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PRODUCT-TYPE OPERATORS FROM WEIGHTED
BERGMAN-ORLICZ SPACES TO BLOCH-ORLICZ SPACES

HONG-BIN BAI AND ZHI-JIE JIANG

ABSTRACT. Let D = {z € C : |z| < 1} be the open unit disk, ¢ an analytic
self-map of D and @ an analytic function on D. Let D be the differentiation
operator and W, ,, the weighted composition operator. The boundedness
and compactness of the product-type operators DW, , from the weighted
Bergman-Orlicz spaces to the Bloch-Orlicz spaces on D are characterized.

1. INTRODUCTION

Let C be the complex plane, D = {z € C: |z| < 1} the open unit disk and H(D)
the class of all analytic functions on D. Let ¢ be an analytic self-map of D and
1 € H(D). Weighted composition operator W, ,, on H(D) is defined by

Wouf(2) = ¢(2)f(p(2)), z €D.

If v = 1, the operator is reduced to, so called, composition operator and usually
denoted by Cy,. If ¢(2) = z, it is reduced to, so called, multiplication operator and
usually denoted by My. A standard problem is to provide function theoretic char-
acterizations when ¢ and v induce a bounded or compact weighted composition
operator. Composition operators and weighted composition operators between vari-
ous spaces of holomorphic functions on different domains have been studied in many
papers, see, for example, [1,3,8,11-15,17,19,22,26,27,31,33-36,40,42,48,53,55,60]
and the references therein.
Let D be the differentiation operator on H (D), that is,

Df(z) = f'(z), ze€D.

Operator DC,, has been studied, for example, in [6, 16, 18, 24, 25, 28, 41, 45, 50].
In [32] Sharma studied the operators DM, C,, and DC,M, from Bergman spaces
to Bloch type spaces. These operators on weighted Bergman spaces were also
studied in [58] and [59] by Stevié¢, Sharma and Bhat. If we consider the product-
type operator DW,, 4, it is clear that DMyCy, = DW,  and DC, My = DW, o
Quite recently, the present author has considered this operator in [7,9]. For some
other product-type operators, see, for example, [10,20,21,23,37-39,43,44,46,47,51,
52,54,56,61] and the references therein. This paper is devoted to characterizing the
boundedness and compactness of the operators DWW, , from the weighted Bergman-
Orlicz spaces to the Bloch-Orlicz spaces.

Next we are ready to introduce the needed spaces and some facts in [30]. The
function ® # 0 is called a growth function, if it is a continuous and nondecreasing

2000 Mathematics Subject Classification. Primary 47B38; Secondary 47B33, 47B37.

Key words and phrases. Weighted Bergman-Orlicz spaces, product-type operators, Bloch-
Orlicz spaces, boundedness, compactness.

E-mail address: hbbai@suse.edu.cn, matjzj@126.com.
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function from the interval [0, c0) onto itself. It is clear that these conditions imply
that ®(0) = 0. It is said that the function ® is of positive upper type (respectively,
negative upper type), if there are ¢ > 0 (respectively, ¢ < 0) and C' > 0 such
that ®(st) < Ct1®(s) for every s > 0 and ¢ > 1. By {7 we denote the family of
all growth functions ® of positive upper type ¢ (¢ > 1), such that the function
t — ®(t)/t is nondecreasing on [0, 00). It is said that function ® is of positive lower
type (respectively, negative upper type), if there are r > 0 (respectively, r < 0) and
C > 0 such that ®(st) < Ct"®(s) for every s >0 and 0 <t < 1. By £, we denote
the family of all growth functions ® of positive lower type r (0 < r < 1), such that
the function ¢ — ®(t)/¢ is nonincreasing on [0,00). If f € U7, we will also assume
that it is convex.

Let dA(z) = tdxdy be the normalized Lebesgue measure on D. For o > —1, let
dAL(2) = (a+ 1)(1 — |2?)*dA(z) be the weighted Lebesgue measure on D. Let
® be a growth function. The weighted Bergman-Orlicz space A% (D) := A2 is the
space of all f € H(D) such that

[ fllae = /D<I>(|f(z)|)dAa(z) < oco.

On A? is defined the following quasi-norm

115 = inf {x>0: /D@(f()\z)')dAa(z) <1}.

If ® € U9 or ® € £,, then the quasi-norm on A2 is finite and called the Luxembourg
norm. The classical weighted Bergman space A2, p > 0, corresponds to ®(t) = P,
consisting of all f € H(D) such that

11 = [ 1£)PaA ) <o

It is well known that for p > 1 it is a Banach space, while for 0 < p < 1 it is a
translation-invariant metric space with d(f,g) = ||f — g||,». Moreover, if ® € U°,

then An?, where ®,(t) = ®(t?), is a subspace of A2 ( [30]).

Recently, the Bloch-Orlicz space was introduced in [29] by Ramos Fernandez.
More precisely, let ¥ be a strictly increasing convex function such that ¥(0) = 0.
From these conditions it follows that lim; ,o U(¢) = co. The Bloch-Orlicz space
associated with the function W, denoted by BY, is the class of all f € H(D) such
that

sup(1 — |2[*) (A f'(2)]) < o0
zeD
for some A > 0 depending on f. On BY Minkowski’s functional

. f!
= : — ) <
Il e 1nf{kz>0 Sq,(k)_l}
defines a seminorm, where

Su(f) = sup(1 —[2[*)¥(f(2)).

zeD

Moreover, BY is a Banach space with the norm

[fllge = 17O + [ fll-
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In fact, Ramos Ferndndez in [29] proved that BY is isometrically equal to u-Bloch
space, where

Thus, for f € BY, we have

[fllse = 1£(0)| +itelgu(2)|f'(2)\-

We can study the operator DW,, , : Ag” — BY with the help of this equivalent
norm. It is obviously seen that if W(t) = P with p > 0, then the space BY
coincides with the weighted Bloch space B* (see [62]), where o = 1/p. Also, if
W(t) = tlog(1 +t) then BY coincides with the Log-Bloch space (see [2]). For the
generalization of Log-Bloch spaces, see, for example, [49,57].

Let X and Y be topological vector spaces whose topologies are given by trans-
lation invariant metrics dx and dy, respectively. It is said that a linear operator
L : X — Y is metrically bounded if there exists a positive constant K such that

dy (Lf,0) < Kdx(,0)

for all f € X. When X and Y are Banach spaces, the metrical boundedness
coincides with the usual definition of bounded operators between Banach spaces.
Operator L : X — Y is said to be metrically compact if it maps bounded sets
into relatively compact sets. When X and Y are Banach spaces, the metrical com-
pactness coincides with the usual definition of compact operators between Banach
spaces. Let X = A? and Y a Banach space. The norm of operator L : X — Y is
defined by
[Lllaz—y = sup [ Lflly
1142 <1

and often written by ||L]|.

Throughout this paper, an operator is bounded (respectively, compact), if it is
metrically bounded (respectively, metrically compact). C will be a constant not
necessary the same at each occurrence. The notation a < b means that a < Cb for
some positive constant C. When a < b and b < a, we write a ~ b.

2. AUXILIARY RESULTS

In order to prove the compactness of the product-type operators, we need the

following result which is similar to Proposition 3.11 in [4]. The details of the proof
are omitted.
Lemma 2.1. Letp > 1, a > —1, and ® € U° such that &, € £,.. Then the
bounded operator DW, ,, : AP — BY s compact if and only if for every bounded
sequence {fn}tnen in AS” such that f, — 0 uniformly on every compact subset of
D as n — oo, it follows that

T [DW, | = 0.

We formulate the following two useful point estimates. For the first, see Lemma
2.4 in [30], and for the second, see Lemma 2.3 in [9].
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Lemma 2.2. Letp > 1, a > —1 and ® € U°. Then for every f € A2 and 2 €D
we have A
< (I)—l(( )a ) luz
ren<e (t=gE) " It

Lemma 2.3. Letp>1, a > —1, ® € 4° and n € N. Then there are two positive
constants Cp, = C(a,p,n) and D, = D(«a, p,n) independent of [ € Affp and z €D
such that

(n) 07 -1 Di lu:v
e T (( |>a+2>”f'

We also need the following lemma which provides a class of useful test functions
in space A" (see [9]).

Lemma 2.4. Letp >0, a > —1 and ® € U°. Then for everyt > 0 and w € D the
following function is in ASr
| |2 2(a+2) 4t

ety =5 (=)™ ()

where C' is an arbitrary positive constant.
Moreover,

sup [ fual, < 1.
weD o

3. THE OPERATOR DW,, ., : Aa? — BY

First we characterize the boundedness of operator DW,, , : Agr — BY. We

assume that ® € U4° such that ®, € £,. Under this assumption, Ag’) is a complete
metric space (see [30]).

Theorem 3.1. Letp > 1, a > —1, and ® € Y° such that ®, € £,.. Then the
following conditions are equivalent:

(i) The operator DW,, y, : AYr = BY is bounded.
(ii) Functions ¢ and ¢ satisfy the following conditions:

M, = sup,u 2) 9" (2 )|@;1(<m)a+2> < o0,

My = sup e e <)+ 2 Gl (=) ) <o

and

— su w(z) Ao (221 Dy o+2 o
My = sup e v @I P (o)) <o

Moreover, if the operator DW, y : AE” — BY is nonzero and bounded, then

| DWo || = 14 My + My + M.
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Proof. (i) = (it). Suppose that DW,, 4, : AY" — BY is bounded. For w € D, we
choose the function

Frpu)(2) = 00<1 — le(w) 2) R (41 — le(w) 2)72@;241
o(w - —

1—p(w)z —(w)z
1— |p(w) |2\ 252 +2 1— [p(w)[2\ 252 +3
+02< | (w) ) _( [p(w)| ’
—p(w)z 1—p(w)z
where
. _ 2(a+2)+3p . _ 6(a+2)+9p . _ 6(a+2)+9p
0 20a+2) " 2a+2)+p  ° 2@+2)+2p
By a direct calculation, we have
Fpw) (P(w)) = 1w (p(w)) = 0. (1)

Using the function f; (), we define the function

10 =5 () Vi

Applying (1) to f" and f”, we obtain

flp(w)) = f"(p(w)) = 0. (2)
It is clear that
. 4 a+2
few)=co M (= mm) ) 3)
where
_2(@+2)+3p 6(a+2)+9p  6(a+2)+9
¢= 2(a+2) 200 +2)+p  2(a+2)+2p 17#0.

By Lemma 2.4, f € A% and £l j2» < C. By (2), (3) and the boundedness of
DW,., : Aa? — BY,

4 a+2
p)o" ey (1= m) ) < CIPWeul, (4)
which means that
_ " —1 4 at2
My =swp "N ((Toogp) ) SCIPWesl <o ()

Next we will prove My < oco. For this we consider the functions f1(z) = z and
f2(z) = 1, respectively. Since the operator DW,, , : AP 5 BY s bounded, we

have
itelgu(Z)W”(Z)w(Z) + 29/ ()¢ (2) + 9(2)¢" (2)]
S DWW fillgy < C[DWy 4 (6)
and
ilelgu(Z)lﬂf"(Z)l < | DWo,p follsv < C[ DWWy (7)

By (6), (7) and the boundedness of ¢,
Ty = Slelgu(z)W(Z)w”(Z) +2¢'(2)¢'(2)] < CDWop,l- 8)
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For w € D, choose the function

1— |p(w)2\ 252 1 — Jp(w)|>y 25241
f2,000)(2) = CO<1—|:§<w))z) +Cl(1—|zg7ﬂ;z)
. 02<1 — Jo(w)]? )2<a+2>+2 - (1 _ \@P 2(a+2) +37
—o(w)z 1—p(w)z
where
o = 36p(a + 2)% + 78p?(ar + 2) + 36p3
[4(a+2) +2p][2(a + 2) + 2p][2(a + 2) + 3p]’
o — 4(a +2)% + 42p(a + 2) + 36p?
[2(a + 2) + 2p][4(a + 2) + 6p]
and

co=1—cy —co.
From a calculation, we obtain
Fapu) (P(W)) = f3/ ) (P(w)) = 0. 9)

Define the function

Then by (9),
g9le(w)) = g" (p(w)) =0, (10)
and by a direct calculation,
/ 90( ) -1 Dy at2
oo = o e (Thwp) ) -

where C' = ¢; + 2¢o — 3. Also by Lemma 2.4, g € AP and ||gHAq>p < C. Since
DW, .y : A:” — BY is bounded, we have

1(2)|(DWe,49) (2)] < Cl[DWe ], (12)
for all z € D. By (10) and (11), letting z = w in (12) gives
C_ H(w)le Dy at2
o) = FEE @)+ 20w wley (=) )
< CIDWyy - (13)
Hence
Sup J(2) < C|[DWy |- (14)
For the fixed ¢ € (0, 1) by (8)
‘D1 a+2
sup ——— (2 )+ 29 (2 N, ((———=3
{zeDip(z)|<6} L — |<P |2| @) <(1 - |<P(Z)|2) )
Jl _ D1 a+2
= m‘l’pl((m) ) < CIPWeull (15)
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and by (14)
( ) D1 a+2
sup P(z )+ 29 O M| ——
(zeD:lo(z)>01 1 — [0(2) |2| ()7 ()], ((1 - |<P(Z)|2) )
1
< <supJ(z) < O DWy g .- (16)
d z€D ’
Consequently, it follows from (15) and (16) that
My < C||DWy |l < oo. (17)
Now we prove that M3 < oo. First taking the function f(z) = 22, we have
Supu ()9 (2)(2)” + 49" (2)¢' (2)(2) + 20 (2)9" (2)(2) + 20 (2)¢' (2)?]
< ||DW%11122||B‘1’ < C[DWepll (18)
By (7) and the boundedness of ¢, we obtain
Stelgu(Z)W"(Z)HW(Z)\Q < Cl[DWpl- (19)
From (8), (18), (19) and the boundedness of ¢, it follows that
Jo = Slelgu(z)lw(z)llw/(z)F S CODWepll- (20)
For w € D, consider the function
L= o)\ 2521 () 2
T3, (2) = co| —F——— +o | —=——
’ <1—<p(w)z> ( — p(w)z )
1— w 2 w—&-Q w w_i_g
+02< |p(w)] ( — lp(w)] 7
1—p(w)z 1—p(w)z
where
o = 20a+2)+p o C3(a+2)+4p o = 6(a+2)+7p
O 2a+2)+2p ! a+2+p 7 2a+2)+2p
For the function f3 ,(.), we have
faow) (P(w)) = f5 4w (p(w)) = 0. (21)
For the function
D a+2
— ! 2
h(z)_(bp ((17|S0(w)|2) )f3,<p(w)(z)7
it follows from (21) that
h(p(w)) = h'(p(w)) = 0. (22)
By (21) and (22), the boundedness of the operator DW,, ,; : Agr — BY gives
fu(w)|p(w)|? 1o N12a—1 Dy at2
Kw::—zp o ()Pt ((—2— < C|IDW,]l.
(w): = 5 e e @) (1) ) < CIP Wyl
This yields
sup K(z) < C||DWy || < o0. (23)
zeD
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For the fixed § € (0,1), by (20) and (23) we respectively obtain

w(z) 1N 2a—1 Dy at2
ol Tl PR (—poE) )
J D a+2
<ot (((55) ) scIoweul (24)
and
:u( ) ! — D2 a+t2
ol T O P (raE) )
1
< Lo K(2) < O DW, . (25)
zeD
So, by (24) and (25) we have
Mz < C’||DW%¢H < 0. (26)

(i) = (i). By Lemmas 2.2 and 2.3, for all f € A3? we have
IDWey fllge = |- fop)( \+Supu( (@ fop)'(2)]
< |- fo)( |++supu |¢” )||f(s0(2))|
+supu 2)|P(2)¢" (2) + 20 (2)¢ (2) || ' (0 (2))]
+itelgu(Z)WJ(Z)l\90’(Z)|2|f“(90(2))|
< O(1+ My + Mo+ M) || fIl 4o - (27)

From condition (iz) and (27), it follows that DW, 4 : AY* — BY is bounded.

Suppose that the operator DW, , : AS” — BY is nonzero and bounded. Then
from the preceding inequalities (5), (17) and (26), we obtain

My + My + M3 < ||[DW, |- (28)

Since the operator DW,, , : A — BY is nonzero, we have |[DW || > 0. From
this, we can find a positive constant C' such that 1 < C||[DW,, ,|. This means that

LS [DWe,pl- (29)
Hence, combing (28) and (29) gives
1+ My + My + Mz S [[DW |- (30)
From (27), it is clear that
| DWo |l S 14 My + My + Ms. (31)

So, from (30) and (31), we obtain the asymptotic expression of | DW,, y||. The
proof is finished. O

Remark 3.1. If DW, , : Aip — BY is a zero operator, then is obviously
|IDW, || = 0. Hence, the case is usually excluded from such considerations.

Now we characterize the compactness of operator DW,, , : Ag” — BY.

Theorem 3.2. Letp > 1, a > —1, and ® € U° such that &, € £,. Then the
following conditions are equivalent:
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(i) The operator DW,, y; : ASr — BY is compact.
(ii) Functions ¢ and ¢ are such that 1/1’ € BY,

Ty 1= sup () [W(2)"(2) + 20/ ()¢ ()] < oo,

Jo = sup u(2)[9(2)||¢'(2)* < o0,
zeD

l@(;ﬂglf u(z) 0" (z)| @, ((1_(22)2)%2) =0,

le (Z§|H1* m|w 2)+ 24 (2 |(I> ((%)a-ﬂ) o,

and
: n(z) oot (P2 )T L
P TP Ore (mpee) ) =

Proof. (i) = (ii). Suppose that (i) holds. Then the operator DW,, , : LA BY
is bounded. In the proof of Theorem 3.1, we have obtained that 1/1’ € BY and J,
Jo < 00.

Next consider a sequence {¢(zy)}nen in D such that |p(z,)] — 17 as n — oc.
If such sequence does not exist, then condition (i¢) obviously holds. Using this
sequence, we define the functions

fn(2) = (I’;l ((%)Mﬂ) J1p(z) (2)-

By Lemma 2.4, we know that the sequence {f, }nen is uniformly bounded in Ag".
From the proof of Theorem 3.6 in [30], it follows that the sequence {f,}nen uni-
formly converges to zero on any compact subset of D as n — co. Hence by Lemma
2.1,

nlLrgo | DWey .y frllge = 0.
From this, (2) and (3), we have

Jim pu(zn) |9 (2n) | 2 1((1_|:W>a+2> =0

By using the sequence of functions

gn(2) = ‘I’;1 ((1)1)|2)a+2) J2,0(20)(2),

1 — |p(zn
D a+2
w' (=) ) =°
1= [e(zn)|
Also, by using sequence of functions

1) =95 (rpggae) VAt

similar to the above, we obtain

i = e e + 26 o)

we obtain

Jm e ol () ) =0
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The proof of the implication is finished.

(#4) = (¢). We first check that DW,, , : A2? — BY is bounded. For this we
observe that condition (i4) implies that for every e > 0, there is an 5 € (0,1) such

that
L) = ) @10 (=) ) < (52)
Late) =l @) + 20l (rpgp) ) <= 9
and
La(e) = el bl P (=) ) <e (39

for any z € K = {z € D : |¢(z)| > n}. Then since ¢’ € BY and by (32), we have

My =supLi(2) < sup Li(z) + sup Li(2) < ||z//||5q,<1>_1(( 1 )a+2) +e.
z€D T ZeD\K 2eK - PN — 92

By (33) and J; < oo, we obtain

My = sup Lo(2) < sup Lo(z) + sup Lo(z) < —21 o, (( D )a+2)+5
= sup Z) s up z up Z) > .
2 z€D 2 z€D\K ? zeK 2 1-— 772 P 1— 772

By (34) and J, < o0, it follows that M3 < co. So by Theorem 3.1, DW,, ,; : AYr
BY is bounded.

To prove that the operator DW, 4 : A2 - BY is compact, by Lemma 2.1 we
just need to prove that, if {f,}nen is a sequence in A2" such that ||anAq>p <M
and f, — 0 uniformly on any compact subset of D as n — oo, then :

nh_)H;o ||DW%¢anB\p =0.

For any € > 0 and the above 7, we have, by using again the condition (i¢), Lemma
2.2 and Lemma 2.3,

Supu(z)|(DW wfn)( |—supu( )W+ fr09)'(2)] <supu 2) [0 (2)|| fn(0(2))]
+suw 2) | (2)@" (2) + 20 (2)¢ (2)|| £ (9 ))HSlelgu(Z)W( e’ (2)12] £ ((2))]
< S p(z)|" (2 an \+supu )" ()] | fnl(2))]
+ sup p(z !w 2) + 20 (2)¢ (2)| | £1.(0(2))]
z€D\K
+ sup pu(2)[(2)¢" (2) + 29" ()¢ (2) || fu(9(2))]
zeEK
+ sup u(2)[Y(2)|l¢'(2)? !f” ))‘+SupM(Z)W(Z”“Pl(z>|2|fr/:(80(z))‘
z€D\K z€K
< K, + M sup Ly(2) + M sup La(2) + M sup Ls(z)
zeK zeK zeK
< K, +3Mze,

where

K, = |[¢|| gw sup ’fn ’—FZJ sup ‘f(z |

{z:|z] i—1 {z:|z|<n}
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Hence
IDWe,p fullgy < K +3Me +[(¢ - fn 0 9)'(0)]
= Ky + 3Me + [9'(0) fu((0)) +1(0) £, (¢(0)) " (0)] (35)

It is easy to see that, when {f,}nen uniformly converges to zero on any compact
subset of D, {f} }nen and {f/ }en also do as n — oo. From this, we obtain K,, — 0
as n — oo. Since {z : |z| < n} and {p(0)} are compact subsets of D, letting n — oo
in (35) gives

nh_)H;O ||DW<p,1banB‘I’ =0.

From Lemma 2.1, it follows that the operator DW, 4, : AS” — BY is compact. The
proof is finished. O
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Abstract In this paper, we establish several Lyapunov-type inequalities for the

following linear Hamiltonian systems

22(t) = —A(t)x(a(t)) = B(t)y(t), y>(t) = Ct)a(a(t)) + AT(t)y(t)

on the time scale interval [a,b]t = [a,b] N T for some a,b € T, where B and C are
real n X n symmetric matrix-valued functions on [a,b]t with B being semi-positive
definite, A is real n x n matrix-valued function on [a,b]t with I + pu(t)A being
invertible, and x,y are real vector-valued functions on [a, b]7.

AMS Subject Classification: 34K11, 34N05, 39A10.

Keywords: Lyapunov inequality; Hamiltonian system; Time scale

1. Introduction

In 1990, Hilger introduced in [9] the theory of time scales with one goal being the unified
treatment of differential equations (the continuous case) and difference equations (the discrete
case). A time scale T is an arbitrary nonempty closed subset of the real numbers R, which
has the topology that it inherits from the standard topology on R. The two most popular
examples are R and the integers Z. The study of dynamic equations on time scales reveals such
discrepancies, and helps avoid proving results twice-once for differential equations and once
again for difference equations. Not only can the theory of dynamic equations unify the theories
of differential equations and difference equations, but also extends these classical cases to cases
“in between”, e.g., to the so-called q-difference equations when T = {1,q,¢? --- ,¢", -}, which
has important applications in quantum theory (see [11]). For the time scale calculus, and some
related basic concepts, and the basic notions connected to time scales, we refer the readers to
the books by Bohner and Peterson [2,3] for further details.

In this paper, we study Lyapunov-type inequalities for the following linear Hamiltonian

Project Supported by NNSF of China (11461003) and NSF of Guangxi (2012GXNSFDA276040).
x Corresponding author: E-mail: hql19680914@163.com
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Systems
z2(t) = —A()z(o(t)) — B(t)y(t), y>(t) = C(H)z(o(t)) + AT (1)y(1), (1.1)

on the time scale interval [a,b]t = [a,b] N T for some a,b € T, where B and C are real n x n
symmetric matrix-valued functions on [a, b]T with B being semi-positive definite, A is real n x n
matrix-valued function on [a, b]t with I+ p(t) A being invertible, and z,y are real vector-valued

functions on [a, b]7.

When n =1, (1.1) reduces to

z2(t) = a(t)z(o () + BH)Y(t), y*(t) = () (o(t) — alt)y(t) (1.2)
on an arbitrary time scale T, where «(t), 5(t) and ~y(t) are real-valued rd-continuous functions
defined on T with 3(¢) > 0 for any ¢ € T.

In [10], Jiang and Zhou obtained some interesting Lyapunov-type inequalities.

Theorem 1.1[19 Suppose that for any ¢ € T,
and let a, b € T* with o(a) < b. Assume that (1.2) has a real solution (x(t),y(t)) such that

z(a)x(o(a)) <0, and z(b)x(o(b)) < 0. Then the inequality

o(b) 1/2

[reiao+[ [0 nw [waw]” > )

holds.

Theorem 1.2[19 Suppose that for any ¢t € T,

and let a, b € T with o(a) < b. Assume that (1.2) has a real solution (x(t),y(t)) such that
z(a)z(o(a)) <0, and z(o(b)) = 0. Then the inequality

a(

CCING / rwom s (1.4)

b
[ ratram«|
o o(a)

(a)
holds, where v*(t) = max{~(¢),0}.
In [8], He et al. obtained the following Lyapunov-type inequality.
Theorem 1.3[8] Suppose for any ¢t € T,

1 — p(t)alt) > 0,

and let a, b € T* with o(a) < b. Assume that (1.2) has a real solution (z(t),y(t)) such that x(t)
has generalized zeros at end-points a and b and x(t) is not identically zero on [a,b]T = {t €T:
a<t<bl ie.,

z(a) =0 or z(a)z(o(a)) < 0; x(b) =0 or z(b)x(c(b)) < 0; tg[ljg](T |z(t)| > 0.
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Then the inequality

b o (b) b
[leoiao+[ [ swaw [voaw] =2 (15)
holds.

For some other related results on Lyapunov-type inequality, see, for example, [1,4-6,8,10,12-
16].

2. Preliminaries and some lemmas

For any x € R™ and any A € R™*" (the space of real n x n matrices), denote by

|z = VaTz and |Al= max |Az|
z€RM,|z|=1
the Euclidean norm of  and the matrix norm of A respectively, where CT is the transpose of a

n X m matrix C. It is easy to show
|Az| < [Al|z]

for any x € R” and any A € R"*". Denote by R7}*" the space of all symmetric real n x n
matrices. For A € R?*", we say that A is semi-positive definite (resp. positive definite), written
as A >0 (resp. A > 0), if 27 Az > 0 (resp. 27 Az > 0) for all z € R”. If A is semi-positive
definite (resp. positive definite), then there exists a unique semi-positive definite matrix (resp.
positive definite matrix), written as v/A, such that [v/A]? = A.

In this paper, we study Lyapunov-type inequalities of (1.1) which admits some solution

(z(t),y(t)) satisfying
z(a) = z(b) =0 and max |z(t)| > 0, (2.1)

t€fa,bt
where a,b € T with o(a) < b, A, B, C € C,q(T,R" ™) are n x n-matrix-valued functions on T
with I+ u(t)A being invertible, B,C' € R?*"™ and B > 0. we first introduce the following notions
and lemmas.

A partition of [a,b)T is any finite ordered subset P = {tg,t1, -+ ,t,} C [a,b]t with a =
to < t1 < -+ <ty, =0b. For given § > 0, we denote by Ps([a,b)T) the set of all partitions
P:a=ty <t <-- <t,=>that possess the property: for every i € {1,2,---,n}, either
ti—tiog <dort;—ti—1>09and o(t;) =t;—1.

Definition 2.1 Let f be a bounded function on [a,b)T, andlet P:a =1ty <t; < --- <t, =b
be a partition of [a,b)T. In each interval [t;—1,%;)T (1 < ¢ < n), choose an arbitrary point & and
form the sum

S(P, f) =X f(&)(t: — tiza).

We say that f is A-integrable from a to b (or on [a,b)T) if there exists a constant number I with

the following property: for each € > 0 there exists d > 0 such that

[S(P,f) =1 <e
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for every P € Ps([a,b)t) independent of the way in which we choose & € [t;i—1,t;)T

(1<i<n).

It is easily seen that such a constant number I is unique. The number I, written as fa f)At

is called the A-integral of f from a to b.

Remark 2.2 In [7], Guseinov showed that if there exists F' : T — R such that F2(t) = f(t)

holds for all t € T*, then

b
/ f(t) At =F(b) — F(a), for any a,b € T.

Lemma 2.3 Let a;,b;,¢; € R (i € {1,2,--- ,n}) with ¢; > 0. Then
n 2 n 2 n 2
(Zaici) +(Zbici) < [Z\/a?-i-b% CZ} .
i=1 i=1 i=1

Proof. Since 2a;b;a;b; < b2a2 + 62 2 for any i,j € {1,2,--- ,n}, we have

a;cia;cj + bicibjCj < \/af + bgcz\/ai + b?Cj,

which implies

-y (ajciajci + bicibjcy) < -y a? + b%c;\/a? + bic;.
V) ) 7 7 j 777

i=1 j=1 i=1 j=1

(Yae) + (ne) < [+l
i=1 i=1 i=1

This completes the proof of Lemma 2.3

That is

Lemma 2.4 Let f, g, f> + g% be A-integrable from a to b. Then

[ s+ [ [swar’ < [ [ Vi@ #war”

Proof. By Definition 2.1, for any € > 0 there exists §; > 0 (i = 1,2, 3) such that

Pl, / f At‘ <eg,

S(Pa,g) - / g < e
and

S(Py VT2 + / VD T RO < e

for every P; € Ps,([a,b)T). Let P = PLUP,UP; (€ N3_Ps,([a,b)1)) ca=tg <t1 <---

(2.4)

(2.5)

(2.6)

<th, =0
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and choose an arbitrary point &; € [t;—1,t;). Then from (2.4)-(2.6) and Lemma 2.3 we have

[ swal [ 0a]’ < Usp)+ 45 o) 48
=[S F(E) s — tin)| + € + (S gE) s — 1) + <P
< B f(E) b — tio1))? + (2 19(&)(@— tio1))?
voe /f At!+\/ A + 3]
< [BEVE) + g2 (&) (i — i)
2| /f At|+|/ DAY + 3]
<

[ / VIO F EOAL + P

+2€ /f At|—|—|/ At|+36

Let ¢ — 0, we obtain (2.3). This completes the proof of Lemma 2.4.
Corollary 2.5 Let a,b € T with a < b and fi(t), f2(t), -, fu(t) be A-integrable on [a, b]7.
write z(t) = (f1(t), f2(t), -+, fu(t)). Then

[ e0a={ i(/fﬁ(t)mffs/ab{iﬁ(t)}ém—/abm(t)m. 27)

Proof. By Lemma 2.4, we know that (2.7) holds when n = 2. Assume that (2.7) holds when

n =k > 2, that is . .
Z (/abf,»(t)At)Q < [/ab{z:ff(t)}QAt]z.

Then
k+1

/ > 5

|_|
(V]
I

{[Uaw Zfl iPyiar)
([ seawa)’+ / {Zfz 0y2ad]

k—l—l
> / finAd)’

This completes the proof of Corollary 2.5.

v

Lemma 2.62/ (Cauchy-Schwarz inequality) Let a,b € T and f,g € Crq(T,R). Then
[ 150901 2 / £2(1) / ROYNOIS (28)

Lemma 2.712 Suppose that A € C,q(T,R"*") with I + u(t)A being invertible and f €
Cra(T,R™). Let tg € T and z, € R™. Then the initial value problem

22(t) = —A(t)a(a () + (1), z(to) = w0
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has a unique solution x : T — R™. Moreover, this solution is given by

2(t) = eoa(t, to)zo + / t cou(t, ) f(T)AT. (2.9)

to

Lemma 2.8 Let C' € R?*™. Then for any C; € RI*" with C; > C (i.e.,C; — C > 0), we have
()T Ca” < |Cy]|2°)?, x € R™, (2.10)

Proof. For C,C; € R?*"™ with C; > C, we have C7 — C > 0. Then for all x € R", we obtain
(z°)T(Cy — C)z° > 0. Thus

(:U")TC’m"

IN

27027 < |2°||CLa°
(

|27 1|C1l]27| = |C1[27 2.

AN

This completes the proof of Lemma 2.8.

3. Main results and proofs

Denote
o(t)
Eo(t) = / IB(3)|leon(o(t), 5)As (3.1)
and

b
n(o(t)) = /(t) |B(s)lleea(o(t), s)*As. (3.2)

Theorem 3.1 Let a,b € T with o(a) < b. If (1.1) has a solution (z(t),y(t)) satisfying (2.1) on
the interval [a, b]T, then for any Cy € R*" with C;(t) > C(t), one has the following inequality

b E(o(t)n(a(t)
/a o) + o) It (3.3)

Proof. At first let us notice that any solution (z(t),y(t)) of (1.1) satisfies the following equality
(y" )z ()™ = (" (1) 327 (1) + y" ()22 (1)

= (27(1) Ty () +y" (1) (2)

= (27(t)TC)a (t) — y" (1) B(t)y(t). (3.4)
By integrating (3.4) from a to b and taking into account that x(a) = x(b) = 0, one has

" 7 ’ T
[ B0 st = [ @o)i cwew at
Moreover, since B(t) is semi-positive definite, we have
y (OB()y(t) 20, t € [a,b)r.

If
y' (t)B(t)y(t) =0, t € [a, b7

1165 Jing Liu et al 1160-1169



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.7, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

then
B(t)y(t) = 0.

Thus the first equation of (1.1) would read as

By Lemma 2.7, it follows
x(t) = epa(t,a) -0 =0,

a contradiction with (2.1). Hence we have that

b b
/ T By(t) At = / @ (OO () At >0, (3.5)

and for ¢ € [a,b]T, let tg = a and ¢y = b, from Lemma 2.7, we obtain
t t
x(t) = / eoa(t, 7)B(T)y(T)AT = / eoa(t,7)B(T)y(T)AT. (3.6)
a b
Which follows that for ¢t € [a,b)T,
o(t) b
27 (1) = — / con(o(t), T)B(F)y(r)AT = + / , oo IBEA (3T)
a o(t

Note that for a < 7 < o(t) <b,

leoa(c(t), ) B(r)y(r)| < leea(o(t), )||B(r)y(r)]
= leealo(t),n)|{y"(r)BT(r)B <><r>}%
= leea(o(®), T){(v/B(r)y(r)TB(r)\/B(r)y(r)}?
< leoa(o(t), r>|{\ﬁy7|r Hﬁyr :
= leoa(o(t), DBz (47 (1) B(r)y(r))?.

Then from Corollary 2.5 and Lemma 2.6 we obtain

[z7(0)] = | €9A (T)y(r)AT|
a(t

IN

/ lcoa(o(t),7)B(r)y(r)| Ar

IN

a(t) ) 1
[ lcoato@.nlIB@IRT () By bar

[NIE

< ([ icoso@nrmenan) ([ i@ pmear)
that is
p0F <ée) [ 7 @B (5.5)
Similarly, by letting 7(o(£)) be as in (3.2), for @ < o(f) < 7 < b, we have
O <ate®) [ OB (3.9)
7
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It follows from (3.8) and (3.9) that

and

Thus

By Lemma 2.8 we see

b b b
[iewlewpa < <|cl<t>|f("(”)"<“ ”))) JRAGECVEIGIN

Since

b b b
/ Ca(8) |2 (1) At > / (1) (£)C (027 (1) At = / yT (£ BBy (t) At > 0,

a

we get,

b g(a(t)n(o(t))
/a Eo®) Loy @I AT 21
This completes the proof of Theorem 3.1.

Theorem 3.2 Let a,b € T with o(a) < b. If (1.1) has a solution (z(t),y(t)) satisfying (2.1) on
the interval [a, b]t, then for any C € RI*™ with C;(t) > C(t), one has the following inequality

/ab o /ab B(s)llcoa(o(t). s)PAs} At >4 (3.10)

Proof. Note

It follows from (3.3) that

/b £(a(t)) ZW(U(W ()] At > 1.

Combining (3.1) and (3.2), we obtain

/ab (/abIB(s)He@A(a(t),s)y%s\cl(t),) At> A4,
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That is

/101 /\B )|leoa(o ),s)]zAs}AtZél.

This completes the proof of Theorem 3.2.

Theorem 3.3 Let a,b € T with o(a) < b. If (1.1) has a solution (z(t),y(t)) satisfying (2.1) on
the interval [a, b]T, then for any Cy € RI*" with C;(t) > C(t), one has the following inequality

/:|A(t)| At+ (/ab|\/%2m)1/2(/ab|cl(t)y At>1/2 > 9. (3.11)

Proof. From the proof of Theorem 3.1, we have

b b
/yT(t)B(t)y(t)AtZ/ (27(t))"C )27 (1) At.

It follows from the first equation of (1.1) that for all a < ¢ < b, we get

(1) = / (—A(r)a®(r) - B(r)y(r)) A7

b
£(t) = / (A(r)2” () + B(r)y(r)) A .

Thus, from Corollary 2.5, Lemma 2.6 and Lemma 2.8 we obtain

o0 = 5[ [ 460+ B 71+ [ A0 + B o]
< ;:/at\A(T)xffm+B(T)y(7)m¢+/t \A(T)x0(7)+3(7)y(7)m7}
< 2 [ 04w+ 1B 57]
< [ uenemisrs [ 1VB@IVEDY a7
< L[ roneoracs ([1vEoea)”( [ vBoune ai)”]
= 2o @ns e ([ vBaes)” ([ wBoworvEam o)
= L[ noneense ([ vBara)”( [erocoema)”]
< [ onewises ([ vBor s ([eomeors)™]

Denote M = max,<¢<p |2(t)| > 0, then

M < ;[/ab|A(t)\MAt+ (/:]@FAt)l/z(/ab]Cl(tﬂMzAt)l/Q]. (3.12)

Thus inequality (3.11) follows from (3.12).This completes the proof of Theorem 3.3.
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Error analysis of distributed algorithm for large scale data
classification *
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Abstract

The distributed algorithm is an important and basic approach, and it is usually used for
large scale data processing. This paper aims to error analysis of distributed algorithm for
large scale data classification generated from Tikhonov regularization schemes associated
with varying Gaussian kernels and convex loss functions. The main goal is to provide fast
convergence rates for the excess misclassification error. The number of subsets randomly
divided from a large scale datasets is determined to guarantee that the distributed algorithm
have lower time complexity and memory complexity.
Keywords: Distributed algorithm; Classification; Large scale data; Generalization error
Mathematics Subject Classification: 68T05, 68P30.

1 Introduction

In [11], a binary classification problem, which is generated from Tikhonov regularization schemes
with general convex loss functions and varying Gaussian kernels, was studied well. This paper
addresses error analysis of distributed algorithm for the classification with large scale datasets.
For ease of description, we first introduce some concepts and notations. Most of them are the
same as that of [11].

We denote the input space by a compact subset X of RP. To represent the two classes, we
write the output space Y = {—1,1}. Clearly, classification algorithms produce binary classi-
fiers C : X — Y, and the prediction power of such classifier C can be measured by using its
misclassification error defined by

R(C) = Prob(C(z) # y) = /X P(y # C(x)|z) dpy,,

where p is a probability distribution on Z := X x Y, p, is the marginal distribution of p on
X, and P(y|x) is the conditional distribution at z € X. So-called Bayes rule is the classifier
minimizing R(C), and is given by

1, if P(y =1|z) > P(y = —1|x),
folz) = (y' lz) > P(y )
—1, otherwise.

So the excess misclassification error R(C) — R(f.) of a classifier C can be used to measure the
performance of the classifier C.

In this paper we consider classifiers C; induced by real-valued functions f : X — R, which is
defined by
1L if f(z) 20,
—1, otherwise.

Cr = sgn(f)(x) :{

The real-valued functions are generated from Tikhonov regularization schemes associated with
general convex loss functions and varying Gaussian kernels.
Now we give a definition for loss function [11].

*This work was supported by the National Natural Science Foundation of China (Grant Nos. 10901137,
91330118, and 61272023) and Zhejiang Provincial Natural Science Foundation of China (No. LY14A010026)
TCorresponding author. E-mail: feilongcao@gmail.com
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Definition 1.1. (see [11]) We say ¢ : R — Ry is a classifying loss (function) if it is
convez, differentiable at 0 with ¢’ (0) < 0, and the smallest zero of ¢ is 1.

For details of such loss function, we refer reader to Cucker and Zhou [4].
The function on X x X given by K (z,z’) = exp {— lz—a'] } is called the Gaussian kernel with

202
variance o > 0. From [1], this function can be used to define a reproducing kernel Hilbert space
(RKHS). We denote the RKHS by H,.
From [10] and [5], the Tikhonov regularization scheme with the loss ¢, Gaussian kernel K, and
a sample z = {(z;,y;)}.; € Z™ can be defined as the solution fz of the following minimization
problem

Jz = afgmin{nlzZ@(yif(fi))+)\||f||3{g}7 (1.1)
i=1

feHs

where A > 0 is called the regularization parameter. The regularizing function in terms of the
generalization error £¥ is defined as

Fox = v pin (£2(7) + NIy, b where £2(7) = [ oluf(@)) dp.

This function was used in Zhang [13], De Vito et al. [6], and Yao [12]. Zhou and Xiang
[11] constructed a function (denoted by f, ) which works better than fa’ A due to the special
approximation ability of varying Gaussian kernels. The construction of f, » is done under
a Sobolev smoothness condition of a measurable function ff minimizing £¥, ie., for almost
everywhere z € X,

fi(z) = argmin/ p(yt) dp(ylr) = argmin{p(t) P(y = 1|z) + p(—t)P(y = —1|x)}.
teR Y teR

The constructed function f, ) was used to estimate the excess misclassification error in [11].
The following Lemma 2.2 is a key result in [11], which will be employed as a base of our proof.

We will use the concept of Sobolev space with index s > 0 and denote the space by H?®(RP).
In fact, the space is consisted by all functions in L?(IRP) with the finite semi-norm

laren =420 [ eI agy.

where f is the Fourier transform of f defined for f € L'(RP) as f(£) = Jgo f(@)e "¢ d.
It was proved in Chen et al. [3] and Bartlett et al. [2] that

R(sgn(f)) = R(fe) < cp\/E2(F) = E2(FF) (1.2)

holds for some ¢, > 0.

Although the statistical aspects of (1.1) are well investigated, the computation of (1.1) can
be complicated for large data with size N. For example, in a standard implementation [9], it
requires costs O(N?) and O(N?) in time and memory, respectively. Such scaling are prohibitive
when the sample size is large.

In this work, we study a decomposition-based learning approach for large datasets, which is
also called distributed algorithm for large datasets. Recently, the approach has attacked more
attentions of researchers, and more results have been explored, such as McDonald et al. [§]
for perceptron-based algorithms, Kleiner et al. [7] for bootstrap, and Zhang et al. [14] for
parametric smooth convex optimization problems. The aim of this paper is to study the binary
classification error of the distributed algorithm with varying A and o for general loss functions.
For this purpose, we first describe the distributed algorithm [15].

We are given N samples (z1,y1),...,(zn,yn) drawn independent identically distributed
(ii.d.) according to the distribution p on Z = X x Y. Rather than solving the problem
(1.1) on all N samples, we execute the following three steps: (1) Divide the set of samples
{(z1,91), ..., (xN,yn)} randomly and evenly into m disjoint subsets S1,..., S, C Z, and each
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S; has n = % samples; (2) For each i = 1,2,...,m, compute the local estimate

foo=argmind = ST our(@) + AIf B, ¢

fers (z,y)E€S;

(3) Average together the local estimates and output f = L+ 3" fi.

Our aim is to estimate the error R(sgn(f)) — R(f.). IZInowever, from (1.2), we only need to

estimate £#(f) — £#(f¢). The following section presents some results to bound E#(f) — £#(f¢)
and R(sgn(f)) — R(f.). When solving each f;, similarly to [11], we take A = A(n) = n™7,
o =0c(n) =\ =n"7¢, for some 7, > 0.
2 Main results

Lemma 2.1. We have £2(F) — £2(f9) < 2 57 (sv(ﬁ) - 5v(f;f)) .

Proof. Due to the convexity of ¢, we have

(D) = [ ewienir< [ LY eli@)an= 3" [ st zew It
So £¢(f) = £2(f£) < 2 X, (£2(f) — £°(1%)) O

Now in order to bound £%(f) — EP(f), we only need to estimate e (fi) - EP(f) for each i.

In fact, the results for each ¢ are the same because fl (i =1,2,...,m) are i.i.d., and share the
same properties. We take Xiang and Zhou’s approach [11] and make some modifications.

Lemma 2.2. (see [11]) Assume that for some s > 0,
dpx
fy= f‘/’|X for some f‘/’ € H*(RP) N L*°(RP) and —— q € L*(X). (2.1)
x

Then we can find functions {fox € Ho : 0 <o < 1,A > 0} such that

[foallL=(x) < A, (2:2)
D(o,A) i= E9(for) = EP(FS) + M forll3, < A(0® +2r077)
for0< o<1, A>0, where A >1 is a constant independent of ¢ and .
Using the method of error decomposition of [11], we easily obtain the following Lemma 2.3.

Lemma 2.3. Let ¢ be a classifying loss function, we have
E9(fi) = E2(f) < D(0,N) + Sz for) — Salfi), (2.3)

where Sz (f) is defined for any f by Sz(f) = [E5 (f) = EZ(fL)] — [E2(f) = E2(fL)], and EF(f) =

We also need the following Definition 2.1.

Definition 2.1. (see [11]) A VATIAncing power T = Ty, of the pair (v, p) is the mazimal
number 7 in [0,1] such that for any B > 1, there exists C, = C1(B) satisfying

Elp(yf(2)) — p(yfy (2))]” < CLEA(f) = €2(f)T  ¥f: X = [-B,B], (2.4)
where E denotes the expected value of €.

The following Lemma 2.4 is to bound the second term of (2.3).
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Lemma 2.4. (sce [11]) Suppose A and f,  are as in Lemma 2.2, 7 = 7, , and Cy = Cy(A)

. ., . 5
are as in Definition 2.1. Then for any 0 < < 1, with confidence 1 — 5, we have

Salfon) <2 (Iellor_ sz +Cr) I on =7 4 (E9(fon) — £9(77).

To bound the third term of (2.3), —Sz(fi), we need the following Lemma 2.5, Lemma 2.6, and
Lemma 2.7.

Lemma 2.5. For any A > 0, we have ||fl||’;.[a < +/(0)/ .

The proof is easy by taking f = 0 in the definition of fi, referring to De Vito et al. [6].
The next Lemma 2.6 is from Cucker and Zhou [4].

Lemma 2.6. (see [/]) Let 0 <7 <1, ¢,B >0, and G be a set of functions on Z such that
for every g € G, E(g) >0, [|g — E(9)|loc < B and E(g?) < ¢(E(g))7. Then for all € > 0,

B9 - ) s ne? 7
ger%) {ZIGIIQ) E(9))" + & > de < N(G,€) exp {_2(0 + 3Bel-T) } ’

where N'(G,e) denotes the covering number to be the minimal £ € N such that there exist { disks
i G with radius € covering G.

Note that if || f]ln, < v/¢(0)/A, then || flleo < Cor/®(0)/A. From the above Lemma 2.6, we

obtain the following Lemma 2.7.

Lemma 2.7. Let 7 = 7,, with B = Cy+/(0)/X and C; = C1(B) in Definition 2.1. For
any € > 0, there holds

P ) (E2(f) = &2 - [€2(f) = & (7]
rob sup
e NN =575 VEP(f) —Ee(fO))T +em

eV ne=7 }
1-N | B, ——|e _—
( 1 Dl\/<p(0)> Xp{ 2C) + 3Doe! =7

where Dy = max{|¢/, (—=B)|, |¢"_(B)|}, and Dy = max{p(—1), lellor- a1

<4e'TE B >

Proof. We apply the above Lemma 2.6 to the function set

G = {pwf (@) ~ Wl @) : 1 fln, < VeO/A},

and see that each function g € G satisfies E(g?) < ¢(E(g))” for ¢ = C;. Obviously ||g[lcc <
Dy = max{@(—l),”gp”c[féyg]}, 50 [|g — E(9)|lcc < B := 2Dy. To draw our conclusion, we
only need to bound the covering number N (G,¢). To do so, note that for fi and fo satisfying

[fll#, < V¢(0)/A and (z,y) € Z, we have

Hewfi(@) = ey ff (@)} —{eyfa(z)) = p(uf (@)}
= leyf1(2)) = p(yfa(x))] < Dill fr = folloo-

e\ _ eV .
Therefore, N (G,e) < N (BW, D1) = N(Bjy, Dlm)’ where BW denotes the ball
with radius 1/¢(0)/X in H,. The statement is proved. O

Let £*(n, A\, 0,d) denote the smallest positive number ¢ satisfying

eV ne?~"
1-N | By, —Y2 S L
( ! Dlw/go(O))exp{ QC1+§D2817} N

Then we have the following proposition.

N
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Proposition 2.1. Let 0 = ¢ with 0 < ¢ < % (Noting p is the dimension of X ), s be as
in Lemma 2.2, and f,x € Ho satisfy (2.2). For any 0 < § < 1, with confidence at least 1 — 0,
we have

A O 2 1
E9(f;) — E¥(f¢) < SANMINSGI=PCY L 40c* (n, X, 0, 8) + Allellcr-4,4) + C1)In gn_ﬁ. (2.5)

Proof. Xiang and Zhou [11] (see Proposition 2 in [11]) have proved that for any 0 < § < 1, with
confidence at least 1 — 6,

. 2 1
£9(f:) ~ E2(f£) < 4D(3,3) + 402" (n, 1, 0,6) + 4(llpll oy .4+ C1) o 2n™ 7.

With Lemma 2.2 and o = XS, we have D < A(X*¢ 4+ \17P¢) < 24 \min{s¢.1=pC} S Proposition
2.1 is proved. O

To get the more explicit bound, we need the following Lemma 2.8 to bound £*(m, A, 0, 9). It
can be proved via the same method as in [11].

Lemma 2.8. Let 0< 7 <1, A=n"" and ¢ = \® with v > 0 and 0 < ( < m. Then
we have
e*(m, N, 0,0) < Con™ P g (2.6)

From Proposition 2.1 and Lemma 2.8, we have the following Proposition 2.2.

Proposition 2.2. Let 0 = \S and A = n™" for some 0 < ( < % and 0 < v <
(2.1) is valid for some s > 0, then for any 0 < § < 1, with confidence 1 — § we have

£9(f) ~ £(ff) < Cn ' %, 27)

1
2¢(p+1) - If

where

1-2v¢(p+1) } 7 (2.8)

szln{SC%’Y(l_pO» 21

and C'is a constant independent of n and 5.

Proof. Applying the bound for €* from Lemma 2.8 on Proposition 2.1, with confidence at least
1— 46, we have

~ ~ s 1-2v¢(p+1) 2
EW(fl) _ gv(f;(?) S SAAmln{SC,lpr} +40C2TL 225 +1 ln +4(H90HC A A =+ Cl)ln Sniﬁ

Putting A = n~" into the above formula, we easily see that £(f;) — EP(fY) <Cn ~%In 2. Here
0 is given by (2.8) and C is the constant independent of n and § given by C' = 84 + 40C, +
4(l¢llerz + C): O
Now we can obtain our main result to bound £2(f) — £#(f¢).
Theorem 2.1. Under the condition of Proposition 2.2, for any 0 < § < 1, with confidence
1 —6 we have
- 2m

n— (2.9)

E°(f) - €4(f) < C 5

where 0 and C are as in Proposition 2.2.

Proof. From Proposition 2.2, for any § > 0, with confidence 1—— Sw(f) EL(fY) < <Cn7fIn sz'
From Lemma 2.1,

Prob {E‘O(f) =&%(f7) < Cn=° ln2;n} rob{ i ( E‘”(f;f)) <Cn~%In 2?}

zProb{ﬂ {W(fi)—e*"(fg’) gén—Gan;n}} >1—mx % =1-4.
=1
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Remark 2.1. Given N, we take n = m®, i.e. m = Na+T andn = Na¥1. We easily see
that the above bound —5 In 2% — 0(m — o0) for all a > 0.

mad
As mentioned in Introduction, the Tikhonov regularization scheme for all N samples have

time complexity O(N?3) and memory complexity O(N?). Now we can determine m (also n) to

guarantee that the distributed algorithm have lower time complexity and memory complexity.

Corollary 2.1. For any k < 3, the time complexity of the distributed algorithm is less than
O(N*) if and only if m > N,

Proof. Let n = m®, i.e. m = N#+1. The time complexity is m-O(n3) = O(m3a+1) = (’)(Nxaarl1 ).
For k < 3, to ensure ?gfll < k, it only needs a < 2. So m = N1 > N*3°, O

For memory complexity, we have a similar result as follows.

Corollary 2.2. For any k < 2, the memory complexity of the distributed algorithm is less
than O(N*) if and only if m > N27F.

Due to (1.2), we have
Theorem 2.2. R(sgn(f)) — R(f.) < cpy/Cn=0In 22,
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Abstract. In this paper, we prove a Korovkin type approximation theorem for a function of two
variables by using the notion of convergence in the Pringsheim’s sense and statistical convergence of

double sequences. We also display an example in support of our results.
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1. Introduction and preliminaries

The concept of statistical convergence for sequences of real numbers was introduced
by Fast [8] and further studied Fridy [9] and many others.

Let K C N and K,, = {k <n:k € K} .Then the natural density of K is defined
by 6(K) = lim,, n~!|K,,| if the limit exists, where |K,| denotes the cardinality of K.

A sequence z = (xy) of real numbers is said to be statistically convergent to L
provided that for every € > 0 the set K, := {k € N : |z, — L| > €} has natural density

zero, i.e. for each € > 0,
1
lim—|{j <n:lz; —L| > €} =0.
non

By the convergence of a double sequence we mean the convergence in the Pring-
sheim’s sense [20]. A double sequence x = (x;) is said to be Pringsheim’s convergent
(or P-convergent) if for given € > 0 there exists an integer N such that |z;, — (] <€
whenever j, k > N. In this case, ¢ is called the Pringsheim limit of z = (z,;) and it is
written as P — limx = /.

A double sequence z = (i) is said to be bounded if there exists a positive number
M such that |z;x| < M for all j, k.
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Note that, in contrast to the case for single sequences, a convergent double se-

quence need not be bounded.

The idea of statistical convergence for double sequences was introduced and studied
by Moricz [17] and Mursaleen and Edely [18], independently in the same year and
further studied in [15].

Let K € N x N be a two-dimensional set of positive integers and let K (m,n) =
{(j,k) : j <m,k <n}. Then the double natural density of the set K is defined as

b | Emn) |
m,n mn

= 03(K)

provided that the sequence (| K(m,n) | /mn) has a limit in Pringsheim’s sense.
For example, let K = {(i%,5?) : 1,5 € N}. Then

5y(K) = P — i LB p gy VIV

m,n mn m,n N

0,

i.e. the set K has double natural density zero, while the set {(i,27) : i,j € N} has
double natural density %
A real double sequence x = (z;;) is said to be statistically convergent to the

number L if for each € > 0, the set
{(J,k),j <mand k <n:zj—L|>¢€}

has double natural density zero. In this case we write sto- ‘}Cim xj, = L.
J,k—00

Remark 1.1. Note that if 2 = (z;;) is P-convergent then it is statisically convergent

but not conversely. See the following example.
Example 1.1. The double sequence w = (wj;) defined by

1 if j and k ;
wij{ , if 7 an are squares; (1.1.1)

0, otherwise

Then w is statistically convergent to zero but not P-convergent.

Let C|a,b] be the space of all functions f continuous on [a,b] equipped with the

norm

[fllcfas == sup |f(z)], f € Cla,b].

z€[a,b]

The classical Korovkin approximation theorem states as follows (cf. [10], [13]):
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Let (T,) be a sequence of positive linear operators from Cla, b] into C[a, b]. Then
lim, ||T.(f,2) — f(@)|lcapy = O, for all f € Cla,b] if and only if lim,, ||T,(fi,z) —
fi(@)|lcpap = 0, for i = 0,1,2, where fo(z) =1, fi(z) =z and fo(z) = 2*.

Korovkin type approximation theorems are also proved for different summability
methods to replace the ordinary convergence, e.g. [4], [7], [11], [14], [16] etc..

Quite recently, such type of approximation theorems are proved in [1], [2], [3],
[6] and [19] for functions of two variables by using almost convergence and statisti-
cal convergence of double sequences, respectively. For single sequences, Boyanov and
Veselinov [2] have proved the Korovkin theorem on C10, 00) by using the test functions
1,e %, e 2 In this paper, we extend the result of Boyanov and Veselinov for func-
tions of two variables by using the notion of Pringsheim’s convergence and statistical

convergence of double sequences.

2. Main result

Let C(I?) be the Banach space with the uniform norm || . || of all real-valued
two dimensional continuous functions on I x I, where I = [0,00); provided that
lim ;) (c0,00) f (2, y) s finite. Suppose that T, ,, : C(1?) — C(I?). We write Ty, ,.(f; z,v)
for T, 0 (f(s,t); 2, y); and we say that T' is a positive operator if T'(f;z,y) > 0 for all
f(z,y) >0.

The following result is an extension of Boyanov and Veselinov theorem [5] for func-

tions of two variables.

Theorem 2.1. Let (7)) be a double sequence of positive linear operators from C/(1?)
into C'(I?). Then for all f € C(I?)

P- lim (|T;,(f;2,y) — f(:c,y)H: 0. (2.1.0)

J,k—00

if and only if
P- lim ’ Tin(Liz,y) — 1H: 0, (2.1.1)
J,k—00

P- lim ‘ Tir(e iz, y) —e *||=0, (2.1.2)

7,k—o0
P- lim ||T;x(e 55 2,y) — e Y||= 0, (2.1.3)

J,k—o0
P- lim ’ Tip(e™ + e m,y) — (7 +e72)||= 0. (2.1.4)

J,RKR—00
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Proof. Since each 1,7 €7, 72" + e~ belongs to C(I?), conditions (2.1.1)-(2.1.4)
follow immediately from (2.1.0). Let f € C(I?). There exist aconstant M > 0 such

that |f(z,y)| < M for each (z,y) € I*. Therefore,

|f(s,t) = f(z,y)] <2M, —oo < s,t,x,y < oo. (2.1.5)

It is easy to prove that for a given € > 0 there is a 0 > 0 such that

[f(s,t) = [z, )] <, (2.1.6)

whenever |e™® — e | < § and |e™! — e Y| < ¢ for all (z,y) € I

Using (2.1.5), (2.1.6), putting ©; = ¥1(s,x) = (e* — ) and ¥y = Ps(t,y)

(et —e™¥)? we get
2M
1f(s,t) — f(z,y)] <e+ — 52 (1 + ), V|s—z| <dand |t —y| <o.

This is,
e —wl +92) < f(s,8) = flao,y) <e+ —<¢1 +¥s).

Now, operating 7T} (1; x,y) to this inequality since T} (f; x,y) is monotone and linear.

We obtain
Tttio) (- = 25 a4 00) ) < Tl )0 = fo0)
< Tltsz) (= + 55 0+ )
Note that x and y are fixed and so f(z,y) is constant number. Therefore
2
)

M
—eTn(l2,y) — =5 Tin(r + os 2, y) < Tie(fi2,y) — flo,9)Tix(L; 2, )

2M
< 5Tj,k(1;a7,y) + ?

But

Tjr (1 + o 2, y). (2.1.7)

Tin(fiz,y) = f(o,y) = Tin(fim,y) — flo,9)Tin(Liz,y) + flz, )Tl 2,y) — f2,y)

= [Tix(f;2,y) — f(z,9)Tin(Lz,9)] + fz,9)[Tix(l;2,y) — 1] (2.1.8)

Using (2.1.7) and (2.1.8), we have

2M
Tix(fi2,y) = fla,y) < Tz, y) + —

Tin(r + 252, 9) + f(2,9)(Tie(l;2,y) — 1).

(2.1.9)

Now

Tjw(r+iaizy) = Tin((e ™" —e )+ (e —e ") 2,y)

4
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=Tip(e™® —2e e e 4 e —2ele ™V + e, 1, y)

= Tjp(e™ +e ™ia,y) — 26" Tiu(si v, y) — 2e " Tju(t; 2, y)
+H(e ™ + e )T (1; 2, y)

= [Tip(e™ + e a,y) — (7 + )] = 2e " [Tiu(e ", y) — e
—2e7Y[Tjp(e™2,y) — eV + (72 + ™) [Tin(Lsa,y) — 1],

Using (2.1.9), we obtain

Tiw(fs 2, y) = fla,y) < eTjp(l2,y) + 2(5—]\24{[Tj,k((625+62t); z,y) = (e +e7™)]
—2e [ Tir(e %a,y) —e ] = 2e Y[Tju(e 2, y) — e Y]
+ (€7 + e [Tix(La,y) — 1} + flo,y)(Ta(liz,y) — 1)
= T80, 9)~ 1]+ 2 ([Tl e, ) — (e e )]
—2e " [Tip(e %z, y) — e ") — 2 Y [Tip(e b2, y) —e™Y)
+ (e + e )L, y) — 1} + 2 y)(Ta(L2,y) - 1).
Since ¢ is arbitrary, we can write

Tin(fizy)— fla,y) <elTjp(liz,y) — 1)+ %S—Aj{[Tj,k((e‘% +e )z y)— (e +e )

—2e [Tl % a,y) — e *) — 2 V[T ple 2, y) — eV

+ (€7 + e )L, y) — 1+ fa,y)(Tie(lz,y) — 1),
Therefore

oM | L,
| T fiw, )= f(w,y) | e(e+M) | Tip(Liw y) =1 ]+ | e e || Typ(L 2, y)—1 |

P (e ™ + e 5 g) | (7 4 o) |
P e | Tple ) — " |4t [ || Tyl ) — ¥
Set (et Mt ) | Tl y) 1|45 | 4 e || Tu(,0) 1
25_]\24 | Tiwle™ + e ™a,y) = (e + ) |
45—]\24 | T p(e™ %z, y) —e | +45—]\24 | Tix(e™hz,y) —e ¥ . (2.1.10)

since | e [,| 7 |[< 1 for all z,y € I. Now, taking sup, , e 2, we get

Ty(Finy) — f(rz:,y)Hg 5+K(

7-']‘7]9(1;1’,” - 1H

5

1180 Anastassiou et al 1176-1184



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.7, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

—x

Tin(e *;a,y) —e Tin(e b ay) —e™

:

i

+ || Tiwle™ +ea,y) — (7 + &™)

), (2.1.11)

where where K = max{e + M + 4f 4L 2M} Taking P-lim as j,k — oo and using
(2.1.1), (2.1.2), (2.1.3), (2.1.4), we get

P — lim

p,q—00

Tik(frz,y) — f(x,y)H: 0, uniformly in m, n.

This completes the proof of the theorem.

3. Statistical version

In the following theorem we use the notion of statistical convergence of double
sequences to generalize the above theorem. We also display an interesting example to

show its importance.

Theorem 3.1. Let (7)) be a double sequence of positive linear operators from C'(1?)
into C(I%). Then for all f € C(I?)

sto- lm ||Tj4(f;2,y) — f(x,y)H: 0. (3.1.0)

J,k—o0

if and only if
sty- lim ‘Tjk(l;x,y) - 1H: 0, (3.1.1)
J,k—o00

sto- lim ‘ Tik(e % z,y) —e “||=0, (3.1.2)

J,k—o0
sty- lim || T (e 5 2,y) — e Y||= 0, (3.1.3)

J,k—00
sto- .Lim Tinle ™ +e 22 y) — (e + e #)||=0. (3.1.4)

J,k—00

Proof. For a given r > 0 choose € > 0 such that € < r . Define the following sets

D :={(j,k),j<mand k <n:

ol Fiany) — f(x,,sz .

D=0 £ s a1 G2
| | 3 B r—e
Dy =10, k),j smand k <n: | Tip(e % a,y) — e\ 2 — =~}
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r—e
>

_4K}‘

Dy = {(j,k),j <mand k<n ‘ T, y) — e

r—e
> )
Then from (2.1.11), we see that D C D; U Dy U D3 U Dy and therefore do(D) <
02(D1) 4 02(D3) 4+ 02(D3) +62(Dy). Hence conditions (3.1.1)—(3.1.4) imply the condition
(3.1.0).
This completes the proof of the theorem.

Dy :=A{(,k),j <mand k <n:|Tjn(e™™ +e*z,y) — (e +e %)

We show that the following double sequence of positive linear operators satisfies

the conditions of Theorem 3.1 but does not satisfy the conditions of Theorem 2.1.

Example 3.2. Consider the sequence of classical Baskakov operators of two variables
[12]

Basfir) = 25 F(ZE) (") (7 T e

J

where 0 < z,y < 0o . Let L,,,, : C(I?) = C(I?) be defined by

Lonn(fi2,9) = (1 + W) B (f5 7, 9),

where the sequence (w,y,,) is defined by (1.1.1). Since
Ba(liz,y) =1,
Bun(e %z,y)=(1+x — xe’i)’m,
Bn(e™s2,y) = (14+y—ye )™,
Bm,n(e_% +e % g, y)=(1+ % — x2e_%)_m +(1+ y? — y2e_%)_”,

we have that the sequence (L,,,) satisfies the conditions (3.1.1), (3.2.2), (3.1.3) and
(3.1.4). Hence by Theorem 3.1, we have

Sto- mI%IEOO ||Lm7n(fa €, y) - f(I’ y)” =0.

On the other hand, we get Ly, »(f;0,0) = (1+wpmy) f(0,0), since By, »(f;0,0) = f(0,0),

and hence

[ L (52 9) = (2, 9) | = [Linn(f50,0) = £(0,0)] = wn | £(0, 0)].

We see that (L,,,) does not satisfy the conditions of Theorem 2.1, since P- lim  wy,,
m,n—o0

does not exist.
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Abstract

Here are presented five new advanced fractional Taylor’s formulae un-
der as weak as possible assumptions.

2010 AMS Subject Classification: 26A33.
Key Words and Phrases: fractional integral, fractional derivative, frac-
tional Taylor’s formula.

1 Introduction

In [3] we proved

Theorem 1 Let f, f', ..., f™: g, ¢ be continuous functions from [a,b] (or [b,a])

mto R, n € N. Assume that (g_l)(k), k=0,1,...,n, are continuous functions.
Then it holds

1o o Y® g |
o=@+ X LD @) s R, @)
k=1 ’
where
b
R, (a.) =ﬁ / @) — g (For )™ (@(s)g ()ds ()

g(b)
=iy, 6O -0 o) @

Remark 2 Let g be strictly increasing and g € AC ([a,b]) (absolutely continu-
ous functions). Set g([a,b]) = [¢,d], where ¢,d € R, i.e. g(a) = ¢, g(b) = d,

and call | :== fog™'.
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Assume that | € AC™ ([c,d]) (i.e. 1Y € AC ([c,d])).

[Obviously here it is implied that f € C ([a,D]).]

Furthermore assume that (f og’l)(n) € Lo ([e,d]). [By this very last as-
sumption, the function (g (b) —¢)" " (fo g_l)(") (t) is integrable over [c,d].
Since g € AC ([a,b]) and it is increasing, by [9] the function
(g(b) —g(s)™ " (f og_l)(n) (9(s)) g’ (s) is integrable on [a,b], and again by
[9], (2) is valid in this general setting.] Clearly (1) is now valid under these
general assumptions.

2 Results

We need

Lemma 3 Let g be strictly increasing and g € AC ([a,b]). Assume that (f o gfl)(m)

is Lebesque measurable function over [c,d]. Then

0 a1 (M)H < H 0 a~1)™ o H ’ 3
H<f g ) oo,[e,d] (f g ) 9 00, [a,b] ( )
where (F0.g7)™ 09 € Lo (1 8).
Proof. We observe by definition of |- that:
oa—1)™ o H _ 4
H(f g ) g 00,[a,b] ( )

inf{M : m{t € [a,b] : ‘((fogil)(m) og) (t)’ > M} = O},
where m is the Lebesgue measure.

Because g is absolutely continuous and strictly increasing function on [a, ],
by [11], p. 108, exercise 14, we get that

m{z IS [c,d] : ‘(fog_l)(m) (z)’ > M} —
m{g(t) € [e,d] : ‘(fogil)(m) (g(t))’ > M} =
m(g({telat:|(Fos™)™ ()| > M})) =0,

given that
m{t € [a,b] : ‘((fog_l)(m) og) (t)‘ > M
Therefore each M of (4) fulfills
Me{L:m{ze[c,d]:‘(fog_l)(m)(z)‘>L}:0}. (5)

The last implies (3). =
We give

—
I
e
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Definition 4 (see also [10, p. 99]) The left and right fractional integrals, re-
spectively, of a function f with respect to given function g are defined as follows:

Let a,b € R, a < b, a > 0. Here g € AC([a,b]) and is strictly increasing,
f € L ([a,b]). We set

(I20f) @) = 0 | 0@ =001 g @t 220, (6)

(«

where T' is the gamma function, clearly (Igﬁﬁgf) (a) =0, Igﬂgf = f and

b
(I 0f) @) = 7 | 0O - 9@ O, o<h (D)
I'(a) J,
clearly (Ig‘_;gf) (b) =0, Il?_;gf = f.
When g is the identity function id, we get that I3y e =10y, and Iy = I,
the ordinary left and right Riemann-Liouville fractional integrals, where

(12 @) = i [ -0 1O, 22a (5)
(I&.f) (a) =0 and
b
(I8 1) (2) = ﬁ / (t— 2 f (B dt, @ <b, )

(15 f) (4) =0,
In [5], we proved

Lemma 5 Let g € AC ([a,b]) which is strictly increasing and f Borel measur-
able in Lo ([a,b]). Then fog~! is Lebesgue measurable, and

£ lloo,tay = 197 o foay.oon (10)

ie. (fog™') €L ([g(a),g (D))
If additionally g=' € AC ([g (a), g (b)]), then

1 ooy = 17097 e tyeraon (11)

Remark 6 We proved ([5]) that

(I168) (@) = (Igtays (Fog™)) (9(2)), 2> (12)
and
(50 h) @) = (Tgy- (Fog™)) (9(@), =<0 (13)
3
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It is well known that, if f is a Lebesgue measurable function, then there exists
[* a Borel measurable function, such that f = f*, a.e. Also it holds || f|| ., =
I/l and [ ...f..dx = [..f*..dz.

Of course a Borel measurable function is a Lebesque measurable function.
Thus, by Lemma 5, we get

”f”oo,[a,b] = ||f*||oo,[a,b] 2 Hf* 0 g_luoo,[g(a),g(b)] . (14)

We observe the following:
Let a, 8 > 0, then

(Ing;g (I§+;gf)> () = (If+;g (Ig-i-;gf*)) (z) =

Ly (g ) 097 (9@) = I (Totas (097 ) 0 g097") (9(2)) =
(15)

(1) Ty (P 097)) (g a)) " P 1
(s og™ ) (o @) = (e ) @) = (1sr) (@) ae

The last is true for all z, if o+ 8 >1 or f € C([a,b]).
We have proved the semigroup composition property

(10 livof) @) = (1255F) @) = (1212 0f) @), @20 (16)

a.e., which is true for all z, if a + 8 >1 or f € C([a,b]).
Similarly we get

(Ibﬁf;g (Il?f;gf)) (z) = (Ibﬁf;g (Il?f;gf*)) (z) =
V&

Sy (g f) 0 g™ (9@) = Iy (Tsy— (fog7) o gog™) (g(x)) =
(17)

L (- (5 09™)) (o) 47
(535 207) o0 = (B5557) ) = (1255) @) 0.

true for all z € [a,b], if a+ 8 >1 or f € C([a,b]).
We have proved the semigroup property that

(1,?_;9157;9 f) (z) = (J;jg f) (z) = (Ifﬁg[g"_;g f) (2), ae, <b,  (18)
which is true for all z € [a,b], ifa+ 5> 1 or f € C([a,b]).

From now on without loss of generality, within integrals we may assume that
f = f* and we mean that f = f* a.e.
We make
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Definition 7 Let a > 0, [a] = n, [-] the ceiling of the number. Again here g €
AC ([a,b]) and strictly increasing. We assume that (f o gfl)(n) 0g € Lo ([a, b]).
We define the left generalized g-fractional derivative of f of order a as follows:

(Peaf) @)= = [ @@ =07 @) (s )
' (19)
x> a.
If a ¢ N, by [6], we have that Dg, . f € C([a,b]).
We see that
(155 ((Fog™) ™ 0g)) (@) = (Diyf) (@), w20 (20)
We set
Diyf @)= ((fog™) " og) (@), (21)
D¢Oz+gf():f($)7 V;EE[a,b]. (22)
When g = id, then
a+ gf Da+ 1df D*af’ (23)

the usual left Caputo fractional derivative.

‘We make

Remark 8 Under the assumption that (f o g’l)(n)og € Lo ([a,b]), which could
be considered as Borel measurable within integrals, we obtain

(I Do) @) = (T (T ((Fog™) ™ 09))) () =
(s (o) og)) @ = iy (Fog™) W og) @) = (2)
5 [ @@ -a@ T 0 ((rea ) 0g) 0

(n=11J,
We have proved that

(I8 Do f) (@) = ﬁ / 0@ —g@) g (1) (Fog ™)™ (g (6) di
(25)
=R, (a,z), Yz >a,
see (2).
But also it holds
R (a,2) = (I8,.,D2, ., f) (x) = (26)
ma ] @@ =91 O (D) W @
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We have proved the following g-left fractional generalized Taylor’s formula:

Theorem 9 Let g be strictly increasing function and g € AC ([a,b]). We as-
sume that (fog™') € AC™([g(a),g (b)]), where N> n = [a], a > 0. Also we

assume that (f o g—l)(n) 0g € Ly ([a,b]). Then

. / (9@ - g (1) g (1) (D2 f) (Dt Yaelad]. (@)

(a

Calling Ry, (a,x) the remainder of (27), we get that

g9(x)
Ry, (a,z) = F(la)/g (9(z) = 2)" ((DEgf) 097") (2)dz, ¥ € [a,b].

(@)
(28)

Remark 10 By [6], R, (a,x) is a continuous function in x € [a,b]. Also, by
[9], change of variable in Lebesgue integrals, (28) is valid.

By [3] we have

Theorem 11 Let f, f', ..., f);g,9" be continuous from [a,b] into R, n € N.

Assume that (g’l)(k)} k=0,1,...,n, are continuous. Then

n—1 oag- L (k)
(feg™) " (g(b) (9 (2) _g(b))k + R, (b,7), (29)

k=1 k!
where
R, (b,x) := ﬁ /bf” (g(x)—g (s))"_l (f o g—l)(n) (9(s)) g (s)ds  (30)
g(x)
= ﬁ /(b) (g(x)—t)" " (f ogfl)(n) (t)dt, ¥V x € [a,b]. (31)

Notice that (29), (30) and (31) are valid under more general weaker assump-
tions, as follows: g is strictly increasing and g € AC([a,b]), (fog™') €

AC™ ([g(a),g (D)), and (fog~")"™ € Lo ([g(a) ,g (b))

We make
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Definition 12 Here we assume that (f ogfl)(n) 0g € Lo ([a,b]), where N 3

n = [a], a > 0. We define the right generalized g-fractional derivative of f of
order a as follows:

J— n b
(D2 0) @) = o s [0 =g @) @) (Foa™)" 00
i (32)
all z € [a,b].
If a« ¢ N, by [7], we get that (D?f;gf) € C([a,b]).
We see that

L (G0 (Fog™) W og) @) = (D)) (), a<w<b (33)

We set
Dy f @)= (1" ((fog™) " og) (@) (34)

Dg_;gf(:]?) - f(l’), Ve [a7b]'
When g = id, then

Dl:):;gf (x) = Dl(;:;id (‘T) = Dy f, (35)
the usual right Caputo fractional derivative.
We make

Remark 13 Furthermore it holds
(15 Do) @ = (1 i (0" (Fog™) ™ 00)) (@) =

(1 (07 (o) 7 00)) @) = (1" (1, ((r007) ™ 09)) () =

(36)
_1\" b
(7(1_1)1);/ (gt)—g@)" g (t) ((f 0g) ™o g) (t)dt =
2n x
O [ 0@ -0 o 0 ((700™) " 0g) (0=
ﬁ /bx (9(x) =g ()" g (t) ((f og™) o g) (t)dt = R, (b,z), (37)
as in (80).
That is
B (b, 7) = (I’?*;gDaxf;gf) () =
1 b L
@/ (gt)—g@)* g (t) (Df_,f) (t)dt, alla<z<b. (38)
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We have proved the g-right generalized fractional Taylor’s formula:

Theorem 14 Let g be strictly increasing function and g € AC ([a,b]). We
assume that (fog™') € AC"([g(a),g(b)]), where N> n = [a], a > 0. Also

we assume that (f o g_l)(n) 0g € Lo ([a,b]). Then

(9(x) =g ()" +

n=l p o —1y(k)
fay=ry+y L) 0O
k=1

10 )
() /x (9(t)—g (@) g @) (Dy_.,f) (t)dt, alla<z<b. (39)

Calling R, (b,x) the remainder in (39), we get that
1 9(b)

Ba0) = gy [ g @ T (D) o) (s Ve o
(10)

Remark 15 By [7], R, (b,z) is a continuous function in x € [a,b]. Also, by
[9], change of variable in Lebesgue integrals, (40) is valid.

Basics 16 The right Riemann-Liouville fractional integral of order o > 0, f €
Ly ([a,b]), a < b, is defined as follows:

b
LY f(x):= T 1 / (z—2)* " f(2)dz, Y a€lab]. (41)

T'(a)
I) =T (the identity operator).
Let a, 8 >0, f € Ly ([a,b]). Then, by [1], we have
Il f=nttr=1 I ¥, (42)

valid a.e. on [a,b]. If f € C([a,b]) or a4+ B > 1, then the last identity is true
on all of [a,b].

The right Caputo fractional derivative of order a > 0, m = Ja], f €
AC™ ([a, b)) is defined as follows:

Dy_f (x) = (=)™ ;"= f") (x), (43)
that is
— m b
Dy f(z)= Fiml)—a)/ (z—a)" 7 M (2)dz, Vxelab], (44)

with DY f (z) := (=1)™ f0) (2).
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By [1], we have the following right fractional Taylor’s formula:
Let f € AC™ ([a,b]), x € [a,b], @ > 0, m = [a], then

mol (k) b
- ey o [ema o p a9
k=0 ’ x

(1D f) (@) = (=)™ (L1 ) (@) = (1™ (L) (@) =

b
(V" gy [ = () =
_1\m (_1)m ‘ x_szl (m) Ndz =
(V" o [ @2 (16)
Lt r z—2)"" F (2)dz
), @ )
That is
(D f) (@) = (=)™ (B f) (@) =
m—1 .
T) — f(k)(b>a:— e L .T/as—zm*l (M) (2) dz
F@- X S o) e @ T s )
We make

Remark 17 If0 < a <1, then m = 1, hence

(5= Dy f) (=) = f () — f () (48)
b
=ty | e T DR ()= ).
[Let f' € Lo ([a,b]), then by [4], we get that Dy f € C([a,b]), 0 < o < 1,
where
_ b
(D2 1) (@) = oy [ =0 F @) (19)

with (Di_f) (z) = —f' (z).

Also (z —z)* " >0, over (z,b), and

’ -1 (b—=)"
/ (z—2)* "dz = o <o for any 0 < a < 1, (50)

thus (z — x)* " is integrable over [z,b].]
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By the first mean value theorem for integration, when 0 < o < 1, we get

that
() = (DgE&(gI) /: (o) dz (D?E&(w (b —ax)“ (51)
_ (?i;fl(f;) (b-2)", & €[a.b].
Thus, we obtain
f(m)—f(b)=w(b—w)a, £, € [2,0], (52)

I'la+1)

where f € AC ([a,b)]).
We have proved

Theorem 18 (Right generalized mean value theorem). Let f € AC ([a,b]),
'€ Ly ([a, b)), 0 < a < 1. Then

(D f) (&)

T(a+1) (b—2)%, (53)

f(x) = f(b) =

with x < &, < b, where z € [a,].

If f € C(Ja,b]) and there exists f’ (z), for any = € (a,b), then

f@) =)= (-1 f (&) (b-2), (54)
equivalently,
)= fz)=f(&) (-2, (55)
the usual mean value theorem.
We make

Remark 19 In general: we notice the following

1
(m-—«

b
|D§:f(:l,‘)‘ < T ) / (z_x)m*afl ‘f(m) (z)‘dz
(assuming ™) € Lo ([a,b]))

(m) (m) m—a
B R i L ML 50

“T'(m—a) 'm—-—a) m-—«

_ ™l m-a o _IF™ s ma

7F(m—a+1)(biz) SF(m—a—l—l)(bia) '
10
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So when ™ € L, ([a,b]) we get that

Dy f(b) =0, where a ¢ N, (57)
and
HDb f|| w(b_a)m*a. (58)
- TI'(m—-a+1)
In particular when f’ € Lo ([a,b]), 0 < a < 1, we have that
Dy f(b) =0. (59)
Notation 20 Denote by
Dy®:= Dy Dy ..Dy (n times), n € N. (60)
Also denote by
e = . Iy (ntimes), n € N. (61)
We have

Theorem 21 Suppose that Dy* f, Dl(ﬁﬂ)af € C([a,b]), 0 < a<1. Then

n+1l)a n+l)a b—= e no
(7032 ) () - (10D ) (@:F((mil)(pb Ne. (62

Proof. By (42) we get that

(1 D) (@) — (10D f) () =

1= (g2 ) ) — (D7) () =
(48)

I ((Dp2f) (=) = (B D) (DR ) () =

Ina ((Dgzi)zf) (CIZ) (Dna ) ( ) (Dnaf) (b)) (63)
, b—x)"
1 (D31) () = 1 (D) 0.
[ ]
Remark 22 Suppose that D¥*f € C ([a,b]), for k=0,1,...,n+ 1,0 < a < 1.
By (62) we get that
= (e Dief) (@) = (KD ) (@) =
i=0
(64)

" b—xm pic
Z (ZO&+1 bff)(b)

=

11
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That is

n

f @) = (LD ) (@) =

i=0

( 1o
Tlat D) (Dy2f) (b). (65)

Hence it holds

fla) =Y LoD (D gy )+ (10D ) @) = (60)

( T *
Tla+D) (D> f) (b) + R* (z,b) ,

where

b
R* (z,b) := m / (2 — z)HDa—t (Dlﬁ’i“)“ f) (2)dz. (67

We see that (there exists &, € [z,b] :)

DY) (&) o -
s o IO dz =

(Dl(;iJrl)af) (gx) (b _ x)(n-l-l)oc _ (DéﬁJrl)O‘f) (fz) (b B m)(n-&-l)a ] (68)
T'((n+1)a) (n+1)a I'((n+1)a+1)

R* (z,b) = (

We have proved the following right generalized fractional Taylor’s formula:

Theorem 23 Suppose that DE*f € C([a,b]), for k = 0,1,...,n + 1, where
0<a<1l. Then

— - (b - x)m i
1 ’ (n+1)a—1 (n+1)a o
P ), o () ) -
; (n+1)a
" (b B x)la (16 (Db_ f) (gx) n+l)a
Tt O8N O+ ST D ar D (b—a)"D (70)

where &, € [z,b], with x € [a,b] .
We make

Remark 24 Let a > 0, m = [«], g is strictly increasing and g € AC ([a,b]).

Calll = fog™, f:]a,b] — R. Assume that ] € AC™ ([c,d]) (i.e. 1™~V €

AC ([¢,d])) (where g ([a,b]) = [c,d], ¢,d € R: g (a) = ¢, g(b) = d; hence here f

is continuous on [a,b]).
Assume also that (f o g_l)(m) 0g € Lo ([a,b]).

12
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The right generalized g-fractional derivative of f of order « is defined as
follows:

_— m b
(D5_of) () = r(1)>/ (9() —g @)™ g () (Fog ™)™ (g (1)) dt,

(m—«
(71)
a<x<hb.
We saw that
e (0™ (fog™) ™ eg) @) = (D) @), a<z<b  (72)

We proved earlier (37), (38), (39) that (a <z < b)

(Il(:i;gDZXf;gf) () =

(m—1)! /: (9(2) =g )" ¢ () ((f og )™ o 9) (tydt=  (73)

If 0 < @ <1, then m =1, hence
(I5- g Dig f) (@) = f (2) — [ (b) (74)

b
= F(la)/z (g(t) — g (@) g (t) (D, f) (t)dt

(when a € (0,1), Dy f is continuous on [a, b] and )

(Pi1) € ()€

:—/x (g(t) —g(2)* g (t)dt = ( Tt D)

£ (9(6) ~ g ()",

(75)
where £, € [z,0].
We have proved

Theorem 25 (right generalized g-mean value theorem). Let 0 < a < 1, and
fog™ e AC ([c,d)), (f og’l)/ o0g € L ([a,b]), where g strictly increasing,
g € AC (a,b]), f:[a,b] = R. Then

(D5 f) (€0)

Fagn 009", (76)

flx)=f(b) =

where &, € [z,b], for x € [a,b].

13
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Denote by
Dye, =Dy Dy ,..Dy ., (n times), n € N. (77)
Also denote by
e, =I Iy, Iy, (n times). (78)
Here to remind

(I f) () = %

@)

‘We need

Theorem 26 Suppose that Fj, = D{ff;gf, k=nn+1, fulfill F,og™ ! €
AC ([c,d]), and (Fy o g_l)/ 0g € Lo ([a,b]), 0 < <1, neN. Then

(Il?fé;ng?f;g ) (z) — (I(7z+1)aD(n+1)af) (z) = M (Dgf;g ) (b).

b—g b I'(na+1)
(80)
Proof. By semigroup property of I g0 We get
no no n+1l)a n+1l)a
(I —;ng—;gf) (z) — (IZE—;Q : DZ(D—;.(J) f) (z) =
n+1l)a
(Inf;g (Dl?f;gf - Il?f;ngEf;g) f)) (z) = (81)

(15, (D, £ = (I, Dir,) (D2, £))) (@) &
(152 (D32g f = Di%of + Dy, f (1)) (x) =
(152, (Dy2 g f (0)) (x) = (Dp., f (b)) (172, (1) () = (82)
[Notice that

b
(1) @) = g [ 00— 9@)™ g/ (e = (53)
1 (g(b) —g(x)” 1 .
() ! T(a+1) (9(b) —g(x))

Thus we have

Hence it holds

b _ «
() @) = i [ 009"y 0 UL
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1 IFa+1)T (o) 2o 1 -
F(@)T(a+1) [(2a+1) (9(0) —g(x))™ = T (2a+1) (g(0) —g ()™,
(85)

ete.]
= (Dge, ) (v WD) (86)

proving the claim. m
We make

Remark 27 Suppose that Fy, = D{ff;gf, for k =0,1,...n+ 1; are as in last
Theorem 26, 0 < a < 1. By (80) we get

n

S (12, D 1) @) — DD )7 f () = (87

1=0

3 WO 9@ " pia ) ).
I' (i + 1)
=0

That is
(notice that Igf;gf = Dl?ﬁgf =f)
n e} n a . b - o i
Fo) - (D) @) = Y LR by ). 69
i=0

flz) = Z (g () * g (x))la (Déo_é;gf) (b) + (Iéi;i;l)aD(n-ﬁ-l)af) ()= (89)

~ T (i +1) b—ig
Z W (Dz(ivgf) (b) + Rg (:C, b) ’ (90)
i=0
where
b
Ry (z,b) := m/m (g(t)—g ()" g (1) (ngngl)af) (#) dt.

(91)
(here Dgi;l)af is continuous over [a,b])

15
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Hence it holds

Ry (z,b) = <Dl(77:rgl)af) (%)

(D71) @) (g by g () _ (PAZ)F) (02)
I((n+1)a) (ntha

where ¢, € [z,b].

b
Fha L 00— 9@ T wa

(g (b) — g (x)) "t

)

(92)

We have proved the following g-right generalized modified Taylor’s formula:

Theorem 28 Suppose that Fy, := D,’ff;gf, for k =0,1,...,

n+ 1, fulfill: Fy o

gt € AC ([c,d]) and (Fy og_l)/ 0g € Lo ([a,b]), where 0 < o < 1. Then

—~ T (la+1)
b
e ), 60— s@ " @ (D) W= )
n (g (b) —g (x))ia . ( n+1 af) 1/):( -
i—0 C T(ia+1) (Do) () + F((n+ Doa+ 1) g ()",
(94)

where ¢, € [z,b], any = € [a,b].

‘We make

Remark 29 Let o > 0, m = [«], g is strictly increasing and g € AC ([a,b]).

Calll = fog™, f:]a,b] — R. Assume |l € AC™ ([c,d]) (i.e.
b)) =[c,d], ec,d € R: g(a) =c, g(b) =d, hence here f

AC ([e,d])) (where g ([a,
is continuous on [a,b]).
(fe

Assume also that ) ™o g € Lo ([a,b]) .

[m=1) ¢

The left generalized g-fractional derivative of f of order « is defined as

follows:
a 1 v m—a—1 —1 (m)
(D2a) @)= 55 [ @@ =g g ® (reg™)™ g 0)
’ (95)
x> a.
If « ¢ N, then (D3, ., f) € C([a,b]).
We see that
(e ((Fog™) ™ og)) (@) = (Dyef) (@), w2 a. (96)
16
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We proved earlier (24), (25), (26), (27), that (a <z <b)
(Ig-i-;ng-&-;gf) (z) =

o [ @@= g @ (o)™ o) ()=

If 0 < o<1, then m =1, and then

(12, D% f) (@) = £ (2) — £ (a)

at;g

- %a) / (9(2) — 9 ()™ ¢’ (t) (D%, f) (1)

(a€(0,1) case) (Dg ;gf) (fz) ey
= m(g(fﬂ)—g(a)) ;

where £, € [a,2], any z € [a,b].
We have proved

(97)

(99)

(100)

Theorem 30 (left generalized g-mean value theorem). Let 0 < a < 1 and
fog™t € AC ([c,d]) and (f o g_l)/ 0g € Ly ([a, b)), where g strictly increasing,

g € AC ([a,b)]), f:]a,b] = R. Then

(Dg-‘r;gf) (fr)

Tlat1) (9(z) —g(a)”,

flx) = fla) =
where &, € [a,x], any x € [a,b].
Denote by

DY .— Do

g = Doy Do D¢... (n times), n € N.

atigrTatig

Also denote by
L =15y Iy Iy, (n times).

Here to remind

. 1 e o
(1240 f) (2) = F(a)/ (g(x)—g®)* g (&) f(t)dt, x> a.
By convention Iy, = Dj, = I (identity operator).

We give

17
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Theorem 31 Suppose that Fy = D’g‘}r;gf, k=mnn+1, fulfill F,og ! €

AC ([e,d)), and (Fy 0971)/ 0g € Lo ([a,b]), 0 <@ <1, neN. Then

(9 (z) —g(a)"™

na na (n+1)a H(n+l)a o na
(Ia+;gDa+:,gf) (a:) - (Ia-i-;g Da+;g f) (x) - T (na 4 1) (Da+;gf) (a) :
(105)
Proof. By semigroup property of Iz, . , we get
(122, D220 F) (@) = (10402 DLE° F ) (@) =
no no « n+1l)x
(IaJr;g (Da+;gf - Ia+;th(l+Tg) f)) (z) = (106)

~
—~
Nel

(Igf;g (Dgi;gf o (I:+;9D3+;g) (‘D:ll?r;gf))) (z
(1a%g (Do f = Dafif + Ditof (a))) () =
(I;Ljry;g (Dgi;gf (a))) (z) = (Dgi;gf (a)) (]Zzlﬁ;g (1)) (z) = (107)

[notice that

(121) @ = 75 / @) — g (®) g (1) de

Hence

(123.,1) (2) = % / Co@) g ) g DI )

@)

T'(a) rl(a +1) /aw (9(z) =g )" " g (1) (g (t) —g(a)dt =

1 g(x) a1 it

T(@T(a+ D) /g “ (9(x) =2)"" (2= g(a)) dt =
1 I'(@)I'(a+1)

That is

(I2541) (@) = w, (110)
ete.]
= (Dot f (a)) M, (111)
proving the claim. m
18
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Remark 32 Suppose that Fj, = ij‘}r;gf, fork=0,1,....n+1; are as in Theo-

rem 31, 0 < a < 1. By (105) we get

n

> (U2, Di ) @)~ 1) D) F ()) = (112)

1=0

=0
That is
@) = (1D ) ) = Y- G (D) @),
=0
Hence
& (g (1') -9 (a))ia e n+l)a n(n+1)a o
f (x):iZOW(Da+;gf) (@) + (I DU ) (@) = (113)
S (g(@) =g @) i
2 T Tlat1) (D, f) (@) + Ry (a, ), (114)
where
Ry(0.) =m0 =g @)™ 0 (D54 @ ae.
/)= T Da) J, g
(115)
(there Dc(ﬁigl)af is continuous over [a,b].)
Hence it holds
(DS F) w2 e
o 39 z i (n+1l)a—1 _
Ry (aa) =~ S ([ =g @)t ar) -
D)) (1)
(D7) (9(2) — g (a) ", (116)

F((n+1)a+1)
where ¢, € [a,x].

We have proved the following g-left generalized modified Taylor’s formula:

Theorem 33 Suppose that Fj, := D’;S‘r;gf, for k=0,1,...n+ 1, fulfill: F} o

g~ € AC ([c,d]) and (Fy og_l)/ 0g € Ly ([a,b]), where 0 < o < 1. Then

Py =3 W20 () 0+ (117)
=0
19
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m /ac (0(2) =g (t))(nJrl)afl g (t) <Dfﬁ:;)af) (t) dt =
- z) —g(a))™ , . D((Ln-';—gl)af (V) )
W (Dekgf) (a) + S((; i 2 5 @@ - g ()",

=0
(118)
where ¢, € [a,z], any x € [a,b].
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1 Results

Let g : [a,b] — R be a strictly increasing function. Let f € C™([a,b]), n €
N. Assume that g € C!([a,b]), and g7' € C"([a,b]). Calll := fog!:
[g(a),g(b)] — R. It is clear that I,1,...,1(™ are continuous functions from
g (a), g (b)] into f ([a,b]) C R.

Let v > 1 such that [v] =n, n € N as above, where [] is the integral part of
the number.

Clearly when 0 < v < 1, [v] = 0. Next we follow [1], pp. 7-9.

I) Let h € C([g(a),g(b)]), we define the left Riemann-Liouville fractional
integral as

U0 @)= i [ =0 R W

L) Js
for g (a) < 29 < z < g (b), where I' is the gamma function; I' (v) = [~ e~ "¢~ 'dt.
We set J°h = h.
Let a :=v —[v] (0 < a < 1). We define the subspace Cy, ) ([g(a),g (b)])
of C" (g (a), g (b)]), where zo € [a,b] :

Chany (I (@), g ®)]) := {n € C¥ ([g (@) g ) : 01D € € ([g (20) . g ()] } -
2)
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Solet h € CY . ) ([9(a), g (b)]); we define the left g-generalized fractional deriv-
ative of h of order v, of Canavati type, over [g (x0),g (b)] as

v — (g9 ()
DY h = (Jf,; Kl D) . (3)

Clearly, for h € Cy, ) ([9(a) ;g (b)]), there exists

1 d [* -
DY __ 1 a _ e D A
( g(avg)h’> (Z) 1—\(1 _ a) dz /g(mo) (Z t) h (t) dt? ( )
for all g (zp) <2< g(b).

In particular, when fog~! e Cyzo) ([9 (@), g (b)]) we have that

(Do (Fo87)) (2) = mla)j / () =t (Fog ) @yar, (5)

for all g (o) < z < g(b). We have DI (fog™") = (f 0g~1)™ and
Dy ) (fog™')=fog™"
By Theorem 2.1, p. 8 of [1], we have for fog™! € C;’(zo) (lg (a),g (),

where zg € [a,b] is fixed, that
(i) if v > 1, then

M1 (F o 0-1)® (g (g
(Fog ) ()= 3o Y20 _GED (e,
k=0
1 N v—1 v

) L G0 (D og™) @ (6)

all z € [g(a),g(b)] : 2> g (z0),

(i) if 0 < v < 1, we get

(oo™ =pg5 [ o0 (D Goa) a0

all z € [g(a),g ()] : 2 = g (20).
We have proved the following left generalized g-fractional, of Canavati type,
Taylor’s formula:

Theorem 1 Let fog~t e C¥_ . ([g(a),g(b)]), where zo € [a,b] is fived.

o g(zo)
(i) if v > 1, then
RPN
F@) - £y = 3 TGN () gy
k=1
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(i1) if 0 < v < 1, we get

g(x)
flz) = L/ (g(z)—t)" " ( o) (f og_1)> (t)dt, allx € [a,b]: x> xo.

L' (V) Jg(wo)
9)
By the change of variable method, see [3], we may rewrite the remainder of
(8), (9), as
L ) -0 (D (g™ (1 (10)
g(x) - w0 (fog =
I'(¥) Jg(ao) o)
1 Z _ v—1 DV fo —1) / d
£y ) 0@ =g () (D (Fog™) D)o ()5
all z € [a,b] : © > xo.
We may rewrite (9) as follows:
if 0 < v < 1, we have
F @) = (2 (Dyayy (Fo97)) (9@)), (1)

all z € [a,b] : > xo.
IT) Next we follow [2], pp. 345-348.
Let h € C([g(a),g(b)]), we define the right Riemann-Liouville fractional

integral as
1

(1) ()= g [ =2 o (12)

for g (a) <z <2z < g(b). Weset JO _h=h.
Let av:=v —[1] (0 < a < 1). We define the subspace Cy .\ ([g(a),g (b)])
of C" ([g(a), g (b)]), where zo € [a,b] :

C¥ao)— ([9(a) g (0)]) ==

{he ¥ (g@.g0): o n™ e C' (@) 9B} (13)

Solet h € Cy .\ ([g(a),g(b)]); we define the right g-generalized fractional
derivative of h of order v, of Canavati type, over [g (a), g (z0)] as

v L n—1 l—a v !
Yoy P i= (—1) (J Kl D) . (14)

g(zo)—

Clearly, for h € Cy .\ ([g9(a), g (D)]), there exists

_1)y* 1 g(zo)
(Do) (Z>=F((1l)_a)jz / (t—2)*nD (@)dt,  (15)
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for all g (a) <z < g(xg) <g(b).
In particular, when fog~! € Cyzo)— ([9(a) ;g (b)]) we have that

_ n—1 9(10)
(D (Foa ) O =tz [ €= (rog )y
) (16)
for all g (a) <z < g(xg) <g(b).
We get that
(D (Fo9™)) (2) = (1" (fog™)™ (2) (17)

and (DY, (Fog™!)) (2) = (fog™) (=), all 2 € [g(a) g (w0)].

By Theorem 23.19, p. 348 of [2], we have for fog~! € Chizo)— ([9(a) g (D)),
where xy € [a, b] is fixed, that

(i) if v > 1, then

[v]-1 og-1 (k) .
(rog) @)= ¥ Lo Wl oyt
k=0

all z € [g(a),g (b)] :
(i) if 0 < v < 1, we get

g(zo)
(Fos )@ =55 [ =97 (Do Goa™)) O (1)

all z € [g(a),g(b)] : 2 < g (20) .
We have proved the following right generalized g-fractional, of Canavati type,
Taylor’s formula:

Theorem 2 Let fog™' € CV

o (z0)— ([g (a),g (b)]), where xo € [a,b] is fized.
(i) if v > 1, then

M1 (o 1) ® (g (a0
Fa)— oy = 30 2L 0 () gt
k=1

1 g9(zo) bt () )
T (v) /g(w) (t—g(z)) (Dg(mo)_ (f og )) (t)dt, alla <z <z, (20)

(ii) if 0 <v < 1, we get

Q(Io)
F@)= 55 / (=g @) (D (Foa™)) dt, alla<a<a.

(@)
(21)
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By change of variable, see [3], we may rewrite the remainder of (20), (21),

* 1 g(zo0) . ) B
e [ g (B G a= 22
1 Zo . ) » l
T () L (g(s)—g ()" (Dg(zo)— (fog )) (9(s)) g (s)ds.

all a < x < xg.
We may rewrite (21) as follows:
if 0 < v <1, we have

7@ = (T (D (Fo97™)) (o @), (23)

all a <x <z <.
IIT) Denote by

Also denote by

Jo@o) — jo(@o) y9(@o)  79(@0) (pm-times), m € N. (25)
We need
Theorem 3 Here(0 < v < 1. Assume that (DZE;O) (fo gil)) € CYroy (L9 (a) g (D)),
where zo € [a, b] is fived. Assume also that <D£(;(';;r)1)” (fo gil)) € C([g(x0),g(b)]).
Then
(Jae Dz (Fog™)) (9.@) = (Tom), DS (Fog™)) (g (@) =0,
(26)

for all xg < x <b.

Proof. We observe that (I := fog™!)
(Jae Dy @) (9 (@) = (250, DS 1) (9 (@) =
(st (Dgiz,y @) = JD DL ) (9 () = (27)
(g8 (D) @ = (720 Dy ) (Pt @) 0 g097))) 9 (@) =
(a0 (D 0 = (Dgiz, ) (9 @) = (J252 0) (9 () = 0.

‘We make
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Remark 4 Let0 < v < 1. Assume that (D;?mo) (fo g’1)> € CYro) (g (a), g (D)),

xo € [a,b], for all i = 0,1,...,m. Assume also that (Déﬁj)l)y (fog’l)) €
C ([g (z0),g (b)]). We have that

> [( Dt (7057 00 = (ERDLE (Foa™)) (@] =0

i=0
(28)
Hence it holds
7 @) = (T, Dy (Foa™) ) (9(@) =0, (29)
for all xog < x <b.
That is
F @)= (T Dy (Foa™)) (o (@), (30)

for all xg < x <b.

We have proved the following modified and generalized left fractional Tay-
lor’s formula of Canavati type:

Theorem 5 Let0 < v < 1. Assume that (D;]EIO) (f og_l)) € Cfyy (lg(a), g (D)),

g9(zo
xo € [a,b], fori=0,1,...,m. Assume also that (D&’:Jr)l)y (fo g_l)) € C([g (z0),g9 (D).
Then
f (:U) — ; /g(w) ( (1’) o z)(erl)l/fl (D(m-i-l)u (f o —1)) (z) dz
T(m+ 1) v) Sy o 9(x0) 9

(31)
1 ¢ m v— m+1)v -1 ’
= S . 0@ o (D (Fog™) t9(0) o o) s

all xg <z <b.

IV) Denote by

;TE;0)7 == D;(ajo)*DZ(wO)*..DZ(wO)* (m-times), m 6 N. (32)
Also denote by
Iyz0)— = Jo(wo)~ o) =y~ (m-times), m € N. (33)
We need
Theorem 6 Here(0 < v < 1. Assume that (D;’E;O)_ (fo g*l)) € Y- (g (a),g (D)),
where zg € |a,b] is fized. Assume also that <Dé”(’;§)1ly (fo g*l)) € C([g(a),g(z0)])-
Then
( myv - pymy (fO 71) (9(z)) — J(m-‘rl)’/D(m-i-l)V (fO 71) (g(z)) =0
g(wo)~Lgwe)- \J ©9 g g(w0)— ~ g(wo)= g g :
(34)
for alla < x < xy.
6
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Proof. We observe that (I:= fog™')
(5t -Diry- 0) (g @) = (Jb 2Dt @) (9 @) =
(o= (Da— 0 = T - DS 1)) (9 () =
(5t (Pitt- @ = (Thtew- D) (Dot~ @) 05097)) ) (6 <w>(; -
(7 (D 0 =Dty ) (9 @) = Ty, (0) (9/(2) = 0.

[
‘We make

g(zo)—

b, for all i = 0,1,....,m. Assume also that (D((]T(rg)liu (fog_l)) €

Remark 7 Let0 < v < 1. Assume that (D“’ (fo g_l)) € Cyyy- ([9(a), g (D)),

xo € [a,b]
C(lg(a),g(z0)]). We have that (by (34))

> [(Fe Diteg- (7297 0 = (2D (Foa™)) tale)] =

=0

(36)
Hence it holds
F (@) = (JGE DY (Fog™)) (g () =0, (37)
foralla <x <xzo<b.
That s
£ (@)= (JSE DS (Fogh)) (9 (2), (38)

foralla <x <xzy<b.

We have proved the following modified and generalized right fractional Tay-
lor’s formula of Canavati type:

Theorem 8 Let0 < v < 1. Assume that (D;lfzo)— (f og’l)) € CYro)— (lg(a), g (B)]),

)
xo € [a,b], for all i = 0,1,...,m. Assume also that (Dé’(*;:)ll” (fog’]-)) c
C(lg(a),g(w0)]). Then

_ 1 §(@o) (m+1)v— (m+1)v 1
f (37) = W /g(x) (Z —g (x)) +1)v—1 (Dg(g:or), (f og )) (Z) &
(39)
1 o m+1)vr—1 m v 1 ,
= ForT . @@ e @) (DI (Fea™)) (e (9)g(5) s

alla <x<zo<h.
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Abstract

In this paper we have introduced and studied the subclass £(d, «, 8) of univalent functions defined by the
linear operator L7 f(z) defined by using the Ruscheweyh derivative R™ f(z) and the Sdldgean operator S™ f(z),
as Lt A — A, LI f(2) = (L—v)R" f(2) +vS™ f(2), z € U, where A, = {f € H(U) : f(2) = 2+ ant12" T +

.., z € U} is the class of normalized analytic functions with A; = A. The main object is to investigate
several properties such as coefficient estimates, distortion theorems, closure theorems, neighborhoods and
the radii of starlikeness, convexity and close-to-convexity of functions belonging to the class £(d, «, 3).

Keywords: univalent function, Starlike functions, Convex functions, Distortion theorem.
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40.

1 Introduction

Denote by U the unit disc of the complex plane, U = {z € C : |z| < 1} and H(U) the space of holomorphic
functions in U.

Let A, = {f € H(U): f(2) =2+ ans12" ™t +..., z€ U} with A; = A.
Definition 1.1 (Salagean [8]) For f € A, n € N, the operator S™ is defined by S™ : A — A,

S%f(2) = f(2), S'f(2)=2f"(2), -
S"tlf(z) = 2(S"f(2), zeU.

Remark 1.1 If f € A, f(2) = 2+ 372 a2, then S™f (2) = 2+ 372, j"a;27, for z € U.
Definition 1.2 (Ruscheweyh [7]) For f € A, n € N, the operator R"™ is defined by R" : A — A,

Rf(z) = [(2), R'f(2)=2[(2), .
(n+1D)R"™f(2) = 2(R"f(2) +nR"f(2), z€U.
Remark 1.2 If f € A, f(2) = 2+ Y72 a2, then R"f (2) = 2+ 372, %ajzj, zeU.

Definition 1.3 [1] Let v > 0, n € N. Denote by L. the operator given by L7 : A — A, LI f(z) = (1 —
NR"f(2) + 98" f(2), z € U.

Remark 1.3 If fe A, f(z) =z + 2?12 a;2?, then L7 f(z) = z + Zjo:2 (’yj" +(1-7) (:!J(rjj:ll))!!> a;jz’, z € U.
This operator was studied also in [2], [3], [4], [5].

We follow the works of A.R. Juma and H. Ziraz .
Definition 1.4 Let the function f € A. Then f(z) is said to be in the class L(d, «, B) if it satisfies the following
criterion:
| 1( 2(L5 f(2)) +az®(LY f(2))"
1T f() + as(Lof ()
where d € C—{0},0<a<1,0<p4<1,2z€U.

-1 <8, (1.1)
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In this paper we shall first deduce a necessary and sufficient condition for a function f(z) to be in the
class £(d, a, 3). Then obtain the distortion and growth theorems, closure theorems, neighborhood and radii of
univalent starlikeness, convexity and close-to-convexity of order 6, 0 < 6 < 1, for these functions.

2 Coefficient Inequality

Theorem 2.1 Let the function f € A. Then f(z) is said to be in the class L(d,«, ) if and only if

(n+j—1)

>0+ al = D) - L+ ) {n” + (1) UrE

j=2

}wgﬁd, (21)

whered € C—{0},0<a<1,0<8<1,2z€U.

Proof. Let f(2) € L(d,a, 3). Assume that inequality (2.1) holds true. Then we find that
2(LLF() a2t (LLF()" | | E 5 (4alG-1)G=D["+(- v S ey
(1—a) L2 f(z)+az(Ly f(2)) B z+z°°2(1+a(j 1))[’y]"+(1 ’y)%]ajzj
22, (14a(i=1) (=D [y " +(1—7) L=t a; |2~ < Bld
1-% 52, (1+a(G—1)) [y + (1—) St |ay |21 '

Choosing values of z on real axis and letting z — 17, we have

Y2+ a(i — 1)) — 1+ 8ld]) [w +(1—7) %ﬂ;ﬁ{’} a; < f3|d|. Conversely, assume that f(z) € L£(d,a, 3),

z Ln z az? Ln z

(1( a)l(/")zz(j)-i-ai(L" ;E(Z) 1‘} > —pld|,

24302, j(1+a(i—1)) [y +(1—) L= a; 27

Re{ z+z;‘;(HMJ%))[WHPﬂ%] i +5|d|}

Bld|z+Y 52, (1+a(j—1)) (G—1+8]d]) [vi" +(1—) = e, 27
243 22, (1+a(—1) [7im+(1—y) L= ey 29

Bld IT Y52, (1+a(i—1))(j—148d]) [ys" +(1*'v)%ﬁj—f),'] i
r=3 22, (1+a(i—1)) [y +(1—y) S Jagri

theorem we have desired inequality (2.1). This completes the proof of Theorem 2.1 m

then we get the following inequality Re {

Re > 0. Since Re(—e'?) > —|e?| = —1, the above inequality

reduces to > 0. Letting » — 1~ and by the mean value

. . d
Corollary 2.2 Let the function f € A be in the class L(d, o, B). Thenaj < (1+a(j71))(j71+ﬁ\§||) [lﬂ/j"Jr(lf"/) ey
i>2

3 Distortion Theorems

Theorem 3.1 Let the function f € A be in the class L(d, a ﬂ) Then for |z| = r < 1, we have
_ Bld| r2.
r = wrammE e < @S+ mrmmmm e e

The result is sharp for the function f(z) given by f(z) =z + ET I [2lily+ jp—T ey 22

Proof. Given that f(z) € £L(d, a, ), from the equation (2.1) and since (14+a)(1+38|d]) 2"y + (1 — ) (n + 1)]
is non decreasing and positive for j > 2, then we have (1 + a)(1 + B|d|) [2"y+ (1 —7) (n+1)] X272y a; <

Z;O:2(l +a(j—1)( -1+ p]d]) {’yj" +(1-7) (:,4(7—__11)),'} a; < f|d|, which is equivalent to,

pld]
S Tr a0+ A 2+ -+ D]

ng

I|
o

(3.1)
j

Using (3.1), we obtain for f(z) = 243772, a;27 that | f(2)] < [2| 43272, ajlzl) <r+3272, aﬂ‘j <r+r?3ilsa;
Bld]| 2. Similarly, | f(2)| > 72 — sld] 2. This completes the

ST T A T ] TFa)(T+AlAN R+ (1—N (1]
proof of Theorem 3.1. =

Theorem 3.2 Let the function f € A be in the class L(d,«, 3). Then for |z] =r < 1, we have
20]d| 2]d|
~ e ra—e” < O S mrsmmm et e

The result is sharp for the function f(z) given by f(z) =z + P

8ld] 22
e G ony) K
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Proof. Fromm(3‘.1) we obtain f'(z) = 14+)°7%, ja;z/ " and | f'(z)] §| 1|72§i2 jaglz~t <1407, jagr Tt <
28|d - 28|d
L ey ra =Gy - Similarly, |f(2)] 2 1= araymsmne s ra—ee)
of Theorem 3.2. m

r. This completes the proof

4 Closure Theorems

Theorem 4.1 Let the functions fi, k=1,2,...,m, defined by
0 .
fe(z) =2+ ZaLkZJ, ajr >0, (4.1)
j=2

be in the class L(d, o, 3). Then the function h(z) defined by h(z) = >} wpfu(2), e >0, is also in the class
L(d,a, 3), where Y, ju, = 1.

Proof. We can write h(z) = D230, p1,,2 + D00, D000 0 ie@k?? = 2+ 30725 3000 puya27 . Furthermore,
since the functions fi(z), k = 1,2,...,m, are in the class £(d, o, ), then from Theorem 2.1 we have Z;’iQ(l +

a(j—1))(j—-1+p8/d|) {vj” + (1 — ) L=l } aj < f|d|. Thus it is enough to prove that >°,(1+a(j—1))(j —

n!(j—1)!
1Bl {7 + (1= 7) S} (0 maas) = SRy e S5 (1+a(G=1)G=1+81d) {7" + (1= 7) S } agu
< >ty piBld] = B|d|. Hence the proof is complete. m

Corollary 4.2 Let the functions fi, k = 1,2, defined by (4.1) be in the class L(d, «, 3). Then the function h(z)
defined by h(z) = (1 — ) f1(2) + (f2(2), 0 < ¢ < 1, is also in the class L(d, «, ).

— ) — 8ld] s .
Theorem 4.3 Let fi(z) = z, and f;(z) = Z+(1+a(j—1))(,7—1+B|d|){’y_7'"+(1—v) (SzJ(r,-j:f))z!}Z ,J > 2. Then the function
f(2) is in the class L(d,«, 3) if and only if it can be expressed in the form f(z) = pqyfi1(z) + ZJO.;Q ;i fi(2),
where py >0, p; >0, j > 2 and py +Z;‘)12Mj =1.

Proof. Assume that f(z) can be expressed in the form f(2) = py f1(2) + Y72, p1; fi(2) =

oo Bld| _ S
2 = e G A ) ETEVRY A
0o (Fa(—1)(G=148ld){vi"+(1—y) L= 5ld| o _
Thus 3 i, Bld (T+al-1)G-1+B1d){ v+ (1) S i = 2=ty =1

wy < 1. Hence f(2) € L(d, o, 8).
Conversely, assume that f(z) € L(d, a, 3).

. (I+a(i—1))(G—1+8d) {75 +(1—~) LH=h, ) o
Setting p; = ! ! mc{”” SHEE }aj, since py = 1 — 3275 ;. Thus f(2) = pyfi(z) +

Z;iz w; fj(2). Hence the proof is complete. ®

Corollary 4.4 The extreme points of the class L£(d,c, ) are the functions fi(z) = z, and fj(z) = z +

Bld| , i i>9
(1+a(G—10)G-14B1d) v+ (-7 GE=y 270 ) = &

n!(j—1)!

5 Inclusion and Neighborhood Results

We define the - neighborhood of a function f(z) € A by
Ns(f)={9€ A:g(z) =2+ bz’ and Y _jla;—bs| <6}, (5.1)
=2 j=2
In particular, for e(z) = 2
Ns(e) ={g e A:g(2) :z—f—ijzj and Zj|bj| < 6}. (5.2)
j=2 j=2
Furthermore, a function f € A is said to be in the class £5(d, o, ) if there exists a function h(z) € L(d, a, 3)

such that £(2)
z
'W_l‘q—f, zelU, 0<E<L (5-3)
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: (n+j—1)! . : _ 2p|d|
Theorem 5.1 ]f{wn +(1—%) W} >[2"v+(1=7v)(n+1)],5>2,andb = T A (e e g
then L£(d, o, 8) C Ns(e).

Proof. Let f € £(d, «, 3). Then in view of assertion (2.1) of Theorem 2.1 and the condition
{rim+ (=) B = 20y 4+ (1= 7) ()] for j > 2, we get (1+a) (1+8ld]) 27 + (1= 7) (n + D] £y a5 <

S2a(l+a( = 1) = 1+ Bla)) {357 + (1= 7) SH= L a; < Blal, which implise

S Bld|
; P RIS (54)

Applying assertion (2.1) of Theorem 2.1 in conjunction with (5.4), we obtain
A+a)A+p8]d]) 2"y + (1 =) (n + D] 32725 a; < Bld], 2(14+a)(1+8]d]) 2"y + (1 =) (n + 1)] 32725 a5 < 26]d|
d .
and 3777, ja; < (1+a)(1+ﬁ\d|)2[2ﬂ"w‘+(1ffy)(n+1)] = ¢, by virtue of (5.1), we have f € Ns(e).
Thlb completes the proof of the Theorem 5.1. m

Theorem 5.2 Ifh € L(d, o, 3) and

(1+ o)A +8Jd) 2"y + (1 =) (n+1)]
1+ )1+ Bld]) 20y + (1 =) (n+ )] = Bld|’

1
¢=1-3

then Ns(h) C L5(d, a, B).

Proof. Suppose that f € Ns(h), we then find from (5.1) that Z;’i2j|aj —bj;| < 6, which readily implies the
following coefficient inequality

Z |aj — bjl S g (56)
Jj=2

Next, since h € L(d, a, 8) in the view of (5.4), we have

Ald|
b; < . 5.7
2N S T A T = ) 50
Using (5.6) and (5.7), we get ‘4_2 B 1‘ i‘“ﬂ = 2(1- 77 ><1+e\d|f@w e =
o L FFA=(n
%(1+(«1x—)~_((;)4£23—|g|3)‘g"[jg(ylt(i)_(’ryt)}r?ﬁi)éldl = 1 — &, provided that £ is given by (5.5), thus by condition (5.3), f €

L8(d, o, ), where £ is given by (5.5). [

6 Radii of Starlikeness, Convexity and Close-to-Convexity

Theorem 6.1 Let the function f € A be in the class L(d,a,3). Then f is univalent starlike of order 6,
N
(1-8)(1+a(i—1)) (G—1+8ld) {7j"+(1—y) L=} }

0<6<1,in|z| <ri, wherery = inf; { . The result is sharp

Bld](1—-6)
i ; _ Bld| J
for the function f(z) given by f3(2) = 2 + r g o Eamy 20 2 %
/ 1 Jj—
< 1-34, |z| < ri. Since Zj’f —1‘ 115&1 a;l;f : |‘

Yo —aylzf

1352, a;02 1

. To prove the theorem, we must show that % < 1-6. It is equivalent to Zj:Q( j—

1
(1=6)(1+a(i—1)(G—1+8ld) {vi"+(1—y) L=} | 7T
BTT—) = Hence

8)aj|z}P~1 < 1-6, using Theorem 2.1, we obtain |z| < {

the proof is complete. m
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Theorem 6.2 Let the function f € A be in the class L(d,«,3). Then f is univalent convex of order &,
1

(1-8)(1+a(i—1) (= 1+8]d) {7i"+(1—y) L=
2-0)01d]

k—p
0 <6 <1, in|z| <ry, wherery = inf; { }} . The result is sharp

for the function f(z) given by

Bld] j> 2. (6.1)

fi(z) =2+ —2l, >
! (L4l — D) = 1+ Bld) {r + (1 — ) GE=R

352, —1Daz !
1+> 52, a2~ 1

2f"(2)
f(2)

zf"(2)
f'(2))

< > 2, d(i—1ay|zl !
= 1=X5Zpdaslzli7t

Proof. It suffices to show that

< 1-6,|z| < ra. Since

>, ji(i—1)a;|z]" "t j
ZIJ_:SJ;; jla)j"’z“j‘_l <1-46, and Z;‘;j(j —8)aj|zlP7t <1 -6, using

(1-8)(1+a(j—1)—1+8ld) {7 "+(1—7) L= }
2G-0)B|d] » OF

To prove the theorem, we must show that

Theorem 2.1, we obtain |z]/~! <

_5 1)) (i )7+ (1—y) =1 =1 .

|z| < {(1 St ;Jflg)gaj ) i } . Hence the proof is complete. m

Theorem 6.3 Let the function f € A be in the class L(d,a,3). Then f is univalent close-to-convex of order
1

(1-8)(1+a(i—1)) (= 1+8]d){7i"+(1—y) L=,
781d]

6,0<6<1,in|z| <rs, wherers =inf;
for the function f(z) given by (6.1).

=T
} . The result is sharp

Proof. It suffices to show that |f'(z) — 1] < 1 -6, |2| < r3. Then |f'(z) — 1| = ‘Z;’;Qjajzj_l‘ <
dorsadaglzl Tt Thus [f'(2) =1 <1 =6 if Y77, ffjé |z]9~1 < 1. Using Theorem 2.1, the above inequality holds

) \ RN _1_
(1-8)(1+a(j—-1) G=1+8ld) {7i"+(1—v) LEH=H } < (1-8)(14+a(j—1)) (G—148d) {7i"+(1—7) LH=} | 77
781d] or |z] < 781d] :

trueif |27t <

Hence the proof is complete. m
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Abstract

In this work we study a new operator I R;’fg" defined as the Hadamard product of the multiplier transformation
I(m, 1) and Ruscheweyh derivative R", given by IRY'/" : A — A, IR{"f (2) = (I (m, A1) * R") f (2) and
An ={f €HU): f(2) = 2+ ant12" T + ..., 2 € U} is the class of normalized analytic functions with A; = A.
The purpose of this paper is to derive certain subordination and superordination results involving the operator
IRY"™ and we establish differential sandwich-type theorems.

Keywords: analytic functions, differential operator, differential subordination, differential superordination.
2010 Mathematical Subject Classification: 30C45.

1 Introduction

Let H (U) be the class of analytic function in the open unit disc of the complex plane U = {z € C : |z| < 1}.
Let ‘H (a,n) be the subclass of H (U) consisting of functions of the form f(z) = a + a,2" + @412 + .. ..

Let A, ={f € H(U): f(z) =2+ ant12" +..., 2€ U} and A = A;.

Let the functions f and g be analytic in U. We say that the function f is subordinate to g, written f < g, if there
exists a Schwarz function w, analytic in U, with w(0) = 0 and |w(z)| < 1, for all z € U, such that f(z) = g(w(z)),
for all z € U. In particular, if the function g is univalent in U, the above subordination is equivalent to f(0) = g(0)
and f(U) C g(U).

Let ¢ : C> x U — C and h be an univalent function in U. If p is analytic in U and satisfies the second order
differential subordination

V(p(2), 2p'(2), 29" (2); 2) < h(z), for z € U, (1.1)

then p is called a solution of the differential subordination. The univalent function ¢ is called a dominant of the
solutions of the differential subordination, or more simply a dominant, if p < ¢ for all p satisfying (1.1). A dominant
g that satisfies ¢ < ¢ for all dominants ¢ of (1.1) is said to be the best dominant of (1.1). The best dominant is
unique up to a rotation of U.

Let ¢ : C2 x U — C and h analytic in U. If p and ¢ (p (2),2p' (2),2%p" (2); z) are univalent and if p satisfies
the second order differential superordination

h(z) < ¥(p(2), 20/ (2), 2" (2)52),  z €U, (1.2)

then p is a solution of the differential superordination (1.2) (if f is subordinate to F', then F' is called to be
superordinate to f). An analytic function ¢ is called a subordinant if ¢ < p for all p satisfying (1.2). An univalent
subordinant ¢ that satisfies ¢ < ¢ for all subordinants ¢ of (1.2) is said to be the best subordinant.

Miller and Mocanu [4] obtained conditions h, ¢ and 1 for which the following implication holds h(z) <
Y(p(2),20'(2),2°p" (2);2) = q(2) <p(2). ,

For two functions f(z) = z + Z;’;Q a;z7 and g(z) = z + Z;iz bjz’ analytic in the open unit disc U, the
Hadamard product (or convolution) of f (z) and g (2), written as (f * g) (z) is defined by f (2)*g (2) = (f xg) (2) =
z4 3T abi.

1
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Definition 1.1 ([1]) Let A\,l > 0 and n,m € N. Denote by IRTj” : A — A the operator given by the Hadamard
product of the multiplier transformation I (m, \,1) and the Ruscheweyh derivative R™, IR;fi”f (2) =T (m,\,) xR") f (2),
for any z € U and each nonnegative integers m,n.

Remark 1.1 If f € A and f(z) = z—l—Z?’;Q ajzl, then IRY'"f (2) = Z—&—Z?';Q (1+>\§i—11)+l) (:!Ej__ll))!!afzj, zeU.

Using simple computation one obtains the next result.

Proposition 1.1 [2/For m,n € N and \,1 > 0 we have
!
(n+ ) IRYf (2) — IRV f (2) = = (m;’j;” f (z)) . (1.3)

The purpose of this paper is to derive the several subordination and superordination results involving a differ-
ential operator. Furthermore, we studied the results of Selvaraj and Karthikeyan [6], Shanmugam, Ramachandran,
Darus and Sivasubramanian [7] and Srivastava and Lashin [8].

In order to prove our subordination and superordination results, we make use of the following known results.

Definition 1.2 [5] Denote by Q the set of all functions f that are analytic and injective on U\E (f), where
E(f)={¢edU: lirréf (2) = oo}, and are such that ' (¢) # 0 for ¢ € OU\E (f).

Lemma 1.1 [5] Let the function q be univalent in the unit disc U and 6 and ¢ be analytic in a domain D containing

q(U) with ¢ (w) # 0 when w € q(U). Set Q(2) = 2¢' (2) 9 (q(z)) and h(z) = 0(q(2)) + Q (z). Suppose that Q

is starlike univalent in U and Re (zg((zz))) > 0 for z € U. If p is analytic with p(0) = ¢(0), p(U) C D and

0(p(2)+ 20 (2)d(p(2)) <0(q(2)) +2¢ (2) P (q(2)), then p(2) < q(2) and q is the best dominant.

Lemma 1.2 [3] Let the function q be convex univalent in the open unit disc U and v and ¢ be analytic in a

domain D containing q (U). Suppose that Re (iéggg}) >0 for z € U and ¥ (2) = 2q' (2) ¢ (q(2)) is starlike

univalent in U. If p(z) € Hg(0),1] N Q, with p(U) C D and v(p(2)) + zp’ (2) ¢ (p (%)) is univalent in U and
v(g(2)+2¢ (2)d(q(2) =v(p(2)+ 20" (2) 6 (p(2)), then q(2) < p(z) and q is the best subordinant.

2 Main results

We begin with the following

m,n+1 2
Theorem 2.1 Let %nf‘(fz()) € H (U) and let the function q (z) be analytic and univalent in U such that q (z) # 0,
ALl

for all z € U. Suppose that % 1s starlike univalent in U. Let

at+p 28 zq" (2)>
Re < . + . q(z)+ e >0, (2.1)
fora,B,ueC, u#0, z€U and
o N IR} (2) IR} f (2) IR f(2)\
Yy (o, B, 15 2) ~—M(”+2)W+(01—M)W+[5—M(n+1)] TR () (2.2)

If q satisfies the following subordination

DN (@, B3 2) < aq (2) + B(q(2)) + pzd (2), (2.3)

m,n+1 2
fora,B,u€C, u#0, then %nfé)) =< q(z), and q is the best dominant.
2l

2
1219 Lupas 1218-1224



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.7, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

IRl f(2)

Proof. Let the function p be defined by p(z) := W, ze€eU,z+#0, f e A We have p'(2) =
(TRY™ £() TRY F() - TRY F ) (IRY () (IRR 1) IRY () (IRFY ()’ TR (L a (©)
TRk = STRTTG) IR TRETG) - Lhen 2y (2) = ——pimerey
IRTV‘L n+1 (Z) . (I Tlnf(z))/
IR’”, ’llf( ) IR’”, ’Lf(z)
By using the 1dent1ty (1.3), we obtain
2
) ) TRIC) (IR IR ) o
neT TR (2) TR (2) TRYTF () |

By setting 0 (w) := aw + fw? and ¢ (w) := p, it can be easily verified that # is analytic in C, ¢ is analytic in
C\{0} and that ¢ (w) # 0, w € C\{0}.

Also, by letting Q (2) = 2q' (2) ¢ (q(2)) = pzq' (2) and h(z) = 0 (4 (2)) + Q (2) = aq (2) + B(q(2))* + pzq (2),
we find that @ (z) is starlike univalent in U.

We have b/ (z) = (a+ p) ¢’ (2) +28q (2) ¢ (2) + pzq” (2) and ZQM/EZ = 2h(a) _ adu g %q(z) + %%2.

(2) nzq'(z) =
We deduce that Re ( Q(z))) = Re (%Ii + %q (z) + Z;I/(S)) > 0.
By using (2.4), we obtain

2 IR7nm,+2f(z) IRTV‘L n+1 (Z) IRm,n+1f(z)
op(2) + B () + sy (2) = (0 +2) RS + 0= ) AR + 15 - o+ 1) (S

By using (2.3), we have ap (2) + 8 (p (2))* + p2p' (2) < aq (2) + 8(q (2))* + pzq/ (2).

IR;";"“ﬂ )

By an application of Lemma 1.1, we have p(2) < ¢(z2), z € U, i.e. = q(2), z € U and q is the best

dominant. m

Corollary 2.2 Let m,n € N, \,l > 0. Assume that (2.1) holds. If f € A and ¥\}" (a,B,p152) < aitdz 4

1+Bz
1+ Az 2 (A—B)z IR;nr'rrklf(z)
8 (1+Bz) +u(1+Bz)2,f0roc BouneC, u#0,-1<B<ALI, wherew/\l is defined in (2.2), then TR =<
iiéz, nd %igz is the best dominant.

Proof. For q(z) = }igi, —1< B < A<1in Theorem 2.1 we get the corollary. m

-
Corollary 2.3 Let m,n € N, Al > 0. Assume that (2.1) holds. If f € A and ¥3}" (o, B,11;2) < « (Hz) +

16 (ifi) —I——f% (HZ) ,fora,B,p€C,0<y <1, u#0, where )" is defined in (2.2), then wat—nf(Z)

f(2)
(%) , and (%) is the best dominant.

<

z

.
Proof. Corollary follows by using Theorem 2.1 for ¢ (z) = (ifj) ,0<~y<1l. m

Theorem 2.4 Let q be analytic and univalent in U such that q (z) # 0 and Zq( )) be starlike univalent in U. Assume
that
20

Re (%q' (2) + -4 (2) ¢ (Z)> >0, fora,B,peC, u#0. (2.5)

m,n+1 2
IffeA, Iﬁé'rilinff() € H[q(0),1]NQ and ¥\';)" (o, B, s 2) is univalent in U, where Y\')" (o, B, 15 2) is as defined

in (2.2), then
aq (2) + 8(q(2)) + pzd’ (2) < O3} (0, B, s 2) (2.6)

. . IRT" T f(2) . .
implies q (z) < TRITTG) 4 € U, and q is the best subordinant.

R™ n+1 (

Proof. Let the function p be defined by p (2) := In%fq—nf(z), zeU,z#0, f € A

By setting v (w) := aw + Bw? and ¢ (w) := u it can be easily verified that v is analytic in C, ¢ is analytic in
C\{0} and that ¢ (w) # 0, w € C\{0}.

3
1220 Lupas 1218-1224



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.7, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Since ”l((j((j)))) = q'(z)[a;2ﬂq(z)]7 it follows that Re (” ((q((j))))) = Re (%q' (2) + %q (2)d (z)) > 0, for a, 3, € C,
p# 0.

By using (2.4) and (2.6) we obtain agq (2) + (¢ (2)) + pzq (2) < ap (2) + 6 (p (2))* + pzp’ (2).
IR "™ f(2)
TIRYTf(2)

<

Using Lemma 1.2, we have ¢ (z) < p(z) = z € U, and ¢ is the best subordinant. m

IRY" 1 f(2)

Corollary 2.5 Let m,n € N, X\l > 0. Assume that (2.5) holds. If f € A, TRITG)

€ Hig(0),1]NQ and
2
a}ingrﬂ(ii—fB‘i) +M&TBBZ<1/1 ", By 2) s fora,B,p € C, p#0, =1 < B < A< 1, where \}" is defined

m, n+1 2
in (2.2), then 1+dz R )

d 1+ Az
1+ Bz IRV f(2) 7

115> is the best subordinant.

Proof. For q(z) = ﬂ'éz, —1 < B < A<1in Theorem 2.4 we get the corollary. m

m,n+1 2
Corollary 2.6 Let m,n € N, A\l > 0. Assume that (2.5) holds. If f € A, % € Hig(0),1]NQ and

O‘(%ﬁ)uﬁ(ifi) * - 2)2( ) <N (. By s 2), for a, B € C, i # 0,0 <y < 1, where ¢3)" i

vy Ll gy
defined in (2.2), then (}"’i) <1 ;nlnffz()), and (H—z) is the best subordinant.

v
Proof. For q(z) = (}%ﬁ) , 0 <~ <1 in Theorem 2.4 we get the corollary. m

Combining Theorem 2.1 and Theorem 2.4, we state the following sandwich theorem.

Theorem 2.7 Let ¢ and qo be analytic and univalent in U such that ¢ (z) # 0 and g2 (2) # 0, for all z € U,

with Zqi((zz)) and @((z)) being starlike univalent. Suppose that q satisfies (2.1) and qo satisfies (2.5). If f € A,
m,n+1
Ime—nf( € H[g(0),1NQ and PY'}" (o, B, 5 2) is as defined in (2.2) univalent in U, then aqy (2) + B (q1 (2 N?+

) . Rm n+1f 2
pz2gy (2) < YN (a, B, s 2) < age (2) + B (g2 (z))2 + pzgh (2), for a,B,u € C, u#£ 0, implies q1 (z) < WLﬂi)) =<

g2 (2), and q1 and qa are respectively the best subordinant and the best dominant.

For ¢1 (2) = }i’gij, Q@2 (2) = }iggj, where —1 < By < By < A1 < Ay <1, we have the following corollary.

m,n+1 2
Corollary 2.8 Let m,n € N, \,l > 0. Assume that (2.1) and (2.5) hold. If f € A, %nff() € H[q(0),1]NQ

2 2
A A A1—B s . A A A;—B
ond o + 3 (Eedis) 4 B g (0,8 2) < oz 1 (M) 4 B for o guc C

no . 14 A IRV "Hf(z) 144
w#0, —1 < By <B; <A <Ay <1, where 1/12”?[" is defined in (2.2), then 11312 < I];fi’l"f(z) =< 11322, hence
1+A; 2z d 1+ Aoz

5 and 75 are the best subordinant and the best dominant, respectively.

F (142 Y1 {14z Y2 .
or q1 (2) = (172) , g2 (2) = (1%) , where 0 < v < v5 <1, we have the following corollary.

m,n+1 2
Corollary 2.9 Let m,n € N, \;I > 0. Assume that (2.1) and (2.5) hold. If f € A, H;Rm nf{() € Hlq(0),1 Q

q
nda (£2)" 5 () +<21%%(iii)ww&"}"(a,ﬁ,u;z)w(}tg) +6(1+Z) gﬂz)—(_)
<)

m,n+1
fora,B,peC, p#0,0 <7y, <7y <1, where p\)" is defined in (2.2), then (iz) me nf{Z(Z)

hence sz) " and (1+Z) * are the best subordinant and the best dominant, respectively.

We have also

IR f(2)

s
Theorem 2.10 Let (W) eHWU),feA €U, 5cC,6#0, myneN, \,l >0 and let the function

q(z) be convex and univalent in U such that ¢ (0) =1, z € U. Assume that

W2y 42 d(2)
g4 (2) az) q’(Z)) >0 @)

Re (1 + %q(z) +

4
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foraa§7p’a/6€(c7 /6 #07 z € U7 and

o - IRI™ )\ (IR ()
1/&\1 (0,0,6, 1,85 2) =« +§<W> +u W +
IRV 2 f (2) IRV f (2)

86 (n+2) TR 86 (n+1) TR

— B6.

If q satisfies the following subordination

m"(éafuﬂ, 2) < a+&q(2) + pg® (2) + , (2.9)

m,n+1 2 5
fora, & u,8€C, 3#0, z€ U, then (%) <q(2),z€U 6 €C, 6§ #0, and q is the best dominant.
Xl

m,n+1 6
Proof. Let the function p be defined by p(z) := (III%Rm—nf{Z()Z)) ,z2€U,z#0, f € A The function p is
ALl

analytic in U and p(0) =1
IR7>\77:,Z71,+1f(z) 6 |: (IRm, n+1f(z))’ IRm n+1f(z) (IRm, nf(z)) :|

We have zp’ (z) =6 ~ TRy IRTl”f(Z) IR

By using the identity (1.3), we obtain

, IRm,n+2 IRm,nJrl
L 549 it D s 1) A
IRY ™ f(2) IR f (2)

(2.10)

By setting 6 (w) := a + &w + pw? and ¢ (w) := %, it can be easily verified that 6 is analytic in C, ¢ is analytic in
C\{0} and that ¢ (w) # 0, w € C\{0}.
Also, by letting Q (2) = 2¢' (2) ¢ (q (2)) = ZLE) we find that Q (2) is starlike univalent in U.

q(z) 7
Let h(2) = 0(a(2) + Q(2) = o+ &q (=) + pug? (2) + .
We have Re (Zh (z) Re(lJré (2 )+%’iq2( ) q(z)Jrqu,/(Z)) > 0.

Q) RO
- : 2 (2) IRY" M f(2) b IRT T f(2) b
By using (2.10), we obtain a + &p(2) + u(p(2))? + g2 oo = at+¢ TR ) TR TRTTR G

IRY"2f(2)

IRY " f(2)
—i—ﬁé(n—l—@w 55(71‘*‘1)11%’"7”)‘() po.

By using (29), we have o +€p(2) + 1 (p(2)" + 0! <@+ €a(e) +pa? () + SEE

m,n+1 2
From Lemma 1.1, we have p(z) < ¢q(2), z € U, i.e. (%) <q(z),z€U, 6§ € C,6 #0 and q is the
W

best dominant. m

Corollary 2.11 Let q(z) = iiéz, zeU, -1<B<A<1 m,neN, \Il>0. Assume that (2.7) holds. If f € A

and Y3;" (8,0, €, 1, 5; 2) <a+£}igz+u(}igz) + Bt for & B,6 €C, 8,6 £0, -1 < B< A<,

§
. , IRY ™! , .
where 1/)2?;" is defined in (2.8), then ( Iﬁ’;i;nf{s)z)) =< iigi, and %igi 1s the best dominant.

Proof. For q(z) = }igz, —1 < B < A<1,in Theorem 2.10 we get the corollary. m

v
Corollary 2.12 Letq(z) = (1+Z) y;m,n € N, \, 1> 0. Assume that (2.7) holds. If f € A and ¥3'i" (6, , &, 1, B3 2) <

2
a—l—g(HZ) —l—u(Hz) 7—1—1 25, for a, &, 1, 8,6 € C, 0 <y <1, 8,6 # 0, where P\'}" is defined in (2.8), then

IR"' "'Hf(z) 6 1 y 1 Yo .
W < (Jj) , and (lfj) is the best dominant.

l\’)»—l

)
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-
Proof. Corollary follows by using Theorem 2.10 for ¢ (z) = (}fj) ,0<y<1l. m

Theorem 2.13 Let g be convex and univalent in U such that q (0) = 1. Assume that

Re (%q(z) (2 )+%“ 2(2)q (2 )> >0, fora,&,u,8€C, 3#0. (2.11)

montl g 6
If f e A,(%) € Hg(0),1]NQ and ¢¥\'" (6, &, u, B; 2) is univalent in U, where Y\')" (8, &, p, B; 2)

is as defined in (2.8), then

Bzq (2)
q(2)

a+Eq(2) + pg® (2) + =< wnln(é,a,g,u,ﬂ;z) (2.12)

m,n+1 6
implies q (z) < (%) ,0€C,8+#0, z€ U, and q is the best subordinant.

m,n+1 2 6
Proof. Let the function p be defined by p(z) := (“;Rminf{())) ,2€U,2#£0,6€C,6#0, f e A The

function p is analytic in U and p (0) = 1.

By setting v (w) := a + fw + pw? and ¢ (w) := % it can be easily verified that v is analytic in C, ¢ is analytic
in C\{0} and that ¢ (w) # 0, w € C\{0}.

Since L)) — é()w@+%f@¢@mummmmua@gg):m{ﬁ@mw@+%f@¢@g>
0, for a, &, u, 8 € C, 8 #0.

Now, by using (2.12) we obtain a+£&q () + pg? (2) + %;()Z) < a+&p(2)+pup? (2)+ ﬂ’;’g;()z), z € U. From Lemma

m, n+1 2 6
1.2, we have ¢ (2) < p(2) = (I?R,ninf(())) ,2€U, 6 €C, 6+#0, and q is the best subordinant. m

Corollary 2.14 Letq(z) =342 1< B<A<1,zc€U,mn €N, \1>0. Assume that (2.11) holds. If f € A,

1+Bz’
[
IR'm’n*»lf(Z) . . A Bz
(711%’;53”]((2) ) € Hq(0),1]NQ, 6 €C, 6§+#0 and a—i—f}igz +u (}Igz) +/37(1+A2 (1132) =< Z»/JM (6,0,& 1,85 2),

m,n+1 2 6
for a,§,pu,B € C, B#0, -1 < B <A< 1, where ¢\}" is defined in (2.8), then }igz < <H;lenf(())) ,6 € C,

6 #0, and % s the best subordinant.

Proof. For q(z) = iiéz, —1< B < A<1,in Theorem 2.13 we get the corollary. m

IR;’f)"+1f(z))6

Corollary 2.15 Let q(z ( ) ,mn € N, \JI > 0. Assume that (2.11) holds. If f € A’(W
ALl

) en(E

;0 # 0, where P)\'(" is defined in (2.8), then (1

2’7 m,n
=) B <N (80,6 1 B52) s for 0,61 8,8 €C,0<y <1, B

+ Y IRm n+1f(z) 6 1+ v .
Z) < | === , and (1_2> 18 the best subordinant.

GHM()]ﬂQaMa+§(

IRm " f(2)

11—z

v
Proof. Corollary follows by using Theorem 2.13 for ¢ (z) = (}fi) ,0<~y<1l. m

Combining Theorem 2.10 and Theorem 2.13, we state the following sandwich theorem.

Theorem 2.16 Let g1 and g2 be convex and univalent in U such that ¢1 (z) # 0 and q2 (2) # 0, for all z € U.

montleo 6
Suppose that q1 satisfies (2.7) and qo satisfies (2.11). If f € A, (%) €HIg(0),1]nQ ,6€C,6 #0 and

PN (8,0, 1, B; 2) is as defined in (2.8) univalent in U, then a+£q1 (2)+pugi (z)—i—’ngféz()z) < X" (8, &, B 2) <

. . IR'm,'n+1 2
ot g2 (2) + pgd (2) + ZBE for a,6,4,8 € C, § # 0, implies q1 (2) < (T%W%Q <@(x),z€U, 8 €C,

6 #£0, and q1 and g2 are respectively the best subordinant and the best dominant.

6
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For ¢1 (2) = }igi, g (2) = }igiz, where —1 < By < By < A1 < Ay <1, we have the following corollary.

Corollary 2.17 Let m,n € N, A\, > 0. Assume that (2.7) and (2.11) hold for q¢1 (z) = %i—gij and ¢z (z) = ﬁ—’éi;,

6
. IRm"n+1f(Z) . . .
respectively. If f € A, <W) S H[ (0) ].] NQ and a + 511212 + (11212,) + 6W52312) <

YR8, 0,6, B3 2) < o4 EEEE +u(}r§§z) + Bty 2 € U, for a,6,u, 8 €C, B#0, -1 < By <

6
. . IRnL n+lf(z)
By < Ay < A <1, where Y} is defined in (2.2), then }igii < ( Igffinf(z) < ﬁggj, 2€U,6eC,é+#0,

1+A2 1+ Aoz
T45z Ol Ti5e

hence are the best subordinant and the best dominant, respectively.

v v
For ¢ (2) = (ifz) 1, 7@ (2) = (ifz) 2, where 0 < 7, < 75 < 1, we have the following corollary.

11—z

Corollary 2.18 Let m,n € N, A\,;l > 0. Assume that (2.7) and (2.11) hold for ¢ (z) = (Myh and g2 (2) =

6
~ m,n+1 2y
(£2)7, respectively. If f € A, (Ime—f{())) €H[g(0),1]NQ and o+ (12) " 4 (12)7 4 220 <

.
R G e Biz) < at e (B2) T (E2) T4 B e U fora&mBEC, B£0,0<y <<,

m,n+1 6
where '} is defined in (2.2), then (}JFZ)W1 < <1R“—f(z)> =< (1“)72, zeU, 6€C,6+#0, hence (Hz)71

—z IR " f(2) 1—-z 1—-z

and (1+z) * are the best subordinant and the best dominant, respectively.
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Abstract

We approximate fixed points of some iterative methods on a gener-
alized Banach space setting. Earlier studies such as [5, 6, 7, 12] require
that the operator involved is Fréchet-differentiable. In the present study
we assume that the operator is only continuous. This way we extend
the applicability of these methods to include generalized fractional calcu-
lus and problems from other areas. Some applications include generalized
fractional calculus involving the Riemann-Liouville fractional integral and
the Caputo fractional derivative. Fractional calculus is very important for
its applications in many applied sciences.

2010 AMS Subject Classification: 26A33, 65G99, 47J25.

Key Words and phrases: Generalized Banach space, Fixed point, semilo-
cal convergence, Riemann-Liouville fractional integral, Caputo fractional deriv-
ative.

1 Introduction

Many problems in Computational sciences can be formulated as an operator
equation using Mathematical Modelling [7, 10, 13, 14, 15]. The fixed points of
these operators can rarely be found in closed form. That is why most solution
methods are usually iterative.
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The semilocal convergence is, based on the information around an initial
point, to give conditions ensuring the convergence of the method.

We present a semilocal convergence analysis for some iterative methods on a
generalized Banach space setting to approximate fixed point or a zero of an op-
erator. A generalized norm is defined to be an operator from a linear space into
a partially order Banach space (to be precised in section 2). Earlier studies such
as [5, 6, 7, 12] for Newton’s method have shown that a more precise convergence
analysis is obtained when compared to the real norm theory. However, the main
assumption is that the operator involved is Fréchet-differentiable. This hypoth-
esis limits the applicability of Newton’s method. In the present study we only
assume the continuity of the operator. This may be expand the applicability of
these methods.

The rest of the paper is organized as follows: section 2 contains the basic
concepts on generalized Banach spaces and auxiliary results on inequalities and
fixed points. In section 3 we present the semilocal convergence analysis of these
methods. Finally, in the concluding sections 4-5, we present special cases and
applications in generalized fractional calculus.

2 Generalized Banach spaces

We present some standard concepts that are needed in what follows to make the
paper as self contained as possible. More details on generalized Banach spaces
can be found in [5, 6, 7, 12], and the references there in.

Definition 2.1 A generalized Banach space is a triplet (z, E, /-/) such that
(i) X is a linear space over R (C).
(i1) E = (E,K,||||) is a partially ordered Banach space, i.e.
(i1 ) (E,||||) is a real Banach space,
(itz) E is partially ordered by a closed convex cone K,
(11i3) The norm ||-|| is monotone on K.
(#ii) The operator /-/ : X — K satisfies
Ju) =0 @ =0, [6x) = 0] /x/,
Jx+y/ < /x/+ /y/ for each z,y € X, 6 € R(C).
(i) X is a Banach space with respect to the induced norm |||, :== ||| - /-/-

Remark 2.2 The operator /-/ is called a generalized norm. In view of (iii) and
(i13) ||-||; . is a real norm. In the rest of this paper all topological concepts will
be understood with respect to this norm.

Let L (X7,Y) stand for the space of j-linear symmetric and bounded op-
erators from X7 to Y, where X and Y are Banach spaces. For X,Y partially
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ordered L (Xj , Y) stands for the subset of monotone operators P such that
0<a; Sbiép(al,...,aj) Sp(bl,,bj) (21)

Definition 2.3 The set of bounds for an operator @ € L (X, X) on a general-
ized Banach space (X, E, /-/) the set of bounds is defined to be:

B(Q):={PeLy(E,E), /Qx/ <P/x/ foreachz € X}. (2.2)

Let D C X and T : D — D be an operator. If xg € D the sequence {x,} given

by
Tpy1 =T (x,) = T (20) (2.3)

1s well defined. We write in case of convergence
T (z9) :=lim (T" (x0)) = lim . (2.4)
n—oo
We need some auxiliary results on inequations.

Lemma 2.4 Let (E, K, |||) be a partially ordered Banach space, & € K and
M,N e L, (E,E).
(i) Suppose there exists r € K such that

R(ry=(M+N)r+&<r (2.5)

and
(M+N)*r—0 as k— . (2.6)

Then, b := R (0) is well defined satisfies the equation t = R (t) and is the
smaller than any solution of the inequality R (s) < s.

(it) Suppose there exists ¢ € K and 6 € (0,1) such that R(q) < 0q, then
there exists r < q satisfying (i).

Proof. (i) Define sequence {b,} by b, = R™(0). Then, we have by (2.5)
that by = R(0) = & < r = by < r. Suppose that by < r for each k = 1,2,...,n.
Then, we have by (2.5) and the inductive hypothesis that b,.; = R"*1 (0) =
R(R"(0)) = R(by) = (M + N)b,+& < (M + N)7+& <7 = bpy1 < 7. Hence,
sequence {b,} is bounded above by r. Set P, = b,+1 — b,. We shall show that

P, <(M+ N)"r for each n=1,2,... (2.7)
We have by the definition of P, and (2.6) that

P1=R*(0) - R(0) = R(R(0)) — R(0)

1 1
:R<s>fR<o>:/o R’(tasdts/o R (€) cdt
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1
g/ R (r)rdt < (M + N)r,
0

which shows (2.7) for n = 1. Suppose that (2.7) is true for k = 1,2, ...,n. Then,
we have in turn by (2.6) and the inductive hypothesis that

Pe1 = R2(0) = R¥1(0) = R* (R(0)) — R (0) =

RMFY(€) = R*1(0) = R (R*(§)) — R (R*(0)) =

/1 R (R*(0) +t (R* (&) — R¥(0))) (R* (¢) — R* (0)) dt <

R (R"(€)) (R* (€) — R* (0)) = R' (R* (¢€)) (R (0) — R*(0)) <
R’ (r) (R (0) — R¥ (0)) < (M + N) (M + N)*r = (M + N)**'r,

which completes the induction for (2.7). It follows that {b,} is a complete
sequence in a Banach space and as such it converges to some b. Notice that
R()=R (7}LH30R" (O)) = nlLH;CR”“ (0) = b = b solves the equation R (t) = t.
We have that b, < r = b < r, where r a solution of R(r) < r. Hence, b is
smaller than any solution of R (s) < s.

(ii) Define sequences {v, }, {wn} by vog =0, vpy1 = R (vy), Wo = q, W41 =
R (wy). Then, we have that

0<v, <vpy1 Swpg1 Swy, < g, (2.8)

wn_vngen(q_vn)

and sequence {v,} is bounded above by ¢. Hence, it converges to some r with
r < q. We also get by (2.8) that w, — v, — 0 asn — 0o = w, — r as n — oo.
]

We also need the auxiliary result for computing solutions of fixed point
problems.

Lemma 2.5 Let (X, (E,K,|),/:/) be a generalized Banach space, and P €
B (Q) be a bound for Q € L(X,X). Suppose there existsy € X and q € K such
that

Pq+ [y/ < q and P*q— 0 as k — co. (2.9)

Then, z = T (0), T (z) := Qx + y is well defined and satisfies: z = Qz +y
and /z/ < P/z/ + y/ < q. Moreover, z is the unique solution in the subspace
{reX|F0cR: {z} <0q}.

The proof can be found in [12, Lemma 3.2].
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3 Semilocal convergence

Let (X,(E,K,|),/-/) and Y be generalized Banach spaces, D C X an open
subset, G : D — Y a continuous operator and A(-) : D — L(X,Y). A zero of
operator GG is to be determined by a method starting at a point o € D. The
results are presented for an operator F' = JG, where J € L (Y, X). The iterates
are determined through a fixed point problem:

Tyl = Ty + Yny, A(zp)yn + F(2,) =0 (3.1)

S Yo =T (yn) == — A(xn)) yn — F (25).
Let U (zg,7) stand for the ball defined by
Ulxo,r)={xeX:/zv—z9/ <7}

for some r € K.
Next, we present the semilocal convergence analysis of method (3.1) using
the preceding notation.

Theorem 3.1 Let F: D C X, A(-): D — L(X,Y) and zo € D be as defined
previously. Suppose:

(H1) There exists an operator M € B (I — A(x)) for each x € D.

(H) There exists an operator N € L (E, E) satisfying for each x,y € D

JF(y) = F(x) = A(x) (y —x)/ <N Jy —x/.
(Hs) There ezists a solution r € K of
Ry (t):=(M+ N)t+ /F (z)/ < t.

(H4) U (l‘o/l“) - D.

(Hs) (M + N)*r — 0 as k — .
Then, the following hold:

(Cy) The sequence {x,,} defined by

Tnp1 =20 + 1,7 (0), Tu(y) := (I —A(zn))y — F (zn) (3.2)

is well defined, remains in U (xo,r) for each n =0,1,2, ... and converges to the
unique zero of operator F in U (zo,7).

(Cs) An apriori bound is given by the null-sequence {r,} defined by ro :=r
and for eachn =1,2,...

rn =PX(0), P,(t)=Mt+ Nr,_1.
(Cs) An aposteriori bound is given by the sequence {s,} defined by

Sp =R (0), R,(t)=(M+N)t+ Nap_1,
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by =[xy — a0/ <1 —10 <,

where
Qp—1:= /Ty — Tp_1/ for eachn=1,2,...

Proof. Let us define for each n € N the statement:
(I,) z, € X and r,, € K are well defined and satisfy

Tn+ap_1 < Tp_1.

We use induction to show (I,,). The statement (Iy) is true: By Lemma 2.4 and
(Hs), (Hs) there exists ¢ < r such that:

Mq+ /F (x0)/ =q and M*q < M*r —0 as k — oo.

Hence, by Lemma 2.5 1 is well defined and we have ag < g. Then, we get the
estimate
P (r—q)=M(r—q)+ Nrg

<Mr—Mq+Nr=Ry(r)—gq

<Ro(r)—q=r—q.

It follows with Lemma 2.4 that r; is well defined and
ritag < —q+q=1="ro.

Suppose that (I;) is true for each j = 1,2, ...,n. We need to show the existence
of z,11 and to obtain a bound ¢ for a,,. To achieve this notice that:

Mry, + N (rp—1 —1n) = Mry + Nrpy1 — Nrp = Py (1) — N, < 1.
Then, it follows from Lemma 2.4 that there exists ¢ < r,, such that
q=Mq+N(ra_1—7) and (M +N)* q—0,as k — oo. (3.3)

By (I;) it follows that

n—1

n—1
b = 20 — 20/ < Zaj < Z(TJ_TJ'-H) =T =Ty ST
j=0 §=0

Hence, z,, € U (x9,7) C D and by (Hy) M is a bound for I — A (x,,).
We can write by (Hsy) that

[F (z0)] = [F (xn) = F (¥n-1) = A(Tn-1) (Tn — Tn-1)/

< Nap_1 <N (rp_1—7n). (3.4)
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It follows from (3.3) and (3.4) that
Mg+ /F(2n)/ <q.

By Lemma 2.5, ,,4+1 is well defined and a,, < g < r,. In view of the definition
of r,4+1 we have that

Pn-l—l(rn_q):Pn(rn>_q:rn_Q7
so that by Lemma 2.4, r, 4 is well defined and
Tnalt+an <7y —q+q=rp,

which proves (I,,1+1). The induction for (I,,) is complete. Let m > n, then we
obtain in turn that

/zm—l—l - zn/ <

-

n

m
a; < Z (rj =7j41) = Tn — Tmy1 < Tn. (3.5)
J j=n

Moreover, we get inductively the estimate
o1 = Pyt (Fns1) < Poyr () < (M 4 N)rp < oo < (M 4 N

It follows from (Hs) that {r,} is a null-sequence. Hence, {z,} is a complete
sequence in a Banach space X by (3.5) and as such it converges to some z* € X.
By letting m — oo in (3.5) we deduce that x* € U (zy,, 7). Furthermore, (3.4)
shows that x* is a zero of F'. Hence, (C1) and (Cz) are proved.

In view of the estimate

Ry, (1) < Py (rn) <71y

the apriori, bound of (Cj) is well defined by Lemma 2.4. That is s,, is smaller in
general than r,. The conditions of Theorem 3.1 are satisfied for z,, replacing xg.
A solution of the inequality of (C3) is given by s, (see (3.4)). It follows from
(3.5) that the conditions of Theorem 3.1 are easily verified. Then, it follows
from (C;) that «* € U (xy, $,) which proves (C3). m

In general the aposterior, estimate is of interest. Then, condition (Hs) can
be avoided as follows:

Proposition 3.2 Suppose: condition (Hy) of Theorem 3.1 is true.
(H;) There exists s € K, 6 € (0,1) such that

Ro(s) = (M + N)s + /F ()] < 0s.

(H;) U (x0,5) C D.
Then, there exists r < s satisfying the conditions of Theorem 3.1. Moreover,
the zero x* of F is unique in U (z9,s) .
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Remark 3.3 (i) Notice that by Lemma 2.4 RS° (0) is the smallest solution of
R, (s) < s. Hence any solution of this inequality yields on upper estimate for
R2° (0). Similar inequalities appear in (Hz) and (H,).

(ii) The weak assumptions of Theorem 3.1 do not imply the existence of
A(z,)"". In practice the computation of T2 (0) as a solution of a linear equa-
tion is no problem and the computation of the expensive or impossible to compute
in general A (z,)”" is not needed.

(iti) We can used the following result for the computation of the aposteriori
estimates. The proof can be found in [12, Lemma 4.2] by simply exchanging the
definitions of R.

Lemma 3.4 Suppose that the conditions of Theorem 8.1 are satisfied. If s € K
is a solution of Ry, (s) < s, then q:= s —a, € K and solves R, 11 (q) < q. This
solution might be improved by R¥ | (¢) < q for each k =1,2, ... .

4 Special cases and applications

Application 4.1 The results obtained in earlier studies such as [5, 6, 7, 12]
require that operator F' (i.e. G ) is Fréchet-differentiable. This assumption limits
the applicability of the earlier results. In the present study we only require that
F is a continuous operator. Hence, we have extended the applicability of these
methods to include classes of operators that are only continuous.

Example 4.2 The j-dimensional space R is a classical example of a general-
1zed Banach space. The generalized morm is defined by componentwise absolute
values. Then, as ordered Banach space we set E = R with componentwise or-
dering with e.g. the mazimum norm. A bound for a linear operator (a matriz) is
given by the corresponding matriz with absolute values. Similarly, we can define
the "N 7 operators. Let E = R. That is we consider the case of a real normed
space with norm denoted by ||-||. Let us see how the conditions of Theorem 3.1
look like.

Theorem 4.3 (Hy) ||I — A(x)|| < M for some M > 0.
(Hs) |F (5) — F (2) ~ A (@) (g — )| < N |}y — ]| for some N >0.
(Hg) M+ N <1,
[1E (o)l

= T (4.1)

(Hy) U (zg,7) C D.

(Hs) (M + N)*r — 0 as k — oo, where r is given by (4.1).
Then, the conclusions of Theorem 3.1 hold.
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5 Applications to k-Fractional Calculus

Background

We apply Theorem 4.3 in this section.

Let f € Lo ([a,b]), the k-left Riemann-Liouville fractional integral ([15]) of
order a > 0 is defined as follows:

i @) = [ C@—nE N f e, (5.1)

kl“k (a)
all z € [a,b], where k > 0, and I'y, (a) is the k-gamma function given by 'y, () =
+k
JoS e w dt.
It holds ([4]) Tk (o + k) = al'y («), T' (o) = llimll"k (o), and we set . J& f (x) =
f(x).

Similarly, we define the k-right Riemann-Liouville fractional integral as

1 b a_q
Jo =— | (t-2)f t)dt, 5.2
S @) = s [ =2 0 (52)
for all z € [a,b], and we set ,J f (z) = f (x).

Results

I) Here we work with 1 J$, f (x). We observe that

@ 1 ’ 21
kg f (2)] < m/a (x—1) |f ()| dt
e [* a1 e @—a)f
< m/ﬂ (x —1t) dt = R (o) « (5.3)
_ Il a Iflloe (12
“Teth Y ST T
We have proved that
klay f(a) =0, (5.4)
and N
« (b_ a)E
kT f]| < Trath) £l » (5.5)

proving that ,Jg, is a bounded linear operator.

By [3], p. 388, we get that (,JZ, f) is a continuous function over [a,b] and
in particular continuous over [a*,b], where a < a* < b.

Thus, there exist 1,z € [a*,b] such that

(wJ& f) (1) = min (. Jg f) (), (5.6)
(ng‘+f) (z2) = max (ng‘+f) (x), = € [a",b]. (5.7)
9

1233 Anastassiou et al 1225-1242



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.7, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

We assume that

(6T 1) (1) > 0. (5.8)
Hence
Hle(lieroc,[a*,b] = (et f) (w2) > 0. (5.9)
Here it is
J (z) = mx, m #0. (5.10)
Therefore the equation
Jf(x)=0, z€la"b], (5.11)

has the same solutions as the equation

Jf(x)

B = 5 00e ) (o)

=0, z€la"}]. (5.12)

Notice that

T (W) (2) = % <3<l zelal]. (613
Call
A) = % Vaelatb. (5.14)
‘We notice that
O<2(a€§+—]2)(22))§fl(x)§%, Ve ot b, (5.15)
Hence it holds
Lo A = 1— A <1— LI @) ey (56)

2 (kJ(?-i-f) (z2)

Clearly v, € (0,1).
We have proved that

1 —A(2)] <75y, YVz€Ela™?]. (5.17)
Next we assume that F' (x) is a contraction, i.e.
|F(2) = F(y)l < Ae—yl; Vao,yela”b], (5.18)

and 0 < A < %
Equivalently we have

[Tf (2) = Jf ()] < 2X (e f) (22) [w =yl all 2,y € [a”,b]. (5.19)

10
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We observe that
[F(y)—F(z) = A@)(y—x)| < [F(y) = F (o) +|[A@)] |y — 2| <
AMy—z[+[A@)| |y —z[=A+[A@)) |y — 2| = (1), Va,y€la",b].

We have that

(b—a)t

’(kjg-f-f) (33)‘ < m

| flloo <00, Vae€la™bl. (5.21)

1= LT ) @) (b—a)F |l
A= S e ) (2) = Tl 1) (2 £) (22)

< oo, YVaxela"l.
(5.22)

Therefore we get

(b—a)® || £l
20 (a+ k) (R JSf)

(y) < ()\ + (x2)> ly— x|, Vax,yela*,b. (523)

Call .
(b—a)* [ fllo
Mk (a+ k) (k54 f) (22)
choosing (b — a) small enough we can make v; € (0, 1).
‘We have proved that

0<vy =X+ (5.24)

|F(y) —F(x) = A(x)(y —2)| < ly—=x|, Va,yelab], v, €(0,1).

(5.25)
Next we call and we need that
_ o wIaf) (@) (b—a)* || flle
O<yi=vy+m=1- Q(ngJrf) (2) + A+ STANCEND (kJ§‘+f) ) <1

(5.26)

equivalently,

(=) |f]lo (/e f) (1)

At 2Tk (a4 k) (12 f) (22) < 2 (kJELS) (22) (5.27)

equivalently,

b—a)®

2X (k5 f) (22) + % < (WG f) (1), (5.28)

which is possible for small A, (b —a). That is v € (0,1). So our numerical
method converges and solves (5.11).

11
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IT) Here we act on Jg* f (x), see (5.2).
Let f € Lo ([a,b]) . We have that

b
e e I
Il [ a1 flle b—2)F
Skm«wﬂl“‘@ "= () =
= 7rk”(£”fk) (b—x)F < 7Fk|(£”f - a)t. (5.29)
We observe that
k5 f(b) =0, (5.30)
and N
6T Al < o s 1l (5.31)

That is ,J;* is a bounded linear operator.

Let here a < b* < b.

By [4] we get that pJ* f is continuous over [a,b], and in particular it is
continuous over [a, b*].

Thus, there exist x1,zo € [a,b*] such that

(w5 ) (1) = min (uJ5 ) (), (5.32)

(k5 f) (22) = max (p J5_f) (x), x € [a,b"].

We assume that

(kg f) (1) > 0. (5.33)
Hence
Hle;‘ifHoo,[a*,b] = (le;):f) (.’Eg) > 0. (534)
Here it is
J(z) = mx, m #0. (5.35)
Therefore the equation
Jf (@) =0, z¢€lab], (5.36)

has the same solutions as the equation

Jf (x)

F(x):= YRS (i f) (@)

=0, z¢€a,b"]. (5.37)
Notice that

i (%) (z) = Wi S) (@) <-<1, zelab]. (5.38)

1
W f) (@) )T 2 (kg f) () T 2

12
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Call L
A(x) 2((];;:?];)) ((2)2), V€ [a,b"]. (5.39)
We notice that
) O RIS
O ) ) AT =y Vel (5.40)
Hence we have
N—A)|=1-A(z)<1- (M’a;f) (Il)) =79, Va€lab]. (541)

Clearly v, € (0,1).
We have proved that

[1—A@)| <79 Vzelab], 1e(01). (5.42)
Next we assume that F (z) is a contraction, i.e.
|F(z) = F(y)l < Ale—yl; Vao,yelad], (5.43)

and 0 <\ < 3.
Equivalently we have

[Tf (@) = Jf ()] < 2X (e Jy= f) (22) |2 =yl all 2,y € [a,b7]. (5.44)
We observe that
[F(y) = F(z) = A@) (y— )| < [F (y) = F (o) + |[A@)| |y — 2] <

My =z +[A@)|ly -z = A+ [A@)) ]y — 2| = (1), Vz,y€[ab].

We have that (>:45)
|(sJE_f) ()] < % £l < oo, Va€lab]. (5.46)
Hence
) = LD @] e Mo yae el

2k e f) (22) T 20k (a+ k) (kI8 f) (x2)
(5.47)

Therefore we get

b=a)F |Ifll
2Tk (a+ k) (RJ2 f)

() < <)\ + (x2)> ly— x|, Vax,y€lab]. (5.48)

13
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Call

b—a)® |Ifll

0<y =2+

20 (a4 k) (k2 f) (2)

(5.49)

choosing (b — a) small enough we can make v; € (0,1).

We have proved that

[F(y) = F(x) = A) (y =) <mly—=z|, Va,yelab], v €(0,1).

(5.50)
Next we call and we need that
_ o W) (@) b= a)F |/l
0<7 =%+ m =1 5005 1) (o) Moot k) (o f) (@)

(5.51)

equivalently,
(= ) 1/l (75 f) (1) )

2% (a4 k) (I f) (m2) 2 (J2f) (22) '

equivalently,

(I f) o)+ S W (e py @), e9)

Ty (a+ k)

which is possible for small A, (b —a). That is v € (0,1). So our numerical

method converges and solves (5.36).

IIT) Here we deal with the fractional M. Caputo-Fabrizio derivative defined

as follows (see [9]):
let 0<a<1,feC([0,b]),

1 ¢ a
CF na !
DOF () = I 54
R ] Gt ) P L
forall 0 <t <b.
Call
=2 < (5.55)
R ' .
Le. ‘
DI (t) = 2 [ eI (s)ds, 0<t <D (5.56)
—aJy

We notice that

CFDf (1)) < ( / t ewt%) 171l
0

B e

et

14
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That is
(CFD2f) (0) =0, (5.58)

and
CF na 1- e_Vb 1
“FD2f 0] < () Il Ve (5:59)
Notice here that 1 —e™7%, ¢t > 0 is an increasing function.
Thus the smaller the ¢, the smaller it is 1 — e=*. We rewrite

et

D2 () = £—

/ e’ f' (s)ds, (5.60)
0

proving that (CF D¢ f) is a continuous function over [0, ], in particular it is
continuous over [a, b], where 0 < a < b.
Therefore there exist z1,z2 € [a, b] such that

D f (21) = min “FDLf (2), (5.61)

and
CFDOf (25) = max “FDf (z), for x € [a,b].

We assume that

CEDOf (21) > 0. (5.62)
(i.e. “FDYf (z) >0,V x € [a,b]).
Furthermore
97 D2 G gy = DEF (22, (5.63)
Here it is
J (z) = mx, m # 0. (5.64)
The equation
Jf @) =0, a€ab], (5.65)

has the same set of solutions as the equation

Py @

Notice that

CF hya f(z) _ 9'Def() 1
F e <2CFDgf(x2)) ~ e pr e S5 <L Yrelal. (o7
We call
_ 9'Def (x)
W tice that
B (O ISR .55
20F D f (x) — -2 '

15
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Furthermore it holds

“EDYf (1)
— = — < — x = . .
l-—A(x)=1-A(x)<1 3CF Do T (22) Yo, YV x € [a,] (5.70)
Clearly v, € (0,1).
We have proved that
1 —A(z)] <v,€(0,1), Vz€la,b]. (5.71)

Next we assume that F (z) is a contraction over [a, b], i.e.
[F(2) = F(y)l < Ae—yl; Va,yelab], (5.72)

and 0 < A < %
Equivalently we have

| 1f (@) = Jf (9] < 20 (CFDEf (w2)) | —yl, ¥ 2,y € [a,0]. (5.73)
We observe that

[F(y) = F () = A2) (y —2)| < |F (y) = F (2)| + [A(2)] |y — 2| <
My =z +[A@)[ |y —z[ = A+ [A@)) |y — 2] = (&2), YV z,y € [a,b]. (5.74)
Here we have

_ e b
(D) @] < (2= ) I len Veclal. G)

Hence, ¥V z € [a,b] we get that

_ 9ot @] (=) Il
A= e e g = 20O D ) < OO
Consequently we observe
1—e 1
(o) < (A + ga (CeFDz})f(xIS> ly—z|, YVa,yclab]. (5.77)
Call by
0 <y imas Lo I s (5.78)

20 (“FD2f) (w2)
choosing b small enough, we can make v; € (0,1).
We have proved

[F'(y) —F(z) = A(x)(y—2)| <mly—=|, 71 €(0,1), Va,y € a,b].
(5.79)

16
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Next we call and need

D), (=) I

0<y:= =1- ——=—7"——"= <1, (5.80
VN T T o D f ) T @D () <
equivalently,
1—e 0 / CF Do
2a(FDef) (w2) ~ 29FDe f (x2)
equivalently,
CF na (1 . e_’Yb) 1 CF o
2ATEDEf (@2) + S [ Flloe <77 DY (21), (5.82)
which is possible for small A, b.
We have proved that
Y=7%+7€(01). (5.83)
Hence equation (5.65) can be solved with our presented numerical methods.
Conclusion:
In all three applications we have proved that
|1_A('T)| <7 € (Ovl)a (584)
and
[F'(y) = F(x) = Ax) (y — o) < ly — 2l (5.85)
where v, € (0,1), and
y=7v+7 €(0,1), (5.86)

for all z,y € [a*, ], [a,b*], [a,]], respectively.
Consequently, our presented Numerical methods here, Theorem 4.3, apply
to solve

f(x)=0. (5.87)
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Abstract

In this paper, we first investigate and present several sets of sufficient conditions
for Carathéodory functions in the open unit disk U. We then apply the main results
proven here in order to derive some conditions for starlike functions in U. Relevant
connections with various known results are also considered.
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1. Introduction, Definitions and Preliminaries

Let P denote the class of functions p of the form:

)
p(z) = puz",
n=0
which are analytic in the open unit disk
U={z:2€eC and |z|<1}.
The function p € P is called a Carathéodory function if it satisfies the following condition:
R{p(z)} >0 (z € ).

Let A denote the class of functions of the form:

fz)=2z+ Z anz",
n=2
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which are analytic in U. A function f € A is in the class S* of starlike functions in U, if it
satisfies the following condition:

m{zjfé(;)} >0 (zel).

In recent years, many authors (see, for example, [1, 2, 3, 4, 6, 8, 9, 10, 12, 16, 18]) have
investigated and derived sufficient conditions for Carathéodory functions and some of their re-
sults have been applied to find some sufficient conditions for starlikeness or convexity of analytic
functions (see, for example, [5, 11, 13, 14, 15, 17]).

Following the principle of differential subordination, we say that a function f is subordinate
to F'in U, written as f < F, if and only if

f(z) = F(w(z)) (€U
for some Schwarz function w(z), with
w(0) =0 and lw(z)] <1 (z € V).
If F(z) is univalent in U, then the subordination f < F'is equivalent to
f(0) = F(0) and f(U) c F(U).

We denote by Q the class of functions ¢ that are analytic and injective on U\ E(q), where

E(q) = {C :(€dU and li_}rréq(z) = oo}7

and are such that
¢()#0  (¢CedU\E(q).

Furthermore, let the subclass of Q for which ¢(0) = a be denoted by Q(a).

The main object of this paper is to investigate and present several sets of sufficient conditions
for Carathéodory functions in the open unit disk U. The main results proven here are shown to
lead to some conditions for starlike functions in U. We also consider the relevant connections of
our results with various known results.

2. A Set of Main Results

In order to prove our main results, we need the following lemma due to Miller and Mocanu |7,
p. 24].

Lemma 1. Let g € Q(a) and let the function p(z) given by

p(z) =a+apz"+--- (n=1)

be analytic in U with p(0) = a. If p is not subordinate to q, then there exist points zy € U and
Co € U\ E(q) for which

(i) p(z0) = q(¢o) and
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(i) z0p'(z0) = mloq' (o) (m=nz=1).
Applying Lemma 1, we can obtain the following results.

Theorem 1. Let P : U — C with
R{P(2)} = I {P(2)} tana = 0 (o <a< f) .

If the function p is an analytic in U with p(0) = 1 and

B?sin’ a B
2 / _
%{[p(z)] +P(2)zp (2)} = 4Acos?a  2cosa’ (1)
where
A = cos2a + (2)
cos «
and
B=R{P(z)}cosa—T{P(z)}sina, (3)
then - -
T < .
arg{p(x)}| <5 —a  (0Sa<;zeU).
Proof. Let us define two functions ¢(z) and hy(z) by
, , T
az)=cp(z)  (a(z) £ 0Sa< T 2 €D) (4)
and ) -
e 4 iy T
hi(2) T <0:a<2,z€[U), (5)

respectively. Then the functions ¢(z) and hi(z) are analytic in U with
q(0) = hy(0) =€ € C and h(U)={w:weC and R{w} >0}.

We now suppose that the function ¢ is not subordinate to hi. Then, by Lemma 1, there exist
points z; € U and ¢; € 9U \ {1} such that

q(z1) =hi (1) =ip (p€R) and =2¢'(z1) = mGhi(G1) =mor (m21), (6)

where

p? —2psina + 1
= 2 cos a )
Using the equations (4), (5), (6) and (7), we obtain
R{[p(2)]* + P(z1) 210 (1) }
=N { [e_mq(f‘7lﬂ2 + P(Zl)e_mzlq/(zl)}
= %R {e M Q)] + Plz)e”  mGik (1)}
=R {e_2m (ip)* + P(zl)e_mmal}

= —p2 cos2a + mo1 By

Bl 2 Blsina B1
— | cos2a + p°+ p—
2cosa Ccos & 2 cos o
Bisin« B
_ _Alp2 + ( 1 ) B 1

2cos o
=:9(p), (8)

A

COS &
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where By and A; are given by
By =R {P(z1)}cosa—T{P(z)}sina
and

By
cosa’

A = cos2a +

respectively. By a simple calculation, we see that the function g;(p) in (8) takes on the maximum
value at p* given by
. DBisina

- 2A4jcosa’

Hence we have

R {[P(Zl)]2 + P(z1)z1p'(21) }

< g1(p")

_ Bfsin’a B,
T 4A;cos2a 2cosa
. B sin? a B

= 4Acos?a  2cosa’

where A and B are given by (2) and (3), respectively. Moreover, this inequality is a contradiction
to (1). Therefore, we obtain

R {ep(z)} >0 <0§a<g; ze[U). 9)
Next, let us define two analytic functions by
r(z) = e p(2) (O Sa< g; z € U) (10)
and A ,
hg(z)z% (0=a<Zszem). (11)

Then the functions r and hs are analytic in U with
r(0) =he(0) =e @ ecC and ho(U)={w:weC and R{w} >0} =hi(U).

Suppose that r is not subordinate to ho. Then, by Lemma 1, there exist points zo € U and
(o € QU \ {1} such that

r(ze) =ha(2) =ip (peR) and  zr'(22) = mChy((2) = moz (m 2 1), (12)
where )
20 si 1
o9 = _pitcpsmat . (13)
2cosa
4
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From the equations (10), (11), (12) and (13), we get

R {[p(22)]? + P(22) 220 (22) }
=R {**[ha(C2)]* + P(22)e"*m2h(C2) }
% {e%°(ip)? + P(z)e" moz}
= —p%cos 20+ moy B
< —p2 cos2a + 09 B

Bsina B
— _Ap? — _
p < >’0 2cosa

B2sin? o B

which is a contradiction to (1). Therefore, we have
iﬁ{e_w‘p(z)} >0 (O Sa< g; z € U) . (14)

Hence, by applying the inequalities (9) and (14), we find that

arg{p(x)}| < T —a  (0Sa<l;zeU).
This evidently complete the proof of Theorem 1. O

If we take P(z) = 3 (8 > 0) in Theorem 1, then we have the following corollary.
Corollary 1. Let the function p be analytic in U with p(0) = 1. If

1

R {[p(2)]” + B2p(2)} > 26 + dcos 20

{(BQ +4B)sin® o — g% — 26}

(5>0;0§0¢<g; zeIU),
then - i
]arg{p(z)}]<§—a (0§Oz<§; zeIU).

More specially, if we take P(z) =1 in Theorem 1 or set 8 =1 in Corollary 1, we obtain the
following corollary.

Corollary 2. Let the function p be analytic in U with p(0) = 1. If

R{pIP + /() > oSS (o

A

v
= - < = €U>,
6 — 8sina 49 F

then . .
_ < _.
arg{p(=)} [ < F—a  (0Sa<;zeU).
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Taking o = 0 in Corollary 2, we have the following corollary.

Corollary 3. Let the function p be analytic in U with p(0) = 1. If
R {[p(2)]* + 20/ (2 }>—* (z €U,

then
R{p(z)} >0 (z € U).

The following corollary presents a sufficient condition for starlikeness of analytic functions
in U. It follows easily by taking

_ ')
o) ="y Ued

in Corollary 3.

Corollary 4. Let f € A. Then

G () eew

implies that f € S*.

3. Further Sufficient Conditions

We now find another another set of sufficient conditions for Carathéodory functions.

Theorem 2. Let p(z) be a nonzero analytic function in U with p(0) = 1 and

1
< gcosa (0§a<g;z€U>. (15)

Then

]arg{p(z)}]<g—a (O§a<g;z€U>.
Proof. As before, we define the functions ¢(z) and hi(z) by (4) and (5), respectively. We also
suppose that ¢ is not subordinate to hy. Then, by Lemma 1, there exist points z; € U and
(1 € U\ {1} satisfying (6). We note that p # 0 in (6), since the function p(z) cannot vanish in
U. Thus, from the equations (4), (5), (6) and (7), we obtain

ap'(21)| _ |z2d'(z1) | _ |mGhi(G)] _ | moy
[p(21)]? [q(21)]? [h1(€1))? (ip)?
We also have
moy m|01| > 01 _ 1 )
(ip)2| p2 T p? ~ 2cosa ItV

where
p? —2psina+ 1

2

g1(p) =
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For the case when « # 0, since g; has its minimum at

. 1
p = = )
sin «
we have ,
Z21p (Zl> 1 ( *) _ ECOSOé
21 = 2cosa ’
PR | = 2cosa” 7 3

which is a contradiction to (15). We thus have
q(z) <hi(z)  (z€U)

or, equivalently, )
R{ep(z)} >0 (z€ D). (16)

We next define the functions r and hy by (10) and (11), respectively. By using a similar method
as the above, we obtain .
R{ep(z)} >0 (z€U) (17)

for the case when «a # 0. Thus, from (16) and (17), we have

arg{p(x)}| < T —a  (0<a<lizeU).

For the case when o = 0, we have
nlp)=1+p7221  (peR\{0}).
We thus have

eEETICE

which is also a contradiction to (15). Finally, we have

1
27

q(z) <hi(z) (2€0)
or, equivalently,
Jarg {p(2)}| < 3.
We thus find that

|arg{p(z)}|<g—a (0§a<g;zeU>.
O
By setting /
p(z) = Z]{(S) (feA and a=0

in Theorem 2, we can deduce the following corollary.

Corollary 5. Let f € A. Then

zf"(2)
1+ =5 1
f'(z) _ - < 7T.
Z}CE(? 1<2 (O:a<2,zeU)

implies that f € §*.
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Theorem 3. Let § € C withu :=R{B} > 0. Let p be a nonzero analytic function with p(0) =1
and

~ zp'(2) < .
51 (@) <J{p(z)+,3 (2) } < o) (0:a< 5 ZGU)7 (18)
where
2cos? a 4+ u)u + usin o
CoS Qv
and
\/W—l—uu— u sin o
CcoS v

Then

]arg{p(z)}]<g—a (O§a<g;z€U>.
Proof. We define the functions ¢ and hy by (4) and (5), respectively. We also suppose that ¢ is
not subordinate to h;. Then, by Lemma 1, there exist points z; € U and ¢; € 9U\ {1} satisfying
(6). We also have p # 0 in (6). Thus, from the equations (4), (5), (6) and (7), we have

A CCRE e S GGy

where u = R {5} and o7 is given by (7). For the case when p > 0, we have

moiu
pcosa —
> pcosa — gt
— poosa+ u(p? — 2psina + 1)
2pcos o
1
= {(2cos2a+u)p+u—2usina}
2cosa p
1
> 5 {2 (20052a+u)u—2usina}
cos «
= 52(0[).

Therefore, we have

J {p(Z1) + Bzf(lz(f)l)} 2 da(av),

which is a contradiction to (18). For the case when p < 0, we put

p=—p>0.
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Then, by using the same method as the above, we obtain

moi1u

pCcos o —

- o1u
< —pcosa+ —

1 U
= — 2 cos? p+ — + 2usi
2cosa{( cos a+u)p+ﬁ+ usma}

1
< {2\/(2c082a+u)u+2usina}

2cosa

= 51(&).

Moreover, this last inequality yields

3{pten) + 5220 < 5y,

which is a contradiction to (18). Hence we have

R {ep(z)} >0 <0§a<g; ze[U). (19)

We next define the functions r and hg by (10) and (11), respectively. Then, by using a similar
method as the above, we obtain

%{efmp(z)} >0 (0 Sa< g; z € [U) . (20)
Thus, from (19) and (20), we have

arg{p(z)}| <5 —a  (0Sa<ZizeU).

The proof of Theorem 3 is thus completed. 0

Remark 1. If we put 8 =1 in Theorem 3, then we can obtain the result given earlier by Kim
and Cho [4, Theorem 2].

By setting 2)
p(z) = e

in Theorem 3, we can deduce the following corollary.

(feA and a=0

Corollary 6. Let § € C with u :=R{8} >0 and let f € A. Then

o DY o7 e

implies that f € S*.

1251 Young Jae Sim et al 1243-1254



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.7, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Theorem 4. Let v € R with v > 0. Let p be a nonzero analytic function with p(0) =1 and

zp'(2) v m
-1 = +1 < —; . 21
p(Z)-i-’Yp(Z) ‘<<2+ )]p(z)]cosa (O_a<2,z€U) (21)
Then - -
o < .
arg {p(2)}| < 5 - (0Sa<Fizel).
Proof. Let '
e 0
= 0= —; U).
q(2) 2(2) ( _a<27z€ )

Also let the function h; be defined by (5). If the function ¢ is not subordinate to hy, then there
exist points z; € U and (; € 90U \ {1} satisfying (4). By using the equations (4), (5), (6) and
(7), we have
[p(21) + 722D — 1]
|P(§1)| '
=le " q(z1) + e "Yy214'(21) — 1
= [h(¢1) + MGk (G) — e

ia‘

=lip+ myo1 —e

= \/(myoy — cosa)? + (p — sina)?
2\/ 1|y + cosa)? + (p — sina)?

2cosa

I
&

1 2
— sina)? + 57 cosa + cos a) + (p — sina)?

7
2

1\
/—\

)COSO[

We thus find that ,
z21p (21)

p(Zl)

which is a contradiction to (21). Therefore, we have

q(z) < hi(z) (z€1),

p(z1) +7 -1

> (3 +1) Ip(e)| cosa,

that is, '
e T
< =; . 22
%{p(z)}>0 <O_a<2,ze[U> (22)
We next consider the function r(z) defined by
el ™
= 0= =; U
r(2) o) ( Sa<g;z€ )

and the function hy defined by (11). Using a similar method as the above, we obtain

e i m
R 0 0= —; U). 23
{p(z)}> ( Sa<g;z€ ) (23)
Therefore, by (22) and (23), we have the assertion of Theorem 4. O
10
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Remark 2. If we put v = 1 in Theorem 4, then we can obtain the result proven earlier by Kim
and Cho [4, Theorem 3.

If we take

= zf’(z) an a=
P =~y (FeA d 0

in Theorem 4, we obtain the following result.

Corollary 7. Let v € R with v > 0 and let f € A with
f(z)

z

#0 (z € U).

Then the following inequality:

G (R <o

2f'(2)
f(2)

implies that f € §*.

Acknowledgements

This work was supported by the Basic Science Research Program through the National Research
Foundation of Korea (NRF) funded by the Ministry of Education, Science and Technology of
the Republic of Korea (No. 2011-0007037).

References

[1] A. A. Attiya and M. A. Nasr, On sufficient conditions for Carathéodory functions with
applications, J. Inequal. Appl. 191 (2003), 1-10.

[2] N. E. Cho and I. H. Kim, Conditions for Carathéodory functions, J. Inequal. Appl. 2009
(2009), Article ID 601597, 1-6.

[3] P. Delsarte and Y. Genin, A simple proof of Livingston’s inequality for Carathéodory func-
tions, Proc. Amer. Math. Soc. 107 (1989), 1017-1020.

[4] I. H. Kim and N. E. Cho, Sufficient conditions for Carathéodory functions, Comput. Math.
Appl. 59 (2010), 2067-2073.

[5] J.-L. Li and S. Owa, Sufficient conditions for starlikeness, Indian J. Pure Appl. Math. 33
(2002), 313-318.

[6] S. Miller, Differential inequalities and Carathéodory functions, Bull. Amer. Math. Soc. 81
(1975), 79-81.

[7] S.S. Miller and P. T. Mocanu, Differential Subordination: Theory and Applications, Series
on Monographs and Textbooks in Pure and Applied Mathematics, No. 225, Marcel Dekker
Incorporated, New York and Basel, 2000.

11

1253 Young Jae Sim et al 1243-1254



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.7, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

8]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

M. Nunokawa, Differential inequalities and Carathéodory functions, Proc. Japan Acad. Ser.
A Math. Sci. 65 (1989), 326-328.

M. Nunokawa, On properties of non-Carathéodory functions, Proc. Japan Acad. Ser. A
Math. Sci. 68 (1992), 152-153.

M. Nunokawa, A. Ikeda, N. Koike, Y. Ota and H. Saitoh, Differential inequalities and
Carathéodory functions, J. Math. Anal. Appl. 212 (1997), 324-332.

M. Nunokawa, S. Owa, J. Nishiwaki and H. Saitoh, Sufficient conditions for starlikeness
and convexity of analytic functions with real coefficients, Southeast Asian Bull. Math. 33
(2008), 1149-1155.

M. Nunokawa, S. Owa, N. Takahashi and H. Saitoh, Sufficient conditions for Carathéodory
functions, Indian J. Pure Appl. Math. 33 (2002), 1385-1390.

M. Obradovi¢ and S. Owa, On certain properties for some classes of starlike functions, J.
Math. Anal. Appl. 145 (1990), 357-364.

K. S. Padmanabhan, On sufficient conditions for starlikeness, Indian J. Pure Appl. Math.
32 (1990), 543-550.

V. Ravichandran, M. Darus and N. Seenivasagan, On a criteria for strong starlikeness,
Austral. J. Math. Anal. Appl. 2 (1) (2005), Article ID 6, 1-12.

H. Shiraishi, S. Owa and H. M. Srivastava, Sufficient conditions for strongly Carathéodory
functions, Comput. Math. Appl. 62 (2011), 2978-2987.

N. Tuneski, On certain sufficient conditions for starlikeness, Internat. J. Math. Math. Sci.
23 (2000), 521-527.

D. Yang, S. Owa and K. Ochiai, Sufficient conditions for Carathéodory functions, Comput.
Math. Appl. 51 (2006), 467-474.

12

1254 Young Jae Sim et al 1243-1254



1255



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL
ANALYSIS AND APPLICATIONS, VOL. 21, NO. 7, 2016

Product-Type Operators from Weighted Bergman-Orlicz Spaces to Bloch-Orlicz Spaces, Hong-

Bin Bal, and Zhi-J18 JIANG, ... eu ettt it e e e e e e e e 1147
Lyapunov Inequalities of Linear Hamiltonian Systems on Time Scales, Jing Liu, Taixiang Sun,
Xin Kong, and QiU HE, ... ovo i e e e e e 1160
Error Analysis of Distributed Algorithm for Large Scale Data Classification, Cheng Wang, and
=T ] [0 o T 1170
Korovkin Type Statistical Approximation Theorem for a Function of Two Variables, G. A.
Anastassiou, and M. Arsalan Khan,...... ... 1176
Advanced Fractional Taylor’s Formulae, George A. Anastassiou,..........c.vcvvenernennnnnn. 1185
Generalized Canavati Type Fractional Taylor’s Formulae, George A. Anastassiou,......... 1205

Properties on a Subclass of Univalent Functions Defined By Using Salagean Operator and
Ruscheweyh Derivative, Alina AIb LUPas,.......c.cooiieiiii i e e e 2. 1213

About Some Differential Sandwich Theorems Using a Multiplier Transformation and
Ruscheweyh Derivative, Alb Lupas Alina,..........coooiii i e e 1218

Approximating Fixed Points with Applications in Fractional Calculus, George A. Anastassiou,
aNd 10aNNIS K. ATGYI0S, ...t ettt it e e e et e et et et e e aaeeaesennennenenaeneneenenen 122D

Some Sets of Sufficient Conditions for Caratheodory Functions, Young Jae Sim, Oh Sang Kwon,
Nak Eun Cho, and H. M. STIVASTAVA, ... ... et it iit it e vt e e e e e e e e e 1243





