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FIXED POINTS IN TOPOLOGICAL VECTOR
SPACE(tvs)VALUED CONE METRIC SPACES

Muhammd Arshad(marshad _zia@yahoo.com)
Department of mathematics, International Islamic University,
H-10, Islamabad-44000, Pakistan.

Abstract: We use the notion of topological vector space valued cone metric
space and generalized a common fixed point theorem of a pair of mappings
satisfying a generalized contractive type condition. Our results extend some
well-known recent results in the literature.

2010 Mathematics Subject Classification: 4TH10; 54H25.
Keywords and Phrases: Topological vector space valued;cone metric space; non-
normal cones; fixed point; common fixed point.

1 Introduction and Preliminaries

Many authors [1, 3, 4, 6, 17, 10, 11, 12, 13, 14, 15, 16, 17, 18, 21] studied
fixed points results of mappings satisfying contractive type condition in Banach
space valued cone metric spaces. The class of tvs-cone metric spaces is bigger
than the class of cone metric spaces studied in [2, 7, 8, 19, 20]. Recently Azam
et al. [5] obtain common fixed points of mappings satisfying a generalized
contractive type condition in tvs-cone metric spaces. In this paper we continue
these investigations to generalize the results in [1, 10].

Let (E,7) be always a topological vector space (tvs) and P a subset of E.
Then, P is called a cone whenever
(i) P is closed, non-empty and P # {0},
(ii) ax 4 by € P for all z,y € P and non-negative real numbers a, b,
(iii) PN (—=P) = {0}.

For a given cone P C E, we can define a partial ordering < with respect to
Pbyz<yifand only if y—x € P. = < y will stand for x < y and = # v,
while z < y will stand for y — z € intP, where intP denotes the interior of P.

Definition 1 Let X be a non-empty set. Suppose the mappingd : X x X — E
satisfies

(d1) 0 =< d(z,y) for all z,y € X and d(x,y) =0 if and only if x =y,

(d2) d(l’,y) = d(ya {E) fOT all T,y € X7

(ds) d(z,y) = d(z,2) +d(z,y) for all z,y,z € X.

Then d is called a topological vector space-valued cone metric on X and (X,d)
1s called a topological vector space-valued cone metric space.
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If F is a real Banach space then (X, d) is called (Banach space valued) cone
metric space [1, 6, 17, 10, 21]

Definition 2 [7] Let (X,d) be a tus-cone metric space, x € X and {n}n>1 @
sequence in X. Then

(i) {xn}n>1 converges to x whenever for every ¢ € E with 0 < ¢ there is a
natural number N such that d(z,,x) < ¢ for all n > N. We denote this by
lim,, oo T, = T OT T,, — .

(ii) {zn}n>1 is a Cauchy sequence whenever for every c € E with 0 < ¢ there
is a natural number N such that d(zn,xm) < ¢ for alln,m > N.

(iii) (X, d) is a complete cone metric space if every Cauchy sequence is conver-
gent.

Lemma 3 [7] Let (X,d) be a tvs-cone metric space, P be a cone. Let {x,} be a
sequence in X and {a,} be a sequence in P converging to 0. If d(xp,Zm) =< apn
for every n € N with m > n, then {x,} is a Cauchy sequence.

The fixed point theorems and other results, in the case of cone metric spaces
with non-normal solid cones, cannot be proved by reducing to metric spaces.
Further, the vector valued function cone metric is not continuous in the general
case.

Remark 4 [7] Let A,B,C,D,E be non negative real numbers with A + B +
C+D+E<1, B=CorD=E.IfA\=(A+B+D)1-C~-D)"! and
p=(A+C+E)(1-B—-E)"! then \u < 1.

2 Common Fixed Points

The following theorem improves/generalizes the results in [1, 7].

Theorem 5 Let (X, d) be a complete topological vector space-valued cone metric
space, P be a cone and m,n be positive integers. If mappings F,.G : X —
X satisfies:

d(Fz,Gy) 2 Ad(z,y)+B d(z, Fx)+Cd(y, Gy)+D d(z, Gy)+ E d(y, Fz) (2.1)

for all x,y € X, where A, B,C, D, E are non negative real numbers with A +
B+C+D+E<1, B=C orD=EF. Then F and G have a unique common
fixed point.

Proof. For zyp € X and k > 0, define

Tog+1 = Fxgy

Toky2 = GTopii.
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Then,
d(zory1, Tokt2) = d(Fwog, Gropy)
= Ad(xgk, 3721«—}-1) + Bd(l‘gk, Fx%) + Cd(x2k+1, Gxng)
+Dd(xok, Grogg1) + Ed(xar41, Fror)
= [A+ B] d(zok, vont1) + Cd(@ak1, Taky2) + D d(@ok, Topt2)
=< [A+ B+ D] d(zak, xax+1) + [C + D] d(x2k+1, Tap+2)-

It implies that

[1 — C — Dld(zak+t1, Takt2) =X [A+ B+ D] d(zak, Tar11)-

That is,
d(xak41, Tont2) 2 Ad(T2k, Tort1)s
A+B+ D
where A = 1_—‘_07_—’—19 Similarly,
d(ory2, Tort3) = d(Fropyo, GTogpi1)

= Ad(zort2, Tokt1) + B d(@akt2, Fropt2) + Cd(xani1, GTogt1)
+Dd(zop+2, Groky1) + E d(zapy1, Frokyo)

= Ad(zokt2; Tak+1) + B d(zakye, Top+s) + Cd(xokt1, Taky2)
+D d(zort2, Toks2) + E d(Topt1, Tarys)
= [A+C+ E] d(z2k+1, T2r+2) + [B + E] d(v2142, Tor+3),
which implies
d(zak+2, Tort3) = pd(Tapt1, Tort2)
A F
with p = % Now by induction, we obtain for each k =0,1,2,...
d(Tort1,Tont2) = Ad(Tok, Tort1)
=< (p)d(z2k-1,%2k)
= AAp) d(zor—2, Tog—1)
< =M d(zo, 1)
and
d(zakyo, Tonts) =X pd(Toki1, Tokyo)
=< =) T d(zo, 1)
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For p < q and by Remark 1.4, we have

d(T2pt1, Tagr1) = d($2p+1, Topy2) + d(Tapi2, Topys) + d(Tapy3, Topya)
-+ d(w2g, T2q11)

AZ M)+ > Ow)' | d(wo, z1)

=
i=p+1
A(Ap)P )\M)p+1
[1 Au 147A d(wo, z1)

In analogous way, we deduce

oy 22002) % (140 |20 dan, )
o 72) = (14 ) [ 2] dan, o)
and
d(T2py1, Tag) 2 (1+A) Hiuiu] d(xo, x1).

Hence, for 0 <n <m
d(Tn, Tm) = an

(An)?
1—Ap
and choose a symmetric neighborhood V' of 0 such that ¢+ V C intP. Since
an, — 0 as n — 0o, by Lemma 1.3, we deduce that {x,} is a Cauchy sequence.
Since X is a complete, there exist u© € X such that z,, — u. Fix 0 < ¢ and
choose ng € N be such that

where a,, = (1+ ) [ } d(xo, 1) with p the integer part of n/2. Fix 0 < ¢

C C C
d(u, xon) < 3K d(Ton—1,%2n) < 3K d(u, xon—1) < 3K
for all n > ng, where
K — ma 1+D A+ FE C
T \1TB-E'1-B-E'1-B-E
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Now,

d(u, Fu) d(u, o) + d(zon, Fu)

d(u,x2y) + d(Gxap—1, Fu)

d(u,xoy) + A d(u, 22n—1) + B d(u, Fu) + Cd(z2p—1, GTapn—1)
+D d(u,Grap—1) + FE d(xon—1, Fu)

d(u, zon) + A d(u, x2—1) + B d(u, Fu) + Cd(x2n—1,T2n)
+D d(u, z2,) + F d(zop—1,u) + E d(u, Fu))

(1+ D) d(u,x2,) + (A+ E) d(u, x2,—1) + Cd(z2—1, T2n)
+(B+ E) d(u, Fu).

A TA A

PN

IA

So,
du,Fu) = Kd(u,zo,)+ Kd(u,z9n,-1) + K d(z2n_1, T2n)
L g+gz+5=c¢

Hence

for every p € N. From
€ d(u, Fu) € intP,
p

being P closed, as p — oo, we deduce —d(u, Fu) € P and so d(u, Fu) = 0. This
implies that w = Fu. Similarly, by using the inequality,

d(u, Gu) = d(u, x2nt1) + d(T2n41, Gu),

we can show that © = Gu, which in turn implies that u is a common fixed point
of F,G and, that is
u = Fu= Gu.

For uniqueness, assume that there exists another point u4* in X such that
v =Tu" = Gu”*
for some u* in X. From
d(u,u*) = d(Fu,Gu")
= Ad(u,u*) 4+ Bd(u, Fu) + Cd(u*, Gu™)
+Dd(u, Gu™) + Ed(u*, Fu)
Ad(u,u™) + Bd(u,u) + Cd(u*,u*)
+D d(u,u”) + Ed(u,u")
= (A+ D+ E)d(u,u"),

PN

we obtain that v* = u. m

By substituting D = E = 0 in the Theorem 2.1, we obtain the following
result.

415 Muhammd Arshad 411-423



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Corollary 6 Let (X,d) be a complete topological vector space-valued cone met-
ric space, P be a cone and m,n be positive integers. If mappings F,G : X —
X satisfies:

d(Fz,Gy) = A d(z,y) + B d(z, Fx) + Cd(y, Gy) (2.2)

forallx,y € X, where A, B, C are non negative real numbers with A+B+C < 1.
Then F and G have a unique common fixed point.

By substituting B = C' = 0 in the Theorem 2.1, we obtain the following
result.

Corollary 7 Let (X,d) be a complete topological vector space-valued cone met-
ric space, P be a cone and m,n be positive integers. If mappings F,G : X —
X satisfies:

d(Fz,Gy) = Ad(z,y) + D d(z,Gy) + E d(y, Fx) (2.3)

forallx,y € X, where A, D, E are non negative real numbers with A+ D+FE < 1.
Then F and G have a unique common fixed point.

By substituting F' =T™, G = T" in the Theorem 2.1, we obtain the follow-
ing result.

Corollary 8 [7] Let (X,d) be a complete topological vector space-valued cone
metric space, P be a cone and m,n be positive integers. If a mapping T : X —
X satisfies:

d(T™z, T"y) = Ad(x,y)+B d(z, T"z)+Cd(y, T"y)+D d(z, T"y)+E d(y, T"z)
(2.4)

for all x,y € X, where A, B,C, D, E are non negative real numbers with A +

B+C+D+E<1, B=C orD=EFE. ThenT has a unique fixed point.

Corollary 9 [1] Let (X,d) be a complete Banach space-valued cone metric
space, P be a cone. If a mapping F,G : X — X satisfies:

d(Fz,Gy) = pd(z,y) + qld(z, Fz) + d(y, Gy)| + r[d(z,Gy) + E d(y, Fz)]
(2.5)
forall z,y € X, where p,q,r are non negative real numbers with p+2q+2r < 1.
Then F and G have a unique common fixed point.

3 Multivalued Fixed point results in tvs-valued
cone metric spaces
In the sequel, let E be a locally convex Hausdorff tvs with its zero vector 6, P

be a proper, closed and convex pointed cone in | with int P # () and < denotes
the induced partial ordering with respect to P.
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According to [5] let (X, d) be a tvs-valued cone metric space with a solid cone
P and CB(X) be a collection of nonempty closed and bounded subsets of X.
Let T : X — CB(X) be a multi-valued mapping. For any x € X, A € CB(X),
define a set W, (A) as follows:

Wi (A) = {d(z,a) : a € A}.
Thus, for any x,y € X, we have

We(Ty) ={d(z,u) : u € Ty}.

Definition 10 /9] Let (X,d) be a cone metric space with the solid cone P. A
multi-valued mapping S : X — 2% is said to be bounded from below if, for any
x € X, there exists z(z) € E such that

Sz —z(z) C P.

Definition 11 [9] Let (X,d) be a cone metric space with the solid cone P. A
cone P is said to be complete if, for any bounded from above and nonempty
subset A of B, sup A ezists in B. Equivalently, a cone P is complete if, for any
bounded from below and nonempty subset A of B, inf A exists in E.

Definition 12 /5] Let (X,d) be a tvs-valued cone metric space with the solid
cone P. A multi-valued mapping T : X — CB(X) is said to have the lower
bound property ( 1.b. property) on X if, for any x € X, the multi-valued mapping
S, : X — 28 defined by
Sz(y) = Wa(Ty)
is bounded from below, that is, for any x,y € X, there exists an element
L, (Ty) € B such that
WJ:(Ty) - gaL (Ty) CP.

L, (Ty) is called the lower bound of T associated with (x,y) .

Definition 13 /5] Let (X,d) be a tvs-valued cone metric space with the solid
cone P. A multi-valued mapping T : X — CB(X) is said to have the greatest
lower bound property (for short, g.l.b. property) on X if the greatest lower bound
of Wo(Ty) exists in & for all z,y € X. We denote d(xz,Ty) by the greatest lower
bound of W(Ty), that is,

d(z,Ty) = inf{d(x,u) : u € Ty}.
According to [20], we denote
s(p)={¢€B:p=<q}
for all g € E and

s(a,B) = bng (d(a,b)) = bgB{:E eE: d(a,b) <z}
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foralla € X and B € CB(X). For any A,B € CB(X), we denote

s(A,B):( ﬂAs(a,B)>ﬂ(bQBs(b,A)).

a€c

Remark 14 [20] Let (X,d) be a tvs-valued cone metric space. If B = R and
P =10,+00), then (X,d) is a metric space. Moreover, for any A, B € CB(X),
H(A, B) = inf s(A, B) is the Hausdorff distance induced by d.

Now we present the following theorem regarding the common fixed point of
multivalued mapping with g.1.b property.

Theorem 15 Let (X,d) be a complete tvs-valued cone metric space with the
solid (normal or non-normal) cone P and let S,T : X — CB(X) be multival-
ued mappings with g.l.b property such that

Ad(z,y)+ B d(z,Sz)+Cd(y, Ty)+ Dd(z, Ty) + Ed(y, Sz)) € s (Sz,Ty) (2.6)

ffor all x,y € X, where A, B,C, D, E are non negative real numbers with A+
B+C+ D+ FE < 1. Then S and T have common fixed point.
Proof. Let 2y be an arbitrary point in X and z; € Sxzo. From (2.6), we have

Ad (zg, z1)+B(x0, Sxo)+Cd(x1, Tx1)+Dd(x0, Tx1)+Ed(21,S20) € 5 (S0, T21) .

This implies that

Ad (x0, 1)+ B(z0, Szo)+Cd(x1, T21)+Dd(z0, Tx1)+Ed(21, ST0) € ( e@ s(x,Tx1)>
x Zxo
and
Ad (xg, 1)+ B(z0, Sto)+Cd(x1, Tx1)+Dd(z0, Tx1)+Ed(21, ST0) € 5(2,T21) forallx € Sxo.
Since x1 € Sxg, so we have
Ad (xg,x1)+B(z0, Szo)+Cd(z1, T2x1)+Dd(xo, Tx1)+Ed(21, Sx0) € 8(21,TX7)

and

Ad (xg,z1)+B(z0, Sxo)+Cd(z1, Tx1)+Dd(x0, Tx1)+Ed(21,S20) € $(21,T21) = U 8(d(21,2)).

€Tz

So there exists some x5 € T'x1, such that
Ad (zg,x1)+B(z0, St0)+Cd(x1, T21)+Dd(30, TT1 )+ Ed(T1, ST0) € 5(d(T1,72)).
That is

d(.’El,l'Q) j Ad ($0,$1)+B(Z’0, S.’b())+0d($1,T£L'1)+Dd(l'0,TiL'1)+Ed(CL'1, S(E(J)
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By using the greatest lower bound property (g.1.b property) of S and T, we get
d(z1,22) = Ad(x0,21) + Bz, z1) + Cd(z1,22) + Dd(x0, 22) + Ed(21, 1),
which implies that
d(z1,22) = (A+ B+ D)d(z0,21) + (C + D)d(z1, )
which further implies that

A+B+D

< - =
dlene) 237575

d(ZEo,SCl) .

Similarly from (2.6), we get
Ad (z1, 22)+B(x2, Sxo)+Cd(x1, Ty )+ Dd(xe, Tx1)+Ed(x1, Sx2) € s (T, Sx2) .

This implies that

Ad(wl,x2)+B(m2,Sasg)—l—C’d(ml,T$1)+Dd(w2,Tx1)+Ed(a:1,Swg)E( N s(m,S@))

w€Tz,
and
Ad (z1,x2)+B(x2, Sx2)+Cd(x1, Tx1)+Dd(xe, Tx1)+Ed(21,Sx2) € s(x,Sxz2) for allz € Tx;.
Since o € Tz, so we have
Ad (21, x2)+B(22, St2)+Cd(x1, Tx1)+Dd(x2, Tx1 )+ Ed(x1, Sx2) € (22, S22)
and

Ad (z1, 22)+B(x2, Sto)+Cd(x1, Tx1)+Dd(xe, Tx1)+Ed(x1, Sx2) € $(22,5702) = U s(d(z2,2)).

TESTo

So there exists some x3 € Sxo, such that

Ad (21, x2)+B(z2, Sx2)+Cd(x1, Tx1)+Dd(z2, Tx1)+Ed(x1, ST2) € 5(d(22,23)).

That is

d(zg,x3) = Ad (21, x2)+B(x2, Sz2)+Cd(x1, Tx1)+ Dd(z2, Tx1) + Ed(z1, Sx2).

By using the greatest lower bound property (g.1.b property) of S and T, we get
d(x2,x3) = Ad(21,22) + B(x2,x3) + Cd(z1,22) + Dd(x2,x2) + Ed(x1, 23).

which implies that

d($27£€3) j (A + C + E)d(l’l,l'g) + (B + E)($2,$3).
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This further implies

d(22, 75) = A+C+FE

Siopopttrre)

Let 6 = max{ffg%g, ‘ffgj‘g }. Then ¢ < 1. Thus inductively, one can easily

construct a sequence {z,} in X such that
Tont1 € STan, Tont2 € T2t

and
d(z2n, Tont1) < 0d(Tan—1, Ton).

for each n > 0. We assume that x,, # z,11 for each n > 0. Otherwise, there
exists n such that z9, = x9,+1. Then zg, € Sz, and x,, is a fixed point of S
and hence a fixed point of 7. Similarly, if x9,11 = 2,42 for some n, then x9, 41
is a common fixed point of T and S. Similarly, one can show that

d(@2n+1, T2n+2) X 0d(T2n, Tont1)-
Thus we have
Az, Tng1) < 0d(Tp_1,20) < 02d(Tp_9,Tp_1) < -+ < 6"d(z0, 1)
for each n > 0. Now, for any m > n, consider

d(.’L’m, xn) < d(l’n, anrl) + d(anrl; xn+2) +- 4+ d(.’Em,l, xm)
(6" 46" 4+ 6™ d(2o, 71)

[

VN

N

Let 8 < ¢ be given and choose a symmetric neighborhood V of 6 such that
c+V CintP. Also, choose a natural number k; such that L‘S%} d(zg,x1) €V

for all n > k. Then 25d(21,20) < c for all n > k. Thus we have

d(Tm, Tn) = [16_5} d(zg,z1) < ¢

for all m > n. Therefore, {z,} is a Cauchy sequence. Since X is complete,
there exists v € X such that z,, — v. Choose a natural number ks such that

1+F c A c B c
md(l@xzm-l) < 3 md(mm,v) < 3 and Wd(I%uIQn) < (g |
2.7

for all n > ko. Then, for all n > k5, we have

Ad(zan,v)+Bd(x2,, Sxay)+Cd(v, Tv)+Dd(x2,, TV)+Ed(v, Stay) € s (Szapn, Tv).

10
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This implies that
Ad(zan, v)+Bd(xa,, Stay)+Cd(v, Tv)+Dd(x2,, TV)+Ed(v, Stay,) € ( EQ s(ac,Tv))
z Ton

and we have

Ad(zan, v)+Bd(xan, Sxay)+Cd(v, Tv)+Dd(x2,, TV)+Ed(v, Stay,) € s(x,Tv) forallz € Sz

2n

Since z € Sz,,, so we have

2n+1

Ad(x2n, v)+Bd(x2n, ST2n)+Cd(v, Tv)+ Dd(22,, Tv)+ Ed(v, Sx2,) € 5 (x Tv).

2n+1?

By definition, we obtain

Ad(x20,,0)+Bd (w20, ST2y)+Cd(v, Tv)+Dd(x2n, TV)+Ed(v, Sx2,) € 5 (24,,,,Tv) = U s(d(2y,,,,u)).

u'€Tu

There exists some v,, € T'v such that

Ad(22n,v)+Bd(x2n, ST2,)+Cd(v, Tv)+ Dd(22,, Tv)+ Ed(v, Sx2,) € 5 (2,,,,,Tv) € 5 (d(2,,,,,vn)),
that is

Xy, 41> Vn) = Ad(T2n,v)+Bd(x2,, Ston)+Cd(v, Tv)+Dd(x2,, Tv)+Ed(v, Sxap).

By using the greatest lower bound property (g.1.b property) of S and T, we have

d(2y,,1,Vn) =X Ad(z2,,v)+Bd(22n, T2n)+Cd(v, vy)+Dd(z2,, vn) +Ed(V, T2y 41).

Now by using the triangular inequality, we get

d(zan+1,Vn) X Ad(xon, v)+Bd(Tan, Tont1)+Cd(vV, on11)+Dd(zan, va)+Ed(V, Tapi1)

and it follows that

B C+FE
d(Tont1,Vn) = — Cd(xzn,@) + md(%m Ton)) + ﬁd(%@nﬂ)
By using again triangular inequality, we get
d(V7 Vn) j d(l/; $2n+1) + d(x2n+17 Vn)
A B C+FE
= d(v,zon41) + md(mzmv) + md(fﬂzmmm)) + ﬁd(%xznﬂ)
1+ F A
= 11— Cd(l/7$2n+1) + md(iﬂzn,v) + md@%a Top)
< THcti=c
33 3
Thus, we get

c
d(v,v,) < -

for all m > 1 and so = — d(v,v,) € P for all m > 1. Since = — 0 as m — oo

and P is closed, it follows that —d(v,v,) € P. But d(v,v,) € P. Therefore,
d(v,v,) = 0 and v, — v € T, since Tv is closed. This implies that v is a
common point of S and T. This completes the proof. m

11
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Corollary 16 [5] Let (X,d) be a complete tvs-valued cone metric space with
the solid (normal or non-normal) cone P and let S, T : X — CB(X) be
multivalued mappings with g.l.b property such that

B d(z,Sz) 4+ Cd(y, Ty) € s (Sz,Ty)

ffor all z,y € X, where B, C are non negative real numbers with B+ C < 1.
Then S and T have common fixed point.

Theorem 17 [5] Let (X,d) be a complete tvs-valued cone metric space with
the solid (normal or non-normal) cone P and let S, T : X — CB(X) be
multivalued mappings with g.1.b property such that

Dd(z,Ty) + Ed(y, Sz)) € s(Sz,Ty)

ffor all x,y € X, where D, E are non negative real numbers with D+ F < 1.
Then S and T have common fixed point.
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ON THE TWISTED ¢-CHANGHEE POLYNOMIALS OF HIGHER
ORDER

JIN-WOO PARK

ABSTRACT. The ¢g-Changhee polynomials and numbers are introduced by T.
Kim et al in [3]. Some interesting properties of those polynomials are derived
from umbral calculus (see [4]). In this paper, we consider Witt-type formula
for the n-th twisted ¢-Changhee numbers and polynomials of higher order and
derive some new interesting identities and properties of those polynomials and
numbers from the Witt-type formula which are related to special polynomials
and numbers.

1. INTRODUCTION

Let p be an odd prime number. Z,, Q, and C, will denote the ring of p-adic
integers, the field of p-adic numbers and the completion of algebraic closure of
Qp. The p-adic norm | - |, is normalized by |p|, = %. Let C(Z,) be the space of

continuous functions on Z,. For f € C(Z,), the fermionic p-adic integral on Z, is
defined by T.Kim to be

pN—1
o) = [ 1@pgfe) = Jim e 37 f@) 0", (see 6.7.9]). (1)
P 4 z—0

Let fi(z) = f(x 4+ 1). Then, by (1.1), we get

a1—q(f1) +1-4(f) = [2]4£(0), (see [6, 7]). (1.2)
By (1.2), we easily see that

I
—_

n

¢ g+ (1" g =20 ) (D)), (1.3)
l

Il
=]

where f,(x) = f(z +n) and n > 0.
It is well known that the twisted q-FEuler polynomials are defined by the gener-
ating function to be

2l

o
t'fL
xt __ .
1+qeett ;En,g,q(x)m, (see [13]). (1.4)

When z = 0, E, .y = E, ¢ 4(0) are called the n—th twisted q-Euler numbers.
For ¢ = 1, E,14(z) = E, 4(x) are the n-th g-Euler polynomials, and z = 0 ,
E,1,4(0) = E, 4(0) are the n-th g-Euler numbers.

2000 Mathematics Subject Classification. 11580, 11B68, 05A30.
Key words and phrases. Euler numbers, g-Changhee numbers, twisted g-Changhee numbers
of higher order.
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Indeed, we note that E,, 1,4(z) = H,(z| — ¢), where H,(z|\) are the Frobenius-
Euler polynomials which are defined by the generating function to be

ZH x|)\ T (see [1]).

Recently, the g-Changhee polynomials are defined by the generating function to
be
2l
1+ qet

When z =0, Chy, e q = Chy,c4(0) are called the g-Changhee numbers, (see [3]).
The Stirling number of the first kind is defined by

n

@)p=z(x—1)---(z—n+1)= ZSl(n, 1)z!, (see [3]). (1.6)

=0

(1+1)" ZC’h - 77 (see [10]). (1.5)

The g-Changhee numbers and polynomials are introduced by T. Kim et. al. in
[3], and found interesting identities in [5, 8, 11, 12]. In this paper, we consider the
twisted g-Changhee numbers and polynomials of order k£ which are derived from
the multivariate fermionic p-adic g-integral of higher order on Z,, and give some
relationship between twisted g-Changhee polynomials and numbers of higher-order
and special polynomials and numbers.

2. TWISTED ¢g-CHANGHEE NUMBERS AND POLYNOMIALS OF HIGHER-ORDER
For n € N, let T}, be the p-adic locally constant space defined by

o= 8 G = 0 O

where Cpn = {w|w1’n = 1} is the cyclic group of order p™.
For € € T),, let us take f(z) = (1 + 57&)gc for |t|, < p 7 71. Then by (1.2), we get

[ G etydugto) = Zcmq (2.1)

P

qst -I-

where Ch,, . , are called the n-th twisted q-Changhee numbers.
From (2.1), we can derive the following equation:

2lq

m (1+et)” Z Chpe.qf (2.2)

[ et vdu o) -
7

P

where Ch,, . 4(x) are called the n-th twisted q-Changhee polynomials. Note that
Chpe,q(0) = Chy ¢ q are n-th twisted g-Changhee numbers.

Since
/Zp(1+st)””du ZO /Z <x+y>d ~aW)"
:nzzogn /Zp(as—l—y)nduq(y)fl,v

by (2.2) and (2.3), we obtained the following theorem.
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Theorem 2.1. Forn > 0, we have

Chp e o) = € / (2 + 9)ndp—q(y).

From (2.1), we note that

e [ (e - S (Y e e

=0
Thus, by comparing the coefficients on the both sides, we obtain the following
theorem.

Theorem 2.2. Forn >0, we have

[, Gt =(ar,)

P

Replacing t by etT_l in (2.2), we get

= tn 2] - 1 fet—1\"
Z En’q(x)a = = j lext = Z Chn,g’q(ac)a ( . ) , (2.5)
n=0 n=0

where E, 4 is the n-th ¢g-Euler polynomials and

= L fet—1\" & 1, = tm
Z%Chn,&,q(x)a ( € ) = Z_;)Chn,&‘,q(x)ag n! <Z S?(m7 n)m‘>

m

S S @S

m=0n=0

(2.6)

where S3(m,n) is the Striling number of the second kind.
By comparing the coefficients on the both sides of (2.5) and (2.6), we obtain the
following theorem.

Theorem 2.3. Forn >0, we have
E,q ()= Z Chm,e,q(x)S2(n, m)e™™.
m=0

By Theorem 2.1, we easily get

Chipeq(x) =" /Z (= + Y)ndp—q(y) .

=" > S1nD) [ (@49 duyo) =" S Sy D Era o).
1=0 Zyp

1=0
Therefore, by (2.7), we obtain the following theorem.

Theorem 2.4. Forn > 0, we have

Chpeg(z) =" Z S1(n, 1) Epq(x).

1=0
where S1(n,l) is the Stirling number of the first kind.
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In viewpoint of (2.3), the n—th twisted q-Changhee numbers of the first kind with
order k are defined by the generating function to be

Chslkg = 5”/2 /Z (1 4+ Fxp)ndp—g(x1) . .. du_g(z1), (2.8)

where n is a positive integer.
By (2.8), we casily get

t"

(z1 Tt xk) (et)"dp—q(21) - - - dpp—g ()

= Zp n=0 (2.9)
/ / 1+et)"dp—g(z1) - - dp—g(zr).
Zp Z,

From (2.1) and (2.9), we have
oo n k
ZChgkgqi' = ([2]q> , (2.10)
— Slpl get + 2],

and
([%)’“_i 3 ( " )Ch Chiyey | & (211)
q€t + [2](1 n=0 \lj+-+lr=n ll’ T lk e e nl ' '

By simple calculation. we easily see that

m) =S Ca) () e

n=0
Thus, by (2.10) and (2.12), we get
n k _ n nfT +k-—1
e, ~(-arae (")

n

=(—q)"e"(k+n—-1), (2.13)

n

=(—q)"e" Y _ Si(n, 1) (k+n—1)"

1=0
Therefore, by (2.10), (2.11) and (2.13), we obtain the following theorem.

Theorem 2.5. Forn >0, we have

n
[ ]annkg q _[ ]Z Z (ll o lk:) Chh,&q T Chlk,sﬁq

li+-+lp=n
=(—q)"" Y _ Si(n,1)(k +n—1)".
=0
From ( , we have
Ch%’fi,q = / e o)y

(2.14)
_~n n P €T e x l _ xX e _ €T .
=c ;2051( J)/Zp /Zp( 14+ wg) dp g (w1) - dp—g ()
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Now, we observe that

/ / Pt Iy (1) - dpg(an) = (qe[t n 1) i w (2.15)

where ESL ,3 are the g-Euler numbers of order k.
From (2.14) and (2.15), we obtain the following theorem.

Theorem 2.6. Forn >0, we have

n,e,q

ChF) =" Si(n, ) EY.
=0

1 —1\" "
S () () B e

and

tm

(o) 1 et _ 1 n oo m

k —n k
> Chgvg,qm< - > =Y <§ e "Ch)  Sa(m, n)> — (2.17)
n=0 m=0 \n=0

Thus, by (2.16) and (2.17), we obtain the following theorem.

Theorem 2.7. Forn >0, we have

= Z e~ Ch*F)_ Sy(n,m).

m,e,q

Now we define the twisted q-Changhee polynomials of the first kind with order k
as follows:

Chg‘gq _5/ / T1 42+ ) pdu—g(z1) - du—g(zk),  (2.18)

where n > 0 and k € N.
From (2.18), we can derive the generating function of the twisted g-Changhee
polynomials as follows:

Zchm / / L et)™ () - dpg ()

- <qat[i]q[21q> (1et)”

It is easy to show that

((]Et[i]q[%l)k(l—ket)x _ i( nogm@)( ) ChP ms’q) % (2.20)

n=0 \m=
By (2.20), we get

B (N~ [ © (k)
Chn,e,q(x) Z € (m) (n — m) Chn m,e,q

_ - n—m € (k)
726 (n—m)m!Chmeq'

(2.19)

(2.21)
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From (2.18), we have

Ch ;’“;q ) =¢ / / 14tk ) pdp—g(z1) - - du—g(xg)
—" ZSMJ)/Z /<w bbb ) (1) - dpg (k)

—¢ 251 (n, O E") ().
(2.22)
Hence, by (2.22), we obtain the following theorem.
Theorem 2.8. Forn >0, we have
n . .
Chglkg,q ):ng(n )ml 55)6,4_5 ZSlnlE() )
m=0

where El(f]) are the g-Euler polynomials of order k.

Now, we consider the twisted q-Changhee polynomials of second kind with order
k as follows:

é\flffiq(x)zen/ / (21— — g+ D) pdp_g (1) - dp_g (). (2.23)

By (2.23), we have

an® tn .
Z inale) = [ Qe T ) dy o)

(2.24)
_ [2]11 g (1 + Et)k+x
et + 2], ’
where k is positive integer.
Hence,
= (k)
Chn € q( )
= [ [ ) g o
(2.25)

=c ZSl n, 1)( / / xy 4 ay — x) dp_g(zy) - dp_g(zy)

—en Z S1(n,0)(~1)'E" (~a).
=0

Therefor, by (2.25), we obtain the following theorem.

Theorem 2.9. Forn >0, we have

Cha (z) = snisl<n,1><—1>lE§,’;’<—w>.
=0
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Now, we consider the n-th twisted ¢g-Changhee polynomials of the first kind relate
to n-th twisted g-Changhee polynomials of second kind.

(= )"Chn e,q(?)

/ / < —-~-—$k+$>duq(ml)mduq(xk)

B T1+ -+ —x+n—1
:/ / ( : )dqu---duq(u)

n

O e
_mmlg / /(3;1-1— +xk—x>d’u_q(m1)...du_q(xk)

<X )%
m=1

Xn: (n 1) Chﬁ,’f)g’q( x)
m! '

=1

(2.26)
By (2.26) and proceeding similar to (2.26), we have the following theorem.

Theorem 2.10. Forn > 0, we have

(-1)"Chy () 5 (nl)gnmc*hﬁ,’:?e,qw)

i

n! L= \m - 1 m)!
and
n vy, (k) n A7 (F)
(1" CHLa(@) _ N (7= 1Y nm Oy (=2)
n! -1 m! ’
m=1
By (2.25),

é\hnsq(I)

=c ZSl n, 1)( / / xy 4 ay — x) dp_g(zy) - dp_g(zy)

l k
— § :S l § : I+m E( ) .m
=" 1", P ) (m> I—mZT s

and thus we obtain the following theorem.

Theorem 2.11. Forn > 0, we have
. n l l .
Chpeq(z) =€ Z Z (—1)tm (m) S1(n, Z)El(f)mxm.
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SOME SYMMETRY IDENTITIES FOR THE (h,q)-BERNOULLI
POLYNOMIALS UNDER THE THIRD DIHEDRAL GROUP Dj
ARISING FROM ¢-VOLKENBORN INTEGRAL ON Z,

S-H. RIM, T. G. KIM, S. H. LEE

ABSTRACT. In this paper, we give some new identities of symmetry for the
(h, g¢)-Bernoulli polynomials arising from g-Volkenborn integral on Zj.

1. INTRODUCTION

let p be a fixed prime number. Throughout this paper, Z,, Q, and C, will,
respectively, denote the ring of p-adic integers, the field of p-adic rational numbers
and the completion of algebraic closure of Q,. Let v, be the normalized exponential
valuation of C, with |p|, = p~% ) = 1/p and let ¢ be an indeterminate in C, with
1 —gql, < p 7 71. The g-extension of z is defined by [z], = %. Note that
limg_,1[z]q = 2. Suppose that f is a uniformly differentiable function on Z,. Then

the p-adic g-Vollenborn integral is defined by Kim to be

p -1
1,(f) = / F@)dig(e) = Jim S f@)glo +pV7,)
P =0

N —o00
(1) N_1q
S .
- i g 3

As is well known, Carlitz’s g-Bernoulli numbers are defined by

1 if n=1

(:17 1" — n,qg —
/80,1 Q(Qﬁ+) ﬂ,q {0 ifn>1,

with the usual convention about replacing 3;' by B4 (see [1,8,10]).
The g-Bernoulli polynomials are given by

Bn,q(x) = Z (7) [I]Zilqlmﬁl,q

=0

_ ﬁ 3 <’Z)(_1)lq1x [llill] . (see [10]).

1=0 4

In 1999, Kim gave the formula which is given by

Buale) = [ Lo+ uliduala), (neNUO}) (see [1-13).

Zp
1
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For h € Z, we consider (h, ¢)-Bernoulli polynomials as follows:

Bl (@) = / ¢ [e + ylgdpg(@), (0 € Zso)

L () e h+1
- W; (l)ql (_l)l[h+l]q’ (see [8,10]).

When z =0, ﬁ,gfg = ,gh;(O) are called the (h, ¢)-Bernoulli numbers.

In this paper, we consider the symmetric identities for the (h, ¢)-Bernoulli poly-
nomials under the third Dihedral group D3 which are derive from p-adic g-Volkenborn
integral on Z,,.

(2)

2. SYMMETRIC IDENTITIES FOR THE (h, ¢)-BERNOULLI POLYNOMIALS

Let wy, we, w3 be positive integers. Then we observe that

(3

~

q (h—1)wawsy [w2w3u+w1w2w3$+w1wsz+w1wzj] tdqu2w3( )
ZP
TR
— lim § q(hf1)w2w3ye[wgw3y+w1w2w31+w1w3i+w1w2j]qtqwgwgy
N —oc0 [pN] wowsg Y=o
1 'wl—lefl
— lim § E qhwzwz(k+w1y)e[wzws(k+w1y)+w1wzw3w+w1w3i+w1w2j]qt.
N— w N wow
> [wipMguans (=5 0
By (3), we get

wo—1wz—1

Z q(w1w3i+w1w2j)h

’LUQU};J, i=0 j=0

X/ q(h—1)w2w3ye[wzway+w1wzwaw+w1w3i+w1w2j]qtd’qu2w3()
Z

(4) .
wo—1wz—1w;—1

= i h(wiwsitwiwejtwswsk)+hwiwewsy
= lim q
N—00 [wlwgwgp = ==

« e[wzwa(k+w1y)+w1w2w3w+w1w31+w1w2j]qt

From (4), we note that the expression is invariant under any permutation of wy, wy, ws
in third Dihedral group Ds. Therefore, by (4), we obtain the following theorem.

Theorem 2.1. Let wy, wo, ws be positive integers. Then, the following expressions

We(2)—1 we(z)—1

E E h(wa(nwa(s)i+wa(1>wg(2)j)
[w" DWo(n)le 0 j=0

h—1)wgs (o)W (: w Wy (3)Y+w w We(3)TF+Ws(1)We(3)b+W w ilot )
X/Z G DWe@Wo )Y elwa(2) o 3) YT (1) Wa (2)Wo (3) (1) Wo (3) 1+ Wo (1) W (2)7]a ditvo@ o) (Y)

P

are the same for any o € Ds.
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Now, we note that
(5)
w
w

[wowsy + wiwaws® + wrwsi + wrwejly = [wewsly |y + wiz + it w—lj
2 3 qu2ws

Therefore, by (2), Theorem 1 and (5), we obtain the following theorem.

Theorem 2.2. For wy, wa, ws € N, the following expressions

Wo(2) 1 Wo (3) —1

n—1 h(Wo (1) We(3) i+ W (1) We(2)]
[We (2)Wer (3] E E ¢ W) Wos) (D) Wo(2)7)
i=0 ;=0

(h) Wo(1) . We(l) .
X ﬂn’qwo(z)wa(S) (wg(l)di + 711}0(2) 1+ 7’11)0(3)])

are the same for any o € Ds.
It is not difficult to show that
(6)

wy. W1 .
[y+w1x+z—|—]

1— qw1w3i+w1w2j i+ .
W1 W3LTwW1Ww:
= + ¢TI [y g ] guaws
qv2vs

Wo w3 1 — qwaws
- [u[) zlu]q] [wai + wajlgus + gy + wia]geavs
2W3|q

From (6), we have

n
wq . wy . _
/ {y +wiz+ —i+ 1]} g gt g (y)
Z, w2

P w3 qr2vs

(7) n n—k
n w . n— wiwat+wiwaj
= Z <k-) < [ l]q ) [wai +w23]qw1qu( 1wait+wy 2J)6](:q)w2w3 ().
k=0

[waws]g

Thus, by Theorem 2 and (7), we get

(8)
w2—1w3—1 n

. . w w
[w2w3]g—1 Z Z qh(w1w32+w1w2]) / q(h—l)wzwsy [y +wix + 71,5 4 71] dpguzws (y)
i=0 j=0 Zy w2 W3~ | quwaws

wzfl wgfl
n -~ -~ h . . . o
< >[w2w3]§ 1[w1]2 kﬂ;(e,q)wwg (wiz) Z Z q(k+h)(w1w3z+wlw”)[w31+w2jww1k

w1 —1wy—1

(9) T,(:Lq)(wl,wﬂk) = Z Z q(k+h)(w2i+wlj)[w2i+w1j]2_k.
=0 ;=0

As this expression is invariant under the third Dihedral group D3, we have the
following theorem.
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Theorem 2.3. Forn >0, wy, we, ws € N, the following expressions

" /n _ n— h h
25:(k>[w0@)wo@ﬂ5 Hweylo kﬂé;wdmwdm(u%uqm)Ti;wﬂn(wa@)ﬂvamﬂk)
k=0

are all the same for any o € Ds.
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SOME IDENTITIES OF BELL POLYNOMIALS ASSOCIATED
WITH p-ADIC INTEGRAL ON 7%,

SEOG-HOON RIM, HONG KYUNG PAK, J. K. KWON, AND TAE GYUN KIM

ABSTRACT. In this paper, we investigate some identities of Bell polynomials as-
sociated with special polynomials which are derived from p-adic integral on Z,.

1. INTRODUCTION

Let p be a fixed odd prime number. Throughout this paper, Z,,Q, and C,
will denote the ring of p-adic integers, the field of p-adic rational numbers and the
completion of algebraic closure of Q,. Let v, be the normalized exponential valuation

1
of C, with |p|, = p (@) = %. Let g be an indeterminate in C,, with [1—g¢|, <p »—T
and let the g-extension of number z is defined as [z], = %. The Euler polynomials
of order r are defined by the generating function to be

n

( 2 )Tecct — iES‘)(x):L!, (see [1 — 18])

et +1

and the higher-order Bernoulli polynomials of order r are given by

(et—1> ZB —,  (see [9 —10]).

When z = 0, B = B;Z")(O)7 E,(f) = Eflr)(O) are called higher-order Bernoulli
numbers and FEuler numbers.

Let f(z) be a uniformly continuous function on Z,. Then the bosonic p-adic
integral on Z,, is defined by

pN—1

(1) i f(z)dpo(x) = hm N Z f(z), (see [12]),
and the fermieuic p-adic integral on Z,, is given by

pN—1
(2) i f@)dp(z) = lim_ N Z f@)(=1)",  (see [12]).
Thus, we have
(3) i f(z+1)dpo(x) — i f(@)duo(x) = f'(0),
and
() RIS RIE /f V1 (x) = 2£(0).
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As is well know, the higher-order Changhee polynomials are given by

) (:25) aro= Z(]Chﬁf)(:z:)f;, (see [11 - 15]),

and the higher-order Daehee polynomials are defined by the generating function to
be

(6) (log(ltﬁ> 14 1) iD o, (see [11 - 15]).

When z = 0, C’hg) = Chgf) (0) and Dg) = Dg)(()) are called the Changhee numbers
and the Daehee numbers with order 7.

Finally, we introduce the Bell polynomials which are given by the generating
function to be

e —1)x - tn
(7) el =1 :ZBeln(x)m, (see [4,14,16]).
n=0

The purpose of this paper is to given some identities of Bell polynomials associated
with special polynomials arising from p-adic integral on Z,,.

2. SOME IDENTITIES OF BELL POLYNOMIALS

From (2), we note that

/ @ =D @) g0 (y)
z

P

(8) = Z /Z (:v+y)"duo(y)(€;!1)n
= Z(Z Bk SQ n k )
n=0 k=0

where Sy(n, k) is the Stirling number of the second kind. On the other hand,
(e~ 1)(a+y) =
(9) / . D dpo y Z Bel, (i + y)dpo(y)
Thus, by (8) and (9), we get
(10) Bely(z + y)duo(y) = > Br()S2(n, k).
Zp k=0

By the same method as (10), we get

(11) /Z Bely(z +y)dpu_1(y) = Y Ex(2)S2(n, k).
P k=0

438 SEOG-HOON RIM et al 437-446



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

SOME IDENTITIES OF BELL POLYNOMIALS 3
Note that
log(1 +¢
ZP ZP t
(12) ~ .
=> D (2)
n=0

By replacing t by e 1 — 1, we get

/ . / e(etfl)(x1+---+xr+x)dlul0(xl) - d,U/O(fL'r)
Zp Zp

) e = (o ) (3 Bt )

(13) - & th P ¢
S k) (5 )
k=0 1=0 m=0
> el (2)n! = _(r i
_ Z Z Tfl(lnir)n)' Bl( ) S, ( —m,l)> Z!
1=0

On the other hand,

// el D@tz g0 - dpg (a)

(0.9] tn
= Z/ / Beln(z1 + -+ + xp + x)dpo(21) - - - dpio(zr)
n=0"Zp Ly v

Therefore, we obtain the following theorem.

Theorem 1. Forn >0, we have
/ Bely(z1 + -+ + xp + x)duo(z1) - - - duo(zy)
ZP ZP

n n—m
= < )Bel Z Bl(r Sa(n —m,l).
0

m= =

439 SEOG-HOON RIM et al 437-446



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

4 SEOG-HOON RIM, HONG KYUNG PAK, J. K. KWON, AND TAE GYUN KIM

From (12), we note that

/ / et g () - dpg ()
Zp Zy

_ Z DY) (0 1) =Y D) Y oty "

k=0 m=k
15 = Z ZD(” )Sa(m, k) — (e — "
m=0 k=0
—ZZD( x)Sa(m, k) ZSgnm)fZ
m=0 k=0 n=m

n

=SS DO @) Satm, B)Sam,m) Lo

n=0 m=0k=0
Therefore, by Theorem 1 and (15), we obtain the following theorem.

Theorem 2. Forn > 0, we have

n

3 (Z)Bel gB " So(n —m, 1)
=0

m=0

_ Z ZD(” )Sa(m, k)Sa(n, m).

m=0 k=0
From (7), we note that

. Z:()Belm(x)nlﬂ (log(l + t))m
(16) = Z Bel,,(x) Z Si(n, m)%m,

n

—Z(ZBel Slnm))i!,

n=0 m=0

where S1(n,m) is the Stirling number of the first kind.
Therefore, by (16), we obtain the following theorem.

Theorem 3. Forn > 0, we have

Z Belp,(z)S1(n,m).
It is easy to show that
t > "
17 “td = =Y B,—
(1) [ @ = 5 B

Thus, by (17), we have

/ x"dpo(z) = Bp, (n>0).
Zyp
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From Theorem 3, we can derive the following equation:

(18) B, — /Z @) = 3 Simm) [ Bl @)dolz), (0> 0)
P m=0 P

Therefore, by (10) and (18), we obtain the following theorem.

Theorem 4. For n > 0, we have

By=Y_> Si(n,m)Sa(m, k)By.

m=0 k=0

It is not difficult to show that

2 <
1 Tl = = E,—.

Thus, by (19), we get

(20) /Z 2"dp_q(z) = E,, (n>0).

From Theorem 3 and (20), we have

(21) E, :/Z 2"dp_q(z) = Z Si(n, m)/Z Bely,(z)dp—1(x).
m=0 P

P

Therefore, by (11) and (21), we obtain the following theorem.

Theorem 5. Forn >0, we have

Ey =Y Si(n,m)Sy(m,k)Ey.

m=0 k=0
Now, we consider the following equation.

(log(1+¢t))™

00
e($+x1+~~~+zr)t = Z Belm(xl + -+ Xy + .fL') m|
m=0 '

(22) :mZ:OBelm(xl—l—---+xr+fL‘) ZSl(n,m)%

n=m

=S (3 Belulon + -+ a0+ )10

n=0 m=0
Thus, by (22), we have the following theorem.

Theorem 6. Forn >0, we have

(@+z++a)" =Y Belp(z1 + -+ 2 + )51 (n,m).
m=0
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From (4), we can easily derive the following equation:

2 r
(z1tetarta)t g, codu_q(z,) = (——) ™
L] e s i) = () e

=> E{(x)-.
o n!

Thus, by (23), we get
@) [ [ @t o du(on) dia(en) = BY)
Zp ZP

By (3), we easily get

t r
/ / e@ =t @t O o (ay) - - dpg () :( i ) e
Zp Zp et —1
(25) oo

:ZB()

From (25), we have
(26) / / (€1 4 -+ + 2)"dpo(21) - - - dpo(z,) = B ().
Zy Zyp

From Theorem 6, (24) and (26), we have

(27) BM)(z) = W;Sl(n,m) /Zp - /Zp Bely(x + 21+ -+ -+ xp)dpo(z1) - - - dpo ()

and
(28)

= Z Si(n,m) / e Belp(z+x1+ -+ xp)dp—1(x1) - - - dp—1(x,).
= Zp Zp

Now, we observe that

n

Z/ Bel,( x—i—xl+--~—|—x7«)d,uo(x1)---d,u0(xT)ﬁ
Z, Jz, -
N / . / el Dttt Dt g (2 - dpsg ()
ZP ZP

- ml( )"
= B (x —ile

tn
= 3(3 B &

n=0 m=0

Thus, by (29), we get

(29)

(30) /Z <o | Bely(z1+ -+ xp + x)dpo(x1) -+ - dpo(z,) = Z B (£)S5(n, m).

P Zp m=0

Therefore, by (27) and (30), we obtain the following theorem.
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Theorem 7. Forn > 0, we have

n

BO(z) =Y Zsl n,m)Sy(m, k) B (z).

m=0 k=0

By the same method of (29), we get
oo tn
Z/ . / Belp(x +x1 + -+ + xp)dp—1(z1) - - 'd,u,l(mr)—'
7 Zp n:

(31) — /Z . /Z e(et_1)(x1+"'+$r+m)td,u71(Cﬂl) . d/l—l(xr)
g g

Y (X ED@Sa(n )

n=0 m=0

From (31), we have

(32) / / Belp(x1+- - Fxp+a)dp—1(z1) - - - dp—1(zy) ZE x)Sa(n,m).
Zp Zp

Therefore, by Theorem 6 and (32), we obtain the following theorem.

Theorem 8. For n >0, we have

n

EQ @) =Y 251 n,m)Sa(m, k)E\ (x).

m=0 k=0

From (4), we have

/ . / (1 + t)(x1++xr+x)dﬂ—l(x1) “ e d/v[/—]_(xT)
Zp Zp

2
= (1 (r
(155) 0= 3 on
By replacing t by ele=1) _ 1, we get

/ / Y (@14 +xr+x)du_1($1) cedp_ ()
o

(33)

_ / /z1+ g )y (@) A () (e — 1)
Zyp Zp m!

34) = Z E) (@)

i‘(et _ 1)m
0 m.:
00 . o) o
=Y ED@) Y Salnm)
m=0 n=m

_ f:( B (@)82(n,m) g
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and

P12 _ 9r (S e (o o) (S i
2"e Drelet=bz — 9 (;Bell( r)l!>(7§:0Belm(:L‘)m!)

- >/~ Bel,,(x)Bely—_pm(—r)nl\ t"
(35) =2 Z(Z (ﬂ”L)'(n—m)E : )ﬁ

n=0 m=0

_ %(27“ mZ::O <:1) Belm(a:)Beln—m(—T)) %”'

Therefore, by (33),(34) and (35), we obtain the following theorem.

Theorem 9. For n >0, we have

Z B (2)Sa(n,m) = 2 Z <:1> Bely,(z)Bely—m(—1).
m=0 m=0

Now, we observe that

00 m o o t_ 1\k
> On ) (0 1) = S @) Y otk
m=0 =

m=0 k=m
= Z Z Ch) () Sa(kym)— (et — 1)k
(36) k=0 m=0 kl
_ZZC’h(’” SkaZSan &
k=0 m=0 n==k

n

= Z(Z Z CH) (1) Sk, m) o, k) .

n=0 k=0m=0

Therefore, by (33), (34) and (36), we obtain the following theorem.

Theorem 10. Forn > 0, we have

> B (2)Sa(n,m) Z Z Ch) (2)Sa(k,m), Sa(n, k).

m=0 k=0 m=0
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From (4), we have
/ e / e(etfl)(xl‘i’""i’xr“i’x)dlu_l(:1;1) . du_1<x7‘)
Zp Zp

_ (eet_er 1>7’e(et71)x
(5 ) )
- - (; o) 252(k,m)2) (; Bezl(x)jj)
- (23 st m) ) (3 pecly)
:i Y iE(’” )Ss(k, m) Bely_x (x >k'(n7ik:)'}::

n mnO k o
(3) X E0 @Skt -o(a) ) o

Therefore, by (34) and (37), we obtain the following theorem.
Theorem 11. For n > 0, we have

ZE x)Sa(n, k) = Z()ZET> )Sa(k,m)Bely_j, ().
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ON A PRODUCT-TYPE OPERATOR FROM WEIGHTED
BERGMAN-NEVANLINNA SPACES TO WEIGHTED ZYGMUND
SPACES ON THE UNIT DISK

ZHI JIE JIANG, HONG BIN BAI, AND ZUO AN LI

ABSTRACT. Let D = {z € C : |z| < 1} be the open unit disk, ¢ an analytic
self-mapping of D and v an analytic function in D. Let D be the differentiation
operator and W, ,, the weighted composition operator. The boundedness and
compactness of the product-type operator W, D from weighted Bergman-
Nevanlinna spaces to weighted Zygmund spaces on D are characterized.

1. INTRODUCTION

Let C be the complex plane, D = {z € C : |z| < 1} the open unit disk in C,
H (D) the class of all holomorphic functions on D, ¢ a holomorphic self-mapping of
D and ¢ € H(D). Weighted composition operator Wy, 4, on H(ID) is defined by

W f(2) = 1(2) - f(#(2)), z €D.

If v» = 1 the operator is reduced to, so called, composition operator and usually
denote by C,. If p(z) = z, it is reduced to, so called, multiplication operator
and usually denote by M,. Standard problem is to provide function theoretic
characterizations when ¢ and v induce a bounded or compact weighted composition
operator. Weighted composition operators between various spaces of holomorphic
functions on different domains have been studied by numerous authors, see, e.g.,
[1,2,8,9,11,13-17,19,21, 23, 28,34, 35,45,49, 50, 53] and the references therein.
Let D be the differentiation operator on H (D), that is,

Df(z) = (), z€D.

The product-type operator C,D has been studied, for example, in [4, 18,20, 25, 26,
29,41,44,46]. In [31] Sharma has studied the following operators from Bergman-
Nevanlinna spaces to Bloch-type spaces:

MyC,Df(2) = ¥(2)f'(¢(2)),
MyDC, f(2) = ¥(2)¢ (2) ' ((2)),
CoMyDf(2) = ¥(p(2)) f' (¢(2)),

and

CoDMy f(2) = V' (p(2)) f(0(2) + 1 (p(2)) f (¢(2)),

2000 Mathematics Subject Classification. Primary 47B38; Secondary 47B33, 47B37.
Key words and phrases. Weighted Bergman-Nevanlinna spaces, product-type operators,
weighted Zygmund spaces, little weighted Zygmund spaces.
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for 2 € D and f € H(D). These operators on weighted Bergman spaces, were
also studied in [51] and [52] by Stevié, Sharma and Bhat. If we consider the
product-type operator W, D, then it is clear that
MyCyoD =Wy 4D, MyDCy =W, 4.0D,
CaprD = WLP”‘/JOAPD and CtpDMw = WLP»%ZJIOAP + W%wmp'D.

Quite recently, the present author has considered operator W, ,D from weighted
Bergman spaces to weighted Zygmund spaces in [10]. This paper is devoted to
characterizing the boundedness and compactness of operator W, D from weighted
Bergman-Nevanlinna spaces to weighted Zygmund spaces. It can be regarded as a
continuation of the investigation of operators from weighted Bergman-Nevanlinna
spaces to other spaces (see. e.g., [12] and [30]).

Next we introduce the needed spaces and some facts. Let dA(z) = %dxdy
be the normalized Lebesgue measure on D. For o > —1, let dAy(z) = (o +
1)(1—|2*)*dA(z) be the weighted Lebesgue measure on D. The weighted Bergman-
Nevanlinna space Af, on D consists of all f € H(D) such that

191, = [ log(1 +1£(:)ddaz) < o
D
It is a Fréchet space with the translation invariant metric
A

a(f,9) = IIf — gll ag,

For some details of this space, see, e.g., [6], [7], [47] and [54].
For 8 > 0, the weighted-type Ag consists of all f € H(D) such that

sup(1 — [2[2)?|£(2)] < oo.
zeD

This space is a non-separable Banach space with the norm defined by
£, = sup(L = |2*)?| £ (2)]-
zeD

The closure of the set of polynomials in Ag is denoted by Ag o, which is a separable
Banach space and consists exactly of those functions f in Ag satisfying the next
condition
lim (1 [2*)?[f(2)] = 0.
|z|—1—
For 8 > 0, the weighted Bloch space is defined by
Bs = {f e HD): sgg(l — |z|2)ﬁ\f’(z)| < oo}.

Under the norm
1185 = 1£(0)] +S‘£(1 — 2P ()],

it is a Banach space. For more detail on the space, see, e.g. [55]. The closure of the
set of polynomials in B is called the little weighted Bloch space and is denoted by
Bg,o. For a good source for such spaces, we refer to [55].

For 5 > 0, the weighted Zygmund space Zg consists of all f € H(ID) such that

sup(1 — [2[*)7] f(2)] < oo.
z€D
It is a Banach space with the norm
1fllzs = [FO)]+ [£(0)] + Sgg(l — 21" (2)]-
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The little weighted Zygmund space Zg  consists those functions f in Z3 satisfying
lim (1 —2[*)°f"(2)| =0,
|z|—1—
and it is a closed subspace of the weighted Zygmund space.

For weighted-type spaces, weighted Bloch spaces and weighted Zygmund spaces
on the unit disk, the upper half plane, the unit ball, the unit polydisk and some
operators, see, e.g. [5,11,16,22-24,27,28,32,33,36-40,42,43,48] and the references
therein.

Since the weighted Bergman-Nevanlinna space is a Fréchet space and not a Ba-
nach space, it is necessary to introduce several definitions needed in this paper. Let
X and Y be topological vector spaces whose topologies are given by translation
invariant metrics dx and dy, respectively, and let L : X — Y be a linear operator.
It is said that L is metrically bounded if there exists a positive constant K such
that dy (Lf,0) < Kdx(f,0) for all f € X. When X and Y are Banach spaces,
the metrical boundedness coincides with the usual definition of bounded operators
between Banach spaces. Recall that L : X — Y is metrically compact if it maps
bounded sets into relatively compact sets. When X and Y are Banach spaces,
the metrical compactness coincides with the usual definition of compact operators
between Banach spaces. When X = Afgg and Y is a Banach space, we define

[Lllag, v = sup  [ILf]ly,

log
Hf”Aﬁ)gSl

and we often write || L|[az —y by [[L]].

Throughout this paper, an operator is bounded (respectively, compact), if it is
metrically bounded (respectively, metrically compact). Constants are denoted by
C, they are positive and may differ from one occurrence to the next. The notation

a =< b means that there exists a positive constant C such that a/C < b < Ca.

2. THE OPERATOR W, 4D : AR, — Z5 (Z5,0)

Our first lemma characterizes the compactness in terms of sequential conver-
gence. Since the proof is standard, it is omitted (see, e.g., Proposition 3.11 in [3]).

Lemma 2.1. Let o> —1, 8> 0 and Y € {Z3, Z3,0}. Then the bounded operator
WeyD @ Ay, — Y is compact if and only if for every bounded sequence (fn)nen
mn Aﬁ;g such that f, — 0 uniformly on every compact subset of D as n — oo, it
follows that

Jim [WoyDfally = 0.

The next result can be found, for example, in [54].

Lemma 2.2. Let @ > —1 and n € Ny = NU{0}. Then for all f € A
there exists a positive constant C independent of f such that

Cllf]|ag

log

=P

and z € D,

log
(L= =) £ (2)] < exp

Now we consider the boundedness of operator W, D : Aﬁ‘)g — Zg.
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Theorem 2.3. Let a« > —1, 8> 0, ¢ be an analytic self-map of D and ¢ € H(D).
Then for all ¢ > 0, the following statements are equivalent:
(i) The operator W, D+ AR — Zg is bounded.
(ii) The operator Wy, D : AR, — Zp is compact.
(iii) ¥ € Zp,
My = Slelg(l — 2Pl (2)ll¢' () < o0,

My = sup(1 = o) (=) () + 26/ ()¢ ()] < o
(1 — |Z|2>5 " C _
oo T TR Y AP T e =0

C

0= e

1—
e TR 0 -2 0 D

and

A=Y ey €
ey VN Ol e g =

_GTE)
@(z)—0D ( |g0(

Proof. Suppose that (i) holds. Take the functions f(z) = z and f(z) = 22,
respectively. Since the operator W, 4D : Aﬁ‘)g — Z3 is bounded, we have

Slelg(l — 2P (2)] < W,y Dzl|z, < C|[Wey D (1)
and
sup(l — 27|40 (2)(2) + 20/ (2)¢' (2) + 0 (2)9" (2)| < CWeoy DI (2)
z€D
Inequality (1) shows that ¢ € Z3. Also by (1) and the boundedness of ¢,
Slelg(l = 271" ()l ()] < oo. 3)
Then by (2), (3) and the boundedness of ¢,
My = sup(L - 202} (2) + 26/ (21 (2)| < oc. ()
zE
Let the function f(z ): 3. Then
sup(1 = [2")7[1"(2)p(2)* + 20 ()¢ ()" + 40 (2)¢ (2)(2) + 20(2) " (2) o 2)|
z€
< C|W,.4D]. (5)
By (1), (4) and (5),
Mo = Slelg(l — 2P [ (2)ll¢' (2)* < C| Wy Dl < oo (6)
For w € D, we choose the function
1— 2\a+2 2\a+4
£ — o Ul (1= o))
(1 = p(w)z)2(@+2) (1 = p(w)z)2a+2)+2
I lp(w)[)> (1= Jp(w)[?)*+°
3 (1 _ @(w Z)Q(a+2)+3 ( _ Sp(w Z 2(o¢+2)+4
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where
_ 48a® 4 4600 4 1398a + 1340
7 72405 1 2140 1 6550 1 682
_ 16a% 4+ 104a + 164
“7 T6a?+37a+62
and

C1 = 1-— Coy — C3.
We also choose the function

2047 (1—p(w)?)**?  6a+21 (1 |p(w)]*)*

g1(2) = da+8 (1 ( )2)2(a+2) T Ao+ 12 (1 _Wz>2(a+2)+2

(1= lp)?)*+
(1= pw)2)2(atD s

For the functions f; and g1, we have

filp(w)) = f{'(e(w)) = " (p(w)) =0 (7)

and

g1 (p(w)) = gi(p(w)) = 0. (®)
Consequently, (7) and (8) make the function f(z) = f1(z)expcgi(z) to satisfy
f(p(w)) = " (p(w)) =0

and

R ) BN
6D = e ™ T e

where
C =2c¢c9 + 3c3 — 4.
By the boundedness of the operator Wy 4D : AR, — Z3, we find
[(w)|(1 — |w]?)”
(1 = lp(w))o+?

C
" (w)| exp <C.
| ) (1= lp(w)[?)>+?

Thus
(- [w?) " c
lim —————|¢"(w)|exp
ot e e (e
For w € D, we choose the functions
Ba+8 (1—|pw)P)**?  6a+22 (1—|p(w)*)***

=0.

_ |
2= 35 +10 (1= p(w)2)20+D  30+10 (1 — p(w)z)2+D)+2
6o +24 (1—[e()[)** (1= |p(w)?)**®
3a+10 (1 — p(w)z)2@+20+3 (1 — p(w)z)2(e+2)+4
and
(z) = & 3 (1—Jo(w)?)*+? (1- Iw(w)\Z)“+4
P T At e (1= ()t
Then
falp(w)) = fi(p(w)) = £ (p(w)) =0 (9)
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and g5(p(w)) = 0. From this and (9), for the function g(z) = fa2(z) exp cga(z) we

have
g (p(w)) = g" (p(w)) =0
and ,
1" _ QP('LU) ox c
g (@(w)) _C(l—|<p(w)|2)a+4 p(l_ |(p(w)‘2)a+27
where

C— 240+ 1200 + 141
B 3a+10
By the boundedness of Wy, 4D : Af, — Zg,

IWe,uDgllz, < Cl[We .y D,

and from which we obtain

[o(w)|2(1 ~ [w]2)? ‘
(1= lplaypyess (V09" () + 20 ) e (s < ©
This shows that
A e @)+ 20w ) exp s =0
p(w)—op (1 = |p(w)[?)? (1= lp(w)[)t2

For w € D, we choose the functions
1 (1 Jp(w)?)>*? (1 = Jo(w)[?)*
T o R R e S
8 (I—lp)P)**> (1 —]p(w)*)**+°
3

_|_

(1= ()22 D3 (1 plw)z)2ler it
and
(1 — J(w)[*)>*?
(1= p(w)z)2@+2)

93(2) =

From a calculation, we obtain
fa(p(w)) = fa(p(w)) = f3(p(w)) = 0. (10)
Define the function h(z) = f3(z) exp cgs(z). Then by (10),
h (p(w)) = h"((w)) =0,

and by a direct calculation,

e A e P o

where C' = —30(a + 2)? — 8. Since W,, 4D : Afg = Z3 is bounded, we have
W,y Dhlz, < Cl[Wey D,
and so
(1= 1217 |(Wy.wDR)"(2)| < C[W,y D (11)
for all z € D. Letting z = w in (11) yields to

(1- \w|) ) B lo(w) 1 ex c
T o e e )Pl exp s <

< Cl[We,yDl.
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Thus
(A —fwP)? )2 o c C(1 = |p(w)[2)+2
0= o)) 5[0 (w)] P A [olw) ) = )P . (12)
Taking limit as ¢(w) — D in (12) gives
(1- |w|2)ﬂ c

/ 2
ceaan 1 oy VI R e T e = O
The proof of the implication is finished.

(111) = (i1). Let (fn)nen be a sequence in AR, with sup, ey || fnllaz, < M and
fn — 0 uniformly on every compact subset of D as n — co. We have that for the
constant C' in Lemma 2.2, for any € > 0 there exits a constant 6 € (0,1) such that
whenever 0 < |p(z)| < 1, it follows that

m "N exp &
B A (e P e I
—|2?)? " / ! ¢
(1(1—|<p|(z|)f2)2|1/’(z)‘ﬁ )+ @@l ew o <=

and

(1= )" . c
(= ey VAP e o <<

Then by Lemma 2.2, for a fixed § € (0,1) we have

IWewDfullz =100 f10 @O + |- Fi 0 @Y O] +sup(1 ~ |2 |(W(=) Fap(2))

= [$(O)]| /4 (O] + ¢ (01 (2(0)) + $(0) £ (p(0 >>sa<o>\

Ao () fal(2) + (020" () + 20/ ()9 () Fi9(2)) + ()0 (222 (0(2))|
< (Je()] + [w'(0) I)If’ (O] + ()]0} |20 +sup(1 — [=)° [ ()15 (=)

+sup(1 —[2[%)
zeD

+sup( 5’1/1 2) + 24 (2

2)|| (e (2)] + sup(l - 2202 )| ()]

,(|w )| + [/ 0|)|fns00 [+ L (0)][£(0)] | £ (0))]
+ sw (=R L@+ s 1= G| )

le(2)|< <le(2)I<1

+ sup (1= |22 (2)e" () + 20 (2 2)|
le(2)1<8

+ s (1- ) \w 2) + 20/ ()¢ (2)|| £ (0(2))
5<lp(z)I<1

+ s (- 281 (2)| ¢ () *| £ ((2)))|

+ osup (1= P80@)]|¢ £ (e2)]
0<]p(2)[<1

< (IO + O 72e0)] + [oO) [ O I O)] + Wiz, s |76
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R, c ,

P e ——C i s [£(0(2)

O g A= fopee T M s | |
1 - |o)? c

b R ) + 20 () () [ exp O

N e e | TP
(1= |o)? ¢

+My sup [f"(0(2))| +  sup 510 (2)]l¢' (2)] exp

lo(2)|<6 s<lo(z)l<1 (1 = lp(2)[?) (1= lp(2)[2)et2

By Cauchy’s estimation, if (f,,),en converges to zero on each compact subset of D,
then (f/)nen, (f!)nen and (f7)nen also do as n — oo. From this, and since both
{z €D :|z| <} and {0} are compact subset of D, there exists a natural number
N such that whenever n > N, it follows that

(1600} + [4/(0)]) | 72 ()] + [ ()| |(0)] | 7 0(0))| < 2
and

sup | f17(p(2)] <,
PSR

where i = 1,2, 3. Consequently, for all n > N it follows that
IWeuDfnllzs < (44 [19]lz, + Mo + My)e,
which shows that the operator Wy, D : Ay, — Zp is compact.
(#) = (¢). This implication is obvious. The proof is finished.

Now, we consider the boundedness of operator W, 4D : A, — Z3,0. We first
have the following result.

Lemma 2.4. Let @ > —1, 8 > 0, ¢ be an analytic self-map of D and ¢ € H(D).
Then for all ¢ > 0, the following statements are equivalent:

(i)
(1

i’%ﬁw z) +2¢'(2)¢' (2 )’exp_—z = 0.

(ii)
(1—]»)”
—_— )+ 2 ex
i S o) + 20 ) e
and Yo" +2¢9'¢" € Ago.
Proof. Suppose that (i) holds. Since

TP P TP =

for all z € D, we have
(1- |Z|2)Blw( )@"(2) +2¢(2)¢ ()]

“jf |2m 2) + 20/ (2)¢' ()| exp

— 0,

(1 = [p(2)[2)o+2

as z — OD. Hence ¢¢” + 2¢'¢" € Agy. Since ¢(z) — OD implies z — ID, it
follows that the first assertion in (¢i) holds.
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Now suppose that (i7) holds, but (7) is not true. Then there exist constants
co >0, g0 > 0 and a sequence {z,} tending to 9D as n — oo such that

(1- ‘Zn| c
1= leo(zn)l? (1= [p(zn)[?)>+2
Since " + 2¢'¢" € Agy, it follows from (13) that the sequence (zy,)nen has a

subsequence (zy, )ken With ¢(z,, ) — OD. Therefore, applying (25, )ren to the first
assertion in (i7), we arrive a contradiction to (13), finishing the proof.

|¢ 2n)@" () + 20" (2) (Zn)| exp >eo. (13)

By Lemma 2.4, the following result follows similar to the proof of Theorem 2.3.
Hence, the proof is omitted.

Theorem 2.5. Let a > —1, 8 > 0, ¢ be an analytic self-mapping of D and
v € H(D). Then for all ¢ > 0, the following statements are equivalent:

(i) The operator Wy, 4D : AR, — Zg5,0 is bounded.

(ii) The operator Wy, 4D : AR, — 25,0 is compact.

(iii)
W, o + 29" € Ag,
(A= P ¢ B
o 1 T ¥ AP T e =
m O e S 0
OB [~ Te(2) PP 1 Te@pee
and
i L)) 4 2 () (2) exp ——C 0.
oo T () P2 1 o2 )
(iv)
(1 - |Z|2) " < C
1 — |¢(z)|2|¢ (2)] exp (EEEREEI.
N € Bl ) TN c _
2 T e VI N e oy = 0
and
im &W z) + 2¢'(2)p ()‘exp;:&
z=aD (1 — |p(2)[2)? (1= [p(z)2)+2
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Hesitant fuzzy Maclaurin symmetric mean operators
and their application in multiple attribute decision
making
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Abstract: The Maclaurin symmetric mean (MSM), originally introduced by Maclaurin, can capture the
interrelationship among the multi-input arguments. It plays an important role in many multiple attribute
decision making problems. In this paper, we first extend M SM operator to deal with hesitant fuzzy infor-
mation and propose some new hesitant fuzzy aggregation operators, such as the hesitant fuzzy Maclaurin
symmetric mean (HFMSM) and the weighted hesitant fuzzy Maclaurin symmetric mean (WHFMSM).
Then, we further investigate some desirable properties and special cases of those operators in detail. Finally,
we develop an approach to hesitant fuzzy multiple attribute decision making problems based on the pro-
posed operators. A practical example is given to illustrate the practicality and effectiveness of the proposed
method.

Keywords: fuzzy set; hesitant fuzzy set; aggregation operator; Maclaurin symmetric mean; multiple at-
tribute decision making

1 Introduction

Multiple attribute decision making is one of the most significant human activities in many fields includ-
ing social science, economics, medical science, engineering, environmental science and so on. The purpose
of a decision making is to find a desirable solution from a finite alternatives. In order to obtain a desirable
solution, the decision information provided by decision makers always need to be aggregated into an overall
one by using a proper aggregation technique. Therefore, the research on information aggregation method is
an important topic in multiple attribute decision making. In the past few decades, a variety of aggregation
operators have been developed and applied to multiple attribute decision making with different decision in-
formation, such as accurate numbers, fuzzy numbers, intuitionistic fuzzy numbers, trapezoidal fuzzy numbers
and so on [1-4].

Recently, Torra introduced the hesitant fuzzy set (HFS) [5], which allows membership degree to have a
set of possible values. Therefore, it is an efficient tool in the situation where the evaluation of an alternative
under each attribute is represented by several possible values. Since its appearance, HF'S has attracted more
and more attention from researchers [6-8]. Hesitant fuzzy information aggregation has become a hot topic
in the hesitant fuzzy set theory and lots of hesitant fuzzy aggregation operators have been developed [9-17].
For example, Xia and Xu [11] first presented some hesitant fuzzy operational laws, based on which they
proposed a series of aggregation operators, such as hesitant fuzzy weighted averaging (HFW A) operator,
hesitant fuzzy weighted geometric (HFW G) operator and so on. Xia et al. [17] developed some confidence
induced aggregation operators for hesitant fuzzy information. Xia et al. [12] gave several series of hesitant
fuzzy aggregation operators with the help of quasi-arithmetic means. Wei [10] explored some hesitant fuzzy
prioritized aggregation operators and applied them to hesitant fuzzy decision making problems in which the
attributes are in different priority levels. Zhang [14] extended the power aggregation operator to the hesitant
fuzzy power aggregation operators, whose weighting vectors depend upon the input arguments and allow
values being aggregated to support and reinforce each other. Zhu et al. [16] extended Bonferroni mean to
deal with hesitant fuzzy information and get the hesitant fuzzy Bonferroni mean operator. By combining

*Corresponding author.  Tel: +86 13789003995. E-mail address: zxq0923@163.com, liwu0817@Q163.com.
Mailing address: School of Computer, Hunan Institute of Science and Technology, Yueyang, Hunan, 414006, P.R.China
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the Bonferroni mean and the geometric mean, Zhu et al. [15] further investigated the geometric Bonferroni
mean under hesitant fuzzy environment.

The Maclaurin symmetric mean (M SM) was originally proposed by Maclaurin [18] and many important
results on the M.SM have been obtained [19-22]. It is worth noting that the MSM has desirable properties
capturing the interrelationships among multi-input arguments. The BM also can capture the interrelation-
ships among arguments, but it only reflect the interrelationships between two arguments whereas the M.SM
can reflect the interrelationships among multi-input arguments. Furthermore, for the same collection of ar-
guments, the M SM is monotonically decreasing with respect to the parameter, which make the decision
makers can select easily the parameter value according to their risk preferences in decision making progress.
Therefore, the M SM is more flexible and robust such that it is more adequate to solve multiple attribute
decision making problem where the attributes are independent. So far, the M .SM has been used successful
to deal with not only the crisp values but also the intuitionistic fuzzy values [23]. But we have not seen
any work based on the M. SM for aggregating hesitant fuzzy information. Thus, it is meaningful to use the
MSM to develop the aggregation techniques under hesitant fuzzy environment. In this paper, motivated by
Qin [23], we develop some new hesitant fuzzy aggregation operators based on the M .SM, and apply them to
multiple attribute decision making under hesitant fuzzy environment.

The rest of this paper is organized as follows. In Section 2, we review the notions of HF'S and the
MSM. In Section 3, we introduce the hesitant fuzzy Maclaurin symmetric mean (HF M SM) operator and
discuss some desirable properties and special cases of the proposed operator. In Section 4, we further develop
the weighted forms of the previous operator and apply them to hesitant fuzzy decision making. Finally,
conclusions are stated in Section 5.

2 Preliminaries

In this section, we recall briefly the necessary notations on HF'S and MSM. We also present the dual
Maclaurin symmetric mean based on the M SM.

2.1 Hesitant fuzzy set
Torra and Narukawa [5] extended the fuzzy set to the hesitant fuzzy set (HF'S), shown as follows:

Definition 2.1. Let X be a reference set, an HF'S on X is in terms of a function that when applied to X
returns a subset of [0, 1].

To be easily understood, Xia and Xu [11] expressed the HF'S by mathematical symbol
H= {hH(x)p; € X},
x

where hy () is a set of some values in [0, 1], denoting the possible membership degrees of the element © € X
to the set H. For convenience, Xu and Xia [7] called hg(z) an hesitant fuzzy element (HFE).

Let h; and hy be HF Es, the union, intersection and complement of them are definded by Torra and
Narukawa [5] as:

(1) hy Uhsy = U’ylehl,yzethax{'}’l,'}/Q};

(2) hi Mhy = U’Y1€h17’72€h2min{71»72};

(3) hi = U'Ylehl{l - 71}'

Let a > 0, hy and hs be two HF Es, Xu and Xia [11] defined some operations on the HFEs hy and hs
as follows:

(5) hl S h2 = U’YlEhl,’Ythz {’Yl + Y2 — 7172}
(6) hi ® ho = Uyi€hi,y2€hs {7172}
(7) ah=Uyen {7y}
(8) h* =Uyen{l—=(1—-7)"}
In [11], Xia and Xu defined the score function of HF E's and gave the comparison laws.

Definition 2.2. Let h be an HFE, s(h) = ﬁh) > en Y is called the score function of h, where n(h) is the

number of values of h. For two HFEs hy and hs, if s(hy) > s(hg), then hy > ho; if s(h1) = s(ha), then
hy1 = hs.

Xia and Xu [11,12] further gave some hesitant fuzzy aggregation operators as follows:
Let hj(j = 1,2,---,n) be a collection of HFEs, w = (wy,wa, - ,w,)? be the weight vector of h;(j =

1,2,---,n) with w; € [0,1] and ) w; =1, then
j=1
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(1) The hesitant fuzzy weighted averaging (HFW A) operator

n

HFWA(hy,ha, - hy) = @D (wihy) = | q1-[] @ —)~
J=1 Yi€hj, J=1

i=1 n

Especially, if w = (1/n,1/n,---,1/n)T, then the HFW A operator reduces to the hesitant fuzzy averaging
(HFA) operator

HEA(h by by = U qr=TTa =) (1)
'zjiEhj7 j=1

)

(2) The hesitant fuzzy weighted geometric (HFW G) operator

n

HFWG(hy, ha, - - ,hn)=®hj”j - U H,ijj
Jj=1 vi€hy, \J=1
i=1,---,n
Especially, if w = (1/n,1/n,---,1/n)T, then the HFWG operator becomes to the hesitant fuzzy geo-
metric (HF'G) operator

HFG(hy,ha,-+ b)) = ) { [[w"" (2)

vj€hj, j=1
1=1,---,n

2.2 Maclaurin symmetric mean

The M SM introduced by Maclaurin [18] is a useful technique characterized by the ability to capture
the interrelationship among the multi-input arguments. The definition of M SM is given as follows.

Definition 2.3. [18] Let a;(i = 1,2,--- ,n) be a collection of nonnegative real numbers and r =1,2,--- ,n.
If

1
r =

Z H Qg

1<iy <o <ip<ip =1

&)

MSM(T)(a17a2,~' Q) =

then MSM) is called the Maclaurin symmetric mean, where (i1,42, - ,1,) traversal all the r-tuple combi-
nation of (1,2,--- ,n), CT is the binomial coefficient.

It is clear that the MSM (") have the following properties:

3 Hesitant fuzzy M SM operator

In this section, we shall extend M SM to aggregate hesitant fuzzy information and obtain a hesitant fuzzy
Maclaurin symmetric mean operator. We also investigate a variety of desirable properties and some special
cases.

Definition 3.1. Let h;(i = 1,2,--- ,n) be a collection of HFEs and r =1,2,--- n. If

SV \ hi;
1S_il <o j=1
HFMSM" (hy, b, -+ hn) = % ¥

n
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then HFMSM") is called the hesitant fuzzy Maclaurin symmetric mean (HFMSM), where (iy, i, - i)
traversal all the r-tuple combination of (1,2,--- ,n), Cr is the binomial coefficient.

Based on the operations of HF E's described in Section 2, we can derive the following Theorem 3.2.

Theorem 3.2. Let h;(i = 1,2,---,n) be a collection of HFEs and r = 1,2,--- ,n. Then the aggregated
value by using the HFMSM ™) is also an HFE, and

cn
T
HFMSM") (hy, hg, -+ ha) = | = II (-1 (4)
yi€hi, 1<ip < - j=1
i=1,--,n <ip.<n
Proof. By the operational laws (5)-(8) described in Section 2, we have
I T
Q@n, = U {1
j=1 vi€hi, Jj=1
i=1,---,n
and
kA I
b Qn= U 1= 11 (-1
1<iy <o j=1 ~yi€hi, 1<y <o j=1
<ir.-<n i=1,---,n <ip<n
then we obtain
1
T,
1 T s
cr @ hi; | = U 1- H 1- H Vi
o\ 1<ii< j=1 Yi€hi, 1<iyp <o j=1
<ir<n i=1,---,n <ir<n
Thus
1\ ¥
°r
T
HFMSM") (hy, g, ha) = | -1 II (=11 ,
vi€hi, 1<iy <eoe Jj=1
i=1,--,n <ir.<n
which completes the proof of Theorem 3.2. O

In the following, we shall study some desirable properties of HFMSM.
Theorem 3.3. Let h;(i = 1,2,--- ,n) be a collection of HFEs. If h; = h = {~} for alli € {1,2,--- ,n},
then

HEMSM™ (hy,hy,---  hy) = h
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Proof. Let h; = {v;}, then v, = (i = 1,2,--- ,n). By Theorem 3.2, we have

HEMSM ) (hy, hg,--- , hy)

3=

- U - I 1—j1f[1%

Yi€hi, 1<iy <eee
i=1,--,n <ir.<n

Il
——
7 N
=
|
[
—
|
2
=

Q
3
N—
ﬁﬁ""
N———
el
——

={a-a-yy7}
=i =nh

Corollary 3.4. Let hi(i=1,2,---,n) be a collection of HFEs.
(1) If hy = h = {0} for all i, then HFMSM) (hy, ho,--- , hy) = {0};
(2) If hy = h = {1} for all i, then HFMSM ) (hy, ho,--- , hy) = {1}.

Theorem 3.5. Let hi(i = 1,2,---,n) be a collection of HFEs, and h;(z =1,2,---,n) be any permutation
of hi(i=1,2,--- ,n), then

HFMSM ") (hy,hg, - hy) = HFEMSM™ (hy, hy,--- k)

Proof. Since h;(z =1,2,---,n) is any permutation of h;(i = 1,2,--- ,n), by Definition 3.1, we have

Sl

’

| == | BEMSMO W Ry, B,

Theorem 3.6. Let hy = {hay, -+ ,ha, } and hg = {hg,, -+ ,hg,} be two collections of HFEs. If for any
Yo; € ha, and va, € hg,, we have Yo, < g, for all i(i=1,--- ,n), then

HEMSM ™) (hay, hay, - s ha, ) < HEMSM ™) (hg, hg,, -+, hg, )

463 Wu Li et al 459-469



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC
6 W. Li, X. Q. Zhou

Proof. Since 7o, < g, forall4,i=1,--- ,n, we have

T T
1= [T z1- 1]
j=1 Jj=1

clT 17“
) A . A
= II |\t-1Iv )| =| II (21w
1<is < j=1 1<ir <-- j=1
<ir<n <ir<n
1 % 1 r
cn cn
T T
= |[1- H 1_H’YOéi <|1- H ]-_H’Vﬁi
1<ip < o j=1 1<ip <o j=1
<ir<n <ir<n
According to Definition 2.2 and Eq. (4), we can complete the proof of Theorem 3.6. O

Theorem 3.7. Let h;i(i = 1,2,--- ,n) be a collection of HFEs, h
h+am = max{hj’|hj‘ = maX{%’ S hi}} Then

min

= min{h; |h; = min{y; € h;}}, and

hin < HEMSM ") (hy, o, -+ hy) < b

mi max

Proof. Since h. . < h; <~; <h <hf . for any v; € h;(i =1,2,--- ,n), then we have

max

vi€hs, =1
i -n

=1,
1
Ch
r
— T + T
=1- (hmin) > U H 1- H '71']» > 1- (hmax)
vi€hi, 1<igp <oee j=1
i=1,-,n <ir.<n
1
1 r
cn

— i < U L= I |- ﬁ i < Nrnag-
j=1

Yi€hi, 1<y <
i=1,---,n <ir<n

Thus the proof is completed. O

Next, we present some special cases of the HFMSM () operator by changing the parameter 7.

Theorem 3.8. Ifr = 1, then HFMSM) operator reduces to the hesitant fuzzy averaging (HF A) operator
(i.e., Eq. (1)).
Proof. By the definition of HFMSM () we have

HFEMSMW (hy, hy, -, hy)

1 e,
- U 1= H 1- H Vi
Yi€hi, 1<i1<n j=1
i=1,---,n
1
= U 1- H (1 =) (let iy = 1)
vi€hi, 1<i1<n
=1, ,n
n
1
- U {1— (1—%)"}
Yi€hi, i=1
=1 n

[ ]

= HFA(h1,ha, -+, hy)
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Theorem 3.9. If r = 2, then HFMSM™) operator reduces to the hesitant fuzzy interrelated square Bon-
ferroni mean (HEF BM1) which was introduced by Zhu et al. in [16].

Proof. Let p; jizj = hi @ hj = U {1 —~vv}t = U {1-46,} then by the definition of
'Yiehi,"/jehj,i;ﬁj 611,]6)01',]'

HFEMSM™  we have

HFMSM® (hy, hy,--- , hy)

N|=

- U (-1

vi€hs, 1<ii <
i=1,---,n ia<n

Nl

2
nn—1)

- U = I =) (let iy = i, i3 = j)

Yi€hi, 1<ii<
=1, ,n i2<n

1

2
n

2

- U |- aee
YVi€hi,vj€hj, i,j=1
ii=1, n,i<j i<j

1

p)
n

1

- U A faeagms
0i,5€Pis 1,j=1
3,5=1,+ ,n,i#£j i#]

= HFBLI(hlv h’27 e 7hn)
O
Theorem 3.10. If r = n, then HFEMSM operator reduces to the hesitant fuzzy geometric (IFG) operator
(i.e., Eq. (2)).

Proof. By the definition of HFMSM, we have

HFMSMW (hy, hy, -, hy)

.
3

j=1,,n

O

Theorem 3.8-3.10 show that some exiting hesitant fuzzy aggregation operators are the special cases of
the HF M SM oprator.
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4 The weighted hesitant fuzzy operator and its application in de-
cision making
In many practical applications, the weights of attributes should be taken into account. Especially for
multiple attribute decision making problems, the considered attributes usually are of different importance.
To overcome the limitations of the HF MSM operator defined in the previous section, in this section, we

shall introduce the weighted hesitant fuzzy Maclaurin symmetric mean (W HFMSM) operator and apply
it to solve multiple attribute decision making problems.

4.1 WHFMSM operator
we first introduce the definition of W HFMSM operator as follows.
Definition 4.1. Let h;(i = 1,2,--- ,n) be a collection of HFEs, r = 1,2, ,n, w = (wi,ws, - ,wy)7T is

the weight vector of h;(i = 1,2,--- ,n) with w; € [0,1] and > =1. If
i=1

S

-
S% wi; hi
1<iy <+ j=1

WHEMSM (hyha,--- ) = | =50 ®)

n

then WHFMSMI(UT) is called the weighted hesitant fuzzy Maclaurin symmetric mean, where (i1,i2,- - i)
traversal all the r-tuple combination of (1,2,--- ,n), Cr is the binomial coefficient.

According to the operations of HF E's described in Section 2, we can derive the following Theorem 4.2.

Theorem 4.2. Let h;(i = 1,2,--- ,n) be a collection of HFEs and r = 1,2,--- ,n. Then the aggregated
value, by using the WHFMSM ™), is also an HFE, and

cn
WHFMSM) (hy, b, ha) = | 1= I (-] -@=m)")
Yi€hi, 1<ip <o j=1
i=1,,n <ir<n
Proof. The proof is similar to one of Theorem 3.2. O

4.2 An application to multiple attribute decision making

Based on WHFMSM operator, below we develop an approach to multiple attribute decision making
under hesitant fuzzy environment.
For a multiple attribute decision making problem, let Y = {¥71,Ys,---,Y,,} be a discrete set of alter-

natives, A = {A;, As,--- , A,} be a collection of attributes, whose weight vector is w = (wy, wa, - ,w,)T,
satisfying w; € [0,1] and >.1", = 1, where w; represents the importance degree of the attribute A;.
The decision makers provide several values for the alternative Y;(¢ = 1,2,---,m) under the attribute
Aj(j = 1,2,---,n) with anonymity, these values can be considered as an HFE h;; = U, en, {7} All
elements h;;(i =1,2,--- ,m,j = 1,2,--- ,n) construct a hesitant fuzzy decision matrix the decision matrix
H= (hij)mxn~

Then, we use the WHFMSM operator to develop an approach to multiple attribute decision making
problems with hesitant fuzzy information, which can be described as follows:
Stepl. According to the decision information provided by the decision makers, construct the hesitant fuzzy
decision matrix H = (hij)an- If there are some cost attributes in decision making problems, then we need
to transform the decision matrix H = (h;j)mxn into a normalization matrix P = (p;;)mxn, where

~_ | pij, for benefit attribute A;;,
Pij = pij, for for cost attribute A;;.

Here pij = Uy, ep,; 17ij}> p§; is the complement of p;; and pg; = U, ep, {1 — 75 }-
Step2. Utilize the WHF M SM operator

pi = WHFMSM (i1, pios -+, Din)
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to aggregate all the performance values p;; (j =1,2,--- ,n) of the ith line and get the overall performance
value p; corresponding to the alternative Y; (1 = 1,2,--- ,m).
Step3. Calculate the score values s(p;) of the overall preference value p; (i =1,2,--- ,m).

Step4. Rank all the alternatives Y; (i =1,2,--- ,m) according to s(p;) in descending order, and then select
the best one.

4.3 TIllustrative example

Let us consider a Management School in a Chinese university, which wants to introduce a teacher
(adapted from [24]). There is a panel with five possible alternatives. A set of four factors are considered:
A = {A1, Ay, A3, Ay}={morality, research capability, teaching skill, education background}, whose weight
vector is w = (0.3,0.2,0.1,0.4)”. The experts evaluate four alternatives Y;(i = 1,2, --- ,4) in relation to the
factors A = {A1, Aa, A3, As}. The evaluation information on the four alternatives Y;(i = 1,2,--- ,4) under
the factors A = {A;, Ay, A3, A4} are represented by the HF E's.

Stepl. Construct the hesitant fuzzy decision matrix H = (h;j)s5x4, which is listed in Table 1. Considering
that all the attributes A;(j = 1,2,3,4) are the benefit type attributes, the performance values of the
alternatives Y;(j = 1,2,--- ,5) do not need normalization.

Step2. Utilize the WHFMSM operator aggregate all the performance values h;;(j = 1,2,3,4) of the
ith line and obtain the overall preference value h; corresponding to the alternative Y;. Take alternative Y;
for an example, and let r = 2, we have

hy = WHEDMSM.) (hyy, haa, -+, h1a)

1
N
n

r
11)7‘,].
U - I (-1
Yi€hii, 1<in <eee j=1
=1, ,n <ipr<n

= {0.814019,0.816764, 0.819298, 0.818635, 0.821303, 0.823767, 0.823095, 0.82569, 0.828086,
0.820225, 0.822867, 0.825307, 0.824669, 0.827238, 0.829611, 0.828963, 0.831463, 0.833771,
0.826476,0.829016, 0.831362, 0.830748, 0.833218, 0.8355, 0.834877, 0.837281, 0.839501 }.

As the parameter r changes we can get different results for each alternative, here we will not list them
for vast amounts of data.

Step3. Compute the score values s(h;)(i = 1,2,---,5) of h;(i = 1,2,3,4) by Definition 2.2. The score
values for the alternatives are listed in Table 2.

Step4. By ranking s(h;)(: = 1,2,---,5), we can get the priorities of the alternatives Y;(i = 1,2,---,5)
as the parameter r changes, which are shown in Table 2.

From Table 2, it can be seen that the ranking results are slightly different when the parameter change,
which indicates the parameter can reflect the decision maker’s risk preferences. Furthermore, we can find that
the score values obtained by the WHFMSM operator become smaller when the parameter r increases for
the same aggregation arguments. Therefore, the decision makers can choose a proper value of the parameter
r according to their risk preferences in real practical decision making process.

Table 1: Hesitant fuzzy decision making matrix H

Ay Ao As Ay
Yi {{0.4, 0.5,0.6} {0.7} {0.2} {0.4}
Y {0.2, 0.5, 0.8} {(0.5, 0.7} {0.6, 0.8} {0.6, 0.7}
Y3 {0.8, 0.9} {0.4, 0.6} {0.3, 0.4} {0.1, 0.3}
Yy {0.3, 0.4, 0.6, 0.8} {0.4, 0.8} {0.3, 0.5} {0.5, 0.6}
Ys {0.3, 0.5, 0.7} {0.2, 0.4} {0.6, 0.7} {0.4, 0.6}
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Table 2: Score values obtained by the WHF M SM and the rankings of alternatives

Yi Ys Ys Y Ys Rankings
r=1 0.156157 0.218865 0.194147 0.188703 0.158 Yor-Ys-Yi>-Ys > Y1
r= 0.14665  0.205581  0.15069  0.175264 0.147543 Yo > Y4 >Y3>Ys > Y

r=3 0.135688 0.198208 0.132396 0.163811 0.140404 Y> >Yy>Ys>Y1 >Y3
r=4 0.113003 0.185361 0.116269  0.14538 0.130822 Y2 >Yy>Ys>Y3>Y)

Remark 4.3. To demonstrate the advantages of our method, in the following, we compare our method
with the existing methods, such as the HFW A and HFW G operators introduced by Xia and Xu [11], and
the weighted hesitant fuzzy Bonferroni mean (W H F BP;%) and weighted hesitant fuzzy geometric Bonferroni
mean (W HFGB21?) proposed by [15,16]. The rankings obtained by different aggregation operators are listed
in Table 3.

From Table 3, we can see that i) when r = 1, the WHFMSM and HFW A operators have the same
rankings; ii) when r = n, the WHFMSM and HFW G operators have the same rankings; iii) when r = 2,
the WHFMSM, WHF B! and WHFGBE? operators have the same rankings. It verifies the proposed
method is reasonable and validity.

(1) Compare with the HFW A and HFW G operators. Our method can deal with the multiple attribute
decision making problems where the attributes are independent, whereas the HFW A and HFW G operators
can not do them. In addition, the W HF M SM has an alterable parameter, With the change of the parameter,
the proposed operator can be evolved into lots of different aggregation operators, which make decision making
more flexible and can meet the needs of different types of decision makers. But the HFWA (or HFW@G)
operator has not alterable parameter, so they can only satisfy the demand of a type of decision makers.

(2) Compare with the WHFBPY and WHFGBEY operators. The main advantage of the proposed
method is that it can capture the interrelationship among the multi-input arguments, while the W H F'BE»4
and WHFGBP? operators can only capture the interrelationship between two arguments. That is to say,
our method is more general. In addition, the WHF BP9 and WHFGBE? operators consider two parame-
ters, while our method only needs to take one parameter. Therefore, the computational complexity of the
WHFBPY and WHFGB?? operators are much higher than our method. Moreover, the WHFEFMSM has a
desirable property that the score values are more smaller when the parameter r increases, which indicates
the decision makers can select easily a proper value for the parameter r according to their risk preferences.
But the WHFBP:? and WHFGDB?EY operators do not have the property. It follows that they are difficult
to determine the values of the parameters p and ¢ to reflect the decision makers’ risk preferences in real
practical decision making process.

According to the comparisons and analysis above, it is clear that our method is more flexible and robust
to aggregate hesitant fuzzy information. Therefore, It is more suitable than the exiting aggregation operators
to solve hesitant fuzzy multiple attribute decision making problems in which the attributes are independent.

Table 3: Comparisons with the exiting aggregation operators

Aggregation operator Rankings Aggregation operator Rankings
WHFMSM” Yo Ys=Yi-Ys = Y3 WHFMSM) Yo Yi>-Ys - Ys =Y,
HFWA Yo=Y -Ya-Ys =1 WHFBY' Yo Ya-Ys - Y5 - Y3
WHEMSMY YarYis-Ys-Ys - Y: WHFGBL! Yaor Y=Yy Ys =Y,
HFWG Yo=Y, =Ys=Y; =Y

5 Conclusions

The MSM is a classical averaging mean operator, which has been widely used in information fusion.
However, it can not deal with the hesitant fuzzy information. To fill this gap, in this paper, we have extended
the MSM to hesitant fuzzy environment, and defined a hesitant fuzzy Maclaurin symmetric mean. Some
desirable properties and special cases have been discussed in detail. Considering the weight vector of the
arguments, we have further developed a weighted hesitant fuzzy Maclaurin symmetric mean which can
consider the importance of each attribute and the interrelationship among multi-input arguments. We also
have proposed a method to solve hesitant fuzzy multiple attribute decision making problems. The illustrative
example has shown that the proposed method is not only reasonable and validity but also more suitable
to deal with multiple attribute decision making problems in which the attributes are independent under
hesitant fuzzy environment.
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A NOTE ON THE GENERALIZED ¢-CHANGHEE NUMBERS OF
HIGHER ORDER

EUN-JUNG MOON?! AND JIN-WOO PARK?*

ABSTRACT. Recently, Changhee numbers and polynomials are introduced by
T. Kim et al in [3]. In this paper, we consider the generalized g-Changhee
polynomials and numbers of higher order by using the fermionic p-adic g-
integral and give some relations between the generalized ¢-Changhee numbers
of higher order and special numbers.

1. INTRODUCTION

Let d be fixed odd positive integer and let p be a fixed odd prime number.
Throughout this paper, Z,, Qp, and C, will respectively denote the ring of p-
adic rational integers, the field of p-adic rational numbers and the completions of
algebraic closure of Q,. The p-adic norm is defined |p[, = 1

L.
We set
X =Xg=1mZ/dp"7, X* = | ) (a+dpZy),
N 0<a<dp
(a,p):l

a+dpNZ,={z € X|z =a (mod dp™)},
where ¢ € Z and 0 < a < dp”.

When one talks of g-extension, ¢ is various considered as an indeterminate, a
complex ¢ € C, or p-adic number ¢ € C,. If ¢ € C, one normally assumes that
lg| < 1. If ¢ € C,, then we assume that |¢ — 1], < p_v%l so that ¢* = exp(xlogq)
for each = € Z,. Throughout this paper, we use the notation :

1—(=9q)° 1—g°
[m]*q - 1— (7q) and [m]q - 17(] .
Hence, lim,_, [z], = « for each = € Z,,.

Let C(Z,) be the space of continuous functions on Z,. For f € C(Z,), the

fermionic p-adic g-integral on Z, is defined by T. Kim as follows :

LD = [ @ yte) = Jim e 3 f@ =0 (e 5. (1)
P 9 z=0

Then, by (1.1), we can get the following well-known integral identity
Ifq(fl)‘f'lfq(f) = [Q]qf(O), (1.2)

1991 Mathematics Subject Classification. 11B68, 11540, 11S80.

Key words and phrases. the generalized ¢-Changhee numbers attached to x, the generalized
g-Euler numbers attached to x, the p-adic g-integral on Zy, the Stirling numbers of the first kind,
the Stirling numbers of the second kind.

* corresponding author.
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where f1(x) = f(z + 1) (see [1, 4, 5, 6]).

Recently, g-Changhee numbers and polynomials are introduced by Kim et. al. in
[9], and have been studied by many mathematicians, and possess many interesting
properties (see [3, 7, 9, 10]). In this paper, we consider the generalized ¢g-Changhee
polynomials and numbers of higher order by using the fermionic p-adic g-integral
and give some relations between the generalized g-Changhee numbers of higher
order and special numbers.

2. THE GENERALIZED ¢-DAEHEE NUMBERS ATTACHED TO X

Let x be the Dirichlet character with conductor d € N = {1,2,...} with d =
1 (mod 2). Then the generalized q-Changhee numbers Chy, .4 attached to x are
defined by the generating function to be

d—1
[2]4
—_— -1)¢ “1+1) hn 2.1
1+qd(1+t)da§( ) ( + ZC X‘I ( )
where t € C,, and |t|, < p_ﬁ.
As is well known, the generalized q-Euler numbers Ey, , 4 attached to x are defined
by the generating function to be

oo n

t
a at
1 + qdedt Z Z E"vaqa’ (see [12]).

n=0
The Stirling numbers of the first kind is given by

and the Stirling numbers of the second kind is defined by the generating function

to be
(e —=1r=n>" Sa(l,n)
l=n
(see [2, 11]).
By replacing ¢ by e/ — 1 in (2.1), we can have
S (6t — 1)n a at = 28
;Ch%){,q ol 1 + q edt Z = mz::oE'rn,x,qMa (22)
and
> (et —1)" = Chiyg tm
ZChn,x,q " = Z . n! Z Sz(m,n)m

n=0 n=0 m=n

= mg;o <nz_:0 Chn,xqug(m,n)) %

Therefore, by (2.2) and (2.3), we obtain the following theorem.

Theorem 2.1. For m > 0, we have

m
B = Z Chiy.gSa(m,n).
n=0
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Now, we define the generalized g-Changhee polynomials Chy, . () as follows:
d—1

a=0

where t € Cp, and |t[, < pFI.

Note that, in the special case, * = 0, Chy ,q(0) = Ch,, 4 are generalized
g-Changhee numbers.

From (1.2), we can derive the following equation.:

Mg (fa) + (F)" T (f) = 121 ) (1)), (2.5)

where f,(x) = f(z +n) and n > 0.
If taking f(z) = x(z)(1 4+ ¢)* in (2.5), we can have

¢ /X x(z)(1+ t)x+ddu_q(:v) + /X x(@)(1+1t)*du—_q(x)

d—1 (2.6)
=[2, > (—=1)"x(a)g(1 +1)".
a=0
y (2.6), we can easily have
T [2]q = a a a
J X+ D et = i S @)
N o (2.7)
=) Chn%q%,
n=0
and
® = S x)(x T ﬁ
fx@u i@ =3 ([ xewi@) T e

Therefore, by (2.7) and (2.8), we obtain the following theorem.

Theorem 2.2. Forn >0, we have

Cora — [ @) (7 )ayto)

By (2.4), we note that

Z Chn,x,q(x)t L Z “x(a)g* (1 +)**®
n=0

nl 1+ ¢%(1+1¢)?

Chumra ') (i <f)tl> (2.9)

<

So, by (2.9), we can have
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n
Chn,x,q(m) _ T Chp, “imxg
X9 (2.10)
n! n—m m!
m=0

From Theorem 2.2 and (2.10), we can derive the equations

ch ’X’q i(n )m,/x(y)< )du o(y)

—A&w@iﬂ@ﬂ@.

Therefore, by (2.11), we obtain the following corollary.

(2.11)

Corollary 2.3. For n > 0, we have

Ch%'q(x) = /X x(y) (m : y) dp—q(y).

For r € N, let us consider the generalized q-Changhee numbers of order r attached
to x as follows:

S B aeaser)
LTl )X

d—1 [Q]q r a1+---+a a1+-+a, a1+ta
L= <1+qd(1+t)d) (=1 F (@) o x(an)g e (L )t

ai,...,ar=0

_ZCh"Xq

(2.12)

By (2.7), we can see that

/ / (1) x(@r) A+ )" dp g (21) - dpg(27)

d—1 9] -
= —1 —1)attar Sgertter (1 4 g)atetar
0(1_+qdu_%ﬂd) (140 () - )0 (14 1)

A yeeeyQp—

(2.13)

Thus, by (2.12) and (2.13), we get

Wﬁiq.A*Lﬂxmn~x@aurw~+w&mwAm»~mL4m)<2M>
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From (2.14) and Theorem 2.2, we can drive
ChiTr

n!
[ ] x e ("I gt )

(@1) - x(
/X RUBRSTCS llio (‘7;11> :l; <£l”22) ...nillilw <$r1)

2.1
_ I 1=0 lr—l ( 5)
T,
X l l d,U/_q(l'l) e dﬂ—q(xr)
==l
n n—I 1 n—I ~'-7l,,.
_ Z 12 ’ Chh,x,thlz,x,q T Chlv-—lyXﬂChn*ll*“'*h 1,X,9
n 11”2!"'17-_1!(’&7117127"'7”_1)!
1=012=0 ZT‘71:0
Therefore, by (2.13), (2.14) and (2.15), we obtain the following theorem
Theorem 2.4. Forn >0, we have
n n—l n—ly-—lp_2 n
CHy =30 3 ( )
n,X,q .. N
1,=0 I3=0 l_1=0 lla127 7ZT717n ll l'rfl
X Chiy x,qChis g Chiy g x,qChn—ty— 1, 1 x0q
n n!
where (zl,lz,-.-,z,.) = Ll
From (2.14), we note that
Chil) g
/ [ xn) s xlm) o+ o) - d )
> S / / x(@n) o x(@e) @+ ) dp () ()
1=0 X X
=38 (n,)E™
1(']1, ) 1,x,q°
1=0
(2.16)
where E( )

are the [-th generalized g-Euler numbers of order r attached to Y,
which glven by

d—1
2 . 0y Lo
<1+[q]3edt2<—1>>< ) ZE£L oo (see [8]).
a=0

Therefore, by (2.16), we obtain the following theorem.
Theorem 2.5. Forn >0, we have

=Y " Si(n,)E" .
=0
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By replacing ¢ by e — 1 in (2.12), we can get

Z Ch(r) (et — l)n

n,X,q |
0 mn.
d—1 [2] r
- 2 <1Zdt> (—1)M ey (ar) - x(ap)g T ereler et (2.7
ai,...,a,=0 +q
o0
tm
— Z B2
m,X,q 1’
foopr m:
and
(et — 1 n 2 onl) > t
ZO 0 Eo 5 ity $2 i mm)
n=0 m=n (2.18)

T tm
— Z (ZCh;”SQ m n)) —
Therefore, by (2.17) and (2.18), we obtain the following theorem.

Theorem 2.6. Forn > 0, we have

E™) ZCh(’") Sa(m,n).

m,X,q X549
n=0

From (2.12), we can consider the generalized q-Changhee polynomials of order r
attached to x as follows:

= 2, ) ) N\ T
<azo Hfz”[l(]lﬂ)‘i(_” x(a)g* (1 +1) ) (1+8)°

d—1 )
> 2], )
) 1+ q¥(1+1)4 _1)a1+ +a7.X(a ) . X(a )qalJF Jra,,.(l +t)a1+ Vot
d d ( . )
- <1 +qi(1+1)

tn
_ZC (%q e

(2.19)

an

/ / (@1) - X&) (L + T4y () dp ()

. <1+qc[l2(]1q+t)d) (1) () gt (L et

ai,...,a,=0

Thus, we get

Chale) = [ -+ [ xa@r)-eoxtan)ort et an + @)udig(o0) - diyfar).
(2.20)
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From (2.20), we have
ChD) ()

n,X»4

:/X"'/XX(ZCl)"'X(l’r)(l'l+"'+55r+1')ndﬂfq(ml)"'dﬂfq($r)
=3 sitm) oo [ et ) g (o) (o)

_Zsl (n,O)E,") (z).
(2.21)

Therefore, by (2.21), we obtain the following theorem.

Theorem 2.7. Forn >0, we have

ChD, (@)=Y Si(n ) E) ().
=0

In (2.19), by replacing ¢ by e — 1, we can get

a=0
e

=2 Bl
m=0

n d—1 "
§ :C (7) 1) _ § : [2]11 (_l)ax(a)qaeat ext
nx,q nl 1 +qd€dt
(2.22)

and
B 67 (r) L
nE OC na " mg ' ( E Chy s, o(2)S2(m n)) i (2.23)

Therefore, by (2.22) and (2.23), we obtain the following theorem.

Theorem 2.8. Forn >0, we have

EM ZChm x)Sa(m,n).

mX#I ”Xq

As is well-known, the rising factorial is given by
()™ =z(x+1)--(x4+n—-1)= (-1 => (=1)"'Si(n,D)at,  (2.24)
1=0

where n > 0 (see [2, 11]).
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Next, we consider the generalized q-Changhee numbers of order r attached to x
of the second kind as follows:
6,71(7")

n,X-4

. / x@n) - X(@) (=21 =+ — & ndpig ) - dptg )
X

Il
T~

X

t”ﬂi

(~1)'8) (n,1) /X /X X(@1) - x(@) @1+ -+ ) dpg(@1) - dp—glay)

=0

3

(~1)'81(n, DELT) .

I
=)

The generating function of C’hn x.q 18 given by
/\(T) t
Z M
/ / (1) o) (L +1), " 7 T dp g (1) - - dp—g (21 (2.25)

- (Zuﬁw<‘l>ax(a>q“<l+t>a> (1+1).

Now, we can observe that

= [2]4 a o u ' .,
Zm(—l) x(a)g®(1+8) | (1+1)

-3 (S (o)

Thus, by (2.25) and (2.26), we get

A(T))M Z ( )( )Chn S (2.27)

Therefore, by (2.27), we obtam the following theorem.

(2.26)

Theorem 2.9. Forn > 0, we have

= (1) = r
Chyyg= > m! (m> (m) Ch o

m=0

In (2.25), by replacing ¢ by e — 1, we can get

’I’L d "
ZC’h ,X7q i = (Z Th g edt )ax(a)qaeat> et

a=0

\a (2.28)
Z m x o
and . " . .
Z &i”‘;q(et;i'l)n = Z <Z éﬁn e )> % (2.29)
n=0 m=0 \n=0
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Therefore, by (2.28) and (2.29), we obtain the following theorem.

Theorem 2.10. Forn > 0, we have

m

aX7q Z 677'” s X q )

Now, we define the generalized q-Changhee polynomials of order r attached to x
of the second kind as follows:

hnal®) = [ o [ ) (== g (o) ).
(2.30)
Thus, by (2.30), we get

Z ’\(T)
:/x /Xxun---x(xr)(wt)n () dpg(ay) (2.31)

d—1 T
_ 2], ol .
) (Z T gi(or I X@CaHD ) (A+H,

It is easy to show that

5 2q @ a a ' z+r
(;)Hq‘[i(}lth)d(_l) X(a)q (1+t) ) (1+t)”+

E(E-)5

m=0

Therefore, by (2.31) and (2.32), we obtain the following theorem.

Theorem 2.11. Forn > 0, we have

= () ~ [z )
Chnyxyq(x) = m! (m) (m) Chy o, -

By (2.30), we get

— ()
Chn’x’q(x)

~1'Sind) [ o [ @)@+ =) (o) (o)

L

(2.32)

M-

N
I
=

(—1)181(n, DE) (~x).

-

l

I
=3

In (2.32), by replacing ¢ by e — 1, we can get

/\(T‘) 6 a a _a TTrTr
ZChnxq - (Z 1 —l—qdedt —1)*x(a)g’e t) eletrt
L= (2.33)
tm
=Y Ef poo
m=0 m
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10 EUN-JUNG MOON! AND JIN-WOO PARK?*

and

tm

Z(Jh O (@ ;!1 =S (@ @)sa(m.n) o (2.34)

m=0 \n=0

Therefore, by (2.33) and (2.34), we obtain the following theorem.

Theorem 2.12. Forn >0, we have

E (x+7) ZChnxq )Sa(m,n).

qu
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An Investigation of the Certain Class of
Multivalent Harmonic Mappings

H. Esra Ozkan Ucar, Yasar Polatoglu and Melike Aydogan
September 23, 2014

The main purpose of the present paper is to investigate some properties of
the certain class of sense-preserving p-valent harmonic mappings in the open
unit disc D = {z € C||z| < 1}.

1 Introduction

Let €1 be the family of functions ¢(z) which are analytic in the open unit disc
D, and satisfying the condition |¢(z)| < 1 for all z € D, and let 25 be the family
of functions ¢(z) which are regular in D and satisfying the conditions ¢(0) = 0
and |¢p(2)| < 1 for every z € D. Denote by P(p,n), p > 1, n > 1 the family of
functions p(z) = p+p1z+- - which are regular in D and satisfying the condition
Rep(z) > 0. Let s1(2) = 2 + d22? + -+ and s3(2) = 2 + e22? + - - - be analytic
functions in D. If there exists ¢(z) € Q2 such that s1(z) = s2(4(2)) for every
z € D, then we say that s1(z) is subordinate to s2(z) and we write 51 < ss.
Specially, if s3(z) is univalent in D, then s; < so if and only if s1(D) C s2(D),
and s1(0) = s2(0) implies s1(D,) C s2(D,.), where D, = {z||z| < r,0 <r < 1}
(see [1], [4]).

We denote by S(p,n) (p > 1 and n > 1, integers) the class of all regular and
p-valent functions in D, having the series expansion of the form

5(2) = 2P+ epp 12T Copy 22 Cnp a3z A e 2P - (1)

for all z € D. It is clear that S(p,1) D S(p,2) D S(p,3) D ---S(p,m) D ---.
Let S*(p,n) (p > 1 and n > 1 integers) denote the class of functions of the form
(1) which are regular in D and satisfying

Re (z i/((;) > >0 (2)

2000 AMS Mathematics Subject Classification 30C45, 30C55.
Keywords and phrases: p valent starlike function, distortion theorem, growth
theorem
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and

/0 7 Re (z ‘i((;) ) do = 2pnr (3)

for every z € D. A member of S*(p,n) is called p-valent starlike function in the
unit disc D.

Finally, a planar harmonic mapping in the open unit disc D is a complex-
valued harmonic function f, which maps D onto the some planar domain f(D).
Since D is a simply connected domain, the mapping f has a canonical decompo-
sition f = h + g, where h(z) and g(z) are analytic in D and have the following
power series expansion

h(z) — Zp + a7,p+12np+1 + an,p+22np+2 + .o+ anp+mznp+m 4+ ..
and
g(z) = bnpznp + bnp+12np+l + bnp+22np+2 + .4 bnp+mznp+m + .-

where |b,,| < 1, p > 1 and n > 1 integers, Gnptm,bnp+m € C and every
z € D. As usual, we call h(z) the analytic part and g(z) the co-analytic part
of f, respectively, and let the class of such harmonic mappings is denoted by
SH(p,n). Lewy (see [2]) proved in 1936 that the harmonic mapping f is locally
univalent in D if and only if its Jacobian Jy = |[I/(2)]* — |¢/(2)|? is strictly
positive in . In view of this result, locally univalent harmonic mappings in the
open unit disc are either sense-reversing if |¢’(z)| > |h/(2)| or sense-preserving
if |¢'(2)] < |/ (2)| in D. Throughout this paper, we restrict ourselves to the
study of sense-preserving harmonic mappings. We also note that an elegant and
complete treatment theory of the harmonic mapping is given Duren’s monograph
(see [2]).

The main aim of this paper is to investigate the some properties of the
following class

1+ ¢(2)
W) T o)

B(2) = 2"6(2), ¥(2) € i, h(z) € S*(p,m), z € D}

and for this aim we need the following lemma

S*H(p,n) = {f =h+7eSH(p,n)|w(z) =

Lemma 1.1 ([3)) Let w(z) = an2"+an112"  +an 12" 24+ (a, #0, n > 1)
be analytic in D. If the maximum value of |w(z)| on the circle |z| = r < 1 is
attained at z = zg, then we have zow'(z9) = pw(zo) where p > n and every
ze€D.

2 Main Results

Lemma 2.1 Ifp(z) € P(p,n) then

P) =y 2 €D (@
2
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where ¥(z) € Q4.

Proof. Consider the function H(z) such that
H(z):]%,ze]]]) (5)

where p(z) € P(p,n). So, that H(z) is regular and satisfies the conditions
ReH(z) > 0 and H(0) =1in D. Let ¢(z) = (1 + H(z))/(1 — H(z)), then p(z)
is regular and |¢(z)| < 1 in the unit disc D, and also ¢(z) has n*! order zero at
the origin. Hence, ¢(z) = 2™(z) where ¥(z) in Q; for all z € D. Expressing
H(z) in terms of ¢(z) we have

H(z) = 1+ ¢(2)

_1—@(2)’z€D' (6)
e () _1+40) (2
_plz)  1+4e(z) 142"z
B = =10 ~ 1= 2m(e)
o 1T+ 2"yY(2)
P(Z)—PW
for all z € .

Lemma 2.2 Let f = h+g be an element of S*H(p,n), then

o bnp(l — ,,,Qm) (1 - ‘bnp‘Q)rm
L= [bpp[>r2m | = 1 — [bpp[>r2m

w(z) |zl =r<1 (7)

where m =np —p+ 1.
Proof. Since f =h+g € S*H(p,n), then

w(z) = 9'(z) _ (brpz? + brpr12"P T 4 by 02™PT2 40 Y
h/(z) (Zp —|—anp+1znp+1 +anp+22np+2 + )/

+ %Z”«PJrl*p 4+ ...

bnp
1+ (np+1;anp+1 an+1—p 4+ ...

so that w(0) = by,. On the other hand, because of the sense-preserving property
we have that |w(z)| < 1 for every z € D. Thus, the function defined by

= ,2€D
1 —w(0)w(z)

satisfies the conditions of Schwarz Lemma (see [1]). Therefore, we have the
following subordination relation
bn
w(z) = 7p:¢(z)
1+ bnp(2)

bpp + 2™

if and only if w(z) < ————
y if w(z) T b

z e D. (8)
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bnp"l‘zm
1+mzm
a1 (1-72™)  ag(1—r2™)
1=[bpp[2r2™ 3 1—[bpyp|2r2™

It is easy to see that the linear transformation maps |z| = r onto the

circle with the center C(r) = (

1—|bnp|?)r™ :
p(r) = %, where oy =Reb,,;, and as =Imb,,, then we can write

) and having the radius

1= [ (1= by
1- |bnp|2r2m - 1- |bnp|27"2m

e

for all |z] =r < 1. As a simple consequence of Lemma 2.2, we give the following
corollary.

Corollary 2.3 If f = h(2) + g(z) € S*H(p,n), then

MQM(@KM,
1 — |bnp|r™ 1+ |bpplr™
1—r")(1-1b, 1 (1 — |b,
14 |bpplrm 1+ |bpplrm
1— ) (1 + |by, 141+ by
(L= )0 l) g < Q70 )
1 — |bpplr™ 1+ |bpplr™

and ) )
(1= [bnp|*) (X = r")

(L4 [byp|r™)?
forall |z =r < 1.

1 b1 — r2)
<1 —w(=)? < ( P 7
Sl < =77, e

Theorem 2.4 Let s(z) be an element of S*(p,n), then the inequalities

P TP

(1 + rn)2p/n <ls(2)] = (1 —rn)2p/n 9)
and ) 1( n) p 1( n)
prP~ (1 —r / pre7 (1 +r
(1 +pm)@p/m)+ sls'@)l < (1 —rm)@p/m)+1 (10)

hold for every |z| =r < 1.

Proof. Since f = h(z) + g(z) € S*H(p,n) then we have zssl((zz)) < pitzs for

s'(2) p(14+r°")
< s(z) pl—TQ"

n

< 12_17:% holds for every

all z in . Therefore, the inequality

|z| = r < 1. Thus, we have

p(1—1r") §'(2) p(1+7r")
14+rn = Zs(z) = 1—rn (11)
> p(1— ") () _ pL+rm)
14 < Re (Z s(z) > = 1—prn (12)
4
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for all |z| =r < 1. It is fact that

/
Re <Zi((zz))> = T% log |s(2)] (13)
true for every |z| = r < 1. Considering (12) and (13) together we obtain

PRT) < D poga(a)) < LUAT)

r(14rn) ” (=) |z| =7 < 1. (14)

Integrating (14), we get (9). On the other hand the inequality (11) can be
written in the form

p(l—1")
r(l4rn)

p(1+7r")

s < W@ < B ls@b =<1 (5)

Using (9) in (15) we get (10).

Theorem 2.5 Let f = h(z) + g(z) be an element of S*H(p,n), then

_ 1+ ¢(2)
h(z) 1 —¢(2)

where |byy| < 1, ¢(2) = 2"Y(2) and Y(z) € Q1 for every z € D.

Proof. Since f = h(z) + g(z) € S*H(p,n), we can write

J'(2) 14 r2n 2|bpp|r™
— b, < Clzl=r<1%. (16
K (z) Pl_pin| = 1 —p2n 7l =r< (16)

w(D,) = {zE(C:

On the other hand, since h(z) is an element of S*(p, n), the value of h(z)/(zh'(z))
at a point z1 on the circle |z| = r is
h(z1) 11—
21W(z1)  pl4orm’

(17)

Now, we define the function

o(2) _ 1+6() -
hz)  1-¢(2)

where ¢(z) = 2"p(z), ¥(z) € 1 and z € D, then ¢(z) analytic in D and

¢(0) = 0. We need to show that |¢(z)] < 1 for all z € D. Assume to the

contrary, that there exists a z; € D such that |¢(z1)] = 1. If we take the

derivative of (18) and after simple calculations we get

g, (l4d), 20() h() Y
wlz) = ‘b’“’<1¢<z>+<1¢<z>>2zh'<z>)’ b
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C0n81der1ng (12) (13), (15) and Lemma 1.1 together we obtain that
1+¢zl 2p¢'(z1) 11—1r"
_ - D), |2| = 7.
wler) = 2 = b, (G2 4 HEE L2 ¢ Do) el =
But this is a contradiction, therefore, |p(2)] < 1 for all z € D. Thus, for a
function f = h(z) + g(z) in S*H(p,n) we have
9(2) 1+ ¢(2)
— =bp,———=,z€D.
ez =)
Corollary 2.6 Let f = h(z) 4+ g(z) be an element of S*H(p,n), then
plbnplrP (1 — ™) plonp|r? (1 + ™)
(14 7m)5+2 (1= pn)32+2

<lg'(z)l <

; (19)

|brp|rP (1 —17)
(147n)5+1
for every |z| =r < 1.

Proof.Using the definition of the class S*H(p,n) and Theorem 2.5, we ob-

[brp|r? (1 + 1)
(1 —rn)+t

<lg(2)] < ; (20)

o gl = ) gl + 1)
np —rn , < , < np +7r
) < 1g'()] < P )
e upl (1= ™) g1+ 7)
np - ,’,,n np + rn
W\h(z)\ <lg(z)| < 1—77“””1(2)'
for all z in D. If we use Theorem 2.4 in the last inequalities we obtain (19) and
(20).
Corollary 2.7 If f = h(z) + g(z) € S*H(p,n), then
p2r2@e=1(1 —rm)3(1 + by |? ) << P2r2@=D (1 4 r™)3(1 = |bpy|?) lmr <l
(L) L onglr)2 — 7 T (L) (L = o lrm)?

This corollary is a simple consequence of Corollary 2.3, Theorem 2.4 and the
following equalities

Jp =) =g () = |0 (2)P(1 ~ [w(2)[*), 2 € D.
Corollary 2.8 Let f = h(z) + g(2) be an element of S*H(p,n), then

p(1 - Ibnpl)/( e dr < |f]

14+ 7)1+ [bpy|r™)

rP (1 4 )2
<p(1+ |bnp|)/ 2—P—(&-1 ) dr
(L =rm) w1+ [bnp|r™)
This corollary is a simple consequence of Corollary 2.3, Theorem 2.4 and the

following inequalities

7/ (2)|(1 = [w(z))|dz] < |df] < [I'(2)|(1 + |[w(2)[)|dz], 2 € D.
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Robust Stabilization Based on Periodic Observers for LDP Systems *

Ling-Ling Lv f, Lei Zhang *

Abstract

In this paper, the problem of robust stabilization based on observers for linear discrete-time periodic
(LDP) systems is studied. It is proofed that principle of separating exists in this type of systems. Based on
this, periodic controllers and periodic state observers can be builded independently. Utilizing parametric
poles assignment algorithm and robust performance index, an algorithm of robust stabilization based
on periodic observers is proposed. A numerical example is employed to verify the effectiveness of the
presented approaches.

Keywords:Robust stabilization; Periodic observers; Principle of separating; LDP systems.

1 Introduction

The analysis and control of linear discrete periodic (LDP) systems have long been interesting problems in
the control fields, because LDP systems, such as cyclostationary process, and multirate digital control which
occur in control systems, arise often in nature and in engineering ([1]). Thus, this type of systems have been
widely researched (see [2]-[8] and references therein). The lifting technique and the cyclic technique are used
to carry out such analysis studies, since they can preserve the system’s algebraic structure and norms. Based
on their lifted LTI reformulation, structural properties such as observability, reachability, detectability, and
stabilizability are analyzed [9)].

Periodic linear systems have received renewed interested in recent years. For example, semi-global stabiliza-
tion of discrete-time periodic systems subject to actuator saturation is investigated in [10] by solutions to a
parametric periodic Lyapunov equation, stability and stabilization of discrete-time periodic linear systems
with actuator saturation is studied in [11] via periodic invariant set, stabilization of continuous-time periodic
linear systems is solved in [12] via a periodic Lyapunov equation based approach, L., and Lo semi-global
stabilization of continuous-time periodic linear systems with bounded controls is studied in [13], and stabi-
lization of periodic systems with input and output delays is investigated in [14]. For more related recent
work on the control of periodic systems, interested readers may refer to the references cited in [10, 11, 12]
and [13].

In engineering, it is usually required to stabilize an unstable periodic motion or a critically stable periodic
motion by using proper control. The stabilization problem has a fundamental importance in engineering, and
hence the stabilization of periodic motions of dynamic systems has drawn much attention over the past years
(see [11]-[15] and references therein). Observers can extract real-time information of a plant’s internal state
from its input-output data. Therefore, Observer-based control has been widely investigated (e.g., [16]-[21]).

In this paper, we investigate the problem of robust stabilization for uncertain LDP systems. On the problem
of observer based control without robustness considerations, a trivial result has been present at [22]. Accord-
ing to the principle of separating, the problem of stabilization based on observer is converted into problems
of stabilizing an argumented system and designing a periodic observer respectively. By adopting parametric
poles assignment approach combined with a sensitivity index, robust stabilization problem is solved. Two

*This work is supported by the Programs of National Natural Science Foundation of China (No.
U1204605,11226239,61402149), Excellent-Young-Backbone Teacher Project in high school of Henan Province (No. 2013GGJS-
087), Scientific Research Key Project Fund of the Education Department of Henan Province(NO. 12B120007).

TInstitute of electric power, North China University of Water Resources and Electric Power, Zhengzhou 450045, P. R. China.

fInstitute of Data and Knowledge Engineering, Henan University, Kaifeng, 475001, P. R. China. Email:
zhanglei@henu.edu.cn. Corresponding author.
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detailed algorithms are presented and an example is utilized to illustrate the design procedures proposed in
this paper.

Notation 1 The superscripts "T” and ”-1” stand for matriz transposition and matriz inverse, respectively;
R™ denotes the n-dimensional Euclidean space; i,j represents the integer set {i,i+1,...,j—1,7}; For a
square time-varying matriz A(t),t = 0,1,--- ;we denote ®p(j,1) = A(j — 1)A( —2)--- A(%) for j > i and
®a(i,7) = I; The notation || - ||¢ is Frobenius norm.

2 Preliminaries

Consider LDP systems with the following state space representation

{ z(t+1) = A(t)z(t) + B(t)u(t) (1)
y(t) = C(t)=(t)

where ¢t € Z, the set of integers, z(t) € R™, u(t) € R" and y(t) € R™ are respectively the state vector, the
input vector and the output vector, A(t), B(t), C(t) are matrices of compatible dimensions satisfying

At+T)=A®#), B{t+T)=DB@{),CEt+T)=C(1).
In case that the state of system (1) can be measured, by periodic feedback control law
ut) = K@#)zt)+v@®), K@t+T)=K(), K(t)eR™" (2)
where v(t) is the reference input, we can obtain the following combined system with period T

{ x(t+1) = (A@t) + Bt)K(t))z(t) + B(t)v(t) 3)
y(t) = C(t)=(t)

When there exists some restrictions in practice, the state of system (1) can not be gotten by hardware, but
the input w(¢) and the output y(¢) can be measured. In this case, we need build another periodic system
giving an asymptotic estimation of system states. The system with the following form can be adopted:

{ w&‘);r 1) = A@)a(t) + Bt)u(t) + L()(C(1)2 — y(t)) (4)
x = X0

where & € R™ and L(t) € R"*™ ¢ € Z are real matrices of period T.
Utilizing observer (4), we can build a periodic control law based on the observed states as
u(t) = K()z(t) + v(t) (5)
such that the combined system meets some control aims, e.g., stability.
Similar to its LTT counterpart, for LDP systems, we present a simple existence condition of observers and

omit its proof.

Proposition 1 There exist matrices L(t), t € 0,T —1 such that system (4) becomes a full order state
observer of system (1) if and only if periodic matriz pairs (A(t), C(t)) are detectable. In this case, we only
need to choose L(t), t € 0,T — 1 such that matriz

DPprrc(T,0)= (AT -1+ L(T—-1)C(T —1))(A(T —2)+ L(T — 2)C(T — 2))--- (A(0) + L(0)C(0))

is stable.

Plugging (5) into (4) gives
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Integrating control law (6) into system (1), we can get

where F(t) = A(t) + L(t)C(t).
With the preparation, the stabilization problem of system (1) based on observers can be formed as the

following:

Problem 1 Given a completely observable and reachable LDP system (1), find matrices L(t) € R"*™ t €
0,7T—1 and K(t) e R™*™ t € 0,T — 1, such that the augmented system (7) is stable.

Because of the inaccuracy of modelling and the influence of their internal perturbation and external distur-
bance from environment, unavoidably, system model has uncertainties, leading to the necessity of the study
of robustness for LDP systems. Robust stabilization of system (1) based on observers can be formed as
follows:

Problem 2 Given a completely observable and reachable LDP system (1), find matrices L(t) € R"*™ t €
0,7T—1 and K(t) € R"™™,t € 0,T — 1, such that the augmented system (7) is stable and as insensitive as
possible to small changes of system data.

3 Main result

Consider the following LDP system

{ a(t+1) = A(W)a(t) + B(t)u(t) ®)
y(t) = C(t)x(t)
where the system data possess the same dimensions with that of system (1).
Lemma 1 Given two LDP systems (1) and (8). If there exists a nonsingular matriz P satisfying

At) = PA®P™', B(t)=PB(t), C(t)=CH)P, (9)
then the lifted systems of this two systems are equivalent.
Proof. Lifting system (1) gives the following LTI system

{ o (t 4+ 1) = Atab(t) + Bhul(t) (10)
y“(t) = Cha™(t) ’

where
AY = A(T — 1)A(T —2)--- A(0)

BY =[ AT —1)A(T -2)---A1)B(0) --- A(T-1)B(T—-2) B(T-1) ]
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Lifting system (8) gives the following LTT system

2V (t +1) = Alzl(t) + BMul (1)
L b ()

where
At = A(T — 1)A(T - 2) --- A(0),

BY=[ AT -1)A(T-2)---A(1)B(0) --- AT -1)B(T—-2) Br_ |,
C(0)
o 0(1).14(0)

According to (9), we get

At = A(T — 1)A(T - 2) --- A(0)
= PA(T —1)P 'PA(T —2)P~'..- PA(O)P~!
= pAYp!,

BY =] AT - 1)A(T -2)--- A(1)B(0)
AT-1)B(T-2) B(T-1) ]
= [ PA(T — 1)A(T —2)--- A(1)B(0)
PA(T-1)B(T —2) PB(T-1) |

| O(T — YAT —2)- - A(0)P
=ctpL

Thus, we can see the lifted systems (10) and (11) are algebraically equivalent, which means the equivalence
between system (1) and system (8). m

By virtue of this conclusion, we can form the following Theorem.

Theorem 1 Consider systems (3) and (7). The eigenvalue set of system (7) are composed by sets o(Pa4+pr (T, 0))
and o(Pr(T,0)) corresponding to systems (3) and (4), respectively.

Proof. Let

It is easily computed that
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Therefore,

[C@t) o]Pt=[C() 0].

By lemma 1, system (7) and the following system have equivalent lifted systems

([ A(t) +J§(t)K(t) B(?(f;(t) } 7 [ Bét) ] e o }). (12)

Thus, all the eigenvalues of the two lifted systems are the same. Since eigenvalues of LDP systems are defined
to be eigenvalues of their lifted system, the proof is completed. m

We call the above result as principle of separating for LDP systems. It is shown that the introduction of
full order state observers has no influence on the stability of the close-loop system by state feedback law (2).
At the same time, the introduction of state feedback has no influence on the designed observers. By this
theorem, when discussing the problem of stabilizing LDP systems based on observers, periodic control laws
and periodic observers can be designed independently. The work remaining is to find matrices K (t) and L(t)
such that matrix ®5pk(T,0) and matrix ®r(7T,0) are stable respectively. Here, we adopt poles assignment
approach.

Let A" and BY denote the lifted system matrices corresponding to periodic matrix pair (A(-), C(-)), A¥T and
C™ denote the lifted system matrices corresponding to periodic matrix pair (AT(-),CT(-)), and matrices
F and G are real matrices possessing the desired pole set of matrices @5 pk(T,0) and matrix ®r(7T,0)
respectively. Introducing the following polynomial matrix factorizations:

(21 — A%)™'B* = N(2)D!(2) (13)

(21 — A¥N 71OV = H(2)L71(2) (14)

where N(z) € R™7T" D(z) € RT™T7" are right coprime matrix polynomials in z, and H(z) € R"*T™
L(z) € RT™XTm are the same. If we denote

D(2) = [di; ()] gy » N (2) = [0 (2)],, 7,
H(z) = [hij ()] g serm - L(2) = [l ()],
and « = max{a1,as}, 8 = max {f1, f2}, where

ap = max {deg(di;(2))}
i,5€1,Tr

az = _max__ {deg(ni;(2))}
i€ln,j=1,Tr

p1 = max {deg(hi(2))}

i,7€1,Tm

Bo = max  {deg(l;;(2))}

i€l,n,j=1,Tm

then N(z) and D(z) can be rewritten as

N(Z) = Z Nizi,Ni e CnxTr

=0 (15)
D(z) = Y. D;z%, D; € CTrxTr

i=0
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H(z) and L(z) can be rewritten as

B )
H(z) =Y H;z' H; € Cr*Tm
2 (16)
L(Z) — Z LiZZ,LZ' c (CTmXTm
i=0

1=

Denote
Vk (Z1) = NoZ1 + N\ Z1\F + -+ N, Z1 F© (17)
Wk (Z1) = DoZy + D1 ZyF + -+ + Do Z, F®
Vi (Zs) = HoZo + H1 ZoG + - + H Z,GP a8)
Wi (Zo) = LoZ + L1 Z2G + - -+ + L3 ZoGP
and

Z = {Zl
Zy = {Z2

where Z; and Z; are arbitrary parameter matrices with compatible dimension.

det (i NiZlFi> £0 } (19)

=0

B
det <Z HiZQGi> £0 } (20)

=0

Let
X(Z) =Wk (Z) Vi (Z) 2 [ x§ xF - xp "

Y (Z2) = WL (Z) Vi (Zo) 2 [ YoF YT i, (22)

where 71 € Z1 and Zy € Zs.

According to theorem 1 in this paper and the theorem 1 of literature [23], we have the following conclusion.
Theorem 2 For given LDP system (1) and stable real constant matrices F,G with compatible dimensions
and the desired poles, if Vi (Z1) and Wk (Z1) are given by (17), Vi, (Z2) and Wy, (Z2) are given by (18), X,

1€0,T—1andY;, i € 0,T —1 are given by (21) and (22) respectively, then the whole set of solutions to
Problem 1 can be given by (23) and (24).

K(0) X (Z2) =Wk (Z1)Vic"' (Z1),Z1 € 24
K (1) K(0) = [X4]",
’C - N i—1 T L (23)
K(T -1) K(t) = [ij[[o (A() +B(j)K(j))‘1]  tel,T—1
L(0) Y (Z) = Wi (Z2) Vi * (Za), Za € 2o
L(1) L(0) = [va]",
L= : i1 . T - (24)
L(T; 1) L(t) = Yt+1j£[0 (AT () +CT (LT ()~ ] L tel,T—1

Based upon theorem 2, an algorithm for solving problem 1 follows.
Algorithm 1 (Stabilization of LDP systems)

1. Select constant matrices F' and G such that all of their poles lie in the unit circle.

2. Solve the right coprime polynomial matrices N(z),D(z) satisfying factorization (13) and the right
coprime polynomial matrices H(z), L(z) satisfying factorization (14).
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3. According to formulae (15), compute matrices N;, D;,i € 0,a; According to formulae (16), compute
matrices H;, L;,1 € 0, 3.

4. Compute Vi (Z1) and Wk (Z1) by formulae (17); Compute Vi, (Z2) and Wi, (Z3) by formulae (18).

5. According to formulaes (21) and (23), compute periodic state feedback matrices K(t), t € 0,T —1;
According to formulaes (22) and (24), compute periodic observer gains L(t), t € 0,T — 1.

Because of the arbitrariness of the choose of parameter matrices Z; and Z5 in the design process, the above
parametric design algorithm can provide numerous solutions to problem 1. This makes multi-object design
possible for LDP systems. Here, we only consider robustness. According to literature [23], the following
robustness performance index can be adopted:

T—1

T(Z0) 2 ke(Vi) A + BOK @), (25)
t=0
A T—1

Jo(Z2) = kp(V) D IIA() + L)CH)IE (26)
t=0

where kp(Vi) £ HVK_1HF [V |lp and kp(V4,) £ HVL_IHF V|| are the Frobenius-norm conditional numbers
of matrix Vi and matrix Vi, respectively. Thus, we can summarize the robust stabilization algorithm based
on observers as follows.

Algorithm 2 (Robust stabilization algorithm of LDP systems)

1. Select constant matrices F' and G such that all of their poles lie in the unit circle.

2. Solve the right coprime polynomial matrices N(z),D(z) satisfying factorization (13) and the right
coprime polynomial matrices H(z), L(z) satisfying factorization (14).

3. According to formulae (15), compute matrices N;, D;,i € 0,a; According to formulae (16), compute
matrices H;, L;,i € 0, 3.

4. Construct general expressions for matrices Vi and K (t), t € 0,T — 1 according to formulaes (17), (21)
and (23), construct general expressions for matrices Vi, and L(t), t € 0,T — 1 according to formulaes

(18), (22) and (24).

5. Solving optimization problems

MinimizeJ; (Z7)
and

MinimizeJs(Z3)
by using gradient based searching method. The optimal decision matriz is denoted by Z{®" and ZyP*
respectively.

6. Compute matrices K°P'(t),t € 0,T — 1 according to (17), (21) and (23) by using optimal decision
matriz Z{P*; Compute matrices L°P*(t),t € 0, T — 1 according to (18), (22) and (24) by using optimal

o ‘ t
decision matriz Z5°

4 Numerical example

Consider LDP system (1) with parameters as follows:

a0 =57 o5 ] a0

Il
| —|
= O

},B(O):B(l):B@):{
], caoy=[-1 1],

]

2
1
1
1
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It is an oscillation system possessing performances of complete reachability and complete observability. In
the following, we will design a robust stabilization law for this system.

For convenience, we can choose matrices F' and G as

03 0 05 0
F‘[ 0 0.3]’0_[ 0 0.5}

According to algorithm 1, by randomly choosing parameter matrices Z; and Z,, we obtain a group of
solutions as follows:

=

rand(0) = [ 0.7900  0.3400 ],

Krana(1) = [ 2.0000 2.2857 ],
Kiana(2) = [ —0.6667 —1.2593 ],
1.6377
Lrana(0) = | —0.8841 ] ’
[ 0.3871
Lrana(1) = | —0.0645 ]
[ —33.0000
Lrana(2) = | —67.3333 } '

Applying algorithm 2 gives solutions to problem 2 with the following gains:

Kiobu(0) = [ 1.0448 0.0428 |,
Kiobu(1) = [ —0.6217 —1.3782 ],

Keopu(2) = [ —0.6217 —1.6218 ],
[ 2.0876
Lrobn(0) = | 2 505 |
[ —0.7062 ]
Lrobn(1) = | _ 3089 |
[ 24536 ]
Lrobn(2) = | 3617

Denote

Krand = (Krand(0), Kranda(1), Kranda(2))

Lyand = (Lrand(0), Lrand(1), Lrand(2))
(Krobu(0), Kiobu(1), Krobu(2))
= (Lrobu(0), Lrobu(1), Lrobu(2))

robu

robu

Choose the sine signal v(t) = 0.1 *sin(t + 7/2) as reference input and zo = [ =1 1 ]T, to=[0 0 }T
the initial states of systems (1) and (4), respectively. We give the state histories of the system (1) in Figure.
1. With (Kyand, Lrand), Figure. 2 shows the state x(t) of system (7). From this figure, we can see the good
control effectiveness of Algorithm 1 when there is no uncertainty in system data.

To verify the effectiveness of the robust controller, let the system matrices be perturbed as follows:

A(t) = A(t) + pthgr,t €0,2
B(t) = B(t) + Ay, t €0,
C(t) = C(t) + pAy, t€0,2
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Figure 1: State z(t) of the original system
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Figure 2: z(t) and Z(t) with (Krand, Lrand) When =0
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Figure 3: z(t) with (K and, Lrand) when p = 0.015
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X, and its estimator

0 10 20 30 40 50 60 70
steps

X, and its estimator

0 10 20 30 40 50 60 70
steps

Figure 4: z(t) and 2(t) with (Kiobu, Lrobu) When g = 0.35

where Ay € R?*2) Ay € R?2XL A, € R™2.¢t € 0,2 are random perturbations normalized such that
1Auillr = 1, [ Apellp = 1, |Act]lp =1, ¢ € 0,2 and g > 0 is a parameter controlling the level of perturbations.
Let p = 0.015, we depict the response histories of x(t) and Z(t) with gains (Kiand, Lyand) in figure. 3,
where the solid line denotes x(¢) and the dotted line denotes Z(¢). It is obvious that system (7) with gains
(Kyand, Lrand) is not stable even the perturbation level is reduced to p = 0.015. To measure robustness of the
designed robust controller based on periodic observers, we continuously increase the perturbation controlling
level until p = 0.35 and depict the results in figure. 4. From simulation results, we can see the designed
robust controller has strong anti-interference ability. In addition, we notice that (K;obu, Lrobu) has a very
small norm compared with (K;and, Lrand)- This means that the robust controllers and observers can possess
less energy consumption, since small gains lead to small control signals.

From the simulation results, we can see the approaches proposed in this paper are very effective.

5 Conclusion

In this paper, the observer-based robust stabilization problem for LDP systems is considered. It is proofed
that the principle of separating exists in this type of systems. Thus, periodic controllers and periodic
observers can be designed separately. By using poles assignment technique, numerous periodic controllers
and observers are obtained in the form of iteration and parametrization. Combined with our recent result
about robustness, robust stabilization problem based on observers is solved. Two detailed algorithms are
presented. The proposed approaches are checked by a numerical example and the simulation results are
of great satisfaction. A possible future study is to combine the developed approach with the truncated
predictor feedback [14, 24, 25] and constrained control theory [26, 27] to investigate the observer-based
robust stabilization problem for LDP systems with time delays and input saturation.
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Abstract. In this paper, we strengthen some of Leindler’s results from [L. Leindler. Em-
bedding relations of Besov classes. Acta Sci. Math. (Szeged), 73(2007)133-149.] under GBV
condition. First, we discuss embedding relations between two Besov classes. Next, we give an
equivalent estimate for the k-order modulus of continuity of f(x) in L” norm under GBV condi-
tion. Finally, we give the condition to ensure a function f € L” have Fourier coefficients of GBV
belongs to the Besov class.

Keywords. GBYV, Besov classes, embedding relations, Fourier coeflicients.
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1 Introduction

Many classical results in Fourier analysis have been generalized by weakening the condi-
tion imposed on the coefficients of trigonometric series from MS to RBVS, GBVS and, Finally,
to MVBVS(see [26] for more details). In [15], Leindler defined the class of sequences of rest
bounded variation, in symbol: RBVS, and showed that it is not comparable to the classical quasi
monotone sequences, in symbol: CQMS. In [6]], Le and Zhou defined the class GBVS containing
both RBVS and CQMS. In [10]], Leindler introduced a new class of sequences, the class yRBVS.

Definition 1.1. Let y := {y,} be a positive sequence. A null-sequence A:= {a,}(a, — 0) of real
number satisfying the inequalities

(1.1) D Mgl < KAy, (Agii=ai—an), n=12,-

=n

with a positive constant K(A) is said to be a sequence of y rest bounded variation, in symbol:
A€ yRBVS.

If y =A and a,, > 0, then YRBVS = RBVS. It is easy to see that if A€ RBVS, then it is also
almost monotone, in symbol: Ae AMS, that is for all n > m, we have

a, < K(A)ay,.

In [[11] and [10], Leindler introduced the class of mean rest bounded variation sequences, where
v is defined by a certain arithmetical mean of the coefficients, e.g.,

n 2n—1

v, ::%Zai or vy, ::%Zai.

i>n/2 i=n
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It is easy to see that the class y*"MRBVS includes the class RBVS, consequently the almost mono-
tone and monotone sequences, too; but YMRBVS does not, in general. In [21], B. Szal proved
that RBVS # y*"MRBVS. Namely, he showed that the sequence

J 1, if n=1,
= 1 1" .
" 4;2”/1‘:'()2111) s if HMm <n< Hm+1

where u,, = 2" form = 1,2,3---, belongs to the class y*"MRBVS but it does not belong to the
class RBVS. In [23], B. Szal showed that YMRBVS c y"MRBVS and YMRBVS # y"MRBVS.
Namely, he showed that the above sequence d, belongs to the class y*"MRBVS but it does not
belong to the class YMRBVS. In [22] B. Szal introduced the class of infinity mean rest bounded

variation, briefly A € IMRBVS, if Z — <ooandvy, = ), & Moreover, he showed that yYMRBVS
n

i=n 1
# IMRBVS and y*MRBVS # IMRBVS
In [6]], Le and Zhou first defined the class GBVS as follow:

Definition 1.2. A positive sequence A :={a,}. | satisfying the inequalities

2n-1
D 1Aal < K(A)a,, n=1,2, -

i=n

with a positive constant K(A) is said to be a sequence of group bounded variation, in symbol:
A € GBVS.

Moreover, they proved that RBVS € GBVS. If A€ GBVS, then for all m < n < 2m, we have
a, < K(A)a,,. Thus, GBVS also named general monotone sequences in [[16] and [24] ( in symbol:
GMS). In [11], Leindler proved that MRBVS +» GBVS.

Many classical theorems were generalized under RBV condition or GBV condition in [9],
[S], (8], [7] and so on .The properties of the Besov classes have been studied by many authors
(see [22], [101], [14], [18]], [19]). Their major work studied three theorems in connection with
Besov classes of functions f € L[p_m] under coefficient sequence satisfying restricted condition.
In [22], 23], [10], [14], [18] and [19] studied them under IMRBYV condition, y*"MRBYV condition,
YMRBYV condition, RBV condition, M condition, respectively. In view of the relation between
GBYVS and other RBVS, we make further efforts to generalize the three theorems under GBV.

The rest of the paper is organized as follows. In Section 2 we give notions and notations used
in the paper. In Section 3 we give our main results. In Section 4 we introduce some lemmas to
prove our results. In Section 5 we prove the main results.

2 Notions and notations

Let L?

[~m,x]
the norms

(1 < p < o) be the space of all p-power integrable real functions of period 27 with

([C 1P, 1<p<co,
esssuplf(D),  p=co.

xe[—m,x]

1Al =

The best trigonometric approximation E,(f), and the modulus of smoothness wy (f;9), are
defined as follows:

E,(f), = min (llf =T,:T¢€ T,,) , T, = span {cos mx, sinmx : |m| < n}
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and
mm%:mmmwp
AL f(x) = AT (ARf () Anf(x) = f(x + h) = f(x),

respectively.

A function a(?) is called o-type if it is measurable on [0, 1], integrable on [6, 1] for every
6 € (0, 1), and there exist positive constants C; and C, such that

(1) a(t) > C; forall ¢ € [0, 1],

(i) [ a(idr < C67 [ a(t)ds for all 6 € (0,69), where 0 < &) < 1 is given.

A positive function «(?) is said to satisfy the A-condition, 4 > 0, if there exists a positive
constant Cs such that

[y artdr < C36* [ a(nydt, for all § € (0,8).

We say that f € B(p,v, a) if

D fell, .

(11) 0 <y < oo,

(ii1) a(?) is o-type,

(iv) [ ] (fi0),dr < 00, k> 2.

We use the notation L < R at inequalities if there exists a positive constant K such that
L < KR;and if L < R and R < L hold simultaneously, then we shall write L < R.

3 Main results

We formulate our results as follow:

Theorem 3.1. If 1 < p < g < oo, the function a(t) satisfies A-condition with
1 1 * A
A=|———]7, 0 <y <oo, @' (t) := a(t)t’,
P q
A:=a,};’ | € GBVS, and f has the Fourier expansion

[e9)

(3.1) Fx) ~ > a,cosnx,

n=1

then the Besov classes B(p,y, @) and B(p,y, a") coincide. Furthermore, for any

k]Zz,kQZO- ,k3ZO- Lo =0 — A,
Y Y Y
we have
1 1 1
(3.2) f oz*(t)wzz( fiD),dr < f a/(t)a)zl (f;D,dr < f a*(t)wz3 (f; ) dt.
0 0 0
Theorem 3.2. If f € Lf_m], 1 < p < oo, f has the Fourier expansion (3.1)) with A:= {a,} € GBVS,
then
1
(3.3) S(A, p,k,n) < wy (f; —) < S(A,p,k,n),
n

p
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where
tin- if q=1,
n 1/q o 1/q
S(A,q,k,n) = n* (El Cliql'(kﬂ)q_z) + (i:%l a?i"_z) , if 1 <q< oo,
n* Y ait+ Y a, if q=oo.

i=1 i=n+1

Theorem 3.3. If f € L’ 1 < p < oo, f has the Fourier expansion (3.1) with A:= {a,} € GBVS,

[-mn]

at) =t andk > r. Ify > 1, then f € B(p,v, @) if and only if

(3.4) Jy = Za%n””_%_l < o0,

n=1

If 0 <y < 1, then a sufficient condition for f € B(p,y, @) is

(3.5) Jri= a7 < oo

n=1

and a necessary condition is

(3.6) Ji= D a@n7 ! < oo,

n=1

4 Auxiliary lemmas

In order to verify our theorems we need several lemmas: most of them are the analogues of
the lemmas used in the proofs of the theorems with monotone coefficients or other conditions.

Lemma 4.1. ([/3], Corollary 1) If A,, > 0 and a, > O, then

4.1) i A, (Z ak)p <p’ i A Pal (i /lk]p

n=1 k=1 n=1 k=n
4.2) i A, (i ak)p <p i Alrgp (Z ak]p
n=1 k=n n=1 k=1

hold for any p > 1; while if 0 < p < 1, then the inequality in (4.1) and (&.2) hold with opposite
direction.

Lemma 4.2. ([2l], Theorem 19) Ifa, > 0 and 0 < p; < p, < oo, then
- € s
P i Pl
(4.3) (Z a;;z) < (Z agl) .
n=1 n=1
Lemma 4.3. ([/l], p.293)If f € L‘ﬁﬂ,ﬂ] = Ci_pnm and a, > 0,

[

f(x) = Z a, cosnx, x € [—n, ],

n=1

then

(o9

Z ar < 4E,(f)c.

k=2n
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Lemma 4.4. [23] If f € L 1 <p <2, then

[-7,m)’

. AN kp—1 p ’ .
Wi (f’ Z) <n (Zl E,' (f)p ’
p i=1
while if p > 2, then the reverse inequality holds.

Lemma 4.5. ([19], pp. 847 - 848) If f € L, 1 < p < 00, 0 <y < oo, @ is a o-type function
and k > % then

0 1
Ey(f)p + Ei(Fp + Y HDEL(f), < fo (W] (f; D)dt,
i=1

where
27n+1

un) = f a(t)dt,n > 1 and u(0) = 1.
2

—n

Lemma 4.6. ([23], Lemma 6) If « is a o-type function, then

4.4) un+ 1) < u(n)

hold for all n.

Lemma 4.7. ([20], Theorem 1) If f € L? 1 < p < oo, f has the Fourier expansion (3.1)), and

[-m7)

Py :=min{2, p}, P, := max{2, p}, then

1
S(A, Pk, n) < wy (f; —) < S(A, Py, k,n).
n
p
Lemma 4.8. ([/8], Theorem 1) If f € B(p,v,a), 1 < p < g < o and «a satisfies A-condition with
A= (ﬁ - Ll]))/, then f € B(q,v,a"), where
a*(t) := a(Ot', that is, B(p,y,a) C B(g,y,a");

furthermore,

1 1
f a’ (D (f;Dydt < f a(wy (f;1),dt
0 0

for any

klzg,kzz%*and(f* :=0'—(%—é)+8,8>0.

Lemma 4.9. [6] Let {a,} € GBVS, then for all n > 1, the following inequalities hold

(o)

(4.5) Z i, < Z ly
i=1 i=n !

2n a:

(4.6) ey < Z -,
i=[n/2]+1 L

Lemma 4.10. [7] If | < p < oo, and f has the Fourier expansion (3.1)) with {a,} € GBVS, then
f €L, ifand only if

(o)

4.7) > n 2l < oo

n=1

or, more precisely

[

(4.8) IFI =< > n"al.

n=1
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Lemma 4.11. [3] Assume that f has the Fourier expansion (3.1) with {a,} € GBVS. If 1 < p < o
and (7)) holds, then

1

4.9) E(f)p < G+ D77 + ( D al ] :

i=n+1
Lemma 4.12. ([4]], Theorem 5) If f € L‘[”_ﬂ’”], 1 < p < oo, and f has the Fourier expansion (3.1)
with a, > 0, then for n > %

(o)

a; N §
g l_’7 <n 77+pEn(f)p_
i=n

Lemmad4.13. If f € LF_M], 1 < p < oo, f has the Fourier expansion (3.1)) with {a,} € GBVS, then

EP(f), > Z a’ir?,

i=2n
Proof. We want to apply Lemma .10 to the following function:

2n—1 2n—1

Jo(x) := f(x) - Z a; cos ix + ay, Z COS iX.

i=1 i=1
First, we show that the A° := {ag} of coefficients of f; belongs to GBVS, that is, that

2m—1
(4.10) Z Ad| < alym=1,2,- .

i=m

We consider three cases:
(i) If m > 2n, then a) = g; for all i > m, we easily know

2m—1 2m—1
0 0
Z |Aai| = Z |Aa;| < ay, = a,,.
i=m i=m
(i1) If m < n, then a? = ay, for all 1 <i < 2m, we easily know
2m—1

Z |Aa?| =0<a.
i=m

(iii) If n < m < 2n, then a? = a,, forallm < i < 2n and a? = ay for all i > 2n, we easily know

2m—1 2n—1 2m—-1 4n—1

0] _ 0 0 _ 0
> [Aadf] = Y [Add]+ > Al <0+ > gl < ay, = db,.
i=m i=m i=2n i=2n

That means A° € GBVS, we can apply Lemma to fy, thus we obtain

2n—1 p

Z CcOSix

i=1

[e)
.p—2
If = St (DI + b, > \Ifoll > > alir™.

p i=2n
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Since
2n—1 p 7 [2n-1 p
COS Ix —2f Zcosix dx
i=1
p
= 2( f f ) 2 dx
sm z

<<npf dx+f —dx<<n” !

by a theorem of M. Riesz ([[17], Theorem 3, p. 221), we obtain

o0

(4.11) > alir? < B (f), + ot < EN(P), +
i=2n

Applying Lemma4.12|with n = 1 and (4.5), we obtain

o0 P 00 p
-1 -1 -1 4
(4.12) al ' < [Z‘ azinJ <n’ [Z 7) < EX(f),.

The inequalities (4.11)) and (@.12)) imply the assertion.

Lemma 4.14. If € L[ ]
A :={a,}, € GBVS. If g < oo, then

(o)

S1i= Y BN, < g

i=8n

while if g = oo, then
16n

Sy = Y i E(f), < Eu(f)y.

i=8n

Proof. By Lemmai4.11| we have

Sl<<ilp2£](l+l)q +le—2[zlp2p]

i=8n i=8n I=i+1

Using the inequalities of Lemma4.1/and Lemma4.13} we obtain

- e i+1

i=8n i=8n
< ali? < EL(f),
i=8n
To estimate S,, we apply Lemma[.11] again. Thus

1

(9] . . (9] . (9] P
Spee S latie ) h 1 S [ 3 a;zp—z]

i=8n i=8n I=i+1

22521+522.

O

1 < p < gq < o, and f has the Fourier expansion (3.1)) with
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First, we you

Sy < iam < i a; < E,(f),

i=2n i=2n

and since A € GBVS, for all m < i < 2m, we have a; < a,,, if 2/n < i < 2/*'n,

a; <<a2,n<<Z|Aa|<<Za2L < Z < Z

i=2/n y=2J- ln v= [1/4]

we obtain

16n 5 16n

|

i=8n i=8n V= [1/4]
16n P\ 16n 0 0 P\
g ]| <2 B 5e)
i=8n v= [1/4] v+l i=8n =i v=[1/4]
o0 16n 00 0 16n o0
< ZaiZi;‘l(Zl‘] < Za,z < Zai'
i=2n  i=8n I=i i=2n  i=8n i=2n

Collecting our estimates, by Lemma |4.3] we obtain that S, < E,(f)w, herewith the proof of
lemma is complete. O

5 Proofs of the theorems

5.1 Proof of Theorem 3.1]
By Lemma[4.§] the first inequality in (3.2) is proved, whence

(5.1) B(p,y,a) C B(q,y,a")

also holds. To prove the second inequality of (3.2), we use Lemma Assume f € B(q,y,a"),
then

1
= EJ(f)y + E|(f)g + Zu (MEY () < fo o (O], (3 1),dt < o,

where k; > (’7 and

21 n
Wn) = f a’(t)dt,n > 1 and u*(0) = 1.

Since 1 < p < g, by Lemma4.5]and Lemma[4.6| we have

u(n) < m)2" Py 4y < u3) < u2) < u(l) < 1 and u(n + 4) < u(n).
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It is clear that

I, = E} (g + EJ(Pg + ) mEL(f),
n=1
4 00
< E)(fg+ EJ()g + ) HEL(F)y+ > pn+HEL, (),
n=1 n=1
< EJ(f)g+ E\(Fg+ D HEL, ()
n=1

< EJ(f)g + E{(f)g+ D 1 2" PVEL (),

n=1

< E) g+ EJ(N)g + Y ') (2P VD Eya(f),)]
n=1

. on+d Y
< EJ(Ny + EJ(), + Zu*(n)[ D i<1/P-1/q>-1Ei<f>q) .
n=1

j=2n+3
Hence, if ¢ = co, by Lemma.14] we obtain
I, < EJ()y + E\(Fg+ > 1 (MEL(,
n=1

and immediately /, < I,. If 1 < g < oo, then applying Holder’s inequality and Lemma 4.14] we
have

211+4 2n+4
«(1/p-1/g)-1 .1/p-2 1/g-1
Z j(1/p=1/q) Ed(f), = Z i\ /qu(f)ql la
j=2n+3 j=2n+3
on+4 1/q on+4 1-1/q
./ p=2 1/g—1 q/(g-1)
(S e (S e
j=2n+3 j=2n+3
2n+4 l/q
a/p=2 14
<<(Z i Ei(f)qJ .
j=2n+3
From this and Lemma [4.3] we can obtain
2n+4 ')’/q
.q/p=2
I, < El(f)y + E1(f), + [ D el f)q]
j=2n+3

< E}(f)g+EV(f)y + Z,u*(n)E;(f)q

n=1
then by Lemma[d.14} 7, < I, is visible.
Finally, by Lemma we obtain that

1 1
f a(t)wzl (fin,dt <1, <1, < f a/*(t)a)z3 (f;0),dt < 00
0 0

follows with k; > %
This proves the second inequality of (3.2)), consequently

(5.2) B(q,v.a") C B(p,y, ).
Thus, (3.1)) and (5.2)) completes the proof of Theorem [3.1] with {a,} € GBVS. [ |
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5.2 Proof of Theorem 3.2

1
First, we prove S (A, p, k,n) < wy ( f; —) . We separate two cases:
n
)4

1
1) If1 < p <2, by Lemma , we easily know S (A, p, k, n) < wy (f; —) holds.
n
P

(i) If p > 2, then by Lemma4.13} Jackson’s theorem and the properties of wi(f’; 8),, we obtain
00 1/p 1
(5.3) (Z afi”‘z] < Eq(f), < wy (f; —) ,
i=n+1 n p

where
« | m, iftn=2m,
"\ m, ifn=2m-1.

By and Lemma[.13] we easily obtain

2=\ 2\ 2i P 2i P
alirt! < >oH < X it < ¥ oa)it<| XV
J=li/41+1 J=li/41+1

j=lG-D/21+1 7 i/4 i/4 j=lif41+1
<o S ye-n " b2 e p & b P
< X a;| DI B <t Y ay< X fP a; < Eje ()
J=li/4)+1 Jj=li/4]+1 J=li/4]+1 J=li/4]+1

Putting this into the following sum and applying Lemma[4.4] we find the following estimates:

1/p

l/p

n n

—k P (k+1)p-2 -k p kp—1

n (21 a; jk+Dp ) <«n (21 E[i/g](f)pz P )
= 1=

(5.4) . 1/p 1
<n* (Z i"P‘lEf’(f)p) < wy (f; ;) .
i=1

p

1
The inequalities (5.3) and (5.4) verify S (A, p,k,n) < wy ( f —) for 2 < p < oo, thus it is proved
n

p
forany 1 < p < co.

1

Next, we prove that wy ( f —) < S(A, p,k,n) . We consider two cases:

n
)4

1
(1) If 2 < p < o0, by Lemmai4.7, we easily know wy (f; —) < S(A, p,k,n) holds.
n
(ii) If 1 < p <2, then we use Lemma4.4)and Lemma4.2] thus an elementary calculation, we

obtain that
(5.5

1 n 1/p
Wi (f; —) <n ¥y i"”‘lEfZ(f)p)
n P i=1

n n (o] l/p
k[ kp-t : -1 Tp-1 .p-2
<n _lef’ ap (i+ 1)y +'Z‘111’ '%1][7 af)
i= i= Jj=i

k[ k+1)p-2, 0 o kp-1 1 20 k-l o 2pw7

_ et D) p— e . e .

<n X TP+ 20T Y P+ 0T Y P
i=1 i=1 Jj=i+1 i=1 j=n+1

1/p
n n J <)
-k (k+1)p=2 P ip=2 P X ckp—1 k+1)p-2,P k ip=2 P
<n le( » ai+22]” ajzll” + (n+ H*+Dr an+1+n”'2+1]” aj)
= Jj= = j=n

n oo 1/p
< n k| Y 2l gl Y j”‘zaf
i=1 j=n+1

. 1/p oo 1/p
< n_k Z i(k+l)p—2af) + ( Z jp—2a§) = S(A, P, k, I’l).

i=1 j=n+1
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1
This proves wy (f; —) < S(A, p,k,n) for 1 < p <2, and consequently for any 1 < p < oo.
n

)
Herewith the proof of Theorem [3.2]is complete.

5.3 Proof of Theorem

By the following inequality
(5.6)

and Theorem we can obtain

J < Z n"
(5.7) < Z n'v- 1[
< i

Case (i): y>1

i
J:=‘f0 t_’y_le(f;t)pdtx

:IP—‘

alr)

1

1/p
jk+Dp=2 p) +(
J

/p
n(r k)y— 1( (k+l)p 2 P) +

[ee)

S

n=1

o

y/p
p—2 P
Jj aj) .

Y ja)

=n+1

(o]
nry—l Z
j=n+1

n=1

Sufficiency. We distinguish two cases listed under (A) and (B):
Case (A): y/p > 1, by Lemmai.1}, we can obtain

Y
J < Z nv T

n=1
(o)

(5.8)

- = k)y Z l(r kyy—1
i=n

< Y nrhvoilgh

n=1

)7/1)

T o

n=1

p (Z - 1)7/17

From the above estimate we get that J < J;. under y/p > 1.
Case (B): y/p < 1, by (5.6), we can yields that

- 1
J= 2 (f; 2—)
n=0 p

then using again Theorem we obtain that

(5.9)

o on Yip o 0 ylp
: n=0 i=1 n=0 i=2"+1
= Ju+Jn.
Applying Lemma 4.1} Lemma4.2] Lemma [4.9]and Holder’s inequality, we can obtain that
(5.11)
¥/p -~ 241 2 p\Y/P
J]] — Z 2n(r k)y Z l(k+1)p 2 P) < Z 2n(r—k)y Z Z l(k+1)p 2 Z ar
n=0 i=1 n=0 J=0i=27 1=[i/4]+1 !
00 n 27+l pyY/p ) n 2/+1 Y
-k j((k+D)p-1) | 1 —k j((k+1)y— 1
< Yo ))’(Z 2j(tk+1)p )(E Z Cl;) ) < 3 n=ky Z 2 j(tk+1yy=y/p) (E Z at)
n=0 Jj=0 t=[2/-21+1 n=0 Jj=0 t=[2/-21+1
© 2/+1 ) 2J+1 00
< ) 2nr=hy Zn: 2kt y=y/p=1) 5 aZ < 3 2ky=y/p=l) at7 3 2=k
n=0 Jj=0 t=[2/-2]+1 Jj=0 =[2772]+1 n=j
0 ] 2_/+1 2/+1 %)
< 3 2 ty=y/p=h at < Z 3 t(r+1)7—7/p—1a;y < Y nrorvie-lg)

Jj=0 1=[22]+1

J=0¢=[2/-21+1

dob

n=1
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and

y/p
onry p—2
(Z l 1+1)

j=2n

|M8

00 00 ylp
Jio = Zznw( )y ip_zaf])

n=0 i=2"+1

co 2J*1 p\Y/P Qi+l p\Y/P
< zznw(z zlﬂ( 7)) <<22m(22ﬂ”( > 7))
t=[i/2]+1

(512) n=0 J=n j=2J J=n t:[g-f‘1]+l

00 o 2J+1 I 2+l Y j
< Y2y 277 7/p( 3 aT) 202/7 y/p( ) %) 3oy
]:

n=0 Jj=n r=[2/-11+1 t=[2/-11+1 n=0
00 " Ip-1 2/+1 00
yty—y ) p— ) p—
< NV s @« Y oprhrvietlg)
Jj=0 1=[2/-11+1 n=1

The inequalities (5.11)) and (5.12)) verify J < J; for y/p < 1, and consequently we complete the
proof of sufficiency under y > 1.

Necessity. Now, we prove that J > J;, we start again with and use Theorem [3.2] thus we
get that

Ylp o o oo ylp
(5 13) J > Z 2”(" k)yy (Z l(k+1)p 2 p) + Z 2nry( Z l-p—zaf))
' n=0 i=1 n=0 =241

= Ju+Jn

Similarly, we distinguish two cases listed under (C) and (D):
Case (C): If y/p > 1, since Ae GBVS, we know that a,, < a,, when m < n < 2m. From this

the property, we can deduce that
2j+1

ig Y
Ya, > Z a

i=2/+1
Combining Lemma Lemma Lemma[4.9)and Holder’s inequality, we can obtain that

) on ¥lp 00 1 2J*1 ¥/p
n(r—kyy (k+1)p=2 _p n(r—k)yy (k+1)p=2 _p
J21>>ZZ Zz a >>ZZ ZZZ a,
n=0 i=1 n=0 Jj=0 i=2J
o 2J+1 v/p 0 n—1 2+l y/p
> szr—kw Z Z 20 | szr—kw Zy((kﬂ)p nl Z a
n=0 J=0 i=[2/-1]+1 n=0 Jj=0 i=[2-11+1
oo n-1 2 v/p oo n=1 1 2 U
> Z n(r=kyy Z i+ lyr=y/p) | Z S Z on(r=kyy Z it yr=y/p) | Z a;
2] ! 2] ’
n=0 J= i=[27-1]+1 n=0 j=0 i=[2/-1]+1
n—
> Z yn(r=kyy Z ikt Dr=y/p) ;¥ > Z 2kt Dr=y/p) ;¥ Z n(r=ky < Z 2 Jry+r=yIp=1)2j ;¥
2+ 2/+l 2!+1
n=j Jj=0
1+I 1+I
> Z J(ry+r=y/p=1) Z -~ Z Z (7D s anyw vip-lgy,
i=2/+1 J=0 i=2/+1

Similarly, we can get that
(5.14) oy > 3 pvtrvielg),
n=1

From the above two estimates we get that J > J; under y/p > 1.
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Case (D): If y/p < 1, using (5.6), Theorem [3.2]and Lemma4.1] we can obtain that

bZ7 2 o y/p
J > 2 n(r k)y— I(Z l(k+l)p 2 P) + Z nry—l( Z jp—Zai?)

n=1 i=1 n=1 Jj=n+1

v/p y/p
(5.15) > 2 nmfﬂf—%—l—“ by? (Z j(r=kyy= 1) + Z e (2 i 1)

n=1 i=n n=1
> io] nvvYielgh = g
n=1
The inequality verify J > J; for y/p < 1, and consequently we complete the proof of
necessity under y > 1.
Case (i1): 0 <y < 1, in this case, we easily know that y/p < 1.
Necessity. Necessity can be proved by (5.13).
Sufficiency. Applying (5.10), Lemma.1 Lemma[4.2]and Lemma[4.9] we can obtain that

) 2" ylp
J < Z 2n(r—k)y Z (k+1)p— Zalp) + Z znry( Z l-p—Zall?)
n=0 i=2"+1
o n_ 2% oo 20t v/p
S PN I I
n=0 Jj=0 j=2J j=n i=2J
oo n 201 2i pyY/P co 2t 2i p\Y/P
<y S| 3 gf] T3] > g
n=0 j=0 =2/ I=[i/4]+1 j=n i=2i I=[i/4]+1
oo n 2t 2j+2 pN\Y/P co 2+l 2j+2 pN\Y/P
DI DID N EDIRC] N Z S DIDIN IDIRY
n=0 J=0 =2/ I=[27-2]+1 j=n i=2j 1=[27-2]+1
00 n 2j+2 p '}’/[7 I~ 00 2j+2 P 7/17
<3| 3| 5 oaf| c2| 5| 3
n=0 j=0 1=[2/-2]+1 n=0 j=n 1=[2/-2]+1
o n 0Jj+2 Y o o 2j+2 Y
< Z on(r=kyy Z 2itky=y/p) Z al + Z ynry Z 9=ivIp Z a
n=0 j=0 1=[2/-2]+1 n=0 j=n 1=[2/-2]+1
0o n 2742 2/+2
< Z on(r=k)y Z Jky=y1p) Z a + Z onry Z 2-ivlp Z al
n=0 j=0 1=[2/72]+1 j=n 1=[2/-2]+1
2/+2 2]+2
< Z 2itky=y/p) Z Z on(r=kyy | Z 2=ivIp Z a Z onry
I=[212]+1  n=j I=[2/-2]+1  n=0
[ 2]*2 2n+2
< Z 2.j(r7_7/p) Z al < Z Z (77 7/17) 7
j=0 1=[27-2]+1 n=0 j=[2"-2]+1
< Z n g < .
n=1
This ends our proof of Theorem 3.3 |
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Abstract
In this paper, we discuss the existence of solutions for a new boundary value problem of non-
linear g-fractional integral equations involving fractional orders 0 < < 1, 1 < v < 2 and nonlocal
g-integral boundary conditions. Our results rely on classical tools of fixed point theory. We demon-
strate the application of our work with the aid of an example.

Key words and phrases: Sequential; fractional integro-differential equations; boundary conditions;
existence; fixed point.
MSC 2010. 34A08, 34B10, 34B15.

1 Introduction

Fractional calculus has developed into a useful mathematical tool for modelling of several real world
phenomena occurring in applied and technical sciences ([1]-[3]). As a matter of fact, fractional-order
models are replacing their integer-order counterparts due to the ability of fractional-order operators
to describe the hereditary properties of processes and phenomena involved in the models under con-
sideration. For examples and details, we refer to a series of papers [4]-[10]) and the references cited
therein.

Motivated by the popularity of fractional differential equations, g-difference equations of fractional-
order are also attracting a considerable attention. Fractional g-difference equations may be regarded as
fractional analogue of g-difference equations. For earlier work on the topic, we refer to ([11]-[12]), while
some recent development of fractional g-difference equations, for instance, can be found in ([13]-[21]).
The basic concepts of g-fractional calculus can be found in a recent text [22].

In this paper, we consider a nonlocal fractional g¢-difference integral boundary value problem of
sequential orders given by

‘DE(°DY + Na(t) = pf(t,z(t)) + kISg(t, z(t), 0<t<1, 0<q<1, (1)
= [ @)
(0) = aly ol = o [ (o)

o o (—2)
;nl:bIaflxa:b/ %xsds,a>2,0< ,o <1,
() q () 0 Fq(a—l) ()q n

D,z(1) =0,

(2)

where CD? and D7 denote the fractional g-derivative of the Caputo type, 0 < g < 1, 1 < vy <

2, I(io(.) =1 qf( .) denotes Riemann-Liouville integral with 0 < £ < 1, f, g are given continuous functions,

and A, p, k are real constants.
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The paper is organized as follows. Section 2 contains some necessary background material on the
topic, while the main results are presented in Section 3. We make use of Banach’s contraction principle,
Krasnoselskii’s fixed point theorem and Leray-Schauder nonlinear alternative to establish the existence
results for the problem at hand. Although these tools are standard, yet their exposition in the framework
of the present problem is new.

2 Preliminaries on fractional ¢-calculus

This section is devoted to the notations of and basic concepts of g-fractional calculus [23]-[24].

A g-real number for a real parameter ¢ € R* \ {1}, denoted by [u],, is defined by

u

[ulg = ¢ u€R.

The g-analogue of the Pochhammer symbol (g-shifted factorial) is defined as

k—1
;)0 =1, (u;q)x = [J(1 —ug’), k € NU{oo}.
i=0
The g-analogue of the exponent (u — v)* is
k—1
(u—0) =1, (u—0v)® = H(u —v¢’), k€N, u,v €R.
3=0
The g-gamma function I'y(u) is defined as
(1-gqY
T,(u)= L "
q( ) (1 _ q)u_l

where u € R\ {0,—1,—2,...}. Observe that I'y(v + 1) = [v],T'4(v).

Definition 2.1 (/23]) Let f be a function defined on [0,1]. The fractional q-integral of the Riemann-
Liouville type of order 3> 0 is (I)f)(t) = f(t) and

sry e [T B ) Sk @D
110 := [ G s =00 SRR 0, 550, v

Observe that 8 =1 in the Definition 2.1 yields g-integral
t 0o
Lf(t) = | f(s)dgs =t(1—q) ) d" f(tq").
0 k=0

For more details on g-integral and fractional g-integral, see Section 1.3 and Section 4.2 respectively in
[22].
Remark 2.2 The g-fractional integration possesses the semigroup property (Proposition 4.3 [22]):
B —_ 7B+ . +
Igqu(t) - Iq Wf(t)7 Waﬁ S R .
Further, it has been shown in Lemma 6 of [24] that

Lg(o+1)

B(0) — _Ltqlo 1)
Iy (@) L,(B+0+1)

(x)(ﬁ+0)7 0<z<a,BER 0e(~1,00).
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Before giving the definition of fractional g-derivative, we recall the concept of g-derivative.
We know that the g-derivative of a function f(t) is defined as

a0 = 9L 40, (D7) (0) = (D)0
Furthermore,
D)f=f, Dif=DgDp7'f), n=1,2.3,.... (3)

Definition 2.3 (/22]) The Caputo fractional q-derivative of order 5 > 0 is defined by
cpB _ 7IB1-BplB
D f(t) =1,/ DT £ (1),

where [B] is the smallest integer greater than or equal to 3.

Next we recall some properties involving Riemann-Liouville g-fractional integral and Caputo frac-
tional g-derivative (Theorem 5.2 [22]):

[B1-1 k
D0 = £~ Y o (DENO°). Yt e (0], >0 (4)
k=0 9
DT = f(1), Ve (.al f>0. 5)

In order to define the solution for the problem (1)-(2), we need the following lemma.

Lemma 2.4 For a given h € C([0,1],R), the unique solution of the linear boundary value problem:

“D; "Dy + Na(t) = h(t), 0<t<1,0<g<1, (©)
n ( (—2)
Iy — g [ 48]
2(0) = I~ ") = a / ey
_ (a—2) 7
a(1) = bl a(o —b/ o is)_l (5)dys, 0> 2 0 <o <1, (7)
qu( ) - 0)

is given by

2(t) = /0 t(tl_iu(?y(;l)(lfh(u))\x(u))dqu

+aA(t) /O ! (”F; (qas)_(al_)?) ( /O G _Fiqz)v(;_l) (28 1) — () )y s

“bB(t) /O ’ (JF;(ZZS)_(T)Q) ( /0 T (s —F(Iql(ﬂi(;_l) (Ifh(u) - )\x(u))dqu)dqs 8)
+B(t) /0 1 w (Ié’h(u) - )\x(u))dqu

_cw) /O 1 W (£ 1) — () ) dys) s,

A(t) = 5 [ (b = 210 — msly = 110 ) 2 = (ssaby = 2lq = mslala )0+ (saly = 1y — sl )72, 9)
5
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C(t) = %Kus% - M2#6>t7 - (MBM - Mluﬁ)t%l + (M2M4 - Mlus)ﬂﬂ]a (11)
(v+a-1) +a=2)
“1:(aqu(yiqg)+l))’ .= (T W7+ozr—1))
(FHa=3)] (~ _ +a-1)
e (R o (P R
(y+a—2) ( +a 3)
ﬂ5=(w*) (W wzz)l)‘l)’

A = (pps — popa)[y — 2)q + (apa — pape) [y — g + (pape — psps)[v]q # 0.

Proof. Using (4), the solution x(¢) of (6) can be written as

L. -1 v
(t — qu)” 8 3 —1 2
t)= | —————— (1 h(u)— A dgu — ——¢co — 17 —t7 . 12
)= [ Sy (1 =)y — e = e e (02

g-differentiating both sides of (12), we obtain

t -2
_ (t— qu)('V ) 4

—7)00 - [v — 1,7 2e; — [y — 2]yt 3ea, t€]0,1].

(13)

Using the boundary conditions (7) in (12), we have

1 (an““‘*”Fq(vH)) - (an‘”“”)Fq(v))C (an“*“?’)Tq(v; 1))02

Le(y+1) Le(v+ ) Ly(y+a—1) Lo(v+a—2

M (n— qgs)@—2) 5 (s —qu)—D

= a/o (nFq(i )_ 0 (/0 ( F(i()v) (Iqﬂh(u) - )\x(u))dqu)dqs,

bo(Fe=r, ( ) bo(1+a=2T (
Fq(’ler 1)( Fq(71;07)+1 a ) 0 ( Fq(wraF 17)) a 1)01
o(v+a=3) (7 —
(b Ty(y +E (—72) 2 - 1)C

7 (g — qgs)(@—2) 5 (g —qu)O—D

= b/o ( Fq(gz)— 0 </0 ( qu(’)y) (Iqﬁh(u) - Ax(u))dqu)dqs

- /01 (l}j(:))“<]5h(u) — /\x(u))dqu,
bt b=t + b= e = [ GO (2000) — da(w))

Solving the above system of equations for cg, c1, co, we get

“© - W (“5 by = 2a = poly = Uq)“/on (UF;(ZLS)(T)Q) </o - _r?z’)y()y_l)
X(Iﬁh ))d u>d 5
7 (o —gs) @2 /5 (s —qu)D
(2l =2, - [’Y—l]q)b/o <Pq(i>_1) (/O ( Pi(l)
X(I h(u ))d u)d s
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+(paly =2y~ alr - 11) | =R 1) — da(u))dya

Lq(7)
~(mstts — 2o / 1 % (12n(w) - Am(u))dqu] ,
N 7 — a8 @2 [ (5 — qu)=D)
v = | (b2 weblo)a [T ([T
X (Ifh(u) - Am(u))%u) dys
7 (g — gs)@2) $ (g — qu)—D
_<N1[7_2]q_ﬂ3[7]Q)bA ( Fq(i)—l) (/O ( F(i(')}/)
X (Iqﬁh(u) — )\x(u))dqu) dgs
(b =2 = able) [ 1 % (7(w) = Ao(w) ) dgu
—(mspa — o) / 1 % (17n(w) - Ax(u))dqu] ,
M (n— gs)(@—2) s (g — gu)—1
C2 % <N4[7 —1]q - NS[”Y](I)G/O (nrq((i)_ 1) (/O ( F(i(,)y)

7 (o — gs)(@—2) 5 (g — qu)O—1D
mh—l]q—uz[v]q)b/o (pq(i)_n </0 : qu(i)

+paly = 1] — M2Mq) /01 (1—1:311@(;1) (Ié’h(U) - Ax(u))dqu

- <u2u4 - u1u5) /01 W (Ifh(U) - M(U))%U] :

Substituting the values of ¢y, ¢; and ¢q in (12) yields the solution (8). This completes the proof. O

3 Main results

Let C = C([0, 1], R) denote the Banach space of all continuous functions from [0, 1] into R endowed with
the usual norm defined by ||z|| = sup{|=(t)|,t € [0,1]}.

In the sequel, we need the following assumptions:

(A1) f,g : [0,1] x R — R are continuous functions such that |f(¢,z) — f(¢t,y)| < Li|z — y| and
‘g(tax) 7g(t7y)‘ < L2|’I - y|a vt € [0, 1]a Lla L2 > 07 T,y € R;

(Az) there exist 61,02 € C([0,1],RT) with |f(¢,2)| < 61(t), |g(t,z)| < d2(t), V(t,z) € [0,1] X R, where
supsefoq) 19:i(8)] = [10:]l, i =1,2.

For the sake of computational convenience, let us set the following notations:

(1+ By) 1

wq = Cl
"TL,B 41 T8+ +a)

Ly(B+7)

(|a|A1n(5+7+“—1) n ‘b|310(6+w+a—1)) + (14)
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(1+ By) 1 _ _
— Ay pBHetrta=—1) 4 1B, ;(B+Ety+a—1)
Fq(ﬁ+£+v+1)+Fq(5+£+v+a)(|a‘ 1 B )
G

Ly(B+E+7)

(1+By) 1
Loy +1)  Ty(vy+a)

(|a|Am(ﬁ+v+a71) + \b|Bla(5+V+°‘*1)>

(15)
+

Ch
Fq('Y) 7

g = (lal4iOte=D 4 o ByyteD) 4 (16)

Q= L[|p|( M o

+ - )
Fq(ﬂ+7+1) Ly(B+7)

1 <|a|A1n(ﬂ+5+7+“*1) T |b|310(5+5+7+a*1)> (17)

Rl G gy

1 1
EGTera D T TEr e
+Al|

B
e T R e R

1
— +
Ly(y+a) Loty +1)  Tyly
where Ay = max;cpo1] |A(t)|, Bi = maxcpoq) |B(t)], C1 = maxyejo,1)|C(t)], L = max{Li, Lo} and
A(t), B(t),C(t) are respectively given by (9), (10) and (11).

In view of Lemma 2.4, we define an operator F : C — C as

(}—x)(t() )y =1 ( y(B=1)
= tit—qu i R ) i m, z(m))dym
- L T +(p/o r, e
+k/0 %g(m,x(m))dqm)\x(u))dqu
" (n—qs)@2) S (s —qu)r—b U (4 — qm)P=D
—|—aA(t)/0 Fq((a ) (/0 T, (p/o T,(9) f(m,z(m))dym
Ul — o) (BHE—
—l—k/o (qu(ﬂ)Jrf)g(m xz(m))dym — Ax(u ))dqu)dqs
" (0= g5) "D [ [* (s—qwOD ;[ (u— gm)@D
T e v O A oyl e v e L LS
+k ’ m (m, z(m))dym — )\x(u))d u)d s
CET TR )
FA-qu)T Mt wmgm) D
+50) / o (v [ S rm.stm)a,
+k/0 %g(m z(m))dgm — Az (u ))dqu
FA-qu) Pt w—gm) Y
-ct) /( oD, (v [ " rm.(m)d,
u—qm -
—I—k/ T,(3+9 ——————g(m,z(m))d,m — )\x(u))dqu.

Observe that problem (1)-(2) has solutions only if the operator equation © = Fx has fixed points.

Our first existence result is based on Krasnoselskii’s fixed point theorem.

Lemma 3.1 (Krasnoselskii) [25]. LetY be a closed, convex, bounded and nonempty subset of a Banach
space X. Let Q1, Q2 be the operators such that (a) Qrx+Qoy € Y whenever x,y € Y; (b) Q1 is compact
and continuous and (c¢) Qo is a contraction mapping. Then there exists z € Y such that z = Q12+ Q2z.
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Theorem 3.2 Let f,g:[0,1] Xx R — R be continuous functions satisfying the assumption (A1) — (Az).
Furthermore Q < 1, where ) is given by (17) Then the problem (1)-(2) has at least one solution on
[0,1].

Proof. Let us fix

Ip|[|91[|ws + [k|[|02[|w2
1-— |)\|LU3 ’

>

where wy, wy, ws are respectively given by (14), (15), (16), and consider B, = {z € C : ||z|| < e}. We
define operators S; and Sy on B, as

(S12)(t)

B t (t— qu)(w—l) U (u— qm)(ﬁ_l)
- /0 Fq(’}/) <p /0 Fq(ﬁ) f(m, JZ(m))dqm

" (y — qm)BHED
+ k/o Wg(m,m(m))dqm - )\:v(u))dqu, te[0,1],

(S22)(1)
- o [ W;&ﬁ? ()e _r%; (o = ) ) dgm
n / (u— qﬂ; f: i g(m, z(m))dym — Aw(u))dqu) dgs

_ B /O” (o F—(QS)(a 2) (/OS (s — qu)0™Y (p/ou (u — qm)(ﬂil)f(m,x(m))dqm

(o —1) Ty(7y) Iq(8)
+ k/ou %g(m,x(m))dqm — Mz (u ))d u)d s
o [ U [
+ ok /Ou %g(m, 2(m))dgm — Aw(u))dqu
- co | 1 “F‘q(qv“)_(gw [ ‘F%);M £, 2(m))dgm
+ k/ou %g(m 2(m))dgm — Aa(u ))dqu, te0,1].

For =,y € B., we find that
ISiz+Sayll < Ipllldnllwr + RIlIS2llws + [Mews < e.

Thus, S12 + S2y € Be. Continuity of f and g imply that the operator S; is continuous. Also, Si is uniformly
bounded on B as

ISzl < Ip| |61 ] |e[[|02]] [Ale
TTB+r+1D)  TeB+E+y+1)  Tely+1)

Now we prove the compactness of the operator Si. In view of (A1), we define

sup If(t,2)| = f, sup lg(t,z)| = 7.
(t,2)€[0,1]x Be (t,2)€[0,1]x Be

Consequently we have

[(S12)(t2) — (S1z) ()|

B (b — qu) Y — (4 — qu)(wfl) — [ (u— qm)(ﬁfl)
< ), T() 7 | Sy
U (0 (B+£-1)
+ |k|y/O %dqm-l— ke dyu
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L2 (py — w)O D
* / : rjw)) [

which is independent of x and tends to zero as to — t;.

[ e gm) O e
W7 |y 4 |

(u=gm) "+

WM " gom+ |\el|dou,
T, 18 damtINe|da

Thus, &1 is relatively compact on B.. Hence, by the

Arzeld-Ascoli Theorem, S; is compact on B.. Now, we shall show that Sz is a contraction.

From (A;) and for z,y € B., we have

822 — Sayl
s)ta- 2>
< s {anA ) [
x| w(m)) = fm,y(m))|dgm
_ ([3+€ 1)
+lul [ L "’gﬁ glm, 2(m) ~ g(m, y(m)
(a— 2) s (S_qu)(v%)
bl [ ()

x|, w(m)) - f(m,y( >> a

+\l<:|/

w— qm )(B+E-1)

(B+E)

(8-1)

(1= qu)0—b “(u—gm)P~
Hpo| [ O —( | : rqu)>

w— qm y(B+e-D)

(B+E)

ik /

How) [ G () [

Ly —1) Fq(B)

[g(m, 2(m)) = g(m, y(m
[F(m.2(m) = f(m,y(m)

o(m,am) — glom, yom

f(m,z(m)) — f(m

S (s — qu)O-D w4y — am)(B=D
([ g [

dym + Nl (w) = y(w)])dgue) dys

(4 — qrm)B-D
Oy

)|dq (u) =

y(W)] ) dgu)dgs

dqm

)|dq

(w) = y(w)]) dyu

,y(m))

dqgm

el [ “‘qmﬁff - ]g(m,ac(m))—g(m,y(m)) : (u)—y(un)dqu}

e / e ff ”LJm(m)w(m) q () — ()] dgu) dos

) [ o ([t T () [T o) — g
H] [ Lafeom) — ot () — () dyu) dos

#] [ B () [T o) — g

s [T f?  Lafm) = ym)dym + o) — (o) )y

e |/

Tq(8)
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(“r 2) U (0 — (B-1)
(1 [ Lol

y(m)|dgm

z(m) —
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(,3+£ D)

u — qm
bl [ LI Lafatom) = y(om) dgm -+ Wa(u) ~ y(u))dqu}

1 _ _ B C
L - AypBtrta=1) B, oBtrte=1) 1 1
[|p|<rq(ﬁ+7+a)(‘a‘ H B >+Fq(,6+'y+1) +rq(5+7))
1
+|k A (5+£+“/+a—1)+ bl By o BHEFTHa—1)
| |<Fq(5+§+’7+a)<|a| 1 bl Bro )
B (o
+ +
Fq(ﬁ+£+7+1) Fq(5+£+7))]
1 _ _ B Ci
M| — Ayprte 1)+ blB; YT 1 B — Qllz -y,
[y (el b|Bio ) i Ry [l vl = e -l

where we have used (17). Since Q < 1 by our assumption, therefore S is a contraction. Thus all the assumptions
of Lemma 3.1 are satisfied. So, by the conclusion of Lemma 3.1, the problem (1) — (2) has at least one solution
on [0,1]. O

In the next result, we make use of Leray-Schauder Alternative.

Lemma 3.3 (Nonlinear alternative for single valued maps)[26]. Let E be a Banach space, C a closed, convex
subset of E, W an open subset of C and 0 € W. Suppose that F : W — C' is a continuous, compact (that is,

F(W) is a relatively compact subset of C') map. Then either
(i) F has a fized point in W, or
(i) there is a x € OW (the boundary of W in C) and 7 € (0, 1) with x = 7F(x).

Theorem 3.4 Let f,g:[0,1] x R — R be continuous functions and the following assumptions hold:

(A3) there exist functions ¢1,¢2 € C([0,1],RT), and nondecreasing functions W1, ¥y : RT — RY such that
Lf(t2)] < (O Wa(llll), gt )| < g2 (t)Pa(llx]]), V(t,z) € [0,1] x R.

(A4) There exists a constant H > 0 such that

S [Plll@a ¥ (H)wr + [K][| @2 W2 (H)ws
1-— ‘Mw:;

where || < 713

Then the boundary value problem (1) — (2) has at least one solution on [0, 1].

Proof. Consider the operator F : C — C defined by (18). The proof consists of several steps.

(¢) F is continuous.
It is easy to show that F is continuous.

(14) F maps bounded sets into bounded sets in C([0,1] x R).
For a positive number 7, let B = {z € C : ||z|| < T} be a bounded set in C([0,1] x R) and = € Br. Then,

we have
IF2)
< o { J S [ S
sl “‘q”;f; ~ lgom, (m)dgm + 0 )y
# a1 O R ([ St () [T T
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Jr

+
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+
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+

+

IN

B. AHMAD, Y. ZHOU, A. ALSAEDI AND H. AL-HUTAMI

_ (,5+§ 1)
k1 [ B —lotm. ) dgm -+ (o)) dgr) s

§)@=D) 18 (5 _ qu)(=D U (g — o) (B
L e e A e (L A

_ (,5+§ 1)
k1 [ B lotm. am)dgm -+ ()] ) dge) s

(v=1) B-1)

Y- qu U (u — qm)(
o1 [ CFES— (bl [ S . am)dm

— qm)B+ED
\m/ . TL{ lg(m, 2(m))ldgm + [N (u)])dyu

U1 — gu)2 (s — am) (=D
o [ S (ol [ S, alm))ldm

_ (B-‘r{ Ly
u [l — ngWM%mHmeww}

1)
[f(m, x(m))|dgm

su =g Cmgm) Y el dam
H&{A iy (], et el

\m/ U_QZIESU 2(m) W (o) dym + Ma(w)]) g

(a— 2) S (s — u)(v%) v (u— m)(Bfl)
L A e T e e ) M)

_ (ﬁ+£ 1)
bl [ P datm)waleldym + o)) dy) dys

$)@=2 1 3 (5 qu)0D U (o — am)B=D
MB‘/ o5 /( o) (WA( o

u — qm)B+e- 1)
\m/ QZ+§ ()%NWMm+MWWM%@%s

s [ 1‘q““1)\y/ “‘qm ) (e,

— (/H—& 1)
[ — ()%NWMm+MWWM%u

el [ 1‘q“”2)\y/ “‘qm ) (e,

u—qm <ﬂ+ —1)
\m/ ST ()Wﬂwm%m+deMD%u}

Pr(m) W1 ([|z])dgm

Pr(m) W1 (l|z[)dgm

(t—qu) Y [ (u—gm)P
zmmWanwg{A [/ dym] dy

Fq(7) Lq(B)

(a 2) S (s — gu)—D U (4 — gm) P~
alao [ e ()
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o o [ [ S [
¢ o [ D el
e S

+ Ikllgall (el sup]{ [ [ ]
N T 5
i [ G [ S [
LU 1_%(; [

T = UL e dqu}

+ Wl E}épl]{ [ s i [ OS] [T s
+ B \/ "_Zf_(al i [/0 (s _FTZF)Y(;il)dqu]dqs—}—\B(t)|/01 %dw
N |/ t—un” qu}

i S,

(49t) F maps bounded sets into equicontinuous sets of C([0, 1] x R).
Let t1,t2 € [0,1] with t1 < t2 and & € By, where By is a bounded set of C([0,1],R). Then, we obtain

[(F2)(tz2) — (Fa)(t)]l

< (g — qU)(W_lliq_(y()tl —qu)0 Y [ /0“ (u _I?:ﬁ);ﬁ_l) b1 ()W (F)dgm
+ |k\/ u—fﬂgff 2 oo () U2 (F)dym -+ N7 dgu
R [ e

+ |k\/ u—mgf; 2 (m) U2 (F)dym -+ N7 dgu

+ % “ush =20, — ol — U [£3 = £1] + [maly = 20a — woly — 1|7 - 87
+ |paly =g — ushle| (372 — 2772 ] /On (np;(is)_(&;) (/0 < }?é);;_l)
(ol [ S oy Py

+ |k\/ “*q’gf? D 5 ()W (F)dgm + A7 ) dyu ) dys

524 Bashir Ahmad et al 514-529



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

B. AHMAD, Y. ZHOU, A. ALSAEDI AND H. AL-HUTAMI

_ ~—1
__h

b
+ % “uzh—?}q — pa[y — 1q||t2 —t?‘ + ‘mh—Q]q — paly —1]q

2 y—2 7 (o —gs)@? 5 (s —qu)O0
ty " =t ‘]/0 (rq((i)fl) </0 : FZ(EY)

g — ) B-D)
< (il [ o my s ()dm

+ )m[v = 1q — p2[7]q

u_qm )(B+6-1) - -
W [T da(m)Wa () + A7) dgu)dys

~y—1 ~y—1
t2 - tl ‘

1
A “m =2l — ualy = W[ = 1] + |1 [y = 2o = waly = 14

s ] [ —qu)oD U (g — ) B=D)
CR ’]/ el

w— qm ) B+

Lq(B+¢)

+ |l =110 = p2bla
X 61 (m) Wi (F)dym + [k / I s () U (D) + W|[2(w)] ) g

+

y—2 y—2
t2 - tl

y—1 y—1
‘t2 - tl

ty — t}" + )M3N4 - Mluﬁ‘ H2fta — M1M5‘

|

1
+ ‘M3M5_M2M6‘
|A{

1)

"1 qu? Clu—gm) Y L S dm
S (el [ e mn e,

u_qm J(o+e-1) - -
W [ da(m) W)y + A )

Obviously the right hand side of the above inequality tends to zero independently of x € B as ta —t1 — 0.
As F satisfies the above assumptions, therefore it follows by the Arzela-Ascoli theorem that F : C — C is
completely continuous.

iv) Let x be a solution and x = 7Fx for 7 € 07 1). Then, fort € 0, 1 5 and using the Computations in pI'OVil’l
g g
that F is bounded, we have

which implies that

Pl [ (lz[)wr + [kl 2] 2 (llz])w2
1-— |)\|(4J3
In view of (A4), there exists H such that ||z|| # H. Let us set

W={zeC: |z <H}

[lz]| <

Note that the operator F : W — C([0, 1], R) is continuous and completely continuous. From the choice
of W, there is no x € OW such that x = 7F(z) for some 7 € (0,1). Consequently, by the nonlinear
alternative of Leray-Schauder type (Lemma 3.3), we deduce that F has a fixed point € W which is a
solution of the problem (1) — (2). This completes the proof. O

The third existence result is based on Banach’s contraction principle (Banach fixed point theorem).

Theorem 3.5 Suppose that the assumption (A1) holds and that
Q= (LQl + |>\|W3) <1, Q= |p|w1 + |]€|WQ, (19)

where w1, w2, ws are respectively given by (14), (15), (16), and L = max{Li, L2}. Then the problem (1)-(2)
has a unique solution on [0, 1].
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Proof. Let us define M = max{Mi, Mz}, where M, M> are finite numbers given by sup,c(oq;|f(t,

0)| = M1, sup;c(o,)19(t,0)] = Ma. Selecting e > iVIQé we show that FB. C B., where B. = {z € C: ||z|| < ¢}

For x € B:, we have

IN

|
su t 7(t — QU)<771) b 7(,“ — qm)(ﬁ71> m,x(m m
2 { J A v A v UL

— (ﬁ+§ 1)
|k|/ u QTZ+§ |9(m7:c(m))|dqm+|)\\|x(u)‘)dqu

(a 2) S (s — qu)(vfl) v — qm)(ﬁ%)
allaco] [ O ([T () [ ()

— qm)(B+ED
|k|/ u qrg—k§ |g(m7x(m))|dqm+|)\H1’(u)‘)dqu)dqs

(a 2) S (s — qu)ﬁfl) v (u— qm)(Bfl)
piBe) |G ([ SRS — (ol [ S s alm))dm

-~ (B+§ 1)
|k|/ - q%g lg(m, 2(m))ldgm + N|o(w)]) dyu ) dys

1 (1 _ qu)('y—l) u (u _ qm)(ﬂfl)
Bo) [ S — (il [ 1 m.am)ldgm

w — qm)BHE=D)
bl [ " T —la(m, ) dm -+ ()] )

«(B+E
U] — )2 (4 — am) B
O [ St (ol [ . am) dgm

u — qm)P+ED
] [ e —lam. sm)ldgm -+ N0 ) u}

(8-1)

s { [ [ I (o))~ .00+ 1m0

w— qm)(B+ED)
|k|/ q (|g(m,x(m)) — g(m,0)| + |g(m, 0)|)dqm + \A||m(u)|)dqu

Le(B+8)
(a 2) s (S_qu)(w—l) u (u_qm)(ﬁ—l) B
allacy] [ OIS (TSI ([ I (1)~ fom.0)
" gm) e
[ (m, 0)] ) dgm + [ / S tiGre (elmztm) = gtm,0)l + lg(m,0)])dym

Ml ()] dg) dos

s)(a= 2) S (s — qu)—D U (y — gm)B=D

e OB ([T ([ S (1, a(m) ~ £, 0)
w — qm)P+E-D)

om0 dy -+ 4] [ LI (1g(om, m) = 9(m, 0]+ lam. 0)])dym
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+ A2 dg)dys

L] — qu) D  (y— ) B—D
1) [ B (il [ I (1) = fm0)]+ £, 0)]) dy

u — qm) B+
+ |k / L (lg(m, 2(m)) — g(m, 0)] + g(m, 0)])dym + || (w)]) dyu

EEVCET
ot [ O il [T (. atm) ~ £m, 01+ 1m0 dm
sl “’q’gff 1)(|g<m,x<m>>—g(m,o>|+|g(m,o>|)dqm+A||sc<u>|)dqu}

< e g [ S

© v [ S [ [
iy ey R Sy T SN

_ (=1 Uy — (,8 )
+ |/ u qu / (u qm d m)d U
0

— ('Y 2) _ (ﬁ )
+ ()] / (¢ qu / Y qm m] dqu}
0

_ (v=1) U _ (B+£-1)
+ |k|(L2€+M2) sup {/ (t qu) |:/ (u qm) dqm]dqu
0 0

te[0,1] Lq(v) Lq(B+€)
(a 2) S (s— qu)(v—l) v (- qm)(ﬁ+£—1)
+  al|A(t) I/ oD /0 i) (/O TGTE dqm>dqu}dqs
(a 2) o (s — qu)(w—l) v (y — qm)(ﬁ-s-&—l)
+ izl [ e [ ([ g dm)dandes
1- qu (w 1) (u— qm)(5+€—1)
+ sl [ [ dum) du
(t — qu) (w 2) Uy — qm)(ﬁﬁfl)
" ‘/ L - 1) /o F Ty e
(t—qu™" qu) —q9) V1 [* (s —qu)Y
A D At dyu|d
+ 'Etiﬁﬂ]{/g oyt lalla@] [ A ] [ daas
(a 2) S (s — qu)w 1) (1-— qu)("ffl)
+ JolBG |/ a_l /O s dqu]dqs+|B(t)|/o s —du

t_u(’v
- \/ q }

< (Le+ M)Q + |)\|€w3 <e.

This shows that FB. C B.. Now, for x,y € C, we obtain

|2 - Fyl
(t—qu . 1) ui(u_qm)(ﬁfl) m,z(m)) — f(m,y(m m
ti%pu{ A (1ol |~ S () = fom. gl

u — qm)(BHED
[ I latm () = glm.y(m)ldym + () ~ y(]) dy
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+ llja) [ O RTE ([T () [T o m)) — s,y
] [ gt om) — gm,y(m)dam+ ) — ) ) s

o) [ GBI ([T (g [ ) — om, o)
] [ gt om) — gom,y(m)dgm+ ) ~ ) ) ) s

1B [ S () [ I )~ s on) g

b [ gt a(om) g, ym)dam -+ o)~ )]

+ o] U () [ I )~ sy

u—qm (8 D
[ gt om) — gom, ) dom + ) y(u))dqu}

IA

Qllz —yll,

which shows that F is a contraction as < 1 by the given assumption. Therefore, it follows by Banach’s
contraction principle that the problem (1)-(2) has a unique solution. O

Example. Consider a boundary value problem of integro-differential equations of fractional order given by
*Dy? (DY + Ha(t) = Lft,a(t) + L1 Pg(t,x(t), 0<t<1,0<qg<1,

(20)
x(0) = I x(1/3), (1) = 1/2I5 '2(2/3), Dyz(1) =0,

Here f(t,z) = (4+t2)2 (smt + 1+IZI + |w\> g(t,z) = Jtan~'z +¢°. Clearly

£62) = F 0] < gle — 3l lo(t,2) — g(tv)] < e — ]
With s=¢=1/2,v=3/2, A=1/5,p=1/6,k=1/9,q=1/2,L1 =1/8, L = 1/2, we find that
Q = L(|p|w1 + |k|w2) + [Mws ~ 0.49725 < 1.
Clearly L = max{L1, L2} = 1/2. Thus all the assumptions of Theorem 3.5 are satisfied. Hence, by the conclu-

sion of Theorem 3.5, the problem (20) has a unique solution.
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Abstract. In application, one often expands the functions f on [0,1]? into Fourier sine series and uses
few Fourier sine coefficients to reconstruct f. In this paper, we give a decomposition formula of Fourier sine
coefficients. Based on it, we discuss hyperbolic cross approximations of Fourier sine series and Fourier sine

expansion with simple polynomial factors. In the end of this paper, we consider the three-dimensional case.

1. Introduction

In application, one often expands the functions f on [0,1]? into Fourier sine series and uses few Fourier sine
coefficients to reconstruct f. But the precise representation of Fourier sine coefficients does not available. In

Section 2, we will give the following decomposition of Fourier sine coefficients.

4
Suppose that f is a bivariate function with #ggﬂ(m‘,y) € C([0,1]?). For its Fourier sine coefficients, we

have
Cnl,nz (f)
= 4f[071]2 f(x,y)sin(mniz) sin(rngy) dedy

= s (Toina = 2 e (90) = (F1)" ey (92)) = 2 (ena(98) + (-1 ey (90)) + st e ()

where
Jnyns = [(0,0) + (=1)" 1 F(1,0) + (=1)"=F1f(0,1) + (=1)™ "2 £(1,1)

is an algebraic sum of values of f at vertexes of the square [0,1]¢ and

32 82
()= S50, 0 =210,
_0%f _0*f

93(t) - o2 (O’t)v g4(t) - o2 (Lt)

are the second-order derivatives of f on boundary of [0, 1]? and

ol =2 [ ule) sin(ent)

*This research is supported by National Key Science Programs No.2013CB956604 and No.2010CB950504; Beijing Higher Educa-

tion Young Elite Teacher Project, and Scientific Research Foundation for the Returned Overseas Chinese Scholars, State Education
Ministry.
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. . . . . . . o4
is Fourier sine coefficients of univariate functions g;, and h = Wafgﬂ and

Cny s () = 4/ h(z,y) sin(mniz) sin(mnay) dedy
[0,1]2

is the Fourier sine coefficient of bivariate function h(z,y).
It is well known that in order to reconstruct f by using fewer Fourier sine coeflicients, we should replace full
grid approximation by sparse grid approximation [1,3,4]. In Section 3, based on this decomposition, we prove

that for the hyperbolic cross truncations

h . .
SOFizy)= Y Cuma(f) sin(mnye) sin(rngy)
1<nj,my<N-1
1§n1n2§N71

of Fourier sine series of f, the approximation errors satisfy
h
If =Sy () 113
= 2 (/2(0,0) + £2(0,1) + /2(1,0) + f2(1, 1) %% + O ()

Since the number of coefficients in SJ(\},I)(f) is N, ~ Nlog N. When we use the hyperbolic cross truncations to
reconstruct f, we need fewer Fourier sine coefficients than that by partial sums of Fourier sine series.

To obtain these results, we need to use a decomposition of bivariate functions in [8].

Suppose that f is a second-order continuously differentiable on [0,1]2, denote by f € W22)([0,1]?). Let

P(z,y) = £(0,0)(1 —2)(1 —y) + (0, )1 = z)y + f(1,0)z(1 —y) + f(1, )y (1.1)
which is a bivariate polynomial determined by the values of f at vertexes of [0,1]?, and let
Qr,y) = 10,y)(1 —2) + A(L,y)z + fi(z,0)(1 —y) + fulz, )y (L =Ff-P). (1.2)
The bivariate function Q(z,y) is a sum of products of separated variable types. Denote the residual
R=f-P-Q. (1.3)
It is easy to check that

R(z,y) =0  ((z,y) € 9([0,1]*)),

0’R O*R 9% f1
w(xvy) - 72(‘%33/) - O12 (LE,O)(]. - y) - D2 (xv]-)y

T

So it follows that
R(z,0) = R(z,1) =0 (0<x<1),
R(0,y) =R(1,y)=0 (0<y<1), (1.4)

0’R 0’R
w(l’,l) = W(QHO) = 0,
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and we have a decomposition formula:

f(z,y) = P(x,y) + Q(z,y) + R(z,y), (1.5)

where P, @, and R are stated in (1.1)-(1.3).

In Section 4, by using the decomposition (1.5), we expand f into Fourier sine series with simple polynomial
factors whose hyperbolic cross truncation can reconstruct f by using fewest Fourier sine coefficients. In order
to extend the above results to stochastic processes in Section 5, we need some concepts in Calculus of stochastic
processes [2,7].

If {£,}9° is a sequence of stochastic variables and £ is a stochastic variable, if the expectation
Ellgn —€P] =0 (n— o00),

we say & is the limit of the sequence {&, }3°. Based on this concept, one defines concepts of continuity, derivatives,
and integrals. If f(t) is a stochastic variable for each t € [0,1]¢, we say f(t) is a stochastic process on [0, 1]4. If
f(t) is a stochastic process on [0,1]¢ and F [f[o 174 F2(t) dt} < 00, then f can be expanded a Fourier sine series:

d
f&)=> ealf) (Hsin(wnktk)> :
k=1

where the coefficients: .
Cn(f) = 2d/ f(th ceey td) (H Sin(ﬂ'nktk)> dtl s dtd.
[0,1]¢ k=1

For convenience, the notation f € Wt (]0,1]%) means gt

l1 g4l2 lq
Ot 1oty ---0t

f € 0([0,1]%), and the notation

,,,,,,,,,, nd—>0asn%+-~-—|—n§—>oo.

At the end of this paper (i.e. Section 6), we consider the three-dimensional case.

2. Fourier sine coefficient decomposition

From this decomposition formula (1.5), it follows that the Fourier sine coefficients of f satisfy

Cnyi,na (f) = Cnyna (P) + Cny ny (Q) + Cni,na (R).

Suppose that f € W22 ([0,1]2). Then
(i)

4
Cnyna (P) = Pning Jn;
where
Jnyms = F(0,0) + (=1)"FF(1,0) + (=1)"2F1£(0,1) 4 (—=1)™ 772 (1, 1). (2.1)
(i)
4 [t 4 [t
Cnyne(Q) = — Fi(y) sin(mnoy) dy + —/ Fy(x) sin(mniz) dz,
™1 Jo ™2 Jo

where
Fi(y) = f1(0,y) + f1(1,y)(=1)™F,
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Fy(x) = fi(x,0) + fi(z,1)(=1)"= "L,
By fi1 = f — P, we have
F1(0) = Fi(1) = F2(0) = Fy(1) = 0.

Since %1}; = %2;; =0, we have
R = 3500+ S0 nm,
7@ = 2L w0+ Tl -p,
Let
a=2100.  ww=21a0,
w1 =210, g =210
Then

F{'(y) = g3(y) + (=1)" " ga(y),
Fjl(x) = g1(z) + (—=1)"2T gy (x).

From this, we deduce that

1 : 1 :
2 [y Fi(y) sin(mmay)dy = — 257 fy FY'(y) sin(mnay) dy
_ _ Cny (93)+(_1)7L1+10n1 (94)
- (mn1)? ’
2f01 Fy(x) sin(mnoz)dr = —ﬁ fol FY(x) sin(mngr) da
— _C7L2(gl)+((_1)7;22+10712 (92)
o ’
where ¢, (g;) = 2f01 gi(x) sin(mnz) dx, and so
Cn _ n1+1cn Cn 1 _ n2+lcn ;
Cryma(Q) = _Wgnl1712 ( 1 (g93)+( :1)1 1 (g4) + 5 (g1)+( :l)z 2(92))

= i (&) +o ()
(i) -
fenn@® = [ [ R.y) sineniz) sin(rnay) dedy,
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Since R € W2-2)([0, 1]?), using integration by parts, it follows by (1.4) that

R(z,y) sin(mnyz) dz

Cf—

_ R(zy)

TNy

o

1
L[5 (3 y) cos(mniz) dz
0

™1 T

1
cos(mnx) ‘

1

in(mn,z) dx)

- ﬂ:“ <ﬂ}ll %—f(m y) sin(mnix) }0 —
‘o

1
—1 1111)2 J 55 (2, y) sin(mniz) dz.
0

So

1 1 b " O°R
—Cny oy (R) = /0 sin(mnyx) o (z,y) sin(mnay) dy | dz.

By (1.4), we get

1 92 Lo
0“R . 1 R .
/0 @(x,y) sin(mnoy) dy = )2 /0 9270, (z,y) sin(mngy) dy.

)

From this, we get

1 i .
Crims(R) = = n1n2 fo 0 8128y (z,y) sin(mnyx) sin(rnyy) dedy
(2.3)
_ emmGlE)
— 7r4n%n§ =0 (nfng) .

Summarizing up all results, we get the following theorem.
Theorem 2.1. Let f € W22)([0,1]2). Then its Fourier sine coefficients have the decomposition formula:

Cnyna ()
ng+1 nq+1 o4y (24)
_ 4 _ e () (D" en (92) _ enp (g)+(—D"H (ga) | O nz<m>
T m2ninsg ni,n2 ™1 ™o T2ning ’

where Jp, ., is stated in (2.1) and g; (¢ = 1,2, 3,4) are stated in (2.2), and

1
enl(gi) = 2/ 9:(t) sin(mnt) dt, neZy (i=1,2,3,4).
0

By the Riemann-Lebesgue lemma [5],

4 1 1
Cnyna () = m (Jnl,nz +o0 (m) +o0 <n2)> . (2.5)
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In detail, we have the following asymptotic formulas:

o ons (F) =z (£0,0) = £0,1) = £0L,0) + £0, ) +0 (1) +0 ()

Cony 11,2011 (f) = 7o (f(o 0)+ £(0,1) + f(1,0) + f(1, 1)+o( )+0(L)),

Cont1.200 () = sz (£0,0) = F(0,1) + 71,00 = F(1,1) +0 (%) +0 (5

‘ =
v
N~—

Can2nat1(f) = 7z (£0.0) + £(0,1) = F(1,0) = F(L. 1) +0 (&) +0 () -

Consider the sum of their squares:

Z o iamas () = e (f2(0 0) + £2(0,1) + f2(1,0) + £2(1,1) + o <nll> +o (1)> (2.6)

4
7T7’l’n
3,7=0 2

This implies that the equality:

3 st =0 () + ()
2n+12n+] -
50 ! 2 ny N2

f(0,0) = f(0,1) = f(1,0) = f(1,1) = 0. (2.7)
This is equivalent to that the equality:

holds if and only if

holds if and only if (2.7) holds. However, similar to an argument of (2.3), we can derive that ¢,, n, =0 (nllnz)
if and only if f(x,y) = 0((z,y) € 9([0,1]?)).
If fe wh2([0,1]2), f € WED([0,1]?), and f € WED([0,1]?), then we have the corresponding results.
Theorem 2.2. Let f € W(1:12)([0,1]?). Then Fourier sine coefficients of f satisfy asymptotic formulas:
(1) Cnymo(f) = #‘1@ (Jm na +0( ) +0< )) , where [; = ls = 2;
(ii) €nyomo (f) = ﬁmunm +n1 4+ 1), where Iy =l = 1;
(i) €y, (f) = m (Jm,nz 4o (i) ) where I} = 1, I = 2;
(f

(i) cnma(F) = sy (Jnns + 0 (55) 42 ), where 1y =1 = 1.
Here J,, n, is stated in (2.1) and 7; — 0 as n; — oo.

3. Approximation of hyperbolic cross truncations

Suppose that f € W(Q’Q)([O, 1]%). We expand it into a Fourier sine series:

Z Cny o (f) sin(mnix) sin(mnay) (L?).
nez?
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Consider its hyperbolic cross truncations:

SJ(\?)(f; z,y) = Z Cnyomo (f) sin(mngz) sin(mnay).

1<nj,ng<N-1
1<nin2<N-1

Then

N-1 00 e o)
flz,y) — S](\j'l)(f; z,y) = Z Z + Z Z Cny my (f) sin(mnyz) sin(mnay).
]Jrl ni=N ng=1

ni=1 _[N=-1
ny=[ 85

By the Parseval identity,
N e’} e’} o
h 1 2
4 F=sPNOB=D" Y lenm®P+ Y Y lemm(HP =1 +1. (3.1)
ni=1 7[£] ni=N ns=1
nog= 1
By (2.5),
16 1 1
2 2
Crnym =—55|Jyn to|l—)+o|— ).
cont = (o) (1)
So L
=0~
N N
and N
oo 2
1y = & >
A ]
N o) 1 N e} 1
TRTEV I SREED SRR SRYCHID R DI (3.2)
R RN

N-1 00 2
= L8y > kR to(y)
A5 e[
By (3.1), we get
h 1
117500 IB=Fx o (3 ). (3.3
where Nt
16 = <~ Ja
Ky = — ni,n2 .
A Z nin3

A direct computation shows that

(J22n1,2n2 =+ J22n1—1,2n2 + ']22n1,2n2—1 + ']22711—1,2712—1 ) + O (%)

[N;l] oo
1 1
Ky = 2
ni=1 n2:{42{1}
AM oy = 1 1
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where M = f2(0,0) + £2(0,1) + f2(1,0) + f2(1,1). Notice that

1 1 > dt n?
2 mﬂ/ma”(m»

_ Ing
"2_[4711}

Then o
16M " 1 1 16M log N 1
Kv=23§ 2 nﬁO(N) —ﬂw*O(N)-
From this and (3.1)-(3.3), it follows that
(h) 5 4Mlog N 1
| f—=SN'(f) ||2*?T+O N/ (3.4)

The number of Fourier sine coefficients in the Nth hyperbolic cross truncation S’J(\},L)( f)is

o N
N, = - [N 1} :/ gdtJrO( ) = Nlog N + O(N).
1 1

Then (3.4) can be written into

2
) 5 4Mlog” N, log N,
=S IB= = 252+ 0 (5= )

Theorem 3.1. Let f € W(:/2)([0,1]?). Then the hyperbolic cross truncations of Fourier sine series of f
satisfy the asymptotic formulas:

() /= SN () 1B= 25N + 0 (%) (h =12 =2);

(i) | £~ SW(f) [13= logN +o(MN) (h=lorh =2l =1lorh =115 =2,

.

where the constant M = f2(0, O )+ £2(0,1) + £2(1,0) + £2(1,1).

4. Fourier sine expansion with polynomial factors
Suppose that f € W(%2)([0,1]?). Then, by decomposition formula:

f(z,y) = P(x,y) + f1(0,9)(1 —2) + fi(L,y)z + fi(z,0)(1 —y) + fi(z, D)y + R(z,y),
denote
a1(y) = f1(0,y),  a2(y) = f1(L,y),
az(r) = fi(z,0), ay(z) = fi(z,1),
then a;(0) = a;(1) =0 and o; € W([0,1]) (i = 1,2,3,4).

Expanding each «; into a univariate Fourier sine series and R(x,y) into a bivariate Fourier sine series, we
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get a Fourier sine expansion of f with polynomial factors:

flz,y) = Pz,y)

[ee] [e.°]

+ (1—-2) ; em(aq) sin(mmy) + x ; cm (ag) sin(rmy)

o0 o (4.1)
+ (1-y) 21: em(az) sin(mma) +y 21: em (o) sin(mma)

+ i 10,117,L2(]%) sin(mnix) sin(mnay),
n1.ma=
where
emli) = 2 [ ai(t) sin(mmt) dt
= —ﬁ fol ol (t) sin(mmt) dt (4.2)
= —mpem(af) (i=1,2,3,4),
e (R) = s 0)

mn3n3
By the definition of f1, we have o (t) = hl/(t) (i = 1,2,3,4), where

hl(t) :f(ovt)v hZ(t) :f(lat)v
ha(t) = £(1,0),  hat) = £(t,1)

Consider the hyperbolic cross truncations of the series (4.1):
S(xy) = Ply)

N-1

+ (1-—2) N;_l cn(aq) sin(mmy) + x ; cn(ag) sin(mmy)

N-1 N-1

+ (1-y) 21: en(as) sin(mmz) +y 21: en(ay) sin(mrme)

+ > Cnyony (R) sin(mn @) sin(mnay).
1<nj1,mpg<N-1
1§n1n2§N71

By using Parseval identity, it follows from (4.1) and (4.3) that

4 oo
1F =S80 13=0) [ 03 Jealan)? +

1=1 m=N ni=1

Finally, by the estimates (4.2) and (2.3), we get

17800 1B=0 (%]
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The number of Fourier sine coefficients in the series (4.3) satisfies N, ~ N log N. Therefore,

~ log* N,
1= 800 13=0 (5.

Theorem 4.1. Let f € W(:2)([0,1]?) (I; = 1or2, Iy = 1or2). Then the hyperbolic cross truncations of

the series (4.1) satisfy

~ log N
I17-800 1B=0 (“5).

5. Uncertainty analysis
Suppose that f is a stochastic process and f € W2)( [0,1]%). Then the coefficient decomposition formula
still holds:

Cnyna (f)
4 2 ny (93)H(=D"1H " en, (94) | eny (9)+H(=1)"2F en, (92) (5:1)
= oo me — T ( ! b 1(94) 4 Cny ol 2 ) + n,
where the error r,, », is equal to
Cruns (i) 4 ./ OF (o) sin(rnz) sin(rnsy) dad (5.2)
Ty e = = x,y) sin(wniz)sin(mn xdy. .
e min3n2 minin2 [0,1]2 9120y Y mh T2y Y
Consider the expectation of r,, ,,. The expectation and integral can be exchanged, so
Blrun) = —s [ B[ 500 )] sintania) sinGonay) e 53
Trnymel = ——5— x,y) | sin(wniz) sin(mn xdy. .
B2 7T47'L%TL2 [0 1]2 3x28y2 y ! 2y y

The expectation and limit can be exchanged, so it follows from %afyz € 0([0,1]?) that E [812831 } € C([0,1]?).

By the Riemann-Lebesgue lemma,

84
Cnyna (B [Wgyz}) 1
Elrn, n,) = Py =0 ) (5.4)
Consider the variance of r,. By (5.2), we have
T7211,n2
4
= Wsn%g f[o m ax2gy (z,v) %(t,s) sin(mnq x) sin(mnay) sin(rnit) sin(mngs) dedydtds.
From this and (5.4),
E[r?ﬂ,l ,nz]
=20/ E| o s (x,y) o' (t,8)] sin(mniz) sin(nnit) sin(rnex) sin(mngs) dedydtds
m8nind J[0,1]4 T 10220y2 9t20s2 \"» 1 1 2 2 (5.5)

o4 r o4 r
Cnl,nz,nl,nz(E[m(wﬁy)ﬁ(us)]) —0 ( 1 )
m8ning Ind
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By (5.3),

(E[Tm,nz])z

= #?n% f[Oal}“ E [%afy?(x,y)] E [%(L s)} sin(mnyz) sin(mngy) sin(mrnt) sin(mngs) dedydids.

Notice that
Var(rnlfﬂz) = E[TQ ] - (E[rnhnz])Q?

o (DT PN O 9 ] T o ] [ 9
Y\ 02202 012052 ) T | 9220y2 012052 az20y2 | | 912052 |
Then, by (5.4) and (5.5), the variance of ry:

Var(rn, n,)

4 4
= #?ng f4 Cov (#gf(x,y), %(t, s)) sin(mny ) sin(mnay) sin(rnt) sin(mnses) dedydtds
[0,1]

4 4
9~ f 97 f
Cny,mg,nq,ng (COV( 2220y2° 9t2052 )) o 1
m8ning nini

Similarly, for i = 1,2, 3, as n; — 0o, we have
Elen,; (9:)] = cn, (Elgi]) = o(1);

Blep, (9:)] = en, i, (Blgi(2)gi()]) = o(1);

Var(en,(9)) = cnini (Cov(gi(2), 9i(y))) = o(1).

Elensna () = g ( Elinal +0 () +o ().

% <0n2(91)+(—1)"2“(92) +Cn1(gs)+(—1)”1“(g4))

m3n1ng ni ng

By (5.1), we get

For convenience, denote

Tnimng =

4

2 Jnl,n2'
NNy

N’Tbl,nz =

SO Cn1,n2 (f) = :u‘n1,n2 + Tny,no + Tnl,nz, and so

E[cil,ng (f)] = E[Mil,nz] + A’ﬂl,nz’

where

An1777/2

= E[Tgl,m] + E[T%hnz] + QE[ﬂnl,n—2T711,n2] + 2E[ﬂ711,n2rn1,n2] + 2E[Tn1,nzrn1,n2]

=t (o () +o ()

11
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Therefore,

Elc ,..(f)]= #gng (E[ng] +o0 <nll> +o0 <le) ) : (5.6)

M = E[£*(0,0)] + E[f*(0,1)] + E[f*(1,0)] + E[f*(1, 1)].

Denote

Similar to the argument from (3.1) to (3.4), we can deduce from (5.6) that

4M10gN 1
B[If-s0 8] = 55N w0 ().

Theorem 5.1. Let f be a stochastic process and f € W(22)([0,1]?). Then
(i) Fourier sine coefficients of f satisfy

Cnl,ng (f)
=_4 7 _ 2 ny (91)+H(=1)"2 % cn, (92) + cny (93)+F(=1)"1 1 (g4) +7r
T m2ning YM1,N2 mning ni n2 T2
where
*f
b 2 )
7’ . =
ni,no 71_4’”%”% )
ot ot
( ) Cny,na,ni,na (COV (8w26fy2’ 8t26f92) )
Var(r = -
nne mdning ’

4 4 4
where €, ny.ny ns (Cov (6527{;;2’ %)) is the four-variate Fourier sine coefficient of the covariance of 61827822
64
and aﬁiafs? at n = (ny, na2,ny,nNa).

(ii) the hyperbolic cross truncations of Fourier sine series of f satisfy

4M log N 1
B[ -5 18] = 55 40 (5).

where M = E[f2(0,0)] + E[f2(0,1)] + E[f2(1,0)] + E[f2(1,1)].

6. The three-dimensional case

For a three-dimensional function f on [0, 1]3, we can decompose f as follows:

f(x7 y’ Z) = P(x7 y’ Z) + Q($7 y7 Z) + R('Z.? y7 Z) + T(‘r7 y7 Z)’ (6'1)

where
P(x’yaz) = f(O’OaO)(l - .’1?)(1 - y)(l - Z) + f(O, 1a0)(1 - x)y<1 - Z)

+ (0,1, 1)(1 —=z)yz+ f(0,0,1)(1 —2)(1 —y)z 6:2)
6.2

+ (1,1, Dzyz+ f(1,0,1)z(1 —y)z

12
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is a three-variate polynomial;

Q(x,y,z) = fl(x,0,0)(l _y)(l - Z) +f1(1'70a 1)(1 —y)Z

+ fi(z,1,0)y(1 — 2) + fi(z,1,1)yz
+ fi(Ly, 001 —2)(1—2)+ f1(0,y,1)(1 — 2)z
(6.3)
+ fi(Ly,0)z(1 —2)+ fi(l,y, zz
+ f1(0,0,2)(1 —2)(1 —y) + f1(0,1,2)(1 — 2)y

+ fl(l,O,Z)l’(l*y)+f(1,1,2)1'y (fl:ffp)

is a sum of products of separated variable types, where one factor is the restriction of f; is each edge, the other

factor is a bivariate polynomial;

R((ZZ,y,Z) = fz(l',y,())(l*Z)‘i’fg(ﬂ?,O,Z)(l*y)
+  f2(0,y,2)(1 — 2) + fa(z,y,1)z (6.4)
+ f2(32,1,2)@/+f2(1,y,z)x (f2:f_P_Q)

is a sum of products of separated variable types, where one factor is the restriction of fo, the other factor is a

univariate polynomial and

T(x’yaz) = f(x,y,z) - P(x’yaz) - Q(m,y,z) - R(x,y,z).

It is easy to check the following proposition.
Proposition 6.1. fi(x,y,2) = 0 for each vertex of [0,1] and fa(z,y,2) = 0 for each edge of [0,1]3, and
T(x,y,z) = 0 for each face of [0, 1]3.

Consider the Fourier sine coefficients ¢, n, ns(f). From the decomposition formula, it follows that

Cni,n2,n3 (f) = Cni,nz,n3 (P)+ Cni,nz,ns (@) + Cni,nz,n3 (R) + Cni,n2,n3 (T).

Since the Fourier sine coefficients:

Cnymaons (f) = 8/ f(z,y, 2) sin(mniz) sin(mnay) sin(mnsz) dedydz,
[0,1]?

we obtain that

(i) -
o ni,n2,ng
Cny nang (P) = i
where
Unymsms = f(0,0,0) + (=1)"2F1£(0,1,0) + (—=1)"2T"2 £(0,1,1)
+ (_1)n3+1f(0?07 1) + (_1)n1+1f(1707 O) + (_1)n1+n2f(1’ la 0) (65)

+ (71)n1+n2+n3+1f(1’1’1) + (71)n1+n3f(1,0,1);
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(i)
2 (3)
c (Q) _ an nz,n3 VTgl,)nz,n?, _ an,nz n—3
fsnsns 7r4n1n2n3 7T4n1n%n3 miningn3’
where ,
V7§117)n27n3 = cnl (871]2((7070)) + (_1)n3+lcn1 (8932( 0 1))
(e, (S L0) + (—1me, (F(,1D),
2 2
Vihans = s (540,,0)) + (=1 e, (5£0,,1))
D) e, (F1L0) + (), (F0.1).
2
Vidnans = eny (5£0.0,)) + (=1, (5£0.1,)
2 2
D (FH1L0,0) + (F)mtree,, (54(1,1,)) 5
(iii)
1 2 3
c (R) — MT(Ll),’nQ,ng MT’(Ll),TLQ,ng M7(I,1)7L2,773
s monining  wningni  wPnin3n3’
where o f o f
1 _ ng+1
M7(11)7n2,n3 Cnq,ns (amgayg(vvo)) + (_1) 8 Cni,no (&v?@y?(.’.’l)) )
4 4
2) _ f na+1 of
Mnl ng,n—3 Cni,ns <W(707 )) + (71) 2 Cny,ng <8$282’2(’ 17 ) )
ot f ot f
3 _ 1+1 .
Mr(h),nz,ns Cnz,na (8y2522 (0’ ) )) + (_1>n Cny,ng ((93,/252’2 (17 *y )) 5
(iv)

o f
cnl,’ﬂg,ng 8120y222

67,20,27,2
moningng

Cnynans (1) =

From this and Proposition 6.1, we get the following theorem.
Theorem 6.2. Suppose that f € WZ22)([0,1]%), i.., #y%zz(m,y,z) € C([0,1]?). Then

8 1 1 1
Cn1,n2,n3(f) = W <Un1,n2,n3 +o0 (m) “+ o0 <n2> + o0 (77,3)) s

where Uy, 5, .n, is stated in (6.5).
Let n; = 2p; + ¢; (i = 1,2,3). Then

1 1 1 1
C2p14q1,2p2+42,2p3+qs (f) = m U2pi+q1,2ps+q2,2ps+gs T © 171 +o ;;2 +o ZTS )

where Uy, n,.n, is stated in (6.5). It is clear from (6.5) that Usp, +q1,2ps+g0.2ps+qs = Ugr.q2.q5+ SO

) 1 1 1 1
C2p1+q1,2p2+q272p3+q3(f) = WQP%p%p% Ugi,g2,q5 T 0 ]71 +o 272 +o pfg
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and

1 1 1 1
2 2
Z 62101-‘1-(11721)2-5-(12»21734-(13(]0) = Z Ufha‘hy% t+o () to <> to < )

2m2m2 2 —
(a1,02,05)€{0,1}3 TPAPRPE \ (g1 g2.0m)€ (0,13 h P2 Ps

By (6.5),
Ul]lﬁqz,QS = f(()? 0’ 0) + (_1)q2+1f(07 17 0) + (_1)q2+q3f(07 17 1)

+ (_1)q3+1f(07 O’ 1) + (_1)q1+1f(1707 0) + (_1)q1+q2f(1’ 170)

+ (,1)q1+Q2+q3+1f(17 17 1) + (i]_)lh‘i’qaf(l’ 0, 1)'

A direct computation shows that

Ve = 8(R0,0.004 £20,1,0)+ £(0,1,1) + /(0,01
q1,92,93)€{0,1

+  f2(1,0,0) + £2(1,1,0) + f2(1,1,1) + f2(1,0,1))

=5 Y 0.

Ae{0,1}3

Therefore,

1 1 1 1
2 2
> Gnmeninen = (8 5 POro(o) o) o ()

(q1,a2,45)€{0,1}° A€{0,1}3 bz

From this, we deduce the following proposition.
Proposition 6.3. Let f € W(22)([0,1]?). Then its Fourier sine coefficients

w01 =0 (Y (o () +o (1) +0(2)

if and only if f(\) =0 for all X € {0,1}3.
Suppose that f € W(Q’Q’Z)([O7 1]?). Then the hyperbolic cross truncation of its Fourier sine series:

SW(fi2,y,2)

= > Cny nans (f) sin(mnyz) sin(mnay) sin(rns z)
1<nq,ng,ng3<N-—1
1<ninang<N-1

B > 2 Cop1+ar 2p2+az2pstas () SN T(2p1 + 1)@ sinw(2pa + g2)y sinm(2ps + g3)z.
1<p1 92,03 <[ M5t (g1,92,q93)€{0,1}3
1SP1P2;D3S[N8’1]
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By the Parseval identity and (6.3), it follows that

811 F-SY 13

o
o 2
= > - > > Cpy+a1,2p2+a2,2ps +as ()
p1,p2,p3=1 szvaS[Ngl] (91,92,93)€{0,1}3

1<p1paps <[ 252]

=% > - = ( > f2<A>+o<1>>
Ae{0,1}3

P1,p2,p3=1 1§p11p21p3§[1\7—1]

2

1<p1paps <[ 252]

Notice that

— e e 40 () = i +O ()

and
N
E
- 2. PP3P3
b2 p3:[8p11vpz}
[ 7] y
_ 8+O(1)_8fm¢+0<1>
p1p2N Npi ) = pN JL t Np1
=& (logN —logp;) + O (#>
Np1 Np1
Since
=1
Z — =log N+ 0O(1)
p1=1 P
and
S ¥ logt e 1
0 0
3 ﬂ:/ —gdt+0(1):—/ dlog?t + O(1) = = log N + O(1),
p1:1 p1 1 t 2 1 2
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we have
2 2] « 1

= [*=]
_ 8log N 1 8 I log N
= N X n TN X %—’_O(Ojg\f)
p1:1 p1:1

_ 8log?N . 4log? N log N\ _ 4log? N log N
= =5 S+ 0 (%~ ) =—=—+0 (%)

Finally, we have

4 log? N
I F=sPN == | X £ | —5—0+o1) (N - o).
Ae{0,1}3
For stochastic processes, we have the corresponding result.
Theorem 6.4. Suppose that f is a stochastic process and f € W22)([0,1]3). Then
h 4 log® N
Elr-sPN B = X BP0 B0 ro1) (N - ).

Ae{0,1}3

For a three-variate function f on [0, 1]3, in its decomposition formula (6.1)-(6.4), we expand univariate func-
tions f1(x,0,0),..., f1(1,y, 1), bivariate functions fs(z,y,0),..., fa(z,y,1), and three-variate function T'(z,y, z)
into Fourier sine series, we get the Fourier sine series with polynomial factors. We again define the corresponding

hyperbolic cross truncations as follows:
(51(\?)f)(xaya Z) = P($7ya Z) + QN(aj?y7 Z) + RN(%ZZ/»Z) + TN(I7y7 Z)? (66)

where P(z,y, z) is stated in (6.2), Qn(z,y, z) is obtained by replacing eight univariate functions by their Nth
partial sums in (6.3), Ry (z,y, z) is obtained by replacing four bivariate functions by their Nth hyperbolic cross
truncations in (6.4), and TZ(Vh) is the Nth hyperbolic cross truncation of T'(z,y, 2).

Theorem 6.5. Let f € W(%22)([0,1]3). Then hyperbolic cross truncations of the Fourier sine series of f

with polynomial factors satisfy

= log® N
I1£-300 13- (5T,

where gj(?)(f) is defined in (6.6).
The number of Fourier sine coefficients in §J(\¢) (f) satisfy N, ~ Nlog® N. From this and (6.7), we have

log® N,
115800 13=0 (5.

Therefore, we can use fewest Fourier sine coefficients to reconstruct f. For stochastic processes, the correspond-

ing result is

log® N,
B[I =50 18] =0 ().
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A new relaxation method for mathematical programs with

nonlinear complementarity constraints *
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Abstract. In this paper, mathematical programs with nonlinear complementarity constraints ( MPCC
) are investigated and a new relaxed method is proposed. Firstly, based on Mangasarian complementarity
function, MPCC is relaxed. The relaxed problem is a parametrized nonlinear programming. Secondly, it is
proved that the sequence of stationary points of the relaxed problems converges to M-stationary point of
MPCC under some mild assumptions; further, it is shown that the stationary point is strong for MPCC if
some additional conditions are satisfied. Thirdly, we analyze the existence of the Lagrange multipliers for
the relaxed problem. We show that Guignard constraint qualification holds for the relaxed problem under
MPCC-linear independence constraint qualifications, and then obtain the existence theorem of the Lagrange
multipliers.

Key words. Nonlinear complementarity constraints; Mathematical programs; Relaxed method; Con-
straint qualifications; Stationary points; Global convergence

AMS subject classification 90C, 49M.

1. Introduction

In this paper, we consider the following MPCC :

) <0, iel={L1,---,m},
hi(z) =0, i€l ={1,---,me},
Gi(2) >0, i€l.={l,---,m},
Hi(z) >0, iel,
Gi(2)Hi(z) <0, i€ I,

(1.1)

*This work was supported by National Natural Science Foundation (No.11271086), Guangxi Province Science
Foundation (No.2012GXNSFAA053007) and Guangxi Province Education Department (No.201102ZD002) of China.
1 Corresponding author. E-mail: jianjb@gxu.edu.cn, URL: http//jians.gxu.edu.cn.
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where f, gi, hi, Gi, H;: R™ — R are all continuously differentiable. The MPCC (1.1) has many
applications in game theory, traffic transportation, engineering design and so on. The interested

reader is referred to the monograph [1] for more details.

As we know, the MPCC (1.1) is a highly difficult nonlinear program since the standard Mangasarian-
Fromovitz constraint qualification (MFCQ) is violated at any feasible point ( see [2]). This implies
that the well-developed approaches for the standard nonlinear programs typically have severe dif-
ficulties if they are directly used to solve the MPCC (1.1). So MPCC-tailed algorithms have to be
studied.

During last decade, several kinds of efficient methods for the MPCC (1.1) have been developed,
such as relaxation ( or regularization ) ([4-8]), smoothing ([1, 9-17]), interior point method ([1, 18—
20]) and penalization ([21]). In this paper, our focus is on relaxation method. The basic idea of

the relaxation method is to relax the complicated complementarity constraints

Gz(z) > 0, Hz(z) > 0, Gz(Z)HZ(Z) < O, 1€ 1.

in a suitable way. The interested reader is referred to the recent review paper on relaxation method

[5] for more knowledge.

Kadrani et al. proposed a relaxation scheme in [8] as follows:

min f(z)

st gi(2) <0, iel,
hi(z) =0, i€ [, (12)
Gi(z —t, i€ 1,

where ¢ is a nonnegative parameter. It is shown that any accumulation point of the stationary
point sequence of (1.2) converges to an M-stationary point of MPCC (1.1) when ¢ — 0 under
the MPCC-linear independence constraint qualification (MPCC-LICQ) condition and some mild
conditions. They also showed that existence of KK'T multipliers for the relaxed problem (1.2) under
the MPCC-LICQ assumption. Figure 1, however, shows that there exist two disadvantages: (1)
the feasible region of the relaxed problem (1.2) is almost disconnected. Therefore, one has to meet
severe difficulties when solving (1.2) by means of a standard NLP algorithm; (2) the feasible region
of the MPCC (1.1) is not included in that of the relaxed problem (1.2), regardless of the choice of
t>0.

In order to overcome the above drawbacks, Kanzow et al. recently proposed a new relaxation
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H,(2)

G(2)

Figure 1: Geometric interpretation of relaxation in [8]

scheme in [5] as follows:

(1.3)

Hi(z) > —t, i€ L.,
U(z;t) = (Vi(z5t),i € 1) <0,

where t > 0 is a parameter, V;(z;t) = ¢(G;(z) — t, H;(z) — t), the complementarity function
¢ : R? — R is defined by

(,9) xy, r+y =0,
z,Yy)=
7 —1(@?+y?), z+y<O.

The geometric interpretation of the relaxation scheme (1.3) is given in Figure 2. It is shown
that any accumulation point of the stationary point sequence of (1.3) converges to an M-stationary
point of MPCC (1.1) when ¢ — 0 under much weaker MPCC-constant positive linear dependence
( MPCC-CPLD ) condition and some mild conditions. And they also showed the existence of the
Lagrange multipliers for the relaxed problem (1.3) under the MPCC-LICQ assumption.

It is worth noting that the feasible region of the original problem (1.1) is part of the boundary
of that of the relaxed problem (1.3). Consequently, some additional stricter conditions is required
for the search directions when solving the relaxed problem (1.3) by a standard NLP algorithm.

In this paper, motivated from the ideas in [5, 8] and based on the Mangasarian complementarity
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Figure 2: Geometric interpretation of relaxation in [5]

function ([25]) defined by
¢(a,b) = p(a) + p(b) = p(la — b])

with p: R — R being given by

we propose a new relaxation scheme:

min  f(2)

st. gi(2) <0, i€l
hz(z) =0, 7€ I,
Gi(z) > —t, i € I,
HZ(Z) > —t, 1€ 1,
Qi(2;t) <0, i€ I,

Q

where t is a nonnegative parameter and

<I>i(z; t) = (ﬁ(Gz(z) - t,Hi(z) - t).

(1.6)

The geometric interpretation of the relaxation scheme (1.5) is given in Figure 3.

We show that any accumulation point of the stationary point sequence of (1.5) converges to an
M-stationary point of MPCC (1.1) when ¢ — 0 under much weaker MPCC-CPLD condition and

some mild conditions, and converges to a strongly stationary point of MPCC (1.1) under additional

conditions. We also show that the standard Guignard constraint qualification (GCQ) holds at every
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Hi(2)

t,t

(tt) G/(2)

Figure 3: Geometric interpretation of the proposed relaxation scheme

feasible point of the relaxed problem (1.5) and the existence of Lagrange multipliers of the relaxed
problem (1.5) is verified under some mild conditions.

The rest of the paper is organized as follows. Some definitions of different stationary points and
constraint qualifications and preliminary results about MPCC are restated in Section 2. Section 3
contains the analysis and proof of the convergent results. The existence of Lagrange multipliers for
the relaxed problem is analyzed and verified in Section 4 and some concluding remarks are given

in the final section.

2. Preliminaries

As we know, except for Guignard CQ, all standard constraint qualifications are far too restrictive
for MPCCs ([22]). Some MPCC-tailed CQs are introduced in the past. Furthermore, due to the
fact that most standard CQs are likely to be violated at a local minimum of an MPCC, the KKT
conditions can not be considered as the optimality conditions. Hence, several weaker stationarity
notions have been proposed. For convenience and completeness, in this section we briefly restate
some concepts and results about the MPCC (1.1) which are needed in the sequel analysis. The
reader is also referred to [5, 22-24].

Let S be the feasible set of the MPCC (1.1). For any z* € S, define different index sets for the
MPCC (1.1) as follows:

Io+(2*) = {l el | GZ(Z*) =
I()()(Z*) = {Z €l ’ GZ('Z*) =
Lio(z*) ={i € I. | Gi(z*) >

0, Hi(z*) = 0}, (2.1)

0, Hi(z*) > 0},
0, Hy(z*) = 0}.

Definition 2.1 [ 23 Let 2* be a feasible point of the MPCC (1.1). Then z* is said to be
(1) weakly stationary for the MPCC (1.1), if there exist multipliers (a*, *,7*,6*) € R™ x R™* x
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R™e x R™c such that

VIE) + 2 afVei(e®) + 20 BiVhi(2") = 3L % VGi(zT) = 3 67 VHi(2") =0,
iel i€le i€le iel. (2.2)

af 20, ojgi(z") =0(iel), 7 =0(>¢€lo(z%)), 6 =0 € lop(z7));
(2) C-stationarity, if it is weakly stationarity and ~}6F >0, V i € Ipo(2*);
(3) M-stationary, if it is weakly stationarity and ~f >0, §f >0 or ~/6; =0, Vi € Ipo(z*);
(4) strongly stationary, if it is weakly stationarity and ~;, 67 > 0, Vi € Ipo(2*).

(2

Obviously, we know that strong stationarity implies M-stationarity, M-stationarity implies C-
stationarity and C-stationarity implies weak stationarity. Moreover, it is shown in [22] that strong
stationarity is equivalent to the standard KK'T conditions of an MPCC. However, a counterexample
given in [23] indicates that strong stationarity may not hold at a global minimum, even for very
simple MPCCs.

Definition 2.2 [ 2% Let 2* be a feasible point of the MPCC (1.1). Then
(1) MPCC-LICQ is said to hold at z* if the gradients

{Vgi(z") | i € Ig(2")} U{Vhi(z") | i € L} U{VGi(z") | i € Too(2") U Lo+ (2")}
U{VH;(z*) | i € Ioo(z*) Ul1o(z")}
are linearly independent.
(2) MPCC-CPLD is said to hold at z* if, for any subsets Iy C I,(z*), I C I., I3 C Ipo(z*) U
Ty (2%), Iy C Ino(2*) U I49(2*) such that the gradients
{Vgi(z") |i e L} U{{Vhi(z") |i € L} U{VG;(z*) |i € I3} U{VH;(z") | i€ I4}}
are positive-linearly dependent, there exists a neighborhood N(z*) of z* such that the gradients
{Vygi(2) | i € [} U{Vhi(z) |i € L}U{VG(z) | i€ I3} U{VH;(z) | i€ I}
are linearly dependent for all z € N(z*).

It follows from [24] that MPCC-LICQ implies MPCC-CPLD.

3. Convergence results

In this section, we analyze the convergence behavior of the relaxed problem (1.5) as ¢ — 0. For
convenience, denote by Ryrpoc(t) (1.5) the relaxed problem (1.5), and define the following index
sets for Rypoc(t) (1.5):

Ig(z) ={i e I]gi(z) =0}, Ig(zt) ={i€ L | Gi(z) = —t},
Ig(zt) ={i€l. | Hi(z) = —t}, Ip(z:t)={ic .| Pi(z;t) =0},
IS (zt) = {i € Ia(2;t) | Gi(2) —t =0, H;(2) —t > 0},

IP(z;t) = {i € In(2;t) | Gi(2) —t =0, H;(z) —t =0},

I3%(zt) = {i € In(2;t) | Gi(z) — t > 0, Hy(z) —t =0},

supp(c) ={i|c;#0,i=1,...,1. c = (¢;) € R'}.

553 Jianling Li et al 548-565



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Obviously, we have Io" (z;¢) NI (z;6) N IZ0(2;8) = 0, 19T (2;¢) UIP (2;4) UIL0 (2;t) = To(2;).
By elementary computation and analysis, we can obtain the important properties of the com-

plementarity function ¢ given in (1.4), which play a key role in the subsequently analysis.

Lemma 3.1 *) (1) ¢(a,b) =0 if and only if a >0, b >0, ab=0.

(2) ¢ is continuously differentiable, and its gradient is

—4 2b
@t , if a<0andb<0,
—4b + 2a
—4 2
a+2b , if a<0andb>0,
2a
Vé(a,b) = 9%
, if a>0and b <0,
—4b+ 2a
2b
>, if a>0andb>0.
2a

(3) The following inequality holds:

>0, ifa>0andb>0,
¢(a,b) { (3.1)

<0, ifa<Oorb<O0.

According to the definition (1.6) of ®;, one obtains the expressions of ®;(z;t) and the gradient
of ®;(z;t), respectively :

( t (2) =) +2(Gi(2) —t)(Hi(2) —t), Gi(z) —t <0and H;(z) —t <0,

) =2(Gi(2) = )2 4+ 2(Gi(2) — t)(Hy(2) — ¢), Gi(z) —t<0and H;(z) —t >0,

] —2(Hi(2) — 1) +2(Gi(z) — t)(Hi(2) — t), Gi(z) —t>0and H;(z) —t <0,

2(Gi(z) = t)(Hi(2) — t), Gi(z) —t>0and H;(z) —t >0,
(3.2)

Vo, (z;t)

(2H;(2) —4G;(2) + 2t)VG;(2) + (2G;(z) —4H;(2) + 2t)VH;(z), Gi(z) —t <0and H;(z) —t <0,
(2H;(z) — 4G;(2) + 2t)VGi(z) + 2(Gi(z) — t)VH;(2), Gi(z) —t<0and H;(z) —t >0,
] 2(Hi(2) — t)VGi(2) + (2G4(2) — 4Hi(2) 4 2t)VH;(2), Gi(z) —t>0and H;(z) —t <0,
2(H;(z) —t)VGi(z) + 2(Gi(z) — t)VH;(2), Gi(z) —t>0and H;(z) —t > 0,
(3.3)

where the parameter ¢t > 0.
Let S(t) be the feasible set of Ry;pcc(t) (1.5). Then the following result is true.

Lemma 3.2 (1) S(0)=5; (2) S(t) C S(ta), 0<t; <ts; (3)S= (S

t>0

Next, we establish the convergence theorem of the proposed relaxation method.
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Theorem 3.1 Suppose that {t;} | 0, (2%, aF, g% +*, 6%, 1F) is a KKT pair of Ryrpoc(ty) (1.5) for
all k, z* is an accumulation point of the sequence {z*}, and MPCC-CPLD holds at z*. Then the

following statements hold:

(1) z* is M-stationary for the MPCC (1.1);

(2) If {z*} additionally satisfies 19" (2F;t5) = I$%(2%;tx) = 0, then z* is strongly stationary for
the MPCC (1.1).

Proof. (1) Note that z¥ — 2*, t, — 0 and the continuity of g;, h;, G;, H;, we obtain that z* is
feasible for MPCC (1.1) and the following inclusion relations are true:
I,(2*) C Iy(2"),
Ta(2F; ) U IR (275 1) U TG (%3 k) € Too(2*) U Toy (27), (3.4)
T (2F; 1) U I (275 t) U T30 (%5 81) € Too (%) U Lo (2%).
Since (2%, a®, g% 4*, 6%, 1%) is a KKT pair of Ryrpoc(ty) (1.5), we have

0= Vf(*)+ X alVgi(e") + 3 BiVhi(2") = 3 AfVGi(2F) = 3 0PV H;(2F)

icl i€l i€l 1€l
e : : 3.5
+ Z yfV(I)i(zk;tk), ( )
i€l
Jd 20 iEl ("), gl 20 e I (2% ),
=0, i¢I,(z5); =0, i¢Ia(zFt); (3.6)
sk >0, iGIH(Z ,tk) Lk >0, ZGI@(Z ,tk),
‘ =0, Z¢IH(2 ,tk) =0, Z¢I<I>(Zkatk)

From (3.3), one has
2(H;(2") — th)VGi(2F), i€ Ig (= ),

V(1)) = 2(Gi(2%) — tp) VH(2%), i € I10(2%; 1),
0, i€ I0(2%; ).

Define v%% = (b9F i € I) and vH* = (VZ.H’k,Z' € I.) with

)

Gk :{ 208 (H;(2%) — ty), if i € IgF (2" 1), K :{ 208 (Gy(2F) — ty), if i € IF0(2F;ty),

0, otherwise; otherwise.

Note that I (2F;tp) = Iot (2% t) UTL (2% ) U IE0(2F;tx), (3.5) can be rewritten as follows:

0= Vf(")+ 3 afVgi(z") + X BFVhi(2") = 3 AfVGi(2*) — X0 6FVH;(2")
i€l i€le i€l i€l (37)

+ Y VOGN + 3 TRV H ().

i€l i€l
Note that the multipliers viG * and (5ZH " are nonnegative, too, according to [4, Lemma A.1], we
suppose, without loss of generality, the gradients corresponding to nonzero multipliers, that is,
{Vgi(z") | i € supp(a®)} U{Vhi(2F) [ i € supp(8*)} U{VGi(2¥) | i € supp(v¥) U supp(vS )}

U{VH; (%) | i € supp(6*) U supp(v*)},
(3.8)
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are linearly independent.

In what follows, we show that the sequence {(a¥, ¥ ~* 6% v&* LHF)1 is bounded. Suppose,
by contradiction, that the conclusion is not true. Then there is a vector («, 3,7,d,v%, vH) and a

subset K C {1,2,...} such that

(ak)ﬁka’}/kv(skayG7k7VH7k) K G . H
T(a. BF A &% oOF ]| — (o, B,7,0,v7,07) #0.

Dividing by ||(a®, 8%, 4%, 8%, v&F, v7k)| in (3.7) and passing to the limit, we obtain

0= E angi(z*) + Z ﬂthz(Z*) — Z ’}/lVGz(Z*) — Z 51VHZ(Z*)

el i€le i€le i€le

+ 3 vEVGi(zY) + Y vV H;(2Y),

i€l i€l

which implies the gradients

{Vgi(z*) | i € supp(a)} U{Vhi(z*) | i € supp(B)} U{VGi(z*) | i € supp(y) U supp(v®)}
U{VH;(z*) | i € supp(6) U supp(v)}

are positive-linearly dependent.
Since MPCC-CPLD holds at z*, there exists a neighourbood U (z*) of z* such that V z € U(z"),
the gradients

{Vgi(2) | i € supp(a)} U{Vhi(z) | i € supp(B)} U{VGi(2) | i € supp(y) U supp(v?)}
U{VH;(2) | i€ supp(d) Usupp(v)}

are linearly dependent. This contradicts the linear independence in (3.8) since supp(a, 3,7, d, v, vH) C
supp(ak, gE vk 6k vk yHE) for k sufficiently large. Therefore, {(a¥, g ~*, 6% v&k vHF) s
bounded.

We suppose, without loss of generality, that {(a* vHF)Y converges to (o, 8%, v*, 0%,
v v Since Ig(2¥;t) N Ig+(zk; ty) =0, Ig(2Fty) N I;O(zk; ti) = 0, we define

k ok sk o Ghk
B?’y 76 71/

5, if i € supp(v*), o7, if i € supp(d*),
Vio=Q - i€ supp(v©®r), and 6= —uM* it i€ supp(r),  (3.9)
0, otherwise. 0, otherwise.

By passing to the limit in (3.7), we have

0=ViE)+Y aiVa() + Y BiVhi(=") = Y 7iVGi(z") = > &V H(= (3.10)
i€l i€le i€l i€l
where af >0, ofg;(2*) =0, i € I. And it follows for k sufficiently large that
Ig( ") C Iy(z"),
(2" tk) U I3 (2% tk) C Too(2*) U Toq (2%), (3.11)
(%5 t) U IO (275 th) C Too(2%) U Lo (=)
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From (3.11), one has 3; = 0, i € Iio(z*); 0; = 0, i € Io,(z*), together with (3.10), we can
conclude that z* is weakly stationary for MPCC (1.1).

In what follows, we prove z* is M-stationary, i.e., either 4; > 0, gz > 0 or Wzgz = 0, for all
i € Ipo(z*). Suppose, by contradiction, that there is an i € Iyo(z*) with 7; < 0 and 5 # 0 (the
case 3; # 0 and &; < 0 can be proven in a similar way ). According to (3.9) and (3.11), one has i €
supp(v*) C I3 (2*; ty) for k sufficiently large. Note that 19" (2%; t)N(Ig (2%; 5 )UIL0 (2% tx)) = 0,
it follows from (3.9) that 5 = 0, which yields a contradiction. Hence, z* is an M-stationary point.

(2) In order to show z* is a strongly stationary point of the MPCC (1.1), based on the result
(1), it is sufficient to show that 5; > 0, Vi € Iyo(z*); 5 > 0, Vi € Ipo(2*).

By (3.11), the equality (3.10) can be rewirtten as

0=VFE)+ Y. afVag2)+Y _ BVhi(z)— > FVGi(z)— Y. 6 VH(z"). (3.12)

i€supp(a*) icle i€supp(7) 1€supp(0)

In view of I3 (2*;t)) = 0, one gets from (3.9)

- NS ),

0, else.
For V i € Ipo(2*), if i € supp(v*), then one obtains from (3.11) that ¥ = ~ > 0; otherwise,
v =~} = 0. This indicates ¥; > 0 for all ¢ € Ipo(2*).
Similarly, one can show 5 >0forallie Too(2*).
Thus, z* is a strongly stationary point of the MPCC (1.1). O

4. Existence of multipliers

In the convergent theorem, i.e., Theorem 3.1, we assume that there exists a KKT point for
Ryrpoo(ty) (1.5). Whether does a KKT point for Ryrpoc(tr) (1.5) exist or not, or what con-
ditions can ensure the existence of KKT point 7 In order to answer these questions, we will further
discuss the existence of Lagrange multipliers of Ryrpoc(t) (1.5) in this section.

Let 2 be feasible for Ry pcc(t) (1.5) and J be an arbitrary subset of I9(Z; t), define an auxiliary
program (AP(t,J) for short) as follows:

min f(2)
st gi(2) <0, i€l
= 1,
hi(z) , 1€ 1, | (1)
Gi(z) > —t, Hi(z) > —t,Gi(2) <t, i € J,
Gi(z) > —t, Hi(z) > —t,Hi(2) <t, i € J,
(

Gi(z) > —t, Hi(z) > —t,®;(2;t) <0, i ¢ IV (z; 1),

where J means the complement of J in I(Z;).
It is obvious that z is feasible for AP(t,.J). Denote by S(t,J) the feasible set of AP(¢,.J) (4.1).
It is not difficult to obtain the relation of feasible sets between AP(t,J) (4.1) and Ryrpcc(t) (1.5).

10
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Lemma 4.1 Let J be an arbitrary subset of I3°(z;¢) and ¢ > 0. Then S(¢,.J) C S(¢).

Lemma 4.2 For any ¢ > 0 and any feasible point z of Ry pcc(t) (1.5), the following equality
holds true:
Tsw)(z) = LJ Ts,.n(2),
JCI (Zt)
where Tg(;) and Ty, 7)(2) are the tangent cones of Rypoc(t) (1.5) and AP(t, J) (4.1) at 2, respec-
tively.

Proof. For any d € Tg(;)(Z), the definition of tangent cone tells us that there exists a sequence
{zF} C S(t), 2 — Z, and a sequence {73} | 0 such that d = klirn Zi—;g
—00
In the following, we show that d € |J  Tg(..)(2). Note that z* € S(t), one has
JQIgO(E;t)

gi(2F) <0, iel, hi(*)=0,i€elL,
Gi(2%) > —t, Hi(2%) > —t, ®;(2F;t) <0, i € ..

Hence, one has ®;(2*;t) < 0 for any i € I..
If i € I9(Z;t), there are six cases for ®;(2*;¢) < 0 as follows:

Gi(2F) —t <0, Hy(z*) —t < 0;
Gi(2%) —t <0, H;y(zF) -t > 0;
Gi(2F) =t >0, Hy(z*) —t < 0;
Gi(2¥) —t >0, H;y(zF) -t =0;
Gi(F) =t =0, Hy(zF) =t = 0;
Gi(zF) —t=0, Hi(z*)—t>0

Thus, there exists an infinity subset K C {1,2,...} such that G;(z*) —¢t < 0, V k € K. Let
J={i € IPFt) | Gi(z%) —t <0, Vke K}, J=1I¥(%1t)\J, then one gets {z¥} C S(¢t,J). This

impliesd € U Ts,7)(2). Therefore, we have Tg(»(2) € U Ts,)(2)-
JCIP () JCIP (Zt)

Conversely, for any d € |J  Tg.7)(%), there exists a subset J C I§(%;t) such that d €
JCIV(F:t)

Ts(t,7)(%). Accordingly, there exists a sequence {2}y € S(t,J), 2¥ — Z and a sequence {7} | 0
such that d = lim %‘E
k—oco Tk
By Lemma 4.1, one has {z*} C S(t), so d € Tst)(2). Thus one obtains
U Tse.n®@ <€ T @
JCIP(Z)
Hence, the result is true. The proof is finished. O

For the sake of convenience, we now give a conclusion in [26], which is used in the proof of our
Theorem 4.1.

11
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Lemma 4.3 Suppose that C;, Co CR"™ are cones defined by

Ci={peR"|z/p<0,icl; ylp=0,iecl},

Co={geR" | ¢=> Nai+ Y pyi \i =0, VieT}
i€l i€le

Then C = C5 and Cy = C7, where C] and (3 are the polar cones of C; and (5, respectively.

The following theorem shows that standard Guignard CQ holds for Ry;pcc(t) (1.5) only under
MPCC-LICQ assumption.

Theorem 4.1 Let z* be feasible for MPCC (1.1) such that MPCC-LICQ holds at z*. Then there
exists a t > 0 and a neighborhood U(z*) of z* such that standard GCQ holds for Ry;pcc(t) (1.5)
for Vite (0,¢] andV z € U(2*)NS(¢t).

Proof. Since MPCC-LICQ holds at z*, the gradients

{Vgi(2) [ i € I4(2")} U{Vhi(z) | i € L.} U{VGi(2) | i € loy(2") U Loo(z")}

' (4.2)
U{VHZ‘(Z) | 1€ I+0(Z*) U IQO(Z*)}

are linearly independent at z*. Since g;, h;, G; and H; are continuously differentiable, the gradients
(4.2) remain linearly independent in some neighborhood of z*. Hence, there exists a ¢ > 0 and
sufficiently small neighborhood U(z*) of z* such that for all ¢ € (0,¢] and all z € U(z*) N S(t), the

gradients (4.2) are linearly independent at z, and the following inclusions hold from (3.4)

Ig(z) - Ig(z*), IG(Z;t) - I(]o(z*) @] I(H_(Z*), IH(Z;LL) - Ioo(z*) U I+0(Z*),

IV (2 ) U Tt (25t) C Too(2*) U oy (2%), TRX(2;t) UTF (25t) C Too(2*) U Lio(2*).

For any ¢ € (0,7] and Z € U(2*) N S(t), we have Z € S(t,J) for any J C I3’(z;t), and the active
gradients of AP(t,J) (4.1) are

{Vai(?) |i € Li(2)} U{Vhi(2) | i € L.} U{VGy(2) | i € Ia(Zt) U It (Zt) U T}
U{VH;(Z) i€ InZt)UI’Et)u T}

Thus, the standard LICQ for AP(t,J) (4.1) holds at z. Since LICQ implies ACQ, we have

Tswn(2) = Ls@n(2), ¥V JCIQ(E),

which together with Lemma 4.1 yields

Tso@ = U Tsen@= U Lsan®.

JCIP () JCIP ()

From Theorem 3.1.9 in [26], we obtain

Tsy@ = [ Lsen(@° (4.4)

JCIP (Zt)

12
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To prove that GCQ for Ry pcc(t) (1.5) holds at 2, we need to show that Lg(2)° = Ty (2)°.
Note that Lg)(2)° C Ts()(2)° since Tg)(2) € Lg()(Z), we only prove the inclusion

Ts)(2)° € Lg)(2)°.

The linearized tangent cone of AP(¢,J) (4.1) at z is given by

Lswn(2) = {peR"|Vg(2)Tp <0, icI(3),
Vhi(2)'p=0,i¢€l,
VGi(2)Tp >0, i€ la(zt),
Hi(2)Tp>0, i€ Iy(Z;t),
VGi(Z)Tp <0, i € IT(Zt) U
( ;t)

H;2)Tp<0,ielf’= UJ}

so it follows from Lemma 4.2 that

‘CS(t,J)(E)O = {q eR" ’ q= Z QZVQz(A) + Z /Bzvh (j - Z ’YzVGz(a

i1€ly(Z) icle i€lg(Z;t)
— Z 0;VH;(Z) + Z v;VG;(Z)
i€l (3t) ie12F U (4.5)

+ > o;VH;(2), a, 7, §, v, 0 >0 3.
icI$0 (Z)ud
Now for q € T (2)°, one obtains from (4.4) that ¢ € Lg 5)(2)° for any J C I (Z;t). So it
follows from (4.5) that
g= > aiVgi(R)+ X BiVhi(Z) = Y %VGi(E) - > 6iVH(Z)
1€14(Z) i€le i€lq(Zt) i€l (Z5t)

-+ Z VzVGZ(E) + Z O'Z‘VHZ‘(E),

i€IdT (Zt)uJ i€IF0 (Zt) U

(4.6)

where «;, Vi, i, vi, 0; > 0.
On the other hand, in view of J C I2(Z;t), we have from (4.4) that ¢ € Lg7)(2)°, thus it
follows that

q = Z Engz‘(E)-l-ZBthi(a— Z 7, VG;i(2) Z 6;VH; (%)

i€l,(2) i€le i€lg(Zt) i€l (Zit)

+ Y. wmVGE)+ ) @VH(), (4.7)

i€IdT (Z)uT i€IF0 (Zt)uJg

where @;, 7;, gl', Ui, 0; > 0.
Note that the gradients

{Vgi(2) | i € [;(2)} U{Vhi(2) | i € I.} U{VGi(?) | i € Ia(Zt) UIg" (1) UIP(Z1)}
U{VH;(Z) | i € In(Zt) VI (EZ ) UIP(E )}

13
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are linearly independent, hence, the corresponding coefficients in (4.6) and (4.7) must be equal. In

particular, we obtain
v; =0, 1€ J; oi=0, i €J.

Further, we obtain

g= > oVg(2)+ > BVhi(Z)— > wVGi(Z) - > &VH(z2)

icly(3) i€l iclg(Zit) iely (Zit) (4.8)
+ Z Z/ZVGl(E) + Z o;VH; 2) '
icIot (Zit) i€l 0(Zt)

Note that the linearized cone of Ryrpcc(t) (1.5) is given as follows:

Lswy(2)= {peR"|Vg(2)p<0,icly(3),
Vhi(Z)'p=0,ic€l,
VGi(2)Tp >0, i€ lq(zt),
VH;(2)Tp>0, i € Iy(z;t),
Vo,;(z;t)Tp <0, i € In(z;t) } .

=0, i € IP(Zt) and Is(Z;t) = IoT(Z;t) U IP(Zt) U TL0(Z0), 19T (Z;t) N
(), the representation above can be rewritten as follows:

Lspy(®) = {peR"|Vg(E)Tp<0,icl,(3),
Vhi(2)Tp=0, i€ L,
VGi(2)Tp >0, i € Ig(Z:t),
VH;()Tp>0, i € In(Zt),
VGi(2)Tp <0, i € I3T(Zt),
VH;(5)Tp <0, i € I[°(Z 1)}

In view of V&®;(z;t)
IPEGHNIEE) =

By Lemma 4.3 and (4.8), one obtains q € Lg((2)°. The arbitrariness of ¢ implies Tg(;)(2)° C

L) (Z)°. The proof is finished. O

The following result shows that stronger CQ for Ryrpcc(t) (1.5) holds at all points where
I9(z;t) = 0 holds.

Theorem 4.2 Let z* be feasible for the MPCC (1.1) such that MPCC-CPLD (MPCC-LICQ)
holds at z*. Then there exists a ¢ > 0 and a neighborhood U(z*) of z* such that the following
statement holds for all ¢t € (0,7]: If z € U(2*)NS(¢) with IQ(z;t) = 0, then standard CPLD (LICQ)
for Ryrpoc(t) (1.5) holds at z.

Proof. We first prove the conclusion for MPCC-CPLD. Suppose, by contradiction, that there were
a sequence {t*} | 0 and zF — 2* with z* feasible for Rypoc(t*) (1.5), and 19 (2%;t)) = 0 for all
k € {1,2,...} such that standard CPLD is not satisfied in z* for all k¥ € {1,2,...}. Thus there

exist index subsets

IFC LM, IF C L, IF CIo(zFty), I C In(2;ty), IF C IOF(2%;ty), I C 150 (2% ty)

14
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such that the gradients

{{Vai(z) |i € IF}U{-VGi(2) | i € I}} U{-VH;(z) | i € I}} U{(Hi(z) — t;)VGi(z) | i € I}
U{(Gi(z) — tr)VHi(2) | i € I§}} U{Vhi(2) | i € I5}

are positive-linearly dependent at z¥, but linearly independent at points arbitrary close to z*.
Since I, (2%), I, Ic(2%tk), Tu(2*;ty), Ing(zk;tk), Igo(zk;tk) are all finite sets, without loss of
generality, we may assume I¥ = I; (i = 1,2,...6). Note that I,(2*) C I,(z*) for all k sufficiently
large, thus Iy C I,4(2*). Similarly, we obtain I3UI5 C Ino(2*) Ulo4(2*), 14UIs C Loo(2*)Ulio(2*).

Positive-linearly dependence at =z implies positive-linearly dependence of the gradients

{Vgi(z*) |ie L} U {{Vhi(zk) |ie L} U{VG(z") |ie 3Uls} U{VH;(z*) |iec LU 16}}
(4.9)
Because the standard CPLD is not satisfied, there exists a sequence {y*} — 2* such that the
gradients (4.9) are linearly independent at y*. If the gradients (4.9) were positive-linearly indepen-
dent at z*, then from Theorem 2.2 in [27] we know that these gradients are also positive-linearly
independent at any point close to z*. This is a contradiction. If the gradients (4.9) were positive-
linearly dependent at z*, MPCC-CPLD would imply that they remain linearly dependent in some
neighborhood of z*, which contradicts the statement the gradients (4.9) are linearly independent
at y*. Hence, CPLD holds at z.
Next we prove the conclusion for MPCC-LICQ. For all z € U(2*)NS(¢) and ¢ € (0, ) sufficiently

small, we have the following relations:

Ig(2) € Iy(z7),

Ia(zt) UTP (25 t) U Iot (2;t) C Tno(2*) U To4 (2%),

T (zt) UTR (25 6) U IO (2;t) C T, (z*) U I4o(2%), (4.10)
Ig(zt) N (IP (25 t) U U (21) ) =

In(z )N (I (z;¢) UI'H) (z;1)) =

In view of MPCC-LICQ assumption and (4.10), for any z € U(z*), the gradients

{Vgi(2) | i € I(2)} U{Vhi(2) | i € L.} U{VGi(2) | i € Ig(zt) UTot (2;)}

U{VH;(2) | i € In(zt) UIS (2 1)} (4.11)

are linearly independent.
The active gradients of Ryspcc(t) (1.5) at feasible point z € U(z*) are

(4.12)
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From (4.11), we know that the following equality

Z angi(z) + Z BZVhl(Z) — Z ’szGz(Z) — Z 5ZVH1(Z) + z Z/Z'V(I)i(z; t)

1€ly(2) i€l i€lg(z;t) 1€l (2;t) 1€lg(z5t)
1€ly(2) i€l i€lg(z;t) 1€l (2;t)
+ 2 ul2(Hi(2) —)IVGi(zt) + 3 nil2(Gil(z) — 1)]VHi(2:1)
i€IT (25t) i€IF0(z5t)
=0

(4.13)
implies that

a;=0,i€ly(2); Bi=0,i€l; =0, i€ lg(zt); 6 =0, i€ Iu(zt);
vil2(Hi(2) —1)] =0, i € I3T (2;1);  vi[2(Gi(z) — )] =0, i €i € IF%(2;0).

Note that H;(z) —t > 0 for i € I3"(z;t), so v; = 0 for i € I3 (z;t).

Similarly, we have v; = 0 for i € I3%(2;1).

Summing up the above discussion, we can conclude that standard LICQ holds at z € U(z*)NS(t)
for RMpcc(t) (1.5). O

The following result shows that the existence of Lagrange multipliers in a local minimum of

Ryrpcc(t) (1.5) can be guaranteed, which is a direct consequence of Theorem 4.1.

Theorem 4.3 Let z* be feasible for MPCC (1.1) such that MPCC-LICQ holds at z*. Then there
is at > 0 and a neighborhood U(z*) of z* such that for all ¢t € (0,¢]: If z € U(z*) is a local
minimizer of feasible point for Ryspcc(t) (1.5), then there exists Lagrange multipliers such that z

together with Lagrange multiplier vector w is a KKT point of Ry;pcc(t) (1.5).

5. Concluding remarks

In this paper, based on Mangasarian complementarity function, a new relaxed method for math-
ematical program with complementarity constraints is proposed. Under MPCC-CPLD, any limit
point of a sequence of stationary points of a sequence of relaxed problems is M-stationary for
MPCC (1.1), and it is strongly stationary under additional conditions which is easily to be checked.
Moreover, we further analyze the existence of the Lagrange multipliers for relaxed problems. The

existence of the Lagrange multipliers can be guaranteed under MPCC-LICQ.
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1 Introduction

In 2007, Huang and Zhang [1] defined cone metric spaces with a different view in
respect to previous works. They substituted a normed space instead of the real line, but
went further, defining convergent and Cauchy sequences in terms of interior points of
the underlying cone. Moreover, they obtained some fixed point theorems in cone metric
spaces. Afterwards, some scholars focused on the investigation of fixed point theorems in
such spaces. According to incomplete statistics, more than six hundred papers dealing with

cone metric spaces have been published so far (see [9]). But now it is not popular since
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some researchers constructed several mappings from cone metric spaces to metric spaces,
and found some fixed point results in cone metric spaces could been directly obtained
from the corresponding metric versions (see [3-10]). This makes it become meaningless to
study fixed point theorems in cone metric spaces. However, the current situation changed,
since, very recently, Liu and Xu [18] introduced cone metric space over Banach algebra and
defined generalized Lipschitz mapping where the contractive coefficient is vector instead of
usual real constant. They proved the existence of fixed points in such settings under the
conditions that the underlying cones are normal cones. Furthermore, they gave an example
to explain that the fixed point theorems in cone metric spaces over Banach algebras are
not equivalent to those in metric spaces. Subsequently, Xu and Radenovié [20] omitted
the normality of cones by using c-sequences. Starting with the similar approach of [18],
several papers have appeared (see [20-25]).

The main purpose of this article is to introduce a concept called cone b-metric space
over Banach algebra, which is a great improvement since it expands the concept of cone
metric space over Banach algebra. We present some fixed point theorems in such frame-
works without the assumption of normal cones. Moreover, we obtain the P properties of
the mappings. Further, by two examples, we support our results and establish the non-
equivalence of fixed point results between cone b-metric spaces over Banach algebras and
b-metric spaces.

We need the following definitions and results, consistent with [18], in the sequel.

Let A be a real Banach algebra, ||-|| be its norm and 6 be its zero element. A nonempty
closed subset K of A is called aconeif K + K C K, K*=KNK C K, KN(-K) = {6}
and AK C K for all A > 0. We denote intK as the interior of K. If intK # (), then
K is said to be a solid cone. Define a partial ordering < with respect to K by u < v
iff v—ue K. Writeu < viff v —u € K and u # v. Define u < v iff v —u € intK.
The cone K is called normal if there is a real number M > 0 such that for all u,v € A,
0 < u = v implies ||u|| < M||v||. The least positive number satisfying above is called the

normal constant of K.
In the sequel, unless otherwise specified, we always suppose that A is a real Banach
algebra with a unit e, K is a solid cone in A, and <, < and < are partial orderings with

respect to K.

Definition 1.1([18]) Let X be a nonempty set and A be a Banach algebra. Suppose
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that a mapping d : X x X — A satisfies for all z,y, z € X,
(cl) 0 < d(z,y) and d(z,y) = 0 iff z = y;
(c2) d(z,y) = d(y,z);
(€3) d(x,z) 2 d(x,y) + d(y, 2).
Then d is called a cone metric on X, and (X, d) is called a cone metric space over Banach

algebra.

Inspired by Definition 1.1 and [12, Definition 2.1], we introduce the notion of cone

b-metric space over Banach algebra.

Definition 1.2 Let X be a nonempty set, s > 1 be a constant and A be a Banach
algebra. Suppose that a mapping d : X x X — A satisfies for all z,y,z € X,

(d1) 0 < d(x,y) and d(z,y) = 0 iff x = y;

(d2) d(z,y) = d(y, v);

(d3) d(z,z) = s[d(z,y) + d(y, 2)].
Then d is called a cone b-metric on X, and (X,d) is called a cone b-metric space over

Banach algebra.

Remark 1.3 A cone metric space over Banach algebra must be a cone b-metric space
over Banach algebra. Conversely, it is not true. As a result, the concept of cone b-metric
space over Banach algebra greatly generalizes the concept of cone metric space over Banach

algebra.

We shall give some examples in an attempt to illustrate that it is an interesting increase
from cone b-metric space over Banach algebra to cone metric space over Banach algebra,
since there exist a lot of cone b-metric spaces over Banach algebras which are not cone

metric spaces over Banach algebras.

Example 1.4 Let A = C[0,1] be the usual Banach space with the supremum norm.
Define multiplication in the usual way: (zy)(t) = z(t)y(t). Then A is a Banach algebra
with a unit 1. Put K = {x € A : z(t) > 0,t € [0,1]} and X = R. Define a mapping
d: X x X — Abyd(x,y)(t) = |z — y[Pe’ for all x,y € X, where p > 1 is a constant. This
makes (X, d) into a cone b-metric space over Banach algebra with the coefficient s = 2P~

but it is not a cone metric space over Banach algebra.
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Example 1.5 Let X =P = {2z = (2,)n>1: 2, |[zaf <00} (0 <p<1). Letd: X xX —
n=1
RT,

0o 1

A(r,y) = (X Jen = wal")”,
where z = (2,)n>1, ¥ = (Yn)n>1 € [P. Then (X, d) is a b-metric space (see [11]). Put
A=1"={a= (an)n>1: Y. |an| < 0o} with convolution as multiplication:

n=1

ab = (an)HZI(bn>n21 - < 2. aibj)nzf

i+j=n

Then A is a Banach algebra with a unit e = (1,0,0,...). Let K = {a = (an)n>1 € A :
a, > 0, for all n > 1}, which is a normal cone in A. Defining a mapping d: X xX > A

by d(z,y) = (d(;;y) Jn>1, we conclude that (X, d) is a cone b-metric space over Banach alge-

bra with the coefficient s = 25 ' > 1, but it is not a cone metric space over Banach algebra.

Definition 1.6 Let (X, d) be a cone b-metric space over Banach algebra A and {z,} a
sequence in X. We say that

(i) {z,} is a convergent sequence if, for every ¢ € A with § < ¢, there is an N such
that d(z,,z) < c for all n > N. Ones write it by z,, = z (n — 00);

(i) {zn} is a Cauchy sequence if, for every ¢ € A with 6 < ¢, there is an N such that
d(xp, xy) < c for all n,m > N,

(iii) (X, d) is a complete cone b-metric space if every Cauchy sequence in X is conver-

gent.

Definition 1.7([17]) Let K be a solid cone in a Banach space A. A sequence {u,} C K
is said to be a c-sequence if for each ¢ > 6 there exists a natural number N such that
u, < cfor alln > N.

Lemma 1.8([20]) Let K be a solid cone in a Banach algebra A, {u,} and {v,} be two
c-sequences in K. If o, 5 € K are two arbitrarily given vectors, then {au, + fv,} is a

c-sequemnce.

Proof It is evident that {u, + v,} is a c-sequence (see [17]). We only show that {au,}

is a c-sequence. Indeed, without loss of generality, put 6 < «. For any ¢ > 0, there is a
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0 > 0 such that
Ulc,0) ={ueA:||lu—c|| <d} CK.

Set ¢ > 6 and ||co|| < 2. Notice that

lledl”

|(c — acy) — || = ||aco|| < Jlalll|eo]] < 6 = ¢ —acy € Ule,d) C K,

which implies that ¢ — acy € intK, i.e., acy < c. Since {u,} is a c-sequence, then there
exists N such that u, < ¢y for all n > N, thus au,, < ¢ (n > N).

Lemma 1.9([19]) Let A be a Banach algebra with a unit e, then the spectral radius p(u)
of u € A holds

p(u) = lim [Ju”||= = inf |ju"[|~.
n—od

Further, e — u is invertible and (e — u)™! = i u’ provided that p(u) < 1.
i=0
Lemma 1.10([19]) Let A be a Banach algebra with a unit e and u,v € A. If u commutes
with v, then
p(u+v) < p(u) + p(v), p(uv) < p(u)p(v).
Lemma 1.11([20]) Let A be a Banach algebra with a unit e and let k be a vector in A.
If p(k) < 1, then '
-1
plle—k)~) < T o0k

The following properties are often used (in particular when dealing with cone b-metric
spaces over Banach algebras in which the cones need not be normal)(see [2], [20]).

(pl) If # < u < ¢ for each ¢ € intK, then u = 6.

(p2) If u < v and v <€ w, then © <K w.

(p3) If u € K and p(u) < 1, then [[u"|| = 0 (n — o0).

(p4) If u < ku, where u, k € K and p(k) < 1, then u = 6.

(pb) If ¢ € intK and u, — 0 (n — o0), then there exists N such that, for all n > N,

one has u, < c.

2 Main results

In this section, by deleting the assumption of normality of cones, we shall prove some

fixed point theorems of generalized Lipschitz mappings in the setting of cone b-metric s-

5
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paces over Banach algebras. We also obtain the P properties of the mappings. Otherwise,
we present two examples to verify our results. Our examples indicate that cone b-metric
spaces over Banach algebras are never equivalent to b-metric spaces in terms of the exis-

tence of the fixed points of the mappings involved.

Theorem 2.1 Let (X,d) be a complete cone b-metric space over Banach algebra A
with the coefficient s > 1. Let K be a solid not necessarily normal cone of A. Suppose
T : X — X is a mapping and suppose that there exists k£ € K such that, for all z,y € X,
at least one of the following generalized Lipschitz conditions holds:

(i) d(Tx, Ty) < kd(z,y) and p(k) < 3;

(it) d(Tx, Ty) = k(d(Tz, ) + d(Ty,y)) and p(k) < 1i=;

(iii) d(Tz, Ty) =< k(d(Tz,y) + d(Ty,z)) and p(k) < =

s5+s2°

Then T has a unique fixed point in X.

Proof Fix o € X and set x; = Txy and 2,41 = Tx, = T"" ' xy. Then for all three cases

(1)-(iii), we shall prove that
d<xn+17 xn) = )\d(xn7 xn71)7 (21)

where A € K and p(\) < 1.

For the case (i), it ensures us that
d(xn+17 ]3”) = d(Txm Txn—l) = k‘d(l’n, xn—1>‘

Let A =k, (2.1) is clear.
For the case (ii), it is easy to see that
d(xps1,2n) = d(Txy, Trp 1) 2 k(d(Txy, ) + d(Txp_1,20-1))
= k(d(zpi1, zn) + d(p, Tp1)). (2.2)

1

As a consequence of p(k) < 11 < 1, it follows from Lemma 1.9 that e — & is invertible.

Hence by (2.2), we deduce that
ATy, Tn) = (e — k) kd(2pn, 2p1).

By Lemma 1.10 and Lemma 1.11, we speculate that

plle— k))<= f(’;zk) < iTﬁ — % (2.3)
6
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Put A = (e — k)7'k, (2.1) is obvious.

For the case (iii), we have

d(xps1,Tp) = d(Txy, Trp1) 2 k(d(Txy, xp—1) + d(zp, T2y—1))
= k(d($n+1> xnfl) + d(xnv xn)) = kd(xn+17 l'n,1)
= sk(d(zpy1, Tn) + d(xn, Tn_1)). (2.4)

On account of p(k) < 1, it follows from Lemma 1.9 that e — sk is invertible, then by (2.4),

one has
(i1, Tn) = (e — sk) L skd(pn, 2p_1).

Take advantage of Lemma 1.10 and Lemma 1.11, it establishes that

p((e — sk)'sk) < p((e — sk)™")p(sk)
p(sk) —_ sp(k) a1
~1—p(sk) 11— sp(k) S1- s, (25)

5+52

Choose A = (e — sk)~tsk, (2.1) is valid.
Making full use of (2.1), we get

A(Tpy1,Tn) 2 AT, Toe1) 2 N2d(Tp1, Tpo) = -+ 2 Nd(11, 70).

Note that p(A) < 1 implies e — s\ is invertible and
(e —sA) ™t =S (sA)

1=0

Hence, for any m > 1, p > 1 and A € K with p(\) < %, we have that

IA

A(Tm, Tmgp) 2 8[A( Ty Tmgr) + A(Timg1; Tomop)]

PN

Sd(ZEm, xm+1) + Sz[d($m+1, Im+2) + d(xm+27 xm+p)]
sd(

IA

Ty Trng1) + 82A(Tna1, Trng2) + 82 d(Timg2, Tmgs)
+ o T (T2, Tngp1) + 5P ATy 1, T
=< sA™d(z1, 20) + SN (21, 20) + AT (21, 20)
e b SPTINTP 2 (1 @) A SPNTP T (24, 30)
= s\"[e + sA + 2N+ -+ (sA)P ] d(21, wo)
=< s\"(e — sA\) " td(zy, xp).
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Since p(A) < + < 1 implies that [[A™|| = 0 (m — oo), further, {\™} is a c-sequence.
Thus we derive from Lemma 1.8 that {sA\™ (e —s\)~'d(x1,z0)} is a c-sequence. This means
{z,} is a Cauchy sequence in X. Since (X, d) is complete, there exists z* € X such that
x, = x* (n — o0). Next, we shall show x* is the fixed point. In order to complete it, we
consider three cases as follows.

For the case (i), one has
d(z*,Tz"*) = s[d(zpi1,2") + d(Tx,, Tx")] < sld(xpi1, %) + kd(z,, 7).

In view of z,, — z* (n — 00), it follows that {d(x,+1,2")} and {d(z,,2*)} are c-sequences.
So by Lemma 1.8 that {s[d(z,+1,2") + kd(z,,2*)]} is also a c-sequence. We obtain T'z* =

*

xT.

For the case (ii), it is not hard to verify that

d(z*, Tz") < s[d(zpi1, %) + d(Tx,, Tx")]
= sd(zpy1,2") + skld(zn, Tpgr) + d(x*, Tx")]. (2.6)

Note that e — sk is invertible, then (2.6) implies that
d(z*, Tx*) = s(e — sk) d(zpy1, 7°) + kd(Tp, Tny1)).

Because {z,} is a Cauchy and convergent sequence, it means {d(z,+1,2*)} and {d(z,, Tp+1)}
are c-sequences. Hence by Lemma 1.8 that {s(e — sk) ™} d(z11,2*) + kd(z,, Toy1)]} is also
a c-sequence. We have Tx* = x*.

For the case (iii), it is evident that
d(z*, Tz*) < s[d(zpi1, %) + d(Tx,, Tx")]

sd(Tpy1, %) + skld(zn, Tx™) + d(z*, Tp41)]
= sd(Tpy1, 7)) + S2k[d(z,, 2°) + d(2*, Tx*)] + skd(x*, 2,11). (2.7)

PN

Now that p(k) < =Lz < 5 determines that e — s°k is invertible, then (2.7) leads to

d(z*, Tx*) < s(e — s°k) (e + k)d(zpy1, %) + skd(z,, 7).

Since {d(z,,r*)} is a c-sequence, then by Lemma 1.8, {s(e — s*k)™![(e + k)d(xp1, %) +
skd(x,,x*)]} is also a c-sequence. Accordingly, Tz* = x*.
Finally, we shall prove the fixed point is unique. To this end, we suppose for absurd

that there exists another fixed point y*. We need to show it for three cases.

8
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For the case (i), it may be verified that
dz*,y*) =d(Tz", Ty") < kd(z*,y").

Consequently, y* = z*.
For the case (ii), it is valid that

dz*,y*) =d(Tz*, Ty") 2 k[d(z*, Tz*) + d(y*, Ty")] = 6.

That is, y* = «*.

For the case (iii), we arrive at

dz*,y") =d(Tz", Ty") 2 k[d(«*, Ty") + d(y*, Tx")] = 2kd(z*, y").

Because p(k) < -5 < ! leads to p(2k) < 1, we get y* = 2*. Finally, the claim holds.

1
2
Remark 2.2 Theorem 2.1 generalizes [20, Theorem 3.1-3.3]. Indeed, take s = 1 in The-
orem 2.1. Otherwise, Theorem 2.1 also generalizes [27, Corollary 3.8] from b-metric (or

metric type) space to cone b-metric (or cone metric type) space over Banach algebra.

It is well-known that if x* is a fixed point of a mapping 7', then z* is also a fixed point
of T" for each n € N. But the converse is not true. If a mapping 7 holds F(T) = F(T")
for each n € N, where F(T') denotes the set of all fixed points of T', then ones call T has
a P property (see [28-30]). The following results are generalizations of the corresponding
results in metric and cone metric spaces (see [28-30]). It will be obtained also without

using normality of cones.

Theorem 2.3 Let (X,d) be a cone b-metric space over Banach algebra A with the
coefficient s > 1. Let K be a solid not necessarily normal cone of A. Suppose T': X — X
is a mapping such that F(T') # () and that

d(Tx, T?*r) = pd(z, Tx) (2.8)

for all z € X, where u € K is a generalized Lipschitz constant with p(p) < 1. Then T has
a P property.
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Proof We shall always assume that n > 1, since the statement for n = 1 is trivial. Let

z € F(T"). By the assumption, it is clear that

d(z,T2) = d(TT" '2, T*T"2) < pd(T" 2, T"2) = pd(TT" 22, T*T" %)
< 2d(T 22, T 2) < - L ptd(2,Tz).

By virtue of p(u) < 1, it follows that ||x"|| — 0 (n — o00). Accordingly, {u"d(z,Tz)} is a

c-sequence. Then d(z,Tz) =0, ie., Tz = z.

Theorem 2.4 Let (X,d) be a complete cone b-metric space over Banach algebra A
with the coefficient s > 1. Let K be a solid not necessarily normal cone of A. Suppose
T : X — X is a mapping and suppose that there exists £k € K such that, for all z,y € X,
at least one of the following generalized Lipschitz conditions holds:

(i) d(Tx, Ty) < kd(x,y) and p(k) < 3;

(it) d(Tx, Ty) = k(d(Tz,z) + d(Ty,y)) and p(k) < 1=;

(iii) d(Tx, Ty) = k(d(Tx,y) + d(Ty,x)) and p(k) < =

5+s2°

Then T has a P property.

Proof Making full use of Theorem 2.1, we claim T" has a unique fixed point. In order to
utilize Theorem 2.3, we have to show (2.8). To this end, we divide it into three cases.
For the case (i), it follows that

d(Tx, T?*r) = d(Tz, TTz) = kd(z, Tz).

Let p =k, (2.8) is valid.

For the case (ii), we have
d(Tx, T?*r) = d(Tz, TTz) = k(d(x, Tz) + d(Tx, T*z)),

which establishes that
d(Tz, T?z) = (e — k) ‘kd(z, Tz).

Owing to (2.3), p((e — k)7'k) < 1 <1, then let pu = (e — k) 7'k, (2.8) is trivial.

For the case (iii), we have

d(Tx, T?*r) = d(Tz, TTz) = k(d(x, T*v) + d(Tz, Tz))
= kd(x, T?r) < sk(d(x,Tz) + d(Tx, T?z)),

10
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which means that
d(Tz, T?z) = (e — sk) 'skd(x, Tx).

In view of (2.5), p((e — sk)'sk) < 1 <1, then let p = (e — sk)~'sk, (2.8) is trivial.
Theorem 2.5 Let (X,d) be a complete cone b-metric space over Banach algebra A
with the coefficient s > 1. Let K be a solid not necessarily normal cone of A. Suppose

T : X — X is a mapping and there exists k € K and p(k) < % such that, for all x,y € X,

the following generalized Lipschitz condition holds:

where

(o) € {7,y 1), 25T, 20T

2s 7 2s
Then T has a unique fixed point in X. Moreover, T has a P property.

Proof If u=d(x,y), then by Theorem 2.1(i) and Theorem 2.4(i), the proof is valid. We
shall consider the other cases.

Fix zg € X and set x; = T2y and x,, .1 = Tz, = T""2y. Then we have that
d(xpi1, ) = d(Txy, Trp 1) S k- u(z,, v, 1),

where

d zanxn— d Lp— ,TZL‘n
U(xn’fn—ﬁe{d(%aTxn),d(xn_l,Txn_l), ( - 1)’ ( 213 )}

d(l'nfl ) anrl) }

- {d(xnyxn—i-l)ad(xn—lvxn)vgv 25

If d(xps1, 2) = kd(zp, Tpy1) or d(Tpy1,x,) =0, then for all n € N, d(x,,.1,2,) = 6. That
is, Tx, = 11 = x, for all n € N, thus z,, is the fixed point. If d(z41,2,) < kd(x,, 1),
ie., (2.1) holds if A = k. If d(zp 41, 2,) < k - Lon=bnst) then

d<xn71> anrl) d<xn717 xn) + d(l’n, xn+1)
T <k : (2.9)

2s - 2

d(-rnJrla :Un) j k :
Since p(k) < % implies that 2e — k is invertible, then (2.9) leads to
A(Tpyr, Tn) = (2 — k) 'kd(2y, 2p_1).

11
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Note that
~ plk) s 11
2—p(k) = 2-1 251 SE

Take A = (2¢ — k) "'k, hence (2.1) holds. Therefore, following an argument similar to that
given in Theorem 2.1, we obtain that there exists z* € X such that =, — z* (n — o).
In the following, we shall divide two cases to prove that x* is the fixed point.

For the case that u(x,y) = d(y, Ty), we have

d(z*,Tz") 2 s[ld(z*, Tx,) + d(Tx,, Tz")]
sld(z*, xpyq) + kd(z*, Tx")],

A

which follows that
d(z*, Tx*) < s(e — sk)'d(z*, Tpp1).

Because {d(z,11,2%)} is a c-sequence, then z* = Tx*.

For the case that u(z,y) = %, we arrive at

d(z*,Tz") 2 s[ld(z*, Tx,) + d(Tx,, Tz")]

d(x”, zy,
i s 4. 2]

= (S@ + %k) d(z", Tny1).

Now that {d(x,11,2%)} is a c-sequence, then z* = Tx*.
Next, we shall prove that the fixed point is unique. Assume there exists another fixed

point y*, then
d(z*,y") = d(Tz", Ty") < k- u(2", y"),

where

* * * * * * d$*7T * d *7Tx* dﬂ?*,y*
u(x,y)e{d($>T$),d(y>Ty), ( 283/)’ (y25 >}:{9> (23 )}

It is not hard to verify that z* = y*.
Finally, we shall prove T has a P property. In order to end this, we have to show (2.8).

We divide it into four cases.

12

577 Huaping Huang et al 566-583



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

For the case that u(x,y) = d(z, Tx), from
d(Tx, T?*r) = d(Tz, TTx) < kd(z, Tx),

we have (2.8).
For the case that u(x,y) = d(y, Ty), we get

d(Tx, T?*r) = d(Tz, TTz) < kd(Tx, T*x),

which means that d(Tz, T?r) = . Hence (2.8) is clear.

For the case that u(z,y) = d(g’—sTy), we obtain
9 d(z, T%z)  k 5
d(Tz, T*x) =d(Tz, TTz) 2 k - —5 = i[d(x,Tx) +d(Tz, T x)],
s
which implies that d(Tz, T?z) < (2¢ — k)" 'kd(z, Tx). So (2.8) is obvious.
For the case that u(z,y) = %, we obtain
d(Tx, T
d(Tx, T?z) = d(Tx, TTx) < k - % 9,
s

which establishes that d(T'z, T?x) = 6. Thus (2.8) is obvious.
Therefore, by using Theorem 2.3, T" has a P property.

In the following, we shall furnish two nontrivial examples to support our main results.

Example 2.6(the case of a non-normal cone) Let A = C}[0, 1] and ||u|| = [Julloo + ||| 0o
be its norm. Define usual pointwise multiplication as its multiplication. Clearly, A is a
Banach algebra with a unit e = 1. Put K = {u € A : v = u(t) > 0,t € [0,1]}. Then K
is a non-normal cone (see [2]). Set X = {a,b,c} and define a mapping d : X x X — A
by d(a,b)(t) = d(b,a)(t) = €', d(b,c)(t) = d(c,b)(t) = 2¢', d(a,c)(t) = d(c,a)(t) = 4,
d(a,a)(t) = d(b,b)(t) = d(c,c)(t) = 0. One claims that (X, d) is a cone b-metric space over
Banach algebra A with the coefficient s = %. But it is not a cone metric space over Banach
algebra since it does not satisfy the triangle inequality. Now let a mapping T : X — X
be Ta =Tb =b, Tc = a and let k € K with k(t) = 3t + . It is not hard to verify that
all conditions of Theorem 2.1 in the case of (i) hold. Therefore, 2* = b is the unique fixed

point. Clearly, T" has a P property.

13
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Example 2.7(the case of a normal cone) Let A = R? with the norm ||(uy, us)|| = |u1| +

|ug| and the multiplication by
uv = (uy, ug)(v1, v2) = (U1, ULV + Ugvy).

Put K = {u = (uj,us) € A : ug,uy > 0}. It is easy to see that K is a normal cone
and A is a Banach algebra with a unit e = (1,0). Let X = [0,0.55] x [—2,2] and for all
T = (21,22),y = (y1,92) € X, d(z,y) = (Jz1 — y1|?, |72 — ¥2|*). We demonstrate that (X, d)
is a complete cone b-metric space over Banach algebra A with the coefficient s = 2.

Define a mapping T : X — X as

1 1
Tr =T(x1,29) = (é(cos % — |1 — 5]), arctan(2 + |xq|) + In(zy + 1))

By using mean value theorem of differentials, we have
d(T:L‘, Ty) = d(T(ZEh ‘/172)7 T(yh y2))
1 x 1.2
= (‘2(00851 —cos— — |y — —\ + |y1 — 5])‘ ,
|arctan(2 + |z5|) — arctan(2 + |yz|) + In(zq + 1) — In(y; + 1)]2>

_ 1 2 /1 ?
(P2 gl —al) s (Gl =l o =) )

(‘5514-3/1 1\2
1
3

PN

PN

—) o1 =12l — 1ol + s — 1al?)

’372 yal® + 2|z, — y1|2>

IA

(
(5t
(5

PN

2) (o = %, foa = ol?)
- (3 2>d(x v)

for all z, € X. Denote k = (3,2). Careful calculations show that all conditions of Theo-
rem 2.1 in the case of (i) hold. Thus T has a unique fixed point in X.

It is well-known that some results concerning fixed points and other results, in case of
cone spaces with non-normal cones, cannot be provided by reducing to metric spaces (see
[2]). In other words, if the underlying cones are non-normal, then some fixed point results
in cone spaces are not equivalent to those of metric spaces. Otherwise, [3-10] appeal to
the equivalence if the cones are normal cones. However, next, we shall claim our fixed

point results in cone b-cone metric spaces over Banach algebras are never equivalent to the

14
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counterparts in b-metric spaces even if the cones are normal cones. For this, we consider
Example 2.7. Put

de(z,y) =& od(z,y) =inf{r e R:d(z,y) <re}, z,y€X,

where e = (e, €2) € IntK, &(y) =inf{r e R:y € re— K} (y € A). Then by Theorem 2.1
of [8], d¢ is a b-metric. We shall prove our conclusions are not equivalent to the well-known

Banach contraction principle in b-metric space. Indeed, taking 2’ = (%, 0), v = (0,0) and

e = (1,3), we have
de(T2', Ty') = inf {r ceR: (i(cosi - %)2, <1n §)2> = r<1, %)}
(3ot 1) () ()
= i = de(z',y/),
which implies that there does not exist A € [0, 1) such that
de(Tz, Ty) < Me(,y)

for all x,y € X. Thus it does not satisfy the contractive condition of Banach contraction
principle in b-metric space. That is to say, the proof of [8, Theorem 2.6] will be unreasonable

if under the setting of cone b-cone metric space over Banach algebra.
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LEE-CHAE JANG AND TAEKYUN KIM

General Education Institute, Konkuk University, Chungju 138-701, Korea
E-mail : leechae.jang@kku.ac.kr

Department of Mathematics, Kwangwoon University, Seoul 139-701, S. Korea
E-mail : tkkim@kw.ac.kr

ABSTRACT. In this paper, we study some properties of Bell polynomials which are repre-
sented by the the linear combination of special polynomials. By using those properties, we
give some new identities of Bell polynomials associated with special numbers and polyno-
mials.

1. INTRODUCTION

The stirling number of the first kind is defined as

(J:)n:95(36—1)-~-(33—n—1):Zsl(n,l)acl7 (n>0) (1)

n

0
and the stirling number of the second kind is given by
2" =Y sa(n,D)al, (n>0)  (see [10,13,17)). (2)
1=0
It is known that the Bell polynomials are defined by the generating function to be
‘ > tr
et(e'=1) _ Z Beln(x)a (see [4,6,16,17,18]). (3)
n=0

When = = 1,Bel,, = Bel, (1) are the Bell numbers. Note that Bel,(0) = d¢ ., (n > 0).
As is well known, the Bernoulli polynomials are defined by the generating function to be

oo n

Lt =S B @)E (see [1,7)), (4)
et — 1 n!

n=0

and the Euler polynomials are given by the generating function to be

i 1emt = ;En(z)g (see [1 —18]). (5)

et

1991 Mathematics Subject Classification. 11B68, 11540.
Key words and phrases. Stirling number, Bell polynomial, Bernoulli polynomial, Daehee polynomial, Euler
polynomial, Chauchy polynomial, Changhee polynomial.
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The Cauchy polynomials are given by

t - i
gt sy —T;Cn(x)a (see [6,11]), (©)

and the Daehee polynomials are defined by the generating function to be

LR S SN E Ly e ) @
n=0

t

Finally, we introduce the Changhee polynomials which are given by the generating function
to be

2 L t"
51+ 7;:00%(9:)@ (see [10]). (8)

Recently, several authors have studied these several special polynomials( see [1-18]).

In this paper, we study some properties of Bell polynomials which are represented by the
the linear combination of special polynomials. By using those properties, we give some new
identities of Bell polynomials associated with special numbers and polynomials.

2. SOME IDENTITIES OF BELL POLYNOMIALS

From (3), we easily derive the following equation:

Bel,(x) =" Z %l". (9)
=0
By replacing t by e ~1in (4), we get
et —1 ¢ > 1
z(e'—=1) _ St 1 \ym
eet_l _16 - Z Bm(x)m'(e 1)

I
M8
2.
JH
]
|

(10)

Il
[]e
—— UU
3
&
™
3
"
g
8
g
—
5 [ 3

and

e =1 z(ef—=1) __ = B 1 t_1ym = Bel t
e = X B 0 | L Behe)gy

m=0 =0

©0 k 1k o0 4
© B () i) )

- Z {Z (Z) Z BmSQ(k,m)Belnk(x)} % (11)

k=0 m=0

Therefore, by (10) and (11), we obtain the following theorem.
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Theorem 2.1. Forn > 0, we have

n k
Z B, (z)sa(n,m) = Z (Z) Z B,,,s2(k, m)Bel,,_(x). (12)

k=0 m=0

Let us take e' — 1 instead of ¢ in (5). Then we have

o0

2 z(et— 1 m
erle’ -1 = ZEm(m)ﬁ(et—l)

and

t_
e’ - 1— 1 r(etfl)
et —1

— i{i( ) ZE,M k,m)Bel,_i(x )}f; (14)

m=0

Therefore, by (13) and (14), we obtain the following theorem.

Theorem 2.2. Forn > 0, we have

n

m k
Z sa(n, m)Eny( Z ( ) Z E,,s2(k, m)Bel,_(x). (15)

m=0 k=0 m=0

From (6), by replacing t by e "1 -1, we get

T = Y (< - )
n=0
(Z Cr(z)sa(m n)) %m' (16)

|
i

1<ett1> (Z{Belm(w‘f'l)—Bel (z )}tm>
oo tk o Bely+1(z+1) — Belyy1(x) ] t™
- (Srt) (5 (st eaty )

m=0
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> [ < [/ Bel, 1) — Bel,, tm
= 21X ( R “(x))Bn_m(") —.(17)
=\ = m+1 m m!

Therefore, by (16) and (17), we obtain the following theorem.

Theorem 2.3. Forn > 0, we have

Z G (2)samim) = Z (Z) B (Belm+1(z +m 11 - Belm+1(:1:)> . (18)

m=0

Let us take e ~1 — 1 instead of ¢ in (7). Then we have

et -1 z(ef— = 1 el — n
eet_Tle ( 1) = ZDH(Q?’)E(G 171)

n=0 ’
e o] 1 o0 (et _ l)m

= ;Dn(x)ﬁn' ;Sg(m, R)T
o (k. m k!

= Z Z Z D,,(z)s2(m,n)ss(k, m) i (19)
k=0 \m=0n=0 )

and

Il
\M8
—

NgE
D
~—

]

o}
%
I
oyl
2
T
3
=
:,_/
- 3
8

Therefore, by (19) and (20), we obtain the following theorem.

Theorem 2.4. Forn > 0, we have

n

ZZD x)sa(k,m)sa(n, k) = Z()ZBmSka)Beln k(). (21)

k=0m=0 k=0 =0

By replacing t by e 1 — 1, we get

ﬁeuef—l) = Tic*hn(x)w
- icm(az)g@(m n) & %!l)m
_ mij {ni] Chn(x)sg(m,n)> — (e =1
- mio {i C’hn(x)SQ(m,n)> ki s2(k,m) Z
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5
oo k. m tk
= Z Z Z Chy(z)sa(m,n)sa(k,m) l
k=0 \m=0n=0 ’
(22)
and
2 ¢ > (et —1)" > t
2 (e -
pr—— (Z E, " ZBell(as)“
n=0 1=0
Z En(a:)ﬁn Z sa(k,n) i Z Bell(:z:)ﬁ
n=0 k=n =0
Z Z E,s2(m,n) Z Bell(x)ﬁ
m=0 \n=0 =0
oo k k m tk
= Z Z E,s2(m,n)Bely_m(z) | —. (23)
m k!
k=0 \m=0 n=0
Therefore, by (22) and (23), we obtain the following theorem.

Theorem 2.5. For k > 0, we have

k k m k. m
Z ( ) ZEnSQ(m,n)Belk_m(x) = Z ZChn(x)SQ(m,n)SQ(k,m). (24)

m=0 m n=0 m=0n=0
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The rough intuitionistic fuzzy set theory is an extension of the theory of rough fuzzy sets. For
further studying the theories and applications of rough intuitionistic fuzzy sets, in this paper, we
propose a type of rough intuitionistic fuzzy sets and investigate its topological structure. It is
proved that an intuitionistic fuzzy topology is induced by a binary relation in a crisp approxima-
tion space, and a preorder is generated by a family of intuitionistic fuzzy sets. Moreover, there
exists a one-to-one correspondence between the set of all intuitionistic fuzzy topologies having
property (*) and the set of all preorders. That is to say, there exists a one-to-one correspondence
between the set of all intuitionistic fuzzy topological spaces having property (*) and the set of
all crisp approximation spaces whose relations are preorders.

Keywords: approximation operator; preorder; rough intuitionistic fuzzy set; intuitionistic
fuzzy topology.

1 Introduction

Rough set theory was proposed by Pawlak [14] to deal with imprecision, vagueness, and
uncertainty in data analysis. In classical Pawlak rough set theory, the lower and upper approxi-
mation operators are two important basic concepts. The equivalence (indiscernibility) relations
or partitions are the simplest formulation of the lower and upper approximation operators. How-
ever, the requirement of the equivalence relation in Pawlak rough set model seems to be a very
restrictive condition that may limit the application domain of the rough set model. To solve this
problem, many authors have generalized the notion of approximation operators by using more
general binary relations [4, 20, 21, 26, 27] or by employing coverings [2, 3, 28, 33]. Moreover,
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rough sets can also be generalized into the fuzzy environment and the results are called rough
fuzzy sets and fuzzy rough sets [8, 9, 10, 12, 13, 15, 16, 19, 22, 23, 24, 30].

As an extension of the theory of fuzzy sets, the theory of intuitionistic fuzzy (IF, for short)
sets is originated by Atanassov [1]. A fuzzy set gives a degree of which element belongs to a set,
but an IF set gives both a membership degree and a nonmembership degree. Obviously, an IF
set is more objective than a fuzzy set to describe the vagueness of data or information. Many
authors generalized the concepts and operations in fuzzy set theory into IF set theory, to enrich
the theory of IF sets and enlarge the application of IF sets. Therefore, the combination of IF set
theory and rough set theory is an interesting research issue over the years [5, 7, 17, 18, 29, 31].
The rough IF sets are indeed natural generalizations of rough fuzzy sets and will be applied in
decision analysis.

Topology is a mathematical tool to study information systems and rough sets. It is important
to discuss topological structures of rough sets. Many authors investigated topological structures
of rough sets in the fuzzy environment [11, 32, 25]. Zhou et al. presented a one-to-one correspon-
dence between the set of all IF reflexive and transitive approximation spaces and the set of all
IF rough topological spaces [32]. Lin and Wang discussed the topological properties of IF rough
sets [11]. Xu and Wu investigated topological structures of a type rough IF sets [25].

This paper is devoted to the discussion of a type of rough IF sets and its topological structure.
Firstly, in a crisp approximation space, an IF topology is generated by the relation, whose interior
and closure operators are IF lower and upper approximation operators respectively. Then, a
preorder is induced by a family of IF sets. Moreover, there exists a one-to-one correspondence
between the set of all intuitionistic fuzzy topological spaces having property (*) and the set of
all crisp approximation spaces whose relations are preorders.

2 Basic Concepts and properties

In this section, we introduce the basic concepts about binary relation, intuitionistic fuzzy set
and intuitionistic fuzzy topological space.

Throughout this paper, U will be a nonempty set called the universe of discourse. The class
of all subsets (intuitionistic fuzzy subsets, respectively) of U will be denoted by P(U) (by ZF(U),
respectively).

Definition 1. Let U be a set, U x U the product set of U and U. Any subset R of U x U
is called a binary relation on U. For any (z,y) € U x U, if (x,y) € R, we say z has relation
R with y, and denote this relationship as zRy. For any x € U, we call the set {y € U|zRy}
the successor neighborhood of z in R and denote it as Ry(x), and the set {y € UlyRx} the
predecessor neighborhood of = in R and denote it as R,(x). Let R be a relation on U.

(Reflexive relation) If for any = € U, xRz, we say R is reflexive. In another word, if for any
x €U, z € Ry(x), R is reflexive.

(Transitive relation) If for any z,y,2z € U, xRy and yRz = xRz, we say R is transitive. In
another word, if for any x,y € U, y € Rs(z) = Rs(y) C Rs(z), R is transitive.
(Preorder) A binary relation R is referred to as a preorder if R is reflexive and transitive.

Definition 2 [1]. Let U be a non-empty set. An intuitionistic fuzzy set A in U is an object
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having the form
A={<z,pa(z),va(x) > |z €U},

where pyg : U — [0,1] and 4 : U — [0, 1] satisfy 0 < pa(z) +va(z) < 1forall z € U, and pa(x)
and v4(x) are, respectively, called the degree of membership and the degree of nonmembership
of the element = € U to A.

Obviously, a fuzzy set A = {< x,ua(x) > |z € U}, can be identified with the IF set of the
form A = {< z,pa(z),1 — pa(z) > |z € U}. Thus, an IF set is indeed an extension of a fuzzy
set. We introduce some basic operations on ZF(U) in the following definition.

Definition 3 [1]. Let A,B € ZF(U) and {A;|j € J} C ZF(U), where J is an index set. Define
the operations as follows:

ACB &S pa(x) <pp(r) and ya(z) > yp(x) for all z € U,
AD B BD A,

A=B& ACBand BD A,

ANB ={<z,pa(z) \pp(x),v4(x) Vyp(T) > |2 € U},
AUB={<z,pa(@)V pp(x),v4(x) Nyp(2) > v € U},
A ={<z,7a(x), palz) > |z €U},

NA; = {< @, Apa, (), Vya,(z) > |z € U},

UA; = {<a,Vpa, (), Nva, (x) > [z € U},

0~ =4{<2,0,1>|zeU}, 1. ={<2,1,0> |z € U}.

Definition 4 [6]. An IF topology 7 on a nonempty set U is a family of IF sets in U satisfying
the following axioms:

(T1) O,y 1 € 7,
(Tg) G1 NGy € 7 for all Gl,GQ €T,
(T3) UjesG; € 7 for an arbitrary family {G;|j € J} C 7.

In this case the pair (U, 1) is called an IF topological space and each IF set G € 7 is known as
an IF open set in U, and the complement G of an IF open set G in (U, 7) is called an IF closed
set in U. For any A € ZF(U), the IF interior and IF closure of A are, respectively, defined as
follows:

int(A) = U{G|G € 7, G C A},
cd(A)=n{K|K°er, ACK},

where int and cl are, respectively, called the IF interior operator and the IF closure operator of
T.

It can be shown that cl(A) is an IF closed set and int(A) is an IF open set in U, A is an IF
open set in U if and only if int(A) = A, and A is an IF closed set in U if and only if cl(A) = A.
Some properties of IF interior operator and IF closure operator are presented as

Proposition 1. Let (U,7) be an IF topological space and A,B € ZF(U). Then the following
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properties hold:

(1) cl(A°) = (int(A)), int(A) = (cl(A))*,

~
S
~
—~
b
~—
—_ —
Il
~
S
~~
—~
b
~— —
Q
=
—~
Q
=
—~
b
N
N
|
Q
=
—~
b
N

Conversely, it is easy to verify that if an IF operator i : ZF(U) — IF(U) (¢ : ZF({U) —
IZF(U), respectively) satisfies the following properties: for any A, B € ZF(U),

then {Ali(A) = A, A€ ZF(U)} ({A%|c(A) = A, A € TF(U)}, respectively) is an IF topology
on U and denoted by 7(i) (7(c), respectively).

3 The one-to-one correspondence between IF approxima-
tion operators and IF topological spaces

Firstly, we introduce the definition of IF approximation operators.

Definition 5. Let R be a binary relation on U. Then (U, R) is called a crisp approximation
space. Define a family of IF sets as follows:

AR) ={Ac ZF(U)N(z,y) € R,pa(x) < pa(y),va(x) > va(y)}-

Then a pair of rough IF approximation operators are defined by

R(X)=U{A|[AC X, A € A(R)},
R(X)=n{A|X C A, Ac AR)}.

Since Dubois and Prade proposed rough fuzzy set [8], much authors have discussed properties

of rough fuzzy set [9, 23, 24]. At the same time, the definitions of rough fuzzy set in [9, 23, 24]

were extended to rough IF set [17, 18, 25, 31]. It is easy to verify that the definition of the rough
IF in Definition 5 is different from that in [17, 18, 25, 31].

It is easy to get properties of rough IF approximation operators: VA, B € ZF(U),
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3.1 From a crisp approximation space to an intuitionistic fuzzy topo-
logical space

In this subsection, we will present more properties of A(R), R and R.
Proposition 2. Let R be a binary relation on U. Then, for any B C A(R), UB,NB € A(R).

Proof. For any (z,y) € R and B € B, we get pugp(z) < pp(y) and vg(x) > vp(y). Thus

ZLzB()l‘) < pus(y) and Yug(x) > YuB(Y), prs(z) < pas(y) and Yag(x) > s(Y). So UB,NB <
R).

Corollary 1. Let R be a binary relation on U. Then

(1) A(R) is an IF topology,
(2) R and R are, respectively, the IF interior operator and the IF closure operator of A(R).

Proof. (1) It is clear that 0.,1. € A(R). Thus, according to Definition 4 and Proposition 2,
A(R) is an IF topology.
(2) By (1) and Definition 4, we can get this proposition.

From Corollary 1, we know that A(R) is a IF topology if R is an arbitrarily relation, and R and
R are, respectively, the IF interior and closure operators of A(R). Hence R(A)NR(B) = R(ANB)
and R(A)UR(B) = R(AUB) for all A, B € ZF(U). To get more properties of A(R), we suppose
R is a preorder in the following.

Proposition 3. Let R be a preorder on U. Then, for any z,y € U, xRy if and only if
1a(@) < pay) and va(@) > va(y) for all A € A(R).

Proof. “=7". If xRy, by the definition of A(R), it is easy to obtain that pa(x) < pa(y) and
va(z) > va(y) for all A € A(R).

“<”. Suppose (z,y) € R, then define an IF set B as follows: for any u € U,

o) = { 4 T n) =1~ untu).

For any (u1,u2) € R, if ug & R,(y), then up(uz) = 1. So up(ur) < pp(uz). If ug € R,(y),
hence (ug,y) € R. Since R is transitive and (u1,u2) € R, we have (u1,y) € R. Thus u; € Ry(y),
wp(ur) = 0, which implies pp(u1) < pp(usz). So we can conclude that pup(ui) < pp(ug). Then
vp(u1) =1 —pp(ur) > 1 — pup(uz) = yp(uz). Consequently, B € A(R).

Since R is reflexive, we obtain y € R,(y), so ug(y) = 0. By (z,y) € R, = ¢ R,(y), thus
up(z) =1.

In conclusion, there exists B € A(R) such that pp(z) > up(y), which contradicts the as-
sumption of this theorem.

Proposition 4. Let R be a preorder on U. Then, for any x € U and a,b € [0,1] witha+b < 1,
there exists an A € A(R) such that for any z € U,

[ a, z€ Ry(x); | b,z € Ry (x);
palz) = { 0, z¢ Rs(x), 7a(2) = { 1, z¢ Ry(x).
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Proof. We only prove A € A(R). In fact, for any (u,v) € R, if u € Rs(x), we have v € Rq(x) since
R is transitive. R is reflexive, so pa(z) = pa(u) = pa(v) = a and va(z) = ya(u) = ya(v) = b.
If u & Rs(x), then pa(u) = 0 and y4(u) = 1. Hence pa(u) < pa(v) and ya(u) > va(v). In
conclusion, pua(u) < pa(v) and y4(u) > y4(v). Therefore, A € A(R).

3.2 From an intuitionistic fuzzy topological space to a crisp approxi-
mation space

Definition 6. Let A C IF(U), then define a binary relation from A as follows:

R(A)={(z,y) e U x UNA € A, pa(z) < pa(y),va(z) > va(y)}-

In Definition 6, a binary relation is induced from a family of intuitionistic fuzzy sets. Propo-
sition 5 below gives the properties of R(A).

Proposition 5. Let A C IF(U), then R(A) is a preorder.

Proof. For any x € U and A € A, pa(xz) = pa(z) and ya(z) = ya(z), then (z,z) € R(A). We
obtain that R(A) is reflexive.
For any z,y,z € U, if (z,y) € R(A) and (y,2) € R(A), then for any A € A, pa(x) < pa(y)

and 7a(z) > ya(y), pa(y) < pa(z) and va(y) > va(2). So pa(z) < pa(z) and ya(z) > va(2).
Hence (z,z) € R(A). It follows that R(A) is transitive.

By Proposition 5, we can induce a preorder from a family of IF sets. We first convert a
preorder R into a family of IF sets A(R), then convert the family of IF sets A(R) into a preorder
R(A(R)), and consider the relationship between R and R(A(R)).

Theorem 1. Let R be a preorder on U. Then R = R(A(R)).

Proof. For any (z,y) € R, by the definition of A(R), pa(z) < pa(y) and ya(z) > va(y) for all
A € A(R). According to Definition 6, (z,y) € R(A(R)), so R C R(A(R)). Conversely, for any
(z,y) € R(A(R)), pa(z) < pa(y) and 'yA( ) > va(y) for all A € A(R). From Proposition 3,
(z,y) € R, so R(A(R)) C R. Therefore, we obtain R = R(A(R)).

If we first convert a family of IF sets A into a preorder R(A), then change the preorder R(.A)
into the family of IF sets A(R(A)), A = A(R(A))?

Proposition 6. Let A C ZF(U), then A C A(R(A)).

Proof. For any A € A, by the definition of R(A), pa(x) < pa(y) and ya(x) > va(y) for all
(z,y) € R(A). According to Definition 5, we have A € A(R(A)). So A C A(R(A)).

Generally, A(R(A)) is not equal to A.

R(A)= {(a,a),(a,b),(b,b)}. Thus, we have B = {< a, 3
B ¢ A. So A(R(A)) # A.

)

Example 1. Let U = {a,b} and A= {A}, where A = {< a,% i><
1
3

N
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In order to give a sufficient and necessary condition for A(R(A)) = A, we propose two
properties for a family of IF sets A.

Property (%): for any « € U and a,b € [0, 1] with a + b < 1, there exists an A € A such that
for any z € U,

1A (2) :{ a, z€ R(A)s(x); a(2) :{ b, z€ R(A)(z);

0, z¢& R(A)s(x), 1, z¢& R(A)(z).

Property (xx): for any B C A, UB € A.

Theorem 2. Let A CZF(U), then A= A(R(A)) if and only if A has properties (x) and (*x).

Proof. “=7”. From Proposition 5, R(A) is a preorder. By Proposition 4, for any = € U and
a,b € [0,1] with a + b < 1, there exists an A € A(R(A)) such that for any z € U,

{4 z€R(A)L@) [ b ze RA)()
“M”‘{07z%Ru%@»”“”‘{l,z¢mm4m

Since A = A(R(A)), A satisfies property (x) by Proposition 2. According to Proposition 4,
A(R(A)) satisfies property (%), which implies that A has property (xx).

“«<”. By Proposition 6, A C A(R(A)). Now we prove A(R(A)) C A. Let A € A(R(A))
then for any (u,v) € R(A), pa(u) < pa(v) and ya(u) > ya(v). Since A satisfies property (x)
for any x € U, there is B, € A such that for any z € U,

[ uale), =€ RA)(@); [ qa). =€ R(A)(2)
““”‘{M%7 z¢MAu@,”“”‘{Vﬁ, 2 & R(A) ().

Then A = {J,cy Bz In fact, for any y € U, since R(A) is reflexive, We have y € R(A),(y). So
us,(y) = pa(y) and v, (y) = va(y). Hence

3
3

pay) < Voevrn, (W) = ny _ p)W): 14W) 2 Aaevve. W) =1y B W):

Conversely, for any z € U, if y ¢ R(A)s(x), then pp, (y) =0 and v, (y) = 1. If y € R(A)s(z),
then g, (y) = pa(z) < pa(y) and y5, (y) = va(x) = va(y). So
M., 8. W) = Vaevnn, () < pa) v 5)W) = Neev78. (¥) 2 74(Y).

x

Therefore, by property (+x), A =J,c Bz € A, which implies A(R(A)) C A.

From Theorem 2, A having properties (x) and (xx) is a sufficiency and necessary condition
for A= A(R(A)). By Corollary 1 and Theorem 2, it is easy to obtain

Corollary 2. Let A CZF(U), then A= A(R(A)) if and only if A is an IF topology satistying
property ().

Denote the set of all preorders on U as E, and denote the family of all IF topologies on U
having property (%) as A. Combining Theorem 1, Corollaries 1 and 2, we have
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Theorem 2. Let U be a non-empty set. Then there exists a one-to-one correspondence between
R and A.

Proof. Define a mapping f : R — A by f(R) = A(R). And define a mapping g : A — R by
g(A) =R(A). For any R € R, by Theorem 1 and Corollary 1, we get g o f(R) = g(A(R)) =
R(A(R)) = R. For any A € A, according to Proposition 5 and Corollary 2, fog(A)= f(R(A)) =
A(R(A)) = A. Then there exists a one-to-one correspondence between R and A.

By Theorem 2, there exists a one-to-one correspondence between crisp approximation spaces
whose relations are preorders and IF topological spaces having property ().

4 Conclusion

In this paper, an IF topology has been induced in a crisp approximation space, whose
IF interior and closure operators are IF lower and upper approximation operators respectively.
Conversely, a preorder has been generated by a family of IF sets. The important contribution of
this paper is that we establish a one-to-one correspondence between the set of all intuitionistic
fuzzy topological spaces having property (x) and the set of all crisp approximation spaces whose
relations are preorders. In our future work, we will discuss relationships between this type of
rough IF sets and other types of rough IF sets, and explore connections between rough IF sets
and covering-based rough sets.
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