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ON THE M-DAEHEE POLYNOMIALS WITH ¢-PARAMETER

JIN-WOO PARK

ABSTRACT. In this paper, we consider the generalization of Daechee polynomi-
als with g-parameter and investigate some properties of those polynomials.

1. INTRODUCTION

Let p be a fixed prime number. Throughout this paper, Z,, Q,, and C, will
respectively denote the ring of p-adic rational integers, the field of p-adic rational
numbers and the completions of algebraic closure of Q,,. The p-adic norm is defined
plp = %

When one talks of g-extension, q is variously considered as an indeterminate, a
complex ¢ € C, or p-adic number ¢ € C,. If ¢ € C, one normally assumes that
lg| < 1. If ¢ € Cp, then we assume that |¢ — 1|, < p 7T so that ¢° = exp(zlog q)
for each x € Z,. Throughout this paper, we use the notation :

el = L
x]y = .
q 1— q
Note that lim,_,1[x], = « for each = € Z,.
Let UD(Z,) be the space of uniformly differentiable functions on Z,. For f €
UD(Z,), the p-adic invariant integral on Z, is defined by Kim as follows :

f):/Z f (x) dpio (2) = lim 72]0 . (see [4, 5, 6]). (1.1)

— 00 pn

Let f1 be the translation of f with f; (z) = f (a: +1). Then, by (1.1), we get

T(R) = 1()+/(0), where ' (0)= L (12
As it is well-known fact, the Stirling number of the first kind ig;:(;)eﬁned by
(x)n:x(m—1)~-~(m—n+1):isl(n,l)xl, (1.3)
and the Stirling number of the second kind is given by the generating function to
be
(e" =1) " =m! Z Sa (I, m) l" (1.4)
(see [1, 10)).

1991 Mathematics Subject Classification. 05A19, 11B65, 11B83.
Key words and phrases. Bernoulli polynomials, Daehee polynomials with g-parameter, p-adic
invariant integral.
1
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2 JIN-WOO PARK
Unsigned Stirling numbers of the first kind is given by
=z(z+1)--(x+n-1) Z|Slnl (1.5)

Note that if we replace = to —z in (1.3), then

=" Z |S1(n, )|z
1=0

Hence S;(n,l) = |Si(n,1)|(=1)"~".
For r € N, the Bernoulli polynomials of order r are defined by the generating
function to be

(et t, 1) e = X%Bv(f)(x)::;, (see [7, 8, 11]). (1.7)

When 2 = 0, B = B{"”(0) are called the Bernoulli numbers of order r, and in the

special case, r = 1, B,(ll)(x) = B, (z) are called the ordinary Bernoulli polynomials.
For n € N, let T, be the p-adic locally constant space defined by

o= 8 G = O

where Cpn = {w|wpn = 1} is the cyclic group of order p™.

We assume that ¢ is an indeterminate in C, with |1 — ¢|, < p_ﬁ. Then we
define the g-analogue of falling factorial sequence as follows :

(@)ng=2z(x—q)(x—2¢) - (x—(n—1)g), (n>1), ()o,q =1
Note that

lim (2),,,4 = ( H_ZSlnl

g—1

Recently, D. S. Kim and T. Kim 1ntroduced the Daehee polynomials as follows :

D (x) = / (& + )ndpo(y), (n > 0), (see 2, 5, 9)). (18)

P

When z =0, D,, = D,(0) are called the n’s Dachee numbers. From (1.8), we can
derive the generating function to be

In addition, D. S. Kim et. al. consider the Daehee polynomials with q-parameter
which is defined by the generating function to be

= log(l+ qt)
an (1+qt)s :
Z ) ((lJrqt)E—l)

When z =0, D,, ¢ = D,, 4(0) are called the Daehee numbers with q-parameter.

, (see [3]). (1.10)

12 JIN-WOO PARK 11-20
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ON THE A-DAEHEE POLYNOMIALS WITH ¢-PARAMETER 3

In the viewpoint of generalization of the Daehee polynomials with g-parameter,
we consider the A\-Daehee polynomials with q-parameter are defined to be

= t" = Alog(1l+ gt
5 D) = (14 gy — B0
3 Pealle) g = (e )

When z = 0, D, 4(A) = D, 4(A0) are called the A-Daehee numbers with g-
parameter. In particular, the case A = 1 is the Daehee polynomials with ¢-
parameter.

In this paper, we give a p-adic integral representation of the A\- Daehee polyno-
mials with g-parameter, which are called the Witt-type formula for the A\-Daehee
polynomials with g-parameter. We can derive some interesting properties related
to the A\-Daehee polynomials with g-parameter.

Q

(1.11)

2. WITT-TYPE FORMULA FOR THE n-TH A\-DAEHEE POLYNOMIALS WITH
q-PARAMETER

In this section, we assume that ¢, ¢ € C, with [¢|, < \qbpiﬁ and \ € Z,,. First,
we consider the following integral representation associated with falling factorial

sequences :
/ (@ + AY)n,qdpo(y), where n € Zy =NU{0}. (2.1)
Zp
By (2.1),
= tm = T+ \y tm
T+ AY)n,qdpo(y) — = q"/( )du y)—
Z/( hnadna) =32 [ () dmt

4y

:gqn /z <fz)d/‘0(y)t” (2.2)

= [ (a0 duoly)
Z

D

where t € C,, with [{|, < \q|pp_ﬁ. For t € C, with [t], < |q\pp_ﬁlf17 we get

[ a0 daty) =1+ gy — B
Z, a((1+a)s —1)
N ) (2.3)
- Z:OD,W(/\M)Z!.

By (2.2) and (2.3), we obtain the following theorem.

Theorem 2.1. Forn > 0, we have

Dy(N) = / (& + AP)mgdpio(y).

P
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n (2.3), by replacing ¢ by % (et — 1), we have

$ Do) (€ = 1" et
n=0 q” n! %t -1
AT gm
2 ( ) nopl’
and
2 Dy g(Nz) 1 n = Dpg(M\7) & tm
D T @=L Y Salmen

_Z (Z m,q >\|$)S2(n7m)> %n'

m=0

By (2.4) and (2.5), we obtain the following corollary.

Corollary 2.2. Forn > 0, we have

n
€ n—m.y—n
Bu (3) = Y Duaa)g" A" Sa(n, m).
m=0
By the Theorem 2.1,

Dy g(N) = / (24 Xp)mdpio(y)

Zyp

=q”/Z (Isz>nduo(y)

D

n 1
=30 Sind) [ @+ duotw)
=0 P

By (1.2), we can derive easily that

At (T A"
(I+)\y)t = at = B N
/Z e dMO(:U) e)\t _ 16 Z n ()\) n!

P n=0

=3[ @+ ) duo(y) 7,
1=0 V' Zp i

B (5)= [ (G+v) ditw. (0> 0).

By (1.6), (2.7) and (2.8), we obtain the following corollary.

and so

Corollary 2.3. For n > 0, we have

na(Mz) Zq" LSy (n, DA'B, (A)

_Z|s1 L,n)l(=)" X By ().

14

(2.6)
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From now on, we consider A-Daehee polynomials of order k(€ N) with q-parameter.
A-Daehee polynomials of order k with g-parameter are defined by the multivariant
p-adic invariant integral on Z, :

Dv(v,kz)](/\|x) = /Z /Z Mz + -+ o) er)n,q dpo(x1) -+ - dpo (k) (2.9)

where n is an nonnegative integer and k& € N. In the special case, z = 0, DEZ?,) \) =
Dﬁff?, (A|0) are called the A-Dacehee numbers of order k with g-parameter.
From (2.9), we can derive the generating function of D )( ) as follows:

ZD( /\|x
Az1+-tzp)+z
—an/ /( a )duo(l’l) “dpo ()"

Ay teteg)te
:/Z / (1+ qt) z dpo (1) - - - dpo (k) (2.10)
’ @ w
=(1+ qt) / / 1+ qt) dpo(w1) -~ dpio(w)
k

Alog(1 + gt)
q ((1 +qt)s — 1)

=(1+qt)7

Note that, by (2.9),

k
D (Az)
S1(n,m , (2.11)
=q" %/ / M@y 4+ ) + 2)™dpo(21) - - - dpo ().
m—o 4 Z, Zy,
Since
/ . / et e O g (2) -+ dpo ()
Z, Zp
¢ k S m
— wt _ () () =
B (et - 1) ¢ _TLZOB" (m)n!’
we can derive easily
B (z) = / / (z1+ - +ap+2)"dpo(21) - - - dpo(@k). (2.12)
ZZ’ P
Thus, by (2.11) and (2.12), we have
S1(n,m)
D) —g" AN R mB(k)
() =q mZ: B (3)
& n—m L
=3 ¢S (n,m) B (X) (2.13)

0

m

I
NE

[S1(nm) (=" BY () -

3
I
<)
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n (2.10), by replacing t by %(et — 1), we get

oo At k
71 x o
S
- qnn eat —1
0 N w (2.14)
:Z)\nB” (X)ﬁ
n=0 qn n')
and
D) (M) nem DI (N a) & t!
R D PR ) NS
n=0 n=0 l=n (215)

o) m D;k) A gm
= Z Z 77[1( |ZC) Sg(m,n) "
q" m!
By (2.13), (2.14) and (2.15), we obtain the following theorem.

Theorem 2.4. Forn >0 and k € N, we have

Dn]f; Az) = Z "™ (n,m)B (;)

_ Z |S1(n,m)|(—q)" " By G) ’

m=0

and

B(k)( ) AT ZDUC) (Az)g" ™S (n, m).

Now, we consider the A-Daehee polynomials of the second kind with q-parameter
as follows :

Dy e.q(Nw) = / (=AY + @)nqgdpo(y), (n>0). (2.16)

P
In the special case, z = 0, ﬁn,q()\) = ﬁn?q()\|0) are called the A-Daehee numbers of
the second kind with q-parameter.
By (2.16), we have

Do) = 0" [ (‘Ayﬁ)nduo@), (2.17)

ZP
and so we can derive the generating function of D, q(x) by (1.1) as follows :

ZanMx . Z /(Ay+x>ndﬂo(y)z

n=0
—Zq / ( A“T%)d/uto(y)t"
:/z (14+qt) "7 dpoly)

P

(2.18)

=2 Alog(1 + qt)
5 :
q((l +qt)7 — 1)

=(1+qt)
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From (1.3), (1.6) and (2.17), we get

Di.q(A\z) Q"/ </\Z+x)nduo(y>

=q / Zsl (= Ay + @) duo(y)

Zp 1=

Sin DN [

Zyp

p'a:

N
I
o

-

S1(n, D)(=\)'By (_f) !

)" S (81 (n, DIN'By (%) i
=0

By replacing gt to et — 1 in the equation (2.18), we have

N
I
=

e At (z+XN)t
Z )\|w (e" — 1) =21 ¢
n=0 q (egt - 1)
o0 tn
= Z Bn (1 + E) /\ann77
A n!
n=0
and, by (1.4),

PugAo)— (= 1)" = > (Z ﬁm,quoc)sg(n,m)) o

n=0 n=0 \m=0

(2.19)

(2.20)

(2.21)

Note that , by (1.10), it is easy to show that B, (—z) = (—1)"B,(x + 1). Thus,

from (2.19), (2.20) and (2.21), we have the following theorem.

Theorem 2.5. Forn >0, we have

D,, o(Az) ZSl n,)( ( )\) q"*l
1S Sy DN B (-3)-

=0

and
n

)\”Bn( ) q" Z m,q(Alz)Sa(n, m).

m=0

By Theorem 2.5, we obtain the following corollary.

Corollary 2.6. Forn >0,

n l
DigMz) =" YD Dy g(Aa)S1(n, 1)Sa(l,m).

=0 m=0

17

(2.22)
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Now, we observe that

g (—1yn PraAlz) :(_1)”/Z (?)duo(y)

n!
P

z+Ay
—==4+n-1
:/ ( a )dﬂo( )
ZP
S Loy (2.23)
2 (o ) (o )
m=1 m
:zn: (n—l)q " Dim.q(A| —:E)
m=1 m!
and, by the similar method to (2.23), we have
_ DpoNz) = [(n—1\Dy 0\ —2) _
ni_1)" n,q — n,q n 2.94
P M e e (224)

Hence, by (2.23) and (2.24), we obtain the following theorem.
Theorem 2.7. Forn > 1, we have

q—n(_l)nDnﬂfn(!)‘|x) — Z (:_;> ;QET)L‘!l )q n

m=1

q,n(il)nﬁn,qmz) _ Z": <n 1) DngQ =) 0.

n! n—m m/!

and

m=1

Now, we consider higher-order A-Daehee polynomials of second kind with q-
parameter. Higher-order A\-Daehee polynomials of second kind with g-parameter
are defined by the multivariant p-adic invariant integral on Z,

D) ( )\|z):/Z / (=A(@y + -+ k) + @) ngdpo (1) - - dpo(zr)  (2.25)

where n is an nonnegative integer and k£ € N. In the special case, x = 0, ﬁy(lk,)l A =
ﬁ%k,)](MO) are called the higher-order A-Daehee numbers of second kind with g-
parameter.

From (2.25), we can derive the generating function of lA)?(f(),(Mx) as follows:

oo

Zﬁ(k)(Mx)L
AMz1t- +a:k)+

= Zq / / < >dﬂo($1) -+ dpo (g )"

n=0

— Azt tzp) (226)
o P
k

:(l—i—qt)%m Alog(1 + qt)

q ((1 +qt)7 — 1)
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By (2.25),

Ak
D5 (M)

nzﬁéﬂl)/ / (=A(@y + -+ + @) + 2)"dppo (1) - - - dpo ()

=" Zsl(fmm A" / / vt = 1) dpo(en) - dpo(an)

m=0

i3 Sy (2

=

)" i ¢"™A™|S1(n, m)|BX) ( %)

m=0

(2.27)

From (1.10), we know that B(k)( x) = (—1)”B,(Lk)(k + ). Hence, by (2.27), we
obtain the following theorem.

Theorem 2.8. Forn >0, we have

n

DE () = > Sin.m)g" (0" BE (=5)

m=0
n

—(-1)" Y A" S ) B (k)

m=0

In (2.26), by replacing ¢ by %(et — 1), we get

S t 1)™ At k
> Bl =i ( : )
' q"n! A
n=0 N (2.28)
B e
and
S DI 1 = DRGOe) o t
Z qn n! ( - 1) :Z qn ZSQ(l?n)ﬁ
n=0 no:OO o k)l:n (229)
_ Z Z D”ﬂl()‘lm)s ( ) tm
= o ; '
m=0 \n=0

By (2.28) and (2.29), we obtain the following theorem.

Theorem 2.9. Forn >0 and k € N, we have
BW ( +h) =T Z DE) (Alz)g™ ™ Ss(n, m).

By Theorem 2.8 and Theorem 2.9, we obtain the following corollary.
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Corollary 2.10. Forn > 0, we have

R (Aa) = ZZD(k) (A|2)g" 'Sy (n, m)Sa(m, 1).

m=0 [=0
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Stability of ternary quadratic derivation on ternary Banach algebras: revisited

Choonkil Park

Research Institute for Natural Sciences, Hanyang University, Seoul 183-791, Korea

Abstract. In [6], Shagholi et al. defined ternary quadratic derivations on ternary Banach algebras and proved the Hyers-
Ulam stability of ternary quadratic derivations on ternary Banach algebras. But the definition is not well-defined and so
the proofs of the main results are wrong.

In this paper, we correct the definition of ternary quadratic derivation and the proofs of the main results.

1. INTRODUCTION

The study of stability problems for functional equations is related to a question of Ulam [7] concerning the stability of
group homomorphisms and affirmatively answered for Banach spaces by Hyers [3]. Subsequently, the result of Hyers was
generalized by Aoki [1] for additive mappings and by Th. M. Rassias [4] for linear mappings by considering an unbounded
Cauchy difference.

The functional equation

fle+y)+f(@—y) =2f(x) +2f(y) (1.1)

is called a quadratic functional equation. In particular, every solution of the quadratic equation (1.1) is said to be a
quadratic mapping. The Hyers-Ulam stability problem for the quadratic functional equation (1.1) was proved by Skof for
mappings f : A — B, where A is a normed space and B is a Banach space (see [5]).

In [6], Shagholi et al. defined a ternary quadratic derivation D from a ternary Banach algebra A into a ternary Banach
algebra B such that

Dlz,y,2] = [D(z),y*,2°] + [2*, D(y), 2°] + [2*,v*, D(2)]

for all z,y,z € A. But z2,9?, 2% are not defined and the brackets of the right side are not defined, since A is not an algebra
and D(z) € B and y?,2® € A. So we correct them as follows.
Definition 1.1. Let A be an algebra and ternary Banach algebra with norm || - . A mapping D : A — A is called a
ternary quadratic derivation if

(1) D is a quadratic mapping,
(2) Dlz,y, 2] = [D(2),y*, 2°] + [2*, D(y), 2°] + [¢*, 5, D(2)] for all 2,y, 2 € A.

In this paper, the proofs of the main results given in [6] are corrected.
2. STABILITY OF TERNARY QUADRATIC DERIVATIONS
Let A be an algebra and ternary Banach algebra with norm || - ||.

Theorem 2.1. Let f: A — A be a mapping for which there exists a function ¢ : A x A X A — [0,00) such that

By z)i= Y 00,279, 272) < o0 (2.1)
1f(z+y)+ flz—y) —2f(z) = 2f W)l < é(z,y,0), (22)
||f([x7y7z]) - [f(m),y2,z2] - [x2,f(y),z2] - [xQ,yQ,f(Z)])H < ¢($7y72) 2

for all x,y,z € A. Then there exists a unique ternary quadratic derivation D : A — A such that

1-
1£() = D)l < 36(z,,0), (24)
for all xz € A.
92010 Mathematics Subject Classification: 39B52, 13N15, 47B47.

9Keywords: Hyers-Ulam stability; quadratic functional equation; ternary Banach algebra; ternary quadratic derivation.
YE-mail: baak@hanyang.ac.kr
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Proof. Putting x =y = 0 in (2.2), we get f(0) = 0. If we replace y in (2.2) by = and multiply both sides of (2.2) by 1, we
get

f(2z) ¢(z,z,0)
1782 _ g(oy) < #2220 (25)
for all z € A. Now we use the Rassias’ method on inequality (2.5) (see [2]). One can use induction on n to show that
f é(2x, 2]ac 0)
1228 <t Z (26)
for all z € A and all nonnegative integers n. Hence
n+m—1

f@ ") f(2ma)

é(272,272,0)
R S

47

=

j=m

for all nonnegative integers n and m with n > m and all 2 € A. It follows from (2.1) that the sequence {£ (;;f)} is Cauchy.

Due to the completeness of A, this sequence is convergent. So one can define the mapping D : A — A by

D(z) = tim 127 2.7)

n—ooo 221

for all x € A. Replacing z,y by 2"z, 2"y, respectively, in (2.2) and multiplying both sides of (2.2) by 22%, we get
[D(z +y) + D(x —y) — 2D(z) — 2D(y)|

= lim. f\lf( " +y) + 2" (@ —y) - 2f(2"z) — 2f(2"y)]|
< lim w —0

for all z,y € A and all nonnegative integers n. So
D(z+y)+ D(x —y) =2D(x) +2D(y)
for all z,y € A. Moreover, it follows from (2.6) and (2.7) that

If(z) = D(@)]| < ;é(z,z,0)

N»—*

for all x € A. It follows from (2.3) we get
ID([2,y, 2]) — [D(x), y27 22] - [‘772, D(y), 22] - [‘7727 y2a D(2)]||
< Jm (27,2, 272)) — (@), ("), (2727 - (2", F(2°), (272)%] (@)%, (2")*, 22|
< lim P(2"x, 2"y, 2" 2) < lim P(2"x, 2"y, 2" 2)

T n—oo 43n T n—oo 4n

for all z,y,z € A. So

=0

Dlz,y, 2] = [D(x),y* 2°] + [¢*, D(y), 2°] + [2°,y*, D(2)]
for all z,y,z € A.
Now, let D’ : A — A be another ternary quadratic derivation satisfying (2.4). Then we have

ID(z) - D'(2)|| = 22nIID(2 ) — D'(2"x)|

< 22n(IID(2" z) = f2 )]s + |1 f(2"x) — D'(2")])

2
< 22nq§(2 z,2"x,0)
which tends to zero as n — oo for all x € A. So we can conclude that D(z) = D’(z) for all z € A. This proves the uniqueness
of D. Thus, the mapping D : A — A is a unique ternary quadratic derivation satisfying (2.4). d

Theorem 2.2. Let f : A — A be a mapping for which there exists a function ¢ : Ax Ax A — [0,00) satisfying (2.2), (2.3)
and

L Y2
204 S5 550 57) <0 (2:8)
-
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for all x,y,z € A. Then there exists a unique ternary quadratic derivation D : A — A such that

|£(@) = D@l < 6(5. 5.0), (2.9)
for all x € A. Here,
DT E A
by, 7) ;4 (55 550 579

for all z,y,z € A.
Proof. Tt follows from (2.5) that

T x
1) — 475 < 6(2, 2,0)
for all z € A.
By the same reasoning as in the proof od Theorem 2.1, one can define a quadartic unique mapping D : A — A by
D(z) == lim 2°"f(-) (2.10)
n—oo on
for all z € A. It follows from (2.8) and (2.10) that
ID([z,y, 2]) = [D(x),y* 2°] = [2*, D(y), 2] = [a*, 4, D(2)]|
< i IS L 21— D), (R (20 — (2 £, ()] = (20 (L2 £
im 4 2D~ ) ()% ()% = 1) F(), (5] =~ () (2
< lim 22" X Y Fy =
< Jim 47 (50 g gw) =0
for all z,y,z € A. So
Dlz,y, 2] = [D(z),y",2°] + [+*, D(y), 2] + [°,4°, D(2)]
for all x,y,z € A. Thus the mapping D : A — A is a unique ternary quadratic derivation satisfying (2.9). O

From Theorems 2.1 and 2.2, we obtain the following corollary concerning the Hyers-Ulam stability of the functional
equation (1.1).

Corollary 2.3. Let p and 6 be nonnegative real numbers with p # 2, and let f : A — A be a mapping such that
If(x+y) + flz—y) —2f(x) = 2f @) < O(ll=lI” + lly[I")
1£ ([, 9, 2]) = [f(2), 9%, 2°]) = [2°, (), 2] = [, 97, F(2))]] < 9(Hfﬂ||”+ lyll” + 11=17),

for all x,y,z € A. Then there exists a unique ternary quadratic derivation D : A — A such that

p
17(@) ~ D@ < 72l
holds for all x € X, where p < 2, and the inequality
20
- D < P
1)~ D@l < gl
holds for all z € X, where p > 6.
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SOME PROPERTIES OF MODULAR S-METRIC SPACES AND ITS FIXED
POINT RESULTS

MELTEM ERDEN EGE AND CIHANGIR ALACAT

ABsTRACT. In this paper, we introduce modular S-metric spaces and deal with their some properties.
We also prove some fixed point theorems on complete modular S-metric spaces.

1. INTRODUCTION

Fixed point theory in metric spaces begins with the Banach Contraction Principle which is published
in 1922 [6]. Since it is simple and useful, it has become a very popular tool to solve existence problems
in mathematical analysis. There are some authors introduced the generalization of metric spaces such
as Gabhler [16], which is called 2-metric space, and Dhage [14], which is called D-metric space. In
2013, Mustafa and Sims [24] found that the fundamental topology properties of the metric spaces are
incorrect. They [25] introduced a generalization of metric spaces which is called G-metric spaces.

The concept of S-metric spaces was firstly introduced by Sedghi et al. [28] in 2012. Sedghi and
Dung [29] proved a general fixed point theorem in S-metric spaces which is a generalization [[28],
Theorem 3.1]. Gupta [17] introduced the concepts of cyclic contraction on S-metric space and proved
some fixed point theorems on S-metric spaces. Chouhan [12] proved a common unique fixed point
theorem for expansive mappings in S-metric space. Hieu et al. [I8] gave a fixed point theorem for a
class of maps depending on another map on S-metric spaces.

The notion of modular space was firstly introduced by Nakano [26] and developed by Koshi, Shi-
mogaki, Yamamuro (see [22] [30]) and others. Recently, many researchers have been interested in fixed
point of modular space. In 2008, Chistyakov [7] introduced the notion of modular metric space gener-
ated by F-modular and developed the theory of this space. He also defined the notion of a modular
on an arbitrary set and the modular metric spaces in 2010 [8]. Abdou [I] studied and proved some
new fixed points theorems for pointwise and asymptotic pointwise contraction mappings in modular
metric spaces. Azadifer et. al. [3] introduced the notion of modular G-metric spaces and proved some
fixed point theorems of contractive in this space. Many authors studied on modular metric spaces
. 5[0, [ 1. [ 191, [20]. [211.

In this paper we introduce the concept of modular S-metric spaces and their properties. Then we
give fixed point theorems for self mappings on complete modular S-metric spaces.

2. PRELIMINARIES

Definition 2.1. [27]. A modular on a real linear space X is a functional p : X — [0, 00] satisfying
the followings:

(A1) p(0) =0;

(A2) If z € X and p(ax) = 0 for all numbers a > 0, then = = 0;

(A3) p(—z) = p(z) for all z € X;

(A4) p(azx + By) < p(x) + p(y) for all o, 5 > 0 with a+ =1 and z,y € X.

Let X be a non-empty set and A € (0, 00). We remark that the function w : (0,00) x X x X — [0, 0]
is denoted by wy(x,y) = w(A,z,y) for all A > 0 and z,y € X.

2010 Mathematics Subject Classification. 46A80, 47TH10, 54E35.
Key words and phrases. modular S-metric space, s-contraction, fixed point.
t:Corresponding Author.
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Definition 2.2. [§]. Let X be a non-empty set, a function w : (0,00) x X x X — [0, 00] is said to
be a metric modular on X if satisfying, for all z,y, z € X the following conditions hold:

(i) wa(z,y)=0forall A >0 & z=y;
(i) wa(z,y) = wr(y,x) for all A > 0;
(iil) wrgp(z,y) <ws(z,2) +wu(z,y) for all A, g > 0.
Definition 2.3. [28] Let X be a non-empty set. An S-metric on X is a function S : X3 — [0, 00)
that satisfies the following conditions, for each x,y,z,a € X,
(i) S(z,y,2) = 0;
(ii)) S(z,y,2) =0if and only if z =y = z;
(il) S(z,y,2) < S(z,2,a) + S(y,y,a) + 5(z,2,a).
The pair (X, .5) is called an S-metric space.

3. MODULAR S-METRIC SPACES
We define a new concept combining with S-metric and modular metric space.

Definition 3.1. Let X be a non-empty set. An modular S-metric on X is a function
sx:(0,00) X X x X x X — [0, 0]

that satisfies the following conditions for all z,y,z € X and A > 0 :

(S1) sa(@,y,2) > 0;

(52) sx(z,y,2) =0if and only if x = y = z;

(S3) sagptv(®,y, 2) <sa(z,z,a) + s,(y,y,a) + s,(2, 2,a) for all A\, p,v >0 and a € X.
Example 3.2. (1) sy(z,y,2) =0if x =y =z and sx(x,y,2) =0 if z # y # 2.
(2) If S is an modular S-metric on X, we can get:

(@) sa(z,y,2) =0if A > S(x,y,2) and sx(z,y, z) = o0 if A < S(x,y, 2).

(b) sa(z,y,2) =0if A > S(x,y,2) and sy(z,y,2) = o0 if A < S(z,y,2).

S
(¢) sx(z,y,2) = (Z’(/\y;Z); where ¢ : (0,00) — (0, 00) is non-decreasing function.

Lemma 3.3. If the function 0 < X\ — sx(z,y, 2) is continuous on (0,00) where x,y,z € X, then we
have sy(z,z,y) = sa(y,y, ).
Proof. There exists € > 0 such that
sx(z,x,y) < se(x,x,x) + se(x, z,x) + sx—2:(y, ¥, ).
If we take limit as ¢ — 0, we get sy(x,z,y) < sx(y,y,x). Similarly sy (y,y,z) < sx(z,z,y). So we get
sa(@,z,y) < sa(y,y,2) < salz,2,y)
and

8)\(.@, z, y) = S)\(y7 Y, 1')
O
Remark 3.4. The function sy (z,y, z) for A > 0 is non-increasing on (0, 00) where z,y,z € X, if it is
continuous on (0,00). In fact if 0 < v < p < A, (S3) implies
S)\(iL', x, y) < 5)\_#(33, X, SC) + s,u—u(xa &€, :C) + Sl/(y7 Y, :L’)

and we have

5)\(1'7 €z, y) S Sl/(y7 Y, SC)
from (52).

From Lemma we conclude that sy(z,z,y) < s,(z,z,y). From that inequality the function
sa(z,y, z) is non-increasing on (0, 00). It follows that at each point A > 0 the right limit

S)\+0<.’IJ, Y, Z) = MEE\I}Q-OSHCI;’ Y, Z)
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and the left limit
Sa—o(x,y,2) = limsy_.(x,y, 2)
e—0

exist in [0, 00] and the following two inequalities hold:
sx+0(2,y,2) < sa(z,y,2) < sa-o(w,y, 2).

Definition 3.5. Let sy be a modular S-metric on X. The binary relation < on X defined for z,y € X
by

(3.1) z Xy e limsy(r,z,y) =0
A—00

is an equivalence relation. Indeed x X z is clear by virtue of (S2). From Lemma we have

r Ay < lim sx(z,z,y) = 0= lim sA(y,y,:r)@yizx.
A—o00 A—00

If 2 2 yand y X 2, we get lim sy(z,z,y) = 0 and lim sx(y,y,2) = 0. By (S3) and Lemma ,
A—00 A—00
we conclude that
lim sz (2,2, 2) < lim sy(z,z,y) + lim sy(z,z,y) + lim sx(y,y, 2)
A—00 A—0c0 A—00 A—00
=0+0+0.
It is clear that
lim s3y(z,7,2) =0 22 2
A—00
by (S1). The equivalence class of the element z € X in the quotient set X / ~ is defined by
X,=X,(z)={ye X :yRx}.
For zy € X, the set X is defined as follows:
X:=XI(xo)={r € X :3A=A(z) >0 such that sx(x,z,z9) < o0}.
From Remark [3.4] the function
S (X ~)x (X R) x (X /%) = [0,00]
given by
S(XS(J?), XS(:E)? Xs(y)) = S)\(J?, x, y)
is well-defined and satisfies the axioms of S-metric.

Theorem 3.6. If sy is a modular S-metric on X, then the modular set X, is an modular S-metric
space with S-metric given by

Se(x,x,y) =inf{A > 0: sa(z,x,y) < A},
for all x,y € X;.
Proof. Since z < y, there exists \g > 0 such that
sa(z,z,y) <1

for all A > X by (3.1). Taking A\; = max{1, Ao}, we get

sy (@, z,y) <1< )
which together with the definition of S°(z,z,y) gives

S (z,z,y) < A1 < o0.

Given z € X, (52) implies that s)(z,z,2) = 0 for all A > 0, and so, S°(z,z,z) = 0. Let s, satisfy
(52), z,y € X, and S°(z,z,y) = 0. Then s,(x,z,y) does not exceed p for all 1 > 0. Hence for any
A>0and 0 < pu < A, from Remarkwe have sy(z,z,y) < su(x,z,y) < p— 0as g — +0. It follows
that sx(z,z,y) =0 for all A > 0. Thus axiom (52) implies © = y.
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It is clear from (S1) that S°(z,z,y) > 0. Now we show the triangle inequality:
S(z,z,y) < 258°(x,x, 2) + S°(y,y, 2)
for some z € X,. In fact by the definition of S° for any A > S°(x,z, z) and p > S°(y,y,2), we find
sx(x,x,2) < Xand s,(y,y,2) < p. As a result, we get
sonpp(@, ) < 2sx(z,2,2) + 5,(y,y,2) <20+ p
by the axiom (S3). It follows from the definition of S° that S°(z,z,y) < 2X\ + u and it remains to
pass limit as A — S°(z,z,2) and p — S°(y,y, 2). O
Theorem 3.7. Let s\ be a modular S-metric on a set X and
Stz x,y) = inf{\ + sx(z,z,y) : A > 0}
be defined for all x,y € X,. Then S is an S-metric on X, such that S° < S* < 285°.
Proof. Since, for z,y € X, the value sy (z,z,y) is finite due to for A > 0 large enough, then the

set {\+ sx(x,7,9) : A >0} C RT is non-empty and bounded from below, therefore S!(x,z,y) € R™.
Since sy (z,x,z) = 0, then from the definition of S*, S'(x,z,2) = inf{\ + s\(z,2,7) : A > 0} = 0.
———

0
Let sy satisfy (S2), ,y € X, and S*(z,2,y) = 0. The equality x = y will follow from (S2) if we show
that sx(z,z,y) = 0 for all A > 0. On the contrary, suppose that sy, (z,z,y) > 0 for some )y > 0.
Then for A > Ay we find X + sy(x,z,y) > Ao, and if 0 < A < Ag, then
0 < sx(z,2,9) < sa(z,2,9) < A+ sa(z,2,y)
from Remark Thus, A+ sx(z,z,y) > A1 = min{Ag, sx,(z,2,y)} for all A > 0. By the definition of
St SY(x,z,y) > A\ > 0, which contradicts the assumption.
Now let us show that triangle inequality: S*(z,x,y) < 25 (2,2, 2) + S*(y,¥y,2). For any € > 0 we
find A = A(e) > 0 and p = u(e) > 0 such that
At sa(w,x,2) < SY(z,2,2) +e and p+s,(y,y,2) < S (y,y,2) +¢
from the definition of S'. Applying axiom (S3),
Sl(x7 z, y) S(Q/\ + ,LL) + 52)\+M(I7 z, y) S 2\ + M + 25}\(503 X, Z) + S#(ya Y, Z)
<28 (z,x,2) + 2 + S (y,y, 2)
and it remains to take into account the arbitrariness of € > 0.

Let us prove that metrics S° and S' are equivalent on X,. In order to obtain the left-hand side
inequality, suppose that A > 0 is arbitrary. If s)(z,z,y) < A, then the definition of S° implies
So(x,z,y) < X If sy(x,z,y) > A, then S°(x,z,y) < sx(z,z,y). Setting u = sx(z,z,y) we find p > A
Thus it follows from Remark [3.4] that

SM(I, :E?y) S SA(ZE,z,y) = K.
Hence
S°(w,2,y) < pp = sx(v,2,y).
Therefore for any A > 0 we have
So(xv z, y) < max{)\, S)\(xa Z, y)} < A+ S)\('T7 z, y)
Taking the infimum over all A > 0, we get the inequality
8°(x,2,y) < St (z,z,y)

To obtain the right-hand side inequality, we note that given A > 0 such that S°(z,z,y) < A by the
definition of S°. We get sx(z,z,y) < A. So S*(z,x,y) < X+ sx(x,z,y) < 2\. Passing to the limit as
A — Sz, x,y), we get

Sz, x,y) <28°(x, x,y).
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Theorem 3.8. Let sy be a modular S-metric on a set X, x,y € X5 and A > 0. We have
(a) If S°(z,z,y) < A, then sx(z,z,y) < S°(z,z,y) < A
) If sx(z,x,y) = A, then S°(x,x,y) = \.
) If A= S°(z,2,y) >0, then sxyo(z,2,y) <A < sxo(z,2,Y).
) If the function p — s, (z,z,y) is continuous from the right on (0,00), then along with (a)— (c)
we have:

Sz, x,y) < A& sxa(z,z,y) < A

(e) If the function p — s, (z,x,y) is continuous from the left on (0,00), then along with (a) — (c)
we have:

Sz, x,y) < A& sz, z,y) < A
(£) If the function p — s, (x, x,y) is continuous on (0,00), then along with (a) — (e) we have:
So(gj,x’y) =& S)\(l',l',y) =A
Proof. (a) For any p > 0 such that S°(x,z,y) < p < A by the definition of S° and Remark we
have s, (z,z,y) < p and sy(z,z,y) < su(x,z,y). Hence sy(z,z,y) < p and it remains to pass to the
limit as p — S°(z, z,y).
(b) By the definition, S°(x,z,y) < A and item (a) implies S°(z,z,y) = A.
(¢) For any 1 > A = S°(z, z,y), the definition of S° implies s,(x,z,y) < p and so

S)\+0(:L‘,IE, y) = MEI)H»OS'M(KT’QQZJ) S NEIEFO:U‘ =A

For any 0 < p < X we find s, (x,z,y) > p and so
= 1 > 1 = .
8)\70(1'71'73/) ng\niosu(maxﬂg) = Hgf\niou A
(d) The sufficient condition follows from the definition of S°. Let us prove the reverse implication.
If S°(z,x,y) < A, then by virtue of item (a), sx(z,x,y) < X and if S°(x,z,y) = A, then
S)\(Ia z, y) = S)\_H)((E, z, y) < A
which is a consequence of the continuity from the right of the function y — s,(x,z,y) and item (c).
(e) By item (a), it suffices to prove the sufficient condition. The definition of S° gives S°(z,x,y) < A
but if S°(z,z,y) = A, then by item (¢) we would have
SA(.CC,I, y) = 5)\—0(:1771773/) > A
which contradicts the assumption.
(f) Sufficient condition follows from (b). For the reverse asertion the two inequalities

S)\(Jf,x,y) < A < 8,\($,J3,y>

follows from (c). O

Definition 3.9. Let sy be a modular S-metric on a set X.

(1) A sequence (z,) C XX converges to z € X} if sx(xn,zn, ) — 0 as n — oo. That is, for
each € > 0, there exists ng € N such that for all n > ny we have sy (z,, z,, ) < . We write
Ty, = T.

(2) A sequence (x,) C X} is a s-Cauchy if sy(zn,Zn,Tm) — 0 as m,n — oo. That is, for each
e > 0, there exists ng € N such that for all n > ng we have sy (z,, Tn, zm) < €.

(3) The modular S-metric space X7 is s-complete if every s-Cauchy is a s-convergent in X;.

Lemma 3.10. Let sy be a modular S-metric on a set X. If x,, = x and y, — y, then

Sx(ﬂ?n,xmyn) — S)\(x,l‘, y)'
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Proof. Since x,, — x and y,, — vy, then for each £ > 0 there exist ny,no € N such that
Vn >nq, Sx(Tp,Tn,T) <€
Vn ZnQ; Sk(ymymy) <e.

Without loss of generality we can assume

n Znhs&(l‘naxnax) < 5(6) =

Hk\ﬁ)r';‘m

Vn >ng, 55(Yn, Yn, y) < €(6) =

If we set ng = max{ni, na}, therefore for every n > ny we get

SA(Tns Ty Yn) <286(Tn, Tny T) + S3—25(Yn, Yn, T)
§256(xna T, ’I) + 255(y717 Yn, y) + 5)\—45(:177 xz, y)
for A > § > 0 by triangle inequality. If we take 6 — 0, we have

IS S
SA(xna(En7yn) §§ + 5 + s,\(m,x,y)

S\ (Tns Tny Yn) <€+ sa(z,2,y)
5)\(3:n7 T, yn) - S)\($, z, y) <e.
On the other hand we get

Sk(m7 Z, y) S2S5(£3 z, Q:N) + S)\—25(y7 Y, mn)
§256(xa z, Z'n) + 285(% Y, yn) + 5)\—46(3371; Tn, yn)-

From Lemma [3.3| and taking the limit as § — 0 we have:

13 g
SA(%%Q) §§ + 5 + S)\(xn7xn7yn)
<e+ sx(Tn, Tn,Yn)
5/\(%%2/) - 3/\(337u33n,yn) S €.

So we get from that inequalities |sy(zn, Zn, yn) — Sx(z, z,y)| < &, that is, sx(@n, Tn,yn) = sa(x, z,y).
O

4. FIXED POINT THEOREMS

In this section we introduce some fixed point theorems on modular S-metric space.

Definition 4.1. Let s, be a modular S-metric on a set X. A map T : X7 — X is said to be a
s-contraction if there exists a constant 0 < k < 1 such that

sax(Tx, Tz, Ty) < ksx(z,z,y)
for all z,y € X.

Corollary 4.2. Let X}, Y. modular S-metric spaces and f : X — Y] be a map. Then f is continuous
at x € X} if and only if f(x,) — f(z) where x,, — x.

Theorem 4.3. Let X be a s-complete and T : X¥ — X be s-contraction. Then T has a unique fixed
point u € X .

Proof. First, we show uniqueness. Suppose that there exist z,y € X} with + = Tz and y = T'y. Then
SA (xa mvy) = S (TI, Tﬂf,Ty) < ks}\ (Jf, x)?’/) .
Therefore sy (x,z,y) = 0.
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To show the existence, we select z € X} and show that (T™z) is a Cauchy sequence. For n =
0,1,2,---, we get by induction

s\ (T, T™2, T" ' a) <ksy(T" 'z, T 'z, T"z)

<k"sx(z,x,Tx).
Taking the limit as n — oo, we get

lim sy (T"z, T"2, T" " x) = 0.
n—,oo

Thus there exists € > 0 such that

s\ (T"x, T"z, T"'2) <e.

Without loss of generality, we can assume that there exists —=— for —2— such that

m—2
sx(T"z, T"x, T™x) SQZS%(Ti%Tix?Tin) +s

i=n

s (T, T e, T )

m—n

m—2
§2Zki8 r (z, 2, Te) + k™ s s (2,2,T2)
i:7L m—mn m—n
€ €
+ o« —'-
m-—n m—n

<2e.

<2(

)

That is for m > n,
sx(Tz, T"x, T™x) < 2e.
This shows that (T™z) is a Cauchy sequence and since X* is s-complete, there exists u € X* with
lim T"z = u.
n—oo

From the continuity of T, we get

u= lim 7"z = lim T(T"z) = Tu.

n— oo n—oo

Therefore u is a fixed point of T O

Let M be the family of all continuous functions of five variables M : Ri — Ry. For some k € [0,1),
we consider the following conditions:

(C1) For all z,y,z € Ry, if y < M(x,x,0,z,y) with z < 2z + y, then y < kz.

(C2) If y < M(y,0,y,y,0) for all y € R, then y = 0.
Theorem 4.4. Let T be a self-map on s-complete X} and
(41) S)\(TZ, TI? Ty) < M(SA(‘T, z, y)7 SA(T:L', TZIZ, IL’), SA(Txa T(L’, y)a 53)\(Ty7 Tya ’I’), SA(Tyv Tya y))

for all x,y,z € X} and some M € M. Then we have

(1) If M satisfies the condition (C1), then T has a fized point.

(2) If M satisfies the condition (C2) and T has a fized point x, then the fized point is unique.
Proof. (1) For each xp € X and n € N, we take z,41 = Tx,. It follows from (4.1) and Lemma
that
S (xn—&-la Tn+1, xn+2) =S\ (Txvu Ty, Txn—&-l)

SM(S)\(I'TH T, xn+1)a Sk(wn+17 Tni41, xn)a SA(:CTH*la Tni1, anrl)v
$3A(Tn+2, Tnt2, Tn), SX(Tn+2, Tnt2, Tnt1))

:M(S)\(.'L'n, Tn, xn+1)7 8,\(1'7“ Tn, '/En-i-l)a 0) 83>\(xna T, xn+2)7 S)\('rn+17 xn+17 xn+2))-
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By triangle inequality and Lemma [3.3] we have

(4.2) 833 (Tns Tny Tng2) < 282 (Tn, Tn, Trg1) + SA(Tng1, Trti, Tni2)

From (4.2), we see that z < 2x + y. Since M satisfies the condition (C1), there exists k € [0,1) such
that

(4.3) S\ (Tt 1, Tng 1, Tnga) < kSx(@n, n, Tpp1) < - <Ky (o, o, 1)
Taking the limit as n — oo, we get

lim sy(zp, Tn, Tpy1) = 0.
n— oo

Hence there exists € > 0 for A > 0 such that

S\ (T, T, Tpg1) < €.

Without loss of generality, we can assume that there exists —=— for A_ > 0 such that

—n m—n

3

S_x (:EnywnawnJrl) S .
m—mn m—-n

Thus for all n < m by using (53), Remark and (4.3) we have
S)\(.'En, Tn, mm) SQS% (mna Tn, xn+l> + 5% (xmz Ty $n+1)

SQS% (mna Ly xn+l> + 5% (xn+1,xn+17 xm)

SQ( 9 9 3

m-n m-n m-—n
<2e.

This proves that (x,) is s-Cauchy in the s-complete X*. Then (z,) converges an x € X ;.
Now we prove that z is a fixed point of T'. By using (4.1)), we get

Sa(Tnt1, Tnt1, Tx) =sx(Txp, Ty, Tx)
<M (sx(zn, Tny )y ST, Ty Tn), SX(T T, Ty ), S50 (T, T, 4), S (T, Tk, ).
Since M € M, then using Lemma [3.10 and taking the limit as n — oo, we obtain
sa(z,z, Tx) < M(0,0,0,s3x(Tx, Tx,x), sx(Tx, Tz, x)).
From Remark we can rewrite
sga(Tx, Tx,x) < sy(Tx, Tz, x).
Then the inequality can be written as follows:
sx(z,z,Tx) < M(0,0,0,sx(Tz, Tx,x), sx(Tx, Tz, x)).

Since M satisfies the condition (C1), then sy(z,z,Tx) < k.0 = 0. This proves that z = Tx.
(2) Let x,y be fixed points of T. We prove that = = y. It follows from (4.1]) that

sa(z,x,y) =sx(Tx, Tz, Ty)
<M (sx(z,z,y), sx(Tx, Tx,x), sx(Tx, Tx,y), ssx(Ty, Ty, z), sx(Ty, Ty, y))
<M (sx(z,z,y),0,sx(z,x,y), s3r(y,y, x),0).
From Remark [3.4] and Lemma we get
sa(z,z,y) < M(sx(z,z,y),0,sx(z, z,y), sx(z, z,y),0).
Since M satisfies the condition (C2),

sa(z,z,y) =0z =y.
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Remark 4.5. Theorem is a corollary of Theorem when we take M(z,y,z,s,t) = k.x for
ke 0,1) and z,y,z2,s,t € R,.

Now we will give a new corollary of Theorem (4.4
Corollary 4.6. Let T be a self map on s-complete X} and
sx(Tx, T2, Ty) < a(sx(Tw, T, x) + 5x(Ty, Ty, )
for some a € [0, %) and all v,y € X¥. Then T has a unique fized point in X .
Proof. We must show that M (x,y, z, s,t) = a(y +t) satisfies conditions (C1) and (C2). First, we have
M(z,z,0,2,9) = a(z + y).
So, if y < M(x,z,0, z,y) with z <2z + vy, then
y <M(z,z,0,z,y) =alzr+y)
Y <ax + ay

y < x

“1-a
with % € [0,1). Therefore, M satisfies condition (C1).
—a

If y < M(y,0,y,y,0) =0, then y = 0. Therefore, M satisfies the condition (C2).
Since
S)\(T.’,U, Tﬁl}, Ty) SM(SA(I7 Zz, y)a S)\(Tl', T'Ia LE), S)\(Tl’, TI, y)? SA(Tya Ty7 l’), SX(T:I% Ty7 y))

:a(S)\(TZL', T.’L’, .’b) + S)\(Tya Tyv y))a
T has a unique fixed point in X by Theorem O

Open problems How can obtain some similar results for the papers (see [2, [15]) in fuzzy metric
spaces with the help of this technique?
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The strong converse inequality for de la Vallée Poussin means
on the sphere *
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Abstract

This paper discusses the approximation by de la Vallée Poussin means V,, f on the unit
sphere. Especially, the lower bound of approximation is studied. As a main result, the strong
converse inequality for the means is established. Namely, it is proved that there are constants
C:1 and Cs such that Ciw (f, ﬁ) < |WVaf = fllp £ Cow (f, %) for any p-th Lebesgue

P p

integrable or continuous function f defined on the sphere, where w(f,t), is the modulus of
smoothness of f.

MSC(2000): 41A25, 42C10

Keywords: sphere; de la Vallée Poussin means; approximation; modulus of smoothness;
lower bound

1 Introduction

Motivated by geoscience, meteorology, and oceanography, sphere-oriented mathematics has gained
increasing attention in recent decades. As main tools, spherical positive polynomial operators play
prominent roles in the approximation and the interpolation on the sphere by means of orthonormal
spherical harmonics. Several authors such as Ditzian [5], Dai and Ditzian [4], Bernes and Li [3],
Wang and Li [16], Nikol’skii and Lizorkin [10, 8] introduced and studied some spherical versions
of some known one-dimensional polynomial operators, for example, spherical Jackson operators
[8], spherical de la Vallée Poussin operators [3, 16], spherical delay mean operators [13] and best
approximation operators [5, 4, 16] etc..

The main aim of the present paper is to study the approximation by the de la Vallée Poussin
means on the unit sphere.

For to formulate our results, we first give some notations. Let R%, d > 3, be the Euclidean space
of the points z := (z1,x2,...,24) endowed with the scalar product z -z’ = Z;lzl zja)(z, 2’ € R9)
and let o := 091 be the unit sphere in R? consisting of the points z satisfying > =z -z = 1.

We shall denote the points of ¢ by w, and the elementary surface piece on o by do. If it is
necessary, we shall write do := do(u) referring to the variable of integration. The surface area of

d

0?1 is denoted by |0?71|, and it is easy to deduce that |0?~!| = [ do = 12,’(7;)
2

By C(o) and LP(0), 1 < p < 400, we denote the space of continuous, real valued functions

and the space of (the equivalence classes of ) p-integrable functions defined on o endowed with

the respective norms ||f||lse 1= max,cq | f(1)], [|fllp = ([, [f(1)|Pdo( ))l/p (1 <p < o). In the
following, LP?(o) will always be one of the spaces LP(c) for 1 < p < oo, or C(o) for p = cc.

Now we state some properties of spherical harmonics (see [16], [7}7 [9]). For integer k > 0,
the restriction of a homogeneous harmonic polynomial of degree k£ on the unit sphere is called a
spherical harmonic of degree k. The class of all spherical harmonics of degree k will be denoted
by Hy, and the class of all spherical harmonics of degree k¥ < n will be denoted by I1¢. Of course,

*The research was supported by the National Natural Science Foundation of China (No. 61272023)
fCorresponding author: Feilong Cao, E-mail: feilongcao@gmail.com
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¢ = @) _, Hr, and it comprises the restriction to o of all algebraic polynomials in d variables of
total degree not exceeding n. The dimension of H;, is given by
2k+d—2 (k+d—2) k> 1
) — )

d._ 713 d._ k+d—2 k
dj, = dim Hy : {17 k=0

and that of IIZ is >, d¢.
The spherical harmonics have an intrinsic characterization. To describe this, we first introduce
the Laplace-Beltrami operators (see [9]) to sufficiently smooth functions f defined on o, which
d o2

is the restriction of Laplace operator A = Y ", 5,2 on the sphere o, and can be expressed as

Df(u) := Af (ﬁ) ‘ . Clearly, the operator D is an elliptic, (unbounded) selfadjoint operator
HECT
on L2(o), is invariant under arbitrary coordinate changes, and its spectrum comprises distinct

eigenvalues Ay := —k(k+d—2), k=0,1,..., each having finite multiplicity. The space Hj, can
be characterized intrinsically as the eigenspace corresponding to \g, i.e.

Hy = {0 € C=(0) : DV = —k(k +d — 2)¥).

Since the \;’s are distinct, and the operator is selfadjoint, the spaces Hj are mutually orthogonal;
also, L?(0) = closure {€P, Hx}. Hence, if we choose an orthogonal basis {Yj; : I = 1,...,d¢} for
each Hy, then the set {Yj;: k=0,1,...,0=1,...,d%} is an orthogonal basis for L?(o).

The orthogonal projection Yy, : L' (o) — Hy, is given by

Vi) = S [ B o),

where 2\ = d — 2, and P are the ultraspherical (or Gegenbauer) polynomials defined by the
generating equation (1 — 2rcos +r2)~* = 37 ' r*P}(cos0)(0 < 6 < 7). The further details for
the ultraspherical polynomials can be found in [15].

For an arbitrary number 6, 0 < 6 < m, we define the spherical translation operator of the
function f € LP(0) with a step 6 by the aid of the following equation (see [12], [2]):

Su() 1= SolFi) = s [ f)do (), (1)

" |od4-2|sin

where |92 means the (d — 2)-dimensional surface area of the unit sphere of R?~1. Here we
integrate over the family of points ¥ € o whose spherical distance from the given point u € o
(i.e. the length of minor arc between p and v on the great circle passing through them) is equal
to 6. Thus Sy(f;pn) can be interpreted as the mean value of the function f on the surface of
(d — 2)-dimensional sphere with radius sin 6.

The properties of spherical translation operator (1.1) are well known; see e.g., [2]. In particular,
it can be expressed as the following series

So(fi ) = > P (cos ) L = ) .
0 hu)_z Pk)\(l) Yk(fa/“‘) _ZQk(CObG)Yk(fap“)

k=0 k=0

A COSs .
where Q}(cosf) := LD and for any [ € L2(0), 1Ss(f)llp < 1l Timao 1Sof = fllp = 0.

We usually apply the translation operator to define spherical modulus of smoothness of a function
f € LP(o), i.e. (see [16]) w(f,t)p := supgcg<s ||f — Sofllp- Clearly, the modulus is meaningful to
describe the approximation degree and the smoothness of functions on o, which has been widely
used in the study of approximation on sphere.

We also need a K-functional on sphere o defined by (see [5], [16])

K(ft)p :=inf {|f — gll, + | Dgllp : g,Dg € LP(0)}. 0<t<to. (1.2)

For the modulus of smoothness and K-functional, the following equivalent relationship has been
proved (see [5])

w(f;t)p = K(f,1)p- (1.3)
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Here and in the following, a ~ b means that there are positive constants C; and Cs such that
C1 < a < Cyb. We denote by C;(i = 1,2,...) the positive constants independent of f and n,
and by C(a) the positive constants depending only on a. Their value will be different at different
occurrences, even within the same formula.

Define the kernel of de la Vallée Poussin as

1 t\2n
v (t) = m(cos 5) , neN, (1.4)

where the constant I,, 4 satisfies [ v,(uv)do(v) = |0%~2|, and pv is the spherical distance between
the points p and v, i.e. the length of minor arc of great circle crossing p and v. Then the
convolution resulted by the kernel is

vn<f;u>=<f*vn><u>=wl_2| / f@)on(i)do(v), e LMo), (1.5)

which is called de la Vallée Poussin means on the sphere.

The means were introduced by de la Vallée Poussin in 1908 for one dimensional Fourier series
and were generalized to ultraspherical and Jacobi series by Kogbeliantz and Bavinck in 1925 and
1972, respectively (see also [16]). In 1993, Berens and Li [3] established the relation between
the means and the best spherical polynomial approximation on the sphere, and discussed their
approximation behavior by various of smoothness. Especially, they proved (see also [16]) the
relation:

1
— ~ — P(g). .
wax|[Vif — flp = w(f. 7)1 € 1) (L.6)
Motivated by [1] and [6], we will improve the above result. Indeed, we will prove
1
Vs = fllp (£ =)

for any f € LP(0), 1 < p < +o0.

2 The kernel of de la Vallée Poussin

In the definition of de la Vallée-Poussin kernel v,, given by (1.4), the constants I,, 4 is requested to

satisfy [ v, (uv)do(v) = |0?72|, which implies that [ v,(6)sin®* 6d6 = 1(2A = d — 2).
92 TOH1/2)0(n A +1/2)

By computation, we have I, 4 , where I'(\) is Gamma function. So,

C(n+22+1)
T(n+2X\+1) £\>"
v (t) = cos = )
22PN+ 1/2)T(n+ A +1/2) 2

Since vy, (t) are even trigonometric polynomials with degree n, V,,(f, 1) are spherical polynomials
with degree n. So we also call (1.5) spherical de la Vallée Poussin polynomial operators.
We can translate de la Vallée Poussin means given by (1.5) into the multiplier form:

(o)
A
Vo (f; ) :wal’,)cYk(f;u) (2.1)
k=0
where ( |
n!(n+2X)! _
W) iz | iRy 0SESm
| 0, k> n.

Since the means can be rewritten as

; = 7Tv ;) sin®* = Wv 3 713]“)\((:089) ; in?*
Vldin) = [ on@)su(fimsin oao = [ o) <k§_0 e Yk<f,u)>s 0o
- T P} (cos0) . .
= 2 (/0 Un(Q)l}kA(l)me’\@dQ) Yi(fin),
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it is sufficient to prove [ v, () P’;(fz)ls)e) sin® @ df = wﬁt)‘; (k > 0). Indeed, when k = 1, one has
2 :
T P} (cos 6 T 0
/ Un (9)& sin?* 0dh = / v, (0) | 1 = 2sin? = | sin®* 0dA
0 Pi(1) 0 2

22)\ T 0 2(n+X) 0 T 0 2(n+X) 0
= / Cos — sin?? Zdo — 2/ cos = sin?A 1 Z g

22A3+1 /1 1 1 1 1
= — = ) - 14+ = Z
Toa (23(/\+2,n+)\+2> B()\+ +27n+)\+2>>

n nl(n + 2A)! )

nt2A+l  (m-Dl(ntltan  mb

where B(a,b) is Beta function.

Py (cos 0) sin?? 0df = W()\ll- Then for k+1 we first recall

Now, we suppose for k < n that foﬂ v (0) 236 M
2 ,

the relation (see page 81 of [15])

(k+ 1P (2) =2\ + k)zP(x) + @A+ k — )Py (z) =0 (k> 1),

i.e.,
PR, (cos) = %H (2(A + k) cos 6P (cosf) — (2A + k — 1)P) ,(cos 9)) .
Then,
T P> 0 T
/ Un, (G)w sin®* fdf = /\; (2(>\ +k) / v, (6) cos O P (cos 0) sin®* 0dh
0 Pk+1(1) Pk+1(1)(k + 1) 0

AN+ k)Jy— J1).

Pk +1)

—2A+k-1) / v (0) P (cos #) sin®* HdH) =
0
By the assumption, we obtain

Py (cosd) (2X + & — 1)Inl(n + 2!

=02 \+k—-1)P} (1 Wnei'”odaz .
Ti= @A+ k= DEA )/0 on(6) P TNk — Di(n—k+ Di(n+k—1+2))
For Jy we have
L 0\ 20 A .2
Jo = — cos — 2cos® = — 1| P{(cos®)sin“" 0db
In,d 0 2 2

2lny1.d Hx /W Pp(cost) . oy A /7T Pp(cost) . oy
= — P (1 0) "o 0do — P (1 0) "o 0do
In’d k( ) 0 U"+1( ) P]g\(l) sin k( ) 0 U”( ) P]g\(l) sin

= Ja1 — Jog,

which implies from the assumption that Joy = 1;(!1124('22;)) (nle)('?vjfljl2 syi» and

2+ 1+ X+1/2)0(n+2X+ 1) (k4 2)) (n+Dl(n+1+2))!

Jo1 = Fn+A+1/2)T(n+1+2Xx+1) k2N (n+1—-k)!(n+1+k+2)\)"
Therefore,
I'(k+2)) nl(n + 2X)!
= 1 2 .
J2 BTN (1= k)\(n+ 1+ kT 20! (n(n+1) + k(2X + k))
So,
T PI?+1(COS 0) 2\ n'(n + 2/\)' ()\)
n(0) ————— sin“" 0d0 = = )
/0 onl) P, (n—k—Dln+k+1+2x)!  mksl
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On the other hand, it is clear that for & > n, wff‘,)g = 0. Hence, de la Vallée Poussin means

Vi (f; 1) have the form of multiplier expression given in (2.1).

Now we give some properties for the de la Vallée Poussin kernel v,,.

Lemma 2.1. Let v,(t) be the kernel of de la Vallée Poussin defined by (1.4), 2A = d — 2 and
d > 3. Then there hold

/ 0~ v, (0) sin® 0dO < C(d)n?, (2.2)
0
and .
/ 0~ 7 v, (0) sin® 0df < C(d)yn=, m=1,2,.... (2.3)
0
Proof. We only prove (2.2). The proof of (2.3) is similar. First, a direct computation implies

N .
(2n—|—d 3).. - _d%.

Ina = C(d) (n+2d— a1

2n (=X)
Then, [ 0~*v,(0)sin>* 0d0 = ﬁ N (‘)*)‘(COS %) sin?* df = J}“dd , where

_ T a4 9
Jé,,dA) = / 0~ %> sin?=2 § cos?" §d9.
0

So, we have

3 d—2 _
J(_’\) < 9% /2 sin% tcos® 42 ¢t = 2%_13( g tl2ntd-2+ 1)
n,d = o 2 2
d—1 d—1
= 2%*1“@)@ - C(d)M ~n %
4 F(TL—F 3d‘;2) F(TL—F 3d‘;2)
Therefore
T J(72) n*% d—2
/ 0~ v, (0) sin® 0df = % < C(d)—— = C(d)n" 7 .
0 In,d n- "z

The proof of Lemma 2.1 is completed. [
Lemma 2.2. For the kernel of de la Vallée Poussin v, (t) defined by (1.4), we have

/ 0*v,,(0) sin®* 0df < C(d)n 2.
0

Proof. Since

s 9 jus
in)i = / 6* cos®™ 3 sin® 9df = 241 1* / * §in2 g cos2n -2 g

0 0

_ 9d—2.5 (QnJr(g;i)zlii(;!Jrl)”’ if d is even;

- 9d—174 —@”*(‘;;i);’d;ff””, if d is odd

N C IRl

N (2n +2a)!! ’

we have @
4 J, (2n + 2d — 4)!!
0%0,,(0) sin?* 0df = ~¢ — C(d)~= =" < C(d)n 2.
/0 on(6) sin Ina (D =g aau = Cn

This finishes the proof of Lemma 2.2. O
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3 Lower bound of approximation for de la Vallée Poussin
means

In this section we prove the main result of this paper, which can be stated as follows.
Theorem 3.1. Let V,,(f; 1) be de la Vallée Poussin means on the sphere given by (1.5). Then
for f € L?(0),1 < p < 400, there exists a constant C which is independent of f and n, such that

1
y (ﬁ ﬁ) < CVif = flly-

In order to prove the result, we first prove the following lemma.

Lemma 3.1. For any g, Dg, D?g € LP(c), 1 < p < oo, there exist the constants A, B and Cy
which are are independent of n and g, such that ||V,g — g — a(n)Dg|l, < Can~2|D%g||,, where
0< % <a(n) < %.

Proof. Since (see (3.6) of [11]) So(g; 1) —g(p) = fog

sin~ 2 ¢ dt fot sin® u S, (Dg; p)du, we have
u 2
Su(Dg; 1) = Dg(p) = / sin™* ydy / sin® v S, (D?g; p)dv.
0 0

Observing that

T 0 t
Valgy ) —g(p) = / v, () sin® 0d9/ sin~ 2 tdt/ sin®*u S, (Dg; pu)du
0 0 0

T (4 t
= Dg(u)/ v, (0) sin®* 0d6 / sin 2 tdt/ sin?* udu
0 0 0

T 0 t
+/ v, () sin® GdG/ sin~2* tdt/ sin2>‘u(5’u(Dg;u) - Dg(,u))du
0 0 0
= Dyg(p)a(n) +¥(g; p),

where a(n) = C(d)n~! satisfies 0 < An™' < C(d)n=! < Bn™!, we obtain that from the Holder-
Minkowski’s inequality and the contractility of translation operator

T 6 t u ¥
|Tgll, < ||D29Hp/ v, (0) sin®? 9d6‘/ sin~=2* tdt/ sin?? udu/ sin =2 vd'y/ sin?* vdy
0 0 0 0 0

cg\|D2g||p/ v, (0)6* sin®* 9df.
0

IN

Thus, from Lemma 2.2 it follows that ||¥g||, < C4n~2||D?g||,. The Lemma 3.1 has been proved.
O
Now we turn to the proof of Theorem 3.1. We first introduce an operator V)" given by

n

Ve =3 ([ o 0)dcos0ysin 0as) it s

k=0
Then, form the orthogonality of projection operator Yy, it follows that

n

vty =y ( /0 " ()02 (cos ) sin® 9d9)myk(zn: ( / " o (0)0 (cos 0) sin? 9d9)lys f)

k=0 s=0 70
= VM(Viih).

Thus, we take g = V)" f and obtain that

m

1f=gllo = 1F =V flp <D IVEF = ViEFlp <mllf = Vafllp,
k=1
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where VOf = f.
Next, we prove the estimate: | DV, ||, < 52-Cinl|f|lp, where A and Cj are the same as that

in Lemma 3.1. In fact, we have
1DV £l < =2)( [ 0)|Qicoso)

sin 99 "V ()

p

Since (see [1])
‘Pk)‘ (cos )

Qi (cos0)| =

we use (2.2) and obtain for k6 > 1 and 6 < g, that

‘ < Csmin ((k@) )

1DV fll, < Cs Zk(mdﬂ)kf%m(/ vn(G)H*’\sin”QdG)mYk(f)
0

k=0 »
o0

< G TS YR
k=0

k*

_ . - . d=2 ..
For 2 — %=2m < —1,i.e. m > %, it is clear that the series Z;ozo z ™ is convergence. Thus

2
1DV, £, < Csn =™ £,

For k0 < 1, then (2.3) implies that

Iovste < |3 f 009 (B (k + d - 2)7 | QA (cos0)| sin® a6) " Vi)
k=0 70 p
< Cy Z (/ 0n(0)07 7 sin?? 9d9)mYk(f) < Cion ZYk(f) 221, Cinl f|p,
k=0 0 k=0

p p

where A and C5 are the same as that in Lemma 3.1. Therefore, when m > %, we have

m A
1DV, flly < 5=Canli £l

In the next, without loss generality, we assume m; > d%, and m > d% + my. According to
Lemma 3.1 we see that

ACH

a@) DV fllp < IV f = fllp + Con 2| D2V, fllp < mlVaf = fllp + ——=n " [ DV 7™ £l

< mlVis = £l + 20 DV gl + A v v - p),
<mllVad = fllp + 5DV Sl + 2 g
= VS — flly + Acl vl
Taking a(n) = 491, one has
DV Tl < 222V =

So from the definition of K-functional it follows

K 1 < ym 1 2DVm
() < w=vesl+ () 1oV,
C
< il =Vl + G2 f = Vsl < Cuallf = VaS
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which together with (1.3) implies

1
y (ﬂ ﬁ>p < Clf =Vt

This finishes the proof of Theorem 3.1. [
From (1.6) and Theorem 3.1, the following Corollary 3.1 follows directly.
Corollary 3.1. For any f € LP(0),1 < p < 00, there holds

1
||an_pr ~w <f7 \/ﬁ>p

References

[1] E. Belinsky, F. Dai, Z. Ditzian, Multivariate approximation averages, J. Approx. Theory, 125
(2003), 85-105.

[2] H. Berens, P. L. Butzer, S. Pawelke, Limitierungsverfahren von Reihen mehrdimensionaler
Kugelfunktionen und deren Saturationsverhalten, Publ. RIMS, Kyoto Univ., Ser. A, 4 (1968),
201-268.

[3] H. Berens, L. Q. Li, On the de la Vallée Poussin means on the sphere, Results in Math., 24
(1993), 12-26.

[4] F. Dai, Z. Ditzian, Jackson theorem in LP, 0 < p < 1, for functions on the sphere, J. Approx.
Theory, (2009) doi: 10. 1016/jat. 2009. 06. 003.

[5] Z. Ditzian, Jackson-type inequality on the sphere, Acta Math. Hungar, 102 (1-2) (2004), 1-35.

[6] Z. Ditzian, K. G. Ivanov, Strong converse inequalities, Jour. D’Analyse Math., 61 (1993),
61-111.

[7] W. Freeden, T. Gervens, M. Schreiner, Constructive approximation on the sphere, Oxford
University Press Inc., New York, 1998.

[8] P. I. Lizorkin, S. M. Nikol’skil, A theorem concerning approximation on the sphere, Anal.
Math., 9 (1983), 207-221.

[9] C. Miiller, Spherical harmonics, Lecture Notes in Mathematics, Vol. 17, Springer, Berlin, 1966.

[10] S. M. Nikol’skil, P. I. Lizorkin, Approximation theory on the sphere, Proc. Steklov Inst. Math.
172 (1985), 295-302.

[11] S. Pawelke, Uber die approximationsordnung bei kugelfunktionen und algebraischen poly-
nomen, Téhoku Math. J., 24 (3) (1972), 473-486.

[12] W. Rudin, Uniqueness theory for Laplace series, Trans. Amer. Math. Soc., 68 (1950), 287-303.

[13] E. M. Stein, Interpolation in polynomial classes and Markoff’s inequality, Duke Math. J., 24
(1957), 467-476.

[14] E. M. Stein G. Weiss, Introduction of Functions of Real Variable, Princeton University Press,
Princeton N. J., 1971.

[15] G. Szego, Orthogonal polynomials, Amer. Math. Soc. Coll. Publ., Vol. 23, 2003.

[16] K. Wang, L. Li, Harmonic analysis and approximation on the unit sphere, Science Press,
Beijing, 2000.

41 Chunmei Ding et al 34-41



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

On the fixed point method for stability of a mixed type
AQ-functional equation

Ick-Soon Chang® and Yang-Hi LeeP

® Department of Mathematics, Chungnam National University,
Daejeon 305-764, Korea.
® Department of Mathematics Education, Gongju National University of Education,
Gongju 814-711, Korea.

Abstract

In this article, we take into account the stability for the following functional equation of additive-quadratic type

flx—y) = f(—z+y) —4f(z) + f(22) — f(-y) + f(y) =0

with the fixed point method.

Keywords: Stability ; Fixed point method ; Additive-quadratic mapping.
AMS Mathematics Subject Classification (2000): 39B52, 39B82, 47TH]10.

1 Introduction

Ulam [9] proposed the following question concerning the stability of homomorphisms:

Let Gy be a group and let Gy be a metric group with the metric d(-,-). Given € > 0, does there exist a § > 0
such that if a function h : G1 — G2 satisfies the inequality d(h(xy), h(x)h(y)) < 6 for all z,y € Gy, then there
exists a homomorphism H : G1 — Go with d(h(x), H(x)) < € for all x € G1?

Hyers [5] answers the problem of Ulam under the assumption that the groups are Banach spaces. A
generalized version of the theorem of Hyers for approximately additive mappings was given by Aoki [1], and
for approximately linear mappings was presented by Rassias [7] by considering an unbounded Cauchy differ-
ence. Thereafter, many interesting results of the stability of several functional equation have been extensively
investigated.

On the contrary, Cadariu and Radu [2] observed that the existence of the solution for a functional equation
and the estimation of the difference with the given mapping can be obtained from the fixed point alternative.
This method is called a fixed point method. In particular, they [3, 4] applied this method to prove the stability
theorems of the additive functional equation and the quadratic functional equation by using the fixed point
method.

Now we consider the stability of the following mixed type additive-quadratic functional equation (briefly,
AQ-functional equation)

flz—y) = f(—x+y) —4f(z) + f(2z) — f(—y) + f(y) = 0. (1.1)

by using the fixed point method. In this case, every solution of the functional equation (1.1) is said to be an
additive-quadratic mapping.

aCorresponding author.

E-mail address: ischang@cnu.ac.kr (I.-S. Chang), yanghi2@hanmail.net (Y.-H. Lee)

The first author was supported by Basic Science Research Program through the National Research Foundation of Korea (NRF)
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2  Stability of Eq. (1.1) and its applications

Throughout this article, let V' be a real or complex linear space and Y a Banach space. For a given mapping
f:V =Y, we use the following abbreviation

Df(z,y) = flx—y) = f(=x+y) —4f (@) + f(22) = f(=y) + f(y)
for all x,y € V. We first prove the following lemma.

Lemma 2.1 Let f: V =Y be a mapping with f(0) =0 such that Df(x,y) =0 for all x,y € V\{0}. Then f
is an additive-quadratic mapping.

Proof. Since f(0) = 0, we get Df(z,0) = Df(x,xz) = 0 for all z € V\{0}, and Df(0,y) = 0 for all y € V.
This completes the proof. [

For explicitly later use, we state the following theorem :

Theorem 2.2 (The alternative of fixed point) ([6] or [8]) Suppose that a complete generalized metric space
(X, d), which means that the metric d may assume infinite values, and a strictly contractive mapping J : X — X
with the Lipschitz constant 0 < L < 1 are given. Then, for each given element x € X, either

d(J"z, J" 1 x) = +00, ¥n € NU {0},
or there exists a nonnegative integer k such that:
(1) d(J"z, J"Tz) < +oo for alln > k;
2)
(3)
()

the sequence {J"x} is convergent to a fized point y* of J;

y* is the unique fized point of J in Y = {y € X, d(J*x,y) < +oo};
d(y,y*) < (1/(1 = L))d(y, Jy) for ally € Y.

Now, by the use of fixed point method, we obtain the main results as follow.

Theorem 2.3 Let ¢ : (V\{0})? — [0,00) be a function with ¢(z,y) = p(—x,—y) for all x,y € V\{0}.
Suppose that a mapping f 1V — Y satisfies

IDf(z, y)ll < o(z,y) (2.1)
for all x,y € V\{0} with f(0) = 0. If there exists a constant 0 < L < 1 such that a function ¢ has the property
¢(27,2y) < 2Ly(z,y) (2.2)

for all z,y € V\{0}, then there exists a unique additive-quadratic mapping F : V. —'Y such that

o(z, )

[f(z) = F(2)]| < 21-1) (2.3)
for all x € V\{0}. In particular, F is represented by
o (f@2M3) 4+ f(=2") | f(2"%) — f(=2"2)
F(z) = lim < - 2. 4n =+ gn+1 : ) (2:4)

forallz eV,

Proof. Consider the set
S:={g:9:V =Y, g(0) =0}

and introduce a generalized metric on S by
d(g,h) = inf{K € R" : ||g(x) — h(z)|| < K¢(x,z) for all = € V\{0}}.

It is easy to see that (S,d) is a generalized complete metric space.
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Now we define a mapping J : S — S by

g(2z) — g(—27) N 9(2x) + g(—22)
4 8

Jg(x) =
for all z € V. Note that
g@a) —g(=2"a) _ g(2"2) + g(~2"0)
- on+1 2. 4n
for all n € N and all z € V. Let g,h € S and let K € [0, 0] be an arbitrary constant with d(g,h) < K. From
the definition of d, we have

J"g()

I 7g(x) — Th(a)ll =2 llg(2r) — b2z + 5 llg(~22) — h(~20)]

< %K(p(?m,l@)
< KLyp(x,x)
for all x € V\{0}, which implies that
d(Jg, Jh) < Ld(g,h)

for any g, h € S, that is, J is a strictly contractive self-mapping of S with the Lipschitz constant L. Moreover,
by (2.1), we see that

p(, )

2
for all z € V\{0}. It means that d(f, Jf) < 1 < oo by the definition of d. Therefore, according to Theorem 2.2,
the sequence {J" f} converges to the unique fixed point F': V — Y of Jin the set T = {g € S : d(f,g) < oo},

which is represented by (2.4).
Note that

1£) ~ TF @) = | - 8Df(z,2) + Df (~, ~a)]| <

1
< - <
AU F) < T2 AT < 5
which implies (2.3).
By the definition of F) together with (2.1) and (2.4), we find that

|DF ()] = lim |

2n+1
+ o H
. 2n+1
< n n _on,. _on
< lim S (0(272,2"y) + (2", —2"y))
=0

for all z,y € V\{0}. By Lemma 2.1, we have proved that DF(x,y) = 0 for all 2,y € V. This completes the
proof. O

We continue our investigation with the following theorem.
Theorem 2.4 Let ¢ : (V\{0})? — [0,00) with ¢(z,y) = ¢(—z,—y) for all z,y € V\{0}. Suppose that

f 'V =Y satisfies the inequality ||Df(x,y)|| < ¢(z,y) for all z,y € V\{0} with f(0) = 0. If there exists
0 < L <1 such that the mapping ¢ has the property

Lo (22,2y) > 4¢p(x,y) (2.5)
for all x,y € V\{0}, then there exists a unique additive-quadratic mapping F': V —'Y such that
Lo(z, x)
_ < .
@)~ F@) < 7220 (26)

for all x € V\{0}. In particular, F is given by

Fo= i () )@ (5) e

forallz € V.
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Proof. Let (S, d) be the set as in the proof of Theorem 2.3, and we consider the mapping J : S — S defined by

Jo@) =g (5) ~a(-5) +2(s(5) +9(-3))

for all g € S and all z € V. Observe that

Jrg(a) =2 (9(2%)—9( ;))J“%( <2n>+g( 21;))

and JYg(x) = g(z) for all z € V. Let g,h € S and let K € [0,00] be an arbitrary constant with d(g,h) < K.
The definition of d yields

1790w = )l =3l (5) =1 () | +Jo (-3) -2 (-3) |

T
< 4K ( )
?\3'3

< LKg(x,x)

for all € V\{0}. So we get
d(Jg,Jh) < Ld(g, h)

for any g, h € S, that is, J is a strictly contractive self-mapping of S with the Lipschitz constant L. Also we
see that

1@~ 5@l = |7 (5. 2)|| < ¢ (5.9) < Zotw )

for all € V\{0}, which implies that d(f, Jf) < £ < occ.
Therefore, according to Theorem 2.2, the sequence {J" f} converges to the unique fixed point F' of J in
the set T := {g € S : d(f,g) < oo}, which is given by (2.7).
Since I
d < 7d J —_—
(1F) < {2 dU I <
the inequality (2.6) holds.
From the definition of F with (2.1) and (2.5), we have

: gn—1 (Df (2n 2%) - DI (72%72%))
+ % (0 (55:35) +2F (=5m—35)) |

L2447 r oy T
<) (e(z3) +e (-53))
- nl)néo 2 SD 271 2TL + 90 2TL 27L

=0

|DF (2, )] = lim |

for all z,y € V\{0}. So, by Lemma 2.1, F' is an additive-quadratic mapping, which completes the proof. O

From now on, given a mapping f: V — Y, we set

Af(z,y) :=f(@+y) — fx) = f(v),
Qf(z,y) =f(z+y)+ flz —y) = 2f(x) - 2f(y)

for all z,y € V. Using Theorem 2.3 and Theorem 2.4, we will prove the stability of the additive functional
equation Af =0, and the quadratic functional equation @ f = 0 in the following results.

Corollary 2.5 Let fi : V. — Y, i = 1,2, be mappings for which there exist functions ¢; : (V\{0})?
[0,00), i = 1,2, such that

[Afi(z, y)|| < oz, y) (2.8)
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for all z,y € V\{0}. If f:(0) = 0, ¢i(x,y) = ¢di(—x,—y), i = 1,2, for all x,y € V\{0}, and there exists

0 < L <1 such that
1
Z(bl(x’y) S ¢1(2$,2y) S 2L¢)1(a§,y),
for all z,y € V\{0}, then there exist unique additive mappings F; : V =Y, i = 1,2, such that

o1(x, ) + 3¢1 (2, —x)

[f1(z) = Fi(2)|| < 20— 1) ;
L(¢ (.T,CL‘) +3¢ (.%', _x))
1£2(e) = B@)ll < =77

for all x € V\{0}. In particular, the mappings F;, i = 1,2, are represented by

Fi(z) = li_)m w7
Paa) = lin 2'f2 (57)

forallz € V.
Proof. We first note that

Dfi(z,y) = Afi(z, —y) — Afi(—z,y) + Afi(z, ) + Afi(z, —)
for all z,y € V and i = 1,2. Put

pi(r,y) = ¢i(x, —y) + ¢i(—z,y) + ¢i(x, ) + ¢i(x, —7)

(2.9)
(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

for all z,y € V\{0} and 7 = 1,2, then ; satisfies (2.2) and ¢ fulfills (2.5). Therefore ||Df;(z,y)| < ¢i(x,y)

for all z,y € V\{0} and i = 1,2. According to Theorem 2.3, there exists a unique mapping Fj :

satisfying (2.11), which is represented by (2.4).
Observe that, by virtue of (2.8) and (2.9),

lim ‘ fi(2mx) + fr(—2"x) ‘ ~ im fi2™x) + f1(—2"x) —fl(O)H
n—o0o on+1 n—o00 on+1
= 11m 2n+1 [Af1(2"%x, —2"z)||
< lim s (2, —2")
L/I'L
< P _ —
< nh_{réo 5 o1(x,—2) =0
and
< — =
T = M g gl ) =0
for all x € V\{0}. This inequality and (2.4) guarantees (2.13).
Moreover, we have
Af (2", 2" 2", 2"
H fl( €L, y)H < ¢1( €L, y) SLndh(I,y)

2n 2n

V »Y

for all ,y € V\{0}. Sending the limit as n — oo in the above inequality, and using F7(0) = 0, we get

AF(z,y) =0for all z,y € V.
On the other hand, according to Theorem 2.4, we see that there exists a unique mapping Fj
satisfying (2.12), which is given by (2.7).

V=Y
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Notice that, by (2.8) and (2.11),

Jm 2 (55) + 0 (50) | = 2 e (55 |
< 1im 22"y (oo, - o)

~ n—oo on’  9n
"

< 1 —_— —_ = .

< nh_}moo 5 ooz, —x) =0

as well as

. n—1 i _
nh%H;OQ Hf2 (2”) + /2 (2") ‘ SJLOOZ ¢2( —2)=0
for all € V\{0}. From these and (2.7), we obtain (2.14).

Moreover, we have
Y
746 (5o ge) | <70 (55 50) < 52
’ fa o < 2%¢y o7 on _2n¢2( Y)

for all z,y € V\{0}. Taking the limit as n — oo in the above inequality, and using F»(0) = 0, we fee that
AF5(z,y) =0 for all z,y € V. The proof is ended. O

Corollary 2.6 Let f; : V. — Y, i = 1,2, be mappings for which there exist functions ¢; : (V\{0})?
[0,00), i = 1,2, such that

1Qfi(z, Yl < ¢z, y)
for all z,y € V\{0}. If fi(0) = 0, ¢i(x,y) = di(—x,—y), i = 1,2, for all z,y € V\{0}, and there exists
0 < L < 1 such that the mapping ¢1 satisfies (2.9) and ¢2 satisfies (2.10) for all z,y € V\{0}, then there exist
unique quadratic mappings F; -V —Y, i = 1,2, such that

301 (z,x) + 5¢1(x, —x)

If1(z) — Fi(z)]l < 10-1) ; (2.15)
If2(o) - Fafo)] < Lm0 (2.16)
for all x € V\{0}. In particular, the mappings F;,i = 1,2, are given by
Fi(w) = lim_ ! 1?:”, (2.17)
Fy(x) = lim 4" f (2%) (2.18)

forallxz e V.
Proof. Note that

Dfi(e,) = Qfi(r.) — Qfily, ~2) + filw,~) + 3 Qfily ~y) — 5 Qi)

for all z,y € V and i = 1,2. Put ¢;(z,y) := ¢i(x,y) + ¢:i(y, —x) + ¢i(z, —x) + %gﬁl(y,y) + %d)i(y, —y) for all
z,y € V\{0} and i = 1,2, then ¢; (resp. y2) satisfies (2.2) (resp. (2.5)). Moreover,

IDfi(z, y)ll < @iz, y)

for all z,y € V\{0} and i = 1,2. Tt follows from Theorem 2.3 that there exists a unique mapping F; : V — Y
satisfying (2.15), which is represented by (2.4).

Observe that
‘f1(2n$) — [i(=2"z) H

lim il

n—oo

QA" 2, —2" ) — Qfi(-2"" 1w, 2" Na)

n~>oo 2n+1 |

1 - - n— n—
J g (02 (e )

tm 7 (0 (5-3) +4 (-35)

=0

| A

IN
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and

fi2"z) — fr(—2"x)
2. 4n

lim ‘

n—oo

< Jmge (0 (55 + o (55)) =0

for all € V\{0}. Due to this fact and (2.4), we get (2.17).

Moreover, we have
H Qf1(2"z,2"y) ‘

vz, 2my) L
< 2l " ) < 27¢1(907y)

for all z,y € V\{0}. As n — oo in the above inequality, we see that QF;(z,y) = 0 for all z,y € V\{0}. By
using F;(0) = 0, then we have

QFi(@,0) =0, QR (0,y) = - QF (5.-5) + QR (=5.5) =0

for all z,y € V\{0}. Therefore, QF;(z,y) =0 for all z,y € V.
On the other hand, Theorem 2.4 guarantees that there exists a unique mapping F» : V — Y satisfying
(2.16), which is represented by (2.7).

Observe that
()~ £ (-50) | =

Qf2 (2n+1’_2n+1) Qf2 ( ont1’ 2nx+1> H
e e =)
<t (e (3 -3) e (-33))

for all = € V\{0}. It leads us to get

Jm 4 (52 (55) = £ (-35)) =0 Jm 2 (2o (55) = o (-55)) =0

for all = € V\{0}. Based on these facts and (2.7), we obtain (2.18).

y

Moreover, we have
‘4n@f2 (2n 2n> H S 402 (2n 2%) < L¢2(w,y)

for all z,y € V\{0}. Going the limit as n — oo in the previous inequality, and using F»(0) = 0, we get
QFs(x,y) =0 for all x,y € V, which complete the proof.

Now, we obtain the stability in the framework of normed spaces using Theorem 2.3 and Theorem 2.4.

Corollary 2.7 Let X be a mormed space and Y a Banach space. Suppose that the mapping f : X — Y
satisfies the inequality

IDf(z, y)| < O=[” + llyll”)

for all z,y € X\{0} with f(0) = 0, where 8 > 0 and p € (—00,1) U (2,00). Then there exists a unique
quadratic-additive mapping F' : X — Y such that

[ 2l 42
- ren <= { B R

for all x € X\{0}.

Proof. This follows from Theorem 2.3 and Theorem 2.4 by putting
p(a,y) = 0(]z]” + ly[”)

for all z,y € X\{0} with L=2P"1 <lifp<land L=22"P <1lifp>2.

Corollary 2.8 Let X be a normd space and Y a Banach space. Suppose that the mapping f : X — Y satisfies
the inequality
IDf(z, y)|| < Ol [Pyl
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for all z,y € X\{0} with f(0) =0, where § > 0 and p+ q € (—o00,1) U (2,00). Then there exists a unique
quadratic-additive mapping ' : X — Y such that

6llx||P* :

+q>2,

1) - Fa)| <=4zt UPHd
m pr +qg< 1

for all x € X\{0}.

Proof. By considering
oz, y) = 0llz|"[ly[*

for all z,y € X\{0} with L =2PT9"! < 1if p+qg<land L =227P79 < 1if p+ ¢ > 2, then by Theorem 2.3
and Theorem 2.4, we arrive at the conclusion of the corollary.
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ABSTRACT. Let ¢ and v be holomorphic self-maps of the unit polydisk Dy, in the
n-dimensional complex space C", denote by C, and C, the induced composition
operators. In this paper, we estimate the essential norm of the differences of
composition operators Cy, — Cy, from Lipschitz space to weighted Banach space
in the unit polydisk.

1. INTRODUCTION

The algebra of all holomorphic functions on domain Q will be denoted by H(f2),
where Q is a bounded domain in C™, where n > 1 is a fixed integer. Let D,, = {z =
(215 .oy 2n) € C™, |z;] < 1, 1 < i < n} be the open unit polydisk of the complex n-
dimensional Euclidean space C™ and H(D,,) be the space of all holomorphic functions
on D,. For z = (21, ..., 2,) and w = (wy,...,w,) in C™, the inner product of z and
w is (z,w) = z1W1 + ... + 2, Wy, where (.,.) denotes the inner product. Moreover,
|||z ]| = max;{|z;|} stands for the supremum norm on D,,.

For z,w € D, the pseudo-hyperbolic distance between z and w is defined by

p(z,w) = |(z —w)/(1 - wz)|.

It is well known that if f € H(D), then p(f(z), f(w)) < p(z,w). The Bergman metric
on the unit polydisk is given by

The Kobayashi distance kp, on D, is defined by

Lo 14 ||¢=(w)ll
kp, (z,w) = = log ————, (1.1)
2 71— |llg=(w)ll
where ¢, : D,, = D, is the automorphism of D,, given by

¢Z(w):(w1—21 wn—zn)

1—ziwy’ 71— Z,w,

The work was supported in part by the National Natural Science Foundation of China (Grant
Nos. 11371276; 11301373; 11201331).
*Corresponding author.
2010 Mathematics Subject Classification.Primary: 47B33; Secondary: 47B38, 32A37, 32H02.
Key words and phrases. composition operator, Lipschitz space, weighted Banach space, polydisk.
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Let v be a strictly positive bounded continuous function (weight) on the open unit
polydisk D,, in C™,n > 1. We first introduce the weighted Banach spaces of analytic
functions of the following form:

1 = {f € HDL: fll, = sup v(e)|f()] < oo}
z€D,

endowed with the sup-norm ||.||,. Spaces of this type appear in the study of growth
conditions of analytic functions and have been studied in various articles, see, e.g.
2, 8, 10].

For 0 <a <1, an f € H(D,) belongs to the Lipschitz space Lip, (D), if

e = 1O+ 5w Y- |22 @)1= Py < . (12)

z€D,y, =1

It is easy to show that Lip,(D,,) is a Banach space endowed with the norm ||.||, (see,
e.g.[13, 14]).

Let ¢ = (p1(2), ..., on(2)) and ¥(z) = (¢¥1(2), ..., ¥n(2)) be holomorphic self-maps
of I,,. The composition operator C, induced by ¢ is defined by

(Co)f(2) = fp(2))

for z € D, and f € H(D,) (see, e.g.[3]). The essential norm of a continuous linear
operator T is the distance from T to the set of all compact operators, that is, [|T||. =
inf{||T — K|| : K is compact }. Notice that ||T||. = 0 if and only if T' is compact, so
estimates on ||| lead to conditions for T to be compact (see, e.g.[6, 14, ?]). In the
past few years, many authors have been interested in studying the mapping properties
of the differences of two composition operators, that is, an operator of the form

T=0C,-Cy.

The primary motivation for this has been the desire to understand the topological
structure of the whole set of composition operators. Most papers in this area have
focused on the classical reflexive spaces, but some classical nonreflexive spaces in the
unit disc in the complex plane have also recently been discussed. We refer the readers
to the recent papers [1, 4, 5, 6, 7, 9, 12] to learn more about the propertied about the
differences.

Building on the above foundations we estimate the essential norm for the differences
of composition operators induced by ¢ and ¥ acting from Lipschitz space to weighted
Banach space in the unit polydisk D,,, where ¢ and 1) are two holomorphic self-maps
of the unit polydisk in n-dimensional complex space C™. The paper is organized as
following: Some lemmas are given in section 2. Section 3 is devoted to the main
results.

Throughout the remainder of this paper, C' will denote a positive constant, the
exact value of which will vary from one appearance to the next.

2. SOME LEMMAS

Lemma 1. Assume that f € Lip,(Dy,), then

1f(2) = f(w)] < nl[fllakp, (2, w)

for any z,w € D,,.
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Proof. Empolying the definitions in (1.1) and (1.2) we have that

F(z) = 1O)] = \/01 RIEE) | - \Z/ zjggj@z)dt’
> [ el

9¢;

J
o 76#
I g JA—
n Izl 1
o —dt
1713 |
1 N 1+ 2
= §Hf||a210gl
=1

[allEall
T=ll=10

The last inequality in (2.3) follows from the fact the map ¢t — log((1+¢)/(1 —¢)) is
strictly increasing on [0,1). Setting z = ¢,,(2z) and using (1.2), it’s evident that

IA

(t2)](1 = Jtzs[?) -t

IA

IA

IN

1
1l log (23)

1 1+|[[ow@)]
0 duw — fody < 0 Oylla=log ——-+—.
£00u(z) = £ o bulw)] < nlf o dullag los - EE S
Replacing f o ¢, by fo ¢y, 0 gzb;l,
1o 1+|[[¢w(2)]ll
If(2) = flw)| < ”||f||a§ logm <l fllokp, (2, w).
This completes the proof. ([l

Lemma 2. For f € Lip,(D,,) and a fired 0 < § < 1, define G = {z € D, : |||z||| < 6}-
Then

lim sup sup|f(z)— f(rz)| =0.

1 flla<12€G

Proof. Using the definition in (1.2) we obtain that

sup |f(z) — f(rz)]

z€G

= sup ‘ Z ( T2, T22, ooy 21, Zjy ooy Zn) — F(T21,T22, o0y Zj41, oy Zn))
2€G

0
§sup2’/ zja—j(rzl,...,rzj_l,tzj,zjﬂ,...,zn)dt
j=1 77

<(1- T)n\lfHa sup

G (1—1llz ||| )
(1 —T)anlla
< (1= 2)a =0, r—1
This ends the proof. O
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3. MAIN RESULT

In this section we estimate the essential norm of C, — Cy : Lip(IDy,) — H°(Dy,).
We denote F5 = {z € D,,, max{|||le(2) |||, |lv)||} £1- 6} and Es = D,, — Fj for
0 < 6 < 1. We consider the following two conditions

— 3 _ 2\«
M, = lrglagxngl_r)r(ljzseugév(Z)|(1 [91(2)1%)* 0, () (1(2))]

— : _ 2\
M := e Lim sup o(2)|(1 = |eu(@)) v ) (2u(2)]-
Theorem 1. For any 0 < § < 1, denote F5 = {z € D, max{|||e(2) |||, lll¥() ||} <
1 —6}. Suppose C, — Cy, = Lipa(Dy,) — H(D,,) is bounded. Then

max{M;, Mz} < ||Cy — Cylle < 2nlim sup v(z)kp, (¢(2), ¥ (2)). (3.4)
6—0 2€Es
Proof. The upper estimate. For a fixed 0 < r < 1, we have that both C,, and Ci.
are compact operators. For any 0 < § < 1,

Ce — Cylle,Lipa—rze < |Cp — Cyp — Cryp + Cry|lLip,—He=
= sup [[(Cy, —Cy —Cryp + Cry) fllase
lflla<1

= sup sup v(2)|f(p(2)) — f(re(2) + F(re(2)) — f(¥(2))]

lflla<12€Dy

< sup sup v(2)|f(p(2)) — f(re(2) + f(ry(2) — f(¥(2))]

I flla<1z€F5

+ sup sup v(2)|f(p(2)) = f(re(2) + F(re(2) = fF(@(2)]. (3.5)

[flla<1z€Es

Since the weight v(2) is a strictly positive bounded continuous function on the open
unit polydisc D,, and using lemma 2 and we can choose r sufficiently close to 1 such
that the first term in (3.5) is less than any given € > 0, and we denote the second
term in (3.5) by I. Empolying lemma 1, it follows that

I < sup sup v(2)(|f(p(2)) = fF(¥(2)| + |f(re(2) = f(rid(2))])

flla<1z€Es
< Sup | sup v(2)nl| flla(kp, (¢(2), 9 (2)) + kp, (re(2), 79(2)))
< 2 sup v(2)k, (9(2), ¥ (2)), (3.6)

the last inequality is obtained from kp, (r¢(2),r¢¥(2)) < kp, (p(2),¥(z)). Firstly let-
ting r — 1 and then é — 0, the upper estimate yeilds.
The lower estimate. For [ = 1,2,..,n, set

By = {z € Dy : max(lpi(2)], [¢1(2)]) > 1 -8}
It is easy to see that Es = |J;_, ES. For a fixed [ (1 <1 < n), define

a; = lim sup v(z)(1 — l01(2)*)* w2y (01(2))-

—0 zEEfS

If we put 6, = 1/m, then §,, — 0 as m — oo. For the case ||¢i]|lcc = 1 or ||¢1]lcc = 1,
then for large enough m with Eém # (), there exists 2™ € Eém such that

lim v(2™)(1 = |pu(2™)]*)* |y, m) (@1(z™)] = ar. (3.7)

m—r oo
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Since 2™ € Ef;m implies that |p;(2™)| > 1 — 0y, or [1(2™)| > 1 — 6y, without loss of
generality we assume that |¢;(2™)] — 1. Set

= e(z™)? AP em) (2), P ey (01(2™)))
fnlz) = 22 L i
(1= pi(zm)z)t—e oz (01 (2™))]
We can easily obtain that (f,,)men converges to zero uniformly on compact subsets of
D,, as m — oo and sup || fin||lo < C. Thus for any compact operator K : Lip, — HS°,
kEN

we get || K fm /e — 0, m — oo. Moreover, it is obvious that
Fnlp=™) = (1= [ B eV Fn@™) =0 (38)
Thus using the above results, (3.7) and (3.8), it is clear that
1€y~ Co = Klsipa s = Climsup (G — Co ~ Kl
> Climsup((Cy = Co) e — 1K fnllx)
= Climsup (€, = Co) ol
= Climsup sup v(2)[fm((2)) = fm(¥(2))]

m—oo z€D,

> Climsupv(z™)|fim(0(2™)) = fm(¥(2™))]

m—r00
= Climjup v(z™)|(1 = |cpl(zm)\z)“\(pwl(zm)(gol(zm)ﬂ
= Cay = Clim sup v(z)(1 — |01(2)12) 045, (2) (1(2))]
- zEEé

From the above inequality we obtain that

1Ce = Cylle,Lipa—riz 2 C lim sup v(z)(1 — 01(2) )04, () (21(2)]- (3.9)

—0 zeEé

If both [|¢i]lc < 1 and [[th]|ee < 1, in this condition, when 6 is small enough, EY is
empty, and without loss of generality we may assume that

tim sup 0(2)(1 ~ (=) ey, o (@r(2)) = 0. (3.10)
z€E}

Since the above inequality (3.9) and (3.10) holds for every 1 <[ < n, thus we obtain
that

. 2\«
1Co — Cylle,Lipa—sH > Clrélfagxn }13% Zseué)é v(2)[(1 = [1(2)[7)* [0y, (2) (01(2))]. (3.11)

Now for each [ = 1,2,...,n, we define

b= lim sup o()(1 = [01(2) )l ) (91(2)

—UzeEs

Then for any € > 0, there exists a dp with 0 < §y < 1 such that
0(2)(1 = |i(2)[?) gy (1(2))] > by — € (3.12)

whenever z € E5, and [ = 1,2, ...,n. From the above definition we know that z € Eég
implies that z € Es,, then by (3.11) and (3.12) we obtain that

1Ce = Clle.Lipa—rrye = C 1o (by — )

_ : o 2\« _
= C max lim sup 0(z)|(1 = [@1(2)]) [eu ) (wil2))] = Ce.
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Now letting € — 0 in the above inequality we obtain that

. 2\«
1€y = Collesap iz > € mae Tim sup o(2)(1 = (=) o2 (313)

Using the similar proof of (3.13) we can get

ICp = Collesip, st 2 C max Jim sup o(2)|(1 ~ Wa()2) oy (=) (314)

Combining (3.13) and (3.14), we get the lower estimate for the essential norm of the
differences. O
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THE PATH COMPONENT OF THE SET OF GENERALIZED
COMPOSITION OPERATORS ON THE BLOCH TYPE SPACES

LIU YANG

ABSTRACT. In this note, we give a characterization of the path component of the set of
generalized composition operator on Bloch type spaces.

Keywords: Path component, composition operator, Bloch type spaces

1. INTRODUCTION

Let D be the unit disk of the complex plane C, and H (D) be the space of all analytic
functions in D. f € H(D) belongs to the Bloch type space B?, if

[ fll5e = [£(0)] +sup (1 - [2)°1f'(2)] < oo,

where 0 < a < co. It is known that B is a Banach space under the || - ||z« norm. If & =1,
B“ is just the well-known Bloch space. More details about properties on Bloch type space
are given in [4], [32] and [16].

We denote S(D) be the set of analytic self-maps of D. Every analytic self-map ¢ € S(D)
induces a linear composition operator C, from H (D) to itself. A general and concerning
problem in the investigation of composition operator is to characterize operator theoretic
properties of C, in terms of function theoretic properties of ¢. To learn more conclusions
about the composition operator, see [6].

For ¢ € S(D) and g € H(D), Li and Stevic [10] defined the generalized composition
operator C as follows:

Co(f)(z) = / " Flow))g(w)dw, f € H(D).

The boundedness and compactness of the generalized composition operator from Zygmund
spaces to Bloch-type spaces were considered in [10]. Lindstrom and Sanatpour [15] gave the
characterization of the generalized composition operator between Zygmund spaces. We can
also refer to [11-14], [21-30] for the study of the operator C'¢ and its generalizations. The
composition operators between Bloch type spaces have been studied by several authors, for
example [1-3, 5, 17, 19].

Recently, lots of researchers are interested in the difference of two composition operators,
that is, an operator of the form 7' = C, — Cy, where ¢,9 € S(D). For example, Shapiro

The work is supported by NSF of China (No. 11471202).
Department of Mathematics, Shantou University, Guangdong Shantou 515063, P. R. China.
e-mail:08lyang@stu.edu.cn.
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and Sundberg [20] studied the difference of composition operators on Hardy spaces. In
[18], MacCluer, Ohno and Zhao considered it on H*°. In [7] and [8], Hosokawa and Ohno
investigated it on Bloch spaces. The purpose of studying the difference of composition
operators is to investigate the topological structure of the set of composition operators
acting on a given function space. Li [9] gave the sufficient and necessary conditions for the
boundedness and compactness of the differences of generalized composition operator on the
Bloch space. Yang, Luo, and Zhu [31] generalized Li’s results between Bloch type spaces,
which help us to study the topological structure of the set of generalized composition
operators on the Bloch type spaces. In fact, we give a sufficient condition for the path
component of the set of generalized composition operator on Bloch type spaces.

2. NOTATIONS AND AUXILIARY RESULTS

For w, z € D, the pseudo-hyperbolic distance between z and w is defined by

w—z

plw,z) = |7 ——

Let
us(z,w) = (1= s)z 4 sw, s(p(2), V() = (1 = 8)p(2) + 59(2),
whirre s€[0,1],w €D, ¢, € S(D) and simply denote ¢s((z),1(2)) by ¢s(2).
et
Plp) = {{zn} €D ()] = 1},
L) = {{z} € D: [9(z0)] — 1}.
Obviously, I'(¢s) C I'(p) NT(2).

e ) (- |22
0() — g(z 0.9(0,) — 1—12]? .
PO = e b = e
ST YR ) B S W ¢ Sl 1 A
Da ( ) (1 . |¢(Z)|2>a’ a,ﬁ( ) (1 i |77/)(Z)|2)ah< )7
and
¢Sz:—1_|z|a —S)glz sh(z
Co. f(2) = /0 (1= s)p(w) + syp(w))[(1 — s)g(w) + sh(w)]dw, f € B*.
Let
Ii(z) = D 5p(e(2),¥(2)),
Iy(z) = Dip(e(2), ¥(2)),
and
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Lemma 2.1. ( [7, Lemma 4.1] ) Let z,w € D and p(z,w) = X\ < 1. Then the map
s+ p(us, w) is continuous and decreasing on [0, 1].

Lemma 2.2. ( [31, Theorem 1.] ) The following statements are equivalent:
(1) CY—Cl - B* — B is bounded.
(2) sup.ep \11( )| <00 and sup,ep |I3(2)] < oo.
(3) sup,ep |12(2)] < 00 and sup,p |I3(2)] < co.

Lemma 2.3. (/31, Theorem 4.] ) Let 0 < o, < oo and ¢, € S(D), g,h € H(D), if
CY — CZPZ : B* — BP is bounded, and Cg,Cf;: B> — B are not compact, then C9 — C’{Z :
B> — B is compact if and only if the following two conditions hold.

(1) D(g,¢) = D(h,¢) # 0, D(g, ) C ().
(2) For arbitrary {z,} C T'(¢) NT'(¢),

lim |[1(z,)| = lim |I3(z,)| = lim |I3(z,)] = 0.
n—oo n—oo

n—o0

Lemma 2.4. Ift <0 ort > 1, then 1 — ' <t(1 — z).
Proof. Let f(z) =1—a'— (1 — z), then
fl(x) = —talt — 1) + ¢, f"(x) = —t(t — Da(t —2).
Obviously, f'(1) =0, f"(1) #0, f"(xz) >0 for t <0, f"(z) <0 for t > 1. O

Lemma 2.5. Let ¢, be analytic self maps of the unit disk D, then
(1) For any z € D, when o < 1, we have

IDE9(2) - D (2) < [DES() — DY + @ )] DE9(E) 0,02
(2) For any z € D, when o > 1, we have
|D29(2) = Dy (2)| < |Dg?(2) — DY (2)| + a(| D9 (2)| + | DL (2)]) 0 (9 (2), ¥(2)).

Proof. (1) The lemma is trivially for s =0or 1. In the following, we assume 0 < s < 1. For

arbitrary z € D, denote ( = 11 ”{f E and £ = 11 ||(;b((z))||2 By the definition of D#9(z), D¥"(z)

and D?:(2), it is easy to see

¢Sz:71_|zla —8)g(2) + sh(z
DE(:) = (2 (1= 9 + sh(2)
@R - R
R R P T e S S S R PR (S T R B
— DES (1 8)C*DEI(2) — sE" DY (2)
and
9(z) — bs 2| = ©:9(5) — — s (1_ ‘90(2”2)@ P:9(5) — g (1_ WJ(Z)P)O( P,h Py
|Dg ( ) Da ( )| ’Da ( ) (1 )( 7|¢ ( )|2)aDa ( ) (1*|¢S(Z)‘2)O‘Da ( )’
= DES(z) — (1 - $)C*DEI(z) — s DN (2)|
— DES()(1— (1— 8)C%) — DML — (1 $)¢%) + DEA(1— (1 — $)¢%) — s DN (2)|
< [DEI(z) — DEM|(1 = (1 - £)¢*)| + |DEM| 1 — (1 - 5)¢*) — 56|
< |D£9(z) — DLM||s¢*| + [DL9||(1 = (1 — s)¢*) — s£°.

(2.1)

58 LIU YANG 56-64



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

4 LIU YANG

|DE£9 — D% (2)| < | D& — D" |s¢| + |DEY||(1 — (1= 8)¢Y) — s€7). (2.2)

By simply calculating and the proving process of Proposition 4.2 in [7], we get
s(1 = s)le(z) — P(2)?

0< = 6.0 =1—(1=5)¢ =& < p*(p(2),9(2))- (2.3)
Firstly, we consider the case 0 < o < 1.
Since s¢ = 511__‘[;‘:((?;'22 <1, then
sC* < st <1 (2.4)
Now, we estimate (1 — (1 — s)¢*) — s&°.
Choosing
F(O=1-(1=s)¢" =5 = (1= (1 —5)¢—sE), (2.5)
then

= (1= s)¢(1 = () +s€(1 - €7

< (o= 1)((1 = 5)((1— ) + (1 — ) (2.6)

= (o= 1((1 = 5)¢" = 58%) = (@ = 1)(1 = (1 = )¢ — ).

The last inequality above is obtained by Lemma 2.4. Uniting (2.5) and (2.6), we obtain
1= (1—=5)¢" =% = (1= (1 =s)¢ = s£)

<=1 =s0)a—s8) —(a=1)1~(1-s)¢* =) — (a=1)(1 = (1= 5C) - 5€) (2.7)
=2-a)(1 = (1=5)¢ =58+ (a=1)(1 - (1-s)¢* - s6).

f(©)

and

_ sEPA = WE)P) + (0 = 9)le) P = [e(2)]) + s(1 = s)le(2) — (=)

S (1— 62— g2
Pt (0= [0.OP >0
(2.8)
Hence,
1= (1= )¢ — 567 < (2= a)(1 = (1 — 5)C — 56) < (2 — )P (p(2), B(2). (2.9)

Combining (2.1), (2.4) and (2.9), we get
|D29(2) = Dgr(2)] < |DE9(2) = D" (2)] + (2 = a) [ DE(2) | p(10(2), ().
This complete the proof of (1).

Next, we are going to prove (2).
If & =1, then by (2.3), we have

L= (1=s)¢" = s =1~ (1= s)¢ =& < p*(p(2), ¥(2) = ap’(0(2),¥(2).  (2:10)
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If « > 1, then
1—(1—-s)(*—s“=1—s5—(1—9)C"+s— s
= (1 =5)(1=¢) +s(1-¢%)
<a(l—s)(1 =) +s(1-) @.11)
= a(l = (1 =s)¢ = s)
< ap?(e(2),9(2)).

The first inequality in (2.11) above is obtained by Lemma 2.4.
If € <1, using (2.1) and (2.11), we obtain

|D59(2) = D (2)] < [D59(2) — D"(2)| + a| DE(2)
If £ > 1, for any s € (0,1), we have [¢(z)] < |¢s(2)] <
1.

[¥(2)] < |p(2)]. Then |¢4(2)| < |o(z)] and 1= ||q;0(z)|‘2 _(<
(2.11), it is obvious that

[D£9(2) - DY (2)]| < |DE9(2) = DY) + ol DEM )P (pl) (). (2.13)
Due to (2.11), (2.12) and (2.13) above, we infer that
[D29(2) — Dl ()] < [DE7(2) = DE*(2)] + a(|DE(2)] + [ D)) 2 (0(2), 9(2))

|0*((2), ¥(2)). (2.12)
(

1= s)[p(2)] + sl¢(2)] and
Combing (2.1), (2.10) with

O

3. MAIN RESULTS

Proposition 3.1. Let v, be analytic self maps of the unit disk D, g, h € H(D). Suppose
that CY and C{Z are bounded but not compact on B*. For any s € [0, 1], when cy— Cz 18
compact on B*, then we have
(1) Dg, CT(p) NL (W), where Dy = {{z,} CD: [p(z,)] = 1,|Dg (2)| # 1}
(2) For any {z}, C I'(p) NT'(¢), we have
lim (D£9(2n) — D& (20)) = lim (DE?(20)p(p(20), $s(2n)) = 0.

n—00

Proof. (1) It is trivial.
(2) For any {z,} C I'(p) NT'(¢), it follows from Lemma 2.3 that

h_}m |D¢g(zn) Dﬁs(zn)} = hm ’ (D& (2n ‘P n)s @s(2n))
— wh
—JL%O\Da z)|p(#(20), 65(20))
= O_

Applying Lemma 2.5,
lim [Dg9(z,) — Dg*(zn)‘ =0,

n—oo

then by Lemma 2.1,

DL (20 [p(p(20)s 65(z0)) < [DE|p(p(20), (z0)) = 0.
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Equivalently,
lim (D29 (z,) — DP*(2,)) = Tim (D29(z,)p(p(2), 6s(20)) = 0.

n—o0 n—oo

O

Theorem 3.2. Let ¢, be analytic self maps of the unit disk D, g,h € H(D). Suppose
that C9 and C’g are bounded but not compact on B*. If CY — C’g is compact on B*, then
the following two conclusions are equivalent:

(1) For any {z,} C T'(W)\['(¢), D9(z,) — 0 as n — oo and for any {z,} C
L(p)\['(), D&M (2,) = 0 asn — oo .

(2) The map s+~ Cyp, : [0,1] = Cy, (B) is continous.

Proof. (1) = (2) We only need to prove the continuity at s = 0.
Let

t(s) = sup |DE*(2) — Di* (2)] + sup |DE?(2)p(p(2)), 9(2)).

€D
Then, it is easy to see that ||CY — Cy, ||z < t(s). By lemma 2.3 and the conditions of (1),
we have
lim [DE9(zn) = DY (zn)| = Tim [DE9(2n) p(#(20), 9 (20)
= lim [DF" (2n)|p((20), 9 (2n))
=0
Hence, for any € > 0, there exists r; € (0,1) such that for every z € I';,(p) = {z € D :
o(2)| > 71},
Dg9() = DYM(=)] < 5,
and
[DE7(2)|p(e(2), 9(2) <

Applying Lemma 2.5, we obtain that

DO ™

1
Dg(2) = DEM(2)] < 5 +az = (5 + a)e. 31)

If z € D\I'\,(¢), D&Y — D?: is uniformly convergence to 0 when s approaches to 0, then
there exists an s; very close to 0 such that for any s < sy,

D§a7g _D¢° < E.
Ze%u\%ll §9(2) —Dg(2)| <e (3.2)

For any s < s, uniting (3.1) and (3.2), we get

D¥9(%) — D%s )
sup |[D(2) = D (2)] < € (3.3)
Hence,
sup |D£9(z) — D2 (2)| — 0 as s — 0. (3.4)
zeD
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Next, we are going to prove that
sup |D5(2)|p(p(2)), ¥(2)) = 0 as s — 0.

zeD
For any {z,} C I'(¢), applying Proposition 3.1 and Lemma 2.3, we have
Jim (DE7p((2n), ¢5(2n)) = 0,

This implies that there exists an ro € (0,1), such that for any z € I',(¢) = {z € D :

|o(2)] > ra},

D& (2)|p(p(2),¥(2)) < IDEI(2)|p(p(2), 9(2)) <e.
And because p(¢(z),¥(2)) uniformly converges to 0 on D\I',,(¢), we can find a sufficiently
small positive number s,, such that for any s < so,

sup  |D3Y(2)[p(p(2), 05(2)) < e
ZGID)\FTQ(QD)

Then,
Sup |D&?(2)|p(p(2), ¢5(2)) = 0 as s = 0. (3.5)

Combing (3.4) with (3.5), we obtain that (s) converges to 0 as s approaches to 0, which
finishes the proof of continuity.

(2) = (1) Assume there is a sequence {z,} C I'(¢))\I'(p), such that D%9(z,) — § # 0
asn — 00. Let A € D and X # 0, define the test function f) and g, respectively as follows:

1 1-pp
M) = 5am aX(1 — Xz)o’
(2) = 1—|)\? ( A—z N 1 )
e} = (a+1)20H1 X(1 — Az)otl  aA2(1 — Az)otl”

Then [ fillse <1, [gallse < 1,

1C% = Co. |l 2 I(CF = Co.) g (2| B
Dis (2) (1- “P(Zn)|2)(1 - |¢S(zn)|2)a
(1 - Sp(zn)st(zn))a—i_l

Because z, € I'(¢)\I'(¢), then ¢s(z,) 4 1 and lim,_,o p(@(2n), ¢s(2n)) # 0. And s — C,
is continous at 0, then by (3.6), we have

(3.6)

p(e(2n), ¢s(2n))

— 2a+1

(1 = [e(2n) )1 = |ips(20) )
D(i)S Zn Zn), Ps(Zn
O i Fymrer N CCARNCS

By the compactness of Cf — C’g, it is bounded. It follows from Lemma 2.1, Lemma 2.2 and
lemma 2.5 that CY — Cy, is bounded. So

— 0,n — 00,5 — 0.

1CZ = Co.ll = 1(CF = Co.) g (z) | B

1 (1= lep(2) ) (1 — |5 (2n)[*) (3.7)
> D<P1Q n - Dd)s n .
2 gart ([P )| = D2 )| )
Letting n — oo and s — 0, we have
)
1€ = Co.ll 2 5oz > 0. (3.8)
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For ¢(z,) =0, suppose A € D, A # 0 and
1 1
C 20l g\ (1 — Az)’

Then hy € B and || hy|jge < 1. If s # 0, then ¢4(z,) — s # 0. Choosing A = ¢4(z,), we
have

ha(2) (3.9)

[(C% = Cs.)hg,(zn)llBo = [(CF = C, ) hg, (2| B
1 D% (2,)
> _ 2\, / bs N P n )
— 9o+l (‘(1 ‘Z’ﬂ| ) ¥ (z’ﬂ)|Do¢ (Zn) 1— ‘¢9(Zn)|o¢)

For T'()\I'(¢), Proposition 3.1 implies that D¢(z,) — 0. Letting n — oo and s — 0,
we get

1C = Cy. |l = 6> 0. (3.10)

It follows from (3.8) and (3.10) that the map s — Cy, is not continuous at 0, which is a
contradiction. So we complete the proof. O

Corollary 3.3. Let p, 1 be two analytic self maps of the unit disk D, g, h € H(D). Suppose
CY and C’g are bounded but not compact on B*. If C9 — C{Z is compact on B, then CJ and

Cfpl are in the same path component of B.
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THE GENERALIZED HYERS-ULAM STABILITY OF
QUADRATIC FUNCTIONAL EQUATIONS ON RESTRICTED
DOMAINS

CHANG IL KIM AND CHANG HYEOB SHIN*

ABSTRACT. In this paper, we prove the generalized Hyers-Ulam stability for
the functional equation

flax 4+ by) + abf(z — y) = a(a + b)f(z) + bla + b) f(y)

for some real numbers a,b with 2a + b = 1 on a restricted domain using the
fixed point theorem.

Key words. Generalized Hyers-Ulam stability, Quadratic functional equation,
Banach space, Restricted domains, Fixed point theorem

1. INTRODUCTION

In 1940, S. M. Ulam [15] proposed the following stability problem :

“Let G1 be a group and G2 a metric group with the metric d. Given a constant
6 > 0, does there exist a constant ¢ > 0 such that if a mapping f : G; —
G satisfies d(f(xy), f(x)f(y)) < ¢ for all z,y € G, then there exists a unique
homomorphism h : Gy — G5 with d(f(z), h(x)) < § for all x € G177

In 1941, Hyers [7] answered this problem under the assumption that the groups are
Banach spaces. Aoki [1] and Rassias [11] generalized the result of Hyers. Rassias
[11] solved the generalized Hyers-Ulam stability of the functional inequality

1f (@ +y) = flz) = I < e(ll=]” + llyl”)

for some € > 0 and p with 0 < p < 1 and all z,y € X, where f : X — Y is
a function between Banach spaces. A generalization of the Rassias theorem was
obtained by Gavruta [6] by replacing the unbounded Cauchy difference by a general
control function in the spirit of Rassis approach.

The functional equation

(1.1) fl@+y)+ fle—y) =2f(x) +2f(y)

is called a quadratic functional equation and a solution of a quadratic functional
equation is called quadratic. The generalized Hyers-Ulam stability problem for a
quadratic functional equation was proved by Skof [13] for mappings f: X — Y,
where X is a normed space and Y is a Banach space. Cholewa [2] noticed that
the theorem of Skof is still true if the relevant domain X is replaced by an Abelian
group. Czerwik [3] proved the generalized Hyers-Ulam stability for a quadratic
functional equation.

2010 Mathematics Subject Classification. 39B52, 39B82.
*Corresponding Author.
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Skof [14] was the first author to slove the Hyers-Ulam problem for additive
mappings on a restricted domain and in 1998, Jung [8] investigated the Hyers-
Ulam stability for additive and quadratic mappimgs on resticted domains. In 2002,
Rassias [12] proved that if f : X — Y satisfies the following inequality

(1.2) [f(x+y)+ flz—y) —2f(x) —2f(y)l| <9,

then there exists a unique quadratic mapping which is approximately. Recently,
Najati and Jung [9] showed that the functional equation

(1.3) flaz +by) +abf(z —y) = af (x) + bf (y)

is equivalent to (1.1) if a, b are non-zero real numbers with a+b = 1 and proved that
the Hyers-Ulam stability for the functional equation (1.3) on a resticted domain if
f is even. Elhoucien and Youssef [5] showed the results in [9] by removing the
Najati-Jung’s assumption that f is even.

In this paper, we consider the functional equation

(1.4) flax +by) +abf(x —y) = ala+b)f(x) +bla+b)f(y)

for fixed non-zero real numbers a,b with 2a +b = 1, a # 1 and we prove the
generalized Hyers-Ulam stability of it on a restricted domain. Throughout this
paper, we assume that X is a normed space and Y is a Banach space.

2. SOLUTIONS OF (1.4)

Najati and Jung [9] showed that if an even mapping f : X — Y satisfies (1.3),
then f is quadratic and that if a,b are rational numbers, then f satisfies (1.3) if
and only if f is quadratic. Elhoucien and Youssef [5] showed that if a mapping
f+ X — Y satisfies (1.3), then f is additive-quadratic. In this section, we will
show that if a mapping f : X — Y satisfies (1.4), then f is quadratic.

Theorem 2.1. Let f : X — Y be a mapping satisfying (1.4). Then f is a
quadratic mapping.

Proof. Letting z = y = 0 in (1.4), since 2a+b = 1, we have (a*+ab+b>—1)f(0) =
3a(a —1)f(0) = 0. Since a # 0,1, f(0) = 0. Letting y = 0 in (1.4), we have

(2.1) flaz) = a*f(x)
for all x € X. Letting = 0 in (1.4), we have
(2.2) f(by) =b(a+b)f(y) — abf(—y)

for all y € X. Let fo(z) = M Then f, satisfies (1.4), (2.1) and (2.2) and
hence by (2.2), we have

(2.3) fo(bx) = bfo()

for all x € X. By (1.4), we have

(24)  folax +by) + folax — by) = 2a(a + b) fo(x) — ablfo(x +y) + fo(z — y)]
for all z,y € X. Letting y = ay in (2.4), by (2.1), we have

(2.5)  alfo(z +by) + folz — by)] = 2(a+b) fo(z) — bfo(z + ay) + folz — ay)]
for all z,y € X and letting x = bx in (2.5), by (2

(2.6) fo(bz +ay) + fo(bx — ay) = 2(a +b) fo(z) — a[fo(z +y) + folz — y)]

.3), we have
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for all z,y € X. Interchanging = and y in (1.4), we have

(2.7)  folbr + ay) + fo(bx — ay) = 2b(a + b) fo(x) + ab[fo(z + y) + folz — y)]
for all z,y € X. By (2.6) and (2.7), since a(a + b) # 0, we have

Jolz+y)+ folx —y) —2fo(z) =0

for all 7,y € X and hence f, is additive. By (2.1), we have a?f,(x) = af,(r) and
since a # 0,1, fo,(x) =0 for all x € X.

Let fe(z) = W Then f. : X — Y is an even mapping satisfying (1.4)
and so f. satisfies (2.1) and (2.2). Replacing « and y by 2z and = + y in (1.4), we
have

(2.8) fe(@ +by) + abfe(z —y) — ala +b) fe(2z) — bla +b) fe(x +y) =0
for all z,y € X. Since a(a + b) # 0 and f. is even, by (2.8), we have
(2.9) fe(2x) = dfe(x), fe(bx)="0"f()
for all x € X. Letting x = bz in (2.8), by (2.9), we have
(2.10)  bfe(z +y) +afe(bz —y) —dab(a + b) fe(x) — (a+b)fe(br +y) =0
for all z,y € X. Interchanging x and y in (2.10), we have
(2.11) bfe(x +y) + afe(x — by) —4abla+b) fe(y) — (a+b) fe(z +by) =0
for all z,y € X. Letting y = —y in (2.8), we have
(2.12) fe(z —by) + abfe(z +y) — da(a +b) fe(x) — bla+b) fe(x —y) =0
for all z,y € X. Since b(1 — 2a% — 2ab — b?) = 2ab(a + b), by (2.8), (2.11), and
(2.12), we have
fe@+y)+ fe(z —y) = 2fe(x) + 2fe(y)
for all z,y € X and so f. is quadraric. Since f = f, + f. = fe, f is quadratic. O

Corollary 2.2. Let f: X — Y be a mapping. If a,b are rational numbers, then
f is quadratic if and only if f satisfies (1.4).

3. STABILITY OF (1.4)

In this section, we investigate the generalized Hyers-Ulam stability of (1.4) on
a restricted domain. Jung [8] proved the Hyers-Ulam stability for additive and
quadratic mappings on a resticted domain and Najati and Jung [9] proved the
Hyers-Ulam syability of (1.3) on a resticted domain if f is an even mapping. Rahimi,
Najati and Bae [10] investigated the generalized Hyers-Ulam syability of (1.1) with
the bounded function & + (||z]|?” + ||y||??) + @]|=||?||y||” on a resticted domain.

Theorem 3.1. Let ¢ : X? — [0,00) be a mapping and M a non-negative real
number. Let f: X — Y be a mapping with f(0) = 0. Suppose that f salisfies the
following inequality

(3.1)  |f(az +by) +abf(z —y) —ala+b)f(x) —bla+b)f(y)| <+ é(x,y)

for all z,y € X with ||z|| + ||y]| = M and for some non-negative real number §.
Then we have

(3-2) 1f(22) —4f(2)]| < @(z,y)
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for all x,y € X with ||y|| > M, where

O(z,y) = {¢(22 — 2by, x + (1 = b)y) + ¢(2z — 2by, x — (1 + b)y)

+ o2z + 20y, x + (1 + b)y) + o2z + 2by, x — (1 — b)y)

+[0l[¢(2x + 2y, x + 2y) + ¢(22 + 2y, 2) + ¢(22 — 2y, 7) + ¢(27 — 2y, x — 2y)]

+ 02z, x + 2y) + (22, — 2y) + 4(|b| + 2)8} x [2a(a +b)|7".
Proof. Tet &,y € X with || + lyll = M. Then 2] + [l + gl > llall + lyll > M.
Hence by (3.1), we have

[ (@ +by) + abf(z — y) — ala+b)f(2x) — bla +b) f(z +y)||

B3 i gmaty)

and letting y = —y in (3.3), we have

[f(x —by) + abf(z +y) — ala+b)f(2x) — bla +b) f(z —y)||

B 5y s@na ).

By (3.3) and (3.4), we have

(@ +by) — f(z—by) +bf(z —y) = bf(z + )

(3.5) <204+ ¢(2x,x + y) + o2z, — y).

Let z,y € X with ||y|| > M. Since || —by|| + ||y|| > M and ||z +by|| + |yl > M,
by (3.5), we have

1f(2) = f(z = 2by) + bf (z — (1 + b)y) — bf (x + (1 = b)y)||

(36) <26+ @2z —2by, x4+ (1 = b)y) + ¢(2x — 2by,x — (1 + b)y)
and
(3.7) [ f(z+2by) — f(z) +0f ( — (1 = b)y) —bf(z + (1 + b)y)||

<25+ 2z + 2by, x + (1 4+ b)y) + ¢(2z + 2by, z — (1 — b)y).
Since ||z + y|| + |ly]| = M and ||z —y|| + || — y|| = M, by (3.5), we have
If(z+ 1 +b)y) — fle+ (1 =b)y) +bf(z) = bf(z + 2y)|

B8 951 gut 2w+ 29) + 020 + 29, 2)
and
(3.9) [f(z = (A +by) = flz—(1-b)y) +bf(x) —bf(x —2y)|

<20+ (2 — 2y, ) + (2 — 2y, x — 2y).
Since ||z|| + ||2y|| > M, by (3.3) and (3.4), we have
I[f (2 + 2by) + abf (z — 2y) — ala + b) f(2x) — b(a + b) f(x + 2y)|

(3.10) <+ o2z, + 2y).
and
(3.11) 1f(z — 2by) + abf (z + 2y) — a(a +b) f(2z) — b(a +b) f (= — 2y)

<+ o2z, — 2y).
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Note that
200 +0)/(2) = 47(0)
—f(&) — F(w— 2by) + bf(z — (1+ b)y) — b+ (1 - byy)]

+[f( +2by) = f(2) +bf(x = (1 = b)y) = bf (z + (1 + b)y)]
(312)  +b{f(+ (14 b)) — Fl@+ (1— b)) + bf(x) — bf(x +2y)

bl — (14 b)y) — f(z — (1= b)) + bf(z) — b (& — 2y)]
— [f(z+ 2by) + abf(x — 2y) — ala + b) f(2x) — b(a + b) f(x + 2y)]
— [f(z —2by) + abf(x + 2y) —ala + b) f(2x) — b(a + ) f(x — 2y)]
for all z,y € X with |ly|]| > M. By (3.6), (3.7), (3.8), (3.9), (3.10), (3.11), we have
(3.2). O

We apply the fixed point method to investigate the generalized Hyers-Ulam
stability for the functional equation (1.4).

Definition 3.2. Let X be a set. A function d : X x X — [0,00] is called a
generalized metric on X if d satisfies

(i) d(z,y) = 0 if and only if z =y,

(i) d(z,y) = d(y,z) for all z,y € X, and

(iii) d(z, z) < d(z,y) + d(y, 2) for all x,y, z € X.

Now, we consider the following fixed point theorem :

Theorem 3.3. [4] Let (X, d) be a complete generalized metric space and J : X —
X a strictly contractive mapping with a Lipschitz constant L with 0 < L < 1. Then
for each element x € X, either

(3.13) d(J"z, J" M r) = 00
for all nonnegative integers n or there is a nonnegative integer k such that

(1) d(J"z, J"z) < 00 for alln >k,

(2) a sequence {J™x} converges to a fized point y* of J,

(3) y* is the unique fived point of J in the set Y = {y € X | d(J*z,y) < oo},
and

(4) d(y,y*) < t2pdly, Jy) for ally €Y.

Now, we will prove the stability of (1.4) on a restrcted domain.
Theorem 3.4. Let ¢ : X2 — [0,00) be a function such that

(3.14) o(27,2y) < Lo(x,y)

for all z,y € X for some positive real number L with L < 1. Let f : X — Y be
a mapping with (3.1). Then there exists a unique quadratic mapping @ : X — Y
such that f satisfies (1.4) and

1
(3.15) 1Q(z) — f(x)ll < mq’(%y)

forallz € X andy € X with |ly|| > M.
Proof. By Theorem 3.1, the following inequality

(3.16) I () — 272 f(22)]| < 272®(x, )
holds for all z,y € X with |jy|| > M.
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Let @ = {g: X — Y | g(0) = 0}. Define a generalized metric d on by
d(g,h) = inf{C € [0,00) | lg(x) - h(@)]| < CB(z,y),Ya,y € X with |yl > M}.
We claim that (€2,d) is a complete metric space. Let {g,} be a Cauchy sequence
in (©,d) and € > 0. Then there is a positive integer k such that d(gn,gm) < € for
all n,m > k. Pick yo € X with [|yo|| > M and let z € X. Since ||gn(z) — gm(x)|| <
e®(x,yo) for all n,m >k, {gn(z)} is a Cauchy sequence in Y and hence we can
define a mapping g : X — Y by g(x) = lim,_, gn(x). Clearly, g € Q and
lim,,— o0 gn = g. Thus (£2,d) is a complete metric space.

Define a map J : @ — Q by Jh(z) = +h(2z) for all z € X. Let g,h € €.
Suppose that C' is a positive real number such that
lg(x) = h(z)]] < CO(z,y)

for all z,y € X with ||y|| > M. By (3.14), we have
1 1 1
I 7g(x) — Th(z)l| = {lla(2r) — h(20)] < {CR(2x,2y) < {CL(,y)
for all z,y € X with ||y|| > M and hence we have
L

for all g,h € Q. Since 0 < L < 4, J is a strictly contractive mapping and by (3.16),
we have

1
dJf.f) < 5.

By Theorem 3.3, {J" f} converges to the unique fixed element Q of JinY = {h €
Q| d(f,h) < oo} and (3.15) holds. Further, we have

Qx)= lm_J"f(x)= lim 272" f(2")

for all x € X and we have (3.15). Moreover, Q(0) = 0, because f(0) = 0.

Now, we claim that @ satisafies (1.4). First, suppose that x # 0 or y # 0.
Replacing  and y by 2"z and 2"y in (3.1), respectively and deviding both sides of
(3.1) by 227, we have

12727 £(2" (ax + by)) + 27" abf (2" (z — y))

3.17
B a2 - et 92 ) < (o) + 4

for all z,y € X and sufficiently large positive integer n. Letting n — oo in (3.17),
@ satisfies (1.4). Clealy, if x = 0 and y = 0, then @ satisfies (1.4). By Theorem
2.1, Q is quadratic.

Assume that Q1 : X — Y is another quadratic mapping satisfying (1.4) and
(3.15). Then we have

1Qi(x) — F@)] < Bz, y)

4(1-1L)
for all z € X and y € X with |ly|| > M and so
1
< — .
d(lef) = 4(1 —L) <00
By (3) of Theorem 3.3, Q = Q1. O

Skof [13](Jung [8], resp.) proved an asymptotic property of aditive (quadratic,
resp.) mappings. We consider such property for (1.4).
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Corollary 3.5. A mapping f : X — Y satisfies (1.4) if and only if the asymptotic
condition

[ f(az+by) + abf(z —y) —ala+b) f(z) —bla+b) f(y)[| — 0 as ||z + [yl — oo
holds.
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Hesitant fuzzy soft set and its lattice structures
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Abstract: Hesitant fuzzy set and soft set were introduced by Torra and Molodtsov, respectively.
The two sets have been used successfully as effective mathematical tools for dealing with vagueness
and uncertainties. By combining hesitant fuzzy set and soft set, in this paper, we propose a new
model named hesitant fuzzy soft set, which can be regarded as an extension of many models, such
as hesitant fuzzy set, soft set, fuzzy soft set, interval-valued fuzzy soft set and multi-fuzzy soft
set. Some basic operations of hesitant fuzzy soft set are defined and some desirable properties of
those operations are investigated. Furthermore, the lattice structures of hesitant fuzzy soft set are
discussed.

Keywords: Hesitant fuzzy set; soft set; fuzzy soft set; hesitant fuzzy soft set; lattice

1 Introduction

Soft set was firstly proposed by Molodtsov [1], it is a new mathematical tool for modeling
vagueness and uncertainty. Since its appearance, soft set theory has attracted more and more
attention from many researchers and many important results on soft set have been achieved in
theory and application. Maji and Biswas et al. [2] defined some basic operations. Ali et al. [3,4]
gave some new operations on soft sets and studied some algebraic structures of soft sets. Yang and
Guo [5] introduced some kernels and closures of soft set relations. Many authors applied soft sets
to some algebraic structures such as groups, rings, fields and modules [6-8]. The applications of
soft set in decision making and other areas could be found in [9-12].

At the same time, in order to extend the application ranges of soft set, fuzzy extension of soft
set theory has become a hot research topic. Maji et al. [13] introduced the notions of fuzzy soft set.
Jiang et al. [14] and Majumdar and Samanta [15] further generalized fuzzy soft set to intuitionistic
fuzzy soft set and generalised fuzzy soft set, respectively. Yang et al. [16] proposed the concept of
interval-valued fuzzy soft set by combining the interval-valued fuzzy set and soft set. Some other
generalized models of soft set could be seen in [17-19]

Recently, Torra [20] introduced hesitant fuzzy set which is a new extension of fuzzy set. It
permits the membership degree of an element to a set to be represented as some possible values
between 0 and 1. Presently, work on hesitant fuzzy set is making progress rapidly and lots of results
on hesitant fuzzy set have been obtained [21-25]. The main goal of this paper is to combine the
hesitant fuzzy set and soft set and obtain a new hybrid model named hesitant fuzzy soft set. It can
be viewed as a hesitant fuzzy extension of the soft set or a generalization of the hesitant fuzzy set.

The rest of this paper is structured as follows. The following section briefly reviews some basic
notions of soft set, fuzzy soft set and hesitant fuzzy set. Two new operations on hesitant fuzzy
element are defined, and some of their properties are investigated. In Section 3, the concept of

*Corresponding author.  Tel./fax: +86 13789003995/+86 731 88822755.
E-mail address: zhouxiaoqiang0923@163.com, ligingguoli@aliyun.com. Mailing address: College of Mathematics,
Hunan Institute of Science and Technology, Yueyang, Hunan, 414006, P.R.China
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hesitant fuzzy soft set is first proposed by combining hesitant fuzzy set and soft set. Some operations
on hesitant fuzzy soft set are given and some of their properties are studied. In Section 4, we discuss
the lattice structures of hesitant fuzzy soft set. The conclusion is finally reached in Section 5.

2 Preliminary

Let U be an initial universe of objects and E the set of parameters in relation to objects in
U. Parameters are often attributes, characteristics, or properties of objects. Let P(U) denote the
power set of U and A C E. Molodtsov [1] first gave the definition of soft set as follows.

Definition 2.1. [1] A pair (F, A) is called a soft set over U, where A C E and F' is a set valued
mapping given by F : A — P(U).

Maji [13] introduced fuzzy soft set which is an fuzzy extension of soft set.

Definition 2.2. [13] Let P(U) be the set of all fuzzy subsets of U. A pair (F, A) is called a fuzzy
soft set over U, where F is a set valued mapping given by F : A — P(U).

As a generalization form of fuzzy set, hesitant fuzzy set (H F'S) was first introduced by Torra [20]
as follows.

Definition 2.3. [20] Let X be a reference set, an HF'S on X is in terms of a function that when
applied to X returns a subset of [0, 1], which can be represented as H = {hHT(”‘Hx eX }, where

hi(x) is a set of some values in [0, 1], denoting the possible membership degrees of the element
x € X to the set H.

For convenience, Xu and Xia [21,22] called hy () an hesitant fuzzy element (H F'E) with respect
to z of H. It is worth noting that the number of values of different HF Es may be different, in
this paper, let [(hg(x)) denote the number of values of hy(x). We arrange the values of hy(x) in

increasing order, and let h?q(j )(x) be the jth largest value of hy(x).

Definition 2.4. [20] Let H = {hHT(”C)yx e X} be an HES. Then

(1) H is said to be an empty hesitant set, denoted by ®, if hy(z) =0 for all x € X;

(2) H is said to be a full hesitant set, denoted by Z, if hy(z) =1 for all z € X

(3) H is said to be a complete ignorance set, denoted by W, if hy(z) = [0, 1] for all z € X.

Definition 2.5. [20] Let A > 0, h, h; and hy be three HF Es, some operations on them are given
as follows:

(1) hiUhy = U%Ehl,’méhz{max(')/la'72)};

(2) hi0hy = U’716h1,72€h2{min('71a72>};

(3) h¢ = Uyen{l — 7}

We further define the strict union and the strict intersection for HF' Es hy and ho, which will
be useful in the sequel.

Definition 2.6. Let hy and hy be two HFEs, h; = min{y|v; € h;} and hj = max{vi|v €
hi}(i = 1,2). The strict union and the strict intersection of h1 and hg are defined as follows:

(1) h1Uhg = Uy,en, i=1,2{7ilvi > min(hi, h3) or 1 = y2};

(2) h1 M ha = Uy,en, i=1,2{7ilv < max(hi, hy) or 1 =72}

For example, let Ay = {0.2,0.3,0.6,0.8} and hy = {0.4,0.5,0.8,0.9}, then hy U he = {0.8,0.9} #
{0.4,0.5,0.6,0.8,0.9} = hy U hg, hy Mhe = {0.2,0.3} # {0.2,0.3,0.4,0.5,0.6,0.8} = hq N ha.

In fact, all the above operations on HF' Es can be suitable for HF'Ss. Some relationships can
be further established for these operations on HF E's.
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Theorem 2.7. For three HF Es h,hy and hs, the following is valid:
(1) h§ U RS = (hl M hQ)C,'
(2) h‘lj M hg = (hl (] hg)c.

Proof. (1) Since hy M ha = Uy,ep, i=1,2{7ivi < max(hy,hy) or 41 = 2}, then
(h1 Th2)® = Uy,enyi=1,2{1 — 7ilvi <maz(hy, hy) or 1 =72}
Since h§ = Uy, en, {1 — 11} and h§ = Uyyen, {1 — 72}, then
B U5 = {Uyien {1 = 1} U {Usena {1 = 72}}
— U’yiEhi,iZ].,Q{l —3ill =y <min(l —h,1—hy)or1—vy =1—1}
= Unseh izt 2l — il < 1—min(l — hi, 1 —hy) or 71 = 72}
= Uyiehyi=1,211 — vl <max(hi, hy) or y1 = ¥}

Theorem 2.8. For three HF Es hi,hs and hg, the following is valid:
(1) (h1 U hQ) Uhs=mhU (h2 U h3),‘
(2) (hi Nha) M hg = hy N (ha N h3);
(3) hi U (hg N hg) = (hl U hg) N (hl U h3);
(4) hi N (ha U hg) = (h1 Nha) U (hy Nhs).
Proof. (2) and (4) are similar to (1) and (3), respectively, so we only prove (1) and (3).
(1) Since (h1 U ha) = Uy,ep, i=1,2{maz(y1,72)}, then
(h1 U h2) U hg = {Uyen, i=1,2{maz(y1,72)}} U hs
= Uy,en, i=1,2,3{max(maz(y1,72),73) }
= Uy,en, i=1,2,3{maz(v1,72,73)}
= Uny,eh; i=1,2,3{maz(y1, maz(y2,73)) }
=h1 U (hQ U h3).
(3) Since (ha N h3) = Un,en, i=2,3{min(y2,73)}, then

hi U (ha Nh3) = h1 U{Uy,en, i=2,3{min(y2,73)}}
= Uy,ehyi=1,2,31maz(y1, min(y2,73))}
= Uyehyi=1,2,3{min(maz(y1,72), maz(y2,73)) }
= {Uy,ensi=1.2{maz(v1,72)}} N {Uy,en, i=1,3{maz(y1,73)}}
= (h1 Uhg) N (h1 U hs)

Theorem 2.9. For three HF Es hi,hs and hg, the following is valid:

(1) (h1 M hg) Mhy =h1 N (hg M h3),‘

(2) (hl L hQ) LUhs=h1u (hg L hg),’

(3) (hl ] hg) Mhy = hyy

(4) (hl M hQ) Uhy = h.

Proof. (2) and (4) are similar to (1) and (3), respectively, so we only prove (1) and (3).

(1) Since hy Mhy = Uy,en, i=1,2{7il7 < max(hy,hy) or y1 = 72}, then

(h1 M ha) Mhg = {Uy,en,i=1217il7i < max(hy, hy) or v = 721} Mhs

= Uyiehy,i=1,23{7ilvi < maz(max(hy, hy), hy) or 1 =72 =73}
= Uy,ehsi=1,23{maz(hy  hy  hy) or y1 =72 = 3}
= Usiehs,i=1,2,31%|v < maz(hy,maz(hy , h3)) or v1. =2 = 73}
= h1 T{Uy,en,i=2,3{7il7i < maz(hy, hy) or y2 = y3}}
=h1 M (hg M h3).
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(3) Since h1 U hy = Uy, en, i=1,2{7lvi > min(hf, h;) or 1 =72},
i) If ki < hd, then min(h], hy) = hi. It follows that hiUhy = Us.ep, i=1.2{72/72 > by or v2 = 11}
By Definition 2.6, we have (hy U hy) M hy = hy.
ii) If h{ > hg, then min(h{, hd) = h. It follows that hyLhe = Us,cp, i=12{m|v1 > hy or v1 = 72}
By Definition 2.6, we have (hy U hg) M hy = hy.

O

3 Hesitant fuzzy soft set

In this section, we present an extended soft set model which is called hesitant fuzzy soft set
by combining the hesitant fuzzy set and soft set. Some operations and their properties on hesitant
fuzzy soft set will also be discussed.

Definition 3.1. Let HF(U) be the class of all HF'Ss of the universe U, A C E. A pair (F,A) is
called a hesitant fuzzy soft set (HFSS), where F': A — HF(U) is a mapping.

In other words, a hesitant fuzzy soft set over U is a parameterized family of hesitant fuzzy set
of the universe U. To illustrate this idea, let us consider the following example.

Example 3.2. Let U = {uy,uz,us} be a set of mobile telephones and A = {e1,ez,e3} C E be
a set of parameters. The e;(i = 1,~2,3) stands for the parameters “expensive”, “beautiful” and
“multifunctional”, respectively. Let F': A — HF(U) be a function given as follows:

ﬁ(el):{{0‘2’0'7’0'8} {0.5,0.8} {0.4,0.6,0.8}}

U1 ’ U2 ’ u3 ’

ﬁ(@):{{o.&o.&s,o.?} {0.4,0.6,0.9} {0.5,0.7}}

u1l ’ Uz ' us ’

ﬁ(eg):{{oaos} {0.3,0.5,0.8} {0.5,0.6,0.9}}.
Ul ’ u9 ’ us

Then (ﬁ, A) is a hesitant fuzzy soft set.

Remark 3.3. (1) If A has only an element, i.e. A = {e}, then hesitant fuzzy soft set becomes
hesitant fuzzy set [20];

(2) If h Fe) (u) has only one value for all e € A and u € U, then hesitant fuzzy soft set degenerates

to traditional fuzzy soft set [13];
(3) It h Fe) (u) is a subinterval of [0, 1] for all e € A and u € U, then hesitant fuzzy soft set reduces

to interval-valued fuzzy soft set [17];
(4) For alle € A, if h o) (u) has the same number of values with respect to u € U, then hesitant

fuzzy soft set transforms to multi-fuzzy soft set [19].

Definition 3.4. The complement of an HFSS (ﬁ,A) is denoted by (ﬁ,A)C and is defined by
~ ~ ~ ~ hz=c u

(F,A) = (F°¢ A), where F¢ : A — HF(U) is a mapping given by F¢(e) = {F(E)()|u€ U},

u

where B, (u) = U'yehﬁ(e)(u){l -~}

Example 3.5. (continued) The complement of (F, A) is following as:

~ 0.2,0.3,0.8} {0.2,0.5} {0.2,0.4,0.6

FW:{{ b {02,05} { }}’
Ul u9 us

~ 0.3,0.5,0.7y {0.1,0.4,0.6} {0.3,0.5

FC(@):{{ I b }}7
(51 ug us

~ 0.2,0.5} {0.2,0.5,0.7} {0.1,0.4,0.5

FC(%):{{ b b }}_

Uul u9 us
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Definition 3.6. Let (F,A) be an HFSS over U. Then N

(1) (F, A) is said to be an empty hesitant soft set, denoted by ® 4, if hp)(u) =0 for allu € U and
e€A;

(2) (F,A) is said to be a full hesitant soft set, denoted by Lu, if hpey(u) =1 for alluw € U and
e€A;

(3) (ﬁ, A) is said to be a complete hesitant soft set, denoted by Wa, if hp(e)(u) = [0,1] for allu € U
and e € A.

Proposition 3.7. Let A C E. Then

(1 )‘I’ix—IA,
(2) IA_(I)A)
(3 )WA—WA

Definition 3.8. Let (F, A) and (G, B) be two HFSSs over U and A, B C E. We define a mapping
H:AUB — HF(U) such that for alle € AUB # 0,

F(e), ifeec A—B,
H(e) =14 Gle), ifec B—A,
H(e), ifec ANB.

(1) If H(e) = F(e) U G(e), then (H,AU B) is called the extended union of (F,A) and (G, B),
denoted by (F, A)U(G, B).
(2) If H(e) = ~(e) NG(e), then (H,AUB) is called the extended intersection of (F,A) and (G, B),
denoted by ( A)ﬁ(é,B)
(3) If H(e) = F(e) UG(e), then (H, AUB) is called the extended-strict union of (F,A) and (G, B),
denoted by (F), A)I_I(é,B).

(4) If H(e) = F(e) MG(e , then (H,AU B) is called the extended-strict intersection of (F, A) and
(G, B), denoted by (F, A)7(G, B). o N o N N
If AUB = @ then (F,A)0(G,B) = &, (F,A)N(G,B) = &, (F,A)U(G,B) = & and

(F, ARG, B) =

Definition 3.9. Let (ﬁ A) and (G, B) be two HFSSs over U and A, B C E. We define a mapping

H: AN B — HF(U) such that for alle € AN B # 0,

(1) If H(e ) F(e)UG(e), then (H, AN B) is called the strict union of (F,A) and (G, B), denoted

by (F, A)U (G, B).
7

(2) If H(e) = ) then (H,AN B) is called the strict intersection of (F,A) and (G, B),

&
e:vaz

(F, A)R(G, B)

Proposition 3.10. Let A C E, (ﬁ,A) be an HEFSS over (U, E), 61 € {m,M}, 6 € {N, N},
03 € {U,8} and 04 € {U,0}. Then

(1) (F.A) 0y I = (F, A) 65 Za = (F. A);
(2) (F,A) 03 I = (F, A) 04 Ty = Ly;
(3) (F,A) 0, &p = (F, A) 0 dpp = Dy
(4) (EaA) 03 ?E:( aA) 04 q>A = (F A)
(5) (F,A) 61 &y = (F, A) 03 By = Dy;
(6) (F, A) 0 B = (F, A) 0, y = (F. A)
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over (U, E). Then the followmg holds

(1) (F,A) a (F,A) = (F, A);

(2) (F,A) a (G,B) = (G, B) a (F,A); N R

(3) (F,A) a ((G,B) a (H,C))=((F,A) a (G,B)) a (H,C).

Proof. (1) and (2) are trivial. We only prove (3). For example, let o = &, the others can be proved
analogously.

Suppose that (F, A)J¥((G, B)¥(H,C)) = (J,M) and ((F, A)J(G, B)J(H,C) = (K,N), thus
M =N=ANBNC.If M = ¢, then (F, A) ¥((G, B) U(H,C)) = ®, = ((F, ) G, B)) (H C).
If M # ¢, then by (2) in Theorem 2.9, we have hp()(u) U (h(;(e)< u) U hH o(u) = (hF(e)( u) U

hae)(w))Uhge)(u) for all e € M and u € U. It follows that F( YU(G(e)U ( ) = (F( JUG(e)) U
I:T(f) for all e € M. By the definition of the operation &, we have (F, A®((G, B)¥(H,C)) =
((F, A)W(G, B))¥(H, C). O

Remark 3.12. Theorem 3.11 shows that the operations N, M, U, U, &, U, @ and M are idempotent,
commutative and associative, respectively.

Theorem 3.13. Let A,B C E, (F,A) and (G,B) be HFSSs over (U,E). Then the following

(1) (F, AY(G, B))* = (F, AYTI(G, B);
(2) (. AYUG, B))* = (F, AYTI(G, B)"
(3) ((F, ARG, B))* = (F, AY(GC, B)"
(1) (F, A)(G, B))® = (F. A)R(G. B
(5) (£, A)n(G, B))® = (F,A)°U(G, B);
(6) ((F, AYO(G, B))* = (F, AYi(G, B)"
(7) ((E; A)Q(gv B))c = (BA)CLj(g B)C;
(8) (F,A)U(G, B))* = (F, A)N(G, B)S,

Proof. We only prove (1). By using a similar technique, (2)-(8) can be proved, too.
Suppose that (F, A)7(G, B) = (H,C). Then C = AU B,

(i) if C = ¢, then A = ¢ and B = ¢. Hence ((F, A)F(G, B))® = ®s=(F, A)°TI(G, B)".

(ii) if C # ¢, then for each e € C' and u € U, we have

hﬁ(e) (u)v ifec A— B,
hﬁ(e) (U) = h@(e)(u)7 ife € B— A,
h(e) (W) The(u), ifee ANB.

Then

he(e) (W), ifec A— B,
Bireio @) = { e (@), ifecB_ A
(hp(e) (u) Mhgy (W), ifec ANB.
Again suppose that F A)° C~}, B)¢ = . Then D = AUB and for each e € D and u € U, we
have
Fc(e U, lfGEA—B,
Gc(e) U lf@eB—A,
Fc(e (u) Ge(e) (u), ifee ANB.
By Theorem 2.7, we have hz, u) Gc(e (hF(e)( w) M hé(e) (w))C, ie., h](e) (u) = hﬁc(e) ()

foralle € Aand u € U. B B B
__ Therefore, (H,C) and (J,D) are the same HFSSs. It follows that ((F,A)N(G,B))* =
(F, A)°U(G, B)°. O
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4 Lattice structures of hesitant fuzzy soft set

In this section, we first recall briefly the necessary definitions and notations. For convenience,
we give the following axioms on an algebra @ = (X, V, A):
(YaxVe=xzANx=u1;
2)zVy=yVr,xANy=yAuz;
B)(xVvy)Vz=aV(yVz), @Ay Az=xA(yAz);
4) (zvVy Ne==z, (xANy) Ve =ux
B)xA(yVz)=(xAy)V(zAz),zV(yAz)=(xVy) A(zV=2),
where z,y, 2z € X.

The algebra (@ is called a quasilattice, if it satisfies the axioms (1),(2) and (3). If a quasilattice
further satisfies the axiom (4), then it is called a lattice. If a quasilattice (or lattice ) further satisfies
the axiom (5), then it is called a distributive quasilattice (or lattice ). N N

For convenience, let &(U, E) denote the set of all HF'SSs over U, i.e., §(U, E) = {(F, A)|A C
E,F:A— HF(U)}. Then based on Theorem 3.11, we have the following property.

Proposition 4.1. Let o € {N, M, M, 1} and B € {U,U, ), 1}, then (é(U, E),«, () is a quasilattice.
For the operations M and U, the distributive laws hold.

Theorem 4.2. Let (ﬁ,NA) (G, B), (H ,C) € é(U E). Then
(1) ((F, AYA(G, B)O(H, C) = ((F, (G, B)O((E, AYi(H, O));
(2) ((F, AU(G, B)M(H, C) = (F,A)U(G, B)n((F, A)U(H, C)).

Proof. we only prove (1). (2) can be proved by usmg a similar technique. Suppose that
(F, AR(G,B)U(H,C)) = (J,M) and ((F, AR(G, B))U((F, A)f(H,C)) = (K,N). Then M =
AN(BUC)=(ANB)U(ANC) = N. For each e € M, it follows that e € A and e € BUC.
(i)ifec Aje¢ Bec C, thenJ() ()OH() K;(e).

(it) if e € A,e € B,e ¢ C, then J(e) = F(e) N G(e) = K(e).

(7i7) if e € A,e € B,e € C, then by (4) in Theorem 2.8, we have hz ()( u)
(

(

D

'1123
o)}
=

=

(@
— =
C =™
=

=

1

hF( (u)Nhg Gle )( u) U (F (e)ﬂhﬁ(e)(u)) for all u € U. It follows that J(e) =

F(e)NG(e) U (F(e) N (H,C)) = K(e). ~
_Thus, (J,M) and (K,N) are the same HFSS, ie., (F,A)N(G,B)U(H,C)) =
((F, ARG, B))U((F, A)R(H, C)). O

Corollary 4.3. (S(U, E),,0) is a distributive quasilattice.
The operations N and U have the similar properties with the operations m and U.

Theorem 4.4. Let (ﬁ,NA), (G, B), (ﬁ,CN) e &(U, E). Then
(1) ((F, AYA(G, B)U(H, ) = ((F, AA(G, B)U((E, AA(H, C);
(2) ((F, A)U(G, B))N(H,C) = ((F, A)U(G, B))N((F, A)U(H, C)).

Corollary 4.5. (é(U, E),m,U) is a distributive quasilattice.
The following theorem shows that the absorption laws with respect to operations M and & hold.

Theorem 4.6. Let (F, A), (G, B) e S(U,E). Then

(1) (F, AYI(G, B)B(F, A) = (F, A);
(2) ((F, A(G, B))FI(F, A) = (F, A).

Proof. We only prove (1) since (2) can be proved similarly. Suppose that (F,A) (G,B) = (J,M)
and ((F,A) M (G,B)) @ (F,A) = (K,N). Then M = AUB, N = (AUB)N A = A, and for all

ecAandueU,
(i) if e ¢ B, then hj(e)(u) = hﬁ(e)(u) and hf(( )( u) = hJ(e)( w) I hﬁ(e)(u) = hﬁ(e)(u).

F,
F,
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(ii) if e € B, then hf(e) (u) = hﬁ(e) (u) U hé(e)(u) and hf{(e) (u) = hJ(e) (u)
.hé(e) (u)) M hﬁ(e) (u). By (3) in Theorem 2.9, we have (hﬁ(e)(u) L hé(e) (u)
ie. hf((e)(uz = hﬁ(e)(g). o . R

Thus (K,N) = (F,A), ie. (F,A)N(G,B))y(F,A) = (F,A). O

Z O
-
=3
m o
=
- g
N
£
I =
>
™ o
T~
A:
:\_/
= C

Theorem 4.7. (S(U, E),11,®) is a bounded lattice.

Proof. By Theorem 3.11 and Theorem 4.6, we get that (é(U, E),n, @ is a lattice. It is clear that
Zg and ®4 are the maximum element and the minimum element in (&(U, E), respectively. O

Similar to I and W, the operations L] and M have also the following properties.

Theorem 4.8. Let ( A), (G, B) e S(U,E). Then
(1) ((F, A)O(G, B)(E, A) = ( A);
(2) (F, A)R(G, B))O(F, A) = (F, A).

Theorem 4.9. (é(U, E),U,R) is a bounded lattice.

Remark 4.10. It is worth noting that (S(U, E),0,71), (&(U, E),,®) and (&(U, E), a, B) are not
lattices, as the absorption laws do not hold necessarily, where a € {0, M} and B € {U,0}. To
illustrate this idea, we give an example below.

Example 4.11. Let U = {uj,u2,u3} be the universe, E = {e1,ea,e3} the set of parameters,
A={ey,es} and B = {e3,e3}. The HFSSs (F, A) and (G, B) over U are given as:

F(el) =

~ {0.2,0.3,0.7,0.8} {0.5,0.8} {0.4,0.5,0.6}
U1 ’ u9 ’ us ’

~ B {0.3,0.4,0.7} {0.5,0.7} {0.1,0.2,0.4,0.7}
F(e2) - { Uy ) U ; us } )
~ {0506} {040809} {0.3,0.5,0.7,0.8}
Gle) = { 102 - ROROR
~ {010305} {050608} {0.6,0.9}
G(eg) { uy U2 us }

(1) Let (F,A)D (G, B))A(F,A) = (J,M), then M = AUB = {e1,e2,e3} # A. So (J, M) #
(F,A), ie. (F,A)0 (G, B))N(F,A) # (F,A). N
_(2) Let (F,A)w (G, B))A(F,A) = (K,N), then N = AN B = {e2} # A, Therefore, (K, N) #
(F,A), ie. (F,A)¥ (G,B))A(F,A) # (F,A)

(3) If 2 € AN B, then (hﬁ(@)(ul) N heie, )(ul)) U hF(e2)(u1) = ({0.3,04,0.7} N
{0.5,0.6}) U {0.3,0.4,0.7} = {0.3,0.4,0.5,0.6} U {0.3,0.4,0.7} = {0.3,0.4,0.5,0.6,0.7} #
{0.3,0.4,0.7} = hﬁ(@)(ul). It follows that (F(e2) N G(e2)) U F(ea) # F(e2). Consequently,

5 Conclusion

Considering that soft set and its existing extension models cannot deal with the situations in
which the evaluations of parameters have many possible values, in this paper, we have introduced
the notion of HFSS as an new extension to the HF'S or the soft set model. We have also defined
some basic operations on the HF'SS and discussed their properties. Finally, The lattice structures
of HF'SS have been studied in detail based on the proposed operations.
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1. INTRODUCTION

Let A be the class of functions f normalized by
f(z) :z+2anz" (1.1)
n=2

which are analytic in the open disk U = {z: z € C and |z| < 1}. As usual, we denote by
S the subclass of A consisting of functions which are normalized by f(0) =0 = f'(0) —1
and also univalent in U. Denote by 7 [16] the subclass of A consisting of functions of the

form

fZ)=2=) anz", 4, >0, n=2,3,.... (1.2)
n=2
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Also, for functions f € A given by (1.1) and g € A given by g(z) = z + Y o0, by2", we
define the Hadamard product (or convolution) of f and g by

(fxg)(z) =2+ Zanbnz", (z € V). (1.3)

The class S*(«) of starlike functions of order o (0 < av < 1) may be defined as
2f'(2)
S*(a) = fE.A:éR( )>a,z€U}.
= )

The class S*(«) and the class K(«) of convex functions of order o (0 < a < 1)

K(a):{feA: %(Hzﬁég)) > a, zEU}

={feA: zf € S*(a)}

were introduced by Robertson in [14]. We also write §*(0) = S, where &* denotes
the class of functions f € A that f(U) is starlike with respect to the origin. Further,
K(0) = K is the well-known standard class of convex functions. It is an established fact
that f € K(a) <= 2f" € S*(a).

A function f € A is said to be in the class R (A, B), (1 € C\{0}, -1 < B < A<1),
if it satisfies the inequality

f'(z) =1
(A= B)r = B[f'(2) = 1]
The class R7(A, B) was introduced earlier by Dixit and Pal [7]. If we put

‘<1 (z € U).

T=1, A=aand B=—-a (0<a<1l),

we obtain the class of functions f € A satisfying the inequality

%‘<a (zeU;0<a<)

which was studied by (among others) Padmanabhan [12] and Caplinger and Causey [5].

We recall here a generalized Bessel function wy,(2) = w(z) defined in [1] and given by

= (=)™ " 2\ 2ntp
w(z) = wpbelz) = Z n! T (p+n+22) (5) (14)

n=0
which is the particular solution of the second order linear homogeneous differential equa-
tion
220" (2) + b2 (2) + [cz? — p* + (1 = b)]w(z) = 0, (1.5)
where b, p, c € C, which is a natural generalization of Bessel’s equation.
The differential equation (1.5) permits the study of Bessel function, modified Bessel
function, spherical Bessel function and modified spherical Bessel functions all together.
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Solutions of (1.5) are referred to as the generalized Bessel function of order p. The
particular solution given by (1.4) is called the generalized Bessel function of the first kind
of order p. Although the series defined above is convergent everywhere, the function w, .
is generally not univalent in U. It is of interest to note that when b = ¢ = 1, we reobtain
the Bessel function of the first kind wy, ;1 = Jp, and for ¢ = —1,b = 1, the function wy, ; _;
becomes the modified Bessel function Z,,. Now, we consider the function u,.(z) defined

by the transformation
b+1 -
oaee) =2 (5 1) ¥ g (V3) V=1

By using well known Pochhammer symbol (or the shifted factorial) defined, in terms of
the familiar Gamma function, by

I'(a+n) ! (n=0),

(@), = e
I'(a) ala+1)(a+2) - (a+n—1) (neN={1,23,...}),

we can express Uyp(2) as

waele) =Y (5, i

n=0 2

where p + I’J’Tl # 0,—1,—2,---. This function is analytic on C and satisfies the second-
order linear differential equation

422" (2) +2(2p + b+ 1) 20/ (2) + cu(z) = 0.

Now, we considered the linear operator

Z(e,m): A— A
defined by
(/! n
I(C7 m)f(Z) = Zup,b,C(Z) * f(Z) =z _l_ ; (m)n_l (n _ 1)|an z ) (17)
where m = p + I’J’Tl # 0,—1,—2,---. For convenience throughout in the sequel, we use
the following notations
b+1
Up,bc = Up, m=p+ R
and if ¢ < 0 and m > 0, then we let
(/!
92— =2 " 1.8
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INCLUSION PROPERTIES FOR CERTAIN SUBCLASSES 4

For 0 < A< 1land 0 <a <1, welet G(A\ «) the subclass of functions f € A which
satisfy the condition

2f'(2) + A2 f(2)
R ( 5 ) >, (z€U). (1.9)

and also let (A, ) the subclass of functions f € A which satisfy the condition
z2l2f'(2) + A2 ()]
R
2f'(z)
Also denote G*(\,a) = G(\,a) N7 and K*(\,a) = K\, a)NT
The study of the generalized Bessel function is a recent interesting topic in geometric

) >a, (z€U). (1.10)

function theory (e.g. see the work of [1, 2, 3, 4] and [9]). In this paper, due to Ramesha
et al. [13], Padmanabhan [12], and motivated by the works of Srivastava et al. [17],
Murugusundaramoorthy and Magesh [11],(see [6, 8, 10, 15]) and by work of Baricz [1, 2,
3, 4], we obtain sufficient conditions for function z(2 — u,(z)) in G(\, ) and (A, a) and
connections between R7(A, B).

Remark 1. It is of interest to note that for A = 0, we have G(\,a) = S*(a) and
K\ a) =K(a)
To prove the main results, we need the following Lemmas.

Lemma 1. [18] A function f € A belongs to the class G(\, «) if

e}

d (n+dnn—1)—a)la,| <1-a.
n=2

Lemma 2. [18] A function f € A belongs to the class K(\, «) if
D n(n+n(n—1) - a)la,| <1-a.
n=2

Further we can easily prove that the conditions are also necessary if f € 7.

Lemma 3. [18] A function f € T belongs to the class G*(\, «) if and only if

Y (n+dn(n—1)—a)la,| <1-a.
n=2
Lemma 4. [18] A function f € T belongs to the class K*(\, &) if and only if
D n(n+n(n—1) —a)la,| < 1—a.
n=2

Lemma 5. [4] If b,p,c € Cand m # 0,—1,—2,... then the function u, satisfies the
recursive relation

dmuy,(z) = —cupi(2)
for all z € C.
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INCLUSION PROPERTIES FOR CERTAIN SUBCLASSES 5
2. MAIN RESULTS

Theorem 1. If ¢ < 0 and m > 0, then z(2 — uy(2)) is in G(\, «) if

Ay (1) + [14 2\ uy (1) 4 (1 — a)up(1) < 2(1 — a). (2.1)
Proof. Since
(et
2(2—up(2)) =2 — 2"
and by virtue of Lemma 1, it suffices to show that
N (—c/4)"
Le,m, N\ a) = ;(n +An(n—1) — a) (o (1= D)1 <1l-a.

Writing n? = (n—1)(n—2)+3(n—1)+1 and n = (n—1)+1, and by simple computation,
we get

Lie,m, A a) = g(m +n(l—)) —a) (mgn__cl/ %7):__11)!

< g An = 1)(n —2) (mgn__cl/ ‘2::11)! T+ (142)) g(n =) (mgn__cl/ t):__ll)!
+(1-a) i T

R L) S

BTy DN ey SR W mer

N i g A et

< (ce/a
- o T

= Aty (1) + (1 4+ 2X)u, (1) + (1 — a)[u,y(1) — 1].

By a simplification, we see that the last expression is bounded above by 1 — « if (2.1) is
satisfied. 0

By taking A = 0, we state the following corollary.
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Corollary 1. If ¢ <0 and m > 0, then 2(2 — uy(z)) is in S*(«) if

u,(1) + (1 — a)up(1) < 2(1 — ). (2.2)
Remark 2. In particular, when ¢ = —1 and b = 1, the condition (2.1) becomes
2P0 (p + 1) [\Tpsz(1) + [1 4+ 20T (1) +2(1 = @)L (1)] £ 1 - o, (2.3)

which is necessary and sufficient condition for z(2 — (,(2'/?) to be in G*(\, ), where
up(21/%) = 2PT(p + 1) 2P/, (21/?).

Theorem 2. If ¢ <0 and m > 0, then z(2 — u,(2)) is in K(A\, «) if

(1) 4 (14 5y (1) 4 (3 44X — a)uy, (1) + (1 — a)u,y(1) < 2(1 — ). (2.4)
Proof. Since
o gyt
2(2—uy(z)) =2 ; () (n = 1)!2
and by virtue of Lemma 2, it suffices to show that
o _ 4)n—1
L(e,m, N\, «) ;(n A+n*(1—=XA) —na) (o (n = 1)1 = a.

Writing n® = (n — 1)(n —2)(n —=3)+6(n—1)(n —2)+7(n—1)+1,n* = (n—1)(n —
2)+3(n—1)+1and n=(n—1)+ 1, we can rewrite the above terms as

Lleomha) <A (= 1)(n — 2)(n — 3)— D

s (m)n-1 (n—1)!
(1+5)) i (n — 1)( (mg;cl/ %7):__11)! + (344N —a) g(n -1 (mgn__cl/t);__l 1!
+(1—a) g (mgn Cl/g_ll)
:Ag<m§:1/g_—l4 +(145)) ni ncl/“lg) (3+4) — ni ncl/Ml %)
+(1- ) g (mgn Cl/g_ll)
% e O G e
+(3+4\—0) ni; (;;)Z 41)2:), +(1-a) :0 mg;fgrn
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INCLUSION PROPERTIES FOR CERTAIN SUBCLASSES 7
- (—c/4)® - (—c/4)" (—c/4)? & (—c/4)"!
= amr D(m 1 2) ; T3 21 TN ; ((m 20 1)!)
o) & (e S (g
A S (s o)+ 2 s (5 T
(—c/4)3 (—c/4)?
F 3+ -0 T 0+ (- @) - 1]

= Xy (1) + (L4 5N)uy (1) + (344X — a)uy (1) + (1 — a)[uy(1) — 1]

By a simplification, we see that the last expression is bounded above by 1 — « if (2.4) is
satisfied. 0

By taking A = 0, we state the following corollary.

Corollary 2. If ¢ <0 and m > 0, then 2(2 —uy(z)) is in € K(a) if
uy (1) + (3 — a)uy (1) + (I — a)up(l) < 2(1 — ). (2.5)

p

Remark 3. We also note that the function z2(2 — u,(z)) is in K*(\, «) if and only if the
condition (2.4) is satisfied.

3. INCLUSION PROPERTIES

Making use of the following lemma, we will study the action of the Bessel function on
the classes IC(\, ).

Lemma 6. [7] A function f € R™(A, B) is of form (1.1), then

7]

lan] < (A— B neN\{1}. (3.1)

?9
The bound given in (3.1) is sharp.
Theorem 3. Let ¢ < 0 and m > 0. If f € R7(A, B) and the inequality

(A= B)|r| [Mup(1) + (1+20)ul (1) + (1 — a)up(l) = 1]] <1 —a (3.2)
is satisfied, then Z(c,m)f € K(\, «).
Proof. Let f be of the form (1.1) belong to the class R7(A, B) then by virtue of Lemma
2, it suffices to show that

00 —c/4 n—1
Ple,m, A\ a) =Y nn*A+n(l—N\) —a) (=¢/4)
(m)n—1 (n—1)!

n=2

lan| <1 —a. (3.3)
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Writing n? = (n —1)(n —2)+3(n — 1)+ land n = (n — 1) + 1, we get

Plc,m, \, ) in%—)mn—l ) — ) 50/4)"1 (A— B)|7|

(m (n—1)!
_ (A _ B |7-| Z )\ n— 1)(” - 2) (mgg_cl/éénn_— 1)‘

n=2

+(A-B)rl(t+20) Y (n 1) (mg;cl/t):‘_ 5

—c/4)"1
n—1 (TL — 1)'

+(A-B)rl1-a)) (mg

n=2

[ & —c/4)" 1 - —c/4)"! = —c/4)"!

= (A—B)|7| | ; (mgn_l/ (7)1 ~3) + (1+2)) ; (mgn_l/(fl — +(1-aq) ; (mgn_l/(q)z — 1)!]
" o /4 il 00 cl4 n+1 0 —c/4 n+1

— (A= B)|7| | Zl (mgnH/ (31 —y (142 ; ((m)ijl St (l-a) ; (m()m/ T

By using the similar method as in the proof of Theorem 1, we have

(c/v? (~c/4)
m(m+1) 7 m
= (A= B)|7| [Mul(1) 4+ (L4 2X)u, (1) 4 (1 — a)[uy(1) — 1]]

P(e,m, A ) = (A= B)|7| {A (1) + (1 +23) ups1(1) + (1 = a)[uy(1) —1]}

the last expression is bounded above by (1 — «) if and only if (3.2) is satisfied. Hence the
proof is completed. H

Corollary 3. Let ¢ <0 and m > 0. If f € R7(A, B), and the inequality

(4= B)lrl [,(1) + (1 - ) {up(1) ~ 1}] < 1—a (3.4
is satisfied, then I(c,m)f € K(«).
Theorem 4. Let ¢ <0 and m > 0. Then

L(m,c, z) = /02(2 —u,(t))dt

is in KK*(\, «) if and only if the inequality

M (1) + [1 4 20l (1) 4+ (1 — a)[up(1) = 1] < 1 —a. (3.5)

88 N. E. CHO et al 81-90



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

INCLUSION PROPERTIES FOR CERTAIN SUBCLASSES 9
Proof. Since
- c/4 et gn
L(m,c,z) —Z—Z T
n=2 n 1 (n)

by Lemma 4, we need only to show that

Le,m, N\, a) = Zn 2)\+n1—)\)—a)%§1—a
Now, we have
Ny (—c/4)""
Lc,m, N\ ) = ;(n A4n(l—XN)—a) o (=11

Writing n? = (n —1)(n —2) +3(n —1) + 1 and n = (n — 1) + 1, and proceeding as in
Theorem 1, we get

= 2 (_0/4)n_1 o " /
;(n A+n(l—N) —a) O T (1) + [1 4 20wl (1) + (1 — a)[u,y(1) — 1],
which is bounded above by 1 — « if and only if (3.5) holds. O
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Abstract

In this paper, by considering Barnes-type Narumi polynomials of the second kind
as well as poly-Cauchy polynomials of the second kind, we define and investigate
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the mixed-type polynomials of these polynomials. From the properties of Sheffer
sequences of these polynomials arising from umbral calculus, we derive new and
interesting identities.

1 Introduction

In this paper, we consider the polynomials N® (x]ai,...,a,) called the Barnes-type
Narumi of the second kind and poly-Cauchy of the second kind mixed-type polynomi-
als, whose generating function is given by

11 < L+ -1 ) Lify (~ In(1+ ) (14+ 07 = 3 FO(elar, a1

e (14t)% In(1+¢) n!

n=0

where ay,...,a, # 0. Here, Lify(z) (k € Z) is the polyfactorial function ([10]) defined by

[e.9] m

x
Lif = _
1 k(l‘) mzzo m|(m + 1)k
When z = 0, ﬁék)(al, ces ) = NP (0lay, ..., a,) is called the the Barnes-type Narumi
of the second kind and poly-Cauchy of the second kind mixed-type number.
__ Recall that the Barnes-type Narumi polynomials of the second kind, denoted by

N,(zlay,. .., a,), are given by the generating function as
r (1 +t)aj _ 1 ) oo R tn
‘ (1+t)* =Y Ny(zlay,...,a)—.
],1_[1 ((1+t)aﬂ In(1+1¢) ; n!
Ifay =--- =a, =1, then ]\Af,(f)(:z:) = ]\Afn(:c] 1,...,1) are the Narumi polynomials of the
———

second kind of order r. Narumi polynomials were mentioned in [14, p.127] and have been

investigated in e.g. [9, 12, 15].
The poly-Cauchy polynomials of the second kind, denoted by k) (x) ([8, 11]), are
given by the generating function as

Lify(—In(1+¢))(1 +¢)* = iag’f)(x)ﬁ .

In this paper, by considering Barnes-type Narumi polynomials of the second kind as
well as poly-Cauchy polynomials of the second kind, we define and investigate the mixed-
type polynomials of these polynomials. From the properties of Sheffer sequences of these
polynomials arising from umbral calculus, we derive new and interesting identities.
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2 Umbral calculus

Let C be the complex number field and let F be the set of all formal power series in the

variable ¢:
a
F= {f(t) :Zk—’ft’“
k=0

Let P = C|z] and let P* be the vector space of all linear functionals on P. (L|p(z)) is
the action of the linear functional L on the polynomial p(x), and we recall that the vector
space operations on P* are defined by (L + M|p(x)) = (L|p(z)) + (M|p(z)), (cL|p(x)) =
c(L|p(x)), where c is a complex constant in C (see [1-16]). For f(t) € F, let us define the
linear functional on P by setting

(f®)]z") = an, (n=0). (3)

o c} | )

In particular,
(t*2") = 1o,y (n, k> 0), (4)

where 9,, ; is the Kronecker’s symbol.

For fu(t) = Y2 204k we have (f,(£)]2") = (L|e™). That is, L = f,(t). The map
L — fr(t) is a vector space isomorphism from P* onto F. Henceforth, F denotes both
the algebra of formal power series in ¢ and the vector space of all linear functionals on
P, and so an element f(t) of F will be thought of as both a formal power series and a
linear functional. We call F the umbral algebra and the umbral calculus is the study of
umbral algebra. The order O(f(t)) of a power series f(t)(# 0) is the smallest integer k
for which the coefficient of t* does not vanish. If O(f(t)) = 1, then f(t) is called a delta
series; if O(f(t)) = 0, then f(t) is called an invertible series. For f(t),g(t) € F with
O(f(t)) =1 and O(g(t)) = 0, there exists a unique sequence s,(z) (degs,(z) = n) such
that (g(t)f(t)*|s,(z)) = nld,k, for n,k > 0. Such a sequence s,(z) is called the Sheffer
sequence for (g(t), f(t)) which is denoted by s,(z) ~ (g(t), f(1)).
For f(t),g(t) € F and p(z) € P, we have

(F()g@)p(x)) = (f(B)]g()p(x)) = (g(t)]f (#)p(x)) (5)

and
7 =3O 1w =3 (a7 ()
([14, Theorem 2.2.5]). Thus, by (6), we get
Po(e) = p@) = TED and emp(a) = pi 4. )

Sheffer sequences are characterized in the generating function ([14, Theorem 2.3.4]).
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Lemma 1 The sequence s,(x) is Sheffer for (g(t), f(t)) if and only if

(e o]

1 oyl () — sk (Y) x
ii0) ; ot wed),

where f(t) is the compositional inverse of f(t).

For s, (z) ~ (g(t), f(t)), we have the following equations ([14, Theorem 2.3.7, Theorem
2.3.5, Theorem 2.3.9]):

F(t)5ale) = nsua(a) (02 0), )
o) =3 5 (a(70) eyl @, 0
st =3 (2 si@ns o), (10

whete p, () = g()sn ().
Assume that p,(z) ~ (1, f(¢)) and g,(z) ~ (1,g(¢)). Then the transfer formula ([14,
Corollary 3.8.2]) is given by

=T M nafl T n
wio) =2 (28) i) (=)

For s,,(z) ~ (g(t), f(t)) and 7,(z) ~ (h(t),1(t)), assume that

Then we have ([14, p.132])

3 Main results

From the definition (1), N (x|ay,...,a,) is the Sheffer sequence for the pair

te®t 1 .
g(t) = H1 (W — 1) e and  f(t)=¢" —1.

So,

N(k) - teajt 1 t_l 12
v (@la,. s ar) ~ et —1 ) Lifp(—t)"© ' 12

i=1
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3.1 Explicit expressions

Let (n); =n(n—1)---(n—j+1) (j > 1) with (n)o = 1. The (signed) Stirling numbers
of the first kind S;(n,m) are defined by

(), = Z Si(n,m)z™ .

Define the multinomial coefficient by

n B n!
Ly, ... L) L1

where l; +---+ 1, = n.

Theorem 1

n m m—I ) .
N _1 m—1 _ l _ '
N7(lk)<l”a1,...7ar) = Z Z ( ) (m 7/)

(m—1l—i+r)(+1)F

0
m—1l—i+r m\ [(m —1 — Lt
1 e qtr 2 1
% ll‘f‘l,-..,lr—i—l)(l)( i )Sl(n’m)al a, T (3)

n n n-l
= (7) <n Z_ l) Sla»j)/c\gk)]/\\fn—l—i(al) s 7a7’>xj (14)
=0 I=5 =0

Proof. Since

1T fe! ! N®(z|a a,) ~ (1,¢" —1) (17)
N . Llfk(—t) n 17"'? T 9

and
(33)” ~ (17 e — 1) ) (18)
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we have
~ " e%it
S0l ..ca) =TT (S ) Hfu-0)0),
j=1
n T eajt . 1 . .
- mZ:OSl(n, m)Jl_[1 < " ) Lify(—t)x
n T ea]t -1 m ( 1>ltl
=Y Sifm.m) )X
a; | k
— ey te — Nl+1)

m=0 j=1 tea]t 1=0 '<l + 1)k
3 " () o ety
n;sl(n,m); (l—l—l)k j:1( _¢ )l‘

s o~ (D'(7)
_mZ:OSl(n,m); 1)

-y o~ CD'(Y)
= Z S1(n, m) G

S ah Tt
X 1 r (_1)l<m _ l)ifl,‘m_l_i
D (£ 1)

L+ o\ S — 1 |
X ) ( I ) )Sl (n7 m)allﬁ—l gl melei
' )

Ny (=1)™(m — 1 — i)!
> 2 (m—1l—i+r)(+1)*

li4+lr=m—1—i

0
m-—I0l—i+r m\ /m — 1 . oy
x l1+1,...,lr+1)(l)( ; >S1(n,m)a1 a; Mt

So, we get (13).
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By (9) with (12), we get

(g(F(®) " TtV 1)

. ( (1+t)% —1
L\ (1 + 0w In(1+1)

) Lify (= In(1 + 1)) (In(1 + 1))’

(1+t)u —1 ¢l
H((1+t)%1n(1+t))hf'“(_lnHt ’J'Zsll]l >

d (14+t)% —1
Lify (—In(1 + ) [a"
<]H1 1+t%1n1+t)) (= In(1+ )

st (T (i) (o))

)
Do (7 (1 (i)l
o

n— —l ) . tm -
Si(l. J) (”Z )é‘“’< Nonlar, ..y ay) — :cl>
i=0 m=0 ’

m!

Thus, we obtain

R n o n n R 4
N®(zlay,...,a,) = ZZ (l)Sl(l,j)NfLml(al, ey ap)a?

I
(]
3
L
/}
~_
N
3
-~.
Q
D
<.
35,
=
’5
=
“Q
IS
S~—
8
<

which is the identity (14).
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Next,

~ SN i
NP @lar, o) = (NP wlar, . an) 5 :c>
1=0

(1+1)% —1 i
x
(14+t)%In(l+¢

1 (i i 0)
(T o)

(@) |2

(

Lify, (—In(1+¢)) (1 +¢)

B f1 (1+t)% —1 ’m o
N 1+¢)% In(1
=0

n\ x d 1+1)% —1
ZEWQD<£1(O+¢VMM1+ﬂ> o

Thus, we obtain (15).
Finally, we obtain that

Nr(zk)(y|a17"'a <Z]/\71(k) y’a’h"w ) n>
=0 '

ﬁ(:H““i)mmlm+mun

:

= (14+t)% In(1+1¢)
(1+1t)% —1
= ( Lify(—In(1 L+1)%z"
<lk n(l+1t)) 11 T m ))(+t):1:>
00 . tl
= Lifk(—ln(1+t))‘z l(y|a'17---aar)ﬁxn
1=0 '

Ni(ylag, ...

Il Il
M- 10M-
=
=
Q
=
v@ QQ
S
S~— S~—
VR /‘S\
N~
S
. =
=N
ol
A
,E
—
+
~
::
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Thus, we get the identity (16).

3.2 Sheffer identity

Theorem 2

~ n n\ ~
N®(z +ylay, ... a) = ( ,)N;k)(as\al, e @) (Y)neyj -

Proof. By (12) with

using (10), we have (19).

3.3 Difference relations

Theorem 3

Nék)(w + 1lay,...,a.) — Nﬁk)(ﬂal, cy Q) = nﬁfzk—%(ﬂah )

Proof. By (8) with (12), we get
(¢! = )NV (@lay, ..., a,) = nNP (zas, ... a,).

By (7), we have (20).

(20)
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3.4 Recurrence
Theorem 4

NV(Lli)l(‘r|a17 s 7a7')

= :E]/\\f(k)(x —1lay,...,a,)

m+1 h (l—Z)'
Yy oy oy (o

m=0 j=1 [=0 =0 l;+---+l=Il—1 h=0

m_l—l Z—Z+T ! ¢ m+1—1 11+1 lr+1 h
g < l )(l1+1,...,lr+1> (z) (h)sl("’m>3m+1 g Ay a; " (x—1)

! " U (=)™ (=)
G 2> (m—1+1F1—i+tr)

1 m=0 [=0 =0 l1+--+l,=l—1

- (77) L +l1,_ i +1T + 1) (Z) Silmm)al a1’
A (—1)ym=it (=)

mog ; ll+--§:li (m—1+2)k(—i+r)

m l—147r l L4l Ll 1y
X<l><11+1, l+1)<)51(n m)ay ca (- 1), (21)

where B, is the nth ordinary Bernoulli number.

= x—gl(t) ! Sp(T
weale) = (5= 55) 7o =

.
Il

Proof. By applying

([14, Corollary 3.7.2]) with (12), we get

/
~ ~ 1) ~
NT(fH( lay, ... a,) = N®(z —1|a1, ..., a,) — e=t? ( )N(k)(az|a1, Ce ).

Now,

g'(t)
9(t)

= (Ing(t))’

— <r1nt+ (Z aj)t— Zln ajt _ lnLifk(—t)>
r . aje“ft Lif, (—t)

=77 Zaj B 2 et —1 1 Lif:(—t)

g Higy(e™ = 1)(e¥' = 1 — a te™”) zr: Lify (—t)
]I (e' — 1) — Llfk Lif,(—t)’

10
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where

S Ty (€ = 1)(e%' — 1 — ayte?)
(e — 1)
_%(Zgzl ar--- aj—1a§Gj+1 e ar)tTH 4+

(a/l...ar)tT_i_...

. (i%)H...
j=1

is a series with order> 1. As seen in the proof of (13)

~

n T eajt o 1 .
NP (@lar, o an) = 3 Sinm) [ ( o ) Lify(—t)z™,
m=0 ]:]_
so we have
/
t) ~
A )Nék)(adal, Q)
g9(t)

= Sl(n,m)g(%) (H et;_t 1) Lify(—t)a™

n T ajt __ 7.‘_ Y eait -1 eajt —1— a-te“a't
= Z Sl(n,m)Lifk(_t) (H € — ) z]—1 Hz;ﬁ]( )( j )
m=0

T a: Im
j=1 tHj:l(e it—1)
r n r 6ajt 1 '
+D a4 ) Siln,m) (H P ) Lify(—t)z™
j=1 =0 j=1
n T eajt _ 1 o .
+ Z Si(n,m) H P Lif, (—t)z™ . (23)
m=0 j=1
11
101
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Since
Z;“:l Hi;ﬁj (eait — 1)(eajt - 1= ajteajt>xm
t1T -y (et — 1)
L L (eMt = 1)(e®" — 1 —a;te®) gzm
- > i [y (e = 1)(e®! — 1 — ajte®’) gm+t

H;:1 (e’ —1) m+1
1 . 1 ajteajt m+41
= — — x
m+1 = et — 1
:11 G—ZF?&OWH
m+ j=1 1=0
1 r m—+1 1
_ LM m+ Bl<_a])ll_m+l—l
m+ 14 [
j=1 =0
r m+l
1 (m + 1) L mi1-1
S (" meare
m+1 — = l
1 ii(m—%l)B 1(—a) !
- m — ¥l 9
m + 1 — )

the first term in (23) is

_ Z Z Z S;nn—i_ql (m ;— 1) Bm+1,l(—aj>m+lilLifk<_t> (H e_a]_t—t_1> 2!

m= 0] 1 1=0 i
Si(n,m) (m+1 S
__ZZZ m+1 ( l >Bm+1—l<_aj> Llfk<—t)
m=0 j=1 1=0
i Z aitt. gt »
X r (_t)lx
1= Ol1+ A= (ll+1) (lr+1)!
Si(n,m) (fm+1 —
__ZZZ m+1 ( I >Bm+1 i(—aj) Lify(—t)
m= 0_] 1 =0

l1+1 Ir+1

. Z 2, U o +11)!:::(ZT+1)!(Z)"”JH

1= 0l1+ +lr—z

— _ Z Z Z 571”717717, (m ;L 1) Boiat(—a;)™

m=0 j=1 [=0

! . alf“ gl i (_1)h

DIED IR z1+1)!---([r+1)!(l)i;m

=0 l1+-+lr=1

thl,l—l

12
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n s

m=0 j=1
! Lh+1 zr+1 =i h .
ap : Y\ 1—i—h
X z
I I LDt e 1 G

=0 l1+ h:O

n r m l m+1 h

=—zzz§:§:§:m+1lwwi_m>

m=0 j=1 =0 =0 l;+--+1=1 h=0

m+1 1+ N /1l —1 e i
X( ! ><l1+1, . +1)()< A )Sl(n,m)BmH 1G5 a; Aty

n r m l m+1 h (l—l)'

S D DRI D I T

m=0 j=1 =0 =0 l;+--+l=l—17 h=0

m+1 [—i+r AWZ)
B m+1-—1 ll+1 Ll h‘
X ( [ ><l1+1,...,lr+1) <Z) <h)51(n,m) 1105 calrtly

The second term in (23) is

S a4 Si(n,m) (H %) Lif(—t)z™
j=1 m=0

j=1

m—+1

" Si(n,m) fm+1 _
S-S )Bm+1_l<—aj>m+“
1=0

r n T €ajt _ 1 m (—1)ltl
:Z%Z&(n,m)< — )Z m
i=1  m=0 o tewt J e NI+ 1)
r n m (_1>l m r e_a]_t _q o
_Zaazsl(nym)z(l+1)k : H — .
J=1 m=0 1=0 e
XT: Zn:s ( )in: (_1>l ( )ml Z l1+1 . a““ ( 1) ‘ l
= a 1{n,m . _{yigigme
j=1 ’ m=0 1=0 (l + 1) =0 1 lo—i (ll + 1) (lr + 1)'
l

-(Z0) S8 Wiy
X(T>Qy+f+m1+1)< )Slnm)hﬂ"hﬂ7nlz

B SR —1)mt (1)
“YaX3Y Y o maen

=0 =0 ll+---+lr=zfi(

m l—1+7r l 1 Ll i
X(l>h+L 1+J()&m”” R

I
o
~

13
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The third term in (23) is

m=0 =0 =0 l[14-Fl,=l—1

X

et — 1

Lify_; (—t) — Lify,(—t)

m

tea]’t

t

)

l

(

1+r
L+1,...,1

l—i+r

L1, 0 +1

+1

(_1)m7i+1 (l _

1y

)

i)l

(st

14

104

(m—1+2)k1—i+r)

I1+1 .
1

11+1 .

1

X

1
alll-f— .

)

lr+1
r

..CLT

Ir+1,_ 4
ea) T

X

tzl,m—l

G-, 1 1)

lr+1 _m—Il—1
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Thus, we have

Né’f:mal,...,a»

= xﬁ(k)(:v —1lay,...,a,)

m+1 h (l _ Z)'
55055 D D s L

m=0 j=1 =0 =0 l;+---+I-=Il—17 h=0

m+1 [—i+r N /i
B mAl=loh+1
. ( ! )(11+1,...,lr+1) (z) (h>51(”am) mA1-10 al a

~

T n m

(1™ (=)
_Z%ZZZ 2. (m—1+1)F(—itr)

= m=0 [=0 =0 l1+--+l,=l—1

m [—i+r l bl 4 -
calr — 1)
X (l><l1+1, " +1)<)5’1(n m)ay a; " (x—1)

l

- (—1)m=+t (1 =)
ZZ Z (m—1+2)k(1—i+r)

=0 =0 l1+-+l=l—1

=0
m l—i4r l pH g i
g (l (h—f-l, L +1)()51(n m)a; ca (= 1),

which is the identity (21).

n

3.5 Differentiation

Theorem 5

15

l7-+1(

xz—1)"
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(Cf. [14, Theorem 2.3.12]). Since

<f(t)|x”_l> = <ln(1 - t)]a:"_l>

|

1[]e

T

=

|3
-

3

i

\/

n—l
1)t m|,.n—l
-5 B0 (e
n—l
-yt
= mZ:l m (n - l)'(sm n—l

with (12), we have

which is the identity (24). 1

3.6 A more relation

The classical Cauchy numbers ¢, are defined by

t —~ "
TR P PR
(see e.g. [3, 10]).
Theorem 6
N (zlay,. .. a,) (25)

—( Za2> (z—=1ay, ..., a,)

1 < (n ~ ~
+ - () T(Lk,ll(x—1|a1,... ar) — (7"+1)N()(33—1]a17...,ar))

n l
1 ' n
+n 1; azcz x—1|a1,. Qi1 (g ey Ay (26)

16
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Proof. For n > 1, we have

S ~( #
N®(ylay, ..., a, < g Nl (ylai,...,a ) >
1=0 |

: (1+ta]_1 1 —In )
H(( )Lfk( In(1+ 1)) (1 +1t)

1+t)% In(1 +¢t)

:

<at (H ( - j;;g;(;it)) Lif, (= In(1+ 1)) (1 + 1) )

Jj=1

Jj=1

atH (L+ 8 —1 ))>Lifk(—ln(1+t J(1+t)Y
7=1

(1+¢t)% In(1+4¢

(1+t)% —1
1+t%1n(1+t

( (I1+t)% —1

(1+t)% In(1 +¢)

)) (atLifk(— In(1 +t)) 1+t

)
)
)
> |

) Lify,(—In(1+¢)) (8:(1 + )

an1>

Lify_1(—In(1 +¢)) — Lif, (= In(1 +¢)) = (2% — 2/31) Fden

- (1+¢)% —1 : y—1
y <H ((1 TG H)) Lify,(—In(1+¢)) (1 +¢)
=yN," (y — 1]a,...,a,).

Since

17
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the second term is

<ﬁ((u+@%_1)Lmqpmu+m—mnpmu+mu+wy

2\ (1 +1)% In(1 +2) (14+t)In(1 +1)
. (1+1)% —1
B <j1j[1 ((1 +1)% In(1 + t))
Lify_1(—In(1 +¢)) — Lif, (= In(1 + ¢))
t
! (1+t)% —1
Pl ( 1+t aaln(1+t)>

Lif_1 (—In(1 +¢)) — Lifx (— In(1 +¢)) (146)v icltlm‘”_l>

xn—1>

t xn—l
In(1+1¢)

(1+t)v!

t

_ jz_: (n ; 1) g <]H1 ((1 (if)af);(;i t)>

Lify 1 (= In(1 + 1)) — Lify(— In(1 + 1)) xnll>

(1+¢)v!

t

ST ()

(1 )7 (Lifr (= (1 + 0)) = Lif (= In(1 + 1)) 2" ")

n—1 1 n r (1 —f—t)aj 1 . -~
) m(l)q <<H ((1 +1)o In(1 +t)) Lif 1 (—=In(1+))(1+1)
. (14t)% —1 _ o
_ < <(1 T t)“f ln(l T t)) Lif,, (— ln(l + t))(l + t) T >>

n—1
1 a2\ e .
= - (l)cl( n711)<y_ lay,...,a) —NTE,)Z(?J— lai,...,a)) .

xn—l>

18
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Since

- (1+p)% -1
@j]:[l ((1+t)“a‘ ln(1+t))

r r ait(14+4)%
1 H ( (1+t)% —1 D im1 ((1+t)“i—1 ln(lt-‘rt))
( )

ATy t
7=1

T

1 (1+t)% —1
_1+tj1;[1((1+t“11n1+t )Za

the first term is

<U ((1 gg“f)lar]l(zi t)) Lify, (_ In(1 + t))(l + ¢!

S ([ (i ) i moy

_1 <H (( (1 “)aj -1 ) Lify,(—In(1+¢)) (1 + ¢)*

v (a4 t
Zi (1555 ) o)

t

:L,n—1>

- 1+t)% In(1 +1)
% (- m) )
i=1 1+ta1_]— 1<1+t)
_Zaiﬁé@l(y_nal,...,ar)
_Z (14 6% In(1 1 )11[ (1415 —1
(1+t)s —1 j=1 (1+¢)%In(l+17)
. . yl—n
Llfk( hl(l"“t))(l—'—t ‘ln 1+t) >

r [+ (1+t)% —1 . -1 o
_E<JH((1+t)aj1n(1+t))Llfk(_ln<1+t))(1+t )lnl—i—t) >

—Zaz y—l\al,...a)

19
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r

14 #)% In(1 + ¢) (1+0v -1
——Z < (141 —1 ]-1:[1((1+t>“j1n(1+t>)

Lif, (—In(1+¢))(1 + t)y_l‘ Z clﬁ$">
=0

- <H <<1 (i;a?;@i t>) Lify (= In(L+)(1 + 67

- Zaer(Lk)l(y - ]_|CL17 s ,(17»)

i=1
1 T n n R
“lyay (Z)clzv:?xy— Han, . airaiens . a2)
i=1 =0
r - n (k)
_ﬁlio (l>can_l(y—1|a1,...,aT)

1< ~
+ — ( ) N(k 1)(x—1|a1,...,ar)—Né’i)l(x—l\al,...,ar))

n
T n n
+_Zazz <Z)CZNU€)Z($—1|G17~ i1, Qit1, - -, Qy)
n =1 =0
re= (n\ =
3 (l)clw,g’g(x —1lay, ..., a,)

<7Z)cl(]vr(bk_;l)(x —1a,...,a.) — (r+ 1)N( )(x— lay, ..., a))
1=0

1 r o n n N
™ E ZZ (l)aiCleL’i)l(‘r - ]-’ab ceey A1, Qg1 - - - 7a7“)7

which is the identity (26). 1

20
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3.7 A relation involving the Stirling numbers of the first kind

Theorem 7 Forn—12>m > 1, we have

m Z (7)31(71 —1I,m) Al(k)(al, cyay)

m " )\ (i )
= Y . (z) (l) Si(n —i,m)eiy
0 1=0

X ( aj]/\\fl(k)(—1|a1, ey 1, Ay, Q) — r]vl(k)(—1|a1, . ,ar)>
j=

S
|
—

Proof. We shall compute

(Y —

j=1

:

in two different ways. On the one hand, it is equal to

(I () -l

Jj=1

d 1+t)% —1 , - o
- (I () et o S s
xn—l>

" /n i (1+t)% —1 ,
= ml! ZZ; (l)51(l,m) <]1_I ((1 s (T t)) Lify, (= In(1 + 1))

Sl(l7m) < ]/\\fi(k)(ala"wa'r‘)t:_ x”_l>
=0

7!

(27)
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On the other hand, it is equal to

. (14+8)% —1 _ A
<(9t (Jl_[l <(1—|—t)“a‘ ln(l—f—t)) Lify,(—In(1 4+ ¢)) (In(1 + ¢)) ) T >
B . (14+t)% —1 , S
- < <(9tj1_[1 ((1 TSGR t)>) Lify,(—In(1+¢)) (In(1 +¢)) " |z >

- 1+t)% —1 : m| -1

+ <]1;[1 ((1 :_ ;)_aj)ln(l - t)) (O,Lif (= In(1 +1))) (In(1 +¢))" |z >

. 1+t —1 , m
+<g(ui$%MLHJL@pmu+m@MMLH»)x

n—1

(28)
The third term of (28) is equal to

(T Y s+

1=

T (e Ym0y o

> l
m—1l Y S(l,m - 1)%x"—1>

l=m—1

= m ni ("_1>Slzm—1)

l

-

m)
!

(In(1+8)"" ”1>

[
3

1
1—|—taﬂ—1
1+t“31n1+t)

’:]1

)mup&m1+wﬂ1+w

1

-1
n—1
( z >Sl(l,m—1)N7§k)1 (~1ar, ... a,)

-1

oL
IO

(]

I
3

1 xn1l>
n

1 .
m! (n ) )51(n—l—1,m—1)Nl(k)(—1|a1,...,ar).

=0

\
3

22
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The second term of (28) is equal to

- (1+1)v -1 Lify 1 (= In(1 +t)) — Lify(— In(1 +¢)) m
<£[1 ((1 1) In(1 +t)) ( I+ 0l +1) ) (In(1+1))
- <H (o ) Lt (< 0) 1+ 07 (1 -4-) >

({1t ey

xn1>

T /n—1 ~ (o
=(m—-1)Y (”l )Sl(n—l—l,m—l)Nl(k Y(~1la,. .., a)

n— _1 R
— (m—1)! (”l >Sl(n—l—1,m—1)Nl(k)(—1|a1 ..... a).
The first term of (28) is equal to

(1+8)% —1 , ml o
< (&tjl_[ <(1 1 In(1 £ t))) Llfk(— In(1+ t)) (ln(l + t)) x >
I (1+t)% —1 . . .
= <11 ((1 e t)) Lify, (= In(1 4 ¢)) (1 +¢)~" (In(1 + ¢)) ‘

S (S ) >

t

- <H < - i:tln 1it)) Lify (—In(1+¢)) (1 +¢) " (In(1 +¢)) " |2"~

7=1 %

- % <H ((1 (j;a?ln(ﬁ t>> Lify (—In(1+¢)) (1 +1)~"

at(l+4t)% " .
Z ((1 +t)aj -1 B ln(l +t>) (ln(1+t)) x >

7j=1

—Zaj <H( Hlj)t)lngit)) Lify, (—In(1 +#)) (1 +¢)~ ’(1n(1+t))m n= 1>

)

23

113 Dae San Kim et al 91-120



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

:%<[I(uggfﬁ@i@)Lm&%m1+wx1+@4

a ajt(l —I—t)aj t oo . i )

jz <(1 +t)u — 1 In(1 —|—t)) m!izsl(%m)ﬁx >
T+0%—1 \.

) Za] <11 < 1+ t)az)ln(l + t)) Lify (—In(1+¢)) (1 +1)”

o
215 (s (11 ><>
jzr;(m(t) = >
_m'ia];(n‘l)slm
x <H (g ) Mt (- L 0) (1417

1+ t)e In(1+¢)

In (1t+ t))

1xn—1—i>
m! 1+t%m1+t ! (1+t)% —1
= Sy (
23 (s (S (S T ()

i=m i=1
t .
1 n—i
1+0" >>

Lify,(—In(1+¢)) (1 +¢)

< : ( i )Lifk(_ln(l +1)) (1 + 1)

(1+¢)% In(1 +¢)

_m!ZaJZ<n_l>Slzm i(—1lay, ..., a)
J=

m! n -
= S
n i m(2> 1<Z77n>l 0 ( l )Cl
X (Z NT(LIC)Z (= 1|a1,...,aj_l,ajﬂ,...,ar)—7“]/\772]1)2._1(—1|a1,...,a,,)>

j=1
: n—l

—m'ZaJZ Sy (6, m)N®_(=1lar,. .., a)
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_ %’ i nz (7;) (” . Z) 1 (i, m) iy

i=m [=0
X (Z aj]vl(k)(—ﬂal, ey Q1 Ay e Q) — r]vl(k)(—ﬂal, . ,aT)>
j=1
T n—m-—1

-1 ~
—ml ey Y (”Z >Sl(n—1—i7m)Ni(k)(—1|a1,...,ar)

n—m n ~
' <z)51(n— LN (ar, s ar)
1=0
| nom [ .
EE () (oo
=0 [=0
X a]Al(k)(—llcu, 5 Aj—1; Aji+1, 7ar)—7"]\71(k)(_1|a1’ 7%))
j=1
T n—m-—1
—1 ~
—m!lY a; Z (nz >Sl(n—1—z,m)NZ (~1ar, ..., a,)
j=1 =0
n—m _1 ~(1._
+(m— 1) (nz Sin—1=1Lm )N (=1lay,...,a)
1=0
n—m _1 ~
SCEVD B (s BT BRI S
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Dividing both sides by (m — 1)!, we obtain, forn — 1 >m > 1,

m ( ) )]vl(k)(al,...,ar)

SRR

X ( a]Nl 1]a1,...,aj_l,ajﬂ,...,a,q)—rﬁl(k)(—1|a1,...,ar)>
7j=1

<

n—

m—1

-1 ~

-m Yy aj Z (nl )Sl(n—1—l,m)Nl(k)(—1|a1,...,ar)
1=0

+§:(W;v5ﬂn—1—hm—1)

0
(Nl(k_l)(—lmh cey )+ (m— 1)Nl(k)(—1|a1, . ,ar)) .

X

Thus, we get (27). 1

3.8 A relation with the falling factorials

Theorem 8

N,Sk)($|a1,...,ar) - (n>ﬁ1§mm(al7"-var)(x)m' (29)

Lif (— In(1 4 2))t™

Proof. For (12) and (18), assume that N (zlar,...,ar) = >0 o Com(®)m. By (11), we
r 1n(1+t) a; 1n(1+t)>
]:1 1n(1+t) 1

have
<T (1+8)% —1

H (14+1¢)% In 1+t)> Lifk(—ln(1+t))‘tmx">

1
m!
J=1
= L+1)v—1 Lif, (= In(1 +¢)){z" ™
- + Huln(1+t)) "
( )N(k (ar,...,a).
Thus, we get the identity (29). 1
26
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3.9 A relation with higher-order Frobenius-Euler polynomials

For A € C with A # 1, the Frobenius-Euler polynomials of order r, H." (x|\) are defined
by the generating function

1=\ xt - (r) t
(et—k> e = H ()~

(see e.g. [6]).

Theorem 9

N® (zlay, ... a) = i (gnij G) (nl_j) (n);

Proof. For (12) and

t A S
HE) ~ ([ 1

o~ (($53) ) (31)
assume that N (zlar,...,a,) =>0 C’n,mHTSZf) (z|\). By (11), similarly to the proof of
(27), we have

In(1+t) _ 3
1 < 1-X > ) m| g
Cnim = m!\ (1n(1+t)eaj 1n<1+t)) Lify (= In(1 + 1)) (In(1 + 1)) " |z
o (Fammm—

B Trﬂ(l;—k) <JH <(1 (jgt)m@i t)) Lifi (= In(L + 1)) (In(1 + )" (L = A+ )7

:

NE
RS2 T (—In(1+8)(1 (1+t))m‘minz{sjn} ") (1= n) i
1+t“aln1+t) PR " i ¢

m'(l

; ( - (i:t ln Ii t)) Lify(—In(1 + %)) (In(1 +¢))™ x”—i>
_ m'(l " 2; (3>( Znizm'( )Sl(n—z—l m)N®(ay, ... a,)
- n::ng ( > (” - Z) {(1=N 7S (n—i— 1L, m)NPlay, ... a,).
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Thus, we get the identity (30). 1

3.10 A relation with higher-order Bernoulli polynomials
Bernoulli polynomials %g)(x) of order r are defined by

t O\ . =B()
() e =22

n=0

(see e.g. [14, Section 2.2]). In addition, Cauchy numbers of the first kind ¢ of order r

are defined by
r 00 (r)
t n
_— — —tn
<ln(1 + t)) Zn: n!

(see e.g. [2, (2.1)], [13, (6)]).

Theorem 10
k)<'r|a17 .. )
- (Z ( )(”‘) ¢Sy (n— i —1,m) Af’f)(al,...,m) BE@) . (32)
m=0 1=0 1=0

Proof. For (12) and

assume that N (xlay, ..., a.) = > _ C’mm%?(;? (x). By (11), similarly to the proof of

28
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(27), we have

. (8111(1+t)_1>5
In(1+t) . m| n
Crm = %< r (In(1+4t)e% M0FD Lify (= In(1 +)) (In(1 +1))" |« >
[[o (oo
1 /4 (1+t)% —1 , m t s
= — Lf—lltllt‘—”
m! <E((1+t>”‘jln(1+t>) ify (= In(1 + 1)) (In(1+ 1)) <ln(1+t>> x>
1 - (1 +t)aj —1 . m > (s)tl
= — Lify (— In(1 + 1)) (In(1 + £)) ‘
m! <]1_[((1+t)ajln(1+t)) ifi (—In(1 +)) (In(1 + ;Q PR
1 d (1+t)u —1 _ ml o
— Lify (—In(1 4+ ¢)) (In(1 + ¢ ne
ml Z ( )<H<(1+t)%1n<1+t)) te(=In(1 +0) (In(1+ 1)) Tz >
j=1
1 n—m ® n n—m—1 n—i . )
=7 ¢ (z) Z m!< l )Sl(n—z—l,m)Nl (ay,...,a,)
1=0 =0
= Z <n> (n l_ 2) ¢Ws (n—i— l,m)ﬁl(k)(al, ey Oy)
i—0 =0 \'
Thus, we get the identity (32). 1
ACKNOWLEDGEMENTS. This paper was supported by Kwangwoon University in
2014.
References

[1] S. Araci, X. Kong, M. Acikgoz, E. en, A new approach to multivariate g-Euler poly-
nomials using the umbral calculus, J. Integer Seq. 17 (2014), no. 1, Article 14.1.2; 10

bp

[2] L. Carlitz, A note on Bernoulli and Euler polynomials of the second kind, Scripta
Math. 25 (1961), 323-330.

[3] L. Comtet, Advanced Combinatorics, Reidel, Dordrecht, 1974.

[4] R. Dere, Y. Simsek, Applications of umbral algebra to some special polynomials, Adv.
Stud. Contemp. Math. 22 (2012), no. 3, 433438.

[5] Q. Fang, T. Wang, Umbral calculus and invariant sequences, Ars Combin. 101 (2011),
257264.

[6] T. Ernst, Examples of a g-umbral calculus, Adv. Stud. Contemp Math. 16 (2008),
no. 1, 122.

29

119 Dae San Kim et al 91-120



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

[7]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

D. S. Kim, T. Kim, Some identities of Bernoulli and Euler polynomials arising from
umbral calculus, Adv. Stud. Contemp. Math. 23 (2013), no. 1, 159171.

D. S. Kim, T. Kim, J. J. Seo, Higher-order Daehee polynomials of the first kind with
umbral calculus, Adv. Stud. Contemp. Math. 24 (2014), no. 1, 518.

D. S. Kim, T. Kim, S.-H. Lee, Poly-Cauchy numbers and polynomials with umbral
calculus viewpoint, Int. J. Math. Anal. (Ruse) 7 (2013), no. 45-48.

T. Kim, Identities involving Laguerre polynomials derived from umbral calculus, Russ.
J. Math. Phys. 21 (2014), no. 1, 3645.

D. S. Kim, T. Kim, Higher-order Cauchy of the first kind and poly-Cauchy of the
first kind mized type polynomials, Adv. Stud. Contemp. Math. 23, (2013), 621-636.

D. V. Kruchinin and V. V. Kruchinin, Application of a composition of generating
functions for obtaining explicit formulas of polynomials, J. Math. Anal. Appl. 404
(2013), 161-171.

H. Liang and Wuyungaowa, Identities involving generalized harmonic numbers and
other special combinatorial sequences, J. Integer Seq. 15 (2012), Article 12.9.6, 15

pp.
S. Roman, The umbral Calculus, Dover, New York, 2005.

C. S. Ryoo, H. Song, R. P. Agarwal, On the roots of the g-analogue of Euler-Barnes’
polynomials, Adv. Stud. Contemp. Math. 9 (2004), no. 2, 153-163.

T. J. Robinson, Formal calculus and umbral calculus, Electron. J. Combin. 17 (2010),
no. 1, Research Paper 95, 31 pp.

30

120 Dae San Kim et al 91-120



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

SUPERSTABILITY AND STABILITY OF (r,s,t)-J*-HOMOMORPHISMS:
FIXED POINT AND DIRECT METHODS

SHAHROKH FARHADABADI', CHOONKIL PARK?, AND DONG YUN SHIN3*

ABSTRACT. In this paper, we introduce the following useful functional equations:

fl@+y)+ flz—2y) + fly — =) = f(z), (0.1)
P P Zz?':l Tj — PTi P
Db T i D Ti— a1 _ z
f<7p71 )+;f<p1 >+f<p1 )—f( 1) (0.2)

and prove the superstability and the Hyers-Ulam stability of (r, s, t)-J*-homomorphisms, asso-

ciated with those, by using the fixed point method and the direct method.

1. Introduction and preliminaries

The stability of functional equations originated from a question of Ulam [54] in 1940. He
proposed the following question “when and under what condition does an exact solution of a
functional equation near an approximately solution of that exist?” A next year, this question
was formulated and answered by Hyers [26] affirmatively, for Cauchy’s additive equation on
Banach spaces. In 1950, Aoki [1] was the second author to study this problem. In 1978, Rassias
[49] obtained a generalization of the result of Hyers by considering the stability problem with
unbounded Cauchy differences. For more epochal information and various aspects about the
stability of functional equations theory, we refer the reader to monographs (cf. [2, 7, 9, 10, 12,
14, 21, 27, 29, 30, 31, 32, 33, 34, 35, 39, 41, 42, 46, 50, 51, 52, 53]), which also include many
interesting results concerning the stability of different functional equations.

We say a functional equation (§) is stable if any function g satisfying the equation (§) ap-
prozimately is near to true solution of (£). We say that a functional equation is superstable if
every approximately solution is an exact solution of that [51].

Throughout this paper, A and B denote J*-algebras and {r,s,t} are positive integer con-
stants. The notion of J*-algebras has been posed by Harris [22] in 1974. By a J*-algebra
we mean a closed subspace A of a C*-algebra such that za*z € A whenever € A [22]. For
more study about J*-algebras, one can refer to (cf. [11, 22, 23, 24, 25]). Moreover, we introduce
(r, s,t)-J*-homomorphisms and (r, s, t)-J*-derivations, which are an extension of J*-derivations
and J*-homomorphisms (see [19, 44, 45]).

Definition 1.1. A linear mapping h : A — B is called an (r, s, t)-J*-homomorphism if
h(z"x**2") = h(x)"h(z)**h(x)"

for all x € A, and if r = s =t =mn, then h: A — B is called an n-J*-homomorphism.

2010 Mathematics Subject Classification. 39B52, 39B72, 47H10, 17Cxx, 46L05.
Key words and phrases. Functional equation; (r,s,t)-J*-homomorphism; Hyers-Ulam stability; fixed point

method; superstability; direct method.

*Corresponding author.
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Definition 1.2. A linear mapping ¢ : A — A is called an (r, s, t)-J*-derivation if
S(x"x*°zt) = 0(x) 2* 't + 2”5 (x)  xt 4 2" 2*06 ()
forallz € A, and if r = s =t =n, then § : A — A is called an n-J*-derivation.

With n = 1, we have the definitions of J*-homomorphisms and J*-derivations.
We will use the following definition and fundamental result of fixed point theory:

Definition 1.3. ([3, 4, 5, 6]) Let X be a set. A function d : X x X — [0,00] is called a
generalized metric on X if d satisfies

(1) d(z,y) = 0 if and only if x = y;

(2) d(z,y) = d(y,x) for all z,y € X;

(3) d(z, z) < d(z,y) + d(y, z) for all z,y,z € X.

Theorem 1.4. ([3,4, 5, 6]) Let (X, d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element
r € X, either

d(jna:,.jm_la:) = 00
for all nonnegative integers n or there exists a positive integer ng such that

(1) d(J"x, T r) < o0, Vn > no;

(2) the sequence {T™x} converges to a fixed point y* of J;

(3) y* is the unique fized point of J in the set Y = {y € X | d(J™x,y) < oo};

(4) dy,y*) < t27d(y, Ty) for ally € Y.

This theorem was used by Cadariu and Radu (see [3, 4, 5, 47]) and then others to obtain the
applications of fixed point theory in stability problems (cf. [8, 13, 15, 16, 17, 18, 19, 20, 28, 36,
38, 39, 40, 43, 48)).

Now consider the functional equation (0.2), which is a generalized version of the functional
equation (0.1). In this paper, in order to investigate the functional equation (0.2), we will
suppose that p > 3.

2. Superstability of (r, s,t)-J*-homomorphisms

In this section, we prove the superstability of (r, s, t)-J*-homomorphisms associated with the
functional equation (0.2).
For the proof of our results, we first give some useful lemmas.

Lemma 2.1. ([37]) Let X and Y be linear spaces and let f : X — Y be an additive mapping
such that f(px) = pf(z) for allp € TV :={\ € C: |\ =1} and all ¥ € X. Then the mapping
f is C-linear.

Lemma 2.2. Let n > 2 be a fized positive integer and f : A — B be a mapping such that
T+y+ =2 z+z—(n+1)y r+y—(n+1)z
- nyf (TR ) g (BRI g (2R )

S”ﬂ@—f(y+z_x)

n

B

(2.1)

B
for all x,y,z € A. Then f is additive.

Proof. From (2.1), it follows that f(0) = 0. Putting x =0, y = x, 2z = —z in (2.1), we have
f (—"T”x) + f (”T”x) =0 for all z € A. So f(—z) = —f(z) for all x € A. Replacing z,y and
T+y

z by %, z and y in (2.1), respectively, we get the equality

=07 (G n) = 1 (A= i)+ (- )
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+21’ n+2
n+1 n(n+1)

L4 = 1)+ )

n+ . n42
nt1Y n(n+1)

for all z,y € A. By putting u = y and v = x, we conclude that

(n—1)f (ni

n—1
for all u,v € A. O

for all u,v € A. Letting v = 0, we see that (n—1) f (—u) = f(u) and so f(u+v) = f(u)+ f(v)

Lemma 2.3. Let p > 3 be a fized positive integer and f : A — B be a mapping such that

P xi— pa

prl T; P 27;1 J v prz T — T1

f <’ +Q | <||f(z) - f | ==— 2.2

- 2; o ) fa) =\ =527 )|, @2
forall xi,--- ,x, € A. Then f is additive.
Proof. By (2.2), we have f(0) = 0. Letting 21 =z, 2o =y, 23 =zand 2y =--- =2, =0 in
(2.2), we obtain

rT+y+z rT+z—py T+y—pz Yy+z—o
o2 (5257) + s (552) +0 (55, = e o (555

p—1 p—1 p—1 B p—1 B

for all xz,y,z € A, which is (2.1) for the case n = p — 1 > 2. Therefore f is additive, as

desired. ]
Theorem 2.4. Let p > 3 be a fized positive integer and ¢ : AP — [0,00) be a function such
that
li_>m Ut (h g b ) =0
for all x € A, where b # 1 is a real number. Let f : A — B be a mapping satisfying
Zp 1 Xj — DTy P
1= L i i= Ty — 1
s (B2) 857 (B2 L - (B o
p—1 —1 B
I f(z"a**a") = f(z)" f(a)  f(2)'ls < o(z,- -, 2) (2.4)

for all p € T' and all z,21,--+ ,x, € A. Then the mapping f : A — B is an (r,s,t)-J*-
homomorphism.

Proof. Let p =1 in (2.3). By Lemma 2.3, the mapping f : A — B is additive. From (2.3), for
T1 =23 ==, = and T2 = 2, we have

P nso) = fols = s (Pqe )+ 1 (-u257)

<|0]z=0
B

for all 4 € T! and all z € A. Hence f(ux) = puf(z) for all 4 € T! and all z € A. By Lemma
2.1, the mapping f : A — B is C-linear. From (2.4) and the assumption on ¢, it follows that

1f (272" ") — f(2)" ()" f(2)" ||

= o () (o) G)') - o) s ) 1 (),
for all u € T and all z € A. Hence f(a"2**zt) = f(z)" f(2)*° f(x)! for all x € A. O
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Corollary 2.5. Let 0 be a nonnegative real number and qi,-- - , qp be positive real numbers such
that qi,--- ,qp >r+s+torq, - ,q <r+s+t. Let f: A— B be a mapping satisfying (2.3)
and

1f (2" a’) — f2)" f2) f (@) |8 < 0 (2% + -+ 2] F) (2.5)
for all x € A. Then the mapping f : A — B is an (r, s, t)-J*-homomorphism.

Proof. The proof follows from Theorem 2.4 by taking (x1, -+ ,zp) := 0 (|lz1 |G + -+ + [|2p[|%)
with b > 1 for the case q1,- -+ ,q, > r+s+t and with b < 1 for the case q1,--- ,q, < r+s+t. U

Corollary 2.6. Let 0 be a nonnegative real number and qi,-- - , qp be positive real numbers such
that g1 +---+qp #r+s+t. Let f: A— B be a mapping satisfying (2.3) and

If (" **at) = f(2)" f ()" F(@) |5 < O] T
for all x € A. Then the mapping f : A — B is an (r, s, t)-J*-homomorphism.

Proof. The proof follows from Theorem 2.4 by taking ¢(z1, - , @) := 0 (||1]|% - - - |||} ) with
b > 1 for the case q1 +---+¢q, > r+ s+t and with b < 1 for the case g1 +---+¢q, <r+s+t. U

3. Hyers-Ulam stability of (r,s,t)-J*-homomorphisms: fixed point method

In this section, by using the fixed point method, we prove the Hyers-Ulam stability of (r, s, t)-
J*-homomorphisms associated with the functional equation (0.2).
For a given mapping f : A — B, we define

P P 2_5=1 Tj ~ P Px —
oufton ) = (W ) 4 g W | g () e

for all 4 € T! and all 1, ,x, € A.
Lemma 3.1. The mapping f : A — B is a C-linear mapping if and only if
ouf(z1,-++ ,xp) =0
for all p € T' and all 21,--- ,x, € A.
Proof. The proof is easy and thus omitted. O

In the following theorems, we will except the case p = 3. This case will be considered
individually.

Theorem 3.2. Let ¢ : AP — [0,00) be a function with ©(0,---,0) =0 and p # 3 such that
there exists an £ < 1 with

L
90(5517"' ’xp) < Eso(kxl’"' ’kxp) (31)

for all x1,--- ,x, € A, where k = z%' Suppose that f : A — B is an odd mapping satisfying
(2.4) and

louf (@1, @p)lB < @(@1,- -+ @p) (3.2)
for all p € T' and all z1,--- ,x, € A. Then there exists a unique (r,s,t)-J*-homomorphism
H: A— B such that ’

— < = . .
1) = Ml < 570 O 2) (33

for all x € A.
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Proof. We first consider the set S := {g : A — B} and introduce the generalized metric d as
follows:

d(g,h) = inf {C€RT: |g(x) = h(2)|s < Co (0,2, ,2)} .

It is easy to show that (S, d) is complete (see the proof of [35, Lemma 2.1]). Now we define the
linear mapping J : & — § such that

T (gw)) = kg (7)

for all z € A. From (3.2), we can get f(0) =0. By lettingu=1, 2y =0and o = --- =2, = x
in (3.2) and the fact that f(—z) = —f(z), (f is an odd mapping) and then by (3.1), we have

@+ -1s (F50)| < o0
k x x L
e () —s@lly = 5o (05 7) <gea
for all x € A. This means that ’
d(T(f), f) < B (3.4)

= ¢. Then we have

)= h (@)=t (05 5)
x

,---,JJ)

< Le = Ld(g,h), which means J is a strictly

Assume that g,h € S are given with d(g,

h) =
T (g(x)) — T(h(z))||ls = k:Hg (%
< Lep (0,

)

for all x € A. This implies that d (J(g), J (h
contractive mapping.
By Theorem 1.4, we have the following:
(1) J has a fixed point, i.e., there exists a mapping H : A — B, such that J(H) = H. So

T
Hia) = k7t (7) (3.5)
for all x € A. The mapping H is also the unique fixed point of 7 in the set

M={geS:d(f,g) < oo}
This signifies that H is a unique mapping satisfying (3.5), moreover there exists a C € (0, 00)

such that
I f(z) = H(z)lls <Cp(0,,--- )

for all x € A;
(2) The sequence {J™(g)} converges to H, for each given g € S. Thus d (J"(f),H) — 0, as
n — oo. This implies the equality

H(z) = lim k"f (i)

n— 00 kn
for all x € A;
(3) d(g,H) < 11-d (g9, T (9)), for all g € M. Therefore (3.4) shows us that
1 L
d(f, )_1 (fj(f))_m

By this, we get the inequality (3.3).
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It follows from (3.1) that

x x1 x
leuhtar, - alls = K ouf (G0 [, <00 (o 58)
< L' (a1, ,xp)
for all z1,---,z, € A, in which the right-hand side tends to zero as n — co. Hence by Lemma

3.1, we deduce that H is C-linear.
By (3.1) and (2.4), we obtain

| (2" 2**2") — h(z)"h(z)**h(z)"|| 5

_ (r+s+t)n i r ﬁ *S i t _ i r i *S £ t
e () () () )~ ) G) " ),
< plrtsttm (L F (rts+t)n
<k so(kn, kn)<£ "o (z, -, T)
for all z € A. The right-hand side tends to zero as n — oo, and so the mapping H : A — B is
an (r, s, t)-J*-homomorphism, as desired. O

Theorem 3.3. Let ¢ : AP — [0,00) be a function with ©(0,---,0) =0 and p # 3 such that
there exists an £ < 1 with

Mot
o(xr, -+ ,zp) < kLyp ( PR ) (3.6)
for all z1,--- ,x, € A, where k = % Suppose that f : A — B is an odd mapping satisfying
(3.2) and (2.4). Then there exists a unique (r,s,t)-J*-homomorphism H : A — B such that
L x x
— <—-F——p(0,=,-- = 3.7
19@) = H@ls < g2 (05 7) (3.7)

for all x € A.

Proof. Let S be the defined set in the proof of Theorem 3.2. Consider the following generalized
metric d:

d(g.h) = int {C € B+ lg(a) = h@)s < Co (0,7 ) }-

It is easy to show that (S, d) is complete (see the proof of [35, Lemma 2.1]). we define the linear
mapping J : § — S such that

T (9(a)) i= poke)

for all x € A. By the same argument as in the proof of Theorem 3.2, we can obtain the mapping
H : A — B, as the unique fixed point of J such that

H(z) := lim *f(k" )

n—oo k™

for all x € A. By (3.2) and (3.6), we have

1 L T x
Hf —7f(k.73) §§ (0 7$)§(p_1)90<07E77%>
for all x € A. This means that d(f, 7(f)) < (pfl)' Hence
1 L
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which implies that the inequality (3.7) holds.
The rest of the proof is similar to the proof of Theorem 3.2. O

Theorem 3.4. Let ¢ : A% — [0,00) be a function such that there exists an £ < 1 with

L
QO(CL',y,Z) < 580(2'%32:%22) (38)

for all x,y,z € A. Suppose that f: A — B is an odd mapping satisfying

$+y+z T+ 2z T4y —32
() () e ()

+f (u“{x) -t <l (3.9)

1f (a"a""a") — f(2)" ()" f ()| < (2,2, 2) (3.10)

for all p € T' and all z,y,2 € A. Then there exists a unique (r,s,t)-J*-homomorphism
H: A— B such that

L

1f(x) = H(x)]|5 < ms&(%ﬁ’o) (3.11)

for all x € A.

Proof. Consider the defined set § in the proof of Theorem 3.2 and the following generalized
metric d:

d(g,h) = inf {C € R lg(x) = h(@)||s < Cp (22,0,0)} .

Using the same method as in the proof of Theorem 3.2, we can get the mappings J : § — S
and H : A — B, with

T(g@)=29(3). M) = lim 2°f(5)

2 n—0o0

for all z € A. By (3.8) and (3.9), we obtain

o (5) - 7@, < 0 .0.0) < S 22.0,0)

for all z € A, which means d(f, 7(f)) < % Hence d(f,H) < ﬁ This implies that the

inequality (3.11) holds. O
Theorem 3.5. Let o : A% — [0,00) be a function such that there exists an £ < 1 with

ot <260 (3,23

forall x,y,z € A. Suppose that f : A — B is an odd mapping satisfying (3.9) and (3.10). Then
there exists a unique (r, s, t)-J*-homomorphism H : A — B such that

1/ () = H(z)ls < v (z,0,0)

L
1-2)
for all x € A.

Proof. The proof is similar to the proof of Theorem 3.4. O
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4. Hyers-Ulam stability of (r, s,?)-J*-homomorphisms: direct method

In this section, by using the direct method, we prove the Hyers-Ulam stability of (r, s, t)-J*-
homomorphisms associated with the functional equation (0.2).

Theorem 4.1. Let ¢ : AP — [0,00) be a function with ¢(0,---,0) =0 and p > 4. Denote by
¢ a function such that

o1, ,xp) = Zk_("+1)<p(k”x1, s k) < oo, (4.1)

lim k=50, (kMg oo kM) =0 (4.2)

n—oo

forall x,x1,--- ,x, € A, where k = z%' Suppose that f : A — B is an odd mapping satisfying
(3.2) and (2.4). Then there exists a unique (r,s,t)-J*-homomorphism h : A — B such that

1£(2) = h(@)ls < (0,2, 2) (43)
for all x € A.
Proof. Tt follows from (3.2) that
1 1
|5#0) - 1@)| < Get0

for all z € A. Using the induction method, we obtam

‘ 1

i/ (6"2) = f(@)

<7Zk D0, k°x, - -, k°z) (4.4)
B

for all n > 1 and all x € A. Assume that m, are positive integers with m > [. By (4.4), for
m — 1> 0 and k'z, we have

. 1 1] 1 .
|0 = o) = | et ~ )

B B
< k=000, k2, - ko
< = Z )
< Zk (s+1) 0 ks k,sx)

for all x € A. By (4.1), the right-hand side tends to zero as | — oo. Therefore the sequence
{% f(k"z)} is Cauchy. Since A is a complete space, the sequence { f(k"z)} is convergent
and we can define for all € A, the mapping h: A — B by
. 1 n
h(z) := nh_{rolo k—nf(k: x).

Passing the limit n — oo in (4.4) and then by (4.1), we obtain (4.3).
It follows from (4.1) and (3.2) that

. 1
||Q,U«h($17 T 7'7"10)HB nh—>Holo ﬁ ||Q,U«f (knxb M k’nxp)HB

IN

1
lim Eid (K"zq1---  K"xp) =0

n—o0
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for all € T! and all 1, - - - ,xp € A. So by Lemma 3.1 we deduce that h is C-linear.
By (4.2) and substituting = by k"z in (2.4), we obtain

Hh (2" 2x*%2") — h(:L‘)Th( )*h(x HB

= 0 Rrston k,msﬂ If (k") (k™)™ (k")) = f (k"2)" f (k") f (K 2)||
< lim ;SQ (kn,I? ,knﬂf) =0

~ nyoo k(rtstt)n

for all z € A. Hence h(x"z*°z') = h(z)"h(z)**h(x)! for all z € A.
Let g : A — B be another (r, s, t)-J*-homomorphism satlsfymg (4.3). Then we have

1h(z) = g(2)lls < 1Hf(k") h(k" )HB+ 1f (k") — g(K"2)]|5

1
< — = LM 2
p _ 1 gt b ) b

for all x € A. By (4.1), the right-hand side tends to zero as n — oo, which means h is
unique. ]

Theorem 4.2. Let ¢ : AP — [0,00) be a function with ¢(0,---,0) =0 and p > 4. Denote by
¢ a function such that

$la1, Zk” ( (1)) ,k_("+1)xp) < (4.5)

forall z1,--- ,x, € A, where k = p%l' Suppose that f : A — B be an odd mapping satisfying

(3.2) and (2.4). Then there exists a unique (r,s,t)-J*-homomorphism h : A — B satisfying
(4.3).

Proof. 1t follows from (3.2) that

T 1 T T
1 (2) -1l <02 )
H Hg) T@0|g= =905
for all x € A. By the same method which was done in the proof of Theorem 4.1, we can get the
unique and C-linear mapping h(z) := lim, o0 k" f (kinx) satisfying (4.3). By (2.4), (4.5) and
the fact that k < 1, we have

Hh (" x*°x") — h(z) h(z)**h(x HB

G G Go)) o ) () )],

— lim k(r—i—s—i—t)n

n—0o0
im ErHsttn (i.. 95) n ( ):
< D K Pl g ) S el
for all z € A. Hence h(z"z*°z!) = h(x)"h(x)**h(x)* for all z € A. O
Corollary 4.3. Let 0 be a nonnegative real number and q1,- - - , q, be positive real numbers such

that 1, -+ ,qp >r+s+t orq, - ,q <1. Let f: A— B be an odd mapping satisfying (2.5)
and

lepf (@1 s zp)lls < O(lzall + -+ llpll )
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for all p € T' and all z1,- - ,xp € A. Then there exists a unique (r,s,t)-J*-homomorphism
h: A — B such that

N
1f(z) = h(z)]s < Z m

j=2
for all x € A.

Proof. Defining ¢(z1,- - ,xp) = 6 (||z1]|%4 + -+ + ||2|%%) and applying Theorem 4.1 for the
case qi, -+ ,qp >+ s+1t, and Theorem 4.2 for the case q1,--- ,q, < 1, we get the result. [

Theorem 4.4. Let ¢ : A2 — [0,00) be a function with p(0,0) = 0. Denote by ¢ a function
such that

$la,y) =2 " (272, 27y) < oo
n=0

for all x,y € A. Suppose that f : A — B is an odd mapping satisfying

1f (uz + py) + f(pe = 2uy) + f(py — px) — nf (@)[|8 < (2, y), (4.6)

If(z"a* ") — fz)" f(2) f(2) |5 < o(x, ) (4.7)
for all p € T and all x,y € A. Then there exists a unique (r, s,t)-J*-homomorphism h : A — B
such that

1f(z) = h(z)lls < ¢(0,2) (4.8)
for all x € A.
Proof. From (4.6), it follows that
1 1
5700 - @) < je0.0
B

for all z € A. Using the same method as in the proof of Theorem 4.1, we conclude that the
mapping h(z) := lim, 2%]" (2™x) is a unique (r, s,t)-J*-homomorphism satisfying (4.8). O

Theorem 4.5. Let ¢ : A2 — [0,00) be a function with ©(0,0) = 0. Denote by ¢ a function
such that

o(z,y) = i 2" (2_("+1)x, 2_("+1)y> < 00,
n=0

lim 20740, (2770 27"g) = 0

n—oo

for all z,y € A. Suppose that f : A — B is an odd mapping satisfying (4.6) and (4.7). Then
there exists a unique (r, s,t)-J*-homomorphism h : A — B satisfying (4.8).

Proof. The proof is similar to the proof of Theorem 4.4. O

Corollary 4.6. Let 0 be a nonnegative real number and qi,qs be positive real numbers such
that q1,q2 <1 or q1,q2 >r+s+t. Let f: A— B be an odd mapping satisfying

| f(px + py) + flpx —2uy) + flpy — pe) — pf(@)|s < 0(=|% + vl%),
If(z"a* 2" — f(a) fx)* f(@)' )8 < 0= + [=%)

for allp € T and all v,y € A. Then there exists a unique (r, s,t)-J*-homomorphism h : A — B
such that

Oll=l%
1f(z) = h(z)|ls < m

for all x € A.

130 FARHADABADI et al 121-134



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

SUPERSTABILITY AND STABILITY OF (r,s,t)-J*-HOMOMORPHISMS

Proof. Defining ¢(z,y) = 0 (||lz||%4 + |ly||%4) and applying Theorem 4.4 for the case qi,q2 < 1,
and Theorem 4.5 for the case q1, g2 > r + s + t, we get the result. O

Theorem 4.7. Let ¢ : A% — [0,00) be a function. Denote by ¢ a function such that
o(z,y, 2 22 0 (2", 2"y, 2"2) < 0o

for all x,y,z € A. Suppose that f : A — B is an odd mapping satisfying (3.9) and (3.10). Then
there exists a unique (r, s, t)-J*-homomorphism h : A — B such that

1f(z) = h(z)]8 < &(x,0,0) (4.9)

for all x € A.
Proof. By (3.9), we get H%f(Zx) —f(:z:)HB < 20(22,0,0) for all z € A. The same method

as in the proof of Theorem 4.1, leads us to the unique (r,s,t)-J*-homomorphism h(z) :=
limy, o0 50 f (2"2)satisfying (4.9). O

Theorem 4.8. Let ¢ : A% — [0,00) be a function. Denote by ¢ a function such that
o(x,y, 2 ZQ” M, 27"y,27"2) < 0,

lim 2<’"+S+t>"¢ (27", 272,27 "2) = 0

n—oo

forallx,y,z € A. Suppose that f : A — B is an odd mapping satisfying (3.9) and (3.10). Then
there exists a unique (r,s,t)-J*-homomorphism h : A — B satisfying (4.9).

Proof. The proof is similar to the proof of Theorem 4.7. U

Corollary 4.9. Let 0 be a nonnegative real number and qi,qa, qs be positive real numbers such
that q1,q2,q93 <1 or q1,q2,q3 > r+s+t. Let f: A — B be an odd mapping satisfying
<O (% +yll% +1=1%)

'f<uzc+g+z>+f<ﬂx+z2—3y>+f<ux+y2—3z>
B

() s
If (272" 2ty — f(2)" f(2)" f(2)' ]l < 0 (l2]% + ]G + ll=lI%)

2
for all p € T' and all z,y,z € A. Then there exists a unique (r,s,t)-J*-homomorphism
h: A — B such that

q1

1f () = h(z)]|5 < P m’HIIwII?i

for all x € A.

Proof. Defining o(z,y,2) = 6 (|z]|% + ly|% + [|2|%) and applying Theorem 4.7 for the case
q1,q2,q3 < 1, and Theorem 4.8 for the case q1,q2,q3 > 1+ s + t, we get the result. O

Remark 4.10. The obtained results in this paper, could be more remarkable and interesting. In
other words, as a consequence including simpler and better results, one canset g1 = --- = ¢, = q,
aswellasr=s=1t=1 (or a fixed n € N) in all the statements. Furthermore, all the obtained
results do also hold for (r, s, t)-J*-derivations similarly. The reader can directly verify this point
just with a little difference in details.
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Abstract

In [1] and [6] Marx and Strohhécker have proved that if f € A is a convex function, then it has the
property of starlikeness of order % In [5, Theorem 9.5.6], P. T. Mocanu extended this result to the class Az
for a convex function of order f%. In this paper we extend the results proven by Marx and Strohhicker and
by P. T. Mocanu and we’ll prove that, if the function f € A,, n > 3, is a close-to-convex function, then it

is starlike of order 3.

Keywords: Analytic function, univalent function, integral operator, close-to-convex function.
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40.

1 Introduction and preliminaries

Let U be the unit disc of the complex plane U = {z € C: |z] < 1}. Let H(U) be the class of holomorphic
functions in U. Also, let A, = {f € H(U): f(2) =2+ an12"1 +..., 2 € U}, with A4; = A.

Let S ={f € A: f univalent in U} be the class of holomorphic and univalent functions in the open unit
disc U, with conditions f(0) =0, f/(0) = 1, that is the holomorphic and univalent functions with the following
power series development f(z) = z + ag2% +..., z € U.

Denote by K = { feA: Re M +1>0, z€U } the class of normalized convex functions in U and by

( ) >0, z€ U} the class of normalized close-to-convex functions in U.
An equlvalent formulatlon would involve the existence of a starlike function h (not necessarily normalized)
such that Rezf/(z) >0, z€ U We considerlC(fi> {f €A, Rezf Z) +1>—5-, 2€U, yv> 1}.

27 )
Let §* = {f € A: Re Zf ) > 0, z€ U} denote the class of starlike functlons in U, and

S*(a) = {f € A: Re zf (z) >a, 2 € U} , denote the class of starlike functions of order «, with 0 < o < 1.
In order to prove our orlglnal results, we use the following lemmas:

Lemma 1.1 /2], [3], [4, Theorem 2.3.4, p. 35] Let ¢ : C3 x U — C, satisfy the condition Re(is,t) <0, z € U,
for s;t € R, t < —2(1+s%). If p(2) = 14 pp2™ + ppg12™™t + ... satisfies Re[p(z), 2p/(2); 2] > 0, then
Rep(z) >0, ze U.

More general forms of this lemma can be found in [6].

Lemma 1.2 [5, Theorem 4.6.3, p. 84] The function f € A, with f'(z) # 0, z € U, is close-to-convez if and
only foe Re [1 + zf (z } d0 > —m, z =re', for all 01,0, with 0 < 0; < 0o <27 and r € (0,1).

Definition 1.1 [/, Definition 2.2.b, p. 21] We denote by @ the set of functions q that are analytic and injective
on U\ E(q), where E(q) = {C € oU : limcq(z) = oo} and are such that ¢'(¢) # 0, for ( € OU \ E(q). The set
E(q) is called exception set. The subclass of Q for which f(0) = a is denoted by Q(a).
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Definition 1.2 /4, Definition 2.3.a, p. 27] Let 2 be a set in C, ¢ € Q and n be a positive integer. The class of
admissible functions U,[Q), q] consists of those functions 1 : C x U — C that satisfy the admissibility condition

(A) P(r,s,t) & Q

where r = Q(C); s = m(q/(g), R (% + 1) > mRe [C;],/Eg) + 1], zeU, (e aU\E(q), m >n. We write \Ill[Q,q]
as U[Q, q].

In the special case when (2 is a simply connected domain, €2 # C, and h is a conformal mapping of U onto
), we denote this class by ¥, [h, g].
If ¢ : C? x U — C, then the admissibility condition (A) reduces to

(A") ¥(a(€), mCq'(C); 2) & 2,

where z € U, ( € OU \ E(q) and m > n.
If ¢ : C x U — C, then the admissibility condition (A) reduces to

(A”) ¥(a(Q); 2) & ©
where z € U and ¢ € 0U \ E(q).

Definition 1.3 [/, p. 36] Let f and F be members of H(U). The function f is said to be subordinate to F,
written f < F or f(z) < F(z), if there exists a function w analytic in U, with w(0) = 0 and |w(z)| < 1, and
f(0) = F(0) and f(U) C F(U).

Definition 1.4 [4, p. 16] Let ¢ : C*> x U — C and let h be univalent in U. If p is analytic in U and satisfies
the (second-order) differential subordination

(i) Y(p(2), 20/ (2), 2%p" (2); 2) < h(2),
then p is called a solution of the differential subordination. The univalent function q is called a dominant of
the solutions of the differential subordination, or more simply a dominant, if p < q for all p satisfying

A dominant q that satisfies ¢ < q for all dominant q of (i) is said to be the best dominant of (i). (Note
that the best dominant is unique up to a rotation of U).

If we require the more restrictive condition p € [a,n|, then p will be called an (q,n)-solution, q an (a,n)-
dominant, and q the best (a,n)-dominant,

Lemma 1.3 [f, Theorem 2.3.c, p. 30] Let ¢ € W, [h, q] with ¢(0) = a. If p € H[a,n], ¥(p(2), 20’ (2), 22p" (2); 2)
is analytic in U, and

(i6) $(p(2), 20'(2), 225" (2); 2) < h(2),
then p(z) < q(2), z € U.

Theorem 1.1 [1, 6, Marx-Strohhacker] If f € A and satisfy the condition Re (Zf”(z) + 1) > 0, then

f'(2)
(a) Re Z}CES) >1 [ie, feS (3)] and

(b) Re@ > 1, forzeU.

In [5] has shown that the odd and convex functions of order —3 are starlike functions of order 3.

Theorem 1.2 [5, Marz-Strohhscker, Theorem 9.5.6, p. 218] If f € Az and satisfy the condition Re (zfu(z) + 1)

f'(2)
> —1, then Re z}{éj) > 1 [ie, fe8 (3)], forzeU.

2 Main results

We'll extend the theorem Marx-Strohhicker for the functions f € A,, n > 3, which are close-to-convex
functions.
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Theorem 2.1 Letn >3, v > 1, f € A,, satisfy the condition

2f"(2) 1
Re +1>—-—— 2.1
72 2 21
2z o 1
then Re HONEEPE
Proof. According to Lemma 1.2 we obtain
02 1 92 92
zf (z)} / 1 1 27 T
Re |1+ df > ——df = —— dd=——02—601)>——=——>—-m, A>1 (22
/91 [ f'(2) o 2y 2v Jo, 27( 2= ) 2y v 22)

From (2.2) we have f € C, hence it is univalent.
Let p(z) = 2- %g) —1. Since f €A, and f is close-to-convex function (univalent), the function p is analytic
in U and p(0) = 1.

A simple computation leads to
p(z)+1 _ 2f'(2)

= . 2.3
> ) 22
By differentiating (2.3), we obtain
2y (2) 2f"(z) _ 2f'(2)
=1+ - . 2.4
W1 TPE e ey
Using (2.3) in (2.4), we have
ple) 1 2p(2) _ . 2f"()
. , 25
e N (5 29)
Using (2.1) in (2.5), we obtain Re [@ + ;{’Zl)(j)l] > —5-, which is equivalent to
ple)+1  2p'(z) 1
Re [ 5 + P11 + 5 > 0. (2.6)

Let v : C2 x U — C, ¥(p(2), 2p'(2); 2) = —p(ZQ)H + Z(’;)(i)l + ﬂ’ where ¢(r,s) = = +
equivalent to Re(p(z), zp'(2);2) > 0, z € U.
In order to prove Theorem 2.1, we use Lemma 1.1. For that we calculate Re ¢ (is,t) = Re (“;1 + ﬁ + i)

=2 + 2= Then (2.6) is

2y
o is+1 , t(1—is) 1) 1 t 1 1 n(l+s?) 11— 1 (1—n)y+1 .
=Re (SRR ) = bt b S i HEE rE = P = S 0 Seen 2,
v > 1. Now, using Lemma 1.1, we get that Rep(z) >0, z € U, i.e., Re Z}c(g) >1z2eU m

Remark 2.1 FEach of the four conditions in the Marz-Strohhdcker theorem can be rewritten in terms of subor-
dination. This leads to the following equivalent form of the theorem.

(1 P ’
Theorem 2.2 Letn >3, v>1, f € A,, satisfies the condition = (()) +1< (ﬂ;l) , then ZJ{(S) =< 1—;

Theorem 2.3 Letn >3, v > 1, f € A, satisfies the conditions

() 1
Re ( ) +1> > o (2.7)
and 70

then Re@ > %, for z € U.

Proof. In order to prove Theorem 2.1, we saw that, if f €A,, n > 3 and satisfies the condition (2.1) or
(2.7), then the function f is close-to-convex (univalent).
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Let p(z) = %(Z) — 1. Since f € A,, n > 3 and f is close-to-convex function (univalent) then the function p
is analytic in U and p(0) = 1. A simple computation leads to

plz) +1 _ f(z)

5 . (2.9)
By differentiating (2.9), we obtain
w'(z) _ 2f'(2)
= —1. 2.10
FOESSNE) 210
Using (2.8) in (2.10), we have
zp' (%) 1
—_— 4 = . 2.11
e(p(z)+1+2 >0,zeU (2.11)

Let ¢ : C?2 x U — C, ¥(p(2), 2p'(2); 2) = f_fp((zz)) + %, where 9(r, s) = % T
Rev(p(2), 2p'(2);2) > 0, z € U.
In order to prove Theorem 2.1, we use Lemma 1.1. For that we calculate Re(is,t) = Re [% + ﬁ] =

(2.11) is equivalent to

. 2
Re [% + t(llgsf)} =1+ 1+tsz <i- 25111223 = 15 <0, since n > 3. Therefore, by applying Lemma 1.1 we

conclude that p satisfies Rep(z) > 0. This is equivalent to Re Z) > 1 52€U. m
For 0 < v <1, n > 3, Theorem 2.2 can be written as the followmg corollary.

Corollary 2.4 Letn > 3,0<~y <1, f € A, satisfy the conditions Re {Z]{ (g) + 1} —3 and Re Z;ES) > 1,
then Re@ > %7 ze U

Theorem 2.5 Letn >3, v > 1, f € A, satisfy differential subordination

1
ZJ{,/;g) f1<e g”:z ) ° (2.12)
and (%) )
o ST (2.13)
then@—<ﬁlz,z€U.
Proof. Consider
p(z) = %(Z) —1. (2.14)

Since f € A,, and f is close-to-convex function (univalent) then the function p is analytic in U, and p(0) = 1.
By differentiating (2.14), we obtain
2 )

= 2.15
p(z) +1 z (2.15)
Using (2.13) in (2.15), we have
2p'(2) 1
+1< . 2.16
p(z)+1 142 (2.16)
Since Re 1—; > %, differential subordination (2.16) is equivalent to
2p'(2) 1
Re | ————=+ = 0 U. 2.17
e <p(z) ) + 5) >0 =€ (2.17)

Let ¢ : C?2 x U — C, ¥(p(2), 2p'(2);2) = %ﬁ% + 3, then (2.17) becomes Re¢)(p(z), zp/(2); 2) > 0, z € U.

In order to prove Theorem 2.5, we use Lemma 1.3. For that we calculate Re(is,t) = Re (1+zs =+ %) =

Re [t(ll_;sif) + %} = 1+t82 +1< ;’g&ﬁi)) +1=142 <0 Using Definition 1.2, we have ¢ € U,,[h, q]. Therefore
by Lemma 1.3, we conclude that p(z) < q(z), ie., (z) = 1+z’ forzeU. m
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Theorem 2.6 If f € A,, n >3, v > 1 and satisfy the condition Re (Z)}:’,;S) + 1) > —%, then Re \/f'(z) > %,
for z € U.

Proof. Consider p(z) = 24/f(2) — 1, z € U. Since f € A,, n > 3, and f is close-to-convex function
(univalent) then the function p is analytic in U and p(0) = 1. A simple computation leads to

1
LZ); ~- V7. (2.18)
By differentiating (2.18), we have iip;g; +1= z}c,/gg) + 1. Using (2.1), we have
2zp'(2) 1
Re | ———=+1+—| >0. 2.19
1+ p(2) 2 (2.19)
If we let ¢ : C2 x U — C, ¥(p(2), 2p'(2)) = % + %, then (2.19) becomes Rev(p(2), zp'(2)) > 0.
In order to prove Theorem 2.6, we use Lemma 1.1. For that, we calculate Re(is,t) = Re (13_28 + %)
. 2
= Re (205 + 52) = 2, 4 B2 < 080 1 nplen _ A0 <0, sincen 2 3,72 1.

Using Lemma 1.1, we have Rep(z) > 0, i.e., Re+/f/(z) > % ]
For 0 < v <1, n > 3, Theorem 2.6 can be written as the following corollary.

Corollary 2.7 If f € A,, n >3, 0 <y < 1, satisfy the condition Re (ZJ{,/ES) + 1) > —1, then Re/f'(2) > 1,
forz e U.

In differential subordination language Theorem 2.6 can be written as

Theorem 2.8 If f € A,, n >3, v> 1, and satisfy the differential subordination

2f"(2) ey 1-— (%—l—l)z
f'(2) I+z 7

(2.20)
then \/ f'(z) < ﬁlz, forzeU.
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A finite difference method for Burgers’ equation in the

unbounded domain using artificial boundary conditions *

Quan Zheng! Yufeng Liu, Lei Fan

College of Sciences, North China University of Technology, Beijing 100144, China

Abstract: This paper discusses the numerical solution of one-dimensional Burgers’ equation
in the infinite domain. The original problem is converted by Hopf-Cole transformation to the
heat equation in the infinite domain, the latter is reduced to an equivalent problem in a finite
computational domain with two artificial integral boundary conditions, a finite difference method
is constructed for last problem by the method of reduction of order, and therefore the numerical
solution of Burgers’ equation is obtained. The method is proved and verified to be uniquely
solvable, unconditionally stable and convergent with the order 2 in space and the order 3/2 in
time for solving the heat equation as well as Burgers’ equation in the computational domain.

Keywords: Burgers’ equation; infinite domain; Hopf-Cole transformation; Artificial bound-

ary condition; Finite difference method

1 Introduction

When an analytic solution is not available, or the analytic one is not suitable to be used, a
numerical method is necessary for solving partial differential equations. Therefore, several kinds
of exterior problems in the areas of heat transfer, fluid dynamics and other applications were
solved numerically by using artificial boundary conditions [1-5].

The artificial boundary methods were established on bounded computational domains for
various problems of heat equation on unbounded domains and the feasibility and effectiveness

of the methods were shown by the numerical examples [6, 7]. Moreover, for the heat equation in

*The research is supported by National Natural Science Foundation of China (11471019).
TE-mail: zhengq@ncut.edu.cn (Q. Zheng).
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a semi-unbounded domain [—1,00) x [0,00), by using an artificial integral boundary condition

1 [Tun (0N
VT Jo VE= X

Sun and Wu [8] firstly proved that the finite difference scheme is uniquely solvable, uncondition-

ug(0,t) = d\,

ally stable and convergent with the order 2 in space and the order 3/2 in time under an energy
norm. Wu and Zhang [9] also obtained the high-order artificial boundary conditions for the
heat equation in unbounded domains, but only proved that the reduced initial-boundary-value
problems were stable.

Furthermore, Han, Wu and Xu [10] started to consider the nonlinear Burgers’ equation in

the unbounded domain as follows:

Wi + WWy — VW = F(x,t), VY(z,t) € R x (0,7, (1.1)
w(z,0) = f(x), VoeR, (1.2)
w(x,t) = 0, when |z| = +oo, Vte€[0,T], (1.3)

where v = é, Re is the Reynolds number, and the given functions F' and f are sufficiently
smooth with compact supports supp{F(z,t)} C [z}, z,] x [0,T] and supp{f(x)} C [z, z,]. They
obtained nonlinear artificial boundary conditions, constructed a nonlinear difference method
with no theoretical convergence analysis, and supported it by numerical examples. Recently,
Sun and Wu [11] introduced a function transformation to reduce nonlinear Burgers’ equation to a
linear initial boundary value problem, deduced a linear finite difference scheme, and also proved
that the finite difference scheme is uniquely solvable, unconditionally stable and convergent with
the order 2 in space and 3/2 in time.

In this paper, we consider the problem (1.1)-(1.3) with F' = 0 and convert it into an initial

value problem of heat equation by using Hopf-Cole transformation in the following. Let

w(x,t) = — /Oow(y,t)dy, V(z,t) € R x (0,77,

we obtain

1
2
Wi + zwy — Vwg, = 0,

w(x,0) = — /00 fly)dy, VzeR,

w(z,t) = 0, when || — 400, Vte[0,T].
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Let u = exp(—w/2v) — 1, then we have the initial value problem of heat equation:

U — Vugy =0, V(z,t) € R x (0,77, (1.4)
i 0) = ole) == exp( [ fw)y) 1. (1.5
u(z,t) = 0, when |z| = 400, Vte|0,T], (1.6)

where the sufficiently smooth given function ¢(z) has compact support supp{¢(z)} C [z, zr].
By using artificial linear integral boundary conditions similar to that in [8], we reduce the

problem (1.4)-(1.6) to a problem in the bounded computational domain:

Up = Vg =0, V(.)€ [, 2,] x [0, T, (1.7)
u(x,0) = ¢(z), Va € [u, 2], (1.8)

up (21, t) = \/ﬁ/ (@, A d)\, vt € (0,7, (1.9)
g (@, 1) = \/ﬁ/ o x“ Jir, wie0,1]. (1.10)

In section 2, we construct a finite difference scheme for solving the problem (1.7)-(1.10).
Then a new solution of Burgers’ equation is obtained and the difficulty for solving the nonlinear
problem is avoided. In section 3, we prove that the finite difference scheme is uniquely solvable,
unconditionally stable and convergent with the order 2 in space and 3/2 in time. In section 4,

a numerical example confirms the stability and convergence of the finite difference method.

2 The construction of the difference scheme

In order to construct the finite difference method, the bounded computational domain is
divided into an M x N uniform mesh. Let h = (2, — x;)/M, x; = x; + ih for 0 < i < M,
7=T/N,t,=n7 for 0 <n < N,r= 77, and u}' be the numerical solution of u(z,t) at (z;,t,).

Introduce the notations:

1 1 n—l
U?,% 25(% +uiq), 590“1 %ZE(U?—% 1) u; * 2(“ ‘an 1)7
1
n—s5 —

opu; 2 :;(U?—U? b, S = h (uiyy — 2ui" + ui’q)

M M
lutlla = |2 Y @ )2 (|6au™]| = | h Y (el ,
i=1 2 i=1
3
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Lemma 2.1 Suppose f(t) € C?[0,t,], then

| f

Proof Lemma 2.1 is proved by using /%, — t — (2=t /f, — tp_1 + = t’“ —=Lt, — ) =
£k)_5(t — ti—1)(tx — t) to correct (2.2) and thereupon (2.1) in [8], as corrected in [12].

f tk tk 1 b "
=Y [;1¢;r 15202 - 28) max 17"(0)l

3

2,

k-

O

By introducing a new variable v = g—; to reduce the order of heat equation, the problem

(1.7)-(1.10) is equivalent to the problem of first-order differential equations:

Ou _ 9% w,t) € [on ] x 0,71,

—SE =0, Vla,t) € for ] < [0,T),

(.%'O)Iqb( )7 $l<$<£€7~,

ou( :cl, 1
d
(xla /77”// T\ )‘7
ou(xy, A 1
v(mr,t)——\/ﬁ/o B\ t—)\d)\'

Define the grid functions:

Ul =u(xi, ), V" =wv(zit,), 0<i<M, n>0.

(2 3

Using Lemma 2.1, it follows from (2.5) that

1 & [ u(x,,\)  dX
Vip = d
M LT ; /tlcl oN Vi, =
1 U, —USE [t dA 3
= — —_— «|» O T2
\/7'(1/; T te_1 Vin — A ( )
-2y (U = Uk Dan—x +O(r2)
Vv e~
2 i 3
= — [aoUp; — Z(an—k—l 1) UN, — an 1UY] +O(12), n=1,2,
L% —
Therefore, we have
n—jz n—1 n 2 n = k=3
Vi 2= (Vi v = —\ﬁ[aoUM 2= (an—p1 = an-)Uy; = an 1 U] + O(7
T k=1
and similarly,
yrs (v Lyvy) = 2[U”l nzl( W, U3+ o(r
b =V + VY agUy * — Ap—k—1 — Gp—k —an—1Up] +
L% —

(2.1)
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Using Taylor expansion, we have

_1 _1 _1
U 2 —vs,V Z=p 2, 1<i<M, n>1, (2.6)
=3 =3 =3
_1 _1 _1
VI -6U P=q P 1<i<M, n>1, (2.7)
2 2 2
U2 = ¢(x;), 0<i<M, (2.8)
14K 2 [aoU, : nzl(a a )U’“*% an US)+s""2, n>1 (2.9)
0 = oVy - n—k—1 — An—k)Ug — Un—-1V9p ) )
N —
n—% 2 n—3 = k—% 0 n—1
Vi 2= —W[QOUM = (tn-b1 = ani)Uy; > —an U] +£"72, n>1,  (2.10)
k=1
where
_1 _1
p, 2l <e(m®+1?), g 2l<c(@®+h%), 1<i<M, n>1, (2.11)
2 2
|tn_%| < CT%, |s"_%| < CT%, n>1, (2.12)

and c is a constant.

Thus, we construct a difference scheme for (2.1)-(2.5) in the following:

_1 _1
S, 2 —vh, =0, 1<i<M, n>1, (2.13)
2 2
n_l nol .
’U,L'_12 - 5$ui_l2 = 07 1 S 1 S M7 n Z 17 (214)
2 2
ul = ¢(x;), 0<i<M, (2.15)
_1 2 1ol Bl
o = o - - 2 _ 0 > 1 2.16
Vo \/ﬁ[aouo kz_l(an_k_l Ap—k) Uy an—1upl, m>1, ( )
n—=% 2 -1 n-l _1 0
vy P = —\/ﬁ[aouM 2 — Z(an—k—l Un—k)Uy; ° — Gp_qUy]. 1> 1, (2.17)
k=1

u) = ¢(z;), 0<i<M, (2.18)
el el o n-l ,
S0, &+ 5tui+l )—véu; > =0, 1<i<M-1, n>1, (2.19)
2 2
5un_§+21[ 2 (au_z—nz_:l(a Un_k)Uy > —a uo)—éun_%] n>1, (2.20)
t % h \/ﬁ 0lq £ n—k—1 n—k )ty n—14%Q T % ) = 4 .
12w 2 1= po1 1
5tuz4f% f[\/ﬁ(agu;\} 2 Z(an_k_l — )y * — an_lug)w) + 5qu]\L/[f%], n>1, (2.21)
k=1

144 Quan Zheng et al 140-150



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

where
1 1

T St - VEm  T(Vm 1+ )

Proof Multiplying (2.13) by %h and using (2.14) we obtain

m=0,1,2,-- . (2.22)

_1 1 h _1
v P =0 oGy f 1<i< M, n>1, (2.23)
2
n—l n—l h n—l .
Ui 2= 5CEUZ+% - 55tui+§a 0 S 2 S M - 1, n Z 17 (224)

From (2.23) and (2.24) for ¢ from 1 to M — 1 we obtain

h 1 1 h 1
TL2 v - 7712_7 . _
5xui +2y5tz;_59‘"ui+% 2U5tu+1, 1<i<M-1, n>1,
or
L2 4 o2 20T 20, 1<i<M-—1 >1
2(tu +tu )—qul- =0, <i<M-1, n>1,

which is (2.19).
When i = 0, from (2.16) and (2.24), we know that

n—1
2\/17 n—= k-1 n—% h . n-

——[agu, 2—Za,,—a,u 2 qp_1ul] = véLu — —0u
\/7»_[_[00 k:1(nk1 nk)() nlo] ;r% Qt%

1
2

Dividing by h/2 on the both sides we obtain (2.20).
Similarly, when ¢ = M, from (2.17) and (2.23), we know that

-1
2\/; n—1i & k—1 1 h 1

0
? - E (@n—k-1 = An-p)tp, * — an—1upg] = vigu, 1 + 5tuM L

[aou
G k=1
Dividing by h/2 on the both sides we obtain (2.21). O
The difference scheme (2.18)-(2.21) can be sorted as the following:

1 1 1 .
(5= w420 + (5 —r)uiy = (5 + )y + (=20 4+ (G )=, 1< i < M -1,
g g (2.25)
4/r 4r. . _
(1+2r+ F)ug +(1=2r)ult = (1 —2r — F)ug V(4 2m)ug?
— _ 8/rT
ﬁ Z nit = an) )+ =Y e, (2.26)
k=
4
(14 2r+ f) +Q-2ruy_,=01—-2r— \/\/;)u’ﬁl + (14 2r)ul
4 /1T — _ 8\/rT
NG Z An—k—1 — anp)(uhy + k) + 7%_1“%' (2.27)
k=
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3 The error estimate of the difference scheme

Lemma 3.1 For any F = {Fy, Fy, F3,---}, we have

n -1

> laoFi =) (ar-k-1 — ar_x)Fe] Fy >

=1 k=1 =1

where ap, is defined in (2.22).

n=1,2--,

_ _ 1 1 1
Proof Let by, =am_1—am = W(\/ﬁh/m—l - \/m+1+\/7%)’

m > 1, then b,, > 0, and

n -1
> laoFr = (ar—k—1 — ar_g) Fr] Fy
=1 k=1

n n

-1
= D aoff =3 (am-1 — aw)FinFl

=1 =1 m=1

Zaon —*ZZb (FZ,, + FP)

>

=1 m=1

n n l-1
SDITE 3 SR ) SO

=1 m=1 llml

n

SDICEEED O SEEREE ) S

m=1l=m+1 =1 m=1
S WA

=1 m=1
n

el ey == DL

VT AT Vn++vn—1 —
1 n
> — F2.

Lemma 3.2 Suppose {u}'} be the solution of

nl _
5tui_f — V0V, | Pi_l , , n>1,
2 -2 2
ol 1 1
Ui—l2_5xui—12 :Qi—l2’ ].<Z<M7 n>1,
2 2 2
u? =¢(z;), 0<i<M,
n—1
1 2 1
n—s n—sz k—35 0 _1
vy = ﬁ[aouo 2 E (Ap—t—1 — An—k)uy > — apn—1up) +5"72, n>1,
k=1
n—1
1 2 1 1
n—sz n—z Z k—3 n,,
v =— laguy, 2 =Y (Gpop—1 — Gn_p)ty, 2 — an_1ul;] + T n>1
M M n n M n— M )
LT
k=1
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where Supp{p(x)} C [xo, ], then

\Tuty n _1 _1
2 < exp(£L)- 1_15{HU0||,24 + e S (T 2)? + (S 2)7] 56

_1 _1
+2r Y (1P R +1Q2 1)), n=1,2,---.

_1 _1
Proof Multiplying (3.1) by 2¢"" 2 and multiplying (3.2) by 21}?_ 1%, then adding the results,
2

=3

we have
_1 _1 o, 1 _1 1 1 _1 a1
Hwr )2 = =) +20,_ 2)2=F(u; 2v; *—uy fvp 2)+2u; 2P 2+ 20 Q7
2 2 2 2 2 2 2
9., M5 N3 n—g n—j 10, 2y2 n=%\2 1, MT342 n—32
< qluy Pvop P —u o)+ 5(u 1) +2(P-_% ) +§(U_%) +2(Q_%) ;
1<i<M,n>1. (3.7)

Multiplying the above inequality by 7h and summing up for ¢ from 1 to M, we obtain

1

_ _1 n—2 n—% p-1 T _1 T _
(™% = e %) +2r 0" 2|5 < 27 (uy, 2oy, 2 =g 2o )+ gl 2H,24+§Hv" 2%

27| P 4 27| Q2 |, no> L (3.8)

.. _1 _
Noticing 3 [u" %% < F(u"% + u"~*[3), thus

1 1 1 1
! - 3,073 3. 73y L Tyl I—
1% = =M% < 2 (upy oy ® = ug vg )+ (1[5 + %)

2| P 4 2r Q2 A, 1=1,2,...,n.

Summing up for [ from 1 to n, we have

n

-1 1 -1 =

a5 <l + 20 D (up, oy, =g g
=1

n—1 n
T T l -1 -1
A+ 2 3T I + 20 YU P G + QU E ).
=0 =1

D=

)

Substituting (3.4) and (3.5) into the above inequality, and using Lemma 3.1, we have

1 N TR T L A N A Y -1
lu]% < T FUaCl% +27 ) (upPoy® =g Tvg B) +2r Y (P72 A+ 11Q2 %)
4 =1 =1
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1 27 2 o ) e k=1, 1-1
02 -3 —57 =3
= 1_£HUHA4‘1_£'(—;§§) MM%f“E:@Hk 1= ag)uy, h%f
1=1 k=1
-1
2T = -1 —1 27 2 " -1 k-1, -1
— UMZT 2 — — .(7)Z[a0u0 2 —Z(al_k_l —al_k)uo 2]u0 2
4 =1 =73 VTV k=1
27 = =Ll 27 -1 -1 !
t1—z Tm252+1_I§]W)ﬂM+M2 201%) + %
4 =1 4 =1
1 27 2 z-l T 2 -1
< WLlZ — 2 u o 2)2
TV, 1 2T 2 -1,
S b - > )
2 1—-7 NG Qf
! é \/ﬂ—Ttn -1
2 Zu@ 5 2(8
=1 =1
n 2 n—1
-1 -1 1
=D (P25 + 102 1%) + ZH [
4l:1
T \/m/tn l_f I—1.9
< 0 (T + (82
< T Z + (572
2 — 27— !
-1 -1 1
5 2 P E A+ Q2 3) + le 1%, n=12--
4l 1

Using Gronwall’s lemma, we can obtain (3.6). O

Theorem 3.3 The difference scheme (2.18)-(2.22) is uniquely solvable.

Proof By Theorem 2.2, it suffices to prove that the difference scheme (2.13)-(2.17) is solvable u-
niquely. When initial value is homogeneous, by Lemma 3.2, we have |[u"||4 = 0,n =1,2,---. O

Theorem 3.4 Let {u]'|0 <i < M,n > 1} be the solution of (2.18)-(2.22), then

2T
eXP(r)
lu™1% < 7 [Wl%, n=1,2,---. (3.9)
4

Proof From Theorem 2.2, it suffices to prove that (3.9) hold for the difference scheme (2.13)-
(2.17). Therefore, (3.9) follows directly from Lemma 3.2. O

Theorem 3.5 Suppose (1.4)-(1.6) have solution u(z,t) € 043(R x [0,T7). Let {ul'} be the
solution of (2.18)-(2.22), and let @] = U — ', then

CcT 2T
a3 < = (VAT + A exp(;—)(r + A3, n=1.2,0 [T/5) (310)
where C' is a constant independent of T and h.
9
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Proof Subtracting (2.13)-(2.17) from (2.6)-(2.10), respectively, we obtain the error equations:

ol _1 nol .
5tui_f — V0. | :pi_f, 1<i<M, n>1, (3.11)
2 2 2
nol ol ol
I 6 R =g 2, 1<i<M, n>1, (3.12)
i—3 i—3 i—3
) =0, 0<i<M, (3.13)
n—1 2 IS R k-1 _ 1
T = 7%[@()“3 ‘- ;(an—k—l — pk)ly > —ap—1tg) +s"72, n>1, (3.14)
n—1i 2 n—z = k-1 -0 _1
Uy ° = _ﬁ[QOUM 2 - ;(an_k_l — Op—f)Uyy > — Gp—1Uyy] 1772, n > 1. (3.15)

Using Lemma 3.2 and applying (2.11), (2.12) and (3.13), we obtain

2T vty 1
[ = exp(qa) - 1 - A+ 23#“ + (573
1
n 1 1
+27 ) (P21 + g2 )%}
=1
C

2T :
< o (VmT+hep(( =) (2 +17)° n=12--[T/7]. O
- T

Theorem 3.5 shows that the convergence order of (2.18)-(2.21) is 2 in space and 3/2 in time
for the problem (1.7)-(1.10). Finally, the numerical solution of Burgers’ equation is obtained by

n n
n_ VUi — W%

no_ Nl
t h 1+ul (3.16)

which keeps the corresponding unique solvability, unconditional stability and convergence.

4  The numerical example

For the problem of Burgers’ equation with an initial condition f(z) = —% in the
1 3 @=L (e2 )2 _(=—¢&)? d
support [z, 7] = [~3, 3], the exact solution is w(xz,t) = 2v2Y=L [y (C 2OV Pl i ) 5. The

I+ 2\/;7 f33(§2—9)2 exp(_%)dg
numerical solutions are obtained by the proposed scheme, then the convergence order w.r.t h is

shown in Table 1, and the convergence order w.r.t 7 is shown in Table 2.

Table 1. Convergence w.r.t. h of the problem for T'=1, » =0.1, 7 =0.01 and 7 = h4/3 respectively.

M N L*®°-error order L2-error order N L°-error order L2-error order
50 100 2.2705e-3 — 2.0737e-3 — 9 3.1455e-3 — 2.5729e-3 —

100 100 6.0651le-4 1.9044 5.5643e-4  1.8979 22 7.6893e-4  2.0324 6.5174e-4  1.9810
200 100 1.6444e-4 1.8830 1.4962e-4  1.8949 54 1.8419e-4  2.0617 1.6620e-4 1.9714
400 100 5.0024e-5 1.7169 4.5653e-5  1.7125 137  4.5577e-5  2.0148 4.1607e-5  1.9980
800 100 3.0569e-5 0.7106 1.9714e-5 1.2115 345 1.1295e-5 2.0126 1.0393e-5 2.0012

10
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Table 2. Convergence w.r.t. 7 of the problem for T' =1, v = 0.1, h = 0.002 and h = 73/4 respectively.

N M L°°-error order L2-error order M L°°-error order L2-error order
20 3000 1.0398e-3 — 2.1342e-4 — 95 8.7265e-4 — 7.2610e-4 —

40 3000 3.6910e-4 1.4942 6.2138e-5 1.7801 159  2.9735e-4 1.5532 2.6197e-4  1.4708
80 3000 1.0386e-4 1.8294 1.8884e-5 1.7183 267 1.0258e-4 1.5354 9.3238e-5  1.4904
160 3000 2.6518e-5 1.9696 6.3713e-6 1.5675 450 3.5936e-5 1.5132  3.2868e-5  1.5042
320 3000 1.5322e-5 0.7914 2.6822e-6 1.2482 757 1.2623e-5 1.5094 1.1614e-5  1.5008

Conclusions

In this works, a new finite difference method for Burgers’ equation in the unbounded domain

is presented by (2.18), (2.25)-(2.27) and (3.16) succinctly. The inequality in Lemma 2.1 is

slightly stronger than Lemma 1 in [8]. Lemma 3.2 is proved by using Gronwall’s lemma, but for

heat equation in the semi-infinite domain, similar Lemma 4 in [8], i.e. Lemma 3.2.4 in [12], was

incorrectly proved by not using Gronwall’s lemma, and the lemma can be modified and proved as

Lemma 3.2. Finally, the proposed method is clearly proved and verified to be uniquely solvable,

unc

onditionally stable and convergent with the order 2 in space and the order 3/2 in time to

solve Burgers’ equation in the unbounded domain.

References

[1]

2]
3]

[4]
[5]
[6]

7]

(8]

[9)

(10]

(11]

(12]

B. Enquist, A. Majda, Absorbing boundary conditions for numerical simulation of waves, Math. Comput. 31 (1977)
629-651.

K. Feng, Asymptotic radiation conditions for reduced wave equations, J. Comp. Math. 2 (1984) 130-138.

D.-H. Yu, Natural Boundary Integral Method and Its Applications, Beijing/Dordrecht/New York/London: Kluwer
Academic Publisher/Science Press, 2002.

J.M. Strain, Fast adaptive methods for the free-space heat equation, STAM J. Sci. Comput. 15 (1992) 185-206.
D. Givoli, Numerical Methods for Problem in Infinite Domains, Elsevier, Amsterdam, 1992.

H.-D. Han, Z.-Y. Huang, A class of artificial boundary conditions for heat equation in unbounded domains, Comput.
Math. Appl. 43 (2002) 889-900.

H.-D. Han, Z.-Y. Huang, Exact and approximating boundary conditions for the parabolic problems on unbounded
domains, Comput. Math. Appl. 44 (2002) 655-666.

X.-N. Wu, Z.-Z. Sun, Convergence of difference scheme for heat equation in unbounded domains using artificial
boundary conditions, Appl. Numer. Math. 50 (2004) 261-277.

X.-N. Wu, J.-W. Zhang, High-order local absorbing boundary conditions for heat equation in unbounded domains, J.
Comput. Math. 29 (2011) 74-90.

H.-D. Han, X.-N. Wu, Z.-L. Xu, Artificial boundary method for Burgers’ equation using nonlinear boundary condi-
tions, J. Comput. Math. 24 (2006) 295-304.

Z.-Z. Sun, X.-N. Wu, A difference scheme for Burgers equation in an unbounded domain, Appl. Math. Comput. 209
(2009) 285-304.

H.-D. Han, X.-N. Wu, Artificial Boundary Method, Beijing: Tsinghua University Press/Springer Press, 2012.

11

150 Quan Zheng et al 140-150



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Barnes-type Peters polynomials associated with
poly-Cauchy polynomials of the second kind

Dae San Kim

Department of Mathematics, Sogang University
Seoul 121-742, Republic of Korea
dskim@sogang.ac.kr

Taekyun Kim

Department of Mathematics, Kwangwoon University
Seoul 139-701, Republic of Korea
tkkim@kw.ac.kr

Takao Komatsu

Graduate School of Science and Technology, Hirosaki University
Hirosaki 036-8561, Japan

komatsu@cc.hirosaki-u.ac. jp

Hyuck In Kwon

Department of Mathematics, Kwangwoon University
Seoul 139-701, Republic of Korea
sura@kw.ac.kr

Sang-Hun Lee

Division of General Education, Kwangwoon University
Seoul 139-701, Republic of Korea
shleeb80@kw.ac.kr

MR Subject Classifications: 05A15, 05A40, 11B68, 11B75, 65Q05

Abstract

In this paper, by considering Barnes-type Peters polynomials of the second kind
as well as poly-Cauchy polynomials of the second kind, we define and investigate
the mixed-type polynomials of these polynomials. From the properties of Sheffer
sequences of these polynomials arising from umbral calculus, we derive new and
interesting identities.
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1 Introduction

In this paper, we consider the polynomials

S0(x) =50 (s ) = 30 (A A )
called the Barnes-type Peters of the second kind and poly-Cauchy of the second kind
mixed-type polynomials, whose generating function is given by

T o0 t”

| | M Ninf (_ln(l +t))(1+t)x _ /S\(k)(xp\ ) )
j=1 1‘| (1+t)/\] k n 1yor s Ars M1y ooy Up —n!’
(1)

where Ay, ..., Ap, g, ..o, e € C with Ay, ..., A\ # 0. Here, Lify(z) (k € Z) is the polyfac-
torial function ([8]) defined by

I
o

n

(e 9]

:L.m
Lif = _
1 k(l‘) mzo m|(m + 1)k
When z = 0, 3 = §£Lk)(0) =5 (O|)\ ) =5 (0 Alyeoy Aps i, -« -y i) are called the the

Barnes-type Peters of the second kind and poly-Cauchy of the second kind mixed-type
numbers.
Recall that the Barnes-type Peters polynomials of the second kind, denoted by

SNy oy A 1, - - -, i1y), are given by the generating function as
. (14 t)N )“J’ = t"
—— | (14" = S| A1, A e ) —
]Hl (1 + (1 +t)N ot n!

If r = 1, then 8, (z|\; ) are the Peters polynomials of the second kind. Peters polynomials
were mentioned in [12, p.128] and have been investigated in e.g. [7].

The poly-Cauchy polynomials of the second kind, denoted by ¢ (x) ([6, 9]), are given
by the generating function as

Lif,(—In(1+¢)) (1 +¢)" = ia(f)(x)ﬁ .

The generalized Barnes-type Euler polynomials F, (z|A1, ..., Ay; 1, - - ., i) are defined
by the generating function

s 2 . 00 tn
H(m) Z (| A1, T’Mh“"ur)a'

J=1 =0
If g = -+ = p, = 1, then E,(z|Ar,...,\) = E(z|A, ..., A5 1,...,1) are called
the Barnes-type Euler polynomials. If further \;y = --- = A\, = 1, then Eff)(x) =

E,(x|1,...,1;1,...,1) are called the Euler polynomials of order r.

In this paper, by considering Barnes-type Peters polynomials of the second kind as
well as poly-Cauchy polynomials of the second kind, we define and investigate the mixed-
type polynomials of these polynomials. From the properties of Sheffer sequences of these
polynomials arising from umbral calculus, we derive new and interesting identities.

2
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2 Umbral calculus

Let C be the complex number field and let F be the set of all formal power series in the

variable ¢:

F= {f(t) = %t’“

k=0

o c} | )

Let P = Clz] and let P* be the vector space of all linear functionals on P. (L|p(z)) is
the action of the linear functional L on the polynomial p(x), and we recall that the vector
space operations on P* are defined by (L + M|p(x)) = (L|p(z)) + (M|p(z)), (cL|p(x)) =
¢(L|p(z)), where ¢ is a complex constant in C. For f(t) € F, let us define the linear
functional on P by setting

(fO)]z") = an, (n=0). (3)
In particular,

(tF|2") = nldnx  (n,k > 0), (4)
where 9, is the Kronecker’s symbol.

For fu(t) = Y2 04k we have (f,(£)]2") = (L|e™). That is, L = f,(t). The map
L — fr(t) is a vector space isomorphism from P* onto F. Henceforth, F denotes both
the algebra of formal power series in t and the vector space of all linear functionals on
P, and so an element f(¢) of F will be thought of as both a formal power series and a
linear functional. We call F the umbral algebra and the umbral calculus is the study of
umbral algebra. The order O(f(t)) of a power series f(¢)(# 0) is the smallest integer k
for which the coefficient of t* does not vanish. If O(f(t)) = 1, then f(t) is called a delta
series; if O(f(t)) = 0, then f(t) is called an invertible series. For f(t),g(t) € F with
O(f(t)) =1 and O(g(t)) = 0, there exists a unique sequence s,(z) (deg s,(z) = n) such
that (g(t)f(t)*|s,(z)) = nld,k, for n,k > 0. Such a sequence s,(z) is called the Sheffer
sequence for (g(t), f(t)) which is denoted by s,(z) ~ (g(t), f(£)), (see [1, 4-12]).
For f(t),¢(t) € F and p(z) € P, we have

(F()g(@)p(x)) = (fB)]g()p(x)) = (g(t)]f (#)p(x)) (5)

and
£ =3O 1, pe) =3 (a3 ()
k=0 ’ k=0 )
([12, Theorem 2.2.5]). Thus, by (6), we get
Po(e) = p@) = T ana - emp(a) = i ). )

Sheffer sequences are characterized in the generating function ([12, Theorem 2.3.4]).

Lemma 1 The sequence s,(x) is Sheffer for (g(t), f(t)) if and only if

1 yf(t) — - Sk_(y) k
g(f(t))e _kzo Ll l (yE(C),

3
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where f(t) is the compositional inverse of f(t).

For s,(x) ~ (g(t), f(t)), we have the following equations ([12, Theorem 2.3.7, Theorem
2.3.5, Theorem 2.3.9]):

F(t)5ule) = nsas(e) (02 1) )
sula) = 32 5 (a(F®) " Feyla) @, 0

su(@ +y) = Z (?) $(2)pn—; () , (10)

where p,(z) = g(t)sn(z).
Assume that p,(z) ~ (1, f(t)) and g,(x) ~ (1,9(t)). Then the transfer formula ([12,
Corollary 3.8.2]) is given by

=T M nafl T n
wio) =2 (28) i) =)

For s, (z) ~ (g(t), f(t)) and 7,(z) ~ (h(t),1(t)), assume that

Then we have ([12, p.132])

x"> : (11)

From the definition (1), g (| A1,y Aps 1, - - -, f4r) 18 the Sheffer sequence for the pair

r 1 At Hi 1
g(t) = H ( l_)\ft ) Lify,(—t) and  f(t) = el —1.

j=1

3 Main results

So,

r 1+e>\Jt 127} 1
‘/S\gzk)(xp‘l:'"a)\r;l’['lv'-'nuT)N (H( 6)‘jt ) Llfk(_t),et_l . (12)

Jj=1
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3.1 Explicit expressions

Let (n); =n(n—1)---(n—j+1) (j > 1) with (n)o = 1. The (signed) Stirling numbers
of the first kind S;(n,m) are defined by

(), = Z Si(n,m)z™ .

Theorem 1 Let A\ =3"_) \jjij. Then, we have
SB (@A, A, )

. . n m _1 l/m
=2~ X1k Z Z (U)ASl(n,m)Em_l(m + A A A e ) (13)

k
m=0 (=0 + 1)
n n n . .
=0 i=j
2K /) (1 ,
- Z (Z) (i)sl(n_laj)/c\gk)/s\l—i()\la"'7A7";,u17~--,,ur>$] (15)
j=0 1=0 i=0
n n\
= (Z)S”_l()‘l"'"AT;Mla---,ur)Egk)(x), (16)
1=0
n n\ . "
— (l) XA, A e, e )C (17)
1=0
Proof. Since
r 1 +€>\jt Hj 1
H ( eAit ) Llfk(_t)gﬁ’bk)(xp‘lv))\raﬂla7,“7") ~ (Let_]-) (18)
j=1
and
(@)n ~ (1,€" = 1), (19)
)
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we have
/S{nk)(x|/\1, e A Ly s )

r 6)\jt K )
= H (m) Lify(—t)(2)
/\jt Hg
= ZSl n,m H (1+e’\ t) Lify(—t)z
r erit Hj m (_1)ltl .
—zwmg(w) > arr i

m m T it 1 o
:Zsl(n,m Z k H(lJre)\jt) r
7j=1

1=0
=27 Xi- 1“JZS n,m) f:( ) A’”H 2 ujxm_l
—~ (I + 1 Pl ehit
— 9 2= M Z Si(n,m) Z Epi(x 4+ M| Ay, ooy A ey ooy i)
m=0 =0
So, we get (13).
By (9) with (12), we get
o .
(g(F(0) "ty

Si(l,4) < (%) j Lify,(—In(1 +¢))|2"~
< 5
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On the other hand,

(a(F®) " Ft1a")

—y; (7)51@,]) E(M(:J?ZV )“J Lifk(_ln(1+t)>xn_l>
S (s E ()T ) )
:j!lzz: (7)Sl(l,j> n:(j (ni—l)ék) <§:o§m<kl’ h W;M’mjur)% xn_H>

n n—l
, ZZ n\ (n—I k)
:jl (l)( i )Sl(laj)/c\gk)snlz()‘la7>\7‘7H17>,u7’)

I=j i=0

Thus, we obtain

s (2)

n

I I
NE
M- <=
~_
VR
- 3 N
N—— o
= &
»
w3k
= |
— o
3 ],
|
.
D)
=
»)
.
>
>
z.
=
oy
=
3
N—
S
<.

which are the identities (14) and (15).
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Next,
S (YIAL, - A s ) = <§;§<’“ (y |)\1,...,)\r;u1,...,ur)§—§ a:">
- <JH1 <%># Lify,(—In(1 4 ¢)) (1 + t)?|z >
_ <£[1 (1 J(rlgi)t) >M Lif, (— In(1 + 1)) (1 +t)yx”>
- <£[1 <1 J(rl(J{?At;Aj>ﬂj g@(k)(y)%x">

=0

N\ k) N\~
/C<l )(y)sn_l()\l,...,/\T;;Ll,...,,ur)_

(0)
_ zn: (7)&’0(@/) <§:§i(A1, o ,Ar;m,...,ﬂr)’;__j xn—l>
(0)

Thus, we obtain (16).
Finally, we obtain that

/S\ﬁzk)(y|)\17"'a)‘r;uh"'a,ur) =

<Z/3\§k) y|)\1,,,. T,,ul,...,ur)? mn>
— il
T (D N i+ )1+ )
= H I 1—|—t) ifp(—In(1+1¢))(1+t)Y|x
1+t> Hj .
Lify (— In(1 + 1)) ‘H Ty, (o
. > R tl
= <L1fk(—1n(1 +t>)‘ D Sy A ,ur)ﬁ$">
1=0 :

= /\l<y|)‘17"'7>‘7";:u17"-7ﬂr) (7) <L1fk(_ ln(l +t)) T

=0
& n > t
~ k n—
:Zsl(y’)‘lw"7)\7’;”17"'7/1’7“)([) <ZE'E )Jx l>
1=0 i=0 '

ny <
— (l)sl(y\)\l,...,)\T;ul,...,ur)/cﬁ_l.
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Thus, we get the identity (17).

3.2 Sheffer identity

Theorem 2

- n
gg.bk)(l' +y|)\17 .. -7>\T‘;/’L17 . e 7/-1’7") == ( )3(]]6)(3:’)\1, .. '7)\1”;//617 PN

Proof. By (12) with

T (14 eMt
pn(x) - e)\jt

1(°5) e

= (x)n ~ (Let - 1)7

~

using (10), we have (20).

3.3 Difference relations

Theorem 3

éff)(x + A, A iy ) — fsff)(x]/\l, e AR Ly ey )
(&

S| A1y oy Ay iy -

7”7")

= nsn_)l(a:])\l, e AR L e ) - (21)

Proof. By (8) with (12), we get

(e — DFW (@[ AL, s Ay i, oo ) = 05 (AL, - Mgt i ) -

By (7), we have (21).
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3.4 Recurrence

Theorem 4

k
35111(33“1, e AR L, )
= (.T =+ )\M)A(k)<x — 1|)\1, e )\T;/,Ll, Ce 7,“7’)

m—l
— 9135 I“JZZZSInm —)m ),LLl)\El(LU+/\<M+€z) LA e+ e;)

_ k
m=0 [=0 =1 l+ )
m=0 (=0

= (.’E"‘/J)\) nk)<.1'— 1‘)\17--'7>\7‘;H17'-->,u7')

n n—j r

";;;() st (S5

— 2 =ik ZZ ) 51 (n,m) Ey(z 4+ A — 1A ) (23)

m=0 [=0
A= 25:1 Aifbi.

Remark. Comparing (22) and (23),

m T

2‘2%%222 —l—l— kuz)\Sl(n m)E(z + Mp+e) — 1A p+e)
m=0 1=0 i=1

n n— T

j
. Ao—1
(e (232)
j=0 1=0 i=1 g

Proof. By applying

= x—g/(t) ! Sn(x
) = (2= 5 ) 7o 2

([12, Corollary 3.7.2]) with (12), we get

k
éfljl(xp\l, ey A Ly e )

/
t
= 25W (= 1A, A i, ) — e_t%’s\gf)(x\)\l, ey A Ly ey )

10
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Since

_ Mi)\ie)\ it Llf' t)
_glJﬂf“ ZMZ Lify(—t)
by (13), we have
/
AVETIE
g(t)
— et Lify (=) \ <)
- - i)\i T N
(i:l 1+ elit ; 2 + Llfk(—t) Sn (l')
n m l m T 2 r 2 ‘LL]
=9 1 Z] 1 Mg ( ) (l) Ot Aa)t -
mz:()lz:; St m) I+ 1)* i=1 i 1+ et H 1+ et
k n r e)\jt g )
s () + Z Si(n,m) (1 " e’\Jt) Lif, (—t)z™ (25)
m=0 j=1

The first term in (25) is

l/m
971 2j= 1“]22251 n,m) )( )m Epa(z+AMp+e)Ap+e),

k
m=0 [=0 =1 )

where A = (Aq,...,\), p = yoosity) and e; = (0,...,0,1,0,...,0) (1 = 1,2,...,7).
(M )y 1= ( fir) ( ) ( )

i—1 r—i
Since
. 1 1
Llfkfl( ) Llfk( ) 2k F t4+--- ,
11
161
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the third term in (25) is

T /‘L]
9~ 2j=1 My E Sy (n, m)eMLif) (— H<1+ /\t) ™
e

m=0 j=1

. L Lif,_ Lif
=272 Y S (n,m)eM! (1) = Lify(~) B (2|A; 1)

m=0 —t
= 9 X1k En Si(n m)e’\“t(Lif (—t) — Lif (—t))—mH( z|; p)
- 1 ) k—1 k m+ 1
m=0

— 9 Yiny zn: Si(n, m) oAt

— m+1

<m+1 m+1 (_1)ltl
S e Bl - 3 —kEmmxu;m)
N+ 1)kt zol!<l+1)

0w Z S1(1,m)

= m+ 1
X (Z ((_l:} 1()kl_1) Em+1—l<x|/\; :u) o Z %Eﬁl""l_l(xp\; M)>
1=0 =0

e . n S]_(n m) m+1 (_1)[ (m+1)l
= _9 Z_j:l 1 ) At l E B \:
mz::o m 1 e 12:1: (l—Fl)k m-+1 l(x| au)

g S ()
— —ijuuj (—l .

Thus, we obtain
Sihi(@) = (@ + MR —1)

m r m—l
— 21X MJZZZ& n,m) ) (7 )ul)\ Ei(x+ Mp+e) — X p+e)

_\k
m=0 [=0 i=1 1 l)
- 27> ””Zn:i( o m) Si(n,m)Ei(z + A — 1|A; p)
mOlO(m+2_l ’ o
which is (22).
12
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On the other hand, by (14) with (22), we have

/
t
g( )gglk)(x)
g(t)
et Lify (=) \
- - i)\z
<11 1 + 6)‘2t Zly“ Llfk(—t) Sp, ((L’)
— li pidiet 2 i % " Si(n—1 j)é@)x]
2 & L+ et e e \ P

~ ) + 27T 305 E s g v 6)

7=0 [=0
I~ (7 (k) Mt
= 5 Z (l>81<n S; Z,uz)\ze )\]E \
7=0 [=0 =1
1 L n J+1 l"i‘)\
SR (et B ()
7=0 [=0

Thus, we obtain

58 () = (@ 4+ pA)EP (@ — 1)

1 n n—j r ‘ /\2_1
;‘) wN 81 (n — 1, )Y E <“’+—>

=0 1=0 ZZ1 Ai
9T 2=y ~\ (_l)mil(m)

msl(n ;m)Ey(z + A — 1A ).

[\

VR

m=0 [=0

which is (23).

3.5 Differentiation

Theorem 5

n—1
d —1 n—I[—1
_:g\glk)(x’)‘laa)\m/llaaMT): ! ngk)(l”)\l,

AR Ly e ey ) 27

13
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Proof. We shall use

(Cf. [12, Theorem 2.3.12]). Since
(F))2" ") = (In(1 +¢)]2"")

= (=)™t
_ ;( " >

I
D
3
E)
|
8
i

with (12), we have

d
Sl M A )
n—1
n
=3 (z) (=1 = 1= DIEP @A, A, )
=0
n—l (_1)n—l—1/\(k)
=nl! msl (x|)\1,...,)\r;u1,...,u,,),
=0

which is the identity (27).

3.6 A more relation

The classical Cauchy numbers ¢, of the first kind are defined by

o0

t t"
m(l+1) ey

n=0
(see e.g. [3, 8]).
Theorem 6

SO @Ay i e )

l

1<~ /n _
:nglk_)l(x—1\)\1,...,)\T;M1,...,ur)+EZ( )cnl(ggk Dp—1)—5®

=1

=1

14

(x — 1))

(28)
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Proof. For n > 1, we have

(y|)‘17'-~ T7M17"":u7”)
— Z§§ (Y| A1, T,,ul,...,,ur)ﬁ x">
1=0
= ﬁ( 1+t )Mﬂ Llfk(—ln(l—i—t))(l—i—t)y x"
P 14 ( 1+t)

at<f[( 17;175 )WLifk(—ln(Ht))(Ht)

j=1

- L+t Y .
atH( (e ))Llfk(—ln(1+t )(1+t)Y

J=1

R
|
|
|

: L+ Y .
+< ™ ) <8tL1fk(—1n(1+t)) 1+t
< (

III

ey 1+ (1+1¢

1+t)*
1+ (1+¢

::a

)
)
)
) )M Lify,(—In(1+¢)) (8,(1 +¢) > :

1

J

<%> j Lify,(—In(1 4+ ¢)) (1 + )"

+(1+t¢

-

The third term is
-1

o
50 (

=Ys, 1y—1|)\1,...,)\7«;/L1,...,,LL7«)~

xn1>

Lify_1 (—In(1+1¢)) — Lifp (= In(1 +¢)) = (l - )t—|— e

.

Since

9k k-1

15
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xn—1>

t :L,n—l
In(1+1¢)

the second term is

<ﬁ ( (14 t)N >“j Lifk_l(— In(1+ t)) — Lifk(— In(1 + t)) (14 1)

L4+ (1+1¢6)N (14+¢)In(1+1¢)

(I )

Lify_1(—In(1 +¢)) — Lif, (= In(1 + ¢))

t
r 1 +t Hj
(I ()
Lifk_l(—ln(lth)) ~ Lt (I 0) iclt’xn_1>

(14 t)v!

t

S () ()

Lif_1 (—In(1 +¢)) — Lifx (— In(1 +¢)) xn1l>

(1+¢)y !

t

ST ()

(1 07! (L (= In(1 + 1)) = Lify (= In(1 + 8))) 2"

= ) ﬁ <7> G <<H (%) ’ Lify_4 (— In(1+ t))(l Ftyl
_ <H (%) ! Lifk(— hl(l + t))(l + Zf)yfl xnl>>

l,n—l>

j=1
1. (n
k-1 k
:E <l)cl(§2l)(y_1|)‘17"‘7/\7‘;:u17"'7:u7")_/\()(y_1|A17"'a)\r;u1a"'7,u'r))
1=0
1 - n fo— k
:EZ<Z)%_I(§§ 1)(y—1|)\1,...,)\r;u1,...,ur)—’sf)(y—1|A1,...,AT;,LL1,...,MT)).
=1

16
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Since
- (14+6)N \"
8tH(—A-
e L4 (14 t)
: _ (14 )* . 1+t Hi
= iAi(1 )"t ,
Z,Zl“ (1+1) I+ (T+6N ( )

the first term is

: (1+t)* - 1+t \"
DY Lifp (—In(1 4 ))(1 + ¢)v N Lt
D _n <( (L+ DA ( (14 t)> ) ifi (= In(1+1)) (1 +1) = >

=1
= A (= N — LA te)
i=1

Therefore, we obtain
/S\ng)<I'|A1, R )‘Ta M,y - 7”7")

1 n _
:zé\fzkzl(x_1|>‘17'--7)\T;H17"'71ur)+EZ (l)cn—l(/s\gk 1)($_1)—§§k)($—1))
=1
+ZMZ (=N =1 p+e),

which is the identity (28). 1

3.7 A relation including the Stirling numbers of the first kind

Theorem 7 Forn—12>m > 1, we have

n—m n
mz (Z)Sl(n_ l7m)/s\§k)<>\17"‘7)\7‘;/’1/17"'7”7‘)

n—m _1
= (m—1) (" )Sl(n—l—1,m—1)§§k)(—1]>\1,...,)\T;ul,...,ur)
=0

l
n—m _1
+) "l )Sl(n—z—l,m—n’sf’“ D1, e A s )
1=0
n—m—1 r n—1
+m ( l )Sl(n—l—l,m)ﬂi)\[s{lm(—)\i—1|)\;u+ei). (29)
=0 =1

17
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Proof. We shall compute

J=1

:

in two different ways. On the one hand, it is equal to

r (1+t>/\J Hi . m n
<H (m) Llfk(—ln(l—i—t))‘(ln(l—i-t)) x >

J=1

d (L+t)Y )“f . - !
= H —————— ) Lify(—In(1 +1¢)) m!ZSl(l,m)—xn
<j=1<1+(1+t)% ‘ 1=0 g
—m‘i ")s (l,m) ﬁ M E Lify (—In(1 +¢)) 2"

e\t AR C IR ’“
= m! - (7 Si(l,m) ié\gk)(Al A i u)t—z g
- l ) — i PR ) y ooy A il
" /n
:m!Z(Z>Sl(l7m)§g€—l(>\l7”'J)\T;Mla"'nur)
l=m
n—m n
=m)! (Z>Sl(n—l,m)fsfk)()\l,...,)\T;pl,...,,ur).
1=0

On the other hand, it is equal to

<at (}:[1 <%> ] Lify (—In(1+¢)) (In(1 + t))m>

xn1>
:L,n1>

:L,n—l

93"_1> . (30)

o] (<1+_fm)‘“)Lifk<_m<1+t>>an<1+t>>m

—'AJ)M Lify (= In(1 +¢)) (9 (In(1+1))™)

< (%) J (atLifk(— In(1+ t))) (ln(l + t))m

18
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The third term of (30) is equal to

r (1+t)Aj Hj ‘ .
m <H (W) Lify,(—In(1+¢)) (1 + ¢)

(In(1 + t))m_lx"1>

=m <]1;[1 (%) ’ Lifk(— In(1+ lf))(l + t)*l
=11 3 Siltm 1)ﬁxn_1>

n—1
n—1
=m/! ( )Sl(l,m—l)/s{:ll(—1|/\1,...,)\r;ul,...,,ur)

f —1
— m)! <” )Sl(n—l—1,m—1)§§k)(—1|)\1,...,)\T;ul,...,ur).
=0

The second term of (30) is equal to

<ﬁ( (1_‘_25)/\j)\j)ﬂj (Lifk;—1<_1n<1+t)) —Lifk(—ln(1+t))> (1H(1+t))m

1+ (1+1¢) (14+t)In(1+1)

xn—1>

j=1

- <H (%) ] Lif—y (= In(1+#))(1+¢)~*

r (1+t)Aj Hj ' .
_ <H (—1 " +t)&) Lify (— In(1 +£)) (1 + #)

Jj=1

(In(1 + t))m_lx”_1>

(In(1 + t))m_lx"1>

n

' n—1 _
= (m—1)! ( l )Sl(n—l—Lm—l)éﬁ DAL e A s s i)
=0

— [n—1
— (m —1)! ( z )Sl(n — I =1,m =18 (1A, A s )
=0

19
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The first term of (30) is equal to

<<at H (%) j) Life(—In(1 +¢)) (In(1 +1))™
(1+1) . (141) "
_E:’1<1+1+¢AII(L+1+t )
()" )
(1+1¢) . (1+1) "
_Z”<1+1+H H(1+1+t )

to
m! Z Si1(1, m)ﬁx 1>
l=m

:L,n1>

Lif, (—In(1 +¢)) (1 +¢)

Lify, (—In(1 +¢)) (1 +¢) "

—m'Zm Z( )51 (I,m)

L+ v @+d Y .
Lify (= In(1 +¢)) (1 + )~
><<1+ 1+1t)A H(1+ 1+ t)> ) ifi (= In(1+ ) (1+1)

-1 xn—l—l>

r n—1

=m! Y ik (n ; )51(l> M), (=N — 1+ e;)
=1 =

n—-m—1 r

—1

=0 =1

m! (l)Sl(n I,m)s;™ (A, Ari gy ooy )
=0
— [n—1
= m! —1—1,m-1)3s" (-1
m%( l )Sl(n l ,m )s,(—1)
+ (m —1)! (n;l)sl(n—l—l,m 15D (1)

20
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Dividing both sides by (m — 1)!, we obtain, forn — 1 >m > 1,

n—m n
m Si(n [ >\7 )\r; 3 y Mor
lz:; (l) 1 )5 (A H1 fir)
n—m _1
—(m—1) (”l )Sl(n—l—l m— D3 (=11, A frs s i)
=0
— (n—1 _
+ l )Sl(n_l_lam_l)/s\gk 1)<_1|>\17"'7)\T;/1’17"'7,“7’)
=0
n—m—1 r n—1
=0 =1
Thus, we get (29). 1

3.8 A relation with the falling factorials

Theorem 8

m

" n
gng)(Sd)\h <. '7)\7“;/1’17 v 7“7’) = Z ( >§£Lk—)m(x)m . (31)

m=0

Proof. For (12) and (19), assume that 3 ( A, A, ) = o Cron (2) . By
(11), we have
- % 1+e J

:E”>
Aj In(1+4t)
T

:mi 11 1J(r HZ) )ujLifk(—ln(1+t))‘tma:”>

<_ |
) <]Tl( )“J Lify (= In(1 + 1)) |z _m>
- (o)

W
Thus, we get the identity (31). |

1 1
Cn,m < r In(1+4t) \ HJ Lifk’ (_ ln(l + t))tm
[T (*i5r)”

/\

n—m

3.9 A relation with higher-order Frobenius-Euler polynomials

For o € C with a # 1, the Frobenius-Euler polynomials of order r, HY (x]|a) are defined
by the generating function

(61_0‘> ZH’“ x|a

21
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(see e.g. [10]).

Theorem 9

n n—mn—m-—j .
S n —
gfzk)(w’)‘la'"7)\T;M17"'7lur‘): ( E : (])( lj>(n)]
=0

m=0 \ j=0 [

x(1 =) 8y(n — j — L m)s? ) HY (o) (32)

Proof. For (12) and

t s
H) () ~ ([ =) ¢ 33
Pt~ (($52) ). (33)
assume that §$lk)(x|)\1, S AR ) = D Cnva,(,f)(a:\a). By (11), similarly to
the proof of (29), we have
<eln(1+t)_a)s

1 -« . m| n
Com = ﬁ< N Lif,(—In(1 +¢)) (In(1 4+ ¢))" |z >
Hj:l (W)

= ; <ﬁ <(1+—t)>\])\])“z Lifk<— In(1+ t)) (ln(l + t))m(l —a+t)°

ml(1— a)° 1+ (1+1)

:

) (%)“ Lif, (= (1 + 1)) (ln(1 + 1)) By (- a)s_itimn>

7

1 s .
~ ml(i—a) ; (z)(l @)™ (n);
. Aj Hj |
X <j:1 (%) Lifk(— ln(l + t)) (ln(l + t))m Jj'nl>

1 n—m s ' n—m-—i n—i
T ——— 1 —_ 51 . ' 7 A(k)
ml(1 — a)® — (z)< )" (n); EZO m ( ; )Sl(n i—1,m)s

_ n._m n_f:_i (j) <” . Z) (n)i(1 = @) Sy(n — i — 1,m)s®

Thus, we get the identity (32). I
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3.10 A relation with higher-order Bernoulli polynomials
Bernoulli polynomials %5{")(3:) of order r are defined by

t N\ L =B,
() e =3B

n=0

(see e.g. [12, Section 2.2]). In addition, Cauchy numbers of the first kind ¢ of order r

are defined by
T 0 5(r)
t n
_— — —tn
<ln(1 + t)) nz_: n!

(see e.g. [2, (2.1)], [11, (6)]).
Theorem 10

3 (2| Ay A s e i)

EEE O eso it w

Proof. For (12) and
B (z) ~ ((6 t_l) ,t) , (35)

assume that S0 (2| A1, ..o At 1y o f1r) = > oo C’mm%gﬁ) (x). By (11), similarly to the
proof of (29), we have
m”>

. ( In(1+t) 1>
Crom = — < 2 T Lify (= In(1 4 £)) (In(1 4+ £))"
I1

m) r 1iei m(i+0)
j=1 oA m(+0)
|

- L E<1i o ) Lify (= In(1 + 1)) (In(1 + )" (m)x>
_ % <E <1 1+t ) Lif, (— In 1+t))(1n(1+t))m)§;€58)§x”>
-1y e(t) <H () it a1 +) (1 +0) w>

= (n) (n l_ Z) CES)Sl(n —1—1, m)fsfk) .
i
=0 1=0

)

3

Thus, we get the identity (34). 1
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On the solution for a system of two rational difference equations
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Abstract: This paper is concerned with the dynamical behavior and the expression of the
solution for a system of two rational difference equations

% v D | = Y T
A+ Xn—Syn—l B + yn—3Xn—1

n+1

where the parameters A, B and the initial conditions X ,, X ,,X ,X,, Y 5, Y 5. Y1, Y, are

positive real numbers.

Keywords: difference equations; expression of solutions; recursive sequences, equilibrium

point; asymptotical stability.

1. Introduction

Rational difference equations that are one of the most important and practical classes of
nonlinear difference equations have applications in various scientific branches such as
biology, ecology, physiology, physics, engineering and economics, etc [1-4]. Although
difference equations are very simple in form, it is extremely difficult to understand
thoroughly the behaviors of their solutions. So recently there has been an increasing interest
in the study of qualitative analysis of rational difference equation and systems of difference
equations [5-7]. In particular, Papaschinopoulos and Schinas [8] studied the oscillatory
behavior, the boundedness of the solutions, and the global asymptotic stability of the positive

equilibrium of the system of two nonlinear difference equations
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Xn+l:A+L’ yn+1:A+ Xn ’ nzovla"', (11)

n-p n-q

where p,q are positive integers. Clark and Kulenovic [9, 10] investigated the global

stability properties and asymptotic behavior of solutions of the recursive sequences

X Yy
Xy =—" =—=0 n=0,1---. 1.2
n+1 yI’H—l b+dX ( )

where a, b, c,d e(0,) and the initial conditions X, and Yy, are arbitrary nonnegative

numbers. The periodicity of the positive solutions of the system of rational difference
equations

X :i’ Yo = Yo ) nZO,l,“', (13)
yn Xn—lyn—l

was studied by Cinar in [11]. Yalcinkaya [12] has obtained the sufficient conditions for the
global asymptotic stability of the system of two nonlinear difference equations

X+ Yo o, = Yo+ X, , n=01---. (1.4)

- XnYna _11 YnXoa -1

More recently, Din et al. [13] studied the equilibrium points, local asymptotic stability of an

n+1

equilibrium point, instability of equilibrium points, periodicity behavior of positive solutions,
and global character of an equilibrium point of the following fourth-order system of rational

difference equations
X, 3 % Yn s

= ’ yn+ = !
ﬂ + 7yn yn—l yn—2 yn—3 ' ﬂl + 7/1Xn Xn—lxn—ZXn—3

In [14], Elsayed deals with the form of the solutions of the following rational difference

n=01--  (L5)

n+1

system

S =RV S W N (1.6)

with nonzero real number initial conditions. Other related results on the difference equation
can be found in references [15-28] and references therein.
Based on the above results, we are mainly interested in study the asymptotic behavior and

the expression of the solution for the following nonlinear rational difference equations

Xn—3 yn—3
S TV /% N VI 17
Arxoyns T By, 1)

Xn +1

where the parameters A, B and the initial conditions X ;,X ,, X, X, Y 3, Y, Y1, Y, are

positive real numbers.
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This paper proceeds as follows. In Section 2, we introduce some definitions and

preliminary results. The main results and their proofs are given in Section 3.

2. Preliminaries and notations

In this section we prepare some materials used throughout this paper, namely notations, the
basic definitions and preliminary results. We refer to the monographs of Kocic et al. [5, 29,
30].

Lemma 2.1 Let 1,1

o1, be some intervals of real numbers and f:IixIf—I

g:1¢x1} —1, be continuously differentiable functions. Then for every initial conditions

(%, y) el, x1,,(i=-3,-2,-1,0), the system of difference equations

{Xml = f (Xn ’Xn-17Xn-2 ’Xn-S’yn ’yn-liyn-Z 'yn-S)! — O, 11 2, . (21)

Yo = g(Xn’Xn—l'Xn—Z Xn31Yn ’yn—l'yn—Z’yn—S)’
has a unique solution{(x,,y,)}. 5.

Definition 2.1 Apoint (X,y) eI, x 1, is called an equilibrium point of system (2.1) if

Definition 2.2 Let (X,y) be an equilibrium point of system (2.1). Then
(1) The equilibrium (X,y) of system (2.1) is said to be stable relative to 1 x1  if for

every £>0 , there exits o>0 such that for any initial conditions
(X, y)elxl, (=83-2-10 , with Y |x-%<& , D |y-y|<s implies
|Xn—¥|<g, |yn—)7|<g.
(2) The equilibrium (X, y) of system (2.1) is called an attractor relative to I, x 1, if for all
=Yy hold.

%, ) el xl, (i=-3-2-10), lim __ x =X and lim__ vy,
(3) The equilibrium (x,y) of system (2.1) is called asymptotically stable relative to I, x1,

if it is stable and an attractor.
(4) The equilibrium (X, y) of system (2.1) is called unstable if it is not stable.

Definition 2.3 Let (X,Yy) be an equilibrium point of the system (2.1),and f and g are

continuously differentiable functions at (X, y). The linearized system of system (2.1) about
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the equilibrium point (X, Vy) is
X..=F(X,)=FX,

where X, = (X, X,_1» X0 0 X0 ar Yor Yoozr Yoor Yag)' @nd F; is a Jacobian matrix of the

system (2.1) about the equilibrium point (X, V).

Lemma 2.2 Assume that X,.,=F(X,),n=0,1 -, is a system of difference equations and

F(X)=X.
about X lie inside the open unit disk |1|<1,

X is the equilibrium point of this system i.e., If all eigenvalues of the Jacobian

matrix F, then X

is locally

asymptotically stable. If one of them has a modulus greater than one, then X is unstable.

3. Main results and their proofs

It is obviously, if A>1, B=lorB>1 A=1, then (0,0 is the unique equilibrium point of
the system (1.7).

Theorem 3.1 Let {X,,Y,}..; be positive solutions of system (1.7), then for all k>0,

Y3

X_
Akill n_4k+1l BkH', n:4k+1,
X2 n-gk+2 Yo n-gk+2,
Ak+1 Bk+l
(1) 0<x,< . (2) 0<y, < Y (3.1)
A;il, n=4k+3, Bk;ll, n=4k+3,
X y
Ak0+1' n=4k +4 Bk0+1’ n=4k +4

Proof. This assertion is true for k =0, Assume that it is true for k =m, then for k=m+1,
we have

Xymns X 1 X, X
Xamiayn > A(rXM 4£+1 s> A Am+l = A(mj)ﬂ’ n=4m+1)+1
X 3 X 1 X, X
X4(m+1)+2 = 4(mX)+13 4;+2 A Am+1 = A(m+21) wE n:4(m+1)+2,
Xn =
X 3 X 1 x, X
Xymayra = 4(mz)+23 42:3 S— A Am+1 = A(mj)ﬂ’ n=4(m+1)+3,
X 3 X 1
Xamityoa < 4(m+A1’+33 42\*4 <= X A):”O” A(rﬁlm , n=4(m+1)+4.
4
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Yamn < y4(gl)_3 = ygﬂ S% Bynj-l = B()n:j.)ﬂ , n=4(m+1)+1
. nmmﬂ—y“§m3=”gzsésﬁf:mﬁ;p n=4(m+1)+2,

Yaminz = y4(m§)+2-3 = y4g+3 S% Bynirl = B(}n(jm , nN=4(m+1)+3,

wmmﬂ-ymgmszﬁg4s%;$f:yfmp n=4(m+1)+4.

This completes our inductive proof.
Corollary 3.1 IfA>1, B >1, then by Theorem 3.1 {(X,.Y,)}.., the solutions of the system

(1.7) exponentially converges to the equilibrium point(0, 0).

Theorem 3.2 For the equilibrium point (0,0) of the system (1.7), the following results

hold:

(O If A>1,B>1, then the equilibrium point (0,00 of the system (1.7) is locally
asymptotically stable.

(2) If A<l or B<1,then the equilibrium point (0,0) of the system (1.7) is unstable.

Proof. We can easily obtain that the linearized system of (1.7) about the equilibrium point
0,0 is

P = Do, (3.2)
where
_ . ;
Ty ] 00 0=0000
n A
Xn—l 0 0 0 0 0 0 0
Xo_ 01000O0O00O
X, 3 001000O0O00
¢n= , D: 1
Yi 0000000 =
Yo B
V., 00001000
v, 0 00O0O0O1O00
- 0 00 0O0O010]
the characteristic equation of (3.2) is
1 1
f(Q)=1"-2)(1"'-=)=0. 3.3
(A= -DE" -2) (3:3)

L If A>1L,B>1, then we have |%|<1,|%|<1, this shows that all the roots of

characteristic equation (3.3) lie inside unit disk. So the unique equilibrium (0,0) is
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locally asymptotically stable.

(2) Itiseasy toseethatif A<1 or B <1, then there exists at least one root A of the

characteristic equation (3.3) such that |/1|>1.Thus, the equilibrium (0,0) of the

system (1.7) is unstable when A<1 or B<1.
By Corollary 3.1 and Theorem 3.2, we have the following result.
Corollary 3.2 IfA>1,B>1, then the equilibrium point (0,0) is globally asymptotically

stable.
Theorem 3.3 If A=B =1, then every solution of the system (1.7) is bounded when the
initial conditions X ,,X,,X ;, X, Y 3 Y, Y, and y, are positive real numbers.
Proof. It follows from Eq. (1.7) that
Xo-3 Yn-s

< Xn-3’ yn+l - yn 3"

1+Xn—3yn—1 1 yn 3n-1

Nl T

Then the subsequences
LRVPER SRR DINPY SRR DINY SR B )
are decreasing and so are bounded from above by M =max{x ;,x,,X,, X}, also, the
subsequences
ansdoor Wana oo s TVana doco s {¥an Fro
are decreasing and so are bounded from above by m=max{y .,y ,,Y,, Y.} Hence, every

solution of the system (1.7) is bounded for any positive initial conditions.
In next section, we study the expressions of the solutions for the systems (1.7) with the
parameters A=B.

Theorem 3.4 If A=B, suppose that {(x,,Y,)},.; are solutions of the system (1.7). Also,
assume that X ,,X,,X,,X,Ys Y, Y, and y, are arbitrary positive numbers and let

X,=a,X,=b,x,=c¢c,x,=d,y,=e,y,=1,y,=0,y,=h.Then

+ A% ag +---+ Aag +ag
Xpnz = 1:[ 2l Az'ag + A% 1ag +---+ Aag +ag
n- + A% ph+---+ Abh+bh
Xan-2 = H A2 Az'bh + A? lbh +---+ Abh+bh’ (3.4)
n-1 AP 4 A%ce+--- 4+ Ace+ce '
Xgpn1 =C

Ld AT L ATHce  AZce oo+ Ace +Ce

n-l AP 4 AZdf ..+ AdF +df
o A2 APOE 4+ AP -+ AF O

Xgn =
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y eH A% + A% ce+...+ Ace +ce
an-s AP 4 APce+ AP lee ...+ Ace+ce’

ﬁ A% + AP ...+ AdF +df

Yoo = P Lot + At <.+ Adf = (35)
- AP 4 APag +---+ Aag +ag
Yan1= QH AP+ Aag + A%ag +---+ Aag +ag’
- A% 4 AZIbn 4 ...+ Abh +bh
Yan = hl:()[ AZ+2 L AR L A% +... 4+ Abh+Dbh’
wheren=1,2,---.
Proof. If A=B, then the system (1.7) is reduced to
X Yo-
= Wzynl Yo :W;Xn_l' Y

It is easy to prove that Egs. (3.4) and (3.5) hold forn=1. Now suppose that ke N,k >1
and that Eqgs. (3.4) and (3.5) hold forn =k —1. That is,

+A?Mag +---+ Aag +ag
Yokt = aH A2'+l + Az'ag + A lag +---+Aag+ag’
., :bﬁ | A fAz' 1bh'+---+Abh+bh
Ty A% A%bh 4+ A% bh +---+ Abh+bh’
k-2 2i+1 2i
X,y s = CH A2I+2A + A"ce+---+ Ace+ce
k—

+ A%*lce 4+ Az'ce +---+ Ace+ce’

AZ* L AP ...+ AdF +df
AZ*2 L AZHGE 4 AP 4.+ ADF +df

I\J

Xoa = d

+ A% ce+---+ Ace+ce

:lm I L

Yaer = LAz Az'ce + A? lce +---+ Ace+ce’
y sz A? + APNF ...+ AdF +df
M6 T L L AT L AZGE 4 AP 4 AdF o+ df
y l_i | AFH + A%ag +:+-+Aag +ag
4k— 5 Ho A2|+2 + A2I+1ag +A2Iag +"+Aag +ag’
k-2 A? 4 A%ph +-.-+ Abh+bh
Yaka = H

A% 4 Aph + A%bh+---+ Abh +bh’
Then, it follows from Eq. (3.6) and our assumptions that
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V.S S
e A+ X4k—7 y4k—5
A” + A% ag +---+ Aag +ag
aH 2i+1 2i 2i-1
A"+ A%ag+ A" "ag +---+ Aag +ag
A+aH A% 4 AP 1ag+ +Aag+ag ﬁ AP 4 A%ag + .-+ Aag +ag
AZ'+1 A%ag + A*fag +---+ Aag +ag 1o A2+ A%"ag + A¥ag +---+ Aag +ag

-2

H + A7 ag 4+ Aag +ag
0 A2'+1 Az'ag +A?"ag +---+ Aag +ag

1
A+a
g AZk*2 +A*"ag +---+ Aag +ag
i_[ +A’ag +---+ Aag +ag A2+ A ag +---+ Aag +ag
AP Az'ag +A?ag +---+ Aag +ag | A%+ A% %ag +-.-+ Aag +ag

Kl A” + A®ag +---+ Aag +ag
Lo A% A%ag + A% fag +---+ Aag +ag

That is

+A?ag +---+ Aag +ag
4k 3 aH 2i+1 2i 2i-1
AP 4 A%ag + A?ag +---+ Aag +ag

In addition to, by Eq. (3.6) and our assumptions one has

Va7

Y3 =
A+ Yy X

eﬁ | A? + A% ce +o o+ Ace+Ce
Lo AT Alce+ AP ce+-- -+ Ace +Ce
A+eH + A% Yce+--+ Ace+ce cﬁ A APcet- .+ Ace+ce
A2'+1 APce+ A ce+--+ Ace+ce o AT+ AMce+ A%ce+- -+ Ace+ce
+ A" ce+--+ Ace+ce
eH A2I+1

AZce+ A7 ce+---+ Ace+ce
1

AZ”‘2 + A" ce+...4+ Ace+ce

A+ce

k-2

H + A% lces ...+ Ace+ce ( A2 L A a4 Ace+ cej
2|+1

Az'ce + A% ce+--+ Ace+ce| A* T+ A% 0o ...+ Ace+ce

kL AP AP cay...4 Acetce
A2i+1 A2i 2i-1 '
i +A“ce+A"ce+---+ Ace+ce

That is,
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k-1

Yas = eH

i=0

A% + A% ce+---+ Ace+ce
AP 4 A%ce+ A% lce 4.+ Ace+Ce

Similarly, one can prove

. —bﬁ A” + A?'bh+---+ Abh +bh
w2 Ty AP 4 A%ph 4+ A bh + .-+ Abh+bh’

k-1
Xaka = CH
i=0

k-1

) _dH A2 L A% 4.+ AdF +df
o AP 4 APE 4 AT 44 AdF +df

A2i+1+A2ice+...+ Ace +ce
AZ+2 L A2iHlea L AZica Lo 4 Ace+ce

i=0
y _fﬁ AP + Ndf 4o+ AdF +df
sz AR A2 4 AP e AdF 4 O

k-1

Yo =9 m
4k-1 QAZZ

AP+ A%ag +---+ Aag +ag
+ A?ag + A%ag +---+ Aag +ag’

hﬁ A% + A?bh +---+ Abh+bh
L AZ2 4 A% h 4+ A%bh+---+ Abh+bh’

Yax

Hence, Egs. (3.4) and (3.5) hold forn=k . The proof is complete according to the
mathematical induction.

Corollary 3.3 If A=B=1, suppose that {(X,,Y,)}..; are solutions of the system (1.7).
Also, assume that X ,,X,,X 1, %, Y4 Y, Y, and vy, arearbitrary positive numbers and let

X,=a,X,=b,x,=c¢c,x,=d,y,=e,y,=1,y,=0,Y, =h, then one has

n-1 1+ 2|ag n-1 1+ 2|bh
X =a _—, X n_o2 = P ——
an-3 li;[1+(2i +l)ag’ li:o[1+ (2i +1)bh
) —cﬁ 1+(2i+hce _dﬁ 1+ (2i +1)df
g1+ 2i+2)ce’ T g1+ (2i+2)df
o114 2ice 1+ 2idf
e [ =f[]————
Yan-a I—OI 1+ Qi+lce T 1_.1 1+(2i+1)df
e ﬁ1+(2i+l)ag _ ﬁ1+(2i+1)bh
i1+ 2i+2ag’ " o1+ (2i+2)bh’

wheren=1,2,---.

4. Conclusions

It is obvious that the system of two rational difference equations (1.7) is the extension of the
models in [9, 10, 13, 14]. In this paper, we investigated the globally asymptotically stable of
the equilibrium point (0, 0) for the difference equation (1.7) with the parameters A>1, B >1,

and the unstable of the equilibrium point (0,0) with the parameter A<1 or B<1 using
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linearization method. Moreover, the expressions of solutions of the system (1.7) with the
parameters A=B are obtained according to the mathematical induction. This paper
presents the use of a variational iteration method and mathematical induction for systems of
nonlinear difference equations. This technique is a powerful tool for solving various
difference equations and can also be applied to other nonlinear differential equations in
mathematical physics. In addition, the sufficient conditions that we obtained are very simple,
which provide flexibility for the application and analysis of nonlinear difference equation. In
addition, the system can be used to analyze and describe the pier buffering isolation system.

Acknowledgements

This work is supported by the Chongging Natural Science Fund (Nos. cstc2012jjA20016 and
cstc2012jjA40035), the National Nature Science Fund of People’s Republic of China (Nos.
11372366 and 11101298), and Chongging Outstanding Youth Fund (No. cstc2014jcyijjq
40004).

References

[1] W. Li, H. Sun, Global attractivity in a rational recursive sequence. Dynamic Systems and
Applications, 11, 339-346 (2002).

[2] M. Agop, L. Rusu, EI Naschie’s self-organization of the patterns in a plasma discharge:
Experimental and theoretical results. Chaos, Solitons & Fractals. 34, 172-186 (2007).

[3] M. Shojaei, R. Saadati, H. Adibi, Stability and periodic character of a rational third order
difference equation. Chaos, Solitons and Fractals, 39, 1203-1209 (2009).

[4] C. Cinar, On the difference equation X..; = X,,/(@+X X, ;). Appl. Math. Comput., 158,
813-816 (2004).

[5] V. L. Kocic, G. Ladas, Global Behavior of Nonlinear Difference Equations of Higher

Order with Applications. Kluwer Academic, Dordrecht, 1993.
[6] M. R. S. Kulenovic, G. Ladas, N. R. Prokup, A rational difference equation. Computers &
Mathematics with Applications, 41, 671-678 (2001).
[7] X. Yan, W. Li, H. Sun, Global attractivity in a higher order nonlinear difference equation.
Applied Mathematics E-Notes, 2, 51-58 (2002).
[8] G. Papaschinopoulos, C. J. Schinas, On a system of two nonlinear difference equations. J.
Math. Anal. Appl., 219, 415-426 (1998).
[9] D. Clark, M. R. S. Kulenovic, A coupled system of rational difference equations.
Computers & Mathematics with Applications, 43, 849-867 (2002).
[10] D. Clark, M. R. S. Kulenovic, J. F. Selgrade, Global asymptotic behavior of a
two-dimensional difference equation modelling competition. Nonlinear Analysis, 52,
1765-1776 (2003).

10

184 Chang-you Wang et al 175-186



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

[11] C. Cinar, On the positive solutions of the difference equation system X, =1/Y,,
Yoir = Yo ! X111 Appl. Math. Comput., 158, 303-305 (2004).

[12] 1. Yalcinkaya, On the global asymptotic behavior of a system of two nonlinear
difference equations. ARS Combinatoria, 95, 151-159 (2010).

[13] Q. Din, M. N. Qureshi, A. Q. Khan, Dynamics of a fourth-order system of rational

difference equations. Adv. Differ. Equ., 2012, 2012: 215.

[14] E. M. Elsayed, Solutions of rational difference systems of order two. Math. Comput.
Model., 55, 378-384 (2012).
[15] C. Y. Wang, S. Wang, W. Wang, Global asymptotic stability of equilibrium point for a

family of rational difference equations. Appl. Math. Lett., 24, 714-718 (2011).

[16] C. Y. Wang, S. Wang, Z. W. Wang, F. Gong, R. F. Wang, Asymptotic stability for a class
of nonlinear difference equation. Dis. Dyn. Nat.Soc., Volume 2010, Article ID 791610,
10pages.

[17] C. Y. Wang, F. Gong, S. Wang, L. R. LI, Q. H. Shi, Asymptotic behavior of equilibrium
point for a class of nonlinear difference equation. Adv. Differ. Equ., Volume 20009,
Article ID 214309. 8pages.

[18] E. M. Elabbasy, H. ElI-Metwally, E. M. Elsayed, Global behavior of the solutions of
difference equation, Adv. Differ. Equ., 2011, 2011:28.

[19] E. M. Elsayed, Solution and attractivity for a rational recursive sequence, Dis. Dyn. Nat.
Soc., Volume 2011, Article ID 982309, 17 pages.

[20] Q. Zhang, L. Yang, J. Liu, Dynamics of a system of rational third order difference
equation. Adv. Differ. Equ., 2012, 2012: 136.

[21] M. Mansour, M. M. El-Dessoky, E. M. Elsayed, The form of the solutions and

periodicity of some systems of difference equations, Dis. Dyn. Nat. Soc., Volume 2012,

Acrticle ID 406821, 17 pages.

[22] Q. H. Shi, Q. Xiao, G. Q. Yuan, X. J. Liu, Dynamic behavior of a nonlinear rational
difference equation and generalization. Adv. Diff. Equ., 2011, 2011:36.

[23] A. S. Kurbanli, On the behavior of solutions of the system of rational difference
equations, Adv. Differ. Equ., 2011, 2011:40.

[24] E. M. Elsayed, Behavior and expression of the solutions of some rational difference
equations. J. Comput. Anal. Appl., 15, 73-81 (2013).

[25] O. Zkan, A. S. Kurbanli, On a system of difference equation. Dis. Dyn. Nat. Soc.,
\Volume 2013, Article ID 970316, 7 pages.

[26] L. Alseda, M. Misiurewicz, A note on a rational difference equation. Journal of

1

185 Chang-you Wang et al 175-186



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Difference Equations and Applications, 17, 1711-1713 (2011).

[27] T. F. Ibrahim, Periodicity and Global Attractivity of Difference Equation of Higher
Order. J. Comput. Anal. Appl., 16, 552-564 (2014).

[28] E. M. Elsayed, H. EI-Metwally, Stability and Solutions for Rational Recursive Sequence
of Order Three, J. Comput. Anal. Appl., 17, 305-315 (2014).

[29] H. Sedaghat, Nonlinear Difference Equations: Theory with Applications to Social
Science Models, Kluwer Academic, Dordrecht, 2003.

[30] M. R. Kulenovic, G. Ladas, Dynamics of Second Order Rational Difference Equations

with Open Problems and Conjectures, Chapman Hall/CRC, Boca Raton, 2001.

Conflict of Interests

The authors declare that there is no conflict of interests regarding the publication of this article.

12

186 Chang-you Wang et al 175-186



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

On Distributions of Discrete Order Statistics

Y. Bulut', M. Gﬁngérz, B. Yiizbast® , F. (")zbey4 and E. Canpolat5
1233Department of Econometrics, Inonu University, 44280 Malatya, Turkey
*Department of Statistics, Bitlis Eren University, 13000 Bitlis, Turkey
'ybulut79@gmail.com, “mgungor44@gmail.com, *b.yzb@hotmail.com, *fozbey2023@gmail.com and
Sesra.canpolat@inonu.edu.tr

Abstract. In this study, the joint distributions of order statistics of innid
discrete random variables are expressed in the form of an integral. Then, the
results related to pf'and df are given.

2010 Mathematics Subject Classification: 62G30, 62E15.

Key words and phrases: Order statistics, discrete random variable,
probability function, distribution function.

1. Introduction

The joint probability density function(pdf) and marginal pdf of order statistics of
independent but not necessarily identically distributed(innid) random variables was
derived by Vaughan and Venables[22] by means of permanents. In addition,
Balakrishnan[3], and Bapat and Beg[8] obtained the joint pdf and distribution
function(df) of order statistics of innid random variables by means of permanents. In the
first of two papers, Balasubramanian et al.[5] obtained the distribution of single order
statistic in terms of distribution functions of the minimum and maximum order statistics

of some subsets of {X,,X,,..,X } where X,’s are innid random variables. Later,

Balasubramanian et al.[6] generalized their previous results[5] to the case of the joint
distribution function of several order statistics. Recurrence relationships among the
distribution functions of order statistics arising from innid random variables were

obtained by Cao and West[10]. Using multinomial arguments, the pdf of X . (I<r<

rin+l
n+1) was obtained by Childs and Balakrishnan[11] by adding another independent

random variable to the original n variables X, X,,...,X, . Also, Balasubramanian et
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al.[7] established the identities satisfied by distributions of order statistics from non-
independent non-identical variables through operator methods based on the difference
and differential operators. In a paper published in 1991, Beg[9] obtained several
recurrence relations and identities for product moments of order statistics of innid
random variables using permanents. Recently, Cramer et al.[13] derived the expressions
for the distribution and density functions by Ryser’s method and the distributions of
maxima and minima based on permanents.

A multivariate generalization of classical order statistics for random samples from a
continuous multivariate distribution was defined by Corley[12]. Guilbaud[17] expressed
the probability of the functions of innid random vectors as a linear combination of
probabilities of the functions of independent and identically distributed(iid) random
vectors and thus also for order statistics of random variables. Expressions for
generalized joint densities of order statistics of iid random variables in terms of Radon-
Nikodym derivatives with respect to product measures based on df were derived by
Goldie and Maller[16]. Several identities and recurrence relations for pdf and df of order
statistics of iid random variables were established by numerous authors including
Arnold et al.[1], Balasubramanian and Beg[4], David[14], and Reiss[21]. Furthermore,
Arnold et al.[1], David[14], Gan and Bain[15], and Khatri[ 18] obtained the probability
function(pf) and df of order statistics of iid random variables from a discrete parent.
Balakrishnan[2] showed that several relations and identities that have been derived for
order statistics from continuous distributions also hold for the discrete case. In a paper
published in 1986, Nagaraja[19] explored the behavior of higher order conditional
probabilities of order statistics in a attempt to understand the structure of discrete order
statistics. Later, Nagaraja[20] considered some results on order statistics of a random

sample taken from a discrete population.

In general, the distribution theory for order statistics is complex when the parent
distribution is discrete. In this study, the joint distributions of p order statistics of innid

discrete random variables are obtained as an p fold integral.
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As far as we know, these approaches have not been considered in the framework of

order statistics from innid discrete random variables.

From now on, the subscripts and superscripts are defined in the first place in which

they are used and these definitions will be valid unless they are redefined.
Let X,,X,,....,X, be innid discrete random variables and X <X, <..<X,  be
the order statistics obtained by arranging the » X,’s in increasing order of magnitude.

Let F, and f, be df and pf of X, (i =1, 2,..., n), respectively. For notational

convenience we write Z , z , J. and I instead of Z Z Z Z

21529500 Zp M,k ..myk 7=0 2=z 5=z z,=

! " F; F (v

n=r, r,=l-r, rn=l-r, n-l-n n-l-n -1 F’ﬂ(x‘) F"z(xz) p(x) (n) (YZ) !
SIYLYYYS T T andfff
m, =0 k,=0 my =0 k,=0 m=0 k=0 Fi,] (x-) Fi,2 (x,-) F, (x -) NO) (p 1)

1,1 p*

the expressions below, respectively (x; =0,1,2,...) (z, =0).

2. Theorems for distribution and probability functions

In this section, the theorems related to pf and df of X ,I:n,szzn,...,X,p:n

(I<r<n<..<r,<n,p=l,2,..., n)wil be given. We will now express the following

theorem for the joint pf of order statistics of innid discrete random variables.

Theorem 2.1.
p+l 1,1 P
o (X050 X,) = Dzj [T 1T v =ve o1 [T 2.1)
w=1 I=r,, | +1 w=l
3
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where x, <x, <..<x,, z denotes the sum over all n! permutations (i,,i,,...,i,) of
P

p+l

(1.2,...n), D=]]l(, -7 D", 7=0, r,,=n+l, v"=0, »”"=1 and

f; ('xw)
w=W"—F &)l +F (x,0).
: " " fl‘ (xw) !

Tw

Proof. Consider the event

= x]’sz:n = x2""’er:n = xp} .

nn

The above event can be realized mutually exclusive as follows: r—1-k,
observations are less than x,, k, +1+m_  (w=1, 2,..., p) observations are equal to x,,
r.—1=k.—m._ —r._, (£=2,3,.,p) observations are in interval (x.,x.) and
n—m, —r, observation exceed x,. The probability function of the above event can be

written as

frl,r2 ,...,rp:n(x]’x2"”’xp) = f){/Y'rI m xl’XrZ:n = x2””’er:n = xp} . (22)

(2.2) can be expressed as

‘frl,rz,...,rp:n (x] D xz ,...,xp)

= > CZ(IP_[ T - (xw])]]HHf(X) 2.3)

My Ky ooty Ky w=l I=r, +m,, +] w=l j=n,—k,

p+l

where cz(]‘[[(rw—l—kw—mw_, T ]H[(k +H4m ), my=0, k,, =0, F (x)=0,

w=l

F (x,,-)=1, F (x,-)=P(X, <x,) and m_, +k, <r, —-r,_, -1 (Ww=1,2,.., ptl).

b

(2.3) can be written as

p+l

f;’l,rz,...,rp:n (x, ’xza---’xp) = z C z (H H [F; (x,~) _F;} (x,) ]]

My ooty Ky w=l [=n, +m,+]
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e ““”){H f(xw)]f (x, >(ﬁf<x >]jy -y dy, . @4

w=1 j=r,—k,, Jj=r,+1

Also, (2.4) can be clearly written as

Finsiotn)= 33 ][]
|
T ATy F (0 )F, (02 F, (5o, GO, ), ()dv S, ()
|
'(rz—rl—ml—kz—l)!ml!kz!(l_yl)f""*‘(x‘)(l )=y f )IE, | (=) =F ()]

[ (2 )_ iy lzl( 1)] f (xz)yzf (2)---yzfi,2,|(xz)dyzfirz(xz)---

rz kp—1 rz ko+1

: (3, 0, )03, 0,

’ x,)...(0= : X
(rp _rp—l _mp—l _kp _1)!mp_1'k ! ( p_l) ( yp_l )f;"pfl*’”pfl( p_l)

p-1+2

[F; (x, ) —F (x, ) 1LE (e D =F (%, )]

lrp,|+mp,| + P lrp,|+mp,|+l p-1 rp=kp= P p=kp -1

Vofi VT ), L (XA, S (x,)

1

(n r,—m,)\m,

A=2), )A=2,) 0, ,00)- A=y G =F; (%) 1 [1=F (%) .

+mp

The following expression can be written from the last identity.

111 (pel 1
(X, %X )=
Tuinwrn G ) M ] {wl(r —l—k,—m, ,—r, ) m, k!

pkp ,myk, P

(”"H‘E‘l v, wo]{ 1 15, ) -F, <xw_]>]]

ly=r,+1 Ly=ry +m,  +1

( 1 v/, (x»]}f[f% (x,)dv, 2.5)

w=l
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In (2.5),if v{" =y, f, (x,)+ F, (x,-), the following identity is obtained.

(X]) (Xz) ( ) i 1
f”l,rz,...,rpin(xlaxza-..,xp) = Z J- I I {
»)

mp,kp...,ml,k] P (XI )F (x-) F w=l w 1 k m - w—l)! mw—l!kw!

=] £y :rw—l+mw—l+]

( H [v<w> (xw—)]] Hdw (2.6)

Ty~ w

By considering

N 1 GO T~ - 5)
DD VDN s (H ()](EIG (x)]fgl,,__[m(; )
=— Z H [G"(x)+G?(x)+ G (0)], (2.7

where 7 +& <n and using (2.7) for each m, |, and £, in (2.6), we get

w—1

‘f;l T el (-x1 ) -x2 geeey xp)

=[H — sz ] [H [ 15, ), ) +00 F 5,0+, (xw_l)—vff'-”]]ﬁdv;j*.

w=l w=l  [=r, +1

Thus, the proof is completed.

Specially, in Theorem 2.1, by taking p=2, n=3, r=1, =2,
v =D = F (x, )] AGY + F, (x,—) and for x, <x,,
: 1, (x,)

F (x1) Fiz (x2)

]23(x],x2 z j J. [I—V;f)]dv;zz)dv;l)

P F(x-) Fy(n-)
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=Zfl-l(x]>{fiz(a)—[%ﬁz(xz)[@(xmFiz(xz—)] TACALACS )]?E ; L ()F, )}

:fl(xl){fz(xz)"' S3(5) Fy(x,—) — f3(x2)F(x2) S (%) F (x,-)

() f(0) + fz(xz)F(xz) fQ(XQ)F(xz) S () F (3, -)

A A0S ARG )= A G5)~ fi(0)F (s~

Si()+ fz(xz)F(xz -)- %Jﬁ(xz)ﬂ(xz)—ﬁ(xz)l’z(xz

() {fl(xm R () =2 FiC0) () = £ B
i) {

)
)
)
)
)
)

+f3(x1){fz(xz)+%fl(xz)Fz(xz_)_ () F(x,) = f(x,) F (x,7)

Morever, the above identity in the iid case can be expressed as

f1,2:3(x19x2) =61(x)f(x)=6f(x)f(x,)F(x,) +3f(x1)f2(x2) .
This result is obtained, if i=1, j =2 and n =3 in equation (6) in [18].

Incase x, <x, <..<x,, v <y <<y s automatically satisfied because of
n

n )

F (5 =) S0 <F (5).F, (6 2) S92 <F, (5)oenF, (5, -) <90 <F, ().

Also, in case x, = x, =...=x, = x, the integration region is over

F (x=)<v! <v? << <F (x), F, (x—)<v" <F, (x),

I’ n "p

F, (x—)< v["z) <F (x), o F (x—) gv.(’{” <F (x) .
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F (xl) Fi,z(xz) Firp(xp)
So, if x, <x, <.. <x,, it should be written ff f mstead of j J. J

Fp(67) Fpy (o) F, (x,)

in (2.1), whereff...f is to be carried out over the region: v\ <V <. .<y”,
1 n ™

F (x =)<V’ <FE (x), F (x, =)<V <F (x,),...F, (x —) <v"<F (xp) :

iy P

The proof was given only in case x, <x, <...<x,, the proof for case x, <x, <..<x,

1S omitted.

Specially, in Theorem 2.1, by taking p=2, n=3, r=1, =2,
vi<32> V> —F (x,-)] 2 EXQ;+E3 (x,—) and for x, =x, = x,
Fy(x) Fy(x)

fiseox)=> [ [ D= D

G IR
_ 1 ~ 1 Ji () 1 _ Ji, (%)
—g{FiZ(xm(x) GRS )]/, ()~ F()f()f() ALIOREAC )}fiz(x)
+F, (Y)F, (x—)% —%[Fil ()+F, (x-) | £, (0)F, (x-) fi ; — F, (0)F, (x-).f, (x)
@ F 6] 0F, 60
_ 1 B 1, f() B £(x)
—{Fz(xm(x) S[A@+FE0] 4G AL 6[F<) F(x )}fz(x)
+E @A @)L )+ o] f0F 6 LD - R0 RE-) 00

()
+%[E(X)+E(x—)]ﬁ(x)ﬂ(x—)}

S2(x)
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. . £() f2(0)
+{F3(x)fl(x)—E[Fl(x)+Fl(x_)]f1(x)_5F3 WA@R S Few-Re 2

2 E ; Fy () Fy (), (%)

1

+F0F ) DL F ) 4 F ()] AR )

£
IR R AWRE-)

1 _ 1 f1(x) ~ £,(x)
+{Fl(x>f2(x> S[E@+EE] L) Fl(x)fz()f() 6[F<) F(x )]f(x)
TF(0)F () “ﬁff") R+ B GO AWF - )%—F(xw )

+§[Fz(x>+Fz(x—ﬂjz(x)la(x—)}

+{Fs(x)fz<X>——[F () + EG) 00 -3 R0 A )ﬁ"; [ z(x—)]%

L)
S5(x)

1

+R 0 F 6 2O 4 F o] AR e 22

£
RO R AR

— E () F(x-) f,(x)

{F WA= [AE RG] A -2 @ AG )jfz(("; [F-F- )]jf((g

S()
S,(x)

1

+E @ E LD g () 4 F (o)) £ R0 22

£
HIBW RELAORE)

= B, (0) F (=) f3(x)

1 1 _, fz( ) 3 fz( )
+{Fl(x)f3(X)—5[1’3(96)+Fg(>€—)]f3(>‘)‘§Fl (¥)f3(x )f(x) 6[F( il )]fl(;

()
L)

A0+ A0 AW

RWACINACY)
+HE () F (x-) 1)

W BE] AR

—F () F (=) f3(x)
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Morever, the above identity in the iid case can be expressed as

= 6F (x) [ (x) = 3[F(x)+ F(x—)] f(x) = 3F*(x) f (x) +[F*(x) = F*(x=)| + 6 F (x) F (x—) f (x)
—3[F(x)+ F(x—)|F(x=) f(x) — 6 F(x)F (x—) f (x) + 3[F (x) + F (x—)] f (x)F (x—)

= 6F (x)f(x)=3F(x) f(x)=3F(x—) f(x) =3F*(x) f(x) + F’(x) = F’(x—)
=3/*(x)=3F*(x) f(x)+ f()[3F*(x) = 3F(x) f (x)+ f*(x)]

= () +3 ()[1-F(x)).

This result is obtained, if r =1, s =2 and n =3 in equation (2.4.3) in [14].

We will now express the following theorem to obtain the joint df of order statistics of
innid discrete random variables.

Theorem 2.2.

+1 n,-1
(5% X,) = Dz j (lp‘[ [T = ],, v . (2.8)
w=1

w=l I=r,_+1

Proof. We have

FoanXpenX)= Y [ (2525002,) (2.9)
:l,zz,...,zp

Using (2.1) in (2.9), (2.8) is obtained.

3. Results for distribution and probability functions

X, X, will be

D) .
n:n rp.n

In this section, the results related to pf and df of X

given. We will express the following result for pf of the rth order statistic of innid

discrete random variables.

Result 3.1.
Fi,] (xl 1
1. (x]):;z‘ j (H ] ﬁ[l—v@] v\, (3.1)
v (n=DIn—m)!Z F, (N 1 I=r +1 ! "
Proof. In (2.1), if p=1, (3.1) is obtained.
10
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In Result 3.2 and Result 3.3, the pf"’s of minimum and maximum order statistics

of innid discrete random variables are given, respectively.

Result 3.2.
F (x))
fin(x) = Y j (H[l o J (3.2)
( _1)' P F, (x-) 1=2

Proof. Putting 7, =1 in (3.1), one will get (3.2).

Result 3.3.
F (xl) n—1
f.(x) = ,Z j ( v ]dv (3.3)
( _1) P F, () =1

Proof. On taking 7, =n in (3.1), one will get (3.3).

In the following result, we will give the joint pfof X, , X, ,....,.X

pin

Result 3.4. If x, <x, <..<x ,

fl,z,...,p:n (X5 Xy 50005 X p

w=l

2 I(l Lo+ ]Hdv“” (3.4)

(- p)‘
where fff is to be carried out over the region: v\’ <v'? <. <y,

1
P

F (xl —)gv[‘” <F (xl), F (x2 —)Sv.‘z) <F, (xz), B (xp —)gv["’) <F, (xp).

P

Proof. On taking », =w for w=1,2,...,p and fff instead of f in (2.1), one
will get (3.4).

We will now give three results for the df of single order statistic of innid discrete

random variables.

11
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Result 3.5.

Fi(xl)
_ 1 o | T 0 L0
Fa) =t mie | (HV ]{H[l K ]]dvl’“ G2

0 I=r+1

Proof. On taking p =1 in (2.8), one will get (3.5).

Result 3.6.

]n(x]

1)v E(Hn ! ] (3.6)

1=2

Proof. Putting 7, =1 in (3.5), one will get (3.6).

Result 3.7.

i (X1) n—1
Fo(x)=— > j( vl ]dvl.(:). (3.7)

(
(-4 ) U

Proof. On taking 7, =n in (3.5), one will get (3.7).
Specially, in (3.7), by taking n=2 and v" =[W\" - F, (x,-)] S )+F (x,—), the

/i, ()

following identity is obtained.
Fiz (Xl)

Fp,(x)= z j Vl.(l])dvl.(;)

Fiz (x1)

M)’
g

i M
0

F(x) /(%)
:ZP“{ T—Ez(x])Ez(x,—)]f( ])+F( x)E, (x, )}

:{Fﬂéx,) _FZ(X])Fz(xl_):|?EXI)) +F, (x)F(x,-)

2 (X

+ {_Fféx,) - F(x)F(x, —)}%+ B () ().

1

12
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Morever, the above identity for iid case can be expressed as

Fp,(x)= Fz('xl)'

Also, the above identity for x, =1 can be written as

F,()=F()

=[£ () +rD] .

In the following result, we will give the joint df of X, , X X

Lin>“>2imd**>“* pin *

Result 3.8.

F;,Z,...,p:n (x] ’x2 ""axp)

1(xl) Flz (x,) F (x

P
11—y av™ . 3.8
(n p)' }[ 31[) (Jl) [1 p+][ K ]]]v;!: K G5

p—l

Proof. On considering », =w for w=1,2,..., p from (2.8), one will get (3.8).
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