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Abstract

IIn this paper we study existence and uniqueness of solutions for mixed problems consisting non-
local Hadamard fractional integrals for coupled systems of Riemann-Liouville fractional differential
equations. The existence and uniqueness of solutions is established by using the Banach’s contrac-
tion principle, while the existence of solutions is derived by applying Leray-Schauder’s alternative.
Examples illustrating our results are also presented.

Key words and phrases: Riemann-Liouville fractional derivative; Hadamard fractional integral;
coupled system; existence; uniqueness; fixed point theorems.
AMS (MOS) Subject Classifications: 34A08; 34A12; 34B15.

1 Introduction

The aim of this paper is to investigate the existence and uniqueness of solutions for nonlocal Hadamard
fractional integrals for a coupled system of Riemann-Liouville fractional differential equations of the
form:

reDPx(t) = f(t,2(t),y(t), t€[0,T], 1<p<2,

reDy(t) —g(f (t),y(t), t€ [0 T], 1<q<2,

0, Zuml fa(1;) ZéjHIﬁ]y(§])+)‘1a (1)

j 1
Tﬂg

y(0) =0, ZTkHIUk (k) ZWIHIVZ (01) + Az,
=1

where pr DY, gy DP are the standard Riemann-Liouville fractional derivative of orders ¢, p, two contin-
uous functions f,g: [0,T] x R? — R, yI%, yI%  yI° and gI"* are the Hadamard fractional integral
of orders «, 85,0k, > 0, A1, A2 € R are given constants, 1;,&;, v, 0; € (0,T), and p;, 05, 7, w; € R, for

mi,ma,n1,ne EN, e =1,2,....m1,5=1,2,...,n1,k=1,2,...,mo, Ll =1,2,...,no are real constants
such that
1 — 2 — 1 -1 2 —
~ (p—1 ) \= (a1~ -7 ) \F -1

Fractional calculus has a long history with more than three hundred years. Up to now, it has been
proved that fractional calculus is very useful. Many mathematical models of real problems arising
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in various fields of science and engineering were established with the help of fractional calculus, such
as viscoelastic systems, dielectric polarization, electrode-electrolyte polarization, and electromagnetic
waves. For examples and recent development of the topic, see ([1, 2, 3, 4, 5, 6, 7, 14, 16, 17, 18, 19,
20, 21]). However, it has been observed that most of the work on the topic involves either Riemann-
Liouville or Caputo type fractional derivative. Besides these derivatives, Hadamard fractional derivative
is another kind of fractional derivatives that was introduced by Hadamard in 1892 [12]. This fractional
derivative differs from the other ones in the sense that the kernel of the integral (in the definition of
Hadamard derivative) contains logarithmic function of arbitrary exponent. For background material of
Hadamard fractional derivative and integral, we refer to the papers [8, 9, 10, 13, 14, 15].

The paper is organized as follows: In Section 2 we will present some useful preliminaries and
lemmas. The main results are given in Section 3, where existence and uniqueness results are obtained by
using Banach’s contraction principle and Leray-Schauder’s alternative. Finally the uncoupled integral
boundary conditions case is studied in Section 4. Examples illustrating our results are also presented.

2 Preliminaries

In this section, we introduce some notations and definitions of fractional calculus and present preliminary
results needed in our proofs later [18, 14].

Definition 2.1 The Riemann-Liouville fractional derivative of order g > 0 of a continuous function
f:(0,00) — R is defined by

noopt
rrDYf(t) = ﬁ <jt) /0 (t— s)"_q_lf(s)ds, n—1<q<n,

where n = [q]+1, [q] denotes the integer part of a real number q, provided the right-hand side is point-wise
defined on (0,00), where T is the gamma function defined by T'(q) = fooo e %597 1(s.

Definition 2.2 The Riemann-Liouville fractional integral of order ¢ > 0 of a continuous function
f:(0,00) = R is defined by

L IOf () = ﬁ /0 (t— )7 f(s)ds,

provided the right-hand side is point-wise defined on (0, 00).

Definition 2.3 The Hadamard derivative of fractional order q for a function f : (0,00) — R is defined

as
1 d n t n—q—1

where log(-) = log,(-).

Definition 2.4 The Hadamard fractional integral of order ¢ € R™ of a function f(t), for all t > 0, is

defined as
t q-1
nrtf ) =g [ (loel) e

provided the integral exists.
Lemma 2.5 ([14], page 113) Let ¢ > 0 and § > 0. Then the following formulas
wli’ = 3791° and DY’ = pit°

hold.
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Lemma 2.6 Let g >0 andxz € C(0,T)NL(0,T). Then the fractional differential equation g Dix(t) =
0 has a unique solution z(t) = c1t9=t + cot?72 + ... + ¢, 197", where ¢; € R, i = 1,2,...,n, and
n—1<qg<n.
Lemma 2.7 Let ¢ > 0. Then for x € C(0,T) N L(0,T) it holds

rrllpr Dx(t) = x(t) + c1t9™ ot 2 + ..+t ",
where c; ER, 1 =1,2,...,n, andn—1< g < n.

Lemma 2.8 Given ¢,v¢ € C([0,T],R), the unique solution of the problem

RLDP.CL'(t) ( ), t e [O,TL 1 <p < 2,
LDq (t) ()a t€[07T]7 1<q§27

z(0) =0, ZMHIO”JJ(W) =Y 6ul"y(&) + A, 2)

y(0) =0, ZTkHI (k) szH[ 'y (01) + Az,

8
na

=1

ni q—1 no ma (3)
72 q_fl (ZWZHI "re (0 ZTkHI ’“RLIP¢(’)%)+>\2>}

k=1

Q71 i=1

(Z@Hﬂf re1Y(&5) ZMszalRLI%(m) + )\1>

and

i=1

_1 ( ma2 ny
y(t) = relY(t) + tqQ {Z (Tk’yk) (ZégHIﬁJ rrIY(&;) ZMzHI ReIPo(n;) + A )
=1
(4)

mi ) p—l n2
—ZW<ZWHV’RL1‘W (6) = > 7 e 9() +Az>}
=1 p =1 k=1
where ) . o1 .
mi P no q— ni 55— mo p—
fi; wif A Tk
Q= - £0. 5
2Ty (-7 2 (- 1% 2 - ©)

Proof. Using Lemmas 2.6-2.7, the equations in (2) can be expressed as equivalent integral equations

.’L'(t) = RLIP¢(t) + Cltp_l + CQtp_2, (6)

y(t) = RLIqQZ)(t) + dltq_l + dth_27 (7)

for ¢1, ¢a,d1,d2 € R. The conditions z(0) = 0,y(0) = 0 imply that c; = 0,ds = 0. Taking the Hadamard
fractional integral of order o; > 0, o3, > 0 for (6) and ; > 0, v, > 0 for (7) and using the property of
the Hadamard fractional integral given in Lemma 2.5 we get the system

-1 n1 fq—l
Z#zHIa’RLIp¢ (m:) +C1Z 'uml) ZéjHIﬁJRLIqw(gj)"i'dlZﬁ+)\17
i=1 Jj=1 Jj=1
YL 2w
ZTkHI kRLng‘b ’Yk —‘r—ClZ k) ZWZHIVZRLI(LI/)(QI)+dlzw+)\2,
= = =1
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from which we have

{Z (Z(SJHIB’RLFW &) ZMzHI "reIPO(ni) + M

=1 q—l i=1 )
nmoog. €q 1 na
_Z (q—1)P <ZWlHI”’RLIq1/) (01) ZTkHIUkRLIP¢ Vi +)\2>}
k=1
and
PR Tka - B; q p
i = 5 Zﬁ Zaﬂﬂmw Z/wf TReIPO(mi) + M
k=1 =1
mi M p 1 ma2
ZU(Z“”H‘T "rRelY(0;) — ZTkHI *RLIP (i +>\2>}
i=1 k=1
Substituting the values of ¢1,co,d; and ds in (6) and (7), we obtain the solutions (3) and ( O

3 Main Results

Throughout this paper, for convenience, we use the following expressions

reTh(s, 2(s), y(s)) (v) = ﬁ / “(o = 5" (s, 2(s), y(s))ds.
and
al“rrIYh(s,2(s),y(s))(v) = / / log u ' (t—s)"" 1hls, x(i) ())dsdt,

where u € {p;,7;}, v € {t,T,n;,0;}, w={p,q} and h={f, g9}, i1=1,2,...,n,j=1,2,...,m

Let C = C([0,T],R) denotes the Banach space of all continuous functions from [0,7] to R. Let us
introduce the space X = {z(t)|z(t) € C([0,T])} endowed with the norm |z| = max{|z(t)|,t € [0,T]}.
Obviously (X, | -|) is a Banach space. Also let Y = {y(¢)|y(t) € C([0,T])} be endowed with the norm
lyll = max{|y(¢)|,¢ € [0,T]}. Obviously the product space (X x Y, |[(z,y)|) is a Banach space with
norm |[(z, y)|| = [lz[l + [[yll-

In view of Lemma 2.8, we define an operator 7 : X xY — X x Y by 7T (z,y)(t) = ( ,]T}E ;gg ) )
2

where

7—1(5573/)(75) = RL[pf(Svm(5)7y( tp {Z wleq (Z(SJHIBJRLI(I (5 x( ) ( ))(5])

(g — 1)~
n1 8 gq 1 n2
—ZMzHI ‘rel” f(s, z(s) ) (1) +)\1> (B (ZwzHIVLRLqu(SﬂU(S),y(s))(el)
— =1 =1
7ZZTkHIGkRLIPf(S,ZC(S) 'Yk +)\2>}
and
Tl )(t) = nel®(s,2(s), 90 + g {Z(;’“_”'ﬂl)%(zzw%m (s5,2(5), y(5))(&)
k=1 j=1

m1 p—1 n2
=" I RLIP f(s,2(5), y(s)) (n:) +)\1> “Tzl — (ZleI”lRLﬂg(s,x(s),y(s))(el)
i=1

=1
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= eI R I f(s,2(s),y(s)) (%) + >\2> }

k=1
Let us introduce the following assumptions which are used hereafter.

(Hy) Assume that f,g:[0,7] x R? — R are continuous functions and there exist constants m;,n;,i =
1,2 such that for all ¢t € [0,7T] and w;,v; € R;i =1,2,

|f(t w1, uz) — f(t,v1,v2)] < Kilug —vi| + Ka|uz — va

and
lg(t, u1,u2) — g(t,v1,v2)| < Li|us — v1| + La|ua — va|.

(H2) Assume that there exist real constants k;, I; > 0 (i = 1,2) and kg > 0,1y > 0 such that Vz; €
R, (i =1,2) we have

‘f(t,$1,$2)| < ko+ k‘1|$1| + ki2|33‘2|, ‘g(t,$1,$2>| <lp+ ll|$1| + l2|.’L‘2|.

For the sake of convenience, we set

1 TP~ N |l | \77 TPt N 165 |§q ' ITklv
M =—— TP+ L k (8)
1 r<p+1>< o 2 (0 WZ |§ Z
TPt (A w0 N 101N 1018 o]
My = L+ 9
: |ﬂr<q+1><2<q—1>w; R M e PR )
_ 1
|qu|t9 |0 |§q
M; = |Q| ( 1|Z |Z d : (10)
1 T ITkI’y.* S \5j|€q Tt S~ Jpalnf " < Jwl6f
M, = T + . L+ — Hlom
' r<q+1>< [ ;oo—m; & e g )

Tt |7 l7h \uzlm I/ﬁz\m |7k IV
G ><Z *f"kz Z Z ) "
Mo |Q| <| 1IZ mm BN IZ b ) (13)

and
M() = mln{l — (Ml + M5)k‘1 — (M2 —|— M4)ll, 1 — (M1 —|— M5)l€2 — (Mg + M4)l2}, (14)
ki, 1; >0 (i =1,2).

The first result is concerned with the existence and uniqueness of solutions for the problem (1) and
is based on Banach’s contraction mapping principle.

Theorem 3.1 Assume that (Hy) holds. In addition, suppose that
(My + M5)(Ky + Ka) + (M2 + My) (L1 + La) < 1,

where M;,i = 1,2,4,5 are given by (3.1)-(3.2) and (3.4)-(3.5). Then the boundary value problem (1)
has a unique solution.

Proof. Define sup,¢jo 7 f(¢,0,0) = N1 < 00 and sup¢(g 7y 9(¢,0,0) = N2 < 0o such that

r> max Mi N1+ MaNo + Ms MyN2 + MsNy + Mg
- 1— (MiK1+ MaLy + M1 Ko+ MaLo)' 1 — (MyL1 + Ms K1 + MaLo + M5K>)
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where M3 and Mg are defined by (3.3) and (3.6), respectively.
We show that 7B, C B,, where B, = {(z,y) € X XY : |[(z,y)]| < r}.
For (z,y) € B,, we have

p—1 | ™2 w q—1
Zizy)®] = max {RLIpf(va(S)vy(s))(t) + tQ 3 (ql_ell)yl
’ =1
. <Z6J'Hlﬁj rel%g(s,x(s),y(s))(&) — ZmHIO‘iRLIpf(s,x(s),y(s))(m) + )\1>

_Z f <Zle]"lRLqu(s,x(s),y(S))(ﬁz)

(q—1)7 =1

=D mer I R f(s,2(5),5(5)) () + >\2>

1€

< e F5.0(5).0(5) — £(5:0.0) +17(6,0.0))(T) + T LZ faltt
x (Z 5 795,25, (5)) — 9(5,0,0) + s ,0))(&)
3 £ 560, 560) (50,01 15, 0.0)) 1) + m)
3 : (Z ol 19l 29, 4(5)) — (50,0 + Ig(s,0,0)) @)
+mz a7 1701 5,25)9(6)) = 0,001+ 17(5,0,00) 1) + AQN
< P+ Koyl + ) + T 5 et

ny
X <Z 16,11 1% R 19(La||2]| + Lallyll + N2)(&;)
j=1

my
A il g I R IP (K [ + Koyl + Na)(m:) + I/\1|>

i=1

2|61 (&
J v
+> 7((] Y Z |wil g I R (L [|]| + Loyl + N2)(61)
j=1

ma
+ 3 |kl a1 R TP (K || + Kallyll + N1)(w) + |)\2|>]
k=1

Tp 1 N2 ‘wl‘gq 1 my N
2 g 2 b P ) )
1

= (Ky||z| + K2y + Nl){RLIP(n(T) +

Tt 3 g lelt

ok D T
RS Z( 1) Zmle rIP(1)(y )}+(L1||:v|+Lz||y||+N2){|QI

ng 9‘11"1 1n15q1n2
xz(lr;llzw |15 jrI9(1)(&) + T|;| Z (| 5 Z|WZ|HIVZRLIq( )(91)}

=1 j=1 a=
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+|)\1|T;|1 i (|w1191) |/\2|T|1;21 Ji_l; (|jj_|£;1;);]
= (el + Kl +N1){F(Ti ey 3
g - 1) 2 i f Fi ; Z 'T’“'”’f} (Lallzl + Lallyl + Nz){mg(i;l)
T Z % s e 5

= (Ki=|| + KQHyII + N1)My + (L ||| + La|lyl| + No) Ma + Ms
= (M1K1 -+ M2L1)||(EH + (M1K2 + MQLQ)HyH + M1N1 + M2N2 + Mg
S (M1K1+M2L1—|—M1K2+M2L2)T—|—M1N1—|—M2N2+M3 ST.

In the same way, we can obtain that

T4 T4-1 LN P
T < <L1||x+L2||y|+N2>{F( T |Q|F(q+1)z(';’“_'”’;)ﬂz' s

Tt qu\ﬂ \wl\9 77!
1 K + K. + N —_—
RS Z z (el + el + M) ot

el qulm Tt qulm |7 |'7k
X; _1“2 |Q|1"(p+1); Z

N N Ll
A k by AN
g Z‘Z(p—l)w el ;@—nw

La|lz|| + Loyl + No) My + (K1 ||z|| + Kally|| + N1)Ms + Mg
MyLy + MsKy)||z|| + (MyLa + M5 Ks)||y|| + MyN2 + MsNy + Mg
MyLy + Ms Ky + MyLy + MsK)r + MyNy + MsNy + Mg < 7.

)@ <

Now for (w2,¥2), (z1,%1) € X x Y, and for any ¢ € [0,T], we get

|71 (22, y2)(t) — Ta (w1, y1) (1))

RLIP|f (8, 22(s),y2(s)) = f(s,21(5), 41 () [(T |Q|

<

— ~—~ —~

Consequently, |7 (x

IN

z; |wl|9q !

X (Z 10516 1% R I(|g(s, w2(s),y2(s)) — g(s,21(5), y1(5)))(&))

j=1

) il I e IP (1 f (5, 22(8), ya(s) — f(s,xl(S),yl(S))I)(m)>

i=1

ni 5], q—1 n2
+3 <|q§ (Z w17 Re (g5, 22(s), y2(s)) — g(s,21(s), 31.()))(8)

—1)5;
j=1 1)% =1

5 Il I moP(1F (5, 25(5), ya(5)) — F(s,1(s), y1<s>>|><m)]

k=1
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IA

T TP el S il
K[|z — 21| + Kallyz — + :
(K1lez = 21 + Kally: y1|>{F(p+1) TR PP e

R N |§q e |T,€|7
|Q|r(p+1)Z Z B0t (Lnllwe = 2l + Lafly2 = w )

Tp—1 na Hq—l no|5.ed Tp—1 ny 5 qg—1 ng 9
% Z |Wl| 1 Z| J|§] i Z | |§ Z |Wl|
QT (g +1) = (¢-D)" = ¢% QT+ 1) = (- D
= (Killze — 21| + Kallya — y1]|) M1 + (L1]jzo — 21 || + LzHyz — 1 ||) M.
= (MK + MaLy)||wa — 21| + (M1 K2 + MaLa)|y2 — 1],

and consequently we obtain
71 (22, y2)(t) = Ta(zr, 1) < (MiKy + MaLy + My Kz + MaLo)[[|w2 — 2| + [[y2 — w1l (15)
Similarly,
17222, y2)(t) — Ta(@1, y1)|| < (MaLy + Ms Ky + MaLo + Ms K)l|wa — 21l + [[y2 — v l]- (16)
It follows from (15) and (16) that
17 (w2, y2)(t) = T (21, 91) @) < [(My + Ms) (K1 + Ka) + (Ma + Ma) (L1 + La)]([lx2 — 21| + [ly2 — 51 l)-

Since (M7 + M5)(K1 + Ka) + (M2 + My)(Ly + L) < 1, therefore, T is a contraction operator. So, By
Banach’s fixed point theorem, the operator 7 has a unique fixed point, which is the unique solution of
problem (1). This completes the proof. a

In the next result, we prove the existence of solutions for the problem (1) by applying Leray-Schauder
alternative.

Lemma 3.2 (Leray-Schauder alternative) ([11], page.4.) Let F : E — E be a completely continuous
operator (i.e., a map that restricted to any bounded set in E is compact). Let

E(F)={x € E:x=M\F(zx) for some 0 < X <1}
Then either the set E(F) is unbounded, or F has at least one fized point.
Theorem 3.3 Assume that (Hs) holds. In addition it is assumed that
(M1 + Ms)ky + (Mo + My)ly <1 and (My + Ms)ks + (Ma + My)ls < 1,

where My, My, My, Ms are given by (3.1)-(3.2) and (3.4)-(3.5). Then there exists at least one solution
for the boundary value problem (1).

Proof. First we show that the operator 7 : X x Y — X x Y is completely continuous. By continuity
of functions f and g, the operator 7 is continuous.
Let © C X XY be bounded. Then there exist positive constants P; and P, such that

[f(t2(t),y()] < P, gt x(t), y(t)| < P2, V(z,y) €O,

Then for any (z,y) € ©, we have

1Ti(z, )l < ReI?|f (s, 2(s), y(s)) (T

\wl\f) B <Z|5 |HIBJRLI‘1|g(5 x(s),y(s))[(&;)

IQI — (q— =
+ 3wl a1 R IP|f (s, 2(s), ()| (mi) + |>\1|>
i=1
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+> <|q_§ (Z (a1 R %9 (5. 2(5), ()] (61)

j=1 )% =1

+ 5 Il 17 R TP (s, 2(s), y(s) () + Aﬂﬂ

k=1
TP -t jwi 67~ Iuvln
_|_ 7
(F(p+1) IQ\T(pH)Z (¢ — 1)~ Z

TPt Z |0 |5q7 Z |Tk|'yk Ll
IQ\F(:DH) (¢ —1)% |QT(q + 1)
MWZH o 19167 Tt gl Iwzle
X +
;(qfl)”".z; % IQIF(q+1)Z qflﬁfZ

i=

IN

T T T 3 e
A + A J
T 2 (g T 2 e
1=1 j=1

= MiP+ MyP> + Ms.

Similarly, we get

1Bl < (5o Z N
= At " IQIFq+1 — (p— 1) = ¢

LT Z qulnp 1 Z wzw Tt
Q0 (g +1) < QT +1)

=1

XZ |7y " Zluzlm 791 Z ln? ™! ilmlvﬁ P
p—1)7 Qr(p+1) = (p— 1> pok !

k= 1 k=1
qu | kh/k Ta— 1 mi | 1|77
A + A
M) Z(—w Al |;<p—1>m

= MyPy + MsP; + Ms.

Thus, it follows from the above inequalities that the operator 7 is uniformly bounded.

Next, we show that 7 is equicontinuous. Let t1,ts € [0,7] with ¢; < t5. Then we have

|71 (x(t2), y(t2)) — Ta(x(t1),y(t1))]

1 " p=1l _ — )1 s, z(s s s
< @/ [(t2 — )7L — (1 — 5P| (5, 2(5), y(s))|d
O T BB [
Fig | = (e s + 2 [;(q_m
x (Z 51001 e 19 (s, () yDIE) + D ol T r 1717 0(5), y(5)) ) + w)
ni |(S |§q 1 na , .
+ZW Z|wl|Hf relg(s, x(s),y(s))|(0r)
S Il I mu TP (5, 5(5), y(s))] () + |A2|)
k=1
i " _ g1 _ — 5P ds P " _ 5P 1gs
S TG, i g [
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e R N I R S 1131 |y
+ S P, § :7 § : LA
jl — (g1~ Prg+n T “p*T(p+1) Ml
N L SN fadors
W% [ p ! Tk k Ao
+;(q—1>ﬁf 2; PR R Z (1) T

Analogously, we can obtain
[ 72(x(t2), y(t2)) — T2(x(t1), y(t1))]

ﬁ " —5) 1 — —5)7 1ds ﬁ " —5)7 s
F(q)/o[(tz J (1) — s) }d+r(q)/h (ts — 5)1°1d

+tg*1 ft‘{*1 ma2 \ka/k i ‘ J|§q Z |,Ufz|771 +|)\ |
Ie) qﬂil"q-l-l < piT(p+1) !

k:l
+Z |:U“L|777, P S |UJ[‘9 + Pl i |Tk‘7£ + |>\2|
¢"T(g+1) = pI(p+1) '
)

Therefore, the operator 7 (z,y) is equicontinuous, and thus the operator 7 (z,y) is completely contin-
uous.

Finally, it will be verified that the set £ = {(x,y) € X xY|(z,y) = AT (z,y),0 < A < 1} is bounded.
Let (z,y) € &, then (x,y) = AT (x,y). For any t € [0,T], we have

2(t) = AT(z,y) (), y(t) = ATa(x,y)(?).

Then

miy

TP TPl & Iwz|9q ' |,uz|77
< 7
|x(t)\ < (ko + kl”$” + k2|y”)<1—\( ) ‘Q|F p+ 1) Z Z

P! o~ 1, |§q R \Tk\'y
TG 2 la - 07 2 e ) (o hllell + el

A N T \t%lf B N [ 111 |wl|eq
X<Q|F(q+1)2(q1)”l; qPi \Q|Fq+1 Z q—lﬁaz

P g T I e
T X G 2 -1y

and

T4 T & |my? T N 1651€]
y) < (lo+ Lz + 2|y T ] J
ly(t)] (lo + Lillz]| + L2llyll) T(g+1) ' |QT(qg+1) — (p—1)o* 32:21 qPi

T & \ zln |sz9
T9-1 |7 78! qulm T il n? ™! & Ty
<|QF(P+1)Z —1“’62 \QIF(erl);( — 1o z:: po*
TV A |yl o [paln?
+[ A1 SWES i,
12| Z(p—l) IQI ;(p—l)‘“

Hence we have

[z < (ko + kallz|| + k2 llyl) My + (lo + L] + L2flyl) M2 + Ms

822 Ntouyas et al 813-828



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

MIXED PROBLEMS OF FRACTIONAL COUPLED SYSTEMS

and
Iyl < (lo + lllzll + L2llyl) My + (ko + k||| + kallyll) Ms + Me,

which imply that

lzll + llyll < (My+ Ms)ko + (Ma + My)lo + [(My 4+ Ms)ky + (Ma 4+ Ma)li]||z|]
+[(My + Ms)ky 4+ (Mo 4 My)lo)|ly|| + Ms + M.

Consequently,
(My 4 Ms)ko + (Mz 4+ My)lo + M3 + Ms

<
[ o

for any t € [0,T], where My is defined by (14), which proves that £ is bounded. Thus, by Lemma 3.2,
the operator 7 has at least one fixed point. Hence the boundary value problem (1) has at least one
solution. The proof is complete. O

3.1 Examples

Example 3.4 Consider the following system of coupled Riemann-Liouville fractional differential equa-
tions with Hadamard type fractional integral boundary conditions

P S 0] T
w D) = G T ey t @ sp Ay T2 L

1 1 5
3/2 oy _ L
rLD*Py(t) = ' sinx(t) + mCOSy(t) tp t€ [0, 2],
2(0) =0, 2uI*32(3/5) + 7wl Px(1) = V25T ?y(1/3) + 1 I/ *y(V/3) + 4, (17)

2
y(0) =0, —3gI%°x(2/3)+ 451" *x(9/7) + gHﬂ/%(\/ﬁ)

e
= 5,1,111/%(8/5) — 25 Iy (1/4) — 10.

Here p = 4/3, ¢ = 3/2, T =2, \y =4, \a = =10, my =2, ny =2, mg = 3, ng = 2, yu3 = 2,
Mo = T, 1 = 2/37 Qg = 7/57 m = 3/57 e = ]-7 61 = \/57 52 = 627 51 = 3/27 52 = 5/47 51 = 1/37
62 = \/ga T = _37 T2 = 47 T3 = 2/57 01 = 9/57 02 = 7/47 03 = 1/3a Y1 = 2/37 Y2 = 9/7a Y3 = \/57
w) =e/2, wy = =2, 13 = 11/6, vy = 12/11, 01 = 8/5, 6 = 1/4 and f(t,x,y) = (t|z])/(((t +6)?)(1 +
1)) + (e *lyl)/(((#* 4+ 3)*)(1 + |y]) + (3/4) and g(t,z,y) = (sinz/18) + (cosy)/(2* + 19) + (5/4).
Since |f(t,$1,y1) - f(tax23y2)| < ((1/18)|1’1 - ZL’2| + (1/27)|y1 - y2|) and |g(t,x1,y1) - g(t,xz,y2)| S
((1/18)]z1 — x2| + (1/20)|y1 — y=2|). By using the Maple program, we can find

my u,np—l n2 wleqfl ny 5j£{171 mao 7_k,yp—l
Q= Ll L — J k ~ —218.9954766 # 0.
i; (p— 1) l; (¢—1)» ; (¢—1)% ; (p— 1)

With the given values, it is found that K; = 1/18, Ky = 1/27, Ly = 1/18, Ly = 1/20, M; ~
2.847852451, My ~ 0.5295490231, M, ~ 4.723846069, M5 ~ 1.276954854, and

(My + Ms) (K + K2) + (My + My) (L1 + Lo) =~ 0.9364516398 < 1.

Thus all the conditions of Theorem 3.1 are satisfied. Therefore, by the conclusion of Theorem 3.1, the
problem (17) has a unique solution on [0, 2].

Example 3.5 Consider the following system of coupled Riemann-Liouville fractional differential equa-
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tions with Hadamard type fractional integral boundary conditions

D720l = 5 4 7 ™ () ). €€ 03
RLD”“@/()*§+ESIM(U 15 0¥t coselt), £ € (0.3],
2(0) =0, 3I"Y*2(5/2) + V3uIV?w(7/8) + tan(4)n IV32(9/4)

. (18)

s
= THI5/3?J(5/4) — 241 My (7/3) + 2

y(0) =0, _gHIQ/Zix(?T/Q) +3515/52(5/3) + ngl/Sx(\/i)

7
+ §HIH/9$(\/5) = egI™/5y(n/6) —log(9) g I/ *y(7/4) — 1.

Here p=m/2,q=7/4, T =3, M1 =2, Ma=—-1,m; =3, n1 =2, my =4, ny =2, g =3, MQZ\/57
Hs = tan(4), o] = 1/4, Qg = \/i ag = f m = 5/2 Ny = 7/8 N3 = 9/4 0 = \/>7T/3 Oy =

B =5/3, B = 6/11, & = 5/4, & = )3, 11 = —2/3, 70 = 3, T3 = V2/m, T4 = 7/9, 01 = 2/3
oy = 6/5, 03 = 1/3, 04 = 11/9, v1 = m/2, 72 = 5/3, 73 = ﬂ, Y4 = V5, w = e, wy = —log(9),
vy = 7/67 Vo = 3/4a 0 = 7T/67 y = 7/4a f(tvxay) = (2/5) + (tan_lx)/((t—’_ 6)2) + (y)/(Qoe) and
g(t,x,y) = (V/7/2) + (sinz)/(42) + (ycosz)/(t + 20). By using the Maple program, we get

mq —1 no gq— 1 mo

—1 1 . p—1
um w0} 8;&5 THYP
Q= L — ~ —59.01 1 .
S S et S S S s s 0
j=1 k=1

=1

Since |f (¢, z,y)| < ko + ki|z| + kaly| and |g(t, z,y)| < lo + l1]z] + l2]y|, where ko = 2/5, k1 = 1/36,
ko = 1/(20¢), lo = \/7/2, Iy = 1/42, I, = 1/20, it is found that M, ~ 7.406711671, Ms ~ 1.110132260,
My ~ 6.802999724, My ~ 7.790182643. Furthermore, we can find that

(M + Ms)ky + (My + Myl &~ 0.6105438577 < 1,

and
(My + Ms)ks + (Mo + My)la ~ 0.6751878489 < 1.

Thus all the conditions of Theorem 3.3 holds true and consequently the conclusion of Theorem 3.3, the
problem (18) has at least one solution on [0, 3].

4 Uncoupled integral boundary conditions case

In this section we consider the following system

rLDPx(t) = f(t,2(t),y(t), t€[0,7], 1<p<2,
reDty(t) = g(ta(t),y(), t€0.T], 1<g<2
0, ZMHI 'z (n;) 25 al%x(&5) + M, (19)
y(0) =0, Zmﬂ “y (k) Zwmﬂ (61) + A
=1

Lemma 4.1 (Auziliary Lemma) For h € C([0,T],R), the unique solution of the problem
rrDPx(t) = h(t), 1l<p<2, te]0,T]
Z,UZHI ‘T 77Z 25 H[ﬁfx(ﬁj)—l-)\l, (20)

Jj=1
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is given by

p—1

t
z(t) = reI”h(t) + Z 8 1% RLIPh(E;) ZMHI "RLIPR(ni) + A1 ] (21)
J=1 =1
where
N
A= h - 0 22
e S e ok @)

4.1 Existence results for uncoupled case

In view of Lemma 4.1, we define an operator T : X xY — X xY by %(u,v)(t) = ( T1(w,0)(1) )

T (u, v)(t)
where
= [ &
Ty(u,v)(t) = grrIPf(s,u(s),v(s))(t) + N <Z5jHIﬁjRLI”f(s, u(s),v(s)) (&)
j=1
- ZHiHIQiRLIpf(Svu(S)a v(s))(mi) + /\1> ;
i=1
and
t=1 [ &
To(u,v)(t) = relg(s,u(s),v(s))(t) + (szHf”’Rqu (s,u(s),v(s))(0n)
=1
- ZTkHIUkRLqu(S,u(S),’U(S))(’Yk;) + )‘2> ’
k=1
where ) )
ma Tk’}/g_ no WZH?_
o= — 0.
2 X
In the sequel, we set
_ 1 TPt X 1651€7 Tp e \uzln”
M, = ———|T? C 23
S e TR R TR S e ) (29)
— Tp_l)\l
My = 24
2 |A‘ ) ( )
. S bt 1 32 g
My = mq+n< 2 2y ) )
—_— Tq71>\2
My = 26
D= T (26)

Now we present the existence and uniqueness result for the problem (19). We do not provide the
proof of this result as it is similar to the one for Theorem 3.1.

Theorem 4.2 Assume that f,g: [0,T] x R? — R are continuous functions and there exist constants
K;,L;,i =1,2 such that for all t € [0,T] and u;,v; € R,i=1,2,

| f(t,ur,u) — f(t,v1,v2)] < Kqlug — v1] + Kalug — vo
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and
lg(t,ur,u2) — g(t,v1,v2)| < Lijur — v1| + Lofus — val.

In addition, assume that - -
Mi(Ky+ Ko)+ Ms(Ly + Lo) < 1,

where M1 and M3 are given by (23) and (25) respectively. Then the boundary value problem (19) has
a unique solution.

Example 4.3 Consider the following system of coupled Riemann-Liouville fractional differential equa-
tions with uncoupled Hadamard type fractional integral boundary conditions

/2 p _ cos(mt) |z(t)] 3e/2 y(t)] 2
r D2t = e Lo T tr P o3 e €04
V3 sin z(t) 2/ |y(®)| +1
DY) = ey Y ey T tE04
2(0) =0, VATuI%22(2/3) + 22O sy 25 i)
— Y H 20 H ™) = CH (27)
- gHI\/gx(\/i) - gH12/5x(12/7) +11,
v =0, B a1y 40 000y
— T—QHI‘l/?’y(l/e) + V51 Ty(7/2) + V8/3.

Here p=¢/2, ¢ =3, T =4, A\ =11, \a = V8/3, m1 =2, ny =3, mp = 2, ng = 2, g = V11,
Mo = tan2(5)/20, a1 = 5/2, Qo = 10/3, m = 2/37 N = m, 61 = 5/67 52 = —7/6, 63 = 7'1'/27 ﬂl = 3/7,
62 = \/53 ﬂ3 = 2/57 51 = ¢ 52 = \/57 53 = 12/77 T = lOg(15)/97 T2 = 23 o1 = 7/47 02 = 5/67
y1 = 1/4, y9 = VT, wi = 72/15, wo = /5, vy = 4/3, vy = 9/7, 01 = 1/e, O = 7/2, f(t,x,y) =
(cos(mt)|z]) /(((x"+4)*)(|2]+2)) +(3e*/2|y]) /(((¢+5)°)(|y|+3)) +(2/e) and g(t, 2, y) = (sinx(1))/(15(e' +
3)) + (24/lyl + 1)/ (7wt +3)) +5. Since | f(t, 21, y1) — F (¢, 22, y2)| < ((1/50) |y — | + (¢2/125)[y1 — )
and |g(t, z1,y1) — g(t, 2, y2)| < ((1/60)|z1 — 22| + (1/(217))|y1 — y2|). By using the Maple program, we
can find

A= i - Z i_l ~ 69.35947949 £ 0
g (p— 1) = (p—1)P
and
P — Z I/ i i ~ —3.358717154 # 0.
(g—1)7 & (g—1)»

With the given values, it is found that Ky =1/50, Ky = €2/125, L; = 1/60, Ly = 1/(217), M, ~
5.673444294, M3 ~ 15.54186374. In consequence,

M;(K1 + K»3) + M3(L1 + L) ~ 0.9434486991 < 1.

Thus all the conditions of Theorem 4.2 are satisfied. Therefore, there exists a unique solution for the
problem (27) on [0, 4].

The second result dealing with the existence of solutions for the problem (19) is analogous to
Theorem 3.3 and is given below.

Theorem 4.4 Assume that there exist real constants ki, 1; >0 (i = 1,2) and ko > 0,1y > 0 such that
Vz; € R, (i =1,2) we have
[f(t, 21, 22)] < ko + Kila1] + kal2al,

lg(t, z1,22)| < lo + Dy|z1| + lo|wa].
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In addition it is assumed that

Elﬂl + i1M3 <1 and ];fQM] + izMg <1,

where M1 and M3 are given by (23) and (25) respectively. Then the boundary value problem (19) has
at least one solution.

Proof. Setting

MO = mm{l - Elﬁl - Z1M3, 1-— Eng - [2M3}7 E’i, Zz Z 0 (Z = 1,2),

the proof is similar to that of Theorem 3.3. So we omit it. |
References
[1] R.P. Agarwal, Y. Zhou, Y. He, Existence of fractional neutral functional differential equations,

2]

Comput. Math. Appl. 59 (2010), 1095-1100.

B. Ahmad, J.J. Nieto, Boundary value problems for a class of sequential integrodifferential equa-
tions of fractional order, J. Funct. Spaces Appl. 2013, Art. ID 149659, 8 pp.

B. Ahmad, J.J. Nieto, Riemann-Liouville fractional integro-differential equations with fractional
nonlocal integral boundary conditions, Bound. Value Probl. 2011, 2011:36, 9 pp.

B. Ahmad, S.K. Ntouyas, A. Alsaedi, A study of nonlinear fractional differential equations of
arbitrary order with Riemann-Liouville type multistrip boundary conditions, Math. Probl. Eng.
(2013), Art. ID 320415, 9 pp.

B. Ahmad, S.K. Ntouyas, A. Alsaedi, New existence results for nonlinear fractional differential
equations with three-point integral boundary conditions, Adv. Differ. Equ. (2011) Art. ID 107384,

11pp.

D. Baleanu, K. Diethelm, E. Scalas, J.J.Trujillo, Fractional Calculus Models and Numerical Meth-
ods. Series on Complexity, Nonlinearity and Chaos, World Scientific, Boston, 2012.

D. Baleanu, O.G. Mustafa, R.P. Agarwal, On LP-solutions for a class of sequential fractional
differential equations, Appl. Math. Comput. 218 (2011), 2074-2081.

P.L. Butzer, A.A. Kilbas, J.J. Trujillo, Compositions of Hadamard-type fractional integration
operators and the semigroup property, J. Math. Anal. Appl. 269 (2002), 387-400.

P.L. Butzer, A.A. Kilbas, J.J. Trujillo, Fractional calculus in the Mellin setting and Hadamard-type
fractional integrals, J. Math. Anal. Appl. 269 (2002), 1-27.

P.L. Butzer, A.A. Kilbas, J.J. Trujillo, Mellin transform analysis and integration by parts for
Hadamard-type fractional integrals, J. Math. Anal. Appl. 270 (2002), 1-15.

A. Granas and J. Dugundji, Fized Point Theory, Springer-Verlag, New York, 2003.

J. Hadamard, Essai sur ’etude des fonctions donnees par leur developpment de Taylor, J. Mat.
Pure Appl. Ser. 8 (1892) 101-186.

A A. Kilbas, Hadamard-type fractional calculus, J. Korean Math. Soc. 38 (2001), 1191-1204.

A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential
Equations, North-Holland Mathematics Studies, 204. Elsevier Science B.V., Amsterdam, 2006.

A.A. Kilbas, J.J. Trujillo, Hadamard-type integrals as G-transforms, Integral Transform. Spec.
Funct.14 (2003), 413-427.

827 Ntouyas et al 813-828



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

S. K. NTOUYAS, J. TARIBOON AND P. THIRAMANUS

[16] X. Liu, M. Jia, W. Ge, Multiple solutions of a p-Laplacian model involving a fractional derivative,
Adv. Differ. Equ. 2013, 2013:126.

[17] D. O’Regan, S. Stanek, Fractional boundary value problems with singularities in space variables,
Nonlinear Dynam. 71 (2013), 641-652.

[18] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

[19] J. Tariboon, T. Sitthiwirattham, S. K. Ntouyas, Existence results for fractional differential inclu-
sions with multi—point and fractional integral boundary conditions, J. Comput. Anal. Appl. 17
(2014), 343-360.

[20] P. Thiramanus, J. Tariboon, S. K. Ntouyas, Average value problems for nonlinear second-order
impulsive ¢-difference equations, J. Comput. Appl. Anal. 18 (2015), 590-611.

[21] L. Zhang, B. Ahmad, G. Wang, R.P. Agarwal, Nonlinear fractional integro-differential equations
on unbounded domains in a Banach space, J. Comput. Appl. Math. 249 (2013), 51-56.

828 Ntouyas et al 813-828



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Ternary Jordan ring derivations on Banach ternary algebras: A fixed point
approach

Madjid Eshaghi Gordji', Shayan Bazeghi!, Choonkil Park?** and Sun Young Jang®*

Department of Mathematics, Semnan University, P. O. Box 35195-363, Semnan, Iran
2Research Institute for Natural Sciences, Hanyang University, Seoul 133-791, Korea
3Department of Mathematics, University of Ulsan, Ulsan 680-749, Korea
e-mail: m.eshaghi@semnan.ac.ir, v.keshavarz68@yahoo.com, baak@hanyang.ac.kr,
jsym@ulsan.ac.kr

Abstract. Let A be a Banach ternary algebra. An additive mapping D : (A4,[]) = (4,[]) is called a ternary Jordan ring
derivation if D([zzz]) = [D(z)zz] 4+ [xD(z)z] + [zzD(z)] for all z € A.
In this paper, we prove the Hyers-Ulam stability of ternary Jordan ring derivations on Banach ternary algebras.

1. INTRODUCTION

We say that a functional equation (Q) is stable if any function g satisfying the equation (Q) approximately is near to
true solution of (Q). Also, we say that a functional equation is superstable if every approximately solution is an exact
solution of it.

Recently, Bavand Savadkouhi et al. [4] investigate the stability of ternary Jordan derivations on Banach ternary algebras
by direct methods.

Ternary algebraic operations were considered in the 19th century by several mathematicians. Cayley [7] introduced the
notion of cubic matrix, which in turn was generalized by Kapranov, Gelfand and Zelevinskii [17].

The comments on physical applications of ternary structures can be found in [3, 12, 13, 14, 22, 23, 26, 28, 31, 32].

Let A be a Banach ternary algebra. An additive mapping D : (A,[]) = (A,[]) is called a ternary ring derivation if

D([zyz]) = [D(z)yz] + [D(y)z] + [zyD(2)]

for all z,y,z € A.
An additive mapping D : (A,[]) = (A,[]) is called a ternary Jordan ring derivation if

D(faxa)) = [D(x)ra] + [eD(x)a] + [ D(a)]

for all z € A.
Theorem 1.1. ([11]) Suppose that (2, d) is a complete generalized metric space and T : Q —  is a strictly contractive
mapping with the Lipschitz constant L. Then, for any x € ), either

d(T"z, T""'z) = 0o, Vn >0,

or there exists a positive integer no such that

(1) d(T"z, T"'x) < 0o for all n > no;

(2) the sequence {T"x} is convergent to a fized point y* of T';

(3) y* 1is the unique fized point of T in A ={y € Q:d(T™°z,y) < oo};

(4) d(y,y*) < t2£d(y, Ty) for ally € A.

The study of stability problems originated from a famous talk given by Ulam [30] in 1940: “Under what condition
does there exist a homomorphism near an approximate homomorphism?” In the next year 1941, Hyers [15] answered
affirmatively the question of Ulam for additive mappings between Banach spaces. A generalized version of the theorem of
Hyers for approximately additive mappings was given by Rassias [24] in 1978. The stability problems of several functional
equations have been extensively investigated by a number of authors and there are many interesting results concerning
this problem (see [1, 5, 8, 10, 18, 19, 20, 21, 25, 27, 29, 33, 34]).

In this paper, we prove the Hyers-Ulam stability and superstability of ternary Jordan ring derivations on Banach
ternary algebras by the fixed point method.

92010 Mathematics Subject Classification. Primary 39B52; 39B82; 47H10; 46B99; 17A40.

9Keywords: Hyers-Ulam stability; ternary ring derivation; Banach ternary algebra; fixed point method; ternary Jordan
ring derivation.

9*Corresponding author.
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2. HYERS-ULAM STABILITY OF TERNARY JORDAN RING DERIVATIONS

In this section, we prove the Hyers-Ulam stability of ternary Jordan ring derivations on Banach ternary algebras.
Throughout this section, assume that A is a Banach ternary algebra.

Lemma 2.1. Let f: A — A be an additive mapping. Then the following assertions are equivalent.

f(a,a,a]) = [f(a),a,a] + [a, f(a),a] + [a, a, f(a)] (2.1)
for alla € A, and
f(a, b, + [b,c,a] + [¢,a,b]) =[f(a), b, c] + [a, f(b), c] + [a, b, f(c)] + [f (D), c,a] + [b, f(c), a]
+[b. ¢, fla)] + [f(c), a,b] + [¢, f(a), b] + [c, a, £ (D)]
for all a,b,c € A.

Proof. Replacing a by a4+ b+ ¢ in (2.1), we have
f([la+b+c),(a+b+c),(a+b+0)]) =[fla+b+c),(a+b+c),(a+b+)]+[(a+b+c), fla+b+c),(a+b+c)
+[(a+b+c),(a+b+c), fla+b+c)
and so
fla+b+¢c),(a+b+c),(a+b+c)])
= f([a,a,a] + [a,b,a] + [a, c,a] + [b,a,a] + [b,b,a] + [b,c,a] + [c,a,a] + [¢,b,a] + [c, ¢, a]
+ [a,a,b] + [a,b,b] + [a, c,b] + [b,a,b] + [b,b,b] + [b, ¢,b] + [c,a,b] + [c,b,b] + [c, c, b]
+ [a,a,c] + [a,b,c] + [a,c, ] + [b,a,c] + [b,b,c] + [b, ¢, c] + [¢,a,c] + [¢,b,c] + [, ¢, ])
= f(la,a,a]) + f([a,b,a]) + f([a,c,a]) + f([b, a, a]) + f([b, b, a]) + f([b,c,a]) + f(lc, a,a]) + f([c,b,a]) + f([c, ¢,a])

(
+ f(la, a,8]) + f([a, b, b]) + f([a, ¢, b]) + f([b, @, b]) + f([b,6,0]) + f([b; ¢, b]) + f([¢; @, b]) + F([¢,,0]) + f([e, ¢, b])
+ f([a,a,¢]) + f([a; b, c]) + f(la, ¢, ¢]) + f([ba, c]) + f([b, b, ¢]) + f([b e, c]) + f(le, a, ¢]) + f([e, b, ¢]) + f([e, e, ¢])
= [f(a),a,a] + [a, f(a), a] + [a,a, f(a)] + [f(a), b, a] + [a, f(b), a] + [a, b, f(a)] + [f(a),¢,a] + [a, f(¢), a] + [a, ¢, f(a)]
+[f(0),a,a] + [b, f(a), a] + [b,a, f(a)] + [f(b), b,al + [b, f(b), a] + [b,b, f(a)] + [£(D), ¢ ] [b, f(c),a] + [b,¢, f(a)]
+[f(0);a,a] + e, f(a), a] + [e, a, f(a)] + [f(c), b, a] + [(®d+kbﬂﬂ+[00d+k(¢d [c,c, f(a)]
+ [f(a),a,b] + [a, f(a), b] + [a, a, f(b)] + [f(a), b b] + [a, f(), 6] + [a, b, f(0)] + [f(a), ¢, b] + [a, f(¢), b] + [a, ¢, £(D)]
+ [£(b); a,0] + [b, f(a), b] + [b, a, f ()] + [£(b), b, 6] + [b, f (D), ] + [b,b, f(b)] + [f (), ¢, 0] + [b, f(c), b] + [b, ¢, f(D)]
+Wdaﬂ+k(®} kaﬂﬂ+[0bﬂ+[()] [e,0, F ()] + [ (€), ¢, 0] + [e, f(e), b] + [e, ¢, F(B)]
+[f(a),a; ¢ + [a, f(a), ] + [a,a, f(e)] + [f(a), b, ] + [a, £(b), ¢] + [a, b, F(¢)] + W)Cd+h(@d la, ¢, f(e)]
+[f(b), a,c] + [b, f(a), ] + waﬂﬂ+[0bd+wﬂ®d+Whﬂﬂ+V®0d [b, f(e),c] + (b, £(e)]
+[f(e),a, e + e, fla), o] + [e; a, f()] 4 [f(e), b, ] + [¢, f(b), e + [e, b, f()] 4 [f(e), e, ] + e, f(e), e + e ¢, f(e)]

for all a,b,c € A.
On the other hand, we have

f({(a+b+c),(a+b+c),(a+b+c)])

= [f(a), a,a] + [f(a),a,b] + [f(a),a, c] + [f(a),b,a] + [f(a),b,b] + [f(a),b,c] + [f(a), ¢, a] + [f(a),c,b] + [f(a), ¢, ]
+ [f(0),a,a] + [f (D), a, 0] + [f(b),a, ] + [@)bM+V()@H+U®%hd [()CM+U() b+ [ (D), ¢, ]
+U@LmM+U@LmH+UK)ad+U@) sal + [()MH+U()bd [f(¢); ¢l + [()CH+U() xd
+ [a, f(a),a] + [a, f(a),b] + [a, f(a), ] + wﬂ)} [b, f(a),b] + [b, f(a), ] + [c, f(a), a] + [c, f(a), b] + [ﬂ)d
+ la, f(b),a] + [a, £(b), 0] + [a, f(b), ] + [()]+%ﬂ)ﬂ+wﬂ)] (e, £(b), al + [¢, £(b), b] + [¢, £ (D), ]
+ la, f(¢),a] + [a, £(¢), 0] + [a, f(¢), e + [b, f(c), a] + [b; f(c), b] + [b, f(¢), ] + [¢, f(c), a] + [, f(c), b] + [e, f(e), ]

+ la,a, f(a)] + [a,b, f(a)] + [a, ¢, f(@)] + [b,a, f(a)] + [b,;b, f(@)] + [b, ¢, f(a)] + [¢,a, f(a)] + [¢,b, f(a)] + [, ¢, f(a)]

+[a,a, f(0)] + [a,b, f(B)] + [a, ¢, f(B)] + [b,a, F(B)] + [b, D, f(B)] + [b, ¢, f(B)] + [c, @, f(B)] + [c, b, f(B)] + [c, c, F(D)]
+[a,a, f(O)] + [a,b, f(c)] + [a, ¢, f(0)] + [b,a, f(c)] + [b,], f(O)] + [b, ¢, fc)] + [¢,a, f(O)] + [e, b, f(c)] + [¢, ¢, f(c)]
for all a,b,c € A.
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It follows that
([f(0), c,al + [b, f(c),al + [b, ¢, f(a)]) + ([f(c), a,b] + [c, f(a),b] + [c,a, f(B)]) + ([f(a),b,c] + [a, f(b), c| + [a, b, f(c)])
= f([b7 ¢, a]) + f([cvavbD + f([a7b7 CD = f([b7 C, a} + [Cvavb] + [a7b’ C]) = f([avbv C] + [bv <) a} + [Caavb})

and

[£(a),b,c] + [f(b), ¢, a] + [f(c), a,b] + [¢, f(a), b] + [a, f(b), c] + [b, f(c), a] + [b, ¢, f(a)] + [c, a, F(D)] + [a, b, f(c)]
= ([f(a),b,c] + [a, f(b),c] + [a, b, f(c)]) + ([f (), c;a] + [b, f(c),a] + [b, ¢, f(a)]) + ([f(c), a,b] + [c, f(a),b] + [c, a, f(D)])
for all a,b,c € A. Then
f([a,b,c] + [b,c,a] + [¢,a,b]) =([f(a),b,c] + [a, f(b), ] + [a,b, f(c)]) + ([f(b), c,a] + [b, f(c),a]
+ [, f(a)]) + ([f(c), a, 0] + [c, f(a), b] + [, a, f(D)])
for all a,b,c € A. Hence (2.2) holds true.
For the converse, replacing b and ¢ by a in (2.2), we have
f(la,a,a] + la,a,a] + [a,a,a]) =[f(a),a,a] + [a, f(a),a] + [a, a, f(a)] + [f(a), a,a] + [a, f(a), d]
+[a,a, f(a)] + [f(a), a,a] + [a, f(a), a] + [a, a, f(a)]
and so
fBla,a,a]) = 3([f(a), a,a] + [a, f(a),a] + [a,q, f(a)])
for all a € A. Thus
fla,a,a]) = [f(a),a,a] +[a, f(a),a] + [a,a, f(a)]
for all @ € A. This completes the proof. O

Theorem 2.2. Let f: A — A be a mapping for which there exists function ¢ : A X A x A — [0,00) such that
1f(z+y) = f(z) = FW)] < oz, y,0), (2.3)
Hf([x>y7 Z] + [y,z,m] + [Z,l'7 y]) - [f(l’)7y,Z] - [xmf(y)vz] - [‘raya f(Z)] - [f(y),z,ax]

2.4
e (2).a] — o2 F@)] — [F(2)o] — [ £(@),0] — 22 S < (o) 24
for all x,y,z € A. If there exists a constant 0 < L < 1 such that
Ty z L
for all x,y,z € A, then there exists a unique ternary Jordan ring derivation D : A — A such that
L
— < .
1) = D@ < 5ol 7,0) (26)
for all x € A.
Proof. 1t follows from (2.5) that
im 2% 2 Y Y =
a2 ‘D(Qn’ n’ 2n) 0 27

for all z,y,z € A. By (2.5), ¢(0,0,0) = 0. Letting x = y = 0 in (2.3), we get || f(0)]] < ¢(0,0,0) = 0 and so f(0) = 0. Let
Q={g:A— X, ¢g(0) =0}. We introduce a generalized metric on 2 as follows:

d(g,h) = dy(g,h) = nf{C € (0,00) : [lg(z) — h(z)|| < Cp(x,2,0), Vo € A}

It is easy to show that (Q,d) is a generalized complete metric space [16]. Now, we consider the mapping T':  — Q
defined by Tg(x) = 2g(5) for all z € A and g € Q. Note that, for all g,h € Q and z € A,

d(g,h) < C = |g(z) - h(z)|| < Co(x,,0)
= ll29(5) — 21 <2 C

= H29( ) = 2h(3 )||<*Cs0(fﬂx0)

2
L
= d(Tg,Th) < 1
Hence we obtain that L
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for all g,h € Q, that is, T is a strictly contractive mapping of Q with the Lipschitz constant L. Putting y = z in (2.3), we
have

1£(22) — 2f (@)|| < o(,,0), (28)
and so I
T x
_ < Z
Hf( -2/ (3 )H <v(5:50) < g #@2,0)
for all z € A. Let us denote
. n x
D(x) = lim 2" (27) (2.9)
for all z € A. By the result in ([2, 6]), D is an additive mapping and so it follows from the definition of D, (2.4) and (2.7)
that

1D([z,y, 2] + [y, 2, 2] + [z, 2, 9]) = [D(2),y, 2] =[x, D(y), 2] = [2,y, D(2)] = [D(y), 2, 2] — [y, D(2), 2]
— [y, 2, D(@)] = [D(2), z,y] — [2, D(x),y] - [z, D( il
D) -

= lim 8"Hf<[xé§;21—+[y;§;x1—+[ o) = () s ) = Lo P () ] = s g S (5]
—(5) 5 50) — [oms F o) ) = [ 5 PG = [ G)s 50 o) = [5m F (5 )s o ——[Qn o )l
<o () -0

for all z,y, 2 € A and so D([2,y, 2]+ [y, 2, 2| + [2, %, y]) = [D(2), y, 2]+ [z, D(y), 2] + [x,y, D(2)] 4+ [D(y), 2, ] + [y, D(2), x] +
ly, z, D(z)] + [D(2), z,y] + [z, D(x),y] + [z, z, D(y)], which implies that D is a ternary Jordan ring derivation, by Lemma
2.1. According to Theorem 1.1, since D is the unique fixed point of T" in the set A = {g € Q : d(f,g) < oo}, D is the
unique mapping such that
1f(@) - D@)|| < C gl 2,0)
for all z € A and C' > 0. By Theorem 1.1, we have
4L
d(f. D) < 1- ~8(4—1L)

(f, Tf) <

and so I
17(@) = D@ < g7 ole,2,0)

for all z € A. This completes the proof. O

Corollary 2.3. Let 6,1 be nonnegative real numbers with v > 1. Suppose that f : A — A is a mapping such that

1f(@+y) = f(=) = f)l < olzl” + llyll"), (2.10)
||f([l' Y,z } + [y7z :C] + [va7y]) - [f(ff),% 2:} - [:c,f(y),z] - [:E,y,f(z)} - [f(y)vzvm] (2 11)
g, £(2), 2] — [y 2 F@) = [F(),,9] — [2 F@)s ] — 25, £ < 00l + gl + 1217 '
for all x,y,z € A. Then there ezists a unique ternary Jordan ring derivation D : A — A satisfying

0
1) = D@ < gy — el

for all xz € A.
Proof. The proof follows from Theorem 2.2 by taking
o(x,y,2) = 0(llz|" + llyll" + [IzII")
for all z,y, z € A. Then we can choose L = 2!~" and so we obtain the desired conclusion. O

Remark 2.4. Let f : A — A be a mapping with f(0) = 0 such that there exists a function ¢ : A x A x A — [0, c0)
satisfying (2.3) and (2.4). Let 0 < L < 1 be a constant such that

(2, 2y,2z) < 2Lp(z,y, z)

for all z,y,z € A. By a similar method as in the proof of Theorem 2.2, one can show that there exists a unique ternary
Jordan ring derivation D : A — A satisfying

1)~ D@l < 12 ol 7,0)

for all x € A. For the case
p(@,y,2) =6+ 0(|z]|" + [lylI" +[[=1"),
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(where 6, are nonnegative real numbers and 0 < r < 1, there exists a unique ternary Jordan ring derivation D : A — X
satisfying
46 860

8—2T+8—2T

)"

[f(z) = D(@)|| <
for all z € A.
Now, we formulate a theorem for the superstability of ternary Jordan ring derivations.

Theorem 2.5. Suppose that there exist a function p: A x Ax A — [0,00) and a constant 0 < L < 1 such that
T Yy 2 L
A P
d)(27 27 2) —_ 8<p(x7y7z)
for all z,y,z € A. Moreover, if f : A — A is an additive mapping such that
Hf([x7y7 Z] + [yazv‘r] + [Z,l'7 y]) - [f(x)7yaz] - [w7f(y)vz] - [x,y, f(Z)] - [f(y),zam}
7[y7 f(Z),Q?] - [y,Z, f(ZC)] - [f(z),:c,y] - [Z,f(l‘),y] - [Z,$,f(y)“| S go(x,y,z)

for all x,y,z € A, then f is a ternary Jordan ring derivation.
Proof. The proof is similar to the proof of Theorem 2.2. We will omit it. O

Corollary 2.6. Let 0,s be nonnegative real numbers and s > 3. If f : A — A is an additive mapping such that
||f([fl§',y,2} + [y,z,:v] + [z,x,y]) - [f(x)vyaz} - [xaf(y)vz] - [l’,y,f(z)} - [f(y),z,x]
—ly, f(2),2] = [y, 2, f(@)] = [f(2),2,9] = [2, f(2),y] = [z, 2, fWII| < Oll]” + llyll® + [|2]I°)

for all x,y,z € A, then f is a ternary Jordan ring derivation.

Remark 2.7. Suppose that there exist a function ¢ : A x A x A — [0,00) and a constant 0 < L < 1 such that
¢(2z,2y,22) < 2Lp(x,y, 2)
for all z,y,z € A. Moreover, if f: A — A is an additive mapping such that
1 ([ y, 2+ [y, 2, 2] + [z, ,9]) = [f(2), 9, 2] = [2, f(y), 2] = 2,9, F(2)] = [f (), 2, 2]
—l, f(2), 2] = [y, 2, f(@)] = [f(2), 2, 9] = [2, f (@), 9] — [z, 2, (] < o(,y,2)

for all z,y,z € A, then f is a ternary Jordan ring derivation.
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Abstract

In this paper, we discuss the following initial value problem for first order nonlinear
integro-differential equations of mixed type in a Banach space:

{u’ = f(t,u,Tu, Su)

u(to) = uo.

In the case of the integral kernel k(t, s) of the operator (T'u)(t) = f; k(t, s)u(s)ds being
unbounded, we obtain the existence of maximal and minimal solutions for the above
problem by establishing a new comparison theorem.

Keywords: noncompactness measure, unbounded integral kernel, maximal and
minimal solutions, integro-differential equations.

1 Introduction and Preliminaries

Suppose that E is a Banach space. In this paper, We consider the following initial value
problem for first order nonlinear integro-differential equations of mixed type in E:

u= f(t,u, Tu, Su)
{u(to) =, (1.1)
where f € C[J x Ex E x E, E|, J = [to,to + a](a > 0), up € E, and
t to+a
(Tu)(t) = t k(t, s)u(s)ds, (Su)(t) = /t h(t, s)u(s)ds. (1.2)

*The work was supported by the Natural Science Foundation of Jiangxi Province (No. 20122BAB201008,
20143ACB21001) and Science and Technology Plan of Education Department of Jiangxi Province (No.

GJJ08169).
fCorresponding author. E-mail address: jxnumath@163.com, xjzh1985@126.com.
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I (1.2), k(t,s) = L& (0 < a < 1), p(t,s) € C[D,R*], and h(t,s) € C[Do, R*], where
R+ = 0 +00), D = {(t,s) € R*|tg < s <t <tg+a}, Dy ={(t,s) € R?|(t,s) € J x J}.
Here, k(t s) is unbounded on D, p(t, s) is bounded on D, and h(t, s) is bounded on Dj.
Set Ro = max {p(t,s)|(t,s) € D}, ho = max {h(t,s)|(t,s) € Do}

The study of initial value problems for nonlinear integro-differential equations has been
of great interest for many researchers for its physical backgrounds and applications in
mathematical models. We refer the reader to [I, 5HI2] and references therein for some
recent results on equation (L.I)). However, in many earlier results, the kernel k(¢,s) of
the operator T' is bounded. In this paper, we will make further study on the initial value
problem in the case of k(t, s) being unbounded. By establishing a comparison theorem,
we achieve an existence theorem about minimal and maximal solutions for equation .

Throughout the rest of this paper, let (E, ||-||) be a real Banach space and P be a cone
in F which defines a partial ordering in F denoted by 7 <”.

Suppose that E* is the dual space of E, the dual cone of the cone P is P* = {p €
E*|p(x) > 0,Vz € P}. A cone P C FE is said to be normal there exists a constant v > 0
such that

0<z<y= |zl <v[lyl.Vz,y € E.

The cone P is normal if and only if any order interval [z,y] = {z € E|lz < z < y} is

bounded in norm(see [3]). Set

C[J,E] = {u(t) J = E‘u(t) is continuous on J },

ClJ,E] = {u(t) cJ = E‘u(t) and ' (t) are continuous on .J }

Let [jull. = max |u(t)|| be a norm for u € C[J, E], then C[J, E] will be a Banach space
€

with norm |[|-||.. It is easy to know P, = {u € C[J, E]|u(t) > 6,Vt € J} is a cone in C[J, E].
The cone P. defines an ordering in C[J, E] which also denoted by ”<” here. Obviously,
when the cone P is normal, P, is a normal cone in C[J, E].

Assume that V is a bounded set in E. The Kuratowski measure of noncompactness
a(V') and the Hausdorff measure of noncompactness 5(V') are defined respectively as follow:

a(V) =inf{é > 0|V can be expressed as the union S = |J V; of a finite number of sets V;

i=1
with diameter diam(V;) < 6},

B(V) = inf {5 > O’V can be covered by a finite number of closed balls V; with diameter
diam(V;) < 0 }

The relationship of the two noncompactness measures is

pV) <a(V) <23(V). (1.3)
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For the basic properties of cones and noncompactness measures, we refer the reader to
[2-H4]. For convenience, the Kuratowski measure of noncompactness for bounded sets in
E and C|[J, E] are all denoted by «a(-). In the sequel, we denote B(t) = {u(t)|lu € B},
(T'B)(t) = {(Tu)(t)|lu € B}, (SB)(t) = {(Su)(t)|u € B} for all B C C[J, E] with t € J.
Lemma 1.1. Let m € C'[J, RY] be such that
t
m/(t) > —Mm(t) — N [ k(t,s)m(s)ds, m(tg) >0, t € J, (1.4)
to

where M >0 and N > 0 are two constants satisfying one of the following conditions:

(1)
Ma (1270‘
N Rpe 1o <1 (1.5)
(ii)
2—a
ang + N0 (1.6)
11—«

Then m(t) > 0 for allt € J.

Proof. Case 1. If the condition (i) is established, let v(t) = m(t)e™*. From (1.4)), we have

v'(t) > —-N tk‘*(t, s)v(s)ds, Vt € J, v(tg) >0, (1.7)

to

where k*(t,s) = k(t, s)e™(=%). Now, we prove that

v(t) >0, Vt e J. (1.8)

In fact, if there exists tg < t1 < tg + a such that v(¢t;) < 0 and let max{v(t) : top <t <
t1} =0b, then b > 0. If b =0, then v(t) <0 for all to < ¢ <+¢; and so (1.7)) implies that

V() >0, Vtg <t <ty.

Hence we have v(t1) > v(ty) = m(tg)eM* > 0, which contradicts v(t1) < 0.

If b > 0, then there exists ty < ty < t; such that v(t2) = b > 0 and so there exists
to < t3 < t1 such that v(t3) = 0. Then, by the mean value theorem, there exists to < t4 < t3
such that

oty = W) Zolte)  =elte)  =b b (1.9)
t3—t2 t3—t2 t3—t2 a

On the other hand, from ({1.7)), we have

V(t) > —-N /t4k*(t4,s)v(s)ds

to
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tq
> —Nb/ k*(t4,s)ds
to
t
- [ )
to (t4 - S)a
tq
> —NbRy / (ty — s)"eMta=5)gg
¢
0 "
> NbRoeM“/ (ty —s) %ds
to
_ l—«a
— _NbRoeMaw
11—«
Ma alfa
> —NbRpe " ——.
1l—«

Then from 1) we have N RoeM“af_—_;‘ > 1 which contradicts 1' Therefore, 1)

is true and so m(t) > 0 for all t € J.
Case 2. If the assumption (ii) holds, but the conclusion does not hold, then there
exists t1 € (to,to + a] such that

m(t1) = minm(t) <0,

teJ
! <0. If <0,f 1.4 h
and so m/(t1) <0 Joax m(t) <0, from , we have

t1
0>m/(t1) > —Mm(t;) — N k(t1,s)m(s)ds > —Mm(t1) > 0,
to
which is a contradictory statement. Therefore, there exists ty € [to,t1) such that m(te) =
max m(t) = p > 0. Then, by the mean value theorem, there exists t3 € (t2,t1) such that
0xtx11

m(ty) — m(te) ok

/
t3) = .
m ( 3) tl — tQ a
It follows from ((1.4)) that
t3 t
B ts) > —Mm(ts) — N [ LB s
a 1o (t3 — )
t3 1
> —Mu—NR / ——ds
2 o o (t; — 5)°
ty — o)
= —Mp— NROM(?’lO)
CLl—oe
> —Mp— NRop :
11—«
. 2-a . . .
i.e. aM + NRyT—, > 1 which contradicts {i The Lemma is proved. O

4
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Lemma 1.2. Let m € C[J, RT] be such that

t to+a
m(t) < My [ m(s)ds+ Ma(t — to)/ m(s)ds, t € J (1.10)
to to
where My > 0, My > 0, are constants for satisfying one of the following conditions:
(i)aMy(e®™ —1) < My, (ii)a(2M; + aMs) < 2. Thenm(t) =0, t € J.

Proof. Case 1. If the condition (i) holds, letting v(t) = m(t)eM?, then mq(ty) = 0,
my(t) =m(t), t € J. If my(to + a) # 0, it follows from (1.10) that

m’l(t) < Mlml(t) + aMle(to + a), tedJ

— M (t—to)

and from e > 0 we have

/
(ml(t)e*Ml(t*tO)) < aMamq (to + a)e*Ml(t*tO), teJ

Now, we integrate the above inequality between ¢y and ¢ with noticing mi(tg) = 0, we can
obtain

¢

my(t)e M-t < aMgml(t(H—a)/ e Mils—to) g
to

alMy

<
=

mi(to + a) (1 - e_Ml(t_t°)> , ted

By choosing t =ty + a, we can get
CLM2 (eaMl — 1) Z M1

which contradicts (i). Consequently, mq(to + a) = ft°+a m(s)ds = 0 which implies m(t) =

t
0, te. ’
Case 2. If the condition (ii) is established, it follows from (1.10) that

to+a
m(t) < [Mi + My(t — to)] / m(s)ds.
to
Integrating the above inequality between tg and ty + a, we get

/ T (s)ds.

to

to+a
/ m(t)dt < [aMl +

a2M2]
to

2

From the above inequality and conditio (ii), it follows that f;;;ﬁa m(t)dt = 0, so m(t)

0,t € J. This completes the proof. O

Lemma 1.3. If B is a equicontinuous bounded set in C C[J, E|, then a(B) = max a(B(t)).
€
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Lemma 1.4. If B is a equicontinuous bounded set in C C[J,E] with J = [a,b], then
a({u(t)|u € B}) is continuous with respect to t € J and

o <{/abu(t)dtue B}) < /aba{u(t)\ue B} dt.

Lemma 1.5. (see [2]) Let E be a separable Banach space, J = [a,b] and {u,} : J — E
be continuous abstract function sequences. If there exists a function ¢ € Lla,b] such that
Jun(t)]| < B(t), t € J, n=1,2,3,---, then B ({un(t)|n =1,2,3,--}) is integrable on J

" ﬂ<{/abun(t)dtn:1,2,3,--~}> / {un(t)|n=1,2,3,--- }) dt.

Now, we give our assumptions:
(H1) There exist vg, wy € C'[J, E] such that vo(t) < wo(t)(t € J) and vg, wo are a lower
solution and an upper solution respectively for the initial value problem (1.1}, that is

vy < f(t,v0, Two, Svg), Vt € J; vo(to) < uo,

wp > f(t,wo, Two, Swo), Vt € J; wolto) > uo.

(Hz) For any t € J, any u, v € [vg,wp] = {u € C[J,E]|vg < u < wp} and u < v, we
have
ft,v,Tv, Sv) — f(t,u,Tu,Su) > —M (v —u) — NT(v — u),

where M > 0, N > 0 are constants satisfying the condition (i) or (ii) in Lemma [1.1]
(Hs) For any t € J and equicontinuous bounded monotone sequences B = {u,} C
[vo, wo], we have

a(f(t, B(t),(TB)(1), (SB)(t)) < cra(B(t)) + c2a((TB)(t)) + c3a((SB)(1)),

where ¢;(i = 1,2,3) are constants satisfying one of the following two conditions:

. 02R0a170‘ 2NR00,170‘ —a 11—«
(i)ahoes (2 FMIZRST—T T ) 1) <o + M 4 @fia "%y 2NHgaT70,

-« ’

(ii)a <201 +2M + 2B | ANRgalZ* | ah003) <1.

2 Main results

Theorem 2.1. Let E be a real Banach space, P C E be a normal cone and the conditions
(Hy), (H2), (H3) be satisfied. Then the initial value problem has a minimal solu-
tion and a maximal solution w, u* € C[J, E] in [vg,wo], and for the initial value vy and
wo, the iterative sequences {v,(t)} and {wy(t)} defined by the following formulas converge
uniformly to u(t), u*(t) on J according to the norm in E respectively:

va(t) = wge MU [ METIf (5,0, 1(5), (Ton-1)(s), (Svn-1)(s))

to
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+Muvn_1(s) — NT (v, — vp—1)(s)]ds, Vt € J, (2.1)

wa(t) = uge M) 4 [ METDTf (5w, 1 (s), (Twn-1)(s), (Swn-1)(s))

+Mw,—1(s) — NOT(wn —wp-1)(s)]ds, Vt € J (n=1,2,3,---). (2.2)

Moreover, there holds

<< <y < <u et < <wyp Swp. (2.3)

Proof. For any n € [vg, wo|, we consider the initial value problem of linear integro-differential
equation in Banach space E:

v = g(t) — Mu— NTwu, u(ty) = uo, (2.4)

where g(t) = f(t,n(t), (Tn)(t), (Sn)(t)) + Mn(t) + N(Tn)(t). It is easy to show that u is a
solution of the linear initial value problem (2.4)) if and only if u is the fixed point in C[J, E|
of the following operator

t
(Au)(t) = uge M=) [ MEDTg(5) — N(Tw)(s)]ds. (2.5)
to
In the following, we will prove there exists ng such that A™ is a contraction operator.
For any u, v € C[J, E], t € J, it follows from (2.5 that

[(Au)(t) = (A)O)| < N [ [[T(u—wv)(s)ds

to

v [/sk(s,T)Hu(T) - U(T)Hdr] ds

to to

_ N [/ 2T ) - ()de]ds

to
NR()HU’U|C/ / ———drds
to Jto 5_7_

_ NRy(t—to)*=,

In the same way, by (2.5) and (2.6)), we have

IN

IN

t
[(A%u)(t) — (A*)()]| < N 1T (Au = Av)(s)l|ds
-

to

| b)) () - (A0 e | ds

to

7
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< NRy /t: [/t: s _lT)a ]\(TFE(;)?;O_)Z; |u — vllch} ds

< (é\lflioa Z:ZHC /to /to — 1) %(s — tg)* “drds

(NRo)?[Ju —wlle [* (s —1t0)>">*

(1-—a)(2—a) /to 11—«
(NRy)?

A= a222—ap "

ds

— vt — to)* 2.

It is easy to prove that by mathematical induction

(NRp)"

—t9)" " Ju— —1,2,3,--
n![(1—a)(2— Oz)]n<t to) lu—vlle t€J, n .2,3,

[(A"u)(t) — (A"0)(®)]| <

Thus
(N Roa®~ )"
n![(1—a)(2—a)]?

We can choose ng € {1,2,3,---} such that % < 1, and so A™ a contraction

|A"u — A™||. <

||’LL—U||C, n:172a3a"'

operator in C[J, E]. Therefore, it follows from the principle of contraction mapping that
A" that is, A has a unique fixed point u, in C[J, E] which implies the linear initial value
problem (2.4) has a unique solution u, in C[J, E]. Now, we define a operator

Bn = uy, (2.7)
where u,, is a unique solution for 7 of the linear initial value problem ({2.4]), and satisfies
uy = f(E,0(), (Tn)(t), (Sn) () — M (uy(t) —n(t)) — NT (uy — n)(¢), un(to) = uo.

Then B : [vg,wp] — C[J, E], and the iterative sequences (2.1))(2.2) can be written

vy = Bvy_1, wp = Bwp_1, n=1,2,3,---. (2.8)
Moreover, we claim that the operator B defined by ([2.7)) satisfies
i)
Vo S Bvo, Bwo S wo; (2.9)
ii)
Bm < Bna, V1, n2 € [vo,wo], m < 2. (2.10)

Next, we will prove i) and ii). Firstly, we prove the result i). Set v; = Buy, it follows
from the definition of B that
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vy = f(t,vo, Tvo, Svg) — M (v1 — vg) — NT (v1 — vg), v1(to) = ug. (2.11)

For any ¢ € P*, let m(t) = ¢(vi(t) —vo(t)), it follows from (2.11) and the assumption (H;)

that
t

m/(t) > —Mm(t) — N [ k(t,s)m(s)ds, m(ty) > 0.
to
Thus, by lemma it follows that m(t) > 0 for all ¢ € J, which implies v1(t) — vo(t) >0
for all ¢t € J. It follows theorem 2.4.3 in [3] that vg < Buwg. Similarly, we can prove that
Buwy < wp. Consequently, the result i) is proved.
Next, we prove ii). Let u,, = Bni, uy, = Bna, it follows from the hypothesis (H2) and
the definition of B that

u’:n - u'/qg = f(ta 12, T7727 5772) - M(ung - 772) — ]\71—‘(’%,72 — 7’]2)
_f(ta 7717T7717 5771) + M(Um - 771) + NT(uﬁl - 771)
> —M(up, — up,) = NT (un, — up,) (2.12)
and
Un, (to) — un, (to) = uo — ug = 0. (2.13)

For any ¢ € P*, let m(t) = @(uy, (t) — uy, (t)). From (2.12)) and (2.13), it follows that

t
m/(t) > —Mm(t) — N | k(t,s)m(s)ds, m(ty) =0
to
Thus, by lemmall.1] it follows that m(t) > 0 for all ¢ € J, which implies wy, () —uy, (£) > 6,
t € J, that is, By < Bng. So the result ii) is proved.
Form (2.8)-(2.10) and observing that vy < wy, it follows that

W< < <o < Swy <0 < wy < W (2.14)

and B is a mapping with [vg,wp] into [vg, wo].

In the following, we prove that {v,(t)} converges uniformly to some element u € C|J, E|
in J. By the normality of P, the cone P, is normal in C[J, E] which implies the order
interval [vg,wo] is a bounded set in C[J, E]. Then, it follows from that {v,} is a
bounded set in C[J, E]. On the one hand, for any 1 € [vg,wp|, by the conditions (H;) and
(H2), we have

vy + Muvg + NTwvg ft, v, Tvo, Svo) + Mvg + NTvg
f(t,n,Tn,Sn) + Mn+ NTn
f(t, wo, T'wg, Sw0> + Mwy + NTwy

w6 4+ Mwy + NTwy.

VAN VAN VAN VAN
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Then, by the normality of P, the set {f(¢,n,Tn,Sn) + Mn + NTn}n € [vo,wo]} is a
bounded set in C[J, E]. On the other hand, the set {Tn|17 € [vo,wo) } is also a bounded set
in C[J, E], because it follows from the boundedness of [vg,wp] that for any 7 € [vg, wo],

Tl <[ k(& s)lln(s)lds

to

t
p(t,s)
< Jnll / h5) g
to (t S)

L
R c/ ——ds
OHUH " (t—S)a

t—to) ™
= Aol LT

Therefore, {f(t,n,Tn, Sn)|n € [vo,wo]} is a bounded set in C[J, E]. Thus, from

IN

vl = f(t,vn_1,Tvpn_1,Svn_1)—M (Vy—vp_1)—NT (vy—vp_1),t € J,n=1,2,3,---, (2.15)

it follows that {v),|n = 1,2,3,---} is a bounded set in C[J, E]. Applying the mean value
theorem, we see that all the functions {v,(t)|n =1,2,3,--- } is equicontinuous on .J. From
Lemma we have

a{v,n=1,2,3,---}) = rglea}(a({vn(t)m =1,2,3,---}). (2.16)

Now, we prove a({vp|n =1,2,3,---}) = 0. From (2.4), (2.5, (2.7) and (2.8)), it follows

that

'Un(t) = qu_M(t_to) + t eM(S_t) [f (57 Un71(8)7 (T'Unfl)7 (Svnfl)(s))
to

+Muvp—1(s) — NT (vy, — vp—1)(s)] ds. (2.17)

Let m(t) = a{v,(t)|n = 1,2,3,---}, then m(ty) = a({uo}) = 0, m € C[J,R*]. For
every m, by the continuity of v,(t), {v,(t)|t € J} is a separable set in E, so {v,(t)|t €
Jyn = 1,2,3,---} is a separable set in E. Thus, we can assume that E is a separable
Banach space without loss of generality (otherwise, the closed subspace in E is spanned
by {vn(t)|t € J,n =1,2,3,---} can be used in place of E) By , and Lemma
and observing 0 < e~ <1, (t,5) € D, we can obtain

mt) < « ( t eME=D[f(s, B(s), (TB)(s), (SB)(s)) + MB(s) — NT(By — B)<s>]ds>

< 2B < t eM(s—t) [f(s,B(s),(TB)(s),(SB)(s)) + MB(s) — NT(B; — B)(s)]ds>

to

IN

5 / B[f(s, B(s), (TB)(s), (SB)(s)) + MB(s) — NT(B — B)(s)]ds

to

10
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< 2/‘Wﬂf®J%®KTBX$ASBX$D

to

+MpB(B(s)) + NB(T(B1 — B)(s))]ds. (2.18)

where B(s) = {vp(s)|n = 0,1,2,---}, Bi(s) = {vn(s)ln = 1,2,3,---}. By the condition
(Hs) and ([1.3]), we have

S,

B (f(s,B(s), (TB)(s),(SB)(s)))
a(f(s,B(s),(TB)(s),(5B)(s)))

B
< B
< caa(B(s)) + c2a(((TB))(s)) + csa((SB)(s)). (2.19)

TB
TB

S,

From the uniform boundedness of B(s) and uniform continuity of h(t, s), it easy to prove
(SB)(s) is a equicontinuous bounded set, so it follows from Lemma |1.4] that

o((SB)(s)) = a ( /:H h(s,T)B(T)dT) < hy /t :0+am(7)d7-. (2.20)

Now, we consider dealing with «((T'B)(s)). Firstly,

s s s l—«
/ k(s,T)dr :/ pls,7) dr < Ro/ ! dr < Hoa .
to to (5 - T)a to (S - t)a -«

Since B(s) is equicontinuous bounded sequences and «(B(s)) = m(s), there exists a par-
! !

tition B(s) = |J B; such that the partition (TB)(s) = |J T'B; exists, where TB; =

i=1 i=1

{ft‘z k(s, )vi(r)dr|v; € Bi}, so we have

diam(TB;) = sup k(s,T) [Uzl (1) — U?(T)] dr
Vvil,'uizeBi to
R al—a
< By Juttn) - o)
-« Vvil,v?EBi
l1—a
= Rloa_ - diam(B;)
Roal—a Roal—a
B .
< qoeBE)+ T
By using the arbitrariness of €, we have
Roal—a Roal—a
< = .
a(TB(s) < o a(B(s)) o m(s), (2.21)
and by (|1.3)), we have
2Rpal ™
BT(By — B)(s)) < o (T(B — B)(s)) < 2% ms). (2:22)

11
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Thus, it follows from (2.18])-(2.22)) that

t 11—« to+a
m(t) < 2/ [clm(s) + CQll%iam(s) + 03h0/ m(7T)dr
to -« to
2NROal_a

M
+Mm(s) + l1-a

m(s)} ds

R | Rtet INR l1-a t
= 2l +M+ Rt ot m(s)ds
l-« l-« to
to+a
+2hges(t — to) / m(s)ds.
to

Therefore, from Lemma and the conditions (i)(ii) of the assumption (Hj3), we have
m(t) =0, t € J which implies a{v,|n =1,2,3,---} = 0 from , that is, v, C [vg,wo]
is a relatively compact set in C[J, E]. Thus there exists a subsequence {v,,} C {v,} and
some T € [vg,wp] such that {vy, } converges to @ in norm || - |.. Further, from and
the normality of P, it is easy to prove that {v,} converges to w in norm | - ||, that is,
{vn(t)} converges uniformly to u(¢) on J according to the norm in E. Similarly, we can
prove that {wy,(t)} converges uniformly to some u* € [vy,wp] on J according to the norm
in E. Clearly, the result is true.

Finally, we prove that w and u* are a minimal solution and a maximal solution respec-
tively of the initial value problem . Let

Un(t) = =M (v, (t) — vp—1(t)) — NT (v, — vp—1) (t), t € J, n=1,2,3,---.
Since {vy(t)} converges uniformly to w(t) on J, it is easy to prove ||un| — 0(n — o0).
Setting €, = ||un||c, from (2.15)), we get

v, = f(t,vn—1,Tvn_1,Svn—1) + un(t), va(to) = uo, ||un(t)|| <en, t € J.

Applying Corollary 2.1.1 in [4], we know @ is a solution of the initial value problem (|1.1}).
Similarly, we can prove that w* is also a solution of the initial value problem ([1.1)). If u is
a solution in [vg,wp| of the initial value problem (1.1, then Bu = wu, so by vg < u < wp

and ([2.8)-(2.10)), it is easy to obtain
U <u<wp,n=12,3,---.

Letting n — oo in above formula, we get © < u < w*. Consequently, u, u* are the
minimal solution and maximal solution of the initial value problem ([1.1)) respectively. This
completes the proof. ]
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Solving the multicriteria transportation equilibrium system

problem with nonlinear path costs

Chaofeng Shi, Yingrui Wang

Abstract. In this paper, we present an self-adaptive algorithm for solving the multicriteria
transportation equilibrium system problem with variable demand and nonlinear path costs. The
path cost function considered is comprised of three attributes, travel time, toll and travel fares,
that are combined into a nonlinear generalized cost. Travel demand is determined endogenously
according to a travel disutility function. Travelers choose routes with the minimum overall gener-
alized costs. Numerical experiments are conducted to demonstrate the feasibility of the algorithm
to this class of transportation equilibrium system problems.

Key Words and Phrases: multicriteria, general networks, nonlinear path costs, transportation
equilibrium system

2000 Mathematics Subject Classification: 49J40, 90C33.

1 Introduction

Usually, there are more than one kind of goods transported through the traffic network, in reality. As
we know, the transportation cost of one kind of goods can be affected by other kinds of goods under the
same traffic network. In detail, the flows of different kinds of goods are not independent. Generally, in
2010, He et. al . [1] called this problem as dynamic traffic network equilibrium system. Several authors
(see, for instance, [2-5]) study the model with elastic demands and develop some results in this context
theoretical features and numerical procedures. For example, in the general economic case, the equilibrium
cost will affect to the market demand of goods, so the O-D pair demand of these goods depends on the
equilibrium cost and the equilibrium distribution. Therefore, it is reasonable to consider the traffic
equilibrium problem with elastic demand when there are many kinds of goods transported through the
same traffic network. At the same time, the travel cost function is considered widely and deeply. It is
generally accepted that travelers consider a number of criteria (e.g., time, money, distance, safety, route
complexity, etc.) when selecting routes. Presumably, these criteria are then combined in some manner to
form a generalized cost for each particular route or path under consideration, and a route selected based
on minimization of the generalized cost of the trip. Most commonly, it is assumed that travelers select
the ’best’ route based on either a single criterion, such as travel time, or several criteria using a linear
(or additive) path cost function. However, as pointed out by Gabriel and Bernstein [6], there are many
situations in which the linear path cost function is inadequate for addressing factors affecting a variety
of transportation policies. Such factors include: (i) Nonlinear valuation of travel time-small amounts
of time are valued proportionately less than larger amounts of time. (ii) Emissions fees—emissions of
hydrocarbons and carbon monoxide are a nonlinear function of travel times. (iii) Path-specific tolls and
fares—most existing fare and toll pricing structures are not directly proportional to either travel time
or distance. These, and other such factors, are generally difficult to accommodate without explicitly
using path flows in the formulation and solution, particularly for traffic equilibrium problems involving
multi-dimensional nonlinear path costs. Despite the obvious usefulness of incorporating multiple criteria
and relaxing the assumption of linear path costs for an important class of traffic equilibrium problems,
there have been relatively few attempts to incorporate multiple criteria within route choice modeling.
Under the assumption that the nonlinear path cost function is known a priori, Scott and Bernstein [7]
solved a constrained shortest path problem (CSPP) to generate a set of Pareto optimal paths and then
identify the best path by evaluating the cost values of the alternative paths. In a later study, Scott
and Bernstein [8] embedded the CSPP into the gradient projection method to solve the non-additive

848 Chaofeng Shi et al 848-855



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

traffic equilibrium problem. Using a new gap function recently proposed by Facchinei and Soares [9], Lo
and Chen [10] reformulated the nonadditive traffic equilibrium problem as an equivalent unconstrained
optimization and solved a special case involving fixed demand and route-specific costs. Chen et al. [11]
provided a projection and contraction algorithm for solving the elastic traffic equilibrium problem with
route-specific costs. Recently, some formulations and properties of the non-additive traffic equilibrium
models were also explored, such as the nonlinear time/money relation [12], the uniqueness and convexity
of the bicriteria traffic equilibrium problem [13]. Furthermore, Altman and Wynter [14] discussed the non-
additive cost structures in both transportation and telecommunication networks. Howerver, there are few
results to discuss the problem related to the transportation network system for the nonlinear multiciteria
transportation cost functions. On the other hand, Verma [15] investigated the approximation solvability
of a new system of nonlinear variational inequalities involving strongly monotone mappings. In 2005,
Bnouhachem [16] presented a new self-adaptive method for solving general mixed variational inequalities.
In 2007, Shi [17] proposed a new self-adaptive iterative method for solving nonlinear variational ineuality
system (SNVI) and proved the convergence of the proposed method. The numerical examples were given
to illustrate the efficiency of the proposed method. In this paper, we consider the traffic equilibrium
problem with variable demand, fixed tolls, and a nonlinear path cost function. We first discuss the
multicriteria traffic equilibrium problem and its equivalent nonlinear variational inequality formulation,
and present the associated multicriteria shortest path problem and solution algorithm. We then explore a
new self-adaptive iterative method (SI) developed by Shi [17] to solve SNVI that characterizes this class of
traffic equilibrium system problem. The SI method is simple and can handle a general monotone mapping.
Unlike the non-smooth equations/sequential quadratic programming (NE/SQP) method proposed by
Gabriel and Bernstein [6] to solve the non-additive traffic equilibrium problem, the ST method does not
require the mapping to be differentiable.

2 Preliminaries

Without loss of generality, we consider the case that there are only two kinds of goods transported
through the network. Suppose that a traffic network consists of a set N of nodes, a set € of origin-
destination (O/D) pairs, and a set R of routes. Each route r € R links one given origin-destination pair
w € Q. Theset of all r € R which links the same origin-destination pair w € Q is denoted by R(w). Assume
that n is the number of the route in R and m is the number of origin-destination (O/D) pairs in . Let
vector H' = (H{,HS,---,Hi,--- H.)T € R™ i = 1,2 denote the flow vector for the two kinds of goods,
where HE,7 € R, denotes the flow in route r € R. A feasible flow has to satisfy the capacity restriction
principle: i < H! < uf, for all » € R, and a traffic conservation law:>~, e piw) H: = p.,(H', H?) , for
all w € Q, where A andy are given in R™, is the travel demand related to the given pair w € Q , and
pl (H', H?) > 0 denotes the travel demand vector, which generally depends on equilibrium cost and,
essentially, on the equilibrium distribution H'andH?2. Thus the set of all feasible flows is given by

Ki(H' H?) :={H ¢ R"|\' < H <y, ®H = p'(H', H?)}, (2.1)

where ® = (61 )m X 1 is defined as

P 1 ifr € R(w)
“T 71 0 Otherwise

Thus the set of feasible flows is given by K (H*', H?) x Ko(H', H?) . We call that is a flow of the traffic
network system with elastic demands. As pointed out by Gabriel and Bernstein [6], the linear assumption
is rather restrictive and cannot adequately model certain important applications.

Let mappingC? : K — R™ be the cost function of the ith kinds of goods for i = 1,2. CiL(H*', H?)
gives the marginal cost of transporting one additional unit of the ith kind of goods under the rth route.
For the multicriteria traffic equilibrium problem with nonlinear path costs based on travel time, toll and
transportation fares, a possible nonlinear path cost function can be the following form:

CHH', H?) = g.(D>_ opsti(H  H?) + Y Spata+ > _ 0y fa(H', H?), (2.2)

acA acA acA
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Where g, is a nonlinear function describing the value-of-time for path r, 7, is the toll on link a , and f,
is the transportation fares function on link a .

Definition 2.1. (H!,H?) € K;1(H"', H?) x Ko(H', H?) is an equilibrium flow if and only if for all
w e Qand q,s,p,r € R(w) there holds

C,(H'H?) < C{(H'H?*) = H,; =p, or H!=M\l, (2.3)
C}H'.H*) <C}H'.H*)=H}=p or H!=),

3 Existence and Uniqueness of the solution for the multicriteria
transportation equilibrium system problem

The following result establishes relationship between the system of dynamic traffic equilibrium problem
and a system of variational inequalities.

Theorem 3.1. (H', H?) € K;(H', H?) x K2(H', H?) is an equilibrium flow if and only if ,

<CYH' H?),F' —H'>>0 VF'<c K|(H', H?), (3.1)
< C*(H' H?),F* - H?>>0 VF?c Ky(H', H?),

Proof. First assume that (3.1) holds and (2.3) does not hold. Then there exist w € Q and ¢,s € R(w)
such that

il 2 icprl g2 i PO\
CI(H', H?) < CI(H', H?), Hi<pi, Hi>\,i=12 (3.2)
Let 0; = min{u!, — H}, h! — X.},i=1,2.
Then §; > 0,i =1, 2.

We define a vector F; € K;(H', H?),i = 1,2, whose components are

~ &, Fi=H, (3.3)

S S

Fi(t) = Hy +6;, Fi(t)=H]

when r # ¢, s.
Thus,

< CYH'H?),F'— H' >= Zo;i(Hl, H?)(F} — H}) = 6;(C.(H',H*) — C{(H",H?)) <0, (3.4)
j=1

and so (3.1) is not satisfied. Therefore, it is proved that (3.1) implies (2.4).
Next, assume that (2.4) holds. That is

il g2 il 2 i i T A
Co(H ,H?) < Cy(H ,H") = Hy = pg, or Hg=pgi=12 (3.5)

Let F' € K;(H', H?) for i = 1,2. Then (3.1) holds from Definition 2.1. The proof is completed.
Furthermore, we discuss the existence and uniqueness of the solution for the dynamic traffic equilibrium
system (3.1). In order to get our main results, the following definitions will be employed.

Definition 3.2. C%(z,y)(i = 1,2) is said to be #-strictly monotone with respect to z on K;(H"', H?)x
Ko(H*, H?) if there exists § > Osuch that

< C'(z1,y) — C'(22,y), 21 — x2 >> 0|21 — 223, (3.6)

Va1, 79 € K1(HY, H?),Vy € Ko(HY, H?).
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Definition 3.3. Ci(z,y)(i = 1,2) is said to be L-Lipschitz continuous with respect to = on
Ki(H', H?) x Ko(H*', H?) if there exists § > Osuch that

[C*(21,y) = C (w2, y) |2 < Lllz1 — w22, (3.7)
Va1, 79 € K1(HY, H?),Vy € Ko(HY, H?).

Remark 3.4. Based on Definitions 3.2 and 3.3, we can similarly define the 6 -strict monotonicity
and L-Lipschitz continuity of C%(x,y) with respect to y on Ki(H', H?) x Ko(H*, H?), for i = 1,2.

Theorem 3.5. (H', H?) € K1(H', H?) x K2(H"', H?) is an equilibrium flow if and only if there exist
a >0 and > 0 such that
H' = Pg,(H? — aC'(H', H?)), (3.8)
H? = PKz(H2 - BCI(H17H2))3
where Py, : R* — K,;(H', H?) is a projection operator for i = 1,2.

Proof. The proof is analogous to that of Theorem 5.2.4 of [18].
Let ||(«,y)1]| be the norm on space K1(H!', H?) x Ko(H*', H?) defined as follows:

@ )l = llellz + lyllz, Vo € Ki(H', H?),y € Kz(H', H?). (3.9)

It is easy to see that (Ki(H', H?) x Ko(H*', H?),||.||1)is a Banach space. Similar to Theorem 3.9 in He
et. al. [1], one can easily obtain the following theorem, the proof is omitted.

Theorem 3.6. Suppose that C*(H*, H?) is 6;-strictly monotone and L;;-Lipschitz continuous with
respect to H'! , and Lyo-Lipschitz continuous with respect to H? on K;(H', H?) x Ko(H', H?). Suppose
that C2(H?', H?) is Lo;-Lipschitz continuous with respect to H?, fa-strictly monotone, and Lag-Lipschitz
continuous with respect to H2 on K;(H', H?) x Ko(H?', H?). If there exist a > 0 and 3 > 0 such that

V1= 2901 + 0213, + Bl <1, (3.10)

\/1 — 27792 + 62[/%2 + alqs < 1,

then problem (3.1) admits unique solution.

Remark 3.7. If fj(H', H?) is 91 strictly monotone with respect to H'and gj o 37, 7%t} is 9 -

strictly monotone with respect to H » , then

n

=30 +0;30)).

j=1
In fact,
<CHH'H*) - C}H"H*),H' - H' >
=< g.()_opsti(H', H?)) ZNSTJ +Zars (H',H?) = g.(> _dpsts(H', H?)) (3.11)
j=1 J=1
+Z(5’”STJ +Z6;jf (H',H?),H'— H' >
; e
Z 9 +OrON)||H — HY|3
So,

< C;(H',H?) — C;(H',H?),H' — H' >>6,|H' — H'|.
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4 Algorithms for solving the multicriteria transportation equi-
librium system problem

Here, we describe an iterative algorithm with fixed step-sizes, and also describe a self-adaptive algo-
rithm, which uses a self-adaptive stratedgy of step-size choice.

Algorithm 4.1 Iterative Method with fixed step-sizes
Step 1. Given € > 0,a, 3 € [0,1), and (HY, HY) € K1 (H', H?) x Ko(H', H?), set k = 0.
Step 2. Get the next iterate:

Hl,k‘+l — PK1 (H2,k _ acl(Hl,k7H2,k)’

H2’k+1 _ PKQ (H2’k o ﬂcl(Hl’k,H2’k),

Step 3. Compute r; = HH{kH)fok)H,rg = HHQ(kH)fHék)H ,ifr1,r9 < ¢, then stop; Otherwise,k = k+1,
go to step 2.

Algorithm 4.2 ST method
Step 1. Given € > 0, v € [1,2),u € (0,1),0> 0,6 € (0,1) ,60 € (0,1) , and pg € H, set k = 0.
Step 2. Setpr = p , if [|[r1(H¥, p)|| < € and |71 (H'E, p)|| < €, then stop; otherwise, find the smallest
nonnegative integer my, such that p, = pu™* satisfying

lpe (CH (™, 1) — O (", H?)|| < dllr(2*, o), (4.1)

where w* = P [H¥ — p, CY(H', H?F)).
Step 3. Compute

d(Hlka Pk) = T(Hlkvpk) - kaQ(Hlka HQk) + kaQ(PK[Hlk - ka(Hlkv sz)]a H2k)7 (42)

where r(H* p) = H¥ — P [H'* — pC2(H', H?¥)] .
Step 4. Get the next iterate:

H = PH — d(H™, ) — A C2(H*, H?), (43)
Hl,k+1 — PK[Hlk _ pcl<Hlk’H2k)]

Step 5. If ||pp(C(HY, H?*) — C(w*, H?*)|| < Sol|r(z*, pr)|| , then set p = pi/u, else set p = pp. Set
k=k+1, and go to Step 2.

Remark 4.2. Note that Algorithm 4.2 is obviously a modification of the standard procedure. In
Algorithm 4.2, the searching direction is taken as H'¥ — yd(H'*, p;,) — yO(H', H?*) | which is closely
related to the projection residue, and differs from the standard procedure. In addition, the self-adaptive
strategy of step-size choice is used. The numerical results show that these modifications can introduce
computational efficiency substantially.

Theorem 4.3. Suppose that C'(H', H?) is 6; -strictly monotone and Li;-Lipschitz continuous
with respect to H', and Lqz-Lipschitz continuous with respect to Hy on Kj(H', H?) x Ko(H', H?).
Suppose that C2(H?!, H?) is Lg;-Lipschitz continuous with respect to H! ,fy -strictly monotone, and
Loo-Lipschitz continuous with respect to H? on Ki(H', H?) x Ko(H', H?). Let H*, H** € K form a
solution set for the SNVI (2.1) and let the sequences {H'*} and {H?*} be generated by Algorithm 4.2.
If0 <0< /1 —2p01 +2p2L35(1 +vLo1)/(1 — vLa2) + \/2pL3, + 2pL1; < 1, then the sequence { H'*}
converges to H* and the sequence {H?*} converges to H**, for 0 < p < 2r/s>.

Proof. Since (H*, H?*) is a solution of transportation equilibrium system (3.2), it follows from Theorem
3.5 that

Hl* — PK1 [HQ* _ pCl(Hl*,HQ*)], (44)
HQ* — PK2 [Hl* _ WCQ(H1*7H2*>]
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Applying Algorithm 4.2, we know
|HYEHL - Y| = || P, [H — pCH(H*, H?Y] — Py, [H? — pCH(H™, H?*)]
< HZE — 52— pCL(H™, B2 4 pCL(HY, H?))|
Since T is r-strongly monotone and s-Lipschitz continuous, we know
|H?* — B — pCY(HY, H?)|?

< | H?* — H>|? —2p < CHHW — H? — CY(HY, H?*, H? — H** > 4p2||CL(H™, H?*) — Y (HY, H>))

< |[H?* — H? |2 = 200, | H — H?* || + 2pLyy [|[H™¥ — HY|]2 + p2|CH(H™, H?*) — CH(HY, H>))|
< HP* — H 2 = 2y | H? — B | 2L | HS — H | 202 L3y | — F 4 20 L | — 2

< (=261 +20°LT,) | H?* — H*||* + (20’ LY, + 2pLuy)[|H™ — HY |

It follows that

JEA H <\ /1 208, + 20213, | — B +\[202L3, + 2L [H* — H'™|. (4.5)
Next, we consider

[H2 — H2 | = || Pre, [H'" = yd(H'™, pr) = AC?(H' H?)] = Pie, [H' —C*(H', H*)||  (4.6)
< H™ —nd(H'™, pr) —yC*(H™, H??) — H +4C*(H" H*))
< |HY —d(H'™, pr) — H' || + || C*(H™, H*) = C*(H™, H*)||

where we use the property of the operator Px. Now, we consider

|E* — EY —yd(H )| (47)
< HHlk _H1*||2 — 27y < Hllc —Hl*,d(Hlk,pk) > +72||d(H1k,pk)||2
< HHlk _ HI*HQ,

where we use the definition of d(H?*, py,).
It follows that

[H2 = H < (14 L) H = HY |+ Lol 2 = 1. (48)

From (4.5) to (4.8), we know

[ — 1| < (\/1 — 2001 +2p2 L35 (1 + vL21) /(1 = yLaz) + \/2pL3; + 2pLuy) [ H™ — H'||. (4.9)

Since 0 < § < 1, from (4.9), we know H'* — H'*. Thus from (4.8), we know H?* — H?*.

5 Numerical results

In this section, we presented some numerical results for the proposed method. we consider a simple traffic
network consisting of two nodes, only a origin-destination (O/D) pair, and a set R of routes. Each route
r € R links the origin-destination pair in parallel. Assume that n is the number of the route in R.

Let Cl(Hl, HQ) = DHl(t) + C,{Hg(t), 02(H1, Hg) = DHl(t) + CgHQ(t) s where

4 =2
1 4
D= 4 =2 |’
1 4
= (1,1, ~1)7T  eo=(1,1,---,1)T H(t) = H, € R*,H,(t) = Hy € R". let

Ky(Hy, Hy) = {H|H; € [l,u], Hi + HS <2000,i =1,2,---,n},
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Ko(Hy, Hy) = {H,|H, € [l,u], H} + H) <2000,i=1,2,---,n}.

where [ = (0,0,---,0)T, v = (1000, 1000, - - -, 1000)”. The calculations are started with vectors H; =
(0,0,---,0)T, Hy = (5,5, --,5)T and stopped whenever 1,73 < 107°. Table 1 gives the numerical results
of Algorithms 4. 1. Table 2 gives the numerical results of Algorithms 4. 2.

Comparing Table 2 and Table 1, it show that Algorithm 4.2 is very effective for the problem tested. In
addition, it seems that the computational time and the iteration numbers are not very sensitive to the
problem size.

Table 1: Computation performance with different scales by Algorithm 4.1

n Iteration CPU(s)
50 366 29.5469
100 183 28.5469
200 93 27.2813
300 63 30.4375

Table 2: Computation performance with different scales by Algorithm 4.2

n Tteration CPU(s)
50 220 17.7282
100 110 16.1281
200 56 15.3687
300 38 18.2625
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BARNES’ MULTIPLE FROBENIUS-EULER AND HERMITE
MIXED-TYPE POLYNOMIALS

DAE SAN KIM, DMITRY V. DOLGY, AND TAEKYUN KIM

ABSTRACT. In this paper, we consider the Barnes’ multiple Frobenius-Euler
and Hermite mixed-type polynomials. Using the umbral calculus, we derive
several explicit formulas and recurrence relations for these polynomials. Also,
we establish connections between our polynomials and several known families
of polynomials.

1. INTRODUCTION

For A # 1, s € N, the Frobenius-Euler polynomials of order s are defined by the
generating function

(1.1) <1f_ > ZH(S x|)\ — (see [7,12,19)).

et

Let ay,ao,...,ar, A1, A2,..., A € C with ag,...,a,. # 0, A,..., A # 1. Then
the Barnes’ multiple Frobenius-Euler polynomials H,, (x | a1,...,a,; A\1,...,\.) are
given by the generating funciton
(1.2)

S 1- i
11 (ea) ZH zla,. .. a1, N — (see [13, 15]).
j=1

Whenz =0, Hy, (a1,...,ar;M\1,..., ) = H, (0] a1,...,a,; A1, ..., A\) are called
the Barnes’ multiple Frobenius-Euler numbers (see [13]).

Forai =as = -+ =a, =1, Ay = Xy = --- = A\ = A, we have H,(x |
L1, LA, A) =HY (2| A). When z =0, HY (A\) = HY (0| A) are called
—_——— ————

r—times r—times

the Frobenius-Euler numbers of order r.
The Hermite polynomials e (x) of variance v (0 # v € R) are given by the
generating function

(1.3) eVt /2t ZH(”) —,  (see [24]).

When z = 0, HY) = HY (0) are called the Hermite numbers of variance v. It
is well known that the Bernoulli polynomials of order r (€ N) are defined by the
generating function

2010 Mathematics Subject Classification. 05A19, 05A40, 11B75, 11B83.
Key words and phrases. Barnes’ multiple Frobenius-Euler and Hermite mixed-type polynomi-
als, umbral calculus.
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2 DAE SAN KIM, DMITRY V. DOLGY, AND TAEKYUN KIM
EN et N e o "
(1.4) (et — 1) et = X%B,(f () — (see [1-24, 26]).
-

When z = 0, B,(f) = BS") (0) are called the Bernoulli numbers of order r. For
n > 0, the Stirling numbers of the first kind are given by

(1.5) (), =z(x—1)--(z—n+1) 251 (n,0)z!, (see [24]).
The Stirling numbers of the second kind are deﬁned by the generating function
0 l
n x
(1.6) (" =1)"=nl> Sy (I,n) oo (see [24)).
Let C be the complex field and let F be the set of all formal power series in the
variable ¢:
(1.7) F= f(t):zakH ar €Cp.
k=0

Let P = Cz] and let P* be the vector space of all linear functionals on P. We
use the notation (L | p(x)) to denote the action of the linear functional L on the
polynomial p (z), and we recall that the vector space operations on P* are defined
by (L+ M | p(2)) = (L | p(2) + (M | p(a)), and {cL | p(2)) = c(L|p()), where
¢ is a complex constant in C. The linear functional { f (¢)|-) on P is defined by

(1.8) (f@)]z") =an, (n>0), where f(t)eF, (see 17,21, 24]).
By (1.8), we easily get

(1.9) (tF|2™) = nldn g, (n,k>0), (see 8,21, 24]),

where 6, is the Kronecker’s symbol.

Let fr,(t) = 32, S0k Then, by (1.9), we get (£ ()] e™) = (L | 2™ . So,
the map L — f, (t) is a vector space isomorphism from P* onto F. Henceforth,
F denotes both the algebra of formal power series in ¢ and the vector space of all
linear functionals on P, and so an element f (¢) of F will be thought of as both
a formal power series and a linear functional. We call F the umbral algebra and
the umbral calculus is the study of umbral algebra. The order o (f (t)) of a power
series f () # 0 is the smallest integer k for which the coefficient of t* does not
vanish. If the order of f (t) is 1, then f (¢) is called a delta series; if the order g (t)
is 0, then g (¢) is called an invertible series. Let f(t),g(t) € F with o(f (t)) =1
and o (g (t)) = 0. Then there exists a unique sequence s, (x) (deg s, (x) = n) such

that <g OYIOMES (m)> = nld, k for n,k > 0. Such a sequence s, (z) is called
the Sheffer sequence for (g (t), f (¢t)) which is denoted by s, (x) ~ (g (t), f (t)) (see
[21, 24]). In particular, if s, (x) ~ (g (¢),t), then s, (x) is called an Appell sequence
for g (t). For f(t),g(t) € F, we have

(1.10)

(O g®lp () ={fB)]g@)p(x)) = (g @ f ) p (@) = (1 f(#)g@)p(x)),

33‘

1) FO=Y (SOl p Zmp ) Tr (see [24).
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Thus, by (1.11), we get
(1.12)

tp(e) =p® (1) = ==, ¢p(@)=p(r+y), and (e”[p(@))=p(y).
The sequence s, () is Sheffer for (g (t), f (¢)) if and only if
L f(t
(1.13) meyﬂ ) = 2 k(! )y , (yeQ), (see 17,21, 24]),

where f (t) is the compositional inverse of f (¢) with f(f (¢)) = f (f(t)) =¢t. It is
well known that the Sheffer identity is given by
(1.14)

st =3 (1) @0y (). where p (0) =g (05, (0) . (see 17, 24).

<.

0
For s, (x) ~ (g (t), f (t)), we have

(1.15) Sn1 (z) = (J: - Z/((f))> 7 tx)sn (), (n>0),

(1.16) Zn:]l,< FW) T |en) e,
7=0

and

(L17)  (f@®)]xp(2)) = (O0f Olp(x)), [ (t)sn () =nspa(2), (n=1).
Let sy, (z) ~ (g (t), f (1)) and 7y, (x) ~ (h(t),1(t)), (n > 0). Then we have

(1.18) 5p () = Z Crymrm (2), (0 20),
m=0
where
1 /h(f®), ~ m
(1.19) Com = — Mz (f(@) |a™), (see [17,21, 24]).
mb\ g (f (1))
In this paper, we consider the polynomials Jabin (z|a,...,ar;A1,...,\) whose

generating function is given by

T r
1- )‘j —vt? /2 wxt 1—- /\j xt—vt? /2
(1.20) H (eajt _ )\j) € e = H eait — )\, €

j=1 j—l
tn

—ZFH (|ar, .. A, M) —

n

where r € Z~q, G1,...,0p, A1, ..., A\ € C with ag,...,a,. #0, A1,..., A £ 1, and
v € R with v # 0. FHS’) (z|a,...,ar;A1,..., ) are called Barnes’ multiple
Frobenius-Euler and Hermite mixed-type polynomials.

When z = 0, FHY (a1, s A1, ) = FHY (0] a1, yam A1,y Ar)
are called the Barnes’ multi[ple Frobenius-Euler and Hermite mixed-type numbers.
We observe here that FH,(L'/) (]a,...;ar; A1, ..., ), Hy (] ag, ... ar Ay e ooy ),
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a;t a;t"
and H” (x) are respectively Appell sequences for [];_, (%) evt/2, 1=, (eJl_)\?/\J>,

and e”*"/2. That is,

T ajtiAv
(1.21) FH,(L”) (]| ar,...,ar; A1,y Ap) ~ H (“) e”t2/2,t ,

T e(th_Aj
(1.22) Hy(x]ay,...,ar; 1,005 A0) ~ H(l)\j>7t )

j=1

and

(1.23) HY () ~ (e”tZ/Q,t) .
From the Barnes’ multiple Frobenius-Euler and Hermite mixed-type polynomi-

als, we investigate some properties of those polynomials. Finally, we give some new
and interesting identities which are derived from umbral calculus.

2. BARNES’ MULTIPLE FROBENIUS-EULER AND HERMITE MIXED-TYPE

POLYNOMIALS
From (1.21), (1.22) and (1.23), we note that
d
(2.1) tFH,S”) (x|ar,...,am; M1, ) = %FHS’) (] ar,...,ar; A1, Ar)

:nFHT(Ll:)1 (] a1, ...,ar; A1y AR,
d

(2.2) tHy (x| a1y . amAr, .y Ap) = %Hn(m‘ @, .. am Aty ey )
=nH,_1(z|ay,...,ar;01,..., ),

and

(2.3 LY (@) = L HE (2) = nH, (2).

Now, we give explicit expressions related to the Barnes’ multiple Frobenius-Euler
and Hermite mixed-type polynomials.
From (1.13), we note that

) e tr( 1=
(24)  FHY (z|an....ap A, ) = e 2] (M) z"
Jj=1

2
:eiyt /QHn (.T | ala"'aar;Ala"'a)\T)

o 1 m
:27(7g> thHn(I|a’17"'7a7‘;A17"'7>\7‘)

-3 1 <_g>m(n)2mHn_2m (@] @1y @i A A

2m)! m
- (n)( m) (_%) Hn—27n (3? | al?"'7a‘7';A17"'7A7')'
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By (1.9), we get

(2.5) FHY (y|ay,...,am A, .., A
[e%e} . ti
<ZFHZ( )(y | al,...,ar;)\l,...,)\r)ﬁ :1:">
i=0 ’

1=0
()
= l |
=0 j=1
n n , S 4i o
= (l)Hl( )(y) ZH’L(G‘17 7047"7)\17 )\r)ﬁ x l>
=0 =0 ’
—~ (n (v)
:Z <l>Hnl (ala , @ AL, 7>\r) Hl (y)
=0
Thus, by (2.5), we get
(2.6)
n n (V)
FHfl") (x]ar,...,ar; A1y, A) :Z (l)Hn_l (@1, ar; A, A HY (2).

=0
Therefore, by (2.4) and (2.6), we obtain the following theorem.

Theorem 2.1. Forn > 0, we have

FH’I(LV) ($|a17"'7a7’;)\17"'a)\r)

(3]
n 2m)! v\™
:E <2m)(m') (—5) Hyom (x| a1, .. am A1, .00y Ap)
m=0 '

n n .
:Z<Z>Hn—l(ala"'aaT;)\la"'v)\T)Hl()('r)'
=0

From (1.9), we have

(2.7) FHY (y|ay,...,am ...\

oo
:<ZFHZ-(V) (ylar,...,am 1,00 A) =
=0

_ - 17)\j —vt?/2 yt| .m
_<H<eajt_)\j>e eVl

j=1
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—Vt2/2 - 1 - )\j P
€ajt — )\j

—V2 tl :
t/2‘ZHl yal,...,ar;/\l,...,,\r)”x>

M —

n > l,ti
(l)Hl (y|al,...,ar;)\l,...,)\r)<ZHi( )5 T

n v
(Z>Hl (| as, .. ram A, A HY

l

0

HFHﬁs

1=0
Thus, by (2.7), we get
(2.8)
n n ,
FHY (z]ay,....an A, A) = D (l>Hl (] ar,...,am\,..., A) H,.
1=0
Now, we will use the conjugation representation in (1.16). For FHY (]at,...,ar; A1y s Ap) ~

(g (t) =11, (%) e*I2 f (1) = t) , we observe that

:(H)J e ! /2’Hn—j (x|a1a-"aar;)\13"'a)‘r)>

Hn—j (x|a1,...,a,«;)\1,...,)\,«)>

m=0
[
1 v\™ .
—m), Y (—5) (1 = )y Hoj—mn (@15 0 A1, -, ).
m=0

From (1.16) and (2.9), we can derive the following equation:
(210) FHY (z]ay,...,am5 1,5 \)
" /n =] 1 v\™ . j
zjzz:o (]) Z o) (—5) (1= J)opm Hn—j—2m (@1, .., ar; A1,  Ap) 2.

Therefore, by (2.8) and (2.10), we obtain the following theorem.
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Theorem 2.2. Forn > 0, we have

FH7(1V) (LC | ala"'vaT’;Al""’)\r)
:Z (Z>H7(LV)IHZ (113 | ala"'aa?”;Al""’Ar
=0
25

1
m!

v

2

>

)%

(]

Jj=0

(

Remark. From (1.14), we have
(2.11) FHY (z+y|ay,...,

) (=)o Humjmz (@,

ar;>\1,...

)

s Ar)

_Z< )FH(V) x | ala"'7ar;>\1a"'7>\r)yn7j'

By (1.15) and (1.21), we get

2

(2.12) FHY, (x| a1,...,am A, 0, A
g () )
(-2 Pl @A, A,
(== 5 P o)
T et =X\ vt?/2
where ¢ (t) = szl( 1—,\j]) e .
Now, we compute that
q (t) /
2.13 = (lo t
(213) H = (ogg (1)
ilog (e®® — A —ilog(l —&-lut
- , 2
j=1 j=1
—Z “J‘“ vt.
et —
So
O
2.14 I\ AL A
( ) g(t) n ('T|a17 ,a 1 )

B T ajeajt . (
j;l—)\j et )\ H
Jrl/tFH,g”)(:z:\al,...,
j=1

+n1/FH(V) (z]a,...,

Ary Alyees

1-A

_Zl FH(” (x+ajla,...,

+ TLVFHTSJI (x| aq,...,

862

n)(ac—|—aj|a1,...7

CLT;)\l,...

ar»aj;/\l,”'a

) —l/t2/2xn
s Ar)
Qr,Gj3 A1, .-
s Ar)
Qr,Gj3 A1, -

A).

Ars Aj)

Ars Aj)
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By (2.12) and (2.14), we get
(2.15) FHY, (x| a1, . am A, A)
:xFH(” (z|ar, ..., ar; A1, A)

—Z _)\ H(”)(m—l—aj|al,...,ar,aj;/\l,...,/\r,/\j)
j=1

—m/FHr(LV_)1 (] ar,...,ar; A1, Ar) .
For n > 2, by (1.9), we get
(2.16) FHY (y|ay, ... am 1,3 A\)

n

oo

t’i
ZFH (y|ay,...,amAi, .o ) =@

(>

@1(6% o)
o
10

s

- 1- >\j —vt?/2\ _yt|, n—1
+<4 (eajt—)\])(ate )e x

: 1- >\j —vt?/2 t n—1
(60# = )\j> e 2 (Ope¥") | .
The third term is

AR DY f
(2.17) y < I1 <eat—JA> 2 it xn1>
J

j=1
:yFH,(L )1 (ylat,...,ar A1, A

The second term is

(2.18) <1j (ea] & )e—ut2/2eyt mn—1>

A DY
= — V(?’L — 1) <H (M) e_ut2/26yt xn—2>

j=1

:—V(n—l)FHr(QQ(y|a1,...7ar;)\1,..‘,)\r).
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We observe that

(2.19) G} 'T (1”])

j=1 1=
where
(2.20)
" qett N4 .. 1N N am
— i — i Hm )\7( Lt”L_
izzleaitf)\i Zzzl].*/\le eaithi i:Zl].*Aie mZ:(J ( )m'
So, by (2.19) and (2.20), we get
(2.21)
Tl T 1N Vv @ - al”
8 7‘7 = — 7‘] v a;t Hm )\'L Ltm.

Now, the first term is

(2.22)

i=1 m=0
T a n—1 n—1

= - : Hm >\z o
Sy (M) ooa

oo 5 tl
X <ZFHZ( )(y—l—ai|a1,...7ar;)\17...,/\r)ﬁ
1=0 ’

xn—l—m>
r am+1

n—1
n—1 v
:722 ( - >11_)\iHm()\i)FH7(I)1m(eral-|a1,...,ar;)\1,...,)\r).

i=1 m=0

Therefore, by (2.16), (2.17), (2.18) and (2.22), we obtain the following theorem.
Theorem 2.3. Forn > 2, we have

FHfl”) (] ar,...,ar;A1yeey Ar)
::L‘FHS’_)1 (] at,...,ar; A,y X)) — V(R — l)FHflV_)2 (] ar,...,ar;Ayeey Ar)
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r n—1 n—1 am+1 )
) v
— E E M, () FH, (x4 ai | ar, .. am A, )
— =\ m 1-—X\
=1 m=

Remark. We compute the following in two different ways in order to derive an

identity:
. 1— Aj —vt?/2,m| n
<|| (e“jt—)\j)e 2gm g™y (myn > 0).

j=1

On one hand, it is

T 1 _ )
(2.23) < (w—Ai\) e
j=1 J
T 1 _ .
= (n)m < H <eajt _)\j)\ > e—Vt2/2 a"
j=1 J

:(n)mFH,(l’:)m (TS VI W
On the other hand, it is

- ]‘7)\]- —vt?/2,m n—1
(2.24) <at E (e%t - Aj) e | g

LA DY
< Oy (atj> 67Vt2/2tm :p"1>
. [ )\j
1

J

- 17>\j —vt?/2\ ym| , n—1
+<H<€a1t—)\j>(at6 )t X

Jj=1

. 1—) —ut? m n—1
+< () o) >

Jj=
From (2.23) and (2.24), we can derive the following equation: for n > m + 2,
(2.25)

FHS:)m(al,...,arg)\l,...,)\T)
:—Z/(n—m—l)FH(V) (TN D VI W

n—m-—2
r n—m-—1 1+1
n—m-—1\ a; v
_Z Z ( l )1i/\lHl(Ai)FHTS_)l_l_m(ai;al,...7ar;)\1,...,)\r).
i=1 1=0 ¢
For FHY (x| a1,...,am A, Ar) ~ (H;:1 (ealjf;j”) 6"t2/2,t), (), ~ (1,e" = 1),
we have
(2.26) FHY (z]a1,...,am3M1,...,\) = Z Crym (2),,
m=0
(2.27) Cnm
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1 - 1—A —vt?/2 ([t mi n
:W<H(€“"t—i\j>e ) x>
=1
- L—X —vt?/2 Ly m
_ v o -1 n
<, 1<e“jt—/\j>e m! (e )"
- 1 _)\j —vt?/2 — tl n
< (eajt — /\j> e vt/ g;nsz (I,m) e

n - 11— —vt?/2| n—l
l)sz(z,m)<. (et_;)e 2, >
j=1

Therefore, by (2.26) and (2.27), we obtain the following theorem.
Theorem 2.4. Forn > 0, we have

FH’I(LV) (]a,...,ar; A1 ..., = Z < )Sg lm)FHfL Jlar, . ars A, ) (),

m=0I1l=m

It is easy to show that
W =z@+1)(z+n-1)~ (1,1 -e7").
From (1.18) and (1.19), we have

(2.28) FHY (z]a1,...,am3M1,...,\) = Z Crz™

where

(2.29) Chnm

=1
fl - 17}‘]’ —vt?/2 —mt [t m| n
(I (7% (1)
Jj=1
_ - 17}‘] vt©/2 —mt 1 t m n
~(I (%) Ly

" T N
= <Z)S2(l,m)< <eajt—-;\j)e t/Qe tH oy l>
l =1
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n

Z( )52 (L,m) <ZFH(” (om0, A

l=m

3

<7)52 L,m)FH™ (=m | a1,...,am A1, M)

l=m

Therefore, by (2.28) and (2.29), we obtain the following theorem.
Theorem 2.5. Forn >0, we have

FH(V) (x | a17'~~ ar;)\l,...,)\r)

—Z Z( )Sg (I,m) FH( v) (= m|al,...,ar;)\l,...,)\r)m(m).

m=0l=m

From (1.4), (1.13), (1.18), (1.19) and (1.21), we have
(2.30) FH" (x| ay,....an; A1, ..., 0) = Y ComBY (z), (s€N),

where

- 1_)\j vt? /2 —
(eajt—/\j>e Z

=0

_|_
s! j —vt?/2|  n—m—lI
p (l+s)52(l+ss <1:I et — ) v

0
n\ = (™
—( ) 3 ((l-il-s))Sz(l+S,s)FH7(L )m plar, o ars A, )

Therefore, by (2.30) and (2.31), we obtain the following theorem.

52 I+ s,s)tla"™ m>

Theorem 2.6. Forn >0, and s € N, we have

FH,S") (x| a1, . ar; A1y M)

n n n—m (n—m ) S
=3 <m) > ((Hé))sg(lﬂ $)FH™ (a1,...,an; A1, .., A) B ().
=0 s

m=0
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From (1.1), (1.18), (1.19) and (1.21), we have
(232)  FH (z]an,....ar M, 0) = Y ComHY (@[ X), (s€N),

where

(2.33) Cnm
_ 1 - ]‘_)\j —Vt2/2 et_>\ ° m| ..n
_m!<1_[1<eait—/\j>e 1—A e
1 - L= —vt?/2 ( t s
e - J v _)\ tm n
mi(L— ) <H <eajt_Aj>e (e =A) "
J=1

(») < a < 1- ) ) TR <> =i stomem
= _ s ajt _ ). e . (7)‘) et
(1-=2X) o \e Aj =\

() s <S) (T =N N szt | o
_ m.__ (=X J H — J eVt /2,0t pn—m
CESVPAY ey
" - S s—7 v .
:(l(jl)s j) (=N FHY (G lag,... am A, M)
=0

Therefore, by (2.32) and (2.33), we obtain the following theorem.
Theorem 2.7. Forn > 0, we have

FHq(;,) (x|a1a"'aa7‘;>\1""’>\r)

R R VAR S E i @) (s _ (#)
R > <m>]§<) (=N FHY (G lay,. .. am A, A ) HE (2])).

m=0 J
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stochastic systems with Markovian switching
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Abstract.  This paper is concerned with robust stability and stabilization problem for a class of

linear uncertain stochastic systems with Markovian switching. The uncertain system under con-

sideration involves parameter uncertainties both in the drift part and in the diffusion part. New

criteria for testing the robust stability of such systems are established in terms of bi-linear matrix

inequalities (BLMIs), and sufficient conditions are proposed for the design of robust state-feedback

controllers. An example illustrates the proposed techniques.

Keywords: Bi-linear matrix inequalities (BLMIs); Robust stabilization; Stochastic system with

Markovian switching; Uncertainty

1 Introduction

Stochastic systems with Markovian switching have been used to model many practical systems

where they may experience abrupt changes in their structure and parameters. Such systems have

played a crucial role in many applications, such as hierarchical control of manufacturing systems([4,

5, 16]), financial engineering ([19]) and wireless communications ( [6]).

In the past decades, the stability and control of Markovian jump systems have recently received

a lot of attention. For example, [3] and [15] systematically studied stochastic stability properties of

jump linear systems. [1] discussed the stability of a semi-linear stochastic differential equation with

Markovian switching. [7, 9, 10, 12] discussed the exponential stability of general nonlinear stochastic

systems with Markovian switching of the form

dx(t) = f(x(t),t,r(t))dt + g(z(t),t,r(t))dB(t). (1.1)

IE-mail address: yifanwul980@126.com
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Over the last decade, stochastic control problems governed by stochastic differential equation with
Markovian switching have attracted considerable research interest, and we here mention[2, 11, 20,
23, 24]. Tt is well known that uncertainty occurs in many dynamic systems and is frequently a cause
of instability and performance degradation. In the past few years, considerable attention has been
given to the problem of designing robust controllers for linear systems with parameter uncertainty,
such as[8, 13, 17, 21, 22]. However, a literature search reveals that the issue of stabilization of
uncertain system under consideration involves parameter uncertainties both in the drift part and
in the diffusion part has not been fully investigated and remains important and challenging. This
situation motivates the present study on the robust stabilization of linear uncertain stochastic systems
with Markovian switching. We aim at designing a robust state-feedback controller such that, for all
admissible uncertainties , the closed-loop system is exponentially stable in mean square.

The structure of this paper is as follows. In Section 2, we introduce notations, definitions and
results required from the literature. In Section 3, we shall discuss the problem of mean square
exponential stabilization for a linear jump stochastic system. In Section 4, sufficient conditions are
proposed for the design of robust state-feedback controllers. An example is discussed for illustrating

our main results in Section 5.

2 Preliminaries

In this paper, we will employ the following notation. Let |.| be the Euclidean norm in R™. The
interval [0,00) be denoted by Ry. If A is a vector or matrix, its transpose is denoted by AT.
I,, denotes the n x n identity matrix. If A is a symmetric matrix Apin(A4) and Az (A) mean
the smallest and largest eigenvalue, respectively. If A and B are symmetric matrices, by A > B
and A > B we mean that A — B is positive definite and nonnegative definite, respectively. And
CEHR™ x Rt x S;RT) denotes the family of all RT-valued functions on R™ x R x S which are
continuously twice differentiable in  and once differentiable in ¢. We write diag(as, ..., a,) for a
diagonal matrix whose diagonal entries starting in the upper left corner are aq, ..., a,.

Let (Q,F,(F):, P) be a complete probability space with a filtration (F); satisfying the usual
conditions. Let r(t),t > 0, be a right-continuous Markov chain on the probability space taking

values in a finite state space S = {1,2,..., N} with generator Q = (¢;;)nxn given by

ai;jA+o(A), ifi#]

P(rt+A)=j|r(t)=14) =

where A > 0, and ¢;; > 0 denotes the switching rate from 7 to j if i # j while ¢;; = — Z Qij-
i#]
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Definition 1 ([9]) The trivial solution of system (1), or simply system (1) is said to be exponentially
stable in mean square if

1
lim sup ;log(E|x(t; to, xo, ro)\2) <0,

t—o00

for all (to,zo,r0) € Ry X R™ x S.

If Vel (R" x RT x S;RT) , define operator LV (x,t,i) associated with system (1) by

oV (z,t,1) n OV (z,t,1)

LV (x,t,1) = ot o

f(z,t,1)
1 L OPV(at,d) . ,
+ itr[g (xvtﬂ’)Tg(xvtﬂf)] + JZIQUV(:EJ;’Z)

We have the following lemma.

Lemma 2.1([9]) Let A, ¢1, ¢ be positive numbers. Assume that there exists a function V(z,t,4) €

CEHR™ x RT x S;R™T) such that
cr|z(t)]* < V(z,t,4) < eala()]?
and
LV (z,t,i) < =Naz(t)?

for all (z,t,i) € R™ x RT x S, then system (1) is exponentially stable in mean square.

In this note, we consider the following linear uncertain stochastic systems with Markovian switch-

ing:
~ d ~
dz(t) = A(r(t))z(t)dt + Z By (r(t))z(t)dws(¢),
k=1 (2.2)
x(to) =X € Rn,ﬁ > to,
where w(t) = (wy(t), wa(t), - ,wq(t))T denotes a d-dimensional Brownian motion or Wiener process,

x(t) € R™ is the system state, we assume that w(t) and r(¢) are independent. For any i € 5,1 <
k<d, A; = A(r(t) = i) and By; = By (r(t) = ) are not precisely known a priori, but belong to the

following admissible uncertainty domains:
Do = {A; + DoiFoi(t) Eoi = Foi(t)" Fos(t) < I,i € S},

Dyi = {Bri + DiiFri(t) By : Fri(t) Fri(t) < I,i € S},

where A;, Byi, Do;, Eo;, Dii, Er; are known constant real matrices with appropriate dimensions, while

Fy;(t) and Fy;(t) denotes the uncertainties in the system matrices, for all 7 € S.
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Lemma 2.2 ([14, 18]) Let A, D, E, W and F(¢) be real matrices of appropriate dimensions such
that FT(¢)F(t) < I and W > 0, then ,

1) For scalar e >0, DF(t)E + (DF(t)E)" <eDDT + 1ETE

2) For any scalar ¢ > 0 such that W —eDDT > 0,

(A+ DF(t)E)TW~1(A+ DF(t)E) < AT(W —eDDT)'A+ LETE.

3 Robust stability analysis

This section, we discuss the robust stability for system (2). For convenience, we will let the initial
values zg and rg be non-random, namely g € R™ and ry € S, but the theory developed in this
paper can be generalized without any difficulty to cope with the case of random initial values, and
we write x(t; to, xo,70) = 2(t) simply.

Theorem 3.1 Suppose that there exist N symmetric positive-definite matrices P; and positive

scalars g;, v;, and \;, such that V i € S, the following BLMIs hold:

JRES) 0 IIsz = x| <0, (3.3)

15, 0 0 0 IlIss
where the symbol ‘x’ denotes the transposed element at the symmetric position, and
iy = AP, + PAT + i Py + X\ Py + Do D3,
s, = [P,B},, PBL,...,P,BL]",
Iy = [PREL, PEL,...,PEL]T,
33 = diagle; D1;DY; — P;,...,e;Dg;D}; — P,

H51 = U:)iapia"'api]Ta
—— ——
N-1
oo—1 —1 -1 -1
H55:dzag[—P1,..., ]Di—h Pi+17~-~7 PN],
qi1 qi(i—1) qi(i+1) qiN

then system (2) is exponentially stable in mean square.

Proof Let X; = P! and define V(x,i) = a7 X;x for all i € S. And let ¢; = min{Amin(X;) 1 i €

7

S}, ea = max{ e (X;) 1 ¢ € S}, it is clear that

cilz(t)]? < V(x,i) < ealz(t)|* (3.4)
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On the other hand, a calculation shows that

N
LV (2,i) = 2(t)" [Xi(A; + DoiFoiBoi) + (Ai + DoiFoiEoi) " Xi + > ¢ X;
=

d
+ Z(Bm + DiFri Exi) " Xi(Bri + Dii Fii Exg) | 2(t),
k=1

by Lemma 2.2, for all ¢ € S, if there exist positive scalars ¢; and ~; such that ekaiDgi - P, <0,

1 <k < d, then we have
LV (x,i) < a(t)" [X;Ai + AT Xi + 7 X Doi D3 X + & B, Eo,

d d N
1
+ BTi P _EkaiDTi By + *ETiEki + qii X jlx(t).
> i CRLTED S LIS W Re

Thus, there exists a A > 0 such that
LV (2,1) < =Alz(t)|?
will hold if for any 7 € S there exists a A\; > 0 such that

XiAi + AT X; + 7 X, Doi D; Xi + - Eg; Eoi

7

d d N
1
§ BF.(P; — ¢;Dy;DL) "' By § —ElEw § X5+ N X :
+k:1 kz( € k kz) k +k:1€i kitk + QJ J+ (35)

Jj=1

< 0.
Pre- and post-multiplying (5) by P; yields
AP+ P AT + 4, Do DE + %PiEg;EOiPi
d
+> PBL(P, — D D) ' BriP;
k=1
41
+ Z ;PiEIZ;‘EkiPi + Z 4i; PP P+ qii P + AP
k=1"" j#i
<0,
which is equivalent to inequality (3) in view of Schur complement equivalence. The assertion of this
theorem follows from Lemma 2.1 immediately.

Remark 1 Theorem 3.1 provides the analysis results for the exponential stability of the system
(2). It can be seen from (3) that we need to check whether there exist N symmetric positive-definite
matrices P; and positive scalars g;, v;, and \; meeting the N coupled matrix inequalities. It is clear
that inequality (3) is BLMIs, and it is LMIs for a prescribed \;, then we are able to determine

exponential stability of the system (3) readily by checking the solvability of the LMIs.
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4 Robust stabilization synthesis

This section deals with the robust stabilization problem for linear uncertain stochastic systems with

Markovian switching. Let us consider the uncertain stochastic control system of the form

d
dx(t) = [A(r(t))a(t) + C(r(t))u(t)]dt + D [Br(r(t))a(t) + Cr(r(t))u(t) dwg (t),
k=1 (4.6)
x(tg) = xo € R™,t > tp.
We aim to design a state-feedback controller u(t) = K(r(t))z(t) such that the resulting closed-loop
system
d

da(t) = [A(r(t)) + C(r(t) K (r()]a(t)dt + Y~ [Bi(r(t)) + Cr(r() K (r(¢))] 2 (t)dw (1),
k=1 (4.7
x(tg) = xo € R",t > to.
is exponentially stable in mean square over all admissible uncertainty domains D, and Dy, where

K; = K(r(t)=1) (i €5) is the controller to be determined.
The following results solve the robust stabilization problem for system (6).
Theorem 4.1 The closed-loop system (7) is exponentially stable in mean square with respect to
state-feedback gain K; = Yinl, if there exist N symmetric positive-definite matrices P;, N matrices

Y; and positive scalars €;, v;, and \;, such thatV i € S, the following BLMIs hold:

JRES) 0 IIsz = x| <0, (4.8)

where
Iy = (4P + CY)) + (AP + CY)" + ¢ P,
+ X P + 7 Do; D,
I3 = [(BuP; + CuYy)", ..., (BaiP; + CaiYi)"",
My, = [REL, PEL, ... BELT,

33 = diagle;D1; DY, — P;,...,e;Dg; D}, — P,

sy = [P, Py, ..., BT,
N————
N-1
o1 —1 —1 -1
55 = diag[—P1, ..., Py, Pi1,...,—Pp).
qi1 9i(i—1) i(i+1) qiN
6
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Proof The proof is similar to that of Theorem 3.1, so we only give an outlined one. Let X; = Pi_1
and define V(z,i) = 27 X;x . There exists a A > 0 such that LV (z,i) < —A|z(¢)|? will hold if for

any i € S there exist positive scalars ¢; , ; and A;, where giD;ﬂ»D,@- — P, <0,1<k <d, such that

Xi(A;+ CK;) + (A + CiK)T X + 7 X, Do, D, X5 + ,YLE(%;EOi

7

d
+ Z(Bki + CriK) ' (P; — €iDyi DE) ™ (Bri + CriK;)

e (4.9)
d 1 N

> —ELEw+ Y i X+ MiXi <0.
+k:15i Rk j:1qj al

Noting that Y; = K;P;, and Pre- and post-multiplying (9) by P; yields

(AiP; + CY5) + (Ai P + CiYi)T + ~:Do; D, + %PiEg;EOiPi

d
+ Z(Bkipi + C,W-Y;)T(pi _ gkaiDgi)_l(BkiPi L OuY)
kzl X
+ Z ;iPiE;fiEmPi + Z C]z‘jPin*lPi +qii Py + NP <0,
k=1 ji

which is equivalent to (8) in view of Schur complement equivalence. The assertion of this theorem
follows from Lemma 2.1 immediately.

Remark 2 It is shown in Theorem 4.1 that the robust exponentially stabilization of system (6)-
(7) is guaranteed if the inequalities (8) are valid. And the inequality (8) is linear in Y; and P; for a
prescribed \;, thus the standard LMI techniques can be exploited to check the exponential stability

of the closed-loop system (7).

5 Example

Let w(t) be a one-dimensional Brownian motion, let r(t) be a right-continuous Markov chain

-1 1
taking values in S = {1, 2} with generator ) = , consider a two-dimensional stochastic
1 -1

systems with Markovian switching of the form

da(t) = [(Awt)) T Do(r(t) Fo(r(t), ) Eo(r(t))) () + c<r<t>>u<t>} dt
(5.10)
n [(B(r(t)) T Dy(r(0) Fy(r(t), ) Br (r(1))) (1) + cl<r<t>>u<t>] duw(t),

where

0.5 0.2 1 0.1 -1 0.5 -2 0.1
Al aAQ_ 7B1

0.3 0.8 02 2 0.5 -1 0.1 1
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D01 == dwg(—l, 72), D02 = dzag(02, 03), D11 == diag(fl, 71), D12 == d’LCLg(57 705)7
E()l = dzag(02, 02), E02 = diag(—?), —5), E11 = dzag(—09, —09)7 E12 = dzag(057 1),

-8 0.1 -20 0 -1 0.5 -2 1
Gy = NOES ,C11 = , Cr2 = )
0.06 -10 0 =30 2 3 0.5 —4

for i = 1,2, Fy;(t) and F;(t) denote the uncertainties of system (10). Let Ay = 1, Ay = 2, by solving

LMIs (8), we find the feasible solution:

98.708 4.383 233.108 —0.786 v 93.468 —16.376

4.383 85.385 —0.786 180.327 —20.698  70.862

171.947 —64.056
Yo = 71 = 0.082, 7o =1.170,e; = 0.034, &5 = 0.004,

75.520  82.513
therefore, by Theorem 4.1, closed-loop system (10) is exponentially stable in mean square with

respect to state-feedback gain K; = YiPi_l.

6 Conclusions

Based on the exponential stability theory, we have investigated the robust stochastic stability
of the uncertain stochastic system with Markovian switching, sufficient stability conditions were
developed. The robust stability of such systems can be tested based on the feasibility of bi-linear
matrix inequalities An example has been presented to illustrate the effectiveness of the main results.
It is believed that this approach is one step further toward the descriptions of the uncertain stochastic

systems.
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Abstract

In this paper, we introduce twice weakly differentiable and twice H-
differentiable interval valued functions. The existence of twice H-differentiable
interval-valued function and its relation with twice weakly differentiable func-
tions are presented. Interval valued bonvex and generalized bonvex func-
tions involving twice H-differentiability are proposed. Under the proposed
settings, necessary conditions are elicited naturally in order to achieve LU-
efficient solution. Mangasarian type dual is discussed for a nondifferentiable
multiobjective programming problem and appropriate duality results are also
derived. The theoretical developments are illustrated through non-trivial nu-
merical examples.

Keyword: Interval valued functions; twice weak differentiability; twice H- differ-
entiability, LU-efficient solution; generalized bonvexity; duality.
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1 Introduction

The study of uncertain programming is always challenging in its modern face. Sev-
eral attempts to achieve optimal in the same have been made in several directions.
However optimality conditions still needs to be optimized. In this direction interval
valued programming is one of the several techniques which has got attention of
researchers in the recent past. Existing literature [2, 4, 5, 7, 8, 9, 10, 11, 12, 13,
17, 19, 20, 21, 22| contains many interesting results on the study of interval val-
ued programming involving different types of differentiability concepts and various
types of convexity concepts of interval valued functions.

Second order duality gives tighter bounds for the value of the objective function
when approximations are used. For more information, authors may see ([11], pp

*Corresponding author.
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Singh), sahilbilal99in@gmail.com (Bilal Ahmad Dar), homidan@kfupm.edu.sa (S.Al-Homidan)
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93). One more advantage is that if a feasible point in the primal problem is given
and first order duality does not use, then we can apply second order duality to
provide a lower bound of the value of the primal problem.

Note that the study of nondifferentiable interval valued programming problems
has not been studied extensively as quoted in Sun and Wang [18] therefore to study
the second order duals of the aforesaid problem is an interesting move, we consider
the following nondifferentiable vector programming problem with interval valued
objective functions and constraint conditions and study its second order dual of

Mangasarian type.
(IP)

min f(2) + (7 Ba)} = ((x) + (T Br)4, o) + (a7 B)?
subject to g;(z) <rv [0,0],7 € Ay,
where f; = [fL, fU] i€ Ay and g; = [g]L g]U] j € A, are interval valued functions
with fF, f7, g%, 9" - R* = R,i € Ay, j € Ay, be twice differentiable functions.

The remaining paper is designed as: section 2 is devoted to preliminaries. Sec-
tion 3 represents the differentiation of interval valued functions with the introduc-
tion of twice weakly differentiable and twice H-differentiable interval valued func-
tions. Some properties of these functions are also presented. Section 4 highlights
the concept of so-called bonvexity and its quasi and pseudo forms of interval valued
functions and their properties. In section 5, the necessary conditions for proposed
solution concept are elicited naturally by considering above settings. Finally with
the proposed settings the section 6 is devoted to study the Mangasarian type dual
of primal problem (IP). Lastly we conclude in section 7.

2 Preliminaries

Let Z. denote the class of all closed and bounded intervals in R. i.e.,

Z. =A{la,b] : a,b € R and a < b}.

And b — a is the width of the interval [a,b] € Z.. Then for A € Z. we adopt
the notation A = [a%,aV], where al and aV are respectively the lower and upper
bounds of A. Let A = [a*,aY], B = [b¥,bY] € Z. and X\ € R, we have the following
operations.
(i) A+B={a+b:a€ A and b€ B} = [a* + b, a¥ + Y]
(ii)
. L Uy __ [)\CLL, )\CLU] Zf A Z 0
Ad = A", a"] = { AaV, Aak] if A < 0;
(iii)
Ax B = [m%)n m%x]

where
min = min{a®b", a"bY, a"b" a" 1"}
ab
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and
max = max{a”b”, a*b", a"b", a"b"}
ab

In view of (i) and (ii) we see that

—B=—[b" Y] = [, —b*] and A— B = A+ (-B) = [a" —b* a” — "]

Also the real number a € R can be regarded as a closed interval A, = [a,a], then
we have for B € 7,

a+B=A,+B=[a+0b"a+b]

Note that the space Z. is not a linear space with respect to the operations (i) and
(i), since it does not contain inverse elements.

3 Differentiation of interval valued functions

Definition 1. [20] Let X be open set in R. An interval-valued function f: X —
T. is called weakly differentiable at x* if the real-valued functions f* and fU are
differentiable at x* (in the usual sense).

Given A, B € 1., if there exists C' € Z. such that A = B+, then C is called the
Hukuhara difference of A and B. We also write C' = A ©y B when the Hukuhara
difference C exists, which means that a* —b* < a¥ — 0¥ and C = [al —bL, a¥ —Y].

Proposition 1. [20] Let A = [a*,a"] and B = [b*,bY] be two closed intervals in R.
Ifal—bt < aV—bY, then the Hukuhara difference C exists and C' = [a*—bL, a¥ —bY].

Definition 2. [20] Let X be an open set in R. An interval-valued function f :
X — Z. is called H-differentiable at x* if there exists a closed interval A(xz*) € I.
such that

lim f(x*+h)on f(z") and lim f(@*) ©m f(x* +h)
h—0+ h h—0+ h

both exist and are equal to A(x*). In this case, A(x*) is called the H-derivative of
f at x*.

Proposition 2. [20] Let f be an interval-valued function defined on X C R™. If f
1s H-differentiable at x* € X, then f is weakly differentiable at x*.

Next we introduce twice differentiable interval valued functions and study some
properties.

Definition 3. Let X be an open set in R", and let v* = (27, ...,x}) € X be fived.

eey n

Then we say that f is twice weakly differentiable interval valued function at x* if
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fEand fY are twice differentiable functions at x* (in usual sense). We denote by
V2f the second differential of f, then we have

Definition 3 is illustrated by the following example.
Example 1. Consider the interval valued function

flar,z2) = [ff =221 + a3, fU = 2] + 23 + 1]. (1)

Therefore we have

Vf(z) = [(2,21), (221, 225)]"

v =[(59).(23)]

Definition 4. Let X be an open set in R", and let z* = (xF,...,x}) € X be fived.
Then we say that f is twice H-differentiable interval valued function if f' is H-
differentiable at x*, where f’ is H-derivative of f. We denote by V% f the second

order H -differential of f, then we have

Virf (@) = Va(Vif())e=0

and

T of  \\"

- (G503 0)

(o [00E 0 o1 o 2 1Y

- (v [am o 5me)] o vn [ 5re])
[g‘;{; (x),%(x)] [aijg; (), a?:lgzn (x)]
i) - [HEeste] )

(2)

Following example justifies the existence of twice H-differentiable interval valued
function.

Example 2. Consider the interval valued function (1), then by definition we have
Vi f(z) = ([2,221], 222, 2$2])T

4
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which exist for x1 > 1. Therefore we have

V%,f(x) - VH([Qa 21‘1]’ [2$2, QxQ])T
:( 0,2] [0,0])
0,0] [2,2] )

The relation between twice weakly differentiable and twice H-differentiable in-
terval valued functions is furnished as follows.

Proposition 3. Let f be an interval-valued function defined on X C R™. If f is
twice H-differentiable at x* € X, then [ is twice weakly differentiable at x*.

Proof. From (2) we have

82fL a2fL 82fU a2fU
0221 ( ) 8x18$n( ) 02z (l’) 8x18x7l< )
Vif(a®) = : : : L
" 82fL 82fL ’ 82fU 62fU
0x,0x1 ( ) 02z, ('T) nxn 0x, 011 <I) 0%z, (I> nxnl peg*

= [V2f5(2), V27 (2)]smar
= V2f(x").

We authenticate Proposition 3 by following example.

Example 3. From Ezample 2 we have

viro = o

“[(02)(53))

= [V2fH(2), V27 ()]
= V2f(z). (see Example 1).
The converse of Proposition 3 is not true in general, however we have the fol-
lowing result.
Proposition 4. Let f € T, be twice weakly differentiable function at x*, with
(f5)' (@) = a"(z*) and (fV)"(z*) = a"" (7).
Loaf (fY) (z*+h) = (f5) (2*) < (f9) (@"+h) = (V) (z*) and (f*)(z*)—(f*)' (="~
h) < (fYY(x*)—(fY) (x*—h) for every h > 0, then f is twice H-differentiable
with second H-derivative [a* (z*), aV (z*)].
2. if a¥(z*) > aV'(x*), then f is not twice H-differentiable at z*.
Proof. The proof is similar as that of Proposition 4.3 of [20]. O

The existence of twice weakly differentiable interval valued functions which are
not twice H-differentiable is proved by following example.

Example 4. Consider f :[0,2] — [2% + 2% + 1,2% + 22 + 2] be an interval valued
function defined on [0,2]. Then f is twice weakly differentiable on (0,2) but f is
not twice H-differentiable on (0,2) as a® (z*) > oV’ (z*).
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4 Interval valued bonvex functions

Convexity is an important concept in studying the theory and methods of mathe-
matical programming, which has been generalized in several ways. For differentiable
functions numerous generalizations of convexity exist in the literature. An impor-
tant concept so-called second order convexity for twice differentiable real valued
functions was introduced in Mond [14], however Bector and Chandra [6] named
them as bonvex functions. Now consider f to be real valued twice differentiable
function, then for the definitions of (strictly) bonvexity, (strictly) pseudobonvexity
and (strictly) quasibonvexity, one is refered to [3].

In this section, we introduce LU-bonvex, LU-pseudobonvex and LU-quasibonvex
interval valued functions and their strict conditions. We consider T to be the set
of all interval valued functions defined on X C R"™.

Definition 5. Let f € T be twice H-differentiable function at x* € X. If we have
for every x € X and P = (Py, ..., P,) with P; € Z. such that PF > 0,i € Ay.

f(x) ©n F(a) + 3PV @) 2o {Vif (') + Vi f ()P} (x — 2°)

then we say that f is LU-bonvex at x*. We also say that f s strictly LU -
bonvex at x*(# x) if the inequality is strict.

2. If
£(&) O fa) + 5PTVAI)P < [0.0]

= {Vuf(z*)+ Vi f(a*)P} (z — 2*) ZLv [0,0]

then we say that f is LU-quasibonver at x*. We also say that f is strictly
LU -quasibonvex x*(# x) if the inequality is strict.

3. If
{Vufa*)+ Vi f(a*)P} (z —z*) =1y [0,0],

= () O Ja") + 5 PTVRS P = (0,0

then we say that f is LU-pseudobonvex at x*. We also say that f is strictly LU -
pseudobonvex at x*(# x) if the inequality is strict.

Now we present some non-trivial examples which authenticates that the class
of interval valued functions introduced in this section is non-empty.

Example 5. Consider an interval valued function f(z) = [z + 3z + 2, 2% + 3z +
5], > 0. Then we have

Vuf(zx) = ([2x + 3,2z + 3])

6
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- ([37 3])1:0
and

Vif(z) = ([2,2])

we have
1
[2* + 32 +2,2° + 3z + 5| ©n [2,5] + 5([0, 1)7[2,2][0,1] = [z* + 3z + 2, 2* + 3z + 2]

=ro ([3,3] + [2,2][0, 1])(x)
= [3z, 5z
therefore f is LU-bonvex at x = 0.
Next consider another interval valued functions defined as
f(zy,20) = [#7 + 25 + 3,27 + 25 + 5,2 > 0.
Then we have

Vuf(xy,za) = ([221, 221], [224, 2x2])T
= ([4’4] [4 4] )(:c1 ©2)=(2,2)

2 2.2 [0,0
Vit “’):( 0.0] [2,2})

and

Now let
(23 + 23 + 3,27 + 25 + 5] O [11,13]+%( [
=rv [0,0]
then
() (BB () (572) oo

this shows that f is LU-quasibonvez at (2,2).
However if

then

1/ 1,1\ / [22 [0,0] [1,1]
2 2 2 2 ) ) 9 )
=ru [0,0]
this shows that f is LU-pseudobonvex at (2,2).
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Proposition 5. Let f € T be twice H-differentiable function at x* and P =
(P, ..., P,) with P; € I, such that PL > 0,i € A,,.

1. if f is LU-bonvex at x* then f* and fU are bonvex functions at *.
2. if f is LU-quasibonvez at x* then fX and fY are quasibonvex functions at x*.

3. if f is LU-pseudobonvex at x* then f* and fU are pseudobonver functions at

*

T .

Proof. (i) Let f is LU-bonvex at x*, then by definition we have

F() ©n F(a") + 5 PTV3FGNP s (V) + Vif(a)P} (e = a*)

Since f is twice H-differentiable at z*, then by Proposition 3 and Definition 3 fr
and fY are twice differentiable at z*. Also since PiL > 0, therefore we have

1

FHw) = 1) + S PETRFHEPE 2 (V) + VP ) PR (o - ),
and
£ @) = )+ G PUTVA PY 2 {V )+ VU P (o - ),

Therefore f* and fY are bonvex functions at x*.
(ii) and (iii) follows by similar treatment. O

Note that the converse of Proposition 5 follows in the light of Proposition 4.

Proposition 6. Let f € T be twice H-differentiable function at x* and P =
(Py, ..., P,) with P; € I, such that PF > 0,i € A,.

1. if f is strictly LU -bonvex at x* then either f* or fU or both are strictly bonvex
functions at x*.

2. if f is strictly LU -quasibonvex at x* then either f* or fU or both are strictly
quasibonver functions at x*.

3. if f is strictly LU -pseudobonvex at x* then either f© or fU or both are strictly
pseudobonvex functions at x*.

Proof. Proof is same as that of Proposition 5. O

Remark 1. If we assume that f* = fU, then bonvewity comes as a sub-case of
LU -bonvexity, and similarly for quasi and pseudobonvexity.
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5 Solution concept and necessary conditions
In this section we shall propose solution concept and derive some necessary condi-
tions for problem (/P). We define by Srp the set of feasible solutions of (IP).

Definition 6. Let x* € Sip. We say that x* is an efficient solution of (I P) if there
exist no & € Srp, such that

[i(@) 2o fi(z"),i € Ag and f,(2) <pu fau(x™), for at least one index h.

An efficient solution x* is said to be properly efficient solution of (I P) if there exist
scalar M > 0, such that for all i € Ay, fi(z) <pv fi(z*) and x € S;p imply that

fix®) ©u fi(x) 2o M{fu(x) S (")}
for atleast one index h € Ay — i such that f,(z*) <pv fn(x).

Theorem 1. (Mond et al. [16]) Let x* be a properly efficient solution of (P) (see,
[8]) at which constraint qualification [15] is satisfied. Then there exist \* € RF u* €
R™ and v € R",1 € Ak such that

k
> X (fila®) + Buwp) + VurTg(z") =0,

=1
U*Tg<33'*) _ 0’
(x*TBim*)% = 2*"Bu!i € Ay,
vTBr < 1,0 € Ay,
k
X>0,) A =1u" >0
=1

Now we present the necessary conditions for problem(/P). Consider the follow-
ing constraint qualification C'Q1

dTngj(fE*) iLU [070]7j € JO(:U*)
A"V fi(2*) + d" Biw* /(2" T Bia*)2 <15 0,0], if 2*TBiz* >0
A"V fi(x*) + (dTBid)z =11 [0,0], if 2*TBa*=0

Theorem 2. Let z* be a properly efficient solution of (IP) at which a constraint
qualification CQ1 is satisfied. Then there exist \* € RF u* € R™ and v} € R",i €
Ax such that

k
D> XV fi(z*) + Bup) + VguTg(a*) =[0,0],
=1

u*Tg(x*) = [0, 0],
(x*TBia:*)% = a:*TB,-U;‘,z' € Ay,

vi' Bl < 1,0 € Ay,

k
X >0,) A =1u" >0

=1
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Proof. Since x* is properly efficient solution of (1 P) at which a constraint qualifica-
tion C'Q1 is satisfied. Then using the property of intervals and twice H-derivative,
for 0 < ¢,V € R,i € A with €8 + €V = 1,i € Ay, we have
CQ2

dTngL(x*) > 0,7 € Jo(z"

)
dTVg;](x*) > 0,7 € Jo(z")
dT(EEV fE(2) + 9V Y (2%) + d Bir® /(2T Bix*): < 0, if 2" Bix® >0
d"(FV fE () + PV U (27) + (d"Bid): <0, if 2Bt =0

Further using the property of intervals and twice H-derivative, for 0 < & &V €
R,i € Ay with ¢ + ¢V = 1,4 € A;, we have new conditions as

k
S ONEV ) + V(@) + Bwy) + VurT (g8 (") + ¢¥ (%)) =0,

u gt (@*) =0,
ug¥(2*) =0,
($*TBZ.T*)% _ Z'*TBZ'U:,i c Ak7
vT Bl < 1,0 € Ay,
k
X 0,) A =1u" >0
i=1
Now using constraint qualification C'Q)2 the above conditions are justified by Theo-
rem 1 for the problem (say (IP1)) heaving objective function (¢£fE(x) +¢EfYV (2),
o &R (@) +€F fV () and constraint functions gjL(x), g]U(:U) <0,7 € A,,. Now it is

easy to see that the optimal solutions of (I P) and (I P1) are same. This completes
the proof. O

6 Mangasarian type duality

In this section, we propose the following Mangasarian type dual of primal problem
(IP).
(MSD) V-maximize

(A1) + 40 + o7 Brvs € SP T LAG) + g )P

o)+ 9(0) + o7 B S 3P VR) + g P)

subject to

Z N(Vu fily) + Vi fily) P + Bw) + Viau'g(y) + Viu'g(y)P = [0,0]  (3)

10
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UiTBﬂ)i S 1,Z € Ak (4)
A>0,) N=1 (5)
=1

u = (u,...;un)" > 0,9 = (g1, ..., gm) such that g; = [gF,¢"],j = 1,...,m, P =
(P, ..., P,) with P, € Z, such that P* > 0,i € Ay. and y,v; € R™

We define by Sygp the set of all feasible solutions of (MSD), therefore if
2 € Sysp then z = (y,u,v, \, P), such that v € R with v; € R, and P, € Z, such
that PF > 0,i € Ay. We shall use the following generalized Schwartz inequality:

aT Az < (27 Ax)V2 (2T Az)V2,
where x,z € R" and A is positive semidefinite symmetric matrix of order n.

Theorem 3. (weak duality) Let x € Sip and z € Sysp. Assume that f;(.) +
()T By, i € Ay and g;(.),j € A are LU -bonvex at y, then the following can not
hold.
1 1 .
filw)+ (2" Biw)> Zrv fily)+u" g(y)+y" Bion ; PT{VE fily) + ug(y)} i € Ay
(6)
and
1 1
fnl@) + " Byx)x <ow fuly)+u"g(y) +y" Buon©n 5 PV fu(y) +u"g()}P, (7)
for at least one index h.

Proof. From (3) we have

k
Z N (V) + V2 y) P + Bo) + V' " (y) + Vu" g"(y) P* = 0.
i=1

k
Y XNV W) + V1 (9)PY + Byi) + Vu' g"(y) + V" g" (y) PV = 0.

i=1
Adding we get,

k
SN (VW) + VI () + V@) PR+ V2 () PY + 2B + V' g5 (y)

i=1
+Vulg” (y) + Viul g"(y) P* + V' " () P” = 0. (8)
If possible let (6) and (7) holds then by definition we have

fi(x) + (xTBifc)f < ffy) +u"g"(y) + y" Bivi — %PiV?{fiL (y) +u"g"(y)}P".
fV (@) + (2" Bix)z < fY(y) + u'gY(y) + y" Biv; — 3PV V2{fV (y) + ulg" (y) } PY.

for ¢ € Ay, and

{ fE(@) + (xTth)%

11
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F(x) + (2T Byx)? < fE(y) +u"g"(y) + y" Buon — LPEIVE{fE(y) +uT g  (y)} PE.
< fY(y) +u"gY (y) + 4" Buon — LPVIN2{fU (y) 4+ u" Y (y)} PV

fir(x) + (wTth)f < fF(y) +u"g"(y) + y" By — SPY VA fE(y) + uT gt (y)} PP
FV (@) + (2T Bra)r < fU(y) +uTg" (y) + y7 Buon — 2PV Y (y) + u" g (y)} PU.

for atleast one index h.
This yields for A = (Aq, ..., A\ ); A > 0

Zf: i {(sz(x) + (xTBix)%> + (fiU(:E) + (JZTBil‘)%)} <

k

1 1
Z i { ) +y" Biv; — §PLTV2f (y )PL} +u'g"(y) - §PLTVQUT9L(?J)PL+

k
1 1
DA {fiU(y) +y" Biv; — §PUTV2fiU(y)PU} +u'g"(y) - §PUTVQUT9U(?J)PU-

(9)
From the hypothesis that f;(.) + (.)" Bixz,i € Ay and g;,j € A,, are LU-bonvex at
Yy, we have

fi(z) + 2" By on (fily) + y" Biv) + 1PTV wfiy) P =ru

(Vafi(y) + VELi(y) P + Bivi) (x — y),i € Ay (10)

and

gj(x)9ng(y)+1PTVng( VP v (Vugi(y) + Vigi(y)P) (x—y),j € Ap. (11)

After multiplying (10) by A;,7 € Ay, and (11) by u;,j € A,, and adding, yields

k

1
Z)\ { z) + 2" B — fH(y) —y" Biv; + §PLTV2ff(y)PL}+uTgL(x)—uTgL(y)+
1 LT —2 I U T U T 1 Ul o2 (U U
2P Vu P—i—Z)\{f x)+x" Bivi—f; (y)—y" Bivi+ 2P Vafi (y)P }+

1 1
ug%(z) —u"g"(y) + QPU ViulgY(y)PY >

{Z N(V () + V2 () PE + Bivy) + Va' g (y) + V2uTgL(y)PL} (x —y)+

{Z N(V I () + V2 () PY + Bw) + Vu' g% (y) + VQuTgU(y)PU} (=),

i=1
12
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Now by (4), (9), Schewartz inequality and u” g(z) <1y [0,0], we get

k
> Ai{VfiL(y) +V2fE) P+ VI (y) + V2 (y) PY + 2Bvi} + Vul gk (y)+
i=1
Vul'gY (y) + V2T g" (y) P* + V*u' gY (y) PV < 0.
which is a contradiction to (8). This completes the proof. O

Theorem 4. (Strong duality theorem) Assume that x* is properly efficient solution
of problem (IP) at which constraint qualification CQ1 is satisfied. Then there
erist \* € RF u* € R™ and v} € R",i € Ay, such that (x*,u*,v} PRI

P A

([0,0],...,[0,0])) s feasible for (MSD) and the corresponding objective values of
(IP) and (MSD) are equal. Moreover assume that the weak duality between (IP)
and (MSD) in Theorem are satisfied, then (z*,u*, v}, \*, P*T = ([0,0], ...,]0,0])) is
an efficient solution of (MSD).

Proof. Since z* is efficient solution of problem (7 P) at which constraint qualification
CQ1 is satisfied. Then by Theorem 2 there exist \* € RF u* € R™ and v} € R",i €
Ay, such that

k
> XV fi(z*) + Buwp) + VuTg(a®) = [0,0],

i=1
ug(z*) = [0,0],
(x*TBZx*)% — x*TBZ-U:,i c Ak7
vT Bl < 1,0 € Ay,
k
XT>0,) A =1u" >0

i=1
Which yields that (2*,u*, v}, A\*, P*T = ([0,0],...,10,0])) € Sysp and the corre-
sponding objective values of (I P) and (M SD) are equal.

Now let (z*, u*, v}, \*, pT = ([0,0],...,0,0])) is not efficient solution of dual prob-
lem (MSD), then by Definition there exist (y*, u*, v}, \*, P*) € Sysp, such that
file®) + 2T Bo; +wTg(a*) <o fi(y") + wFg(y*) + v B}
1 )
Sy PUVIALWY) +u gy )P i € Ay

and
fi(@®) + 2" Byf +w T g(a*) <o fily") +u T g(y) + v By

1 * * * * *
OngP N fiy) +u gy} P,

for atleast one index h.

Now using (*T Biz*)z = 2*TBjv?,i € Ay and w*Tg(y*) = [0,0], we get a contra-
diction to weak duality theorem. Therefore (z*,u*, v, \*, P*T = ([0,0],...,[0,0]))

YA A

is an efficient solution of dual problem (M SD). O

13
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Theorem 5. (Strict converse duality) Let x* € Stp and z* € Syrsp such that

Zx{fl +x*TBv}<LUZA {860+ Bt 0w 32" Thstr) P}

* * 1 * *
+u g(y") On S P ViU g(y") P (12)

Assume that fi(.) + ()T Bvi,i € Ay, are strictly LU-bonvez at y* and g;(.),7 € Ap,
1s LU-bonvex at y* then x* = y*.

Proof. If possible let z* # y*. Now since f;(.) + (.\)T Bjv},i € Ay are strictly LU-
bonvex at y* , we have

1
filz™) + ;E*TBiv;k on (fily") + y*TB ) 4+ = —prly? iy ) P* =y

2
(Vafiy*) + Vi iy ) P* + Bi*) (" — y*),i € Ay (13)
and
1 * * * * * * .
9;(x")ong;(y")+ 2P Tng]( )P* =10 (Vug;(y )+VHQJ( P (@ —y"),J € A
(14)
Now multiplying (13) by Af,i € Ay and (14) by u},j € A,, and then summing up
we get

ZA*{fZ )+ 2" Bt} + wTg(a" GHZ)\*{fZ )+ v T Bwion

1

1
SPIVERWIP ) e gly) + 3P Vi gy )P s

2
k

{ D N(Vafily) +qufi(y*)P*+Bw3‘)+VHu*Tg(y*)+V?qu*Tg(y*)P*}(x* —y).
=1

The above inequality on using (3) and u**g(z*) <.i; [0,0] gives

ZA {fi(z") + 2* B} >LUZ/\ {#ily") +y" Buion

=1

1 1
2P*TV fily")P }+U*Tg(y*)6H §P*TV§IU*T9(y*)P*-

which is a contradiction to (12). Hence z* = y* O

7 Conclusions

This paper represents the study of nondifferentiable vector problem in which objec-
tive functions and constraints are interval valued. Firstly the twice H- differentiable
interval valued functions are introduced, secondly the concepts of LU-bonvexity,
LU-quasibonvexity and LU-pseudobonvexity are introduced, thirdly the necessary
conditions for proposed solution concept are obtained. And lastly the Mangasarian

14
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type dual is proposed and the corresponding duality results are obtained. Although
the interval valued equality constraints are not considered in this paper, the similar
methodology proposed in this paper can also be used to handle the interval valued
equality constraints. However it will be interesting to study the Mond-Weir type
duality results [1] for the problem (I P). Future research is oriented to consider the
uncertain environment in order to study the optimality conditions involving Fuzzy
parameters.
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ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITIES IN
S-HOMOGENEOUS NORMED SPACES

SUNGSIK YUN, GEORGE A. ANASTASSIOU AND CHOONKIL PARK*

ABSTRACT. In this paper, we solve the following additive-quadratic p-functional inequalities

f(z+y) + fle—y) —2f(x) = fy) = F(=y) (0.1)
z+y T —y 3 1 1 1
<[lo(or (55) +21 (557) - 3@ + 370 = 3100 - 57w |
where p is a fixed complex number with |p| < 1, and

|27 (B52) + 27 (552) - 21@) + 3 5(-0) - 57) = 35|

<llp(f (@ +y) + fle—y) = 2f(=) = fly) = F=w), (0.2)

where p is a fixed complex number with |p| < %, and prove the Hyers-Ulam stability of the additive-
quadratic p-functional inequalities (0.1) and (0.2) in 8-homogeneous complex Banach spaces and
prove the Hyers-Ulam stability of additive-quadratic p-functional equations associated with the
additive-quadratic p-functional inequalities (0.1) and (0.2) in SB-homogeneous complex Banach
spaces.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [24] concerning
the stability of group homomorphisms. The functional equation f(z +y) = f(z) + f(y) is called
the Cauchy equation. In particular, every solution of the Cauchy equation is said to be an additive
mapping. Hyers [11] gave a first affirmative partial answer to the question of Ulam for Banach
spaces. Hyers’ Theorem was generalized by Aoki [2] for additive mappings and by Rassias [15]
for linear mappings by considering an unbounded Cauchy difference. A generalization of the
Rassias theorem was obtained by Gavruta [8] by replacing the unbounded Cauchy difference by

a general control function in the spirit of Rassias’ approach. The functional equation f (%) =

$f(z) + 3 f(y) is called the Jensen equation.

The functional equation f(x 4 y) + f(z —y) = 2f(z) + 2f(y) is called the quadratic functional
equation. In particular, every solution of the quadratic functional equation is said to be a quadratic
mapping. The stability of quadratic functional equation was proved by Skof [23] for mappings
f : Ex — Es, where Fj is a normed space and Ej is a Banach space. Cholewa [6] noticed that
the theorem of Skof is still true if the relevant domain Fj is replaced by an Abelian group. The

functional equation 2 f (%ﬂ/) +2 (%) = f(x) + f(y) is called a Jensen type quadratic equation.

The stability problems of various functional equations have been extensively investigated by a
number of authors (see [1, 4, 5, 13, 14, 18, 19, 20, 21, 22]).

2010 Mathematics Subject Classification. Primary 39B62, 39B72, 39B52, 39B8&2.

Key words and phrases. Hyers-Ulam stability; S-homogeneous space; additive-quadratic p-functional equation;
additive-quadratic p-functional inequality.
*Corresponding author: Choonkil Park (email: baak@hanyang.ac.kr).
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In [9], Gildnyi showed that if f satisfies the functional inequality
12f(x) +2f(y) = Flay™ I < [ f(zy)l] (1.1)

then f satisfies the Jordan-von Neumann functional equation

2f(x) +2f(y) = fay) + flzy™").
See also [16]. Gildnyi [10] and Fechner [7] proved the Hyers-Ulam stability of the functional
inequality (1.1). Park, Cho and Han [12] proved the Hyers-Ulam stability of additive functional
inequalities.

Definition 1.1. Let X be a linear space. A nonnegative valued function || - || is an F-norm if it
satisfies the following conditions:

(FN1) |||l = 0 if and only if = 0;

(FN2) || Az|| = ||z|| for all x € X and all A with |A| = 1;

(FN3) [z +yll < [zl + [ly]| for all z,y € X;

(FNy4) |[Anz|| — 0 provided A, — 0;

(FN5) |[Azy|| — 0 provided z,, — 0.

Then (X, | -||) is called an F*-space. An F-space is a complete F*-space.

An F-norm is called S-homogeneous (8 > 0) if ||tz|| = |¢|?||z| for all z € X and all t € C (see
17).

In Section 2, we solve the additive-quadratic p-functional inequality (0.1) and prove the Hyers-
Ulam stability of the additive-quadratic p-functional inequality (0.1) in S-homogeneous complex
Banach spaces. We moreover prove the Hyers-Ulam stability of an additive-quadratic p-functional
equation associated with the additive-quadratic p-functional inequality (0.1) in S-homogeneous
complex Banach spaces.

In Section 3, we solve the additive-quadratic p-functional inequality (0.2) and prove the Hyers-
Ulam stability of the additive-quadratic p-functional inequality (0.2) in S-homogeneous complex
Banach spaces. We moreover prove the Hyers-Ulam stability of an additive-quadratic p-functional
equation associated with the additive-quadratic p-functional inequality (0.2) in S-homogeneous
complex Banach spaces.

Throughout this paper, let £1, 82 be positive real numbers with 1 < 1 and gy < 1. Assume
that X is a [f1-homogeneous real or complex normed space with norm || - || and that Y is a fo-
homogeneous complex Banach space with norm || - ||.

2. ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITY (0.1)

Throughout this section, assume that p is a fixed complex number with |p| < 1.
In this section, we investigate the additive-quadratic p-functional inequality (0.1) in S-homogeneous
complex Banach spaces.

Lemma 2.1. An even mapping f : X — Y satisfies
1f(@+y)+ fl@—y) —2f(z) - fy) = F(=y)l (2.1)

<o (2r (T2 wor (252) - 2w+ b1 - ot - L)

2
for all x,y € X if and only if f: X — Y is quadratic.

Proof. Assume that f: X — Y satisfies (2.1).
Letting z = y = 0 in (2.1), we get [|2£(0)] < |p|?2]|2£(0)]. So £(0) = 0.
Letting y =  in (2.1), we get || f(2z) — 4f(z)]| < 0 and so f(2z) = 4f(x) for all x € X. Thus

1(3) =@ (2.2)
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for all z € X.
It follows from (2.1) and (2.2) that
If(z+y)+ fle—y)—2f(x) — fly) = f(=y)]
<o (27 (F52) r2r (52) - SH@ 4 350 - 55w - 51|
B2
= fe ) + @~ )~ 26(@) — 1) ~ ()

and so
fl@+y)+ fle—y) =2f(x) +2f(y)
for all z,y € X.
The converse is obviously true. O

Corollary 2.2. An even mapping f : X = Y satisfies
f@+y)+ fl@—y) —2f(x) - fly) = f(=y) (2.3)

—p (27 (551 +2r (P5Y) - 5@ + 5 F(-a) - 35w) = 5(-v))

for all x,y € X if and only if f: X — Y is quadratic.

The functional equation (2.3) is called an additive-quadratic p-functional equation.
We prove the Hyers-Ulam stability of the additive-quadratic p-functional inequality (2.1) in
B-homogeneous complex Banach spaces for an even mapping case.

Theorem 2.3. Let r > 26%2 and 0 be nonnegative real numbers, and let f : X — Y be an even
mapping such that

1f(@+y)+ flz—y) —2f(z) - fly) = F(=y) (2.4)
— 3 1 1 1
<o (27 (552) + 2 (F32) - 5@+ 3562) = 51 @) = 5 7)) | + ol + Il
for all x,y € X. Then there exists a unique quadratic mapping Q@ : X — Y such that
26
1£(@) ~ Q@) < gl (25)
forallxz € X.

Proof. Letting x =y = 0 in (2.4), we get ||2f(0)]| < |p|?2]12£(0)]|. So f(0) = 0.
Letting y = x in (2.4), we get
1f(22) —4f (2) < 20| =[] (2.6)
for all z € X. So ||f(z) —4f (£)|| < 52=0]|z||" for all z € X. Hence

2817
m—1 m—1 4855
1. (T x i i1 x 2 4
1(5) - @ E o (5) s o) 5 E oo
j= Jj=
for all nonnegative integers m and [ with m > [ and all = € X. It follows from (2.7) that the
sequence {4"f(5%)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{4" f(5%)} converges. So one can define the mapping @ : X — Y by
— Tim A
Q(z) := lim 4"f(7)
for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (2.7), we get (2.5).
Since f: X — Y is even, the mapping @) : X — Y is even.
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It follows from (2.4) that
1Q(z +y) + @z —y) —2Q(x el

Qy)
= lim 4% | f (x+y) ( ) (Qx) / <2y”> -/ (;LJ)H
g 4l (H?f (7t) v (50) -3/ () =2/ (5)
55 (L) -3 ()] + Jim gii:r (e + 11l
2Q (x . y) +2Q (

IN

) _ 5@(3:) + %Q(—x) - %Q(y) - ;Q(—y)H

= |p|”

for all z,y € X. So
1Q(z +y) + Qz —y) — 2Q(z) — Qy) — (=)
<o (20 (") +20(*57) - 50 + 3000 - 50w - 51|

for all x,y € X. By Lemma 2.1, the mapping @ : X — Y is quadratic.
Now, let T': X — Y be another quadratic mapping satisfying (2.5). Then we have

1Q(z) — T(z)| = 4%"|Q (;) 7 (;;)

(oG- Gl [ ) -+ ()

4 . 4P2n .,
= (2817 — 452)2,31717“0”%“ ’

IN

which tends to zero as n — oo for all z € X. So we can conclude that Q(z) = T'(x) for all x € X.
This proves the uniqueness of (). Thus the mapping @ : X — Y is a unique quadratic mapping
satisfying (2.5). O

Theorem 2.4. Let r < 25% and 0 be nonnegative real numbers, and let f : X — Y be an even
mapping satisfying (2.4). Then there exists a unique quadratic mapping Q : X — Y such that

20 )
1£(@) ~ Q) < sl (2.9
forallx € X.
Proof. Tt follows from (2.6) that Hf(x) — %f(Q:c)H < 452 O ||lz||” for all z € X. Hence
1 . m—1 " m—1 ,317“] 20 .
| 7@ - 4 -l < X G mlel @9
]:

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (2.9) that the
sequence {4% f(2"x)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{4 f(2"2)} converges. So one can define the mapping Q:X —Y by
- n
Q(z) := lim - _f(2"a)

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.9), we get (2.8).
The rest of the proof is similar to the proof of Theorem 2.3. g
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Lemma 2.5. An odd mapping f : X =Y satisfies (2.1) if and only if f: X — Y is additive.

Proof. Since f: X — Y is an odd mapping, f(0) = 0.
Assume that f: X — Y satisfies (2.1).
Letting y = x in (2.1), we get || f(2x) —2f(z)|| < 0 and so f(2z) = 2f(x) for all z € X. Thus

1(3)=3f@ (2.10)

for all x € X.
It follows from (2.1) and (2.10) that

1f(z+y) + flz—y) —2f(x) = fly) = fF(=)l
<o (2 (532) +21 (55Y) - 3@ + 35(0) = 55w) - 370
= p|”||f(z +y) + fl@ —y) — 2f(x) — f(y) — f(~)]

and so
fla+y)+ flz—y) =2f() (2.11)
for all xz,y € X. Letting z =z +y and w = z — y in (2.11), we get

z+w

£) + 1) =27 (Z50) = fle+ w)

for all z,w € X.
The converse is obviously true. (|

Corollary 2.6. An odd mapping f : X — Y satisfies (2.3) if and only if f: X — Y is additive.

We prove the Hyers-Ulam stability of the additive-quadratic p-functional inequality (2.1) in
B-homogeneous complex Banach spaces for an odd mapping case.

Theorem 2.7. Let r > % and 6 be nonnegative real numbers, and let f : X — Y be an odd
mapping satisfying (2.4). Then there exists a unique additive mapping A : X —'Y such that

26
1F(z) =A@ < gg7—g ll=Il" (2.12)

forallx € X.

Proof. Letting x =y = 0 in (2.4), we get [|2£(0)|| < |p|?]|2£(0)]. So f(0) = 0.
Letting y = x in (2.4), we get

1 (2z) —2f ()| < 26][=[]" (2.13)
for all z € X. So ||f(z) — 2f (£)|| < 52=0]|z||" for all z € X. Hence

2B1T
HORCIES

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (2.14) that
the sequence {2"f(57%)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{2" f(5%)} converges. So one can define the mapping A: X — Y by

T m—1 op,j

. 1 x 2 r
() -w) = B B

J=l

Alz) == lim 2" f(=)

n—00 2

for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (2.14), we get (2.12).
Since f: X — Y is odd, the mapping A: X — Y is odd.
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It follows from (2.4) that
[A(z +y) + Az —y) — 24(x) — A(y) — A=)l

1) e (o) 2 (5) o () o (57)]
o o (522) o (52) 21 (2) - ()
(&) -2 GO+t T et + i

n—00 251"7“
24 ( "2”/> 124 (x 5 y) - 5A(ac) + %A(—w) - %A(y) - ;A(—y)H

= lim 2%2"
n—oo

IN

= |p|™

for all x,y € X. So
[A(z +y) + Az —y) — 24(x) — A(y) — A(=y)

H <2A ( ! > +24 ( - y) - %A(m) 4 %A(ﬂ;) - %A(y) - ;A(y)) H

for all z,y € X. By Lemma 2.5, the mapping A : X — Y is additive.
Now, let T': X — Y be another additive mapping satisfying (2.12). Then we have

|A(z) = T(z)| = 27" A(;)_TG;)H

o (4 (2) 1B () -(2)
< gl

IN

which tends to zero as n — oo for all x € X. So we can conclude that A(z) = T'(z) for all x € X.
This proves the uniqueness of A. Thus the mapping A : X — Y is a unique additive mapping
satisfying (2.12). O

Theorem 2.8. Let r < % and 6 be nonnegative real numbers, and let f : X — Y be an odd
mapping satisfying (2.4). Then there exists a unique additive mapping A : X —'Y such that

0
1£@) ~ A@) < gz el (215)

forallz € X.
Proof. 1t follows from (2.13) that Hf(a;) — 1f(2z H < 2ﬁ2 9 ||lz||” for all z € X. Hence
m—1

| <3
j=l

for all nonnegative integers m and ! with m > [ and all z € X. It follows from (2.16) that the
sequence {Qin f(2"z)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence

m=1o8i1j 99

1
< ZI S gm el (216)
]:

S F@) — S f(2m)

1 . 1 .
v (@) = (2

2]

{2% f(2"z)} converges. So one can define the mapping A : X — Y by

Aw) = Tim ——(2")

n—oo 2N

for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (2.16), we get (2.15).
The rest of the proof is similar to the proof of Theorem 2.7. O
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By the triangle inequality, we have
If(x+y)+ flz —y) —2f(x) = f(y) = F(=y)l

Tty T—y 3 1 1 1 ) H
_ 9 9 _2 () — = _Zf(—
o (21 (52) + 21 (55Y) = 35@) + 37 (=) = 50) = 350
< |fx+y)+ fle—y) —2f(x) = fy) — f(-y)
_ Tty royy_3 Lo Loy Le )
o (2f (F52) +2r (552) - 5@ + 31(=2) = 5£) - 34(-v)

As corollaries of Theorems 2.3, 2.4, 2.7 and 2.8, we obtain the Hyers-Ulam stability results for the
additive-quadratic p-functional equation (2.3) in -homogeneous complex Banach spaces.

Corollary 2.9. Let r > % and 0 be nonnegative real numbers, and let f : X — Y be an even
mapping such that

1f(z +y) + flz —y) = 2f(z) = f(y) = f(=y) (2.17)
—p (27 (F52) w2r (B5Y) - 30@) + 30-0) = 57w) = 57 -w) ) | < el + ol

2
for all x,y € X. Then there exists a unique quadratic mapping Q : X — 'Y satisfying (2.5).

Corollary 2.10. Let r < 25% and 0 be nonnegative real numbers, and let f: X — Y be an even
mapping satisfying (2.17). Then there exists a unique quadratic mapping Q : X — Y satisfying
(2.8).
Corollary 2.11. Let r > % and 6 be nonnegative real numbers, and let f : X — Y be an odd
mapping satisfying (2.17). Then there ezists a unique additive mapping A : X — Y satisfying
(2.12).
Corollary 2.12. Let r < % and 6 be nonnegative real numbers, and let f : X — Y be an odd
mapping satisfying (2.17). Then there exists a unique additive mapping A : X — Y satisfying
(2.15).

Remark 2.13. If p is a real number such that —1 < p < 1 and Y is a 83-homogeneous real Banach
space, then all the assertions in this section remain valid.

3. ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITY (0.2)

Throughout this section, assume that p is a fixed complex number with |p| < %
In this section, we investigate the additive-quadratic p-functional inequality (0.2) in f-homogeneous
complex Banach spaces.

Lemma 3.1. An even mapping f : X — Y satisfies
— 3 1 1 1

27 (F52) v 2 (F5) - S#@ + 350 - 350 - 37

< |lp(f(x+y) + f(z —y) = 2f(x) = f(y) = F(=p)l (3.1)
forallx,y € X if and onlt if f : X = Y is quadratic.
Proof. Assume that f: X — Y satisfies (3.1).

Letting 2 = y = 0 in (3.1), we get ||2£(0)]| < |p|?2||2£(0)]|. So £(0) = 0.

Letting y = 0 in (3.1), we get

x
HONE

<0 (3.2)
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forallz € X. So f(§) =

1f(z) for all z € X.
It follows from ( 1) and (

3.2) that
oasl @+ u) + £~ 9) — 2f@) — £~ F(-p)]
V) 2y (55Y) - Sr) + 35 -0) — 350) - 35|

=[P (¢ 2

<ol fx+y) + flx—y) —2f(x) — fy) = F(=v)||

and so
fla+y)+ flz—y) =2f(z) +2f(y)
for all z,y € X.
The converse is obviously true. ([l

Corollary 3.2. An even mapping f : X = Y satisfies
1
5/ (=y)

27 (5 2 (5Y) - SH@) + 57 (-0) - 31W) 5

=p(f(@+y)+ flz—y) —2f(z) - f(y) = F(-y)) (3.3)
for all x,y € X if and only if f: X — Y is quadratic.

The functional equation (3.3) is called an additive-quadratic p-functional equation.
We prove the Hyers-Ulam stability of the additive-quadratic p-functional inequality (3.1) in
[B-homogeneous complex Banach spaces for an even mapping case.

Theorem 3.3. Let r > % and 6 be nonnegative real numbers, and let f : X — Y be an even
mapping such that

I2f (252) +2f (£32) - 4@ + 5F(-2) = 37w) - 57 (0] (3.4)

<lp(f(z+y) + flz—y) = 2f(x) = f(y) = F(=) I + 0Cl=l" + lly[I")
for all x,y € X. Then there exists a unique quadratic mapping @ : X — 'Y such that

pirg
17@) = QU < ez Il (35)

forallx € X.

Proof. Letting z =y = 0 in (3.4), we get [|2f(0)| < |p|?212£(0)]|. So f(0) =
Letting y = 0 in (3.4), we get

(z) o
for all z € X. So

1(3) -1 (B St () s ()| <5 e o0

for all nonnegative integers m and l with m > [ and all z € X. It follows from (3.7) that the
sequence {4"f(5%)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{4" f(5%)} converges. So one can define the mapping @ : X — Y by

Q(z) := lim 4”f( =)

n—oo

< Ol=|" (3.6)

for all x € X. Moreover, letting [ = 0 and passing the hmlt m — oo in (3.7), we get (3.5).
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Since f: X — Y is even, the mapping @ : X — Y is even.
It follows from (3.4) that

H2Q <$+y> +2Q (x;y) 20w +
- ([or (55t) 2 (50) - 31 (32) + o (F) -2 () -2 (7))
() o (50) 2 () o (3) 4 (50)
+ im0 ol + )
= [lp(Q(z +y) + Qz —y) — 2Q(z) — Qy) — A(=y))ll
for all z,y € X. So
l20("57) +20 ("5 Y) - 50@) + @(-2) - 30 - 50|

< (@ +y) + Rz —y) —2Q(x) — Qy) — Q(=y))|l
for all z,y € X. By Lemma 3.1, the mapping Q : X — Y is quadratic.
Now, let T': X — Y be another quadratic mapping satisfying (3.5). Then we have

1Q(z) — T(z)]| = 4°"|Q (;) 7 <2@;>

e (Jo(2)-1(2)|+Jr (&) -7 (&)

9. 4B2n , 9b1T
< Oll|"
- (2B — 452)2[31717" ’

1

3Q(-2) = 50) - 5Q(-)|

lim 4527

n—oo

IN

IN

which tends to zero as n — oo for all z € X. So we can conclude that Q(z) = T'(z) for all x € X.
This proves the uniqueness of (). Thus the mapping @) : X — Y is a unique quadratic mapping
satisfying (3.5). O

Theorem 3.4. Let r < % and 6 be nonnegative real numbers, and let f : X — Y be an even
mapping satisfying (3.4). Then there exists a unique quadratic mapping Q : X — Y such that

251rg
1£(z) = Q) < g ll=l (3.8)

forallx € X.
Proof. Tt follows from (3.6) that Hf(x) - if(2:v)” < QZE;GH.%HT for all x € X. Hence

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.9) that the
sequence {2 f(2"z)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence

m—1

3

Jj=l

1

_ 9birg M=l 9pirj
4

T
= YB2 L YBo2j Il

f(2a) - - f(2"a)

1 . 1 .
/@) = 27 ) (39)

4m

{4%]‘(2”:1:)} converges. So one can define the mapping @ : X — Y by

Q(z) := lim *f(2" )

n—o00 4N

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.9), we get (3.8).
The rest of the proof is similar to the proof of Theorem 3.3. O

905 SUNGSIK YUN et al 897-909



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

S. YUN, G. A. ANASTASSIOU, C. PARK

Lemma 3.5. An odd mapping f: X — Y satisfies (3.1) if and only if f: X — Y is additive.

Proof. Assume that f: X — Y satisfies (3.1).
Letting z = y = 0 in (3.1), we get [|2£(0)] < |p|?2]|2£(0)|. So £(0) = 0.

Letting y = 0 in (3.1), we get
(2)-ne

f(z) for all x € X.
(3.10) that

(3.10)

forallz € X. So f (%) =4
It follows from (3.1) and

L5+ + Fa—5) ~ 26— F5) - F-p)l

= s () 2 (F5Y) - 54@) + 5#(=2) = 51 = 5 ()|

< |p”? | f(x+y)+ fl@—y) —2f(z) — f(y) — f(—y)|

and so
fl@+y)+ fle—y) =2f(z)
for all z,y € X.
The converse is obviously true. ]

Corollary 3.6. An odd mapping f : X — Y satisfies (3.3) if and only if f: X — Y is additive.

We prove the Hyers-Ulam stability of the additive-quadratic p-functional inequality (3.1) in
B-homogeneous complex Banach spaces for an odd mapping case.

Theorem 3.7. Let r > % and 6 be nonnegative real numbers, and let f : X — Y be an odd
mapping satisfying (3.4). Then there exists a unique additive mapping A : X —'Y such that

2019

[ f(z) — A(x)| < m” z|" (3.11)
forallx € X.
Proof. Letting x =y = 0 in (3.4), we get ||2£(0)]| < |p|?2[12£(0)]|. So f(0) =
Letting y = 0 in (3.4), we get
47 (3) - 27@)| el (3.12)

for all z € X. So

1. (T m x el (T 0i+1 el ot g ,

1(3) - (2)| <2 os (3) -2 () < K 2o
j= j=

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.13) that

the sequence {2"f(57)} is a Cauchy sequence for all » € X. Since Y is complete, the sequence
{2"f(5%)} converges. So one can define the mapping A: X — Y by

Afx) = Jim 2" f(5)

n—o0

for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (3.13), we get (3.11).
Since f: X — Y is odd, the mapping A: X — Y is odd.
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It follows from (3.4) that

HzA <$;y> +24 (m 5 y) - —A( )+ ;A(—x) =L - 1A(—y)H

-t (o (55 2 (t) 20 (5) -3 ()20 (8) - ()

s o (1) 1 (55

n—o0
Bang

2
+ lim W(HQTHT‘*‘ lyll")

= [lp(A (3? Ty) + Az —y) — 2A(z) — A(y) — A(=y))ll
for all z,y € X. So
HQA (x ;L y) +24 (“”C . y) _ gA(x) + %A(—x) _ %A(y) _ ;A(—y)H
< [lp(A(z +y) + Az —y) — 24(z) — A(y) — A(=y))]l
for all z,y € X. By Lemma 3.5, the mapping A : X — Y is additive.
Now, let T': X — Y be another additive mapping satisfying (3.11). Then we have

|A(z) - T(x)|| = 27" A(;)_TGJH

# () ()l () G

9. 9Bn  9bir
< 1",
(251T 252)261m" 252

IN

IN

which tends to zero as n — oo for all € X. So we can conclude that A(z) = T'(z) for all x € X.
This proves the uniqueness of A. Thus the mapping A : X — Y is a unique additive mapping
satisfying (3.11). O

Theorem 3.8. Let r < % and 6 be nonnegative real numbers, and let f : X — Y be an odd
mapping satisfying (3.4). Then there exists a unique additive mapping A : X —'Y such that

17'9

1f (@) — A(z)]| < m” z||” (3.14)

forallx € X.

Proof. 1t follows from (3.12) that Hf(:c) - %f(Qx)’ < 22[13;“9 ||z||" for all z € X. Hence

1 l m—1 ]—i—l 25179 m—1 2,31T .
7@ - 5 <y )| < 2T Tl 3.1s)
j=1 j=l

for all nonnegative integers m and ! with m > [ and all z € X. It follows from (3.15) that the
sequence {2% f(2"x)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{5 f(2"x)} converges. So one can define the mapping 4 : X — Y by

Ax) == Jim 2%]"(2”:1:)

for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (3.15), we get (3.14).
The rest of the proof is similar to the proof of Theorem 3.7. O
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By the triangle inequality, we have
|27 (52) + 2 (F32) - 5 4@ + 350 - 350 - 37|
~lo (a4 3) 1o =) =2500) = ) = )
<o (F5Y) +2 (F32) - 5@+ 35(-0) = 57 w) — 5 ()

p(fle+y)+ fle—y) =2f(@) - fly) = F=)-
As corollaries of Theorems 3.3, 3.4, 3.7 and 3.8, we obtain the Hyers-Ulam stability results for the
additive-quadratic p-functional equation (3.3) in S-homogeneous complex Banach spaces.

Corollary 3.9. Letr > 26%2 and 0 be nonnegative real numbers, and let f : X — Y be an even
mapping such that

2 (F52) 2t (F5) - @ 4 5f (-0 - 35w - 57w (319)
o (F(+ ) + Flz —y) 2 () — F() ~ Fo) < Ol + Il

for all x,y € X. Then there exists a unique quadratic mapping Q : X — 'Y satisfying (3.5).

Corollary 3.10. Let r < % and 0 be nonnegative real numbers, and let f : X — Y be an even

mapping satisfying (3.16). Then there exists a unique quadratic mapping Q : X — Y satisfying
(3.8).

Corollary 3.11. Let r > % and 6 be nonnegative real numbers, and let f : X — Y be an odd

mapping satisfying (3.16). Then there exists a unique additive mapping A : X — Y satisfying
(3.11).

Corollary 3.12. Let r < % and 6 be nonnegative real numbers, and let f : X — Y be an odd

mapping satisfying (3.16). Then there exists a unique additive mapping A : X — Y satisfying
(3.14).

Remark 3.13. If p is a real number such tha —% <p< % and Y is a fs-homogeneous real

Banach space, then all the assertions in this section remain valid.
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Abstract

In the fields of sciences and engineering, the role of discontinuous functions is of immense
importance. Heaviside function, for instance, describes the switching process of voltage in
an electrical circuit through mathematical process. The current paper aims at exploring the
existence theory for stochastic functional differential equations driven by G-Brownian motion
(G-SFDEs) whose drift coefficients may not be continuous. It is ascertain that G-SFDEs with
discontinuous drift coefficients have more than one bounded and continuous solutions.

Key words: Stochastic functional differential equations, discontinuous drift coefficints,
G-Brownian motion, existence.

1 Introduction

For the purpose of analysis and formulation of systems pertaining to engineering, economics and
social sciences, stochastic dynamical systems play an important role. Through these equations,
while considering the present status, one reconstructs the history and predicts the future of the
dynamical systems. On the other hand, in several applications, analysis of the modeling system
predicts that the change rate of the system’s existing status depends not only on the state that
is prevalent but also on the precedent record of the system. This leads to stochastic functional
differential equations. The stochastic functional differential equations driven by G-Brownian motion
(G-SFDEs) with Lipschitz continuous coefficients was initiated by Ren et.al. [12]. Afterwards,
Faizullah used the Caratheodory approximation scheme for developing the existence and uniqueness
of solution for G-SFDEs with continuous coefficients [3]. On the other hand, in this case, we study

*Corresponding author, E-mail: faiz_math@yahoo.com
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the existence theory for G-SFDEs with discontinuous drift coefficients, such as in the following
G-SFDE
dX(t) = H(X;)dt + d(B)(t) + dB(t),

where H : R — R is the Heaviside function defined by

Hiz) 0, ifx<0;
€Tr) =
1, ifz>0.

The above mentioned equations arise, when we take into account the effects of background noise
switching systems with delays [5]. For more details on SDEs with discontinuous drift coefficients
see [4, 7]. The following stochastic functional differential equation driven by G-Brownian motion
(G-SFDE) with finite delay is considered

dX (1) = a(t, X,)dt + B(t, X;)d(B, B)(t) + o(t, X,)dB(t), 0 < t < T, (1.1)

where X (t) is the value of stochastic process at time ¢ and X; = {X(t +6) : —7 < 6 < 0}

is a BC([—7,0]; R)-valued stochastic process, which represents the family of bounded continuous

R-valued functions ¢ defined on [—7,0] having norm ||¢|| = sup | ¢(0) | . Let a : [0,T] X
7<6<0

BC(]-7,0];R) = R, B:[0,T] x BC([-7,0];R) - R and o : [0,T] x BC(]—7,0];R) — R are

Borel measurable. The condition £(0) € R is given , {(B, B)(t),t > 0} is the quadratic variation

process of G-Brownian motion {B(t),t > 0} and «, 8,0 € MZ([—7,T];R). Let L? denote the space

of all Fi-adapted process X (t),0 <t < T, such that | X |p2= sup |X(¢)] < co. We define the
<

—7<t<T
initial condition of equation (1.1) as follows;

Xi, =€ ={£(0) : —17 < 0 <0} is Fo — measurable, BC(|—,0];R) — wvalued

1.2
random variable such that & € ME ([-7,0;R) . (12)

G-SFDEs (1.1) with initial condition (1.2) can be written in the following integral form;

X(t)zf(O)—F/O oz(s,Xs)ds—i-/O /B(S,Xs)d(B7B)(s)+/O o(s, Xs)dB(s).

Consider the following linear growth and Lipschitz conditions respectively.

(i) For any t € [0,T], |a(t, )] + [B(t, 2)[* + |o(t, 2)[* < K(1 + [z]*), K > 0.
(ii) For all z,y € (BC[-7,0];R) and t € [0,T), |a(t,z) —a(t,y)|> +|8(t, z) — |B(t,y)|> +|o(t, z) —
ot,y))> < K(z —y)* K > 0.

The above G-SFDE has a unique solution X (t) € Mg ([—7,T];R) if all the coefficients «, 3 and
o satisfy the Linear growth and Lipschitz conditions [3, 12]. However, we suppose that the drift
coefficient o does not need to be continuous. The solution of equation 1.1 with initial condition 1.2
is an R valued stochastic processes X (t), t € [—7,T] if
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(i) X (¢) is path-wise continuous and Fi-adapted for all ¢ € [0, T7;
(i) alt, X;) € £1(o, T R) and 8(t, X,), o(t, X,) € £2([o, T}; R);
(iii) Xo = & and for each t € [0, T}, dX(t) = a(t, X¢)dt + B(t, X¢)d(B, B)(t) + o(t, X¢)dB(t) q.s.
In the subsequent section, some preliminaries are given whereas in section 3, the comparison

theorem is developed. The last section, shows that under some suitable conditions, the G-SFDE
(1.1), provides more than one solutions.

2 Basic concepts and notions

In this section, we give some notions and basic definitions of the sublinear expectation [1, 2, 10, 11,
13]. Let © be a (non-empty) basic space and H be a linear space of real valued functions defined
on  such that any arbitrary constant ¢ € H and if X € H then |X| € H. We consider that H is
the space of random variables.

Definition 2.1. A functional E : H — R is called sub-linear expectation, if V X, Y € H, c € R and
A > 0 it satisfies the following properties

(1) (Monotonicity): If X > Y then E[X]>E[Y].
(2) (Constant preserving): E[c] = c.

(3) (Sub-additivity): E[X + Y] < E[X] + E[Y].

(4) (Positive homogeneity): E\X] = AE[X].

The triple (Q,H,E) is called a sublinear expectation space. Consider the space of random
variables M such that if X1, Xo,...,X,, € H then ¢(X1, Xo,...,X,,) € H for each ¢ € C; 1;p(R"),
where C; 1;»(R™) is the space of linear functions ¢ defined as the following

CiripR") ={p:R" > R|3IC €[0,00) :V 2,y € R",

lp(x) — o)l < O+ |2 +[y[“)|z —y|}.

G-expectation and G-Brownian Motion. Let Q = Cj([0,00)), that is, the space of all
R-valued continuous paths (wt)tE[Opo) with wg = 0 equipped with the distance

(o]
1
p(w',w?) =" o (max wy —wi| A1),
k=1 ’

and consider the canonical process Bi(w) = wy for t € [0,00), w € 2 then for each fixed T' € [0, 00)
we have

Ll‘p(QT) = {(p(Btl,Bt2, ...,Btn) 2ty ..ty € [O,T], Y e CLLZ-p(]Rn),n S N},
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where L;, () C Lip(Qr) for ¢t < T and Lp(Q) = US_; Lip(n).

Consider a sequence {;}°; of random variables on a sublinear expectation space (Q,ﬁp,ﬁ)
such that &1 is independent of (&1, &a, ...,&;) for each i = 1,2, ... and &; is G-normally distributed
for each ¢ € {1,2,...}. Then a sublinear expectation E[.] defined on L;,(12) is introduced as follows.

For 0 =ty <t < ... <tp <00 (ty,t1,...,tn € [t,00)) [13], ¢ € C; 1;p(R™) and each

X = SO(Btl - BtO’BtQ - Btl? ""Btn - Btn—l) € Lip(Q)7

El@o(By, — By, Bty — By s Bi,, — By, _,)]

= E[@(\/tl — togl, ceay \/tn — tn,1 n)]

The conditional sublinear expectation of X € L;,(€);) is defined by

E[X‘Qt] = E[(p(BtuBtz — Bty ..., Bt,, — Btm&)’Qt]
= qu)(BtluBtQ - Btla ceey Btj - Btj,1)7

where

1[)(1/‘1,..., ):E 551,..., s/ J+1—t §j+1,...,\/tn—tn,1 n)]

Definition 2.2. The sublinear expectation E : L;,(£2) — R defined above is called a G-expectation
and the corresponding canonical process {B;,t > 0} is called a G-Brownian motion.

The completion of L;,(Q2) under the norm || X |, = (E[|X[P])'/? [11, 13] for p > 1 is denoted
by L%(Q2) and LL(Q) C LE(Qr) € LE(Q) for 0 < t < T < oo. The filtration generated by the
canonical process (B¢):>o is denoted by F; = 0{B;s,0 < s <t}, F = {F: }+>0.

It6’s Integral of G-Brownian motion. For any T € [0,00), a finite ordered subset mp =
{to,t1,...,tx} such that 0 =ty < t; < ... <ty =T is a partition of [0,7] and

/L(?TT) = max{\tzurl — ti’ :1=0,1,...., N — 1}.

A sequence of partitions of [0,7] is denoted by 7&¥ = {t}',tIV,...,t}} such that A}im p(m) = 0.
—00

Consider the following simple process:
Let p > 1 be fixed. For a given partition mr = {to, t1,...,tn5} of [0, T],

N-1
Ut(w) = Z fz‘(w)l[ti,tiﬂ](t)a (2-1)
i=0

where & € L7,(,), i = 0,1,...,N — 1. The collection containing the above type of processes,
that is, containing m(w) is denoted by M5°(0,T). The completion of M%°(0,T) under the norm
In|| = {fo [[7u|P)du} /P is denoted by Mp(() T) and for 1 < p < ¢, M&(0,T) D MA(0,T).
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Definition 2.3. For each n; € Mé’o(O7 T), the Ito’s integral of G-Brownian motion is defined as

N-1

T
KWZ%I%M%=§:&@m1&J

=0

Definition 2.4. An increasing continuous process {(B); : t > 0} with (B)o = 0, defined by

t
(B); = B? — 2/ B.dB,,
0

is called the quadratic variation process of G-Brownian motion.

3 Comparison theorem for G-SFDEs

The purpose of this section is to establish comparison result for problem (1.1) with initial data
(1.2). Consider the following two stochastic functional differential equations

X (t) = £40) +/ a1(s, Xs)ds+ [ B(s, Xs)d(B, B)(s) +/ o(s,Xs)dB(s), te€][0,T], (3.1)

to to to

t t t
X (t) = £2(0) +/ as(s, Xg)ds+ [ B(s, Xs)d(B, B)(s) +/ o(s,Xs)dB(s), tel[0,T]. (3.2)

to to to
Theorem 3.1. Assume that:
(i) X! and X? are unique strong solutions of problems (3.1) and (3.2) respectively.
(ii) a1(s, Xs) < az(s, Xs) componentwise for all t € [to, T], x € BO([—,0]; R?) and &' < €2.

(iii) a1 or ag is increasing such that f(t,z) < f(t,y) when x <y for all x,y € C(|—7,0];R).
Then for all t > 0 we have X' < X? ¢.s.
Proof. First, we define an operator ¢(.,.) : C([—7,0];R) x C([—7,0];R) — C([—7,0]; R) such that

q(z,y) = max[z,y|.

Obviously, y — g(z,y) satisfies the linear growth and Lipschitz conditions. Now we suppose that

a9 is increasing and consider the following equation

Yw=€@+/amgM$nww-/mqa;nwa3w>
o fo (3.3)

¢
—I-/ o(s,q( X1, Ye)dB(s), to<t<T.

to
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Thus it is easy to see that the coefficients satisfy the linear growth and Lipschitz conditions, so
3.3 has a unique solution Y'(t). We shall prove that Y (¢) > X! q.s. We define the following two
stopping times. For more details on stopping times we refere the reader to [7, §].

1 = inf{t € [to,T] : X} = Y(t) > 0} where 7 < T,
T = inf{t € [, T]: X} =Y (t) <0}

Contrary suppose that there exist an interval (11,72) C [to,T] such that Y (r1) = X!(r1) = £*(0)
and Y (t) < X1(t) for all t € (11, 72). Then,

V() - X0 =0+ [ (s, Vs + [ 8o g08 V)8, BY)

T1
t

+/ J(s,q(Xsl,Y;))dB(s)f*(O)/ a1 (s, X1 ds

T1 T1
t

—/ B(S,Xsl)d<B,B>(s)—/ o(s, X, )dB(s), t € (11,7).

T1

V() - X'0) = [ laa(sa(X.1Y2)) — (s, XD)ds

71

+ [ 185,01 0) = s, XJa(B. B)s)

1

t
—i—/ [0(s,q( X1, Y5) — o(s, X HD)dB(s), t € (m1,m).

1

But our supposition Y (t) < X1(t) yields ¢(X!,Y) = max[X!,Y] = X' So, we have

Y(t) - XY(t) = /t[ag(s,Xsl) — (s, X,1)]ds

T1

t 1 1
+/W@XM—M&&HMRE@)

T1

—i—/ [o(s, Xs') — o(s, X,1)]dB(s)

T1

Y(t)— XYt) = /t[ag(s,Xsl) —ay(s, Xs')]ds > 0,

T1
because as(t,z) > ai(t,x). Which gives contradiction. So, our supposition Y () < X1(¢) for all
t € (11, 72) is wrong. Thus Y (¢t) > X'(t) q.s. and so p(X',Y) =Y. It means that Y = X2 > X!
because G-SFDE (3.3) has a unique solution X?2. O

4 G-SFDEs with discontinuous drift coefficients

We now suppose that « is left continuous, increasing and «(t,x) > 0 for all (t,z) € [0,T] x
BC([—7,0]; R) but not continuous. Consider the following sequence of problems.

X"(t) 25(0)4—/0 a(s,Xg_l)ds+/0 B(s,X?)d(B,B)(s)—I—/O o(s,X)dB(s), t €[0,T], (4.1)

6

915 Faiz Faizullah et al 910-919



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

where X" = L;, L; is the unique solution of the following problem

t t
Ly = §+/0 B(s, Ls)d(B, B)(s) +/0 o(s,Ls)dB(s),t € [0,T). (4.2)

Thus using the comparison theorem and the fact that a(t,z) > 0, we have X! > L,. So, we can
see that X™ is an increasing sequence. Now we shall prove that X™ is bounded in L.? norm.

Lemma 4.1. Suppose X™(t) be a solution of problem (4.1) then there exists a positive constant C
independent of n such that,

—7<s<T

E( sup \X"(s)\Q) <C.

Proof. For any n > 1 we define the following stopping time in a similar way as given in [9]
T = T Ainf{t € [to,T) : | X' = m}.

We have 7,,, T T and define X™"™(t) = X" (t A 7yy,) for t € (—7,T). Then for t € [0, 7],

t t t
X”’m(t)=€(0)+/ a(t,XZ‘_l’m)f[o,rm]dH/ 5(75,Xf’m)f[o,rm]d<37B>t+/ o(t, X{""Mor,, 4Bt
0 0 0

t t
X ()] = 5(0)+/0 Oé(t:Xf_l’m)[[O,rm}dtJr/O Bt X" o.7,,4(B, B)e
t
+/ J(t,th’m)I[Oij}dBt’Q
0
t t
§4\§(O)|2+4/0 Oé(t,XZl_l’m)I[o,rm]dtP+4\/0 B(t, X" o 7, 1d(B, B)¢[?

t
+4|/ o(t, X" o 1, dBe[?
0

Taking G-expectation, using properties of G-integral, G-quadratic variation process [10, 11] and
linear growth condition we get

t t

E[|X"™(£)|%] < 4E[£(0)[* + 4C / [+ E[X; ™" ldt + 4C / [1+ BIX™ 2dt]
0 0
t
+403/ 1+ E|X[""?]dt
0
t t t t
<4E|§(0)|2—|—401/ dt+401/ E|Xt"_1’m]2dt+402/ dt+402/ B|X[™|2dt
0 0 0 0
t t
+403/ dt+403/ E|X["2dt
0 0

t t
=4F|£(0)]? +4C, T + 4Cy / E|X] 1V 2dt 4+ 4CoT + 4C,y / E|X[™2dt
0 0

t
+4C03T + 4C4 / E|X]™2dt.
0
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Then for any k € N we have,

t t t
max E[|X™™(t)]?] < C’4+4Cl/ max E\Xt"_l’m|2dt—|—402/ max E|Xf’m\2dt+403/ max E| X[ |%dt,
1<n<k o 1<n<k o 1<n<k o 1<n<k

where Cy = 4[E[¢|? + C1T + CoT + C3T] and thus using Doob’s martingale inequality for any

n,m € N we have,

t
Bl sup [X"™(5)) < Ci+ Cs [ Ex™ P, (4.3)
0

0<s<t

where C5 = 4(Cy + Cy + C3). One can observe the fact [9],

sup | X™"(s)[* < €]l + sup [X™(s)]?,
—7<s<t 0<s<t

and thus 4.3 yields

t
B[ sup_|X™™(s)[?] SE[!£\|HC4+C5/ BIX{™m | dt
0

—7<s<t

t
§%+%/EMWLWWMWL
0

—7<r<s
where Cg = E[||€]|]] + C4. So, using the Gronwall inequality and taking m — oo we have,

E[ sup |X"(s)|?] < Cge“t.

—7<5<t

Letting t = T we get the desired result,

E[ sup |X"(s)]<C*, C" = CyuelT.
—7<s<T
Theorem 4.2. Suppose that:
(i) The coefficient o be left continuous and increasing in the second variable x.
(ii) For all (t,x) € [0,T] x BC(|—7,0;R), a(t,z) > 0.
Then the G-SFDE (1.1) has more than one solution X (t) € M& ([—7,T};R).

Proof. By theorem 3.1 we know that {X"} is increasing and by Lemma 4.1 it is bounded in L.
Then by Dominated Convergence theorem we can deduce that X" converges in 2. Denoting the
limit of X™ by X and thus for almost all w, we get

a(t, X" (t)) = a(t,X(t)) as n — oo,

and
a(t, X" (1)) < K(1+ sup 1 X™(1)]) € L' ([to, T)-

8
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Thus, for almost all w and uniformly in ¢

/Oto‘(stn(5>)d5 — /Ota(S,X(S))ds, n — 0o.

By the properties of 3,0 and by the continuity properties of G-integral and its quadratic variation
process we have,

sup / B(s, X"(s))d(B, B)s —/ B(s, X (s))d(B,B)s| — 0 (gq.s), n — o0.
0<t<T |Jo 0
o?ng /0 o(s,X"(s))dB(s) —/0 o(s,X(s))dB(s)| = 0 (g.s), n — oo.

It is easy to conclude that X" converges uniformly to X in ¢, hence X is continuous. Taking limit in
equation (4.1), we get that X is the desired solution for stochastic functional differential equation
(1.1) with initial condition (1.2). O
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SUBCLASSES OF JANOWSKI-TYPE FUNCTIONS
DEFINED BY CHO-KWON-SRIVASTAVA OPERATOR

SAIMA MUSTAFA, TEODOR BULBOACA, AND BADR S. ALKAHTANI

ABSTRACT. We introduce a new subclass of analytic functions in
the unit disk U defined by using Cho-Kwon Srivastava integral
operator. Inclusion results radius problem and integral preserving
properties are investigated.

1. INTRODUCTION

Let A, be the class of analytic functions in U of the form
(1.1) f(z) =2+ Zap+nzp+", zeU, (peN),
n=1

where N := {1,2,...}. For p =1 we denotes A := A;. Note that the
class A, is closed under the convolution (or Hadamard) product, that
is

f(z)xg(2) =2+ Zap+nbp+nzp+", zeU, (peN),

n=1
where f is given by (1.1) and g(z) = 22 + > 7 bpsn2?t", 2z € U.
The operator L”(d,e) : A, — A, is defined by using the Hadamard
(convolution) product, that is

(1.2) LP(d,e)f(z) == f(2) * ¢,(d, e; 2),

where

0 d .
op(d, e;2) == 2P + Z %ZW, (deC, eeC\Zy),
n=1 n

and (d), = d(d+1)...(d +n — 1), with (d)p = 1, represents the
well-known Pochhammer symbol.
From (1.2) it follows immediately that

2(LP(d,e)f(2)) = dLP(d +1,€) f(z) — (d — p)LP(d,e) [ (2).

The operator LP(d,e) was introduced by Saitoh [16] and this is an
extension of the operator L(d,e) which was defined by Carlson and
Shaffer [2].

2010 Mathematics Subject Classification. 30C45, 30C50.
Key words and phrases. Analytic functions, univalent functions, Cho-Kwon-
Srivastava operator.
1
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Analogous to the LP(d, e) operator, Cho et. al. [4] introduced the
operator I7(d,e) : A, — A, defined by

(1.3) Ih(d,e)f(2) = f(2) * ¢}(d, e 2),

where

= (L +DP)n(€)n pin -
@L(d,e;z) = z’HL;sz* , (d,e eC\Zy, p> —p).

We notice that

e
cp;(d, e;z) xp,(d,e; z) = m, z e U.

From (1.3), the following identities can be easily obtained [4]:

(1.4) z (Iﬁ(d +1, e)f(z))’ =dlf(d,e)f(z) — (d—p) IL(d+1,e)f(2),
(1.5) 2 (I2(d, e) f(2)) = (u+ )T (d ) f(2) — pIb(d, €) f(=).
We may easily remark the following relations

/
Rp+ L) = ). B 0f) - L,
and remark that the operator I/i(a +2,1), with g > —1 and a > =2,
was studied in [5].

If f and g are two analytic functions in U, we say that f is subordinate
to g, written symbolically as f(z) < g(z), if there exists a Schwarz
function w, which (by definition) is analytic in U, with w(0) = 0,
and |w(z)] < 1, z € U, such that f(z) = g(w(z)), for all z € U.
Furthermore, if the function ¢ is univalent in U, then we have the
following equivalence, (cf., e.g., [10], see also [11, p. 4]):

f(z) < g(2) & f(0) = g(0) and f(U) C g(U).
Definition 1.1. 1. Like in [3], for arbitrary fired numbers A, B and
B, with =1 < B< A<1and 0 < <1, let P[A, B, (] denote the

family of functions p that are analytic in U, with p(0) = 1, and such
that

1+[(1-p5)A+p8B]z
1+ Bz '
We will use the notations P[A, B] :== P[A, B,0] and P(0) := P[1,—1,0].
2. Let B||A, B, 8] denote the class of functions p that are analytic in
U, with p(0) = 1, that are represented by

I 1 [ 1
W = (grg) K- (5o 5) Kl
where K1, Ky € P[A,B,f], - 1< B<A<1,0<8<1, andl > 2.

p(z) <
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Remarks 1.1. (i) Remark that the class P/(8) := B[1, —1, 5] was de-
fined and studied in [12], while for [ = 2 and § = 0 the above class
was introduced by Janowski [8]. Moreover, the class P, := P[1,—1,0]
is the well-known class of Pinchuk [15].

Also, we see that P[A, B, 3] C 731(5), where 3 =
(1-B8)A+ pBB.

(77) Notice that, if g is analytic in U with ¢g(0) = 1, then there exit
functions ¢; and gy analytic in U with ¢1(z) = g2(2) = 1, such that the
function g could be written in the form (1.6). For example, taking

9(z) = g(z)k_ L g(z);l and  gi(z) = 9(2)2“ B g(z)k— L

then g; and go are analytic in U, and ¢1(z) = go(2) = 1.

1—A
1-B

and A, =

We will assume throughout our discussion, unless otherwise stated,
that A > 0,d,e e R\Zy,,n>—-p, - 1< B<A<1,9>0,and p € N.
Moreover, all the powers are the principal ones.

Using the Cho-Kwon-Srivastava integral operator 19 (d, e) defined by
(1.4), we will define the following subclasses of A,,.

Definition 1.2. Let dje € R\ Zy, A > 0, p > —p, 0 < 5 < 1,
and ¥ > 0. For the function f € A,, p € N, we say that [ €
l’,\f (d,e;u; 8, A, B), with > 2, if and only if

R IO O S A
o) (Iﬁ(d,e)f(z)) - 12(d,e) f(2) (I{j(d,e)f(z)> € B[A, B, .

We need to notice that, since the left-hand side function from the
above definition need to be analytic in U, we implicitly assumed that
It(d,e)f(z) # 0 for all z € U.

Remarks 1.2. We remark the following special cases of the above classes:
(i) for f = 0 and [ = 2 we obtain the subclass of non-Bazilevi¢
functions defined by [18];
(17) for py=0,1=2,9=B=—1, A=1and X\ > 0, the above class
reduces to the class Q()\) of p—valent non-Bazilevié functions (see [14]).

2. PRELIMINARIES

The following definitions and lemmas will be required in our present
investigation.

Lemma 2.1. [7] Let h be a convez function in U with h(0) = 1. Sup-
pose also that the function p given by

p(z) =1+ cp2" +cpp12" 4., 2 €U,

1s analytic in U. Then

b+ 2 <h) (Rerz 0,0 20),

922 SAIMA MUSTAFA et al 920-933



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

4 S. MUSTAFA, T. BULBOACA, AND B. S. ALKAHTANI

implies

2.1) pe) < () = 2 [ el de < h(e),
0

and q is the best dominant of (2.1).
For real or complex numbers a,b and ¢, the Gauss hypergeometric
function is defined by

a-bz ala+1)-bb+1)2?
F 2) =14+ —— — ...
2Fi(a,b, ¢;2) * c 1! c(e+1) 2!

o (@)r (D) 2
2.2 = —, a,beC, cecC\{0,-1,-2,...},
22) =L wbeC e\ }
where (d)j is the previously recalled Pochhammer symbol. The series
(2.2) converges absolutely for z € U, hence it represents an analytic
function in U (see [19, Chapter 14]).
Each of the following identities are fairly well-known:

Lemma 2.2. [19, Chapter 14] For all real or complex numbers a, b

and ¢, with ¢ #0,—1,—=2, ..., , the next equalities hold:
! L(b)(c—b
(2.3) / 1 =) (1 — ) dt = L (e —b) 2 F1(a,b,¢; 2)
0 I'(c)

where Rec > Reb >0,

(24)  SR(abez) = (1— 2R ( be —) |

z—1
and
(25) 2F1(a7 b7 G Z) =2 Fl(b7aac; Z)
Lemma 2.3. [17] Let f(z) = Zakzk be analytic in U and g(z) =
k=0
Zbkzk be analytic and convex in U. If f(z) < g(2), then
k=0

|ak‘| S |b1|7 ke N.

)\7/1‘9 . .
3. MAIN RESULTS FOR THE CLASS N}° (d,¢;11; 8, A, B)

In this section, some properties of the class ./\/'l’\z;l9 (d,e;u; 8, A, B)
such as inclusion results, integral preserving property, radius problem,
coefficient bound will be discussed.

Theorem 3.1. 1. If f € /\f[}f (d,e; w; B, A, B), then

(W)A € PA, B, .
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2. Moreover, if [ € l/,\;;ﬁ (d, e; u; B,7y) with ¢ # 0, then

(Iﬁ'ﬁl,+))f(»2))A € Pu(B),

pr:=p+(1—-p)0

where

191 = ﬁl(pa )\77~9aM7AaB) =
{g+( —A) (=B oR (112 1y B B,
1

(All the powers are the principal ones).

Proof. Since the implication is obvious for ¢ = 0, suppose that ¢ > 0.
Letting

(3.1) k(=) = (W)

It follows that K is analytic in U, with K(0) = 1, and according to the
part (i) of Remarks 1.1 the function K could be written in the form

(3.2) K(z) = (Z + %) Ko(2) — (Z - %) Ko(2),

where K; and K, are analytic in U, with K;(z) = Ky(z) = 1.

From the part 2. of Definition 1.1 we have that K € B[A, B, f], if
and only if the function K has the representation given by the above
relation, where Ky, Ky € P[A, B, 5]. Consequently, supposing that K
is of the form (3.2), we will prove that K, K, € P[A, B, f].

Differentiating the relation (3.1) and using the identity (1.5), we have

2K'(z) Ih1(de)f(z) 2P A
Kle) = (zaarm)

Mp+p) Ii(d,e) f(2) d,e)

and from this relation we deduce that

00 (gaam) s (maom) -

1‘9 !
BYPTE) 2K'(2).

Since f € J\/'l:\;9 (d,e; u; 8, A, B), from the above relation it follows that

_ v
Ap+p)

K(z)+

K(z)+ 2K'(2) € P[A, B, 3],
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and according to the second part of the Definition 1.1, this is equivalent

to
v
Ki(2) + —— zKl(2) € P[A, B, (], (i =1,2),
)+ 30gg) i) € PABAL (1=12)
that is
K + 5 e Kz) — 8| € PIAB), (1= 1.2)
i(z 2K (z) — ,B], (i=1,2).
1-p A(p +p)
Writing
from the previous relation we have
)

pi(z) + m 2pi(z) € P[A, B, (i=1,2).

Ap+p)

By using Lemma 2.1 for v = and n = 1, from the above

)
relation we deduce that
14+ Az
7 ) ) = 17 2 )
Pz <) < e (=12

where

AMp+p) — A /thﬁﬂ’)q 1+ At iy
0

12) == 1+ Bt
is the best dominant for p;, + = 1, 2.

1+ A
l, i = 1,2, from (3.3) it follows that K; €
1+ Bz

P[A, B, ], i = 1,2, and according to (3.1) we conclude that K €
P[A, B, 5], which proves the first part of the theorem.
For the second part of our result, we distinguish the following two

Since p;(z) <

cases:
(i) For B = 0, a simple computation shows that
Ap+p) :
(2) <q(z) =14+ —ETE 4y (i=1,2).
p(:) <4l =14 5 e (=1,

(ii) For B # 0, making the change of variables s = zt, followed by
the use of the identities (2.3), (2.4) and (2.5) of Lemma 2.2, we obtain

_)\(/L—i‘p) /1 A(u+p)_11+ASZ .
pl(Z)—<q(2)_ 0, 0 5 1+BSZdS_

A A _ A+ p) Bz .
—+(1-%)Q+Bx) ol (1,1 1 =1,2).
B+( B)(+Z)21<” b hEyr) LY
Now, it is sufficient to show that
(3.4) inf {Req(z) : z € U} = q(—1).
We may easily show that
1+Az _ 1—Ar
e > ,
1+Bz ~ 1—-DBr

R for |z|] <r< 1
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14 Atz Alp+p)
dd
T g A dal) = =

is a positive measure on [0, 1], we have

1
- [ 6tt.2)dnt)
0
hence it follows

"1 At
Req(z) > / T du(t) =q(—r), for |z|<r<1l
0

Denoting G(t, z) = A dt, which

1— Btr
By letting » — 1~ we obtain (3.4), and from (3.3) and (3.1) we conclude
that K € P,(1), which completes our proof. O

Theorem 3.2. If 0 < 1y < 15, then
NP2 (d, e B, A, B) € N (de; 115 B, A, B)

Proof. The first part of Theorem 3.1 shows that the above inclusion
holds whenever ¥, = 0.
If 0 < Y1 < Y9, for an arbitrary f € ./\/l)“192 (d,e; u; B, A, B) let denote

_ 2\ La(de)f(2) 2\
00 = 00 ()~ taare (Faare)

and
)= (o)
A simple computation shows that
1+ (gaarm) — [f<c(zd>jf];(>) (zar) -
(1 _ Z_;) Uo(2) + Z—; Un(2).

Since P[A, B, 5] is a convex set, from the first part of Theorem 3.1,
according to the above notations it follows that

(L%Q%u+%erBMRﬂ

that is f € ./\flj\fl (d,e; w; B, A, B). O

Theorem 3.3. If f € /\/Z‘];O (d,e; p; B,1,—1), then f(pz) € /\/’:‘f (d,e;p; B,1,-1),
where p is given by

<6+ u+p)> \/(6_'_ u+p)> +1-p

1+

(3.5) p=
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Proof. For an arbitrary f € ./\/'lz;0 (d,e;u; 5,1,—1), let denote

(W)A ~ K(2) = (% 4 %) Ki(2) - G - %) Ks(2),

where K7, Ky € P[1,—1, 5], which in equivalent to K;(0) = K5(0) =1
and Re K(z) > 8, Re Ky(z) > 8, z € U.
With this notation, like in the proof of Theorem 3.1 we obtain

o (gae) e Graams) -

K(2)+ 2K'(2) =

gl Dl
17 2) MY T Xt 1 2) 72 T X))

In order to have f(pz) € /\/’l’,\l;ﬁ (d,e; u; 5,1, —1), according to the above
formula, we need to find the (bigger) value of p, such that

U
Re |Ki(2) + ————2K(2)| > B, |2| <p, (i=1,2).
K+ 5 #KLA) > 6 < = 1)
From the well-known estimates for the class P(0) (see, eq., [6]) we
have
2Re K; .
|K!(2)] < —16 2(2), lz| <r<1, i=1,2),
—r
ReKi(2) > - ' s]<r<1, (i=1,2)
eKi(2) 2 7 [l <r <1, (i=1,2),
thus, we deduce that
Re {K(z)thzK’(z)] > Re K;(z) — v |2K[(2)] >
S Metp) LT Metp) T
(3.6) RK()[I v 27”] 2| <r<1, (i=1,2)
. e nN;\z — , 12| < r , (2=1, )
Ap+p)1—r2
A simple computation shows that
v 2r
3.7 1 >0,
&1) Ap+p)1—r2—

for 0 < r < rg, where

_ VP Nt p)

ro 1= € (0,1).
’ A(p+p) 0
Now, from the inequality (3.6) we have
9 1—r 9 2r
Ki(2) + — 2 2K!(2)] > 1 <ry<1
fe (Z)+A(u+p)z Z(Z)}_HT{ Ap+p)L—r? =<t
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for i = 1,2. It is easy to check that
1—r|, 0 2r
1+ AMp+p)l—r?

for 0 < r < p, where p is given by (3.5). Moreover, since the above
inequality is equivalent to

>

v 2r >1+7"/3
AMp+p)l—r2" 1—r

for r € [0,1), if follows that (3.7) holds for r € [0, p), and our theorem
is completely proved. Il

Next we will consider some properties of generalized p—valent Ber-
nardi integral operator. Thus, for f € A,, let F,, : A, — A, be
defined by

(3.8) Fypf(:) = "0

We will give a short proof that thls operator is well-defined, as follows.
If the function f € A, is of the form (1.1), then the definition relation
(3.8) could be written as

Fopf(:) =120

tttdt,  (n> -p).

t 1dt—(77—|—p) npf( z),

where
Lo f(2) /f ()t tdt.

We see that integral operator Inyp defined above is similar to that of
Lemma 1.2c. of [11]. According to this lemma, it follows that I, , is an
analytic integral operator for any function f of the form (1.1) whenever
Ren > —p, and F,,f € A, has the form

o0

Py Aptn__ _pin
Fypl () =2+ 145) 3 22t 2 €U

The operator defined in (3.8) is called the generalized p—valent Ber-
nardi integral operator, and for special case p = 1 we get the generalized
Bernardi integral operator. Thus, for p = 1 and n € N, the operator
F, := F, 1 was introduced by Bernardi [1], and in particular, if n =1
it reduces to the operator Fj that was earlier introduced by Livingston

[9]-

Theorem 3.4. Let f € A, and F = F,,f, where F,, is given by

(3.8). If
(3.9)

Zp A [ﬁ(dv 6)f(2) Zp A
(1+9) (]ﬁ(d, G)F(z)) _19Iﬁ(d, F () <Iﬁ(d, e)F(z)) € P[A, B, ],
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where dye € R\ Zg, A>0, u>—p, 0< B <1,9>0andl > 2, then

2P A
_ BlA, B, j].
() eniAaea
(All the powers are the principal ones).

Proof. Like we mentioned after the Definition 1.2, since the left-hand
side function from the relation (3.9) need to be analytic in U, we im-
plicitly assumed that I%(d, e)F(z) # 0 for all z € U.

The implication is obvious for ©¥ = 0, hence suppose that ¥ > 0.

Letting

1 7\ g
10 (are) — )
from the assumption (3.9) it follows that K is analytic in U, with
K(0)=1.

It is easy to check that, if f,g € A, then

2 , z ., '

(3.11) ];(f(z)*g(z)) =5/ (2) | *g(2).

Moreover, since F' = F, ,f, where F, , is given by (3.8), a simple dif-
ferentiation shows that

(3.12) = (I%(d,e)F(2)) = (n+ p)I5(d,e) f(2) — nIE(d,e)F(2).
Taking the logarithmical differentiation of (3.10), we have

N (12(d, e)F(z))/ _ zK'(2)

p - K(Z) 9

Li(d, e)F(2)

and using the relations (3.11) and (3.12), it follows that

Ih(d,e)f(z) 1 z2K'(®)
Ii(d, e)F(2) An+p) K(z)
and thus
)f(2) 2P g
1 /19 pr—
149 (g are )F() \ TP ()
2 2K’
( )+ i K
From the assumption (3.9), the above relation gives that
9
K(z)+ —— 2K'(2) € B|A, B, ],
and using a similar proof with those of the first part of Theorem 3.1
we obtain that K € P[A, B, ], which proves our result. O

929 SAIMA MUSTAFA et al 920-933



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

SUBCLASSES OF JANOWSKI-TYPE FUNCTIONS 11

Theorem 3.5. If

(3.13) f(2) =2+ apaP € N (des s B, A, B),
n=1
where dye € R\ Zg, A>0, u>—p, 0<B<1,9>0andl > 2, then
d| (1-p)(A-B)
3.14 < |- :
o1y e BT

The inequality (3.14) is sharp.

Proof. If we let
(3.15)

1+9) (W) - ’ﬁéc(z e>)]gij> (zay f(z))A =)

using the fact that

I8(d,e) f _Zp—l—z /L—l—p (6 Tl

n

we have

2N Padef:) [ =\
(1+9) <Jﬁ<d, e)f(Z)) TN (I”(d, e)f(z)) -
A e N
! (1+MM+M) 11(d); Ay +
(3.16) 1—E[z9+)\(u—|—p)]ap+1z—|—...,zEU.

Since f € /\/Zif (d,e; u; B, A, B), it follows that the function p defined
by (3.15) is of the form

[ 1 [ 1
po=(3+3)me - (5-3)m)
where p1,p2 € P[A, B, 8]. Tt follows that

1+[(1—B)A+ 3Bz

- = 1,2
nlz) < TR (2 ),
and from the above relation we deduce that
1+[(1-p5)A+p8B]z
1
(3.17) p(e) < T
According to (3.16), from the subordination (3.17) we obtain
e 94+ Ap+p) Cple) =B 1+ Az
i 1-p vt =TT S iy
and from Lemma 2.3 we conclude that
e U+ Ap+p)
4 1-3 |api1| < [A— B,
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which proves our result.

To prove that the inequality (3.14) is sharp we need to show that
there exists a function f € /\/"\19 (d,e; u; 8, A, B) of the form (3.13),
such that for this function we have equality in (3.14).

Thus, we will prove that there exists f € /\/'l/’\f (d,e; ; B, A, B), such
that the identity (3.15) holds for the special case

o Lt If)f;; 8B >

Setting

(3.18) K(z) = (W)A’

like in the proof of Theorem 3.1 we deduce that the relation (3.15) is
equivalent to

1 A
(3.19) K(z)+ = zK'(2) = p(z), where ~v:= (’MT—FP)
Y
(¢) If ¥ = 0, the above differential equation has the solution K = p.
(23) If 9 > 0, then v > 0 whenever A > 0 and p > —p. Since the
function p is convex in the unit disk U, according to Lemma 2.1 it

follows that this differential equation has the solution
K(z) = l/ 7 p(t) dt < p(2).
Z7 Jo
It is easy to check that p(z) # 0 for all z € U, and from the above

subordination we get that K(z) # 0, z € U.
Now, if we define the function Ky by

p(z), if ¥=0,
Ko(2) = { K(z), it 9>0,

then Kj is the analytic solution of the differential equation (3.19), and
moreover Ky(z) #0, z € U.
Thus, for K = Kj the relation (3.18) is equivalent to

I'(d,e)f(z) = 'Ky (2,

and this equation has the solution

(3.20) fo(z) == 1,(d, e; 2) * <sz0_1//\(z)> ,
where
Up(d, e; 2) _zp+z er p*”. (d,e € C\Zg, > —p),

Consequently, for the function fj defined by (3.20) we get equality in
(3.14), hence the sharpness of our result is proved. Il
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As a special case, for [ = 2 and f = 0 we obtain the corresponding
result for the class /\/';’;9 (d,e; 1;0, A, B) (see [18] for n = 1).
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ON A PRODUCT-TYPE OPERATOR FROM MIXED-NORM SPACES TO
BLOCH-ORLICZ SPACES

HAIYING LI AND ZHITAO GUO

ABSTRACT. The boundedness and compactness of a product-type operator D M,,Cly,
from mixed-norm spaces to Bloch-Orlicz spaces are characterized in this paper.

1. INTRODUCTION

Let D denote the unit disk in the complex plane C, H(ID) the class of all analytic func-
tions on D and N the set of nonnegative integers.

A positive continuous function ¢ on [0,1) is called normal if there exist two positive
numbers s and ¢ with 0 < s < ¢, and § € [0, 1) such that (see [19])

(l(b_(rz)s is decreasing on [0, 1), lim (ld)—(rg) =0
(1(;557“7)”))5 is increasing on [, 1), hm (1¢£7”)) —

For p,q € (0,00) and ¢ normal, the mixed-norm space H(p, q,¢)(D) = H(p,q, §) is
the space of all functions f € H (D) such that

1 P »
Pligaer = [ 212005 ar) " <,

M,(f,r) = (;ﬂ /0% |f(rei9)qd9)q.

For 1 < p,q < oo, H(p,q, ¢), equipped with the norm || f|| z7(p,q,4), is @ Banach space,
while for the other vales of p and g, || - || (p,q,¢) is @ quasinorm on H(p, q, #), H(p, q, ¢)

is a Fréchet space but not a Banach space. Note that if ¢(r) = (1 —r) o= ,then H(p, q, ¢)
is equivalent to the weighted Bergman space AP (D) = AP defined for O < p < oo and
a > —1, as the spaces of all f € H(D) such that

115, = /\f P(1 — [22)dm(z) <

where dm(z) = %rdrd@ is the normalized Lebesgue area measure on D ([8, 12, 18, 25,
27, 33, 35, 48, 51]). For more details on the mixed-norm space on various domains and
operators on them, see, e.g., [1, 7, 10, 20, 22, 23, 24, 28, 29, 34, 36, 37, 38, 41, 42, 43, 44,
46, 47, 54].

where

2000 Mathematics Subject Classification. Primary 47B33.
Key words and phrases. A product-type operator, mixed-norm spaces, Bloch-Orlicz spaces, boundedness,
compactness.
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For every 0 < a < oo, the a-Bloch space, denoted by B, consists of all functions
f € H(D) such that

sup(1 — [2[*)*]f'(2)] < o0.
zeD
B< is a Banach space under the norm

1l = 1£(0)] +sup(1 — |2[*)*|f'(2)].
zeD

For a = 1 is obtained the Bloch space. «-Bloch space is introduced and studied by
numerous authors. Recently, many authors studied different classes of Bloch-type spaces,
where the typical weight function, w(z) = 1 — |z|?(z € D) is replaced by a bounded
continuous positive function p defined on D. More precisely, a function f € H(D) is
called a p-Bloch function, denoted by f € B*, if

1 £1l, = sup u(z)|f(2)] < oo.
z€D

Clearly, if u(z) = w(z)® with a > 0, B* is just the a-Bloch space B*. It is readily seen
that B* is a Banach space with the norm

£ 15 = 1£ )+ £l

For some information on the Bloch, a-Bloch and Bloch-type spaces, as well as some op-
erators on them see, e.g., [3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 21, 23, 25,
26,27, 29, 30, 31, 32, 34, 37, 38, 39, 40, 41, 43, 44, 45, 46, 47, 50, 51, 52, 53, 55].

Recently, Fernandez in [17] used Young’s functions to define the Bloch-Orlicz space.
More precisely, let ¢ : [0,00) — [0, 00) be a strictly increasing convex function such that
©(0) = 0 and lim;_, o, ¢(t) = oo. The Bloch-Orlicz space associated with the function ¢,
denoted by 5%, is the class of all analytic functions f in D such that

b;lelg(l = 2)e(Alf (2)]) < o0

for some A > 0 depending on f. Also, since  is convex, it is not hard to see that the
Minkowski’s functional

i1, =it > 015,(L) <1}

define a seminorm for 3%, which, in this case, is known as Luxemburg’s seminorm, where
Se(f) = Slelg(l — 2l f(2)])

We know that B¥ is a Banach space with the norm || ||z = | f(0)| + || f||,. We also have
that the Bloch- Orlicz space is isometrically equal to u-Bloch space, where

wz) = ———, 2 €D.

Thus for any f € B¥, we have
| fllse = [£(0)] +Slelgu(2)|f’(2)\~

It is well known that the differentiation operator D is defined by

(Df)(2) = f'(2), f € H(D).
Let u € H(D), then the multiplication operator M,, is defined by

(Muf)(2) = u(2)f(2), f € H(D).
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Let ¢ be an analytic self-map of ID. The composition operator C'y, is defined by

(Cuf)(2) = F(¥(2), f € H(D).

Investigation of products of these and integral-type operators attracted a lot of atten-
tion recently (see, e.g., [2]-[49], [51]-[55]). For example, in [3] and [17], the authors
investigated bounded superposition operators between Bloch-Orlicz and a-Bloch spaces
and composition operators on Bloch-Orlicz type spaces. In [37] and [38], S. Stevi¢ in-
vestigated extended Cesaro operators between mixed-norm spaces and Bloch-type spaces
and an integral-type operator from logarithmic Bloch-type spaces to mixed-norm spaces
on the unit ball. In [36] and [41], S. Stevi¢ investigated an integral-type operator from
logarithmic Bloch-type and mixed-norm spaces to Bloch-type spaces and weighted dif-
ferentiation composition operators from mixed-norm spaces to weighted-type spaces. In
[42] and [46], S. Stevi¢ investigated an integral-type operator from Zygmund-type spaces
to mixed-norm spaces on the unit ball and weighted differentiation composition operators
from the mixed-norm space to the nth weighted-type space on the unit disk. S. Stevi¢ in
[34] gave the properties of products of integral-type operators and composition operators
from the mixed norm space to Bloch-type spaces. In [47], S. Stevi¢ investigated weighted
radial operator from the mixed-norm space to the nth weighted-type space on the unit ball.
In [54], X. Zhu studied extended Cesaro operators from mixed-norm spaces to Zygmund
type spaces.

Motivated, among others, by these papers, we will study here the boundedness and
compactness of the following operator, which is also a product-type one,

(DMuCy f)(2) = ' (2)f(1(2)) + u(2)d' (2) ' (¥(2)), f € H(D),

from H(p, q, ¢) to B¥.
In what follows,

1
,u(Z) = 1 5
¥ l(w)
and we use the letter C' to denote a positive constant whose value may change at each

occurrence.

2. THE BOUNDEDNESS AND COMPACTNESS OF DM, Cy : H(p, q, ¢) — B¥

In this section, we will give our main results and proofs. In order to prove our main
results, we need some auxiliary results. Our first lemma characterizes compactness in terms
of sequential convergence. Since the proof is standard, it is omitted here (see, Proposition
3.11 in [4]).

Lemma 1. Suppose u € H(D), v is an analytic self-map of D, 0 < p,q < oo and ¢
is normal. Then the operator DM, Cy : H(p,q,$) — B¥ is compact if and only if it is
bounded and for each sequence { fy,}nen which is bounded in H (p, q, ¢) and converges
to zero uniformly on compact subsets of D as n —oo, we have || DM, Cy fy||5> — 0 as
n — o0.

The following lemma can be found in [36].

Lemma 2. Assume 0 < p,q < oo, ¢ is normal and f € H(p,q, ¢). Then for everyn € N,
there is a positive constant C' independent of f such that

n C”fHH(p,q,tb)
IFM(2)] < T
o(lz))(1 = |z2)a ™"
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Theorem 3. Let u € H(D), ¢ be an analytic self-map of D, 0 < p,q < oo and ¢ be
normal. Then DM,,Cy, : H(p, q, ¢) — B¥ is bounded if and only if

16 0 n
265 o(|0(2))(1 = |¥(2)[2)a <
oy — sup BRI (D) + u(2)" ()
2eD  G(JY(2))(1 — [1h(2)]2)at!
ks = sup — LAV EIE 3)
3 ieg o([(2)])(1 — |1/J(Z)\2)E+2 <

Proof. Assume that (1), (2) and (3) hold. By Lemma 2, then we get

< 00, 2)

)

Cillf )
F@(2))] < 1
TN @ - e

’ Collfl e p,a.0)
P < .
PN SN - R
IO E— L

o - ()
Then for each f € H(p,q,¢) \ {0}, we have:

(DM, CofY(2)
S*”( M ae )
e [(Re(eED( - BERIFwE)
< supll '”[( Cul T Mapas )

kb ([(2))(1 = [9(2) 2T £ (0(2))]
*( Cr) [ Flamas) )

ks ((2))(1 = [9(=)2) T2 £ (6(2)
*( CH Fl0as) ﬂ

k1C1 + koCo + k3C3:|
< sup(l — |2]?
< sup(1 = P | RO

1
< sup(l — |z|? 1< >>—1
< sl - 1Py (o7 (=1

where C'is a constant such that C' > kyCy + k2Cy + k3C3. Now, we can conclude that
there exists a constant C such that || DM, Cy, f||5e < C|| f|l t(p,q,6) forall f € H(p,q, ),
so the product-type operator DM, Cy, : H(p, q, ) — B¥ is bounded.

Conversely, suppose that DM, Cy : H(p,q,¢) — B¥ is bounded, i.e., there exists
C > 0 such that [|[DM,Cy f|lpe < C|fll(p,q,¢) forall f € H(p,q,¢). Taking the
function f(2) =1 € H(p,q,¢), and || f||zr(p,q,6) < C. then

It follows that

sup p(2)|u" (2)] < oco. S
zeD
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Taking the function f(z) = 2z € H(p,q, ), and || f|| g (p,q,¢) < C, then

5, ((LALCLAV )

= sup(1 — [2[*)e
zeD

(|u”(z)¢(z) + (2u'(2)¢'(2) + u(z)w”(z))|> <1
e <1

Hence

sup p(2)|u” (2)¥(2) + 2u' (2)¢' (2) + u(2)9" (2)| < 0.

z€D
By (4) and the boundedness of ¥(z), we can see that

sup 1(2) 20 (2)9' (2) + u(2)y" (2)] < 0. Q)

Taking the function f(z) = § € H(p,q, ¢), similarly, we can get
Sugu(Z)IU(Z)\Iz//(Z)I2 < 00, (©)
zE

For a fixed w € D, set

fd)(w)(z) — (1 — |¢ w | + + (1 — W( | )

)
(@)1 = P@)2) T p(jp(w))(1 - Plw)z) s
(1 - [p)P?)™?
— 1 2 )
S| (@)1 = d(w)z)
where the constant ¢ is from the definition of the normality of the function ¢.
Then sup,ep || fyw) | H(p,q,0) < 00, and we have

(7

A+B+1
f w ¢W = .
v ) = N - @
/ (AM; + BMy 4+ Ms)ih(w)
f “ pr - 1 )
v W) = N - o)
lepl(w)(w(w)) _ (AM1M2 + BMsMs3 + M3M4)1/)(w) .

1
P(|P(W)N(1 = [p(w)[?)a*?
where M, = 5 +t+i,i=1,23 4.
To prove (1), we choose the corresponding function in (7) with

M 2Ms
A=—"- B=-"—"2=
My’ My’
and denote it by fw(w), then we have
P
([Y(W)N(L = [Y(w)[?)7
where P = —'* — 2M; + 1.
By the boundedness of DM, Cy : H(p,q,9) — B¥, we have ||[DM,Cly fywllse <
C, then
DM,Cy Foin)
| > Sw(( v fuw)) (Z)>
C

Y

5 Plu" (w)|
sup(l — |w T
we%( 4 )¢<C¢(Iw(w)l)(1—Idi(w)lz)")
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from which we can get (1). To prove (2), we choose the corresponding function in (7) with

A —2My — My My + MsM, 5 M,y My — M3 M,
o 2M, T 2M, ’

and denote it by Gp(w)>» then we have

Ey(w)
/ 1
gw(w) (¢(w)) = 1 ) gw(w)(’l/J(W» = gqp(w) (w(w)) = Oa (9)
O(Ip(w)) (L = [p(w)[?)a*!

where

— — M? My Mz M. My My — MM,

o 2Mi1 My — Mi Mo + My Mz 4 MMy sMa o
2M> 2
By the boundedness of DM, Cy : H(p,q,¢) — B¥, we have || DM,Cygy)llse <
C, then
(DM, Cygy () (2)
o 52200
DM,yClyguion)
L<lp()l<1 C

BV [0 )00 ) o)
= su 1—|w .
I )90< Col(@))(1 — [b(w)2) >

It follows that

p PO @)Y() + u() ()]
1<iw@l<t (lpw))(1 = [P(w)[?) st
<2 gy MOWOIRE@ @] g
I<lp(w)l<1 Sl (@))(1 = [p(w)[2)7F
Since ¢ is normal, and using (5), we have
p M) @)V (@) + u(w) ()]
<t ¢ = w2t
< C sup  p(w)|2u' (W)Y (w) +u(w)P"(w)] < co. (11)

l(w)|<3

From (10) and (11), we can get (2). To prove (3), we choose the corresponding function
in (7) with

A=1 B=—
and denote it by hw(w) , then we have
— 2
Fi(w)
Pl (@)) (1 = Jgp(w)[?)a ™

hap() (@) = hay ) ($(w)) = 0, By (Y(w)) = (12)

where ' = MlMQ — 2M2M3 —+ M3M4.
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By the boundedness of DM, Cy, = H(p,q, ) — B?, we have || DM, Cyhy)llse <
C, then

1 S@((DMqugww))'(Z))
(1 o)
(1= oo

1 |wf?

vV

sup
3<ly(w)|<1

|<DMuc¢hw(w>>’<w)|>
C

Flp(w)?|u(w)]|¢ (@)[? >
Co([th(w))(1 = [p(w)[2) 7+

= sup
L<]p(w)l<1

It follows that

wp A2
1<lw@)<t p(J(w))(1 = [ (w)[2) T
p LWL WE
1<lp@)l<1 ¢ (@)) (1 = [(w)[?)a*
Since ¢ is normal, and using (6), we have

plw)|u(w)|[¢" (w)[* _<c

13)

sup < sup  p(w)|u(W)|[¢'(w)]? < oco.  (14)
@)t ¢(le@))A = [Pw)[2)aT p(@)I<d
From (13) and (14), we can get (3), finishing the proof of the theorem. ([l

Theorem 4. Let u € H(D), ¢ be an analytic self-map of D, 0 < p,q < oo and ¢ be nor-
mal. Then DM,,Cy, : H(p, q, $) — B? is compact if and only if DM,,Cy, : H(p,q, $) —
BY is bounded and

- p(z)|u" (2)] -0 (15)
=1 g(|(2)]) (1 — |w(2)[2)7

i w(z)2u (2)¢' (2) + (2)1///( )| —0, (16)
I G((2)])(1 - [(z)[2) 7+
2

@lEIYEE (17

im Fw)
WEHI=L (|9 (2))(1 = [9(2)?)
Proof. Suppose that DM, Cy, : H(p, q,$) — B¥ is compact. It is clear that DM,,CY :

H(p,q,¢) — B? is bounded. Let {z, },en be a sequence in D such that [¢(z,)] — 1 as
n — 00. Set

fn(z) = fw(zn)(z)v gn(z) = gw(z")(z)y hn(z) = hd)(zn)(z)'
Then by the proof of Theorem 3,

Sup || full #r(p,g.6) < 005 8UP [|gnll 1 (p,q,6) < 00, 5UP ([ Fr(p,q,6) < 00
neN neN neN

Moreover, we can see that f,, g,, h, converges to 0 uniformly on compact subsets of .
Since DM, Cy, : H(p, q,$) — B¥ is compact, by Lemma 1, we get

lim HDMuC’wanBw = lim ||DMuC¢,gnHB<p = lim

By (8) we have

fuW(zn)) = F /

S (za)) (L — |9(20)[?) 7
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Then
(DMqufn)/(Zn))
S,
b= W(HDMquanBv
> <1—|zn|2>so( Pl (z.) )
(10 (1 — [z 2)F [DMuCo fo e

It follows that
p(zn) |0 ()|
O(|9(2n) (1 = [¥(2n)[?)

< C||DM,Cy frllBe-

Q=

Therefore
. plen)lu )|
W)= o190 (2n)[) (1 — |1(2n)[?)
— lim pealC)l (18)
"7 d([Y(2n) (1 — [h(zn)[2) 7
So (15) follows. By (9) we have

([ (zn) (1 = |1 (zn)[?)

g;("/’(zn)) = & I gn("/’(zn)) = gg("l}(zn)) =0,

Then

1 S ((DMqugn)l(zn)>
v HDMqugn”B“P

Y%

2 Elz/’(zn)HQul(Zn)l//(zn) + u(zn)z//’(zn)|
(=l ”<¢w<zn>|><1 - |w<zn>|2>é+l|DMuc¢gn||B@>'
It follows that

B(z) 9 (za) 126 (2)8 (20) + u(za)¥" (20)]
S| (za) ) (1 — [(2)[2) T

< CHDMuCngnHBV’ .

Therefore
o G20 ()Y (z) + ul(za) Y (2n)]
=1 (1)) (1 — [ (2n)[2) o
i PGl ) (20) 4 ulz )i (2]
n=c0 A1 (z0) )1 = [(2)[2) s
So (16) follows. By (12), we have

=0. (19)

2

/ " F¢(Zn)
hnwzn :hnwzn =07hn1/12n = 1 .
(wizn) (wizn) Wiz P9 (za) ) = [1h(z0)[2) 72

Then

Lo g ((DMLCuh,) ()
P\ IDMLCohnlse

\%

a2 Flip(zn) | [u(za) |19 (20)
(=l 5 | )

([(2) (1 = [¢h(20)[2) 72| DMy Cyhnl| 5o

941 HAIYING LI et al 934-945



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

ON A PRODUCT-TYPE OPERATOR FROM MIXED-NORM SPACES TO BLOCH-ORLICZ SPACES 9

It follows that

P () |9 (2n) [P [uzn) 14 (Zn)l2
(1 (z))(1 = [(za)[2) T+ T

< C||[DMyCyhy||ge.

Therefore

pn) a9 )P o)) Pl )

lim 1 1
[WGEDI=1 G([1(2n) ) (1 = [0(2n)[2) 72 7= (|9h(2n) ) (1 — [(20)[2) a2

So (17) follows.
Conversely, suppose DM, Cy, : H(p, g, $) — B¥ is bounded and (15), (16), (17) hold.
Then (4), (5), (6) hold by Theorem 3 and for every € > 0, there is a § € (0, 1) such that

p(2)|u"(2)]

T <¢€ 20)
o[ (2))(1 = [¢(2)[?)
MR e) +ul Q] o
s([Y(2))(1 = [(2)2)
MO o)
2

([0 ())(1 — [(z)2)a*

whenever 0 < |(z)| < 1.

Assume that {t,, },en is a sequence in H(p, g, ) such that sup,, ey [|tn |z (p,q.6) < L
and {t,,} converges to 0 uniformly on compact subsets of D as n — oo. Let K = {z €
D : |¢(2)| < d}. Then by Lemma 2, (4), (5), (6), (21), (22) and (23), we have

iggu(z)l(DMqutn)’(Zﬂ
sup (2 () ()] + 50D () 20 (' (2) + ()0 ()6, ()
+ sup 1(z)|u(2)|[¢ (2) [t (¥ (2))]

IA

IN

, () a0
su 2)|u’ () |tn(¥(2)| + C1 su .
SR NI+ s N = () )

+ sup (=) 20 ()0 (2) + w2 (2) 8, (6 (2))
10y ap HEARIOVE) U Ol
seD\K BN - [9() )™

s M PN + Co sup LI Pl
+sup IV P+ G sup 0=

< C’( sup |tn(w)| + Sup [t (w)| + sup [t (w )|>—|—3Le.

lw|<é |w|< |w]<

So we obtain

DM Cytn|pe = IU'(O)tn(w(O))+U(0)1//(0)t;(1/)(0))\+§1€15u(2)l(DMqutn)’(Z)l

[/ (0)[ [ (1(0))] + [u(0)[ |4 (0)[£, (1(0))]
+C< sup |tn(w)| + sup |t (w)| + sup [t (w )|> + 3Le. (23)

lw]<é |w|<é w]<

IN
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Since t,, converges to 0 uniformly on compact subsets of D as n — oo, Cauchy’s estima-
tion gives that ¢, ¢/ also do as n — oo. In particular, since {w : |w| < ¢} and {¢(0)} are

n’>'n

compact it follows that
Jim [u’(0)[£n (42(0)] + [u(0)[[" (0)][£, (4(0) = 0,

lim sup |t,(w)| = lim sup |t (w)] = lim sup |t/ (w)| = 0.
0wl <6 0 w| <6 0 w| <8

Hence, letting n — oo in (24), we get
lim ||[DM,Cyty| e =0.
Employing Lemma 1 the implication follows. (]
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A SHORT NOTE ON INTEGRAL INEQUALITY OF TYPE
HERMITE-HADAMARD THROUGH CONVEXITY

MUHAMMAD IQBAL, SHAHID QAISAR, AND MUHAMMAD MUDDASSAR*

ABSTRACT. In this short note, a Riemann-Liouville fractional integral identity
including first order derivative of a given function is established. With the help
of this fractional-type integral identity, some new Hermite-Hadamard-type in-
equality involving Riemann-Liouville fractional integrals for(m, h1, ha) —convex
function are considered. Our method considered here may be a stimulant for
further investigations concerning Hermite-Hadamard-type inequalities involv-
ing fractional integrals.

1. Introduction and Defintions

Many inequalities have been established for convex functions but the most famous
is the Hermite-Hadamarad inequality, due to its rich geometrical significance and
applications, which is stated as in [12]

Let f: I CR — R be a convex function defined on the closed interval I of real
numbers and a,b € I with a < b

(350 2t [ 1w 1020

Both the inequalities hold in reversed direction if f is concave. We recall some
preliminary concepts about convex functions:

Definition 1. [7]. A function f : [0,00) — R is said to be s-convex function or
f belongs to the class K& if for all z,y € [0,00) and u,v € [0,1], the following
inequality holds

f(pr +vy) <pof (z) +v°f (y)
for some fized o € (0,1].

Note that, if u® +1v° = 1, the above class of convex functions is called s-convex
functions in first sense and represented by K! and if u + v = 1 the above class is
called s-convex in second sense and represented by K2.

Definition 2. [11]. A function f : [0,b] — R s said to be (o, m)-convex, where
(a,m) € [0,1)% , if for every x,y € [0,b] and for X € [0,1], the following inequality
holds

FQy+m A=) <Af(y) +m (1 =A%) f(z)
where (a,m) € [0,1]? and for some fized m € (0,1].

Date: October 20, 2015.
2010 Mathematics Subject Classification. 26D15; 26A33; 26A51.
Key words and phrases. Hermite-Hadamard-type inequality; (m,h1,h2) —convex function;
Hoélder’s integral inequality; Riemann-Liouville fractional integrals.
corresponding Author *.
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Theorem 1. [3]. Let f: I C R — R be a differentiable function on I° (interior of
I) where a,b € I° with a < b. If |f'| is convezr on [a,b], then we have

flay+f®) 1
5 _bfa/a f(z)dz

< 5@+ o).

Theorem 2. [8]. Let f : I C R — R be a differentiable function on I° (interior
of I) where a,b € I with a < b. If the mapping |f'|? is convez on [a,b], for some
q > 1, then the following inequality holds:

@i 1
| e R

b Pf'(a)q;u'(bnq]i

2

Theorem 3. [13].Let f : I C [0,00) — R be differentiable mapping on I° a,b € I°
with a < b, and If | f'|? is quasi-convex on [a,b], p > 1. Then the following inequality

holds:
fl@+fo) 1 [° (b
| 30 a/a f(x)dx

—a) [ 4 \7
< -
- 16 1+p

{r@r airmr)

2

i@ o] T

Theorem 4. [9]. Let f : I C [0,00) — R be a differentiable function on I° where
a,b € I° with a < b such that f’ € Lla,b], where a,b € I witha < b. If the mapping
|f"19 is s-convex on [a,b] for some fized s € (0,1] and ¢ > 1, then the following
inequality holds:

fla+fo) 1
5 _b—a/a flx)dx

[1F" ()" + £ ®)I]

Q=
Q=

b—a
< —
249

Theorem 5. [4]. Suppose that f : [0,00) — [0,00) is a convex function in the
second sensewhere o € (0,1) and let a,b € [0,00), a <b.if f € Ly ([a,b]), then
the following inequality holds

za—1f<“+b> < 1a/bf(m)dx<f(a)+f(b).

2 b— a+1

Fraction calculus [2, 6, 1, 5] was introduced at the end of the nineteenth century
by Riemann and Liouville the subject of which has become a rapidly growing area
and has found applications in diverse fields ranging from physical sciences and
engineering to biological sciences and economics. We recall some definitions and
preliminary facts of fractional calculus theory which will be used in this paper.

Definition 3. [6].Let f € Lj[a,b]. The Riemann-Liouville fractional integrals
JS f and J- f of order a > 0 with a > 0 are defined by

S @)= s [0 Ot (@ <o),
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and .
1 a—1
Je = | @¢- tydt, (b>z),
S @)= [ - T W 0> 0)
respectively
Here T (« fe“" Ydu. Here is JO, f (z) = J)_f (z) = f ().

In case of a = 1, the fractional integral reduces to the classical integral. The
aim of this paper is to establish Hermite-Hadamard type inequalities based on
(m, hi, he) — convexity. Using these results we obtained new inequalities of Hermite-
Hadamard type involving Riemann-Liouville fractional integrals.

2. Main Results

Before proceeding to our main results, we present some necessary definition and
lemma which are used further in this paper.

Definition 4. Let f : I C Ry — R, hi,hs :[0,1] = Ro, and m € (0,1], then f
is said to be (m, hy,hy) — convez. if f is non—-negative and the following inequality

fAz+m1=XNy) <hi (A) f (@) +mhe (1-X) f(y),
holds for all x, y € I and X € [0,1].
If the above inequality is reversed then f is said to be (m, hq, hay) — concave.
Mo (a,b) = 7 [f (o) + 3 (F (355) + £ (=5%)) + f (0)]
_F(O(Kljr—lgz)lzil {‘]g}f (3a+b) + J3a+b+ (ang) + Ju+3b+ (b)} .

Specially, when o« = 1, we have

e oS (52) 1 (252) +r0]

Lemma 1. Suppose f : [a,b] — R is a differentiable mapping on (a,b). If ' €
Ly ([a, b)), then we have the following identity
3 J3 (0= A £ (Aa + (1 — X) B52) g
MO‘ (a’ b> = 16 X + fo ( )‘a)fl (/\3a+b (1 - )‘) %3})) dA
(L= A2 (A9 (1 — M) b) dA

Proof. By integrating, and by making use of the substitution u = Aa+ (1 — \) #

we have

7
e

fO Aaf'(Aa+( =) 228y ax )

[
[=2]

=1 [/ @ = afy (-ANF (a+ (1-2) 22 heta
:iﬂa)—g,%;a (%—u)a*ﬂu)du
= 1f () - HeE— g, f (342)
b {ly (3= 2)f (AR5 + (10 =52) dn}
=5 [(F (352) + 1 (+4))]
[ A (s (- i) i

(3“4*”) + 1 (50))] - HEe e s (5)
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Jo (L= X*) 7 (A9EBE 4 (1 \)b) dA
= (0) = MG T S ()

This proves as required. O

Theorem 6. Suppose f : [a,b] — R is a differentiable mapping on (a,b) with a < b.
such thatf' € Ly ([a,b])for 0 < a < b. If |f'|? is (m, h1, he) —convex on [a,b] for
some fized ¢ > 1 and hy,he € Ly ([a,b]), then we have the following inequality

M, (a,b) < &8 x

1-1/ 1/
(s) % (1 @1 Ml +m £ (32222) [ el )
1 (a2@-0/a g1\ 7Y ! (3a+b\ |9 ' (a+3b
4 () T (1 )l m £ ()| ks I
1-1/q
F (2B (2= ) (1 ) Il + (2] el )

1/
Suppose ||hi][, = (fol Ry () d/\> 3 forp > 1 with B(x y) is the classical Beta
function which may be defined B (x f AL (1= N\ 1, x > 0,y > 0. for
0<a<b.

Proof. H older integral inequality and Lemma 1 together implies with (m, hy, ho)-
convexity of | f/|*

My (a,b) < 222 x

(ixearta) " s (i @1 Il +m 7 (22 el

PO (s (@ Il (52 e, )
(=2 a) ™ (7 ()l | ()] el

Therefore,
f )‘aqm 1d}‘ - aq+q 1 0 )‘a @i 1d/\ (qu:f’é)’
o aale—1/a_
fo |§_)‘ |d)‘_ : a+1 ot
This completes the proof . 0
Corollary 1. In Theorem 6, if we choose hy (A) = h(X), ha(A) =h (1 —)), then
we have,

M, (a,b) < =il

[ <(mq%;_1>1—1/q x (\f’ (@)|* +m|f (%)’q)l/q
o3 (=) (e e ()
n (EB (2q 1 Clv))171/q (’f’ (a+3b)|q +m’f’ (E)‘ ) 1/q

Furthermore if we choose m =1, we have
M, (a,b) < ¢

[ () (1 @1+ | (222 )
#h (a2t ) T (| ) ()
(22 ) (I e o)

1/q

1/q
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Corollary 2. Under the conditions of Corollary 1, if we choosehy (\) = h(\) =
A5, m =1, we have the

M, (a,b) < % (H%)l/q o
_ 1-1/q " 1/q
() i)
a—1)/a -
(et (I G I ()
1-1/q 1/q
B ) (e 1 @)
Specially, if we choose a = s = m = 1, we have the
1-1/q 1/q
e | @) (@l (el
_ 1
M, (a,b) < ( a) <) % +(%)271/qx (|f/(3aT+b)’q+’f/(a—Z3b)|Q) /q
1-1/q 1/q
(35) (1 E e o)

Corollary 3. Under the conditions of Theorem 6, if we choose hq (A) = A, ho (A) =
1-— )\0‘17 we have the
1/q
W (am)

(mﬂ; 1) D (1 @1+ man | (222)])

+1 (azm ;)ﬁ a+1)1 (‘f/ 3a+b)| +m|f/(a+3b)| )

(28 (22, 2)) 7 s (7 (=) 4 man | (2)]Y)
Specially, if we choose m =1, we have the,

1/q
b
M (0’ b) < (16a) (oqlJrl) x

(se) " (1 @r g (2 7)

agq+q—1
a—1)/a 1-1/q
wy ()l el ()
1-1/q 1/q
+(3B(2=2) k(I (= Falr o))
Theorem 7. Suppose f : [a,b] — R is a differentiable mapping on (a,b) with a < b.

such thatf' € Ly ([a,b])for 0 < a < b. If |f'|? is and (m, hi, ha) — convez on |a,b]
for g > 1, and hq, he € Ly ([a,b]), then we have the following inequality

1/q

1/q

1/q

M, (a,b) < (b 6a) (%ﬂ)l_l/qx

1/q
317 @1 (s + Inal3) + 2 15 (C2)|” (5 + a3
a—1)/a 1-1/q E
H () (\f’ (352 [ |, + | (5E22) [ e,

a+1
1/q

L ()| (oS + 1Ml

+5 |7 () m + [l7alf3

1,1 _
Whereg—i—a_l

1/q

_’_Oélfl/q
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Proof. Using Holder’s inequality and by Lemma 1, and (m, hq, ha) — convexity of

|f'|*, we get
M, (a,b) <
1—
(folAads Va
1-1/q
+@"" (Jol3 A1y

b—a
(16)X

o 1-1/q ‘f/ (a—l—Bb)‘ f )\a hl ()\)d)\
+(Jo0 = x)aY [-pm‘f( )|0f0 1=A%) iy () dA
M, (a,b) <1 11/%

(Jop=a)
woxw

+(foa- )\"‘d)\ q[

1 1/

+ 2

() [

1 1/q
a—i—l X

2
[5 | (a)| (m + ||h1|\2)
=1/ _ =1

+%( a+1
+a1_1/q %|f/ (a236)|q
+5 11 G’

This completes the proof .

16

m | f (3a+b)‘ (

2a°
(2a+1)(a+1)

+ [[hallz

)]

202
(2a+1)(a+1)

E

Corollary 4. In Theorem 7, if we choose hy (A\) = A*

+ [[hallz

I @17 JoAa () A+ |7 (2| fxha (A
%wwmlmwwwa

sl ([T

2a+1

/a . 1/q
) x(v'%#MWmm+muw%%nw@m)

% 1/q
L

&

1/\2a+h 222y d\tm ’f’ (3a+b 1)\2a+h2 d}l/q
2

x@@mmmwwwg

)/q

]1/q

+mat)]

1/q

O
, ha (A) =1— X" we have

1-1/q
M (o) < 852 () 7
1/q
|: |f/ (2a+1 + 2a1+1) |f/ (3a+b)’ (20z+1 + (2a1+210)((a1+1)>:| y
/ a a (e} ! g
( 9(a=1)/a —a+1) 1q (|f/(3+b) a1+1+m’f/(+3b)qa1i1)

2

+a1—1/q [

If we choose hy (\) =

a,b) <

M, (
(7

+

1
tal-la | ?
X

= Q

e

(a2te-D/a _

2a°

2a°

(2a+1)(a+1) + 2a1+1

)

2a1

X

ha (A) =

+3 [ (I

h(N), h(1

ba)

2a°

2
(m + ||h1||2)

(1 (=2) " + 17 ®]")

951

Gathar) T

-,

(2a1+1)(a1+1

YMWMWMOWWW%W
ae ) (I (1 () + L (=52)))

]1/q

)|

m =1 we have

1/q

1/q
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If we choose hy (A) =h(A) =X, ha (A) =h(1—X), m =1 we have the,

M, (a,b) < 0=t

(&)

+1 (a2@=D/a — g4 1)« (Sil

202

% ((2o¢+1)(a+1) + 251+1)
< (|7 (=) + 1 o)1)
In Theorem 7, if we choose hy (A) = h())

m = 1, we have

+al~1/a

1/q

(st + ) + (19 @1+ 17 (229)[")
(I7 ()" 11 (=5)]"))

1/q

1/q

M, (a,b) < = x

il

5 (17 (=) 4+ 1 o)

3. Acknowledgments

The authors are grateful to Dr S. M. Junaid Zaidi, Rector, COMSATS Institute
of Information Technology, Pakistan for providing excellent research facilities. The
author S. Qaisar was partially supported by the Higher Education Commission of
Pakistan [grant number No. 21-52/SRGP/R&D/HEC /2014.

(1]
2]
(3]

[4]
(5]

(10]
(11]

(12]

REFERENCES

Z. Dahmani, New inequalities in fractional integrals, International Journal of Nonlinear Sci-
ence, 9(4) (2010), 493-497..

K. Diethelm, The Analysis of Fractional Differential Equations, Lecture Notes in Mathemat-
ics, Springer, Berlin, 2010.

S. S. Dragomir, R. P. Agarwal. Two inequalities for differentiable mappings and applications
to special means of real numbers and to trapezoidal formula, Appl. Math. Lett., 11(5) (1998)
91-95.

S. S. Dragomir, S. Fitzpatrick. The Hadamard’s inequality for s-convex functions in the second
sense, Demonstratio Math. 32 (4) (1999), 687-696.

E.K. Godunova and V. I. Levin, Neravenstva dlja funkeii sirokogo klassa, zaScego vypuk-
lye, monotonnye i nekotorye drugie vidy funkii, Vyscislitel. Mat. i. Fiz. Mezvuzov. Sb.
Nauc.Trudov, MGPI, Moskva, 1985, 138-142.

R. Gorenflo, F. Mainardi, Fractional calculus: integral and differential equations of fractional
order, Springer Verlag, Wien (1997), 223-276.

H. Hudzik, L. Maligrada. Some remarks on s-convex functions, Aequationes Math. 48(1994)
100-111.

U.S. Kirmaci. Inequalities for differentiable mappings and applications to special means of
real numbers and to midpoint formula, Appl. Math. Comp. 147(1)(2004), 137-146.

U. S. Kirmaci, & Ozdemir, M. E. 2004a. On some inequalities for differentiable mappings and
applications to special means of real numbers and to midpoint formula, Applied Mathematics
and Computation 153: 361-368.

G. Maksa, Z. S. Pales, The equality case in some recent convexity inequalities, Opuscula
Math., 31(2011), no.2, 269-277.

V. G. Mihesan, A generalization of the convexity, Seminar on Functional Equations, Ap-
prox.and Convex,Cluj-Napoca (Romania) (1993).

C. Niculescu, L. E. Persson, Convex functions and their application, Springer, Berlin Heidel-
berg New York, (2004).

952

IQBAL et al 946-953



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

8 M. IQBAL, S. QAISAR, AND M. MUDDASSAR

[13] C. E. M. Pearce, & J. Pecric 2000a. Inequalities for differentiable mappings with application
to special means and quadrature formula, Applied Mathematics Letters 13: 51-55.

[14] S. Qaisar, C. He. S. Hussain. On New Inequalities of Hermite-Hadamard type for generalized
Convex Functions. Italian journal of pure and applied mathematics. In Press.

[15] S. Qaisar, S. Hussain, Some results on Hermite-Hadamard type inequality through convex-
ity. Turkish J.Anal.Num.Theo Vol. 2(2), 53-59 (2014).

[16] S. Qaisar, C. He. S. Hussain, New integral inequalities through invexity with applications.
International Journal of Analysis and Applications.(In press).

[17] S. Qaisar, He. C, S. Hussain, On New Inequalities Of Hermite-Hadamard Type For
Functions Whose Third Derivative Absolute Values Are Quasi-Convex With Applica-
tions,JournalofEgyptianMathematicalSociety.doi.org/10.1016/j.joems.2013.05.01

[18] M.Z. Sarikaya, E. Set, H. Yaldiz, and N. Basak, Hermite-Hadamard’s inequalities for frac-
tional integrals and related fractional inequalities, Math. Comput. Model, 57(2013), 2403-
2407.

[19] S. Varosanec, On h-convexity, J. Math. Anal. Appl., 326 (2007), 303-311.

E-mail address: migbal.bki@gmail.com

GOVERNMENT COLLEGE OF TECHNOLOGY, SAHIWAL, PAKISTAN

E-mail address: shahidqaisar90@yahoo.com

COMSATS INSTITUTE OF INFORMATION TECHNOLOGY, SAHIWAL, PAKISTAN
E-mail address: malik.muddassar@gmail.com

UNIVERSITY OF ENGINEERING AND TECHNOLOGY, TAXILA, PAKISTAN

953 IQBAL et al 946-953



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

DEGENERATE POLY-BERNOULLI POLYNOMIALS OF THE
SECOND KIND

DMITRY V. DOLGY, DAE SAN KIM, TAEKYUN KIM, AND TOUFIK MANSOUR

ABSTRACT. In this paper, we introduce the degenerate poly-Bernoulli polynomials
of the second kind, which reduce in the limit to the poly-Bernoulli polynomials of the
second kind. We present several explicit formulas and recurrence relations for these
polynomials. Also, we establish a connection between our polynomials and several
known families of polynomials.

1. INTRODUCTION

The Korobov polynomials of the first kind K,(\, x) with X\ # 0 introduced by Korobov
(actually he defined the polynomials 2 K, (X, z)) (see [13,14, 18]) are given by

At
1.1 (14t Ko\,
(1) Arapr—1- " ; 7)

When z = 0, we define K,(\) = K,(),0). These are what would have been called the
degenerate Bernoulli polynomials of the second kind, since limy o K, (A, x) = b,(z),
where b, () is the nth Bernoulli polynomial of the second kind (see [15]) given by

t
——(1+t)" b (
log(1 +t - Z

n>0

On the other hand, the poly-Bernoulli polynomials of the second kind Pot) (x) (of index
k) are introduced in [12] (see also [5,7,10]) and given by

L'lk(l — € t
1.2 —_— 1 t)* Pb(k
(12) log(1+t) * Z

n>0

z"

where Liy, () (k € Z) is the classical polylogarithm function given by Liy(z) =3, -, 7%

In this paper, we introduce the degenerate poly-Bernoulli polynomials of the second
kind Pb (X, ) with A # 0 (of index k) (see [3,6,8]) which are given by

)\le(l — € t
(1.3) S 1 +1)" Pb®)

(1+1t)* — nZ%
When x = 0, Pott) (X, 0) are called the degenerate poly Bernoulli numbers of the second
kind. Clearly, Pb) (N, 2) = K,(\, ) and limy_o PO (A, z) = Pb(2).

2010 Mathematics Subject Classification. 05A19, 05A40, 11B83.
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Recall here that the A\-Daehee polynomials of the first kind D, (x) (see [9]) are given
by

Alog(1 +1t)
1.4 T Dy
(14) T =2 Duala

n>0
When x = 0, D, = D,, »(0) are called the )\ Daehee numbers of the first kind. Note
that, as ?fjﬁgt? Liﬁ&l_—f;)t) (1+1)" =30 PoP (N, z)L:, the degenerate poly-Bernoulli
polynomials of the second kind are mixed-type of the - Daehee polynomials of the first

kind and the poly-Bernoulli polynomials of the second kind.

The goal of this paper is to use umbral calculus to obtain several new and interesting
identities of degenerate poly-Bernoulli polynomials of the second kind. To do that
we refer the reader to umbral algebra and umbral calculus as given in [16,17]. More
precisely, we give some properties, explicit formulas, recurrence relations and identities
about the degenerate poly-Bernoulli polynomials of the second kind. Also, we establish
a connection between our polynomials and several known families of polynomials.

2. EXPLICIT FORMULAS

In this section we present several explicit formulas for the degenerate poly-Bernoulli
polynomials of the second kind, namely Pbslk)()\,m). It is immediate from (1.3) that
the degenerate poly-Bernoulli polynomials of the second kind are given by the Sheffer
sequence for the pair

2.1) PHIO) ~ (0u0) £0) = (37 oo 1)

To do so, we recall that Stirling numbers S;(n, k) of the first kind can be defined by
means of exponential generating functions as

(2.2) pEA j log (1 +1)

>4

and can be defined by means of ordinary generating functions as
(2.3) Zsl n,m)z™ ~ (1,et — 1),

where (2), =z(z —1)(x —2)--- (z —n+ 1) with (z)p = 1.
Theorem 2.1. For alln > 0,

PYP (N z) = i (i (Z) Si(¢, j)Pbﬁf“_Q(A,O)) a’

i=0 \t=j
n n n—~{ n n—/

- (Z Z (6) ( )Sl(euj)Pbgrli)Dn—f—m,)\> x’.
7=0 {=j m=0 m
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Proof. By applying the fact that

(2.4) snl@) =Y < {g(FE) T F(@) | 2")a?,

for any s, (z) ~ (g(t), f(t) (see [16,17]) in the case of degenerate poly-Bernoulli poly-
nomials of the second kind (see (2.1)), we have

%(gk(f(t))_lf(t)j |2

B ALig(1 —e™") W\ /ALig(l—eh)  log’(1+1) |,
(2.5) _j!<W(log(l+t)) | @ >_< 1+t —1 | ]! & >’
which, by (2.3), we have

%(gk(f(t))_lf(t)j |27

ALip(1 —e™t) t¢ " /n JALig(1—e7t .,
(T E e ) =S (s (R )

_Z< )51 (€, 5) P;;:(A 0),

which completes the proof of the first equality.

Now let us calculate a; = %(gk(f(t))_lf(t)j | ) in another way. By (2.5), we have

) <)\log(1+t) | Lix(1 —e‘t)xn_z>,

1+t —1" log(l+1)

=3

which, by (1.3) and (1.4), implies

n n—4{
n\(n—1~¢ , Alog(1 +t) e
- (k) n—f—m
K Zg:j @( m )51“’”%’” <<1+t>*—1 v >

n—~{
_ (“) <” - ‘5) (6 )P Do,
_ 14 m ’
{=7 m=0
Thus,
n n n—{
PO (A, z) = (Z > (Z) (” N g) Si(, j)PbSJPDn-e-m,A) v,
7=0 {=j m=0 m
as required. -

Theorem 2.2. For alln > 0,

PEP (A z) = 3 (:@) Dy s PO (2) = (Z) PO, Dy ().
m=0 m=0
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Proof. By (1.3), we have

[ Alog(1+1t) | Lip(l—e™) Yy n
PO = (TR e 1)

which, by (1.2), we obtain

PO = (f;) PH(y) <$ | xm> |

m=0

Therefore, by (1.4), we obtain the first equality. To obtain the second equality, we
reverse the order, namely we use at first (1.4) and then (1.2), to obtain

POy = 3 (1) st (el 1) = 3 (1) D P,

which completes the proof. O

Note that it was shown in [9] that D, (x) is given by > "_;Si(n, j)N Bj(z/)), where
By, () is the mth Bernoulli polynomial. Thus, for z = 0, we have

Dn,)\ = Z Sl(na j))\jBﬁ
=0

where B,, is the mth Bernoulli number. Hence, we obtain

PoP (N, z) = zn: (% (7’;) Si(n—m, eW&) P (z)

m=0 =0
_ (Z (Z) S (¢, m)Ameﬁf_)g) Bo(z/)).
m=0 \l=m

Note that Stirling number Sy(n, k) of the second kind can be defined by the exponential
generating functions as

(2.6) 3 S, k)Z—T _ (&%

Theorem 2.3. For alln > 1,
n n—r n—{—r
-1 _
PHO () =3 (Z (") () sin - e mw> B (x/).
r=0 =

Proof. By 2.1, ™ ~ (1,t), and the transfer formula (see [16,17]), we obtain, for n > 1,

eM—1
>\le(1 — 61_6t)

PY® (X, z)
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Thus,

= n—1 (n) At )\L'Lk(l — 6_8) n—t
= Z Bl |s=et—1 "7,
- 14 el —1 log(l+ s)

=
which, by (1.2) and (2.6), implies
n—1
K _ n— 1\ pm_ At ple =D
Py® (A x)_;<< ) )BZ N 1z>:opbgn> o
=0 m=

Here we used the following fact: (}\t)x = N's,(z/)\) for any s,(z) ~ (g(t),t) and

A #0. Indeed, (% | 1/g(M)a™) = AF((A)F/g(At)|a™) = A (tF /g (t)| Amam) = An—h(¢h |
1/g(t)a™) = Nt/ N)* | su(@)) = (t* | A"sn(2/N)).

By exchanging the indices of the summations, we obtain that

n—1 n—f n—f—m n—1 )
2.2 2 < )( )Bé"’Pbé’?sm—e—r,mWBr(x/A)
m=0 =0
—L—

( <nz 1) (n;g)Bén)Pbgf)Sb(n—ﬁ—T,m))\T> B.(z/)),
r=0 \¢=0 m=0

as claimed. H

Theorem 2.4. For alln > 0,

Pb® (A, z) Z (iz ( )51 n,0)Sy(0 —r, m)prg’?) B, (z/)).

3|I

r=0 l=r m=0
Proof. By (2.1) we have that pr (A, z) ~ (1" — 1). Thus, by (2.3), we
obtain
ALiy(1 — el‘et) ALi (1 — el
(k) o k k ¢
27 PHOOe) = 5 ;Slnf "

) et
By replacing the function %ﬁ) by

M ALig(1— ™)
M—1 log(l+s)

and by using very similar arguments as in the proof of Theorem 2.3, one can complete
the proof. O

|s:et—1a
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. _ t B;tit1
Note that Liz(1 —e™) = [) g5dy = 22,50 B L [Yyidy = > j>0 igrny- For general
k > 2, the function Liy(1 — e™") has integral representation as

bl Vo1 v 1 vy
y _t — . e .
Li(1—e )_/0 ey—l/o ey—1/0 ey—1/0 o — W dydydy,

-~

(k—2) times

which, by induction on k, implies

k—1

. , B.
2.8 Lip(1—e ) = it tl — L :
(28) #l ) Z Z H]i!(]1+"'+]i+1)

Jj120 Jk—120

Theorem 2.5. For alln >0 and k > 2,

n k—1

B
PEOIO ) =Y (K Na) | Y [
=0 Jit e =€ i=1 JilGr +- 4+ g+ 1)
Proof. By (2.1), we have
ALig(1 — et
(k) — k T
Pb, (A y) < (Em (1+t) |z >
Lip(1 —e™) At
< t |(1+t)x_1(+)$

t >0
" /n Lip(l—e!
=0
Thus, by (2.8), we complete the proof. O

3. RECURRENCES

Note that, by (1.3) and the fact that (x), ~ (1,e'—1), we obtain the following identity.
PP (N z+y) = > (?) Pbg-k)()\, z)(y)n—;. Moreover, in the next results, we present

several recurrences for the degenerate poly-Bernoulli polynomials, namely Pbgﬂ)(m).

Theorem 3.1. For alln > 1, PbP(\, 2z +1) = PoP (A, 2) + nPbiLk_)l()\,x),

Proof. 1t is well-known that f(t)s,(x) = ns,_1(z) for all sn( ) ~ (g(t), f(t)) (see
t

[16,17]). Thus, by (2.1), we have (e 1)Pb,(1k)()\,x) = nPb k) 1 (A, ), which gives
Pbgg)()\, r+1)— Pbgg)()\, x) = nan_l()\, x), as required. O
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Theorem 3.2. For alln > 1,

Po (N z) = 2PbP (N, & — 1)
"R Si(n,m)Se (4, €) (m+ 1 z+A—1
. Z Z Z 1 2 .77 ( ] )Pb(k ()\ 0))\m+1 ]Bm—i-l J(f)

m+1
m=0 (=0 j=¢ -

n m+1m+1
Si1(n,m)Sa(5,¢) (m+1 m x
DRI e et

m+1
m=0 (=0 j=/ +

>

Proof. Tt is well-known that that s,.1(x) = (z — ¢'(¢)/g(t ))f,(t sp(x) for all s,(x) ~
(g(t), f(t)) (see [16,17]). Thus, by 2.1, we have

(@ = gk(t) /() s = we™" — e (t)/gn(t),

'(t)
which gives
(3.1) PYI) (N @) = aPYE (A — 1) — e 7gi (1) /gu(t) PLP (X, ),
where
e—tg;f(t) — ot A _ 1 Lip—1(1 - 61_6t)6t61—et
gr(t) el —1  Lig(1—el=¢) 1—el=¢

- eM —1 eM —1 eM —1 e¢'=1 — 1 ALip(1 —el=¢")’

1 <)\te(*‘1)t ALip(1—e'=¢') M Lip_ (1 - el—et)) M1
- _

Note that the order te =t %) is at least one, and by (2.7) we have 67_1Pb(k (\,x) =

gx (1) ALig (1—
S o Si(n,m)z™. Thus, by (1.3), we have
gk(t)
_ Z Si(n,m) [ MePVIALi(1—e =) A Liza(1—e'"") it
m+ 1 eM — 1 eM — 1 eM—1 el —1

Therefore, by (1.2) and (1.3), we have

/
~e 968 )
e Pb (N x
ROM (A, z)

zn: Si(n,m) ()\te()‘ Dt \Lig (1 — e7%) At Lig_1(1—e7%)
m

) :L,m—l—l
s=et—1

—~ m+1 eM—1 (14+s)r—=1 eM—1 es —1
“~ Si(n m) (A—1)t (k—1) (" = 1) m+1
- m+1 eM ( NPy ( - PB i ™t
m=0 >0 ’ £>0 ’
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where PBék) are the poly-Bernoulli numbers(of index k). So with help of (2.6), we
obtain

/
9 () (k)
Py® (A,
o) (A, z)
n m+1lm+1 .
o Sl(n> m)S2(],€) m+1 )\t€ (A1)t (k—1) A m41—j
=y Y " ; P (0~ PB Y S )«

_ Z Z S1(n,m)Ss(j4,¢) (m+ 1) Pb ()\,O))\m+1_ij+1_j(x +A— 1)

m+ 1 J A

T

-

u +Slnm52j,€)<m+1

PB{ N1,
m+ 1 j ) +1- J(

m=0 (=0 j=/(

Therefore, by changing the summation on j, then substituting into (3.1), we complete
the proof. O

In next theorem, we find expression for %Pbgk)()\, x).
Theorem 3.3. For alln > 0,

d n—- 1 n -1
(k) ()
PO (A ) —n'z E, an (A, z).
=0
Proof. 1t is well-known that ZLs,(z) = i (@) | 2" F)se(x), for all s,(z) ~

(g(t), f(t)). Thus, in the case of degenerate poly-Bernoulli polynomials of the second
kind (see (2.1)), we have

(f(t) [2"~%) = (log(1 + 1) [ 2"™) = (=1)"""'(n — £ = D).

Thus
d n—1
— Py ( ) " — € — 1)!PYO(N, 2),
dx —
which completes the proof. O

Theorem 3.4. For alln > 1,
P\, z) — 2Pb™ (N, z — 1)

= % > (:1) (POED(N, 2)Boyn — PEP (N 2+ X = 1) K,_n(N)) -
m=0

Proof. By (1.3), we have, for n > 1

Py (N, y) = < 1+t 1+t)y|:17>
(3.2) - <AL12L — jt(lﬂ)y | 2" >
(3.3) <diAL12:1 ¢ I) (14 1)7 | x"_1> |
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The term in (3.2) is given by

ALip(1 — et o K
4 2R " A4t ) = y P ~1).
3.9 e W R I P BT NOWE
For the term in (3.3), we observe that i% = 1(A — B), where
Lip_1(1—e¢7t Lip(1 —e™t
= t ALip_1(1—e )’ _ At ALig(1—e )(1+t)’\_1
et—1 (1+t)r -1 1+t)*—=1 1+ -1

Note that the expression A — B has order at least 1. Now, we ready to compute the
term in (3.3). By (1.3), we have

<%—A(L1if£);f?(1 +1)Y | :)3"_1> = <%(A— B)(1+t)Y | :)3"_1>
= (AQ Y|~ 2 (BO 41| a7
_ % <6t 2 1 bg@—l>(A,y)%xn>
_ % <7(1 +j)’: — | ;Obeffb)(A,ij A 1)%x">
i;( )Pbk n( )\y)< t—1 n—m>
BT
(3.5) — %mio (:;) (POE DN, y) By — PEE (N y + A — 1) K, _n(N)) -

Thus, if we replace (3.2) by (3.4) and (3.3) by (3.5), we obtain
P\, z) — 2Pb™ (N, z — 1)

1 n
= > (Z) (PYEV (N, 2) By — PV (N2 4+ A — 1)K (V)
m=0

as claimed. O

4. CONNECTIONS WITH FAMILIES OF POLYNOMIALS

In this section, we present a few examples on the connections with families of polyno-
mials. To do that we use the following fact from [16,17]: For s,(z) ~ (g(t), f(¢)) and
() ~ (h(t), £(t)), let sp(x) = 1_y cnirr(z). Then we have

L)
(@) ense= g (SR O ).

We start with the connection to Korobov polynomials K, (), x) of the first kind.
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Theorem 4.1. For alln > 0,

PYI (A, z) = i ((Z) gm (n _e m) pB§k>> Kn(\, z)

m=0 =0
and
1 n n—m+1 n+1 6‘
(k) — _1\n—m+1—L _
PP (X, ) nHmZ:O< ; (—1) ( . )ngg(n m+1, €)> Kn(\, ).

Proof. By (1.1), we have that K,(\, z) ~ (L_l),et — 1). Let

Aet—1

PP (N x) = comEm(X, ).

m=0
Thus, by (2.1) (4.1), we obtain
1 /(1+t)*—1XLi et 1 /Lip(1—e?
" ml (1+ t) -1 m! t

I
TN TN N

M

n

m

S ~
||
o

[
3

pPBY
" pBM

<

() () )
VL (e ()

) 2 (") p [t

. ! 1 n—m (k)
_<m)zn—m—€+1< 1 )PBZ’

(=0

which completes the proof of the first identity. Note that we can compute ¢, ,, in
another way, as follows. By using

Gy,

and Lix(1 —e™) = Ze>1 together with (2.6), we obtain that
1 n—m+1 n+ 1 E'
o = -1 n—m+1—¢ S o 1 ¢
“n, n+1 ZZ:;( ) (m)f’C 2n—m+1.0),
which leads to the second identity. 0

Theorem 4.2. For alln > 0,

PO = Y ((f;) 3 (""" Kzu)Dn_m_e) YO (),

m=0 =0

where D,, is the nth Daehee number defined by w =m0 D,L.
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Proof. By (1.2), we have that Pb%k)(a?) ~ (W,et — 1). Let

= Z Cnm PO (1)
m=0

leog(iljet) 0 A(lei( 1);f_j)tm|g;"> - (Z) <10g(1t+ Y (1 +?)tA - 1$n_m>

which completes the proof. 0J

We start with the connection to Bernoulli polynomials BY (x) of order s. Recall that
the Bernoulli polynomials BY (x) of order s are defined by the generating function

t ’ xt (s) t
(tp) & = X B
or equivalently,

(4.2) BO(z) ~ ((6t . 1>8,t>

(see [2,4]). In the next result, we express our polynomials P (x) in terms of Bernoulli
polynomials of order s. To do that, we recall that Bernoulli numbers of the second kind
b of order s are defined as

4. <s
(43) log 1+t Z

Theorem 4.3. For alln > 0,

PR\, ) = zn: (zn: nz_f <Z) (" j_ E) Sy (£, m)PpY ()\,O)b,(flz_j) BY(x).

Proof. Let PO (A, ) = 3" comBY (). By (2.1), (4.1) and (4.2), we have

o = 7 < (log(1t+ t)) A(?fi);f_;)(log(l )" | $> :
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which, by (2.3) and (1.3), implies

Sl TR

3 e 1>:f_;)x"‘é>
S

S5 (01 Yoo ) 1)

m =0

Thus, by (4.3), we obtain

ZZ()( siemen o0,

{=m j=0

I
- 1M

which completes the proof. O

Similar techniques as in the proof of the previous theorem, we can express our poly-
nomials Pbslk)()\, x) in terms of other families. For instance, we can express our poly-
nomials Pbglk)()\,x) in terms of Frobenius-FEuler polynomials (we leave the proof to
the interested reader). Note that the Frobenius- Euler polynommls HY (x|p) of order

s are defined by the generating function (;‘_’L) = >0 HS (x|u) o (p# 1), or
equivalently, H,(LS)(HSW) ~ ((elt—_;/j> >t> (see [1,2,4,11]).

Theorem 4.4. For alln > 0,

i n ot n—2¢ S!S, (¢, m)Pb™ (X, 0 .
Pbg‘)( Z (ZZ ( ) ( r )(1 — ,u)”(‘f_"()s—i-ﬁg—r 2 n)') Hﬁ%)(ﬂu)

{=m r=0
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Some results for meromorphic functions of several

variables

Yue Wang*
School of Information, Renmin University of China, Beijing, 100872, China

Abstract: Using the Nevanlinna theory of the value distribution of meromorphic functions, we
investigate the value distribution of complex partial g-difference polynomials of meromorphic
functions of zero order, and also investigate the existence of meromorphic solutions of some
types of systems of complex partial g-difference equations in C". Some existing results are
improved and generalized, and some new results are obtained. Examples show that our results
are precise.

Keywords: value distribution; meromorphic solution; complex partial g-difference polynomi-

als; complex partial g-difference equations

81 Introduction

In this paper, we assume that the reader is familiar with the standard notation and basic
results of the Nevanlinna theory of meromorphic functions, see, for example [1].
The reference related to notations of this section are referred to Tu[2].

Let M be a connected complex manifold of dimension n and let
2m
AM) =" A™(M)
n=0

be the graded ring of complex valued differential forms on M. Each set A™(M) can be split
into a direct sum

AMM) = > APUM),

ptq=n
where AP'9(M) is the forms of type p,q. The differential operators d and d° on A(M) are

defined as )
d:= 0 ¢:=—(0-0).
04+0 and d g (0—0)
where

9 : APU(M) — APTLI(D),

*Corresponding author
E-mail addresses: wy2006518@163.com(Y. Wang)
2010 MR Subject Classification: 30D35.
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0 : APU(M) — APTHL(M).
Let 2 = (21, ...,2,) € C", and let r € R*. We define
wn(2) := dd®log |z|* and o0,(z):= dlog|z|> Awl (),
where z € C"\{0} and |z|? := |21 + - + |za|*

Let C" <r>={z€C":|z|=7r},C"(r)={z€C": |z|<r}, C"[r]={z€C": |2| <r}.
Then o,(z) defines a positive measure on C* < r > with total measure one. In addition, by
defining

Un(2) :=dd®|z]* and pn(2) == " (2),
for all z € C™, it follows that p,(z) is the Lebesgue measure on C™ normalized such that C™(r)
has measure 72",

Let w be a meromorphic function on C™ in the sense that w can be written as a quotient of
two relatively prime holomorphic functions. We will write w = (wg, w;) where wg Z 0, thus w
can be regarded as a meromorphic map w : C* — P! such that w=!(c0) # C".

Let P! be the Riemann sphere. For a,b € P!, the chordal distance from a to b is denoted
| a,b|= e a,b € C, where | a,a ||= 0 and

1
V1tlal?’ Vtal? /1462

0<[|a,bl=]bal<1. IfaecP and w='(a) # C", then we define the proximity function as

by [ a,b |, [| a,00 [|=

1
m(r,w,a) :/ log ———0, >0, r>0.
e T w() |
Let v be a divisor on C™. We identify v with its multiplicity function, define
v(ir)={zeC":|z| < r}ﬂsuppy, r > 0.
The pre-counting function of v is defined by

n(r,v) = Z v(z), ifn=1, n(rv)=r>2" /( )VVZ;L_I, if n>1

z€v(r)
The counting function of v is defined by

" dt
N(r,v) :/ n(t, V)?, r> s,
S
Let w be a meromorphic function on C". If a € P! and w™!(a) # C", the a-divisor
v(w,a) > 0 is defined, and its pre-counting function and counting function will be denoted by
n(r,w,a) and N(r,w,a), respectively.
For a divisor v on C", let
Z 1, if n=1, ﬁ(r,y)=r2_2”/ v ifn > 1.
z€v(r) v(r)
_ r dt _ _
N(r,v) = n(t,l/)?, r>s. N(r,w,a) = N(r,v(w,a)).
For 0 < s < 7, the Characsteristic of w is defined by

T(r,w) / T 1/ W) AvrTldt = / / Awllat.
t " "

where the pullback w*(w) satisfies w*(w) = dd®log(|wo|? + |w1|?)
The First Main Theorem states

T(r,w) = N(r,w,a) + m(r,w,a) — m(s,w,a).
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In 2012, Korhonen R has investigated the difference analogues of the lemma on the Log-
arithmic Derivate and of the Second Main Theorem of Nevanlinna theory for meromorphic
functions of several variables, see [3]. Particularly, in 2013, Cao T B, see [4], using different
method obtains difference analogues of the second main theorem for meromorphic functions
in several complex variables from which difference analogues of Picard-type theorems are also

obtained. His results are improvements or extensions of some results of Korhonen R.

Similarly, in 2014, Wen Z T has investigated the g¢-difference theory for meromorphic func-
tions of several variables, see [5]. Some results that we will use in this paper are as follows.
Theorem A [5] Let w be a meromorphic function in C™ of zero order such that w(0) # 0, oo,
and let ¢ € C™"\{0}. Then,

on a set of logarithmic density 1.
Theorem B [5] Let w be a meromorphic function in C"™ of zero order such that w(0) # 0, oo,
and let ¢ € C™"\{0}. Then,

T(r,w(gz)) = T(r,w(z)) + o(T (r,w)),
on a set of logarithmic density 1.
Remark: From the proof of Theorem B in [5], we have

N(r,w(gz)) = N(r,w(z)) + o(N(r,w)).

The remainder of the paper is organized as follows. In §2, we discuss Theorem A’s appli-
cations to complex partial g-difference equations. We present g-shift analogues of the Clunie
lemmas which can be used to study value distribution of zero-order meromorphic solutions of
large classes of complex partial g-difference equations. In §3, we study the existence of mero-
morphic solutions of complex partial g-difference equation of several variables, and obtain four
theorems, and then we give some examples, which show that the results obtained in §3 are, in
a sense, the best possible. And finally, we prove these four theorems by a series of lemmas.

82 Value distribution of complex partial g-difference polynomials

Recently, Laine I, Halburd R G, Korhonen R J, Barnett D, Morgan W, investigate complex
g-difference theory, and have obtained some results,see [6,7,8,9]. Especially, in 2007, Barnett D
C, Halburd R G have obtained a theorem which is analogous to the Clunie Lemma as follows

Theorem C [7] Let w(z) be a non-constant zero-order meromorphic solution of
w™ (Z)Pl(za w) = Ql(za ’LU),
where Py (z,w) and Q1(z,w) are complex q-difference polynomials in w(z) of the form

Pi(zw) =Y ax, (2)w(2)" (w(g2)) - (w(g,2))",

)\161{

Quzw) = > by, (DJw(2) (w(@2)F - (w(gu2).

y1E€J]
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If the degree of Q1(z,w) as a polynomial in w(z) and its g-shifts is at most ny, then
m(r, P1(z,w)) = S(r,w) = o{T(r,w)},
for all v on a set of logarithmic density 1.
We will investigate the problem of value distribution of complex partial g-difference poly-
nomials (2.1), (2.2) and (2.3), where z = (21, ..., z,) € C".

Plz,w) = 3 ax(@)w()P (wlgn, 2)™ - (w(ar,, ). (2.1)
el

Qz,w) = Y bu(2)w(z)™ o (w(gu, )™ - (w(gy,, 2)"™" . (2.2)

nEJ1

Uzyw) = ) en(z)w(z)™ (w(an,2))"™ - (w(dy,, 2)" . (2:3)

where coefficients {aA(z)}:j{GIil(z)}, {cu(2)} are small functions of w(z). Iy, J;,K; are three
finite sets of multi-indices, ¢; € C"\{0}, (j € {1, .. s Aoy, 1y oy blrys U1y ooy Vi, o }).

We will prove
Theorem 2.1. Let w be a meromorphic function in C™, and be a non-constant meromorphic
solution of zero order of a complex partial q-difference equation of the form

U(z,w)P(z,w) = Q(z,w),
where complex partial g-difference polynomials P(z,w),Q(z,w) and U(z,w) are respectively
as the form of (2.1),(2.2),(2.3), the total degree degU(z, f) = n1 in w(z) and its shifts, and
deg Q(z, f) < ny. Moreover, we assume that U(z,w) contains just one term of mazimal total
degree in w(z) and its shifts. Then, we have
m(r, P(z,w)) = S(r,w) = o{T(r,w)},
for all v on a set of logarithmic density 1.
Corollary 2.1. Let w be a meromorphic function in C™, and be a non-constant transcendental
meromorphic solution of zero order of a complexr partial q-difference equation of the form
H(z,w)P(z,w) = Q(z,w),
where H(z,w) is a complex partial q-difference product of total degree nq in w(z) and its shifts,
and where P(z,w), Q(z,w) are complex partial g-difference polynomials such that the total degree
of Q(z,w) is at most ny. Then, we obtain
m(r, P(z,w)) = S(r,w) = o{T(r,w)},

for all v on a set of logarithmic density 1.

Proof of Theorem 2.1 As the proof of Theorem 1 in [10], we rearrange the expression
for the complex partial g-difference polynomial U(z,w) by collecting together all terms having

the same total degree and then writing U(z, w) as follows

U(Z7 w) = Z dj(z)wj(z)7

where d;(z) = ch(z)(wfuq(';;))””l ---(W)"”“u, j=0,1,---,nq. Since degU(z,w) =

ny in w(z) and its shifts, and U(z, w) contains just one term of maximal total degree n; in w(z)
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and its shifts, therefore, d,,, (z) contains just one product of the described form.

By Theorem A, for all » on a set of logarithmic density 1, we have

m(r,d;(z)) = S(r,w) = of{T(r,w)},j =0,1,--- ,n1.

It follows from the assumption that d,, (z) has just one term of maximal total degree in

U(z,w), thus, for all r on a set of logarithmic density 1, we get

1
m(ra m) - S(Ta 'LU) - O{T(T, w)}
Let d
A() = max {1,2] 7= [0
Then
m(r, A(z)) < Zm(r, dn,—;) +m(r, L )+ O(1) = S(r,w) = o{T(r,w)}.
§=0 "
Let
Ei={ze€C"<r>|w(z)|<A(2)}, E2=C"<r>\F.
Thus
m(r, P(z,w)) :/E logt |P(z,w)|0n(2) +/E log™ |P(z,w)|on(2). (2.4)

Next we estimate respectively / log™ |P(z,w)|0(2) and log™ |P(z,w)|0o,(2) in (2.4).
E1 E2

When z € Fy, we have

|P(zow)| = | aa(z)w(z)P (w(gn, 2)) -+ (w(ar,, 2)) |

rely

< S an() | wlz) [Po] wign,2) [P - | w(ga,, 2) Mo
AEL

= ax(z) || w(z l*wlh... wlxﬁ

— Z| A() [[w(e) [ =257 = |

< Y ar(e) | A) [ 2@ iy B
w(z) w(z)

where [y =1y, +1x, +---+ l,\”. By Theorem A, for all r on a set of logarithmic density 1, we
have

/E log™ |P(2,w) [0 (2) = S(r,w) = o{T(r, w)}. (2.5)

When z € Es, we obtain
dn—' L .
[w(z) [> Az) 2 2| 75, = 1.2 m),

S
i.e.

|w) P dnimj |
g > == 1|,(=12,...,n1).
27 dn,
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6
It follows from U(z, w) Zd Yw! that
| U(z,w) | = | dm fw ™ =(ldny—1 [l w M7+ [ dny—2 [Jw [ 72+
+ldi|[w]|+]do])
| dnlfl | | dn1*2 |
= |dp, ||w|™ = |dp, ||w]|™ +
| dn, || w | |d| | ] (||fl”1|”w Td [[w ]
1 0
+o + )
| dn, [[w [0 [ dp, |[w ™
o~ g |
= |dn, [Jw|™ = |dy ||w|™ TR
o 1017 = o [ (3 )
ny 1
> |dn1|‘w|nl(1_227)
j=1
| dn, [[w ™
= o )
Since z € E5 , then
|w(z) |> A(z) > 1
that is
1
| w(z) |
Using U(z,w)P(z,w) = Q(z,w) and the total degree of Q(z,w) is at most ny, we obtain
Q(z, w)
P —
LCEIRE ]
< T 1B 0 7 w(g)
pneJy
|w(q#r“ z) [ o o)
qﬂl ) m w qp’ﬂtz m
< |4 7|u1...|7|“7’p.
| dny | Z ! w(z) w(z)

From Theorem A, for all 7 on a Set of logarithmic density 1, we have

/ log* [P(2, )]0 (2) = S(r,w) = o{T(r, w)}. (2.6)

Eo

Combining (2.4),(2.5),(2.6), yields

m(r, P(z,w)) /E logt |P(z,w)|on(2) —|—/ logt |P(z,w)|0on(2)

E>
= S(r,w) =o{T(r,w)}.
This completes the proof of Theorem 2.1.

83 Applications to complex partial g-difference equations

Recently, many authors, such as Chiang Y M, Halburd R G, Korhonen R J, Chen Zongxuan,
Gao Lingyun have studied solutions of some types of complex difference equation, and systems

of complex difference equations, and also obtained many important results, see[11, 12, 13, 14,
15, 16, 17].
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Let w be a non-constant meromorphic function of zero order, if meromorphic function g

satisfies T'(r,g) = o{T(r,w)}, for all r outside of a set of upper logarithmic density 0, i.e.
fEﬂ[l ] %

outside of a set E such that lim sup = 0. The complement of F has lower logarithmic

T—00 1
density 1, then g is called small function of w.
Let ¢; € C"\{0}, j = 1,...,n2, w; : C" = PLi = 1,2. 2 = (21,...,2,) € C", I, J, 1,
are four finite sets of multi-indices, complex partial g-difference polynomials Q4 (z, w1, ws),

Do (z, wy, wa), N3(z, w1, wa), N4z, w1, ws) can be expressed as

Q1 (2, w1, wo) Z agy(z Hw (wi(q12 ) '(wk(anZ))ikﬂQv

(i)el
2 .
Qa(zwnwa) = 3 by (2) [T wf® (wn(@az))™ - (wign,2)) .
(y)es ’f 1

Qg(z,wl,UJg) - Z H ’LU ’U)k qlz ) . (wk(qnzz));’ﬂm ,

(3)el

Qua(z, w1, w2) Z d(J) H wy, Iko (wi(q12) )Jkl ...(wk(qnzz))jan ,
(et
where coefficients {a(;(2)}, {b(;)(2)}, {C@)( )}, {d(j)( 2)} are small functions of wy, ws.

Q1 (2, wy, w) Q3(z, w1, ws) nz
Let & = 5——— =5, ®2 = 5————=, for & denote A1 =
et 0oz, w1, w0)” 2 Qu(z, w1, w5)’ or ®;, we denote A; n(%x{;m},
na no na
Ag = rr(la).X{ZZQl}a Ao1 = n(la)X{Zju}» Agg = rr(la)x{zj’m}, A, = max{Ai1, Ao}, Ay =
! =0 J 1—=0 J —0

max{A12, Ag2}. For ®3, we denote similarly X;, A,.

We will investigate the existence of meromorphic solutions of complex partial g-difference
equation of several variables (3.1) and systems of complex partial g-difference equations of
several variables (3.2) and (3.3), where z = (21, ..., z,) € C™.

ap(z) + a1 (2)w(z) + - - - + ap(2)wP(2)

n2

;w(qu) = Rz w(z) = bo(2) + b1(2)w(z) + - - + bg(z)wi(z)’ (3.1)
where ¢1,...,qn, € C"\{0}, R(z, w(z)) is irreducible rational function in w(z), ap(2), ..., ap(2),
bo(z),...,bq(z) are rational functions.

) @) TR+t ay, ()
Bl ) = ) = n () b el () gy
Qa(2, w1, w2) = Ra(z,w2) = co(2) + 1 (2)wa(2) £ -+ + cpy (R’ (2) '
I ST do(2) + di(2)wa(2) + -+ dy (2)uf (2)]

z)w
where coefficients {a;(2)}, {b;(2)} are small functions of w1, {¢;(2)}, {dm ( )} are small functions
of wa. ap, by, # 0, ¢p,dy, # 0. The definition of Q4 (2, wr,w2) and Qa(z, w1, ws) is as before.

= Ry(z, w1, ws). (3:3)

{ (I)l = Rl(Z,’LUl,U)Q),
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where R;(j = 1,2) are irreducible rational functions with the meromorphic coefficients.

Definition 3.1. Let w; and ws be meromorphic functions in C™.

S(T) = Z T(Tv a(l)) + Z T(Ta b(])) + Z T(Ta C({)) + Z T(Tv d(;)) + Z T(Tv d(}))7
where > T'(r, d/@) means the sum of characteristic functions of all coefficients in R;(j = 1,2).
(w1(z),w2(2)) be a set of meromorphic solutions of (3.2) or (3.3). If one (Let be wi(z)) of
meromorphic solutions (wy(z),w2(z)) of (3.2) or (3.3) satisfies S(r) = o{T'(r,w1)}, outside a

possible exceptional set with finite logarithmic measure, then we say wi(z) is admissible.

We will prove
Theorem 3.1. Let w be a meromorphic function in C™. If the g-difference equation (3.1)
admits a transcendental meromorphic solution of zero order, then

max{p, q} < na.

na
Remark 3.1. If we replace the left side of (3.1) by H w(g;z), then the same assertion that
j=1
max{p, ¢} < ny holds.
Theorem 3.2. Let wy and wy be meromorphic functions in C™, and (w1(z),w2(z)) be a set of
zero order meromorphic solution of (3.2). If
max{p1, ¢} > A1, max{ps, ga} > A2z,

and both w1 and wy are admissible, then

[max{p1,q1} — A11][max{pa, g2} — A22] < Ai2Xa1.

1
Example 3.1. (w1, ws) = (2122, ——) is a set of zero order admissible meromorphic solution
212

of the following system of complex partial ¢g-difference equations

w3 (221, —22p) =

16w?’
, 1 1 1
w3 3%) = Sy
2

Easily, we obtain
A1 =0, A0 = 0, A2 = 2, A1 = 2, max{p1,q1} = 2, max{pa, ¢} = 2.
Thus
[max{p1,q1} — A11] [max{pz, g2} — Aaa] = 4 = A2 A21.

This example shows the upper bound in Theorem 3.2 can be reached.
Example 3.2. For a system of complex partial ¢g-difference equations

47 494, 2 _ 45 65
2 ]. ]_ wl — (5212’2 — E)wl — §212§2 T
wi(-2a, —2mun(—g —gm) = = oy
1 17 <1%2

1,2 1 3

e —yy

wy (=221, —2z9)ws(—= 2 —lz): 256 2 T Gdzizp 2

’ 2\t T 3wy —3z20+ 1

Z122

(w1, wg) = (2122 + 1,2223) is a set of non-admissible solutions.
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Clearly, we know
A1 = 2,d02 = 2, A12 = 1, Aoy = 1, max{p1,q1} = 4, max{ps, g2} = 3.
Thus
[max{p1,q1} — A11] [max{pa, g2} — Aga] =2 > 1 = Aj2\01.

This example shows that we can not omit ’admissible’ in Theorem 3.2.
Theorem 3.3. Let wy and wy be meromorphic functions in C". Let (w1, ws) be a set of zero

order meromorphic solution of (3.2). If one of the following conditions is satisfied

(7,) max{pl,ql} > )\117 (ZZ) max{pg,qQ} > )\22,
then both w1 and wq are admissible or none of wy and ws is admissible.
Theorem 3.4. Let wi and wy be meromorphic functions in C™. Let (w1, ws) be a set of zero

order meromorphic solution of (3.3). If one of the following conditions is satisfied

(1) p1 > Ay, g2 > Ao, (64) pa > Ay, 1 > Ay,
then both wy and we are admissible or none of wi and ws is admissible, where p1 and py are
the highest degree of w1 and wy in Ry(z, w1, ws), we denote similarly q1,qa2 in Ro(z, w1, ws).
Example 3.3. For a system of complex partial ¢-difference equations
w%(—%zl, —%zg)wg(%zl, %zg)

w1 (321, 322) + wa(— \[317 \[32)

Swiw3 + Sw%wg — wiws + - wlwg + dwjwg — we + 1
5 _

21Z2 w1w2 + 37w1w2 — 232122w%w2 — 4w1w2
(1—2)(1- zg)w:f(%zl, %22) _
w2(\fZ1, \[22)
(5 + 2 )wiws + 8w} — Sw?
wiws — 7w1w2 + 2wiw3 + Swiwg + dwe + 27

1
admits a non-admissible meromorphic solution (wy,ws) = (———, 2123). Clearly, we obtain
Z1%2

)\1:21)‘2:171)1:371)2:3' )‘71:37)\72:17(]1:47(]2:3'
In this case
p1>)‘17 q2 >T27 p2>A27 q1 >)\71

This example shows that Theorem 3.4 holds.

To prove theorems, we need some lemmas as follows.

ao(z) + a1(H)w(2) +--- + ap ()w” (2)
bo(2) + b1 (2)w(2) + -+ + by (2)w? (2

rational function in w(z) with the meromorphic coefficients {a;(2)} and {b;(2)}. If w(z) is a

meromorphic function in C™, then

T(r, R(z w)) = max{p/,¢'}T(r,w) + O{)_T(r,ai) + Y _T(r.b;)}.

Lemma 3.1. [2] Let R(z,w(z)) = be an irreducible

Lemma 3.2.  Let wy and wy be non-constant meromorphic functions of zero order in C",
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g € CN\{0},i=1,...ny. If
2

Q1 (2, w1, wo) Z a@)(z H (wi(q12 ) "(wk(%mz))iknzv

(1)el k=1

{a@)(2)} is a small function of w1 and wy. Ay = max{Zikl}(k =1,2), then
1=0
T (r, Q1 (z,w1,w2)) < A1 T(r,w1) + M2T(r,we) + S(r,wi) + S(r, we) + S(r).

Proof It is easy to prove by Theorem B.

As the proof of Theorem 2.1 in [18], we have
Lemma 3.3. Let wy and wy be nonconstant meromorphic functions in C™. If
S5(r)
lim sup ———— =0,T =0{S I
i sup 7 Sy O (rywg) = O{S(r)} (r & I),
then T
lim sup T(r,wa) =0,
T—00 rgl Ul T(T? wl)
where Iy, Iy are both exceptional sets with upper logarithmic density 0.

Lemma 3.4. Let wi and ws be non-constant meromorphic functions of zero order in C",
Q

g € C"\{0},i=1,...,n9. Let ®; = (2w, wo) {a@(2)}, {b)(2)} are both small functions

of w1 and wy. If

QQ(Z,’UJl,'LU )

A, = max{ i1, A1}, Ay = max{\ia, a2},
then
T (r,®1) < \T(r,w1) + AT (r,ws) + S(r,wy) + S(r,ws).

Proof Let C" <7 >={z=(21,..,2,) €C": |z1|> + - + |2a]? = r?}.

Firstly, we estimate m (r, ®1). Set
u(z) = max {|Q (2, w1, wa)l, |Qa(2z, w1, wa)|},
we have
logt |®1] = logu(z) — log |Qa(2, wy,ws)|,

/ log™ |®1]|on = / logu(z)o, —/ log |Qa(z, w1, ws)|oy,.
Cr<r> Cr<r> Cr<r>

As the proof of Lemma 3.3 in [18], and using Theorem A and Theorem B, we have

T(r,®1) < NT(r,w1) + AT (r,wa) + S(r,wy) + S(r,ws).

thus

This completes the proof of Lemma 3.4.

Proof of Theorem 3.1 Let w be a meromorphic function in C", and w(z) be a transcen-

dental meromorphic solution of zero order of (3.1). It follows from Lemma 3.1 and Theorem B
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that
max{p, ¢}T(r,w(z)) = T(r, R( w)) + S(r,w)
- T3 i)+ S
Jj=
< nT(r,w) + S(r,w).

Thus, we have

max{p, ¢} < n.
This completes the proof of Theorem 3.1.

Proof of Theorem 3.2 Let w; and we be meromorphic functions in C". Let (w1, ws3) be
a set of admissible meromorphic function of (3.2). From the first and the second equation of
(3.2), and also using Lemma 3.1 and Lemma 3.2, we obtain

max{p1, q1 }T(r,w1) < AT (r,wy) + A2T(r, we) + S(r,wy) + S(r, ws) + S(r). (3.4)

max{ps, @2 }T(r,ws) < A1 T(r,wy) + Ao2T(r, we) + S(r,wy) + S(r,wse) + S(r).
By (3.4) and (3.5), we have

[max{p1,q1} — A1+ o(D)]T(r,w1) < (A12 +0(1)) T(r, ws).
[max{pa, g2} — A2 + o(1)] T'(r, w2) < (A21 +0(1)) T'(r, w1). (3.7)
Combining (3.6) and (3.7), we obtain
[max{p1, g1} — A11] [max{pz, g2} — Aa2] < A12A21.
This completes the proof of Theorem 3.2.

Proof of Theorem 3.3 Let w; and wy be nonconstant meromorphic functions of zero
order in C". It follows from Lemma 3.1 and Lemma 3.2 that

max{p1, q1 }T(r,w1) < AT (r,wy) + A2T(r, we) + S(r,wy) + S(r, we) + S(r). (3.8)
max{ps, @2 }T(r,ws) < A1 T(r,w1) + Ao2T(r, we) + S(r,wy) + S(r,we) + S(r). (3.9)

If w; is admissible and ws is non-admissible, then the inequality (3.8) becomes
T(r,ws) — S(r)
T(r,wy) T(r,wy)’

max{p1,q1} < A1 + (A2 +o(1))

using Lemma 3.3, we get

max{p1,q1} < A1,
outside of a set with upper logarithmic density 0. It is in contradiction with the condition (7).

If wq is admissible and w; is non-admissible, then the inequality (3.9) becomes
T(r,wy) S(r)

max{pz, g2} < Aoz + (A1 + 0(1))T(7‘ we) " T(rws)’

using Lemma 3.3, we get

max{pz, g2} < Aoz,
outside of a set with upper logarithmic density 0. It is in contradiction with the condition (ii).

Thus both wy and wy are admissible or none of w; and ws is admissible.
This proves Theorem 3.3.

Proof of Theorem 3.4 Let w; and we be meromorphic functions in C". Let (wy,wsy) be
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a zero order meromorphic solution of (3.3). Using Lemma 3.1 and Lemma 3.4, we obtain
p1T(rywy) + O{T(r,w2)} < MT(rywr) + AT (r,wa) + S(r,wy) + S(rywe) + S(r).  (3.10)
poT(r,w2) + O{T (r,w1)} < MT(r,wy) + AT (r,w2) + S(r,wy) + S(r,ws) + S(r) (3.11)
QT (ryw1) + O{T(rywe)} < ANT(r,w1) + AT (r,we) + S(r,wy) + S(r,we) +S(r).  (3.12)
@I (r,wa) + O{T(r,w1)} < X\ T(r,w1) + AT (r,we) + S(r,wy) + S(r,we) +S(r).  (3.13)

If wy is admissible and wy is non-admissible, then the inequality (3.10) becomes
O{T(r,wq)} T(r,ws) S(r)

T(r,wq) <A+ (g +o(l)) T(r,wy)  T(ryw)’

p1+

Using Lemma 3.3, we get
p1 < Ay,

outside of a set with upper logarithmic density 0. It is in contradiction with the first inequality
of (i).

If wo is admissible and w; is non-admissible, then the inequality (3.13) becomes
O{T(r,w (R — T(r,w S(r
T <32+ (o) T+ m
Using Lemma 3.3, we get

q2 +

72 < Ay,

outside of a set with upper logarithmic density 0. It is in contradiction with the second inequality
of (7).

Similarly, we can prove for conditions (i).

Thus both w; and wy are admissible or none of w; and ws is admissible.

This completes the proof of Theorem 3.4.
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Abstract In this paper, we introduce a new family of nonstationary refinable functions from
Generalized Bernstein Polynomials, which include a class of nonstationary refinable functions
generated from the family of masks for the pseudo splines of type II (see [17]). Furthermore, a
proof of the convergence of nonstationary cascade algorithms associated with the new masks is
completed. We then construct symmetric compacted supported nonstationary C'*° tight wavelet

frames in Lo(R) with the spectral frame approximation order.

Keywords Nonstationary tight wavelet frames; Nonstationary refinable functions; Nonsta-
tionary cascade algorithms; Generalized Bernstein Polynomials; Spectral frame approximation

order.
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1 Introduction

In frame systems, because tight wavelet frames (in the stationary case) can not satisfy
compactly supported C'* properties, the nonstationary case was considered to obtain C°° tight
wavelet frames with compacted support. Recently, the development of nonstationary tight
wavelet frames has attracted a considerable amount of attention.

In 2008, Han and Shen [17] obtained symmetric compactly supported C'* tight wavelet
frames in Lo(R) with the spectral frame approximation order based on pseudo-splines of type
II. In 2009, compactly supported nonstationary C'* tight wavelet frames in Lo(R®) with the

spectral frame approximation order from pseudo box splines were constructed in [22]. Li and
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Shen [22] generalized univariate pseudo-splines to the multivariate setting and got a new class
of refinable functions named pseudo box splines. Next, in [18] and [23], the analysis of char-
acterization of nonstationary tight wavelet frames in Sobolev spaces was given. Han and Shen
[18] characterized Sobolev spaces of an arbitrary order of smoothness using nonstationary tight
wavelet frames for Lo(R®). Also, approximation order of nonstationary tight wavelet frames
in Sobolev spaces was obtained in [23]. Recently, the nonstationary subdivision scheme, which
nonstationary cascade algorithms is closely related to, was studied in [2-10, 12, 15, 21, 24, 26].
In particular, in [14] and [20], the properties of nonstationary subdivision scheme were per-
formed. Daniel et al.[14] and Jeonga et al.[20] showed C? approximating and Holder regularities
of nonstationary subdivision scheme, respectively.

This paper is concerned with the study of symmetric C*° nonstationary tight wavelet frames
in Lo(R) with compacted support and the spectral frame approximation order, which gener-
alize nonstationary tight wavelet frames from pseudo-splines of type II in [17]. We discover
a new extensive function based on Generalized Bernstein polynomials [1]. Furthermore, exis-
tence of Ls-solutions of nonstationary refinable functions from the new extensive function is
implemented. At last, we prove the convergence of nonstationary cascade algorithms of the new
family of nonstationary refinable functions.

The remainder of this paper is organized as follows: Section 2 collects some notations.
Section 3 elaborates on existence of Ly-solutions of nonstationary refinable functions. Section 4
implements convergence of nonstationary cascade algorithms. Section 5 constructs symmetric
C*™ nonstationary tight wavelet frames in Lo(R) with compacted support and the spectral

frame approximation order. Section 6 gives the conclusion.

2 Preliminaries

For the convenience of the readers, we review some definitions about nonstationary refinable
functions in this section.

Generalized Bernstein polynomials [1] are defined as

sy = (it Utk la)1 =1 =t a) (L= th(n=k— 1)

(I+a)(1+2a) - (1+[n—1la) , o (21)

where a > 0. We apply (2.1) to marks of new refinable functions by substituting ¢ = sin*(%),

n=m+lin (2.1) and the summation of I + 1 terms of them as follows:

1 k—1 w m+l—k—1 m+l—1
mlo‘ Z m“ (H bln2(§)+i04) H (cos® ( ) + i >/ H (1 +ia).  (2.2)

k=0 i=0 i=0

Let T(;n]l *(w) = Tgl'j’l'j’aj (w) (j € N) be defined in (2.2), we obtain

lj k—1 mj+lj—k—1 my+l—1
m,l,a m;+1; . w . w .
Toq " (W) = (M) H(sm2(§) + i) H (0052(5) +iay) |/ H (1+ia;),(2.3)
k=0 i=0 i=0
2
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> .
where two positive integers j, m; and «; (j € N) satisfy {; < m; — 5, > 277m; < oo,
j=1
1
= <
]Engomj oo and 0 < a; < 30my 1) =
A class of 2m-periodic trigonometric polynomials G, j € N, and their associated nonstation-

ary refinable functions qﬁj_l, j € N, defined by
bj1(w) = @(w/2)pj(w/2) = Hanﬂ 127") weR,jEN, (2.4)

where the 27-periodic trigonometric polynomials a;, j € N, are called refinement masks. Here
the Fourier transform f of a function f € Ly (R) is defined to be f(w) := = [ f(t)e~"dt and
can be naturally extended to square integrable functions.

The notation T was introduced in [25], which is defined by
T :=R/[27Z).

Denote deg(a) the smallest nonnegative integer such that its Fourier coefficients of @ vanish
outside [-deg(a),deg(d)]. deg(a) here is the minimal integer k such that [—k, k] contains the
support of the Fourier coefficients of both & and a(—-), which was introduced in [17].

In the following, we will adopt some of the notations from [19]. The transition operator Ty

for 27-periodic functions a and f can be defined as
[Tafl(w) := la(w/2)]* f(/2) + la(w/2 + T) fw/2+7), weR

For 7 € R, a quantity is defined by

1/n
prl(@,00) = |

Loo(T)

# (i (3)

)

n—oo

The notation p(a) is defined by
pla) := inf{p,(a,0) : |a(w + 7)|?|sin(w/2)|” € Loo(T) and 7 > 0}.
A function f € W¥(R) if it satisfys
s = [0+ W)l F@)Pdo < oo
As [17], let {a;}52, be a sequence of 2m-periodic measurable functions. Define {f,,}52, by

fn(): [, (27 wﬁ ),w€eRneN, (2.5)

where x|_r ] denotes the characteristic function of the interval [, w]. This can be understood
as a representation of the nonstationary cascade algorithm associated with the masks {a;}22,
in the frequency domain. For a sequence of masks {@;}32; and an initial function f € W3 (R),

we say that the (nonstationary) cascade algorithm associated with masks {a;}52; and an initial
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function f converges in the Sobolev space W¥ (R), if f,, € W¥ (R) for all n € N and the sequence
{fn}32, is convergent in W3 (R).

Denote p(a) the spectral radius of the square matrix (co;—r)—x<jr<rx and define vs(a) :=
—1/2—log> m. It is known ([[16], Theorem 4.3 and Proposition 7.2] and [[19], Theorem 2.1])
that the stationary cascade algorithm associated with a 27-periodic trigonometric polynomial
mask a converges in f € W¥(R) if and only if v5(a) > v.

For a sequence {¢,,}52, of functions in Ly(R), we define the linear operators P, (f),n € Ny,

by

Pu(f) =D _(fsbnmk)bnins f € La(R) with pm s :=2"2¢,(2" - k). (2.6)

kEZ

Wavelet functions wf_uj €Nand ¢ € {1,---,J;}, are obtained from ¢; by

i1(w) = 05(w/2)¢5(w/2), Le{l,--, Ti}, (2.7)
where J; are positive integers and each bg, t=1,---,7;,is called a (high-pass) wavelet mask.

Denote No := N{J{0}. We say that {¢o} U{¢ : j € No,£ =1,---,J;41} generates a nonsta-
tionary tight wavelet frame in Lo(R) if

{¢o(- —k): k€ Z}U{wf;j,k = 20/20(20 . —k) jENo,k €Z U =1, , Tjs1} (2.8)

is a tight frame of Lo(R).
Finally, we note that the 27-periodic trigonometric polynomial wavelet masks bﬁ, 7 €N
and ¢ € {1,---,7}, can be constructed from the masks @; by many ways provided that the

refinement masks aj,j € N, satisfy |a;(w)|*> + |aj(w + m)[? < 1, a.e.w € R. Define

)

)= e ST
lﬁ(w) = 27Aj(w) + e A (w)], (2.9)
b} (w) = 27 A (w) + e A5 (W),

where A; is a m-periodic trigonometric polynomial with real coefficients such that

A (@)* =1 = |a;(w)]* - |aj (w + m) .

~ o~

Then, dj, b, b2 and b%, j € N, satisfy

YRR
T; N T; N -
@ @)+ D 5P =1 and @;(w)d;(w+7)+ Y b (w)b(w+m) =0, (2.10)
=1 =1

with J = 3. Thus, the wavelet system in (2.8) is a compactly supported tight wavelet frame in
Ls(R) (see, [17], Theoreml1.1). Furthermore, the corresponding wavelets defined by (2.7) using

masks in (2.9) are symmetric or antisymmetric whenever ¢; is symmetric.
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3 Existence of Ly-solutions of nonstationary refinable func-
tions

In this section, demonstration of the existence of Ls-solutions of nonstationary refinable

functions is given. For notational simplicity, we will introduce the following two definitions:

k—1 w mj+lj—k—1 w m]_;’_lv_l
By, j(w) := H(sin2(§) + toyj) H (0052(5) +iaj) |/ H (1+ia;),j €N
i=0 =1
l k—1 w my+l;—k—1 w mj+l;—1
Ty (w) == Z (M) H(sinz(g) +iaj) H (cosQ(g) +iay) |/ H (1+ic;),j € N.
k=0 =0 i=1

Two lemmas about the relations of the quantities p, (Tomjl *(w),00),7 € N associated with

masks (2.3) will be provided in the following.

Lemma 3.1 ([19], Theorem 4.1) Let a be a 2m-periodic measurable function such that |a|* €
CP(T) with |a|*>(0) # 0 and 8> 0. If |a(w)]? = |1 + e “[*"|A(w)|? a.e. w € R for some T >0
such that A(w) € Loo(T), then

1 . L B .
par(@,00) = inf |TF|7_ gy = lim [ITZLE_z) = po(4, 00).
Lemma 3.2 ([19], Theorem 4.3) Let & and ¢ be 2m-periodic measurable functions such that

ja(w)] < lé(w)]

for almost every w € R. Then
pr(i,00) < pr(6,00), T ER

The following two lemmas are necessary for proving existence of Lo-solutions of nonstation-

ary refinable functions.

Lemma 3.3 ([17], Lemma 2.1) Let a;,j € N be a 2m-periodic trigonometric polynomials such
that sup;ey |@5]| £, ) < 00. If 3252, 277 deg(a@y) < oo holds and 3777, |aj(0) — 1| < oo, then
the infinite product (2.4) converges uniformly on every compact set of R and all ¢;,j € Ny, in

(2.4) are well-defined compactly supported tempered distributions.

Lemma 3.4 ([17], Lemma 2.2) Let a;,j € N, be 2m-periodic measurable functions satisfying
laj(w)* + |a;(w + ™) < lya.ew € R for each j € N. Assume that, for every j € No,
&;(w) = limy_ oo HnN:1 anﬂ-/(;"w) is well defined for almost every w € R; that is, the infinite
product in (2.4) exists for almost every point in R. Then [gﬁ;, g/b;} (W) =2 ez |g/b;(w +27k) |2 <
l,a.ew € RVj € Ny holds and consequently, ¢; € La(R) with ||¢;] r,@) < 1 for every j € Ny.

A useful condition of establishing existence of Ls-solutions of nonstationary refinable func-

tions is described in the following lemma.
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Lemma 3.5 For two positive integers l;, m;, l; <mj; — 5,7 € N, if

1
< j 1
0 a]<3(mj+lj)—7(]€N)7 (3 )
then
Lot
max By () < () k=120, (3.2

Proof. For j e N,k =1,2,...,l;, it is obvious that

cos?(¥) + (m; +1; — 1 —j)

aj ( )
B (w).
Sin2(%) + ja, htL.g

By, j(w) =

We claim that
B;w‘(w) . COSQ(%) + (mj + lj -1 —j)Oéj

= > 1. 3.3
Bit,i(w) sin® (%) + joy 53)

Since l; < m; — 5, for k =1,2,...,1;, it holds that
k<mj+lj—1—k. (34)

There are two cases to consider:

Case I: Suppose that cos(w) > 0. By (3.1) and (3.4) , it is easy to see that

— cos(w)
a; > 0> o+, —1— 2k
Then
cos2(%) +(mj+1; —1—k)oy > SiDQ(%) + k. (3.5)

This implies Condition (3.3).
Case II: Suppose that cos(w) < 0. Note that since

(221j —2_1)(mj—1—lj)—lj S O.B(mj—l—lj)—lj >0,
Li(my —1—1;) Li(m; —1—1;)
we can obtain that
gmitli—1 _g-1 1 o emthTt o (my —1-1) — U
lj mj —1lj —1 Lj(mj =1 =1)
L@ hm -1l -
Li(m; —1—=1;)
By (3.1), then
omi+l;—1 _ 9-1 1 1 |Cos(w)| —COS(W)
aj Z > = el = ?
lj mj—lj—l mj—i—lj—l—Qlj mj—l—lj—1—2k: mj+lj—1—2k;

for k=1,2,...,l;. Then (3.5) holds. This concludes the claim (3.3).
By using (3.1), one gets

4(mj+lj72)f(mj+ljfl) o

(4(mj+lj—2)_(mj+lj_1))o‘j < 3(mj+lj)_7

Then
(mj + lj — 2)Oéj < (mj + lj — 2)Otj < 1
Q+a) 1+ (mj+1l; —Day) 1+ (m;+1;—1a; 4
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Since [; < mj — 5, we have
B(m; +1;) =7) = (mj +1; —4) =2m; +21; — 3 > 0.
Then

1 1
< .
3(mj+lj)—7) mj—l-lj—4

Thus
2(mj+lj —3)—(Mj+lj —2) _

(2(mj+lj—3)—(mj+lj—2))aj< mj—|—lj—4 =1.
Similarly, one has
(mj +1; - 3)04]' 1
: < - 3.7
1+(mj +lj *2))0@' 2 ( )
For any x, Notice that
€z /
—)' >0 3.8
(1 +(1+ x)) (38)

and Bj j(w) which is a continuous function on [—m, 7] and is differentiable on (—m, ), has the
maximum value at w = 7. The reason as follow:

The equation [Bi j(w)]’ = 0 has three zeros, at w = 0,%nw. Since [By j(w)]” > 0, B1,;(0)
is the minimum of By j(w) on [—m, 7). Thus By ;(£7) is the maximum of By j(w) on [—m, 7).

Therefore, applying (3.3), (3.6), (3.7), (3.8) and

m]’+lj72 m]+l
.o, W
By j(w) = Sln2(§) H (0082(2 +iaj) |/ H (1+icy)
i=1
Mj+lj -2 mj-'rlj 1
< H o/ H (1+icy)
i=1
mj+l; =3 .
< I oy (mj +1; = 2)ay
- bale} 1+ (i+1)0£j (1+Oéj)(1+(mj +lj — 1)Oéj)
< (m; +1; —3)oy s+ =3 1
- 1+(mj+lj—2)aj 4
1
_ - m]‘+l]’71
(G,

we get the inequality (3.2).

Theorem 3.1 Let T(Tj?l’a(w) be the mark (2.3), which are defined in (2.4), then the infinite

product in (2.4) converges uniformly on every compact set of R.

m,l,a

Proof. Since Tgnjl Y(w) = rgfy“’( +2m),j € N, we obtain 73"} (w) are 27-periodic trigono-
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metric polynomials. Applying Lemma 3.5, one has

lj k—1 w my+l;—k—1 w mj+l;—1
A . . . .
oy @) = | )| [T6n* () +iay) [T (cos®() +iay) |/ [ (1+iay)]
k:O i=0 =0 =1

lj

1+ (132% By j (W)> > (M)

k=1

IN

1.
Lol 11 = fmstl
= 1) ()]
k=1
< 1+ (%)mjﬂj*l Lomitl — 3,

Thus, there exists M = 3, for any j € N, we derive that 7'(7)”]1 *(w)| < 3 holds.

For TS"JZ #(0) = 1, we obtain
mla
E 0)—1=0< .

By using I; < m; — 5, Z;’il 277mJ < oo, ones get
—j mla —j
> 27 deg(ry (w) = Y277 (2(my + 1) + 1)
j=1 j=1

< ZQ*j(élmj -9) < oo
=1

Therefore, by Lemma 3.3, the infinite product in (2.4) converges uniformly on every compact

set of R. q

Theorem 3.2 Let T(;flj’l’o‘ (w) be the mark (2.3), which are defined in (2.4), then the correspond-

ing nonstationary refinable functions ¢; € La(R), j € No.
Proof. By Theorem 3.1, we obtain that
m,l,a -n
J - hIIl H To n+_] 1 )
is well defined for almost every w € R. In the following, we claim that
b W) + gt (w + )2 < Laew € R (3.9)

There are two cases to consider:

Case I: Suppose that w = 0. One has
s (0))2 + | (M) = 0+ 1 = 1,a.ew € R.
Case II: Suppose that w # 0. Set Ey = {0}, for w € R\ Fy, let t = 2w, ones get

WP = 27+ e )T, (1))

= (T+e ™*272T, (1)
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Applying
m41—1 ¢ m4l—1
2 . .
Bo;(t) = 11 (cos™(5) +ia)/ 1:[1 (1 +ia;)
m+l—1 m+l—1
< JI a+iay)/ J] Q+iey) =1
1=1 i=1
and Lemma 3.5, we obtain
. 2
9|p—2mula 2 _ 2-3|B m+z B
fg%rixj | 0 (t)] I?ea% 0,5 (t -I-;) k. (t

< ez 1 (e 50,00) i )

teT te[—m,m] 1
< max273|(1+ (1)m+l_1(2)m+l_1) i _! (3.10)
teT 2 2 ’

Bringing Lemma 3.1 and Lemma 3.2 together yields

p(rash e (8)) < pal(rysh* (1), 00) = po(272T(t), 00) < 1.

For
po(27 2Ty 5(8),00) = limsup |70 /" iy
n— o0 0,j
> T'm,l,a(t)
— I @R I w R
Thus,

mla mla
o (@) + [ (w +m) P < 1.

This concludes the claim (3.9).
By Lemma 3.4, the corresponding nonstationary refinable functions ¢; € La(R),j € Ny. §

4 Convergence of nonstationary cascade algorithms

In this section, demonstration of the convergence of nonstationary cascade algorithms in
the Sobolev space W¥ (R) is given. We will show a lemma about a sufficient condition on the

convergence of a nonstationary cascade algorithm which is necessary for the following theorem.

Lemma 4.1 ([17], Proposition 2.6) Let a; and b/;(] € N) be 2m-periodic measurable functions
such that for all j € N,
|a(w)] < [bj(w)l,  a.e.weR. (4.1)

Let n € W¥(R) such that lim;_.o. (27 9w) = 1 for almost every w € R. Define

Falw) = 77(2*%)]2[@(27%) and gn(w) :=1(2""w ﬁ )w€R.

Jj=1 Jj=1
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Assume that fo\o(w) = limy o0 [T @(27"w) and goo(w) = limy, oo [T5-, (2 "w) are well
defined for almost every w € R. Then, lim, oo ||gn — gOOHWé/(R) = 0 implies lim, o || fr. —
foo”W;(R) = 0. In particular, suppose that there are a positive integer J and a 2mw-periodic

measurable function b such that
|@j(w)| < |b(w)],a.ew €R, Vj > J and @; € Loo(R),1 <5 < J. (4.2)

Forn € N, define l;;( ) =R "w) 15 b-(2_”w). If {hn}22, converges in W3 (R), then f,

J=1

converges to fn in WY (R), i.e., im0 || fo — foollwy ®) = 0.

Theorem 4.1 Let 7'5'17l’a(w) be the mark (2.3), which are defined in (2.4), then, for every

my,lj,o

n € No, the nonstationary cascade algorithm (2.5) associated with {7y 117,

(w) °°1 converges
in WY(R), for any v > 0. Consequently, the nonstationary refinable functions ¢j 3l , J € Np,

in (2.4) must be well-defined compactly supported C*°(R) functions.

Proof. Since deg(rgnjl “(w)(w)) < 2(mj +1;)+1 < 4m; — 9, and TS"JZ *(w)) = 1, applying

Z;’il 27Im; < oo, we get

iQ‘jdeg(Tétlj’la f: I (4m; —9) <4Z2 Im; < o0.
i=1 i=1

j=1
Moreover, by (3.9), ones obtain |7, mla( )] < 1. By using Lemma (3.3), we can derive that

8?_;,1_?,047 j € Ny are well defined compactly supported functions.

1,
Because 757"

(w) in the case a = 0 have vy (75"} b2 () — oo ([11, 13]). The same proof is
carried out for any «. So, there exists a positive integer J such that 1/2(7'6777[’0‘ (w)) >v+2. By

lim;_,o m; = 00, there exists a positive integer N such that m; > J and it is obtained that
Vo (1 (W) > v+ 2. (4.3)

Let b be the unique 27-periodic trigonometric polynomial such that mla(w) = 2711 +
e~ )b(w). Bringing the definition of v5(b) and (4.3) together yields 15 (b) = v (Tg’;’ “(w)—1>
v+ 1 > v, thus, the stationary cascade algorithm associated with the mask b converges in
WY (R) (see [([16]), Theorem 4.3]). Since |7 b W) < b(w)|, applying Lemma (4.1), we derive

mla(

that the nonstationary cascade algorithm absomated with masks w) converges in W7 (R).

mj,lj,a

The same proof is carried out for every ¢y and for the nonstationary cascade algorithm

associated with masks {7 b W) g

Remark 4.1 Notice that when a; = 0 (j € N), the Theorem 4.1 in this paper is the same as

corresponding Theorem 2.8 given in [17].

5 Construction of nonstationary tight wavelet frames

In this section, we shall construct the symmetric C* tight wavelet frames in Lo(R) with

compact support and the spectral frame approximation order based on the masks (2.3). The

10
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following two lemmas analyze the approximation properties of the operators P, and relations

of T(Tj’l’a(w), respectively, which are useful for construction of C* tight wavelet frames.

Lemma 5.1 (/17], Theorem 3.2) Let a;,j € N be 2m-periodic measurable functions such that
|aj(w)]? + |aj(w + m)|*> < 1,a.ew € R holds for all j € N and for every n € Ny, the function
&;(w) = limy_ o HJ‘LI aj1n(279w) is well defined for almost every w € R. Let v > 0. If, for
n €N,

‘1 - |@(w)|2‘2 < Cy, |lw?, ae. we][-m 7],

> 16n@)Pldn(w + 21k) < O o, ae. we [-m,7], (5-1)
kezZ\{0}

where Cy, is a constant depending only on ¢,,, then for the linear operators P, in (2.6),
1f = Pl o) < max(2,1/Cy, )27 | flwr®y Yf € WS (R) andn e N. (5.2)
In particular, (5.1) is satisfied if

1~ [fn(w)[? < Cy, 0| (5.3)

Lemma 5.2 Let T(Tj’l’a(w) be the mark (2.3), which are defined in (2.4). For any 0 < p <1
and v > 0, there exist a positive integer N and a positive constant C, (both of them depend

only on p and v), such that for all N < pm <1 <m,
0<1— [ (W)? < Clw* Yw e [-,7]. (5.4)

Proof. Suppose that a = 0, the case holds (see [17], Lemma 3.3). Assume that (5.4) holds

for a« = k — 1. Then suppose that o = k, since T(le’a(w) increases as « increases, we have
0< 1= " W)* < 1= g (W)* < Clwl*.
This completes the claim (5.4). §

Theorem 5.1 Let T(;?l’a(w) be the mark (2.3). For j € N, define ¢;j_1 as in (2.4) and ] _,,
21, )y as in (2.7) with the wavelet masks b}, b3 and b3 being derived from a; in (2.8).

Then the following hold:

1) Fach nonstationary refinable function ¢;,j € Ny, is a compactly supported C*° real-valued
( y i J ) pactly supp

function that is symmetric about the origin: ¢;(—-) = ¢;.

(2) Each wavelet function wfj =1,2,3 and j € Ny, is a compactly supported C*° real-valued
function with lj41 vanishing moments and satisfies ¢§(1 —) = 1/)§ for £ = 1,2 and

U= =

(8) The system {¢o(- — k) : k € ZY {h, ) := 2072427 - —k) : j € No,k € Z,£ = 1,2,3} is a

compactly supported symmetric C*°tight wavelet frame in Lo (R).

11
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(4) Ifin addition liminf;_,. l;/m; > 0, then the tight wavelet frame in item (3) has the spectral

frame approximation order.

Proof. For item (1), by using Theorem 4.1, it is derived that all ¢;,j € Ny are compactly
supported functions in C*°(R). Combining all the masks a;, which are 2m-periodic trigonometric
polynomials with real coefficients and are symmetric about the origin: aTj = @;, and the definition
of g/b; in (2.4) yields,

(W) = b;(w),

which ¢; are real-valued. By the definition of T(;TLJ-’Z’O‘ (w) (j € N) in (2.3), we get
1= |5 (@) = O(jw[*),w — 0. (5:5)

bAf = O(|w|"),w — 0 follows from the fact that (2.10) and (5.5). Thus, ¢ has l;;, vanishing
moments.

For item (3), notice that the the definition of l;g in (2.9), we can straightforward obtain
that (2.10). Therefore, the wavelet system in (2.8) is a compactly supported tight wavelet
frame in Lo(R) (see [17], Theoreml.1). For item (4), let v be an arbitrary positive integer
and denote &; = ‘TW&))F. For liminf; .. I;/m; > 0, there exist a positive integer N and
0 < p < liminf; .o I;/m; such that 2v < N < pm; < 1; < mj; for all j > N. By using Lemma
5.2, it is to see that (5.4) holds. That is, there exists a positive constant C, independent of j,
such that

0<1—d;(w) <Clw|?, wel[-m 7] and j> N.
For n > N and ¢ € N, since @(0) =1, ones get
[dr-(0) = degn(27'w)| = |1 = dpan(2™w)| < C2 2w, Vo € [, 7).
Since cl/g+\n(0) =1,0< d/g;(w) <1 and (3.9), we derive that
0< 1 [G) < 3 lirnl0) - drin(2 )] wE R, (5.6)
=1
Applying (5.6), it is obtained that

1= [gn(@)P < Clw Y27, we [-m,ml.
=1

Thus, (5.3) holds with

o0 C
. —2vl
Cy, =C E 2 =1 o < oo0.
=1

Combining @,, = P,, and Theorem 5.1, one has

1f = Qu(NllLaw) < Cr27" | flwywy, Vf € WS (R) and n €N,

where C; := max(2, 4/ H%) is independent of f and n. Since v is arbitrary, the tight wavelet

frame has the desired spectral frame approximation order. q

12
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Remark 5.1 Under the condition o; = 0 (j € N) of Theorem 5.1, one can derive that it is

consistent with the claim of Theorem 1.2 given in [17].
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Abstract

In this paper, the authors investigate the p-iterated order and p-iterated type of f1 +
f2, fif2, where f1(2), fa2(z) are meromorphic functions or entire functions with the same
p-iterated order and different p-iterated type, and we obtain some results which improve and
extend some previous results.

Key words: meromorphic function; entire function; iterated order; iterated type
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1. Introduction and Notations

In this paper, we assume that readers are familiar with the fundamental results and the
standard notations of the Nevanlinna value distribution theory of meromorphic functions in the
complex plane (e.g. [4, 6-8, 10, 14, 15]). Throughout this paper, by a meromorphic function f(z),
we mean a meromorphic function in the complex plane. We use T'(r, f) and M(r, f) to denote
the characteristic function of a meromorphic function and the maximum modulus of an entire
function. In the following, we will recall some notations about meromorphic functions and entire
functions.

Definition 1.1. (see [4,8,10]) The order of a meromorphic function f(z) is defined by

_ g—log T'(r, f)
7=

(1.1)

Especially, if 0 < o(f) < oo, then the type of f(z) is defined by

(f) = Tan ).

7—00 ro(f)

Definition 1.2. (see [4,6 — 8,10]) The order of an entire function f(z) is defined by
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Natural Science Foundation of Jiangxi Province in China (Grant No.20132BAB211002, 20122BAB211005) and the
Foundation of Education Bureau of Jiangxi Province in China (GJJ14271, GJJ14272).
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logT loglog M
o(f) = T 8L ) _ gy loglog Mr f) (1.3)
r—oo  logr r—00 log r

Especially, if 0 < o(f) < oo, then the type of f(z) is defined by

7(f) = Tim %. (1.4)
T

r—00

The order and type are two important indicators in revealing the growth of meromorphic functions
in the complex plane or analytic functions in the unit disc. Many authors have investigated the
growth ofmeromorphic functions or analytic functions in the unit disc(e.g. [3,4,7-10,12-15]) and
obtain a lot of classical results in the following.

Theorem A. (see [4,10,14,15]) Let fi(z) and fa(z) be meromorphic functions of finite order

satisfying o(f1) = o1 and o(f2) = 02. Then

o(fi+ f2) < max{oy, o2}, o(fife) < max{oi, o2}.
Furthermore, if o1 # o9, then o(f1 + f2) = o(f1f2) = max{o1,09}.

Theorem B. (see [15]) Let fi(z) and f2(z) be meromorphic functions of finite order. Then
u(f1+ f2) <max{o(f1), u(f2)}, p(fife) <max{o(f1), u(f2)}-

Theorem C. (see [11]) Let fi(z) and f2(z) be meromorphic functions of finite order satisfying
o(f1) < pu(f2), then pu(f1 + fo) = p(frf2) = p(f2)-

Theorem D. (see [7]) Let fi(z) and fa(z) be entire functions of finite order satisfying o(f1) =
o(f2) = 0. Then the following two statements hold:

(1) If 7(f1) = 0and 0 < 7(f2) < oo, then o(f1f2) =0, T(f1f2) = 7(f2).

(1) If 7(f1) < oo and 7(f2) = oo, then o(fif2) = o, 7(f1f2) = occ.

Theorem E. (see [4,14,15]) Let f(z) be a meromorphic function of finite order, then o(f’) =
o(f)-

From Theorems A— FE, a natural question is : can we get the similar results for entire functions
and meromorphic functions of infinite order (i.e. finite iterated order)? In the following, we recall
some notations and definitions of finite iterated order. For r € (0,+00), we define exp;r = €"
and exp,;,; = exp(exp;r),7 € N; for sufficiently large » € (0,400), we define log; r = logr
and log; v = log(log;r),r € N; we also denote expyr = r = logyr and exp_;r = log;r.
Throughout this paper, we use p to denote a positive integer. We denote the linear measure of a
set E C (0,400) by mE = [, dt and the logarithmic measure of E C (0,+o0c) by mE = [, %.
Definition 1.3. (see [1,5,11]) The p-iterated order and p-iterated lower-order of a meromorphic

function f(z) are respectively defined by

__log, T(r, f) . log, T'(r, f)
op(f) = Tlggloqu; pp(f) :rhﬁimoolioT.

(1.5)

Definition 1.4. (see [1,5,11]) The p-iterated order and p-iterated lower-order of an entire
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function f(z) are respectively defined by

_log, .4 M(r, f) —log, T'(r, f)

Up(f) o rlggo log r a rlggo log r ’ (1'6)
. 1ng+1 M(Tu f) . logp T(T’ f)

) =BT g T logr .

Definition 1.5. Let f(z) be a meromorphic function satisfying 0 < o,(f) = 0 < 00 or 0 <
pp(f) = p < oo. Then the p-iterated type of order and the p-iterated lower-type of lower-order
of f(z) are respectively defined by

1ng71 T(Tv f)

bolf) = T B L0 D) gy iy B TS, (18)

r—00 i —p =0 rk

Definition 1.6. Let f(z) be an entire function satisfying 0 < o,(f) = 0 < 00 or 0 < pp(f) =

u < oo. Then the p-iterated type of order and the p-iterated lower-type of lower-order of f(z)
are respectively defined by

logpM(r, f)’ Ip(f) — lim IngM(Tv f) (1.9)

=9 rH

Tp(f) = lim

r—00 ro
From the above definitions, we can easily obtain the following propositions:

(1) If fi(2) and f2(z) are meromorphic functions with o,(f1) = 01 < 00 and o,(f2) = 02 <
0o, then o,(f1 + f2) < max{o1,02},0,(f1f2) < max{oi,02}. Furthermore, if o1 # o9, then
op(f1 + f2) = op(fifo) = max{or,02}.

(17) If f1(z) and fa(z) are meromorphic functions with o,(f1) < oo and p,(f2) < oo, then
mfz)}{)uf(fl + f2), wp(f1f2)} < max{o,(f1), pp(f2)} or max{py,(f1 + f2), up(f1f2)} < max{p,(f1),
o .

g (izz) If fi(z) and f2(z) are meromorphic functions satisfying o,(f1) < pp(f2) < oo, then
(1 + f2) = pp(f1f2) = pp(fa)-
(iv) If f(z) is an entire function with 0 < o},(f) < oo, then ¢, (f) = 7,(f), ¥ (f) = 7,(f) for

p>2and ¥(f) < 7(f),0(f) < 2(f) for p = 1. ’

2. Main Results

Here our first question is : can we get the similar results as Theorem D for meromorphic
function or entire function of finite iterated order? Since it is easy to see op,(f') = op(f)(p > 1)
for meromorphic function f(z) of finite iterated order; our second question is : can we get
Yp(f) = Yp(f) or 7p(f") = 7,(f) for meromorphic function or entire function of finite iterated
order? In fact, we obtain the following results.

Theorem 2.1. Let fi(z) and f2(2) be meromorphic functions satisfying 0 < o,(f1) = op(f2) =
0 <00, 0<tp(f1) <¢p(f2) < 00. Set a =v(f2) —¥(f1), B=1(f1)+1¥(f2), then

(i) op(f1+ f2) = op(fif2) = o(p = 1); (id) If p > 1, we have ¥p(f1 + f2) = ¥p(f1f2) = ¥p(f2);
(ii7) If p=1, we have a < Y(f1 + f2) < B, a < P(fif2) < 6.
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Theorem 2.2. Let fi(z) and fs(2) be entire functions satisfying 0 < o,(f1) = op(f2) = 0 <
00, 0 < 7(f1) < 7p(f2) < oo. Then the following statements hold:

(i) If p > 1, then o, (f1 + f2) = 0, 7(f1 + f2) = 7(f2);
(Zl) pr > 1, then O'p(flfg) = 0, Tp(flfg) = T(fg).

Remark 2.1. When p = 1, (i) of Theorem 2.2 does not hold. For example, set f; = e, fo = %**
satisfy 7(f1) =1 < 7(f2) =2, but 7(f1f2) =1 < 7(f2) = 2.

Theorem 2.3. Let fi(z) and f2(z) be meromorphic functions satisfying o,(f1) = pp(f2) =
p(0<p<o0), 0<yy(fi)< gp(fQ) < 0o. Then the following statements hold:

(@) pp(fr + f2) = pp(fifo) = p(p = 1); (@) I p > 1, then ¢ (fi + f2) = ¢ (f1f2) = ¢ (f2);

(i6i) If p =1, then ¢(f2) — ¥(f1) < max{y(f1 + f2), ¥(fif2)} < ®(f1) + ¥(f2).

Theorem 2.4. Let fi(z) and f2(2) be entire functions satisfying o, (f1) = pp(f2) = p (0 < p <
o), 0 <7(f1) < 1,(f2) < oo. Then the following statements hold:

(@) pp(f1+ f2) = pp(fife) = p(p = 1); (1) I p > 1, then 7,(f1 + f2) = 7,,(f2);
(¢ii) If p > 1, then 7,(f1f2) = 7,(f2); if p = 1, then 7(f2) — 7(f1) < z(fif2) < 7(f1) +2(f2).

Theorem 2.5. Let p > 1, f(z) be a meromorphic function satisfying 0 < o,(f) < oco. Then

¢p(f/) = p(f)-
Theorem 2.6. Let p > 1, f(z) be an entire function satisfying 0 < o,(f) < co. Then 7,(f’) =

Tp(f)~

3. Preliminary Lemmas

Lemma 3.1. (see [11]) Let f(z) be an entire function of p-iterated order satisfying 0 < o,(f) =
o <00, 0 <7y(f) =7 < oo. Then for any given § < 7, there exists a set £ C [1, + 0o) having
infinite logarithmic measure such that for all » € E, we have

log, M(r, f) > Br°.

Lemma 3.2. (see [7]) Let f(z) be an analytic function in the circle |z|] < R and has no zeros in
this circle, and if f(0) = 1, then its modulus in the circle |z| < r < R satisfies the inequality

2r ~In M(R, f).

In|f(2)] >

Lemma 3.3. (see [2]) Given any number H > 0 and complex numbers a1, ag,--- ,a,, there is a

system of circles in the complex plane, with the sum of the radii equal to 2H, such that for each
point z lying outside these circles one has the inequality

ﬁ |z — ax| > <Z>n

k=1
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Lemma 3.4. Let f(z) be an analytic function in the circle |z| < SR (8 > 1) with f(0) = 1, and
let € be an arbitrary positive number not exceeding 2. Then inside the circle |z| < R, but outside
of a family of excluded circles the sum of whose radii is not greater than 2eeSR, we have

In2—-1Ine
Ing

Proof. By the similar proof in [7, p.21], constructing the function

(=BR)" ﬁ BR(z — Cik)

ln|f(z)|>—(531+ )mM(ﬁ?R,f).

h(z) =
() aray - an (BR)? — ayz
where a1, ag,---,a, are the zeros of f(z) in the circle |z| < SR, then we have h(0) = 1 and
|h(BRe?)| = % > 1, then function g(z) = ig; has no zeros in the circle |2| < SR.
Therefore, by Lemma 3.2, for any z satisfying |z| < R < SR, we have
2
Inlg(2)| =~ " M (3R, g)
2 .
== 57 (InM(BR, f) ~In|h(BRe")))
2
> — ﬁ_llnM(BR,f). (3.1)

For |z| < BR, we get [[1_; |(BR)? —axz| < [2(BR)*|" = 2"(BR)*". By Lemma 3.3, we get outside
of a family of excluded circles the sum of whose radii are not greater than 2ceSR, we have

[118R(z = ax)| > (BR)"(BeR)" = £"(BR)*"
k=1

where n = n(SR) denotes the number of zeros of f(z) in |z| < SR. So we have

(BR)"  e"(BR)*™ _ re\"
h > > (=) . 3.2
Ih(z)] = lajaz - - - an| 2"(BR)?™ — (2) (3.2)
Since 0 < € < 2, by (3.2), we have
2
In|¢(2)] > —nln - (3.3)
On the other hand, by Jensen’s formula, we have
1 2 n(B*R ﬁ n(BR ﬁ
MR ) 2 e {5 [ os (R an ) - IRSEN IR
™ Jo el el
Therefore,
In M (B3>
< n M (53 Raf)‘ (3.4)

Ing

998 Jin Tu et al 994-1003



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.5, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

6 J. Tu, Y. Zeng, H. Y. Xu

By (3.1), (3.3) and (3.4), we have

o)) 2 - 52 W MR, )~ P M (SR, )
2 In2 —Ine 9
z—<ﬁ_1+ — >1nM<5 R ). (3.5)

Lemma 3.5. Let p > 1, f(2) be an entire function satisfying 0 < 0, (f) = 0 < oo and 7,(f) < 0.
Then for any given £ > 0, there exists a set £ C (0, +00) having finite logarithmic measure, such
that for all |z| = r ¢ E, we have

exp{—exp, 1{(7p(f) +€)r7}} <[f(2)| < expp{(7p(f) +€)r}-

Proof. By (1.9), for any given ¢ > 0 and for sufficiently large r, we have

) < b () + ), MEr, ) < oxp, () + B} (3> 1) (36)

For any given e(0 < € < 2) and any 3 > 1, we choose ¢, 8 satisfying (7,(f) + 5)8% < 7(f) + ¢,
by Lemma 3.4 and (3.5), there exists a set £ C (0, + oo) having finite logarithmic measure, such
that for all |z| =r ¢ E, we have

[F(2)] > exp{—exp, 1 {(7p(f) +&)r7}} (p>1). (3.7)
By (3.6), (3.7), we obtain that Lemma 3.5 holds.

Lemma 3.6. (see [4,14]) Let f(z) be a meromorphic function satisfying f(0) # oco. Then for
any 7 > 1 and r > 0, we have

T(r, f) < C.T(rr, f') +logt(rr) + 4 +1log™t | £(0)],

where C; > 0 is a constant related to 7.

Lemma 3.7. (see [6]) Let g : (0,00) — R and h : (0,00) — R be monotone non-decreasing
functions such that g(r) < h(r) outside of an exceptional set E of finite linear measure. Then for
any « > 1, there exists 19 > 0 such that g(r) < h(ar) for all r > rg.

4. Proofs of Theorems 2.1 - 2.6

Proof of Theorem 2.1. (i) Without loss of generality, set 0 < 1,(f1) < ¥p(f2) < o0, by
(1.8), for any £ > 0 and for sufficiently large r, we have

T(r, fi+ fo) <T(r, fr) + T(r, f2) + In2
< expy,_1{(¥p(f1) +)r7} + exp,_1{(¥p(f2) + )77}
< 2expy_1{(¥p(f2) +)r7} (4.1)
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By (4.1), we get op(f1+ f2) < 0. On the other hand, by (1.8), for any £(0 < 2e < ¥,(f2) —¥p(f1)),
there exists a sequence {ry,}>°; tending to oo such that
T(TTH fl + f2) > T(Tna f2) - T(Tn, fl) —1In2
> expy,_1{(¥p(f2) — &)} — expp_ 1 {(¥p(f1) + €)r7} (4.2)
holds for sufficiently large r,,. By (4.2), we get o,(f1 + f2) > o; therefore o, (f1 + f2) (p>1).

=0
(ii)-(iii) By (4.1) and (4.2), we have 9,(f1 + f2) = ¥p(f2) for p > 1 and a < P(f1 + f2) <
for p = 1. Since

T(r, frf2) <T(r, f1) +T(r, f2), T(r, fife) 2T(r, f2) = T(r, f1) —o(1)

and by the similar proof in (4.1) and (4.2), we can easily obtain that the conclusions in cases
(ii)-(iii) holds.

By the above proof, we can easily obtain that Theorem 2.1 also holds for 0 < ¥,(f1) <
Up(f2) = 0.

Proof of Theorem 2.2. (i) Set 0 < 7,(f1) < 7(f2) < oo. By (1.9), for any € > 0 and for
sufficiently large r, we have

M(val +f2) < M(val) +M(Taf2)
< exp,{(7p(f1) + )17} + exp,{(7p(f2) + €)%}
< 2expy{(7p(f2) +€)r7}, (4.3)

by (4.3), we get o,(f1 + f2) < o, 7(f1 + f2) < 7p(f2). On the other hand, by (1.9), for any
e (0 < 2e < 1,(f2) — 1p(f1) there exists a sequence {r,}22, tending to oo such that

M(rn, f1) < expp{(mp(f1) + &)}, M(rn, f2) > expp{(7p(f2) — €)ry} (4.4)

holds for sufficiently large r,,. In each circle |z| = r,(n =1,2,---), we choose a sequence {z,}> 4
satisfying |fa(zn)| = M (ry, f2) such that

M(rn, fr + f2) 2 [ f1(zn) + fo(zn)| 2 |f2(z0)] = [f1(20)]
> M(Tm f2) - M(?“n, fl)
> expp{(np(f2) — )} — expp{(m(f1) + )77}

> S exp,{((fo) — <} (> 00), (45)

by (4.5), we get op,(fi+f2) > o, 7p(f1+f2) > 7p(f2); therefore oy (f1+f2) = o, 7p(f1+f2) = Tp(f2)-
(i) By (1.9), for any € > 0 and for sufficiently large r, we have

M(r, fife) < M(r, f1)M(r, f2)
< exp,{(1p(f1) +e)r7}exp, {(1p(f2) +€)r7}
< expp{(7p(f2) +2e)r7} (p> 1), (4.6)
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by (4.6), we get op(fif2) < o, 7(fif2) < 7(f2)(p > 1). On the other hand, by Lemma 3.1, for
any € > 0 there exists a set Fy having infinite logarithmic measure such that for all r € Fy, we

have
M(r, f2) > expp{(7p(f2) —€)r?}. (4.7)

By Lemma 3.5, for any € > 0, there exists a set Eo having finite logarithmic measure such that
|z| =1 & Ea, we have

[11(2)] > exp{=exp,_1{(7p(f1) +€)r7}} (p > 1). (4.8)
Therefore, by (4.7) and (4.8), for any € > 0 and for all |z| = r € Ej\ E2, we have
M(r, fifa) = M(r, fa) exp{—exp,_1{(7p(f1) + €)r7}}
> expy{(1p(f2) — )7} exp{—exp,_1{(7p(f1) +€)r7}}. (4.9)

Since 7,(f1) < 7p(f2), we choose ¢ satisfying 7,(f2) —e > 7,(f1) + €. By (4.9), for any (0 < 2e <
Tp(f2) — 1p(f1)) and for all r € E1\Es, we have

M(r, frfa) > expp{(mp(f2) = 26)r7} (p>1). (4.10)

By (4.10), we have o,(f1f2) > 0, 7(f1f2) > 7p(f2) for p > 1; Therefore o,,(f1f2) = o, T(fif2) =

Tp(f2) for p > 1.
By the similar proof in cases (i) and (ii), we can easily obtain that Theorem 2.2 holds for

0 < 7p(f1) < 7p(f2) = o0

Proof of Theorem 2.3. Set 0 < ¢,(f1) < gp(fg) < oo. By (1.8), for any € > 0 and for
sufficiently large r, we have

T(r, f1) < expp_1{(p(f1) + )"}, T(r, fa) > exp,1{(¥ (f2) —e)r"'}- (4.11)

By (4.11), for any & (0 < 2¢ < ¢ (f2) — (/1)) and for sufficiently large r, we have

T(r, fr+ fo) 2 T(r, f2) = T(r, f1) —In2
> exp,_1{(¥, (f2) —€)r"'} — exp,_1{(¢p(f1) +€)r"'}. (4.12)
By (4.12), we have

po(fi+ f2) 2 p(p 2 1), ¥ (fr + f2) 29 (F2) (0> 1), O(fr + f2) = ¢(f2) —¢(f1).  (413)
On the other hand, by (1.8), for any ¢ > 0 there exists a sequence {rn}2, tending to oo such
e T 12) < exppif(e (f2) + )it} (1.14)
for sufficiently large 7. By (4.11) and (4.14), for any & > 0 and for sufficiently large r, we have

T(T‘, fl + f2) < T(Tru fl) + T('f‘n, f2) +1n2
< exp, 1 {(Vp(f1) +e)rh} + expp_l{(yp(fg) +e)rky. (4.15)
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By (4.15), we have
pp(fr+ f2) <plp = 1), ¥ (fi+ f2) ¥ (f2)(p > 1), ¥(fr + f2) <o(f2) +0(f1). (416

Therefore, by (4.13) and (4.16), the conclusions of Theorem 2.3 hold for fi+ fa. Since T'(r, f1f2) <
T(r, f1)+T(r, fo), T(r, fifo) > T(r, f2) =T(r, f1) —o(1), we can easily obtain that the conclusions
of Theorem 2.3 hold for fi fo.

Theorem 2.3 also holds for 0 < 1,(f1) < gp(fg) = 00 by the above proof.

Proof of Theorem 2.4. We can obtain the conclusions of Theorem 2.4 by the similar proof
in Theorem 2.2 and Theorem 2.3.

Proof of Theorem 2.5. By the Lemma of logarithmic derivative, we have that
T(r, f') < 3T(r, f) + O{logr}

holds outside of an exceptional set E of finite linear measure. By Lemma 3.7, there exists
a > 1 such that T(r, f) < 3T(ar, f) + O{log(ar)} holds for sufficiently large r, so we have
7p(f") < 7(f) (p > 1). On the other hand, by Lemma 3.6, for any 7 > 1, there exists a constant
C.- such that

T(r, f) < C.T(rr, f') +1logt(rr) + 4 +1logt |£(0)].
Set 7 — 17, by the above inequality, we have 7,(f") > 7,(f)(p > 1). Therefore 7,(f") = 7,(f) for
p> 1.

Proof of Theorem 2.6. For an entire function f(z), we have

/ 70, (4.17)
where the integral route is a line from 0 to z. By (4.17), we have
M) < 1O+ [ £(Qdel < O]+ rM (), (1.15)
By (4.18), we have
M(r, f/) > M(T‘, f)r_ ‘f(o)‘ ] (419)
By (1.9) and (4.19), we have 7,(f") > 7,(f). On the other hand, by Cauchy’s integral formula,
we have ) 0
where integral curve is the circle || = R. By (4.20), for any |z| =7 < R,
N1 f (C) 1M (R f)

Set R = fr (f > 1), then by (4.21), we have
M(r,f') < (5_5)2 M(Br.f) < 73 51)% exp,{(1p(f) +)(Br)" P}, r o0 (422)
Since op(f') = op(f), set 8 — 1, we have 7,(f") < 7,(f); therefore 7,(f") = 7,(f).
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