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A Recurrent Neural Fuzzy Network

George A. Anastassiou
Department of Mathematical Sciences, University of Memphis
Memphis, TN 38152, U.S.A.
ganastss@memphis.edu
[uliana F. Iatan
Department of Mathematics and Computer Science
Technical University of Civil Engineering Bucharest
iuliafi@yahoo.com

Abstract

Besides the feedforward neural networks, there are the recurrent net-
works, where the impulses can be transmitted in both directions due to
some reaction connections in these networks. Recurrent neural networks
are linear or nonlinear dynamic systems. The dynamic behavior presented
by the recurrent neural networks can be described both in continuous time,
by differential equations and at discrete times by the recurrence relations
(difference equations). The distinction between recurrent (or dynamic)
neural networks and static neural networks is due to recurrent connec-
tions both between the layers of neurons of these networks and within the
same layer, too. The aim of this paper is to describe a Recurrent Fuzzy
Neural Network (RFNN) model, whose learning algorithm is based on the
Improved Particle Swarm Optimization (IPSO) method. Each particle
(candidate solution), which is moving permanently includes the parame-
ters of the membership function and the weights of the recurrent neural-
fuzzy network; initially, their values are randomly generated. The RFNN
presented in this paper is unlike the others variants of REFNN models, by
the number of the evolution directions that they use: in this paper, we up-
date the velocity and the position of all particles along three dimensions,
while in [8] are used two dimensions.

Keywords: recurrent networks; Improved Particle Swarm Optimiza-
tion method; fuzzy rules; Wavelet Neural Network; feedback weight; de-
layed operator.

1 Introduction

Neural network (NN) is one of the important components in Artificial Intelli-
gence (AI). NN architectures used in modelling of the nervous systems can be
classified into three categories, each with a different philosophy: feedforward,
recurrent (feedback), self-organizing map. Neural networks (NNs) are used in
many different application domains in order to solve various information pro-
cessing problems. For several years now, neural network models have enjoyed
wide popularity [4], being applied to problems of regression, classification, com-
putational science, computer vision, data processing and time series analysis.
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Figure 1: Schematic diagram of the WNN.

The main drawback of the feedforward neural networks is that the updating
of the weights can fall [17] in a local minimum. An other major drawback of the
feedforward neural networks consists in the fact that their application domain
is limited to static problems due their inherent feedforward structure.

Since recurrent networks incorporate feedback, they have powerful represen-
tation capability and can [17] successfully overcome disadvantages of feedfor-
ward networks. This feedback implies that the network has [12] local memory
characteristics that is able to store activity patterns and present those patterns
to the network more than once, allowing the layer with feedback connections to
use its own past activation in its preceding behavior.

The Recurrent Neural Network (RNN) has the feedforward and feedback
connections contrasted which provides it with nonlinear mapping capacity and
dynamical characteristics, so it can be used [22] to simulate dynamical system
and solve dynamic problems. Different architectures can be created [12] by
adding recurrent connections at different points in the basic feedforward archi-
tecture.

Recently some researchers have proposed several recurrent neuro- fuzzy net-
works. Kumar et al. 2004 compares the traditional feedforward approach of
RNNs to forecast monthly river flows. Lin & Hsu, 2007 has proposed [10] a
recurrent wavelet-based neuro- fuzzy system with the reinforcement hybrid evo-
lutionary learning algorithm for solving various control problems. Carcano et
al., 2008 has simulated [3] daily river flows for water resource purposes using the
Jordan Recurrent Neural Network. Maraqua et al., 2012 has proposed [12] the
use of a recurrent network architecture as a classification engine for automatic
Arabic Sign Language recognition system. Ster, 2013 has introduced [18] an
extended architecture of recurrent neural networks (called Selective Recurrent
Neural Network) for dealing with long term dependencies.

1.1 Wavelet Neural Networks

Neural networks employing wavelet neurons are referred to as Wavelet Neural
Networks(WNNs) [10]; they are characterized by weights and wavelet bases.

Lin & Chin, 2004 was proposed a Recurrent Neural Fuzzy Network (RNFN)
where each fuzzy rule corresponding to a WNN (see Figure 1) consists (see [11],
[8]) of single-scaling wavelets. The shape and position of the wavelet bases are
shown [11] in Figure 2.

An ordinary wavelet neural network model is often used to normalize input
vectors in the interval [0, 1]. The functions ¢, (z;) are used to input vectors
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Figure 2: Wavelet bases are over-complete and compactly supported.

to fire up the wavelet interval; a such value is given in the following equation,
which gives the shape of the M wavelet bases ¢¢.9, ¢1.0,---, Pm.m:

¢(x;) = cos(x;), —0.5 <z; <05
(1)
0 otherwise, ¢ap(x;) = cos(ax; — b),
b =1,a, a = 1,m, b being a shifting parameter and a meaning a scaling
parameter corresponding to the maximum value of b.
A crisp value @, can be obtained as follows:

o = ZI A, ©)

where | X| represents the number of input dimensions and n is the dimension of
the input vector to the model.

1.2 Z- transform

The Z- transform is [20] the discrete- time counterpart of the Laplace transform.
The Z- transform can be considered to be an extension of the discrete- time
Fourier transform as the Laplace transform can be considered an extension of
the Fourier transform.

The bilateral Z- transform of a discrete- time sequence x(n) is:

o0

Z{x(n)} = X(z) = Z x(n)z™". (3)

n=—oo
For causal sequences (n > 0) the Z- transform becomes:

oo

Z{zx(n)} = X(z) = Z x(n)z=". (4)

n=0
The equation (4) is called the unilateral Z- transform; it exists only if the
power series from its expression converges.
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There are several methods for computing the inverse Z- transform, namely
the sequence z(n), given X (z):

1. using the inversion integral:

1
=— ¢ X(2)z"'d 5
o) = 5= § X (), 6
where fr means the integration along the closed contour I' in the coun-
terclockwise closed contour in the region of convergence of X (z);

2. by a power series expansion: expressing X (z) in a power series in 27!,

x(n) can be achieved by identifying it with the coefficient of z=™ in the
power series expansion;

3. by partial fraction expansion: for a rational functions, can be obtained
a partial fraction expansion of X (z) over its poles and the table of Z-
transform helps to identify the sequences corresponding to the terms in
that partial fraction expansion.

1.3 Application of Genetic Algorithms

The specialists think that the Genetic Algorithms are a computational intelli-
gence application as well as the expert systems, fuzzy systems, neural networks,
the intelligent agents, hybrid intelligent systems, electronic voice.

The genetic algorithms are some adaptive techniques of heuristic search,
based on the genetic and selection natural principles, enunciated by Darwin
(the best adapted will survive). The mechanism is similar to the evolutionary
biological process. This process has a feature through that only the species
which one adapt better to the environment are capable to survive and to develop
into generations, while that those less adapted fail to survive and they disappear
in time, as a result of the natural selection. The main notions that allow the
analogy between the solution of the search problems and the natural evolution
are:

1. Population. A population consists in some individuals (chromosomes)
that have to live in an environment to which they must adapt.

2. Fitness. Each of the population individuals is adapted more or less to the
environment. The fitness is a measure of the degree of adaptation to the
environment.

3. Chromosome. It is a ordered set of elements, named genes, whose values
establish the individual features.

4. Generation. A stage in a population evolution. If we see evolution as an
iterative process in which a population turns to another population, then
the generation is an iteration in this process.

5. Selection. The process of natural selection has the survival of individuals
with a high environmental fitness (high fitness) as effect.
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Layer2

Lawerl

Figure 3: The RNFN architecture.

6. Reproduction. It is the process through which one passes from one gen-
eration to another. The individuals of the new generation inherit some
features from their precursors (parents) but they can also get some new
features as a result of some processes of mutation that have a random
character. In the case when in the reproduction process at least two par-
ents occur, the inherited features of the survivor (son) are obtained by
combining (crossover) of the parent features.

The remainder of the paper is organized as follows. In Section 2 is discussed
and analyzed the RNFN. We follow with the learning algorithm of the recurrent
model in Section 3. We conclude in Section 4.

2 RNFN Architecture

The network construction is based on fuzzy rules, each corresponding to a
Wavelet Neural Network (WNN).

The figure Figure 3 illustrates the RNFN model, whose training algorithm
is based on Improved Particle Swarm Optimization (IPSO) method.

The nodes from the first layer constitute some input nodes; hence they only
pass the input signal to the next layer, namely:

oM =z, (6)

The neurons in the second layer act as a membership function, meaning
that they determine how an input value belongs to a fuzzy set. The following
Gaussian function is chosen as the membership function:

217 ANASTASSIOU et al 213-225



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Xiz) Yizle™
¢ | :
x[r'i'] x[r;—l]

where:

e m;; and o0;; are the mean and standard deviation, respectively;

o Z(JQ) denotes the input of this layer for the discrete time scan:
2 _ H® ()
where
2
o) =0t - 1)0;;. (9)

The inputs of this layer contain the terms of memory Og) (t — 1), that store
network information at a previous time; this information, which is an additional
input of the network will be reintroduced at the entrance of the second layer.
The weight 0;; constitutes the feedback weight of the network and 271 sig-
nifies the delayed operator.
Figure 4 represents [14] a delayed cell, X (z) being the Z- transform of the
signal z[n].
The neurons of the third layer achieve the product operation of their input
signals:
n no (P omy)’

o}=T[o7 =T]e & (10)
i=1 i=1

where n is the number of external dimensions.

The neurons of the fourth layer receive both the output of a WNN, denoted
7; and of a neuron from the third layer, namely O;’. The mathematical function
of each node j is:

Oj =% - 03, (11)
g;’ being the local output of the WNN for the output y, and the j-th rule:

M
?);j = Zwﬁ')k@aba (12)
k=1
with @, from (2), where:

e M = m+1 denotes the number of wavelet bases, which equals the number
of existing fuzzy rules in the considered model,
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e the link wé) .. is the output action strength associated with in the p output,
j-th rule and k-th ¢g 4.

The fifth layer acts as a defuzzifier namely it provides the nonfuzzy outputs
yp of the fuzzy recurrent neural network:

1 1

Yp = SM of ST (13)
Wt A s St Mt
14+e Zi=19 1+e Xj=19j
namely:
! AER (14)
Yp = _)\.Zjil(“’;)1*"1-1+“’§2:42A1+$~+w§-)anm.m)-O§? ’ :
1+e =195

3 Learning Algorithm of RNFN

The training algorithm of the network is based on the Improved optimization
method Particle Swarm Optimization (IPSO). The new optimization algorithm
called the IPSO enhances the traditional PSO (Particle Swarm Optimization)
to enable it to obtain optimal solution capability.

We assume that each particle includes the mean, deviation and weight vari-
ables of the RNFN, being d- dimensional.

The following parameters will be determined by the learning procedure:

e the position vector X; = (21, Zi2, - .., Tid),
and respectively
e the velocity vector V; = (vi1,via, .-, Vid)

of the i- th particle in the N-dimensional search space.
We denote by:

o P, = (P;1,Psa,...,Pq) the best position of each particle,
e P, = (Pj,Py,...,Pyq) the fittest particle found so far,

according to an user-defined fitness function.

The steps of the learning procedure are:

Step 1 (Individual initialization). Set the initial values for every particle like
being random values.

Step 2 (Ewvaluate fitness). Evaluate each particle in a swarm, by defining
the fitness function:

where

EN|
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e N represents the number of input data,

® Yy, p=1,N are the model outputs,

® Y,, p =1, N constitute the desired outputs.

After a generation of learning, we achieve the following fifth best particles,
ordered according to their fitness: unimportant, rather unimportant, moderately
important, rather important, very important particles.

The input (preferred) particles are:

1. unimportant particle

Cu == (Cula Cu2, ey Cud)a
with the fitness F;

2. rather unimportant particle

C’r' = (07.1’ 07.2, ceey C7-d),
with the fitness F};

3. moderately important particle

Cm = (lea Cm27 MR Cmd)a
with the fitness F,;

4. rather important particle

Cr = (Cr1,Cra, . ..,CRa),
with the fitness Fg;

5. wery important particle

Cv - (Cvla C’U27 ey Cvd)7
with the fitness F,.

The membership functions of the fuzzy terms unimportant, rather unimpor-
tant, moderately important, rather important, and respectively very important
can be represented as fuzzy numbers in Figure 5,

being defined in the following relations:

1 if 0 <z <0.25,

— _Z_
0.25°

Funimportant = 0, otherwise. (17)
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Figure 5: The membership functions of importance.

z_if 0 <z <0.25,

0.25
Prather unimportant = § 1 — Iag-s% if 0.25 < 2 < 0.5, (18)
2925 1 if 0.25 <z < 0.5,
Hmoderately important = 1 — z&gé57 if 0.5 < x <0.75, (19)
L=05 if 0.5 < & < 0.75,
Hrather important = (20)
1- 2590 §f 0.75 <2 <1,
20 075 <a <1,
Hyery important = (21)

0, otherwise.

The output (created) particle is output particle:

Co - (CO:[;COQ? .. 'acod)a

with the fitness F,.

Step 3 (Improve the capability of finding the global solution (ICFGS)). Set:
Dy = Dy = D3 = 1 the magnitudes of the three evolution directions, Ty = 1
the initial index of the ICFGS, the number N, of the ICFGS loop, the fifth
particles with the best fitness values from the local best swarm to C,, C,., C,,,
Cgr, Cy.

Use a special equation to update the: wunimportant particle, rather unim-
portant particle, moderately important particle and rather important parti-
cle to generate the migrant individuals, based on the best individual, X; =

(21, ..., T;q) in the aim of improving the fitness value [8]:
v — oL
Tia + plaly — xiq), if 11 < %
Tid = (22)

Tiq + p(x%l — x;q) otherwise,
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where p and r; are random numbers in the range of [0,1] and L, U meaning
”lower” and ”upper”.
Compute C,:
Coj = Cuj + D1(Cuj — Crj)+

+D2(Cyj — Cmj) + D3(Cuj — Cry) (23)

Evaluate the new fitness F, corresponding to the newly created output par-
ticle C,.

Update the unimportant particle C,, the rather unimportant particle C,,
moderately important particle Cy,, rather important particle Cr and the very

important particle C,, as follows:
(1) If F, > F, then

C,=0C,
Cr=0C,
Cpn =Cgr
Cr=0Cpn
Cy =0,

(2) Else if F, > Fr and F, < F, then

CR = Co
Cm = CR
Cr = Cm
Cy,=0C,.

(3) Else if F, > F,, and F, < Fg then

Cm =0,
Cr=0C,
C, =C,.

(4) Else if F, > F, and F, < F,;, then

Cr=0C,
C, =C,.

(5) Else if F, > F,, and F, < F, then
w=C,.

(6) Else if F,=F, =F,.=F,, = Fp =F,
then

C,=C,+ N, (N, € [0,1)).

(7) Else if F, <= F,, then it will decrease the moving velocity:

Dy = —0.5D;
Dy = —0.5D5
D3 = —0.5D3
to obtain a good fitness.
10
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The random number N, is added at the statement (23) to prevent the learn-
ing algorithm from falling into a local optimum.

Test If Step & isn’t finished then Ty = T + 1; else update the global best: if
the fitness value of the new particle is higher than that of the global best, then
the global best will also be replaced with the particle.

Step 4 (Update the velocity and the position). Update the velocity and the
position of all particles along each dimension using the equations:

vE = w ok 4 o1 crand () (Pig — 2f) + c2 - rand () (Pyg — 7)) (24)

et =2l + ot (25)
where: w is the coefficient of the inertia term; ¢; and ¢, are called the cognitive
term and the society term, respectively; the function rand(-) yields uniformly
distributed random numbers in [0, 1].

The second term from (24) known as the cognitive component, represents
the personal thinking of each particle, which encourages the particles to move
toward their own best positions. The third term from (24) called the social
component represents the collaborative effect of the particles, in finding the
global optimal solution.

4 Conclusion

Dynamic or Recurrent Neural Networks (RNNs) are unlike from static neu-
ral networks since they include feedback or recurrent connections between the
network layers and within the layer itself.

The learning algorithm of the Recurrent Neural Fuzzy Network (RNFN)
model presented in this paper is based on the Improved Particle Swarm Op-
timization (IPSO) method, which is similar to evolutionary algorithms, but
requires less computational bookkeeping and generally fewer lines of code. The
new optimization algorithm called the IPSO enhances the traditional PSO (Par-
ticle Swarm Optimization) to enable it to obtain optimal solution capability.

The RFNN presented in this paper is unlike the others variants of RFNN
models, by the number of the evolution directions that they use: in this paper,
we update the velocity and the position of all particles along three dimensions.

The network construction is based on fuzzy rules, each corresponding to a
WNN (Wavelet Neural Network).
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Abstract

We obtain in this paper the analytical forms of the solutions for the following
difference equations

Tp—1Tn—4 n=0.1
xn—Q(il + xn—lxn—4) ’ o

ceey

I+l =

where the initial conditions are arbitrary real numbers. Also, we study the
dynamics behavior of the solutions of the considered equations.

Keywords: difference equations, recursive sequences, stability, periodic solution.
Mathematics Subject Classification: 39A10

1 Introduction

The behavior of the solutions of the difference equations has been investigated by
many authors, see for examples: Agarwal et al. [1] investigated the global stability,
periodicity character and gave the solution of some special cases of the difference

equations
brnTn_3

$n+1 - al‘n _I_ ctp_2+drn_3"

1
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Cinar [2] investigated the solutions of the following difference equation

aATn—1

xn+1 - 1+brnzn—1"

Elabbasy et al. [3] investigated the global attractivity of the equilibrium point and
the asymptotic behavior of the solutions of the following difference equation and gave
the solution of some special cases of the difference equation

ATp—1Tn—k

I by _p—CTn_g°

Elsayed [8] deal with some properties of the solutions of the difference equation

T = azn + o
and obtained the form of the solution of special case of this difference equation
Karatas et al. [11] get the form of the solution of the difference equation

Tn—5

xn+1 = 1+zn 2Tn-—5"

In [14] Wang et al. investigated the global attractivity of the equilibrium point, and
the asymptotic behavior of the solutions of the following difference equation

S
Zi:l Ap; Tn—k;
+ .
Bo+ E =1 Blj "L'nflj

In [15] Yalginkaya studied the behavior of the following difference equation

Tn+l =

Tn—
Taiy = ot T,
n

Zayed et al. [17] studied a qualitative behavior of the rational recursive sequence

T _ atBratyrn-_1

Other related results on rational difference equations can be found in refs. [4-16].
In this paper, we study the existence of the analytical solutions for the following
difference equations
Tn—-1Tn—4
l‘n_g(:tl + l‘n_ll‘n_4) ’
where the initial conditions are arbitrary real numbers. Also, we study the global
behavior of the solutions.

The following theorem will be useful in our current study.
Theorem A [13]: Assume that p; € R, i =1,2,....,kand k € {0,1,2,...}. Then

k
=1

is a sufficient condition for the asymptotic stability of the difference equation

Tpi1 = n=0,1,.., (1)

Tn+k +p1xn+k—1 + ... ‘l‘pkl’n = 0, n = 0, 1, e

In the following we investigate the behavior of the solutions for some different
cases of Eq.(1).
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Tn—1Tn—4
Tp—2(1+Tn—1Tn—4)

2 On the Equation z,,; =

In this section we give a specific form of the solution of the equation

Tp—1Tp—4
1 9
xn—Q( + $n—1$n—4)

Tpi1 = n=0,1,.., (2)

where the initial values are arbitrary positive real numbers.

Theorem 1 Let {x,}>° , be a solution of Eq.(2). Then forn =0,1, ...

n—1 n—1
_  T—2zgaly H A+@itlz_z_a)) A H (1+(3i+1)zoz—3)
Len—2 = “pnogn, (1+@i+2)woz_3) ) “6n=1 = "gngn (1+(3i+3)z—12-4) |
=0 i=0
41 n—1
T o xgTany H (14+(3i4+2)z_12_4)
6n  — x™ixy (14(3i+3)zoz—3) )’
=0
n+1l_n+1 n-l
T — To1 %4 _(A+(3i+2)zoz—3)
6n+1 z_oxgr” g(l+r_12_4) (1+(3i+4)z_12-4) ) ’
=0
1, +1 n—1
T - zg " al H (14+(3i+3)z—12_4)
6n+2  — n+1 1+.’L'().'L' 3 1+ 3Z+4 -'L'O-'L' 3) ’
=0
1 g1 n—1
" _ " ey (1+(3i+3)zpz—_3)
6143 1,61+11,73(1+21.711.74) (1_,'_(31»_"_5)1,711,74) .

=0

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1. That is;

n—2 n—2
. _ moaxgtalyl (Lt @ithr_so_a) _angaty! (14 (3i+D)zoz_3)
bn—8 2" T (1+@i+2)mor—3) » =T T pp-lynil (+@i+3)z_12-4)
i=0 i=0
1 n—2 n—2
T — 1'01' 3 H 1+3i+2)z_12_4 T — z™ iz, H 1+(3i+2)xzoz_3
bn—6 2" e 1+@Bi+3)woz—3 > 075 T 4 LapTem T (14a 1) 1+@Bit4)z 174"
i=0 i=0
n—2
_ zgats H (1+(3i+3)z_12_4)
Ten—4 = o (1 mer_s) (+@Bi+4)zor_3) )’
i=0
_ 2%y H (14(3i+3)m0x—3)
Lon—3 = mgmﬁgl(l—s—Qm,lm 4) (14+(3i+5)z_12-4) ) *
=0

Now, it follows from Eq.(2) that

Ten—4T6n—7
zon—5(1+T6n—4T6n—7)

Ten—2 =
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n—2 1 n—2
zgelg H (1+@i+3)z_qz_4)\ 212"y (1+(3i+1)zgz_3)
zﬁlzﬁ11(1+zoz,3) =0 (1+@Bi+4)zgz_3) zgflzggl 5 (1+3i+3)z_12_4)

B zhaly nﬁQ ( (1+(3i+2)zoz_3) )
1,721,(7)1 1 " 1(1+1, 1T_ 4) =0 (1+(3i+4)$711'74)
n—2 n—1 n—2
zgTT 5 (1+(3i4+3)z_12_4) \ 22127, (1+Bi+1)zoz—3)
(1 1 o (eor o) 130 ( (1+@i+4)zoz_3) ) w1 ((1+(3z’+3)xm4>))
vor—s T/ (+(Ei+D)zez_3)
(14+zox—3) 1;[ ((1+(3z+4) ))
—2

a2, nl—[ (14 Bi+2)zgz_3) 1+ TOT_3 1:[ (1—&-(32:—&-1)27()1'73)
w02l Le" T (e _qo_y) g \ (IHBi+Dz_12_4) (I4zoz—3) L4\ (1+(3i+d)zoz—3)

1+(3i+4)z_17_4) 1
(1+(

"z, ( (14+(3i+2)zox—3) 3n—1)zoz_3)"

_ (17218711f§1(1+$—1r—4)) ”1:[2 ((1+(3i+4)z,1z,4)) (1+(3n(i23201,3)
™ z™, 0 (14+(3i4+2)zoz—3) (1+ ToT_3 )
= (1+(3n—2)zoz —3)
_ mfzmgm’jg)(l—s—m,lm%)) n—2 (1+( )
( 1

Hence, we have

n—1
T _ z_owgz”g H (14 (3i+l)z_12_4)
6n—-2 — ™ z™, (1+(3i+2)zoz—3) :
1=
Similarly -
6n—34L6n—6
Lep—1 =

Ton—a(1 + Ten_3Ten—6)

n—2 n n— n—2
2yl [T (teioeorg) | _ofets” (@422 g2_y)
_ 181ﬁ51(1+2171174) i=0 (1+(3i+5)z?1174) 7111 7141 i=0 (1+(3i+3)10173)
o T n—2 .
LT 3 H (1—"—(32—&-3).’17,11',4)
a2 (14mow—3) 0 (1+(3i+4)zoz_3)
n n —2 . n " —2 .
1+ TT1TTy nH (14+(3i+3)zoz—3) apalyt " (14+(3i4+2)x_12_4)
mgmﬁ§1(1+2$,1m,4) Falr (14+(3i+5)z_12-4) m’lllmﬁ41 =0 (14(3i+3)zoz—3)
T_1T_4 nl:f (1—&-(32’—&-2)27711'74)
(1—&-21'711'74) =0 (1—&-(32’—&-5)27711'74)
a5 "1_[2 (14 @Bi+3)z_q12_4) 1+ T_1T_4 H (14+3i+2)z_12_4)
zﬁlzﬁ11(1+zoz,3) 0 (1+@Bi+4)zgz_3) (1+22_17_4) L (1+(3i+5)7_17_4)

L T_1T_4
- z™ 2™, " (1+zoz_3)
o zgaly
(

”1:[2 (1+(Bi+4)zoz_3) (+Gn—Da_12_2)
Pl (1+(3i+3).’17,1.’£,4) (1+ T_1T_4 )
=0 (1+(Bn-1Dz_12_4)

[\

. 2?711277111 14+zoz_3) nﬁ (1+(3i+4)zoz—3) T_1T_4
- zgz g 0 (1+@i+3)z—1x-4) ) (1+(Bn)r—17-4)"
Hence, we have

n —1
_ T +1 i " (1+Bi+1)zoz_3)
Ten—1 = ( .

2702773 1+(3i+3)z_12—4)
Similarly, we can easily obtain the other relations. Thus, the proof is completed.

4
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Theorem 2 FEq.(2) has T = 0 as a unique equilibrium point and it is unstable.

Proof: For the equilibrium points of Eq.(2), set

52

T I+
Then
T (1+7°) =7, = Z(1+7°-1)=0, = 7' =0.
Thus the equilibrium point of Eq.(2) is 7 = 0.
Let f:(0,00)> — (0,00) be a function defined by

St u,0,w) = Ja8es.

Thus the linearized equation of Eq.(2) about the equilibrium point 7 is given by

4
8f(z7,3.%)
Ynt+1 = Z oz, _;
=0

The proof follows by Theorem A.
Numerical examples

For confirming the results of this section, we consider some numerical examples
which represent different types of solutions to Eq.(2).
Example 1. Consider Eq.(2) with z_4 =021, x_3 =2, 2.0 =05, z_1 =7, 9 =
0.3. See Fig. 1.
Example 2. Consider Eq.(2) with x 4y =9, x 3 =2, .9 =6, z_1 =7, 79 = 3.
See Fig. 2.

plot of x(n+1)= X(n-1)x(n-4)/(x(n-2)(1+x(n-1)X(n-4))

plot of x(n+1)= X(n-1)x(n-4)/(x(n-2)(1+x(n-1)X(n-4))

0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90

Figure 1. Figure 2.
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3 On the Equation z,.1 = In—1Tn—4
q n+l xan(_l‘l’l‘nflxnfél)

In this section we obtain the solution of the difference equation
Tp—1Tp—4
In—Q(_l + $n—1xn—4) ’

Tnt1 = n=01,.. (3)

where the initial values are arbitrary non zero real numbers with z_1x_4 # 1, x_31¢ #
1.

Theorem 3 FEvery solution {z,}°°_, of Eq.(3) has the form

Tiom 4 = ;(23”3273”31 (—1—&-27712?74):’ Tiop 3 = 3722;711;737}1 (—11—&-2?73270)"”’
1.71‘2:14271 (_1+1’731’0) n mgnff32n (_ +1.711.74)n
Tiop—2 = Lzzio 22;73 (_H_le*‘l)n ) Tiop—1 = :L.721n ;?{4 (CLiw_s20) 7,
2511112}4 (—1+m,3m()73 Zni? 22?774311 (_H_Iilmdl)n
x12n — I02n ‘2.7:3 (_11—"_1.711.74)71 ) $12n+1 - = 2:5;4271 (_1+I7310)n+17
gﬁifffnjq(_ +o-320) n 172271@1 2?27111(—1—&-17,117,4) n
$12n+2 — 102n+f723n (_1+1.711.7;12‘¢1) x12n+3 — & 21n+;£724n (_11+1.731.0) Ty
m5%+115é+1(_1+m7310) n+1 2532 2:?{' - —milmii)ﬂ
T12n+4 = 2?7222:131 22:1131 (_H_milmﬂ)n T12n+5 = 2?27711+12?273+1 ). T T
T_1 T_y (_1“"1'731'0) ’ x x” (—1—"—1'711'74) ’
2n+2 2n+1 n 2n+2 2n+2 n
T12n+6 = m2n+1m;3+1 (_1+milmii)+1 T12n+7 = 2?,12%314127#1 (_1+mi310)n+1-
2Tt (=142 _3x0) ’ z_owy" Tt (—14w 12 _4)

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1. That is;

2n—2_2n—2

_ 2n—2 2n—2 _
x et Sl G B T ) e T B S G B 70
12n—16 — m2771172272772;3 (_1_"_1,731,0)7171 5 12n—15 — 2n721,277§73 (_14_171174)7171,
x N L Wl o ST Lo _ 22T (e gwg)"
12n—14 - 1,27711721,277272 (_1_"_1,731,0)7171 9 12n—13 1'(2)”721'2771372 (_1_"_1,711,74)71717
- - _ 2n—1,2n—1 _
T i Wl o BT (e T R (—1+a_gzo)" "
12n—12 - 1,27711721,277272 (_1_,'_1,731,0)7171 9 12n—11 — 1,721,(2)71721,2771372 (_1_"_1,711,74)71 3
. B 1'(2)”711'2771371 (_1+1.711.74)n71 " . 1,27711711,277271 (—1—‘,—1'731'())”71
12n—-10 — mi"flzzjfz (—14z_3z0)" 12n—-9 m(z)n—1m2:?2 (—1—‘,—27,127,4)"71’
x M W C U LI _ oMl (it gag)”
12n—-8 — 2?2,"1712?2,’271 (—1+z_gz0)" 1’ 12n—-7 — m(z)nﬂmzjgﬂ (—14z_1o_4)™
T - 2?(2)"2?2,7?1 (—1+.’L'71.’L'74)n71 T - 1'2,7111'2,72 (—1+.’L'73.'L'())n71
12n—-6 — 1,27711711,277271 (—14z_3z0)" 12n—-5 — 1,721,(2)71711,2771371 (“1+z_13_4)" °

Now, it follows from Eq.(3) that

T12n—6T12n—9
T12n—7(—14+T12n—6T12n—9)

S S G BT G et W Sl G BT L
127711711277271 (71+17310)n 1(2)"7112771372 (*1+171174)n71

222 (14 ae0)” it S G WY L e M s Sl G BT L
17—4 370 1+ 0 3 1T —4 370
2n7112,’n{371 (71+171174)n z2n—1 2n—1 (71+17310)n z(2)717112771::)’72 (

T12n—4

—l+z_qz_4y

=1
*o -1 T-a "

20T _3
o (=1+z—3m0) 2?(2)"272,% (=1+z_12-4)"

@212 (Ciyw gwe)” Sy (L T 2yt (lHeawo)”
e S RS Lta—sa0)

6
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Z12n—5T12n—8

L12n-3 T12n—6(—14+T12n-5%12n-8)
222y (—lte_geo)" P eoang" eyl (Ci4e go o g)"
_ e T Ol T T (e )
R e R P (om0 oy LT ((the )"
2L (e swg)™ (‘ T2 Py (e 1oa)" 22 P (C1te gag) L )
_ a2 ta? ! (=1+z_gzo)" T_1T_4 _ w2 (Cl4eosag)”
22ra®h (“ldbaqoog)"t (Fldeoizoa) T a2re® (< ldroiwog)™)

Similarly, we can easily obtain the other relations. Thus, the proof is completed.

Theorem 4 Eq.(3) has three equilibrium points which are T =0 and T = +v/2and
all of them are unstable.

Proof: The proof is similar to Theorem 2 and will be omitted.
Lemma 1. It is easy to see that every solution of Eq.(3) is unbounded except in the
case r_3xyg = T _1T_4.

Theorem 5 Eq.(3) has a periodic solution of period twelve iff x_sxg = x_1x_4. More-
over the periodic solution has the following form

T_1T—4 ToTr—3 _
—1+4x_12_4)° 2_1(—14z_3z0)’ T_3,T-2 ( 1+ $—1I—4) )

xQ T 14
L1, (—14z_320)’ z—2(—14+z_12_4)" Lty L3,

T4, T_3,T_2,T_1,T0, z_of

Proof: First suppose that there exists a prime period twelve solution of Eq.(3) of
the following form

T 124 20T _3
L_y4,X_3,T_2,T_1,T0, v o(—1+z_12_4)° o_1(—1+z_370)’ T_3,T_2 (_1 + $—1x—4) 5
T 20 T T_4,T
-1y (—14z_320) z_o(—1+z_12_4)’ —4y L =3y -
Then we see from Theorem 3 that
Z.an.Zn (_1 n 1.271 1.271 _ n
_ 0 %23 tr_iz—a)" _ ozt (—14z_3mo)”

Ti2n—a = a2ng?n 7l (—14w_sxo)” T Loa,  Ti2m-3 = a2ne®t (—ldr o1z —g)” T L-3,
T _ mfzm(z)nmzfg (=1+z_17_4)" — T _ mz,nfqmzfl (=1+z_320)" —

12n—2 1'27"11'2772 (—1+.’L’,31-0)" -2 12n—1 1'(2)”1'2,% (_1_"_1,711,74)71 —1

T . m%"“m%’g(—l—&—m,lm,@" e . mzfﬁlmzfﬂl(—l—&—m,gmo)" . LTy

12n = 222 (— 14w _gmo)” O I2nAL T ey (Ciqa yag)" T Tz o(—l4w 1z 4)’

T _ g e (it e )" _ ToT_3

12n+2 2?2 (—14a_gwo)" Tt T w—1(—14+z-320)’
T _ mz,nfqrzjjl (—=14+z_3z0)" —

12n+3 1'(2)”+11'2,7§ (_1_,'_1,711,74)71 -3
Pis = TR Cles g0

Rntd = A2t (Claogme)” T2 —15-4/5
" _ mz,nﬁzrzjjl (—1+m,310)"+1 —

12n+5 Z,(Z)n+11,27713+1 (_1_"_1,711,74)71«%1 —1
T _ g 2t (Fltz_gzg)" zo

12n+6 a2 PP (C1da_gwo)" Tt T (14w _sw0)”
T _ 1'2,711+21'2,72+2 (—1+.’L'73.’L'())n — T_1T—4

12n+7 z_oxim T (14w g)" T z_o(—1+z_17_4)"

7
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Then we get (—1 +x_320) = (—14+2z_12_4).

Second assume that (—1 4+ z_329) = (=1 +2z_12_4). Then we see from the form of

the solution of Eq.(3) that

Tion—4 = T4, Tiop—3 = T_3, Tion—2 = T2, Tiogp—1 = T—1, T1i2n = Lo,
Tintl T Uit T2 T e e Tz = = Oy,
Tioppa = Too (=142 40 4), Tionys = T_1,

Tion+6 — ﬁ%, Tion+7 = %.

Thus we have a periodic solution of period twelve and the proof is complete.

Theorem 6 FEq.(3) has a periodic solution of period six iff v_1x_4 = x_3x0 =2 and

2
has the form {x_4,x_3,x_2,x_1,xo, 7504, 03, %2, ...

Proof: The proof is consequently from the previous Theorems and will be omitted.
In the following we present some figures illustrate the behavior of the solutions of

Eq.(3) under some different initial values.

plot of x(n+1)= X(n-1)X(n-4)/(x(n-2)(-1+x(n-1)x(n-4)) plot of x(n+1)= X(n-1)x(n-4)/(x(n-2)(-1+x(n-1)x(n-4))

60

X(n)

0 10 20 30 40 50 60 0 10 20 30 40 50
n

Figure 3. Figure 4.
T_yg = 3,517_3 = 2,517_2 = 5, T_4 = 3,517_3 = 2,517_2 = 3,
r_1=4, 19 =6. x4 =2/3, xg=1.

The following cases can be treated similarly.

Tn—1Tn—4
Tp—o(l—2p_17p—4)

4 On the Equation z,,; =

In this section we get the solution of the third following equation

_ Tn—1Tn—4 _
I‘n+1 - -'L'n72(1_1'n—11'n74)’ n = 0, 1, ceey

where the initial values are arbitrary positive real numbers.
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Theorem 7 Assume that {x,}>° _, be a solution of Eq.(4). Then forn =0,1,...

n—1 +1 n—1
. _ zm_ozjzTy H (1= (3i+1)z_12_4) T "7 aly H (1—(3i+1)zoz_3)
bn—2 = zqal, (1-(Bi+2)zoz—3) ) Pbn-1 = 2702773 (1-(3i+3)z_13-4) )’
=0 i=0
n—1 —
e — zgtlan, H L-@itr_ges) et H —(3i4+2)zoz_3
6n  — ™ z", 1—(3i+3)zoz_3 » Lbn+l T LT e g (1—x_17_4) —Bi+4)z_12_4 )’
=0 i=0
1 1 n—1
o n+ n+ H —(3i+3)z_12_4)
Ten+2 = n+1 1 —z0z_3) —(3i+4)zoz_3) )
=0
n+1 n+1 n—1
T - Ifl —4 (1—-(3i+3)zoz_3)
6nt3 T T (1-22_jz_4) (1—(3i+5)a_12—4) )
=0

Theorem 8 FEq.(4) has the unique equilibrium point T = 0 and it is unstable.

Example 3. Consider Eq.(4) with z_4 =3, 2.3 =5, x_9 =2, x_y = 2/3, 29 =
0.4. See Fig. 5.

plot of x(n+1)= x(n-1)x(n-4)/(x(n-2)(1-x(n-1)x(n-4))

Figure 5.

LTn—1Tn—4
Tp—2(—1—p—17pn—4)

5 On the Equation z,,; =

Here we obtain the analytical form of the solutions of the equation

Ty = Tnlined n=0,1,.., (5)

mn72(_1_mn711'n74) ’

where the initial values are arbitrary non zero real numbers with z_1x_4 # —1, x_31¢ #
—1.

Theorem 9 Let {x,}>° _, be a solution of Eq.(5). Then forn = 0,1,2, ... the solution
of Eq.(5) is given by

o agra?y (—l—aixoa)" 372"127272 (=1—2_gz)"
Tiop—4 = 22 g1 (—1—z_gw0)" T12n-3 = 22 (=2 _1z_0)"
2n+1
T _ T- 223" 2% (—1—a_qx_y)" 7 _ e ey (C1—a_gwo)”
12n—2 1.27111.27}l ( 1— 1.731.0)"9 12n—1 .’L'%".’L’E% (_1_1.711.74)"9

9
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2n+1 2n41 2nt1
7 T e ) (0 BT RPN T S AR o R
12n 1.277111.27721 (_1_1-731-0)" 9 12n+1 1.721,(2)711,2775 (_1_1,711,74)7%%1 9
2n41_2nt1 2n41_2nt1
T o e (a e ) T B R A G T
12n+2 2?27nl+1mzjl (—1—17,3270)"“ ) 12n+3 m%”“m%’g (—1—z_1z_4)™
2n41 2n+1 242 2n+t1
1,721,071+ ‘,L,J?ﬁ (_1_1.711,74)n+1 .’L'Jll+ ‘,L,JZﬁ (—1—1'731'())n+1
Tion+4 = Zntl 2nil ny L12n+5 — 2nil 2nil e
Ty (=1-z_30) xg 5T (—l—z—_12-4)
2n42 2nt1 2n42 2n42
ag" e (1p w )" a2 2t (=1-2_3z0)"
T12n+6 = 2nTl 2nT1 oy T1on4+7 = 2nT1, ontl nyT -
et (—1—z_3x0) T_2x] T (ml-z_12_4)

Theorem 10 Eq.(5) has® = 0 as a unique equilibrium point which is unstable.

Lemma 2. It is easy to see that every solution of Eq.(5) is unbounded except in the
case r_3xyg = T _1T_4.

Theorem 11 FEq.(5) has a periodic solution of period twelve iff x_srq = x_17_4.

Moreover the periodic solution has the form {x_4,x_3,7_9,2_1, X, %,

z0 T 1T 4 }

ToT_3
)’ T_3,T_2 (—1 — l‘_ll‘_4) , L1, 12 320’ 22(—1-a_17-2)° T_4,...

z_1(—1—z_320

Theorem 12 FEq.(5) has a periodic solution of period siz iff v_3xg = x_1x_4 = —2
and will be taken the form {x_4,x_3,2_o,x_1,x0, I_—i,x_4, ot

Example 4. Fig. 6 below shows the behavior of the solution of Eq.(5) whenever
T_4 = 3, Tr_3 = 5, r_9 = —7, r_1 = 4, To = 2.

plot of x(n+1)= X(n-1)X(n-4)/(x(n-2)(-1-X(n-1)X(n-4))
80 T T

701

60 -

50 -

40 -

x(n)

301

201

101

10 L L
0 50 100 150
n

Figure 6.
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Worse-Case Conditional Value-at-Risk for Asymmetrically

Distributed Asset Scenarios Returns

Zhifeng Dai'?  Donghui Li®>, Fenghua Wen? *
LCollege of Mathematics and Computational Science, Changsha University of Science and
Technology, Changsha 410114, China.
2College of business, Central South University, Hunan, 410083, China.
3School of Mathematical Sciences, South China Normal University Guangzhou, 510631, China.

Abstract: Many studies have reported empirical evidence of asymmetries in asset
return distributions. Meanwhile, optimal solutions to the Conditional Value-at-Risk
(CVaR) minimization are highly susceptible to estimation error of the risk measure be-
cause the estimate depends on only a small portion of sampled scenarios. In this paper,
based on the robust optimization techniques Chen et al.(2007)[19], we propose a compu-
tationally tractable worst-case Conditional Value-at-Risk (CVaR). In the situation, the
sampled scenario returns are generated by a factor model with some asymmetric affine
uncertainty set. The remarkable characteristic of the new method is that the robust
optimization model retains the complexity of original portfolio optimization problem,
i.e., the robust counterpart problem is still a linear programming problem. Moreover, it
takes into consideration asymmetries in the distributions of scenarios returns used for
defining CVaR. We present some numerical experiments with simulated and real market
data to illustrate the behavior of the robust optimization model.

Keywords: Portfolio optimization, Conditional value at risk(CVaR), Robust optimiza-

tion, Linear programming(LP).

1. Introduction

Portfolio optimization problem is an attractive and important research topic since the pioneering
Markowitz work on optimal portfolio selection [I]. It is now well known that while mean-variance
optimization is appropriate for symmetrically distributed portfolio returns, it results in unsatisfac-
tory asset allocations when returns are asymmetrically distributed, or when downside risk is more

weighted than upside risk.

*E-mail: wfh@amss.ac.cn.
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Since the middle of 1990s, Value-at-Risk (VaR, [4]), a new measure of downside risk, has become
popular in financial risk management. It has even been recommended as a standard on banking
supervision by the Basel Committee. However, Critics have pointed out numerous shortcomings
of VaR [5]. On the other hand, Conditional Value-at-Risk (CVaR), defined as the mean of the
tail distribution exceeding VaR, has attracted much attention in recent years. As a measure of
risk, CVaR exhibits some better properties than VaR. First, it can deal with the asymmetric
distribution of asset return better than mean-variance analysis, especially for assets with returns
that are heavy-tailed. Secondly, minimizing CVaR usually results in solving a convex programming
problem, such as a linear programming problem, which allows the decision maker to deal with a
large-scale portfolio problem efficiently [6 [7]. Finally, Artzner et al.[5] demonstrate that CVaR
is a coherent measure of risk, which has been widely accepted as a benchmark to evaluate risk
measures. All these stimulate the application of CVaR in practice, and CVaR is getting more and
more popular in financial management.

In fact, it is noted that in the process of portfolio selection, the original data brought to the
model are not always accurate, i.e., it may be subject to some errors. Thus the result may be
influenced by perturbations in the parameters. As pointed out by Black and Litterman []], in
the classical mean-variance model, the portfolio decision is very sensitive to the mean and the
covariance matrix, especially to the mean. Chopra and Ziemba [9] showed that small changes in
the input parameters can result in large changes in the optimal portfolio allocation. Thus, the
modeling risk arises due to the uncertainty of the underlying probability distribution.

Being aware of the importance of robustness in recent years, researchers from both finance
and operations research have paid increasing attentions to the robust version of portfolio selection
problems. Lobo and Boyd (2000)[10], Goldfarb and Iyengar (2003)[L1] studied the robust port-
folio problem under the mean-variance framework. Instead of assuming precise information on
the mean and the covariance matrix of asset returns, they introduced some types of uncertainties,
such as polyhedral uncertainty, box uncertainty and ellipsoidal uncertainty, in the parameters in
determining the mean and the covariance matrix, and they then transformed the problem into
semidefinite programs(SDP) or second-order cone programs(SOCP), which can be efficiently solved
by interior-point algorithms developed in recent years. Halldérsson and Tiittincu (2004) [12] ap-
plied their interior-point method for saddle-point problems to the robust mean-variance portfolio
selection under the box uncertainty of the elements in the mean vector and the covariance matrix.
El Ghaoui, Oks and Oustry (2003)[13] investigated the robust portfolio optimization problem using
worst-case VaR, where only the first- and second-moment information on the distribution is avail-
able. Several formulations corresponding to various structures of partial information have been
extensively exploited to derive the resulting portfolio selection problems in a form of a semidefi-
nite program(SDP). Natarajan, Pachamanova, and Sim, (2008) [I4] proposed a computationally
tractable approximation method for minimizing the VaR of a portfolio based on robust optimiza-
tion techniques in Chen et al.(2007)[19]. The method results in the optimization of a modified VaR
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measure, Asymmetry-Robust VaR, that takes into consideration asymmetries in the distributions
of returns and is coherent. Zhu and Fukushima (2009)[L5] further investigated the worst-case CVaR
risk measure with several structures of uncertainty in the underlying distribution. They focus on
the uncertainty in the probability distribution used for defining CVaR. Such a modeling is called
distributionally robust modeling. It is true that the probability estimation itself is under uncertain-
ty and we cannot know the true one. However, it is not easy to imagine what form of uncertainty
set is proper for the probability measure. In this sense, employing the uncertainty of probability
distribution may not provide investors with a satisfactory solution.

On the other hand, since the estimate of CVaR is computed by using only an upper tail part of
the loss distribution, a large number of samples are required for assuring the statistical reliability
of the estimate. Especially when CVaR is employed as the objective of a portfolio optimization, a
much larger number of samples are required for ensuring the accuracy of the optimal portfolio. In
practice, however, the number of samples which is available for the estimation is limited, and the
estimated CVaR and the resulting optimal portfolio may contain considerable estimation error.

Meanwhile, many studies have reported empirical evidence of asymmetries and large kurtosis
in asset return distributions. Empirically, however, there is evidence that both short- and long-
horizon stock returns can be skewed and highly leptokurtic (Fama 1976 [22], Duffee 2002 [23]).
Furthermore, the returns of portfolios involving derivatives or credit risky assets can have extremely
left-skewed distributions (Schénbucher 2000 [24]). More recently, Ang and Chen (2002)[25] find that
the asymmetries in the data reject the null hypothesis of multivariate normal distributions. Conine
and Tamarkin (1981) [26] also claim that though diversification can change skewness exposure, the
remaining idiosyncratic skewness is relevant in asset pricing and thus portfolio optimization under
asymmetric distribution is a significant topic for research.

In this paper, we further study the Worse-Case Conditional Value-at-Risk by supposing the
sampled scenario returns are generated by a factor model with some asymmetric affine uncertainty
set in order to Mitigate the fragility of CVaR-based portfolio optimization problem. Motivated
by the works in Chen et al.(2007)[19], we provide a computationally tractable robust optimization
method for minimizing the Worse-Case CVaR of a portfolio. Moreover, it takes into consideration
asymmetries in the distributions of returns used for defining CVaR.

Notations: Throughout this paper, we use boldface letter such as & for vector to distinguish

it from scalar z.

2. Conditional value-at-risk (CVaR)

The conditional value-at-risk (CVaR) has gained growing popularity in financial risk management
due to the coherence property and tractability in its optimization.
Let f(x,y) be the loss associated with the decision vector x, to be chosen from a certain subset

X of R™, and the random vector y in R™. For convenience, the underling probability of y will be
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assumed to have a density function p(.).

The probability of f(x,y) not exceeding a threshold « is then given by
U(z, o) = / p(y)dy. (2.1)
f(x.y)

As a function of « for fixed z, ¥(x, ) is the cumulative distribution function for the loss associated
with .

For a confidence level 8 and a fixed © € X the value-at-risk, denoted by VaRg(x) is defined as
VaRg(x) = minfa € R: ¥(x,a) > 5}. (2.2)

The conditional value-at-risk, denoted by CVaRgs(x), is defined as the expected value of the loss
that exceeds VaRg(x), that is,
CVaRy(a) = (1-5)" [ (@, y)p(y)dy. 23)
(z.y)>VaR;(x)
The CVaR is a coherent risk measure [5]. We note that the problem involved CVaRg(x) is difficult
to proceed due to its convoluted and implicit version. Rockafellar and Uryasev made a remarkable

contribution in [6] by introducing a simpler auxiliary function Fjg on X x R, defined by
Fyfw,)=at (1) [ [7(@y) ol p(y)dy, (2.4

In practice, the probability density function p(y) is often not available, or is very difficult to
estimate. Instead, we might have T different scenarios Y = (y[l], Yppr - ym) that are sampled
from the probability distribution or that have been obtained from computer simulations. Evaluating

the auxiliary function Fg(a:, «) using the scenarios Y, we have

Fa(z,0) = a+ ( Zﬂ't T, Yp) — alt, (2.5)

where yp, denotes the tth sample (the subscript [t] is used to distinguish a vector from a scalar)
generated by simple random sampling with respect to & according to its density function p(.), and
T denotes the number of samples, where 7; are probabilities of scenarios Y- If 7 is equal to T!
for all ¢, then (2.5 reduces to

T

Fa(maa) Z €T yt] ]+‘ (26)

)=
Obviously, F,,(x,a) is convex and piecewise linear with respect to o.. Further, Fy,(x, ) is convex
for (z,a) if f(z,y) is convex (see Theorem 2 in [6]). Replacing [f(z,yp) — ] by the auxiliary

variables d; along with appropriate constraints, we obtain the equivalent optimization problem

1 T
min ot = dy,
(@,d,0)cR"xR” xR T(1-p) ;
s.t. reX
dtzf(a:7y[t})—a, t=1,...,T, (2.7)
d>0.
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Generally, the loss and return functions of portfolio allocation are chosen by:
f(z,y)=—=xTy, Ry(x) = Ep[a:Ty] = :I:TEp[y] =zlr, (2.8)

in which y is the vector of the assets’ return, r is the vector of the expected assets’ return,
and x”r is the mean return of the portfolio. Hence, adding an auxiliary variable § € R, the
minimization model of CVaR (2.9) becomes the following linear programming (LP) problem with
variables (z,d,o,0) € R" x RT x R x R.

min 0
s.t. reX
1
o+ —— dy <0, (2.9)
5 &
dt>_m y[t]_aa t_17 aTa
d>0.

Portfolio optimization tries to find an optimal trade-off between the risk and the return ac-
cording to the investor’s preference. Thus, the portfolio selection problem using CVaR as a risk

measure can be represented as

min CVaRj(z
Inig s(x)

where X denotes the constraint on the portfolio position, which usually includes the budget con-

straint and no short sales constraint
z’1=1, x>0 (2.10)

Let p be the smallest expected return of the portfolio required by the investor. From (£2.8), this

return requirement can be represented as
zlr > p. (2.11)
Therefore, the feasible decision set of portfolios can be denoted as
X={x| zf1=1, >0, zTr>u} (2.12)

From (2.9) and the mean-CVaR Portfolio optimization can be be written as the following

linear program

min 0
1 T
st. ot ) d <90,
(i -5 &
d > —z"yy — o, t=1,...,T, (2.13)
d > 0.

:chzl, x >0, :IZT’I‘ZM.
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3. Worst-Case Conditional value-at-risk (CVaR)

However, optimal solutions to the CVaR minimization are highly susceptible to estimation error of
the risk measure because the estimate depends on only a small portion of sampled scenarios, for
example Y = (Y, Yoy - - Y[r))-

A practical way to alleviate the effect of such a perturbation is to employ a statistical model.
For example, Konno, Waki and Yuuki (2002) replace the observed returns Y = (ypj, Yo, - - - Yj77)
in [2.6| with values estimated by a regression approach. Based on the robust optimization techniques
in Chen et al.(2007)[19], we suppose that future asset returns 7 are generated by the following factor
model

r=r"4+Arz,zeC (3.1)

in which r° is a vector of expected returns, and Ar is a matrix of factor loadings. The factors z

are stochastically independent with following support set
C:{z : Jo, wERN,z:v—w,HP_lv—i—Q_leSQ}, (3.2)

and P = diag(py,...,py), Q = diag(qy,...,qy). The parameters p; > 0 and g; > 0 are the
”forward” and the ”backward” deviations of random variable zj,J = 1,..., N, respectively. The
uncertainty set C is convex, and its size is controlled by (2. Intuitively speaking, the uncertain
factors z are decomposed into two random variables: v = max{z,0} and w = max{—z,0}, so
that z = v — w. The multipliers p%. and q%_ normalize the effective perturbation contributed by
both v and w such that the norm of the aggregated values falls within the budget of uncertainty.
Therefore, considered sampling error of the samples, we present the Sample-based Worst-Case

CVaR, its mathematical definition is as follows:

WSCVaRgs(z) = sup CVaRg(z),) (3.3)
(Tl,...,rT)GSQ
where
Sq = {rt Ty =1+ Aryzy, 24 € C’t)}, (3.4)
Cy = {Zt :Jv, we RY, zp = vy — wy, [Py v + Q) M wy|| < Q} (3.5)

Next, we prove the WSCVaR is a coherent risk measure.
Theorem 3.1 If (r,...,r7p) € Sq, then WSCVaR is a coherent risk measure.
Proof. Letting p(x) = CVaRg(x), pw(x) = WSCVaRg(x), we have
puw(T) = sup p(x).
(r1,..,71)eS

As CVaRg(x) is a coherent risk measure, so p(x) satisfies four axioms of Coherent risk measure.

In what following, we prove p, () also satisfies four axioms of Coherent risk measure.
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Monotonicity: if & < y, then p(x) < p(y). Therefore

pw(z) = sup  p(z)<  sup  p(y) = pu(y);
(r1,...,71)ESq (P1,...,71)eSq

subadditivity: for all @, y, we have

pu(T +y) = sup  p(z+y) < sup  [p(z) + p(y)] = puw(®) + pu(y);
(T1,....,77)€Sq (r1,...,71r)ESq

positive homogeneity: for any A > 0, we have

po(Ade) = sup  p(Az)=A  sup  p(x) = Apu(T);
(T1,...,77)eSq (ry1,..,71)eSq

translation invariance: for any constant a € R, we have

pw(®+a)=  sup p(xt+a)=  sup  p(x)+a=pu(x)+a
(T1,....,77)eSq (r1,..,71)eSq

Therefore, the theorem is true.

Chen, Sim and Sun [19] stated the uncertainty set Sq is convex, and its size is determined by
Q). Therefore, Sq is a compact convex set. Let f(x,y) = —xr be the loss associated with the
decision vector x, to be chosen from a certain subset X of R", and the random vector r in R™.
So, from WSCVaR can be converted to the following form:

1 T
WSCVaRg(z) = max min{a+ ———— > max{—r{z —a,0} . 3.6
B( ) (r1,...,77)eSq { T(l - ,8) ;::1 { t }} ( )

Next, we will show the WSCVaR enjoys an important nature, in the process the dual-norm

|lu|*, (see Bertsimas and Sim [I8]) is required. It is defined as:

|u|*= max ulz
{lzll<1}

Theorem 3.2 If (r,...,rr) € Sq, we have
WSCVaRg(x) = CVaRs(x) Z (e (3.7)
Proof. From we can obtain

. 1 & T
WSCVaRgs(xz) = max _ min {a + Ta—5) Z: max{—r; ¢ — «, ()}}

(rl,...,TT)ESQ

T
= max min {a + % Zmax{—(rg)T;c —(Ariz)Tz —a, 0}}

zieCy

T
= CVaR (A
aRs(x) +zn?é%{t max Ta—5 1 — ; TiZ¢) a:}

T
= CVaRg(x) 1 — Z ax {z?yt}, Y, = Ar?w
t:
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Observe that

max z!

{z:eC;} t ¥

= max
{Vt,WteRf:||P;1Vt+Q;1WtH§Q}

= thax (Pry;) ve —
Vi, W, e R | vi+w.||<Q}

= Qflul”

where u; = max{P;y,, —Q,y;,0} = max{P;y;, —Q,y,}

Note: Theorem [3.7] indicates that the WSCVaR can be seen
item. It is easy to know that CVaRg(x) < WSCVaRg(x).
than the original CVaR.

4.

ment

(ve —

COPYRIGHT 2016 EUDOXUS PRESS, LLC

'wt)Tyt

(Qtyt)Tw

t

as the original CVaR plus a regular

Obvious, WSCVaR is more cautious

Computing WSCVaR and its application in portfolio manage-

By the Chen, Sim and Sun [I9] Theorem 2 and Theorem adding an auxiliary variable h; €

Rit=12...,

T, the WSCVaR (3.7) can be transformed into the following form

min Zdt—i——F th,
s.t. ”Ut” ght,t_1,2,...T,
w > P Arlet=1,2,...T, (4.1)
u; > QtArtTm,t =1,2,...T,
di > (r)T'z — a, t=1,...,T,
d>0.

The complete formulation and complexity class of the robust counterpart depends on the repre-

sentation of the dual norm constraint, ||w:||* < hy,t =1,2,...

T. Table 1 lists the common choices

of norms, the representation of their dual norms which is come from reference [18](See page 14,

Table 2).
Table 1: Representation of the dual norm for v > 0.
Norms | ||¢]| [uf* < B
Ly [1£]]2 lull2 < h
h 121l uj < h,¥j={1,...,N}
N
loo [[t)loc > uj<h
j=1
N
LNlso | max{[lt)1, [t } | Q6+ X vj < hsv;j 48 >u;,Vj € N;6 € Ry,veRY
j=1
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In [I8], Bertsimas and Sim discussed the nature and size of the proposed robust conic problem.

In terms of keeping the model linear and simplicity in size, the {1 norm also is an attractive choice.

In this paper, we adopt /3 norm. So under /3 norm, the constraints ||u:|* < h,t =1,2,...7T in
(4.1) is equivalent to

w < h,Vj={l,...,N},t=1,2,...T (4.2)

Hence, the resulting problem is still a linear constraint.

For the constraint term u; > —PyAr] z,t = 1,2,...7T in (4.1), as discussed in [I8], when all
the data entries of the problem have independent random perturbation, we can further reduce
the size of the robust model. In this article, we assume that the dimension of & and u is identical
(n=N), that is, ZZ in is the independent random variable associated with the j-th data element,
and Ar; contains mostly zeros except at the entries corresponding to the data element, such as
Arl =(0,...,0,Ar7,0,...,0)7. Then u/ > —p!(Ar]))Ta will reduce to u] > —plAr! - 7. Then,
the constraint term u; > —P;Ar]z,t = 1,2,...T in (4.1) can be transformed into the following
form

uzZ—p{ATf-xj,j:1,...,n,t:1,2,...T. (4.3)

Based on investor preferences, portfolio optimization try to find the balance between risk and

return. Therefore, the WSCVaR-based portfolio problem can be expressed as

min  WSCVaRg(z),
zcX

where X denotes the constraint on the portfolio position, which usually includes the budget con-
straint, no short sales constraint, and the return requirement. Therefore, the feasible decision set

of portfolios can be denoted as
X={z| zf1=1, >0, z'r>pu}. (4.4)

From (4.1) (4.2) and (4.3), adding an auxiliary variable § € R, the AWCVaR-based robust port-
folio selection problem can be written as the following linear programming problem with variables
($, da U, htv 97 Oé)

min 0
1 I 0 <
st. at—-Sd++—"S n <0,
T(l—ﬁ); T(l—ﬁ);
w <h,Vj={1,...,N},t=1,2,...T,
W > —pIAr 2l =1, nt=1,2...T, (4.5)

uzzqurf-mj,j:1,...,n,t:1,2,...T,

dtz(rg)T:c—a, t=1,...,T,
dZO,’ut>O,
a:lel, xz >0, a:Tr>M
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5. Computational Experiments

We compare the performance of minimizing-portfolio WSCVaR under our approach with the initial
CVaR method [6]. Firstly, we use simulated asset returns and show that our WSCVaR approach
performs well for negatively-skewed returns. Secondly, we compare initial CVaR method and the
robust portfolio optimization methods by employing a widely available data set of Hedge Funds
returns, from http://www.hedgeindex.com.

In our numerical experiments, the methods have the following meanings:

e "CVaR” stands for the initial mean-CVaR Portfolio optimization model (2.13)[6];

e "WSCVaR” stands for the robust mean-WSCVaR Portfolio optimization model (4.5).

We utilize Matlab2012 to solve models CVaR and WSCVaR, which are linear programming prob-

lems.

5.1. Experiments with Simulated Data

Consider a portfolio of n = 20 assets with uncertain returns 7¢{,i = 1,...,n,¢t = 1,...,T. Each
return 7¢ is determined by a simple single factor model 7 = 7! + Z(w!), where 7! = 1. The factors

7Y (w;) are independent and distributed as follows:

wi(l-w?)

3 (Wt ——,  with probability wj,
Z(wz) = w%(l—w?) (51)
T iwr with probability 1 — w!.

Note that the mean and the standard deviation of Z(w!) are the same for all w! € (0,1) - they are

0 and 1, respectively. However, the degree of symmetry of z!(w!

) can be different. Higher values

for wi(e.g.,w! = 0.9) result in larger negative skew. We generate values for w! as follows:

wf:%<1+

7
N+t

),izl,...,n,tzl,...,T. (5.2)

Therefore, the return distributions for stocks with high index numbers in the portfolio are more
negatively skewed than those for stocks with low index numbers.

We use exact values for the parameters in the CVaR and WSCVaR optimization problems.
These parameters include the standard deviation and average returns for the CVaR approaches,
and the backward and forward deviations for the WSCVaR approach are set to pi = 1.5,¢; = 2.
Ar§ is set to the vector of standard deviation of asset returns estimated by the T samples. We
use a training set of 1,000 simulated returns from the above distributions that is 7' = 1000. The
optimal portfolio allocations resulting from the five approximate CVaR optimization approaches

for 8 = 1% are shown in Figure 1.
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Figure 1-Optimal portfolio weights (as proportions) for assets numbered 1 through 20 resulting

from different optimization formulations.

The behavior of the CVaR approach is erratic. In fact, the optimal weights for the portfolios
found by the CVaR approach vary widely from sample to sample. WSCVaR is able to detect the
asymmetry in the distributions, and allocates less in assets with more negatively skewed return

distributions (those with high index numbers).

5.2. Experiments with Hedge Funds

We select 12 Credit Suisse/Tremont Hedge Fund Indices (listed in Table 2) as the candidates
for constructing hedge fund portfolios. Monthly returns of these indices, from January 1994 to
December 2012 (240 samples in total) are used as the data set, which can be freely downloaded
from http://www.hedgeindex.com.

Table 2: Credit Suisse/Tremont Hedge Fund Indices

Convertible Arbitrage
Dedicated Short Bias
Emerging Markets
Equity Market Neutral
Event Driven
Distressed
Multi-Strategy

Risk Arbitrage

Fixed Income Arbitrage
Global Macro
Long/Short Equity
Managed Futures

© 0 N O Ut ks W N

—
= o

—_
[\V]
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To construct an optimal portfolio with an accuracy to certain degree, we need to generate
adequate scenarios with the given 240 samples. A question we face first in scenario generation is
which distribution the asset returns follow. Statistic test shows that most of the distributions of
returns of these hedge fund indices are skewed and exhibit a high kurtosis. Thus, the returns should
not be modeled by a normal distribution. Table 3 shows the means and standard deviations of
these 12 asset returns within three different but overlapped time periods. Each of these three time
periods covers 100 months. The beginning and the end dates for each time period are specified
in Table 3. We find that, for most assets, there exist remarkable differences among three periods
for both the mean and the standard deviation, especially for the mean. For example, the mean of
asset 4 during the time period of 1/31/1994-4/30/2002 is 15 times of that during the time period
of 6/30,/2002-9/30/2010.

Table 3: Mean and standard deviation of asset returns within different time periods

Time 1/31/1994-4/30/2002 8/31/1997-11/30/2005 6/30,/2002-9/30/2010
Asset Mean Std Mean Std Mean Std

1 0.0084 0.0143 0.0066  0.0147 0.0046  0.0254
2 0.0005 0.0534 -0.0003  0.0534 -0.0036  0.0454
3 0.0061  0.0554 0.0048  0.0448 0.0091  0.0296
4 0.0090 0.0094 0.0076  0.0070 0.0006 0.0424
5 0.0094 0.0178 0.0080 0.0178 0.0072  0.0175
6 0.0110 0.0202 0.0092 0.0193 0.0070  0.0182
7 0.0086 0.0193 0.0073  0.0192 0.0074 0.0184
8 0.0078  0.0130 0.0056 0.0134 0.0041  0.0109
9 0.0057 0.0117 0.0039 0.0117 0.0029 0.0214
10 0.0117  0.0381 0.0088  0.0270 0.0087  0.0160
11 0.0107  0.0342 0.0096  0.0320 0.0062  0.0226
12 0.0038  0.0332 0.0062  0.0358 0.0075  0.0347

Since the distribution of asset returns is unknown, we adopt a distribution free method to
generate scenarios given in Topaloglou et al. (2002)[20] and Zhu et al. (2013)[L6].

We use back test method to check the performances of the robust approaches and the traditional
approach in portfolio management, and the initial wealth is set at 1. Firstly, asset returns of the
first N=162 (from 1/31/1994 to 7/31/2007) months are used to generate T=>500 scenarios. Portfo-
lio optimization models of the CVaR, and WSCVaR are then, respectively, solved to generate the
traditional and the robust portfolio strategies. In month N+1, the two portfolios are constructed
according to the derived strategies. At the beginning of month N+2, the scenarios are reproduced
using the data from month 2 up to month N+1. The portfolio models are then re-solved, respec-
tively, using the updated scenarios to generate new portfolio strategies for month N+1. The above
procedure repeats until the end of the data set.

In this experiments, we also use exact values for the parameters in the CVaR, WSCVaR
optimization problems. These parameters include the standard deviation and average returns

for the CVaR, and the backward and forward deviations for the WSCVaR approach are set to
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p{ = 1.5, q{ = 2. Ar{ is set to the vector of standard deviation of asset returns estimated by the

i — th T samples.

15
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Figure 2-Portfolio Values for Out-of-Sample Observations When a Simple Buy-and-Hold Strategy
is Employed

From Figure 2, we can see the optimal portfolio allocation based on the WSCVaR, approach
tends to result in stable returns, whereas, for example, the behavior of the optimal portfolio obtained
with the CVaR approach is some erratic. In addition, the portfolio Values for generated by the
WSCVaR model is better than the initial CVaR model at the end of investment period. But, during
the gradually declining period from June to October, 2008, robust portfolio strategies perform better

than the traditional ones in most cases.

6. Conclusion

With an asymmetric affine uncertainty set based on the factor model, which is often employed
in practice for estimating the asset return distribution, we propose a computationally tractable
robust optimization method for minimizing the Worse-Case CVaR of a portfolio. The remarkable
characteristic of the new method is that the robust optimization model retains the complexity of
original portfolio optimization problem, i.e., the robust counterpart problem is still a linear pro-
gramming problem. Specially in the new method, we incorporate information about asymmetries
in the distributions of uncertainties. We present some numerical experiments with simulated and
real market data to illustrate the behavior of robust optimization model.
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ABSTRACT. In this paper, we introduce an interval-valued capacity which is motivated by
the goal to represent reasonable capacity and to define the Choquet integral with respect
to an interval-valued capacity. We also investigate some properties of the Choquet integral
with respect to an interval-valued capacity on the space of fuzzy sets and discuss their
applications, for examples, interval-valued similarity measure and interval-valued distance
measure induced by the Choquet integral with respect to an interval-valued capacity.

1. INTRODUCTION

The theory of fuzzy sets defined by Zadeh (1965) has been researching many new approaches
and theories, for examples, entropy, similarity measures, distance measures, Choquet integrals,
fuzzy sets, and intuitionistic fuzzy sets which are applied to theories treating reasonability and
uncertainty. Note that measuring the similarity between fuzzy sets is important in pattern
recognition research and decision making.

Balopoulos-Hatzimichailidis-Papadopoulos [2], Fan-Ma-Xie [5], Hong-Lee [6], Li-Sheng [13],
Liu [11], Turksen [22], Wang-Li [23], Wei-Chen [25], Xu-Xia [26], Zeng-Li [27], Zeng-Guo
[28], and Zhang-Zhang-Mei [29] have studied some properties and applications of similarity
measures, entropy, and distance measures on interval-valued fuzzy sets (or fuzzy set), and
Choquet [3], Murofushi-Sugeno [15,16], and Narukawa-Murofushi-Sugeno [18,19] have studied
the theory of fuzzy measures(or capacity) and Choquet integrals. Couso-Montes-Gil [4], Jang
[12], Murofushi-Sugen0-Suzaki [17], Pedrycz-Yang-Ha [20], and Wang [24] have studied various
convergence properties of the Choquet integral with respect to a capacity.

By using interval-valued functions, we have studied the Choquet integral with respect to a
fuzzy measure of interval-valued functions which are able to better handle the representation
of decision making and information theory (see [7-11]). Recently, we studied some convergence
properties of the Choquet integral with respect to an interval-valued capacity functional (see

1991 Mathematics Subject Classification. 28E10, 28 E20, 03E72, 26E50 11B68.
Key words and phrases. Choquet integral, fuzzy set, interval-valued capacity, interval-valued similarity
measure.
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[12]). Main purpose of this paper is to provide some applications of the Choquet integral with
respect to an interval-valued capacity on the space of all fuzzy sets.

In section 2, we define an interval-valued similarity measure and an interval-valued distance
measure, and discuss some basic properties of them. In section 3, we define an interval-valued
capacity and the Choquet integral with respect to an interval-valued capacity of a fuzzy
set, and discuss some properties of them. In section 4, we prove that an interval-valued
mapping induced by the Choquet integral with respect to a continuous from below interval-
valued capacity is an interval-valued similarity measure on the space of fuzzy sets, and discuss
their applications, for examples, the interval-valued similarity measure and the interval-valued
distance measure. In section 5, we discuss various convergence properties of the interval-valued
distance measure induced by the Choquet integral with respect to an interval-valued capacity.
In section 6, we give a brief summary results and some conclusions.

2. CHOQUET INTEGRALS AND INTERVAL-VALUED SIMILARITY MEASURES

In this section, we consider the Choquet integral with respect to a capacity and discuss
their properties. Let [0, 1] be the unit interval in the set of real numbers and 2 be a o-algebra
on a set X.

Definition 2.1. ([14-17]) (1) A real-valued set function p : @ — [0, 1] is called a capacity if
it satisfies the following properties:

(i) u(?) = 0 and p(X) =1, and
(ii) w(F1) < u(E2) whenever Ey, Es € Q and E; C Es.
(2) A capacity p is said to be continuous from below if for each increasing sequence {E,,} C
Q, wUpe  Ey) = limy, 0 p(Ep).

(3) A capacity p is said to be continuous from above if for each decreasing sequence
{En} CQ, u(NS E,) =limy, oo u(Ep).

(4) A capacity p is said to be continuous if it is continuous from above and continuous
from below.

(5) A capacity p is said to be subadditive if u(E; U E2) < p(E1) + p(E3) whenever
E\,E; € Qand E1NE; = 0.

We consider the Choquet integral with respect to a capacity which was introduced by
Murofushi at el ([15-17]). Throughout this paper, we assume that the membership function
of a fuzzy set A is a measurable function n4 from X to [0, 1].

Definition 2.2. ([14-17]) (1) The Choquet integral with respect to a capacity p of a fuzzy
set A is defined by

©) [ adu= [ e 1)

where p,, (1) = p({z € X|na(z) > r}) for all r € [0,1] and the integral on the right-hand
side is the Lebesgue integral of p,,.
(2) A fuzzy set A is said to be p-integrable if the Choquet integral of A on X exists.

We note that if A, B are fuzzy sets on X, then A < B means n4(x) < ng(z) for all x € X
and that navp(x) = na(x) Vnp(r) and narp(z) = na(z) Anp(x) for all x € X.

Theorem 2.1. ([14-17]) Let A and B be p-integrable fuzzy sets.
(1) If A < B, then (C) [ Adu < (C) [ Bdp.
(2) If E1, E2 € Q and Ey C Es, then (C) fEl Adp < (C) fE2 Ady.
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(3) If we define nave = na(x) V ne(x) and narp(x) = na(x) Ang(x) for all x € X, then

/A\/Bdu> /Ad,u\/ /Bdu,

©) / AN Bdp < (C) / Adp A (C) / By,

and

Let [[0, 1]] is the set of all closed intervals in [0, 1] as follows:
[0,1]] ={a=[a",a"]la",a’ €[0,1] and a~ <a*}.
For any a € [0,1], we define a = [a, a]. Obviously, a € [[0,1]](see [7-13, 21-223, 25, 27-29]).

Definition 2.3. Let I be an index set. If a = [a~,at],b = [b~,b"],a, = [a,,,a}] € [[0, 1]] for
all n € N and k € [0, 1], then we define arithmetic, minimum, maximum, order, and inclusion
operations as follows:
(1) ka = [ka™, ka™],
ab=[a"b~,atbt],
b=[a" Ab",at AbT],
:[a Vb~ ,CL+\/b+],

Theorem 2.2. For
(1) idempotent law

QI
Qr S foall

(2) commutative la \b=bAa andaVvb=>bVa, -

(3) associative law: (a ANb)AEc=aNA(bAC) and (@Vb)VE=aV (bVe),
(4) absorptwe law: @ A (@vb)=aVv(and)=a, and

(5) )

b)=a
V(@ane) andaVv (bAE) = (aVb)A(aVe).

Let F(X) be the family of all fuzzy sets A of X with the membership measurable function
na: X — [0,1]. Recall that for A, B € F(X), A = B means pu({z € X|na(x) #np(z)}) =0,
where p is a capacity on X. We introduce the definitions of similarity measures and distance
measures on §(X), and some characterizations of them(see [2,5,6,14,26-29]).

Definition 2.4. (1) A real-valued function s : F(X) x §(X) — [0,1] is called a similarity
measure if it satisfies the following properties:

(i) s(A,A°) =0 if Ais a crisp set,

(ii) for A, B € §(X), s(A,B) =1 if and only if A = B,

(iii) for A, B € §(X), s(4,B) = s(B,A), and

(iv)if A,B,C € F(X) and A < B < C, then s(A,C) < s(A, B) and s(4,C) < s(B,C).

(2) A real-valued function d : F(X) x §(X) — [0,1] is called a distance measure if it
satisfies the following properties:

(i) d(A, A°) = 1if A is a crisp set,

(ii) for A, B € §(X), d(A,B) =0 if and only if A = B,

(iii) for A, B € §(X), d(A, B) = d(B, A), and

(iv) if A,B,C € §(X) and A < B < (C, then d(4,C) > d(A, B) and d(A,C) > d(B,C).
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It is easy to see that if s is a similarity measure and we define [y = 1 — s, then [ is a
distance measure and that if d is a distance measure and we define s = 1 — d, then [5 is a
similarity measure.

Definition 2.5. (1) An interval-valued function S = [s7,s] : F(X) x F(X) — [[0,1]] is
called an interval-valued similarity measure if it satisfies the following properties:

(i) S(A, A°) = 0if A is a crisp set,

(ii) for A, B € §(X), S(A, B)—llfandonlylfA B,

(iii) for A, B € §(X), S(A,B) = S(B,A), and

(iv)if A,B,C € §(X) and A < B <, then S(A,C) < S(A,B) and S(A4,C) < S(B,C).
(2) An interval-valued function D = [d™,d*] : F(X) x F(X) — [[0, 1]] is called a distance
measure if it satisfies the following properties:

(i) D(A, A°) = 1if A is a crisp set,

(ii) for A,B € §(X), D(A,B) =0 if and only if A = B,

(iii) for A, B € §(X), D(A,B) = D(B, A), and

(iv)it A,B,C € §(X) and A < B < C, then D(A,C) > D(A,B) and D(A,C) > D(B,C).

By the definitions of an interval-valued similarity measure and an interval-valued distance
measure, we can obtain the following theorem.

Theorem 2.3. (1) An interval-valued function S = [s™,sT] is an interval-valued similarity
measure if and only if real-valued functions s~ and st are real-valued similarity measures,
and 0 < s~ < st < 1.

(2) An interval-valued function D = [d~,d "] is an interval-valued distance measure if and
only if real-valued functions d~ and d are real-valued distance measures, and 0 < d- < dt <
1.

(3) If S is an interval-valued similarity measure and we define H =1—5 = [1—sT,1—s7],
then H s an interval-valued distance measure.

(4) If D is an interval-valued distance measure and we define L=1—D =[1—dt,1—d7],
then L is an interval-valued similarity measure.

Proof. (1) (=) Suppose that S is an interval-valued similarity measure. If A is a crisp
set, then
0= (A, A%) = [s~(A, A%), 57 (4, A°)].
Thus s~ (A, A°) =0 and s (A, A°) = 0. Since S(A, B) = S(B, A) for all A, B € §(X),
s (A,B)=s"(B,A) and sT(A4,B) = ST(B,A).
Let A,B,C € §(X) and A < B < (. Then we have
S(A,C) < S(A,B) and S(A,C) < S(B,C).
Thus, we have
sT(A,C)<s7(A,B) and s (4,C) <s (B,C),
and
sT(A,C) <sT(A,B) and sT(A,C) < st (B,0),
Therefore, we obtain that s~ and s are real-valued similarity measures and 0 < s~ < st < 1.
(«<=) The proof is similar to the proof of (=>).
(2) The proof is similar to the proof of (1).
(3) Let S be an interval-valued similarity measure and we define H = 1—5 = [1—sT,1—s7].
If Ais a crisp set, then S(A, A°) = 0. Thus, H(A,A°) =1—-S(A,A°) =1—-1=0. Let
A,B € F(X). Then, A = B if and only if S(A, B) =1, that is, H(A,B) =1—-S(A,B) =0
If A,B € §(X), then S(A,B) = S(B, A). Then,
H(A,B)=1-S(A,B)=1-S(B,A) = H(B, A).

255 JEONG GON LEE et al 252-265



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

If A,B,C € §(X) and A < B <, then
S(A,0) < S(A,B) and S(A,C) < S8(B,0).
Thus, we have
H(A,C)=1-5(A,C)>1—-5S(A,B)=H(A,B)
and
H(A,C)=1-5(A,C)>1-58(B,C)=H(B,C).

Therefore, H is an interval-valued distance measure.
(4) The proof is similar to the proof of (3).

3. THE CHOQUET INTEGRAL WITH RESPECT TO AN INTERVAL-VALUED CAPACITY

In this section, we define an interval-valued capacity and the Choquet integral with respect
to an interval-valued capacity of a fuzzy set. Note that a mapping dy : [[0,1]] x [[0,1]] —
[0,00) is the Hausdorff metric defined by

dy(A, B) = max { sup inf |x — y|, sup inf |z — 2
(4, B) = max {sup int o ol sup i o~ 1} )

for all A, B € [[0,1]], and ([[0, 1]],dp) is a metric space. By the definition of the Hausdorff
metric, it is easy to see that for any a = [a~,a™],b = [b~,b"] € [[0, 1]], we have

du(a@,b) = max{|la” — b |, Ja™ —bT|}. (3)
We recall that for any {a,} C [[0,1]] and a € [[0, 1]],
dyg — lim @, =a means lim dy(a,,a)=0. (4)

We define an interval-valued capacity g = [u—,put] : @ — [[0,1]] on a measurable space
(X, Q) as follows:

Definition 3.1. (1) An interval-valued set function g : @ — [[0,1]] is called an interval-
valued capacity if it satisfies the following properties:

(i) @(?) =0 and p(X) =1, and

(ii) @(F1) < a(FEs) whenever Ey, Es € Q and Ey C Es.

(2) An interval-valued capacity [ is said to be continuous from above if for each increasing
sequence {E,} C Q, a(US,E,) =dyg — lim, o0 f(Ey).

(3) An interval-valued capacity fi is said to be continuous from below if for each decreasing
sequence {E,} C Q, a(NS,E,) =dg — lim, o G(Ey).

(4) An interval-valued capacity f is said to be continuous if it is continuous from above
and continuous from below.

(5) An interval-valued capacity fi is said to be subadditive if i(E; U E2) < fi(E1) + ji( Es),
whenever E1, Fy € Q and F1 N Ey = (.

It is easy to see that for each increasing sequence {E,} C Q with E = U2, E,,
nlbrr;o dp(i(Ey), B(E)) = 0 if and only if nl;rrgo w (Epn) =p (E)and HILH;O p(E,) = pt(E), (5)
and for each decreasing sequence {F,} C Q with F =N, E,,
lim_dyg((E,). 1(F)) = 0if and only if lim p~(E,) =~ (F) and lim_ " (E,) = u*(F). (6)

By (5) and (6), we can directly derive the following theorem.
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Theorem 3.1. (1) An interval-valued set function i = [p=, u*]: Q — [[0,1]] s an interval-
valued capacity if and only if p= and pu™ are capacities and p= < p*.

(2) An interval-valued capacity i = [pu~,pu™] is continuous from below if and only if p~
and pt are continuous from below and p~ < pt.

(3) An interval-valued capacity ji = [u~, "] is continuous from above if and only if pu~
and pt are continuous from above and u= < u*t.

(4) An interval-valued capacity i = [p~, %] is continuous if and only if p= and p* are
continuous and p~ < uT.

(5) An interval-valued capacity i = [~ , u"] is subadditive if and only if p= and pt are
subadditive and u= < u*.

Recall that if ([0, 1], 9, m) is the Lebesgue measure space and C([0,1]) is the family of all
closed subsets of I, then the Aumann integral of a closed set-valued function G : [0,1] —

C((0,1]) is defined by
A) [ G = { [aimlg € S<G>}, )

where S(G) is the set of all integrable selections of G, that is,

S(G)={g:10,1] — [0,1]| /gdm < ooand g(r) € G(r) m — a.e.}. (8)

We note that m — a.e. means almost everywhere in the Lebesgue measure m (see[1,16]).
Then, we introduce the following theorems which are used to define the Choquet integral
with respect to an interval-valued capacity of a fuzzy set.

Theorem 3.2. ([13, Lemma 2.1]) If a closed set-valued function G : [0,1] — C([0,1]) s
IM-measurable, then (A) [ Gdm is convex in [0,1].

Theorem 3.3. ([13, Lemma 2.2]) If a closed set-valued function G : [0,1] — C([0,1]) is M-
measurable and integrably bounded, that is, there exists a integrable function ¢ : [0,1] — [0, 1]
such that

sup z < p(r) for r € [0, 1], (9)
z€G(r)

then (A) [ Gdm is nonempty compact convez in [0,1].

From Theorem 3.3, we can see that (A) [ Gdm is a nonempty bounded and closed subset in
[0, 1] under the same assumption of G. Thus, we obtain the following corollary (see [12,13,21]).

Corollary 3.4. If an interval- valued function G = [g~,g7] : T — [[0,1]] is M-measurable
and integrably bounded, then g~, g7 € S(F) and

o foin ([ o]

where the integrals on the right-hand side are the Lebesgue integral with respect to m.

We write [ gdm = fol g(r)dm(r) for all measurable functions g. By using an interval-valued
capacity, we define the Choquet integral with respect to an interval-valued capacity of a fuzzy
set A.

Definition 3.2. (1) The Choquet integral with respect to an interval-valued capacity f of a

fuzzy set A € § is defined by
1
¢) [ Adi=(4) [ patrydr, (11)
0
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where 74 is the membership measurable function of A, ia(r) = p({z € X|na(z) > r}) for all
r € [0, 1], and the integral on the right-hand side is the Aumann integral in (7).
(2) A fuzzy set A € § is said to be p-integrable if (C) [ Adp € [[0, 1]).

Note that if an interval-valued capacity fi is continuous from below and A € F(X), then
fa: I — [0, 1]] is continuous from below on [0, 1]. Thus, we obtain that /4 is 9l-measurable
and integrably bounded on [0,1]. Thus, by Definition 3.2 and Corollary 3.4, we can easily
obtain the following theorem.

Theorem 3.5. If an interval-valued capacity i is continuous from below and A € §, then we

have
C)/Adﬂz {(C)/Ad,uﬂ(C)/Aduﬂ , (12)

where the integrals on the right-hand side are Choquet integrals.

Proof. By Definition 3.2 and Corollary 3.4, we can derive
1
¢) [adn = () [ patrr
0
1
() [ ()0
0 1
Ha (r)dr,/ wh (r)dr]
0

_ [(C) / Adu~, () / Adw]

By Theorem 3.5, we can easily obtain the following basic properties of the Choquet integrals
with respect to a continuous from below interval-valued capacity of a fuzzy set.

I
S—

Theorem 3.6. Let (X,Q) be a measurable space. Assume that an interval-valued fi is con-
tinuous from below.
(1) If A,B € §(X) and A < B, then

o) / Adfi < (C) / Bdp.

(2) If A, B € §(X) and we define n ayp)(x) = na(x) Vnp(x) for all v € X, then

/A\/Bd,u> /Adu\/ /Adu

(3) If A, B € F(X) and we define narp)(x) = na(x) Anp(z) for all x € X, then
(C)/A/\Bdﬁ < (C)/Ad/j/\ (C’)/Adﬂ.

4. INTERVAL-VALUED SIMILARITY MEASURES INDUCED BY THE CHOQUET INTEGRAL

In this section, we discuss some applications of the Choquet integral with respect to a
continuous from below interval-valued capacity of a fuzzy set.

Theorem 4.1. Assume that an interval-valued fi is continuous from below and fi(X) =
{u}(X) = 1. If we define an interval-valued function Sy : § x § — [[0,1]] as following

&MBFI4®/W—wW (13)

for all A, B € §(X), then Sy is an interval-valued similarity measure.

258 JEONG GON LEE et al 252-265



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

8 LEE-CHAE JANG

Proof. (i) If A is a crisp measurable set, then the membership measurable function 74 of
a fuzzy set A is defined by

() = 1 ifzeA
A= 0 ifze A =T\ A.

We note that if the membership measurable function 74 of the complement of a fuzzy set A,
then

0 ifzed
nac (@) = { 1 ifzeA°=T1\A

Thus, we have [na(x) — nac(x)] =1 for all x € X. Therefore, we have

Su(A,A%) = 1-(C) / 4 — nacldi

- / A{z € X| 1a(@) — nac(z)] > r})dr

= 1—/01,u(X)d7“:0.

(ii) If A = B, then n4 = np @ — a.e. on X. Thus, we have

Si(AB) = 1-(C) / Ina — nsldp

-1 (e € X na(e) — np(@) > r))dr
- 1—/01ﬁ(®)dr—1.
If S;(A, B) = 1, then
/ (e € X1 ha@) — mp(@)] > r})dr = 0.
Then, it is easy to see that

a{z € X| Ina(z) —ne(x)| >r}) =0m —a.e.on I. (14)

From (14), we have
i({z € X| [na(z) — ns(x)| # 0}) =0,

that is, n4 =np & — a.e. on X and hence A = B.
(iii) If A, B € §(X), then we have

Su(AB) = 1-(C) [ Ina ~nsldn
- 1-(0) / 05 — naldi = Sp(B, A).
(iv) If A,B,C € §(X) and A < B < C, then n4 < np < n¢. Thus, we have

na(@) —np(@)] < |na(e) —ne(@)| and [np(x) —no(@)| < [na(z) —nc(x),  (15)
for all z € X. By (15) and Theorem 2.2 (1), we have

S4(A,C) = 1-(0) / Ina — nelda

< 1-() / Ina — nsldi = Sp(A, B,
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and
Sa(A.C) = 1- <C>/|nA B
1-(C) / Ins — ncldi = Sp(B,0),

By (i),(ii),(iii), and (iv), we see that Sj is an interval-valued similarity measure.
By Theorem 4.1 and Theorem 2.3(3), we can easily obtain the following corollary.

IN

Corollary 4.2. Assume that an interval-valued fi is continuous from below and ji(X) =
{p}(X) = 1. If we define an interval-valued function Dy =1 — Sz = (C) [ |na — ng|di for
all A, B € §(X), then Dy is an interval-valued distance measure.

In order to illustrate the proposed similarity measure are reasonable, we give the following
example.

Example 4.1. Let X = {x;, 22,23} and @ = p(X) be the power set of X. Suppose that
g Q — [[0,1]] is defined by

I(E) = [n~(E), u™ (B)], (16)
. o _ m(E) )2 m(B)
where m(FE) is the cardinality of E € Q, u=(F) = (W) ,and put(E) = gy Since X

is a finite set, clearly, we see that [ is a continuous from below interval-valued capacity on
a measurable space (X,) and G(X) = {u#}(X) = 1. . The three patterns are denoted as
follows:

A1 = {(1‘1, 03), (.732, 02), (Ig, 01)},

AQ = {(.13170.2), (J}g, 02), (.133, 02)}, and
As = {(21,0.4), (x2,0.4), (x5, 0.4)}.

Assume that a sample B = {(x1,0.3), (z2,0.2), (23,0.1)} is given. In order to interpret the
measure of similarity of B with these patterns, we calculate the proposed interval-valued
similarity measure Sy as follows:

3
Sa(A1, B) =1— Z(\Wn(ﬂ?(i)) —ns(xae) ) (B(Aw) =1, (17)
3
S:(4a,B) = 1= Yl = (o NaA) = | 3. 2| and 19
3
Su(4a, B) = 1= 3oy = (oo NntAo) = 5.5 (19)

By (17), (18), and (19), we interpret that B is equal(or, absolutely similar) to A; and B is
more similar to A, than similar to As.

Example 4.2. Let X = {z1,22,23} and Q@ = p(X) be the power set of X. Suppose that
v :Q —> [I] is defined by
7(E) =[v(E),v"(E), (20)
)

2
where m(E) is the cardinality of E € Q, v~ (E) = (g—) and v (E) = (::E)E())) .

The three patterns are denoted as follows:
Ay = {(21,0.3), (z2,0.2), (x3,0.1) },
Ay = {(21,0.2), (22,0.2), (23,0.2)}, and
Az = {(21,0.4), (22,0.4), (x3,0.4)}.
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Assume that a sample B = {(x1,0.3), (22,0.2), (3,0.1)} is given. In order to interpret the
measure of similarity of B with these patterns, we calculate the proposed interval-valued
similarity measure Sy as follows:

—, —, = 21

457 135 457 15 (21)
Thus, we can see that there is an interpretation of the notions of these patterns under two
different interval-valued capacity g and v as follows:

Sﬁ(Al,B) - 1 - S{,(Al,B),

43 131 1
Sy(A1,B) = 1, S,(A2,B) = [ 3 13 38 3]'

] , and Sy (A3, B) = [

14 43 43 131
Sﬁ(AQ,B) = |:15, 45:| |:45,135:| = SD(AQ,B), and
4 38 38 13
Su(As, B) = [5745} < {45»15] = Sy(As, B).

Therefore, this means that 7 has more positive sense than .

5. CONVERGENCE IN THE INTERVAL-VALUED DISTANCE MEASURE

Throughout this section, we assume that i = [u~,u™] is continuous from below. At
first, we introduce uniformly p-integrability and convergence in the interval-valued distance
measure on §(X).

Definition 5.1. ([26]) Let x be a capacity on a measurable space (X, ), {A,} be a sequence
of fuzzy sets and A be a fuzzy set.

(1) A sequence {4,,} converges to A almost everywhere on X if there exist a null set N €
with p(N) = 0 such that

na(x) = lim na,(z), forall z € N°. (22)

n—oo

(2) A sequence {4, } converges in the distance measure d, to A if
Jim dy,(14,,714) = 0, (23)
where d;,(na,.,na) = (C) [ Ina, (z) —na(z)|dp for all n € N.

Remark that convergence in the distance measure du is equal to convergence in py-mean(see
[41])

Definition 5.2. ([4]) Let u be a capacity on a measurable space (X,) and I C N be an
index set. A class {A, }ner of fuzzy sets is said to be uniform p-integrable if

(i) supd,(4,,0) < oo, (24)
nel
(ii) Ve > 0, 36(e) > 0 such that dg ,(A4,,0) < e if E € Qand u(E) < d(e), (25)
where dp,,(A,,0) = (C) [ na,|dp for all n € N.

We also introduce various convergence properties of the Choquet integral on §(X) as
follows:

Theorem 5.1. ([4]) Let a capacity p be subadditive and {A,} a sequence of fuzzy sets in
F(X). Then {A,} is an uniformly p-integrable if and only if

lim sup d; A,,0)=0. (26)

400 e an 1>l
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Theorem 5.2. ([4]) Let a capacity p be subadditive and a sequence {A,} of fuzzy sets in
F(X) converges to a fuzzy set A in F(X) p-almost everywhere on X and A,, < B for some
w-integrable fuzzy set B, then we have

(1) A, and A are p-integrable for all n € N, and

(2) {A,} converges to A in the distance measure d,,, that is,

ILm du(An,0) =0. (27)
We assume that an interval-valued capacity ji(X) = [u~, "] is continuous from below.

Then we define convergence in the interval-valued distance measure D; and uniform p-
integrability on §(X). It is easy to see that

Du(A,B) = [d,~ (A, B),d,+ (A, B)], forall A,B € 3(X). (28)

Definition 5.3. Let I C N be an index set.
(1) A sequence {A,} converges in the interval-valued distance measure Dy to A if

dig — ILm Dy(A,,A) =0, (29)
where
dg — lim Dp(An, A) = lim dg{Ds(A,,A),0}
n— 00 n— oo
and
Dy(An, A) =[d,- (An, A),d,- (Apn, A)]

for all n € N.

(2) A class {Ay }ner of fuzzy sets in F(X) is said to be fi-integrable if

(i) sup Dp(A,,0) < oo, (30)

nel
(ii) Ve > 0, 36(e) > 0 such that Dg ;(A,,0) < eif E € Qand u(E) < d(¢), (31)

where Dg ;i(An,0) = (C) [ na,
By (3), it is easy to see that (29) holds if and only if
nhﬁn;o max{d,- (An, A),d,+(An, A)}) =0, (32)

dp for all n € N.

By Definition 5.1 and Definition 5.3, we obtain various convergence properties of the interval-
valued distance measure Dy as follows:

Theorem 5.3. Let I C N be an index set.

(1) A class {An}ner is uniformly fi-integrable if and only if it is uniformly p~ -integrable
and uniformly ut-integrable, and p= < pt.

(2) A sequence {A,} of fuzzy sets in F(X) converges to a fuzzy set A € F(X) in the interval-
valued distance measure Dy if and only if {An} converges to A in the distance measures d,, -
and du+7 and du‘ < dﬂ+,

Proof. (1) Let {A,} be a sequence of fuzzy sets in F(X). If {4, } converges to A in the
interval-valued distance measure Dy, then, by (12) and (29),

lim d,-(A,,A) < lim (max{d,- (A, A),d,+ (A, A)})

n—oo n—oo

= lim dp(Dg(An, 4),0) =0. (33)

As in the same method with (33), we obtain
Jim d,+ (A,,A) =0. (34)

Thus, by (33) and (34), {A,} converges to A in the distance measure d,,- and d,,+.
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Conversely, if we take an interval-valued distance measure i = [, u*], then, similarly,
we can obtain the converse result.

(2) Suppose that {A,}ner is uniformly f-integrable and fi is continuous from below. By
(12) and Definition2.3 (9), we have

sup Dp(A,,0) = supld,-(A4,,0),d,+(Ay,0)]
! — upd, (An.0),supd, - (A, 0)] < oo, (35)
nel nel
and for arbitrary € > 0 and F € (2, there exists d(g) > 0 such that
sup Dp a(An,0) = iléll)[dE,;r (An,0), dp, i+ (An, 0)]
= [ilé}]) dE’”_(AmO)’,SJg; dg i+ (An,0)] <, (36)

if i < 6(e). By (35) and (36), {A,} converges to A in the distance measures d,~ and d,+
nd d,- <d,+

Conversely, if we take an interval-valued distance measure fi = [, uT], then, similarly,
we can obtain the converse result.

Theorem 5.4. Let an interval-valued capacity i be subadditive and {A,} a sequence of fuzzy
sets in §(X). Then, {A,} is an uniformly fi-integrable if and only if
alggo sup Dy, 1>a),a(An, 0) = 0. (37)
Proof. Since an interval-valued capacity i = [u~, u] is subadditive, by Theorem 3.1(5),
p~ and pt are subadditive. From Theorem 5.3 (1), {A,} is an uniformly ji-integrable if
and only if {A,} is an uniformly p~-integrable and an uniformly p*-integrable. Thus, by
Theorem 5.1, {A,} is an uniformly p~-integrable if and only if
lim sup djj,, |>a],u- (A,,0)=0 (38)

a— o0 6
and {A,} is an uniformly p*-integrable if and only if
lim sup dHﬂAn|>a],l»¢+ (An,O) =0 (39)

a—r 00 e

By (38) and (39), and (12), we have
lim supdpy (D), |>a],5(An,0),0)

a—o0
= S, o (A0 i e (A 0)) =0 (10)
Conversely, by the similar method of the above proof, we can obtain the converse result.
Lemma 5.5. Assume that an interval-valued capacity i = [, u™] is continuous from below.
Then {A,} is fi-integrable if and only if {A,} is u~-integrable and p™-integrable
Proof. The proof is trivial.

Theorem 5.6. Let an interval-valued capacity p be subadditive. If a sequence {A,} of fuzzy
sets in §F(X) converges to a fuzzy set A in F(X) p-almost everywhere on X and A, < B for
some fi-integrable fuzzy set B, then we have

(1) A, and A are fi-integrable for all n € N, and

(2) {A,} converges to A in the interval-valued distance measure Dy, that is,

dy = lim Dg(Ay,0) =0. (41)
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Proof. Since B is ji-integrable fuzzy set and A,, < B, by Theorem 5.3 (1), we have
(i)Ay, and A are p~-integrable and p~-integrable for all n € N, and
(ii) {An} converges to A in the distance measure d,,- and in the distance measure d,+.
Thus, by Lemma 5.5 and Theorem 5.3 (1) and (12), we obtain
(1) A, and A are -integrable for all n € N, and
(2) {An} converges to A in the interval-valued distance measure Dy, that is,
dp — 1i_>m Dy (4,,0) = 0. (42)

6. CONCLUSIONS

In this paper, we define the concept of interval-valued capacity which means reasonable ca-
pacity. By using Aumann integral of integrably bounded interval-valued functions in Corollary
3.4, we consider the Choquet integral with respect to a continuous interval-valued capacity
of a fuzzy set.

From Definitions 2.3, 3.1, 3.2 and Theorems 3.5, 3.6, we discuss interval-valued similarity
measures induced by the Choquet integral with respect to a continuous interval-valued ca-
pacity on §(X). By Examples 4.1 and 4.2, it is possible that we interpret the interval-valued
measure of similarity of a sample with the three patterns. From Definitions 5.1, 5.2, 5.3, and
Theorems 5.3, 5.4, and 5.6, we can provide the concept of convergence in the interval-valued
distance measure and discuss various convergence properties of the interval-valued distance3
measure on the space of fuzzy sets for the Choquet integral.

In the future, by using these results of this paper, we can develop various problems and
models for representing uncertain similarity measures and uncertain distance measures in
pattern recognition research, information theory, decision making, and fuzzy risk analysis,
ete.
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n-JORDAN #«DERIVATIONS ON INDUCED FUZZY C*-ALGEBRAS
GANG LU, YANDUO WANG, AND PENGYU YE

ABSTRACT. Using the fixed point alternative theorem, we investigate the Hyers-Ulam
stability of of n-Jordan *-derivations on induced fuzzy C*-algebras associated with the
following functional equation f (y —z)+ f (x —2)+ f Bz —y + 2) = f (3x).

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [13]
concerning the stability of group homomorphisms. Hyers [22] gave a first affirmative par-
tial answer to the question of Ulam for Banach spaces. Hyers” Theorem was generalized
by Aoki [1] for additive mappings and by Rassias [38] for linear mappings by considering
an unbounded Cauchy difference. Those results have been recently complemented in [9].
A generalization of the Aoki and Rassias theorem was obtained by Gavruta [21], who
used a more general function controlling the possibly unbounded Cauchy difference in
the spirit of Rassias’ approach. The stability problems for several functional equations
or inequalities have been extensively investigated by a number of authors and there are
many interesting results concerning this problem (see [3, 15], [23]-[31], [39]-[*1]).

We recall a fundamental result in fixed point theory.

Let X be aset. A function d : X x X — [0,00] is called a generalized metric on X if
d satisfies

(1) d(z,y) =0 if and only if z = y;
(2) d(x,y) = d(y,x) for all z,y € X;
(3) d(z,2) < d(z,y) +d(y, z) for all z,y,z € X.
Theorem 1.1 (see [14, 18]). Let (X,d) be a complete generalized metric space and let

J : X — X be a strictly contractive mapping with Lipschitz constant L < 1. Then for
each given element x € X, either

d(J"z, J"z) = 0o
for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"x, J"z) < 0o, for all n > ng;
(2) the sequence {J"x} converges to a fized point y* of J;
(3) y* is the unique fizved point of J in the set Y = {y € X|d(J™z,y) < oo},
(4) dy,y") < y2d(y. Jy) for ally € Y.

By using the fixed point method, the stability problems of several functional equations
have been extensively investigated by a number of authors (see |

, 34, 37, 40]).

2010 Mathematics Subject Classification. Primary 39B62, 39B52, 46B25.
Key words and phrases. Fuzzy normed space; additive functional equation; Hyers-Ulam stability;
induced fuzzy C*-algebra.
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In 1984, Katsaras [27] defined a fuzzy norm on a linear space and at the same year
Wu and Fang [11] also introduced a notion of fuzzy normed space and gave the general-

ization of the Kolmogoroff normalized theorem for fuzzy topological linear space. In [7],
Biswas defined and studied fuzzy inner product spaces in linear space. Since then some
mathematicians have defined fuzzy metrics and norms on a linear space from various
points of view [6, 20, 30, 12, 45]. In 1994, Cheng and Mordeson introduced a definition
of fuzzy norm on a linear space in such a manner that the corresponding induced fuzzy
metric is of Kramosil and Michalek type [29]. In 2003, Bag and Samanta [6] modified
the definition of Cheng and Mordeson [16] by removing a regular condition. They also
established a decomposition theorem of a fuzzy norm into a family of crisp norms and in-
vestigated some properties of fuzzy norms (see [3]). Following [2], we give the employing
notion of a fuzzy norm.

Let X be a real linear space. A function N : X xR — [0, 1](the so-called fuzzy subset)
is said to be a fuzzy norm on X if for all z,y € X and all a,b € R:
(N1) N(z,a) =0 for a <0;
(Ny) z = 0 if and only 1fN(x a) =1 for all a > 0;
(N3) N(ax,b) = N(z, ‘) if a # 0;
(Ny) N(xz+y,a+b) >min{N(z,a), N(y,b)};
(N5) N(z,.) is a non-decreasing function on R and lim, ., N(z,a) = 1;
(Ng) For x # 0, N( .) is (upper semi) continuous on R.
The pair (X, N ) is Called a fuzzy normed linear space. One may regard N(z,a) as the

truth value of the statement the norm of z is less than or equal to the real number .

Definition 1.2. Let (X, N) be a fuzzy normed linear space. Let x,, be a sequence in X.
Then x,, is said to be convergent if there exists z € X such that lim, ., N(z,—x,a) =1
for all @ > 0. In that case, z is called the limit of the sequence x,, and we denote it by
N-limy,—soo Ty = T.

Definition 1.3. A sequence x,, in X is called Cauchy if for each ¢ > 0 and each a > 0
there exists ng such that for all n > ng and all p > 0, we have N (x4, — xp,a) > 1 —e€.

It is known that every convergent sequence in fuzzy normed space is Cauchy. If each
Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy
normed space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector space X,Y is
continuous at point xg € X if for each sequence {z,} converging to xy in X, then the
sequence {f(x,)} converges to f(xg). If f: X — Y is continuous at each x € X, then
f: X — Y is said to be continuous on X (see [2])

Definition 1.4. [36] Let X be a x-algebra and (X, N) a fuzzy normed space.

(1) The fuzzy normed space (X, N) is called a fuzzy normed *-algebra if
N(xy,st) > N(x,s)- N(y,t) and N(z*,t) = N(x,t).
(2) A complete fuzzy normed x-algebra is called a fuzzy Banach *-algebra.
Example 1.5. Let (X, ||.||) be a normed *-algebras. Let
— 0,v€X
R !
N(z,a) {0, a<0,2€X

Then N(x,t) is a fuzzy norm on X and (X, N(x,t)) is a fuzzy normed *-algebra.
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Definition 1.6. Let (X, -||) be a C*-algebra and N a fuzzy norm on X.

(1) The fuzzy normed x-algebra (X, V) is called an induced fuzzy normed *-algebra.
(2) The fuzzy Banach x-algebra (X, N) is called an induced fuzzy C*-algebra.

Definition 1.7. Let (X, || - ||) be an induced fuzzy normed x-algebra. Then a C-linear
mapping D : (X, N) — (X, N) is called a fuzzy n-Jordan -derivation if

D(z") = D(x)a" '+ azD(x)z" %+ + 2" ?D(z)r + 2" ' D(x),
D(z") = D(x)
for all z € X.
Throughout this paper, assume that (X, N) is an induced fuzzy C*-algebra.

2. MAIN RESULTS

Lemma 2.1. Let (Z,N) be a fuzzy normed vector space and f : X — Z be a mapping
such that

N(F =)+ S =24 fBo=y+2),0 2 N (£ 60).5) (2.)
forall x,y,z € X and allt > 0. Then f is additive.
Proof. Letting z =y = z = 0 in (2.1), we get
NG00 = 5 (0.5) = 5 (r0.5)
for all £ > 0. By (Ns) and (Ng), N(£(0),¢) = 1 for all £ > 0. Tt follows from (N,) that

7(0) = 0.
Letting x = z = 0 in (2.1), we get

N(f(y) + f(0) + f(—y),t) = N (f(()), %) =1
for all t > 0. It follows from (N2) that f(—y)+ f(y) =0 for all y € X. Thus

f(=y) =—f(v)

for all y € X.
Letting = 0 and replacing z by —z in (2.1), we get

N(f(y) + f(z) + f(=y —2),t) > N (f(o),%) —1

for all t > 0. It follows from (NNs) that

f)+ =)+ f(=y—2)=0
for all y,z € X. Thus

fly+2)=fly)+ f(z)
for all y, z € X, as desired. O
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Theorem 2.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with
Ty E) <L 59
0(555) < 39,2 (22)
forallz,y,z € X. Let f: X = X be a mapping such that
N(f (ly = 2)) + f (p(x = 2)) + f (pBx —y + 2)) — puf (32) 1)

t (2.3)
= t+o(z,y,2)
N (F() — Flpu™ — w )™ — -~ = flwpw — w ()
t (2.4)

) = f0) 1) 2 s
for all z,y,z,w,v € X, allt >0 and all p € T' := {c € C: |¢| = 1}. Then the limit
A(z) = N — lim,, oo 3" f (3%) exists for each © € X and the mapping A : X — X is a
fuzzy n-Jordan x-derivation satisfying

3(1—L)t
N(Fe) = AW 2 S P o ET (25)
forallz € X and all t > 0.
Proof. Letting p =1,y =2x , 2 =0 in (2.3), we have
t
NG () = 1(3).0) > s (2.6
and so
T t t
V7 (5) 10 2 e T )
for all x € X. Thus
T L ét B t
N <3f (5) — fl@), §t> = Lt + Lo (z,22,0) t+¢(x,22,0) (27)

for all z € X.
Consider the set

G:={g: X = X}
and introduce the generalized metric on G:

t
d(g,h) :=inf{a e Rt : N — h(x),at) >
(9.h) = inf{a (8(0) = h(w).08) > )
for all z € X and all t > 0, where inf ¢ = +o0. It is easy to show that (S, d) is complete
(see the proof of [32, Lemma 2.1]
Now, we consider the linear mapping () : G — G such that

Qg(x) =3y (g)

for all z € X.
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Let g, h € G be given such that d(g, h) = . Then

N(g(z) = h(z),et) > t+ ¢ (z,21,0)

for all z € X and all ¢ > 0. Hence

N(@ale) — Quta). Lot = N (39 () = 30 (5) 2) = 5 (o (5) = (3) 5=

3 3
Lt Lt
> : > r
F+0(55.0) ~ §+50(x,200)
B t
i+ ¢ (x,22,0)

for all z € X and all £ > 0. Thus d(g,h) = ¢ implies that d(Qg, Qh) < Le. This means
that

d(Qg, Qh) < Ld(g, h)

for all g,h € G.
It follows from (2.7) that d(f, Qf) < %.

By Theorem 1.1, there exists a mapping A : X — X satisfying the following:
(1) A is a fixed point of @, i.e.,

A(3) = %A(a:) (2.8)

for all x € X. The mapping A is a unique fixed point of () in the set
M ={geG:d(f g) <oo}.

This implies that A is a unique mapping satisfying (2.8) such that there exists an a €
(0, 00) satisfying

N(J(w) = Alw),al) 2 20500

for all z € X.
(2) d(Q*f, A) — 0 as k — oco. This implies the equality

N (2) = A

for all z € X;
(3) d(f,A) < ﬁd(f, Qf), which implies the inequality

L
d(f,A) §m~

This implies that the inequality (2.5) holds.
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Next we show that A is additive. It follows from (2.2) that

k=0
< ¢(x,y,2) + Lo(x,y, 2) + L¢(z,y, 2) + - -

= ;qﬁ(x,y,z) < 00

1—-L
for all z,y,z € X.
By (2.3),
Yy— T —z 3r—y+z 3
e e e G R o R CO Y
S t
Tt o (G )
and so
y—x xr—z 3r—y+z 3
) ) ) ()

for all z,y,2 € X, all t > 0 and all © € T!. Since limj_,q = 1 for all

x,y,z € X and all £ > 0,
N (A uly — ) + Al — 2)) + A(u(3r — y + 2)) — pA(32) ) = 1
for all z,y,2 € X, all t > 0 and all u € T*. So
Aply —2)) + A(p(r — 2)) + A(pBz —y + 2)) = pA (3z) (2.9)

for all z,y,2 € X, all t > 0 and all u € T'. Letting z =y = 2 = 0 in (2.9), we have
A(0) =0. Let u =1, z = 0 and replace z by —z in (2.9). By the same reasoning as in
the proof of Lemma 2.1, one can easily show that A is additive. Letting y = 2z, 2 =0
n (2.9), we get
x
pA(x) = 34 (i3 ) = Alua)

for all z € X and p € T'. The mapping A : X — X is C-linear by [35, Theorem 2.1].
By (2.4) and letting v = 0 in (2.4), we get

¥ (o () - R ) - ) G-

()7 () e () () M) 2 e

3k
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for all w € X and all ¢ > 0. Thus
¥ (o () o G ) - G )

()7 ) 2 5

3k
t
>
~t+4 (3" 1L)k¢(w,0,0)
for all w € X and all ¢ > 0. Since limj_,~ t+(3"—1Lt)k¢(w,0,0) =1 for all w € X and all
t >0, we get

N(D(w") — D(w)w" ™' —wD(w)w"?* — - —w" 2D(w)w — w" ' D(w),t) =1

for all z € X and all t > 0. So
D(w™) — D(w)w"™ ' —wD(w)w" 2 — -+ —w" 2D(w)w — w" " D(w) = 0
for all w € X.

Letting w = 0 in (2.4), similarly, we get D(v*) — D(v)* =0 for all v € X.

Therefore, the mapping D : X — X is a fuzzy n-Jordan *-derivation. 0]
Corollary 2.3. Let p be a real number with p > 1,0 > 0, and X be a normed vector
space with norm || - ||. Let f: X — X be a mapping satisfying

N(f (ly — =) + f (u(x = 2)) + f (pBz —y + 2)) — puf (3z) 1)

N / (2.10)
0|zl + [lylP + lz]P)’

N (f(") = fw)wm ™t = wf(w)u? = w2 fw)w - w" f(w)

/ (2.11)
+f(W) = f(v)"t) =
t+ 0([[w][? + ||v]]?)
Jorallz,y,w,v € X, allt > 0 and all pn € T'. Then the limit A(z) = N—lim,_, 3" f (3%)

exists for each v € X and the mapping A : X — X s a fuzzy n-Jordan x-derivation
satisfying

(3P — 3)t
(3 = 3)t + 6(1 + 27)||z||P

N(f(z) = Alx),t) =

forallz € X and all t > 0.
Proof. The proof follows from Theorem 2.2 by taking

¢(x,y,2) = O(|[z]” + [ly[l” + I[=1")

and L = 3177, [

Theorem 2.4. Let ¢ : X® — [0,00) be a function such that there exists an L < 1 with
Ty z

3L (—, Yy —) < o(x,y, 2.12

6 (22 2) < own.2) (2.12)
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forall x,y,z € X. Let f : X — X be a mapping satisfying (2.3) and (2.4). Then the
limit A(z) = N — lim,,_, 3%]“ (3"x) exists for each x € X and the mapping A: X — X
is a fuzzy n-Jordan *-derivation satisfying

3(1— L)t
N(f(x) — A(z),t) = 3(1— L)t + ¢ (z,2x,0)

(2.13)

forallz € X and all t > 0.
Proof. Let (G, d) be generalized metric space defined in the proof of Theorem 2.2. Con-
sider the linear mapping @) : G — G such that

Qu(z) = ~g(32)

3

for all z € X.
It follow from (2.6) that

W

N — —f(3z), =t
(f( f z), ) +¢x2x 0)
for all z € X and all ¢t > 0. Thus d(f,Qf) < % Hence

1
d(f, A) < 3(1——L)

which implies that the inequality (2.13) holds.
The rest of the proof is similar to the proof of Theorem 2.2. 0J

Corollary 2.5. Let 8 > 0 and let p be a positive real number with p < 1. Let X be a
normed vector space with normed || -||. Let f : X — X be a mapping satisfying (2.10)

and (2.11). Then A(z) = N — limy, o 5+ f(3"2) exists for each x € X and defines a
fuzzy n-Jordan x-derivation A : X — X such that

(33"t
(3—3P)t +6(1 + 2r)| x|

N(f(x) = Alz),1) =

for every x € X and all t > 0.
Proof. The proof follows from Theorem 2.4 by taking

oz, y,z) = 0([|=[|” + [[y||” + [|=[]*)
and L = 3P 1, O
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Abstract

In this paper, we study the global properties of a viral infection model with antibody immune response.
The incidence rate is given by a general function of the populations of the uninfected target cells, infected
cells and free viruses. The model contains two types of intracellular discrete time delays to describe the
time required for viral contacting an uninfected target cell and viral emission. We have established a
set of conditions on the general incidence rate function and determined two threshold parameters Ro
(the basic infection reproduction number) and R; (the antibody immune response activation number)
which are sufficient to determine the global behavior of the model. The global asymptotic stability of
the equilibria of the model has been proven by using direct Lyapunov method and applying LaSalle’s

invariance principle.

Keywords: Virus dynamics; Intracellular delay; global stability; antibody immune response; Lyapunov

functional.
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1 Introduction

In recent years, several works have been devoted to study and develop mathematical models of the virus
dynamics such as human immunodeficiency virus (HIV) (see e.g. [1]-[14]), hepatitis B virus (HBV) [15]-[18],
hepatitis C virus (HCV) [19]-[21] and human T cell leukemia HTLV [22], etc. Mathematical models of viral
infection can help for understanding the viral dynamics and developing antiviral drug therapies. In reality,
the immune response needs an indispensable components to do its job such as antibodies, cytokines, natural
killer cells, and T cells. The antibody immune response is a part of the adaptive system in which the body
responds to pathogens by primarily using antibodies that produced from the B cells. While the other part
is the Cytotoxic T Lymphocytes (CTL) immune response where the CTL attacks and kills the infected cells
[4]. In some infections such as in malaria, the CTL immune response is less effective than the antibody
immune response [23]. Mathematical models of viral infection with antibody immune response have been
proposed and analyzed in ([24]-[29]). The basic model of viral infection with antibody immune response has

introduced by Murase et. al. [24] and Shifi Wang [29] as:

@(t) = s — da(t) — Pu(t)(t), (1)
y(t) = po(t)x(t) — ay(t), (2)
0(t) = ky(t) — bz(t)o(t) — cv(t), (3)
2(t) = ra(t)v(t) — pz(t), (4)

where z(t), y(t), v(t) and z(t) denote the populations of uninfected target cells, infected cells, free virus
particles and antibody immune cells at time ¢, respectively. Parameters s, k and r represent, respectively,
the rate at which new healthy cells are generated from the source within the body, the generation rate
constant of free viruses produced from the infected cells and the proliferation rate constant of antibody
immune cells. Parameters d, a, ¢ and p are the natural death rate constants of the uninfected cells, infected
cells, free virus particles and antibody immune cells, respectively. Parameter § is the infection rate constant
and b is the removal rate constant of the virus due to the antibodies. All the parameters given in model

(1)-(4) are positive.
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The intracellular time delay between the time of the virus contacting the target cells and the time of
generating new infectious viruses has been neglected in system (1)-(4). In fact, the intracellular delay in
the infection process is actually exists (see e.g. [8]-[12]). Note that, the infection rate in model (1)-(4)
is presented to be bilinear in z and v, which can not be completely describe the interaction between the
uninfected target cells and viruses. Nevertheless, there are many types of improved incidence rates which are
more commonly used due to their benefit for helping us gain the unification theory through passing over the

unessential details (see e.g. [30] and [31]). Variety of viral infection models with antibody immune response

Bxv

have been considered with different forms of the incidence rate such as saturated incidence rate, { oy where
a > 0, [27], Beddington-DeAngelis functional response, 1—5—595%’ a,7y > 0 [26], and general form, ¢ (z,v)v

[28]. In [28], a discrete time delay has been incorporated within the model. However, the infection rate does
not depend on the infected cells y. In some viral infections such as HBV, the infection rate depends on z, y
and v [17], [16]. In [32], the infection rate is given by ¥ (x,y, v)v, however the antibody immune response has
been neglected. Our aim in this paper is to investigate the global stability analysis of a viral infection model
with general incidence rate function and antibody immune response taking into consideration two types of
discrete time delays.

The rest of the paper is designed as follows. In the next section, we introduce the model and discuss
the non-negativity and boundedness of the solutions. In Section 3, we define two threshold parameters and
discuss the existence of the model’s equilibria. In Section 4, we study the global asymptotic stability of the
equilibria using suitable Lyapunov functional and applying LaSalle’s invariance principle. Finally, conclusion

is given in Section 5.
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2 The mathematical model

In this section, we consider the following viral infection model with general incidence rate taking into con-

sideration the antibody immune response.

&(t) = s — dz(t) — ¢(z(t), y(t), v(t))v(?), (5)
y(t) = e (et — 1), y(t — 1), v(t — 7))v(t — 1) — ay(t), (6)
B(t) = ke P22 y(t — 1) — bz(t)u(t) — cv(t), (7)
5(t) = r2(t)o(t) — pz(t), (8)

where 71 and 75 are the delay parameters. We assume that, the virus contacts an uninfected target cell at
time ¢ — 71, the cell becomes infected at time ¢. The term e #1™ represents the probability of surviving the
contacted cell during the time delay interval, where u; is the death rate constant of the contacted cells. In
addition, we assume that a cell infected at time ¢ — 75 starts to generate new infectious viruses at time ¢. The
term e~ #272 denotes the probability of surviving the infected cell during the time delay interval, where ps
is a constant. The definitions of all variables and parameters are identical to those given in Section 1. The
incidence rate of infection is presented by a general function in the form ¥ (z,y, v)v, where 9 is continuously
differentiable and satisfies the following assumptions [28] and [32]:

Assumption A1l. ¥(0,y,v) =0 for all y,v > 0 and ¥(x,y,v) >0 for all z >0,y >0, v > 0.

oY(x,y,v)

Assumption A2.
ox

>0forallz>0,y>0andv>0.

0 0
Assumption A3. (@, y,v) <0, V(z,y,v) < 0 for all z,y,v > 0.
dy ov
Assumption A4. M > 0 for all z,y,v > 0.
v

Let the initial states of system (5)-(8) be given as:

z(n) = (), y(n) = G(n),v(n) = G(n), 2(n) = Ca(n),
Cj(n) 2 07 n € [77_3 O), ] = 13 "'34,

CJ(O) > 07 ] = 1)"',47 (9)

where 7 = max{m, 72}, ((1(n),(2(n),(3(n), C(n)) € C([—, 0},]1%‘;0). We denote by C = C([—, O],Réo) the
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Banach space of continuous functions mapping the interval [—7, 0] into R‘éo; with norm ||C|| = s3p<0 [<(n)]
—7<n<

for ¢ € C. We note that the system (5)-(8) with initial states (9) has a unique solution [33].

2.1 Non-negativity and boundedness of solutions

In this section, we show that the solutions of model (5)-(8) with initial states (9) are non-negative and
ultimately bounded.

Proposition 1. Assume that Assumption Al is satisfied. Then the solutions of (5)-(8) with the initial
states (9) are non-negative and ultimately bounded.

Proof. At the beginning, we show that z(¢) is positive for all ¢ > 0. Let us assume in contrary that
z(t) < 0 on the time interval [0,7] where ~ is a constant, and let where ¢ € [0,7] be such that z(¢) = 0,
. Then from Eq. (5) we get #(f) = s > 0. Thus, for sufficiently small € > 0, we have z(¢) > 0 for some

t € (¢,£+¢). This contradicts our assumption and then z(¢) > 0, V ¢ > 0. Now from Eqs. (6)-(8) we get

t

y(t) = y(0)e " + e /e’“(t’”)w(w(n —11),y(n —71),v(n — 71))v(n — 71)dn,
0

o(#) = v(0)e~ J3 (eHbEE | oy / o~ I (erb=Endey () oy
0

2(t) = 2(0)e~ Jo (h=ro(©)de

which yield y(t), v(t), z(t) > 0 for all ¢ € [0,7]. By a recursive argument, we get that y(¢),v(t), z(¢t) > 0 for
all ¢ > 0.
Next we prove the ultimate bound of the solutions of system (5)-(8). From Eq. (5) we get &(t) < s—dx(t)

and thus limsup, , z(t) < 5. Let T1(t) = e "M x(t — 1) + y(t), then

Ti(t) = e (s — da(t — 1) — Yl — ), gt — 7,0l — 7))olt — 1))
e MYt — 1), y(t — 1), v(t —1))o(t — 1) — ay(t),
=se M7 —de M g(t — 1) —ay(t) < se T — oy (e Tt — 1) + y(t))

=se M — T (t) < s —o1T1(t),
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where 01 = min{d, a}. Hence limsup,_, . 71(¢) < L1, where L; = . Since x(t) and y(t) are non-negative,

01

then lim sup,_, . y(t) < Li. Moreover, let T5(t) = v(t) + 22(¢), then

by

To(t) = ke 22y (t — 13) — co(t) — 7z(t) < ke MLy —oy(v(t) + éz(t))

= k€7#2T2L1 — O'QTQ(t) S k‘Ll — O'QTQ(t),

kL
where 0y = min{c, u}. It follows that, limsup, . T5(t) < Lj, where Ly = —=.
o

non-negative, then limsup,_, . v(t) < Lo and limsup, . 2(t) < L3, where Lg = |

state variables of the model are ultimately bounded.

2.2 The equilibria and threshold parameters
At any equilibrium we have
s —dx —Y(z,y,v)v =0,
e MMz, y,v)v —ay =0,
ke 2Ty — bvz — cv = 0,
(rv—p)z=0.

From Eq. (13), either z =0 or z # 0. If z = 0, then from Eqs. (10)-(12) we get

s —dx c k(s — dx)

= = v v = .
Yy aetiT ke—m2T2 "’ acetiTi+p2T2

Substituting from Eq. (14) into Eq. (11) we get:

o (o S5, Mo ) ]

aet1m’ geet1TiHH2T2

k

Since v(t) and z(t) are

. Therefore, all the

(15)

Eq. (15) has two possible solutions v = 0 or v # 0. If v = 0, then from Egs. (10) and (11), we get z = s/d

and y = 0 which leads to the infection-free equilibrium Ey(xg,0,0,0) where o = s/d. If v # 0, then we have

T qetiTi’ geetiTitp2T2 k

" (z s—dz  k(s—dz) > O pritpars _ ()

Let

Py (z) =1 (96 s—dz _kis —dv) ) — Lemmituams 0,

T aet1Tr’ qeeb1TitH2T2

k
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then, we have

o d oy kd 9

T Oxr getiTt oy acePiTitreTe 9y’

1 (2)
Because of Assumptions A2 and A3, we have ®) (z) > 0 which implies that function ®;(x) is strictly

increasing w.r.t. . Moreover,

s ks ac ac
— T paTitpeTe T p1T1 U2 T
<I>1(0) = 'IZ) <0, aehiT 5 a,ceHITl"rHQTz) k eHf1m 272 k et 272 < 0’
ac ac k(20,0,0) _,
) — 0.0) — = piTitpeTe . 7 paTiHp2T2 i) mTi—p2T2 1
1(@0) = ¢ (20,0,0) — e G ( e
k 0,0
Therefore, if Me‘*‘lﬁ_“’”2 > 1, then there exist a unique z; € (0,z¢) such that ®;(z1) = 0.
ac
d(xg — kd(zo —
It follows from (12) and (14) that y; = 2o — 1) > 0 and v; = hd(wo — z1) > 0. It means
aeHt1TL ace,ulTl"r/»LZTQ

that, a chronic-infection equilibrium without antibody immune response Ej(z1,y1,v1,0) exists when

kd)(an 0, O) e
ac

TH1T1mH2T2 > 1. Let us define the basic infection reproduction number as:

k"g/](l‘o, 0, 0) e THITI—pH2T2
ac '

Ry =

The parameter Ry determines whether a chronic-infection can be established. The other possibility of Eq.

(13) is z # 0 which leads to ve = 2 From Eq. (10) we let
T

s —dx

Dy(x) =s—dx —Y(x ,v9)vg = 0.

T aetiT
According to Assumptions A2 and A3, we know that @, is a decreasing function of z. Clearly, ®2(0) = s > 0

and ®o(zg) = —10(z0,0,v2)ve < 0. Thus, there exists a unique z € (0, o) such that ®5(z2) = 0. It follows

d(zo — x2) kp(wz,y2,v2) ¢ ¢ <k¢($27927v2)

Oand z0 = ——————= — - =
Z 2 aceMt1Ti+p2T2

from Eq. (14) that, y2 = T aberimitm b b

k¢($2a Y2, "Uz)

aceM1T1i+p2T2

— 1). Then, if
> 1 then 25 > 0. Now we define the antibody immune response activation number as

_ ki (w2, y2,v2)

acet1Ti+p2T2

R,

)

which determines whether a persistent antibody immune response can be established. Hence, z5 can be
c
b

response Fs (X2, Yo, v2,22) when Ry > 1.

rewritten as zo = —(Ry; — 1). It follows that, there is a chronic-infection equilibrium with antibody immune

Clearly from Assumptions A2 and A3, we have

— k¢($27y2yv2) < k¢($07y2yv2) < kw(x(hoao)

acemtiTit 2T acemtiTiFpaT2 aceMtiTit 2T

Ry = Ry.
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2.3 Global stability analysis

In this section, the global asymptotic stability of the three equilibria of model (5)-(8) will be established by
using direct Lyapunov method and applying LaSalle’s invariance principle. In the remaining parts of the

paper we shall use the following function: H : (0,00) — [0, 00),
H(u)=u—1—Inu.

Theorem 1. Let Assumptions A1-A3 be hold true and Ry < 1, then the infection-free equilibrium Ejy is
globally asymptotically stable (GAS).

Proof. We construct a Lyapunov functional as:

T
UO —x— 20— ’(/}(3307 0; O) d77 + eulle + %euln-‘ruw‘gv + ibeu171+u272z

z ¥(1,0,0)

+ / B, y(n), v(m)o(n)dn + ach™ / y(m)dn. (16)

—T1 t—TQ

We calculate dd% along the solutions of model (5)-(8) as:

@ o (1 o w(anOaO)
dt ¥(x,0,0)

ac ab ab abp
+ ae‘“ﬁy(t _ ,7_2) _ 76M171+M272v _ 76N1T1+M27'2zv + 76H1T1+M27'22U _ eHlTl"FMZTQZ

> (s —dz —¢(z,y,v)v) + Y(a(t — 1), y(t — 71),0(t — 7))ot — 71) —ae ™y

+ (@, y,v)v — (@t — 1), y(t — 1), vt — 7))ot — 71) + ae' ™ (y — y(t — 72))
=3 <]_ _ W) (]_ _ ;) + ('I/J(iC,y,”U)w(xO’O’O) _ aCeM1T1+M27'2> v — %6M171+”2T22
0

¥(x,0,0) ¥(z,0,0) k T
— _ ¢($0,070) _ T AC piTitpaTs ’(/J(ZC,y,’U) _ _ abl 1T1+H2T2
- <1 $(2,0,0) ) (1 a:o) e <w<z,070> fo 1) v s D

From Assumptions A2-A3 we know that 1(x,y,v) is an increasing function of = and decreasing function of

y and v. Then, the first term of Eq. (17) is less than or equal zero and

Y(z,y,v) <(z,0,0), z,y,v>0.
It follows that

dUy ¥(x0,0,0) x ac abp
<L 11— =277 1— = 2T oM1TI U2 T2 -1 _ P emamitpaTe 1
t ‘S( $(,0,0) w) " E (Bo—Dv =3 : (1s)
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Therefore, if Ry < 1, then dUO <0 for all z,y,v, z > 0. We note that the solutions of system (5)-(8) converge
to ), the largest invariant subset of {dUU = 0}[33]. From (18), we have dUO =0if z =29, v=0and z =0.
The set Q is invariant and for any element belongs to ) satisfies v = 0 and z = 0. We can see from Eq. (7)
that

0=0=ke "2yt — ).

It follows that, y = 0. Hence dfléo =0iff xt = zg and y = v = z = 0. Using LaSalle’s invariance principle, we

derive that Ey is GAS.

Assumption A5.

Qﬁ(%yav) ) (¢(xayi7vi) ’U) .
1- ——1<0,i=1,2forall z,y,v > 0.
( 1/’(%3/1',%‘) 7/’(5177%0) Vs

Theorem 2. Let Assumptions A1-A5 be hold true and R; <1 < Ry, then the chronic-infection equilibrium
without antibody immune response F; is GAS.

Proof. Define:

Ul —r—x — 1/’(1’1’917111)([77 + eulrlylH <y>
T w(nayhvl) Y1

k U1 rk
t

+¢(3517y1a111)1)1 / H(

t—71

+ geu17'1+/i27'2v1H <U) + ibeu171+Atszz

Y(z(n),y(n),v(n))v(n)
1/1(5517 Y1, '01)'01

Jansarmon [ (M) ap o)

H
|
1\3‘\”
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Calculating the

au,

dt

time derivative of U; along the trajectories of system (5)-(8), we obtain

_ (1 (@191, 01)

7/’($7y1,v1) ) (S —dr — w(%y,v) 1})

1T -5 e MTay(x(t — —7), vt —m))v(t—7)—a
temn (1= 2 (g ale = )t = ). vlt = ))olt = ) - a)

U1

b
+ %eNITl+M272 (1 ) (ke*lbz‘rzy(t _ 7.2) —cv — b’UZ) + %6#17’1+M272 (7"'02 _ ,LLZ)

+ 7/1($,y, U)U - T/J(Lt(t - Tl)ay(t - Tl)av(t - Tl))v(t - 7_1)

+¢@hmwomm<¢@@ﬁ%wzdiiin»mt7n>

o (5o i (452

Yy
_ (1 _ 1/}(:101,111,1)1)) _ Y(z,y,v)v
‘(1 B ) ) T
- %1#(96(75 —711),y(t —71),v(t — 1))v(t — 11) + ayre™
ac

V1 ac
_ zemﬁﬂtzmv _ ay(t _ 7.2)76#17'1 4 76#17'14-#27'21)1
v

+ &be/tlT1+#272vlz _ ab:eltlTl“l‘lLQTQZ
T

+ (21, y1,v1)01 111(

t_
+ ae#lﬁyl In (y( TQ)) )
Yy

Y@t —71),y(t — 1), v(t —71))v(t — Tl)>
w($7y’ U)v

Using the equilibrium conditions for Fjy:

ac
s=dxy +ae" My, (a1, y1,v1)v = ae Ty = zeumﬂumvh

10

(20)
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we obtain

avy _ Sens ) (2 g,

pral dxq (1 D@y, 0n) + 3ae
Pla1,y1,01) W Ys 0)v

(@, y1,v1) Pz, y1,v1)01

+aeft Ty ————— (
Yzt —71),y(t —m1),v(t — 71))v(t — 1)

_ ae#lﬁyl

_ ael—LlTl
v y(x1,y1,v1)01
aerimig, U gemmy, V(= T2)
(% VY1
+ aelunyl In (’(ﬂ(ﬂf(f - Tl)a y(t - 7—1)’ U(t - Tl))v(t — Tl))
Y(z,y,v)v
t— b
+ aet*yp In (y( , 7'2)) 4 %e‘“nﬂ‘?” (m — %) z. (21)

Using the following equalities:

Y(x(t —11),y(t —11),0(t — 7))ot —11)\ _ 0 n(x(t—m),y(t —71),0( — 7))ot —11)
ln( "(/J(l',y,’l))"l) >_1 ( yw(‘rlaylavl)vl )

+ln(¢($,y1yv1) + In (@5, 0) +In v )

(252) 0 (3) + (%52).

we get
@_ _¢($1,ylyvl)) ( _ JJ) #17'1 < (l‘ Yy, v ) v ¢($,y1,1}1)>
dt i (1 Y(w,y1,v1) ! x1 ae Y(z,y1,v1)vr v bt Y(z,y,0)

N <y1?l)(ff(t — 1)yt —m),v(t —71))U(t - Tl) 1-ln <y1¢($( — 1)yt —m),v(t —m1))o(t — Tl)))

yw(l'layhvl)vl y"/)(xlayhvl)vl

(s (24:2)

Y(x, y1,01) Yz, y1,v1) b i (B
+(”e/J(fc,y,v)_l_hﬂ (zb(x,yw)))}rke} (= 0 = (22)

11
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Eq. (22) can be simplified as:

avy _ _¢($1,y1,vl)>< _95)
dt = dn (1 Y(,y1,v1) ! Ty

Y(z,y,v) ) (1/1(%1117@1) U)

¢($7y171)1) 1/J($7y7v) U1
— ae' Ty {H <'(/J(£U1,y1,'l)1)> + H <Uly(t_T2)>
1/)(5572/1,01) VY1
yiY(@(t — 1), y(t — 1), v(t — 71))v(t — T1)> (¢(way17v1)>}
i < yY(z1,y1,v1)01 +H Y(x,y,v)
b
+ %eﬂlﬁ-ﬂwﬁ"z (Ul _ %) 2. (23)

From Assumptions Al and A5, we get that the first and second terms of Eq. (23) are less than or equal

zero. Now we show that if Ry <1 then v; < % = vy. Let Ry > 1, then we want to show that

sgn(ze — x1) = sgn(vy — va2) = sgn(yr — y2) = sgn(Ry — 1).

From Assumptions A2-A4, for x1, 2, y1,y2,v1,v2 > 0, we have

((@2,y2,v2) — (21,2, 02)) (22 — 21) >0, (24)
(Y(@1,91,v1) — (21, 92,v1)) (Y2 — 91) > 0, (25)
(¥ (1,51, v1) = (21, 91,v2)) (v2 — 01) >0, (26)
(¥ (2,92, v2)v2 — P(22, Y2, v1)v1) (V2 — v1) > 0. (27)

First, we claim sgn(ze — x1) = sgn(vy — v2). Suppose this is not true, i.e., sgn(ze — x1) = sgn(vs — v1).

Using the conditions of the equilibria £ and Es we have

(s —dxg) — (s — dx1) = VY(w2, Y2, v2)v2 — (21, Y1, v1)V1

= ae’ T (y2 — ). (28)

Then,

sgn(ze — x1) = sgn(yi — y2) (29)

12
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Moreover,

(58 —dxa) — (s — dx1) = Y(x2, Y2, v2)ve — Y(21,y1,v1)V1
= (Y(x2,y2,v2)v2 — Y(x2,Y2,v1)v1) + (V(22, y2,v1)v1 — Y(x1, Y2, v1)V1)

+ (Y(x1, Y2, v1)v1 — Y(1,91,01)01).
Therefore, from inequalities (24) and (29) we get:
sgn (z1 — z2) = sgn (x9 — x1),

which leads to contradiction. Thus, sgn (xo — x1) = sgn (v1 — v2). Using the equilibrium conditions for E;

kp(z1,y1,01) _
we have m = 1, then

kp(za, y2,v2)  kyp(z1,91,01)

Rl —1l= acemtiTiFpaT2 acet1Titp2T2
k _ _
= 2 TR [0 (19, Yo, v2) — P (22, Y2, v1) + (T2, Y2, v1)

—(z1,y2,v1) + Y(x1, Y2, 1) — Y(@1, y1,01)] -

We get sgn(Ry — 1) = sgn(vy —vg). Hence, if Ry > 1, then z1,y1,v; > 0, and if Ry < 1, then v, <wy = £. It

e

follows from the above discussion that % <0 for all z,y,v, z > 0. The solutions of system (5)-(8) converge

to , the largest invariant subset of {(a:,y,v,z) : % = O} [33]. We have dfél =0iffr=z,v=v1,2=0

and H =0 i.e.

t— t— t— t— t—
yy(a(t — 1), y(t = m), vt = m))v(t — 1) = viy(t — 7) =1 for almost all 7; € [0,7],7 =1,2. (30)
y¢($1,yl,vl)1}1 VY1

dau; —

From Eq. (30), if v = v; then y = y; and hence <;

0iff xt =21,y =y1,v =v; and z = 0. So {2 contains a
unique point, that is F;. Thus, the global asymptotic stability of the chronic-infection equilibrium without
antibody immune response E; follows from LaSalle’s invariance principle.

Theorem 3. Let Assumptions A1-A5 be hold true and R; > 1, then the chronic-infection equilibrium

with antibody immune response Es is GAS.

13
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Proof. We construct a Lyapunov functional as follows:

UQ =2 — 19— w(x2a312,112)d77 + e“llegH <y>
Zo P(n,y2,v2) Y2

+96H17'1+M27'2,U2H 1 +@6M171+“27222H i
k Vg rk 29

R /H<w(w(n),y(n)7v(n))v(n))dn+aeumy2 /tH(ym))dn o

¢($2,y2,vz)1}2 Y2

t—T1 t—T7o

Function U, satisfies:

@ _ <1 o @/’(552792,112)
dt

) (s do = w00

¢(’$a Y2, UQ)
b (1= 2 (e p(ale = 7).t = m)ole = )hole = 7) - a)

b
+ %611171-"—#272 (1 _ %) (k,e—/wmy(t _ 7.2) —cv — b’UZ) + %e/t1T1+#272 (1 _ %) (’I“’UZ _ MZ)

+ ’(/J(ZC,y,’U)’U - w(m(t - Tl)vy(t - Tl)vv(t - Tl))v(t - Tl)
(w(w — 1), y(t — 1), v(t —1))v(t — Tl))

Yz, y,v)v

T R ) -

+ (22, Y2, v2)v2 In

Applying s = dzo + aet1 ™ yy, we get

dUs

=72 4

dt

1/)(262,2/2702)) Y(w2,y2,v2)
1 - ~=7=" =/ To —x) + aeﬂlﬁ _ aemn TNTerTge) 4
( W) ) 270 v V(@ g, v2)
Y(z2, Y2, v2) Yt (x(t — )yt — ), vt — 1))t — )
+Y(z, Y, v)v——" — P(T2, Y2, v2)v2
( ) Y(w, Y2, v2) ( ) Y (2, Y2, v2)va
+ aeltlleQ _ %elnﬁ-‘ruzﬁv _ aelnle(t _ 7.2)1]72 + E6M171+H272,U2
k v
+ ibeﬂlT1+MzT2vzz _ @eﬂl‘rﬁ-uzﬁz _ @6M171+H27222U + @6H171+M27222
rk
t— t— t— t— t—
+ ’L/J(CEQ,yQ,’Ug)’UQ In <¢(£B( T1)7y( Tl)’“( 7'1))’[}( Tl)) =+ aeH17'1y2 In (y( ’7'2)) (33)
Y(z,y,v)v Y

By using the equilibrium conditions of Fo

T — o T
(22, y2,v2)v2 = ae’ M ya, v = ke MTy; — bugze, = T2,

14
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and the following equalities

v _ v
cv = cug— = (ke B2T290 — bvng) —,
V2 V2

I (w(x(t - 1), y(tw—(xﬁy), Z;i— m1))v(t — 7'1)) I (ygz/;(m(t - ﬁ);jp(éﬁx— 7;),5()75”— 1)) v(t — 7-1)>

+ln(w(x7y27v2) in Y(x,y,v) +1n vys )’

(52) () ()

we obtain
@ _ - w(‘r%y?ﬂ}?)) _ n1T1 < ¢($7y7U)U _ 1 . ¢($,y2702))
dt d (1 w(iﬁ,yzavz) (362 a:) ae b2 7/)($7y2,v2)v2 V2 bt 1/1(%.%0)
- 1T 1,[)(1'2,@/2,1)2) 1 <¢(1'2,y2,1}2))>
e K P(x, Y2, v2) Lo P(x, Y2, v2)

+ <y2’ll)(1'(t—T1)7y(t—T1)71)(t—7'1))'l}(t—7'1) _1 —ln <y2w(l‘(t—7'1),y(t—Tl),U(t—Tl))’U(t—Tl))>

Yy (@2, y2,v2)v2 Y (22, Y2, v2)v2
vyt —m) (Uzy(t - 7’2))) <¢(x,y27vz) L (W%yz#&)))]
* ( VY2 ! = VY2 * ZZ)(%%U) ! . 1/)(33731’”) - (34)
We can rewrite (34) as

@ _ _ ¢($27y2,”02)> ( _ 95) 1T < _ Y(z,y,0) ) <¢(=’E,y2vv2) _ ”)
dt = da (1 V(z, Y2, v2) ! T2 FactTyz {1 P(x, Y2, v2) P(x,y,v) Vg

—aeM Ty, {H (¢($27y277}2)> T H <y2¢($(t—Tl)ay(t—ﬁ)»v(t—ﬁ))v(t —T1)>

¥ (2,2, v2) yp(22, Y2, v2)v2
() ()]

We note that from Assumptions A2 and A5, the first and second terms of Eq. (35) are less than or equal

zero. Noting that z,y,v,z > 0, we have that % < 0. The solutions of model (5)-(8) converge to €2, the

largest invariant subset of {(:c, Y, 0, 2) : % = 0}[33] We have % =0iff z = z9,v = vy and H =0 i.e.,
Yoo (z(t — 1), y(t — m1),v(t — 71))v(t — 1) _ vyt — 72)
Y (w2, Yo, v2)va VY2

=1 for almost all 7; € [0,7],i =1,2. (36)

If v = vq, then from Eq. (36) we get y = yo. The set Q is invariant and for any element belongs to € satisfies
v=uvy = £ From Eq. (7) we get z = 2. Therefore, &2 = 0 iff x = 29,y = y2,v = vy and z = 2. The
r dt

global asymptotic stability of the chronic-infection equilibrium with antibody immune response E5 follows

from LaSalle’s invariance principle.

15
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3 Conclusion

In this paper, we have proposed a delayed viral infection model with general incidence rate function and
antibody immune response. The model has been incorporated with two kinds of discrete time delays repre-
senting the time needed for infecting an uninfected target cell and viral production. We have derived a set of
conditions on the general functional response and have determined two threshold parameters Ry and R; to
prove the existence and the global stability of the model’s equilibria. The global asymptotic stability of the
three equilibria, infection-free, chronic-infection without antibody immune response and chronic-infection
with antibody immune response has been proven by using direct Lyapunov method and LaSalle’s invariance

principle.
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STABILITY OF GENERALIZED CUBIC SET-VALUED
FUNCTIONAL EQUATIONS

DONGSEUNG KANG

ABSTRACT. We will show the general solution of the functional equation

Flaz +by) + f(ba — ay) + (a+b)*(a — b) f(y)
= a’bf(z+y)+ab’f(z —y) + (a+b)(a—b)*f(x)
and investigate the Hyers-Ulam stability of cubic set-valued functional
equation when b= 1.

1. INTRODUCTION

The theory of set-valued functions in Banach spaces is connected to the
control theory and the mathematical economics. Aumann [4] and Debreu [§]
wrote papers that were motivated from the topic. We refer the reader to
the papers by [1], [18], [10], [3], [17], [7] and [9].

The stability problem of functional equations originated from a question
of Ulam [25] concerning the stability of group homomorphisms. Hyers [11]
gave a first affirmative partial answer to the question of Ulam. Afterwards,
the result of Hyers was generalized by Aoki [2] for additive mapping and
by Rassias [23] for linear mappings by considering a unbounded Cauchy
difference. Later, the result of Rassias has provided a lot of influence in the
development of what we call Hyers-Ulam stability or Hyers-Ulam-Rassias
stability of functional equations. For further information about the topic,
we also refer the reader to [13], [12], [5] and [6].

Jun and Kim [15] introduced the following cubic functional equation:

fQRe+y)+ e —y) =2f(x+y)+2f(x—y) +12f(2)

and established a general solution. Najati [20] investigated the following
generalized cubic functional equation:

(1.1)  flaz+y) + flax —y) = af (x +y) + af (x — y) + 2(a’ — a) f(2).
In this paper, we deal with the following functional equation:
(1.2) f(az +by) + f(bx — ay) + (a +b)*(a = b) f(y)
= a®bf(x +y) +ab’f(z —y) + (a +b)(a —b)*f(z)

2000 Mathematics Subject Classification. 39B55; 47TB47; 39B72.
Keywords : Hyers-Ulam-Rassias Stability, Cubic Mapping, Set-Valued Functional
Equation, Closed and Convex Subset, Cone, Fixed Point.
1
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for all x,y € X and integers a, b(a > b > 1). We will show the general
solution of the functional equation (1.2) and investigate the Hyers-Ulam
stability of cubic set-valued functional equation when b =1.

2. A GENERALIZED CUBIC FUNCTIONAL EQUATION

In this section let X and Y be vector spaces and we investigate the general
solution of the functional equation (1.2).

Theorem 2.1. A function f : X — Y satisfies the functional equation (1.1)
if and only if it satisfies the functional equation

(2.1) flaz +y) + f(z —ay) — a* f(z +y) —af(z —y)
= (a—1)(@® = 1)f(z) = (a+1)(a* = 1)f(y)
Proof. See [16, Theorem 2.1]. O

Theorem 2.2. A function f : X =Y satisfies the functional equation (1.1)
if and only if it satisfies the functional equation (1.2).

Proof. Suppose that f satisfies the equation (1.1). Since f satisfies the
equation (1.1), it is easy to show f(0) = 0, f(z) = —f(—z) and f(az) =
a®f(x) for all x € X and integer a (a # 0,41). Replacing x and y in the
equation (1.1), we obtain

(22)  fle+ay) — flz—ay) = alf(z+y) — flz —y)] + 2a(a® = 1) f(y)
for all z,y € X and an integer a (a # 0,+1). By letting 2 = ax in the
equation (2.2), we have

(2.3)  flaz+y) — flax —y) = ®[f(z +y) — fx —y)] +2(1 - a®) f(y)
for all z,y € X and an integer a (a # 0,+1). By replacing x and y in the
equation (2.3), we get

(24)  flx+ay)+ flz —ay) = d®[f(z+y) + flz —y)] +2(1 — a®) f(z)

for all z,y € X and an integer a (a # 0,+1). Replacing a by b in the
equation (1.1), we have

(2.5)  fbx+y)+ flbr —y) =bf(z+y) +bf(x —y) +2(0° — b) f(x)
Letting y = by in the equation (1.1),

(2.6) f(axz +by) + flax —by) = af(z + by) + af(z — by) + 2(a® — a) f(z)
Letting y = ay in equation (2.5),

(2.7) f(bx + ay) + f(bx — ay) = bf(x + ay) + bf (x — ay) + 2(b> — b) f(x)
Replacing = and y in the equation (2.7),

(2.8) f(az +by) — f(ax — by) = bf (ax +y) — bf (ax — by) + 2(b> — b) f(y)
Replacing = and y in equation (2.6),

(2.9) f(bx+ ay) — f(bz — ay) = af(bx +y) — af(be —y) +2(a® — a) f(y)
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Adding two equations (2.6) and (2.8), we obtain

(2.10) 2f (ax + by) = af(x + by) + af (x — by) + 2(a® — a) f(x)

+bf(az +y) = bf (az —y) +2(6° = ) f (y)
Subtracting (2.9) from (2.7), we have

(2.11) 2f(bx —ay) = bf(z + ay) + bf(x — ay) + 2(b3 —b)f(z)

—af(bx +y) + af (br —y) —2(a® —a)f(y)
Now, adding two equations (2.10) and (2.11), we get

(2.12) 2[f(az + by) + f(bx — ay)] = a[f(z + by) + f(z — by)]
+b[f(az +y) — f(az —y)] +2(a® — a) f(x) + 2(0° — b) f ()
+0[f(z + ay) + f(z — ay)] — alf(bz +y) — f(bz — y)]

+2(6° = b) f(z) - 2(a’ — a) f(y)
The desired result is obtained from the equation (2.12) by using the equa-
tions (2.3) and (2.4). Conversely, suppose that f satisfies the equation (1.2).

Letting b = 1 in the equation (1.2), we have the equation (2.1). The remains
follow from Theorem 2.1. g

If f satisfies the equation (1.2), we call f a generalized cubic mapping.

3. STABILITY OF THE GENERALIZED CUBIC SET-VALUED FUNCTIONAL
EQUATION

In this section, we first introduce some definitions and notations which
are needed to prove the main theorems. Let Y be a Banach space. The
family of all closed subsets, containing 0, of Y will be denoted by C,(Y).
Let A, B be nonempty subsets of a real vector space X and X a real number.
We define

A+B = {a+beX|ac A be B}
M = {daeX|acA}.
Lemma 3.1 ( [21]). Let A and p be real numbers. If A and B are nonempty
subset of a real vector space, then
MA+B) = M+ AB
A+p)A C M+ puA.

Moreover, if A is a convex set and Ay > 0, then we have

A+ A= A+ pA.
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A subset A C X is said to be a coneif A+ A C A and AA C A for all
A > 0. If the zero vector in X belongs to A, then we say that A is a cone
with zero.

Let Cp(Y') be the set of all closed bounded subsets of Y, C.(Y) the set
of all closed convex subsets of Y and Cy(Y) the set of all closed bounded
convex subsets of Y . For elements A, B of C.(Y) and positive real values
A, i, we denote

AeB=A+B.

For a subset A of Y, the distance function d(-, A) and the support function
s(-,A) are defined by

dlx,A) = inf{|lx—y|||y€ A}forallz €Y
s(z*,A) := sup {(z*,x)|||z € A} for all 2" € Y*.
For A, A" € Cy(Y), the Hausdorff distance h(A,A’) between A and A’ is

defined by
h(A, A" :=inf {a >0|AC A +aBy,A CA+aBy},

where By is the closed unit ball in Y . Castaing and Valadier [7] proved that
(Cp(Y),®,h) is a complete metric semigroup. Radstrom [22] showed that
(Cap(Y), @, h) is isometrically embedded in a Banach space. The following
remark is directly obtained from the notion of the Hausdorff distance.

Remark 3.2. Let A, A", B,B',C € C,(Y) and @ > 0. Then the following
properties hold:

(1) (A® A, B® B') <h(A,B)+h(A",B')

(2) h(aA,aB) = ah(A, B)

(3) h(A,B)=h(A®C,Ba ().

First, let X be a real vector space, A C X a cone with zero and Y a
Banach space.

Theorem 3.3. If f : A+ (—1)A — CL(Y) is a set-valued mapping with
f(0) = {0} satisfying

(3.1) flaz +y) + f(z —ay) + (a® = 1)(a + 1) f(y)
C d*f(z+y)+af(x—y)+ (@ —1)(a—1)f(z)
and
sup{diam(f(z)) |z € A} < o0

for all x,y € A and an integer a(a > 2), then there exists a unique gen-
eralized cubic mapping C : A+ (—1)A — Y such that C(x) € f(x) for all
reA.

Proof. Letting y = 0 in (3.1), we have
(3.2) flaz) €’ f(x)

299 DONGSEUNG KANG 296-306



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

CUBIC SET-VALUED FUNCTIONAL EQUATIONS 5

for all x € A and an integer a (a > 2). Replacing x by a"z,n € N in (3.2),
we get
f(anﬂx) - a3f(anw)

and . .

for all z € A and an integer a(a > 2). Let f,(x) = a%f(a”a:) for each
x € A,n € N. Then {f,(x)}n>0 is a decreasing sequence of closed subsets
of the Banach space Y . Also, we obtain

diam( fu(z)) = a%diam( f(a"z)).
Since sup{diam(f(x))|x € A} < oo, we have

nh_{réo diam(f,(z)) =0.

Using the Cantor theorem for the sequence {f,(z)}n>0, we get that
Mn>0fn(z) is a singleton set and we denote this intersection by C(z) for
all x € A. Hence we obtain a map C': A+ (—1)A — Y and

C(z) € fo(x) = f(x)
for all x € A. We claim that C is generalized cubic. We note that
Folaz +y) + falz — ay) + (a® = )(a+ 1) fa(y)

_feler +9) | S - a) | (6 =Dl D)

a®f(a"(z +y)) Lafla™@—y)) (0 —1)(a — 1) f(a"2)

B a3n a3n a3n

= ann(a: +y)+tafp(z—y)+ (a2 —1)(a—1)fn(z)

for all x € A and an integer a (a > 2). By the definition of C', we obtain
Clax+y) + C(x —ay) + (a®> — 1)(a+1)C(y)
= 62 (fulaz + ) + fulw — ay) + (a* = D@+ 1) fu(y))

C o (a2 fule +9) + afal = y) + (02 = D(a 1) fu(2))
for all x € A and an integer a (a > 2). Hence we have
|C(azx +y) + C(x — ay) + (a® — 1)(a + 1)C(y)
—a’Clz +y) — aC(z —y) — (a® = 1)(a = 1)C()]]
< a*diam(f,(z + ) + adiam(f,(z —y)) + (a® — 1)(a — 1)diam(f,(z)),

which tends to zero as n — oo. Thus C satisfies the equality (1.2). Hence C
is a generalized cubic, as claimed. Next, let us prove the uniqueness of C'.
Assume f has two generalized cubic functional equations C and Cy from
A+ (—1)A into Y. Then we have

(an)3Ci(z) = Ci(anz) € f(anx)
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forallz € X ,n € Nand i € {1,2}. Then we have
(an)?[|C1(z) = Co(@)|l = |l(an)*Ci(z) - (an)*Ca()]]
= [l(Ci(anz) — Ca(anz)|]
diam( f(anx))
for all z € X ,n € N. Since sup{diam(f(z)) |z € A} < 00, Ci(z) = Ca(x),
forall z € X . (]

Definition 3.4. Let f : X — Cu(Y). The generalized cubic set-valued
functional equation is defined by
(3:3) flaz +y) ® f(x —ay) & (a® = D(a+ 1) f(y)

= d’f(z+y)@af(r—y) @ (a® = 1)(a—1)f(z)
for all z € A and an integer a(a > 2). Every solution of the generalized
cubic set-valued functional equation is called a generalized cubic set-valued

mapping.
Theorem 3.5. Let ¢ : X x X — [0, 00) be a function such that

IN

o0

(3.4) Bay) =3 ola, aly) < oo

j=0
for all z, y € X and an integer a (a > 2) . Suppose that f: X — (Cep(Y'), h)
is a mapping with f(0) = {0} satisfying

(3.5) h(flaz+y) & fla - ay) @ (® = 1)(a+ 1) f (),
fw+y) @ af(x—y) & (a* = D(a - Df(@)) < é(x, y)

for all x,y € X and an integer a(a > 2). Then there exists a unique
generalized cubic set-valued mapping C : X — (Cw(Y'), h) such that

1~
(36) W(f(@), O(a)) < —d(x,0)
for all z, y € X and an integer a (a > 2).
Proof. Let y = 0 in the inequality (3.5). Since f(z) is convex, we have

h(flaz) & f(a), af(2) & af(@) & (® = D(a— D)) < §(x, 0),
that is,

1 1
(3.7) h(f(@), —f(ar)) < —o(@,0)
for all z € X . Replacing by a*z,k € N, we get
n(Fabe), =5 F(@10)) < 5 o(abe,0)

and
71 k 1 k+1 1 k
h<a3’“f(a @), a3(k+1)f(a x)) S 3D ¢z, 0)
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for all x € X . Using the induction on k, we obtain
n—1
1, 1 1 .
(3:8) h(f(@), 5 fa") < - > Gwolate.0)

for all z € X and n € N. Dividing the inequality (3.8) by a®™ and replacing
x by a™x, we have

n—1
1 1 11 1
_ m n—+m e - m-+k
(3.9)  h( g fa"0), s (@) < 3 ol 0

for all z € X and n,m € N. Since the right-hand side of the inequality (3.9)
tends to zero as m — oo, the sequence { a% f(a"x)} is a Cauchy sequence
in (Cp(Y), h). By the completeness of Ce,(Y), we can define

. 1 n
C(z) == nILHSO aﬁf(a x)
for all z € X and an integer a (a > 2). We note that

(Lo £9)  flae —a) (@ = (et iy

a3n a?m a3n

)

a’f(a"(z +y)) o ofla@—y)) (a® = 1)(a — 1)f(a"90))

a3n asn a3n
1 n n
< aﬁqb(a T, a y)
for all x, y € X and an integer a (a > 2). By the definition of C', we have
h(C(aJJ +y) @Oz —ay) @ (a® — D)(a+ 1)C(y),
a®C(z +y) @ aC(z —y) & (a® — 1)(a — 1)0@))

1
< lim ——¢(a"z, a"y) = 0.

n—oo @

Hence C' is a generalized cubic set-valued mapping. Now, by taking n — oo
in the inequality (3.8), we have the inequality (3.6). It remains to show the
uniqueness of C'. Assume C’" : X — (C(Y'), h) is another generalized cubic
set-valued mapping satisfying the inequality (3.6). Then
1
h(C(x), C’(x)) - aﬁh(c*(a%)? C/(a”x))

< Lh(C’(a"az), f(a"x)) + a%h(f(a”a:), Cl(a”a:)>

CL?m

< a"z, 0)

a3(n+1) ¢(

for all x € X . Since ﬁg(a”x, 0) — 0 as n — oo, we may conclude that
the generalized cubic set-valued mapping C' is unique. U
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Corollary 3.6. Let 0 < p < 3,0 > 0 be real numbers and let X be a
real normed space. Suppose that f : X — (Cy(Y), h) is a mapping with
f(0) = {0} satisfying

h(flaz+y) @ f(z - ay) & (@ = 1)(a+1)f (),
@ f(w+y) ®af(@—y) & (a* = D(a— 1)) < O(lll" + lyl?)

for all x,y € X and an integer a(a >
generalized cubic set-valued mapping C : X

h(f(z), C(e)) <

forall z, y € X and an integer a (a > 2).

2). Then there exists a unique
— (Cwp(Y), h) satisfying

0

ad — aP

[|[[”

Proof. 1t follows from Theorem 3.5 by letting ¢(x, y) = 6(||z||P + ||y||P) for
all z, y € X . ([

4. STABILITY OF SET-VALUED FUNCTIONAL EQUATION BY THE FIXED
POINT METHOD

Now, we will investigate the stability of the given functional equation
(3.3) using the alternative fixed point method. Before proceeding the proof,
we will state the theorem, the alternative of fixed point; see [19] and [24].

Definition 4.1. Let X be a set. A function d: X x X — [0, oc] is called a
generalized metric on X if d satisfies

(1) d(x, y) = 0 if and only if z = y;

(2) d(z, y) =d(y, z) for all z, y € X;

(3) d(z, z) < d(z,y)+d(y, z) forall z, y, z € X .

Theorem 4.2. [ The alternative of fixed point [19], [24] | Suppose that we
are given a complete generalized metric space (2, d) and a strictly contractive
mapping T : Q — Q with Lipschitz constant L. Then for each given x € ),
either

d(T"z, T"2) = 0o for alln >0,
or there exists a natural number ng such that
(1) d(T"x, T"z) < 0o for all n > ng;
(2) The sequence (T™x) is convergent to a fized point y* of T';
(3) y* is the unique fized point of T in the set

A ={y € Qd(T™z,y) < o};
(4) d(y,y*) < 27 d(y, Ty) for ally € A

Theorem 4.3. Suppose that f : X — (C(Y), h) is a mapping with f(0) =
{0} satisfying

(4.1) h(f(az+ ) @ f@ - ay) © (a® = 1)(a+ 1) f(y),
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f@+y) & af@—y) & (@ - D(a-1f(@)) < (. )

forall x, y € X and an integer a (a > 2) and there exists a constant L with
0 < L < 1 for which the function ¢ : X> — RY satisfies

(4.2) d(ax,0) < a®Lo(z,0)
for all x € X . Then there exists a unique generalized cubic set-valued map-

ping C : X — (Cup(Y), h) given by C(z) = lim,, 0 H@22) such that

(43) (I ). C@) € —p9(.0)

for all x, y € X and an integer a (a > 2).

Proof. Consider the set
Q={glg: X = Ca(Y),9(0) = {0}}
and introduce the generalized metric on 2 defined by

d(g1, g2) = inf{p € (0,00) | h(g1(x), g2(x)) < pp(z,0),for all z € X}

We note that inf () := oo . It is easy to show that (£2,d) is complete; see [14].
Now we define a function T": 2 — Q by

(4.4) T(g)(x) = —zg(ar)

for all z € X . Note that for all g1, g2 € Q, let u € (0, 00) be an arbitrary
constant with d(g1, g2) = u. Then

1 1 I
(4.5 W (a2), gnan) < Peo(ar,0)
for all z € X . By using (4.2), we have

1 1
(4.6 Mgon(ar), 2(a2) < p Lo(,0)

for all z € X . Hence we obtain

d(Tg1, Tg2) < Ld(g1, g2)

for all g1, g0 € ), that is, T is a strictly self-mapping of 2 with the Lipschitz
constant L. Letting y = 0 in the inequality (4.1), we get

W5 (02), £(2)) < —50(2,0)

for all x € X . This means that
1
ATF.f) < =

By Theroem 4.2, there exists a fixed point C' : X — (Cu(Y), h) of T in
{g€Q|d(g1,92) < 0o} such that {T*f} — 0 ad k — oo. Hence we have

(4.7) Cla) = Tim L9

n—oo a3n

)
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for all x € X . Also, we have
1 1

1
A(f.C) < ;=7 dTFN < 51— -

This implies that the inequality (4.3) holds for all z € X . By the inequalities
(4.1) and (4.2), we have

h(Claz +y) & Cx - ay) & (o — 1)(a+1)C(y),

a2C(x +y) ® aC(z —y) ® (a® — 1)(a — 1)0(95))
< lim L"¢(a"z, a"y) =0

n—o0

for all x, y € X and an integer a (a > 2). Thus C' is a unique generalized
cubic set-valued mapping. O

Corollary 4.4. Let 0 < p < 3 and 8 > 0 be real numbers and let X be
a real normed space. Suppose that f : X — (Cu(Y'), h) is a mapping with

f(0) = {0} satisfying
(4.8) p(flaz+y) @ f(z = ay) © (@ = 1)(a+1)f (),

aflz+y)@af(z—y)®(a®~1)(a~ 1)f(w)) < O(l[][”+11y11)

for all x,y € X and an integer a(a > 2). Then there exists a unique
generalized cubic set-valued mapping C : X — (Cx(Y), h) such that

(49) M (@), Oa) <

for all x € X and an integer a (a > 2).

— |zl

Proof. Tt follows from Theorem 4.3 by letting ¢(x, y) = 0(||z||P + ||y||P) for
all 2, y € X . Then we can choose L = a?~3 and hence we have the desired
result. (]
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Abstract: In the classical theory of convergence spaces, both regularity (p-regularity)
and topologicallness (p-topologicallness) are important notions. It is well known that
topologicallness (p-topologicallness) can be described by a sophisticated Fischer-type
diagonal condition, and regularity (p-regularity) can be described by dualizing that
diagonal condition. Additionally, regularity (p-regularity) can also be characterized by
the notion of closures of filters. In this paper, for stratified L-generalized convergence
spaces, a new regularity (p-regularity) is defined by duzlizing a Fischer-type diagonal
condition, which is used to describe the L-topologicallness of stratified L-convergence
spaces (a subcategory of stratified L-generalized convergence spaces). Additionally, a
characterization on this new regularity (p-regularity) by a notion of closures of stratified

L-filters, is also presented.

Keywords: Topology; Lattice-valued topology; Lattice-valued convergence space; reg-

ularity; Diagonal condition

1 Introduction

p-topologicallness [17] and p-regularity [11] are dual notions in the classical theory
of convergence spaces [16]. For a set X, let F(X) denote the set of all filters on X.
Let ¢ and p be convergence structures on a set X. Then the space (X, q) is called
p-topological if it satisfies either of the two conditions below.

(1) U,(F) L 2 whenever F % , where U,(F) is the neighborhood of F w.r.t p.

*Corresponding author.  Tel./fax: +86 15206506635/+86 635 8258028.
E-mail address: lilingqiang0614@126.com, ligingguoli@yahoo.com.cn. Mailing address: Depart-
ment of Mathematics, Liaocheng University, Liaocheng, 252059, P.R.China
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(2) (Fischer-type diagonal condition) Let J be any set, b : J — X, and let
o :J — F(X) have the condition that o(j) = ¥(j), for all j € J. If F € F(J) is
such that ¢(F) % x, then koF % x. Here, koF = |J ) o(j) € F(X) is called the

FEF jeF
compression of F relative to o.

The space (X, q) is called p-regular if it satisfies either of the two conditions below.

(1) F, % 2 whenever F % 2, where F,, is the closure of F w.r.t p.

(2) (Dual Fischer-type diagonal condition) Let J be any set, ¢ : J — X, and let
o : J — F(X) have the condition that o(j) % 1(j), for all j € J. If F € F(J) is such
that koF % z, then ¢(F) % z.

When p = ¢, p-topologicallness and p-regularity are refereed to topologicallness and
regularity [1,3,12], respectively.

Stratified L-generalized convergence spaces defined by Jéger [7] are lattice- valued
extensions of convergence spaces. In [9], Jager studied a regularity of stratified L-
generalized convergence spaces both by a dual Fischer-type diagonal condition and
a notion of a-lever closures of stratified L-filters. Later, Li and Jin [14] generalized
Jager’s regularity to p-regularity. Quite recently, by modifying Jager’s Fischer-type
diagonal condition, the first author and his co-author [15] introduced a new Fischer-
type diagonal condition, and proved that this condition happens to characterize the
topologicallness of stratified L-convergence spaces [4,13] (a subcategory of stratified
L-generalized convergence spaces). In this paper, by dualizing that diagonal condition,
a new regularity (p-regularity) of stratified L-generalized convergence spaces is defined,
and a characterization on this new regularity (p-regularity) by the notion of closures
of stratified L-filters, is also presented.

The contents are arranged as follows. Section 2 fixes some notions and notations
used in this note. Section 3 recalls the Fischer-type diagonal notion such that strati-
fied L-convergence spaces are L-topological. Section 4 presents the main results. That
is, by dualizing a Fischer-type diagonal condition in Section 3, we define a new regu-
larity (p-regularity) of stratified L-generalized convergence spaces and then present a
characterization on that regularity (p-regularity) by a notion of closures of stratified
L-filters.

In this paper, if not otherwise specified, L = (L, <) is always a complete lattice
with a top element 1 and a bottom element 0, which satisfies the distributive law
a N (Vi Bi) = Vierla A Bi). A lattice with these conditions is called a complete
Heyting algebra or a frame. The operation —: L x L — L given by « — = \/{y €
L:aNy <[}, is called the residuation with respect to A. For the properties of A and
—, please refer to the literatures [6,7,14].

For a set X, the set L~ of functions from X to L with the pointwise order becomes

a complete lattice. Each element of L* is called an L-set (or a fuzzy subset) of X. And

308 Linggiang Li et al 307-318



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

A new regularity (p-regularity) of stratified L-generalized convergence spaces 3

we make no difference between a constant function and its value since no confusion will
arise. Let f : X — Y be a function. We definef~ : LY — LX [6] by f~(u) = po f
for p e LY.

Let X be a set. A fuzzy partial order (or, an L-partial order) on X [2] is a re-
flexive, transitive and antisymmetric fuzzy relation on X. The pair (X, R) is called
an L-partially ordered set. Let [LX] : L* x LX¥ — L be a function defined by
LY\, ) = Ayex(M@) — p(x)). Then [L¥] is an L-partial order on L¥ [2,19].
The value [LX](A\, 1) € L is interpreted as the degree that A is contained in p. In
the sequel, we use the symbol [\, ] to denote [LX](\, ) for simplicity. The following

lemma is useful to the subsequent section.

Lemma 1.1. [14] Let f : X — Y be an function. For any \,pu,v € L~ and any
{Nidier, {pitier © LY, we have (1) X < p amplies [N\, v] > [u,v]; (2) [N Nierps] =
/\1'6[[)‘7:”2']7' (3) AN [)‘a,u] < s (4) [\/iel)\hﬂ] = /\iEI[)‘inu]; (5) P‘?ﬂ] < [f_)(A)vf_)(:u)]

A stratified L-filter [6] on a set X is a function F : L* — L such that: (FO0)
F(0) =0, (F1) F(1) =1, (F2) VA, u € LX, FOA) AF(u) = FAA ), (Fs) Va € L,
F(a) > a. The set Fj(X) of all stratified L-filters on X is ordered by F < G &
VA € LY, F(\) < G()\). There is a natural fuzzy partial order on F3(X) inherited
from L), Precisely, for all F,G € Fi(X), if we let [Fi(X)|(F,G) = [LY|(F,G) =
Noerx (F(A) — G(X)), then [F7(X)] is an L-partially order.

Example 1.2. (1) For each point z in a set X, the function [z] : LY — L, [z]()\) =
A() is a stratified L-filter on X. (2) If {F)[j € J} C F7(X), then A ., F; € F;(X).

(3) Let f : X — Y be a function. If F € F;(X), then the function f=(F) €
F:(Y), where f=(F): LY — L is defined by A — F(Ao f) = F(f~(N)).

2 Fischer-type diagonal condition of stratified L-

convergence spaces

In this section, we shall recall the Fischer-type diagonal condition such that a stratified

L-convergence space is L-topological.

Definition 2.1. A stratified L-generalized convergence structure [7,18] on a set X is
a function lim? : F3 (X) — L% satisfying (LC1) Vz € X, lim?[z|(z) = 1; and (LC2)
VF,G € Fi(X), F <G = lim‘F <lim?G. The pair (X, lim?) is called a stratified L-
generalized convergence space. The pair (X, 1im?) is called a stratified L-convergence
space [13] (or, a stratified L-ordered convergence space in [4]) if lim : F}(X) —
L¥ is a function satisfying (LC1) and (LC2') VF,G € Fi(X),[F:(X)](F,G) <
[LX](1im?F,1im?G). Because (LC2)'=(LC2), a stratified L-convergence space is a
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stratified L-generalized convergence space. A function f : X — X’ between two
stratified L-generalized convergence spaces (X, lim?), (X’,1im?) is called continuous if
for all F € F3(X) and all z € X we have lim? F(z) < lim? f=(F)(f(z)).

For a given source (X R (X, im?)),e;, the initial structure, lim? on X is defined
by VF € F}(X),Vx € X, limF(z) = A\ Um? f7(F)(fi(x)).

el
For a given sink ((Xj;, lim%) R X)ier, the final structure, lim? on X is defined by

1, F > [xl;

Viermex,gers (X fiw == @< A" Gi(z:), F 2 [x].

lim?F(z) = {
When X = U;erfi(X;), the final structure lim? can be simplified as [14]

lim?F(z) = \ lim% G, (x;).
i€la;€X,Gi€F3(Xy), fi(wi)=a,f7 (Gi)<F

In the theory of convergence spaces, Fischer-type diagonal condition is formulated
by the aid of the notion of compression. The situation with lattice-valued convergence
is similar. In [8], Jager introduced an lattice-valued version of compression, which first
appeared in [5] with a slightly different formalization.

Let 0 : J — F;(X) be a function and F € F;(X). Then the function kpoF :
LX — L defined by

VA € LY ko F(N) := F(G())), where 5(\) = o(—)(\) € L/

forms a stratified L-filter on X; and it is called the compression of F w.r.t o.

In [15], the first author and his co-author modified Jager’s compression and intro-
duced a Fischer-type diagonal condition. It was proved that a stratified L-convergence
space with this diagonal condition is L-topological.

Note that when a function o : J — F;(X) being given, that means an L-filter
o(j) is selected for each j € J. In this sense, we call o : J — F;(X) an L-filter select

function. The definition below generalizes that notion.

Definition 2.2. [15] A function o = (01,03) : J — Fi(X) x Lo, where Ly = L—{0},
is said to be an L-filter select degree function. For any j € J, the value o5(j) € L is
interpreted as the degree to which the stratified L-filter oy(j) is selected. Obviously,
an L-filter select function can be regarded as an L-filter select degree function with

0'251.

Definition 2.3. [15] Let 0 : J — F;(X) x Ly be an L-filter select degree function
and F € F3(J). If the function kzoF : L* — L defined by

VA € LY ko F(N\) == F(G(N), where 6(A\) = 02(=) — o1(—)(\) € L7
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forms a stratified L-filter on X, then we call such F compressible w.r.t o and call ko F
as the compression of F w.r.t o. It is easily seen that k,oF satisfies (F1), (F2) and
(Fs) for any F € Fi(J).

Ifo:J— F;(X) x Ly is an L-filter select function, then k oF € F;(X) for any
F € Fj(J). In this case, kpoF coincides with Jager’s compression. Thus, Definition

2.3 generalizes Jager’s compression.

Theorem 2.4. [15] Let (X,1im?) be a stratified L-convergence spaces. Then (X, 1im?)
is L-topological if and only if it satisfies the following condition (Lf).
(Lf) Let J be any set, v : J — X, and let 0 : J — Fi(X) x Lo. If F € Fi(J)

18 compressible w.r.t o, then for each x € X,

lim%p~ (F) ()« \ lim%o(5)(¥(j)) < lim%kpoF(x),

where lim? o(5)(¥(5)) := 02(j) — lim? 01 (5)(¥(5)).

Obviously, the condition (Lf) implies the following condition (Lfw).

(Lfw): Let J be any set, ¢ : J — X, and let 0 : J — F;(X) x Ly have the
condition Vj € J, 09(j) = lim?o1(5)(¢(j)) (which means that im?o(j)((5)) = 1).
If 7 € Fj(J) is compressible w.r.t o, then lim?¢~ (F)(z) < lim? k oF(z) for each
r e X.

Note that in the proof of the sufficiency of Theorem 2.4, the selected o, ) satisfies
the condition o3(j) = lim?oq(j)(¢(5)) (see Theorem 4.9 in [15]). It follows imme-
diately that (Lf)<(Lfw). In addition, the characterization on L-topologicallness of
stratified L-convergence spaces by the notion of neighborhoods of stratified L-filters,

was presented in [10].

3 regularity and p-regularity of stratified L-

generalized convergence spaces

In this section, by dualizing the condition (Lfw) we define a new regularity (p-
regularity) of stratified L-generalized convergence spaces. Then we also present a char-
acterization on that regularity (p-regularity) by a notion of closures of stratified L-
filters.

Let (X, lim” 1im?) be a pair of stratified L-generalized convergence spaces.

p-(DLfw): Let J be any set, ¢ : J — X, and let 0 : J — F7(X) x Ly have the
condition Vj € J, o5(j) = lim” o1(5)(¢(4)). If F € F;(J) is compressible w.r.t o, then
lim? kpoF(z) < lim? ¢~ (F)(x) for each z € X.
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When lim? = lim?, the condition p-(DLfw) is denoted as (DLfw). Obviously, the
condition (DLfw) is obtained by dualizing the condition (Lfw).
It is easily seen that when L = {0, 1}, the condition p-(DLfw) is equivalent to the

crisp dual Fischer-type diagonal condition.

Definition 3.1. Let (X, lim” 1im?) be a pair of stratified L-generalized convergence
spaces. Then (X, 1lim?) is called p-regular if it satisfies the dual Fischer-type diagonal
condition p-(DLfw). When lim” = lim?, then (X,lim?) is called regular if it is p-

regular.

In the following, we shall give a characterization on regularity (p-regularity) by the

notion of closures of stratified L-filters.

Definition 3.2. Let (X, lim”) be a stratified L-generalized convergence space, and let
A € LX. Then the L-set A, € L~ defined by

Vo e X, N (z) = \/ (LmPF(z) — F(N)

FeF;(X): imP F(x)#£0
is called the closure of A w.r.t (X, lim”).

Remark 3.3. When L = {0, 1}, a stratified L-generalized convergence space reduces
to a convergence space. Then it is easily seen that x € Xp &IF L 2 st. A € F. This

shows that closure is precisely the crisp closure in [16] when L = {0, 1}.

Lemma 3.4. Let (X,lim”) be a stratified L-generalized convergence space. Then for
all \,pp € L* and all a € L we get (1) X < Xy; (2) A < pimplies X, < T,,; (3) @, > a.

Proof. (1) For each x € X, by lim?[z](x) = 1 we get \,(z) > [#](\) = A(z). So, A < \,.
Take A =1 in (1), we obtain 1, = 1.
(2) It follows from the property (F2) of stratified L-filters.
(3) For each x € X we have
' (Fs) '
ax)=\/ (w'Fl)-Flo) > \/ (Un'Flz)-ae)>a O
lim F () #0 lim F ()40

Theorem 3.5. Let (X,lim?) be a stratified L-generalized convergence space. For each
F € Fi(X), the function F, : L* — L, defined by YA € LY, Fp(A) =\ e px (F () A
11, A]), is a stratified L-filter, called the closure of F w.r.t (X,1lim”).

Proof. (F1) That F,(1) = 1 is obvious. That F,(0) = 0 follows by

FoN) =\ (F) A5, A) <\ (F() Al A) < FOV.

peLlX peLX
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(F2) Obviously, F,(A A ) < Fp(A) A Fp(p). Conversely,

FpN) AFp(p) = \/X(J"(CL)/\@M])A \/X(}"(b)/\[’;pvﬂ])
= ai\L/LX (F(a) A F(b) A [;LA] A [bp, 1))
< a’\e/x(f(a/\b)Mmp,M\u])
< a{Z(F(C) A[Ep XA ) = Fp(AA ).

(Fs) By 1, = 1, it follows that F,(a) = Verx (F(p) A, o) 2 F() Aa = a. O

Remark 3.6. When L = {0, 1}, a stratified L-generalized convergence space reduces

to a convergence space. It is easily seen that ?p is precisely the filter generated by

{A: A €T} as afilterbasis [16].

Lemma 3.7. Let J, X, 0,4 satisfy the condition in p-(DLfw). Then for any A, u € L

~

we have [fi,, A] < [¢(n), = (N)].
Proof. Note that Vj € J, 02(7) = lim? 01(5)(¢(5)) # 0. Then

[ﬁp’ )‘] =

IN

IN

A V (im"G(z) — G(n)) — Az))

z€X GeF; (X):limP G(x)#0

A A ((im*G () — G(p)) — A(z))

z€X GeF; (X):1imP G(x)#0

A Uim?oy (7) (7)) — a1(5) (1) = M (4)))

A (02(5) = a1(i) (1)) = &~ (N ()

jeJ

AGG) = = (NG)) = [6(w), o~ (V)] ©
jeJ

Lemma 3.8. Let J, X, 0, satisfy the condition in p-(DLfw), and let F € F;(X).
Then the function F° : LY — L, defined by F°(\) = Verx (F(A[G (1), A]), satisfies
(F1), (F2), (Fs) and kroF° > F.

Proof. (F1): It is obvious. (F2): Obviously, F7(A A u) < F7(A) A F7(u). Conversely,

FEA)NF () = \/X(T'(a)M?(a),A])/\ \/X(f(b)A[a(b),u])
= aeb\L/LX (F(a) A F(b) A [E(ZE),LA] N[o(b), 1)
< a’b\e/LX(}"(a/\b)/\[E(a/\b),)\/\,u])
< Z\LZ(?(C)/\WC),AAMD = F7(AA ).
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(Fs): For any 8 € L, we have

FoB) =\ (Fw) Alo(w),8) = F)A[B(1), 5] = 1AL = 6.

neLX

It follows by the following inequality that k;oF° > F. For any A € LY,

ko7 (V) = F7(6(0) = \/ (F() Al (), 6(N)]) = F(N). C

nelX

Theorem 3.9. Let (X,lim” lim?) be a pair of stratified L-generalized convergence
spaces. Then (X,1im?) is p-reqular if and only if im? F < lim? F, for any F € F3(X).

Proof. Necessity: Let
J={(G,y) € FL(X) x X[lim"G(y) # 0}, v : J — X, (G,y) — v,

o:J — ff(X) x Lo, (g7y) = (gvlimpg(y))°

Then (1) o2(5) = lim? 01(7)(¥(j)) # 0. (2) For any F € F;(X) we have F° € F;(J).
Indeed, by Lemma 3.8, we need only to check that F7(0) = 0.

F) = \ (FAbw.0) =\ Fwnr \6Ewi) —0)

< uizx(}"(ﬂ) /\(é((ff(#)([?;f;) — 0)) J

= Mi{X(}"(M) A (yé(((limp[y](y) — [yl(n)) — 0))

= ui{X(F(u) A (yéc(u(y) —0)) = \{X(F(u) A, 0)
< Nigxf(u/\ [M,yo]) < F(0) = 0. )

(3) v (F°) = F,. For any \, u € L,
A = A V (im”G(z) — G(n)) — Az))
z€X GeF7 (X):limP G(x)#0

= A A (rGe) — G(n) = Aw)

2€X GEFE (X):limP G(z)£0

= A WUiw?o () (@) — a1(5) (1) = A ()

= A(@:0) = ()W) = =N (G))
= /\(&(u)(ﬁ — = (N)()) = (), v~ (V)]
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It follows that
VT(FNN) = F V) = (FAe(w),v=N) =\ (FAR,, N) = Fp(0).
(4) F° is compressible w.r.t. o. For any A\, u € LX,

GN.a(w] = AENG) = F()

jeJ

— /\ ((02(j) = 01(5)(N) = (02()) — o1(4) ()

(G,y):lim? G(y)#0

< (Um”ly](y) — [yI(N) — (LUm”[y](y) — [y]()))
([v)y)yeX
= AW — u) =My

Therefore, for any A € LX,

kLo F (V) = F(6(0) =\ (F() A1), 6] <\ (F() Al A]) < FOV.
peLX pelX
By Lemma 3.8, we have kpoF° = F € F;(X). Thus kpoF? is compressible w.r.t. o.
Applying (1)-(4) in p-(DLfw) we have im?F < lim?F,,.
Sufficiency: Let J, X, o, 1 satisfy the condition in (DLfw). Then for any F € F;(J),
by (X,lim?) is p-regular we have that lim? ko < lim?k,0F,(z). For any A € L¥,
by Lemma 3.7 we have

koF,(\) =\ (ko F(u) A, N) =\ (F(6(w) A [, )
<V (FG W) A o), (V) < F@—() =47 (F)(N).

So, kroF, < ¢7(F), and hence lim%)~(F) > lim?kpoF, > lim’koF, ie., the
condition p-(DLfw) holds. O

The next two theorems show that p-regularity behave reasonably well relative to
initial and final structures.

Definition 3.10. Let f : (X, lim?) — (Y,lim”) be a function between stratified L-

generalized convergence spaces. Then f is said to be a closure function if f~()\,) >

f=(\), for all A e LX.

Lemma 3.11. Let f : (X,lim?) — (Y,lim®) be a function between stratified L-

generalized convergence spaces, and let F € Fi(X). (1) If f is continuous, then

f7(Fy) > f=(F), (2) If f is a closure function, then f7(F,) < f=(F),
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Proof. (1) Let f be a continuous function. Then for each A € LY we check below that
(f=(N), < f=(\,). Indeed, for each r € X,

(f=), () = \ (im’G(z) — G(f~(N)))
GeF; (X):1im? G(x)#£0
< V (L [~ (G)(f(x)) — F7(G)(N))
GEF3 (X):1im? G(x)#0
< \/ (HmPH(f(x)) — HN) = f~ () (@),

HeF; (Y):limP H(x)#£0

where the first inequality holds for the continuity of f. Then for each F € F}(X) and
each A € LY

FZFIN) = Folf~ )=\ ([, [~ NI AF(w)

> \ (W) fNIAFU= W) =\ (@), F~ NI AF(F ()
>\ (70 N A FT(F) W) = [7(F),N).

@), =V TE@ AN =\ (FF () AR, A)

> \ FE A0, 2\ (F@) A1), )
>\ (FOAL@)N) =\ (FW) A, =)

= F (=) = 7 (FHM),
where the third inequality holds for f being a closure function, and the third equality

follows from Lemma 1.1 (7). By the arbitrariness of \, we get f=(F,) < f=(F), O

Theorem 3.12. Let {(X;,lim?, lim”)};c; be pairs of stratified L-generalized conver-
gence spaces and let im? (resp., lim? ) be the initial structure on X relative to the source
(X R (X, im?));er (resp., (X R (X, Um®));er ). If each lim% is p;-regqular, then
(X, 1im?) is p-reqular.

Proof. Let F € F;(X) and z € X. Then by Lemma 3.11 (1) we have f7(F,) >
[ (F),, for all i € I. It follows by each (X;,lim*) being p;-regular that

i 7y (0) = Alim® £ (F)(filx) = \im*F7(F),, (fi(x))

iel i€l
> /\limqifi:}(}")(fi(x)) = lim?F(x).
iel
Thus (X, lim?) is p-regular. O
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Theorem 3.13. Let {(X;, im?% lim"")};c; be pairs of stratified L-generalized conver-
gence spaces, and let im? be the final structure on X w.r.t. the sink ((X;, im?) LN
X)ier with X = Uer fi(X;). If each im®% is p;-reqular and lim? is a stratified L-
generalized convergence structure on X such that each f; : (X;, lim") — (X, lim?)

is a closure function, then (X,1im?) is p-regular.

Proof. Let F € F;(X) and € X. Then

Iim?F(x) = \/ im*G; (w;)

i€l,x;€X;,G:€F; (Xo), fi(wi) =, f77(G:) <F

< \/ lim%G;,, (z;)
i€l,x,€X;,G,€F3 (Xi), fi(wi)=2,f;77 (Gi)<F

< \/ limqigm (x;)
iGI,wiGXiQiG}—Z(Xi),fi(xi)=$7f?(gi)p§fp

= V lim* G, (:)
iGI,miGXzygifo(Xi),fi(Ii)=$7ff>(@pi)ﬁf?(gi)pﬁfp

< Hm%H, (z;) = im?F,(z),

i€l,2,€X: i €F 7 (Xo), fi(@i)=a,f;7 (Hi)<Fp

where the first inequality holds for p;-regularity of lim%, the second equality follows
from Lemma 3.11 (2). Then lim? is p-regular by lim? F < lim? F,,. O

The regularity has similar characterization and properties, we omit them here.

4 Conclusion

In this paper, by dualizing the Fischer-type diagonal condition (Lfw), which is used
to describe the L-topologicallness of stratified L-convergence spaces, we define a new
regularity (p-regularity) of stratified L-generalized convergence spaces. Then we also
present a characterization on that regularity (p-regularity) by the notion of closures
of stratified L-filters. The regularity (p-regularity) is proved to behave reasonably well

relative to initial and final structures.
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Abstract
The notions of uni-soft filters and uni-soft G-filters in residuated lattices are introduced,
and their relations, properties and characterizations are investigated. Conditions for a

uni-soft filter to be a uni-soft G-filter are provided.
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1 Introduction

Non-classical logic has become a formal and useful tool in dealing with fuzzy and uncertain
informations. Various logical algebras have been proposed as the semantical systems of
non-classical logic systems. Residuated lattices are important algebraic structures which
are basic of BL-algebras, MV -algebras, MT L-algebras, Godel algebras, Ry-algebras, lat-
tice implication algebras, and so forth. The (fuzzy) filter theory in the logical algebras
has an important role in studying these algebras and completeness of the corresponding
non-classical logics, and it is studied in the papers [1], [2], [3], [9], [12], [13] and [11].
Filter theory, which is an important notion, in residuated lattices is studied by Shen and
Zhang [11] and Zhu and Xu [16]. Uncertainty is an attribute of information. As a new
mathematical tool for dealing with uncertainties, Molodtsov [10] introduced the concept

of soft sets. Since then several authors studied (fuzzy) algebraic structures based on soft

*Corresponding author.
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set theory in several algebraic structures. In order to lay a foundation for providing a soft
algebraic tool in considering many problems that contain uncertainties, Jun [7] discussed
the union soft sets with applications in BCK/BCI-algebras. Also, Jun et al. [3] discussed
uni-soft sets applied to commutative BC'I-ideals.

In this paper, we introduce uni-soft filters and uni-soft G-filters in residuated lattices,
and investigate their properties. We consider characterizations of uni-soft filters and uni-

soft G-filters. We provide conditions for a uni-soft filter to be a uni-soft G-filter.

2 Preliminaries

Definition 2.1 ([I, 5, 0]). A residuated lattice is an algebra £ := (L,V,A,®,—,0,1) of
type (2,2,2,2,0,0) such that

(1) (L,V,A,0,1) is a bounded lattice.
(2) (L,®,1) is a commutative monoid.
(3) ® and — form an adjoint pair, that is,
(Ve,y,zeL)(x<y—z & 20y <z).
In a residuated lattice £, the ordering < is defined as follows:
Veye L)(z<y & zANy=2 & zVy=y & z—y=1)

and 2’ will be reserved for z — 0, and 2" = (2'), etc. for all x € L.

Proposition 2.2 ([1, 5, 6, 12, 13]). In a residuated lattice L, the following properties are
valid.
lsz=x,2—-1l=1L2r—2=10—-2=1 02— (y—uz) =1 (2.1)
r—=(y—=2)=@0y) »z=y— (r— 2). (2.2)
r<y = z—orx<z—oy y—z<cr—=2 (2.3)
zoy<(zr—2)—=(r—y), z22oy<(y—2z)— (2 =) (2.4)

Definition 2.3 ([L1]). A nonempty subset F of a residuated lattice £ is called a filter of

L if it satisfies the conditions:

(Ve,ye L)(z,ye F = zOQyeF). (2.5)
Ve,ye L)(z e F, 2 <y = yeF). (2.6)
2
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Proposition 2.4 ([I1]). A nonempty subset F' of a residuated lattice L is a filter of L if
and only if it satisfies:

1eF. (2.7)
VeeF)(Wyel)(xr—>yelF = yeckF). (2.8)

Definition 2.5 ([15]). A nonempty subset F' of £ is called a G-filter of L if it is a filter
of L that satisfies the following condition:

Vr,ye L)((zrOx) y€eF = z—yeF). (2.9)

A soft set theory is introduced by Molodtsov [10], and Cagman et al. [!] provided new
definitions and various results on soft set theory.

In what follows, let U be an initial universe set and E be a set of parameters. Let
Z(U) denotes the power set of U and A, B,C,--- C E.

Definition 2.6 ([1, 10]). A soft set (f, A) over U is defined to be the set of ordered pairs

(F,4) = {(@. fal@) 12 € B, fala) € 2(U) ]

where f4 : E — 2(U) such that f(z) =0 if z ¢ A. The soft set (f, A) is simply denoted
by fa-

For a soft set f4 over U and a subset 7 of U, the 7-exclusive set of f4, denoted by
e(fa:7), is defined to be the set

e(fa;r) = {a: e Al fa(z) C T}.

3 Uni-soft filters

In what follows, we take a residuated lattice £ as a set of parameters.

Definition 3.1. A soft set f over U is called a uni-soft filter of £ if it satisfies:

Vryel)(v<y = fel@) 2 fely)) (3.1)
(va,y € L) (Fel@) U fely) 2 felz @) (3:2)
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Proposition 3.2. Every uni-soft filter fr of £ satisfies:

(v € L) (fel@) 2 fe(1)) (33)
(va,y € L) (fe(e) U felw = ) 2 Jely)) (3.4)

Proof. Let x,y € L. Since z < 1, we have fg(l‘) D fL(l) by (3.1). Since z® (z = y) <y,
it follows from (3.2) and (3.1) that

fe@)Ufe(z =) 2 felz o (z = y) 2 fely).
This completes the proof. n

Lemma 3.3. If a soft set fr over U satisfies two conditions (3.3) and (3.4), then

(Voyze L) (e<y—2 = fe@)Ufely) 2 Je(2)), (3.5)

(Vo zel) (roy <z = fol@)Ufely) 2 fel2). (3.6)

Proof. Assume that © <y — z for all x,y,2 € L. Then © — (y — z) = 1, and so

Je@) U fe(y) = (fe(@) U Fe() U fe(y)
= (fela) U felw = (y = 2))) U fev)
2 fe() U fely = 2) 2 fe(z).
Since z <y — z < Oy < z, we know that (3.5) induces (3.6). O

We consider characterizations of uni-soft filters.

Theorem 3.4. A soft set fz over U is a uni-soft filter of L if and only if it satisfies two
conditions (3.3) and (3.4).

Proof. The necessity is from Proposition 3.2.
Conversely, let fz be a soft set over U that satisfies (3.3) and (3.4). Let 2,y € L be
such that x <y. Then x — y =1 and so

fe(@) = fe(@) U fe(1) = fe(a) U felz — y) 2 fe(y).

Since z @y < & @y for all z,y € L, it follows from (3.6) that fz(z) U fz(y) 2 fr(z ®y)
for all z,y € L. Therefore f, is a uni-soft filter of L. m
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Theorem 3.5. A soft set f over U is a uni-soft filter of £ if and only if it satisfies the
condition (3.5).

Proof. The necessity is from Lemma 3.3 and Theorem 3.4.

Conversely let f be a soft set over U satisfying (3.5). Since
r<r—landzx—y<z—y
for all x,y € L, it follows from (3.5) that
fe(@) = fe(@) U fe(z) 2 fo(1) and fo(2) U fo(z = y) 2 fe(y)
for all z,y € L. Hence f, is a uni-soft filter of £ by Theorem 3.4. m

Proposition 3.6. Every uni-soft filter fz of £ satisfies the following condition:
(va,y,2 € L) (Jelw > (> DU few » ) 2 felw = (@ > 2)) . (37)
Proof. Let x,y,z € L. Using (2.2) and (2.4), we have
r=y—2)=y—=>(r—2)<(r—y — (z— (r— 2)).

It follows from Theorem 3.5 that

felz — (y —2))U f[;(:v = Y) 2 felx = (x — 2)).
This completes the proof. n

Theorem 3.7. A soft set fr over U is a uni-soft filter of L if and only if fz satisfies the
condition (3.3) and

(va,y,2 € L) (felw = (y > 2) U fe(y) 2 Jelw = 2)) (3.8)

Proof. Assume that f, is a uni-soft filter of £. Then the condition (3.3) is valid. Using
(3.4) and (2.2), we have

fel = 2) C fe(y) U fe(y = (z — 2))

for all x,y,z € L.
Conversely, let fz be a soft set over U satisfying (3.3) and (3.8). Taking z := 1 in
(3.8) and using (2.1), we have

fe(z) = fe(l = 2) C fe(1 = (y = 2)) U fe(y)
= fely = 2) U fe(y)
for all y,z € L. Thus f is a uni-soft filter of £ by Theorem 3.4. O

5
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Proposition 3.8. Every uni-soft filter fz of L satisfies the following condition.:

(Va,z € L) (f;(a) > fel(a— o) — x)) . (3.9)

Proof. 1f we take y := (a — x) — z and z := a in (3.4), then

fe(la = 2) = 2) C fe(a)U fe(a = ((a = z) = @)
= fg(a) U fg((a — 1) — (a — 1))
= ~[;(a) U fg(l = f;;(a).
This completes the proof. O]

Theorem 3.9. A soft set fr over U is a uni-soft filter of L if and only if it satisfies the

following conditions:

(va,yeL)@( D fely ) (3.10)
(va,0,b € L) (Fel@) U fe) 2 fella = (b= 2)) = o)) (3.11)

Proof. Assume that f, is a uni-soft filter of £. Using (3.4), (2.1) and (3.3), we have
fely = 2) C Je() U fe(z = (y = 2)) = fe(2) U fo(1) = fe(o)

for all z,y € L. Using (3.8) and (3.9), we get

fc((a = (b—1x)) —x)C fg((a —(b—x)) = (b—x))U fr(b)

N
D

IS

S~—
C
=
=

for all a,b,x € L.
Conversely, let f; be a soft set over U satisfying two conditions (3.10) and (3.11). If
we take y := z in (3.10), then fz(z) D fr(z — z) = fz(1) for all z € L. Using (3.11)

induces

fely) = el = y) = [e(((z = y) = (x = y)) = ) € fele = y) U fe(x)
for all =,y € L. Therefore JZE is a uni-soft filter of £ by Theorem 3.4. [

Theorem 3.10. A soft set f over U is a uni-soft filter of £ if and only if the nonempty
T-exclusive set of fr is a filter of £ for all T € 2(U).
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Proof. Assume that f; is a uni-soft filter of £ and let 7 € 2(U) be such that e(fz; 1) # 0.
Let z,y € L be such that = € e(fz;7) and 2 — y € e(fz;7). Then 7 D fq(z) and
7 D fr(z — y). It follows from (3.3) and (3.4) that fz(1) C fz(z) C 7 and fr(y) C
fe(z)U fg(l’ — y) C 7. Hence 1 € e(fz;7) and y € e(fc;r), and therefore €(f£;7') is a
filter of £ by Proposition 2.4.

Conversely, suppose that e(fz; 7) is a filter of £ for all 7 € 22 (U) with e(fz; 7) # 0. For
any z € L, let fz(z) = 0. Then z € e(fz;6) and e(fz;6) is a filter of £. Hence 1 € e(fz;0)
and so fg(x) =02 fﬁ(].). For any xz,y € L, let fg(l’) = 0, and fg(x — Y) = Oyy. 1f we
take 0 = 9, U 65y, then x € e(f[;; d)and z — y € €(f~£; ) which imply that y € e(fr; J).
Thus

Fe() U fo(z = y) = 0. U by = 6 2 fr(y).

Therefore f, is a uni-soft filter of £ by Theorem 3.4. O

Theorem 3.11. For a soft set fg over U, let fz be a soft set over U which is given as

follows:
. f if f e
FiiLo PU), o d 1e@ e EelnT),
U otherwise,
where T € P(U) with T # U. If f is a uni-soft filter of L, then so is fp.

Proof. Suppose that fz is a uni-soft filter of £. Then e( fL;T) is a filter of £ for all
T € P(U) with e(fz; 7) # 0 by Theorem 3.10. Thus 1 € e(fz;7), and so fi(1) = f(1) C
fe(z) C fi(z) forall z € L. Let 2,y € L. If x € e(fz;7) and & — y € e(fz;7), then
y € e(fz; 7). Hence

fH@)U fi(z = y) = fe(a) U fe(z — y) 2 fely) = f2(y).

If o ¢ e(fr;7) or @ — y & e(fr;7), then fi(z) = U or fi(x — y) = U. Thus
fo(@) U file = y) =U 2 fi(y).
Therefore f% is a uni-soft filter of £. O

Theorem 3.12. If f is a uni-soft filter of L, then the set
Lo={z e L] fcla) D fe(x)}

1s a filter of L for every a € L.
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Proof. Since fr(1) C fr(a) for all @ € L, we have 1 € L,. Let x,y € L be such that
€ Lyand z — y € L,. Then fr(z) C fr(a) and fr(x — y) C fe(a). Since f is a
uni-soft filter of L, it follows from (3.4) that

fe(a) 2 fe(z) U felz = y) 2 fely)
so that y € L£,. Hence L, is a filter of £ by Proposition 2.4. O
Theorem 3.13. Let a € L and let fﬁ be a soft set over U. Then
(1) If L, is a filter of L, then fr satisfies the following condition:

(Va,y € L) (fela) 2 fe(@) U fele = y) = fela) 2 fe(y))- (3.12)

(2) If fr satisfies (3.3) and (3.12), then L is a filter of L.

Proof. (1) Assume that L, is a filter of L. Let 2,y € L be such that

fela) 2 fe(@) U felz = y).

Then z — y € L, and x € L,. Using (2.8), we have y € L, and so fg(a) D fr(y).

(2) Suppose that f, satisfies (3.3) and (3.12). Then 1 € £, by (3.3). Let z,y € L be
such that z € £, and = — y € L,. Then fz(a) D fr(z) and fz(a) D fr(z — y), which
imply that fz(a) 2 fe(x) U fe(z = y). Thus fz(a) 2 fe(y) by (3.12), and so y € L,.
Therefore L, is a filter of £ by Proposition 2.4. ]
4 Uni-soft G-filters

Definition 4.1. A soft set f, over U is called a uni-soft G-filter of £ if it is a uni-soft
filter of L that satisfies:

(Vo e D) (fel@oa) > ) 2 felz = ). (4.1)

Note that the condition (4.1) is equivalent to the following condition:

(Va,y € L) (fg(m (=) D felr — y)) . (4.2)
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Example 4.2. Let L := [0, 1] (unit interval). For any a,b € L, define

aVb=max{a,b}, a Ab=min{a,b},

b otherwise,

1 ifa<b
a—>b:{ A= and a ® b = min{a, b}.

Then £ := (L,V,A\,®,—,0,1) is a residuated lattice. Let fz be a soft set over U defined
by
T if ze[3,1],

U otherwise,

fe:L— 2(U), :r:l—>{

where 7 € Z(U) with 7 # U. Then f, is a uni-soft G-filter of £.

Theorem 4.3. Let f; be a soft set over U. Then fr is a uni-soft G-filter of L if and
only if it is a uni-soft filter of L that satisfies the following condition:

(Vz,y,z € L) (fg(il? - (y—2))U fg(l’ —y) 2 f[;(x — z)) ) (4.3)

Proof. Assume that f; is a uni-soft G-filter of £. Then f, is a uni-soft filter of £. Note
that z <1 =(x - y) - (x - y), and thus 2 - y <z — (v — y) for all 2,y € L.
It follows from (3.1) that fz(z — y) 2 fe(z — (z — y)). Combining this and (4.2), we

have

fele = y) = fele = (x = y)) (4.4)

for all x,y € L. Using (3.7) and (4.4), we have

fele = (y = 2)) U Jele = y) 2 fele = 2)

for all x,y, 2z € L.
Conversely, let f, be a uni-soft filter of £ that satisfies the condition (4.3). If we put
y =z and z =y in (4.3) and use (2.1) and (3.3), then

fe(e =) C felz = (x = y) U fe(z — x)
= fe(z = (& = y) U fe(1)
= fe(z = (z = y))
for all z,y € L. Therefore f, is a uni-soft G-filter of L. O]
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Theorem 4.4. Let f~£ be a soft set over U that satisfies the condition (3.3) and
(va,y,z € L) (Fel) U fe((y = 2) = (@ = 9)) 2 few)) - (45)

Then f is a uni-soft G-filter of L.

Proof. 1f we take z := 1 in (4.5) and use (2.1), then

fe(@) U felw = y) = fe(@) U fe(1 = (z = y))
fe(x) U fely = 1) = (& = y))

)
—
8

Hence f, is a uni-soft filter of £ by Theorem 3.4. Let z,y,z € L. Since

by (2.2) and (2.4), we have fr(x — (y — 2)) 2 fe((z — y) — (z — (z — 2))) by (3.1).
It follows from (3.1), (3.3), (3.4), (2.4) and (4.5) that

felx—=U felz—= (y—2) 2 felz =) U fe((z —=y) = (= (z = 2)))
2 felz = (2= 2))
2 fe(((z = 2) = 2) = (z = 2))
= [e(((z = 2) = 2) = (1= (& = 2)))
2 fela = 2).
Therefore f, is a uni-soft G-filter of £ by Theorem 4.3. O

The following example shows that any uni-soft G-filter may not satisfy the condition
(4.5).

Example 4.5. The uni-soft G-filter f; of £ in Example 4.2 does not satisfy the condition
(4.5) since

GV f((G—=1) = (3—3)= fﬁ(%) Ufe()=12U=f (3).

Proposition 4.6. For a uni-soft filter fz of L, the condition (4.5) is equivalent to the

following condition.
(va,y € L) (Jel(z = y) = 2) 2 felw)) (4.6)

10
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Proof. Assume that the condition (4.5) is valid. It follows from (3.3) and (2.1) that

fe((x = y) = x) =

(DU fe((z = y) = )
(U fe((z = y) = (1 — )

for all z,y € L.
Conversely, suppose that the condition (4.6) is valid. It follows from (2.2) and (3.4)
that

fe@)U fe(ly = 2) = (& = y) = fe(2) U fele = ((y = 2) = v))
2 fely = 2) =) 2 Jey)
for all x,y € L. m
Combining Theorem 4.4 and Proposition 4.6, we have the following result.
Theorem 4.7. Every uni-soft filter satisfying the condition (4.6) is a uni-soft G-filter.
Proposition 4.8. Every uni-soft filter f, of £ with the condition (4.5) satisfies the fol-
lowing condition.

(va,y € L) (fellw = y) > 9) 2 Jelly > 2) > 2)). (4.7)

Proof. Let fr be a uni-soft filter of £ that satisfies the condition (4.5) and let z,y € L.
Sincex —» ((y > 2z) > 2) =y - 2z) > (x> 2) = (y - x) - 1 =1, that is,
r<(y—x)— x, wehave (y = z) > z) >y < x — y by (2.3). It follows from (2.4),
(2.2) and (2.3) that

(z—=y)—»y<(y—2z) = ((z—=y) —2)
==y —(y—=2) >0

<(((y—=a)=2) =y = ((y =) =)

Using (3.1), (3.3), (2.1), (2.2) and (4.5), we have
(

= ((((y = 2) = 2) =y) = ((y = 2) = 1))

(
(Huf(1 ) =

=feUf((((y—=2) = 2) = y) = (1= ((y > 2) = )
((y = )

Hence the condition (4.7) is valid. O

11

329 Young Bae Jun 319-334



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Corollary 4.9. Every uni-soft filter fz of £ with the condition (4.6) satisfies the condition
(4.7).

Proposition 4.10. Every uni-soft G-filter fz of L with the condition (4.7) satisfies the
condition (4.5).

Proof. Let fr be a uni-soft G-filter of £ that satisfies the condition (4.7). For any x,y, z €

L, we have

( fr(
D fg((x —y) =
D fe((x—=y) = (x = y) =)
D fe((z = y) =)
2 ~c((y — ) = 1)

by (2.2), (3.4), (3.1), (2.4), (4.2) and (4.7). Since (x —y) 2z <y =z <z — (y = z),
it follows from (3.1) that fz((z — y) = x) D fe(z = (y — x)) and so from (3.4) that

U fe((z = y) — )
D fe(z) U fe(z = (y — )
—

Therefore

Fe@) U fel(z = y) = (2 = @) 2 fely = 2) U felly = 2) = 2) 2 fe(a).
Hence the condition (4.5) is valid. O

Theorem 4.11. Let f; be a uni-soft filter of L. Then fz is a uni-soft G-filter of L if
and only if the following condition holds:

(Vz € L) (f;;(x S (@or) = f£(1)) . (4.8)

Proof. Suppose that f, is a uni-soft G-filter of L. Since  — (z — (z ® z)) = 1 for all
z € L, we have fz(z = (x — (x ®x))) = fz(1). It follows from (4.3) and (2.1) that

fe(x = (x02) C felz = (2 = (@) U felz = 2) = (1)
and so from (3.3) that fz(z — (z ® x)) = fz(1) for all z € L.

12
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Conversely, let fz be a uni-soft filter of £ which satisfies the condition (4.8) and let
x,y € L. Since

r—= =y =or)sy<(r—(z0x) = (r =y
by (2.2) and (2.4), it follows from (3.1) that
fﬁ(x = (r—y)) D fﬁ((x = (zOx) = (= y)).

Hence, we have

fele = y) C fel(e = (x ©w) = (=2 y)U felz = (zO )
C felz = (z = y) U felz = (2 ©2))
= fe(e = (& = y) U fe(1)
= fe(e = (z =)
by using (3.4), (4.8) and (3.3). Hence f is a uni-soft G-filter of £. O

Theorem 4.12. A soft set fg over U 1is a uni-soft G-filter of L if and only if it is a
uni-soft filter of L with an additional condition:

(Vz,y € L) <f£(:v Sy) = felr = (@ — y>)) . (4.9)

Proof. Suppose that f; is a uni-soft G-filter of £. Then fﬁ is a uni-soft filter of L. Let
z,y € L. Since . — y < x — (z — y), we have fz(z = ) D fe(z = (z — y)) by (3.1).
Hence fr(xz — y) = fe(z — (x — y)) by using (4.2).

Conversely, let fz be a uni-soft filter of £ with the condition (4.9). It follows from
Proposition 3.6 that

fe@ = (y—=2) U fe(e = y) 2 fele — (x = 2) = felz — 2)
for all x,y, z € L. Therefore fg is a uni-soft G-filter of £ by Theorem 4.3. [

Proposition 4.13. Every uni-soft G-filter fz of L satisfies the following conditions:

(va,y,z € L) (Jelw > > 2) 2 Jelle > y) = (@ = 2)) . (410)
(Vx,y,z € L) (fg(x —(y—2)=fel(zr—=y) = (z — z))) : (4.11)
13
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Proof. Let fr be a uni-soft G-filter of £. Using (2.2), (4.3), (2.4) and (3.3), we have

fel(w = y) = (x = 2) = fe(x = ((z = y) = 2))
C fe(z = (y = 2)) U fele = ((y = 2) = ((z = y) = 2)))
= fele = (y—=2)Ufelly = 2) = (&= y) = (z = 2)))
= fe(z = (y = 2)) U fe(1)
= fe(z = (y = 2))

that
fe@ = (y = 2)) = fel(x = y) = (z — 2))

for all x,y,z € L by using (4.10). O
Proposition 4.14. Assume that L satisfies the divisibility, that is, t Ay =2 © (z — y)
for all z,y € L. If fr is a uni-soft G-filter of L satisfying (4.11), then the following
equality is true.
(Va2 € L) (Jellw ©0y) = 2) = Jellw Ay) = ). (4.12)
Proof. Using the divisibility and (2.2), we have
(xANy) = z=(O0(x—=y) oz=(—y — (r = 2)
for all x,y,z € L. It follows from (2.2) and (4.11) that
fe((z@y) = 2) = fe(e = (y = 2))

= fe((z = y) = (= 2))

= fe((z Ay) = 2)
for all z,y, 2z € L. O

Theorem 4.15. Let L satisfy the divisibility, that is, t Ay = x© (x — y) for allz,y € L.
Then every uni-soft filter fz of L satisfying the condition (4.12) is a uni-soft G-filter of
L.

Proof. Using Proposition 3.6, (2.2) and (4.12), we have

fe(x = (y = 2))U fe(z = y) 2 felz = (z = 2))
= fe((z0) = 2) = fe((w A a) = 2) = fr(z = 2)

for all z,y, z € L. Therefore f, is a uni-soft G-filter of £ by Theorem 4.3. O

14
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Theorem 4.16. Let f; and j. be uni-soft filters of £ such that fz(1) = G(1) and fz 2 e,
i.e., fr(x) D ge(x) for all x € L. If fr is a uni-soft G-filter of L, then so is jr.

Proof. Assume that f, is a uni-soft G-filter of £. Using (2.2) and (2.1), we have
r= @@= (2 @—2y)=2y))=@2>@2y) @2 @-2y)=1

for all x,y € L. Thus

glo = ((x = (x =) = y) C fele = (@ = (& = y)) = y)
= fel@ = (x = (@ = (z =) =)
= fe(1) = 3(1)

by hypotheses and (4.4), and so

gl = ((z = (z = y)) = y)) = 9(1)

for all x,y € L by (3.3). Since g, is a uni-soft filter of £, it follows from (3.4), (2.2) and
(3.3) that

for all x,y € L. Therefore g, is a uni-soft G-filter of L. m
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Abstract

In this paper, we study the global dynamics of a viral infection model with antibody immune
response. The incidence rate is given by a general function of the population of the uninfected
target cells, infected cells and free viruses. We have established a set of conditions on the
general incidence rate function and determined two threshold parameters Ry (the basic infection
reproduction number) and R; (the antibody immune response activation number) which are
sufficient to determine the global behavior of the model. The global asymptotic stability of
the equilibria of the model has been proven by using direct Lyapunov method and applying

LaSalle’s invariance principle.
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1 Introduction

Several works have been devoted to propose mathematical models of viral infectious dynamics such
as human immunodeficiency virus (HIV) (see, for example, [1]-[22]), hepatitis B virus (HBV) [23]-
[26], hepatitis C virus (HCV) [27]-[29] and human T cell leukemia HTLV [30], etc. Mathematical
models of viral infection can help for understanding the viral dynamics and developing antiviral
drug therapies. In reality, the immune response needs an indispensable components to do its job
such as antibodies, cytokines, natural killer cells, and T cells. The antibody immune response is a
part of the adaptive system in which the body responds to pathogens by primarily using antibodies
that produced from the B cells. While the other part is the Cytotoxic T Lymphocytes (CTL)
immune response where the CTL attacks and kills the infected cells [7]. In some infections such
as malaria, the CTL immune response is less effective than the antibody immune response [31].
Mathematical models of viral infection with antibody immune response have been proposed and
analyzed in ([32]-[39]). The basic model of viral infection with antibody immune response has

introduced by Murase et. al. [32] and Shifi Wang [39] as:

& =s—dz — Pz, (1)
§ = vz — ay, (2)
0 =ky — bzv — cv, (3)
Z=rzv— pz, (4)

where x, y, v and z denote the populations of uninfected target cells, infected cells, free virus
particles and antibody immune cells at time ¢, respectively. Parameters s, k£ and r represent,
respectively, the rate at which new healthy cells are generated from the source within the body,

the generation rate constant of free viruses produced from the infected cells and the proliferation
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rate constant of antibody immune cells. Parameters d, a, ¢ and u are the natural death rate
constants of the uninfected target cells, infected cells, free virus particles and antibody immune
cells, respectively. Parameter 3 is the infection rate constant and b is the removal rate constant of
the viruses due to the antibodies. All the parameters given in model (1)-(4) are positive.

Note that, the infection rate in model (1)-(4) is presented to be bilinear in xz and v, which
can not be completely describe the interaction between the uninfected target cells and viruses.
Nevertheless, there are many types of an improved incidence rate which are more commonly used
due to their benefit for helping us gain the unification theory through passing over the unessential

details (see e.g. [40] and [41]). Variety of viral infection models with antibody immune response

Bxv

have been considered different forms of the incidence rate such as saturated incidence rate, { Tov

where ae > 0 [42], [37], [35], Beddington-DeAngelis functional response, 1“'527%7 a,y >0 [36], and
general form, ¢(x,v)v [38].

However the infection rate does not depend on the infected cells y. In some viral infections such
as HBV, the infection rate depends on z, y and v [25], [24]. In [43], the infection rate is given by
¥(x,y,v)v, however the antibody immune response has been neglected. Our aim in this paper is
to investigate the global stability analysis of the viral infection model with general incidence rate
function and antibody immune response.

The rest of the paper is designed as follows. In the next section, we introduce the model and
discuss the non-negativity and boundedness of the solutions. In Section 3, we define two threshold
parameters and discuss the existence of the model’s equilibria. In Section 4, we study the global

asymptotic stability of the equilibria using suitable Lyapunov functional and applying LaSalle’s

invariance principle. Finally, conclusion is given in Section 5.

337 AlShamrani et al 335-352



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

2 The mathematical model

In this section, we consider the following viral infection model with general incidence rate taking

into consideration the antibody immune response.

t=s—dr—Y(z,y,v)v, (5)
=1z, y,v)v - ay, (6)
b = ky — bzv — cv, (7)
i =120 — pz. (8)

The definitions of all variables and parameters are identical to those given in Section 1. The
incidence rate of infection is presented by a general function in the form ¥ (x,y,v)v, where v is
continuously differentiable and satisfies the following assumptions (see [38] and [43]):

Assumption Al. ¢(z,y,v) >0 forallz >0,y >0, v >0, and ¢(0,y,v) = 0 for all y > 0,

v > 0.
Assumption A2. W(?);@/,w >0 forallz >0,y >0andv>0.
Assumption A3. 81&(2,;/,1}) <0, 81/1(3({3);}%7)) <Oforallz>0,y>0andv>0.
Assumption A4. (W >0 for all x >0,y >0 and v > 0.

2.1 Positive invariance

In the following proposition, we show that the non-negative orthant Réo is the positively invariant
and there exists a compact set which is positively invariant for model (5)-(8).
Proposition 1. Assume that Assumption Al is satisfied. Then there exist positive numbers

L;, v =1,2,3, such that the compact set

I'=(z,y,v,2) R, :0< 2,y < L1,0< v < Ly,0< 2< L3
>0
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is positively invariant.
Proof. First, we prove that the orthant Réo is positively invariance for system (5)-(8). We

have

T |x:0: s> 0,
Y ly=0= 9 (z,0,v)v > 0 for all z > 0,v > 0,
0 |y=0=ky >0 for all y > 0,

% |mo= 0.

Hence, all the solutions are nonnegative.

Next we show that the solutions of system are bounded. Let T3 (t) = x(t) + y(t), then

Ti(t) = (s — dz — (@, y,0)v) + (@, y,0)v — ay,

=s—dr—ay<s—oi(x+y)=s—o01T1(t),

where 01 = min{d,a}. Hence 0 < Tj(t) < 2 forall ¢ > 0if T3 (0) < 2. It follows that, 0 <
z(t),y(t) < Ly for all t > 0if 2(0) + y(0) < Ly, where Ly = . Moreover, let T5(t) = v(t) + bat),
then

. b b
TQ(t) =ky—cv— 7”2’ < kL — 02(1) + ;Z) =kL, — UQTQ(t),

where o9 = min{c,u}. Hence 0 < Ty(t) < Lo for all ¢ > 0 when T5(0) < L. It follows that
kL
0 <v(t) < Ly and 0 < 2(t) < Ly for all £ > 0 if v(0) 4 £2(0) < Lg, where Ly = ~— and Lz = L.

02

Therefore, x(t),y(t),v(t) and z(t) are all bounded.
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2.2 The equilibria and threshold parameters

At any equilibrium we have

s —dx — ¢(x,y,v)v = 07
w(q’.ayav)v —ay = 07
ky — bzv — cv = 0,

rzv — puz = 0.

From Eq. (12), either z =0 or z # 0. If z = 0, then from Egs. (9)-(11) we get

s—dxr ¢ k(s — dx)
=—-v, Vv=——"".
a k ac

Substituting from Eq. (13) into Eq. (10) we get:

s—dz k(s—dz) ac|
[zp<x, P p” >—k]fu0.

(10)

(11)

(12)

(14)

Eq. (14) has two possible solutions v = 0 or v # 0. If v = 0, then from Eqs. (9) and (10), we get

x = s/d and y = 0 which leads to the infection-free equilibrium Fy(zg,0,0,0) where xy = s/d. If

v # 0, then we have

a ac

¢($7s—dx’k‘(s—dx)>_ac:0‘

Let

s —dx k(s—dm)) ac
" _

Then, we have

Pl (r) = — —— — ——.
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Because of Assumptions A2 and A3, we have ®) (z) > 0 which implies that function ®;(x) is

strictly increasing w.r.t. . Moreover,

s ks ac ac

"a’ ac
ki (20,0,0) 1)

ac

ac ac

Dy (29) = ¥ (20,0,0) — =% (

kw(x(% 07 0)
ac

Therefore, if > 1, then there exists a unique z; € (0,z¢9) such that ®;(z;) = 0.

d(l’o — 581) k‘d(.’L‘U — :Bl)
[0 ac

Therefore from Eq. (13) we obtain y; = > 0 and v; = > 0. It follows

k‘w(l'o, 0, 0)

ac

that, if > 1, then there exists a chronic-infection equilibrium without antibody immune
response Fi(z1,y1,v1,0).

Let us define the basic reproduction number as:

k 0,0
RO _ ¢(~’B0, ) )
ac

The parameter Ry determines whether a chronic-infection can be established. The other possibility

of Eq. (12) is z # 0 which leads to vy = K. From Eq. (9) we let
r
—d
Oy(z) =s—dx— 1 <x, H,vg) v = 0.
a

Assumptions A2 and A3 provide that ®9 is a decreasing function of z. Clearly, ®2(0) = s > 0

and ®g(xg) = —(x0,0,v2)vy < 0. Thus, there exists a unique z2 € (0, xg) such that ®9(xs) = 0.

k
> 0 and 2y = Y(z2,y2,v2)

d(xzog — z2) c _
ab b

It follows from Eqs. (11) and (13) that, yo =

c <k¢($2792,7}2) B 1) Then if F(@2,Y2,v2)

> 1 then z9 > 0. Now we Define the antibody
b ac ac

immune response activation number as:

k
Ry — Tﬁ(l’za,é}z? Uz)’

which determines whether a persistent antibody immune response can be established. Hence, 29

c
can be rewritten as zp = B(Rl —1). It follows that, there is a chronic-infection equilibrium with
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antibody immune response Es(z2, Y2, v2, 22) iff Ry > 1.

Clearly from Assumptions A2 and A3, we have

R, = ky(x2,y2,v2) - ky(xo,y2,v2) < kv (x0,0,0) ~ R,

ac ac ac

2.3 Global stability analysis

In this section, the global asymptotic stability of the three equilibria of model (5)-(8) will be
established by using direct Lyapunov method and applying LaSalle’s invariance principle. Let us

define the function H : (0,00) — [0,00) as
Hw)=w—-1—-Ilnw.

Theorem 1. Let Assumptions A1-A3 be hold true and Ry < 1, then the infection-free equilibrium
Ejy is globally asymptotically stable (GAS).

Proof. We construct a Lyapunov functional as:

“ 4(20,0,0)
U():.’L'—:Bo— 7d77+y+
x0 ¢(W>070)

a ab
— —Z. 1
kv+rkz (15)

We calculate % along the solutions of model (5)-(8) as:

o _ 4 (1 _ W’““’”) (20— ) + <¢(:c,y,v)"‘/’("’“’0’0’0) - ac) o=

dt ¥(z,0,0) 02,000 k)T Tk
_ Y (x0,0,0) x ac ((z,y,v) abu
- (1 ~ 9(w,0,0) ) (1 - 0> Tk <w<x,o,o>R° - 1) U (16)

From Assumptions A2 and A3 we know that ¢ (x,y, v) is an increasing function of = and decreasing

function of y and v. Then the first term of Eq. (16) is less than or equal zero and

¢($7 y7 U) < w(x7 07 0)7 "’U7 y,’U > 0'
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It follows that

dUy ¥(x0,0,0) T ac abi
<o (1-Sany) (17 5) + T r-ve- e "

Therefore, if Ry < 1, then % < 0 for all x,y,v,z > 0. We note that the solutions of system
(5)-(8) converge to €2, the largest invariant subset of {% = 0} [44]. From (17), we have %0 =0

iff x =, v=0and z=0. The set € is invariant and for any element belong to 2 satisfies v = 0

and z = 0. We can see from Eq. (7) that
v =0=ky.

It follows that, y = 0. Hence % =0iff x = 29 and y = v = z = 0. Using LaSalle’s invariance

principle, we derive that Fjy is GAS.

Assumption A5

(1 . Y(z,y,v) > <¢($,yiavi) _ U) <0, i =1,2for all z,y,v > 0.
w(mayhvi) w(l‘aya U) (%
Theorem 2. Assume that Assumptions A1-A5 are satisfied and R; < 1 < Ry, then the chronic-

infection equilibrium without antibody immune response Fy is GAS.

Proof. Define a Lyapunov functional as:

T ap(x1,y1,v1) (y) a (v) ab
——dn+yH|{= ) +-uvH|— )+ —=
2 Y, y1,01) T Y1 gt U1 rk

Calculating the time derivative of U; along the trajectories of system (5)-(8), we obtain

Ui=z—x1 —

dUy (1 ~ Y(@1,y1,01)

Y1
= CRTRY > (s —dx — Y(z,y,v)v) + (1 - y) (Y(z,y,v)v — ay)

a U1 ab
+ z (1 - ;) (ky — bzv — cv) + ﬁ(m’v — pz)

= <1 - 1#($1,th)> (s — d) +¢($1,y1,v1)w

U(@,y1,v1) Y(@, y1,01)
Y1 ac v ac ab abu
- - 7 V= — T - - —Z. 18
, @y vt oy — v —ay s e P - o (18)
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Using the equilibrium conditions for Fjy:

ac
-1,

s =dx1 + ayi, w(fﬁl,yl,vl)vl = ay1 = L

we obtain

dUl =d (1 _ w(xhylavl) T/}(«Tlayhvl) +a w('raya U)U

> (z1 —2) + 3ay1 — ayx

dt B ,l/}(x7y17'vl) T/)(.’E7y1,'vl) 1‘1/}({1}‘,y17'01)'1)1
T,Y,v)v v v ab
— ayy yﬂ/’( Y ) —aylf—ay1ﬂ+*(v1—ﬁ> 2. (19)
Y (21, y1,v1)v1 U1 VY1 k

Collecting terms of Eq. (19) we get

@ _ _mewﬂ)(_x>
dt a dwl <1 1/1(33791,@1) ! 1
+w«¢®%wf_wﬁ+wme>

Y(x,y1,v1)vr 01 Y(z,y,v)

bay 4 Setn) e n D o g v
w(x7y177.11) y¢(m1,y1,vl)y1 VY1 d}(x?y’v)

+ %b (vl - %) z. (20)

Eq. (20) can be simplified as:

dUy Y(21,y1,1) T
@ <1 @) ) (1 - xl>

- ¢(:c,y,v) ) (¢(xaylvvl) _ U)
+ay1 <1 ¢(xaylavl) w(l‘agﬁv) U1
+ay [4 _Yevynv) o yd@yvy vy vy,
! Y(x,y1,v1)  y(znLyL,v)vr vy Y(z,y,v)
b
+ 3 (n=0)= (21)

From Assumptions Al and A5, we get that the first and second terms of Eq. (21) is less than or
equal zero. Since the geometrical mean is less than or equal to the arithmetical mean, then the

third term of Eq. (21) is also less than or equal zero.
Now we show that if Ry <1 then v; < £ = v9. Let Ry > 1, then we want to show that

i

sgn(xg — x1) = sgn(vy — v2) = sgn(y1 — y2) = sgn(Ry — 1).
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From Assumptions A2-A4, for x1, 2, Y1, Y2, v1,v2 > 0, we have

(V(22,y2,v2) — ¥(21,Y2,v2)) (22 — 21) > 0, (22)
(Y (z1,y1,01) = P(21, 92, v1)) (Y2 — 91) > 0 (23)
(Y(@1, y1,v1) — (@1, Y1, 02)) (V2 — V1) > 0, (24)
(Y(@2,y2, v2)v2 — ¥ (32, y2,v1)v1) (V2 — v1) > 0. (25)

First, we claim sgn(xe—z1) = sgn(vi—v2). Suppose this is not true, i.e., sgn(zo—x1) = sgn(ve—uvy).
Using the conditions of the equilibria Fy and E3 we have
(s = dwg) — (s — dx1) = P(x2, Y2, v2)v2 — (@1, Y1, v1)01
= a(y2 — 1), (26)
then sgn(zi — x2) = sgn(y2 — y1). Moreover
(s — dxa) — (s — dx1) = (w2, y2,v2)v2 — ¥ (21,91, v1)01
= (Y(w2, Y2, v2)v2 — (@2, Y2, v1)v1) + (Y(22, Y2, v1)v1 — (@1, Y2, v1)V1)
+ (Y(z1,y2,v1)v1 — P (21, Y1, v1)01).

Therefore, from inequalities (22)-(26) we get:
sgn (r1 — x2) = sgn (xe — x1),

which leads to contradiction. Thus, sgn (zo — 1) = sgn (v1 — v2) . Using the equilibrium conditions
for F; we have w =1, then

kp(zo,y2,v2)  k(z1,y1,01)
ac ac

Ri—-1=

= £(¢($2ay2av2) - %D(:Ez,yg,vl) + ¢($2’y2’vl)

— (1, y2,v1) + (21, y2,01) — (21, Y1, v1))-
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We get sgn(Ry — 1) = sgn(vy — v2). Hence, if Ry > 1, then z1,y1,v1 > 0, and if R; < 1, then
v < vy = % It follows from the above discussion that % <0 for all x,y,v,z > 0 and % =0
iff x =21,y =v1,v =11 and z = 0. So €2 contains a unique point, the equilibrium FE;. Thus, we
prove the global asymptotic stability of the chronic-infection equilibrium without antibody immune
response Fp by using LaSalle’s invariance principle.

Theorem 3. Let Assumptions A1-A5 be hold true and R; > 1, then the chronic-infection

equilibrium with antibody immune response Fs is GAS.

Proof. We construct a Lyapunov functional as follows:
r b
==y = [ gy gy (L) b () S (2). D)
zs V(1 92,02) y2) k v2) Tk z

Function Us satisfies:

dUs _ ( _ Y(w2, Y2, 02)

Y2
= () e v+ (1-2) W)

+% (1—%) (ky — bzv — cv) + GZ (1—9) (rzv — pz). (28)

rk 2
Applying s = dzs + ays, we get

dUs _ d< B ¢($2,y2,02)> (w2 — 7) + ays

dt U(, Y2, v2)
- GQQW +(z, vy, v)vW
+ %02 + %bvgz — Cﬁ)—:z - %bzy) + %22, (29)

By using the equilibrium conditions of Fs
Y(T2, Y2, v2)v2 = aya, cva = kyz —buaze, p =102,
and the following equality

v v
cv = cvg— = — (kya — bvezs),
V2 %]
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we obtain
aUs B ¢($2,y2702)> _ < Y(z,y,v)v v ¢($7y2,112)>
dt = <1 ¢($7y2a UQ) (:Ez x) a2 w(may27v2)v2 V2 bt 7/)(1‘,3/,“)
Yz, y2,v2)  ppp(ziy, vy vy 1/}(:6,?;2,02)}
v [4 V(z,y2,v2)  y¥(x2,y2,v2)v2 w2 P(z,y,0) 30)
We can simplify (30) as:
aU; B ¢($2,y2,v2)) ( _l‘> ( _ p(z,y,v) > <111(£L‘,y2,v2) _U)
T <1 Y(z,y2,v2) ! T2 Fan ! Y(z, y2,v2) Y(z,y,v) 02
(@2, y2,v2)  p(my,v)v vay w(%yz,vz)]
T {4 V(@,y2,v2)  yP(w2,y2,02)v2  vy2  Y(z,9,v) 5

We note that from assumptions A2, A5 and the relationship between the arithmetical and geometri-
cal means, we have % < 0. One can easily see that % = 0 at F». The global asymptotic stability

of the chronic-infection equilibrium with antibody immune response Fs follows from LaSalle’s in-

variance principle.

3 Conclusion

In this paper, we have proposed a viral infection model with general incidence rate function and
antibody immune response. We have derived a set of conditions on the general functional response
and have determined two thresholds parameters Ry and R; to prove the existence and global stabil-
ity of the model’s equilibria. The global asymptotic stability of the three equilibria, infection-free,
chronic-infection without antibody immune response and chronic-infection with antibody immune

response has been proven by using direct Lyapunov method and LaSalle’s invariance principle.
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NEWTON’S METHOD FOR COMPUTING THE FIFTH
ROOTS OF p-ADIC NUMBERS

Y.H. KIM, H.M. KIM, AND J. CHOI

Abstract We consider Newton’s method to compute the fifth root of a p-adic
number in Q,. We have the sufficient conditions for the convergence of Newton’s
method and the speed of its convergence. We also calculate the number of iterations
to obtain a number of corrected digits in the approximation.

1. INTRODUCTION

Let p be a prime and @Q, be the field of p-adic numbers. The theory
of the field of p-adic numbers introduced by Hensel has been related
to several areas of mathematics including number theory, analysis and
other modern mathematics, and recently to physics. The study of this
field has been an important area of research in mathematics([9]).

The application of classical methods in numerical analysis to p-
adic numbers and polynomials and the analysis of their convergence
in Q, have been a recent development([2-3], [5], [7], [10-11]). Newton’s
method is the most often used method to find zeros of polynomials. In
[7], the authors applied Newton’s method to compute the cubic root
of a p-adic number. In [2-3], the authors also used Newton-Raphson
method to compute square and cube roots of p-adic numbers in Q,.
Computing the ¢-th root of a p-adic number is useful in the field of
computer science and cryptography, specially when ¢ is a prime. In
6], Kim-Choi give the conditions for the existence of the g-th roots of
p-adic numbers in Q, when (p,¢) = 1, and also have the condition for
the existence the fifth roots including p = q.

In this paper, we use Newton’s method to compute the fifth root
of a p-adic number in Q,. We have the sufficient conditions for the
convergence of Newton’s method and the speed of its convergence. We
also calculate the number of iterations to obtain a number of corrected
digits in the approximation.

2010 Mathematics Subject Classification: 11E95, 26E30, 656H04
Key words and phrases: Newton’s method, p-adic roots
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2. PRELIMINARIES

The following definitions and results are needed for our discussion.
See [4] and [8] for details.

Definition 1. Let p € N be a prime number and v € Q (x # 0). The
p-adic order of x, ord,x, is defined by

rdor — the highest power of p which divides x, if x € Z,
LT = ordya — ord,b, ifr=2 abeZ b#0.

Consider a map |- |, : Q — RT as follows.

Definition 2. Let p € N be a prime number and x € Q. The p-adic
norm | - |, of x is defined by

‘.,L,’ — p_ordpx7 fo # 07
P 0, if = 0.

The field of p-adic numbers Q, is the completion of Q with respect to
the p-adic norm |-|, of Definition 2. The elements of Q,, are equivalence
classes of Cauchy sequences in QQ with respect to the extension of the
p-adic norm defined by

lal, = nh_g)lo |@nlp,
where {a,} is a Cauchy sequence in Q representing a € Q,.

Theorem 1. Every equivalence class a in Q, satisfying |al, < 1 has
exactly one representative Cauchy sequence {a;} such that

(1) a; €Z,0 < a; <p' fori=1,2,...,

(2) a; = a;1q1 (mod p') fori=1,2,....

From this, every p-adic number a € Q, has a unique representation

o
(3
a = E anp -,

n=—m

where a_,, # 0 and a,, € {0,1,2,...,p— 1} for n > —m. We represent
the given p-adic number a as a fraction in the base p as follows:

a=...0p...020100.Q—-7 ...Q0_py.
This representation is called the canonical p-adic expansion of a.

Definition 3. Let Z, = {a € Q| a = > ;- a;p'} be the set of p-adic
integers and Y = {a € Qy| a = Y7 a;p’, ag # 0} be the set of p-adic
units.
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From Definition 3, it is easy to see that Z, = {a € Q,| |a|, < 1} and
7y ={a € @ la|, = 1}. Hence the following theorem follows.

Theorem 2. Let a be a p-adic number of norm p~™. Then a = p™u
Jor some u € Z; .

From now, we discuss the conditions for the existence of p-adic roots.
Definition 4. A p-adic number x € Q, s said to be a g-th root of
a € Q, of order k € N if and only if x? = a (mod p*).

When q =5, the g-th root of a € Q,, is called the fifth root of a.

The following lemmata are essential for our discussions([4]).
Lemma 3. Let a,b € Q,. Then a and b are congruent modulo p* and
write a = b (mod p*) if and only if |a — bl, < 1/p*.

Lemma 4. Let a,b € Q,. If |a —b|, < |b|,, then |a|, = |b|,.
The next theorem is the basis for the existence of p-adic roots([8]).

Theorem 5. (Hensel’s lemma) Let F(x) = co + 1z + -+ + c,x™ be
a polynomial whose coefficients are p-adic integers. Let F'(x) = ¢ +
Co + 3e3x® + - -+ + ne, ™ be the derivative of F(x). Let ag be a p-adic
integer such that F(ag) = 0 (mod p) and F'(ag) # 0 (mod p). Then
there exists a unique p-adic integer a such that

F(a)=0 and a=ag (modp).

The following theorem follows from Theorem 5, and provides the
condition between p-adic numbers and congruence([4]).

Theorem 6. A polynomial with integer coefficients has a root in Z, if
and only if it has an integer root modulo p* for any k > 1.

Some results of the existence of square roots of p-adic numbers are
obtained from Theorem 6([4]). In [6], we have the conditions for the
existence of the fifth roots of p-adic numbers in Q, as followings.

Theorem 7. A rational integer a not divisible by p has a fifth root in
Z, (p #5) if and only if a is a fifth residue modulo p.

From Theorem 7, we have the following theorem([6]).

Theorem 8. Let p be a prime number. Then we have:

(1) If p # 5, then a = p”¥*u € Q, for some u € ZY has a fifth root
in Q, if and only if ordya = 5m for m € Z and u = v® for some unit
vEL.

(2) If p=>5, then a = 5°%% € Q5 for some u € ZZ has a fifth root in
Qs if and only if ordsa = 5m form € Z and u =1 (mod 25) or u =k
(mod 5) for some k (2 <k <4).
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3. NEWTON’S METHOD
Newton’s method is a well known numerical method to find zeros of
a polynomial f(x) in R([1]). The iterative formula for this method is
given by

el = f/(xn)’
To seek the fifth root of a is to find the zero of f(z) = 2° — a. The
iteration (3.1) for Newton’s method becomes the recurrence relation

n=0,1,2.... (3.1)

42 +a
St 7
Like for real numbers, we can show that Newton’s method also con-

verges quadratically for convergence.
Let a(# 0) € Q, be a p-adic number such that

Tyl = n=01,2,.... (3.2)

|a‘p — pfordpa — p75m’ m e 7.
The following theorem is the result when p # 5.
Theorem 9. Let p # 5 and {x,} be the sequence of p-adic numbers
obtained from the Newton’s iteration (3.2). If xo is a fifth root of a of
order r with |xo|, = p~™ and r > 5m, then
(1) |$n|p = pim7 n = 1727 et
(2) @3, = a (mod p*" 75" 1),
(3) {xzn} converges to the fifth root of a.
Proof. We will prove (1) and (2) by induction.
(i) First, we prove it when p > 5. Let n = 1. By assumption, we have
w=a+bp” (0<b<p). (3.3)
From (3.2), (3.3) and Lemma 4, we have

(5], = |42 + al,, _ |5a + 4bp” |, _ max{|5al,, |[40p”|,} —p ™. (3.4)
P |5$g‘p ’53761 p ‘535% P

Also by (3.2), we have

d—a= %(10241;55 +203azi’ + 22a%x) + o). (3.5)
To calculate the p-adic norm of z% — a, we let
h(z) = 10242 + 203az'® + 22a%2° + d®. (3.6)
From (3.3), we have
h(z¢) = 1250a” + 3500abp” + 3275ab*p®" + 1024b6%p™". (3.7)
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Using the strong triangle inequality, we have from (3.7) that
(o)l
< max {|2-5%"|,,[2°5°7a’bp" |, [5°131ab’p*"|,, [2"°6°p" |, }
—15m  —10m—r _—5m—2r -3 (3.8)
= max {p~ 7", p~ I pTITH p
_ p—15m'
Also the p-adic norm of the denominator of the right hand of (3.5) is
1312523, = |5°23], = p~ 2™ (3.9)
Since xq is a fifth root of a of order r, we have
(25 — @)l =p~™" (3.10)

By (3.5), (3.8), (3.9) and (3.10), we have
|2} — al, <p”7
By Lemma 3, 23 —a = 0 (mod p*~—°™). Hence (1) and (2) is true when
n = 1.
Now assume that
|Tp_1l, =p ", (3.11)
22 =a (modp? "INy, (3.12)
and so
23 =a+bp? D (0 < b < p). (3.13)
From (3.2), (3.11) and (3.13), we have

nfl,r_ m n—1_
2], = 4] +al,  |5a+ 4bp? m2 =D

5xd B 5xd
| ‘/L‘TL71|p - Li'f’nfl|p (314)
max{|5al,, |4bp? r—5m(2 71)|p} -m
|5x£§71|p
Thus (1) is proved by (3.4), (3.11) and (3.14). Also from (3.2), it follows
that (a2 ¢
r)_—a

Let Q = p* 752" " =1) for simplicity. From (3.13),
h(zp_1) = 2-5%* 4+ 22 5% 7a*bQ + 5% - 131ab?Q? + 2'°03Q%. (3.16)
Since r > 5m, the p-adic norm of h(x,_1) in (3.16) is

|h(2n_1)], < max{p™"*™, p—15m—2”*1(r—5m)’

p1Bm=2r=5m) | —15m=32" (r—5m) | (3.17)

_ . —15m
=p .
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Since z,_; is a fifth root of a of order 2"~1r — 5m(2"~1 — 1), we have
from (3.12), (3.15) and (3.17) that

5

—2n 4 5m (27 —1
n p <P r+sm( ),

|z, — al

By Lemma 3, we have 22 —a = 0 (mod p?""~>"2"~1). Thus (2) is true
for all n € N.

(ii) When p < 5, there are two cases, p = 3 and p = 2.

The proof is the same with (i) when the first case p = 3, because 3
is no factor of any coefficients of terms of h(xg) in (3.7). It means that
|h(z0)], < p~1%™, and so 2} = a (mod p* ™). By assuming z°_; =a
(mod p?" 752" 1)) e have 2% = a (mod p*"" 52" ~1) ysing the
same process of (i). Moreover we can check easily |z,|3 = 37™ by
induction.

The other case is p = 2. Let n = 1, |z1|, = p~™ is obtained easily

from (3.4). And we have

5 2
5 (wg — a)
1
] —a 3125220 h(xo), (3.18)

where h(x) is the polynomial in (3.6). Since r > 5m, we have

|h(IO)|p S max{p_15m_1, p—IOm—T—Q’ p—5m—27" p—3r—10} S p—15m‘
(3.19)
In (3.18), we have
1312523°], = p~ 2™, (3.20)
and, by assumption,
(6 —a)*l, =p ™" (3.21)

Also (3.19), (3.20) and (3.21) imply |25 — al, < p~# ™ and so 2} =
a (mod p*~5m). Thus (1) and (2) are true when n = 1if p = 2.

Assume that |2, 1], = p™™ and z)_; = a (mod p2n_17“75m(2"_171))‘
That is,
25 =a+bp? 0 (0 < b < p). (3.22)
It follows (3.15) and (3.16), and so we have
R e
p715m72”(r75m) p715m71073-2”*1(r75m)} (3'23)

By (3.15), (3.17), (3.20) and (3.23), we have

5 —2Mr+5m (2" —1
—al, <p (2"-1)

|z,
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Hence we have that for all n € N, 22 = a (mod p?""—°m(2"~1). We
note that |z,|s = 27" is obtained easily from (3.14). So we complete
the proof of (1) and (2).

From (2), we have
|xz _ a|p S p—2"1”+5m(2n—1) (324)

for each prime p(# 5). (3) follows immediately from the inequality
(3.24) as n — oc. O

When p = 5, we have the following theorem.

Theorem 10. Let p =5 and {z,} be the sequence of p-adic numbers
obtained from the Newton’s iteration (3.2). If xo is a fifth root of a of
order r with |zo|, = p~™ and r > bm + 1, then

(1) |xnlp =0, n=1,2,...,

(2) 22 = a (mod p?'7—(m+NE"=1) )
(8) {x,} converges to the fifth root of a.

Proof. (1) and (2) will be proved by induction. Let n = 1. By assump-

tion 2§ = a (mod p"), and from (3.2) and Lemma 4, we have

|ba + 4bp™|, B max{|5al,, |40p"|,} B pom-l

T = = =p "
B T pafl,
By calculating the p-adic norms of h(z) in (3.7), we have

15m—-4 ,_ —-10m—-r—-3 , —5m—2r—2 —15m— 4

|h ()|, < max{p~ D D 0 =0

since r > 5m + 1. Also we have |312522°|, = p~2""~°. Thus

|l’? _ a|p S p—2r+5m+1’

and so 2§ = a (mod p>~®™+1)) by Lemma 3. Hence it is true when

n = 1. Now we assume that

—m

|Tn-1lp =P
and
2> =a (modp

In the similar manner as (3.14), (3.16) and (3.17), we have

2”*1r7(5m+1)(2"7171)).

[ 425, +alp _ [5a + dpp* GO
|5xn71|17 |5xn71|P
_ max{[5al,, |[4bp?" - G- Y _pomel

B 15271 D

|mn|p
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and
|h($n_1)|p < max{p_15m_4, p—15m—4—2"*1[r—(5m+1)]
p715m7472n[r7(5m+1)]’ p715m7373-2n_1[r7(5m+1)]}
_ p715m74.
And so we have
‘xz _ a|p < p72”r+(5m+1)(2“71). (3.25)

It follows that (1) and (2) are true for all n € N.
(3) follows from the inequality (3.25) as n — 0. O

To determine the rate of convergence of the sequence {z,} given by
(3.2), we consider the sequence {e,} defined by

€n = Tpy1 — Tpn, Vn €N, (3.26)
From Theorem 9 and Theorem 10, we obtain the following theorem.

Theorem 11. If zq is the fifth root of a of order r, then the sequence
{en} in (3.26) is e, =0 (mod p*), where

o — 2"r — 5m - 2" +m, if p# 5,
"l 2 —(5m+1)-2"+m, ifp=>5.

Proof. (i) First, let p # 5. Then, from the Newton’s iteration formula
(3.2), we have

1
€n = Tpy1 — Tp = %(a —22), VYn€EN. (3.27)
By computing the p-adic norms of each side of the equation (3.27),
we have from Theorem 8 that

1

—2"r+5m-2"—m
a1 .
Ty

o=zl <p
P

|€n|p = |Tny1 — xn‘p =

Hence e, = 0 (mod p®*) by Lemma 3.
(ii) Let p = 5. By a similar way as (i), we have from Theorem 9 that

1

—2"r4(5m+1)-2"—m
Tt <p :
n

“la — 37n|p
P

ealy = \

Hence e, = 0 (mod p®") by Lemma 3. This completes the proof. [

From Theorem 11, we have that the rate of convergence of the se-
quence {z,} is of order . Thus the number of correct digits in the
approximation increases by «,, for every iteration.

We can compute the number of iterations to obtain certain finite dig-
its. From Theorem 9 and Theorem 10, we have the following corollary.
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Corollary 12. (1) Forp # 5, let {x,} be the sequence of approzimation
in Theorem 9. Then the number of iterations to obtain at least M

correct digits is
In (M—54m)
= |2 Tmom /4 3.28
" [ In2 ( )

(2) Let p =5 and {x,} be the sequence of approzimation in Theorem
10. Then the number of iterations to obtain at least M correct digits is

M—(4m+1)
ln’(r—(&n+1))

— ) 3.29
" In2 ( )

Proof. (1) Since we need M correct digits in the approximation, we
must set the order to M + m to find the number of iterations with M
correct digits. That is,

2"r —bm(2" — 1) = M + m. (3.30)
From (3.30), we have
M —4m
or—>5m’
Since {z,,} converges to the fifth root of a by Theorem 8 (3) and r > 5m,

we have the equation (3.28).
(2) As in the proof of (1), we set

2"r — (bm+1)(2" —1) =M +m. (3.31)
From (3.31), we have

271

M—4m -1
= 3.32
r—(bm+ 1) (3:32)
Since r > bm + 1, the result follows from (3.32). O

The numbers in (3.28) and (3.29) are sufficient numbers of iterations
to provide at least M correct digits in the approximation.
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Abstract. In 1940 S. M. Ulam proposed at the University of Wisconsin the problem: “Give conditions in order for a linear
mapping near an approximately linear mapping to exist”. In 1982-2013, the second author solved the above Ulam problem
for a variety of quadratic mappings. Interesting stability results have been achieved by S. A. Mohiuddine et al., since 2009.
In this paper, we solve the Ulam stability problem for Euler-Lagrange (a, 8; k) quadratic mapping. The other authors of

this research area have established important results also on functional inequalities.

Keywords and phrases: Quartic functional equations and inequalities; Various normed spaces; Ulam stability.

AMS subject classification (2000): 39B.

1. Introduction

In 1940 S. M. Ulam [36] proposed the famous “Ulam stability problem”, which was solved by D.
H. Hyers [4], in 1941, for additive mappings. In 1950 T. Aoki [3] solved this Ulam problem for weaker
additive mappings. In 1978 Th. M. Rassias [33] generalized the theorem of Hyers for linear mappings. In
1982-1999, J. M. Rassias ( [23-30]) generalized this problem. For more detail of Ulam stability problem,
we refer to [5,6,8-11,19,20,32,34] and references therein.

In 1992, the second author [23,24] introduced the term “Euler-Lagrange functional equation” and

“Euler-Lagrange quadratic mappings”, of satisfying

Qlz+y) +Qz —y) =2[Qz) + Q(v)] (1.1)

and then solved the Ulam stability problem of the Euler-Lagrange quadratic functional equation (1.1). In
1996, J. M. Rassias [30] established the Ulam stablity of the general Euler-Lagrange quadratic functional
equation

Qlaz + By) + Q(Br — ay) = (o + 5°)[Q(z) + Q(y)]. (1.2)

In 2009-2014, S. A. Mohiuddine et al. ( [1,2,12-18]) solved this problem in several normed spaces. In
2008-2012 J. M. Rassias et al. ( [21,22,31,37]) solved the generalized Ulam problem via various methods.
In 2010, M. E. Gordji et al [7] established Ulam stabilities on Banach algebras. Also J. Rétz [35] results
are interesting on orthogonal mappings.

In this paper, we solve the Ulam stability problem for the Euler-Lagrange (o, §; k) quadratic mapping
satisfying

kQ(aw + By) + Q(kBx — ay) = (a? + kB [kQ(x) + Q(y)].- (1.3)
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Let us note that Q(z) = |z|? satisfies equation (1.3) because the following Euler-Lagrange quadratic
identity
klax + By|* + [kBz — ayl* = (o + k6% [Kl2|* + |y|?] (1.4)

holds with any fixed reals «, § and k.
Definition 1.1. Let X be a normed linear space and let Y be a real complete normed linear space.
Then a non-linear mapping @ : X — Y is called Euler-Lagrange quadratic if equation (1.3) holds for

all 2-dimensional vectors (r,y) € X2, and any fixed reals o, 3 and k. We note that Q may be called

quadratic because the above Euler-Lagrange identity (1.4) holds and because the functional equation
Q(m"z) = (m")*Q(x) (1.5)
holds for all x € X, allm € N :

m=a®+ k3. (1.6)

Assume m € R —{0,1} and k € R — {-1,0}.
In fact, substitution of x = y = 0 in equation (1.3) yields

(k+ 11 =m)Q(0) =0,

or
QO0)=0, m=#1 (and k#£ —-1). (1.7)
Substituting = z,y = 0 in (1.3), one gets that

kQ(ax) + Q(kf) = kmQ(x) + mQ(0), (1.8)
or )

Qaw) + 7 Q(kBr) = mQ(x) + 7 Q(0), (1.9)
holds for all x € X, and any fixed real k # 0. Employing (1.7), we obtain from (1.8) that

Q(ax) + Q(kBx) = kmQ(x). (1.10)
Moreover, substitution z — ax, y = kfBz in (1.3), we find that
kQ(ma) + Q(0) = m[kQ(ax) + Q(kBz)],
or .
kQ(ax) + Q(kBx) = km™ ' Q(ma) + EQ(())’ (1.11)
or ) .
Qo) + TQkB) = m™'QUmz) + —-Q(0) (1.12)

holds for all x € X, and any fixed reals k # 0, m # 0. Functional Equations (1.8) and (1.11), or (1.9)
and (1.12) yield

k™ Q(ma) + —-Q(0) = kmQ(x) + mQ(),

or

tm[Q(a) = m2Qme)] = (2 = m ) Q)
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m[Q(e) ~m* Q)] = (£ ) Qo)
Q) - m~Q(ue) = (1 53 )0 (1.13)
Employing (1.7), one gets
Q(z) = m™2Q(mx), (1.14)
Q(mz) = m?*Q(x) (1.15)
Replaying x — mz in (1.15), we find
Q(m’z) = m*Q(ma),
Q(m*z) = m*Q(x) (1.16)

Then by induction on n € N with # — m™ ™z yields equation (1.5).

Definition 1.2. Let X be a normed linear space and let Y be a real complete normed linear space. Then

we call the non-linear mapping @Q : X — Y, a 2-dimensional quadratic weighted mean if

5y kQlax) + Q(kpx)
Q) = "L (117
holds for all x € X and any fixed reals k, m # 0.
Let us note that from (1.8) and (1.17), one get
Q) + mQ(o)
Q(x) - km ’
or .
Qz) = Qz) + £Q(0), (1.18)
for all z € X, and any fixed real k # 0. From (1.7) and (1.18), we obtain
Qx) = Q(x), (1.19)
for all z € X.
2. Stability for Euler-Lagrange quadratic mappings
Let us introduce the Euler-Lagrange («, 8; k) quadratic functional inequality
[&f (o + By) + f (kB — ay) — (o + k%) [kf(x) + )] || < <, (2.1)

for all 2-dimensional vectors (z,y) € X2 and any fixed reals o, 3 and k as well as m = o2 + k3%, with
meR—-{0,1} (ke€R-{-1,0}), and ¢(:= constant inde of z,y) > 0.

Then we prove the following theorem.
Theorem 2.1. Let X be a normed linear space and let Y be a real complete normed linear space. Let

us denote,

(2.2)
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holds for all x € X and any fixed reals k, m # 0. Also let us assume m : |m| > 1. Then the limit

Q(z) = lim m™ 2" f(m"z), (2.3)
exists for all x € X, all n € N, and any fixed real m : [m| > 1 and @ : X — Y is the unique quadratic
mapping satisfying functional equation (1.3) such that

C2

[f(@) = Q@)|| <3 = ——, Im| > 1, (2.4)
m? —1

where

o, U+ |m]) + (14 m|

o [kl Tk +1] |

C2
R B
Moreover , identity
Q(z) =m™"Q(m"x) (2.5)

holds for all x € X all n € N, and any fixed reals: «, §; k, m : |m| > 1 with m € R — {0,1},
(ke R—{-1,0}).

Proof of Existence in Theorem 2.1.

In fact, substitution of x = y = 0 in equality (2.1) yields
[k + 1] [1=m| [|f(0)] <,

or
|0 < m,k;ﬁ—l,m;ﬁl. (2.6)

Substituting x = z, y = 0 in (2.1), one gets that

\[kmf(z) — [kf(az) + f(kBz)] +mf(0)| <

or

| f(z) = flz)+ f Jk#0,m+#0,|m| > 1 (2.7)

=< Ikll |’
from (2.2). Moreover substitution  — ax,y = kfz in (2.1), we find that
[&f(mx) + £(0) — m[kf(ax) + f(kB2)][| <,
or .
[f (o) + f(kBx) — km™" f(ma) — — f(0)
or

| (@) —m=fma) = = FO)| < =g (2.8)
km |k| m

Functional inequalities (2.6),(2.7),(2.8) and triangle inequality yields

7@ =m=fmal] < @) = fte) +l (© H+Hf<x>—m*2f<m:c>—,fwf<o>!\
0 - 50
i * |k|cm2 - |1|k|mz [HOl
- L, '1“;#2' O
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o (1tlml —m?] 1
C
=\ [k m? |klm? [k 4+ 1[[1 — m|

1+ |m] |14 m)|
= + C
k[ m? K[|k + 1{m?

k411 + |m]) + 14+ m]

a= ][k + 1jm? “
or
_ C2
[ £@) = m=2fma)l| < er = %, 29)
where ke 1)1+ ml) + 1+ m]
E+1(1+|m|)+[1+m
— m2e = 2.10
o TR 210

holds for fixed k, m # 0, m # 1, m > 1. Replacing x — ma in (2.9) and then multiplying by m =2, we
find
[m™2 f(ma) —m™ f(m*z)|| < m ™ 2c1,m # 0 (2.11)

From (2.9) and (2.11), one gets
1f(@) = m™ f(mP2)|| < [[f(@) —m™2 f(ma)|| + [m™? f(ma) — m™* f(m*2)|| < 1+m e,

or

| f(z) — m74f(m2x)H <(1+m ey, m#£0. (2.12)

Employing (2.9) and (2.12) without induction, we obtain

[£(x) =m™>" fm 2)|| < [[f(2) = m™2 f(ma)|| + [[m=2 f(ma) — m™* f(m? )] + -
Hlm 2 fan ) — = ()|
< (1 +m 2L x m72(n71))cl,
or o )
Hf(x) — me"f(m"x)H < 11__7;272 = m;n_ 1 (1—=m™*")ey, (2.13)
or the general inequality:
1

Hf(x) — miQ"f(m"x)H < (1—=m™?")cy, (2.14)

m? —1
where |m| > 1, co = m?cy.

Claim now that the sequence

{fa(@)}, fule) = {m™" f(m"z)} (2.15)

converges. Note that from the general inequality (2.14) and the completeness of Y, one proves that the
above sequence (2.15) is a Cauchy sequence. In fact, if i > j > 0, then

[ fi(@) = fi(@)]]

Hmfmf(mix) - mejf(mjx)H

= 26D fma) — )|

= | fmIx) — m 2D fmi )|
1

m?2—1

< mY. (1 —m™2079))¢,,

or
1 _ .
|fi@) = fi@)]| € ——m™ —m e, m| > 1, (2.16)
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or
0< Jim |fi(@) = @) <0,
or
1-;}5100 Hfi(fﬂ) - fj(x)H =0, o

completing the proof that the sequence { fn (3:)} converges. Hence Q = Q(z) is well-defined via the
formula (2.3). This means that the limit (2.3) exists for all z € X.
In addition claim that mapping @ satisfies the functional equation (1.3) for all vectors (z,y) € X2.
In fact, it is clear from functional inequality (2.1) and the limit (2.3) that inequality
’ k lim m™?" f[m"(az + By)] + lim m > f[m™(kBz — ay)]

—(&® + kB [k nlirrgo m=2" f(m™x) + nlirgo m”~" f(m"y)] H

c(lim m™2") = 0, Im| > 1, (2.18)

n—0

IN

[kQ(oz + By) + Q(kBx — ay) — (0 + kF*) [FQ(x) + Q(y)|| =0,

or mapping @ satisfies the functional equation (1.3) for all z,y € X, and |m| > 1. Thus @ is a 2-
dimensional quadratic mapping. It is now clear from general inequality (2.14), n — oo, and the formula

(2.3) that inequality (2.4) holds in X, completing the existence proof of this Theorem 2.1.

Proof of Uniqueness in Theorem 2.1.

Let Q' : X — Y be another 2-dimensional quadratic mapping satisfying equation (1.3), such that

@) = Q@) < ea(= ) 2.4y

for all z € X, and any fixed real m : |m| > 1.

To prove the above-mentioned uniqueness employ (2.5) for @ and @', as well, so that
Q'(x) =m™"Q'(m"x) (2.5)

holds for all z € X, all n € N, and any fixed real m : |m| > 1.
Moreover, the triangle inequality and functional inequalities (2.4)-(2.4)" yield

[Q(m"x) — Q'(m"x)|| < [|[Q(m"x) — f(m"z)|| + || f(m"z) — Q' (m"=)]],
or
Q™) — Q' (m"w) | < 2es, (2.19)
for all z € X, all n € N, and any fixed real m : |m| > 1. Then from (2.5)-(2.5), and (2.19), one proves
that
Q@) = Q'(2)|| = [m™*"Q(m"z) — m™*"Q' (m" )|,
or

|Q(x) — Q'(z)]| < 2m™*"es, (2.20)

holds for all z € X, all n € N, and any fixed real m : |m| > 1. Therefore from (2.20), and n — oo, one
establishes
0< lim [|Q(z) — Q'(z) < 2( lim m72")03 =0, |m|>1,

n—oo n—oo
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or
|Q(z) - Q'(x)]| =0,
or
Q) =Q'(x), |m|>1, (2.21)
for all x € X, completing the proof of uniqueness and thus the stability of Theorem 2.1.

Theorem 2.2. Let X be a normed linear space and let Y be a real complete normed linear space. Let

us denote . X
f(x) =m?f(m'z) = ﬂ[kf(—ax)—i—f(—ﬂx)] (2.2)
k m m
holds for all x € X and any fixed reals k,m # 0. Also let us assume |m| < 1. Then the limit
Q(z) = lim m* f(m "x), (2.3)

exists for all z € X, all n € N, and any fixed real m : |m| < 1, and @ : X — Y is the unique quadratic
mapping satisfying functional equation (2.3)’, such that

[f(z) = Q)| Seca=——
Moreover, identity
Q(z) = m*"Q(m™ ") (2.5)
holds for all z € X, n € N and |m| < 1,m # 0. From (2.7) with x — m™ta(m # 0,|m| < 1) and

multiplying by m?, one find

’ [m|

| 712 — )+ 00| < e (222)
where ) L
f(x) = me(mflx) = % [kf(mlax) + f(E6x>]’ m #£0,|m| < 1. (2.23)
From (2.8) with z — m™x (m # 0, |m| < 1), one obtains
|Fn12) = 2 0) - oz 0 < s
Multiplying by m?, we get
7))~ 0= . (2.24)
Functional inequalities (2.6),(2.23),(2.24) and triangle inequality yield
@) =g )| < |16 = o) + 1O+ Fo) = 2 pmm10) = 5 10|
m? 1
+|5er0 - Ef(())H
c M |m? — 1|
< @t MO
L+|m|  [1—-m?
- Ll o

< (1+|m|+ |14 m]| )C
B |K| K[|k + 1]

|k +1](1+|m]) +[1+m]|

][k + 1] T
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or

|f(@) = m?f(m ™" z)|| < e, (2.25)

where
k411 + |m]) + 14 m|

e kT +1] -
Replacing z — m ™'z in (2.25) and multiplying by m?, we get

Im| < 1,k#£0,k# —1,m#0.

m? f(m™ x) —m* f(m™2z)| < m?cq, (2.26)
From (2.25)-(2.26), one finds
£ () = m* fm=2a)|| < [|f(z) = m?Fm7 )| + [[m? F(m ™ ) = m* f(m™22)|| < (1 +m)ea,

or

Hf(x) — m4f(m72x)H < (14 m®)co, m#0. (2.27)

Employing (2.25) and (2.27), without induction, we get

[f(@) =m*> fm™ )| < ||f(2) =m? fm™ )| + [m? f(m™ ) = m* f(m™22) || + - -
+Hm2("71)f(m7("71)x) _ anf(mfnx)H
< (1 +m2La m2("*1))02
or Sn)
1 —m~"= c
2n —-n o 2 2(n—1
or the general inequality:
2n —-n 2
| e) = "] < —2, (2.20)
where |m| < 1,m # 0.
Rest of the proof is similar to the proof of Theorem 2.1.
Assume the following condition on f:
f(0)=0. (2.30)
From (2.30) and (2.7)-(2.8), we get
- c
|1£@) = F@)| € 7 (2.31)
|| ml
and
1 F(2) —m~2f(ma)|| < ——5, k#0,m#0,|m|> 1. (2.32)

[k m?’
From (2.31)-(2.32), one obtains

£ (@) =m=2 f(ma)|| < [[f(2) = f@)]| + || (@) = m™2f(ma)]],
or

_m|+1
~ |kIm?

| f(z) —m™2 f(ma)|| < ¢} ¢, k#0,m#0,|m|> 1. (2.33)

Thus

[ f(@) =m™2" f(m" )|

IN

170 = m=2fma)| + [fm f(me) — = )|
4+ 4 Hme("fl)f(mnflx) — me"f(m"x)H
< (T+m 24 g m 2T
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or
1—m™2n 2
[f(@) =m™2" f(m"=)|| < 1 _7:@72 ¢ = m;n_ 1 (1—m=2")d,
or
1
£ (@) =m=>" fm" )| € —— (1= m "),
where
2 |m| +1

|m| > 1, with ¢ =m?c| = 7

Therefore the following Theorem 2.1a holds.

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

(2.34)

Theorem 2.1a. Let X be a normed linear space and let Y be a real complete normed linear space.
Then the limit (2.3) exists for all x € X, alln € N, |m| > 1 and @ : X — Y is the unique quadratic

mapping satisfying equation (1.3), such that

ch lm|+1 1
156) - Q| < g = L L

m

k#0,|m| > 1.

The proof of this Theorem 2.1a is similar to the proof of the previous Theorem 2.1.

Alternatively: |m| <1, f(0) = 0:
From (2.30) and (2.22) , (2.24), we get
c

1 f(z) - f(z)]| < i

and

=—m2 m iz Mc
|F = m?m1a)]| < e

k #0,m #0,|m| < 1. From (2.36)-(2.37), one obtains

@) = m2 = 12)| < [ £(a) - F@)|+ [ F) = m? m12)]

or
[ f(z) —m?f(m™ )| < ¢ = |m||1:|r :

k #0,m#0,|m| < 1. Thus

[/ (@) = m?" f(m™")]|

IN

[/ (@) = m™* f(ma)]|

+ .4 Hm2("*1)f(m*("*1)x) _ m2nf(m7nx)H

< (T+m? 44 mPTY) e,

or

£ () = m*" f(m™"x)|| <

where |m| < 1,m # 0.

Therefore the following Theorem 2.2a (analogous to Theorem 2.1a) holds for |m| < 1, m # 0.

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

Theorem 2.2a. Let X be a normed linear space, and Y a real complete normed linear space. Then the

limit (2.3) exists forallz € X, n € N, |m| <1; m # 0, and @ : X — Y is the unique quadratic mapping

satisfying equation (1.3), such that

b 1+|m| 1
Hf(x) _Q(‘T)H < 1—2m2 - 1—m?2 mc,

(2.40)
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kE#0, |m| <1;m#0.

Special case: Replacing o = 8 =1 in equation (1.3) and (2.1), one gets

kf(z+y)+ f(kx —y) = (k+ D) [kf(z) + fy)], keR—{-1,0}. (2.41)
Thus
m=k+1ecR—-{0,1}.
Also
|kf(z+y) + f(kx —y) — (k+ 1) [kf(2) + f@)]]| < e, keR—{-1,0}. (2.42)
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1 Introduction and preliminaries

The mathematical inequalities play an important role in the mathematical branches and their
enormous application can not be underestimated. Afterwards, many researchers[1-13] studied the
properties of convexity and achieve some different integral inequalities. The purpose of this paper
is to introduce the definition of (h — (a, m))—logarithmically convex functions and establish some
new integral inequalities of these classes of functions. Before stating our results, we need recall some

notions.

Throughout this paper, by R, we denote the set of all real numbers.

Definition 1.1 Let f : I C R — R be a function define on interval I of real numbers. Then f is
called convez (see[4}]) if

flz+ (1 —t)y) <tf(z)+ (1 —1t)f(y)
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forall z,y € I and t € [0,1].

In [2] , Toader gave the definition of m—convexity as follows.

Definition 1.2 The function f : [a,b] = R, 0 < a < b is said to be m—convex , where m € [0,1], if

fltz+m(1 —t)y) <tf(z) +m(l—1t)f(y)

holds for all z,y € [0,1] and t € [0,1]. We say that f is m—concave if —f is m— convez.
In [3] , Mihesan gave the definition of (c, m)—convexity as follows.

Definition 1.3 The function f : [a,b] = R, 0 < a < b is said to be (o, m)—convex , where (a,m) €
0,1, 4f
fltz+m(l—t)y) <t*f(z) +m(l —1%)f(y)

holds for all x,y € [0,1] and t € [0, 1].
In [1], Ozedemir et al. gave the definition of (h — (a, m))—convexity as follows.

Definition 1.4 Let h : K C ® — R be a nonnegative function, h # 0. The function f : LC R —> R
is said to be (h — (a,m))—convex function if f is non-negative and for all x,y € [0,1] and t € (0,1)
for (o, m) € [0,1)%, we have

[tz +m(1—1t)y) < k(@) f(x) +m(l— k%)) f(y)-
In [5], Bai gave the definition of m— and (a, m)—logarithmically convex functions as follows.

Definition 1.5 The function f : [a,b] — (0,00),0 < a < b is said to be m—Ilogarithmically convez,
where m € (0, 1], if
fltz+m(1 = t)y) < [f@)][f(y)m

holds for all z,y € [0,1] and t € [0, 1].

Definition 1.6 The function f : [a,b] — (0,00),0 < a < b is said to be (a, m)—logarithmically

convez, where (o, m) € (0,1]%, if

Pl m(1 = t)z) < [F@)]" [ ()]0

holds for all z,y € [0,1] and t € [0, 1].
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2 Main results

In this section, we will introduce the concept of (h — (o, m))—logarithmically convex functions. We
give some new integral inequalities of these classes of functions. First, we present the definition of

(h — (a,m))—logarithmically convex functions as follow.

Definition 2.1 Let h : K C R — R be a nonnegative function, h # 0. The function f : LC R —> R
is said to be (h — (a,m))—logarithmically convez function if f is nonnegative and for all x,y € L and

t € (0,1) for (a,m) € (0,1]?, we have

f(tz +m(1 = t)y) < @) O () (-he®)

Obviously, if h(t) = t, then (h—(«, m))—logarithmically convex function is a (a, m)—logarithmically
convex function; if A(t) = t,a = 1, then (h—(«a, m))—logarithmically convex function is a m—logarithmically

convex function.

Before giving our results, we need the following lemma which is proved by Ozdemir et al. [13].

Lemma 2.1 Let f : [a,b] - R, 0 < a < b be continuous on [a,b] such that f € L([a,b]). Then the

equality , X
/ (@ — a)P(z — b)? f(z)dz = (b— a)P+o+L /O (1= P f(tz + (1 — t)y)dt

holds for some fixed p,q > 0.

Theorem 2.1 Let f : [a,b] = R, 0 < a < b be continuous on [a,b] such that f € L([a,b]). If the
mapping f is (h — (o, m))—logarithmically convex on [a,b] for all t € (0,1) and (o, m) € (0,1]%, then

b
(= (@ — b)!f(2)de < (b— ap B 4+ 1, L )]
i X a X X )ax a 1 (}()_mb 1—m i (21)
a p 0 1ha(t)d}
o [ o
where B(x,y) = [ ()* (1 — )y~ 1dt.
Proof. Using Lemma 2.1 , we have
/ (@ — )& — B f () = (b— et / Y P f(ta 4 (1 bt (2.2)
a 0
Since f is (h — (a, m))—logarithmically convex on [a, b], we know that for every ¢ € (0,1)
flta+ (1= 1) = flta-+m(1 —1)(1) < [F@)]" Oy (-0). (23)
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From (2.1), (2.2), (2.3) and Holder inequality, we can conclude that

b
[ @ apta - vt
a 1
= (b—q)Ptatt / (1 —t)Pt9f(ta+ (1 —t)b)dt
0

= (b— a)Ptatl 1(1 — )Pt f (ta +m(1 — t)%)dt
1
(1= )Pt f ()" P f(
1 1
(1 —1ype] =

1 » q I—m 1 RO (t b m

(1 — )t dt (@)= [F(2) O hat

q p } | /0 ! now by e } "
1,2 ) m{ /0 (@] () “)J}dt} -

—m 1-m

<(b- a)p-HH—l

S—o—

< (b _ a)p+Q+1

——
S——

< (b— a)Ptet!

< (b _ a)p+Q+1[/3

—~

Hence, the proof of theorem 2.1 is completed.

Remark 2.1 If a =1, then we can conclude the following inequality:
b

(z — ) (= )" f(a)dw < (b— )" [5( _q +1, 1f’m+1>11—m

{f i)

Theorem 2.2 Let f : [a,b] - R, 0 < a < b be continuous on [a,b] such that f € L([a,b]). If

a

the mapping |f\% (k > 1) is (h — (o, m))—logarithmically convex on [a,b] for all t € (0,1) and
(o, m) € (0,1]2, then

/b<x—a>p<w—b>Qf<x>dx<<b—a>p+q+1[ﬁ<kq+1,kp+1 i[ / f(a 2ha()dt]k2

k1>2 (2.4)
([

where [(x,y) fo (1 — t)y~Ldt.

Proof. Using Lemma 2.1 , we have
b 1
/ (2 — a)P(x — D)7 f(2)d = (b— a)Po+! / (1= Pt f(ta+ (1 — £)b)dt. (2.5)
a 0
Taking into account that |f \% is (h — (a, m))—logarithmically convex on [a,b], we deduce that

Flta+ (1= OB = [f(ta-+ m(1 — ()T < [F(@)| O [EARO (o)
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Hence, from (2.4), (2.5), (2.6) and Hélder inequality, we can achieve the following inequality:
b
[ @ apta - vrsa
¢ 1
= (b— q)Ptatt / (1 —t)Ptif(ta+ (1 —t)b)dt
0

< (b —a)Ptatt {/01(1 - t)kptkth] i{ /01

f(ta+m(1— t)%)

1 1 %
:(b—a)P+q+1[,8(kq+1,kp+1)]i{/ f(ta+m(1—t)b) 1dt}
< (=P 3tba + 1+ OF[ [ @O e o]
Using Holder inequality again, we have
%
[ oyt e O
k—1 k—1

-1 k—1

< {[/Ollf(a)\’ﬁha(t)dtr[/ [ )|(FEp)Pm(1- a“”]dt}k}k

Combining with (2.7) and (2.8), we can conclude that (2.4) holds. Hence, the proof of theorem 2.2 is

=21 |f<a>|f~h”dt} [ e ol " 28)
LA

completed.

Remark 2.2 If a =1, then we can conclude the following inequality:

k2

/a (&~ (e — B F()dr < (b— @l Blkg + Lkp+ 1) [ / Fa) dt}

2 (kl
<[ [shEmee]

Theorem 2.3 Let f : [a,b] - R, 0 < a < b be continuous on |a,b] such that f € L([a,b]). If the
mapping |f|' (1 > 1) is (h — (o, m))—logarithmically convex on [a,b] for all t € (0,1) and (a,m) €
(0,1]2, then

-1

/ (e — (e — B f (@) < (b N B(g + Lp+ 1)) Sat+ L+ 1) i I () a ©

(1-1?

sz(1 R (£)) 3
/ ) T

(2.9)
where 8(z,y) = fo (1 —t)v—Ldt.
Proof. Using Lemma 2.1 , we have
b 1
/ (z — a)P(z — b)If(x)dx = (b— a)PTT? / (L —=t)Ptef(ta+ (1 —t)b)dt. (2.10)
a 0

5
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Since, |f|' is (h — (o, m))—logarithmically convex on [a, b], we have
fltat (1= 0B = |f(ta+m(1 ~ ) < [F@)[* Ol )00 (a1)
From (2.9), (2.10), (2.11) and Holder inequality, we can achieve the following inequality:
/ (e — 0P — 0 ()
:(h-@ﬁﬁ4ﬁnl—oﬁq@a+mu-¢xb»ﬁ

1 -1 " b

<G-art [ - T A f(ta m(1— 0)()de (212)
1 =1 1

< - aprt] [a-oryal (- ]If(ta+m(1—t)(b))!dt}

= (b= Bl 1 1 p+1>]z1{/01[<1—t> (W10 + m(1— (L)) dt}l.
Using Holder inequality again, we have
{/Ol[u—t) ) f(ta+ m(1— (> >>rdt}1
< {/lm—t) (017 (@) O] ()= h““”dt}l
{{ / (1= 6P(0)7de} T { / [|f IO f(— >|lm1h‘““”]‘ldt} }% (2.13)
é[ﬂ(ql+1,pl+1]é[/ (@) u%nwdtr
S[MW+1mH4ﬂl[A\ﬂ@

l + l3m(1 RO (1)) U;;
/ P

By (2.12) and (2.13), we can achieve that (2.9) holds. Hence, the proof of theorem 2.3 is completed.

>2

Remark 2.3 If a =1, then we can conclude the following inequality:

=1
13

/ab(x—a)p(w—b)qf(x)dw <(b—a)PtBg+1,p+1)] T [B(ql—i—l pl+1 r [/ 1f(a ldhl dt]

(=1

l2m(1 h(t)) 3
/ ) T

References

[1] M. E. Ozdemir, H. Kavurmaci and M. Avci, Hermite-Hadamard Type Inequalities for (h —
(o, m))—convex Functions, RGMIA Research Report Collection, 14(2011)Article 31. [ONLINE:
http://http://rgmia.org/papers/v14/v14a3l.pdf]

[2] G. H. Toader, Some generalizations of the convexity, Proceedings of the Colloquium on Approx-

imation and Optimization, 1984: 329-338.

379 Jianhua Chen et al 374-380



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

3]

[4]

[5]

[6]

[10]

[11]

[12]

V. G.Mihesan, A generalization of the convexity, Seminar on Functional Equations, Approx. and

Convex. 1993.

D. S. Mitrinovi¢, J. E. Pecar¢ and A. M. Fink, Classical and new inequalities in analysis, Math-

ematics and its Applications (East European Series), 61, Kluwer Acad. Publ., Dordrecht, 1993.

R. F. Bai, F. Qi, and B. Y. Xi, Hermite-Hadamard type inequalities for the m- and (o, m)—
logarithmically convex functions, Filomat 27 (2013), no.1, 1-7.

W. J. Liu, New integral inequalities via («, m)—convexity and quasi-convexity, arXiv:1201.6226v1

[math.FA]

Z. P. Ji, T. Y. Zhang, Integral inqualities of Hermite-Hadamard type for («, m)—GA-convex
functions,http://arxiv.org/abs/1306.0852v1[math.FA]

S. S. Dragomir, On some new inequalities of Hermite-Hadamard type for m-convex functions,

Tamkang J. Math. 33 (2002) 45-55.

T. Y. Zhang, A. P. Ji, F. Qi, On integral inequalities of Hermite-Hadamard type for s-
geometrically convex functions, Abstr. Appl. Anal. 2012 (2012), Article ID 560586, 14 pages;
Available online at http://dx.doi.org/10.1155/2012/560586

S. H. Wang, B. Y. Xi, F. Qi, Some new inequalities of Hermite-Hadamard type for n-time differ-
entiable functions which are m-convex, Analysis (Munich) 32 (2012) 247-262; Available online at
http://dx.doi.org/10.1524 /anly.2012.1167

M. Igbal, M. I. Bahtti and M. Muddassar, Hadamard-type inequalities for h-Convex functions,
Pakistan Journal of Science (ISSN 1016-2526), Vol. 63 No. 3 September 2011 pp. 170-175.

M. Muddassar, M. I. Bhatti and M. Igbal, Some New s-Hermite Hadamard Type Ineqalities
for Differentiable Functions and Their Applications, Proceedings of the Pakistan Academy of
Sciences 49(1) (2012), 9-17.

M. E. Ozdemir, E. Set and M. Alomari, Integral inequalities via several kinds of convexity, Creat.

Math. Inform. 20 (2011), no. 1, 62-73.

380 Jianhua Chen et al 374-380



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

On Gosper’s g-Trigonometric Function
Mahmoud Jafari Shah Belaghi

Bahgesehir University, Istanbul, Turkey
mahmoud.belaghi@bahcesehir.edu.tr

Nuri Kuruoglu

Istanbul Geligim University, Istanbul, Turkey
nkuruoglu@gelisim.edu.tr

Abstract. In this paper, we study about periodicity of g-trigonometric function
which was introduced by Gosper and also we rewrite the g-analogue of Legendres
duplication formula with the same bases. Furthermore, we modify some identities
involving g-shifted factorial.

Keywords. Gosper’s g-trigonometric function, g-Gamma function, Legendres du-
plication formula.

Mathematics Subject Classification. 11B65, 33D05.

1 Introduction

The g-shifted factorial [1, 3] is defined by
1 n=~0
yd)n = n— ’ 1
(CL Q) {Hmlo(l _ aqm) n=12,... ( )

and it is assumed that a # ¢~™, m = 0,1,.... The g-shifted factorial [1, 3] is
also defined for any complex number «,
(a;9)
a;q)a = 7 2
(9) (ag*; q)oo @

where (a; q)oo := limy o0 [ [, _o(1 —ag™) and the principal value of ¢* is taken
and it is assumed that 0 < ¢ < 1.
The q-Gamma function was introduced by Thomae [6] and Jackson [5], (see

[3], page 20)
(¢;9)o 1-
Ily(x)=—"—(1—-q) 7% 0<gqg<l. 3
q() (qz;q)oo( ) (3)
A g-analogue of Legendre’s duplication formula [5, 7] has the form
1 . 1
Tq(22)lg(5) = (14 q)** 7 'T 2 (z)D g2 (z + 5)- (4)
Gosper [4] defined g-trigonometric functions as follows:
. 2z, 2 2—2z. 2
sinq(ﬂ'z) — q(z71/2)2 (q ) q )oo(q2 > 54 )oo’ 0< q< 1, (5)
(4:4%)%
142z, 2 1-2z. 2
cosg(m2) = q* (g ,Q(;fx;(zfiz 4 )Oo, 0<g<l (6)
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It can be seen [4] that

cosq(z) = smq(g —2). (7)
By using (5), (6) and (7), one can see that, for the cases 2 = 0 and z = 7,
sing(x) and cosq(x) are;

sing(0) = 0, sing(3) =1, (8)
cos4(0) =1, cosq(%) = 0.
There are many identities involving q-shifted factorial [1, 3], but in this paper

we are using the following identities;
For all a € C and n € N, following equations hold

(@60 = (€“0)n(—q" O)n, (9)
(a;9)2n = (a;¢*)n(agq; ¢*)n, (10)
(@5 q)n = (g% q)n(—1)" g~ (2)7om, (11)

2 Main result

In the next lemma we show that the equations (9) and (10) are also valid for
any complex number «,

Lemma 1. For all a, a € C, the following equations hold

(@**5¢%)a = (4% @)a(—4" q)a, (12)
(@3 9)20 = (a:°)a(ag; ¢*)a- (13)
Proof. To prove (12) we use (2), then we have
(0 ) = L 0o
59 )a = (@22 )

By using the definition of g-shifted factorial (1), we obtain

2a. 2 _ (00"
0 )a = (429722 ¢%)
_ Hfio(l _ q2a+2i)
H;’io(l _ q2a+2a+2i)
IS =gt (1 +¢*1)
- Hfio(l _ qa+a+i)(1 4 qa+a+i)
I1.2,(1—q™)  TI2,(1+q¢*")
Hzo(l - anraH) H?io(l + qa+a+i)
(@0 (—¢"19)
(7% @)oo (—4T*;1¢) o
= (¢"19)a(—9" @)a-

(¢
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The proof of (12) is complete. To Prove the next equation, we use (1) and
(2), then we have

(4;6%)a(aq;4*)a (a; %) 0 (g3 %) 00 (a4>*; @) o
(@;9)20 (a6 ¢%)0o(aq?H; 4%) 00 (a; 0) oo
_ (8:6*)0(a4: ¢*) oo (44”5 @)oo
(a3 )0 (ag?*; ¢%) 0 (aq?*F 15 ¢2) 00

each fraction in the last line is equal 1, since (¢;q)oo(Cq%; @)oo = (€; 7)o (sc€
[8] , page 13). The proof of (13) is complete.

O
In the next lemma, we want to modify the equation (11).
Lemma 2. For all a and 8 € C, the following equation holds
e sin gm(a+B) ey,
(@ 9)a = (0% q)a L2 g (3) 0P, (14)

sin gm(B)
where sing is defined as in (5).

Proof. After applying the equation (2) for both numerator and denominator of
the left hand side of the following equation, we obtain that

@ "iq)a _ (@ 7"10)0 (0
(@%:q)a (%5 0) 00 (0% @)oo

and by using the definition of sin, which is written in (5), we have

(ql_a_’@;q)oo(qa+5§Q)oo B sin\fﬂ( a+ B) 7(‘;)7a6'

(775 0) 0 (07 @)oo sin 57 (B)

Therefore proof is complete. O

Theorem 1. For all n € N and z € C, the following equations hold

sing(z + nm) = (—1)"sing(x), (15)
cosq(z 4+ nm) = (—1)"cos,(z), (16)
tang(z + nm) = tang(x), (17)
coty(z + nm) = coty(x). (18)

Proof. We use lemma 2 for prove the equation (15). Taking any arbitrary n € N
and a € C, then we have

s " sin gm(a +n) —(2)=na
. _ . ve 7 2 . 1
(q i )n = (@ 9)n sin_ (@) q (19)
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By comparing the equations (11) and (19), we obtain

sin gm(a + n)

— (=)™
sin, gm(a) (=1)
Substituting ¢ with \/q and 2 with am completes the proof of equation (15).
By using (7) and (15), one can shows that (16) is valid for all n € N and

sing(x) d cosq(x)

x € C, and the last two equations (17) and (18) comes from o5 (2) St ()

respectively.
O

Remark 1. The cosq(z) is an even function, its come from the definition (6)
directly. And the sing(z) is an odd function, since by using (7), we can write

T _

sing(x) = cosq(5 —x) and also we know that cosy(x) is an even function then we
have sing(x) = cosq(x—7%), again apply (7), we obtain cosq(x—7) = sing(m—x).
Now by using the Theorem 1, we obtain sing(m — x) = —sing(—x). Therefore

sing(x) = —sing(—x).

Lemma 3. For all k € Z, zeroes of q-sine and g-cosine functions are kmw and
(Qk%)”, respectively.

Proof. Since sin, is an odd function, therefore its enough to prove the lemma
for positive value of k. We prove the lemma for positive value of k£ by induction.
For k =1 and using (15), we have

sing(m) = sing(0 4+ m) = sing(0) = 0,

since sing(0) = 0 comes from definition of sin,. Then lemma is valid for k& = 1.
Assume that sing(nm) = 0 is true. We need to show that sing((n + 1)7) =0 is
also true. By using (15), we have

sing((n + 1)m) = sing(nw + w) = (=1)sing(nm) = 0.

Therefore zeroes of sing,(x) are km, for all k € Z. About the zeroes of cos,(x),
take any arbitrary k € Z, and by using the (7), we have

2k + 1)m

cosq( )

) = cosq(km + g) = sing(—km) = 0.

Therefore zeroes of cosq(x) are w, for all k € Z.

Lemma 4. For all z € C, the following equation holds

z+1, 1 1
3

@ ). = (—a%:4%)2:(q%; )
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Proof. Taking a = 1, a = 2z and substituting ¢ with q% in (12), and applying
to (—q2;¢? ), we obtain

(qbighy, (@30: _ (@92 (aha): (20)
' (9= (qriq2)e. (T 9)-

By using (2), the right hand side of (20) can be written as

(ez39). 91
) (21)

By substituting ¢ with q% and then taking a = q% in equation (13), one can
see that the right hand side of (21) is equal 1 and this completes the proof.

O
Lemma 5. For all z € C, the following equation holds
_22
(437%9)- = (¢ 9). ————cos q(n2). (22)
(—a2:q2 )2
Proof. By using the Lemma 4 the equation (22) can be written as
1, 1 _z2

(2% 9)= = (92;9)q" 2 cos sq(72). (23)

The equation (23) is a special case of lemma 2 when 3 = 3, since cos,(z) =

sing(%§ — z) and also cos, is an even function.

O
Corollary 1. For the positive integers value of n, Lemma 5 deduce to
_n?
(¢F )0 = (1) (@) —
(—42;42)2n
Proof. The result is obtained by using Theorem 1.
O

Euler (see [2], page 271 or [3], page 222) found the following formula in
connection with partitions,

(=4 @)oo (4:0%) 0 = 1.

In the next lemma, we want to generalize this Euler’s formula.

385 Belaghi et al 381-387



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Theorem 2. For all z € C, the following equation holds

z+1,
)

(@) = (—¢0):(a: %)=

Proof. By substituting ¢ with q% and then taking a = —q% in equation (13), we
have L )

(=a?50?)2: = (—=47:9):(—4: 9)=,
now, we apply the result to Lemma 5 and obtain

1 1

(@ 9): = (—47;9):(—4:9):(q7; q) - (24)

Taking a = % in the equation (12) and then applying to the right hand side
of the equation (24) completes the proof.
O

Theorem 3. For all x € C, the following equation holds,

-

1 1 11
(2004 (3) = Ty(@Ty( + 5)(~a50% )0 .
Proof. By using the definition of ¢-Gamma function (3) and then applying the
equation (2), we can write

Ly(220)T4(35) (4% 0)oo(0" 25 0)00 _ (4":)a (25)

@)z +3)  (02;0)00(0; 000 (47:0)s

the last equation holds since (¢%;q); = (@70 o1 q (q2;q)z = SCLE)ESS, /1

(4*":) o0 (@2+3) 0
ing g = % in Lemma 2 and applying for the denominator of the last fraction in
(25), we get

(@@ _ (@"0)s snyaT(5 +7) v
(a%;9)  (¢2773q),  singm(3) 7
(¢";q) a2
= e qx)w cos 7(mx) q
Now, by using Lemma 4, we have
(¢";9) 22 (¢%9) 11
cos g(rr)q~ 7 = —q%;q2)2z.
(@3 ") V* ) (q“*’“;q)z( 2
Making use of (2), we have
. . 2x+1.
(@50, 1. b = (4" 9)o0 (€5 0)o0 (=gt: )

— 2 (—q%;q — :
(q”l;q)x( ' (@000 (" @)oo
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After expanding the first and second fractions and then a simplification,

yields
(" @)oo (@ @)oo, 1.1 1—¢®, 1 1
(q2z;q)oo (q$+1;q)oo (7(]27(]2)237 = 1— g% (7q27q2)2m;
1 1 1
= 1Jrq‘,,c(—qQ;qﬂzgm
= (—q%;q% ).
O
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APPROXIMATE QUADRATIC FORMS ON RESTRICTED DOMAINS
WON-GIL PARK AND JAE-HYEONG BAE*

ABSTRACT. Let 7, s be nonzero real numbers with » + s = 1. In [9], Najati and Jung investigated a
quadratic functional equation g(rz + sy) + rsg(z — y) = rg(x) + sg(y). We introduce a functional
equation f(rz + sy,rz + sw) + rsf(x —y,z — w) = rf(z,2) + sf(y,w) and investigate the relation
between the above two functional equations. And we find out the general solution and the Hyers-Ulam
stability of the latter on restricted domains.

1. Introduction

In 1940 and in 1968, Ulam [12] proposed the general Ulam stability problem:

“When is it true that by slightly changing the hypotheses of a theorem one can still assert that the
thesis of the theorem remains true or approximately true?”

In 1941, Hyers [7] solved this problem for linear mappings. In 1950, Aoki [2] provided a generaliza-
tion of the Hyers’ theorem for additive mappings. This stability concept is also applied to the case of
other functional equations. For more results on the stability of functional equations (see [5, 6, 11]).
In 1998, S.-M. Jung [8] investigated the Hyers-Ulam stability for additive and quadratic mappings on
restricted domains.

Let X and Y be real vector spaces. For a mapping g : X — Y, consider the quadratic functional
equation:

(1.1) g(x+y) + gz —y) =2g9(x) + 29(y).

In 1989, J. Aczel [1] solved the solution of the equation (1.1). Later, many different quadratic func-
tional equations were solved by numerous authors [3, 8, 10]. In recent, A. Najati and S.-M. Jung [9]
introduced a generalized quadratic functional equation

(1.2) g(rz + sy) +rsg(x —y) = rg(x) + sg(v),

where r, s are nonzero real numbers with 7 + s = 1. In 2007, the authors [4] solved the solution of the
2-variable quadratic functional equation

Consider a generalized 2-variable quadratic functional equation
(14) f(m: + sY,rz + Sw) + T‘Sf(CE Yz U}) = T‘f(CE, Z) + Sf(yaw)v

where r, s are nonzero real numbers with r + s = 1.

2000 Mathematics Subject Classification. Primary 39B52, 39B72.
Key words and phrases. Solution, Stability, Approximate quadratic form.
* Corresponding author.
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In this paper, we investigate the relation between (1.2) and (1.4) by the same method as the proofs
of Theorem 1 and Theorem 2 in [4]. And we find out the general solution and the Hyers-Ulam stability
of (1.4) in the spirit of Najati and Jung [9].

2. Relation between (1.2) and (1.4)
The functional equation (1.4) induces the quadratic functional equation (1.2) as follows.

THEOREM 2.1. Let f : X x X — Y be a mapping satisfying (1.4) and let g : X — Y be the mapping
given by

(2.1) 9(@) = f(z,7)
for all x € X, then g satisfies (1.2).
Proof. By (1.4) and (2.1), we obtain
g(rz + sy) + rsg(x — y) = F(ra+ sy,ra + sy) + rsf(z — y,7 — y)
=rf(z,x) +sf(y,y)
=rg(x) + s9(y)
forall z,y € X. O

ExXaMPLE 1. Let X be a real algebra and D : X — X a derivation on X. Define a mapping
f: X xX—=>X by

f(z,y) == D(zy) = 2D(y) + D(z)y
for all x,y € X. Then we see that
flrez+ sy,rz+ sw) +rsf(r —y,z —w) = D[(rax + sy)(rz + sw)] + rsD[(z — y)(z — w)]
=(rax + sy)D(rz + sw) + D(rx + sy)(rz 4+ sw) + rs[(x — y)D(z — w) + D(x — y)(z — w)]
=(rx + sy)[rD(z) + sD(w)] + [rD(x) + sD(y)](rz + sw)
+rs((x - y)[D(2) = D(w)] + [D(x) — D(y)](z — w))
=r22D(2) + s*yD(w) + r*D(z)z + s>D(y)w + rszD(z) + rsyD(w) + rsD(z)z 4+ rsD(y)w
=r[zD(z) + D(x)z] + s[lyD(w) + D(y)w] = rD(zz) + sD(yw) = rf(z,z) + sf(y, w)
for all x,y,z,w € X. Thus f satisfies (1.4). Define a mapping g : X — X by
g(x) := D(2?) = xD(x) + D(z)x
for allx € X. Then g satisfies (2.1). By Theorem 2.1, g satisfies (1.2).

The quadratic functional equation (1.2) induces the functional equation (1.4) with an additional
condition.

THEOREM 2.2. Let a,b,c € R and g : X — Y be a mapping satisfying (1.2). If f: X x X = Y s
the mapping given by
b

(2.2) fl@,y) = ag(z) + lg(z +y) — g(z —y)] +cg(y)
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for all x,y € X, then f satisfies (1.4). Furthermore, (2.1) holds if r is a rational number and
a+b+c=1.

Proof. By (1.2) and (2.2), we see that
flrx + sy,rz + sw) +rsf(x —y,z — w)

= ag(rz + sy) + Z[Q(T(ﬁ +2)+s(y+ w)) — g(r(x —2) +s(y — w))} + cg(rz + sw)

+T5(ag(w—y)+§[g(w—y+z—w) —g(z—y—z+w) +cg(z—w))
= ag(rz + sy) + rsag(x —y) + Z [g(r(z+2) + s(y+w)) +rsg((z+2) — (y +w))]
—Z [g(r(z —2) +s(y —w)) +rsg((z — 2) — (y — w))] + cg(rz + sw) + rscg(z — w)

b [rg(x + 2) + sg(y + w)]

= alg(raz + sy) +rsg(z — y)] +

4
_Z [rg(z — 2) + sg(y — w)] + c[g(rz + sw) + rsg(z — w)]
= alrg(z) + sg(y)] + %(r [g(z +2) — g(x — 2)] +5[g(y + w) — gly —w)]) + c[rg(z) + sg(w)]

=rf(z,2) + 5f(y, w)

for all z,y,z,w € X.
Let r be a rational number. Since g satisfies (1.2), it also satisfies (1.1) (see Theorem 2.3. in [9]).
Letting x =y = 0 and y = = in (1.1), respectively,

9(0) =0 and g(2z) = 4g(x)
for all z € X. By (2.2) and the above two equalities,

fea) = agla) + lo(2r) — 9(0)] + co(a)
(a+ b+ 0)g(a)
= g(z)

forallz € X. O

EXAMPLE 2. Consider the function g : R? — R given by g(x) := x' Ax for all x € R?, where A is
a 2 X 2 real matriz. Then we see that

g(rx+sy) +rsg(x —y) = (rx + sy) A(rx + sy) + rs(x —y)  A(x — y)
= (rx" + sy")A(rx + sy) + rs(x” —yT)A(x — y)
= r2xTAx + rs(xT Ay + yT Ax) + s2yT Ay + rs(xT Ax — xT Ay — yT Ax + yT Ay)
= r(r + s)xL Ax + s(r + s)y! Ay = rg(x) + sg(y)
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for all x,y € R?, where r,s are nonzero real numbers with r + s = 1. Thus g satisfies (1.2). Let
a,b,c € R and define f(x,y) = ag(x) + 4[g(x +y) — g(x — y)] + cg(y) for all x,y € R%. By Theorem
2.2, the function f satisfies (1.4). In fact,

= (2 )

EXAMPLE 3. Let M, be the algebra of n x n real matrices. Consider the mapping g : M, — M,
given by g(A) := A% for all A € M,. Then we see that

g(rA+sB) +rsg(A— B) = (rA+ sB)? +rs(A — B)?
=12A% 4+ rs(AB 4+ BA) + s°B? + rs(A> — AB — BA + B?)
=12A% 4 rsAB + rsBA + s°B? 4+ rsA? — rsAB — rsBA + rs B>
=r(r +s)A? + s(r + s)B* = rg(A) + sg(B)

Nl
o Nlo
N———
7N
SN
< A
N———

for all x,y € R2.

for all A, B € R?, where r,s are nonzero real numbers with v +s = 1. Thus g satisfies (1.2). Let
a,b,c € R and define

f(A,B) := aA> + bAo B + cB?,
where A o B the Jordan product %(AB + BA) of A and B for all A,B € M,. Then the mapping
f: My x My, — M, satisfies (2.2). By Theorem 2.2, the mapping f satisfies (1.4).
3. Solution of the equation (1.4)
We recall that r, s are nonzero real numbers with » + s = 1. In the following theorem, we find out

the general solution of the functional equation (1.4).

THEOREM 3.1. Let f: X x X — Y be a mapping such that f(x,y) = f(—x,—y) for all x,y € X.
Then f satisfies (1.3) if it satisfies (1.4). If r and s are rational numbers and f satisfies (1.3), then it
also satisfies (1.4).

Proof. Letting z =y =z =w =0 in (1.4), we gain f(0,0) = 0. Putting y = w = 0 in (1.4), we get
flrz,rz) = r?f(x,2) for all x, z € X. Replacing by  + y and z by z 4+ w in (1.4), we have

(3.1) flra+y,rz+w)=rflr+y,z+w)+sfly,w) —rsf(x,z)
for all x,y, z,w € X. Replacing y by —y and w by —w in (3.1), we obtain
flre —y,rz—w)=rf(zr—y,z —w)+sf(y,w) —rsf(z,z)
for all z,y,z,w € X. Adding (3.1) to the above equation, we see that
(3.2) flra+y,rz+w)+ f(re—y,rz—w) =r[f(r+y,z+w)+ f(x —y, z—w)]|+2sf(y,w) —2rsf(x, z)
for all x,y, z,w € X. Replacing y by « 4+ ry and w by z 4+ rw in (3.1), we obtain
(3.3) frx+y)+x,r(z+w)+2) =rf2z+ry, 22+ rw) + sf(z+ry,z + rw) —rsf(z, 2)
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for all z,y, z,w € X. Replacing x,y, z,w by 2z, ry, 2z, rw in (3.1), respectively, we obtain

(3.4) rf(2z + 1y, 22 4+ rw) = r2f(2x + y, 22 + w) — r2sf(y, w) + rsf(2z,2z)
for all z,y, z,w € X. Replacing y by ry and w by rw in (3.1), we obtain
(3.5) sf(xz+ry, z+rw) =rsf(x+y,z+w) —rs?f(y,w) + s> f(z, 2)

for all z,y,z,w € X. Replacing x,y, z,w by z +y,x,z + w, z in (3.1), respectively, we obtain
(3.6) fr(z+y) +x,r(z+w)+2)=rfRx+y,224+w) +sf(x,z) —rsf(z+y,z+w)
for all z,y, z,w € X. By (3.3), (3.4), (3.5) and (3.6), we see that

(3.7) fRr+y,2z+w)+2f(x,2) + fly,w) =2f(x+y,z+w) + f(2z,22)

for all z,y, z,w € X. Puttingy = —x and w = —z in (3.7), we get f(2z,2z) =4f(x,z) forall z,z € X.
Therefore, it follows from (3.7) that

fQzx+y,2z4w)+ fly,w) =2f(z+y,z+w) +2f(x, 2)
for all x,y, z,w € X. Replacing y by y — z and w by w — z in the above equation, we have
fety,z+w)+ fly—z,w—2) =2f(z,2) + 2f (y, w)
for all z,y,z,w € X. Hence f satisfies (1.3).
Conversely, let r and s be rational numbers and let f satisfy (1.3). Then there exist two symmetric

bi-additive mappings 51,52 : X x X — Y and a bi-additive mapping B : X x X — Y such that
f(z,y) = Si(z,z) + B(z,y) + S2(y,y) for all z,y € X (see [4]). Since r and s are rational numbers,

rf(z,2) +sf(y,w) —rsf(z —y, 2 —w)

= 128 (x, x) 4 2rsSi(z,y) + s2S1(y, y) + r°B(x, 2) + rsB(z,w) + rsB(y, z) + s*B(y, w)
+7285(z, 2) + 2rsSy(z, w) + 5282 (w, w)

= Si(rx,rz) + 251 (rx, sy) + S1(sy, sy) + B(rz,rz) + B(rz, sw) + B(sy,rz) + B(sy, sw)
+ Sa(rz,rz) + 255(rz, sw) + Sa(sw, sw)

= Si(rx + sy, rz + sy) + B(rax + sy,rz + sw) + Sa(rz + sw,rz + sw)

= f(rz + sy,rz + sw)

for all z,y,z,w € X. Therefore f satisfies (1.4). O

4. Stability of the equation (1.4)

From now on, let X be a real normed space and Y a Banach space.

The authors proved a generalized Hyers-Ulam stability theorem on a functional equation (1.3). The
following theorem is a particular case of Theorem 4 in [4].

THEOREM 4.1 Let § > 0 be fixed. If a mapping f : X x X = Y satisfies the inequality
(4.1) [flz+y,z+w)+ flz—y,z—w)=2f(z,2) = 2f(y,w)|| <4

for all x,y,z,w € X, then there exists a unique 2-variable quadratic mapping F : X x X — Y such
that || f(z,y) — F(z,y)|| < 36 for all z,y € X.
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Using a similar method used in the paper [8], we obtain the following theorem.

THEOREM 4.2 Let d > 0 and 0 > 0 be fizred and let X # {0}. If a mapping f : X x X = Y
satisfies the inequality (4.1) for all x,y, z,w € X with ||x+ z||+ ||y +w| > d, then there exists a unique
2-variable quadratic mapping F' : X x X = Y such that

J

W Ut

(4.2) 1f (2, y) = F(z,y)l| <
forall x,y € X.
Proof. Assume that ||z + z|| + ||y + w| < d. Let

1
t:f<1+7>x+z if x4+ z|| > ||y +wl;
(14 ) @) o421 > g+

1

d
t:f(l—ki)y—}—w if T+ z|| < ||y +w|.
5 T+l ( ) I < |

If 2 + 2z =y+w =0, then one can choose a t € X with ||| = 4. Note that

it =llz+zl+d=d if otz =y +wl;
it =lly +wll+d>d if o+ 2] <[y +wl.

Clearly, we see that

lz+ 2 = 2t] + [ly + w + 2| = 4[lt]| = (= + 2l + ly + wl) = 2d = (= + 2[| + ly + wl])

>2d>d,
lz+2z—y—wl]|+4t] > |z +2z—y—w| +2d > 2d > d,
|z + 2+ 2t + || —y —w+ 2t]| > max{||z + 2z +2t||, || —y —w + 2t||} > d,
(43) e+l + 20l = 20t = d, 20l + [ly +wl = 20t = d, 4it] = 2d > d.

These inequalities (4.3) come from the corresponding substitutions attached between the right-hand
sided parentheses of the following functional identity.
Besides from (4.1) with x =y =z = w = 0 we get [|f(0,0)] < g. Therefore from (4.1), (4.3) and
the new functional identity
2[f(x +y,z +w) + flx —y,z —w) = 2f(x,2) = 2f(y,w) — £(0,0)]

—fle—y—2t,z—w—-2t)+ flr —y+2t,z —w+2t) = 2f(x —y,z — w) — 2f(2¢, 2t)]
+[flx—y+22—w+2t)+ f(z+y,z+w) = 2f(x +t,2+1) = 2f(~y +t,—w +1)]
+2[f(x+t,z+t)+ flx—t,z —t) — 2f(z,2) — 2f (¢, t)]
- 2[f(2t> 2t) + f(oa 0) - 4f(t7 t)}a
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we get,
2 f(x+y z+w)+ flz—y 2z —w) = 2f(z,2) = 2f(y, w) — f(0,0)]
<O+6+06+20+20+25 =90,
or
(44) Gty ztw) 4 Flo =z —w) —2f(r,2) 27 w)] < 55+ |£(0,0)] < 56

Applying now Theorem 4.1 and the above inequality, there exists a unique 2-variable quadratic map-
ping F: X x X — Y satisfying (4.2) such that F(x,y) = lim,_,o, 272" f(2"z,2"y), completing the
proof. O

We recall that r, s are nonzero real numbers with » 4+ s = 1.

THEOREM 4.3. Let d > 0 and § > 0 be given. Assume that a mapping f : X x X = Y such that
f(z,y) = f(=z,—y) and

(4.5) If(re + sy, rz +sw) +rsf(e —y,z —w) —rf(z,2) = sf(y,w)| <6
for all z,y,z,w € X with ||x + z|| + ||y + w|| > d. Then there exists K > 0 such that f satisfies

A2+ |r] +Js])

(46) Hf(x—i—y,z—i—w)—i—f(x—y,z—w)—2f(x,z)—2f(y,w)HS |7“$’
for all z,y,z,w € X with ||z + z|| + ||y + w| > K.

Proof. Let z,y, z,w € X with ||x+z||+|y+w]| > 2d. Since 2||y+w|| = ||z+y+z+w+ytw—a—z| <
|z +y+ 2z +wl| + ly + wl| + ||z + 2, we get

ly+wl —llz+zl <llz+y+z+w|+lly+wl
Since ||z +z|| =|lz+y+z+w—y—w|| < ||l +y+ 2+ w| + ||y + wl|, we have
(4.7) max{||z + z||, 2|y + || — |z + 2|} < [lz +y+ 2+ wl| + [ly + w]|.

If ||z 4 z|| < d, then, since ||z + z|| + ||y + w| > 2d, we get 2|y + w|| > 2d =d+d > d+ ||z + z|| and
2|y + w|| — ||z + z|| > d. So we have

(4.8) max{||z + z||, 2|ly + w| — ||z + 2|} > d.

By (4.7) and (4.8), we have ||z +y + z + w| + ||y + w|| > d. So it follows from (4.5) that
(4.9) |f(re+y,rz+w)+rsf(z,z) —rf(zx+y,z+w)—sf(y,w)| <6

for all ,y, z,w € X with |lz + z|| + ||y + w]|| > 2d. So

(4.10) lfOry+z,rw+ 2) + rsf(y,w) —rf(z+y,z+w) —sf(x,2)|| <6

for all z,y,z,w € X with ||z + z|| + ||y + w|| > 2d.
Let z,y,2z,w € X with ||z + z|| + |ly + w|| > 4d(1/|r| + |1 = 1/|r]|). If |y + w| > 2d/|r], then

(4.11) |z +z|| + ||z +ry + 2z +rw| > |r|(]ly + w||) > 2d.
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If ||y + wl|| < 2d/|r|, then ||z + z|| > 2d(1/|r| + 2|1 — 1/|r||) and

1 —1>>2d.

2
(4.12) le+z||+lz+ry+z+rw| >2|x+z| —|r|-|ly +w| > <\r —|—4‘1 — ]

Therefore we get that |z + z|| + ||z + ry + z + rw| > 2d from (4.11) and (4.12). Hence by (4.9) we
have

(4.13) [f(r(z+y)+z,r(z+w)+2)+rsf(x,z) —rfe+ry, 2z +rw) —sf(z+ry,z +rw)| <o
for all z,y, z,w € X with ||z + 2| + ly +w|| > 4d(1/|r|+ |1 = 1/|r||). Set M :=4d(1/|r|+[1—1/|r|]).
Then
M

(4.14) lz+y+z+wl]|+|z+z] > 52 2d, |24 22| + |y +w|| > M >4d
for all z,y,z,w € X with |z + z|| + [y + w|| > M. From (4.9) and (4.10), we get the following
inequalities:

If(r(z+y) +zr(z+w)+2) +rsfle+y,z+w) —rfRe+y,22+w) —sf(z,2)]| <6,

|7 f(ry + 2z, 7w + 22) + s f(y, w) — r2f(2z 4+ y, 22 + w) — rsf(2z,22)| < d|r|,

lsf(ry +a,rw + 2) + 18> f(y,w) = rsf (@ +y, 2+ w) — s> f(z,2)]| < d]s|.
Using (4.13) and the above three inequalities, we get
2

Firl sl
78]

for all z,y,z,w € X with ||z + z|| + |ly + w| > M. If z,y,z,w € X with || + z|| + ||y + w| > 2M,
then ||z + z|| + ||y + w — x — z|| > M. So it follows from (4.15) that

(415)  |f2z+y, 22+ w) +2f(z,2) + f(y,w) = 2f(z +y, 2+ w) — f(22,22)| <

24+ |r| + s

]

for all z,y, z,w € X with ||z + 2| + ||y + w|| > 2M.
Letting y = 0 and w = 0 in (4.16), we get
2
i+ sl
|7s]
forall x, z € X with ||[z+z|| > 2M. Lettingz = 0 and z = 0 (and y, w € X with |ly|| > 2M, ||w| > 2M)
in (4.16), we get
(4.18) 1£(0,0)[ < ((2+ |r| + Is])/Irs])s.
Therefore it follows from (4.16), (4.17) and (4.18) that
< f(e g2+ w) + 20 (22) + fly 2w — 2) ~ 2 (g.w) — f(22,22)]
< 424 |r| + |s])

(4.17) [4f (x, 2) = f(2x,22) = 2(0,0)]| <

o

78]
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for all z,y,z,w € X with || + z|| > 2M. Since f(z,y) = f(—=z,—y) for all z,y € X, the above
inequality holds for all z,y, z,w € X with ||y + w| > 2M. Therefore

A2+ |r| + |s])
78]

for all z,y, z,w € X with ||z + z||+ ||y + w|| > 4M. This completes the proof by letting K :=4M. O

[f(x+y, 2z +w)+ fly —z,w = 2) = 2f(2,2) = 2f(y, w)[| < Y

THEOREM 4.4 Let d > 0 and § > 0 be given. Assume that a mapping f : X x X — Y such that
f(z,y) = f(—z,—y) and (4.5) for all x,y,z,w € X with ||x + z|| + ||y + w|| > d. Then there exists
K > 0 such that f satisfies

192+ |r| +|s])
75|

If(x+y,z4+w)+ flz—y, 2 —w) = 2f(z,2) = 2f(y, w)| < 0

forall z,y,z,w € X.

Proof. By Theorem 4.3, there exists K > 0 such that f satisfies (4.6) for all x,y,z,w € X with
|z + 2| + ||y + w| > K. By (4.4) and (4.18), we get that

18(2+|r| + |s
@t g2+ )+ £ =z = w) = 2f(a.2) - 2f)] < SO s o,
192 + Jr| +]s))
=T
for all z,y,z,w € X. O

THEOREM 4.5 Let d > 0 and 6 > 0 be given. Assume that a mapping f : X x X — Y such that
(4.5) and f(z,y) = f(—x,—y) for all z,y,z,w € X with |x + z|| + ||y + w|| > d. Then there ezists a
unique quadratic mapping F: X x X —Y such that F(z,y) = lim,_00 47" f(2"2,2"y) and

19(2 + |r] + |s])
— <
1f(z,y) = Qz,y)| < 3irs]
forall x,y € X.
Proof. The result follows from Theorem 4.1 and Theorem 4.4. O

COROLLARY 4.6. Let r and s be rational numbers and a mapping f : X x X — 'Y satisfy f(z,y) =
f(=z,—y) for all xz,y € X. Then f is quadratic if and only if the asymptotic condition
(4.19)
[f(re+sy,rz+sw) +rsf(z—y,z2—w) —rf(z,z) =sfly,w)| =0 as [o+z]+][y+w|— oo

holds true.

Proof. The asymptotic condition (4.19) is equivalent to the condition that there exists a sequence
{65} monotonically decreasing to 0 such that

(4.20) [f(re + sy,rz + sw) +rsf(z —y, 2 —w) —rf(z,2) = sf(y,w)]| < dn
for all z,y,z,w € X with ||z + 2| + ||y + w| > n.
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It follows from (4.20) and Theorem 4.4 that there exists a unique quadratic mapping @, : X x X —
Y such that

for all z,y € X. Since {d,} is monotonically decreasing, the quadratic mapping @, satisfies (4.21)
for all m > n. The uniqueness of @Q,, implies Q,, = @Q,, for all m > n. By letting n — oo in (4.21), we
conclude that f is quadratic.

The converse is trivial. O

192+ |r| +|s|)
75|

On

| <
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