

identity (1.6) for functions of two independent variables, then obtained new Cebysev type inequalities.

For the sake of convenience, some definitions and propositions are cited on g¢-integral as follows. Some
details see [5, 15].

In what follows, ¢ is a real number satisfying 0 < ¢ < 1.

Definition 1.1 ([5]). For an arbitrary function f(x), the ¢-differential is defined by (dq f)(x) = f(qx) — f(z).
In particular, dyx = (¢ — 1)x. g-derivative is defined by
dof(z) _ flgz) — f(2)

(Dgf)(x) = dgx = (g—Dz (Dqf)(0) = :ligl()(qu)(x)'

Clearly, if f(x) is differentiable, then lim,_,;- (Dgf)(z) =

(Dgf)(@) = f(z) and (Dgf)(z) = Do(Dy~'f)(z), neN.

Definition 1.2 ([5]). Suppose 0 < a < b. The definite g-integral is defined as

o0

/ F(tdgt =2(1—q) S flaq™q", = € [0,b]. (L.7)
n=0
and
b b a
/af(x)dqx:/o f(ac)dqxf/o f(z)dqx. (1.8)

Similarly as done for derivatives, an operator I/ can be defined, namely,

(Igf)(x) = f(z) and (I3 f)(z) = I,(I3 7" f)(x), neN.

The definite ¢-integral defined above is too general for our purpose of studying inequalities. For example,
if f(x) >0, it is not necessarily true that fab f(x)dgx > 0.

From now on, we will use a special type of the definite g-integral, which we will call the restricted definite
g-integral. Throughout all the paper, we will use the following notations:

cj=0bg’, for je{0,1,---,n}, a=c,=>bq"

Definition 1.3 ([7]). Let 0 < ¢ < 1,b> 0, and n € Z*. The restricted g-integral is defined as fbbqn f(z)d,z.

939 Zhen Liu et al 938-948



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

The following formula readily follows from (1.7) and (1.8):

n—1

/f dz—/ fo dm—l—qbzquq 1-q) Y cif(e).

J=0

Note that the restricted integral fa f(z)dgx is just a finite sum, so no questions about convergency arise. It

is easy to check that
b
| Pty = 10 - @),
Obviously, if f(z) > g(z) on [a,b], then f: f(x)dyx > f: g(z)dgz. If 0 < k < n, then

/abf(x)dqx _ / f(m)dqm—l—/cjf(x)dqx

The following is the formula for the g-integration by parts:

b
/ F(2)(Deg)(@)dgz = [f(2)g(x)]E — / 9(q2)(Dy f) () dge

Cauciman [15] gave g-integral Griiss’s inequality as follows: Assume that (1.4) holds, then

— / ’ fw)gla)dyr - (bl / bf(w)dqx> (bla / bg@)dqx)

1
< (M —m)(N —n).

Assume that w : [a, b] — [0, c0) satisfying f x)dgx = 1. Set W(t) = f(f w(z)dgz for t € [a,b],

for t < a, and W(t) =1 for t > b. We give welghted g-integral Peano kernel P, (z,t) defined by

[ W@,  ast<ws

Then the following weighted g-integral Montgomery identity holds: (see [23])

b b
f(z) = / w(t) f(qt)dgt + / Po(,)(Dg ) (1) dt

In 2011, Yang [23] obtained the following inequalities:

T(w, £,9)| < | Daf | Dagl / o) H (qr)dye

and

b
700, £,9) < 5 [ w@lota)|1Daf ]+ 7)1 Dag ) H go)d,

where || - || as |[[h]| = sup,¢(q4 [(t)| for h € Cla, b],

b b b
T(w, f,g) = / (@) (q2)g(qz)dyz — ( / w(x)f(qx)dqx> ( / w(x)g(qx)dqx>,
b
(@) = [ 1Puler0ldst

and

for all x € [a,b].

W(t) =0

Motivated by the results mentioned above, by using weighted g-integral Montgomery identity for functions

of two independent variables, we establish some new weighted g-Cebysev type inequalities for double integrals.

Furthermore, weighted g-Ostrowski type inequalities for double integrals are also given.
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2  Weighted ¢-Cebysev type inequalities for double integrals

Assume that w : [a,b] — RO [0,00) and u : [¢,d] = Ry satisfying f z)dg,x = fd u(y)dg,y = 1, where
0 < q,q2 < 1. Set W(t ftw (z)dg,x for t € [a,b] and U(s) = f:u(y) Yy for s € [c,d], so we have
W(a) = U(c) = 0 and W( ) = U(b) = 1. We give the following weighted ¢-integral Peano kernels P, (z,t)

and Q,(y,t) defined by

_ <t<u, [ U(s), c<s<y,
Pw(xat)_{ W(t)—L $§t<b and Qu(yas)_{ <d. (21)

We use the following notations to simplify details of the presentation. Let f (¢ ts ) and 85“’? be partial
q qo ¢

g-derivative on ¢ and s, respectively. For some suitable functions w : [a,b] — Rg, uw : [¢,d] — Ry and
fr9:Q=1a,b] X [c,d] = R, we set

T(w,u, f,g) / / flaz, 2y)9(q1, g2y)dg, xdg, y

—/ / w(z)u(y)g(aiz, g2y) (/abw(t)f(qlt,qzy)dqlt> dg, wdg,y
/ / 9(q17, ¢2y) (/Cd U(S)f(Q1$7Q2S)dq2S> dg, xdg,y
(/ / flaiz, q2y)dg xdq2y> (/ / 9(qiz, Q2y)dq1wdq2y>

and define || - [| as [[h]| = sup(; 4)eq |h(E, s)| for h € C(Q,R).

Theorem 2.1. Let f: Q — R, w: [a,b] = Ry and u : [c,d] — Ry satisfying f;w(x)dqlx = fcdu(y)dqzy =1,
then

b
Faay) = / w(t) f(art, y)dy, t + / w(s) (&, 4a8)dyy s / / F(@rt, a25)dy tdgys

// o (2 6)Qu (1, 5 )5% ) dotdys, (2.2)

for (z,y) € Q, where the weighted g-integral Peano kernels Py (x,t) and Q. (s,y) are defined by (2.1).

Proof. According to the weighted g-integral Peano kernels P, (z,t) and @Q,(s,y) and the proof of Theorem 1
in [23], we obtain

bopd df(t,s) B Bf (t,s)
/a /C Pw(x’t)Qu(%S)dqltd%sdqltd%s_/ (z,t) (/ Quly,s dqltdq2 ————dg,s | dg,t
_ /”p o.8) (aﬂuw_ /du(s>wwdq ) ot
a Y , dlht (& dlht : '
b d b
/ Pw(:v,t)a{; t)d t—/ u(s) </ Pw(x,t)‘wcqut> dy,s

b d b
= (f(w,y)—/ w(t)f(qlt,y)dq1t> / u(s) <f(fv q25) — / w(t) fqit, qzs)dq1t> dgy

b
=f(z,y) */ w(t) f(qit, y)dqlt*/ u(s) f(x, gas dqszF/ / flat, QQS)dqltdqzs-
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Thus we have

b
e = [ et dat+ [ uos s — [ [ wOuo s ms, .
of(t,s)
(2,t)Quly, 8) =———dg, tdg,s,
/ / dihtdqz
and this completes the proof. O
Theorem 2.2. Let f,g: Q2 — R, w: [a,b] = Ry and u : [c,d] — Ry satisfying f z)dg, x = fcd w(y)dg,y =
1, then
af(t,s) g(t, s) / /
T < dg, xd 2.
| (wauvf>g)| = ‘ dqltdqgs ’ dqltdqzs (I1$ QZZ/) qrr qzya ( 3)
where

b d
H(z.y) = / / 1P (2, )Qu (s 8)|dy tdy .

Proof. Since the functions f and g satisfy the hypothesis of Theorem 2.1, the following identities hold:

b
fag) = [ (o) flant. eyt + / u(s)f(t, 25 / / F (@t q25)dy s
of(t,s)
" / / Pu(wQuly. ) 1 L du s, (24)
and
b
g(x,y):/ w(t)g(qlt,y)dqlt+/ u(s)g(x, g28) dqQS—/ / 9(qut, q28)dg, tdg, s

//P (@ 0Qu(09) 7 ( )dqltdq2s (2.5)

Due to the above two inequalities (2.4) and (2.5), we have

b d

f(qlm,qzy)=/ w(t)f(Q1taQ2y)dq1t+/ u(s) f(q1z, g25)d / / flait, qas)dy, tdg, s
of(t,s)
Po(q17,)Qu g2y, dy,tdg,s, (2.
+/a / (12,1)Qu(qy S)dqltd%s atdg,s, (2.6)
and

b

glarr.aay) = [ w(Og(art o)yt + / w(3)9(012> 42)dgy5 — / / 9t 425)dg, by

dg(t, s
+/ / Pw(qlxat)Qu((hy,S)dgid ldqltdqzs. (2.7)
a Jc q1v%q2

Multiplying (2.6) by (2.7), we obtain

(f(qquy)—/abU)(t)f(qquy)dqlt—/c u(s)f(qz, g2s dq25+/ / flart, qu)dqltdq28>
x <g<q1x w)= [ " wlt)olant )t — / u($)g(@1,425)dyy s + / / glait, qgs>dq1tdq2s>
</ / w0 (@12, 1) Qu(q2y, s )ZJ{EZ; dg, tdg > (/ / w(@12, 1) Qu(g2y, )mdqltdqﬁ)
5
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Consequently,

b d
flaz, @ey)g(az, 2y) — f(arz, qw)/ (t)g(q1t,qzy)dq1t—f(qlx,qu)/ u(s)g(q17, g25)dg, s

C

b
flarz, qay / / g(qit, g25)dy, tdg, s — (qlx,qzy)/ w(t) f(q1t, gay)dy, t
b b d
T / W) (@1t 429 / wOglant )t + [ w(t) ot ae)dt [ u(0)g(are,025)ds
b d
—/ w(t)f(q1t, g2y)d / / g(aqit, Q2S)dq1tdq28—9(Q1fU7Q2y)/ u(s)f(q1z, g25)dg, s
d d d
+ [ w2 / w9t )t + [ u(s) (e, a25)d,,s / w($)9(@12, 425)dgy 5
_/ ( ) qQ17, qu dqzs/ / Q1t Q2S)d<htdqzs+g((hw q2Y / / )f((ht q28)dQ1tdQ28
—/ w(t)g(q1t, g2y dqlt/ / flqit, g28)dg tdg, s — / / flqit, q2s)dy tdg, s
></ u(s)g(q1x, gas dq23—|—/ / flq1t, gos dqltdqzs/ / g(qut, q28)dg, tdg,s

(/ / Py (q12,t)Qu(q2y, )5f§28 dg, tdg,s ) (/ / w (@12, 1) Qu(ga2y, )89(2?,5) dqltdq,_,s> (2.8)

d¢h td% s

Multiplying both sides of (2.8) by w(x)u(y), then g-integrating the resultant identity over €, we get

T(w,u, f,g) / / [(/ / w(q12, 1) Qu g2y, )Md td 8)

q177"q2
dg,tdg,s

(/ / w(q12,1)Qu(q2y, )j id )d \tdg >1dq1xdq2y'

Finally, using the properties of modulus we observe that

2 [ ([ s
x (// |Pw(qll‘at)Qu(Q2y,s)|dq1tdq2s>]dqla:dqzy

of(t,s)

dy tdy s ‘ / / (012, q2y)dg, wdg,y.

This completes the proof of Theorem 2.2.

Theorem 2.3. Let f,g: Q2 — R, w: [a,b] = Ry and u : [c,d] — Ry satisfying f T)dg,x = fd w(y)dg,y =
1, then

C
1 b d
\T(w,uvag)léi/ / w(x)u

« (lo(ar

where H(x,y) is defined in Theorem 2.2.

af(t,s)
dg, tdg,s

dg(t, s)
dlh tdqzs

T(w,u, f,9)] < \

dg(t, s)
dg, tdg,s

O

)

S

t,s)

dtds

)H@lm,qu)dqlxd@% (2.9)

2
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Proof. Multiplying both sides of (2.6) and (2.7) by w(z)u(y)g(q1z, g2y) and w(z)u(y) f(q1z, g2y), adding the
resulting identities and rewriting, we have
w(z)uly

(Q1SU7 Q2y)9(6h$7 Q2y)
d

b
<w<x> (W)e(nz, ¢29) / w(t) f (a1t g29)dy t + w(@)u(y)g(ar, a21) / () f (1, 425)dgo s

C

\f

1

=3
b

w(@)u(y)g(nr, g2 / / (a1t 025) gy tdgy s + w(z)u(y) f (01, g2) / w(t)g(art, @)yt

+w(@)u(y) f(@1z, g20) / u(9)9(q12, 428)dgy s — w()u(y) F(ar, gy / / olart, QQS)dqltdqz>

Cc

1 bpd of(t,
t3 <w(af)u(y)g(qlx7q2y)/ / Pw(qmt)Qu(qu,S)dfid *) dg,tdg,s
a c q1 ‘I2s

b d
+w(x)u(y)f(q1x,q2y)/ / Pu(q17,t)Qu(q2y, )jgid )dqltdqz ) (2.10)

Q-integrating both sides of (2.10) with respect to = from a to b and y from ¢ to d and rewriting we have

T(w,uf,qg) (/ / 9(q17, g2y) (/ / Py(q1z,t)Qu(g2y, )5f(d )dQItdq2 )dmxdqzy
dg(t, s)
Po(q12,t)Qu(qoy, dg,tdg,s | dg,zdg,y | . (2.11
// flaiz, q2y) <// (1, 1) Qu(q2y, s )dq d, s ) T y) (2.11)

Finally, from (2.11) and using the properties of modulus we observe that

of(t,s
T(w.uf.g) < ( A / Dloaiz.020) ( [ [ 1Pt 0@ | 212 dqltdqgs> oy
q177q2
dg(t, s
/ / )| f (@17, g2y) (/ / |Pu(q12,1)Qu(q2y, 5)| dgf‘,d l dqltdq28> dmxdqu)
q177q2
of(t,s) g(t, s)
72/ / <|g(q1x =y |‘ dg, tdg, s ‘+ ez gy |‘ dg, tdg, s
( / / Pl ) Qulg2y. ) )dqlxdqzy
1 [ [ v (loss. |H) e B} o
This completes the proof of Theorem 2.3. O

Remark 2.4. If g;,q2 — 17, by Definitions 1.2 and 1.2, the partial g-derivative and double g-integrals are
the usual partial derivative and double integrals, so Theorems 2.2 and 2.3 are reduced to Theorems 3 and 4
in [14].

Theorem 2.5. Let f,g:Q — R, w: [a,b] = Ry and u : [c,d] — Ry satisfying f z)dg,x = fd u(y)dg,y =
1, then
8f t,s)
7w, £,9)] < la(r,020)| [ [ wrt e iy 212
dQltdezS
7
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and

T(w,u, £,9)| < | f(@r2, @y ||\ / / H{gua, qs)dy, gy, (2.13)

dqltdqzs
where H(x,y) is defined in Theorem 2.2.

Proof. We prove only (2.12), since the proof of (2.13) is similar. The identity (2.6) shows that

b
flaz, q2y) :/ w(t)f(q1t,qu)dq1t+/ u(s) f(q1, g25)dg, s / / flait, qas)dy, tdg,s
of(t,s)
/ / (12, 1) Qu g2y, s )dqltdqzsd‘“td%s’ (2.14)
for (z,y) € Q.

Now, if we multiply (2.14) by w(x)u(y)g(gi1z, ¢2y) and g-integrate over (z,y) € §2, we deduce

/ / flaz, y)g(qiz, q2y)dg, xdg,y

/ / 901, 29) ( / bw(t)f(qlt,qw)dqlt) dyy vy
/ / 9(q17, q2y) (/d u(s) f(q17, q25)dq, )d(hmdqzy
/ / 9(q1w, g2y dqlxdqzy/ / flait, g28)dg, tdg, s

of(t,s
/ / 9(q1z, q2y) / / Py(qiz, t)Qu(g2y, s) il )dqltdqzs dg, Tdg, Y,
d41tdq25
which provides another representation for the functional T'(w, u, f, g) namely,
af(t,s
T(w,u, f,g) / / 9(q17, ¢2y) </ / w(@12,1)Quld2y: 5) 5 Ed ldqltdq28> dg, 2dg,y, (2.15)
q177"q2

From (2.15) and using modules properties, it yields

T(w,u, f,g |<// Y)l9(a17, q29) (/ / [P (@12, 1) Qu(g2y, 8)|

of(t,s)
dg, tdg,s

d‘]l tdlh 3) dth mdqz Y

b rd
<llo( T [ [ wenw (/ / |Pw<q1x,t>c2u<q2y,s>|dq1tdq28> Ay
of(t,s)
~lg( e [ wonts e )ty
This completes the proof of Theorem 2.5. O
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3 Weighted ¢-Ostrowski type inequalities for double integrals
For some given functions f,g : @ — R and w : [a,b] — Ry and u : [¢,d] — Ry satisfying f z)dg,x =

[T uy)dg,y = 1,

1 b d
S(w,u, f,9) = f(az, ¢29)9(q12, g2y) — B (f(qquy)/ W(t)g(qlt,qw)dqu/ u(s)g(q1z, q25)dg,s

b d
X f(qlx,qzyHg(qlz,qzy)/ w(t) f(aqit, Q2y)dq1t+9(qmqw)/ u(s) f(q12, q25)dy, s

flaiz, g2y / / g9(qit, q28)dg, tdg,s — g(q1, g2y / / flat, qu)dqltdqQS) .

d

Theorem 3.1. Let f,g: Q — R, w:[a,b] = Ry and u : [c,d] — Rq satisfying f z)dg,z = [ u(y)de,y =
1, then
1 9g(t, s) af(t,s)
S = H 3.1
|S(w,u, f,9)l < 5 (If(qmqw)l dotds| T 9(a12, ¢2y)| dortdy.s (12, 429), (3.1)

and

8)

S

Of(t, s) bopd
g tdg, s )/a /C w(x)u(y)H(m%QQy)dqlx(c;q;g;.

+ l9(q12, q2y)

T(w,u, f,g)| < & (|f<

2

where H(z,y) is defined in Theorem 2.2.

Proof. Multiplying both sides of (2.6) and (2.7) by g(q1x, g2y) and f(¢q1, g2y), adding the resulting identities
and rewriting we have

1 b d
[z, 2y)g(q17, g2y) = 3 (f(qlx,qzy)/ w(t)g(qlt,qu)dqltJrf(qquy)/ u(s)g(q1, q25)dg, s

b d
+9(q1z, qzy)/ w(t) f(qit, 2y)dg, t + g(qr, qu)/ u(s) f(q12, q25)dy, s

flarz, g2y / / g9(qit, q28)dg, tdg,s — g(q1, 2y / / flart, q25)dq1tdq25>

1 b dg(t, s)
o (H@naw) [ ] Patwe0Quaun. o) 75" dytds
a c q110qy S

b d b
towa) [ [ Pl 0Quaans) L 1, ) (33)
a Jc q1llqy S

which implies

1 dg(t, s
S(w,u, f,9) = 2( 0T, q2y) // w(q12,1)Qu(q2y, )%d tdg,s

q2

af(t,s
9(q1z, g2y / / w(q12,1)Qu(q2y, )qultd%s) .
q1 q2

9g(t,5)
d td

We observe

f(t,s)
d tdg,

D H(q1, g2y).

]+|g<

St )] < 5 (1,
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Multiplying both sides of (3.3) by w(x)u(y) and g-integrate over (z,y) € 2, we deduce

T(’LU u, fa (/ / QIx QQy </ / P qlaj t)Qu(Q?ZUa )da id )dlhtdlh )dfhxd%y
/ / (a1, g2y) (/ / Py(q17,1)Qu(q2y, )5622%%%&) dqlxdq2y>~
q1"q2

We observe
1 t,s) Of(t,s)
T (w,u, f,g)| < 3 <|f( m ‘ + l9(q17, g2y)| dy tdys > / / H(q17, g2y)dg, xdg,y-
This completes the proof of Theorem 3.1. O
Let g(z,y) = 1, we have the following corollary.
Corollary 3.2. Let f : Q = R, w: [a,b] = Rg and u : [¢,d] = Rq satisfying f r)dg, T = fd u(y)dg,y =1,
then
b
)~ [ w0t it~ [ 06 o020 + / / F(art, ga5)dg 5
af(t,s)
<H _—
B (x,y)‘ dg,tdg,s
where H(x,y) is defined in Theorem 2.2, and especially, let w(x) = ﬁ and u(y) = ﬁ, we get
b
)~ [ w0t it~ [ 06 o025 + / / Flart, g25)dg 5
1 a+b c+d\?\ || 0f(t, s)
< ba2+4<x ) d02+4< - ) ’ 3.4
41 +1)(q2 + 1) <( ) 2 (d—c) Y7 dg,tdg,s (34)

Remark 3.3. If ¢1,¢92 — 17, the inequality (3.4) are reduced to the main result in [4].
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QUADRATIC p-FUNCTIONAL INEQUALITIES IN NORMED SPACES

IKAN CHOI, SUNGHOON KIM*, GEORGE A. ANASTASSIOU, AND CHOONKIL PARK"*

ABSTRACT. In this paper, we solve the quadratic p-functional inequalities
If(z+y)+ flz—y)—2f(z) = 2f W)l (0.1)

T+ —
<|lp (2r (52) +2£ ((52) - 1@ - 1)

where p is a number with |p| < 1 and

for (52) 021 (55) -1
<Ilp(f (w+y)+f( y) —2f(z) —2f W),

where p is a number with |p| < % Using the fixed point method, we prove the Hyers-Ulam
stability of the quadratic p-functional inequalities (0.1) and (0.2) in normed spaces.

I

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [29] con-
cerning the stability of group homomorphisms.

The functional equation

fla+y)=f=@)+ fy)

is called the Cauchy equation. In particular, every solution of the Cauchy equation is said to
be an additive mapping. Hyers [14] gave a first affirmative partial answer to the question of
Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [2] for additive mappings
and by Rassias [20] for linear mappings by considering an unbounded Cauchy difference. A
generalization of the Rassias theorem was obtained by Gavruta [11] by replacing the unbounded
Cauchy difference by a general control function in the spirit of Rassias’ approach.

The functional equation

flx+y)+ flx—y)=2f(z) +2f(y)

is called a quadratic functional equation. In particular, every solution of the quadratic functional
equation is said to be a quadratic mapping. A Hyers-Ulam stability problem for the quadratic
functional equation was proved by Skof [23] for mappings f : X — Y, where X is a normed space
and Y is a Banach space. Cholewa [6] noticed that the theorem of Skof is still true if the relevant
domain X is replaced by an Abelian group. Czerwik [7] proved the Hyers-Ulam stability of the
quadratic functional equation. The functional equation f (L;W> = $f(z) + 3 f(y) is called the
Jensen type quadratic functional equation. The stability problems of several functional equations

2010 Mathematics Subject Classification. Primary 39B52, 47H10, 39B72.
Key words and phrases. Hyers-Ulam stability; quadratic p-functional inequality; fixed point.
*Corresponding authors.
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have been extensively investigated by a number of authors and there are many interesting results
concerning this problem (see [1, 3, 16, 17, 21, 22, 25, 26, 27, 28, 30, 31]).
In [12], Gildnyi showed that if f satisfies the functional inequality

12f () +2f(y) — fley™ )] < (I f (zy)] (1.1)

then f satisfies the Jordan-von Neumann functional equation

2f(x) +2f(y) = flay) + flay™).

See also [10, 24]. Gildnyi [13] and Fechner [9] proved the Hyers-Ulam stability of the functional
inequality (1.1). Park, Cho and Han [18] proved the Hyers-Ulam stability of additive functional
inequalities.

Lemma 1.1. (Banach fixed-point theorem) Let (S,d) be a complete metric space and let T :
S — § be a strictly contractive mapping with Lipschitz constant o < 1. Then for each given
element x € S, there exists a positive integer ng such that

(1) d(T"x, T ) < o0, Vn > ng;

(2) the sequence {T"x} converges to a fized point y* of T';

(3) y* is the unique fized point of T in the set Y ={y € S| d(T™x,y) < co};

(4) d(y,y*) < $d(y, Ty) forally €Y.

Since we defined the metric d as generalized metric in order to use this lemma in the proof of
the problem we extend the lemma.

Lemma 1.2. ([8]) Let (S,d) be a complete generalized metric space and let J : S — S be a
strictly contractive mapping with Lipschitz constant o < 1. Then for each given element x € S,
either

d(J"z, J" ) = oo

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"z, J"M2) < o0, Vn > ng;
(2) the sequence {J"x} converges to a fized point y* of J;
(3) y* is the unique fized point of J in the set Y ={y € S| d(J™z,y) < co};
(4) d(y,y*) < Td(y, Jy) for ally €Y.

In 1996, Isac and Rassias [15] were the first to provide applications of stability theory of
functional equations for the proof of new fixed point theorems with applications. By using fixed
point methods, the stability problems of several functional equations have been extensively
investigated by a number of authors (see [4, 5, 19]).

In Section 2, we solve the quadratic p-functional inequality (0.1) and prove the Hyers-Ulam
stability of the quadratic p-functional inequality (0.1) in normed spaces.

In Section 3, we solve the quadratic p-functional inequality (0.2) and prove the Hyers-Ulam
stability of the quadratic p-functional inequality (0.2) in normed spaces.

Throughout this paper, assume that X is a normed space and Y is a Banach space.

950 IKAN CHOI et al 949-956



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

QUADRATIC p-FUNCTIONAL INEQUALITIES

2. HYERS-ULAM STABILITY OF THE QUADRATIC p-FUNCTIONAL INEQUALITY (0.1): A FIXED
POINT APPROACH

In this section, assume that |p| < 1.
We solve the quadratic p-functional inequality (0.1) in normed spaces.

Lemma 2.1. A mapping f : X = Y satisfies
1f(@+y)+ flx—y) —2f(z) = 2f (W)l (2.1)

<o (2 (52) +2 (532 - 1@ - 1)

forall x,y € X if and only if f: X — Y is quadratic.

Proof. Assume that f: X — Y satisfies (2.1).
Letting # =y = 0 in (2.1), we get [|2f(0)[| < |o[|2f(0)]- So f(0) =
Letting y = « in (2.1), we get || f(2z) —4f(z)| <0 and so f(2x) = 4f(z) for all z € X. Thus
1
1(3) =@ (22)

for all x € X.
It follows from (2.1) and (2.2) that

1f(z+y)+ flz—y) = 2f () = 2f (W)

o (52) 20 (55) 1)

‘p‘Hf(ery)—irf(iU— )—Qf(l‘)_?f( )H

and so
flx+y)+ flz—y) =2f(z) +2f(y)
for all z,y € X.

The converse is obviously true. O

We prove the Hyers-Ulam stability of the quadratic p-functional inequalty (0.1) in Banach
spaces.

Theorem 2.2. Let ¢ : X2 — [0,00) be a function such that there exists an o < 1 with

b
v(a,b) < dagp <; 2> (2.3)
forall a,be X. Let f: X =Y be a mapping satisfying
Hf(w+y)+f(x— y) —2f(x) = 2f ()l (2.4)

‘ <2f< >+2f( Qy)—f(w)—f(y))HJrso(w,y)

for all x,y € X. Then there exists a unique quadratic mapping Q@ : X — Y such that

1£@) - Q@) < 7= ¢(w:)

forallx € X.
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Proof. Consider the set
S={h: X =Y}

and let d be the generalized metric on S:
d(g,h) == inf{p € Ry : |lg = hl| < pop(w,2),x € S}
It is easy to show that (5, d) is complete. Let J be the linear mapping from S to S such that
1
To(a) = j9(22) (2.5)

Let g,h € S be given such that d(g,h) = . Then from (2.3) and (2.5), we get

I75(@) ~ Thi@)] = | o(20) ~ {h(za)

This means d(Jg, Jh) < ad(g, h).
So the function J : S — S is a contractive mapping such that

d(Jg, Jh) < ad(g, h)

1
< Zscp(2x,2x) < aegp(z,x)

for 0 <o < 1.
Letting y = x in (2.4), we get
17(22) = 45@)] < (. 2)
and so )
I1F (@) = Jf(@)]| < Jo(z,2)
for all x € X. Thus we get d(f,Jf) < %.
By Lemma 1.2, there exists a mapping @ : X — Y satisfying the following:
(1) @ is a fixed point of J, i.e.,
Q (20) = 4Q(a) (2.6)
for all @ € X. The mapping @ is a unique fixed point of J in the set
M ={geS:d(fg) <oo}.

This implies that @ is a unique mapping satisfying (2.6) such that there exists a p € (0,00)
satisfying

[f(a) = Q)| < pe(a,a)

for all a € X;
(2) d(J'f, Q) — 0 as | — oco. This implies the equality

lim %f (2la) = Q(a)

=00
for all a € X;
(3)d(f,Q) < ﬁd(f, J f), which implies the inequality

d(f,Q) < 7=
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So

I70) ~ Q@) < ;- ¢(a,0)

for all a € X.
Then

1Q(x +y) + Q(z — y) — 2Q(z) — 2Q(y)|

= im | (7@t ) + £ - ) - 2£(20) - 2 (2) |
< Jim [ 521 o+ ) + 202 o - ) - 121 - £2)|

1
+ lim ng(Qlaj, 2ly)

l—o00
p(20 (52) +20 (*5Y) - e - QW)

Qz+y)+Qx —y) =2Q(x) +2Q(y)
for all x,y. So @ : X — Y is quadratic.

for all z,y € X. Hence

g

Remark 2.3. We could prove the same statement with the same manner in spite of replacing the
condition ¢(a,b) < dap (2, 2) into ¢(a,b) < oy (2a, 2b) by defining J such that Jg(z) = 4g(%)

instead of Jg(z) = 1g(2z). It could be also applied to Theorem 3.2.

Corollary 2.4. Let r # 2 and 0 be nonnegative real numbers, and let f: X — Y be a mapping

such that
Hf(x+y)+f(3«"— y) —2f(z) = 2f(y)|l

for all x,y € X. Then there exists a unique quadmtic mapping Q : X —'Y such that

1f(z) = Q)] < |4 l]"

2r|
forallx € X.

<[lo (27 (552) <21 (552) - 1@ - 1) | + 601 + 1)

3. HYERS-ULAM STABILITY OF THE QUADRATIC p-FUNCTIONAL INEQUALITY (0.2): A FIXED

POINT APPROACH

In this section, assume that |p| < 3.
We solve the quadratic p-functional inequality (0.2) in normed spaces.

Lemma 3.1. A mapping f : X — Y satisfies
e (57) +21 (552) 10 -10)
<llp(f(z+y)+ flz— )—2f( =2fW)
forall x,y € X if and only if f: X — Y is quadratic.

(3.1)
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Proof. Assume that f: X — Y satisfies (3.1).
Letting « =y = 0 in (3.1), we get [|2f(0)[| < |p[[[2f(0)]]. So f(0) =
Letting y = 0 in (3.1), we get
o (3)-ro

and so f (£) = 1 f(z) for all 2 € X.
It follows from (3.1) and (3.2) that

<0 (3.2)

%”f(x+y)+f(x—y) —2f(x) =2f(v)|l

~ [or (552) 421 (25Y) - 1) - 1)
< olllF G+ ) + £ — ) — 2(x) — 2/ (w)]

and so

flx+y)+ flx—y)=2f(z) +2f(y)

for all z,y € X.
The converse is obviously true. O

We prove the Hyers-Ulam stability of the quadratic p-functional inequalty (0.2) in Banach
spaces.

Theorem 3.2. Let ¢ : X? — [0,00) be a function such that there exists an o < 1 with

o(a, b)<4acp<2 Z)

for alla,be X. Let f: X —Y be a mapping satisfying f(0) =0 and

o (57) < (55) - s - )|
<lo(f(z+y)+ flz— )—2f( ) =2fW)ll + ez, y)

for all x,y € X. Then there exists a unique quadratic mapping Q : X — 'Y such that

I17@) - Q) < 149

(z,0)
forallx € X.

Proof. Consider the set
S={h: X =Y}

and let d be the generalized metric on S:
d(g,h) :=inf{p € Ry : [lg — hl| < pep(x,0),z € S}

It is easy to show that (S, d) is complete. Let J be the linear mapping from S to S such that

19(290)

Jg(x) = 1
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Let @ : X — Y be defined as in the proof of Theorem 2.2. Then
T+ r —
2o (“5) +20 (152 - o) - au)|

FCIET w4 ) + 227w - y) - 1) - £(2)

< lim
l—o00

BU@ e+ ) + 1 —y) - 20(2) - 27(2)|

+ hm 41190(2%’213/)
= llp(Q (:B +y) +Qz —y) —2Q(x) — 2Q(y))||
for all x,y € X. Hence
Qz+y)+Qx —y) =2Q(x) +2Q(y)
for all x,y. So @ : X — Y is quadratic. O

Corollary 3.3. Let r # 2 and 0 be nonnegative real numbers, and let f : X — Y be a mapping
satisfying f(0) =0 and

P (57) r2r (557) 10 -]
< llp(f G +y) + (o = y) — 2£ () = 2F @)+ 6(el + )

for all x,y € X. Then there exists a unique quadratic mapping Q@ : X — Y such that

1f(z) = Q)] <

0
WHJL’HT

forallx € X.
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Abstract. The “oldest quartic” functional equation was introduced and solved by the author of this paper (see: Glas.
Mat. Ser. III 34 (54) (1999), no. 2, 243-252) which is of the form:

fle+2y) + fle—2y) =4[f(z+y) + flz —y)] — 6f(x) + 241 (y).

Interesting results have been achieved by S.A. Mohiuddine et al., since 2009. In this paper, we are introducing new quartic
functional equations, and establish fundamental formulas for the general solution of such functional equations and for “Ulam

stability” of pertinent quartic functional inequalities.

Keywords and phrases: Quartic functional equations and inequalities; Various normed spaces; Ulam stability.
AMS subject classification (2000): 39B.

1. INTRODUCTION

In 1940 S. M. Ulam [1] gave a talk before the Mathematics Club of the University of Wisconsin in
which he discussed a number of unsolved problems. Among these was the following famous “stability
Ulam question”:

We are given a group G and a metric group G' with metric p(.,.). Given € > 0, does there exist a
d > 0 such that if f: G — G’ satisfies p(f(xy), f(z)f(y)) < 0 for all x,y in G, then a homomorphism
h:G— G exists with p(f(x), h(z)) <€ for all z € G?

By now an affirmative answer has been given in several cases, and some interesting variations of the
problem have also been investigated. We shall call such an f : G — G’ an approzimate homomorphism.

In 1941 D. H. Hyers [2] considered the case of approximately additive mappings f : F — E’ where
E and E’ are Banach spaces and f satisfies the following Hyers’ inequality

£z +y) = fl@) = Fy)| < e
for all z,y € E. It was shown that the limit

L(z) = nlingo 27" f(2"x)
exists for all z € F and that L : E — E’ is the unique additive mapping satisfying Hf(x) - L(x)H <e.
No continuity conditions are required for this result, but if f(¢z) is continuous in the real variable ¢
for each fixed x, then L is linear, and if f is continuous at a single point of E then L : E — E’ is also
continuous.
In 1982-1994, a generalization of this result was proved by the author J. M. Rassias [3-7], as follows.
He introduced the following weaker condition (or weaker inequality or the generalized Cauchy inequality)

£ (@ +y) = [f (@) + fFWI| < bl|["[ly]|*

for all z,y in E, controlled by (or involving) a product of different powers of norms, where § > 0 and
real p,q: r = p+ q # 1, and retained the condition of continuity of f(¢tx) in t for fixed z. Besides he
investigated that it is possible to replace € in the above Hyers’ inequality, by a non-negative real-valued
function such that the pertinent series converges and other conditions hold and still obtain stability re-
sults. In all the cases investigated in these results, the approach to the existence question was to prove
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asymptotic type formulas: L(z) = limy, o0 27" f(2"2); L(z) = lim, o0 2" f(27"x).

Theorem (J. M. Rassias:1982-1994). Let X be a real normed linear space and let Y be a real complete
normed linear space. Assume in addition that f : X — Y is an approximately additive mapping for
which there exist constants § > 0 and p,q € R such that » = p+ g # 1 and f satisfies the “generalized
Cauchy inequality’

£ +9) ~ (@) + F)| < 6l |lu]*

for all z,y € X. Then there exists a unique additive mapping L : X — Y satisfying
14@) - L@ < rogrllell”
—[2r =2

for all z € X. If in addition f : X — Y is a mapping such that the transformation ¢t — f(¢z) is continuous
in t € R for each fixed x € X, then L is an R-linear mapping.

In 1940, Ulam, S. M. [1] proposed the “Ulam stability problem”: When does a linear transformation
near an “approzimately linear” transformation exist? Since then, many specialists on this “famous Ulam
problem”, have investigated interesting functional equations, for instance: D. H. Hyers [2], in 1941; T.
Aoki [8], in 1950; T. M. Rassias [9], in 1978; Z. Gajda [10], in 1991; T. M. Rassias and P. Semrl [11], in
1992; P. Gavruta [12], in 1994; S.-M. Jung [13], in 1998; K. W. Jun and H. M. Kim [14], in 2002; R. P.
Agarwal et al. [15], in 2003, and others. Interesting Ulam-Hyers stability results have been established by
S. A. Mohiuddine et al. ( [16-19]). The “oldest quartic” functional equation was introduced and solved
by the author of this paper, [20], which is of the form:

f@+2y) + fo = 2y) = 4[f(z +y) + f(@ —y)] = 6f () + 24f(y).

Since then various quartic equations have been proposed and solved by a number of experts in the area of
functional equations and inequalities. For more details on these concepts, one can be referred to [21-30].
For further research in various normed spaces, we are introducing new quartic functional equations, and
establish fundamental formulas for the general solution of such functional equations and for “Ulam sta-
bility” of pertinent quartic functional inequalities.

2. ON (a,b)-QUARTIC FUNCTIONAL EQUATIONS
1. Stability of General a-Quartic Functional Equation
2[f(az +y) + f(z +ay)] +ala —1)*fz —y) =2(a” = 1)*[f(z) + f()] +ala+ 1)*f(z+y) (1.1)

where a # 0,a # £1.
Replacing z = y = 0 in (1.1) one gets 4a®(1 — a?) f(0) = 0, or

f(0)=0. (1.2)
Similarly, substituting z =,y = 0 in (1.1), we obtain
flaz) = a*f(x) + (a® = 1)*f(0) = a* f(x) (1.3)

Also assuming f(2x) = 16f(x), replacing © = x,y = x in (1.1), and setting k = a+1 # 0, =1, one obtains
4f(kx) + ala —1)*£(0) = 4(a® — 1)*f(x) + a(a + 1)* f(2z), (1.4)

or

flkx) + ia(a —1)2f(0) = (a® = 1)*f(z) + dala +1)* f(x) = k" f(2), or

Flke) = K () = Ja(a — 1£(0) = K1 (z). (15)
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Without assuming f(2z) = 16f(x), replacing = 2,y = —x in (1.1), and setting l = a — 1 # 0, £1, one
obtains

2[f(lz) + f(=lx)] + ala — 1) f(22) = 2(a® = 1)*[f(z) + f(—2)] + a(a + 1)*£(0) (1.6)

Placing —z on z in (1.6), and then subtracting the new equation from (1.6), we get a(a — 1)?[f(2x) —

f(=2x)] = 0. Letting x/2 on x, we find that f is an “even function”, such that f(—x) = f(z). Thus from
(1.6), we obtain

1f(1) + ala — 12£(22) = 4(a? — 12 f(x) + ala+ 12£(0). (1.7)

Assuming f(2z) = 16f(x), we get
Fli) = 17 (@) + Jala + 12£(0) = 1 (a).
Without assuming f(2z) = 16 f(x), subtracting (1.7) from (1.4), we obtain from (1.2) that
1 A A
f@x%—fﬂx%—§a094—wf@x%—[(5> -(3) ]f@xl

Replacing  — x/2, we get that

k k\* ! N
“f(§x>— (§> f(z) if and only if f(§x>— (§> f(z). (1.8)
Employing the “quartic mean”, we have equivalently that
Ey - Ly
Ty = 222 _ gy i 7 = L2~ fape
(3) (3)

Let X be a real normed linear space and let Y be a real complete normed linear space. Assume f: X — Y,
satisfying the following general a-quartic functional inequality

[2[f(az +y) + f(z +ay)] + ala—1)*f(@ —y) = 2(a® = 1)*[f(@) + f(v)] —ala+1)*f(z+y)| <c (1.9)
where a # 0,a # +1. Replacing © = y = 0 in (1.9), one gets
1 £(0)|| < c/4a?]a® — 1]. (1.10)
Substituting = z,y = 0 in (1.9), and employing the triangle inequality, we obtain:

c1 24+ |a®—1]
=———c¢

| f(az) — a*f(2)]| < o = 2

2 4a?
Note that ,
2&2 + |CL2 _ 1| %C lf |CL| > 1
AT T T
atle if Ja| <1;a#0.
Therefore )
3a°—1
|f(a) —a*f@)]| < ez = 5 = e, if [a > 1,
and )
1
| f(az) — a4f(x)H <cg= %1 = a4—+20, if o] <1;a#0.
a
Therefore we get
4 4 3a2 -1 .
| f(z) —a™*flaz)|| < a e = s if |a| > 1,
and )
1
| f(z) — a4f(a71x)H <cg= a4—+20, if |a] <1;a#0.
a
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Thus we can easily obtain the following general inequality

3a%2 —1

—4n n —4n .
| f(z) —a*" fla"z)|| < m(l —a "M, if |a| > 1. (1.11)
In fact,
Hf(x) — a*4"f(a"x)H < Hf(x) — a*4f(a1x)H + a74Hf(ax) - a*4f(a2x)H + ...
cee a74("72)Hf(a"723:) - a74f(a"7133)H
+ a74("71)Hf(a"713:) - a74f(a"3:)H (1.12)
I SRR O S TCSE N Ltk 9
< (1+a4+a8+ R 1) o
302 —1
m(l — a74")c, lf |a1| > 1.
Also,
70) — et fa=a)| < [(0) oo~ a)]| 4t f(ae) — ot a2

et at Ol 0) o)
a?+1

402 ¢

IN

(1 +ot4+.x a4("*1))

a?+1 1

Wm(l —O[4n)0, if |O[| < 1.

The “altemative” general inequality for || < 1; a # 0 is similarly established.

Note 1. (i) Assume |a| > 1, and denote
@n i Qu(z) = o~ f(a"2),

Claim that sequence {Q,}, || > 1 is a Cauchy sequence.
In fact, if m > n > 0, then

0<]|@u(@) = Qu@| = [a~*"Fa"s) = =" fa™)|

_ |a|74an(anx) _ a74(mfn)f(amfn'anx)H

302 -1
—4n —4(m—n
s ol 402(a* —1) (l—a ( ))C

30 -1 —4n —4n, —4(m—n
402(a* — 1) (|a| = Jal e ))C

— 0, as n— oo (and m — o0).
Thus {Q.}, |a| > 1, is Cauchy sequence.
Similarly, if |«| < 1, « # 0, one proves that
{@n},]al <1, a#0

is Cauchy sequence, as well.

(ii) Claim the quarticness of

Q:Q(x)= 1Lm Qn(z) = lim o % f(a"z), a > 1.

n—oo

In fact, replacing x — a™x, y — ™y in the a-quartic functional inequality (1.9) and then multiplying
by |a|~%", and taking limit n — co, we obtain

0 < [2[Q(az+y) + Qx +ay)] + ale —1)*Q(z — y)
—2(a® = 1)%[Q(z) + Q(y)] — a(a+ 1)*Q(z + v)||

|74n

IN

la]™*"c — 0, n — oo.
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Thus

2[Q(ax +y) + Q(z + ay)] + ala — 1)*Q(z — y) =2(a” = 1)*[Q(z) + Q(y)] + ala +1)*Q(z +y)

leading to (1.1) and thus the quarticness of Q : |a| > 1.
Similarly, we prove that @ is quartic for || < 1, o # 0. Thus the existence of @) is complete.

If

a~*f(a"z) if |a] > 1

Q(z) = lim Qn(z) = lim , (1.13)
e " e flamx) if Jal < 1;a#0
then ) al
if |a| >1
202 + |a® — 1| a1 !
[f(x) = Q)| < 13 (1.14)
a 1

= if |a] <1;a#0.

Note 2. Claim the uniqueness of

Q:Q(x)= 1Lm Qn(z) = lim o 4" f(a"z), a > 1.

n—oo

In fact, if there is another quartic mapping @’ satisfying (1.14), then

0 < Q@ - Q)|
< Q@ - f@l| + ) - Q@)
or
0 < Q@) -Q )|
= Jal™"|Q(a"s) - @' (a"a)|
= [~ "Q(a"s) = a= Q' (a)|
< o "Qa"e) — =" f(ama)|| + a1 f(a"a) — o~ Q' (a"a)|
= Jal""{JQa"e) - flama)|| + || fl"e) - Q'(a"x)||}
< 2t Wy, no
or

Qx) = Q'(2),

proving uniqueness of @ : |«| > 1. Similarly, one proves uniqueness of @ : |a] < 1, a # 0.

Theorem 1.1. Let X be a normed space and Y be a Banach space. If f: X — Y is a mapping satisfying
(1.9), then there exists a unique quartic mapping @ : X — Y, satisfying inequality (1.14).

If f(0) =0, then Hf(x) - Q(x)” < 0/2’1 - a4’, for Va # 0; £1.

2. Stability of General (a,b)-Quartic Functional Equation
2[f(az +by) + f(bz + ay)] + abla — b)*f(z —y) = 2(a® — b*)*[f(2) + f(y)] + abla+b)*f(z +y), (2.1)

where a # b, a,b# 0,1, k=a+b#1,l=a—b# 1, and a* +b* —a?b®> — 1 #£0.
Replacing x = y = 0 in this equation, one gets

4(a* + b* — a®* = 1)f(0) = 0, or

£(0) =0 (2.2)
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Similarly substituting z = #, = 0 in (2.1), we obtain
flaz) + f(bx) = (a* +b") f(z) + (a® = b?)2f(0) = (a* +b*) f(2). (2.3)
From (2.3), we observe that
“flax) = af(z) ifand only if f(bx) = b f(x).” (2.4)

Let us introduce the following “(a, b)-quartic functional mean”

flaz) + f(bx)
flap (@) = At pt (25)
From (2.3) and (2.5), we find the quartic functional mean equation
Japy(x) = f(x) (2.6)

From (2.4)-(2.5)-(2.6), one establishes

“m@) _ f(;if) _ f(:E) iff m(x> _ f(bllx) _ f(x).”

Also assuming f(2x) = 16 f(x), replacing © = x,y = x in (2.1) and setting k = a+ b # 0, £1, one obtains
4f(k) 4+ ab(a — b)*f(0) = 4(a® — b*)* f(z) + ab(a + b)* f(2z), (2.8)

f(k) + iab(a = 0)?£(0) = (a® = b*)* f(x) + dab(a+ b)* f(z) = k* f(2),

F(R) = K () — Tab(a— 027(0) = K f(a). (29)

Without assuming f(2x) = 16f(x), replacing x = x,y = —x in (2.1) and setting I = a — b # 0, +1 with
a # +b, one obtains

2[f(lz) + f(—~lz)] + abla — b)* f(2z) = 2(a® — b*)*[f(x) + f(—=)] + ab(a + b)*f(0) (2.10)
Placing —z on  in (2.10), and then subtracting the new equation from (2.10), we get ab(a —b)?[f(2z) —
f(—2z)] = 0. Letting 2/2 on x, we find that f is an “even function”, such that f(—xz) = f(z). Thus from

(2.10), we obtain
4f(lz) + ab(a — b)? f(2x) = 4(a® — b*)? f(x) + ab(a + b)* £(0). (2.11)

Assuming f(2z) = 16 f(z), we get

1
flw) =1 f(z) + Jabla+b)*(0) = 1" f().
Without assuming f(2z) = 16 f(x), subtracting (2.11) from (2.8), we obtain from (2.2) that

F(ka) — (1) = Sab(a? + 1) f(2a) = [(g)-(g)] f ()

Replacing x — /2, we obtain that

k k\* ! AN
f(§$>—<§> f(z) = f(§$>—(§> f(z).
Therefore, we observe that

()= () o srantom it 1) () e 12
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Employing the “quartic mean”, we have equivalently that
f(5%) f(5%)
k)4 1\4
(3) (3)
Let X be a real normed linear space and let Y be a real complete normed linear space. Assume f: X — Y,
satisfying the following general (a, b)-quartic functional inequality

“fil@) = flz) iff fi(z)= = f(x)”.

12 (az +by) + f (b +ay)] +abla—b)* f(z —y) —2(a® = b*)*[f(2) + f(y)] — ab(a+b)* f(z +y)|| < ¢, (2.13)
where a,b # 0;a,b # £1. Replacing x = y = 0 in (2.13), one gets
[ £0)]| < c/4|a* +b* — a®b* —1]. (2.14)
Substituting = z,y = 0 in (2.13), and employing the triangle inequality and (2.14), we obtain
IFaz) + F(br) — (a* + 67 @) < &+ (@~ 121 7(0)]
or

(a® — %)% +2|a* + b* — a?b® — 1]
4|la* + b* — a2b? — 1]

1 (az) + f(bz) — (a* +b") f(2)] < e (2.15)

Substituting x = x,y = x in (2.13), and employing the triangle inequality and (2.14), as well as the
following hypothesis

[f(22) = 16f(z)] < 1 (= 0), (2.16)
and denoting k = a + b # 0, £1, we obtain:
1
1 (k) = K f (@) < 5 (e + abla = b)*|f(0)] + abla + b)*ey ),
or b( b)2 | 4 b4 2b2 |
1 [abla — +4|a* 4+ b* — a“b® — 1
_ L4 < o= = 2 )
[ f(kx) — k* f(2)| < e 1 ( At £ 07— 0202 = 1] ¢+ ab(a + b) 01> , (2.17)
or
1f (@) = K f (k)| < ke (2.18)
if |k| > 1.
Thus we easily obtain, the following general inequality:
1
1) = k4 f )| < s (L= B ), i K] > 1 (2.19)
In fact,
[f@@) = k= f k)| < ([ f@) = kR )| + B[ (R ) — kT (R -
o KD F(Rm ) — k(R ) ||
+ kOO F( ) — KB f (R ) | (2.20)
S R TEE S e R ) 12
k74 —4n 1 —4n :
= (1 -k *")co = (1 —=k""")cq, if |kl > 1.

1—k¢ k*—1

The“altemative” general inequality is similarly established, as follows

1

1_k4(1 —k")ep, if k| < 13k #0. (2.21)

|1 £ (@) = K" f (k™ )| <
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In fact,
[f(z) = k" f(E )| < || (@) = R R )| + R F( ) = KA F R+
e k4("72)Hf(k*("*2)x) _ k4f(k7("71):c)H
+ AN Fm Y gy — B F (R | (2.22)
< (A+EHE 4 k07D LA,
< L ke, i k< 1k £0.

1— k4

If we denote
k*4"f(k"x) if k| >1

Qx) = 1Lm Qn(z) = 1Lm

Enf(k—mz) if |k < 15k #0.

It follows

m— if |k[>1

|f(z) = Q)| < c2- (2.23)
if |k|<1:k#0.

1
T—k%

Note 3. Following Notes 1-2, we establish the existence and uniqueness of the quartic mapping Q.
If f(0) =0, and f(2x) = 16f(x), then
c
15) = QI < gy, for ¥k 041, (2.24)

Theorem 2.1. Let X be normed space and Y a Banach space. If f : X — Y is a mapping satisfying
(2.13) then there exists a unique quartic mapping @ : X — Y, satisfying inequality (2.23).
If f(0) =0, and f(2x) = 16f(x), then

C
- < - - Y
@) = Q@ € g, for vk = a b 0ikl

3. General Alternative a-Quartic Functional Equation
2f(ax +y) + f(z + ay) + flaz —y)
=5[(@ +4a+ 1)f(x +y) - (@ — dat+ 1)f(z —y)]

+(3a* — 4a® + 1) f(x) + (a* — 4a®> + 3) (), (3.1)

where a # 0,a # £1.
Replacing x = y = 0 in (3.1), one gets

or
f(0)=0. (3.2)
Substituting x = z, y = 0 in (3.1), we obtain

Flaz) = a* () + 3 (a* ~ 4” + 3)(0) = a*f(2). (3.3)

Let X be a real normed linear space and let Y be a real complete normed linear space. Assume f: X — Y,
satisfying the following general alternative a-quartic functional inequality

|2f(az +y) + fl@ + ay) + flaz — )

—5l@® +dat Df(@+y) - (@ ~da+ (e - y)
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(30" —4a® + Df(2) - (a* — 40> +3)/(y) | < e, (3.4)
where a # 0,a # +1. Replacing =y = 0 in (3.4), one gets
sala? ~ 1[50 <

or

c
< —. .
- 5)
Substituting = x, y = 0 in (3.4) and employing (3.5), we obtain
3a? 2-3
[ f(2) = o™ flaz)|| < % =a"ter. (3.6)
a
Thus 1
__—4n n < __—4(n+1) ) )
| f(z) —a*" fa"=)|| < I (1 a )01 (3.7)
Similarly, we obtain
_ 3a? + |a? — 3|
4
| f(z) —a*fla )| < 3z ‘= (3.8)
Thus 1
| f(z) — a4"f(a7"x)H < T (1 - a4("+1))01. (3.9)
If
a~*f(a"z) if |a| > 1
Q(z) = lim @Q,(z) = lim , then
e et fammx) if Ja| < 1;a #0
A if |a| > 1
3a% + |a® -3 at-1 !
1) - Q| < 22, (3.10)
—L: if |a] < 1;a#0.

Note 4. Following Notes 1-2, we establish existence and uniqueness of Q.
If £(0) =0, then || f(z) — Q(z)|| < st for Va # 0; £1.

Theorem 3.1. Let X be a normed space and Y a Banach space. If f: X — Y is a mapping satisfying
(3.1), then there exists a unique quartic mapping @ : X — Y, satisfying inequality (3.4).

If f(0) =0, then Hf(x) - Q(x)” < 0/2’1 - a4’, for Va # 0; £1.
OPEN RESEARCH PROBLEMS

OPEN PROBLEM A.

Employing both the “Hyers’ direct method’ and the “fixed point method’, it is still “open”, the
investigation of “generalized Ulam stabilities” and “generalized Ulam superstabilities” of these quartic
functional equations in various normed spaces, domains and groups such as in
. Banach spaces;

. Banach algebras; C'x-algebras;

. N-multi-Banach spaces; multi-Banach spaces;
. Multi-normed spaces;

. Quasi-Banach spaces;

. Quasi-fF[beta]-normed spaces;

. Non-Archimedean normed spaces;

. Fuzzy normed spaces;

0 O Ut Wi
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9. Quasi fuzzy normed spaces;

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.

26.
27.

OoP

28

29.

OoP
30

31.

32.

Non- Archimedean fuzzy normed spaces;
Intuitionistic normed spaces;

Random normed spaces; and probabilistic normed spaces;
Non-Archimedean RN[Random Normed]-spaces;
Intuitionistic random normed spaces;

Intuitionistic fuzzy normed spaces;

intuitionistic fuzzy Banach algebras;

Intuitionistic Non-Archimedean fuzzy normed spaces;
Menger normed spaces;

Menger probabilistic normed spaces;
Non-Archimedean Menger normed spaces;
Intuitionistic Menger normed spaces;
L-non-Archimedean- fuzzy Euclidean normed spaces;
F-spaces; Fréchet spaces;

Banach modules;

Distributions and Hyperfunctions;

as well as, on:

Restricted domains;

Heisenberg groups.

EN PROBLEM B.

. Exploiting the elementary “M. Hosszu’s method’, due to M. Hosszu (see: “On the Fréchet’s func-
tional equation””, Bull. Inst. Politech. Tasi 10, (1964), 1-2, 27-28), determine the general solution
and the Ulam stability of each one of these quartic functional equations. The advantage of this
method is that we do not assume any regularity conditions on the unknown function f. See also
the paper of the authors Xu et al.: [31].

Employing two “L. Szekelyhidi’s fundamental results”, due to L. Szekelyhidi (see: “Convolution type
functional equation on topological abelian groups”, World Scientific, Singapore, 1991), determine
the general solution and the Ulam stability of each one of these quartic functional equations in
certain types of groups, such as, “commutative groups”. See: [31].

EN PROBLEM C.

. Exploiting the elementary “M. Hosszu’s method’, due to M. Hosszu (see: “On the Fréchet’s func-
tional equation”, Bull. Inst. Politech. Iasi 10, (1964), 1-2, 27-28 ), determine the general solution
and the Ulam stability of each one of these pertinent “Pezider quartic” functional equations “with
or without involution” [32]. We do not assume any regularity conditions on the unknown functions.
For “Pezider quartic’ equations [31]:

(1) flaz +y) + f(z +ay) = g(z + y) + g(x —y) + h(z) + h(y),

(2) flaz +by) + f(bx + ay) = g(z +y) + gz —y) + h(z) + h(y),

with fixed integers a,b # 0,%1 and unkown functions f, f,g,g,h, h. See also the papers of the
author, et al.: ( [31,33]).

Employing two “L. Szekelyhidi’s fundamental results’, due to L. Szekelyhidi (see: “Convolution
type functional equation on topological abelian groups”, World Scientific, Singapore, 1991), deter-
mine the general solution and the Ulam stability of each one of these pertinent “Pexider quartic’
functional equations with or without “involution” in certain types of groups, such as, “commutative
groups”. See: [31,33].

Investigate Ulam-Hyers stabilities of pertinent “quartic derivations” from a Banach algebra into its
Banach modules. See: ( [34,35]).
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33. Establish the solution and stabilities of “conditionally’ quartic functional equations, for instance:
=]l = [lyll-

34. Prove stabilities of “orthogonally’ quartic functional equations, “in the sense of J. Rdt2’ [36]:
‘o ly <= (r,y)=0".

35. Work on stabilities of “quartic-like” functional equations, such as:
L. 2[filaz +y) + fo(z +ay + o(y)] +ala = 1)*gi(z — y)

=2(a® = 1)*[hn (@) + ha(y)] +ala +1)%g2(z + y),
o =o(y) is “involution”: o(x +y) = o(z) + o(y); o(o(x)) = .

2. 2f(ax +y+p) + flz +ay +7) + faz — y)
= 2[(a + 40+ D) f(x +9) — (0 — 0+ 1) f(@ )]

+(3a* —4a® +1)f(z) + (a* — 4a® +3) f(y).
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Existence of positive solutions for summation
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difference equations

Thanin Sitthiwirattham
Department of Mathematics, Faculty of Applied Science,
King Mongkut’s University of Technology North Bangkok, Bangkok 10800, Thailand
E-mail address: tst@kmutnb.ac.th

Abstract

In this paper, we study the existence of positive solutions to the difference-
summation boundary value problem

Atu(t —2) +a(t)f(u) =0,  te€{2,3,..,T},

n
u(0) = Au(0) = A%u(0) =0, w(T+2)=a) u(s),

s=4

where f is continuous, T' > 5 is a fixed positive integer, n € {4,5,...,T — 1},

AT (T+1)(T+2) . .
0<ac< =3 (n2) (=T We show the existence of at least one positive

solution if f is either superlinear or sublinear by applying Guo—Krasnoselskii
fixed point theorem in cones.

Keywords : Positive solution; Boundary value problem; Fixed point theorem; Cone
2010 Mathematics Subject Classification: 39A15, 34B15

1 Introduction

The existence of solutions for boundary value problems of difference equations

has received much attention. For example, see [4-15] and the references therein.

1
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2 Thanin Sitthiwirattham

Liang et al. in [4] considered the fourth-order boundary value problem of the

form

A*z(t —2) +a(t) f(x) =0, te{2,3,..,T},
2(0) =2(T+2)=0, A22(0)= A%x(T) =0,
where T" > 2. Existence and uniqueness of solutions are obtained by a fixed point

theorem.

Ma et al. in [5] considered the fourth-order boundary value problem of the form

Atu(t —2) — Mf(t,u(t)) =0, te{2,3,..,T},
u(l) = u(T + 1) = A%u(0) = A%u(T) = 0,

where A is a parameter, T' > 5. Existence and uniqueness of solutions are obtained

by the theory of fixed-point index in cones.
In this paper, we consider the existence of positive solutions to the equation
Atu(t —2) + a(t) f(u) = 0, te{2,3,..,T}, (1.1)

with summation boundary condition

u(0) = Au(0) = A%u(0) =0, w(T+2)=a) u(s), (1.2)

s=4

where f is continuous.

The aim of this paper is to give some results for existence of positive solutions
to (1.1)-(1.2).

Let N be the nonnegative integer, we let N; ; = {k € N| ¢ < k < j} and
N, = Ng,. By the positive solution of (1.1)-(1.2) we mean that a function u(t) :
N7i9 — [0,00) and satisfies the problem (1.1)-(1.2).

Throughout this paper, we suppose the following conditions hold:

(H1) T > 5 is a fixed positive integer, n € {4,5,...,T — 1}, constant o > 0 such that
AT(T+1)(T+2)

0<a< G-
(H2) f € C([0,00),[0,00)), f is either superlinear or sublinear. Set
fo= lim ) oo = lim flw)
u—0t U u—00 U

Then fo = 0 and fo, = oo correspond to the superlinear case, and fy = oo and
foo = 0 correspond to the sublinear case.
(H3) a € C(Ng7,[0,00)), a is not identical zero.
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The proof of the main theorem is based upon an application of the following

Guo-Krasnoselskii’s fixed point theorem in a cone.

Theorem 1.1. Let E be a Banach space, and let K C E be a cone. Assume 1,
Qg are open subsets of E with 0 € Qq, Q1 C Qo, and let

A:KN @\ Q) — K

be a completely continuous operator such that

(@) JAu|| < JJull, we KN, and |Aul|| = ||ull, we K NOQa; or
(i) |Au|| = ||lu|l, we KnNoQ, and ||Aul|| < ||u||, ue K NoN,.
Then A has a fized point in K N (Q \ 7).

2 Preliminaries

We now state and prove several lemmas before stating our main results.

Lemma 2.1. Suppose that y(t) € C(Nao,7) and y(t) > 0. Then the linear boundary

value problem

A*u(t —2) +y(t) =0, t€Nyr, (2.1)
u(0) = Au(0) = A%u(0) =0, w(T+2)= azn:u (2.2)
s=4
has a unique solution
t§ T a n—2
) =gy | 0T =5+ 3%0) — § L= 5+ 2900
2
5 (t — s+ 1)3y(s), (2.3)
5=2
where
A= T(T+1)(T+2) = (= 3)(n+2)(r* —n +4). (2.4)

Proof. In fact, if u(¢) is a solution of problem (2.1), by the discrete Taylor expansion

formula, we have

t—4
1
u(t) = C1t3 + Cot? + Catt + Cy — G D (t—s—12%y(s+2), teNp,.
s=0
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Applying the first boundary condition u(0) = Au(0) = A2u(0) = 0 in (2.2), we

obtain
Cy=C3=Cy=0.
So,
1 t—4
_ 3 3
uuy_0¢-—6§;u—s_1)ws+m, (2.5)

From (2.5) and the second boundary condition in (2.2) implies

n n n s—4
ad u(s) =aCiy (=G DD (s— - 1(E+2)
s=4 s= s=4 £=0
n— o n—4n—s—4
=aC1y (s+ P = >0 Y (€+3)%(s+2)
s=0 s=0 ¢=0
1 T-2
=C1 (T +2)2 G ;(T —s+1)3y(s+2)

Solving the above equation for a constant C, we get

1 T-2 o n—4n—s—4
_ _ 3 _ 3
Ci = oA 2 (T —s+1)%y(s+2) A SE:U ;0 €+ 3)%y(s + 2)

where A is defined by (2.4)

Therefore, (2.1)-(2.2) has a unique solution

t§ T n—2
) =gy | 0T 5+ 3%0) — § L= 5+ 2900
s=2 5=2
t—2
— > (t—s+1)%y(s)
s=2

Lemma 2.2. The function

At — s+ 1B+ BT —s+3)3 - L (n—s5+2)0 seNy aNNay o
Gt s) = GLA —3A(t —s+ 12+ ti(T — s+ 3)3, s€Ny_14-2
(T — 5 +3)2 = %=(n— s+ 2)4, s € Ni—1,p—2

\ti(T — 54 3)3, seN 17NNy 7

(2.6)
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where A is defined by (2.4), is the Green’s function of the problem
— A4u(t — 2) =0, tc N27T,
n

u(0) = Au(0) = A%u(0) =0, uw(T+2)=ad u(s). (2.7)
s=4

Proof. Suppose t < 1. The unique solution of problem (2.1)-(2.2) can be written

1 t—2
u(t) = — 8 (t — s+ 1)2y(s)
s=2
t§ t—2 n—2 T
i [Z(T —s+3)3y(s)+ > (T—s+3)3y(s)+ Y (T—s+ 3)3y(s)]
s=2 s=t—1 s=n—1
Oét§ t—2 n—2 !
| s+ X s+ 2]
s=2 s=t—1
132 3
:67822 [— At —s+1)2+(T —s+3)3 - - (- 8—1—2)4]1;(5)
n—2 3
+ GLA Z {tB(T —5+3)2 - Tt(n -5+ 2)4}7;(3)
s=t—1
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1 =2 at3
:67AZ —A(t—8+1)3+t3(T—8+3)3—4(?7—8+2)4:|y(8)
s=2
=
t A [—A(t—s+1)3+t3(T—s+3)3]y(s)
s=n—1
1 Z
+ 51 DT — s+ 3)3y(s)
s=t—1

Then the unique solution of problem (2.1)-(2.2) can be written as u(t) =

T
Z G(t, s)y(s). The proof is complete. O
s=2

AT(T+1)(T+2)
n=3)(n+2)(n?—n+4)"

We observe that the condition 0 < a < implies G(t,s) is

positive on No 77 x Ny 7.

Let
. G(t, s
M7 = min { G((t,t)) 1t e N27T,8 € NZT} (2.8)
G(t, s
My = max { G((t,t)) 1t e NT+2, s € NQ,T} (29)

Lemma 2.3. Let (t,s) € Ny x No 7. Then we have
G(t,s) > M1G(t,t.) (2.10)
where 0 < My < 1 is a constant given by

-5
AT —n+T7)2—4A (%) —an?t AT —n+53—an+1)4

M — mi
L mm{ AT+ 1)3 - 24a AT+ 13— 24a
6 4T —n—5)3—4A (%)—(M]é
AT +1)3 = 240’ A(T —n+4)3 ’
60(n —1)3 — A(T —n+2)2 6
, (2.11)
T3(T —n+4)3 (T —n+4)3
Proof. In order that 2.10 holds, it is sufficient that M; satisfies
M<  min G (2.12)

(t,S)GNQ’T XNQ’T G(t, t)
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Then we may choose

. G(t,s) G(t,s) }
M, < . 2.13
1=t {(t S)ENEIZIHQXNQ T G( 5 ) (t S)ENinllnT XNQ T G( 5 ) ( )

since

Q

(t,s
min
(t, S)ENQ n—2xNo 1 G( )

. { o —At—s+1)2+8(T - s+3)§—O‘T’Q(n—s+2)é

= min min X ,
teNg ;2 | s€Ng ;2 tQ(T t+ 3) — otz ( —t+ 2)é

, t3(T — s+ 3)% — 4( 5+2)é

min . 3 )

s€Ni—1n—2 t3(T —t + 3) B —t+2)4

3

: t3(T — s+ 3) }
min
s€Np_11 $3(T — t + 3)§ — ( —t+2)4

o i {—A(t — 1)§+t§(T—t+5)f— Tné (T—n+532—%Mn—t+3)*
TN | (T -t 433 - B (-t 424 T (T—t+3)2—F(n—t+2)
33
(T —t+3)3 — Z‘(n—t—i—?)‘l}
3 a 4
B G =) R it At (A G R ey (RS
> min = ) 1z ) 14
(T+1)3 — & (T+1)3 — o (T+1)2—2F
-5 4
o (AT A (55 ot yr 5 agy 1 6
N LT +1)3 — 24a ’ AT +1)3 — 24c "A(T +1)2 — 24«
(2.14)
Similarly, we get
G(t,s)
min
(t S)ENn 1 TXNQ T G(t7 t)
- AT —n—5)2—4A (£22) —an? 60(n—1)3 — AM(T —n+2)2 6
- 4T —n+4)3 ’ T3(T —n+4)3 (T —n+4)3
(2.15)
The (2.11) is immediate from (2.14)-(2.15) O
Lemma 2.4. Let (t,s) € Npyo x Ny p. Then we have
G(t,s) < MxG(t,t.) (2.16)
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where My > 1 is a constant given by

24A — 23T +1)2 4T - 3 _ 94 A(T — 4)2
M2:max{ +(=2T+1)> 4T -n+6) a (T —n+4)

a(n —2)3nt AT —n+6)3—ant’ 4T —n+5)3—ant’
4T3 — 24a(n —1)2 THT —n+4)2 —6A (T —n+5)3 (2.17)
6(n—12 6(n—1)2 ’ 6 ‘

Proof. For t =0, 1, from (2.6) we get
G(0,s) = G(0,0) =0; G(1,s)=G(1,1)=0.

Then we may choose M = 1. For t € Ny 7, if 2.16 holds, it is sufficient that My

satisfies Git.s)
s
My > max . 2.18
2 (t 8)€N2 TXNQT G( ) ( )
Then we may choose
t t
My > max{ max G ’8), max Gt s) } . (2.19)
(t,s)GNgynfz xNo 1 G(t, t) (t,S)ENn,]ﬂT xNo 1 G(t, t)

since

Q

(t,s)
max
(t,5)€N2 y_2xNy 1 G(t, t)
{ At — s+ 13+ BT —s4+3)33 — L(n— 5424

= max max 3

t€N2 2 | s€N21—2 t3(T —t + 3) — L (n—t+2)4

(T — s+ 3)3 — 22 () — 3+2)
max t3
s€Ne—1n—2 t3(T —t +3)3 — 4=(n —t + 2)7

9

t3(T — s+ 3)
max at3 1
sENy_1.T t,(T t+ 3) — (77 —t+ 2)7

_ a44

{—A33+t3(T+ 1)2 — (¢ 4 4)4 T —t+4)3
teN2 o t3(T —t + 3)3 _at3(n_t+2)g ’(T—t+3)f—%( —t+2)é’

(T —n+4? }
(T —t+3)3—qn*

24+ (n—2)2(T+1)2 4T —n+6)2—24a 4T —n+4)2
<max ) )
a(n —2)3nt AT —n+6)2—ant’ 4T —n+5)2—ant
(2.20)
Similarly, we get
G(t,s)
max
(t S)EN,«] 1T><N2T G(t t)
3 _ 3 3 _ _ 3
~ max AT3 — 24a(n —1)2 | T3T —n+4) 6A7 (T —n+5) (2.21)
6(n —1)2 6(n —1)2 6
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Fort =T+ 1,T + 2 from (2.6) we get

GT+1,5) <o [-AT — 5+ 22+ (T4 12 (T~ 543~ S(n— 5 +24)]
= ﬁ(T%— 13(n — s+ 2)4
< - m(T+ 13(n—T+1)%
—G(T+1,T+1),

G(T+2,s 6%[ AT — s +3)3 (T+2)§((T—s+3) %( —s+2)é)}

GiA [( 542 (T;f*f) (T+22-4) - S0 —s+2)4}
:—m(TJr?) 2 —s+2)*
<— m(T—l—Q) (n—T)4
—G(T+2,T+2).
Then we choose My = 1. So (2.17) is immediate from (2.20)-(2.21). O

3 Main Results

Now we are in the position to establish the main result.

Theorem 3.1. Assume (H1) - (H3) hold. Then the problem (1.1)-(1.2) has at least
one positive solution.

Proof. In the following, we denote

m= min G(t,t), M = max G(t,1).
tENn 1,7 tENT+2

Then 0 <m < M.
Let E be the Banach’s space defined by E = {u : Nyy9 — R}. Define

K={u€eFE:u>0,t € Npysand Hli]ln u(t) >o || ul}
te

where o = Aj\gﬂ € (0,1),]| u ||= maxseny,, | u(t) |. It is obvious that K is a cone

in .
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We define the operator A: K — E by

T
(Au)(t) =Y G(t, s)a(s) f(u(s)),t € Ny
s=2

It is clear that problem (1.1)-(1.2) has a solution w if and only if u € K is a
fixed point of operator A. We shall now show that the operator A maps K to itself.
For this, let u € K, from (Hy) — (H3), we get

T
(Au)(t) = Z G(t,s)a(s)f(u(s)) > 0,t € Npyo. (3.1)
s=1
from (2.9), we obtain
T T
(Au)(t) =) G(t,s)a(s)f(u(s)) < Mz Y G(t,t)als) f(uls))
s=2 s=2
T
SMQMZ a(s)f(u(s)), t € Npja.
s=2
Therefore
T
| Au [|[< MoM Y a(s) f(uls)). (3-2)
s=2

Now from (H3), (Hs), (2.8) and (3.2), for t € N, 1, we have

T T
(Au)(t) =My Y G(t,t)a(s) f(u(s)) = Mim Y als)f(u(s))
s=2 5=2
Mim
> A= ).
Then
min (Au)(t) > o |[u . (3.3)

From (3.1)-(3.2), we obtain Au € K, Hence A(K) C K. So F : k — K is

completely continuous.

Superlinear case. fy =0 and fo, = co. Since fy = 0, we may choose H; > 0 so
that f(u) < €qu, for 0 < u < Hy, where €; > 0 satisfies

T
e MM a(s) < 1. (3.4)
s=2
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Thus, if we let
Ql = {'LL cF: Hu” < Hl},

then for v € K N 9OQy, we get

T T
(Au)(t) <Ma Y G(t,t)a(s)f(u(s)) < e MM Y~ a(s)u(s)
s=2 5=2
T
<etMaM Y a(s)|ull < |lull-
s=2

Thus ||Au|| < |Ju|, u € K 190,

Further, since fo, = oo, there exists ﬁg > 0 such that f(u) > equ, for u > ﬁg,

where €5 > 0 satisfies

T

eMio Y G(n—1,n-1)a(s) > L. (3.5)
s=n—1

Let Hy = max{2H1,%} and Qo = {u € E : |lu]| < Hz}. Then u € K N 0Ny
implies

min  u(t) > ol|ul| > Hs.
teN, 1.7

Applying (2.8) and (3.5), we get

T T
(Au)(n—1) =My Y G(n—1,s)a(s)f(u(s)) = My Y G(n—1,1—1)a(s)f(u(s))
5=2 s=n—1
T ! T
>eoMy Y G(n—1,n—1)a(s)y(s) > e2Mio Y Gln—1,7—1)a(s)||ul
s=n—1 s=n—1

> |Jul].

Hence, ||Au| > ||u|, v € K N 9Qy. By the first part of Theorem 1.1, A has a
fixed point in K N (Qa \ 1) such that Hy < ||u| < Ho.

Sublinear case. fy = oo and fo = 0. Since fy = oo, choose Hz > 0 such that
flu) > esu for 0 < u < Hs, where e3 > 0 satisfies

T
esMio Z Gn—1,n—1)a(s) > 1. (3.6)
——

s 1

Let
Qg = {U cFE: ||’LL|| < Hg},
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then for u € K N 0Q3, we get

T T
(Au)(n—1) =My Y Gln—1,n—Da(s)f(u(s)) > M Y G(n—1,n7—1)a(s)y(s)
s=n—1 s=n—1

T
SegMio S Gl —1,m— Da(s)|ul > [u.
s=n—1

Thus, ||Au| > |[u], v € K N 0Qs.

Now, since fo = 0, there exists lE\I4 > 0 so that f(u) < equ for u > fI4, where
€4 > 0 satisfies

T
eaMyM > a(s) > 1. (3.7)
s=n—1

Subcase 1. Suppose f is bounded, f(u) < L for all u € [0, 00) for some L > 0.
T

Let Hy = max{2Hs, LMQMZCL(S)}.

s=1

Then for u € K and |ju|| = Hy, we get

T
(Au)(n) <My 3" Gt D)a(s)f(u(s)) < LMM Y als)

s=2 s=2
<Hj = [[u

Thus (Au)(t) < |lul.

Subcase 2. Suppose f is unbounded, there exist Hy > max{2Hs, %} such
that f(u) < f(Hy) for all 0 < u < Hy. Then for v € K with ||u|| = Hy from (2.9)
and (3.7), we have

T T
(Au)(t) <My G(t,t)a(s) f(u(s)) < MaMy_ a(s) f(Ha)
5=2 5=2
T
<eaMyM > a(s)Hy < Hy = ||ul.
s=2

Thus in both cases, we may put Q4 = {u € E : |Ju|| < Hy4}. Then
|Aul|l < |Ju|l,w € K N 0Qy.
By the second part of Theorem 1.1, A has a fixed point u in K N (Q4\ Q3), such

that Hs < ||u|| < H4. This completes the sublinear part of the theorem. Therefore,
the problem (1.1)-(1.2) has at least one positive solution. O
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4 Some examples

In this section, in order to illustrate our result, we consider some examples.

Example 4.1 Consider the BVP

Atu(t —2) + t2u* =0, t € Nag, (4.1)
5
u(0) = Au(0) = A%u(0) =0,  wu(8) = g > u(s). (4.2)
s=4

Seta:%, n=>5,T=6, a(t) =2 f(u):uk

We can show that

«

T(T+1)(T+2) - 7

(n—3)(n+2)(n* —n+4) =280 > 0.
Case I : k € (1,00). In this case, fo = 0, foo = 00 and (i) of theorem 3.1 holds.
Then BVP (4.1)-(4.2) has at least one positive solution.

Case Il : k € (0,1). In this case, fo = 00, foo = 0 and (i7) of theorem 3.1 holds.
Then BVP (4.1)-(4.2) has at least one positive solution.

Example 4.2  Consider the BVP

wsinu + 2cosu

Atu(t —2) 4 e'te( " ) =0, t € Nog, (4.3)
6
u(0) = Au(0) = A%u(0) =0,  wu(10) = %Zu(s), (4.4)
s=4

Set a =3, =6, T =8, a(t) = e't", f(u) = T,
We can show that

a

T(T+1)(T+2) - 3

(n=3)(n+2)(n* —n+4) =596 > 0.

Through a simple calculation we can get fo = 00, foo = 0. Thus, by (ii) of
theorem 3.1, we can get BVP (4.3)-(4.4) has at least one positive solution.
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Abstract

This paper presents new methods for measuring similarity between
generalized intuitionistic fuzzy sets (GIFSs) and its application to pattern
recognition. Firstly, the geometrical interpretation of GIFSs is carefully
reviewed and then the results of the interpretation is utilized to generate
new methods for measuring similarity in order to calculate the degree
of similarity between GIFSs. Numerical example is given to illustrate
the application of the proposed similarity measures. Finally, we also use
the proposed similarity measures to characterize the similarity between
linguistic variables.

1 Introduction

As a generalization of fuzzy sets, intuitionistic fuzzy sets (IFSs) were presented
by Atanassov [1, 2, 3]. Since IFSs can present the degrees of membership and
non-membership with a degree of hesitancy, the knowledge and semantic repre-
sentation become more meaningful and applicable. These IFSs have been widely
studied and applied in various areas, such as logic programming [4], decision
making [7, 22], pattern recognition [12, 14, 15, 16, 19, 26] and medical diagnosis
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[9, 25], and seem to have more popular than fuzzy sets technology. Mondal and
Samanta [18] introduced generalized intuitionistic fuzzy sets (GIFSs) as a gen-
eralization of IFSs and studied their basic properties. Park et al. [20] proposed
a method to calculate the correlation coefficient of GIFSs. There is a little in-
vestigation on GIFSs. Similarity assessment plays a fundamental and important
role in inference and approximate reasoning in all applications of intuitionistic
fuzzy logic [4]. For different purposes different similarity measures should be
used. Based on the importance of the problem, the effectiveness and properties
of the different similarity measures for IFSs have been compared and examined
by many researchers (e.g. Hung and Yang [12], Li and Cheng [14], Li et al. [15],
Liang and Shi [16], Mitchell [19], Szmidt and Baldwin [23]). The analysis of sim-
ilarity is also a fundamental issue while employing GIFSs. Recently, Park et al.
[21] proposed and applied similarity measure to compare generalized intuition-
istic fuzzy preferences given by individuals (experts) and evaluated an extent of
a group agreement. In this paper, we propose new similarity measures based on
the geometrical representation for GIFS. The proposed similarity measures de-
pend on the triplet, membership degree, nonmembership degree, and hesitation
margin. This paper proves that the proposed similarity measures satisfy the
properties of axiomatic definition for similarity measures. Numerical example
is given to illustrate the application of the developed similarity measures. Fur-
thermore, we use the proposed similarity measures to characterize the similarity
between linguistic variables.

2 Brief introduction of GIFSs

In the following, we firstly recall basic notions and definitions of GIFSs which
can be found in [18].

Let X be the universe of discourse. A generalized intuitionistic fuzzy set
(GIFS) A in X is an object having the form

A =A{(z,pa(z),va(x)) | v € X} (1)

where pa,va : X — [0,1] denote membership function and non-membership
function, respectively, of A and satisfy min{ua(x),va(z)} < 0.5 for all z € X.
Let GIFS(X) denote the set of all GIFSs in X.

For an IFS A = {(x, pa(z),va(z)) | x € X}, it is observed that pa(z) +
va(z) <1 implies min{pa(x),va(z)} < 0.5 for each x € X. Thus, every IFS is
GIFS.

For each GIFS A in X, we call
pa(x) =1—pa(z) —va(z) (2)

a generalized intuitionistic fuzzy index (or a hesitation margin) of z in A and
it expresses a lack/excess of knowledge of whether x belongs to A or not. (see,
[20]). It is obvious that —0.5 < ¢ 4(z) < 1 for each z € X.
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Having in mind that for each element x belonging to a GIFS A, the values
of membership, non-membership and generalized intuitionistic fuzzy index add

up to one, i.e.
pa(z) +va(z) + da(z) =1 (3)

and that each of the membership and non-membership are from [0, 1] and the
generalized intuitionistic fuzzy index is from [—0.5, 1], we can imagine a cuboid
(Figure 1) inside which there is a polygon ADBFEGF where the above equation
is fulfilled. In other words, the polygon ADBFEGUF represents a surface where
coordinates of any element belonging to a GIFS can be represented. Each point
belonging to the polygon ADBEGF is described via three coordinates: (u, v, @).
Points A and B represent crisp elements. Point A(1,0,0) represents elements
fully belonging to a GIFS as u = 1. Point B(0,1,0) represents elements fully
not belonging to a GIFS as v = 1. Point D(0,0, 1) represents element about
which we are not able to say if they belong or not belong to a GIFS (general-
ized intuitionistic fuzzy index ¢ = 1). Point E(1,0.5, —0.5) represents element
about which we can say to belong to a GIFS (¢ = —0.5). Point F(0.5,1,—0.5)
represents element about which we can say to not belong to a GIFS (¢ = —0.5).
Such an interpretation is intuitively appealing and provides means for the repre-
sentation of many aspects of imperfect information. Segment AB (where ¢ = 0)
represents elements belonging to classical fuzzy sets (u+v = 1). Triangle ADB
(where 0 < ¢ < 1) represents elements belonging to IFSs (0 < y+ v < 1). Any
other combination of the values characterizing a GIFS can be represented inside
the triangles AGF and BEG. In other words, each element belonging to a GIFS
can be represented as a point (u, v, ¢) belonging to the polygon ADBEGF (cf.

Figure 1).
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Figure 1: A geometrical interpretation of a GIFS
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It is worth mentioning that the geometrical interpretation is directly related
to the definition of a GIFS, and it does not need any additional assumptions.
By employing the above geometrical representation, a GIFS A can be expressed
as

A ={(pa(z),va(z), pa(r)) | z € X}. (4)

Therefore, this representation of a GIFS will be a point of departure for consid-
ering the our method in calculating the degree of similarity between GIFSs.

For A, B € GIFS(X), Mondal and Samanta [18] defined the notion of con-
tainment as follows:

ACB & pa(x) < pp(x) and va(z) > vp(x) Vo € X. (5)

As above-mentioned, we can not omit the third parameter (hesitancy degree)
in the representation of GIFSs and then redefine the notion of containment as
follows:

ACB & pa(z) <upup(x), va(z) >vp(z) and ¢a(x) > dp(x) Ve € X.  (6)

Definition 2.1 Let S : GIFS(X) x GIFS(X) — [0, 1] be a mapping. S(A4, B)
is said to be the degree of similarity between A € GIFS(X) and B € GIFS(X)
if S(A, B) satisfies the properties (SP1)-(SP4):

(SP1)0< S(A,B) <1

(SP2) S(A,B) =1 if and only if A = B;

(SP3) S(A4, B) = 5(B, A);

(SP4) S(A,C) < S(A,B) and S(A,C) < S(B,C)if ACBCC, A B,CE¢€
GIFS(X).

Definition 2.2 Let D : GIFS(X) x GIFS(X) — [0, 1] be a mapping. D(A, B)
is called a distance A € GIFS(X) and B € GIFS(X) if D(A, B) satisfies the
properties (DPl)—(DP4):

(DP1) 0 < D(A, B) <

(DP2) D(A,B) =0 if and only if A = B;

(DP3) D(A B) = D(B, A);

(DP4) D(A,B) < D(A,C)and D(B,C) < D(A,C)itACBCC, A, B,C¢€
GIFS(X).

Because distance and similarity measures are complementary concepts, sim-
ilarity measures can be used to define distance measures and vice verses.

3 New similarity measures between GIFSs
In this section, we take into account three parameters describing GIFSs to pro-

pose a new similarity measures between GIFSs based on the geometrical repre-
sentation of GIFSs.
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Let A = {(z,pa(z),va(z)) | v € X} and B = {(x, up(z),vp(z)) | x € X}

be two GIFSs in X = {z1,z2,...,2,}. We propose a new similarity measure:
SQ(A7 B)
_q, 1 zn: lpa(zi) — ps(@i)| + [valzi) —ve(@i)| + [pa(zi) — ¢B(zi)|
n i 4
max(|pa(z:) — pp(@i)l, |val(@:) —ve(@i)|,|da(@i) — op(xi)|)
¥ ) .

where ¢4 (x;) and ¢p(x;) are, respectively, the hesitancy degree of the element
z; € X to the sets A and B.

Theorem 3.1 Sy(A, B) is the similarity measure between two GIFSs A and B.

Proof For the sake of simplicity, IFSs A and B are denoted by A = {(pa(z;),
va(z;),d(xz;)) | #; € X} and B = {(up(x:),ve(x;:), dp(x;)) | v; € X}, respec-
tively. Obviously, Sg(A, B) satisfies (SP1) and (SP3) of Definition 1. We only
need to prove that S, (A, B) satisfies (SP2) and (SP4).

(SP2): From (6), we have

Sg(A,B) =1
S palz;) = pp(xi), valzs) = ve(x), pa(x:) = ¢p(x;), Vo, € X
< A= B.

(SP4): For any IFS C = {(pc(z:), ve(z:), po(zi)) | 2, € X}, if AC B CC,
then we have

Sy(A,C) =1~ %Xn: (WA(%) — pe (@) + |va(w:) . vo(@i)| + |pa(@:) — do(xi)|

i=1

—+

max(|pa(z:) — po (@), [valm:) — vo (i), [palz:) — ¢c($i)|)> .
2

It is easy to see that

lpa(xi) — po(@i)| > |pa(zi) — pe(@)l, valz:) —ve(w:)| = valz:) —ve(wi)l,
|pa(x:i) — dc(x3)| > |pa(zi) — dp(xi)|.

So we have
lpa(wi) — po(@i)| + |lvalwi) —ve(xi)| + |pa(wi) — o ()]
4
+maX(|/LA($z') — po (@), [va(z:) —ve(xi)l, [pa(zi) — dc(xi)])
2
S lpa(ei) = pp(@)| + [va(zi) — ve(@:)| + |Pa(e:) — op(xi)l
- 4
+maX(|/LA($z') — (i), [va(zi) — ve(x:)l, [9a(zi) — dB(4)])
2
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and thus we get Sy (A, C) < S4(A, B). By the same reason, we can get Sg(A4, C) <
Sq¢(B,C).

However, the elements in the universe may have different importance in
pattern recognition. We should consider the weight of the elements so that we
can obtain more reasonable results in pattern recognition.

Assume that the weight of z; in X is w;, where w; € [0,1] (i = 1,2,...,n)
and > i, w; = 1. The similarity measure between GIFSs A and B can be
obtained by the following form:

Sqw (A, B)
—1_ iwi (|1U‘A(£Ei) — pB(®)] + |va(z:) ;uB(xi)| + |palz:) — dplas)]

i=1

max(|pa(z:) — ps (i), |VA(fvi2) —vi(®i)|,|palz:) — ¢B($i)|)> C®)

—+

Likewise, for Sg., (A, B), the following theorem holds.

Theorem 3.2 Sy,(A, B) is the similarity measure between two GIFSs A and
B.

Proof The proof is similar to that of Theorem 3.1.

Remark 3.3 Obviously, if w; =1/n (i =1,2,...,n), (8) becomes (7). So, (7)
is a special case of (8).

Now, we propose another new similarity measure between GIFSs A = {(«,
wa(z),va(z))|r € X}and B = {(z, up(z),vp(x))|z € X} in X = {z1,22,...,Tn}
as follows:

Let 0uap (i) = |lpa@s)—pp(@i)| /2, puap (@) = [val@:)—vp(i)]/2, @pan (i) =
|pa(x;) — ¢p(x;)|/2 and z; € X. Then

n

Sq(A,B) =1— % D Pran (@) + Puan (@) + oman (D)7, 9)

n\| “
1=1
where 1 < p < o0.

Theorem 3.4 S%(A, B) is the similarity measure between two GIFSs A and B.
Proof Obviously, 5% (A, B) satisfies (SP1) and (SP3). As to (SP2) and (SP4),

we give the following proof.
(SP2): From (8), we have
SH(A,B) =1
<~ quB(i) =0, <PVAB(i) =0, <P¢AB(i) =0,Vi=1,...,n
& pa(zi) = pp(wi), va(zi) = vp(xi), pa(zi) = ¢p(z:), Vo, € X
& A=B.

989 Jin Han Park et al 984-994



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

(SP4): Since A C B C C, we have pa(z;) < pp(z;) < po(x;), valz;) >
vp(x;) > ve(z;) and ¢a(x;) > ¢op(x;) > ¢c(x;) for any x; € X. Then we have

Puas () + Prap (i) + ©oap (i)
= lpa(z:) — pp(@)]/2 + [valzi) —ve(@i)|/2+ |pa(zi) — (2] /2
< pale:) — po (i)l /24 va(z:) —ve(zi)| /2 + [9a(zi) — do(zi)l/2
= Puac (1) + Prac (i) + Poac (4).

So we have
n n
4 Z(‘P#Ac (1) + Puac (i) + <P¢AC Z <P#AB )+ @uap(i) + Poan ().
=1 =1

Therefore, S (A, C) < S4(A, B). In the similar way, it is easy to prove S (A, C') <
Sh(B,C).

Similar to (8), considering the weight w; of x; € X, the similarity measure
of GIFSs A and B can be obtained as following form.

Sgw(A,B) =1—7¢ Zw Pras (i) + Prap (i) + @oa5 (D)7, (10)

where 1 < p < o0.
Likewise, for S% (A, B), the following theorem holds.

Theorem 3.5 S (A, B) is the similarity measure between two GIFSs A and
B.

Proof The proof is similar to that of Theorem 3.4.

4 An application to pattern recognition prob-
lem
Assume that a question related to pattern recognition is given using GIFSs.
Assume that there exist m patterns which are represented by GIFSs A; =
{(zi, palz;),valz;)) | z; € X} (i = 1,2,...,m), where X = {x1,22,...,2,}.

Suppose that there be a sample to be recognized which is represented by GIFS
B = {(x’ia:uB(x’i)a VB('I'L')> | T; € X} Set

S(A;,, B) = max {S(Al, B)}, (11)
where S(A4;, B) is the similarity measure between A; and B (i = 1,2,...,n)
given by (8) or (10).

According to the principle of the maximum degree of similarity between GIFSs,
it can be decided that the sample B belongs to some pattern A;,.
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Example 4.1 Assume that there are three patterns denoted with GIFSs in
X ={x1,x9,x3}. Three patterns A;, Ay and A3 are denoted as follows:

Al = {($1,0.6,0.3), ($2,0.8,0.3), ($3,07,04)},
A2 = {($1,0.5,0.6), ($2,0.5,0.4), ($3,07,05)},
As = {(21,0.6,0.5), (x2,0.7,0.4), (x3,0.8,0.4)}.

Assume that a sample B = {(z1,0.6,0.3), (x2,0.7,0.5), (x3,0.7,0.5)} is given.
Given three kinds of mineral fields, each is featured by the content of three
minerals and contains one kind of typical hybrid minerals. The three kinds of
typical hybrid minerals are represented by GIFSs A;, As and A3 in X, respec-
tively. Given another kind of hybrid mineral B, to which field does this kind of
mineral B most probably belong to ?

For convenience, assume that the weight w; of x; in X are equal and p = 2.
By (8) and (10), we have

S,(A1, B) = 0.900, S,(Az, B) = 0.800, S,(Asz, B) = 0.866;
S2(Ay, B) = 0.971, S3(As, B) = 0.755, S3(A3, B) = 0.859.

From this data, the proposed similarity measures S, and S% show the same
classification according to the principle of the maximum degree of similarity
between GIFSs. That is, the sample B belongs to the pattern A;.

The results of above example indicates the proposed similarity measure to be
good in pattern recognition problems. In the following example, the proposed
similarity measure is used to characterize the similarity between linguistic vari-
ables.

Example 4.2 Let F' = {(x, up(z),vp(x)) : © € X} be a GIFS in X. For any
positive real number n, We define the GIFS F™ as follows:

P = {(x, (ur (@), 1 = (1= vp(@))") | = € X).

Using the above operation, we also define the concentration and dilation of F'
as follows:

e concentration: CON(F) = F?;
e dilation: DIL(F) = F'/2.

Like the fuzzy sets, CON(F) and DIL(F) may be treated as “very (F)” and
“more or less (F)”, respectively.
In the next, we consider a GIFS F in X = {6,7,8,9,10} defined by

F = {{(6,0.2,0.9), (7,0.4,0.7), (8,0.7,0.4), (9,0.9,0.1), (10, 1, 0) }.

With taking into account the characterization of linguistic variables, we regard
F as “LARGE” in X. Using the operations of concentration and dilation
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e F'/2 may be treated as “More or less LARGE”,
e F? may be treated as “Very LARGE”,
e F* may be treated as “Very very LARGE”.

The proposed similarity measure is utilized to calculate the degree of similarity
between these GIFSs. The results are summarized in Table 1. In Table 1, L.,
V.L., V.V.L. and M.L.L. denote LARGE, Very LARGE, Very very LARGE and
More or less LARGE, respectively.

Table 1: The values calculated by the proposed similarity measure S}

Sy M.L.L. L. V.L. V.V.L.
M.L.L. 1 0.8562 0.7134  0.6022
L. 0.8562 1 0.8540 0.7428
V.L. 0.7134 0.8540 1 0.8848
V.V.L. 0.6022 0.7428 0.8848 1

From the viewpoint of mathematical operations, the similarities between the
above GIFSs require the following conditions:

S(M.LL.,L) > S(ML.L.,V.L)>SML.L,V.V.L), (12)
S(L.,M.LL) > S(L.,V.L)> S(L.,V.V.L), (13)
S(VL.,V.V.L) > S(V.L,L)>S(V.L.,M.L.L.), (14)
S(V.V.L,V.L) > S(V.V.L.L)>S(V.V.L,ML.L). (15)

From Table 1, it can be seen that the proposed similarity measure S} satisfies
the requirements (12)-(15). Therefore, the proposed similarity measure S} is
reliable in applications with compound linguistic variables.

5 Conclusions

We apply the principle of maximum degree of similarity measures between GIFSs
to solve the pattern recognition problem. Based on the geometrical interpre-
tation of GIFSs, we take into account three parameters (membership, non-
membership, hesitation margin) to propose a similarity measure for calculating
the degree of similarity between GIFSs. Numerical example is given to illustrate
the application of the developed similarity measures. Furthermore, we use the
proposed similarity measures to characterize the similarity between linguistic
variables.
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