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Some Results of a New Integral Operator

Roberta Bucur!, Loriana Andrei?, Daniel Breaz®

!Department of Mathematics, University of Pitesti,
Targul din Vale St., No.1, 110040 Pitesti, Romania,
E-mail:roberta_bucur@yahoo.com,
2Department of Mathematics and Computer Science, University of Oradea,
1 Universitatii St., 410087 Oradea, Romania,
E-mail:lori_andrei@yahoo.com,

3Department of Mathematics,”1 Decembrie 1918” University of Alba Iulia,

N. Torga St., No. 11-13, 510009 Alba Iulia,Romaénia,
E-mail:dbreaz@uab.ro.

Abstract

The main objective of the present paper is to obtain sufficient conditions for the univalence, starlikeness
and convexity of a new integral operator defined on the space of normalized analytic functions in the open
unit disk. Results presented in this paper may motivate further reserch in this fascinating field.

Keywords: analytic, univalent, starlike and convex functions, integral operator.
2010 Mathematics Subject Classifications: 30C45.

1 Introduction

Let U = {2z : |z| < 1} be the open unit disk and A the class of all functions of the form

f(z)=2+ Zanz", for all z € U, (1)

n=2

which are analytic in U. Consider S the class of all functions in .4 which are univalent in U.

A domain D C C is starlike with respect to a point wy € D if the line segment joining any point of D to wy
lies inside D, while a domain is convex if the line segment joining any two points in D lies entirely in D. We
say that the function f € A is starlike if f(U) is a starlike domain with respect to origin, and convex if f(U) is
convex. Analytically, f € A is starlike if and only if

2 (2)
Re > 0, for all z € U,
i) ]
and f € A is convex if and only if
Re|1+ 2 O S franzev
f(z)

The classes consisting of starlike and convex functions are denoted by S* and K, respectively. Further, we
denote by S*(0) and K () the class of starlike functions of order § and the class of convex functions of order &
(0 <4 < 1), respectively, where

Z]>5andRe

1+ Zf (Z)] > 0.
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Recently, Frasin and Jahangiri [4] defined the family B(u,A), u > 0, 0 < A\ < 1 consisting of functions f € A
satisfying the condition

’ 2 14l c1oa fralzew
f(z)[f(z)]—’<—,ora zeU.

We note that B(1,\) = S*()\), B(2,A) = B(A) (see [3]) and B(2,0) = S.
For the functions f,g € A and «a,( € C we define the integral operator IS(f,g) given by

IS(f,9)(2) = [Cfozt”“ (2&?) dt] : (2)

Note that the integral operator IS(f, g)(z) generalizes the integral operator I,(f, g)(z) introduced in [2].

In this paper our purpose is to derive univalence conditions, starlikeness properties and the order of convexity
for the integral operator introduced in (2). Recently, many authors studied the problem of integral operators
which preserve the class S (see [5], [9]).

In order to prove our results, we have to recall here the following:

Lemma 1.1 (Mocanu and Serd [7]) Let My = 1,5936..., the positive solution of equation

(2- M)eM =2. (3)
If f € A and
J}, ((j)) < My, forall z €U,
then
2 (2) _
e 1| <1, forall ze U.

The edge My is sharp.

Lemma 1.2 (Pascu [8]) Let v be a complex number, Rey > 0 and let the function f € A. If

2" (2)
f(2)

for all z € U, then for any complex number (, Re( > Rev, the function

1— |Z|2Re’y

. = 4

Revy

Fe(2) = {C /Oz oty (t)dt} l

is reqular and univalent in U.

Lemma 1.3 (General Schwarz Lemma [6]) Let f be regular function in the disk Ur = {z € C : |z| < R} with
lf(2)| < M, M fized. If f has in z = 0 one zero with multiply bigger than m, then

M
1f(2)] < R—m|z|m, z € Up.

WM om where 6 is constant.

Rm
Lemma 1.4 (Ready and Padmanabhan [10]) Let the functions p,q be analytic in U with
p(0) = ¢(0) = 0,

and let § be a real number. If the function q maps the unit disk U onto a region which is starlike with respect
to the origin, the inequality

The equality case hold only if f(z) = e

P (2)

fie q'(2)

1 >4, forallze U
implies that

Re Ezﬂ >0, for all z € U.
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Lemma 1.5 (Wilken and Feng [11]) If 0 <6 <1 and f € K(0), then f € S*(v(5)), where

%a Zfé#la
v(5) = {2(1 =2 2 (4)
2log2? Zf($:§.

2 Main results

The univalence condition for the operator IS(f,g) defined in (2) is proved in the next theorem, by using
Pascu univalence criterion.

Theorem 2.1 Let o, be complex numbers, Rey > 0, My the positive solution of the equation (3), My =
1,5936..., and f,g € A. If

1"

f () g (2)
f/<Z) S MOa g/<Z) S MOa zeU (5)
and
2MyRey + (2Rey + 1) #r < fer (ZReIZszL S ; (6)
then for any complex number (, Re( > Re~y, the integral operator
¢ e (FONT T
I5(f,9)(2) = [C/O ket <g(t)> dt]
is in the class S.
Proof. Let the function
_Fw]”
h(2) 7/0 [ L ] dt 1)
The function h is regular in U and h(0) = A’ (0) — 1 = 0.
From (7) we have
R AC)
"= [ o) ]
and B
o (T e e e 4
()= ( o) O T T
We get
2 (z) _ () 29| _ 2@ (29(z)
e R e ] = l 7 ( o) 1)] ®
From (8) we obtain
1- |Z‘2R6—Y . Zh”(z) 1-— |Z|2Re'y . | ‘ |O[| . f//(Z) 1- |z|2R67 . |a‘ . Zg/(Z) —1
Rey h(z) |7 Rey f'(2) Rey 9(2) '

From (5) and applying Lemma 1.1 we obtain

’

zg (2)

o

<1, forall z €U,
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which implies that

1— [z2Ber |20 (2 1 — |z|28ey 1 — |z|28ey
O LT g a4 E T g
Rey K (z) Revy Revy
Since
1— |Z|2Re'y | 2
max——— = ,
z<1 Rey (2Revy + 1) 2er
we have
1—[2]2B7 | zh (2) 2 ||
Re . h/ (Z) S 2Revy+1 ‘Of| 0 + ﬁ
v (2Rey + 1) 2Rer g
Using (6) in (9) we obtain
_ 2Rey "
12 : Zh, (2) <1, zelUl,
Rey h'(2)

and by applying Lemma 1.2, we obtain that the function I$(f, g)(2) is in the class S. =
If we put ( =1 in Theorem 2.1, we obtain

Corollary 2.2 Let o,y be compler numbers, 0 < Rey < 1, My the positive solution of the equation
My =1,5936..., and f,g € A. If
f/(z) < Mo, g/(z) <My, z€eU,
f(2) 9'(2)
and
2Revy+1

ey+1 Rev - (2R 1) 2Re
9MoRey + (2Rey + 1) 27 < =1 (2Rey +1) =R

)

|

then the integral operator

is in the class S.
Putting Rey = 1 in Corrolary 2.2, we obtain

Corollary 2.3 Let o,y be complex numbers, 0 < Rey < 1, My the positive solution of the equation
My =1,5936..., and f,g € A. If

"

f () g9 (2)
) < Mo, 7 <My, zeU,
and
|a| < i
~ 2My + 33
then the integral operator N
_ [Tt @

is in the class S.

This result was also obtained in [2].
In the following theorem we give sufficient conditions such that the integral operator IS(f, g)(z) € S*.

1020 Roberta Bucur et al 1017-1023

(3),

(3);



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.6, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Theorem 2.4 Let o, be complex numbers, M > 1, f € A and g € B(u, A) such that

<1l and |g(z)|<M, =zeUl.

If
[q
ol < s e

then the integral operator I5(f,g)(z) is in the class S*.

Proof. Let’s consider the function ¢ given by

e(2) = I5(f,9)(2), z€U.

Then, by differentiating ¢ with respect to z, we obtain

’

2p (2) _ _
o(z) Cf()z tot¢—1 (f'(t))a dt

Lk [f’(z)

Letting /
p(2) = 2 () and q(z) = (2),
we find that ) B )
P L al e e
Mt TR g<z>]
Thus,
P |, 2@ |
eI Gl e e N e e ]
lef 2" (2) ' 2\ 9@ "
=W e *(g” <g<z>> 1’“)‘ : ]

Since |g(z)| < M, z € U, by applying the Schwarz Lemma, we have

‘ 9(2)

z

< M, forall z € U.

By using the hypothesis and (13) we obtain

p/(z) |af -1
T < S 2H (20 M <
q(2) 1q : ]
that is )
Re pl(z) >0, zeU
q(2)
Therefore, applying Lemma 1.4, we find that
Re [p(z] >0, 2€U
q(z)
This completes the proof. of the theorem. m
Taking ¢ = 1 in Theorem 2.4, we have
5
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Corollary 2.5 Let o, be complex numbers, M > 1, f € A and g € S*(\) such that

<1l and |g(z)|<M, =zeUl.

If
[q

< 2
ol = 725

then the integral operator 1,(f,g) is in the class S*.
Letting A = 0 in Corollary 2.5, we obtain

Corollary 2.6 Let o, be complex numbers with |a| = |4i| and M > 1. If f € A and g € S* satisfies

<1 and |g(z)| <M, zeU,

then the integral operator I5(f,g) is in the class S*.
Next, we find sufficient conditions such that I5(f, g)(z) € K(6).

Theorem 2.7 Let o, be complex numbers, M, N > 1, f € A and g € B(u, A). If

lg(z)| < M and

for all z € U then, the integral operator IS(f,g) is in the class K(6), where
§=1- ‘?‘ I+N+©Q2-NM1 and 0< ’(Zf‘ [1+N+4+(2-NM+1 <1,

Proof. Letting the function ¢ be given by (11), we have

2 (2) zg’<z>] .

[z gz

Therefore, using the hypothesis of the theorem and applying the Schwarz Lemma, we obtain
a’ /" (2) _ ‘a‘ 29 (2) ( 2 ) (g(z))ﬂl
¢ f(2) LS g9(z)  \yg(2) z

< m [1+N+ Hg'(z) (g(zz)>ﬂ—1‘+1} ~M”‘1] < “2"[1+N+(2—A)-Mﬂ—1} —1-4.

1+

'(z) ¢

20 (2) g

(2)
9(2)

1+ 1+ N+

S ‘

This evidently completes the proof. m
Letting 4 = 1 in Theorem 2.7, we have

Corollary 2.8 Let o, be complex numbers, M, N > 1, f € A and g € S*(N\). If

lg(z)| < M and

for all z € U then, the integral operator IS(f, g) is in the class K(J), where
a a
5:1—‘4’(34—]\[—/\) and O<’C‘(3+N—)\)§1.

Letting § = A = 0 in Corollary 2.8, we obtain
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Corollary 2.9 Let o, be complex numbers, M, N > 1, f € A and g € S*. If

lg(z)| < M and

f(2)
for all z € U then, the integral operator IS(f, g) is convex in U, where

Kl

3+ N

Theorem 2.10 If a,( are complex numbers and f,g € K(0) then IZ(f,g) belongs to the class K(b), where
b=1—|%|(2-0—-v(d)), 0<b<1 andv(d) is given by Lemma 1.5.

<

ol =

Proof. Letting the function ¢ be given by (11), we have
2f"(2)

— n +

; [ 7

Since g € K (6), by applying Lemma 1.5, we yield that g € S*(v(9)). So,

2 (2) @

¢'(2)

< %(2_5_1,(5)):1—1), (14)

20 (2)
¢'(2)

which evidently proves Theorem 2.10. m
Corollary 2.11 Let «,( be complex numbers with |a/¢| < 2/3. If f,g € K then Ig‘(f7 g) belongs to the class
K(1—35|g]-
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Abstract: A new generalization of the Ostrowski inequality and Ostrowski type inequality for dou-
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special cases of our general results are supplied.
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1 Introduction
In 1938, Ostrowski [21] proved the following interesting integral inequality.

Theorem 1.1 Let f : [a,b] — R be continuous on [a,b] and differentiable in (a,b) and its derivative
f":(a,b) = R is bounded in (a,b). Then for any x € [a,b], we have

b

T — a+b)2
f@) - = [ 10 < <i+((b))> b~ )7

a

where || f'|oc := sup |f’(z)| < oo. The inequality is sharp in the sense that the constant § cannot be
te(a,b)
replaced by a smaller one.

Mohammad Masjed-Jamei and Sever S. Dragomir[I1] established the generalization of the Os-
trowski inequality for functions in LP-spaces and applied it to find appropriate error bounds for
numerical quadrature rules of equal coefficients type using kernel (3.2)) on [a, b].
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The Ostrowski inequality and the Montgomery identity were generalized by Bohner et. al.[7] to
an arbitrary time scale, unifying the discrete, the continuous, and the quantum cases:

Theorem 1.2 a,b,s,t € T, a <b and f : [a,b] — R be differentiable. Then

1
b—a

b
£ - 5 [ £ )85 < 2 (ha(t0) + ha (1.0). (11)

where ho (.,.) is defined by Definition 8 and M = sup |fA (t)| < 00.This inequality is sharp in
a<t<b
the sense that the right-hand side of cannot be replaced by a smaller one.

During the past few years, many researchers have given considerable attention to the Ostrowski
inequality on time scales. In [I6l [I7, 18], variants generalizations, extensions of Ostrowski inequality
on time scales have established.

In 1988, S. Hilger [10] introduced the time scales theory to unify continuous and discrete analysis.
For other results of Ostrowski type inequalities involving functions of two independent variables for
multiple points, the Ostrowski type inequalities involving functions of two independent variables for k2
points, generalized double integral Ostrowski type inequalities, Ostrowski type inequalities for double
integrals, Ostrowski type inequality for double integrals on time scales via AA—integral, Ostrowski
and Griiss type inequalities for triple integrals, weighted Griiss type inequalities for double integrals,
Griiss type inequalities, the Ostrowski type inequality for double integrals, generalized n dimensional
Ostrowski type and Griiss type integral inequalities, generalized 2D Ostrowski-Griiss type integral
inequalities on time scales see the papers [8] 9] [12] [14] [15] 19, 20, 22| 23, 24, 25], respectively.

This paper is organized as follows. In Section 2, we briefly present the general definitions and
theorems related to the time scales calculus. A new generalization of the Ostrowski inequality and
Ostrowski type inequality for double integrals are derived in Section 3. We also apply our results to
the continuous and discrete calculus cases.

2 General Definitions

In this section we briefly introduce the time scales theory. For further details and proofs we refer the
reader to Hilger’s Ph.D. thesis [I0], the books [2, [, 13], and the survey [I].

Definition 2.1 A time scale is an arbitrary nonempty closed subset of the real numbers R.

Throughout this work we assume T is a time scale and T has the topology that is inherited from
the standard topology on R. It is also assumed throughout that in T the interval [a,b] means the set
{t € T: a <t < b} for the points a < b in T. Since a time scale may not be connected, we need the
following concept of jump operators.

Definition 2.2 The forward and bacward jump operators o,p: T — T are defined by
o(t)=inf{s € T:s >t}, p(t)=sup{seTs<t},

respectively.

1025 A. Tuna et al 1024-1039



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.6, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

The jump operators o and p allow the classification of points in T as follows.

Definition 2.3 If o(t) > t, then we say that t is right-scattered, while if p(t) < t then we say that t
is left-scattered. Points that are right-scattered and left-scattered at the same time are called isolated.
If o(t) =t, then t is called right-dense, anf if p(t) =t then t is called left-dense. Points that are both
right-dense and left-dense are called dense.

Definition 2.4 The graininess function p : T — [0,00) is defined by u(t) = o(t) —t fort € T. The
set T% is defined as follows: if T has a left-scattered mazimum m, then TF = T — {m}; otherwise,
T* = T.

If T =R, then u(t) = 0, and when T = Z, we have u(t) = 1.

Definition 2.5 Assume f: T — R is a function and fiv t € T. Then the (delta) derivative f*(t) € R
att € T% is defined to be number (provided it exists) with property that given for any e > 0 there exists
a neighborhood U of t such that

[f(o(8)) = f(s) = 2 (W) [o(t) = s]| < elo(t) —s], VseU.
If T =R, then f2(t) = LD and if T = Z, then Af(t) = f(t+1) — f(t).
Theorem 2.6 Assume f,g : T — R are differentiable at t € TF. Then the product fg : T — R is
differentiable at t with
(£9)° (&) = f2(0)g(®) + Fo(£)g™ (¢).

Definition 2.7 The function f : T — R is said to be rd-continuous(denote f € Crq(T,R)), if it is
continuous at all right-dense points t € T and its left-sided limits exist at all left-dense points t € T.

It follows from[2, Theorem 1.74] that every rd-continuous function has an anti-derivative.

Definition 2.8 A function F : T — R is called a delta antiderivative of f : T — R provided F~(t) =
f(t) for any t € T, In this case, we define the A—integral of f as

b
/f(s)As =F(t)— F(a), teT.

Theorem29 Let f,g be rd- contmuous achTandOz B €R. Then
(z)faf )+ Byg(t) At—aff At+ﬁfg

2) frnac=— f roae

b

(s) fbf<t>At _ frwact frma

a

b

(4) ff )AL= (fg) (b) — (f9) (a) — [ f2(t)g” (1) AL,

a
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Theorem 2.10 If f is A—integrable on [a,b], then so is |f|, and

/bf(t)At S/blf(t)At.

Definition 2.11 Let hy : T? — R , k € Ny be defined by ho(t,s) = 1, for all s,t € T and then
t
recursively by hii1 (t,8) = [ hy (7,8) AT, for all s,t € T.

The two-variable time scales calculus and multiple integration on time scales were introduced in
[, 5] (see also [6]). Let Ty and Ty be two time scales and put

T1XT2:{(t,S):tET1, SETQ},

which is acomplete metric space with the metric d defined by

d((t,s),(t,s)) = \/(t — )Y+ (s—s)% V(ts),(t,s) €Ty xTy.

For a given § > 0, the J—neighborhood Us (%o, so) of a given point (tg, sg) € Ty x Ty is the set of
all points (¢,s) € Ty x Ty such that d((¢,s), (t',s')) < d. Let o1, p; and o2, p; be the forward jump
and backward jump operators in T; and Ts, respectively.

Let Ty and Ty be two time scales. For i = 1,2, let 0, p;, and A; denote the forward ump operator,
the backward jump operator, and the delta differentiation operator, respectively, on T;. Suppose a < b
are points in Ty, ¢ < d are points in Ty, [a,b) is the half-closed bounded interval in Ty, [¢,d) is the
half-closed bounded interval in Ty Let us introduce a "rectangle" in T;x Ty by

R =1a,b) x [c,d) = {(t1,t2) : t1 € [a,)), t2 € [c,d)}.

3 Main Results

To derive main results in this section, we need the following Lemma.
Lemma 3.1 Let a,b,t € Ty and c,d,s € Ty and f € CC},([a,b] x [¢,d] ,R). Then we have

wywa f (z,y)
b d 82]0 (t ) b
B //le (@,8) Ky (4, 8) 2 NpsAyt — Fy (w,y) — F +w2/f(0 (t),y) Oat
AQSA]t
d

a
b

+w1/f(x,cf(s))AQs—/[(a—/sl)f(a(t),c)—<d—ﬂ2>f<a<t>,d>m1t

C a

d

b d
- / (@ —01) f (0,0 () — (b~ 0) f (b (5))] g — / / f(o(t),0 () Bastat (3.1)

C
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for all (z,y) € [a,b] x [c,d], where

t —

Kw’z(yvs):{ Z:

in which wi,wy € R, f(b) # f(a), f(d) # f(c), 02 — 01 = w1, By
(C_Bl)f(xa

Ku, (a:,t):{ b=

Fi(z,y) = wi[(d = By) f (2, d) =

and

(b=w1)f(b)—af(a)

bf(b)fl(gl 3f(>_t O astse
ORI

W—t—ez, z<t<b

(d—ws) f(d)—cf(e) _

T =8By y<s<d

_ﬁl = W2,

o)l +w2 [(b—02) f(b,y) —

(a—01) f (a,y)],

Fy=(a—01)[(c=B1) f(a,0) = (d=By) f(a,d)] + (b= 02) [(d — B5) [ (b, d) —

Proof. Integrating by parts and considering (3.2 and . we get

b d
0% f (t,
//le (z,t) Ky, (y, s) ﬁ&gsAlt
z Y
O%f (t O*f (¢
// (t=0)(s =5 Afs(AS Dot AlH// (t=02)(s=52) Afs(ASt) stat

(c=061) f (b c)].

+/b/yt—92 -8 X f( )A2 A1t+//dt—92 ) (s = By) Af(A )Az Ant (3.4)

We have

S_Bl) AsAt

fi-u

-0 )[( — o) L (o) 20 [OLGID

Aqt

Aqt

= w-p [u-o)ZLED A -5y [0y

a a

. / ( / -0y 2@ M) s

C

of (t,c)
JANT

Aqt
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= (y—5) {(x—&)f(w,y)—(a—91)f(a,y)—/f(a(t),y)Alt

—(c=51) [(w—91)f(w,0)—(a—91)f(a70)—/f(0(t) ) At

Y

_/ [(g;—el)f(xya(S))—(a—al /f

c

= @0 (B () — (a—01) (v~ B1) [ (ary) — (y— B) /f

—(e—B1) (@ —00) [ (2:¢) + (a—01) (e — Bu) F (ar0) + (c— By) /f

Y ]

~@=00) [ £@0(9) Bas+(a=0) [ Flao(s)) Las
" / / F (o #),0(5)) BasDt,

Similarly, we obtain

// t—0 ALAt)AQSAlt

= (A= By) (@ —01) f (@, d)— (a—01) (d— By) f (ard) — (d — B) /f

—(3:—91)(y—62)f(w,y)+(a—91)(y—62)f(a,y)+(y—ﬁz)/f(0(t)

d d

—(x—&l)/f(x o(s ))Ags—l—(a—@l)/f(ap(s))Ags

Y
//f ) AasAit,

1029

AQS

) At

c) Dqt

Jd) At

,y) At

(3.6)
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and
// t—02 Af (Alt) AQSAlt
b
= (b—92)(y—,31)f(byy)—(x—ﬂa)(y—ﬁl)f(x,y)—(y—ﬁl)/f(a(t),y)Alt
’ b
_(b_02)(c_ﬂ1)f(bvc)+(C_ﬁ1)(x_02)f(xvc)+(C_ﬁl)/f(o—(t)vc)Alt
—(b—92)/f(b0( AQS"’ .’b—92 /f.’EU AQS‘I’//f AQSAlt (37)
and finally
b d
// t—92 Af(Alt)AQSAﬂZ

b

S (6*92)(d*ﬂ2)f(b,d)*(dfﬁz)(l‘*Hz)f(x,d)*(d*ﬁé)/f(a(t),d)ﬁlt

b

—(b=102) (y — Bs) f (b,y) + (z — 02) (y—ﬁg)f(w,y)+(y—62)/f(0(t)7y)A1t

d d

—(6—92)/f(b o (s >>Aas+<z—oz>/f<z,a<s>m23

Y

//f )) Dasit, (3.8)

Substituting . into , we obtain the result . [

Corollary 3.2 In the Lemma 3.1, we choose w1 =b—a, wy = d—c and hence 61 =a, 03 =0, 8, =c,
By = d. Then by simple computation, we get

d
[ K @0 B 09 T msst = =0 @- f @)~ (0=0) [ 0. 2t

c a c

This is the result given in [22, Lemma 2.3].
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The following Theorem is a new generalization of the Ostrowski inequality for double integrals on
time scales.

2
Theorem 3.3 Let the assumptions of Lemma 3.1 hold. Assume that sup ‘if(Zs)
281t
a<t<bjc<s<d

we have the inequality

b
wwsf (@,y) + Fi (2,9) + Fy — wy / f (o (t).9) At

a
d b

—w1/f(x,0(8))A28+/[(C—ﬂl)f(ﬂ(t),fi)—(d—ﬁz)f(a(t),d)]ﬁlt

a

d
+/ (0 —01) f(a,0(5)) — (b—0) (b, (s A25+//f )) Agshit
T b
/‘t701|A1t+/|t792|A1t /|57ﬁ1|A28+\/|87ﬂ2|A25 (39)
a x c Y
82 f(t,s
where K = sup AJS(Ali s

a<t<bjc<s<d

Fy(z,y) = wi[(d = By) f(2,d) — (¢ = B1) f (@, 0)] + w2 [(b = 02) f (b,y) — (a — 61) f (a,y)],

and

Fy=(a—01)[(c=B1) f(a,¢) = (d=Bs) f(a,d)] + (b= 02) [(d = B5) f (b,d) — (¢ = ;) f (b, 0)].
Proof. By applying Lemma 3.1 and using the properties of modulus, we can state that

b
wiwaf (@y) + Fi (@) + Fs — ws / o (t),y) Ot

a

d b
—ur [ oo @) bas+ [lle=8) (0 (0,0~ (@ 5,) f(01). )] Lt
dC a
+ [ a2 £ (@0(9) ~ (0= 02 1 (b0 ()] Bas + / / F (0 (1), (5)) Dasint
0 (t.5)
[ [ 1 @01 Ko 090 | G250 Bassat

where K, (z,t) and K, (y, s) are given by (3.2) and (3.3). The proof is complete. m
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Theorem 3.4 Let a,b,t € Ty and ¢,d,s € Ty and f € CC}, ([a,b] X [c,d],R). Assume that

222]‘:5(22 izzgs(gfi < 00. Then for all (z,y) € [a,b] X [¢,d], we

< oo and sup
a<t<bje<s<d

sup
a<t<bjc<s<d
have the inequality

AQSAlt// AZSAlt
b d
w1 2[ (z,y //g ) DNasAqt+ g (x,y //f ) DNosqt

5 [P @) / / 90 (£),0(s)) Daslat + G (a,y / / e ) Bastiat

a (&

A f oo aonsmacre | [row.0wsma
YLy —

/a | [ rio.at sn
[/fm Azs// ) dsstt

/ (z,0( Ags//f )) DasAgt

b b d
+s [ Jle=50 0.0~ @=p) o). d)sut [ [olo).00) basiar
b ’ b (ji ‘
+[le=8)90 0.0~ @-Bg@®.d) st [ [ 16(0).0() bastat
1a d ’ Cb d
= [ [ a0 f @0~ 6= 025 G ()] 825 [ [ 900 (0.0 (5)) Aasti
d ‘ b ad ‘
+ [ a0 9(0.0 () = 0= 02) 9o ()] bas [ [ 1(0(0).0(5) Bastrat
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1
SQ[ / /|g N dasbut + 1 / /|f D dasts

X |:/|t—91A1t+/t—92|A1t /|S—ﬂ1|A28+/|8—52‘A28 (310)
where K = sup ZZJ;(Z? , L= sup ilgs(gf)t .
a<t<bje<s<d a<t<bje<s<d
Proof. From , we have following identties
b d
//f ) Dosiat = —wywaf (z,y) — Fi (7,y) — Fa
b d
+w2/f (o (t),y) Dt + wn / fz,o(s)) Nas
, a C
- [le= 801000~ = 5:) 1 (0 (1)) At
ad
- / [(a—61) f(a,0(s)) = (b—02) f (b0 (s))] Das
Cb d 52
[ [ Ko@) K9 TS sn )
in which
Fy(z,y) =wi [(d— By) f(z,d) = (c = B1) f (&, )] + w2 [(b = 02)  (b,y) — (a = 01) f (a,y)],
and

Fy=(a—01)[(c—p1) f(a,¢) = (d = Bs) f(a,d)] + (b — 02) [(d = B) f (b,d) — (¢ = B1) f (b, )]

and similarly

// ) DasAit = —wiwag (x,y) — Gy (x,y) — G2

b d
g / g (0 (£),9) Art+wy / g (2,0 (5)) Das

b
*/[(C*ﬁl)g(a(t)m)*(dfﬁz)g(g(f)yd)]ﬁlt

10

1033 A. Tuna et al 1024-1039



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.6, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

d
- / (@ —61) g (a0 (s)) — (b—62) g (b0 ()] Aas

b d
32 (t,s)
+//le (2,t) Ku, (y, 5 AQSAltAQ sAt (3.12)

Gi1(z,y) = w1 [(d—By) g (x,d) — (c—B1) g (z,¢)] + w2 [(b—02) g (b,y) — (a —01) g (a,y)],

and

Gy =(a—01)[(c=B1)g(a,c) = (d=Bs) g (a,d)] + (b= 02) [(d = B2) g (b,d) — (¢ = B1) g (b, )]

Now, multiplying both sides (3.11)) and (3.12) by ffg (s)) NasAqt and

f f fo (8)) Ags/Aqt, adding the resulting identities and taking absolute values, we get

b d

(s))AgsAlt//g(o— (t),0(s)) DNasAt

a C

[m,w / jg< 000 st st | [ 100,00

A fatrtonn s / /f ) st

_lg_']fw),w [ [oto@.ron tastaes / et ] [ i
RN /dgw) o) Bastt s [ a(a.06) 22 / /f ) dast
+5 [ / (= B1) Flo(t),¢) — (d—Ba) £ (o (t),d)] At / / 9(0 (), 0(5)) Dasiit

" /b (= B9 (0 ®).0) — (d—Ba) g (o (t) . d)] Ant / /d F(o(6),0(s)) Dasiat

11
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[/ (0= 0 ()~ 0 £ 0 AQS// ) Aast
+jumwnwm<» (b-b2)9 Aw//f ) Basit
T R— j ot simenan
. / / [ ()] (3, 9)] Dot

Hence, we get the inequality (3.10). The proof is complete. m
If we apply the Theorem 3.2 to different time scales, we will get some new results.

Corollary 3.5 If we let Ty= To= R in Theorem 3.4, then we obtain the inequality

b

d
/ftsdsdt//gtsdsdt

a

b d
+w1w2[ xy//gtsdsdt—i—gmy//ftsdsdt]

C

% A (z,y)//g(t,s)dsdt+G1 (m,y)//f(t,s) dsdt]
—s—% 2/b/ tsdsdt—i—Gg//ftsdsdt]

[

a
b

7% /f Alt/b/dgtsdsdtJr/bg(t,y)Alt/b/df(t,s)dsdt]

La

b d
_%/ ds//gtsdsdt+/ xsds//f dsdt]
b

b d

= [/Kc—m)f( o) = (@) f(td)de [ [ gt dsa

a c

+/b[(c—ﬂ)( &)= (A= B2)g dt/b

\&9

f(ts dsdt]

12
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d
/a—91 (a,s) — (b—02) f (b,s)] ds// s) dsdt
d
+/ (a—01)g(a,s)—(b—02)g bdds//ftsdsdt
K//\gts|dsdt—|—L//|fts|dsdt
d
X /\t—91|dt+/|t—92|dt /\s—ﬂl\ds+/|s—ﬂ2|ds
La T c Yy

2 2
for all (z,y) € [a,b] X [¢,d], where K = sup ‘%ﬂ;f) , L= sup ‘W
a<t<bye<s<d a<t<bje<s<d
This inequality is a new Ostrowski type inequality for double integrals in continuous case.

l\')\»—t

IN
DN | =

Corollary 3.6 If we let Ti= To= Z in Theorem 3.4, then we obtain the inequality

b—1d—1 b—1d—1
S FE+Ls+D)Y > gt +1s+1)
t=a s=c t=a s=c
wiw b—1d—1 b—1d—1
+— 2[ @y)> > glt+ls+)+g@y) Y Y flt+1s+1)
t=a s=c t=a s=c
—1d-1 b—1d—1
Fi(x,y ZZg (t+1,s+1)+Gy(z,y ZZf (t+1,s+1)
t=a s=c t=a s=c
b—1d—1 b—1d—1
FQZZg t+Ls+1)+> > ft+1,s+1)
t=a s=c t=a s=c
w b—1d—1 b—1 b—1d—1
- th+1yZth+1s+ )+ Y g+ LYY ft+Ls+1)
t=a s=c t=a t=a s=c
w b—1d—1 d b—1d—1
—71 Zf z,s+1) ZZQ (t+1,s+1) —|—/g x,s—|—1)ZZf(t+1,s+l)
t=a s=c t=a s=c
1 b—1 b—1d—1
+5 Do lle=B) fE+1e) = (d=Fo) f(E+ L)Y D g(t+1s+1)
t=a t=a s=c
b—1 b—1d—1
D le=BDgt+1,0)=(d=Fy)g(t+1,d]Y Y ft+1s+1)
t=a t=a s=c
d—1 b—1d—1
+5 ;ua—el)f(a,sﬂ)—(b—02>f<b,s+1>];§g<t+1,s+1>

13
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d—1 b—1d-1
+> lla=01)g(a,s+1) = (b—02)g(b,s+ 1] > > f(t+1,5+1) |
1SC_ B b t=a s=c
2[KZZ|91&+15+ WHLY D ft+1,5+1)
t=a s= t=a s=c

r—1 — y—1 d—1
X[Zt—91|+2|t—92‘| Z|S—B1|+Z|S—ﬁ2|]
t=a = s=c =Y

for all (z,y) € [a,b—1] X [¢,d — 1], where K denotes the mazimum value of the absolute value of
the difference No/\y f over [a,b— 1], X [¢,d — 1], and L denotes the mazimum value of the absolute
value of the difference No/N1g over [a,b— 1], x [c,d —1],.

This inequality is a new Ostrowski type inequality for double integrals in discrete case.

Note that to compute the integrals of the right hand side of inequalities (3.9) and (3.10] -7 we need
the following general identities:

b [ha (a,0) + ha (b,0)], a<60<b
/‘t—a‘Alt: [hQ(b,Q)—hg(a,G)], f< a<bd
a [hg(a,G)—hg(b,H)], a<b<9,
and
¢ [h2(676)+h2(daﬂ)}7 C<6<d
[ls=8122s =1 Tha(@p)~ ha(e.d)]. 5<c<d
" [hz(C,ﬁ)—hg(d,ﬂ)L C<d<ﬁ.
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Approximate ternary Jordan bi-homomorphisms in Banach Lie triple systems
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Abstract. We prove the Hyers-Ulam stability of ternary Jordan bi-homomorphism in Banach Lie triple systems associated
to the Cauchy functional equation.

1. INTRODUCTION AND PRELIMINARIES

We say that a functional equation (Q) is stable if any function g satisfying the equation (Q) approximately is near to
true solution of (Q).
Ternary algebraic operations were considered in the 19th century by several mathematicians and physicists. Cayley [§]
introduced the notion of cubic matrix which in turn was generalized by Kapranov, Gelfand and Zelevinskii [6]. As an
application in physics, the quark model inspired a particular brand of ternary algebraic systems. The so-called Nambu
mechanics which has been proposed by Nambu [11], is based on such structures. There are also some applications, although
still hypothetical, in the fractional quantum Hall effect, the non-standard statistics (the anyons), supersymmetric theories,
Yang-Baxter equation, etc, (cf. [15, 27]).
The comments on physical applications of ternary structures can be found in [1, 5, 10, 14, 17, 23, 24, 29].

A C*-ternary algebra is a complex Banach space, equipped with a ternary product (z,y,z) — [z,y, 2] of A% into
A, which is C-linear in the outer variables, conjugate C-linear in the middle variable, and associative in the sense that

[m,y, [z,u,v]] = [m, [y,z,u}v] = [[:v,y, z],u,v], and satisfies
1, 201 < Nz l-lyll-ll=ll, Mz, 2, 2]l = [l=]®

A normed (Banach) Lie triple system is a normed (Banach) space (A, || - ||) with a trilinear mapping (x,y, z) — [z, v, 2]

from A x A x A to A satisfying the following axioms:

[x,y,z] = - [y,x,z],
[x,y,z] = —[y,z,x} - [vavyh
[w,v, [z, y,2]] = [lw,v,2],y, 2] + [z, [u,v,9], 2] + [2,9, [u, v, 2],

Iy 21 < l=llllyllll=]

for all u,v,z,y,z € A (see [12, 16]).

92010 Mathematics Subject Classification. Primary 39B52; 39B82; 46B99; 17A40.
9Keywords: Hyers-Ulam stability; bi-additive mapping; Lie triple system; ternary Jordan bi-homomorphism.
0*Corresponding author.
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Approximate ternary Jordan bi-homomorphisms

Definition 1.1. Let A and B be normed Lie triple systems. A C-bilinear mapping H : A x A — B is called a ternary

Jordan bi-homomorphism if it satisfies
H([z, z, 2], [w,w,w]) = [H(z,w), H(z,w), H(z,w)]
for all z,w € A.

The stability problem of functional equations originated from a question of Ulam [28] concerning the stability of group
homomorphisms. Hyers [13] gave a first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’
Theorem was generalized by Aoki [3] for additive mappings and by Th.M. Rassias [21] for linear mappings by considering an
unbounded Cauchy difference. J.M. Rassias [20] followed the innovative approach of the Th.M. Rassias theorem in which

he replaced the factor ||z||” + ||y[|” by ||z||P|ly||P for p,q € R with p + ¢ # 1. The stability problems of various functional
equations have been extensively investigated by a number of authors (see [2, 7, 9, 10, 18, 19, 22, 23, 24, 25, 26, 30, 31]).

2. HYERS-ULAM STABILITY OF TERNARY JORDAN BI-HOMOMORPHISMS IN BANACH LIE TRIPLE SYSTEMS

Throughout this section, assume that A is a normed Lie triple system and B is a Banach Lie triple systems.

For a given mapping f : A x A — B, we define
D uf(z,y,z,w) = f(Az + Ay, pz + pw) + f(Az + Ay, pz — pw)
+f(Az = Ay, pz + pw) + f(Az — Ay, pz — pw) — AAuf(z, 2)

for all z,y,z,w € Aand all \, p € T := {r € C: |v| =1}
From now on, assume that f(0,z) = f(z,0) =0 for all =,z € A.

We need the following lemma to obtain the main results.

Lemma 2.1. ([4]) Let f: Ax A — B be a mapping satisfying D, . f(z,y,z,w) = 0 for all z,y,z,w € A and all X\, €T".
Then the mapping f: A X A — B is C-bilinear.

Lemma 2.2. Let f: A X A — B be a bi-additive mapping. Then the following assertions are equivalent:

f(la, a, d], [w,w, w]) = [f(a,w), f(a,w), f(a,w)] (2.1)

for all a,w € A, and

F([a,b,d + [b, ¢, a] + [¢, @, b], [w, w, w])
= [f(a,w), f(b,w), f(c,w)] + [f(b,w), f(c,w), fla,w)] + [f(c,w), f(a,w), f(b,w)],
(2.2)
f(la, a,a], [b,c,w] + [e,w, b] + [w, b, c])
= [f(a,b), f(a,c), f(a,w)] + [f(a, c), f(a,w), f(a,b)] + [f(a,w), f(a,b), fa,c)],
for all a,b,c,w € A.

Proof. Replacing a by a4+ b+ ¢ in (2.1), we get

f([(a+b+c),(a+b+c),(a+b+c)],[w,w,w]) = [f(a+b+c,w),f(a+b+c,w),f(a+b+c,w)}.
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The we have

f(lla+b+c)(a+b+c)(a+b+c)] [ww w)
= f(la,a,a] + [a,b,a] + [a,c,a] + [b,a,a] + [b,b,a] + [b,c,a] + [¢,a,a] + [¢,b,a] + [c, ¢, a]
+ [a,a,b] + [a,b,b] + [a, c,b] + [b, a, b] + [b,b,b] + [b,c,b] + [c,a,b] + [e, b, b] + [c, c, b]

+ [a,a,c] + [a,b, ] + [a, ¢, c] + [b,a, c] + [b,b,c] + [b, ¢, c] + [¢,a,c] + [¢,b,c] + [¢, ¢, ], [w, w, w])

= [f(a, w), f(a,w), f(a, w)] + [f(a,w), f(b,w), f(a, w)] + [f(a, w), f(c,w), f(a,w)] + [f (b, w), f(a,w), f(a, w)]
+ [f (b, w), f(b,w), fa, w)] + [f(b,w), fc,w), fa, w)] + [f(c,w), fa, w), f(a,w)] + [f(¢,w), (b, w), f(a, w)]
+ [f(e;w), fe,w), fa, w)] + [f(a, w), fa, w), f (b, w)] + [f(a, w), f (b, w), f(b,w)] + [f(a, w), f(c,w), f(b,w)]
+ [f (b, w), fa,w), f(b, w)] + [f (b, w), f(b,w), f (b, w)] + [f (b, w), f(¢,w), f(b, w)] + [f (¢, w), f(a, w), f (b, w)]
+ [f(e;w), f(b,w), f(b,w)] + [f (e, w), fe,w), f(b,w)] + [f(a,w), fa, w), (e, w)] + [f(a, w), f (b, w), f(c,w)]
+ [f(a,w), fe,w), f(e,w)] + [f (b, w), fla,w), f(e, w)] + [f(b,w), f(b,w), f (e, w)] + [f (b, w), f(c,w), f (¢, w)]
+ [f(e;w), fla,w), f(e,w)] + [f(c,w), f(b,w), f(e, w)] + [f (¢, w), f(ec,w), f (¢, w)]

for all a,b,c,w € A.

On the other hand, for the right side of equation, we have

= [f(a,w), f(a,w), f(a, w)] + [f(a,w), f(a,w), f (b, w)] + [f(a, w), f(a,w), (e, w)] + [f(a, w), (b, w), f(a,w)]
+ [f(a,w), (b, w), f(b,w)] + [f(a, w), f(b,w), (e, w)] + [f(a,w), f(e,w), f(a, w)] + [f(a,w), f (e, w), £ (b, w)]
+ [f(a,w), fe,w), fle,w)] + [f(b,w), f(a,w), fa,w)] + [f(b,w), f(a,w), f(b;w)] + [f (b, w), f(a,w), f(c, w)]
+ (0, w), f(b,w), fa, w)] + [f (b, w), £(b,w), f(b, w)] + [£ (b, w), f(b,w), f(c, w)] + [f (b, w), f(e,w), f(a,w)]
+ (0, w), fle,w), f(b,w)] + [f (b, w), f(e, w), fe,w)] + [f (e, w), fa,w), f(a, w)] + [f(c,w), f(a,w), f(b,w)]
+ [f (e, w), fla,w), fle,w)] + [f (e, w), f(b,w), fa, w)] + [f (e, w), f(b,w), f(b,w)] + [f (¢, w), f(b,w), f(c,w)]
+ [f(e;w), fe,w), fa, w)] + [f(c,w), fe,w), £(b, w)] + [f (¢, w), f(c,w), f(c, w)]

for all a,b,c,w € A.
It follows that

f(a, b, +[b,¢,a] + [¢, 0, 0], [w, w, w]) = [f(a,w), f(b,w), f(e,w)] + [f(b,w), (¢, w), f(a, w)] + [f (¢, w), f(a,w), f(b,w)]

for all a,b,c,w € A. Hence (2.2) holds.

Similarly, we can show that

f(la, a;al, [b, ¢, w] + ¢, w, b] + [w, b, ]) = [f(a,]), f(a;¢), f(a, w)] + [f(a, ¢), f(a,w), f(a,b)] + [ (a, w), f(a,b), f(a, )]

for all a,b,c,w € A.

For the converse, replacing b and ¢ by a in (2.2), we have

f([a’ a? a’] + [a7 a’7a’] + [G’?a” a}? [w7 w7w}) = [f(a’w)7f(a7 w)’ f(a7 w)} + [f(a’7w)7f(a7 w)7 f(a7w)] + [f(a7 w)’ f(a’7 w)?f(a’7w)]

1042 Gordji et al 1040-1045



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.6, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Approximate ternary Jordan bi-homomorphisms
and so f(3[a, a, al, [w, w,w]) = 3([f(a, w), f(a,w), f(a, w)]). Thus

f([av a, a]7 [wvwvw]) = [f(av w)7 f(a,w),f(a, w)]

for all a,w € A. This completes the proof. O

Now we prove the Hyers-Ulam stability of ternaty Jordan bi-homomorphisms in Banach Lie triple systems.

Theorem 2.3. Let p and 0 be positive real numbers with p < 2, and let f : A x A — B be a mapping such that
1D (@, 2w}l < Ol + gl + 21 + o)), (23
1 (o 2] + [y 200] + [202,90), [y, w])) = [ (), £, w), £ w)] = (£, w), Fzw0), f(z,w)
~ fz ), faw), f o)l + 1 (lz,0], [y 20 + g + [, 2)) = F@), f@2), faw)] (@24

= [f(@,2), f(z,w), f(z,y)] = [f(z,w), f(z,9), f (@, 2)]ll5 < Oz + [lylla + Izl + [[w]%)
for all \, ;. € T* and all x,y, z,w € A. Then there exists a unique ternary Jordan bi-homomorphism H : A x A — B such
that

17 9) — Ha)lls < oo el + i) (2.5)

for all x,y € A.

Proof. By the same reasoning as in the proof of [4, Theorem 2.3], there exists a unique C-bilinear mapping H : AX A — B
satisfying (2.5). The C-bilinear mapping H : A x A — B is given by
. 1 n n
H(z,y) = nl;rgo 4—nf(2 z,2"y),
for all z,y € A.
It follows from (2.4) that
(e w), (o), H 0l + 1 (12,21 (501 + vl + o) = W) H@ ) Hew)]
- [H($7 Z)7 H(EE, w)7 H(l‘, y)] - [H(:r7 w)7 H(:r7 y)7 H(.T, Z)]”B
~ lim (||f(([2"x, 9"y, 2" 2] + 2"y, 2"z, 2" 2] + 272, 2"z, 2"y)), [2"w, 2w, Q"w])
—[f(2"z,2"w), f(2"y, 2" w), f(2"2,2"w)] — [f(2"y, 2"w), f(2" 2, 2"w), f(2"x, 2" w)]
— [f(2"2, 2 w), £(2"z, 2"w), F(2"y, 2"w)]||s + Hf([an, 9"z, 2"x], ([2"y, 2"z, 2" w] + [2"2, 2w, 2"y + [2"w, 2"y, 2"z])
—[f2"z, 2" y), f(2"x,2"2), f(2"z, 2"w)] — [f(2"x,2"2), f(2"z, 2" w), f(2"x, 2"y)]

np

n n n n n n . 2
— 2,2 w), £(2°2,2"y), F(2, 2 )] [8) < Tim Z0(lalh + il + 120 + lwlli) =0

for all z,y,z,w € A. So

H ([, y, 2141y, 2 al+z, 2, 9]), [w, w,w) ) = [H (@, w), Hy,w), Bz w)+H(y,w), Bz w), Ho,w)+H( w), He,w), By, w)]
and

H ([e, 2], ([y, 2wtz w, yl+w, y, 2)) ) = [H(@,), H(,2), Hz, w)+H(@, 2), H@,w), H@,y)+[H(w,w), H(z,y), H(z,2)]

for all z,y,z,w € A. By Lemma 2.2, the bi-additive mapping H is a unique ternary Jordan bi-homomorphism satisfying

(2.5). O
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Theorem 2.4. Let p and 6 be positive real numbers with p > 6, and let f : A x A — B be a mapping satisfying (2.3) and

(2.4). Then there exists a unique ternary Jordan bi-homomorphism H : A x A — B such that

20
1/, y) = H(z,y)lls < 55— (l2lli + llyll)

for all x,y € A.

Proof. The proof is similar to the proof of Theorem 2.3. O

Theorem 2.5. Let p and 0 be positive real numbers with p < %, and let f : A X A — B be a mapping such that

1Dx s @y, 2wl < O - Iyl - 21 - lwll?),
1 (L9 21 + [y 2,2 + [z, 9D, T w, w]) ) = [F (), £y, w), £z )] = £y w), f(zw), £, w)]
~ [z, w), £ (@, w), £ (g, w))l2
15 (T2, ], (y, 2, 0] + 2, w, 9] + [y, 2D)) = [ (2,9), (2, 2), fl@,0)] = [F(,2), (@), f(2,)]

= [f(@,w), f(2,y), f(2,2)]l8 < O] -yl - [[20% - lwll%)
for all \, ;. € T* and all z,y, z,w € A. Then there exists a unique ternary Jordan bi-homomorphism H : A x A — B such

that

1f(z,y) = H(z,y)||5 < [E2bg 7l (2.7)

0
41— 2%
for all x,y € A.

Proof. By the same reasoning as in the proof of [4, Theorem 2.6], there exists a unique C-bilinear mapping H : Ax A — A

satisfying (2.7). The C-bilinear mapping H : A x A — A is given by

H(z,y) = lim - f(2"2,2"),

n—oo
for all z,y € A.
The rest of the proof is similar to the proof of Theorem 2.3. O
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BOREL DIRECTIONS AND UNIQUENESS OF
MEROMORPHIC FUNCTIONS SHARING FIVE VALUES

JIANREN LONG AND CHUNHUI QIU

ABSTRACT. We study a problem uniqueness of meromorphic functions
in an angular domain concerning a Borel direction, and obtain some
uniqueness results by using Nevanlinn theory of angular domain and
angular distributions, that is, if the zeros of f —a; (j = 1,2,---,5) is
also zeros of g — a; in the angular domain, then f = g.

1. INTRODUCTION AND MAIN RESULTS

As usual, the abbreviations IM and CM refer to sharing values ignoring
multiplicities and counting multiplicities in domain D C C, respectively,
where C denotes the complex plane. In addition, p(f) denotes the order of
growth of a meromorphic function f in C. The standard notation and basic
results in Nevanlinna theory of meromorphic functions can be found in [7]
or [20].

In [12], Nevanlinna proved the remarkable five-value theorem and four-
value theorem by using his value distribution theory, here the five-value
theorem is stated as follows.

Theorem A. Let f and g be two non-constant meromorphic functions in
C and let a; € C = CU {oo} (i = 1,2,3,4,5) be five distinct values. If f
and g share the values a; (i = 1,2,3,4,5) IM in D(= C), then f = g.

After his work, lots of uniqueness results of meromorphic functions in
the complex plane have been obtained, which are introduced systematically
in [18]. In [24, 25], Zheng first took into the uniqueness question of mero-
morphic functions related shared values in an angular domain, and obtained
some five-value theorem and four-value theorem in some angular domain,
while he posed the question: Under what conditions, must two meromor-
phic functions on D(# C) be identical? After his work, a lot of uniqueness
results of meromorphic functions in an angular domain concerning this prob-
lem were obtained. In [1, 17, 23], Nevanlinna’s five value theorem and four

value theorem were extended to some angular domain by using sectorial
2010 Mathematics Subject Classification. Primary 30D30; Secondary 30D35.
Key words and phrases. Meromorphic functions, Uniqueness, Sharing values, Borel

directions, Angular domain.
1
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Nevanlinna characteristic, respectively. It is an interesting topic how to ex-
tend some interesting uniqueness results in the whole complex plane to an
angular domain, more uniqueness results concerning this problem can be
found in [9, 10]. Recently, this problem was studied [11] by using new idea
that angular distributions of meromorphic functions is considered. In or-
der to make our statements understand easily, we first recall the following
definition and Theorem B.

Theorem B. Let B(r) be a positive and continuous function in [0,00)

log B(r
which satisfies lim sup%—“ = o0. Then there exists a continuously dif-
roo  lOgr

ferentiable function p(r), which satisfies the following conditions.

(i) p(r) is continuous and nondecreasing for r > ry (ro > 0) and tends
to 00 as T — 00;
(ii) The function U(r) = r*") (r > 1) satisfies the condition

log U(R) r
— =1, R=
rooo log U(r) ’ rr logU(r)’
(i)
log B
lim sup M = 1.

roo logU(T)

Theorem B is due to K.L.Hiong [8]. A simple proof of the existence of
p(r) was given by Chuang [2].

Definition 1. We define p(r) and U(r) in Theorem B by the proximate
order and type function of B(r), respectively. For a meromorphic function
f(2) of infinite order, we define its proximate order and type function as
the proximate order and type function of T'(r, f). Let p(r) be a proximate
order of meromorphic function f of infinite order in C, and let M (p(r)) be

the set of all meromorphic functions g in C such that

log T
i sup 126 L9)
roo  p(r)logr

Let o < B such that § — a < 27 and r > 0, we denote
Qa, f) ={2z:a <argz < [},
Qa, Bsr)={z:a<argz<pg}N{z:0<|z] <r}.
The following definition, originally due to Hiong [8], which also be found
in [3] or [4, p. 140].

Definition 2. Suppose that p(r) is a proximate order of meromorphic func-
tion f of infinite order in C. A ray argz = 6 € [0,27) from the origin is
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called a Borel direction order p(r) of f, if for any € > 0 and any complex

value a € C, possibly with two exceptions, the following equality

logn(Ql —e,0 +¢;7),
(1.1) lim sup B )fﬂ)

=1
00 p(r)logr

holds, where n(2(0 —e,0 +¢;r), ﬁ) is the number of zeros, counting mul-
tiplicities, of f — a in the region Q(0 —,0 + ¢;r).

It is well known that every meromorphic function of infinite order must
have at least one Borel direction of order p(r). The proof can be found
in [4, pp. 140-145]. In Nevanlinna theory of meromorphic functions, the
angular distributions is one of main topics. Borel direction plays a basic
role in the theory of angular distributions of meromorphic functions, lots
of results can be found in [5, 13, 15, 16, 19, 21, 22]|. In [11], the authors
investigated the uniqueness of meromorphic functions in an angular domain
by using theory of angular distributions, and proved the following version
of five value theorem.

Theorem C. Let p(r) be a proximate order of meromorphic function f of
infinite order in C and let g € M(p(r)). Suppose that argz =0 € [0,2m) is
a Borel direction of order p(r) of f. For any ¢ > 0, if f and g share five
distinct values a; € C (i = 1,2,3,4,5) IM in Q0 —,0 +¢), then f = g.

In order to state the next result, we also need the following notation. Let
f be a non-constant meromorphic function in C, and let a be an arbitrary
complex number. We use E(a, D, f) to denote the zeros set of f — a in
D C C, in which each zero is counted only once. Clearly, we say that f and
g share a IM in D, if E(a,D, f) = E(a,D,g). We use E(a, f) to denote
the zeros set of f —a in D = C. In [18, Theorem 3.2], C.C.Yang improved
Theorem A by proving

Theorem D. Let f and g be two non-constant meromorphic functions in
C and a; € C (i = 1,2,3,4,5) be five distinct values. If

(1.2) E(a;, f) C E(as,g), i=1,2,3,4,5,
and

°L 1 oL 1 1
(1.3) hfgiogf;mr’f—ai)/;N(T’g—ai) > 2
then f =g.

Now, it is natural to ask the following question.
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Question 1. Do f and g coincide if they satisfy the conditions of Theo-
rem D in an angular domain?

In the present paper, we answer to Question 1 is affirmative for some
class of meromorphic functions by using Nevanlinna theory in an angular
domain which is recalled in Lemma 2.1 below. The first result is stated as

follows.

Theorem 1.1. Let p(r) be a prozimate order of meromorphic function f
of infinite order in C and let g € M(p(r)). Let a; € C (i = 1,2,3,4,5) be
five distinct values. Suppose that arg z = 0 € [0,27) is a Brole direction of
order p(r) of f. For any given ¢ > 0, if

(1.4) E(a;, Q0 —¢,0+¢),f) C E(a;, 20 —¢,0+¢),9), i=127345,

and

(1.5) hmmfZC’e 0 /ZC@ 0 ! )>1
. oo 4 £, +5 g, +€ — a; 27
then f =g.

Before stating the following result, we need some notation concerning
Ahlfors theory in an angular domain Q(c«, ) which can be found [14, pp.
258-259], or for reference [26, pp. 66-76].

[ (te
Sa(r, Qa, // 1+|f e P)tdtd@,

' SA(t7 Q(Oz, 6)7 f)
t

T(r, (e, B), f) = /0 .

Especially the corresponding notation in the whole complex plane are de-

()
/ / Tx s e,

T(r, f) :/OT Salt.f) g

noted by

t

By using the relationship between Ahlfors characteristic function in an an-
gular domain and sectorial Nevanlinna characteristic function which is in-

troduced in Lemma 2.7 of Section 2, we can prove the following result.

Theorem 1.2. Let f and g be two non-constant meromorphic functions of
finite order in C and a; € C (i = 1,2,3,4,5) be five distinct values. Suppose
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that Q(a, B) is an angular domain such that f satisfies
logT(r, Qa+¢e,6—¢), f)

(1.6) lim sup lim sup > w,
ems0t oo log r
where w = /Bf—a If

(1.7) E(ai, e, B), f) € Elai, Uev, B),9), i=1,2,3,4,5,

and

then f =g.

Theorem 1.3. Let f and g be two non-constant meromorphic functions of
finite order in C and a; € C (i = 1,2,3,4,5) be five distinct values. Suppose
that Q(a, B) is an angular domain such that for any € > 0 and for some
aecC

logn(r,Ua+¢e, 8 —¢),
(1.9) lim sup gl ) 7-a)
r—00 logr

where w = % If f and g satisfy (1.7) and (1.8), then f = g.

> w,

Remark 1.4. It is well know that every meromorphic function of order
p € (0,00) must have at least one direction arg z = 6 € [0, 27) such that for

sufficiently small € > 0,

logn(r> Q(Oé +é, ﬂ - 6)7 ﬁ)
lim sup =p
r—00 1Og r
holds for all a € C with at most two exceptional values, which can be found
in [20, Chapter 3]. So the angular domain satisfying (1.9) must exist when

f is of order p € (3, 00).

This paper is organized as follows. In Section 2, we recall the properties
of sectorial Nevanlinna characteristic and state some Lemmas which are
needed in proving our results. The proof of Theorem 1.1 is given in Section
3. Finally, we prove Theorem 1.2 and 1.3 in Section 4.

2. AUXILIARY RESULTS

Let f be a meromorphic function in the angular domain Q(a, §) = {2 :
a < argz < B}, where « < 8 and 8 — o < 27. We recall the following
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definitions that were found in [6, Chapter 1].

Aasr.£) =2 [ = )0 170+ log™ | (0) 5.

2w (7 :
Bl f) = o [ log" |7(te")[sinw(6 - a)ab,

|bn

1b,, | 2w

)sinw(6,, — a),

where w = g% and b, = |bp|e® are the poles of f in Q(a, 8) counting mul-
tiplicities. The function C, g(r, f) is called the sectorial counting function of
the poles of f in Q(a, 3). In the corresponding counting function C, (r, f)
these multiplicities are ignored. For a € C, the definitions of A, g(r, #),
B, g(r, ﬁ), and C, g(r, ﬁ) are immediate. Finally, the sectorial Nevan-

linna characteristic function is given by

Soz,/a’(n f) = Aoz,/a’(ra f) + Ba,ﬁ(n f) + Ca,ﬁ(r7 f)

We state sectorial analogues of Nevanlinna’s first and second main the-

orems as follows.

Lemma 2.1 ([6]). Let f be a meromorphic function in C and let Q(«, [5)

be an angular domain. Then, for any a € C,

Sualr,7m2) = Saslr. )+ O(1).
Moreover, for any q > 3 distinct values, a; € C (j =1,2,-++ ,q),
(¢ —2)Sap(r, f) < anﬁ )+Ra6(7"f)
where
Ras(r£) = Aas(r, )+ B 2)
2.1) +§{Aa,ﬁ<n%%>+8 b2} +00).

Lemma 2.2 ([6]). Let f be a meromorphic function in C and let Q(a, B)
be an angular domain. Then

' R, [flog™T(t, R
Aq5(r, f)<K{( )/%—wdt+log+$+log?+1}’

f twtl
f/ 4(.U f/
Ba, (7", ) S —m(r, _)7
O
where w = 3 1 <r< R< oo, K isanonzero constant
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The next result follows from Lemma 2.2 and Lemma on the logarithmic

derivative.

Lemma 2.3. Let f be a meromorphic function in C and let Q(«, 5) be an
angular domain. Then
Ros(r, ) = { O(1), f is ofﬁm'te. order;
WA O(logU(r)), f is of infinite order;
where Ry (1, f) is defined as in (2.1), U(r) = r*") and p(r) is a prozimate
order of the meromorphic function f of infinite order.

Lemma 2.4 ([3]). Suppose that p(r) is a proximate order of meromorphic
function f of infinite order in C. Then, a ray argz = 6 € [0,27) from the
origin is a Borel direction of order p(r) of f if and only if for any e € (0,%),
we have

lim sup log 89—8,94—8 (Ta f)

r—00 p(r)logr

Lemma 2.5 ([23]). Let f be a meromorphic function in C, Q(a, B) be an
angular domain. If the order of f is finite order and satisfy

logT(r,Qa+¢e,6—c¢),f)

=1.

lim sup lim sup =>w,
e—0t+ r—o0 IOg r
where w = f%a Then
log Sate,p—e(T,
lim sup lim sup 08 Satepe(r /) =\—w.

e—0+t  r—oo log r

In order to describe the relationship between Ahlfors characteristic func-
tion in an angular domain and sectorial Nevanlinna characteristic function,
we also need some notation and definition. Since S, 5(r, f) is not increasing
with respect to r, hence Nevanlinn defined the following function Saﬁ(r, f)
that is increasing with respect to r,

R i o I
// r2w 1+|f( 610)‘2) sinw(f — a)tdtdo,

where w = Sas(r, f) and S, g(r, f) have following relationship.

Foa
Lemma 2.6. [26, Lemma 2.2.1] Let f be a meromorphic function in Q(«, [3).
Then

Sﬂéﬁ(ra f) = Saﬁ(’l“, f) + O(l)

In [26], we can also find the relationship between S’a,g(r, f)and T'(r, e, B), f)

as follows.
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Lemma 2.7. [26, Theorem 2.4.7] Let f be a meromorphic function in
Q(a, B). Then

dt,

S@Mnf>g2wTViNmﬁxf>+w3/rT@Aumﬁxf>

rv twtl

where w = .
B—a

Lemma 2.8. Let f be a meromorphic function in C, and Q(«, ) be an

angular domain. For any € > 0 and for some a € C, if f satisfies
logn(r,Qa +¢,8—¢),

(2.2) lim sup (r, )70 >

r—00 log r

where w = /3%’ then
(07

log T'(r, _
lim sup lim sup og T'(r,a +e,5~¢), f) -
e=0t  r—oo log r

Proof. For any given ¢ > 0, from (2.2), there exists a sequence {r,},
r, — 00 as n — 00, such that

logn(rn,Q(a—l—s,B —5)’ fia) > w

lim
n—+00 log ry,

Let o be a real number such that w < o < A\, we have

1
n(rn, Ua+e,f—¢),——) >rd >re, n>ny.

f—a
By this and
1 . we N(7“>Q(04+575—5)a%a>
Casgp-5(r, 7o ~) 2 2wsin(<-) p” !
PN Qo+, - ), )
we ) ’ y F—
2002 sin(—— f-a
+ wsm(2)/1 oo :
which can be found in [26, Lemma 2.2.2], we have
1 o—w
(23) Ca—&-%,ﬁ—%(rna m) > r, .

By using Lemma 2.1 and (2.3), we get
Sa-i—%ﬂ—%(rna f) > Tg_w'
It follows from Lemmas 2.6 and 2.7 that

T(rp, Qo+ g,ﬁ — g),f) > 7.

Thus,
logT(r,Qa+=<,8— %),
lim sup og T(r, o 20 2) /) >0 > w.
300 log r
Noting ¢ is arbitrary small, hence lemma holds. 0
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3. PROOF OF THEOREM 1.1

Suppose that p(r) is a proximate order of meromorphic function f of
infinite order, g € M(p(r)) and that argz = 6 € [0,27) is a Borel direction
of order p(r) of f. For any given ¢ > 0, f and g satisfy (1.4) and (1.5) in
the angular domain Q0 —e,0 +¢) ={z:0 —ec < argz <0 +¢}.

Firstly, we claim that arg z = 6 is also a Borel direction of order p(r) of
g. Since arg z = 6 is a Borel direction of order p(r) of f, for above given ¢,

by using Lemmas 2.1, 2.3 and 2.4, then there exists a value a such that

_ log Cocp+e(r, 723)
lim sup

> 1.
r—00 p(r)logr -

Without loss of generality, we may assume that a = a;. Thus,

log Co_cs2(r, )

lim sup > 1.
00 p(r)logr
It follows from (1.4) that
log C’e—s,e e(r, =
lim sup el g al) > 1.
r—00 p(r)logr
Therefore, we get
log Sp—c 04< )
lim sup 128 20—+ (r,9) > 1
r—00 p(r)logr
Combining this and g € M(p(r)), we have
log Sp—c 0+¢(T,
lim sup 0g Sp_c,01:(7, 9) -1

r—o0 p(r)logr
By using Lemma 2.4, we know that arg z = 6 is a Borel direction of order
p(r) of g.

In order to prove that f = g, we assume on the contrary to the assertion
that f # ¢g. Now we use the similar method of [23] to complete the proof.
To this end, we consider two cases.

Case 1. We may assume that all a; (1 = 1,2,3,4,5) are finite. By using
Lemma 2.1, we can obtain

- Uy

5
1
(3-1) 389 89+8 Z 0— 59-&-5 )_I'RH aG-i—a(r f)

and

1

5
(32)  3Sy.pie(rg) < Z —cope(r ) + Ro—co1<(r,9).

)
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From (1.4), we have

i@ (=) < Cyppon(r, ——)
- 0—e,0+¢ ’f_ai >~ Uh—¢g,0+¢ af_g

< Spcpre(r, m)
(3.3) < Spcore(r, f) + So—core(r, 9) + O(1).

Since arg z = 6 is a Borel direction of order p(r) of f, by using Lemma 2.4,
then we have

, log Sp—co4(7, f)
im sup

r—+00 p(r)logr

It follows from this and Lemma 2.3, we have

Ro—co4:(r, f)

=1.

34 lim su =0.
( ) Tﬁoop ngg,BJrs(r? f)
Similarly, we have

R —€ 13 Y
(3.5) lim sup o-c01¢(1,9) =0.

r—00 Sﬁfs,9+€ (7“, g)

Combining (3.1)-(3.5), for sufficiently large r, we have

1 1
C - c C € €
Z b—co+=(T — a@ Z p-ette (T 5 az)
1 > 1
+(§+0(1));COEG+E(T? _ai)‘

Therefore,

9 5 B 1 1 5 _ 1

(§ +0o(1)) ; Co—cp42(T, m) < (g +o(1)) ; Co—eote(T, g — ai)'

It follows that

hmlanCg cote(T /Zce e o4e(T _1 )

T—00

INA
l\D.I —

This contradicts to (1.5), and hence f = g.

Case 2. If one of the values a; (i = 1,2,3,4,5) is oo, without loss of
generality, we may assume that a; = oco. Take a ﬁnite value ¢ such that
c#a;(i=1,2,3,4) andsetF—f C,G—g -, b :a — (1=1,2,3,4) and

bs = 0, then F and G satisfy E(b;, Q(0—¢,0+¢), F) C E(b;, Q0—¢,0+¢),G)
(1=1,2,3,4,5), and

DN | —

hmlnfzco onelr Zoe orelr ) >

r—00 bl
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From Lemma 2.1, we also know that Sp_. g+c(7, F') = Sp—cp1e(r, ) + O(1)
and Sp—c p1-(1, G) = Sp—c.p+(r, ) +O(1). From the previous proof, we know
F = @G. Therefore f = g. The proof is completed.

4. PROOFS OF THEOREMS 1.2 AND 1.3

Proof of Theorem 1.2. Suppose that f and g be two non-constant mero-
morphic functions of finite order in C satisfying (1.6)-(1.8), Q(a, 8) = {z :

a < argz < f} is an angular domain and w = /&La Set
log T'(r, 2 —
(4.1) lim sup lim sup ogT(rMatef-c)/) =\
e=0t  r—00 logr

Firstly, we claim that

1 are,Pp—¢& ?
(4.2) lim sup lim sup 08 Saepe(r 9) >\ —w.

et rooo log r

From (4.1), for any given e, € (0, 25%), there exists at least some &5 € (0, ;)
such that

) logT(r, Qa+ g9, 8 — €2), f)
lim sup
r—00 logr

where M (<)) is a constant. It follows from Lemma 2.5 and (1.6) that

:)\/2)\_817

=N—-w>\—w-—e¢.

lim sup log Sa+52,6—e2 (7”, f)
r—00 log r

By using Lemmas 2.1 and 2.3, then there exists a value a such that

. log éa+52,ﬂ—52 (Ta ﬁ)
lim sup

Z A—w— 1.
T—00 IOgT'

Without loss of generality, we may assume that a = a,. Thus,

log Ca+6275—82 (r, ﬁ)

lim sup >A—w—¢1.
r—00 logr
It follows from (1.7) that
1og Coytey fey (T ——
lim sup teaiea g_al) >\ —w—e¢;.
r—00 log r
Therefore, we get
10g Satey 8-, (1
r—00 10g7”

Noting &, is arbitrary and g5 < £1, so (4.2) holds.
We assume on the contrary to the assertion that f # g. We consider two
cases.

Case 1. We may assume that all a; (i = 1,2, 3,4, 5) are finite.

1056 JIANREN LONG et al 1046-1059



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.6, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

12 J. R. LONG AND C. H. QIU

By arguing similar to that proof of Theorem 1.1, we can obtain the

following inequalities,

1
(4.3) BSatepe(r, [) < ZCa+eﬁ Ry ) + Rasep—e(r, ),
L 1
(4~4) 3Sa+s,ﬁ—s (T; g) < Z CCH-E,B—E(T? — ) + Ra—i—s,ﬁ—s(Ta g)?
i=1 t

iC (r ;) <C (r L)
p a+e,f—e ’f_ai = Yadte,f—¢ 7f_g

(45) < Sa+5,575(r7 f) + Sa+€,ﬁ75(r7 g) + O<1)
By using (1.6), Lemmas 2.3 and 2.5, we get
Raﬂ-:,ﬁfe(ra f)

4.6 lim sup —————< = 0.
( ) r—)oop Soz—i—s,ﬁ—a (Ta f)
Similarly, it follows from (4.2) that

ROé g,0—¢€ ?
(4.7) lim sup Bavepe(r,9) =0.

r—00 Sa—l—a,,B—a(ra g)
Combining (4.3)-(4.7), for sufficiently large r, we have

5 5
_ 1 _ 1
+0 Z a+te,B—¢ _a) +0 Z a+e,B—¢ _a)
It follows that
> 1 1
hﬂg}lfzoa%ﬁ T—a ZZ::C a+te,f— g—ai)gﬁ'

Noting € — 0, this contradicts to (1.8), and hence f = g.

Case 2. If one of the values a; (i = 1,2,3,4,5) is oo, without loss of
generality, we may assume that a; = co. By using similar way of the proof
of Theorem 1.1, we can easily obtain f = ¢g. The proof is completed. O

Proof of Theorem 1.3. By Lemma 2.8, (1.9) implies (1.6). So combining
Theorem 1.2 we get the conclusion of Theorem 1.3. U
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ABSTRACT. In this paper, we consider the generalized pseudo-convolution in the theory
of probabilistic metric space and their properties which was introduced by Pap-Stajner
(1999). Wu-Wang-Ma(1993) and Wu-Ma-Song(1995) studied the generalized fuzzy integral
and their properties. Recently, Jang(2013) defined the interval-valued generalized fuzzy
integral by using an interval-representable pseudo-multiplication. From the generalized
fuzzy integral, we define a generalized pseudo-convolution by means of the generalized
fuzzy integral and investigate their properties.

In particular, we also define an interval-representable generalized pseudo-convolution
of interval-valued functions by means of the interval-valued generalized fuzzy integral and
investigate their properties.

1. INTRODUCTION

Fang [8-10], Wu-Wang-Ma [35], Wu-Ma-Song [36], Xie-Fang [37] have studied the general-
ized fuzzy integral(for short, the (G) fuzzy integral) by using a pseudo-multiplication which
is a generalization of fuzzy integrals in [5, 25, 26, 29, 31, 33, 39]. Pap-Stajner [28] introduced
a notion of the generalized pseudo-convolution of functions based on pseudo-operations and
proved their mathematical theories such as optimization, probabilistic metric spaces, and
information theory

Many researchers [1,2,7,13-19, 21, 30, 34, 38, 40] have been studying various integrals
of measurable multi-valued functions which are used for representing uncertain functions,
for examples, the Aumann integral, the fuzzy integral, and the Choquet integral of mea-
surable interval-valued functions in many different mathematical theories and their applica-
tions. Recently, Jang [20] defined the interval-valued generalized fuzzy integral (for short,
the (IG) fuzzy integral) with respect to a fuzzy measure by using an interval-representable
pseudo-multiplication of measurable interval-valued functions and investigated some conver-
gence properties of them.

1991 Mathematics Subject Classification. 28E10, 28 E20, 03E72, 26E50 11B68.
Key words and phrases. fuzzy measure, generalized fuzzy integral, interval-representable pseudo-
multiplication, interval-valued function, generalized pseudo-convolution.
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The purpose of this study is to define the generalized pseudo-convolution of functions by
means of the (G) fuzzy integral and to investigate some properties of them. In particular, we
also define the interval-valued generalized pseudo-convolution of interval-valued functions by
means of the (IG) fuzzy integral and to investigate some properties of them.

The paper is organized in five sections. In section 2, we list definitions and some prop-
erties of the generalized fuzzy integral with respect to a fuzzy measure by using generalized
pseudo-multiplication and the interval-valued generalized fuzzy integral with respect to a
fuzzy measure by using interval-representable generalized pseudo-multiplication. In section
3, we define the generalized pseudo-convolution of integrable nonnegative functions by means
of the (G) fuzzy integral and investigate their properties. Furthermore, we give an exam-
ple of the generalized pseudo-convolution of integrable nonnegative functions. In section
4, we define a interval-representable semigroup and the interval-valued generalized pseudo-
convolution of integrable interval-valued functions by means of the (IG) fuzzy integral and
investigate their properties. Furthermore, we give an example of the interval-valued general-
ized pseudo-convolution of integrable interval-valued functions. In section 5, we give a brief
summary results and some conclusions.

2. DEFINITIONS AND PRELIMINARIES

In this section, we introduce some definitions and properties of a fuzzy measure, a pseudo-
multiplication, a pseudo-addition, the (G) fuzzy integral with respect to a fuzzy measure by
using a pseudo-multiplication of a measurable functions. Let X be a set and (X,.4) be a
measurable space. Denote by F(X) the set of all measurable nonnegative functions on X.

Definition 2.1. ([25, 26]) (1) A fuzzy measure p: A — [0, 00] is a set function satisfying

(i) p@® =0
(i)  p(A) < u(B) whenever A,B€ A and AC B.

(2) A fuzzy measure p is said to be finite if p(X) < co.

Definition 2.2. ([10, 33, 37]) (1) A binary operation @ : [0,00]> — [0,00] is called a
pseudo-addition if it is non-decreasing in both components, associative, and 0 is its neutral
element.

(2) A binary operation ® : [0, 00]? — [0, 00] is called a pseudo-multiplication correspond-
ing to @ if it satisfies the following axioms:

(i)adb=>b0a,

(i) a0 (@dy)=(a0)d (aOy),

(i) a<b=a0zr<boOux,

(vija®@zx=0<=a=0o0rz=0,

(v) there exists a unit element, that is, 3e € (0, 0o such that e © x = z for all z € [0, o0},

(vi) @ — a € (0,00) and z,, — = € [0,00] = a, © T, —> a © x and lim, o a ® x =
oo ® z for all z € (0, c0].

Definition 2.3. ([20, 33, 37]) (1) Let (X, A, u) be a fuzzy measure space,f € §F(X), and
A € A. The (G) fuzzy integral with respect to a fuzzy measure p by using a pseudo-
multiplication ® corresponding to the pseudo-addition & = max(maximum) of f on A is
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®
(@ [ fdu=swaw o) (1)
A a>0
where pa 5(a) = p({x € A|f(x) > a}) for all a € (0, 00).
(2) f is said to be integrable if (Q) ff fdp is finite.

Let F(X)* be the set of all nonnegative integrable functions on X. We consider the in-
tervals, a standard interval-valued pseudo-multiplication, and an extended interval-valued
pseudo-multiplication. Let I(Y) be the set of all bounded closed intervals (intervals, for
short) in Y as follows:

I(Y)={a = [a,ar]) | ai,ar €Y and a; < a,}, (2)

where Y is [0, 00) or [0,00]. For any a € Y, we define a = [a, a]. Obviously, a € I(Y) (see[4,
7, 16-21, 30, 34, 38-40]). Denote by IF(X) the set of all measurable interval-valued functions
on X.

Definition 2.4. ([20]) If @ = [a;, a,],b = [bi, b:), @ = [@1n, Qrn)s To = [G1a, @ra] € I(Y) for all
n € Nand a € [0,00), and k € [0,00), then we define arithmetic, maximum, minimum, order,
inclusion, superior, inferior operations as follows:

(I)a+b=la;+ b, a.+0b],

b= [albl, a,abr],

[al Vb, a,V br],

[CL[ ANby,a,. A br],

if and only if a; < b; and a, < b,.,
b if and only if a; < b; and a; # by,
C b if and only if b; < a; and a, < b,],
SUp,, @, = [SUD,, Anl, SUD,, Gnr,

) inf,, @, = [inf,, an;, inf, an.],

) sup,, G = [SUp, Gal, SUD,, Gar), and

) infy, @ = [infy anr, infy aar].

Vb=
Ab=
<b
-1

Q2 | 2 2 g

w0

Definition 2.5. ([20]) (1) A mapping O; : 1([0,00])> — I([0,00]) is called a standard
interval-valued pseudo-multiplication if there exist pseudo-multiplications ®; and ©, such
that 2@y < @,y for all z, y € [0, 00|, and such that for all @ = [a;, a,],b = [b;, b.] € I(]0, 0)]),

EQIE = [al ® bl, Ay Op br] . (3)

Then ®; and ®, are called the representants of (-) Iz
(2) A mapping O;; : 1([0,00])? — I([0, 00]) is called an extended interval-valued pseudo-

multiplication if there exists a pseudo-multiplication ® such that for any @ = [a;,a,],b =
[bi, b,-] € I(]0, 0]),

EQHB = [a; ® by, max{a; ® by, a,. © b }]. (4)

Then © is called the representant of ().
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We also introduce the (IG) fuzzy integral with respect to a fuzzy measure by using two
interval-representable pseudo-multiplications which are used to define the interval-valued gen-
eralized pseudo-convolution in the next section 4.

Definition 2.6. ([20]) Let (X, A, 11) be a fuzzy measure space. (1) An interval-valued function
[+ X = I([0,00) \ {0} is said to be measurable if for any open set O C [0, c0),

1

T O )={zeX| TnO#0} e A (5)

(2) If © : I([0,00])?> — I(]0,00]) is an interval-representable pseudo-multiplication and
f€IF(X) and A € A, then the (IG) fuzzy integral with respect to u by using ) of f on A
is defined by

o_
(IG)/A Fdp = Zli%a@m,y(a), (6)

where 11, (@) = [pa,f, (@), pay, ()] for all a € [0, 00).
(3) f is said to be integrable on A if

o _
(1G) /A Fdu € P(0,00))\ {0}, (7)

where P(R™T) is the set of all subsets of [0, 00).

Let IF(X)* be the set of all integrable interval-valued functions. We consider the following
theorem which is used to investigate some characterizations of the interval-valued generalized
pseudo-convolution by means of the (IG) fuzzy integral.

Theorem 2.1. (1) Let ®; and ©, be pseudo-multiplications on [0,00] corresponding to a
pseudo-addition ® = max. If (O, is a standard interval-valued pseudo-multiplication, A € A,
and f € IF(X)*, then we have

O1

(1G) /A ' = [(G) [ (@) /A v frdu]. (8)

(2) Let ® : [0,00]2 — [0, 00] be a pseudo-multiplication, f = [fi, f,] € IF(X)*, and A € A.
If Oy is an extended interval-valued pseudo-multiplication, then we have

ue) | % iy = @ @) [ . )

A A

3. THE GENERALIZED PSEUDO-CONVOLUTION ON F(X)*

In this section, we consider a semigroup ([0,00),®) and define the generalized pseudo-
convolution on F(X)*.
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Definition 3.1. Let f,h € F(X)* and t € [0,00). The generalized pseudo-convolution of f
and h by means of the (G) fuzzy integral is defined by

(O]

(fxh)(t) =(G) | [t —u)® h(u)dp(u). (10)

[0,2]

Then we obtain the following basic properties and examples of the generalized pseudo-
convolution of nonnegative measurable functions.

Theorem 3.1. (1) If f,h € F(X)* and t € [0,00) and ® is a minimum operation(min) and
f(t —w) < h(u) for all u € [0,t], then we have

(f+h)(t) = sup @ ® pjo,,r(a). (11)

a€l0,t]
(2) If f,h € F(X)* and t € [0,00) and ® is a multiplication operation(-) and f(x) = ¢ for
all x € [0,00), then we have
et
h)(t) = s — . 12
(f b)) azl[lgft]a@u[o,ﬂ,h(c) (12)
(3) If f,h € F(X)* and t € [0,00) and {t — z|f(z) > 0} N{z|h(z) >0} =0 anda® 0 =0
for all a € [0,t], then we have
(f +h)(t) = 0. (13)
(4) If f,h € F(X)* and t € [0,00) and © is a minimum operation(min) and u({u €
[0,t]]f(t —u) @ h(u) > a}) = g(a) > a for all a € [0,00), then we have
(f*h)(t) =t (14)

Proof.(1) Suppose that ® is a minimum operation(min) and f(t — u) < h(u) for all
u € [0,t]. Then we have

Bo..rt—on) (@) = p({u € [0,¢]|min{f(t —u),h(u)} > a})
= p({u € [0,4]|h(u) > a}) = pp.q.n(e). (15)
By (15), we have
©
(fxn)(t) = (G) o f(t —u) @ h(u)dp(u)
= s @ © prfo. ] (t—yen( (@)
= Sét[lft] a® pio,4,n (). (16)

(2) Suppose that ® is a multiplication operation(-) and f(x) = ¢ for all z € [0,00). Then
we have

poa.n@) = u({u € 0,1t = uw)h(u) > a})
= u({u € [0.1)ch(u) > a}) X
u({wendne >2}) = mon (2). (17)
By (17), we have
©
(Fem)® = (@) [ [t=uw)®h(u)du(w)
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0]
— (@[ chlwdnla)
(0,¢]
= sup a® pogcnl@)

a€l0,t]

o
sup a® po,4,n (*) : (18)
a€l0,t] c

(3) Suppose that {t —z|f(z) > 0} N{z|h(x) > 0} =0 and u®0 = 0 for all u € [0,¢]. Then

we have
Bo.a.ft—ene (@) = p({u
= @)
By (19) and Definition 2.2 (2)(vi), we have

(f=h)(t) = S%@]a®u[o,t1,f<t—-)®h(<>(a)
ae|0,t

= sup a®0=0. (20)

a€l0,t]

e [0,¢]|f(t —u) ® h(u) > a})
=0. (19)

(4) Suppose that © is a minimum operation(min) and u({u € [0, t]|f(t —u) @ h(u) > a}) =
g(a) > a for all a € [0,00). Then we have

(fxh)(t) = Sl[l(?]a®u[o,ﬂ,f<t~>®h<->(a)
ac|0,t
= sup min{a, g(a)}
a€l0,t]
= sup a=t¢t. (21)
a€l0,t]

Theorem 3.2. Let ([0,00),®) be a semigroup and e be a unit element with respect to ®, that
is, e@u=wu for all u € [0,00). If f € F(X)*, then we have

©
(ex f)(t) =(G) | [fdp. (22)
[0,¢]
Proof. Since (e ® f)(u) =e® f(u) = f(u) for all u € [0,00), we have
(ex f)(t) = sup @O pp.ear(a)

a€l0,t]
= sup a® ()
c|0,t

a€l0,t]
®
= (G du.
(G) /Mf . (23)

Remark 3.3. A function f: X — [0,00) is an idempotent with respect to the generalized
pseudo-convolution x induced by semigroup ([0,00),®) if and only if fx f = f. It is easy to
see that if e is a unit element as in Theorem 3.3, that is, f xe = [ for all f € F(X), then we
also have e x e = e. Therefore, e is an idempotent with respect to *.

Example 3.1. Let u ® v = min{u,v} and v ® v = u - v for all u,v € [0,00), and f(x) =1
and h(x) = 22 for all z € [0,00), and m be the Lebesgue measure on [0, 00). If 4 = m?, then
clearly p is a fuzzy measure. Thus, we have

u[o,t],f(t,.)(gh(.)(a) = u({u S [0,75“1 X u? > a})
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— w(Vat) = (t - va) (24)
By (24), we have
(fn)(t) = e min{a, (t — va)*}
= %. (25)

4. THE INTERVAL-VALUED GENERALIZED PSEUDO-CONVOLUTION ON IF(X)*

In this section, we define a standard interval-valued semigroup (I([0,0), ) and the
interval-representable generalized pseudo-convolution of interval-valued functions by means
of the (IG) fuzzy integral on IF(X)*.

Definition 4.1. A pair (I([0,0), Q) is called a standard interval-valued semigroup if there
exist two semigroups ([0, 00), ®;) and ([0, c0), ®,) such that

E®E = [w ®; vy, ur @ vy, (26)

for all w = [uy, u,], ¥ = [vi,v,] € I(][0, 00)).

Definition 4.2. Let f,h € IF(X)* and t € [0,00). The interval-valued generalized pseudo-

convolution of f and h by means of the (IG) fuzzy integral is defined by

O_ _
f

Fm)(t) = UC) [ T(t - u) @ F(u)dpw) (27)

[0,2]

where (©) is an interval-representable pseudo-multiplication.

Then we obtain the following basic properties and examples of the interval-valued gener-
alized pseudo-convolution of measurable interval-valued functions.

Theorem 4.1. (1) Let ®; and ®, be pseudo-multiplications on [0,00] corresponding to a
pseudo-addition @ = max. If (OO is a standard interval-valued pseudo-multiplication and
f = [flafr]ah = [hlahr] € IS*(X)f te [0700] and

o Or _ _
F 1 (1) = (IG) /A Ft — w) Q Flw)dyu(u), (28)
then we have
(?*1 f)(t> = [(fl *11 hl, f’r *1r hr]7 (29)

where (frsuh)(t) = (G) fiog filt—w) @i hu(u)dp(u) and (fr 51, he)(8) = (G) fioy ot =) @,
he(u)dp(u).

(2) Let ® be a pseudo-multiplications on [0,00] corresponding to a pseudo-addition & =
max. If (O, is an extended interval-valued pseudo-multiplication and f = [fi, f;],h =
[hi, hy] € IF*(X), t € [0,00] and

_ _ QII . .
(Fea D) = (16) [ Tt~ w) @ Bwdu(w) (30)

A
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then we have
(? *2 ?)(t) = [(fl *2] hl, fr *or hr]7 (31)

where (fuvath)(0) = (G) [y fult =) @1 hu(u)dpa(u) and (w20 he)(E) = (G) [ folt—w) @,
ho-(w)dp(u).

Proof. (1) Since f @ h = [f; @ hy, fr @, h,], by Theorem 2.7 (1), we have

_ Or _ _
Faht) = UG) /A F(t —w) R F(w)dp(u)

©1 Or
(G)/[ f1 @ hidp, (G)/ fr @y hrd,u]

0,00] [0,00]
= [(fr*uhu, fr %10 he].

(2) Since f @ h = [f; ®; hy, fr @, h,], by Theorem 2.7 (2), we have

R — Orr _ _
Faht) = U6 [~ - u) @Htwdn(u)
© o)
= [(G) /[o,oo] fi @ hidu, (G) /[0700] fr @ hrdu]

= [(fi %2t ha, fr *2r Dy

Theorem 4.2. (1) If f = [fi, fr],h = [, hy] € IF(X)* and t € [0,00), and ®; = ®, are
minimum operation(min) and f(t —u) < ( ) for all w € [0, ¢t], then we have

(F*1h)(t) = [ sup a @ po,q,5, (@), sup a®, u[07t]7fT(a)] (32)
a€(0,t] a€(0,t]
and
(f %2 h)(t) = [ sup a© pjoq,5 (), sup a® N[O’t]’fr(a)] : (33)
a€e(0,t] a€e(0,t]
(2) If f = [fi, fr],h = [h, he] € IF(X)* and t € [0,00) and @ = ®, is multiplication
operation(-) and f(z) = [c,d] € 1(]0,00)) for all € [0,00), then we have
(f*1 h)(t) = Lj;[lé?ﬂ a O[04,k (%) 7ab‘€1[1£t] a Or fo,1,f, (3)] (34)
and
(Fx2 h)(t) = L?ﬁﬂ a«® pp.n () | 0P a© poa g, (j)] . (35)
(3) If f = [fi, fr), h = [M1, hy] € IF(X)* and t € [0,00) and {t—=z|f(x) > [0,0]}N{x|h(x) >
[0,0]} =0 and a®)]0,0] = [0,0] for all @ € I([0,t]), then we have
(f*1h)(t) =0 (36)
and
(f *2 h)(t) = 0. (37)
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(4) If f = [fu. ol h = [l by ] € I§(X)* and t € [0,00) and pu({u € [0, ]| fi(t —u) ® hu(u) >
(Z}) = gi(@) and p({u € [0,t]|fr(t — u) @, hr(u) > a}) = g,(a) for all a € [0,00), then we

(f*1h)(t) =[ sup aGrgi(@), sup a O, g ()] (38)
a€gl0,t] agl0,t]
and
(Fr2B)() = [ sup a®gla), sup a®g(a)l. (39)
a€(0,t] a€(0,t]

Proof.(1) Suppose that ®; = ®,. are minimum operation(min) and f(¢ — u) < h(u) for all
u € [0,t]. Then we have fi(t —u) < hy(u) and f,.(t — u) < h,.(u) for all u € [0,¢]. Thus, by
Theorem 4.1(1) and Theorem 3.1 (1), we have

(Frrh)t) = [(fi*uha)(t), (fr %10 he)(1)]
O Or

= l(G) Ji @1 hdp, (G) fr ®r hrdu]
[07t] [O,t]

= sup « Oy pijo,e, 5, (@), sup @ O, N[o,t],fr(a)] . (40)
ael0,t] a€(0,t]

By Theorem 4.1(2) and Theorem 3.1 (1), we have
(fr2h)(t) = [(fi#20 ha)(t), (fr %210 h)(D)]

©

©
l(G) fl @ hld/% (G) fr r hrd/'t‘|
[0,] [0,]

— l sup a © po,f (@), sup « GH[OJ],fr(O‘)] . (41)
a€l0,t] ael0,t]

(2) Suppose that f(z) = [e,d] € I(]0,00)) for all € [0,00). By Theorem 3.1 (2) and
Theorem 4.1 (1), we have

(Frih)@) = [(fi*u h)(8), (fr %10 he)(2)]
©1 Or
= |(G) - Silt =) - hy(u)dp(u), (G) o fr(t—u)- hr(u)du(u)]
[ (iDz Or 7
= © [ hdn(w. @) [ - hr<u>du<u>]
L [0,t] [0,t]
= _asél[lgt]a O1 10,4,k (;) ,asel[lg?t]a Or H{0,4], b (d)] . (42)
By Theorem 3.1 (2) and Theorem 4.1 (2), we have
(Frah)(®) = [(fi*2r hu)(t), (fr %20 e )(1)]
® 0]
= |(G) o Jilt =) - ly(u)dp(u), (G) o fr(t—u)- hr(u)du(u)l
i o ® ,
- |© [ e mmdne.@) [ a hr<u>du<u>]
= -asg;();’)t] a® po,g,h <E) ,asel[l&] a O 0,4k, (d)] . (43)
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(3) Suppose that {t — z|f(z) > [0,0]} N {z|h(z) > [0,0]} =0 a
a € I([0,¢]). Then we have that {t — z|f;(z) > 0} N {z|hi(x) > 0}
a; € [0,¢t], and {t — z|f-(z) > 0} N {z|h (x) > 0} = 0 and a, ® 0
Theorem 3.1(3), we have

a@®)]0,0] = [0, 0] for all
0 and a; ® 0 = 0 for all
0 for all a, € [0,¢]. By

nd

(fi#u ha)(t) = 0 and (fr #1, hy)(t) = 0 (44)
and
(fi *21 hi)(t) = 0 and (f, *2, hy)(t) = 0. (45)
By (44) and Theorem 4.1(1), we have
(fx1h)(t) = [(fi*wh)(t), (fr 10 he)(8)] = 0. (46)
By (45) and Theorem 4.1(2), we have
(Fx2h)(t) = [(fi 20 M)(t), (fr %20 he)(t)] = 0. (47)

(4) Suppose that f f = [f1, f+],h = [k, hy] € IF(X) and t € [0,00) and p({u € [0,#]|fi(t —
u) @i hy(u) > a}) = gi(e) and p({u € [0, ]| f;(t —u) @y by (u) > a}) = gr(a) for all a € [0, 00).
By Theorem 3.1 (4), we have

(fl *11 hl)(t) = sup a®y gl(a) and (fr *1p hr)(t) = sup a O gr(o‘)v (48)
ael0,t] a€e(0,t]
and
(fi %21 hy)(t) = sup a® gi(@) and (fy *9r hy)(t) = sup a© gr(a). (49)
a€l0,t] a€l0,t]
By (48) and Theorem 4.1(1), we have
(Frah)(®) = [(fi xuh)@), (fr %17 he)(2)]
= [sup a®;g(a), sup a®, g-(a)]. (50)
a€l0,t] a€el0,t]
By (49) and Theorem 4.1(2), we have
(Frah)(t) = [(fi %2 h)(8), (fr %20 D) (2)]
= [sup a®g(a), sup a® g.(a)]. (51)
a€l0,t] a€l0,t]

Theorem 4.3. Let (I([0,00)),Q = [®i, ®,]) be a standard interval-valued semigroup and
e; be a unit element with respect to @, and and e, be a unit element with respect to ®,.. If
f e IF(X)*, then we have

_ & _
(e () = (IG) / Fu (52)
[0,¢]
and
. ®117
(e %2 T)(t) = (IG) /[Ot] Fdu (53)

where € = [ey, e,].

Proof. By Theorem 3.2, we have

Oy Oy

(e f(0) = (©) | fidwand (eo 5 )0 = (@) | ﬂ' frdp (54)
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and
o} ®
(er %21 f1)(t) = (G) o fidp and (e, *2, fr)(t) = (G) o frdp. (55)
By Theorem 4.1(1) and (54), we have
(é*l ?)(t) = [el *11 fl7 €r *1p fr]
(O]} Or
= [(G) -/[O,t] e; ® fld/uv (G) /[071&] er @ frd:u‘|
(O]} Or
= (G) fld/% (G)/ frdM]
[0,] [0,]
& _
= (IG) fdpu. (56)
[0,¢]
By (55) and Theorem 4.1(2), we have
(E *2 ?) (t) = [61 *21 fl7 Er *op fT]
® o}
= l(G) /[0715] er O fld,u7 (G) /[0715] er Qr deu]
® o)
- |@ [ s | frdﬂl
[(g] [0,¢]
= (IG ", 57
(16) /H Ty (57)

Remark 4.4. A function f : X — I([0,00)) is an interval-valued idempotent with respect
to the standard interval-valued generalized pseudo-convolution ; (for i = 1,2) induced by a
standard interval-valued semigroup (1([0,00)), @) if and only if f *; f = f fori=1,2. It is
easy to see that if € = [e;, e,] is a unit element as in Theorem 4.2, that is, f x; E = f for
all f € IF(X)*, then we also have € x; € = € for i = 1,2. Therefore, € is an interval-valued
idempotent with respect to x; for i =1,2.

Example 4.1. Suppose that ©; = ©, =@ and uOv = min{u,v} and U@ v =u®, v =u-v
for all u,v € [0,00), and f(x) = [1,2] and h(x) = [22,22?] for all # € [0,00), and m be the
Lebesgue measure on [0, 00). If u = m?, then clearly p is a fuzzy measure. Thus, we have

M[O,t],fz(tf-)@)zhz(')(a) = /’('({u € [07t]|1 Y ’U,2 > Oé})

= [V, t]) = (t - Va)? (58)
and
10,4, (t—@he () (@) = p({u € [0,1])2® 2u* > a})
Vva va)®
= N ) = (e X2 .
o5 ; (59)
By (58) and Theorem 4.1(1), we have
(f*1h)(t)
= | sup min{@,po,,fi(t—)@in()(@) ) sup min {@7H[oxl,fr(t—-)@rhr(-)(a)}]
a€l0,t] a€el0,t]
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= | sup min{a, (t—va@)?}, sup min 0"< ﬁ>2

a€l0,t] a€l0,t] 2

t2
= |-, 4%,
]

5. CONCLUSIONS

This study was to define the generalized pseudo-convolution of integrable functions by
means of the (G) fuzzy intgeral(see Definition 3.1) and to investigate some properties and an
example of the generalized pseudo-convolution on §(X)* in Theorems 3.2, 3.3 and Example
3.1.

By using the concept of an interval-representable pseudo-multiplication(see Definitions 2.5
and 2.6), we can define a standard interval-valued semigroup (see Definition 4.1) and the
interval-representable generalized pseudo-convolution on IF(X)*(see definition 4.2). From
Theorems 4.3, 4.4, and 4.5, we investigate some characterizations of the interval-representable
generalized pseudo-convolution of integrable interval-valued functions.

Furthermore, some applications of the interval-representable generalized pseudo-convolution
are focused on various transform operations including pseudo-Laplace transform. For this
reason, the future work can also be directed to interval-representable generalized pseudo-
transform operations by means of the (IG) fuzzy integral.
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Fixed point and coupled fixed point theorems for
generalized cyclic weak contractions in partially ordered
probabilistic metric spaces
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Abstract. In this paper, we introduce the concept of new generalized cyclic weak contraction map-
pings and prove a class of fixed point theorems for such mappings in partially ordered probabilistic
metric spaces. In addition, we also establish a coupled fixed point for mixed monotone mappings
under contractive conditions in partially ordered probabilistic metric spaces. Our results extend and
generalize Harjani et al. (Nonlinear anal. 71(2009)3403-3410) and Wu (Fixed Point Theory Appl.
2014(2014)49). Also, we introduce an example to support the validity of our results. Finally, an
application of our results extends fixed point theorems for generalized weak contraction mappings in

ordered metric spaces.

Keywords: Menger probabilistic metric space; partially ordered; cyclic weak contractions; fixed point

MR Subject Classification: 47H10, 34B15, 46550
1 Introduction and preliminaries

Fixed point theory in metric spaces is an important banch of nonlinear analysis, which is closely related
to the existence and uniqueness of solutions of differential and integral equations. The celebrated Banach’s

contraction mapping principle is one of the cornerstones in development of nonlinear analysis.

In the past years, Kirk and Srinvasan [1] presented fixed point theorems for mappings satisfying cyclical
contractive conditions. Ran and Reurings [2] introduced fixed point theorems of Banach contraction operator in
partially ordered metric spaces. Agarwal et al. [3] proved fixed point results of generalized contractive operators
in partially ordered metric spaces; Harjani and Sadarangani [4] presented some fixed point theorems for weakly
contractive mappings in complete metric spaces endowed with a partial order. Shatanwi [5] introduced nonlinear
weakly C-contractive mappings in ordered metric spaces and proved some fixed point theorems. For more detail

on fixed point theory and related results, we refer to [6-12] and the references therein.

In 1942, Menger [13] introduced the concept of probabilistic metric spaces, a number of authors have done
considerable works on probabilistic metric spaces [14-19]. Recently, the extension of fixed point theory to

generalized structures as partially ordered probabilistic metric spaces has received much attention (see, [20-22]).

fTo whom correspondence should be addressed. E-mail:wen_ging xu@163.com(W. Xu).
TThis work has been supported by the National Natural Science Foundation of China (11361042,11071108), the Provincial

Natural Science Foundation of Jiangxi, China (20132BAB201001,2010GZS0147).
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However, we rarely see any work about fixed point theorems for mappings under weakly contractive conditions

in partially ordered probabilistic metric spaces.

The aim of this paper is to determine some fixed point theorems for generalized cyclic weak contractions in
the framework of partially ordered probabilistic metric spaces. Also, we introduce an example to support the

validity of our results. Our results extend and generalize the main results of [3-8,11-12].
We introduce some useful concepts and lemmas for the development of our results.

Let R denote the set of reals and Rt the nonnegative reals. A mapping F : R — RT is called a distribution

function if it is nondecreasing and left continuous with tin}f;t F(t) =0 and sup F(t) = 1. We will denote by D the
€ teR

set of all distribution functions and Dt = {F € D : F(t) = 0,t < 0}.
Let H denote the specific distribution function defined by

0, x<0;

Hiz) = 1 >0
, X .

Definition 1.1 ([14]). The mapping A : [0,1] x [0,1] — [0, 1] is called a triangular norm (for short, a t-norm)
if the following conditions are satisfied:

(A —-1) Aa,1) = a, for all a € [0,1];

(A —=2) A(a,b) = A(b,a);

(A —3) A(a,b) < A(c,d), for ¢ > a,d > b;

(A —4) Aa, A(b,c)) = A(A(a, b), c).

Two typical examples of continuous t-norm are Aj(a,b) = max{a + b — 1,0} and As(a,b) = ab, for all

a,be0,1].

Definition 1.2 ([14]). A triplet (X, F, A) is called a Menger probabilistic metric space (for short, Menger PM-
space), if X is a nonempty set, A is a t-norm and F is a mapping from X x X — D7 satisfying the following
conditions (for z,y € X, we denote F'(z,y) by Fy ,):

(MS-1) Fp,(t) = H(t), for all t € R, if and only if = y;

(MS-2) F, 4(t) = F, »(t), for all z,y € X and t € R;

(MS-3) Fy.(s+1t) > A(Fy (), Fy »(t)), for all z,y,2 € X and s,t > 0.

Definition 1.3 ([15]). (X, F,A) is called a non-Archimedean Menger PM-space (shortly, a N.A Menger PM-
space), if (X, F,A) is a Menger PM-space and A satisfies the following condition: for all z,y,z € X and
t1,t2 > 0,

Fy.(max{ti, ta}) > A(Fy 4 (t1), Fy - (t2)). (1.1)

Definition 1.4 ([15]). A non-Archimedean Menger PM-space (X, F,A) is said to be type (D), if there exists
a g € Q) such that

g(A(s, 1)) < g(s) +g(t),

for all s,t € [0,1], where Q@ = {g: g :[0,1] — [0,00) is continuous, strictly decreasing, g(1) = 0}.
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Example 1.1 . (X, F,A) is a N.A Menger PM-space, and A > Ay, where Aq(s,t) = max{s +t — 1,0}, then
(X, F,A) is of (D)g-type for g € Q defined by g(t) =1 —t.

Remark 1.1 Schweizer and Sklar [14] point out that if (X, F,A) is a Menger probabilistic metric space and
A is continuous, then (X, F, A) is a Hausdorff topological space in the (g, A)-topology T, i.e., the family of sets
{Uz(e,\) 1€ >0,\ € (0,1]} (x € X) is a basis of neighborhoods of a point x for T, where U, (e, \) = {y € X :
Fpy(e) >1 =X}

Lemma 1.1 ([15]). Let {z,} be a sequence in X such that nh_{r;o Fyp wn.(t) =1forall t > 0. If the sequence
{z,} is not a Cauchy sequence in X, then there exist 9 > 0, tg > 0 and two sequences {k(i)}, {m(i)} of positive
integers such that

(1) m(i) > k(i), and m(i) — oo as i — oo;

(2) F, (to) <1—¢gp and F,

T (i) Lk (i)

(to) >1—eg, fori=1,2,---.

m(i)—1:Tk(i)

Definition 1.5 ([1]). Let X be a non-empty set, m be a positive integer, Aj, As,..., A, be subsets of X,
Y =U”,A; and a mapping f:Y — Y. Then Y is said to be a cyclic representation of Y with respect to f, if
(i) A;yi=1,2,...,m, are nonempty closed sets;

(i) f(A1) € Az, ooy f(Am—1) € A, f(Am) € AL

Example 1.2 Let X = RT. Let A; = [0,2], Ay = |
fx:%Jr%x,forallscEY.

%, %], Az = [%, g], and Y = U?:l A;. Defined f:Y — Y by

Clearly Y = U?Zl A; is a cyclic representation of Y with respect to f.

Definition 1.6 ([9]). The function h : [0,00) — [0,00) is called an altering distance function, if the following

properties are satisfied: (a) h is continuous and nondecreasing; (b) h(t) = 0 if and only if ¢ = 0.

In [10], Bhasker and Lakshmikantham introduced the concepts of mixed monotone mappings and coupled

fixed point.

Definition 1.7 ([10]). Let (X, <) be a partially ordered set and A : X x X — X. The mapping A is said
to have the mixed monotone property if A is monotone nondecreasing in its first argument and is monotone

nonincreasing in its second argument, that is, for any z,y € X,
x1,T2 EX7 T §$2 - A(-rhy) SA(I27:U)7
A

Yy, €X, <y = Alr,yn) < Az, y2).

Definition 1.8 ([10]). An element (x,y) € X? is said to be a coupled fixed point of the mapping 4 : X? — X
it A(z,y) =2 and A(y,z) =y.

For a = (z,y),b = (u,v) € X2, we introduce a distribution function F from X2 into D defined by

Fy5(t) = min{F, ,(t), Fy o (t)}, for all £ > 0.

In [20], Wu proved the following results:
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Lemma 1.2 ([20]). If (X, F,A) is a complete Menger PM space, then (X2, F,A) is also a complete Menger
PM space.

In the section 3 of this paper, we establish some coupled point theorems under contractive conditions in
partially ordered probabilistic metric spaces. The obtained results extend and generalized the main results
of [20-22]. Finally, we also obtain the corresponding fixed point theorems for generalized weak contraction

mapping in ordered metric spaces.

2 Fixed point theorems for generalized cyclic weak contractions
We start with the definition of generalized cyclic weak contraction mappings in probabilistic metric spaces.

Definition 2.1 Let (X, <) be a partially ordered set and (X, F, A) be a N.A Menger PM-space of type (D),.
Let m be a positive integer, A;, Ao, ..., A, be subsets of X, Y =U", A;. A mapping T': X — X is said to be
a generalized cyclic weak contraction, if Y is a cyclic representation of Y with respect to T, A,,11 = A; and

for k € {1,2,...,m}, and for all z,y € X, x € A and y € Ag1 are comparable with
hg(Fre,ry(t))) < h(Mi(z,y)) — ¢(M(2,y)), for all £ >0, (2.1)

where M (z,y) = max{g(Fy (1)), 9(Fo,12(t)), 9(Fy,ry(t)), 5[g(Fory(t)) + g(Fy,r2(t))]}, h is a altering distance

function, ¢ : [0,00) — [0, 00) is a continuous function such that ¢(s) = 0 if and only if s = 0.

Theorem 2.1 Let (X, <) be a partially ordered set and (X, F, A) be a complete N.A Menger PM-space of type
(D)gy. Let m be a positive integer, Ay, As,..., A, be subsets of X, Y = U2, A4;, T:Y — Y be a generalized
cyclic weak contraction, and T' be nondecreasing. Also assume that either

(a) T is continuous or,

(b) if a nondecreasing sequence x,, — x, then x,, < x, for all n € N.

If there exists xg € Ay such that zg < Tz, then T has a fixed point. Furthermore, the set of fixed points

of T is well ordered if and only if T" has a unique fixed point.

Proof. Since T(A;) C As, there exists an x; € Ag, such that xy = Txg. Since T'(Az) C Az, there exists an
29 € Az, such that 29 = T'z;. Continuing this process, we can construct a sequence {z,, } such that z,,11 = Tz,

for all n € N, and there exists i, € {1,2,...,m} such that z, € A; and x,11 € 4; 1.

Since xg < Tzg = z1 and T is nondecreasing, we have T'zo < Txq, that is, 1 < x5. By induction, we get

that zg <21 <--- <z, <---,foralln € N.

Without loss of generality, assume that z,41 # x,, for all n € N (otherwise, x,,11 = Tz, = x,, then the

conclusion holds).

Since x,, € A;, and z,41 € A;, 41 are comparable, for i, € {1,2,...,m}, by inequality (2.1), we get

hlg(Fy, oy 2, (1)) < h[M(2n, tn_1)] — ¢(My(2y, 2p-1)), forallt>0, (2.2)
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where

S9(Fr ey ()
< maX{g( Ty Ty — 1(t))a9(Fm,mn+1(t))v %Q(A(an_l,mn (t) T, Tt 1 (t)))}

< maX{g(an,zn_1 (1)), Q(an,znﬂ (1)), %[9((an_1,rn () + Q(an,zn+1 ()]}

= max{g(F’ T T 1(t))ag(Fzmzn+1(t))} = M(2n, Tn_1).

Mt(xnvfcn—l) max{g( Ty Ty — 1(t))’g(Fxnaxn—l(t))’g(Fxnaxn+1(t))7

Suppose that My (2, 2n—1) = g(F.

Tn s Tn+1

(1)), by (2.2), we have

hg(Fr, iy 2, ()] < hl9(Fr, 2, (D)) = 0(9(F, 2,1, (1)), for all >0,

which implies that ¢(g(Fy, «,.,(t))) = 0. Thus, g(Fs, z,,,(t)) = 0, that is, F,

Tn,Tn41

(t) =1 for all t > 0. Then

Ty = Tpy1, which is in contradiction to x,, # 2,41, for any n € N.

Hence, My(xpn,Tn-1) = 9(Fz, z,_, (1)), it follows from (2.2) that

Mg(Fr, iy 20 ()] < hlg(Fr, 2oy ()] = G(9(Fr, 2,y (1)) < Hlg(Fr, 2, (B)], VE >0, (2.3)

Since h is nondecreasing, it follows from (2.3) that {g(F, ., «,(t))} is a decreasing sequence, for every ¢t > 0.

Hence, there exists 7, > 0 such that lim g(F,, ., o, (t)) =7
n—oo

By using the continuities of h and ¢, letting n — oo in (2.3), we get h(ry) < h(r:) — ¢(r¢), which implies

that ¢(r;) = 0. Then r = 0, that is, li_>m 9(Fp i1 2, (t)) =0 and hm FM+1 z, (t) =1, for all t > 0.

In the sequel, we will prove that {x,} is Cauchy sequence. To prove this fact, we first prove the following

claim.

Claim: for every ¢t > 0, € > 0, there exists ng € N, such that p,qg > ng with p — ¢ = 1 mod m then
Fyp 2, (t) >1—¢, that is, g(F,, 2, (t)) < g(1 —¢).

In fact, suppose to the contrary, there exist ¢y > 0 and ey > 0, such that for any n € N, we can find p(n) >
q(n) > n with p(n) —q(n) =1 mod m satisfying Fy . «, ., (to) < 1—eo, that is, g(Fx, ) .z (to)) = g(1—¢o).

Now, we take n > 2m. Then corresponding to g(n) > n, we can choose p(n) in such a way that it is
the smallest integer with p(n) > g(n) satisfying p(n) — ¢(n) = 1 mod m and g(Fx, .z, (to)) > g(1 — o).
Therefore, g(Fz, ).z, (to)) < g(1 —&o). Using the non-Archimedean Menger triangular inequality and

Definition 1.5, we have

9(1 =20) SG(Fry) wpim (00)) < GAFr (0),200ny41 (00)s By 11,20 (0)))

S I(F sy aimysr (t0) + 9(Fay) 4120 (T0)

S IFa gy g sr (20)) + 9(Fo g1 0pm 11 (20)) + 9(Fap)i1,000, (B0))

<29(Fy )y a2 (00)) + 9(Fyy.2p a0 (00)) + 9(Fpy 1 20 (F0))

< 29(Fo ) @anyi1 (10)) + 9(F () @) (t0)) + 29 (Fr ) 11,00 (F0))

< 29(Fr 0 wqmy1 (10)) T 9(F ) @iy - (10)) T 9(Fay ) sy (£0)) + 29(Fo ) 11,2000, (0))

= 29(qu<n>v$q<n>+1 (to)) +9(1 —e0) + Z g(FIpm)—i»%(n)—m (to)) + 29(Fmp<n>+1»%<n> (t0))- (2.4)
i=1
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(t)) =0 for all t > 0, letting n — oo in (2.4), we have

Tn+1,Tn

Since lim g(F;
n—oo

9(1 - 50) = lim g(qu(n)wwp(n) (to)) = nh—>H;o g(qu(n)+1,1p(n) (to))

= T g(Fr, 0000 (t0)) = B g(Fey 0,000 (f0))-

By p(n) — q(n) =1 mod m, we know that x,,) and z,(,) lie in different adjacently labeled sets A; and

Aiy1, for 1 < i < m. Using the fact that T is a generalized cyclic weak contraction, we have

MI(Fe iy i1.piy o1 (G0 = Rlg(Fra, ) 12,0, (00))] < AIMi (2g(n)s Tp(n) )] = S(Mig (Tg(n)> Tp(n))); (2.6)
where
Mo (2q(n)s Tp(n)) = max{G(Fr, ) a0 (00))s 9(F ) gy 01 (00))s 9(F ) 0y 1 (F0))
D19y 10)) + 9Py e ()]}
By (2.5), we have nh_)ngo M, (2g(n), Tp(n)) = max{g(1l —&o),0,0, %[g(l —¢e0)+9(1 —e9)]} = g(1 —&p). According

to the continuities of h and ¢, letting n — oo in (2.6), we get

hlg(1 —e0)] < hlg(1 —0)] = ¢(g(1 — €0)).
Thus, ¢(g(1 —€)) =0, that is g(1 —e¢9) = 0. Then €9 = 0, which is in contradiction to gg > 0.
Therefore, our claim is proved. In the sequel, we will prove that {z,} is Cauchy sequence.

By the continuity of g and g(1) = 0, we have lim+ g(1 — ae) = 0, for any given ¢ > 0. Since g is strictly
a—0
g(1—¢)

decreasing, then there exists a > 0 such that g(1 —ag) < L5

For any given ¢ > 0, € > 0, there exists a > 0 such that g(1 — ag) < 9(1;5). By the claim, we find ng € N
such that if p, ¢ > ng with p — ¢ =1 mod m, then

gl —¢)

Fppo,(t)>1—ae, and g(Fy, ., (1) <g(l—ac) < 5 (2.7)
Since lim g(F, ., z,(t)) = 0, we also find n; € N such that ree
n—o0
g(1—¢)
9(Frn ) < 2575, (28)

for any n > ny.

Suppose that r, s > max{ng,n1} and s > r. Then there exists k € {1,2,...,m} such that s—r =k mod m.
Therefore, s —r+j =1 mod m, for j =m—k+1,j €{0,1,...,m —1}. So, we have

Q(Fzr,a?s (t)) < g(Fzr,rs+j (t)) + g(Fms+_7vms+_j—l (t)) +o+ g(Fxs+1,rs (t))

From (2.7), (2.8) and the last inequality, we get

g(l—a)ﬂ_g(l—é‘)gg(l—é) g(1—¢)

5 o 5 + 5 = g(l—e¢). (2.9)

9(Fp, 2. (1) <

Since g is strictly decreasing, by (2.9), we obtain F, . (t) > 1 —e. Therefore {z,} is Cauchy sequence.
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Since X is a complete PM-space, ¥ = U ;A; is closed, then Y also is a complete space. Thus there exists
z* € Y such that x,, = 2*. As Y = U2, A; is a cyclic representation of Y with respect to 7', then the sequence

{z,,} has infinite terms in each A; for i € {1,2,...,m}.

First, suppose that z* € A;, then Tz* € A; 1, and we take a subsequence {x,, } of {x, } with z,,, € A;_;(the

existence of this subsequence is guaranteed by above mentioned comment).

Case (a): If T is continuous. Since lim z, = x*, we have Tz* = z*.
n—o0

Case (b): If it satisfies a nondecreasing sequence z,, — x*, such that x,, < z*, then z,,, € A;_1 and z* € A;

are comparable. By (2.1), we have

hg(Fe.,, 1,10 (8)] = hlg(Fra,, 12+ ()] < A[Mi(2n,, 27)] = ¢(Mi(n,, 27)), (2.10)
where
Mi(2n,, ") = maX{g(Fwnk,x* (t)), g(Fwnk o (), 9(Fo= 10 (1)),

Sl9Fe,, 1 () + 9(F,, e ()]

Let Gy be the set of all the discontinuous points of Fy+ 1g+(t). Since g, h, and ¢ are continuous, we obtain
that Gy also is the set of all the discontinuous points of g(Fy+ 1y (t)), hlg(Fp+ 1o+ (t))] and ¢(g(Fpx 14+ (1))).
Moreover, we know that Gy is a countable set. Let G = RT\Go. When ¢ € G\{0} (t is a continuity point of
Fy+ 74+ (t)), we have
: . 1
lim Mt(xmm z ) = max{O, 0, g(FI*,TCE* (t))a §[Q(Fm*,Ta:* (t)) + 0]} = g(Fﬂ?*mi* (t))

k—oco

Letting n — oo in (2.10), we get
hlg(Far ra- (1))] < hlg(Fer 1ar ()] — (g (Far 1a (1))
Thus, ¢(g(Fy= 174+ (t))) = 0, that is, g(Fy+ 74+ (t)) = 0. Then

Foo o (t) = H(t), forallte G. (2.11)

When t € Gy with ¢ > 0, by the density of real numbers, there exist t1,t2 € G such that 0 < t; <t < 5.

Since the distribution is nondecreasing, we have
1=H(t1) = Fpr 1y (t1) < Fpr 1y () < Fype pye (t2) = 1.
This shows that, for all ¢t € Gy with ¢ > 0,
For mp=(t) = H(1). (2.12)
Combing (2.11) with (2.12), we have Fy« 1g«(t) = H(t), for all ¢ > 0, that is, Tx* = z*.
Hence, in all case, we have Tx* = z*.

Finally, we prove the uniqueness of the fixed point under the additional conditions. In fact, suppose that

there exist z*,y* € Y such that Tz* = z*, Ty* = y*, then we have z*,y* € N[, A;.
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Since the set of fixed points of T is well ordered, we have 2* € A; and y* € A;11 are comparable. By (2,1),
we have

hlg(Fo (1)) < h[Mi(27,y")] = o(Mi(2",y7)),  for all £ >0,

where

My(x",y") = max{g(Fox = (1), g(Far 2= (1)), 9(Fy- = (1)), %[Q(Fz*,y* () + g(EFr = ()]} = g(For (1))

Thus, ¢(g(Fy- 4+ (t))) = 0, that is, g(Fy» 4+ (t)) = 0. Hence, Fy« 4+ () = 1, for all ¢ > 0. Then z* = y*.
Remark 2.1 Theorem 2.1 generalizes and extends Theorem 2.1 in [6] and Theorem 2.4 in [7].

Corollary 2.1 Let (X,<) be a partially ordered set and (X, F,A) be a complete N.A Menger PM-space,
T : X — X be a nondecreasing mapping. Suppose that for comparable x,y € X, we have

1

9(Fra,1y (1)) < @(max{g(Fa,y (1)), 9(Fo,r2(1)), 9(Eyry (1)), 5l9(Eairy (1)) + 9(Eyra (1)1},

for all ¢ > 0, where ® : [0,00) — [0, 00) is a continuous function, ®(¢) < ¢, for t > 0 and ®(0) = 0. Also assume
that either

(a) T is continuous or, (b) if a nondecreasing sequence z,, — x, then z, < z, for all n € N.

If there exists x¢g € X such that zq < Txg, then T has a fixed point. Furthermore, the set of fixed points of
T is well ordered if and only if 7" has a unique fixed point.

Proof. Taking h(z) =z and ®(t) =t — ¢(¢) in Theorem 2.1, we can easily obtain the above corollary.

Corollary 2.2 Let (X, <) be a partially ordered set and (X, F,A) be a complete N.A Menger PM-space,

T : X — X be a nondecreasing mapping. Suppose that for comparable x,y € X, we have

. 1
Frary(t) 2 $(min{Foy (1), Fora(t), Fyry(t), 5[Fery(t) + Fyro()]}),  forallt >0,

where ¢ : [0,1] — [0,1] is a continuous function, ¢t < ¥(¢t) < 1 for t € [0,1), ¥(t) = 1 if and only if t = 1. Also
assume that either

(a) T is continuous or, (b) if a nondecreasing sequence x,, — x, then z,, < z, for all n € N.

If there exists x¢g € X such that zg < Txg, then T has a fixed point. Furthermore, the set of fixed points of
T is well ordered if and only if T has a unique fixed point.
Proof. Taking h(z) =z and g(t) =1 — ¢, ¥(t) =t + ¢(1 — t) in Theorem 2.1, we can easily obtain the above

corollary.
Remark 2.2 Corollary 2.2 generalizes and extends Theorem 2.1 in [22].
Now, we give an example to demonstrate Theorem 2.1.

Example 2.1 . Let X = R*, Ay(a,b) = max{a + b — 1,0}, F be defined by

0, t<0,
Fw»y(t) = ;1;1%2,7?%7 0<t S ]-7
1 t>1.

8
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for all z,y € X. Then, for every given z,y € X, it is easy to verify that F} , is a distribution function and

(X, F,A) is a complete N.A Menger PM-space.
In fact, (MS — 1) and (M S — 2) are easy to check. To prove inequality (1.1). We consider the case:
Case 1. If t1 > 1 or to > 1, then F, ,(max{ti,ta}) > Aq(Fy y(t1), Fy 2 (t2)), for any z,y,z € X.

Case 2. If 0 < ty,tp <land z <y < z, for z,y, 2z € R, then

F(max{tr,ta}) — A (Fuy(t1), Fya(t2)) = = +1— (5 +

Yy (y —z)(z —y) > 0.
z Yy 2 Yz

Case 3. If 0 < ty,to <land y <z < 2, for z,y, 2z € R, then

xT T+ z)(x —
Fy o (max{ts t2)) — Ay(Foy (), Fy (i) = = 41— (Y4 ¥y = @FA@=0)
z X A Tz
Case 4. If 0 < ty,to <land z < z <, for 2,9,z € R, then
T T z T+ z —z
Fysinax{tn, t2}) = Aa(Fay12),Fyalta)) = £ 1= (2 5y = EEIWZE 5

Hence, in all case, we have F, ,(max{t1,t2}) > Ay (Fyy(t1), Fy -(t2)), for all ¢1,t2 € RT, that is, 1.1 holds.

Suppose that A4; = [0,1], Ay = [3,1], A3 =[3,1], and Y = UP_,A; Let f:Y - Y and fz = 1+ 1, for
alz ey,

Clearly Y = U?:1 A; is a cyclic representation of Y with respect to f.

We next prove that it satisfies the conditions of Theorem 2.1, where h(z) = 3z, ¢(z) = ¢z, and g(t) = 1 —¢.
By the definitions of F'| g, h and ¢, we only need to prove that

S01-Qy) = SQulwy) + 3, (213)

where Q; (x, y) = min{FLy (t), Frre (t)7 Fyry (t), %[Fw,Ty (t) + Fy s (t)]}

Firo py(t) > Qu(x,y) +

Since fx = % + %a: If 0 <z <y, for z,y € [0,1], then we have
. 1 T
Qi(z,y) = min{Foy (8), Fo7o(t), Fy.ry (1), 5 [Fory () + Fyra()]} < Foy(t) = '

Hence, we consider the following two cases:

Case 1. If 0 < t < 1, we have

1 _xz+1 2¢ 1 (@2-y)(y—=x)

2
Fropy(t) — = —x2 T3 37 3wrny =V
fx,fy() 3Qt($,y) 37 y+1 3y 3 3(y+ 1)y -

which implies that (2.13) holds.

Case 2. If t > 1, by the definition of F', we have

2 1
Ffz’fy(t) - th(mvy) -5=0

3
which implies that (2.13) holds.
Hence, in all case, we obtain that (2.13) holds.

Thus, all hypotheses of Theorem 2.1 are satisfied, and we deduce that f has a unique fixed point in Y. Here,
x =1 is the unique fixed point of f.
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3 Coupled fixed point theorems in partially ordered probabilistic

metric spaces

In the section, we will apply the Corollary 2.2 in the Section 2 to prove the coupled fixed point theorems

under contractive conditions in partially ordered probabilistic metric spaces.

Lemma 3.1 If (X, F,A) is a N.A Menger PM space, then (X2, F, A) is also a N.A Menger PM space.

Proof. Tt is sufficient to prove that, for a = (z, y),é = (u,v),¢ = (p,q) € X?,

Fye(maxfty, ta}) > A(F, 5(t), F 5(t2)),

for all 1,5 > 0. In fact, for all a = (J;,y),gz (u,v),é= (p,q) € X? and t1,ts > 0 we have

Fs s(max{t1,t2}) = min{Fy p(max{t1,t2}), F, q(max{ti,t2})}
> min{A(Fyu(t1), Fup(t2)), A(Fyo(t1), Fuq(t2))}
= A(min{Fyu(t1), Fyo (1)}, min{Fyp(t2), Fuq(t2)})
= A(F, 5(tr), Fj 5(t2))-

The proof is complete.

Theorem 3.1 Let (X, <) be a partially ordered set and (X, F,A) be a complete N.A Menger PM-space,
A: X xX — X be a mapping satisfying the mixed monotone property on X. Suppose that for all z,y, u,v € X,

z < wu and v <y, we have
FA(x,y),A(u,v) (t) > w(min{Fx,u(t)» Fy,v (t); Fx,A(z,y)(t)v E/,,A(u,v)(t)v -Fy,A(y,x) (t)v Fu,A(v,u) (t)v
1. . .
§[mln{Faz7A(u,v) (t)v Fy,A(v,u) (t)} + mln{Fu,A(x7y) (t)a FmA(y,a:) (t) }]})7

for all ¢ > 0, where v : [0,1] — [0,1] is a continuous function, t < ¢ (t) < 1 for ¢t € [0,1), ¥(t) = 1 if and only if
t = 1. Also assume that either
(a) A is continuous or,

(b) if a nondecreasing sequence x,, — z, then z,, < z, for all n € N;
If a nonincreasing sequence x,, — x, then y < y,, for all n € N.

If there exist xg,yo € X such that z¢o < A(zo,y0) and A(yo, 2o) < yo, then A has a coupled fixed point, that
is, there exist p,q € X such that A(p,q) = p and A(q,p) = q.
Proof. Let X = X x X, for a = (a:,y),g = (u,v) € X, we introduce the order < as

&jl; if and only if x < u, v <.

It follows from Lemma 1.2 and Lemma 3.1 that (X, <, F, A) is also a complete partially ordered N.A Menger
PM-space, where
Fy (1) = min{Fy u (1), Fy,o ()}

The self-mapping T : X - X is given by

Ta= (A(x,y), Ay, z)) for all a= (z,y) € X.

10
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Then a coupled point of A is a fixed point of T' and vice versa.

If @ < b, then 2 < u and v < y. Noting the mixed monotone property of A, we see that A(z,y) < A(u,v)
and A(v,u) < A(y,x), then Ta < Tb. Thus T is a nondecreasing mapping with respect to the order < on X.

On the other hand, for all ¢ > 0 and a = (z, y), b= (u,v) € X with @ < b, we have

FA(rc,y),A(u,v)(t) > w(mln{FlE,u (t)v Fy,v (t)a FT,A(z,y) (t)7 Fu,A(u,v)(t)7 Fy,A(y,m) (t)v Fv,A(v,u) (t)
1. . .
5 [mln{FI,A(u,v) (t)7 Fy,A(v,u) (t)} + mln{Fu,A(m7y) (t)a Fv,A(y,ax) (t)})
1/)(min{min{Fm7u (t), Fyﬂ, (t)}, min{Fw,A($7y) (t), Fy7A(y7$) (t)}, miH{Fu,A(uﬂj) (t), Fv,A(v,u) (t)},

2

1, . .

5 [mln{Fx,A(u,v) (t)a Fy,A(v,u) (t)} + mln{Fu,A(a:,y) (t)7 Fv,A(y,z) (t)})
1

= y(min{F, ;(), Fara(t), Fy 14(1), 5

[Fa,TB(t) + FT&,E(t)]})

Similarly, FA(y,m),A(v,u) (t) > 1/J(min{15d7g(t), Fd,T&(t), F&Tg(t), %[Fa,TI;(t) + FT&,I;(t)]})' Thus7

.= ~ 1.~ ~
FT&,TE<t) > w(mm{Fa,a(t% Fara(t), FB,TE(t)v §[Fa,TE(t) + FT&,E(t)]})-
Also, there exists an Zg = (2g,y0) € X such that Zg < T7y = (A(z0,y0), Alyo, x0)).

If a nondecreasing monotone sequence {Z,} = {(Zn,yn)} in X tends to & = (z,y), then Z, = (zn,yn) =<
(Tn+1sYnt1) = Tnt1, that is, x, < 241 and yp41 < yn. Thus {x,} is nondecreasing sequence tending to x
and {y,} a nonincreasing sequence tending to y. Thus z,, < x and y < y,, for all n € N. This implies &, < x.

Obviously, the continuity of A implies the continuity of T
Therefore, all hypotheses of Corollary 2.2 are satisfied. Following Corollary 2.2, we deduce that A has a

coupled point, that is, there exist p,q € X such that A(p,q) = p and A(g,p) = gq.

Remark 3.1 Theorem 3.1 generalizes and extends Theorem 71 in [21] and Corollary 2.1 in [22].

4 An application

In this section, using the Theorem 2.1, we establish some fixed results for generalized weak contractions in

partially ordered metric spaces.

Theorem 4.1 Let (X, d, <) be an ordered complete metric space, T : X — X be a nondecreasing mapping,.

Suppose that for comparable z,y € X, we have
d(Tz,Ty) < M(z,y) — (M(z,y)), Vt>0, (4.1)

where M(z,y) = max{d(z,y),d(z,Tz),d(y,Ty), 3[d(z, Ty) + d(y,Tz)]}, ¢ : [0,00) = [0,00) is a continuous

function, “"gs) > (), for all t > 0, and ¢(s) = 0 if and only if s = 0. Also assume that either

(a) T is continuous or, (b) if a nondecreasing sequence z,, — x, then z,, < z, for all n € N.
If there exists xg € X such that xy < Txg, then T has a fixed point. Furthermore, the set of fixed points of
T is well ordered if and only if 7" has a unique fixed point.
11
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_d(z,y)

Proof. Let (X, F,As) be the induced N.A Menger PM-space, where F is defined by F, ,(t) = e~ ¢ , for

t >0, z,y € X. We can easily prove that a sequence {z,,} in X converges in the metric d to a point z* € X

if and if only {z,} in (X, F, Ag) 7-converges to z*. Let g € Q, where g(t) = 1 —¢. Since (X, d) is a complete

metric space, then (X, F, As) is a 7-complete N.A Menger PM-space of type (D), .

For z,y € X, x and y are comparable, by (4.1), for ¢t > 0, we have

ATz, Ty) _M(z,y) | p(M(z,y))
l—e & <l—e & T
M) | M(z,p)
<1 —e o te(=EE) (4.2)
_ M(z,y) _ M(z,y) M(z,y)
=1—e " —e T [erTTT) 1]

1
Let ¢ : [0,1) — [0,+00), where ¢(u) = [1 — u][e?™' ™) — 1], for u € [0,1]. Since ¢ is continuous and
©~1(0) = 0, then ¢ also is continuous and ¢~1(0) = 0.

Since (1 —e~" ¢ )=e

_ M(=z,y) _d(=z,y)

[e“"(w) —1],9(s)=1—s,and Fy ,(t) =e~ "¢ , by (4.2), we get

_ M(z,y)
t

9(Framy(t)) < My(z,y) — ¢(Mi(z,y)),

for t >0, where M(x,y) = max{g(Fu.y(t)), 9(Fo.72(1)), 9(Fy.ry (1)), 5l9(Fo, 1y (8)) + 9(Fy 72 ()]}

Thus, all hypotheses of Theorem 2.1 are satisfied, when h(s) = s and m = 1. Then the conclusion holds.
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Abstract

We propose a weak Galerkin finite element procedure for time dependent
reaction-diffusion equation by using weakly defined gradient operators over
discontinuous functions with heterogeneous properties, in which the classical
gradient operator is replaced by the discrete weak gradient. Numerical anal-
ysis and numerical experiments illustrate and confirm that our new method

has effective numerical performances.
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1. Introduction.

Time dependent reaction-diffusion equations are a large important class of
equations. In this paper, we consider the following time dependent reaction-
diffusion equation:

u+ Au= f(x,t), 2€Q, 0<t<T, (1a)
u = u’(z), re, t=0, (1b)
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with homogenous Dirichlet boundary condition, where €2 is a bounded region

du
ot

in R?, with a Lipschitz continuous boundary; u; = ; and A is a second

order elliptic differential operator:
Au= -V - (aVu) + cu,

where a and ¢ are sufficiently smooth functions of x and satisfy 0 < a, <
a(z) < a* and c¢(x) > 0 for fixed a.,a*. We define the following bilinear form

a(u,v) = /(aVu - Vv + cuv)dz. (2)
Q

It is obvious that there is a constant oy > 0 such that
a(u, u) > apllullf, Yu € Hy(Q). (3)
The variational weak form to (1) is: find u = u(z,t) € L*(0,T; Hy(Q)),

such that

(ug,v) + a(u,v) = (f,v), Vv € Hy(Q), t>0, (4a)
u(z,0) = u’(x), x €, (4b)

where (-, -) denotes the inner product of L?*(2).

Many numerical methods for solving such problems have been developed,
please see [3, 6, 7, 11, 12, 13, 16] and references in. In [5], a weak Galerkin
finite element method (WG-FEM) was introduced and analyzed for parabolic
equation based on a discrete weak gradient arising from local Raviart-Thomas
(RT) elements [10]. Due to the use of RT elements, the WG finite element
formulation of [5] was limited to finite element partitions of triangles for two
dimensional problem. To overcome this, we presented a WG-FEM in [4]
with a stabilization term for a diffusion equation without reaction term and
derived optimal convergence rate in L? norm based on a dual argument tech-
nique for the solution of the WG-FEM. The WG-FEM was first introduced
in [14] for solving second order elliptic problems. Later, the WG-FEMs were
studied from implementation point of view in [8] and applied to solve the
Helmholtz problem with high wave numbers in [9].

The purpose of this paper is to present a weak Galerkin (WG) finite
element procedures using more flexible elements in arbitrary unstructured
meshes for time dependent reaction-diffusion problem, and derive optimal
convergence rate in the H! norm.
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The outline of this article is as follows. In Section 3, we define the weak
gradient and present semi-discrete and fully-discrete WG-FEMs for problem
(1). In Section 4, we establish the optimal order error estimates in H'-norm
to the WG-FEMs for the parabolic problem. Finally in Section 5 we give
some numerical examples to verify the theory.

Throughout this paper, the notations of standard Sobolev spaces L*(),
H*() and associated norms || - || = || - [|z2@), || [« = || - || ## () are adopted.

2. A weak gradient operator and its discrete approximation

Let T be any polygonal domain with interior 79 and boundary 07. A
weak function on the region T refers to a function v = {vg, vy} such that
vo € L2(T) and v, € Hz(dT). v, represents the value of v on T° and v,
represents that of v on 97. Note that v, may not necessarily be related to
the trace of vy on 9T'. Denote by W (T') the space of weak function associated
with 7' i.e.,

W(T) = {v — {vo, w5} : v € LA(T), vy € H%(aT)} . (5)

Definition 2.1. [14] The dual of L*(T) can be identified with itself by using
the standard L? inner product as action of linear functional. With a similar
interpretation, for any v € W(T), the weak gradient of v is defined as a
linear functional Vv in the dual space of H(div, T') whose action on each
q € H(div,T) is given by

(Vuv, @)1 == — / vV - qdT’ +/ Upq - nds, (6)
T orT

where n 15 the outer normal direction to OT .

Next, we introduce a discrete weak gradient operator by defining V,,
in a polynomial subspace of H(div,7"). To this end, for any non-negative
integer r > 0, denote by P.(T') the set of polynomials on T with degree no
more than r. Let V(K,r) C [P.(T)]? be a subspace of the space of vector-
valued polynomials of degree r. A discrete weak gradient operator, denoted
by V., is defined so that V,,v € V(T,r) is the unique solution of the
following equation

(Vurv, Q)1 == — / vV - qdT +/ vpq - nds, Vq e V(T,r). (7)
T oT

It is easy to know that V,,, is a Galerkin-type approximation of the weak
gradient operator V,, by using the polynomial space V (T, r).

3
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3. Weak Galerkin finite element methods

Let 7;, be a regular finite element grid on €2 with mesh size h. Assume
that the partition 7, is shape regular so that the routine inverse inequality
in the finite element analysis holds true (see [2]). In the general spirit of the
Galerkin procedure, we shall design a weak Galerkin finite element method
for (4) by the following two basic principles: (1) replace H'(€) by a space
of discrete weak functions defined on the finite element partition 7, and
the boundary of triangular elements; and (2) replace the classical gradient
operator by a discrete weak gradient operator V,, for weak functions on each
triangle T'.

For each T € T;, denote by P;(T°) the set of polynomials on 7°, which is
the interior of triangle 7', with degree no more than j, and P,(0T') the set of
polynomials on 0T with degree no more than [ (i.e., polynomials of degree
[ on each line segment of 07"). A discrete weak function v = {vg,vs} on T’
refers to a weak function v = {vg, vy} such that vy € P;(T°) and v, € P,(9T)
with j > 0 and [ > 0. Denote this space by W (T, j,1), i.e.,

W(T,j,1) :== {v = {vo, v} : vo € P;(T°), vy, € P(IT)}.

The corresponding FE space would be defined by matching W (T, j,1) over
all the triangles T € 7, as

Vh = {U = {UQ,U{;} . {U07Ub}|T € W(ijv l)uvT < ﬁl} (8)
Denote by V}? the subspace of V}, with zero boundary values on 99; i.e.,
V;? = {’U = {’Uo,'l}b} € Vh, Up |5Tﬂ 90— O,VT € 7;1} (9)

According to (7), for each v = {vg,v,} € V¥, the discrete weak gradient
Vv of v on each element T is given by the following equation:

/ V- qde = — / vV - qdx —i—/ uq-nds, Vqe V(T,r). (10)
T T orT

For simplicity of notation, we shall drop the subscript r in the discrete
weak gradient operator V,,, from now on. Now, we define the semi-discrete
weak Galerkin finite element scheme for (1) as: find u, = {ug, up}(+,t) €
VY (0 <t <T)such that

(Ui, V) + ay(up, v) = (f,v0),Vv = {vg, v} € V2, t >0, (11a)
up(z,0) = Qpu’(x), x €, (11b)
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where the bilinear form a,(+,-) is defined as

aw(v,w) = Y [(aVyuv - Vyw + cvgwe)da
TeT, . (12>
+ > hy < vy — vp, wo — Wy >ar,
TeT,

and Qnu = {Qou, Qyu} is the L? projection onto P;(T°) x P(9T). In other
words, on each element T, the function Qqu is defined as the L? projection
of u on P;(T) and on 9T, Qyu is the L? projection in P,(9T). Hereafter, we
choose [ = j.

Let {@i(z) : i =1,2,---, N}, where N = dim(V}?), be the bases of V.
For example, when j = 0 in P;(7'), ¢; is a function which takes value one in
the interior of triangle T" of 7, and zero everywhere else; and ¢; is a function
that takes value one on the edge e € 9T and zero everywhere else. Then (11)
can be expressed as: find a solution of the form

up = {ug, up} = Zﬂj(t)%’(ff)a

such that its coefficients pq(t), pa(t), - - - , un satisfy

N

D ) 4 pitlone) = (e 120 (1)

By Introducing the following matrix and vector notations:
M = [my;] = (i 05)], K = [kij] = [aw(pi 95)];
n = I:I[’L17/'L27 o 7:uN]T7F = [(f?gpl)7 (f7¢2)7 o 7(f7 gpN)]Tv

then (13) can be rewritten as

d
MH LKy =F. (14)
dt
M and K are positive definite matrix. The ordinary differential equation
(ODE) theory tells us that the semi-discrete WG scheme has a unique solu-
tion for any f € L?(Q).

Define a norm ||| - |||w,1 as
olllwoa = [ UVl + 013 + Azt llvo = wll3 or),  (15)
TeT,
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which is a H'-equivalent norm for conventional finite element functions, since
the presence of the L?(T) term renders the norm to be an equivalent H' norm
for any H'! function, regardless the value of their zeroth order traces on 97}
where |[v|[§ 7 = [;v*dz and [Jug — w|l§ o7 = [57(vo — vs)*ds. Moreover, the
following Poincaré inequality holds true for functions in ;2.

Lemma 3.1. Assume that the finite element partition 7, is shape reqular.
Then there exists a constant C' independent of the mesh size h such that

Il < Mollfw, Vv = {vo, v} € V- (16)

Let us now return to our semi-discrete problem in the formulation (11).
A basic stability inequality for problem (1) with f = 0, for simplicity, is as
follows:

Theorem 3.1. For the numerical solution to scheme (11) with initial setting
(11b), there is a L*-stability as follows

d
— [ wi(z,t)dx < 0. (17)
dt Jq

Proof. Taking v = uy, in (11a), with f = 0, we get
(unt(t), un(t)) + aw(up(t), up(t)) = 0.
From the definition of bilinear form a,(-,-) in (12), we know that
Ay (up(t), up(t)) > 0.

Based on this fact,

1d 1d
a7 L w00 = 5 n0,00(0) = (n),ua(0) <O
This completes the proof. O
Let 7 denote the time step size, and t, = n7 (n = 0,1,---), uy =

up(ty,) = {uf,up}. At time t = t,,, using backward difference quotient

Opuy, = (uh —up™")/7
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to approximate the differential quotient wuy, ; in the semi-discrete scheme (11),
we get the fully-discrete WG-FE scheme: find u} = {u?,u?} € V)2 for n =
1,2,---, such that

> (et on)r + aw(uyon) = > (" v0)7r Vo, = {vo, v} € VY, (18a)

TeTy, TeT,
up) = Quu’(x). (18b)

From (12), for v, w € V}?| we get
ay (v, v) = all|v[|[},1, Vo € V),

and
aw (v, w) < C|[v||[w ][] |w1,

which guarantees the existence and uniqueness of the solution u} = {uf, u}'}
to (18) for a given ™' = {uf " ul '},

4. Error estimate

In this section we will present a priori error estimates in H'-norm for the
semi-discrete scheme (11) and fully-discrete scheme (18) for smooth solutions
of (1).

For simplicity, we assume that diffusion coefficient a is piecewise constant
with respect to the finite element partition 7,. The corresponding results can
be extended to the case of variable coefficients provided that the coefficient
function a is sufficiently smooth.

Below we denote C' (maybe with indicates) as a positive constant de-
pending solely on the exact solution, which may have different values in each
occurrence.

4.1. Preliminaries
4.1.1. Sobolev space definitions and notations

Let © be any domain in R?. In this paper, we adopt the standard defini-
tion for the Sobolev space W*"(2), which consists of functions with (distri-
butional) derivatives of order less than or equal to s in L™ () for 1 < r < 400
and integer s. And their associated inner products (-, )s o, norms || - ||s,q,
and seminorms | - |, 0. Further, || - |/~ o represents the norm on L*>(2), and
| - || oo (jo, 1w ()) the norm on L>([0, T]; W*"(Q)). See Adams [1] for more
details.
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4.1.2. Properties of finite element space

In our analysis, we shall use two kinds of polynomial finite element spaces
associated with each element T' € 7;,. one is a scalar polynomial space Py (T),
in which the degree of polynomial is no more than k on 7° and 97", and the
other is the vector value polynomial space [P,_1(T)]? which is used to define
the discrete weak gradient V,, in (10). For convenience, we denote [P_(T)]?
by Gy_1(T), which is called a local discrete gradient space.

In addition, we define the local L?-projection of the vector value function
w(z) in this paper by Q,w(x). It is defined in each element 7' € 7, as the
unique vector value function in G_1(T") such that

/ Qnpw(x) - q(x)dr = / w(z) - q(x)dz, Vq(z) € G (T).  (19)
T T
The following three lemmas are listed without any proof. Their proofs

can be found in [14].

Lemma 4.1. Let Q;, be the L? projection operator. Then, on each element
T € Ty, we have the following relation

Vu(Qro) = Qu(Ve), Vo e H'(Q). (20)

Lemma 4.2. Let T be an element with e € 0T is a portion of its boundary.
For any function ¢ € H(T), the following trace inequality is valid for general
meshes (see [14] for details):

Ille < C(hz' 1617 + hrllVelT). (21)

Lemma 4.3. Let 7, be a finite element partition of domain € satisfying
corresponding shape regularity assumptions as specified in [15]. Then, for
any ¢ € H*1(Q), we have

Yoo =Quollz + > h7lIV(e - Quo)llr < CRP* VIR, (22)

TeT, TeT,

> lal(Vo — Qu(Ve) 3 < Ch*(|¢]7,,. (23)

TeT,

Lemma 4.4. Assume that 7y, is shape reqular. We have the following relation

1> byt < Qow — Quw, vo — vy >ar | < ChM[wlisa 0]l a1, (24)

TeT,
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and

[ Y <alVw—QVw) n,v — v >or | < ChM ]l ollluy (25)
TET,

forYw € H*(Q) and v = {vy, v} € V0.

4.2. Error estimate for semi-discrete WG scheme

In this section, we analyze semi-discrete WG scheme (11) first.

Theorem 4.1. Let u(x,t) and uy(x,t) be the solutions to the problem (1)
and the semi-discrete WG scheme (11), respectively. Assume that the exact
solution has a reqularity such that u, uy € H**1(Q). Then, there exists a
constant C' such that

T
e = wnll 2,1 < Cllla® = a2, + 12 [T (Rl + a2, ). (26)

Proof Let
p=u— Qpru,e = Qpu— up. (27)

where @, is the local L?-projection operator and e = {eg, e} = {Qou —
uo, @yt — up}. Then we have

u—up=p+e. (28)

To estimate p, we apply Lemma 4.3 and 4.4. We start by estimating e. Since
w and uy, satisfy (4) and (11) respectively, we have

(s — upg,v) + a(u,v) — ay(up,v) =0, Vo e VP
Further,
(ur — Qpus + Qruy — upt,v) + a(u,v) — ay(up,v) =0, Yo e %8

ie.,
(er,v) + a(u,v) — aw(up,v) = —(ps,v), Vv e V. (29)

In the following, we analyze the term a(u,v) — ay(up, v). Recalling the def-

initions of a(u,v) and a,(up,v) and noting that > < aVu-n,v, >5r= 0,
TeT,
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we derive

a(u,v) — ay(up, v)
= > [(aVu,Vv)r + (cu,v)r] — >, <aVu-n,v >sp

TeTy, TeT,

— > [(aVyup, Vo) + (cup,v)r] — > h;l < Uy — Up, Vg — Vp >ar
TeT, TeT, .
= > [(aVu,Vvu)r + (cu,v)r] — Y. <aVu-n,vg— v, >or
TeTy, TeT,
— > [(aVyup, Vo) + (cup,v)r] — > h;l < Uy — Up, Vg — Uy >ar
TeTh TETh

Further, we have

a(u,v) — ay(un, v)
= ZT [(aVu, Vu)r — (aV yup, Vv)r]

+ Z [(CU;U)T - (cuhvv)T] - Z hEl < Ug — Up, Vo — Up >9T

TeTy, TeT,
— > <aVu-n,vg — v >or
TeT,

= > [(aVu, Vv)r — (aV,Qpu, Vyv)r

TeTy
+<6vaQhU, va)T — (akuh, va)T]
+ Z [(CU, U)T - (Cu}wv)T] - Z h’I_“l < Ug — Up, Vo — Vp >oT

TeT, TeT,
— > <aVu-n,vg— v >ar .
TeET,

From the definitions of the weak discrete gradient V,, and the projection 9y,
as well as the expressions in (10) and (20), we get

(aV o Qpu, Vyv)r = (aQn(Vu), Vyuv)r = (Vyv,aQn(Vu))r
= —(v0, V- (aQn(Vu)))r+ < vp,aQp(Vu) - n) >pr
= (Vwg, aQp(Vu))r— < vg — vp,aQp(Vu) - n >pr
= (aVu, Vug)r— < vg — 0y, aQp(Vu) -1 >o7 .

Substituting (31) into (30) arrives at

a(u, v) — ay(up,v) = T%; [(aVywe, Vyv)r + (cp,v)r + (ce,v)r]

_TGZT h;l < Ug — Up, Vg — Vp >oT (32)
h

+ > < a(Qn(Vu) — Vu) -n,vy — v, >ar -
TeT,

10
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Combining (29) with (32) gives

(e4,v) + T;T [(aVye, Vyv)r + (cp,v)r + (ce,v)r]

— 3 hyp' < ug—up,vo — vy >or (33)
TeT,
+ > < a(Qp(Vu) — Vu) -n,vg — vy >ar= —(py, v).
TeT,

Adding the term " h;' < Qou — Quu, vg — v, >or to both sides of (33), we
TeT,
have

(e1,v) + ay(e,v)

= —(Pta U) - Z (Cl)a U)T + Z hEl < Qou — Qpu, Vg — Uy >or
TeT, TeT, (34)

+ > < a(Vu— Qn(Vu)) -n,vg — vy >or -

TeT,

Choosing the test function v = e; in (34), we have

1d
][5 + 5&%(@ e)
=—(pr,er) — > (epe)r+ >, h;l < Qou — Qpu, €0t — €pt >o7
TeT, TeT,
+ > <a(Vu— Qu(Vu)) -n,eqr — epr >or
TET,
= —(pryer) — (cpyer) + X hp' < Qou— Quu, eqp — ey >or
TeTy
-+ Z < CL(VU — Qh(Vu)) "N, €0t — €t >IT
TeET,
ER1+R2—|—R3—|—R4.
(35)
We estimate each term of Ry, Ry, R3 and Ry, separately.
For R; and Ry, we use Lemma 4.4, yielding:
|Rs| < Ch*[[ullpsallled s [Ral < OB Julliiallled] - (36)

The other two terms R; and R, can be bound by applying the Holder
inequality and Lemma 3.1, i.e.,

1
[Bal =1 = (o, )l < Clipdllllecl < Cllnlls + S lleells- (37)
1
| Bl = [ = (ep, el < Cllpllllecl < Cliplls + 5 lleclls. (38)
11
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Substituting (37), (38) and (36) into (35) leads to:

1d

5 g% (©€) < CUpl* + llpell® + s el ) (39)

Integrating (39) with respect to t from 0 to 7', we have

0u(e(T).e(T)) — ay (e(0).(0)
< Oy llPat + fi Pt + % £ el 0] (40)
< Oy llollPat + J o 2ar 12 [l s+ el 3,10

By virtue of Lemma 4.3,
pello = llue — Quuello < CAMflu| 41 (41)
A combination of (22) and (40)-(41) with Gronwall lemma leads to (26). O

4.8. Error estimate for fully discrete WG scheme

Theorem 4.2. Let u and {u}} be the solutions to the parabolic equation (1)
and the fully discrete WG scheme (18), respectively. Then

u(tn) — upll
tn " i
< C{fJu® — up 12 1 + PPF[(Ju®|l7 0 + IIutH%Hdt)H;IIu 3] (42)
72 [0 (g 2t}

Proof Set
pn = u(tn) - Qhu(tn)a e = Qhu(tn) - UZ,
then
u(ty) —up =p" +€" (43)

It follows from Lemma 4.3 that
tn
o wa < Cllp" [l < CR|Jut,) ks < Chk[!luollk+1+/ |tr|les1dr] (44)
0

In (4a), we set t = t,, we have

(u?> 'U) + a(un’ 'U) = (fna U)? (45>

12
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... Ou(z,t .
where uj' denotes the value of derivative (z, 1) at t = t,, and similar

definitions to ™ and f". Subtracting (18a) front1 (45), then we have
(ul — Qu, v) + a(u™,v) — a,(u?,v) =0, (46)
further
(Ore™, v) + a(u™, v) — ay(ul,v) = (Qupu(t™) — u, v). (47)

For the term a(u™,v) — ay,(u},v), taking the same measures used in the
analysis course of semi-discrete case, we have

(0", v) + ay (e, v)
= (0iQnpu(t") —uf,v) — > (cp",v)r

TeT,
+ > hp' < Qo — Quu”,vo — vy >or (48)
TeT,
+ > <a(Vu™ — Qn(Vu™)) -n,vg — vy >or -
TeT,

Let LLy, LLy be the two terms of the left hand side (LHS) of the equation
(48) and RRy, RRy, RR3, RR, be the four terms of the right hand side (RHS)
of (48), respectively. Nest, we choose the test function v = J;e™ in (48), and
estimate these six terms consecutively.

For the two terms LL;, LLy of the LHS of the error equation, we have

|LLy| = [(Dpe", Ose™)| = [|0pe™ I3 (49)
Note that
aw(e™, ") > agllle”[]]7 5,
and

au(e” ") < Clle™ [ allle™ 1.

using the weighted Holder inequality and choosing a suitable weight € , such
that € < ag and

ay(e”, ") < ellle” Iy + Cllle™ I

1

[LLs| = ~[(a0 = )flle” 150 = Cllle™ M) (50)

13
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The terms RR; through RR, in the RHS of (48) are estimated as follows:
_ _ 1
[RE:| < Cl|0,Qnu(t") — u||* + —||<9t€"!|3= [RRs| < Cllp"[I* + 519"l (51)

|RRs| < CthunHkaétglmw 1

< Ch*|ur|fy + — ~ (e 21+ e 112,0),
|RRy| < CthU"HkHH\at@C e,

< Ch*|ur|fy + — (|||€"||\ + [lle"HI12,1),

(52)

1
where Cj has to be less than 5(040 —€). A combination of (48)-(52) leads to

e 1152 i
< Bllle" %0 + CT10:@nu™) — uf I3 + L™ 1§ + h* [Ju"{[7+) (53)
< Bl + Cr ;(H@QW(ti) —wllg + 10°13 + P w7 44),
20, +C
h —-——
T N o
Introducing z* = 0;Qpu(t') — uj, and writing 2" = 2z} + 24, where
o R 1 [b
4 = 0Quu(t') — Bty = - / (O — Duydt,
ti—1
and
S , 1[4
Z; = @u(tl) — ut(t’) = ——/ (t — ti_l)uttdt.
T Jt; 4
From Lemma 4.3,
Z 21113 < CT_QZ( ChM w41 dt)? (54)

< cf—lhkﬂ ft” g |2, dt.
Similarly

tn
Zr|z2r|o<z / lugllodt)? = / a2 (55)

Again by Lemma 4.3,

ey = MQnu® — uplll3, = [ll@nu® — u® +u® — wupl|[5, , (56)
< CPM[[u®74y + N1 = w2
A combination of (53), (44) and (54)-(56) leads to (42). O
14
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5. Numerical Experiment

In this section, we give three numerical examples using scheme (18) and
consider the following parabolic problem [11]

w —div(DVu) = f, in QxJ, (57)

with proper Dirichlet boundary and initial conditions. For simplicity, we let
D =1,10; Q2= (0,1) % (0,1) be unit square; and the time interval J = (0,7")
be (0,1), in all three numerical examples. One can determine the initial and
boundary conditions and source term f(z,t) according to the corresponding
analytical solution of each example.

We construct triangular mesh as follows. Firstly, we partition the square
domain 2 = (0,1) x (0,1) into N x N sub-squares uniformly to obtain the
square mesh. Secondly, we divide each square element into two triangles by
the diagonal line with a negative slope so that we complete the constructing
of triangular mesh.

In the first example, the analytical solution is

u = sin(mz) sin(7y) exp(—t). (58)

For a set of simulations, different mesh sizes h = 1/N(N = 4,8, 16,32,64)
and different diffusion coefficients D = 1 and D = 10 are taken, and their
corresponding discrete norms errors and convergence rates (CR) are listed in
Table 1 for D =1 and D = 10. Here ||| - |||w1 is defined as discrete version
of the definition of (15) without the term [|v][§ .

Table 1: Numerical results of the fist example for D =1 and D = 10.

h u = unlllws  CR | |[Ju = unlllws  CR
2.5000e-01 | 1.6044e-01 1.2252e+-00

1.2500e-01 | 8.0594e-02  0.99 | 6.0921e-01  1.01
6.2500e-02 | 4.0329e-02  1.00 | 3.0412¢-01  1.00
3.1250e-02 | 2.0165e-02  1.00 | 1.5200e-01  1.00
1.5625e-02 | 1.0082e-02  1.00 | 7.5990e-02  1.00

In the second example, the analytical solution is
u=z(l—-2)y(l—y)exp(r —y—1). (59)

15
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Numerical error results and CRs are listed in Table 2 for D =1 and D = 10
based on the same triangular mesh as those of the first example.

Table 2: Numerical results of the second example for D =1 and D = 10.

D=1 D =10
h v = unlllws  CR | |[Ju — up||lwy  CR
2.5000e-01 | 1.5858¢-02 1.2052¢-01
1.2500e-01 | 7.9786e-03  0.99 | 5.9967¢-02 1.01
6.2500e-02 | 3.9940e-03 100 | 2.9945¢-02  1.00
3.1250e-02 | 1.9973¢-03 100 | 1.4967e-02  1.00
1.5625¢-02 | 9.9864c-04 1.00 | 7.4829¢-03  1.00

In the third example, the analytical solution is

u=1z(1l-1z)y(l—y)exp(z+y+1) (60)
Numerical error results and CRs are listed in Table 3 for D =1 and D = 10
based on the same triangular mesh as those of the first example.

Table 3: Numerical results of the third example for D = 1 and D = 10.

D=1 D =10
h v = unlllws  CR | |[Ju — up|llwy  CR
2.5000e-01 | 3.1035¢-01 2.3672e+00
1.2500e-01 | 1.5916e-01  0.96 | 1.1977e+00 0.98
6.2500e-02 | 8.0078¢-02  0.99 | 6.0062e-01  1.00
3.1250e-02 | 4.0099¢-02 1.00 | 3.0052¢-01 _ 1.00
1.5625¢-02 | 2.0056e-02  1.00 | 1.5029¢-01  1.00

All three numerical examples show good agreement with the theoretical
results in Section 4, which show that the WG-FEM (18) is stable and first
order convergent in H' norm.
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1 Introduction and Preliminaries

In 2007 Huang and Zhang|[1] introduced cone metric space and proved some fixed point
theorems of contractive mappings in such spaces. Since then, some authors proved lots
of fixed point theorems for contractive or expansive mappings in cone metric spaces that
expanded certain fixed point results in metric spaces (see [2-14]). However, recently, it is
not an attractive topic since some authors have appealed to the equivalence of some metric
and cone metric fixed point results (see [21-24]). Recently [13] introduced the concept of
cone metric space with Banach algebra and obtained some fixed point theorems in such
spaces. Moreover, the authors of [13] gave an example to illustrate that the non-equivalence

of fixed point theorems between cone metric spaces over Banach algebras and metric spaces
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(in usual sense). As a result, it is necessary to further investigate fixed point theorems in
cone metric spaces over Banach algebras. In this paper, we generalize the famous Banach
expansive mapping theorems as follows:

Let (X, d) be a complete cone metric space over Banach algebra A and K be a cone
in A. Suppose the mapping T : X — X is onto and satisfies the generalized expansive

condition:

d(Tz,Ty) = kd(z,y),

for all x,y € X, where k, k' € K are generalized constants with p(k™') < 1. Then T has
an unique fixed point in X.

Further, we give some other fixed point theorems for expansive mappings with gener-
alized constants in cone metric spaces over Banach algebras. In addition, all cones are not
necessarily normal ones. In these cases, our main results are not equivalent to those in
metric spaces (see [7]).

For the sake of completeness, we introduce some basic concepts as follows:

Let A be a Banach algebras with a unit e, and 0 the zero element of A. A nonempty
closed convex subset K of A is called a cone if and only if

(i) {0, e} C K;

(i) K2=KK Cc K, K((-K) = {0};

(iii) AK + pK C K for all A, u > 0.

On this basis, we define a partial ordering < with respect to K by x < y if and only
if y —x € K, we shall write x < y to indicate that x < y but z # y, while x < y will
indicate that y — x € int K, where int K stands for the interior of K. If int K # (), then K
is called a solid cone. Write || - || as the norm on A. A cone K is called normal if there is
a number M > 0 such that for all z,y € A,

02z =2y=|af| < Myl

The least positive number satisfying above is called the normal constant of K. An element
x € A is said to be invertible if there is an element y € A such that yr = zy = e. The
inverse of z is denoted by z~!. For more details, we refer to [10, 13].

In the following we always suppose that A is a real Banach algebra with a unit e, K is

a solid cone in A and < is a partial ordering with respect to K.

Definition 1.1([13]) Let X be a nonempty set and A a Banach algebra. Suppose that
the mapping d : X x X — A satisfies:
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(i) 0 < d(x,y) for all z,y € X with x # y and d(z,y) = 0 if and only if z = y;

(ii) d(z,y) = d(y,x) for all z,y € X

(iii) d(z,y) 2 d(z, z) + d(z,y) for all z,y,z € X.
Then d is called a cone metric on X, and (X, d) is called a cone metric space over Banach
algebra A.
Definition 1.2([2]) Let (X,d) be a cone metric space, x € X and {x,} a sequence in
X. Then

(i) {z,} converges to x whenever for every ¢ € A with § < ¢ there is a natural number
N such that d(z,,z) < c for all n > N, we denote this by lim z,, = x or x, — x (as
n — 00). o

(i) {z,} is a Cauchy sequence whenever for every ¢ € A with § < ¢ there is a natural
number N such that d(x,,, x,,) < ¢ for all n,m > N.

(iii) (X, d) is a complete cone metric space if every Cauchy sequence is convergent.
Lemma 1.3 ([7]) Let u,v,w € A. If u < v and v < w, then u < w.
Lemma 1.4 ([7]) Let A be a Banach algebra and {a,} a sequence in A. If a,, — 0
(n — 00), then for any ¢ > 6, there exists N such that for all n > N, one has a, < c.
Lemma 1.5 ([10]) Let A be a Banach algebra with a unit e, z € A, then T}LIEIQ 27| =

exists and the spectral radius p(x) satisfies
pla) = lim [l2"||» = inf 2|
n—oo

If p(x) < ||, then Ae — x invertible in A, moreover,

o
(he—2)™" = Netl

=0

where A is a complex constant.
Lemma 1.6([10]) Let A be a Banach algebra with a unit e, a,b € A. If a commutes with
b, then

pla+b) < p(a) + p(b), plab) < p(a)p(b).
Lemma 1.7([20])) Let K be a cone in a Banach algebra A and k£ € K be a given vector.
Let {u,} be a sequence in K. If for each ¢; > 0, there exists N such that u,, < ¢; for all
n > Ny, then for each ¢y > 0, there exists Ny such that ku,, < ¢y for all n > Ns.
Lemma 1.8(]20]) If A is a Banach algebra with a solid cone K and ||x,| — 0(n — 00),
then for any 6 < ¢, there exists N such that for all n > N, we have z,, < c.
Remark 1.9 Let A be a Banach algebra and k € A. If p(k) < 1, then 7}1}20 ||k™]] = 0.

3
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2 Main results

In this section, we shall prove some fixed point theorems for expansive mappings in the
setting of non-normal cone metric spaces over Banach algebras. Furthermore, we display

two examples to support our main conclusions.

Theorem 2.1 Let (X,d) be a complete cone metric space over Banach algebra A and
K be a solid cone in A. Suppose that the mapping T : X — X is onto and satisfies the

expansive expansive condition:
d(Tx, Ty) = kd(z,y) + (T, y), (2.1)

for all z,y € X, where k,l,k! € K are two generalized constants. If e — | € K and
p(k™") < 1, then T has a fixed point in X.

Proof Since T is an onto mapping, for each xy € X, there exists 1 € X such that
Tx; = xy. Continuing this process, we can define {z,} by =, = Tx,11(n = 0,1,2,...).
Without loss of generality, we assume x,,_1 # x,, for all n > 1. According to (2.1), we have
d(xna xn—l) = d(T[L’n+1, Txn)

= kd(xpi1, ) H1d(T 2y, xp)

= kd(xpi1, Tp) + ld(xp, x,)

= kd<xn+1> ;Un),
then

d(In-i-la In) j k_ld(xnv xn—l)‘

Letting k=% = h we get

d(mn—i-la xn) j hd<xna xn—l) j e j hnd($17x0)~
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So by the triangle inequality and p(h) < 1, for all m > n, we see

d(fEm, xm—l) + d(xm—la xm—?) + -+ d(xn+17 xn)
R+ B e B (2, T0)

=
=(
=(e+h+-+h""hd(xy, 20)

By Lemma 1.8 and the fact that ||(e — k)" h"d(x1, z0)|| — 0(n — oo) (Because of Remark
1.9, ||h™| — 0 (n — o0)), it follows that for any ¢ € A with § < ¢, there exists N such
that for all m > n > N, we have

d(2p, 1) = (e — h) A d(z1, 10) < ¢,

which implies that {z,} is a Cauchy sequence.
By the completeness of X, there exists * € X such that z,, — z*(n — 00). Conse-
quently, we can find an z** € X such that Tx™ = x*. Now we show that x** = z*. In

fact,

d(x*,x,) = d(Tx™, Txpy1)
= kd(x™ ) H1d(Tx™ x001)
= kd(z™, xpi1) + 1d(z", xpe1).

Since
d(l'*, zn) j d($*> $n+1) + d(xn+17 $n>7

it follows that
kd(z™ xpy1) = (e = Dd(z", xp11) + d(Tpa, Tn).

Now, we have
d(:l:’**, xn-i-l) = k_l((e - l)d(x*a $n+1) + d(xn—&-lv xn))

Note that x,, — x*(n — o), by Lemma 1.7, it follows that for any ¢ € A with < ¢,
there exists N such that for any n > N, we have

E~ (e — Dd(z*, 2pyr) + d(2ppr, 20)) < c.
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Thus
d(z™, Tp) < c

Since the limit of a convergent sequence in cone metric space over Banach algebra is unique,

we get ™ = x*, i.e., ¥ is a fixed point of T'.

Theorem 2.2 Let (X,d) be a complete cone metric space over Banach algebra A and
K be a solid cone in A. Suppose that the mapping T : X — X is onto and satisfies the

generalized expansive condition:

d(Tz,Ty) = kd(x,y) + ld(z, Tz) 4+ pd(y, Ty), (2.2)

for all x,y € X, where k,l,p,e — p € K are generalized constants with (k +1)~! € K and
p[(k+1)"*(e —p)] < 1. Then T has a fixed point in X.

Proof Since T is an onto mapping, for each xy € X, there exists 1 € X such that
Tz, = xy. Continuing this process, we can define {z,} by z, = Tx,11(n = 0,1,2,...).
Without loss of generality, we suppose x,_; # x, for all n > 1. According to (2.2), we

have

d(xp, 1) = d(Txps1, Txy)
t kd($n+17 mn) + ld<xn+17 T$n+1) + pd('xn7 Txn)
= kd(xpy1,xn) + ld(xps1, ) + pd(Th, Tp_1),
which implies that
(k + l)d(xn7 xn—l—l) j (6 - p)d(xnv xn—l)-

Put £+ 1 =r, then
rd(xn, Tne1) < (e — p)d(xp, Tp_1). (2.3)

Since r is invertible, to multiply r~! in both sides of (2.3), we have

d(.fl’n, anrl) j hd(xn; xn71>7
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where h = (k +1)'(e — p). Note that p(h) < 1 and for all m > n,

d(xm) xn) j d({Em, xm—l) + d(xm—h xm—Q) + -+ d(xn+17 xn)
< (A" '+ ™2 o R d(2y, 70)
=(e+h+--+h" " DR"d(z1,20)

As is shown in the proof of Theorem 2.1, it follows that {x,} is a Cauchy sequence. Then
by the completeness of X, there exists x* € X such that x,, — z*(n — o0). Consequently,

we can find a 2** € X such that Tx** = x*. Now we show that ** = z*. Indeed, Since
d(z*, x,) = d(Tx™, Tx,eq)
= kd(z™, xpi) + (™, Tx™) 4+ pd(xps1, TTpyr)
= kd(x™, xpq1) + 1d(2™, 27) + pd(2p41, T0).

Then
d(x*, x,) = kd(z™, xpiq) + ld(x™, 2pp) — ld(2", Tps1) + pd(Tpir, Tn).
Note that
d(l‘*7 xn) j d(ZL‘*, xn—l—l) + d(xn+17 xn)7
thus

d(x™, 1) + d(zpi1, x0) = (K + 0)d(2™, 2ppq) — ld(2", 2pp1) + pd(Tpi1, Tn),
which implies that
(k+ Dd(z™, zpi1) < (e + D)d(x", 2ps1) + (€ — D)d(Tpi1, T0).
Since k + [ = r is invertible, we have
Az, xpi1) 27 (e + D)d(a*, 2pg1) + (€ — p)d(Tpi1, 7))

Owing to z, — z*(n — 00), it follows by Lemma 1.7 that for any ¢ € A with § < ¢ there
exists NV such that for any n > N,

r! ((e + Dd(x*, zpy1) + (e — p)d(xpq1, xn)) < ¢,

7
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hence
d(.ﬁlﬁ**7 xn-&-l) <ec

Since the limit of a convergent sequence in cone metric space over Banach algebra is unique,

we have x** = z*, i.e., 2* is a fixed point of T'.

Corollary 2.3 Let (X, d) be a complete cone metric space over Banach algebra A and
K be a cone in A. Suppose the mapping 7' : X — X is onto and satisfies the generalized

expansive condition:

d(Tz, Ty) = kd(x,y), (2.4)

for all x,y € X, where k, k' € K are generalized constants with p(k™!) < 1. Then T has

an unique fixed point in X.

Proof By using Theorem 2.1 and Theorem 2.2, letting [ = p = 6, we need to only prove
the fixed point is unique. Indeed, if y* is another fixed point of T', then

dz*,y*) =d(Tz", Ty") = kd(z*,y"),

that is,
d(a*,y*) 2 k(2" y") = hd(z*,y").

Thus
d(a*,y") < hd(a®,y") 2 WPd(at,y") < - 2R y).

In view of ||h"d(z*,y*)|| — 0(n — 00), it establishes that for any ¢ € A with § < ¢, there

exists N such that for all n > Ny, we have
d(z*,y*) 2 hd(z", y*) < ¢,

so d(z*,y*) = 6, which implies that z* = y*. Hence, the fixed point is unique.

Remark 2.4 Note that Corollary 2.3 only assumes that p(k~') < 1, which implies
p(k) > 1, neither k > e nor ||k|| > 1. This is a vital improvement.

Remark 2.5 Since we get the fixed point theorems in the setting of non-normal cone

metric spaces over Banach algebras, our results are never equivalent to the fixed point
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versions in metric spaces (see [7, 13]). The following examples illustrate our conclusions.

Example 2.6 Let A = C}[0, 1] and define a norm on A by [|z| = ||z + ||2/||s for
x € A. Define multiplication in A as just pointwise multiplication. Then A is a Banach
algebra with a unit e = 1. The set K = {z € A:x > 0} is a non-normal cone in A (see
[7]). Let X =R. Defined : X x X — Aby d(z,y)(t) = |z —yle’, for all t € [0, 1]. Further,
let T : X — X be a mapping defined by Tx = 2z and let k € K define by k(t) = ﬁ.
By careful calculations one sees that all the conditions of Corollary 2.3 are fulfilled. The

point z = 0 is the unique fixed point of the mapping 7.

Example 2.7 Let A= {a = (a;;)sx3 | a;; € R,1 <4,j <3} and [la]| =3 > |ay ]
1<i7<3

Then the set K = {a € A|a;; > 0,1 <1i,j <3} is anormal cone in A. Let X = {1,2,3}.
Define d: X x X — A by d(1,1) =d(2,2) = d(3,3) = 0 and

1 2 3

d(1,2) = d(2,1) = 0

S
e}

W
Ot
D

d(1,3) = d(3,1) =

S N w O N
O B~ = O
o (6 S e lN e}

d(2,3) =4d(3,2) =
3 4
We find that (X, d) is a solid cone metric space over Banach algebra A. Let T': X — X
be a mapping defined by T1 = 2,72 = 1,73 = 3, and let k,[,p € K be defined by

(@4

k=

O O ol
Ol O
al O O

p=I1=

o O O
ozl=o
O OO

Then d(Tz, Ty) = kd(z,y) + ld(x, Tx) + pd(y, Ty), where k,[,p,e —p € K are generalized
constants. It is easy to prove that |e —k —1|| < 1 and ||(k+1)"'(e — p)|| < 1, which imply
ple —k —1) < 1and p[(k+1)~'(e — p)] < 1. Clearly, all conditions of Theorem 2.2 are
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fulfilled. Hence T has a fixed point x = 3 in X.

Remark 2.8 It needs to emphasis that according to the expansive condition of [11,
Theorem 2.1], we are easy to see that the mapping discussed is an injection, and the
authors attempt to use [11, Example 2.7] to support this theorem. But unfortunately,
this is impossible, since the mapping appearing in this example is not an injection at all.
Therefore, it is unreasonable. Basing on the facts above, we may verify that Example 2.7
in this paper is reasonable. It is also interesting, since here we use matrixes as generalized

constants.
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ADDITIVE p-FUNCTIONAL INEQUALITIES IN FUZZY NORMED
SPACES

JI-HYE KIM, GEORGE A. ANASTASSIOU AND CHOONKIL PARK*

ABSTRACT. In this paper, we solve the following additive p-functional inequalities

N@+y) - 1@ -t < N(o(2r () -r@-1w) 1) 0D

and

N (2 () - @) - f)t) < N U - f@ - ). (02

in fuzzy normed spaces, where p is a fixed real number with |p| < 1.
Using the fixed point method, we prove the Hyers-Ulam stability of the additive p-functional
inequalities (0.1) and (0.2) in fuzzy Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

Katsaras [19] defined a fuzzy norm on a vector space to construct a fuzzy vector topological
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from
various points of view [11, 23, 48]. In particular, Bag and Samanta [2], following Cheng and
Mordeson [8], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric
is of Kramosil and Michalek type [22]. They established a decomposition theorem of a fuzzy
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3].

We use the definition of fuzzy normed spaces given in [2, 27, 28] to investigate the Hyers-Ulam
stability of additive p-functional inequalities in fuzzy Banach spaces.

Definition 1.1. [2, 27, 28, 29] Let X be a real vector space. A function N : X x R — [0, 1] is
called a fuzzy norm on X if for all z,y € X and all s,t € R,
(N1) N(z,t) =0 for t < 0;
(Ng) z = 0 if and only if N(x,t) =1 for all ¢t > 0;
(N3) N(cz,t) = N(x ,H)lfcséo
(Ny) N(z +y,s+t) > min{N(z,s), N(y,t)};
(N5) N(z,-) is a non-decreasing function of R and lim;_,o N(z,t) = 1.
(Ng) for © # 0, N(x,-) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.
The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in
[26, 27].

Definition 1.2. [2, 27, 28, 29] Let (X, N) be a fuzzy normed vector space. A sequence {z,} in
X is said to be convergent or converge if there exists an x € X such that lim,,_,oo N(z,—2,t) =1

2010 Mathematics Subject Classification. Primary 46540, 39B52, 47H10, 39B62, 26E50, 47540.

Key words and phrases. fuzzy Banach space; additive p-functional inequality; fixed point method; Hyers-
Ulam stability.
*Corresponding author.
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for all ¢ > 0. In this case, x is called the limit of the sequence {z,} and we denote it by N-
lim,,—y o0 Tn, = .

Definition 1.3. [2, 27, 28, 29] Let (X, N) be a fuzzy normed vector space. A sequence {z,}
in X is called Cauchy if for each € > 0 and each ¢ > 0 there exists an ng € N such that for all
n > ng and all p > 0, we have N(2,4p — 2pn,t) > 1 —c.

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy
normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is
continuous at a point zg € X if for each sequence {z,} converging to x¢ in X, then the
sequence {f(x,)} converges to f(zg). If f : X — Y is continuous at each = € X, then
f: X =Y is said to be continuous on X (see [3]).

The stability problem of functional equations originated from a question of Ulam [47]
concerning the stability of group homomorphisms.

The functional equation f(x+vy) = f(z)+ f(y) is called the Cauchy equation. In particular,
every solution of the Cauchy equation is said to be an additive mapping. Hyers [15] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was
generalized by Aoki [1] for additive mappings and by Th.M. Rassias [39] for linear mappings by
considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem
was obtained by Gavruta [12] by replacing the unbounded Cauchy difference by a general
control function in the spirit of Th.M. Rassias’ approach.

The functional equation f <L;”’) = % f (x)+% f(y) is called the Jensen equation. The stability
problems of several functional equations have been extensively investigated by a number of
authors and there are many interesting results concerning this problem (see [7, 16, 18, 20, 21,
24, 35, 36, 37, 41, 42, 43, 44, 45, 46]).

Gilényi [13] showed that if f satisfies the functional inequality

12f(2) +2f(y) = f(z —y)| < [f(z +y)ll (1.1)

then f satisfies the Jordan-von Neumann functional equation

2f(x) +2f(y) = fle+y) + f(z —y).
See also [40]. Fechner [10] and Gildnyi [14] proved the Hyers-Ulam stability of the functional
inequality (1.1). Park, Cho and Han [34] investigated the Cauchy additive functional inequality

1) + fy) + FI < [[f (& +y + 2] (1.2)

and the Cauchy-Jensen additive functional inequality

1£(2) + F) + 2£(2)] < |27 (;y + )

and proved the Hyers-Ulam stability of the functional inequalities (1.2) and (1.3) in Banach
spaces.

Park [32, 33] defined additive p-functional inequalities and proved the Hyers-Ulam stability
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces.

We recall a fundamental result in fixed point theory.

Let X be a set. A function d : X x X — [0,00] is called a generalized metric on X if d
satisfies

(1) d(z,y) =0 if and only if z = y;

(2) d(z,y) = d(y,x) for all z,y € X;

(1.3)
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(3) d(z, z) < d(z,y) +d(y, z) for all z,y,z € X.

Theorem 1.4. [4, 9] Let (X,d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element
x € X, either
d(J"z, J" ) = 0o

for all nonnegative integers n or there exists a positive integer ng such that

(1) d(J"x, J" ) < oo, Yn > ng;

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unlque fixed point of J in the set Y = {y € X | d(J™z,y) < oo};

(4) d(y,y*) < T27d(y, Jy) for all y € Y.

In 1996, G. Isac and Th.M. Rassias [17] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with applications. By
using fixed point methods, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [5, 6, 26, 30, 31, 37, 38]).

In Section 2, we solve the additive p-functional inequality (0.1) and prove the Hyers-Ulam
stability of the additive p-functional inequality (0.1) in fuzzy Banach spaces by using the fixed
point method.

In Section 3, we solve the additive p-functional inequality (0.2) and prove the Hyers-Ulam
stability of the additive p-functional inequality (0.2) in fuzzy Banach spaces by using the fixed
point method.

2. ADDITIVE p-FUNCTIONAL INEQUALITY (0.1)

In this section, we prove the Hyers-Ulam stability of the additive p-functional inequality
(0.1) in fuzzy Banach spaces. Let p be a real number with |p| < 1. We need the following
lemma to prove the main results.

Lemma 2.1. Let (Y, N) be a fuzzy normed vector spaces. Let f : X — Y be a mapping such
that

N(f+y) = fla) = 1)) 2 N (p (2 (550) = @) - ) ) ot (2.1)

for all z,y € X and all t > 0. Then f is Cauchy additive, i.e., f(x +1y) = f(x) + f(y) for all
z,y € X.

Proof. Assume that f: X — Y satisfies (2.1).

Letting z =y = 0 in (2.1), we get N(f(0),t) = N (0,t) = 1. So f(0) = 0.

Letting y = x in (2.1), we get N(f(2x) — 2f(x),t) > N (0,t) =1 and so f(2z) = 2f(x) for
all z € X. Thus

1(3) = 3@ (22)

for all z € X.
It follows from (2.1) and (2.2) that

N(f(x+y)— f(z) = f(y),t) >
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for all ¢ > 0. By (N5) and (Ns), N(f(x +vy) — f(z) — f(y),t) = 1 for all ¢ > 0. It follows from
(NQ) that

f@+y) = f(z)+ fy)
for all z,y € X. O

Theorem 2.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

L
plz,y) < 5 (22,2y)
forallxz,y e X. Let f: X — Y be an odd mapping satisfying
N (f(z+y) = flz) = f(y):1) (2.3)

S NAMCS IS P ——

for all z,y € X and allt > 0. Then A(x) := N-lim, ,o 2" f (5%) exists for each x € X and
defines an additive mapping A : X — 'Y such that

(2 —2L)t
N (f(z) — A(z),t) = @ 2Ly + Lo(e.a) (2.4)
forallxz € X and all t > 0.
Proof. Letting y = x in (2.3), we get
t
N(f(2z) —2f(2),t) > m (2.5)

for all z € X.
Consider the set
S={9: X->Y}

and introduce the generalized metric on S:

dig.h) = inf {1 € Ry s Nig(w) ~ ho), ) > o

where, as usual, inf ¢ = +o00. It is easy to show that (5, d) is complete (see [25, Lemma 2.1]).
Now we consider the linear mapping J : S — S such that

,VxeX,Vt>0},

x
Jg(x) :=2g (2>
for all z € X.
Let g,h € S be given such that d(g,h) = . Then
N(g(x) — h(z),et) =
for all x € X and all ¢ > 0. Hence
N(Jg(z) — Jh(x),Let) = N

Lt Lt
> 2 > 2
210(%,%) " 3+ Lo, z)
_ t
C t+ (o)
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for all z € X and all £ > 0. So d(g, h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g,h)

for all g,h € S.
It follows from (2.5) that

w2 (3)-31) 2 o

for all z € X and all t > 0. So d(f, Jf) < £.
By Theorem 1.4, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, i.e.,

A (”23) - %A(x) (2.6)

forall z € X. Since f: X - Y isodd, A: X — Y is an odd mapping. The mapping A is a
unique fixed point of J in the set

M={geS:d(f,g) < oo}

This implies that A is a unique mapping satisfying (2.6) such that there exists a u € (0, 00)
satisfying
N(f(z) — A(z), ut) > ————
(@) = Alo).it) > s
for all x € X;
(2) d(J™f, A) — 0 as n — oo. This implies the equality

N- lim 2"f (2“;) = A(z)

n—oo
for all z € X;
(3) d(f,A) < 2-d(f, Jf), which implies the inequality
L
< .

This implies that the inequality (2.4) holds.
By (2.3),

V(e (51 (3) 1 (8) =)
o o1 (55) 21 (3) -1 (3)) #) etz )

for all x,y € X, allt > 0 and all n € N. So

V() () 1(2) )
o (520) #(3) 21 (2)) ) )

for 2(1)11 x,y € X,allt >0 and all n € N. Since lim,_, Tl ey
t>0,

ER

=1 for all z,y € X and all

N (A +y) - Aw) - At = N (p (24 (552 - 4lx) - 4W)) 1)
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for all z,y € X and all ¢ > 0. By Lemma 2.1, the mapping A : X — Y is Cauchy additive, as
desired. O

Corollary 2.3. Let 8 > 0 and let p be a real number with p > 1. Let X be a normed vector
space with the norm || - ||. Let f: X =Y be an odd mapping satisfying

N (f(x+y) — f(x) = f(y),1)
2 min {N (o (21 (*5%) =10~ 50) ) g )

for all z,y € X and all't > 0. Then A(x) := N-lim, 0 2" f(55) ewists for each v € X and
defines an additive mapping A : X —'Y such that

(28 — 2)t
(20 — 2)t + 20z ||

N (f(x) = A(z), 1) >

forallxz € X and all t > 0.

Proof. The proof follows from Theorem 2.2 by taking ¢(z,y) := (||z||? +||y||?) for all z,y € X.
Then we can choose L = 2P, and we get the desired result. O

Theorem 2.4. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with
Ty
<2Lp|(—=,=
p(r,y) < 2Lg (2, 2)
for all x;y € X. Let f : X — Y be an odd mapping satisfying (2.3). Then A(x) := N-

limy, 00 z%f (2"x) exists for each x € X and defines an additive mapping A : X — Y such
that

(2 - 2L)t

N (f(z) = A(x),t) = (2 —2L)t + p(z,2)

(2.7)

forallxz € X and all t > 0.

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2.
It follows from (2.5) that

which implies that the inequality (2.7) holds.
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 2.5. Let 6 > 0 and let p be a real number with 0 < p < 1. Let X be a normed
vector space with the norm || - ||. Let f : X — Y be an odd mapping satisfying

N (f(x+y) — f(z) = f(y),1)
x t
2 min {N (o (21 (*57) =10~ 50) ) g T )

for all z,y € X and all t > 0. Then A(x) := N-lim, o0 55 f(2"2) exists for each x € X and
defines an additive mapping A : X —'Y such that

N (f(z) = Alz),t) >

(2 — 2P)t
(2 —2P)t + 20||z||P
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forallx € X and allt > 0.

Proof. The proof follows from Theorem 2.4 by taking ¢(z,y) := 6(||z||? +||y||?) for all z,y € X.
Then we can choose L = 2°~!, and we get the desired result. O

3. ADDITIVE p-FUNCTIONAL INEQUALITY (0.2)

In this section, we prove the Hyers-Ulam stability of the additive p-functional inequality
(0.2) in fuzzy Banach spaces. Let p be a fuzzy number with |p| < 1.

Lemma 3.1. Let (Y,N) be a fuzzy normed vector spaces. A mapping f : X — Y satisfies
f(0) =0 and
N (21 (55Y) - @) = F)it) = N (p (o +) = £a) = 1) (31)

for all x,y € X and allt > 0. Then f is Cauchy additive, i.e.,f(x +y) = f(x) + f(y) for all
z,y € X.

Proof. Assume that f: X — Y satisfies (3.1).
Letting y = 0 in (3.1), we get N (2f (3) — f(x),t) > N (0,t) =1 and so
1(3) = 3@ (32)
for all z € X.
It follows from (3.1) and (3.2) that
N(fty) - £ = 1wt = N (27 (52 - @) - 1) )
> N(p(f(z+y) = f(z) = fy)) 1)
= N (fe+n) 1@ - ). 75)

for all t > 0. By (IV5) and (Ng), N(f(x+vy) — f(z) — f(y),t) =1 for all £ > 0. It follows from
(NQ) that

flx+y) = f(z)+ fy)
for all z,y € X. O

Theorem 3.2. Let ¢ : X? — [0,00) be a function such that there exists an L < 1 with

L
forallz,y e X. Let f: X — Y be an odd mapping satisfying

N (21 (50 - 1) - Fw).t) (33
> min {N o (f(z+9) = (&) = F0).0) o |

for all z,y € X and all't > 0. Then A(x) := N-lim, ,o 2" f (5%) exists for each x € X and
defines an additive mapping A : X — 'Y such that

(1- L)t
(1 - L)t+ ¢(x,0)

N (f(z) = Alw), ) > (3.4)

forallx € X and all t > 0.
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Proof. Since f is odd, f(0) = 0.
Letting y = 0 in (3.3), we get

N (f@-27 (5)t) =N (27 (5) - Fladt) = o (3.5)

for all z € X.
Consider the set
S:={g: X >V}

and introduce the generalized metric on S:

d(g,h) = inf {u €R; : N(g(z) — h(x), ut) , Vo e X,Vt > O} ,

>7
~ t+ ¢(z,0)

where, as usual, inf ¢ = +o00. It is easy to show that (5, d) is complete (see [25, Lemma 2.1]).
Now we consider the linear mapping J : .S — S such that

x
Jg(x) :=2g (2>
for all z € X.
Let g,h € S be given such that d(g,h) = . Then

N —h t)> —————
(9(0) = h(o).2t) > s

for all x € X and all ¢ > 0. Hence
N(Jg(z) — Jh(z), Let) = g (;) —2h (”2”) ,Let)

N(Z
() a(3) -2

Lt Lt
2 2

>
F+e(30) 7 5+ 500

t+ (2,0
for all x € X and all ¢ > 0. So d(g, h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg,Jh) < Ld(g. h)

for all g, h € S.
It follows from (3.5) that

N(f(:c)—2f (;) ,t) > M

forall x € X and all t > 0. So d(f,Jf) < 1.
By Theorem 1.4, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, i.e.,
T 1
for all x € X. Since f: X = Y isodd, A: X — Y is an odd mapping. The mapping A is a
unique fixed point of J in the set

M={geS:d(f,g) < oo}
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This implies that A is a unique mapping satisfying (3.6) such that there exists a p € (0,00)
satisfying

N —Alr),put) > ——
() = Aw) i) >
for all x € X;
(2) d(J™f, A) — 0 as n — oo. This implies the equality

N- lim 2"f (;) = Az)

n—oo
for all x € X;
(3) d(f, A) < L:d(f,Jf), which implies the inequality
1
d(f,A) < ——.

This implies that the inequality (3.4) holds.
By (3.3),

e (520) s (2) 2

<
o (o (1 (5) -1 (5) -
(

D) #) st

for all z,y € X, all t > 0 and all n € N. So
+1p(TtY i
v () 2o () -

> min{N (,0 (2” (f <$;;y> —f <2:i) -/ (2yn)>) ’t> ’ ;n+§?<p(z,y)}

_t
for all x,y € X, all t > 0 and all n € N. Since lim,,_, % =1 for all z,y € X and all
an on )
t>0,

N (24 (T52) - A@) - A1) 2 N (Al +9) - A) — Aw) 1)

for all z,y € X and all ¢ > 0. By Lemma 3.1, the mapping A : X — Y is Cauchy additive, as

desired. ]
Corollary 3.3. Let 8 > 0 and let p be a real number with p > 1. Let X be a normed vector
space with the norm || - ||. Let f: X =Y be an odd mapping satisfying
x+
N (27 ("5Y) - 1@) - slo)t)
t
> min { ¥ (p (@ +9) = f(@) = ). 1), }
t=+ 0]z + [lylIP)

for all z,y € X and allt > 0. Then A(x) := N-lim, o 2" f(5%) exists for each v € X and
defines an additive mapping A : X —'Y such that
(28 — 2)t

N (@) = A@)D 2 o =y orgialr

forallx € X and all t > 0.
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Proof. The proof follows from Theorem 3.2 by taking ¢(x,y) := 0(||z||P +||y||P) for all z,y € X.
Then we can choose L = 2P, and we get the desired result. O

Theorem 3.4. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with
'y
<2Lp|—-,=
p(z,y) < 2L <2, 2)
for all x;y € X. Let f : X — Y be an odd mapping satisfying (3.3). Then A(x) := N-

limy, 00 Z%f (2"x) exists for each x € X and defines an additive mapping A : X — Y such
that

(1-L)t
N — A(x),t) > 3.7
(@)= A@.0 > T35 oD (37)
forallx € X and allt > 0.
Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 3.2.
It follows from (3.5) that
1 t
N — —f(2x),Lt) > ————
(@) = 5r@0. 1) > s
for all x € X and all t > 0. So d(f,Jf) < L. Hence
L
d(f,A) < ——
(f7 ) = 1 — L)
which implies that the inequality (3.7) holds.

The rest of the proof is similar to the proof of Theorem 3.2. 0
Corollary 3.5. Let 8 > 0 and let p be a real number with 0 < p < 1. Let X be a normed
vector space with the norm || - ||. Let f: X =Y be an odd mapping satisfying

Tty
N (21 (55Y) - f@) - f0).t)
t
> min { N (p(f(z+9) = £(2) ~ 1W) ). }
t 4 O(l (P + [ly[IP)

for all z,y € X and all t > 0. Then A(z) := N-lim, o0 55 f(2"2) exists for each x € X and
defines an additive mapping A : X — Y such that

(2 - 27)t
(2 —2P)t + 2P0||x|P

N (f(z) - A(x),t) =

forallx € X.

Proof. The proof follows from Theorem 3.4 by taking ¢(x,y) := 0(||z||P +||y||?) for all z,y € X.

Then we can choose L = 2P~!, and we get the desired result. O
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A NOTE ON BARNES-TYPE BOOLE POLYNOMIALS WITH
A»-PARAMETER

TAEKYUN KIM, DMITRY V. DOLGY, AND DAE SAN KIM

ABSTRACT. In this paper, we consider Barnes-type Boole polynomials and give
some formulae related to these polynomials.

1. INTRODUCTION

Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C,
will denote the ring of p-adic integers, the field of p-adic rational numbers and
the completion of the algebraic closure of Q,. The p-adic norm is normalized as
lpl, = %. Let C (Z,) be the space of continuous functions on Z,. For f € C(Z,),
the fermionic p-adic integral on Z,, is defined by Kim as

(1.1)
/f )dpy (z) = lim Zf . (see [1-19, 21, 22)).

=0

From (1.1), we have

|
—

n

(1.2) Loy (f)+ (=D T () =2 ()" (), (see [14])

l

Il
=)

As is well known, the Boole polynomials are given by the generating function

1
(1.3) — 1+t Bl,, (z | )\ T (see [10]) .
1+t +1 §:
When « =0, Bl, (\) = Bl, (0| \) are called the Boole numbers.
For ai,ag,...,a, € C,, the Barnes-type Euler polynomials are given by the

generating function

21”

m
1.4 En(z|ay,... a) =
( ) (ealt + 1) (eazt + 1) ... (ea7-t + 1 Z x ‘ ai ) nl

When =z = 0, E, (a1,...,a.) = E, (0] ay,...,a,) are called the Barnes-type
Euler numbers (see [12, 20]).
From (1.1), we can derive the following equation:

(1.5) | f@adus@

2010 Mathematics Subject Classification. 11B75, 11B83, 11S80.
Key words and phrases. Barnes-type Boole polynomial, Barnes-type Euler polynomial,
fermionic p-adic integral.

1

1127 TAEKYUN KIM et al 1127-1134



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.6, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

2 TAEKYUN KIM, DMITRY V. DOLGY, AND DAE SAN KIM
dp™N —1
= 1 -1*
Jim 3 f @) )
d—1pN -1
— 1 1 a+tx
Jm 3 S ()
d—1
=Y 0 [ flat o) @),
a=0 Zp

where d € N with d =1 (mod 2).
In [10], Kim-Kim derived the Witt-type formula for Boole polynomials which
are given by

(1.6) %/Z (1+ )" dpg (y)

1 x
=————(1+¢1)
1+t +1
oo tn
= Bl (x| ) —.
n:
n=0

In this paper, we consider Barnes-type Boole polynomials and give some formulae
related to these polynomials.

2. BARNES-TYPE BOOLE POLYNOMIALS WITH A\-PARAMETER

Let a1,ag,...,a, € C,. Then, we consider the Barnes-type Boole polynomials
which are given by the multivariate fermionic p-adic integral on Z, as follows:
1 --+Aa T
(21) 277/ . / (1 +t))\alyl+>\aQy2-‘r +Aaryr+ dﬂ—l (yl) . 'du_l (yr)
ZP ZP
A 1
o1 \1+ (1+1)
oo tn
= ZBZ,M (x| al,...,ar)ﬁ.
n=0
Note that Blg’z\ (x]1) = Bl,(z|A), (n>0). When = = 0, Bl,x(a1,...,a,) =
Bl, » (0] a,...,a,) are called the Barnes-type Boole numbers.
From (2.1), we have
1
@2 g [ [ Gamnt A+ o), du () duoa ()
ZP ZP

=Bl (z|a1,...,a;), (n>0),

where (z), =z (x—1)---(x —n+1).
We observe that
(2.3)

1
27/ / (Aaryr + -+ Aapyr + ), dp—q (y1) - - - dp—1 (yr)
Zp Z,
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1 n
o > s (ml)/ / (Aarys + -+ Aarye + ) dpey (y1) - du—i (yr)
1=0 Z Zyp

1 i . z\!
—TZ;&(”J))\/Zp"'/zp(a1y1+"'+aryr+>\) dp—1 (y1) -+ dp—1 (yr),

where S (n,1) is the Stirling number of the first kind.
From (1.2), we have

(2.4) / e / elamtodarantolbay  (zy) - du_y (z,)
ZP P
27”
(emt 4+ 1) (et +1)

o0 tn
:E_ x|a1,...,ar)a.
Thus, by (2.4), we get

(2.5) /Z . -/Z (@121 + -+ apxe + )" dp_q (1) -+ - dp_q ()

=E,(z|a,...,a;), (n>0).

From (2.2) and (2.5), we obtain the following theorem.

emt

Theorem 1. Forn > 0, we have

1 & T
5281 (n,l))\lEl (X‘al,...,ar) =Bly(z]a1,...,a.).

By (2.1), we get
1 1 2 oy
(2.6) or 11 (eazt n 1> ex

- ZBln’)\ (] ay,...,ar) M
n=0
- i <)\—miBln,,\ (x| ai,...,a.)S2 (m,n)) %m!’

m=0 n=0
where Sy (m, n) is the Stirling number of the second kind.
By (1.4), we get

T

(2.7) lHl(eth) o5t ZE(}\‘al ) —

Therefore, by (2.6) and (2.7), we obtain the following theorem.

Theorem 2. For m > 0, we have
T
"B, (f‘ )
b\ ap a

m
=27 ZBln,)\ (x| ay,...,a.)S2(m,n).
n=0
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From (1.5), we have

(2.8)

/Z . '/Z (1 + t))\a1y1+._<+Aaryr+x dILL_l (yl) . 'd/,[/_l (y7)

d—1

_ Z (71)k1+"'+k‘7‘
ki,...,kr=0
- /z B /Z (1 g ran e e e gy (ya) - dp ()
p P
d—1 arki+-Fapkq+Z
A PR et arys
_ Z (_1)k1+ +kr,./ / (1—|—t) ( d 191 y)
[ Zyp Zy

d—1 oo

_ or _1\k1t+ Ttk o ﬁ
=2 > (-1 > Bl (Marky + -+ Aake + x| a1, .. ar) -

k1,...,kr=0 n=0

00 d—1 m
_ o7 _ 1)kt tke -
=2 Z Z (-1) Blyaa (Aarky + -+ -+ Aayk, +x | a1,...,a.) ol

n=0 \ki,...,k.=0
where d € N with d =1 (mod 2).

From (2.8), we have
(2.9)
tn

n!
n=0

0o d—1
S DR Bly gy Marks + -+ Aacke o |, a) | <
k1,...,kr=0

1 Aa e Aaryr+x
:?/Z /Z (L) T2t gy (yn) - dpa (y)

o0 tn

= E Bln,)\ ($|a1,...,a7.)—',
n.

n=0

By comparing the coefficients on the both sides of (2.9), we obtain the following
equation:

Theorem 3. Ford € N with d =1 (mod 2), n > 0, we have

Bl (z]a1,...,a)
d—1
= Z (71)k1+"'+kT Bl g (Aarki + -+ dayk, +x | a1,...,a,).
E1,....kr=0

Let d € N with d =1 (mod 2). From (1.2), we have

(2.10) /Z

U
—

e“l(y1+d”du-1(y1)+/ etdy_y (y) =2 (~1) emih.

p Ly l

Il
o
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Thus, by (2.10), we get

d—1

2
a1yit _ = 1\ el
(2.11) /Z e (y) = g ;:0( 1) e ™.

P

From (2.11), we can derive

(2.12) / .. / e(alyl+a2y2+~~+aryr+w)tdﬂil (1) dp_y ()

.
b T 2 (arly+-+arl,+a)t
(_1) 1 ( ) elait rbr
6aldt + 1
=1

0o d—1

Lh+-+al-+2x
1 1+ —HTET, aity rlir
> , -

I
-]

I
!

tn
al,...,a,«) 7'
n!

n=0  li,...,lp=0

From (2.12) and (2.4), we get

E,(z]a1,...,a)
— atli + -+ al, +
:d”l Z:O(—l)lﬁmﬂ”"En( 1 y] U al,...,ar),

where d € N with d =1 (mod 2).
On the other hand,

(2.13) /Z

(L + )M dp_y (y) + / (14 ™" dpy ()

P ZP
=2 Z (14 )"
=0
where d € N such that d =1 (mod 2).
By (2.13), we get
(2.14)
/ / (1 + et At gy (yy)- - dpca (y,)
Zy
d—1
it +l Aarli+--+Aarl-+x
_H 11 L had Z (=1) 1+1)
T+ (@™ T
tm
=27 Bi, ey Op) —
mzz:o ad (a1 ar) ml
0o d—1 k
[P
D 1D DT Qah + - 4 Aagly + 1), il

oo n d—1
n "
=2y Z<k> S (=DM Narhy + -+ Naly + 2), Blugpa (ar, - ar) |
k=0

n!
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From (2.9) and (2.14), we note that

(2.15) Bl, (x| a1,...,a)
n n d—1
_ Z <k> Z (71)l1+~..+l7‘ (:z: +Adagl; +-+ /\arlr)k
k=0 Iy, lp=0
XBlp_gaal(ar,...,a.),

where n > 0 and d € N with d =1 (mod 2).
Therefore, by (2.15), we obtain the following theorem.

Theorem 4. Forn >0 and d € N with d =1 (mod 2), we have
Bln (:L' | alv"'aar)

n d—1
= <n> ST @ Ay + o+ Aagl),
k
k=0 U yeeln=0
XBln_k)\d (al, . ,aT.) .
From (2.14), we have
(2.16)

1 o O P
?/Z /Z (L )2y () - dpaa ()

d—1 r
1 a .t Aa
= ) (et (H)mld><1+t>* kel

Uyl =0 e
o] d—1 tn
=3 > )" BlosaNadh -+ Aagly | g, ay) |
n=0 \l1,...,lr.=0 n
and
(2.17) [ [ eyt e g ) d ()
Z, Zp
T - tn
=2 nz::OBln’)\ (a1,...,a,) E
Therefore, by (2.16) and (2.17), we obtain the following theorem.
Theorem 5. Forn >0, d € N with d=1 (mod 2), we have
d—1
Bl a(a1,...,a,) = Z (=) Bl g (Aagly 4 -+ Aagly | a1, ... ar).
U yeenslr=0

By replacing ¢ by ext — 1 in (2.14), we get

(2.18) /Z ] elawitraryrtX)igy | (yy) . dp_y (y,)

n d—1
= Z (Z) Z (=) (Nagly + -+ Aagly + x),,
k=0

n=0
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1 n
X Blnfk,)\d (al, A ,aT)) — (e%t — 1)

n!
3 (B85 (3)sonmcpp
m=0 n=0k=014,...,[,,=0

tm
X ()\alll +-- 4+ Aa'rlr + J?)k Bln—k,kd (ah B a’!‘)) ﬁ

Thus, by (2.18), we get

(2.19) A"E,, (%‘ 17...,%)

X (/\Cl,lll + -+ Aal + Z‘)k Bln—k,)\d (a1, .. .,ar),

where m > 0 and d € N with d =1 (mod 2).
Therefore, by (2.19), we obtain the following theorem.

Theorem 6. For m >0, d € N with d =1 (mod 2), we have

A"E,, (;‘ah...,a,«)

i > Z <Z) Sy (m,m) (1)1 +

0k=011,...,1,=0
(/\alll + -4+ Aapl, + m)k Blnfk,)\d (al, cey CLT) .
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