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Some new Chebyshev type quantum integral inequalities
on finite intervals

Feixiang Chen' and Wengui Yang?*
lKey Laboratory for Nonlinear Science and System Structure, Chongqing Three Gorges University,
Wanzhou 844000, China
2Mim'st1"y of Public Education, Sanmenxia Polytechnic, Sanmenxia 472000, China

Abstract: By using the two parameters of deformation g; and g2, we establish some new Chebyshev type
quantum integral inequalities on finite intervals. Furthermore, we also consider their relevance with other
related known results.

Keywords: Chebyshev type inequalities; quantum integral inequalities; synchronous (asynchronous) functions
2010 Mathematics Subject Classification: 34A08; 26D10; 26D15

1 Introduction

Let us start by considering the following celebrated Chebyshev functional (see [1]):

T(f,g.p) = ( / bq(x)dx) ( / bp(x)f(w)g(x)dx> + ( / bp<x>dx> ( / bq(x)f(x)g(x)dx>
_ ( / bq(x)f(w)dx> ( / bp(x)g(x)dx) - ( / bp(w)f(w)dx> ( / bq(x)g(x)dx), (1)

where f,g : [a,b] — R are two integrable functions on [a,b] and p(x) and ¢(x) are positive integrable functions
on [a,b]. If f and g are synchronous on [a, b], that is,

(f(x) = f(w)(g(=) — 9(y)) = 0,

for any x,y € [a,b], then we have (see, e.g., [2, 3])

T(f,9,p,q) = 0, (1.2)

The inequality in (1.2) is reversed if f and g are asynchronous on [a, b], that is,

(f(x) = f(w)(g(=) — g(y)) <0,

for any z,y € [a,b]. If p(x) = q(z) for any z,y € [a,b], we get the Chebyshev inequality, see [1].

Here we should point out that the Chebyshev functional (1.1) has attracted many researchers attention
mainly due to its distinguished applications in numerical quadrature, probability and statistical problems and
transform theory. At the same time, the Chebyshev functional (1.1) has also been employed to yield a number
of integral inequalities, see [4, 5, 6, 7, 8, 9, 10, 11, 12, 13] and the references therein.

The integral inequalities can be applied for the study of qualitative and quantitative properties of integrals,
see [14, 15, 16, 17]. In order to generalize and spread the existing inequalities, we specify two ways to overcome
the problems which ensue from the general definition of g-integral. In [18], Gauchman has introduced the
restricted g-integral over [a,b]. In [19], Stankovié, Rajkovié and Marinkovié have introduced the definition of
the ¢-integral of the Riemann type. In [18], Gauchman gave the g-analogues of the well-known inequalities in the
integral calculus, as Chebyshev, Griiss, Hermite-Hadamard for all the types of the g-integrals. In [19], Stankovié,
Rajkovi¢ and Marinkovi¢ obtained some new ¢-Chebyshev, ¢-Griiss, ¢-Hermite-Hadamard type inequalities.
In [20, 21], by using the weighted g¢-integral Montgomery identity, Yang and Liu and Yang established the
weighted ¢-Cebysev-Griiss type inequalities for single and double integrals, respectively. Recently, Tariboon

*Corresponding author.
Email: ¢fx2002@126.com (F. Chen) and wgyang0617@yahoo.com (W. Yang).
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and Ntouyas [22] introduced the quantum calculus on finite intervals, they extended the Holder, Hermite-
Hadamard, trapezoid, Ostrowski, Cauchy-Bunyakovsky-Schwarz, Griiss, and Griiss-Cebygev integral inequalities
to quantum calculus on finite intervals in the paper [23].

Motivated by the results mentioned above, by using the two parameters of deformation ¢; and g2, we establish
some new Chebyshev type quantum integral inequalities on finite intervals. Furthermore, we also obtain their
relevance with other related known results.

2 Preliminaries
Let J := [a,b] C R, K :=[¢,d] C R, Jp := (a,b) be interval and 0 < ¢,q1,¢2 < 1 be a constant. We give the
definition g-derivative of a function f: J — R at a point « € J on [a, b] as follows.

Definition 2.1 ([22]). Assume f:J — R is a continuous function and let x € J. Then the expression

f(@) — flgz + (1 —q)a)
(1-q)(zr—a) ’

is called the g-derivative on J of function f at x.

aqu(l‘) =

x # a, aqu(a) = il_I)r}l aqu(x)v (2.1)

We say that f is g-differentiable on J provided ,D,f(x) exists for all x € J. Note that if a = 0 in (2.1),
then ¢Dyf = D, f, where D, is the well-known g¢-derivative of the function f(x) defined by

f@) - flaz)

Dafle) = (1-q)

For more details, see [24].

Definition 2.2 ([22]). Assume f:J — R is a continuous function. Then the ¢-integral on J is defined by
x (o)
— [ Ftudst = (1= 9w - ) 3 " 1@+ (1= a")a), (22
a n=0

for x € J. Moreover, if ¢ € (a,x) then the definite ¢g-integral on J is defined by

[ s = [ s dtf/f

=(l-¢g)(z—a Zq”f ¢z +(1—q")a) = (L—q)(c—a) Y q"f(g"c+ (1 —¢")a).

n=0 n=0
Note that if a = 0, then (2.2) reduces to the classical ¢-integral of a function f(z) defined by (see [24])

/0 " f(Oodgt = (1 — @ S @ F ("), Ve € [0,00).

Lemma 2.3. Assume f,g:J — R are two continuous functions and f(t) < g(t) for allt € J. Then

[ 0t < [ gttt (23

Proof. For x € J, then ¢"z+ (1 —¢")a € J. Because f,g: J — R are two continuous functions and f(t) < g(t)
for all ¢ € J. Then

f(@"r+ (1 —q")a) <g(¢"z+ (1-q")a). (2.4)
Summing from 0 to co with respect to n and multiplying both sides of (2.4) by (1 — ¢)(z — a) > 0, then we get

/f =(1-q)(r—a) Zq”quJr(l— ")a)

n=0

<O Y dg@ e+ (1 -g0) = [ " g(adyt,

n=0

which implies (2.3). The proof is completed. O

2
418 Feixiang Chen et al 417-426



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

3 Chebyshev type quantum integral inequalities

In this section, we establish some new Chebyshev type quantum integral inequalities on finite intervals. For the
sake of simplicity, we always assume that in this paper all of quantum integral exist and

b b
12 (uf)(b) = / w(t)f(Dadyt and  T2(ufg)(b) = / u(t) £ ()g(adyt.

Lemma 3.1. Let f and g be two continuous and synchronous functions on J and let u,v : J — [0,00) be two
continuous functions. Then the following inequality holds true

I3u(b) I3 (vfg)(b) + Igv(b) I3 (ufg)(b) = Ig(uf)(b)Ig(vg)(b) + Ig (v f)(b)1g (ug)(b). (3.1)

Proof. Since f and g be two continuous and synchronous functions on J, then for all 7, p € J, we have

(f(r) = f(p)(g(T) —g(p)) > 0. (3.2)

By (3.2), we write
F()g(m) + f(p)g(p) = f(T)g9(p) + f(p)g(7)- (3-3)

Multiplying both sides of (3.3) by v(7) and integrating the resulting identity with respect to 7 from a to b, then
we obtain

I3 (vfg)(b) + f(p)g(p)Igv(b) = g(p)Ig (vf) (D) + f(p) Iy (vg) (D). (3-4)

Multiplying both side of (3.4) by u(p) and integrating the resulting identity with respect to p from a to b, then
we get

Iqu(b)Ig (v fg)(b) + Igv(b)Ig (ufg)(b) = 15 (uf)(b)Ig (vg)(b) + Ig (vf)(b)Ig (ug)(b),
which implies (3.1). O

Theorem 3.2. Let f and g be two continuous and synchronous functions on J and let ¢,p, 1 : J — [0,00) be
three continuous functions. Then the following inequality holds true

2136(b) (130 (b) I3 (W £ ) (b) + I3 (D) I3 (0 £ 9) (b)) + 2150(b) 15 () I (.£9) (D)
> 136(0) (15 (2f) ()15 () (b) + I3 (.f) ()15 (129) (b)) + I5o(b) (15 (&) ()T (109) (b)
+ I3 ) 1) (9g) (D) + I (b) (I (6.£) (D) I3 (09) (D) + I3 (0 f) (0)I5 (69) (D). (3.5)

Proof. Putting u = ¢, v = ¢ and using Lemma 3.1, we can write
130 I3 (1 f9) (b) + g (D) I (w£9)(b) > I3 (f) (D)7 (1) (b) + I (v ) (D) Ig (g)(D). (3.6)
Multiplying both sides of (3.6) by I7¢(b), we obtain
I36(b) (139 (0)15 (1 f9) () + 139 (b) I3 (9.f9) (D)) = Igd(b) (Ig (0 f)(b)Ig (g)(b) + I (w f)(b) I3 (2g)(b)) .  (3.7)
Putting u = ¢, v = ¥ and using Lemma 3.1, we can write
136(0) 15 (¥ fg)(b) + 139 () I7(0f9)(b) = 17 (0.f)(b)15 (¥g)(b) + 15 (¥ f)(b) 15 (6g)(D). (3.8)
Multiplying both sides of (3.8) by I¢(b), we obtain
I3 (b) (13(0) 15 (v f9) (b) + Ig (W) I3 (0 f 9) (b)) = Igp(b) (Ig(0f)(b)Ig (vg)(b) + Ig (v f)(b)I5(6g)(b)) . (3.9)
With the same arguments as before, we can get
Igw(0) (1300 I3 (2.f9) (b) + I (b) I3 (6f9) (D)) = I3 (b) (I3 (o) (b)I5 (09) (D) + I5 (0 f)(0)I5(9g) (D) . (3.10)
The required inequality (3.5) follows on adding the inequalities (3.7), (3.9) and (3.10). O
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Lemma 3.3. Let f and g be two continuous and synchronous functions on JUK and let u,v : JUK — [0, 00)
be two continuous functions. Then the following inequality holds true

13, u(®) g, (vfg)(d) + Ig,v(d)Ig (ufg)(b) = I, (uf)(b)Ig, (vg)(d) + Ig, (v f)(d) g (ug) (D). (3.11)

Proof. Multiplying both sides of (3.3) by v(p) and ¢s-integrating the resulting inequality obtained with respect
to p from c to d, then we have

F(T)g(r)1g,0(d) + Ig, (vfg)(d) = f(7) I, (vg)(d) + 9(T)Ig, (vf)(d). (3.12)

Multiplying both sides of (3.12) by u(7) and ¢;-integrating the resulting identity with respect to 7 from a to b,
then we obtain

I3, u(d)Ig, (vfg)(d) + Ig,v(d)Ig, (ufg)(b) = Iy (uf)(b)Ig, (vg)(d) + Iy, (vf)(d)Ig, (ug)(b),
which implies (3.11). O

Theorem 3.4. Let f and g be two continuous and synchronous functions on JU K and let ¢, p, ¢ : JUK —
[0,00) be three continuous functions. Then the following inequality holds true

I3, 6(b) (Ig, v (0)Ig, (0 f 9)(d) + 215 0 (D) Ig, (¥ fg)(d) + Ig,w(d)Ig, (v fg)(b))
+ (15,9 (0)15,(d) + Ig,0(d) I (b)) Ig, (6f9)(b) = Ig, (b) (Ig, (v f)(0)Ig, (¥9)(d) + Ig, (0 f)(d)Ig, (vg) (b))
+Ig, 0 (0) (15, (6F) ()15, (g) (d)+Ig, (W £) ()15, (69) (b)) +1g, 1 (b) (13, () (b) 15, (2g) (d)+Ig, (¢ £)(d) I, (¢9) (D))

Proof. Putting u = ¢, v = ¢ and using Lemma 3.3, we can write

13,0(b0) 15, (¥ f9)(d) + 15,4(d)1g, (fg)(b) = 15, (@.f) ()15, (vg)(d) + 1g, (v f)(d)1g, (¢g)(b). (3.14)
Multiplying both sides of (3.14) by I¢ ¢(b), we obtain

I3, 6(0) (Ig, 0 () Ig, (¥ f 9)(d) + 15,9 (d) 15, (0f ) (b)) = Ig, 6(b) (I, (0f)(b)Ig, (vg)(d) + Ig, (v f)(d) g, (@g)((b)%
Putting u = ¢, v = ¥ and using Lemma 3.3, we can write

15, 0(0) g, (Y f9)(d) + I, (d) g, (9£9)(b) = Ig, (9f) (D)1, (¥9)(d) + Ig, (¥ )(d) g, (69) (D). (3.16)
Multiplying both sides of (3.16) by I ¢(b), we obtain
Ig o) (15, 0(b) 15, (£ 9)(d) + Ig,(d) I, (6 9) (b)) = I, p(b) (I, (2£) ()15, ($9)(d) + 15, (0 £)(d) 15, (¢9) (D)),

(3.17)
With the same arguments as before, we can get

I5,0(0) (1, 6(0) I3, (9 £ 9)(d) + Ig, ()5, (6£9) (b)) = 15, 4(b) (I3, () ()15, (pg)(d) + I, (v f)(d) ] a1(¢g)(?)), )
3.18
The required inequality (3.14) follows on adding the inequalities (3.15), (3.17) and (3.18). O

Remark 3.5. The inequalities (3.5) and (3.13) are reversed in the following cases: (a) The functions f and g
are synchronous on J U K. (b) The functions ¢, ¢ and 1 are negative on J U K. (¢) Two of he functions ¢, ¢
and 1) are positive and the third one is negative on J U K.

Theorem 3.6. Let f,g,h be three continuous and synchronous functions on J UK and let u: JUK — [0,00)
be a continuous function. Then the following inequality holds true

12 u(b)I5, (uf gh) (d) + 12, (uh) (B) IS, (wfg)(d) + 12 (ufg) (B)IS, (uh)(d) + 12, (ufgh) (b I, u(d)
> I8 (uf) (D)5, (ugh) (d) + IS, (ug) (B I, (wfR)(d) + 12, (ugh) (b)I5, (uf)(d) + I¢, (uf W) B IE, (ug)(d).  (3.19)
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Proof. Let f,g,h be three continuous and synchronous functions on J U K, then for all 7,p € J U K, we have

(f(1) = F(p)(g(7) = g(p))(h(T) + h(p)) = 0,

which implies that

F)g(m)h(r) + f(p)g(p)h(p) + f(T)g ( )h(p) + f(p)g(p)h(r)
F()g(p)h(r) + f(T)g(p)h(p) + f(p)g(T)h(T) + f(p)g(T)h(p). (3.20)

Multiplying both sides of (3.20) by u(7) and ¢o-integrating the resulting identity with respect to 7 from ¢ to d,
then we obtain

I3, (ufgh)(d) + f(p)g(p)h(p)Ig,u(d) + h(p)Ig, (ufg)(d) + f(p)g(p) Iy, (uh)(d)
> g(p) 1, (ufh)(d) + g(p)h(p)1g, (uf)(d) + f(p) Iy, (ugh)(d) + f(p)h(p)Ig, (ug)(d). (3.21)

Multiplying both sides of (3.21) by u(p) and ¢;-integrating the resulting inequality obtained with respect to p
from ¢ to d, then we have

15, u(b)Ig, (wfgh)(d) + Iy, (uh)(b)1g, (ufg)(d) + Iy, (ufg)(b)1g, (uh)(d) + 1§, (ufgh)(b)Ig,u(d)
> 13 (uf)(b)1g, (ugh)(d) + I, (ug)(b)Ig, (ufh)(d) + 15 (ugh)(b)Ig, (uf)(d) + Ig, (ufh)(D)Ig, (ug)(d),
which implies ((3.19). O

Theorem 3.7. Let f, g, h be three continuous and synchronous functions on JUK and let u,v : JUK — [0, 00)
be two continuous functions. Then the following inequality holds true

12 u(b)I5, (v fgh)(d) + 12, (uh)(B)IS, (vfg)(d) + 12, (uf g)(D)I5, (vh)(d) + 12 (ufgh)(b) IS, v(d)
> I8 (uf) (D)5, (vgh)(d) + I2, (ug) (O)I5, (vfh)(d) + I8, (ugh)(B)IS, (vf)(d) + I¢, (uf W) B)IE, (vg)(d).  (3.22)

Proof. Multiplying both sides of (3.20) by v(7) and integrating the resulting identity with respect to 7 from ¢
to d, then we obtain

15, (wfgh)(d) + f(p)g(p)h(p)1g,uld) + h(p)Ig,(vfg)(d) + f(p)g(p)Ig, (vh)(d)
= g(p)I; (vfh)( )+ 9(p)h(p)Ig, (vf)(d) + f(p)Ig, (vgh)(d) + f(p)h(p)Ig, (vg)(d). (3.23)
(

Multiplying both sides of (3.23) by u(p) and integrating the resulting inequality obtained with respect to p from
a to b, then we have

I3 u(b)Ig, (vfgh)(d) + I, (uh) (D) I, (vf9)(d) + 1g, (ufg) (D) I, (vh)(d) + Ig (ufgh)(b)Ig,v(d)
> I3, (uf) () Ig, (vgh) (d) + 13, (ug) (b)Ig, (v fh)(d) + Ig, (ugh)(b)1g, (vf)(d) + I, (ufh)(0) I, (vg)(d),
which implies (3.22). 0

Remark 3.8. It may be noted that the inequalities in (3.19) and (3.22) are reversed if functions f,g and h
are asynchronous. It is also easily seen that the special case u = v of (3.22) in Theorem 3.7 reduces to that in
Theorem 3.6.

4 Other quantum integral inequalities

The first class are the inequalities related to Cauchy’s inequality.

Theorem 4.1. Let ¢, f and g be three continuous functions on J. Then the following inequality holds true

[T(¢, f,9)]* < T (o, . T(b.9,9), (4.1)
where T(¢, . g) = I2p(D)IH(f9)(b) — I¢(Hf)(b)I2(dg)(b).
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Proof. By simple computation, we have the following fact that

b b
T(0..9) =5 [ [ o0)om)lF(0) = FOae) = o(r)adypudyr (42)

From (4.2) and weighted Cauchy’s inequality, we easily obtain (4.1). O

Lemma 4.2. Let f and h be two continuous functions on J and let ¢ : J — [0,00) be a continuous function.
Then the following inequality holds true

mlg(p) — g(T)] < f(p) = f(7) < Mlg(p) —g(7)], Vp,7€J, (4.3)
where m and M are given real numbers. Then for allt > 0 and v > 0, we have
(¢, f, f) + mMT(¢,9,9) < (m+ M)T(¢, f,9), (4.4)

where T'(¢, f,g) is defined as in Theorem 4.1.

Proof. If we use the condition (4.3), we get

(Mlg(p) = g(1)] = [f(p) = F(MD(f (p) = f(T)] —=mlg(p) —g(T)]) 20, Vp, 7€ (4.5)

From (4.5) and through simple computation, we have
[f(p) = F(7)]? +mMIg(p) — g()]* < (m + M)[f(p) — f(T)]lg(p) — g(7)]. (4.6)
Multiplying both sides of (4.6) by ¢(p)¢(7) and integrating the resulting identity with respect to p and 7 from
a to b, we deduce the required inequality (4.4). O

Theorem 4.3. Let f,g,¢ be defined as in Lemma 4.2 and 0 < m < M < oo. Then the following inequalities
hold true

m 2
T(6.1.17(6.9.9) < " 106, 5.1, (0.7
and
(M —m)?

0<T(, f, NT(b:9,9) = [T(¢, f.9))* < [T(¢, . 9)), (4.9)

where T'(¢, f,g) is defined as in Theorem 4.1.

dmM

Proof. We use the following elementary inequality
2, 1 o
2xy§ozx +7ya vxay207a>oa
o}

to get, for the choices

a=vVmM >0, Ji:\/mz(), y:\/T(d)afaf)ZO

the following inequality

1
vmM

2T(¢, f. )T (b, g,9) < VmMT($,g,9) + T(¢, f. f). (4.10)

Using (4.4) and (4.10), we deduce

m+MT
vmM

which is clearly equivalent to (4.7). By a few transformations of (4.7), similarly, we obtain (4.8) and (4.9). O

2/T(¢, f. )T (. 9,9) < (¢, f,9).
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The second class are the inequalities related to Holder’s inequality.

Theorem 4.4. Let ¢ : J — [0,00) be a continuous function on J and f,g : J — (0,00) be two continuous
functions on J such that 0 < m < f*(1)/¢%(1) < M < o0 on J. If 1/a+1/B =1 with a > 1, then the following
inequality holds true

IS

(I2(6F*)(B) = (I2(69)(B)) ¥ < (22) % I2(6£4) (D). (4.11)

Proof. Since f*(7)/¢?(t) < M, then f*/8 < M'/#g. Multiplying by ¢f > 0, it follows that
g g

Of* = ¢fTF < MBgfg

and integrating the above inequality from a to b, then we have

(12(6F*) (b)) < M5 (I%(6fg)(b)) . (4.12)

On the other hand, since m < f*(7)/g?(7), then f > m'/*g#/® Multiplying by ¢g > 0, it follows that

1 B 1
¢fg > mapg'te =magg’.

Integrating the above inequality from a to b, we obtain that

(1 (6£9)(B))* = m=7 (I5(6g%)(b)) 7. (4.13)
Combining (4.12) and (4.13), we have the desired inequality (4.11). The proof is completed. O

Theorem 4.5. Suppose that 1/a+1/8 = 1/v with o, B,y > 0. Let ¢ : J — [0,00) be a continuous function
on J and f,g:J — (0,00) be two continuous functions on J. If 0 < m < fY(1)/g?"/*(t) < M < oo for any
T € J, then the following inequalities hold true

(M —m)IS(of*)(b) + (mM>5 — Mm* )12 (¢g”)(b) < (M5 —m7)I2(¢f7g7)(b), (4.14)
and

ot ghy-3 M= m();{mM ‘) e ") (s Usee”) ) < (o)t @)

Proof. Tf 0 < m < 27 /y#7/® < M < oo, then the following inequality is valid (see [25]):
(M —m)z® + (mM% - Mm%)yﬁ < (M% - m%)aﬂy”. (4.16)

Substituting in the inequality (4.16) x — f(7) and y — g(7), and multiplying both sides of the obtained result
by ¢(7) and integrating the resulting identity with respect to 7 from a to b, we obtain (4.14).
Now, rewrite (4.14) in the form

y «a a a g B < 2N ra a 2\ ra
() (&) ar-mierm) + (3) ((2) tmars - am®)r30600)) < (7 w1360,
(4.17)
and applying arithmetic-geometric inequality on the left-hand side of (4.17) we get (4.15). O
The next class are the inequalities related to Minkowsky’s inequality.

Theorem 4.6. Let p > 1 and ¢ : J — [0,00) be a continuous function on J and f,g : J — (0,00) be two
continuous functions on J. If 0 <m < f(1)/g(1) < M < oo for any 7 € J, then we have

1+ M(m+2)
(m+1)(M+1)

=

(I2(6f7)())7 + (I2(g7)(8)) 7 < (I8(6(f + 9)") (1)) (4.18)
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Proof. Using the condition f(7)/g(7) < M for any 7 € J, we can get
(M +1)PfP(7) < MP(f + )" (7). (4.19)

Multiplying both sides of (4.19) by ¢(7) and integrating the resulting inequalities with respect to 7 from a to
b, we obtain

(M + D)PIG(f7)(b) < MPIZ((f + 9)")(b).

Hence, we can write

(IGMB) < 57 (T +97)0) . (120)
On the other hand, using the condition m < f(7)/g(7), we can get
(m+1)Pg"(7) < (f + )" (7). (4.21)

Multiplying both sides of (4.21) by ¢(7) and integrating the resulting inequalities with respect to 7 from a to
b, we obtain

(m+ 1)P13(6g")(b) < 15 (8(f + 9)7)(D).
Hence, we can write

1
m+1

S =

(I3 (@(f + 9)P)(b)) 7. (4.22)

1
(13 (2g")(b))* <
Adding the inequalities (4.20) and (4.22), we obtain the inequality (4.19). O

Theorem 4.7. Let p > 1 and ¢ : J — [0,00) be a continuous function on J and f,g : J — (0,00) be two
continuous functions on J. If 0 <m < f(1)/g(1) < M < oo for any 7 € J, then we have

r36m®)? + (1500n0)F = (UMD o) (r2o)0)

3
=

(I3(697) (1) . (4.23)

Proof. Multiplying the inequalities (4.20) and (4.22), we obtain

(m+1)(M +1)
M

=
=

(12(of7) ()7 (12(6g") (1) 7 < ((I2(6(f + 9)P)(B) 7). (4.24)

Applying Minkowski’s inequality to the right hand side of (4.24), we get

D=

)2 < (I8 (0f7) () + [12(6g7) () 7)’
= (I2(6f7)B) " + (I2(6g")(B))* +2(I2(6f7) () (I8(g7)()) 7. (4.25)
Combining (4.24) and (4.25), we obtain (4.23). O

((Ig(@(f +9)") ()

Theorem 4.8. Suppose that 1/a+1/8 =1 with o« > 1. Let ¢ : J — [0,00) be a continuous function on J and
frg:J — (0,00) be two continuous functions on J. If 0 <m < f(1)/g(r) < M < oo for any 7 € J, then the
following inequality holds true

a e a a a a B B a B a B
Igwg)(b)gz(Mz\il) (Iq(¢>f JORZHC: )(b))+25<m1+1) (Iqw JORZHC: )(b)>(4.26)

Proof. From m < f(1)/g(1) < M for any 7 € J, we have

M
M+1

f(r) < (f(r)+9(m),  g(r) < (f(7) + 9(7))- (4.27)

m+1

8
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From (4.27) and the following Young-type inequality

1 1 1 1
:z:ygaxoﬂ—gyﬁ, Vx,yz(),oz>1,a+5:1,

we obtain

[(6£9)(0) < SI3(00°)0) + 12 (09")0)

o 8
(MﬂfL 1) I3 (o(f +9)*)(0) + % (mil> IS(6(f +9)7)(b). (4.28)

INA
Q|

Using the elementary inequality (c + d)® < 2% 1(c® +d%), (a > 1 and ¢,d > 0) in (4.28), we get

a B
0 < ¢ (3 ) 2o e+ 5 () P e
2 (LAY (RO T EI0Y 2 (1 (0 e
m—+1 2 '

o \M+1 2

T3

This completes the proof of the inequality in (4.26). O

Theorem 4.9. Suppose that 1/a+1/8 = 1 with o, > 0. Let ¢ : J — [0,00) be a continuous function on
J and f,g : J — (0,00) be two continuous functions on J. If 0 < m < f(1)/(f(T) +g(7)) < M < oo and
0<m<g(r)/(f(r)+g(1)) <M < oo for any T € J, then we have

@l

Q=

1
a

%(M—m)é(mM‘X - Mm®)

(13(6(f +9))(B) " = a5 B (I26F)®)7 + (Iaog™)®)*).  (4.29)

Proof. Due to (4.15) with v = 1 of Theorem 4.5, m < f(1)/g%/®(r) < M for any 7 € J, we have

o g (M= m)& (mM® — Mm®)s
M(J/, _mOl

(12(6 1) (B)) = (12(69”)(B)) ¥ < 1(6g)(b). (4.30)

By simple computation, we have
Ig(o(f +9))(b) = Ig(of (f + 9)* 1) + Ig (o9 (f + 9)*~)(b). (4.31)

Fromm < f(7)/(f(7)+g(7)) < M and m < g(7)/(f(7)+g(7)) < M for any 7 € J, we have m < f(T)/((f(T)+

g(T))O‘*l)ﬁ/a < M and m < g(7)/((f(r) + g(r))*"1)#/® < M for any 7 € J. Applying (4.30) on right hand of
(4.31), we get

1O(F(f + ) 0) = ot g ML= O 2 MR g oy 12 101 4 9) "% )]

FO(S + 90 2 a3 ST Z I () ] g 60 +9) ) 01 (432)

Using (4.31) and adding two inequalities of (4.32), we obtain

IX($(f + 9)*)(b) > a= 87 (M —m) ETJ_W;; Mm®)?

(T(6F2) (1) ™ + (I%(6g™)(8)) ) (I2(6(f + 9)*) (b)) .

=

Dividing both sides of (4.33) by (I¢(¢(f 4+ g)*)(b))?, we get (4.29).

9
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A FIRST ORDER DIFFERENTIAL SUBORDINATION
AND ITS APPLICATIONS

M. A. KUTBI AND A. A. ATTIYA

ABSTRACT. In this paper we use the differential subordinations
techniques to obtain some properties of functions belonging to the
class of analytic functions in the open unit disc U. Also, some
properties of the class of two fixed points in U, are also discussed.
Furthermore, some interesting results of Hurwitz Lerch Zeta func-
tion and Digamma function are obtained.

1. INTRODUCTION

Let Aj denote the class of functions f of the form

(1.1) fR)=z24+ > ane™ (keN={12 .},

which are analytic in the open unit disc U = {z : |z| < 1}. Also, let
Hla, k] denote the class of analytic functions in U in the form

(1.2) r(z) =a + Z anz™ (2 €U),

for a € C (C is the complex plane).

Usually the analytic functions with the normalization f(0) = 0 =
f(0) — 1 is studied. Moreover, we can obtain interesting results by
using the Montel’s normalization of f (cf. [16], [6]) as follows

(1.3) f(2)],.o=0 and =1,

2010 Mathematics Subject Classification. 30C45; 30C80; 11M35; 33B15.

Key words and phrases. Analytic function, differential subordination, Hurwitz-
Lerch Zeta function, fixed point, two fixed points, Digamma function, Srivastava-
Attiya operator.
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where p is a fixed point in U. We see that, when p = 0, we get the
classical normalization in U. We denote by Ay , the class of functions
f in A with Montel’s normalization. The class A, will be called the
class of functions f with two fixed points.

A function f in the class Ay is said to be in the class Ry(«) if it
satisfies

(1.4) Re (@) >a (2el),

for some (0 < o < 1). The classes R;(a) = C(«), and R;(0) = C(0),
were earlier studied by Ezrohi [7] and MacGregor [19], respectively.
Further; a function f in the class Aj is said to be in the class Py(«) if
it satisfies

(1.5) Re (f/(z)> >a (z€0),

for some o (0 < a < 1). The class P;(0) = B(0), was earlier studied
by Yamaguchi [28]. For some a(0 < o < 1), X # 0 with Re(\) >0
and z € U we write :

(1.6) Ri(a, A):= {f(z) € A, : Re ((1 — A)@ + Af’(z)> > a}

and

(1.7)  Ri(a, \) := {f(z) € Ay : Re (f,(z) + Az f“(z)) > Oé} :

We note that
(i) Ry(a, 1) = Pi(a),
(i) fe€ Ri(a, N) ifand only if zf € Ri(a, \).

Now, if f € Ay , we define the function G(u, 7v; z) by

(1.8)
(£ ()" ()™ 2f'(2) 2 (2)
Gr(p,v;2) = — D)+ =)= 1+ = ,
k(1,75 2) g (y=1)+ (1 —p o) TH 12
. Zlf,u . >
with GONTE # 0, for pe€ R,y # 0 with Re(y) > 0 and
zeU.
Let Hy(p,7, o) denote the class of functions f satisfying the condi-
tion
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(1.9) Re (G, 7; 2)) > (2 € 1),

for some (0 < a < 1) and Gg(u, v; z) defined by (1.8).
Also, we note that
(i) For A # 0 with Re(\) >0

1 1
(1.10) Hy (O, T a) = Ri(a, \) and H, (1, T a) = Ri(a, \) .

(ii) One can define the Ri(a, A) for A = 0. Therefore we may use the
following relations

1
(1.11) Ri(a) = R (a, 0) = lim ~ Hj (0, T a) ,
and
(1.12) Ri(a,0) = lim Hy (1 1),
k\™% A 50 ) )\7

A general Hurwitz- Lerch Zeta function (or Lerch transcendent)
O(z,s, b) (cf., e.g., [24, Section 2.5, P. 121]) is the analytic continu-
ation of the series

(1.13) d(z,s,b) =

k:()
which converges for b (b € C\Z, , Z; = {0, =1, —=2,... }) if z and
s € C are any complex numbers with either z € U, or |z| = 1 and

Re(s) > 1. See also [2, Section 1.11].

Many authors obtained several properties of ®(z, s, b), for example,
Attiya and Hakami [1], Cho et al. [3], Choi and et al. [5], Ferreira
and Lopez [9], Guillera and Sondow [10, Section 2 |, Gupta et al. [11],
Kutbi and Attiya ([13],[14]), Luo and Srivastava [15], Owa and Attiya
[21], Prajapat and Bulboaca [22], Srivastava and Attiya [23], Srivastava
et al. [25] and Wang et al. [27].

Moreover, the Digamma function (or Psi) (cf., e.g., [24, Section 1.2,
P. 13]) is the logarithmic derivative of the classical gamma function,
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defined by
I'(2) 1 /1 1
1.14 U(z) = = —C-= -
(1.14) (2) I'(z) ¢ z+;(n Z—i—n)’

with the Euler constant C' = 0.57721566... . See also [2, Section 1.7]
and [18, Section 5.1]. Several properties of ¥ can be found in [17], [4],
8] and [26].

We shall also need the following definitions

Definition 1.1. Let f and F' be analytic functions. The function
f is said to be subordinate to F, written f(z) < F(z), if there exists
a function w analytic in U, with w(0) = 0 and |w(z)| < 1,and such
that f(2) = F(w(z)).If F is univalent, then f(z) < F(z) if and only
if f(0)=F(0) and f(U)C F(U).

Definition 1.2. Let ¥ : C* x U—C and let i be univalent in
U. If ¢ € H[a, k] satisfies the differential subordination

(1.15) U(p(z), zp (2),2°p (2); 2) < h(z) (2 €T,

then ¢ will be called (a, k) — solution . The univalent function s is called
(a, k) — domainant, if q(z) < s(z) for all ¢gsatisfying (1.15) , (a,k) —
domainant 5(z) < s(z) for all (a, k) — domainant sof (1.15) is said to
be the best (a, k) — domainant of (1.15).

In this paper, using the technique of differential subordination, some
properties of functions in the class Hy(u,, «) are obtained. Further-
more, some properties of the class of two fixed points in U, are also
introduced. Some applications to Analytic Number Theory are also
discussed.

2. THE CcLASS Hjy(p,7y, a) WITH FIRST ORDER DIFFERENTIAL
SUBORDINATION

To prove our results, we need the following theorem due to Hallen-
beck and Ruscheweyh [12] (see also Miller and Mocanu [20, P. 71]).

Theorem 2.1. Let h be convex univalent in U, with h(0) = a, v #
0 and Re(y) > 0.1f ¢ € H[a, k] and

(2.1) q(z) + 24 (2) =< h(z),

then
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(2.2) q(z) < S(z) < h(z),
where
(2.3) S(z) = L / h(t) £ dt
kzk :

The function S is a convex univalent and is the best (a, k)— domainint.
Now, we prove

Theorem 2.2. Let v be a complex number satisfying v # 0 with
Re(v) > 0. If g € H[1, k] and

24 ()
(2.4) Re (q(z) + 5 ) > a,
then
(2.5)

"kRe(y)" kRe(v)

forsome a (0 < o < 1) and A # 0 with Re(\) > 0. The constant(2a — 1)+

2(1 — a) Fy (1, k‘g—e‘;); kge‘;) +1, —1) is the best possible.

Re (q(2)) > (2a — 1)+2(1—a)s Fy (1 ol ol +1,—1> (z € 1),

Proof. If we take the convex univalent function h defined by

(2.6) h(z)_”(sz_l)z (0<a<l),
then, we have
(2.7) q(2) + qu(z) < h(z),

where h is defined by (2.6) satisfying h(0) = 1.
Applying Theorem 2.1, then

(2.8) q(2) < 5(2),

where the convex function S defined by

z

2

L,

k
k:zo
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(2.9) — (20—1)+2(1—a) /
1+ t‘Y z
since Re(h(z)) > 0 and S(z) < h(z), we have Re (S(z)) > 0.
Also, since
) 1 1
(2.10) zlen% Re | = —m 0<t<1).
1+t7z 1+¢ Iy
Hence
1
inf Re (S = (2 1 2(1 dt
Int e(5(2)) = Qa-D+2(1-0a) | — 5y
0 14+¢ hP?
(2.11) = (2a—1)+2(1-a)F (1 W b))
"kRe(y) kRe(y)

Therefore, the constant (2ac — 1)+2(1—a)o Fy (1, ,ﬂ'RW—e'?W); kge‘( 7+ 1L 1)

cannot be replaced by a larger one, which completes the proof of The-
orem 2.2. [

Theorem 2.3. Let the function f defined by (1.1) be in the class
Hk(u’77 Oé), then

(2.12)

(f' )" ()™ b kI
Re ( e > (2o — 1)+2(1—a)qFy | 1, FRe(y)’ FRe(7) +1,-1] (z€0),
for some (0 < a < 1), p € R and v # 0 with Re(y) > 0. The

constant (2a — 1) + 2(1 — a)2F1(1, #e';); k}l{v'el;) + 1,—1) is the best
possible.

Proof. Defining the function

(S )" (fe)™"

(2.13) q(z) = o

then, we have g € H[1, k] .
Taking the logarithmic differentiation in both sides of (2.13), we have

(z €U),

(2.14) q(z) + Zq;(z) = Gr(p,v; 2),
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since f € Hy(u,7, o), then

(2.15) Re (q(z) + L(z)) > a
Y
Therefore, we have (2.12) by applying Theorem 2.2. O

Putting =0 and v = 1/ (A # 0; Re(A\) > 0), in Theorem 2.3, we
have

Corollary 2.1. Let the function f defined by (1.1) be in the class
R} (v, \), then

(2.16)

z

for some a (0 < o < 1) and A # 0 with Re(A) > 0 . The constant
(2a—1)+2(1 — a) [ (1, #e(/\); ﬁe(x\) +1, —1) is the best possible.

Assuming p =1 and v = 1/X (A # 0; Re(\) > 0), in Theorem 2.3
or putting zf instead of f, in Corollary (2.1), we have

Corollary 2.2. Let the function f defined by (1.1) be in the class
Ri(a, M), then

(2.17)
Re (f/(z)> > (2 — 1)+2(1—a)o Fy (1, k’Ri()\); k:Rle()\) +1, —1) (z € U),

for some o (0 < o < 1) and X # 0 with Re(A) > 0. The constant
(20— 1) +2(1 — ) Fy <1, ﬁe(/\); ﬁe(/\) +1, —1) is the best possible.

Corollary 2.3. Let the function f defined by (1.1) be in the class
Ay, of functions f with two fixed points. Also, let f be in the class
Ri(a, M), then

(2.18) Re ( i amz® (2" — pm_k_l)) >

m=Fk+2

201 — a) (2F1 (1, kRi(A); kRi(A) +1,—1> - 1> (z e ),

for some o (0 < a < 1), p is a fixed point in U defined in (1.3) and X\ #
0 with Re(A) > 0. The constant 2(1—«) <2F1 <1, m; m +1, —1) — 1)
is the best possible.
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Proof. Since f € Ay, ,, then we have

[e.e]

(2.19) U1 =— Y amp™

m=k+2

therefore, the function f(z)/z, takes the form

e2) gy ( S (a2 _pm—k—l),

Then, we have the Corollary by applying Corollary 2.1. U

By using the same technique in Corollary 2.3, we have

Corollary 2.4. Let the function f defined by (1.1) be in the class
Ay, of functions f with two fixed points. Also, let f be in the class
R2(av, M), then

(2.21) Re ( i A2 (m 2™ — pm_k_1)> >

2(1 — a) (2F1 (1, kRi(A); kRi(M +1,—1> - 1> (z € 1),

for some o (0 < a < 1), p is a fixed point in U deﬁned in (1.3) and
A#0 with Re(A) > 0. The constant 3 (1, ek by + 1, —1) is
the best possible.

3. SOME APPLICATIONS IN ANALYTIC NUMBER THEORY

In this section we need the following lemma due to Guillera and
Sondow [10].

Lemma 3.1. For z € C—[1, oo) and § > 0, we have

(3.1) // l—a:yz ) In 7y de dy = ®(2,1,0),
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o0 [ [aitima-ifr(3+) ()

where ® (z,s,0) and ¥ (6) defined by (1.13) and (1.14) respectively

Corollary 3.1. Let ®(z,s, b) be the Lerch transcendental function
defined by (1.13), then

1 o 1 )
and this result is the best possible.

Proof. We can show that the function
(3.4)

201 —a) [t dt
g2)=2z | 2a—1)+ ()\Oé)/litz 0<a<l; z€l),
0

is a member in the class R}(a, A). Using (3.4) and (1.13) we obtain

(3.5)
g(z) ==z {(204—1)+ M@(z,l,%)} 0<a<l; zel),

which a member in the class R}(a, \), where ®(z,s,b) is the Lerch

transcendental function defined by (1.13).
Using (2.16) and (3.5), we readily obtain the following property with
A > 0; real

oo refo(and))oaf i <,

which is equivalent to
(3.7) Re(®(z,1,6)) > ®(—1,1,9), (|]z] <1;6>0),
the constant ® (—1,1,0), cannot be replaced by a larger one .

Using (1.14) and (3.7), we have

(3.8) Re(6(21,0) > % (xp (g%) — (g)) (12| < 1: 6 > 0).

435 KUTBI et al 427-438



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

10 M. A. KUTBI AND A. A. ATTIYA

this result is the best possible in general, which completes the proof of
Corollary 3.2 . O

Using (3.2) and (3.3), we have the following corollary

Corollary 3.2. For § > 0, we have

(3.9) // 1+ ) ln xydx dy <Re(¢p(z,1,0)) (2| <1).

This result is the best possible.
Using (3.1) and (3.3), we have the following corollary
Corollary 3.4. For § > 0, we have

(3.10)

//1—xyz 1; oy >%(W(§+§)—w(§)) (2] < 1).

This result is the best possible.
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Abstract. In this paper we introduce a kind of complex summation-integral
type operators and study the approximation properties of these operators. We
obtain a Voronovskaja-type result with quantitative estimate for these opera-
tors attached to analytic functions on compact disks. We also study the exact
order of approximation. More important, our results show the overconvergence
phenomenon for these complex operators.

Keywords: Complex summation-integral type operators; Voronovskaja-type
result; Exact order of approximation; Simultaneous approximation; Overcon-
vergence

Mathematical subject classification: 30E10, 41A25, 41A36

1. Introduction

In 1986, some approximation properties of complex Bernstein polynomials
in compact disks were initially studied by Lorentz [15]. Very recently, the
problem of the approximation of complex operators has been causing great
concern, which is becoming a hot topic of research. A Voronovskaja-type
result with quantitative estimate for complex Bernstein polynomials in com-
pact disks was obtained by Gal [2]. Also, in [1, 3-14, 16-19] similar results
for complex Bernstein-Kantorovich polynomials, Bernstein-Stancu polynomi-
als, Kantorovich-Schurer polynomials, Kantorovich-Stancu polynomials, com-
plex Favard-Széasz-Mirakjan operators, complex Beta operators of first kind,
complex Baskajov-Stancu operators, complex Bernstein-Durrmeyer polynomi-
als, complex Bernstein-Durrmeyer operators based on Jacobi weights, complex
genuine Durrmeyer Stancu polynomials and complex g-Durrmeyer type opera-
tors were obtained.

The aim of the present article is to obtain approximation results for a kind
of complex summation-integral type operators (introduced and studied in the
case of real variable by Ren [20]), which are defined for f : [0,1] — C continuous

*Corresponding authors: Mei-Ying Ren and Xiao-Ming Zeng.
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on [0,1] by
M,,(f;2) = pno(z +ank (f) + Pun(2) (1), (1)

n
k

function, and L, ,(f) = m fol R (1 = )RS (f)dt, B(w,y) s
Beta function.

where z € C,n = 1,2,..., ppr(z) = ( )Zk(l — 2)"~* is Bernstein basis

2. Auxiliary results
In the sequel, we shall need the following auxiliary results.

Lemma 1. Let m,n € N, z € C, we have M, (t"; z) is a polynomial of degree
less than or equal to min (m,n) and
m

Myt 2) =~ DS 2, 10 2),

2 —
(n?+m—1)! =~

where ¢;(m) > 0 are constants depending on m and
= k
2) =Y Pk f(=
k=0
Proof. By the definition of Beta function, for all m,n € N, z € C, we have

m. n _1 nk+m_1) n
Mt 7Z):(112—|—m—1'zpnk (nk —1)! e

Considering the definition of the B, (f; z), for any m € N, applying the prin-
ciple of mathematical induction, we immediately obtain the desired conclusion.
Let m =0,1,2, by Lemma 1, we have
M, (1;2) = 1;
M, (t;z) = z;

nn—1) 5, n+1
z 2.
nZ+1 n2+1

Mn(tQ;z) =

Lemma 2. For all m,n € N we can get the equality

m

n2 —1)!
Mz“’s(m)”% -t

Proof. For all m,n € N, by Lemma 1 we have

M, (1) = oD 3 ey (m)n®.

2 —1)!
(n? +m— 1)l
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On the other hand, we have p,, (1) =0,k =0,1,2,...,n—1, and p, (1)
1. So, by the formula (1) and using these above value, we have M, (t"™;1) =
which implies that we get desired conclusion.

L,

Corollary 1. Let e, (t) =t™, m € NU{0}, z € C, n € N, forall [z| <r,r>1,
we have | M, (em; z)| < r™

Proof. Since M, (ep; z) = 1, therefor this result is established for m = 0. When
m € N, by using the methods Gal [5], p. 61, proof of Theorem 1.5.6, we have
| B, (t%; 2)| < r°. Thus, for all m € N and |z| < r, the proof follows directly by
Lemma 1 and Lemma 2.

Lemma 3. Let e,,(t) =™, m € NU{0} and z € C, we have

nz(l — 2)
n?+m

m+n2z

i
(M’ﬂ(eﬂ”uz)) + n2—|—m

M, (emy1;2) = M (em; 2). (2)

Proof. By Lemma 1, we have M, (eg;2) = 1 and M, (e1;z) = z, therefore, this
result is established for m = 0. Now let m € N, in view of

2(1=2) [pni(2)]' = (k = n2)pni(2),

it follows that

2(1 = 2)(Mn(em; 2))'

= Z —n2)Pnk(2) Lk (t™) + 12" (1 — 2)
k=1

|
M

n—1
{ n( i _7:] Pk (2) Lok (t") + 02" — nzMy(em; 2)

P n? +m)
= k(") — ank t™) +nz" — nzMp(em; z)
:”Q::mMn(emH; 2) — —M (em: 2) — nzMy(em: 2)
_ n2 :L_ mMn(€m+1§ 2) - %Mn(em;z),

which implies the recurrence in the statement.

Lemma 4. Let m, n € N, z € C, e,,(2) = 2™, Sp.m(2) := Mp(em;z) — 2™, we
have

nz(l—z m—14n2z
Sn,m(z) = #(Mn(em—ﬁ Z))/ + m‘gmm—l(z)
m—1+n%z , _ m
7n2+m—12 p— (3)

Proof. Using the recurrence formula (2), by simple calculation, we can easily
get the recurrence (3), the proof is omitted.
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3. Main results
The first main result is expressed by the following upper estimates.

Theorem 1. Let 1 < r < R, Dp = {z € C : |z| < R}. Suppose that
f: Dr — C is analytic in Dg, i.e. f(2) = > ¢2™ for all z € Dpg.

m=0

(i) for all |z| < r and n € N, we have

Mo(f:2) — ()] < XD,

n

where K, (f) = (1+7) Z leom|m(m — 1)r™=1 < co.

(ii) (Simultaneous approx1mat10n) If 1 <r < m < R are arbitrary fired,
then for all |z| < r and n,p € N we have

K., (f)p'r1
n(ry —r)ptt’

(M (f32)®) = FP(2)] <
where K, (f) is defined as at the above point (i).

Proof. Taking e, (z) = 2™, by hypothesis that f(z) is analytic in Dg, i.e.
f(z) = > emz™ for all z € Dg, it is easy for us to obtain

m=0

E Cm ema

therefore, we get

o0

Mo (f52) = F() < D leml - [Ma(ems 2) = em(2)]

m=0

—Zlcml (ems 2) — em(2)],

as M (ep;2) = ep(2) = 1.

(i) For m € N, taking into account that M, (e,,—1; z) is a polynomial degree
< min(m — 1,n), by the well-known Bernstein inequality and Corollary 1, we
get

m—1 _
|(Mn(€m—1;z))/| < max“Mn(em—l;ZN : |Z| < T} < (m - l)rm 2,

On the one hand, when m = 1, for |z| < r, by Lemma 1, we have

m(m — 1),,,771—1.

|Ma(er;2) —ex(z)] = (1 +7)——

On the other hand, when m > 2, for n € N, |z|] < r,r > 1, using the
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recurrence formula (3) and the above inequality, we have

| M (em; 2) — em(2)] = |Sn,m(2)]

1
< T (12 S (2)
—1
+ (1
n
2(m—1
_Am=-1) : L1+ 1) 4 1S (2)).
By writing the last inequality, for m = 2,--- , we easily obtain step by step
the following
2(m — 2) m—2
| M (em; 2) — em(2)] <7 ( 7[Snm—2(2)] + T(l +r)r
2(m —1
+ (mn )(1 +7,)7,77171

= 1?Snm—2(2))| + 2(m —2) +2(m—1)

m(m — 1) T77L—1.

(1+7)rmt
<. <(1+7)

In conclusion, for any m,n € N, |z| <r, r > 1, we have
M(eni ) em@)] < (1D

it follows that

M (f52) - 1+’"Z|cm|m e,

[e.e]
By assuming that f(z) is analytic in Dy, we have f(2) = 3 com(m —
=
o0
1)2™~2 and the series is absolutely convergent in |z| < r, sowe get > |cp|m(m—
m=2

1)r™=2 < oo, which implies K, (f) = (14+7) > [em|m(m — 1)r™! < oo.
1

m=

(ii) For the simultaneous approximation, denoting by I" the circle of radius
r1 > r and center 0, since for any |z| < r and v € I, we have |v — z| > r1 —r,
by Cauchy’s formulas it follows that for all |z| < r and n € N, we have

(Ma(f52)® — P(2)] = i) Z i
p' 277y
S n 2w (rg —r)ptl
_ KTl (f) p!Tl
T n (ry —r)ptl’

which proves the theorem.

Theorem 2. Let R > 1, Dr = {z € C: |z] < R}. Suppose that f : Dr — C
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is analytic in Dg, i.e. f(z) = Y. ¢z for all z € Dg. For any fixed r € [1, R]
k=0
and all n € N, |z| < r, we have

(n+1)2(1 = 2)f"(2)| _ M(f)
2(n?2+1) = n? )

Mn(faz) —f(Z) -

where M,.(f) = 3 |ck|(k —1)Fy % and Fy,, = 10k3 — 30k? + 39k — 16 + 4(k —
k=2

2)(k—1)%2(1+7).

Proof. For all z € Dg, we have

(n+1)z(1—2)f"(z)
2(n2 + 1)

(532 - 1) -

(n+ k(k—1)(1 —2)2+1
2(n?2+1)

M, (ex; z) — ex(2) —

o0
<D el
k=2

Denoting

(n+1)k(k—1)(1 —2)2*1!
2(n?2+1) ’

Ek,n(z) - Mn(ek; Z) - ek(z) -

it is obvious that Ej ,(z) is a polynomial of degree less than or equal to k. For
all k£ > 2, by simple computation and the use of Lemma 3, we can get

nz(l — z) k—1+n%z

n2 +k—1 Ek_l,”(z) + Gk,n(z), (5)

where G n(2) = %(zzflk,n + zBgy + Crp) and Ay, = —n(k — 1) +

n(n+1)(k—1)%(k—2) n?(n+1)(k—1)(k—2) (n+1)k(k—1)(n?+k—1)

2(n2+1) +n? - 2(n2+1) —(n*+k-1)+ 2(n2+1) 5
n(n+)(k—1)%(k=2) nn+D)(k—1)(k—2)> n+1)(k—1)%(k—2

B = n(k—1)— Mgl (2 - Ot 1 - (ors =)

n?(n+1)(k—1)(k—2) (n+1)k(k—1)(n*+k—1) Ch . — n(n+1)(k—1)(k—2)% | (n+1)(k—1)*(k—2)

2(n2+1) 2(n2+1) » Ykn = 2(n2+1) + 2(n2+1) :

Forall k > 2 neNand |z| <r, r>1, we easily obtain

‘Ck,n

< (k—=1)(k—=2)(2k - 3),

it follows that

| 220, < (2k3 — 9k* + 13k — 6)r"
n2+k—1 "~ n? '

By simple computation, we have By, = m{Qn(k -1 —nn+1)(k-
D2(k—2)—nn+1)(k—1)(k—2)> +2(n* + 1)(k — 1) — (n + 1)(k — 1)*(k —
2) +n?(k —1)(k — 2) — nk(k — 1) = n?k(k — 1) — k(k — 1)?}, so, we can get

2" 1Bin (5k3 — 15k2 + 18k — 8)r*

|n2—|—k—1‘_ n2

By simple computation, we have Ay ,, = M{—Zn(k - +nn+1)k-
1)2%(k—2)+2n2 —n2(k—1)(k—2) —2(n’k+k —1) +nk(k — 1)+ n?k(k— 1) +
k(k —1)2}, so, we can get

ZkAk,n

(3k3 — 6k2 + 8k — 2)r*
n2+k—1 '

n2

| | <
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Thus, for all k > 2, n € Nand |z|] <7, r > 1, we can obtain

k
r
Gra(2)] < 5D,

whereD;, = 10k* — 30k + 39k — 16.
By formula (5), for all k > 2, n € Nand |z| <7, r > 1, we have

r(1+4r)

|Ekn(2)] < (Er—1,n(2))'] + 7| Er—1,0(2)] + |G (2)]-

Using the estimate in the proof of Theorem 1 (i), we get

1
[Maens ) = en(2)] < ——k(k — 1)
forall k,n e N, |z| <r,r>1.
So, denote || f|, = max{|f(2)|;|z] < r}, we have

(Bern()] < 222 B )
L B A e
B k; 1 [(k - 1)(k—i)(1 R L ) i)(l —|—T)rk_2]

4(k —2)(k —1)2rk-1
n
foraln e N, k>2and |z| <r,r> 1
It follows

)

4k —2)(k — 1)2(1 +r)rk ¥
Bl < AR VAR g e+ Loy

7,.k
- ﬁFk,r + T|Ek—1,n(z)|7

where F}, , is a polynomial of degree 3 in k defined as Fy, , = Dy +4(k —2)(k —
1)2(1 + 1), Dy, is expressed in the above.

Since Eg,(q;2) = E1.,(q;2) = 0 for any z € C , therefore, by writing the
last inequality for k£ = 2,3, ..., we easily obtain step by step the following

k
rk — 1)F1”7‘]C
|Ekn(2)] < o] E 72 .
n
j=2
As a conclusion, we have

M, (f;2) = f(z) — (”+12)(T§21—z )" (2

Z|Ck”Ek n\{q; 2 ‘
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As fB(2) = 3 epk(k—1)(k—2)(k—3)2"~* and the series is absolutely con-
k=4

vergent in |z| < r, it easily follows that > |ci|k(k —1)(k —2)(k — 3)rF~* < oo,
k=4

which implies that Y |cx|(k — 1) F}.7% < oo, this completes the proof of theo-
k=2

rem.
In the following theorem, we will obtain the exact order in approximation.

Theorem 3. Let R > 1, Dp = {2z € C: |2| < R}. Suppose that f : Dp — C is
analytic in Dg. If f is not a polynomial of degree < 1 , then for any r € [1, R)

we have
Cyr(f)
n

My (f5) = fllr =

where || f]|» = maz{|f(2)];]z| < r} and the constant C,.(f) > 0 depends on f, r
but it is independent of n.

, neN,

Proof. Denote e;1(z) = z and

(n+1)z(1 - 2)

H,(f;2) = Mu(f;2) — f(z) = 22+ 1) f(2).
For all z € D and n € N, we have
M(£i2) - 1) = gy {20 - 1) + B )

In view of the property: [|[F+G|, > ||Fl-—|Gll+| = IF|l»— |G|, it follows

2(n* +1)

n+1
1M () = - 2 5 Y

W2 1) {||e1(1 —en)f"|lr =

(RAGRIRNS
Considering the hypothesis that f is not a polynomial of degree < 1 in Dg,
we have

lex(1 —ex) f”|l > 0.
Indeed, supposing the contrary, it follows that

2(1—2)f"(2) =0, for all z € D,.

o0
By hypothesis that f(z) is analytic in Dg, we can denote f(z) = Y. 2", the
k=0
identification of the coefficients method immediately leads to ¢y, = 0,k = 2,3, ---.
This implies that f is a polynomial of degree < 1 on D,., a contradiction with
the hypothesis.
Using the inequality (4), we get

n? || Ho (f3 )l < My (f),

therefore, there exists an index ng depending only on f, r, such that for all
n > ng, we have

2(n? +1)

n2(n+1) (0| Hy(f3)]]r] > %Hel(l —ef"l.,

lex(1 —ex)f"|l» —
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which implies

n—|—1

1
M (f5)=fllr 2 02D llex(X = el = - lles( —e) f7]l,., for all n = no.
Forn € {1,2,---,ng — 1}, we have
Win(f
845 = g1, = el

where Wy, (f) = nl|My(f;) = fll» > 0.
As a conclusion, we have

184a(75) ~ 7l = ) goraim e,

where
Col) =min { W, ()W) Woga (1) Jler(1 = eI

this complete the proof.
Combining Theorem 3 with Theorem 1, we get the following result.

Corollary 2. Let R > 1, Dg = {z € C : |z| < R}. Suppose that f: Dg — C
is analytic in Dg. If f is not a polynomial of degree < 1, then for any r € [1, R)
we have

1
IMa(f5) = fll =, neEN,

where || f|l» = maz{|f(2)];|2| < r} and the constants in the equivalence depend
on f, r but it is independent of n.

Theorem 4. Let R > 1, Dp = {# € C : |z| < R}. Suppose that f: Dp — C
is analytic in Dg. Also, let 1 <r <r; < R and p € N be fixed. If f is not a
polynomial of degree < maxz{l,p — 1}, then we have

1
[ (F)® = fP), =~ n e,

where || ]|, = maz{|f(2)];|z] < r} and the constants in the equivalence depend
on f, r, r1, p, but it is independent of n.

Proof. Taking into account the upper estimate in Theorem 1, it remains to
prove the lower estimate only.

Denoting by T" the circle of radius 71 > r and center 0 , by the Cauchy’s
formula it follows that for all |z| < r and n € N we have

P)(y) — My ( fv)
MP)(f;2) = fP( _2m/ v—zp‘H MnlF5v) = 10) g,

Keeping the notation there for H,(f;z), for all n € N, we have

M(£i2) = 1) = gy {20 - 1)+ B L ).
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By using Cauchy’s formula, for all v € T, we get

@ (. o)y L (P
M) = 1(6) = 5t (a1 - 27(9)
2(n2+1)p!/ n2Hn(f;v)dv
n?(n+1) 2w Jp (v —z)Pt? ’
passing now to || - ||, and denoting e1(z) = z, it follows
@y fo) > "1 o)
||Mn (fa ) f H”‘ = 2(n2 +1) {H[el(l 61)f ] ,

2(n? +1) ‘

B pt [ n?Ho(fiv)
2(n+ 1) /r< I

2mi v — )Pl

1

Since for any |z| < r and v € T we have |[v — z| > 1 —r, so, by using
Theorem 2, we get

By hypothesis on f, we have

ller(1 —er) f"1P|, > 0.

Indeed, supposing the contrary, it follows that ||[e; (1 —e1)f”]®)||, = 0, that
is z(1 — z)f"(z) is a polynomial of degree < p—1. let p = 1 and p = 2,
then the analyticity of f obviously implies that f is a polynomial of degree
<1 =maz(l,p— 1), a contradiction.

Now let p > 3, then the analyticity of f obviously implies that f is a poly-
nomial of degree < p —1 = maz(1l,p — 1), a contradiction with the hypothesis.

In conclusion, ||[e1(1—e1)f”]® ||, > 0 and in continuation, reasoning exactly
as in the proof of Theorem 3, we can get the desired conclusion.

IEX < M, (f)p'r1
. 2w (ry —r)ptt = (ry —r)ptt

| 2 . | 2 ..
L/ n Hn(fav)de < &27(_7'1” HHn(.fa )
r

2mi (v—-)ptl

Remark 1. If we use King’s approach to consider King type modification of
the complex extension of the operators which was given by (1), we will obtain
better approximation (cf. [21-23]).
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Abstract

In this paper, we introduce two new iteration schemes, namely modified Mann and
modified Ishikawa to approximate the fixed points of quasi contractive operators on
a normed space. Various test problems are presented to reveal the validity and high
efficiency of these iterative schemes.
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1 Introduction and preliminaries

In the last few decades, various researchers have explored the fixed points of contractive
type operators in metric spaces, Hilbert spaces and different classes of Banach spaces,
see [1] and references there in. To approximate unique fixed point of strict contractive
type operators, Picard iterative scheme can be used effectively [1,10,15,16]. But this
scheme does not generally converge for the operators with slightly weaker contractive
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conditions. For such operators, Mann iteration [13] (cf. [6,14]), Ishikawa iteration [7] and
Krasnosel’okii iteration [11] (cf. [3]) are much useful.

Let E be a normed space and C a nonempty convex subset of E. Let T : C — C be
an operator and {«a,} and {3, } sequences of real numbers in [0, 1].

The Mann iteration [13] is defined by the sequence {z,},- as

Tpt1 = (1 —ay) oy + @ Tzy, n>0. (1.1)
The sequence {z,},~, defined by

Tn+l1l = (1 - an) Tn + nTyn, n >0, (1'2)

Yn = (1 - ﬁn) Ty + ﬁanEm n >0

is called Ishikawa iteration [7].
It is noticeable that for a,, = A (constant), the iterative procedure (1.1) turn into

Krasnosel’okii iteration. Also for 3, = 0, Ishikawa iteration(1.2) reduces to Mann iteration
(1.1).

Definition 1.1. Let (X, d) be a metric space and a € (0,1). A mapping 7' : X — X
satisfying
d(Tz,Ty) < ad(x,y) forallz,ye X (1.3)

is called a contraction.

The following theorem is the classical Banach’s contraction principle and of fundamen-
tal importance in the study of Fixed Point Theory.

Theorem 1.2. Let (X, d) be a complete metric space and T : X — X be a contraction.
Then T has a unique fized point p and the Picard iteration {xy},~, defined by

Tpi1 =Tz, n>0 (1.4)
converges to p for any z, € X.

The contraction in the above theorem forces T to be continuous. Despite this condition,
Theorem 1.2 has many applications in solving the nonlinear equation f (z) = 0. Kannan [9]
developed a fixed point theorem by relaxing the condition of continuity of 7. He produced
the following by taking b in (0, %)

d(Tz, Ty) <bld(z,Tz)+d(y,Ty)] forall z,ye€ X. (1.5)

Chatterjea [4] obtained a similar result by considering ¢ € (0, %) as follows:

d(Tz, Ty) < cld(z,Ty) +d(y,Tx)] forall z,y € X. (1.6)

In 1972, Zamferescu [17] proved the following very interesting and important fixed
point theorem by taking into account (1.3), (1.5) and (1.6).
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Theorem 1.3. Let (X, d) be a metric space and T : X — X be a mapping for which there
exist real numbers a,b and c satisfying 0 < a < 1, 0 < b and ¢ < % such that for each
z,y € X, at least one of the following is true:

(Zl) d(T$7Ty) Sad($7y)a

(22) d(Tz,Ty) <bld(z,Tx)+d(y, Ty)],

(Z3) d(T$7Ty) < C[d (:Eva) +d(y7T:E)] :
Then T has a unique fized point p and the Picard iteration {xy},—, defined by

Tntl = T:Ena n=>0
converges to p for any xg € X.

An operator T': X — X satisfying the contractive conditions (z1), (z2) and (z3) is
called Zamferescu operator.

In 1974, Ciri¢ [5] obtained a more general contraction to approximate unique fixed
point with the help of Picard iteration: there exists 0 < h < 1 such that for all z,y € X

d(Tz,Ty) < hmax{d(z,y),d(z,Tx),d(y,Ty),d(x,Ty),d(y, Tz)}. (1.7)

Definition 1.4. Let (X, d) be a metric space and T': X — X a mapping satisfying (1.7).
Then T is called quasi contraction.

A new class of operators on an arbitrary Banach space E, satisfying
|Tx —Ty|| <6z —y||+20||x —Tx| forallz,ye E,0<45<1, (1.8)

was established by Berinde [2] in 2004. He approximated fixed points of this class of
operators via Ishikawa iteration.
It is well known that a nonlinear equation f(z) = 0 can be expressed in terms of fixed
point iteration method as follows:
x="Tx. (1.9)

Taking up the technique of [8], if T'x # 1, 6 # —1, it can easily be seen by adding fx to
both sides of (1.9) that

v =" = Ty (1.10)
So as to make (1.10) to be efficient, we can choose Tjz = 0, which gives
0=-Tz. (1.11)

Now we are in a position to define modified Mann and modified Ishikawa iterative
schemes.
Replacing Tx,, and Ty, in (1.1) and (1.2) with Tyx,, and Typy,, respectively, we get

Tnt1 = (1 — ay) zp + anTozy, (1.12)
and

Tn+l = (1 - an) T + anToyn, (113)
Yn = (1 - ﬁn) Ty + ﬁnT9$n
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Using (1.10) in (1.12) and (1.13) and also the error term, we obtain

1 1

and

Intl [1 1+9< +1+9>]$ +1+9[1+9 oL | (1.15)

1 1
UYp = (1 - 1—_|_eﬁn> Ty + mﬁnT!En + Un.

We call the procedures defined in (1.14) and (1.15), the modified Mann and modified
Ishikawa iterative procedures. It is obvious that (1.14) and (1.15) without error term
reduce to (1.1) and (1.2), respectively for 6 = 0.

In this paper, we have proved the strong convergence of quasi contractive operator
T satisfying (1.14) and (1.15) in the setting of normed space. We also present some test
problems to compare the iterative procedures defined in (1.1), (1.2), (1.14) and (1.15). The
numerical results obtained demonstrate the high performance and efficiency of modified
Mann and modified Ishikawa iterative processes.

We use the following lemma in the sequal.

Lemma 1.5. ([12]) Let {rn}, {sn}, {tn} and {k,} be the sequences of nonnegative numbers
satisfying
Tl < (1 —8p)7n + Sptn +kn, n>0.

If >0 o sn =00 and limy, o t, =0 and Y7 4 ky < 00 hold, then lim, o1, = 0.

2 Main results
Assuming that the operator T" has at least one fixed point, we prove the covergence theo-
rems for iterative procedures (1.14) and (1.15).

Theorem 2.1. Let C' be a nonempty closed convexr subset of a mormed space E and
T : C — C be an operator satisfying (1.8). For arbitrary xz, € C, let {xn},—, be the
sequence defined by the iterative process (1.14) satisfying 6 > —1, >.>° (o, = 0o and
|tn]l = 0(aw,). Then the sequence {x,},-, converges strongly to a fized point of T.

Proof. Let p be the fixed point of the operator T. We consider
[ 201 — pll

= (1—Lan> :En—l-LoznT:En—l-,un—pH
1+6 1+0
= (1—;an>$n—|—LanT"En+un—<l— ! oy, + 1 ozn>pH
1+6 1+6 1+6 140
1
— «

1
= 1 — ,0n n —nTn_ n
( 50 >($ p)+ 1 gonTzn —p)+p

1 1
< (1 _ 1—+9an> Jrn ol + g T2 — ol + il (2.1)
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Substituting y = x,, and = = p in (1.8), we get
[Txy = p| <6 llan —pll-

Thus (2.1) implies

1 )
et —pl < (1 - man> len =Pl + 35 on lon =Pl + ]
1 B)
= (1= 1550+ 75 ) Iz =Pl +
1-6
= (1 — man> ||$n _pH + ||lu’n|| :

Using Lemma 1.5 and the fact that 0 <6 < 1,0 < a,, < 1,0 > —1, ||pn|| = 0(ay,) and
>0 o Gy = 00, we obtain

lim ||z, —pl|| = 0.

n—oo

Hence z,, — p. This completes the proof. O

Taking 6 = 0 in the setting of normed space and the contraction condition (1.8), we
obtain the following corollary.

Corollary 2.2. Let C' be a nonempty closed convexr subset of a normed space E and
T : C — C be an operator satisfying (1.8). For arbitrary xz, € C, let {xn},—, be the
sequence defined by the iterative process (1.1) satisfying Y .- o, = 0o. Then the sequence
{zp}.2, converges strongly to a fized point of T'.

Now we prove the convergence of modified Ishikawa iterative process in the form of
the following theorem.

Theorem 2.3. Let C a nonempty closed convex subset of a normed space E and T :
C — C be an operator satisfying (1.8). For arbitrary xz, € C, let {x,},2, be the sequence
defined by the iterative process (1.15) satisfying 6 > —1, > > (o, = 00, ||vp|| = 0(ov,) and
ltn]l = O0(aw). Then the sequence {xy},~, converges strongly to a fized point of T.

Proof. Let p be the fixed point of the operator T. We consider

241 — P

= ||(1 - an)$n + anToyn + pn _pH

Oy, + Ty,
:"(1_an)$n+an< L +—y >+Mn_pH

110

< (0= ) = o+ an |2 < )+

= (1= an) o — pl 0 2Ly

< (1 = an) lon =l + 1225 1Ty =+ T2 =l + il (22
5
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Substituting x = p and y = y,, in (1.8), we get

1Tyn —pll <0 |lyn —pll- (2.3)
Thus (2.2) implies
|Zns1 — Pl
<(1-— - .
<(1—ap) ||lzn —p 1+9 — 7| 1+9 —pll + llpn |
o+86
= (1 —an) [|lzn —pll + +9an||yn pll + llpnll - (2.4)
Consider
lom =l = [ (1 = ——Bn ) & + —— BuTn +
_ — — Vp —
Yn — P 1+9 n 1+9 nd Tn 'n

H(l 1+9 > ("En_p)"i'l_i_%ﬁn(T:En_p)"i'Vn

< (1= g0 ) low =l g o = ol Il @9

Substituting z = p and y = x,, in (1.8), we get

[Tzn — pll <6 lan —pll- (2.6)

Thus (2.5) implies

1 )
_ ol < _ _ - —_
o =91 < (1= 150 ) Fom = 2+ g = 1+ D]
1-96
= (1= ) low = o+ Il (2.7
Using (2.7) in (2.4), we get

Jznss ol

o+0 — 5
< — - —
< (1 ) - pn+1+9 o[ (1= 1558w = pl+ a] + i
= 1o+ 15 e = pll + T gan vl +
= Qp 1+9an Tn —P 1 +9an n Hn

5
9
6+06 -0
=|l—a,<1— n —
e 1+e( 9>H'$ p
F o ol + il
1+0 Qn ||Un Hn

(2.8)
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Let
5+6 1-§
Anzl—an[l—m<1—mﬁn>]
_ 040 (6+0)(1-9)
- Q"G 1+0 " (1+0)° @O
o (1 0O +0) (0 (L —0)fn
- "(1 (1+6)° >
1 ((1+9)2—(1+9)(5+9)+(5+9)(1—5)gn>
—1—ay, :
(1+0)
1w ((1_5)(1+9)+(5+9)(1—5)gn>
' (1+0)°
__1=9 ((1+9)+(6+9)ﬁn>
o (1+0 " (1+0)
_ (=9 d+6
=1- @ +9)an (1 + mﬁn> : (2.9)

Since 6, > 0,0 < <1 and 8 > —1, therefore ?’Tgﬁn >0and 1+ ?’Tgﬁn >1.
Hence (2.9) gives

1-6 540 1-6
An=1-—2a, (14255, ) <1- ——2a,
140 <'+1+9ﬁ> 140"

Thus from (2.8), we get

1—6
1+0°"

]

+0
[0 = pll + T2 [vall + [l -

_aoll< (1=
s ol < e

With the help of Lemma 1.5 and using the fact that 0 < < 1, 0 < a0, < 1, 0 > —1,
1]l = 0(m), [l = 0(em) and 3272 an = oo, we get

lim [z, — p|| = 0.
n—oo
Consequently, x,, — p € F and this completes the proof. O

Corollary 2.4. Let C' a nonempty closed convexr subset of a normed space E and T :
C — C be an operator satisfying (1.8). For arbitrary x, € C, let {x,},2, be the sequence
defined by the iterative process (1.2) satisfying > .-y an = 00. Then the sequence {z,},—
converges strongly to a fixed point of T.

The above corollary in fact is the generalization of Theorem 2 of Berinde [2] in the
context of a normed space and the contraction condition (1.8).

3 Applications

In this section, we consider various test problems to apply Mann (M), modified Mann
(MM), Ishikawa (I) and modified Ishikawa (MI) iterative procedures for the estimation
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of fixed points. The data in the following table indicates the rapidness of convergence in
each problem. We make use of Maple software and 10~ tolerence for the purpose. Here
we denote the number of iterations (NI).

Tz [ an Bn 0 Method NI z (k] Tz |z [k] — Tx|
M 9 1.3044 1.2985 0.0059
5 42 . . . L MM 4 1.3047 1.2977 0.0070
i Vn+T Vn+1 I 22 1.3009 1.3076 0.0067
MI 2 1.3009 1.3077 0.0068
M 1 0.6657 0.6572 0.0085
(e (e ) . . . MM 4 0.6576 0.6652 0.0076
37 —cosz | 31T —sine | 5 = | 05 I 11 0.6570 0.6658 0.0088
MI 1 0.6588 0.6641 0.0053
M 1 0.0000 —0.0000 0.0000
L a cosn L sina 1 1 o1 MM 1 —0.0026 0.0026 0.0052
Vn+l | Vmtt : I 6 0.0037 —0.0036 0.0073
MI 1 0.0001 —0.0001 0.0002
M 5 0.4120 0.4066 0.0054
N ) N MM 1 0.4101 0.4100 0.0001
cosz —e” +1 sinz +e \/nIT \/nIT 0.4 I 12 0.4076 0.4150 0.0074
MI 1 0.4101 0.4101 0.0000
M 2 0.6616 0.6692 0.0076
N o . . 05 MM 1 0.6667 0.6667 0.0000
2 2 Vnrt | Vatt : I 3 0.6616 0.6692 0.0076
MI 1 0.6667 0.6667 0.0000
M 2 0.0181 0.0091 0.0091
= . 1 1 05 MM 1 0.0000 0.0000 0.0000
2 2 VnFT Vn+l : I 6 0.0154 0.0077 0.0077
MI 1 0.0000 0.0000 0.0000
M 1 0.4160 0.4065 0.0095
1) 122 1 1 . MM 2 0.4089 0.4182 0.0093
70 1 2(1 —2)elt™®) T+ T | 05 I 13 0.4159 0.4067 0.0092
MI 1 0.4136 0.4104 0.0032

4 Conclusion

We have developed two new iterative schemes, namely modified Maan and modified
Ishikawa. The convergence theorems for our proposed schemes have been proved. In
Section 2, the table provides comparison between Mann, modified Mann, Ishikawa and
modified Ishikawa iterative procedures. Our results clearly indicate that how rapidly our
proposed methods converge to the fixed points. In some given test problems, due to large
difference in number of iterations, it is obvious that modified Mann and modified Ishikawa
iterative schemes require very little time to produce fixed point.
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MEAN ERGODIC THEOREMS FOR SEMIGROUPS OF LINEAR
OPERATORS IN P-BANACH SPACES

H. M. KENARI, REZA SAADATI, AND CHOONKIL PARK"

ABSTRACT. In this paper, by using the Rode’s method, we extend Yosida’s theorem to
semigroups of linear operators in p-Banach spaces. Our paper is motivated from ideas in [7].

1. Introduction

In 1938, Yosida [14] Proved the following mean ergodic theorem for linear operators: Let
FE be a real Banach space and T be a linear operator of F into itself such that there exists a
constant C' with [|7"] < C for n = 1,2,3, ..., and T is weakly completely continuous,i.e., T
maps the closed unite ball of F into a weakly compact subset of E. Then, the Cesaro mean

1 n

converges strongly as n — 400 to a fixed point of T for each = € F.
On the other hand, in 1975, Baillon [1] proved the following nonlinear ergodic theorem: Let
X be a Banach space and C a closed convex subset of X. The mapping T : C' — C is called
nonexpansive on C' if
[Tz —Tyl| < |z —yl| Vz,yel.

Let F(T) be the set of fixed point of T'. If X is stricly convex, F(T') is closed and convex.
In [1, 4], Baillon proved the first nonlinear ergodic theorem such that if X is a real Hilbert
space and F(T') # (), then for each z € C, the sequence {S,z} defined by

1
Spr = (ﬁ)(:c +Tx+ ...+ T 1)

converges weakly to a fiexd point of T'. It was also shown by Pazy [8] thet if X a real Hilbert
space and S,z converges weakly to y € C, then y € F(T).

Recently, Rode [10] and Takahashi [13] tried to extend this nonlinear ergodic theorem to
semigroup, generalizing the Cesaro means on N = {1,2,...}, such that the corresponding
sequence of mappings converges to a projection onto the set of common fixed points. In
this paper, by using the Rode’s method, we extend Yosida’s theorem to semigroups of linear
operators in P-Banach spaces. The proofs employ the methods of Yosida[14], Greenleaf [5],
Rode [10] and Takahashi [6, 12] . Our paper is motivated from ideas in [7]

2. p-Norm

Definition 2.1. ([3, 11]) Let X be a real linear space. A function ||.|| : X — R is a quasi-
norm ( valuation ) if it satisfies the following conditions :
(1) ||z]| > 0 for all z € X and ||z|| = 0 if and only if x = 0;

MSC(2010): Primary 39A10, 39B72; Secondary 47H10, 46B03.

Keywords: ergodic theorem, semigroup, p-Banach space.
*Corresponding author: baak@hanyang.ac.kr (Choonkil Park).

460 KENARI et al 460-465



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

H. M. Kenari, R. Saadati, C. Park

(2) [|Az]] = |A].||z|| for all A € R and all z € X

(3) There is a constant M > 1 such that ||z + y|| < M(||z| + ||y||) for all z,y € X.

Then (X, ||.||) is called a quasi-normed space. The smallest possible M is called the modulus
of concavity of ||.||. A quasi-Banach space is a complete quas-normed space.

A quasi-norm ||.|| is called a p-norm 0 < p < 1 if
1z +yllp < llzllp + [lyll

for all z,y € X. In this case, a quasi-Banach space is called a p-Banach space.

By the Aoki-Rolewicz [11], each quasi-norm is equivalent to some p-norm (see also [9]).
Since it is much easier to work with p-norm, henceforth we restrict our attention mainly to
p-norms.

3. Preliminaries and lemmas

Let E a real p-Banach space and let E* be the conjugate space of E, that is, the space of
all continuous linear functionals on E. The value of z* € E* at x € E will be denoted by
< z,z* >. We denote by coD the convex hull of D, coD the closure of coD.

Let U be a linear continuous operator of E into itself. Then, we denote by U* the conjugate
operator of U.

Assumption (A). Let (E, ||.||,) be a p-Banach space and {T; : t € G}, be a family of linear
continuous operators of a real Banach space E into itself such that there exist a real number
C with ||T3||, < C for all t € G and the weak closure of {T;z : t € G} is weakly compact, for
each x € E. The index set G is a topological semigroup such that Ty = T5. 1 for all s,t € G
and T is continuous with respect to the weak operator topology : < Tz, x* >—< Tix,x* >
forall x € F and z* € E* if s = t in G.

We denote by m(G) the p-Banach space of all bounded continuous real valued functions
on the topological semigroup G with the p-norm. For each s € G and f € m(G), we define
elements [sf and rsf in m(G) given by I f(t) = f(st) and rsf(t) = f(ts) for all t € G. An
element € m(G)* (the conjugate space of m(QG)) is called a mean on G if ||pul[, = p(1) =1. A
mean p on G is called left (right) invariant if p(lsf) = u(f) (u(rsf) = u(f)) for all f € m(G)
and s € G. An invariant mean is a left and right invariant mean. We know that u € m(G)*
is a mean on G if and only if

inf{f(t) : t € G} < u(f) < sup{f(t):t € G}
for every f € m(G); see [4, 5, 9].

Let {T; : t € G} be a family of linear continuous operators of E into itself satisfying the
assumption (A) and p be amean on G. Fix z € E. Then, for * € E*, the real valued function
t »< Tyz,x* > is in m(G). Denote by u; < Tix,z* > the valued of p at this function. By
linearity of u and of < .,. >, this is linear in z*; moreover, since

e < Tiw, 2™ > | < lullp - sup| < Tyw, 2% > | < sup [Tilly - fl”[lp < € lllly - [l27]lp,

it is continuous in z*. Hence p; < Tix,. > is an element of E**. So it follows from weak
compactness of co{Tix : t € G} that yu; < Tyx,x* >=<T,x,x* > for every z* € E*.

Put K =¢o{Tx : t € G} and suppose that the element p; < Tix,. > is not contained in the
n(K), where n is the natural embedding of the p-Banach space E into its second conjugate
space E**. Since the convex set n(K) is compact in the weak™ topology of E**, there exists
an element y* € E* such that

e < Ty, y* ><inf{< y*, 2" >: 2" e n(k)}
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Hence we have
pr < Tyx,y™ > < inf{<y*, 2" >: 2" en(k)} <inf{< Tyz,y* >:t € G} < uy < Ty, y* > .

This is a contradiction. Thus, for a mean p on G, we can define a linear continuous operator
T, of E into itself such that ||T,|, < C, Tux € co{Tyx : t € G} for all x € E, and p; <
Tix,x* >=< Tyx,z* > for all € £ and 2* € E*. we denote by F(G) the set all common
fixed points of the mappings 13, t € G.

Lemma 3.1. Assume that a left invariant mean p exists on G. Then T, (E) C F(G). Espe-
cially, F(QG) is not empty.

Proof. Let x € E and u be a left invariant mean on G. Then since, for s € G and z*,

<TTyx,x* > = <Tux,T;z" >=pu < Tyx, Tix™ >= py < TyTix, z* >
= pu < Tyz, 2" >= < Tz, a* >=<T,x,z* >,
we have T,T,,x = T,,x. Hence T,,(E) C F(G). O

Lemma 3.2. Let A be an invariant mean on G. Then Th\Ts = T,T\ =Ty, for each s € G and
T\T,, =T, T =T\ for each mean p on G. Especially, T\ is a projection of E onto F(G) .
Proof. Let s € GG. Since
<Nh\Tex,x* >= X\ < TiTsx, 2" >= X\t < Tysx, 2" >= N\ < Ty, 2" >=< Thx,z* >
for z € E and z* € E*, we have T\Ts; = T). It follows from Lemma 3.1 that T,7A = T\ for
each s € G. Let p1; be a mean on G. Then, since
< T, Thx,z* >= py < TiThx, 2" >= wThe,z* >=< Tz, z* >
and
<N\T,x,z*> = <Tux,Tyz" >=pu < Tz, Tyz" >= pu < Th\Tjz,z* >
= w < Thr,z" >=<Thx,2* >
for x € E and z* € E*, we have T, T\ = T)\T, = Ty, Putting u = A, we have T? =T, and
hence T) is a projection of E onto F(G). O
As a direct consequence of Lemma 3.2, we have the following.
Lemma 3.3. Let ju and X\ be invariant means on G. Then T, = T).
Lemma 3.4. Assume that an invariant mean exists on G. Then, for each x € E, the set
co{Tix : t € G} N F(QG) consists of a single point.

Proof. Let x € E and p be an invariant mean on G. Then, we know that T,z € F(G)
and Tyx € co{Tix : t € G}. So, we show that co{Tyx : t € G} N F(G) = {T,x}. Let
xg € co{Tix : t € G} N F(G) and € > 0. Then, for * € E* there exists an element
Yoy Ty« in the set co{Tix : t € G} such that € > C - ||z*||,.|| Yoi; aiTy, @ — zol|p. Hence
we have

n n
e > Cllzlp- 1) ailie — ol > sup [Tl - | > ailya — ol - |2,
i=1 i=1

n n
> sup| Y ailyTiex — ol - ¥l = | < Y iy The — wo, 2™ > |
i1 i=1

n
= |Zai,ut < Ty,x —xo, x> | = |y < Tyx — wo, 2" > | = | < Tpx — x0, 2" > |.
i=1

Since € is arbitrary, we have < T,z,2* >=< xg,2* > for every z* € E* and hence T,z =
xQ. O
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4. Ergodic Theorems

Now we can prove mean ergodic theorems for semigroups of linear continuous operators in
p-Banach space.

Theorem 4.1. Let {T; : t € G} be a family of linear continuous operators in a real p-Banach
space E satisfying Assumption (A). If a net {u® : o € I} of means on G is asymptotically
movaritant, i.e.,

p* —rop®  and o op® —1lip®
converge to 0 in the weak® topology of m(G)* for each s € G, then there exists a projection
Q of E onto F(G) such that ||Q|l, < C, Tyex converges weakly to Qx for each x € E,

QT =TiQ = Q for each t € G, and Qu € co{T,x : t € G} for each x € E. Furthermore, the
projection Q onto F(Q) is the same for all asymptotically invariant nets.

Proof. Let p be a cluster point of net {u® : « € I} in the weak™ topology of m(G)*. Then
p is an invariant mean on G. Hence, by Lemma 3.2, T, is a projection of E onto F(G)
such that ||T,l, < C, T,1; = T,T, = T, for each t € G and T,z € co{Tyx : t € G}
for each x € E. Setting @ = T, we show that T2 converges weakly to Qz for each
x € E. Since Tex € co{Tyx : t € G} for all o € I and co{Tyx : t € G} is weakly compact,
there exists a subnet {T)sx : 8 € J} of {Tjex : a € I} such that T, sz converges weakly
to an element zg € co{Tixz : t € G}. To show that Tjex converges weakly to Qz, it is
sufficient to show xzg = Qxz. Let 2* € E* and s € G. since T,sx — xo weakly, we have
uf < Tiz,x* >—=< x9,x2* > and uf < Tz, Trx* >—=< xo, Tix* >=< Tsxp,2* >. On the
other hand, since p® — I*1/® — 0 in the weak* topology, we have

,ut’B < Tz, x* > —l:,ut’g < Tz, 2" > = u'f < Tz, z* > —,ut’B < Tyx,x* >
= W< T, a* > -yl < Tya, Tiz* >
— 0.
Hence, we have < xg, x* >=< Tsz0,2* > and hence 2y € F(G). So, we obtain Qx = Tux = xg

by Lemma 3.4. That the projection @ is the same for all asymptotically invariant nets is
obvious from Lemma 3.3. O

As a direct consequence of Theorem 4.1, we have the following.

Corollary 4.2. Let {1} : t € G} be as in Theorem 4.1 and assume that an invariant mean
exists on G. Then, there exists a projection Q of E onto F' such that |Q||, < C, QT; = T,Q =
Q for each t € G and Qz € co{Tx : t € G} for each x € E

Theorem 4.3. Let {T; : t € G} be as in Theorem 4.1. If a net {u® : a € I} of means on G is
asymptotically invariant and further u® —riu® converges to 0 in the strong topology of m(G)*,
then exists a projection Q of E onto F(G) such that ||Qll, < C, Tyex converges strongly to
Qz for each x € E, QT = T;Q = Q for each t € G, and Qu € co{Tx : t € G} for each
rekb.

Proof. As in the proof of Theorem 4.1, let @ = T, where p is a cluster point of the net
{pn* : a € I} in the weak™ topology of m(G)*. Then we show that T,z converges strongly
to Qx for each x € F.

Let Ey =co{y — Tiy : y € E,t € G}. Then, for any z € Ey, Tj,o2 converges strongly to 0. In
fact, if z = y — T,y, then since, for any y* € E*,

| <Tpez,y™ > = |u <T(y—Tsy),y" > | = |ud <Twy,y" > —pi < Tisy,y" > |
= |(uf —ripd) < Twy,y™ > | < ||u® —rip®|p - Sgpl <Tyw,y" > |

IN

e =il - C - Nyllp - 119" l1p,
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we have || Tz, < C-[|p* —riu®]p-|lyllp- Using this inequality, we show that T}, z converges
strongly to 0 for any z € Ey. Let z be any element of Fy and € be any positive number By the
definition of Ey, there exists an element Y " | a;(y; — Ts, ;)€ in the set co{y —Tsy : y € E, s €
G} such that € > 2C - ||z — >°" | ai(yi — Ts,y:)||p- On the other hand, from ||pu® —riu®(|, — 0
for all s € G, there exists ag € I such that, for all « > ag and i =1,2,...,n

€> [[u* =g llp - 2C yillp-
This implies

[Thezllp < |Tpez — Zaz Yi — Ts,yi))llp + [ Te Zaz Yi = To,yi))llp
n
P
< [ Tpellp - Iz — ZGZ( Yi — To,yi)llp + | Zaz, | Do (v — T,
i=1
n
< Cellz =) ailyi — Toy)lp +sup 1 =21l - C - llyilly
i=1 ¢
< € n €
S 4 —¢
2 2

Hence T},o z converges strongly to 0 for each z € Ej.

Next, assume that x —T,x for some x € E is not contained in the set Ey. Then, by the Hahn—
Banach theorem, there exists a linear continuous functional y* such that < x —T,x,y* >=1
and < z,y* >= 0 for all z € Ey. and so since x — Tyx € Ey for all t € G, we have

T — T,ujl'vy* >=p < T — Ttl‘,y* >=0.

This is a contradiction. Hence x — T}, for all x € E are contained in Ey. Therefore, we have
Tyex —T,x = Tya(x—T),) converges strongly to 0 for all x € E. This completes the proof. [

By using Theorem 4.3, we can obtain the following corollary.

Corollary 4.4. Let E be a real p-Banach space and T be a linear operator of E into itself
such that exists a constant C with ||T"|, < C forn = 1,2,.... Assume that T is weakly
completely continuous, i.e., T maps the closed unit ball of E into a weakly compact subset of
E. Then there exists a projection Q of E onto the set F(T) of all fixred points of T such that
1Qllp < C, the Cesaro means S, = 2 377, T*x converges strongly to Qx for each x € E, and

TQ = QT = Q.

Proof. Let € E. Then, since {T"z :n=1,2,..} = T{T" 1z :n=1,2,...}) C T(B(0, ||z -
(c+1))), where B(z,r) means the closed ball with center  and radius r, the weak closure
of {T"x : n = 1,2,...} is weakly compact. On the other hand, let G = {1,2,3,...} with the
discrete topology and p" be a mean on G such that ™ (f) = Y1 (1) f(i) for each f € m(G).
Then, it is obvious that ||u" — riu™|, < % — 0 for all k € G. So, it follows from Theorem
4.3 that the corollary is true. (|

If G = [0, 00) whit the natural topology, then we obtain the corresponding result.

Corollary 4.5. Let E be a real p-Banach space and {T; : t € [0,00)} be a family of linear
operators of E into itself satisfying Assumption (A). Then there exists a projection Q of E
onto F(G) such that ||Q|, < C, ilpfOTTft xzdt converges strongly to Qx for each v € E, and
T:Q = QT = Q for each t € [0,00).

Remark. % fOTT ft xdt is a weak vector valued integral with respect to means on G =
[0,00). As in Section IV of Rode [10], we can also obtain the strong convergence of the
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sequences
o0
(1—r7) Z rka:v, r—1—
k=1
and

1]
2]

3]

(13]

(14]

o
A / e MT,xdt, A= 0+.
0
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1 Introduction

In metric fixed point theory the contractive conditions on underlying functions
play an important role for finding solutions of fixed point problems. Banach
contraction principle [4] is a fundamental result in metric fixed point theory. Due
to its importance and simplicity, several authors have generalized/extended it
in different directions. In 1973, Geraghty [9] studied a generalization of Banach
contraction principle. Cirie [5], introduced quasi contraction theorem, which
generalized Banach contraction principle. Over the years, Banach contraction
theorem has been generalized in different ways by several mathematicians (see
[1-24)).

In 2012, Samet et al. [22], introduced a concept of « — - contractive type
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mappings and established various fixed point theorems for mappings in com-
plete metric spaces. Afterwards Karapinar et al. [16], refined the notion and
obtained various fixed point results. Hussain et al. [12], extended the concept of
a-admissible mappings and obtained useful fixed point theorems. Subsequently,
Abdeljawad [1] introduced pair of a—admissible mappings satisfying new suf-
ficient contractive conditions different from those in [12, 22], and proved fixed
point and common fixed point theorems. Lately, Salimi et al. [21], modified the

concept of a — 1)— contractive mapping and established fixed point results.

Definition 1 (/22]). Let T : X — X and o : X x X — [0,400). We say that
T is a-admissible if x,y € X, a(z,y) > 1 implies that o(Tx, Ty) > 1.

Definition 2 (/21]). Let T : X — X and a,n : X x X — [0,400) be two
functions. We say that T is a-admissible mapping with respect to n if v,y € X,
a(z,y) > n(x,y) implies that a(Tx, Ty) > n(Tx, Ty).

If n(z,y) = 1, then above definition reduces to definition 1. If a(z,y) = 1,

then T is called an n-subadmissible mapping.

Definition 3 [11] Let (X,d) be a metric space. Let T : X — X and a,n :
X xX — [0,+00) be two functions. We say that T is a—mn-continuous mapping

on (X,d) if for given x € X, and sequence {x,} with
Tp — T a8 N — 00, Ty, Tpt1) > N(Tp, Tps1) for alln e N= Tz, — Ta.

In 1962, Edelstein proved the following version of the Banach contraction

principle.

Theorem 4 [7]. Let (X,d) be a metric space and T : X — X be a self mapping.

Assume that
d(Tz,Ty) < d(x,y), holds for all x,y € X with x # y.

Then T has a unique fized point in X.
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In 2012, Wardowski [24] introduce a new type of contractions called F-
contraction and proved new fixed point theorems concerning F'-contraction. He
generalized the Banach contraction principle in a different way than as it was
done by different investigators. Piri et al. [19] defined the F-contraction as

follows.

Definition 5 [19] Let (X,d) be a metric space. A mapping T : X — X is said

to be an F contraction if there exists T > 0 such that
Ve,ye X, d(Tx,Ty) >0= 7+ F (d(Tz,Ty)) < F (d(z,y)), (1.1)

where F : Ry — R is a mapping satisfying the following conditions:

(F1) F is strictly increasing, i.e. for allx,y € Ry such thatx <y, F(z) < F(y);
(F2) For each sequence {a,}52 1 of positive numbers, lim, . o, = 0 if and
only if lim,,_, F(ay) = —00;

(F3) There exists k € (0,1) such that lima — 0ta*F(a) = 0.
We denote by A, the set of all functions satisfying the conditions (F1)-(F3).

Example 6 [2/] Let F : Ry — R be given by the formula F(a) = Ina. It is
clear that F' satisfied (F1)-(F2)-(F3) for any k € (0,1). Each mapping T : X —
X satisfiying (1.1) is an F-contraction such that

d(Tz,Ty) < e "d(z,y), for allz,y € X, Tx # Ty.

It is clear that for x,y € X such that Tx = Ty the inequality d(Tx,Ty) <

e~ "d(z,y), also holds, i.e. T is a Banach contraction.

Example 7 [24] If F(a) =Ina+ «, a > 0 then F satisfies (F1)-(F3) and the
condition (1.1) is of the form
d(Tx, T
w < T2 TY)=d@y) < =7 for all z,y € X, Tz # Ty.
d(z,y)
Remark 8 From (F1) and (1.1) it is easy to conclude that every F-contraction

18 necessarily continuous.
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Wardowski [24] stated a modified version of the Banach contraction principle

as follows.

Theorem 9 [2/] Let (X,d) be a complete metric space and let T : X — X be
an F contraction. Then T has a unique fixed point x* € X and for every z € X

the sequence {T™x},en converges to x*.

Hussain et al. [11] introduced the following family of new functions.

Let Ag denotes the set of all functions G : Rt* — R* satisfying:

(G) for all t1,tq,t3,t4 € RT with #1tat3ty = 0 there exists 7 > 0 such that
G(t1,to,t3,t4) = T.

Definition 10 [11] Let (X, d) be a metric space and T be a self mapping on X.
Also suppose that a,m: X x X — [0,400) be two function. We say that T is a-
n-GF -contraction if for x,y € X, withn(z,Tx) < a(z,y) and d(Tz, Ty) > 0 we

have
G(d(z, Tz),d(y, Ty), d(z, Ty),d(y, Tx)) + F (d(Tz,Ty)) < F (d(z,y)),

where G € Ag and F € Ar.

2 Main Result

In this section, we define a new contraction called Cirie type a-n-G F-contraction
and obtained some new fixed point theorems for such contraction in the setting

of complete metric spaces. We define Cirié type a-n-G F-contraction as follows:

Definition 11 Let (X,d) be a metric space and T be a self mapping on X.
Also suppose that a,m : X x X — [0,400) two functions. We say that T is
Cirié type a-n-GF-contraction if for oll z,y € X, with n(z,Tx) < a(x,y) and
d(Tz,Ty) > 0, we have

G(d(z,Tx),d(y,Ty),d(z,Ty),d(y, Tz)) + F (d(Tz,Ty)) < F (M(z,y)) (2.1)
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where

d(z,Ty) + d(y, Tx) }

M(z,y) = max {d(az, y),d(z, Tx),d(y, Ty), 5

G eAg and F € Ap.
Now we state our main result.

Theorem 12 Let (X,d) be a complete metric space. Let T be a Ciric type

a-n-GF-contraction satisfying the following assertions:

(i) T is an a-admissible mapping with respect to 7;

(ii) there exists zy € X such that a(zo, Tzo) > n(xo, Txo);

(iii) T is a — m-continuous.

Then T has a fixed point in X. Moreover, T has a unique fixed point when
a(z,y) > n(x,z) for all x,y € Fiz(T).
Proof. Let z¢ in X such that a(xg, Txg) > n(xe,Tzo). For zp € X, we con-
struct a sequence {z,},., such that z; = Txg, zo = Tx; = T?zp. Con-
tinuing this process, 2,41 = Tax, = T""lzg, for all n € N. Now since, T
is an a-admissible mapping with respect to n then a(zg,z1) = a(xg, Txo) >

n(xo, Txo) = n(zo,x1). By continuing in this process we have,
N(Tn-1,TTn-1) = N@n-1,2,) < (Tp_1,x,), for all n € N. (2.2)

If there exists n € N such that d(z,,Tz,) = 0, there is nothing to prove. So,

we assume that x,, # x,+1 with
d(Tzp—1,Txy) = d(zp, Tzy,) > 0,Vn € N.
Since T is Ciri¢ type a-n-GF-contraction, for any n € N, we have

G(d(xn—lv Txn—l)y d(wnv Txn)v d(mn—lv Tl‘n), d(:lfn, Txn—l))

+F (d(Txp-1,Tx,)) < F(M(zp-1,2n))
which implies

G(d(xn—lv xn)v d(x’n? $7l+1); d(xn—la $n+1)5 0)

+F(d(Txp-1,Tx,)) < F(M(xp_1,T4)) (2.3)
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Now by definition of G, d(2y—1,%y).d(Tn, Tni1)-d(Xn—1,Tnt1).0 = 0, so there

exists 7 > 0 such that,

G(d(x’nfl7 xn)7 d(xny xn+1)7 d(xn717 x’n+1)7 0) =T.

Therefore

F(d(xn, ny1)) = F (d(T2n-1,Txy)) < F (M(2p-1,20)) — 7. (2.4)
Now
R [ NG !

d(zn— la-Ln+1)+d(-Ln71n)

d($n—17$n+l) .
2 )

S max dwn 17xn (mnaxn-i-l)a

- { dxn laxn d(a?n_l,ﬂfn),d(l'n,l'n_t,_1),
i ;

d(&n—1,2n) + d(Tn, Tny1) }
= max{d(Tp—1,2Tn), d(Tn, Tnt1)}.

So, we have

F(d(zn,zni1)) = F(dTxp-1,Tz,)) < F (max{d(zn-1,2n), d(Tpn, Tpit1)})—T.

In this case M(z,—1,%,) = max{d(z,—1,2,),d(Tn, Tns1)} = d(Tn, Tpy1) is

impossible, because
F(d(zn, tp41)) = F(d(Tzp—1,Tzn)) < F(d(Tn, Tnt1)) — 7 < F(d(@n, Tnt1)) -
Which is a contradiction. So
M (2p—1,%n) = max{d(zp_1,Zn), d(Tn, Tnt1)} = d(@p_1,Tp).
Thus from (2.4), we have

F(d(xn, Tni1)) < F(d(@p-1,20)) — 7.
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Continuing this process, we get

F (d(l'na (L’n+1)) < Tn—1, xn)) - T
Tx,_2,Txp 1)) —T
J:n—van—l)) — 27

Txp_3,T2p_2)) — 27

IN IN
5 9 o om
=2 2 &=

Tp_3,Tn_2)) — 3T

IN
=
=
8
2
8
=
S~—
S~—
\
3
ﬁ

This implies that

F (d(xpn,xny1)) < F (d(zo,21)) — nT. (2.5)
From (2.5), we obtain lim, . F (d(€n, Znt+1)) = —00. Since F € A, we have
lim d(xy,zn41) = 0. (2.6)

From (F3), there exists k € (0,1) such that

lim ((d(xn,xn+1))kF(d(xn,xn+1))) —0. (2.7)

n—oo

From (2.5), for all n € N, we obtain

(d(@ 0 2001)" (F (d(@n, 2011)) — F (d(20,21))) < — (A, 2001)) 07 < 0.

(2.8)
By using (2.6), (2.7) and letting n — oo, in (2.8), we have
lim (n (d(xn,wn+1))k) =0. (2.9)
n—oo

We observe that from (2.9), then there exists ny € N, such that n (d(z,, $n+1))k <

1 for all n > nq, we get

1
d(xp, Tpy1) < — for all n > ny. (2.10)
nk

472 Kutbi et al 466-481



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Now, m,n € N such that m > n > n;. Then, by the triangle inequality and

from (2.10) we have

d(xru :I:m) é d(.’En, anrl) + d(anrh xn+2) + d(xn+27 $n+3) + ...+ d(xmfiz-ﬂnl)

m—1

= ) d@i, i)
i=n
o0

< Y d(wi,wiva)
i=n
=1

< _

==

T

1=

The series Y .o, -
1

S

‘ -

is convergent. By taking limit as n — oo, in (2.11), we

Bals

have limy, 1 — o0 d(Zn, Tm) = 0. Hence {z,} is a Cauchy sequence. Since X is
a complete metric space there exists z* € X such that x, — z* as n — .
T is an a-n-continuous and 7n(x,—1,2,) < a(xp—1,Z,), for all n € N then
Tpy1 =Tz, — Tox* as n — oco. That is, * = Tz*. Hence z* is a fixed point of
T. To prove uniqueness, let © # y be any two fixed point of T', then from (2.1),

we have
G(d(z,Tz),d(y,Ty),d(z,Ty),d(y,Tx)) + F (d(Tx,Ty)) < F (M(z,y))
we obtain
T+ F(d(z,y)) < F(d(z,y)) .

which is a contradiction. Hence, z = y. Therefore, T" has a unique fixed point.

Theorem 13 Let (X, d) be a complete metric space. Let T be a self mapping

satisfying the following assertions:
(i) T is an a-admissible mapping with respect to 7;
(ii) T is Ciri¢ type a-n-GF-contraction;
(iil) there exists zg € X such that a(zg, Tzo) > n(xo, Txo);
(iv) if {x,} is a sequence in X such that a(x,,zni1) > P(@n, Tpy1) with

T, — x* as n — oo then either

a(Txp,x) > n(Tx,, T z,) or a(T?z,,x) > n(T?z,, Tx,)
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holds for all n € N.
Then T has a fixed point in X. Moreover, T has a unique fixed point when
a(z,y) > n(x,z) for all x,y € Fiz(T).

Proof. As similar lines of the Theorem 12, we can conclude that

a(zn, Tnt1) > 0Ty, Tpy1) and z, — z* as n — oo.
Since, by (iv), either

a(Txp, z*) > n(Txn, T?xy,) or Tz, %) > n(T%z,, T3x,),
holds for all n € N. This implies
(Tpt1,2%) > N(Tnt1, Tni2) O A(Tpy2, %) > N(Tpi2, Tnys), for all n € N.
Then there exists a subsequence{x,, } of {z, } such that
N(@n, Ty ) = 0Ty Tnjt1) < (Tny, 7).

From (2.1), we have

G(d(zn,, Txy,),d@”, Te"), d(xn,, Tx"),d(z*, Txy,)) + F (d(Tzy,, Tx"))
< F(M(‘r'fbk?x*))

d(xnk ’ SL'*), d(xnk ’ Tx'”«k)? d(ZL’*, Tm*)a

F | max
(@, T2 ) +d(z* Tan,) |
2 b

d(xnk ) x*)’ d(xnk ) xnkJrl)v d(ZL’*, Tm*)a

= F | max N N
d(@n, , Te")+d(@" @n, +1)
2

Using the continuity of F' and the fact that

klim d(zy,,z")=0= klim d(zp,41,2") (2.12)
we obtain
T+ F(d(z*,Tx")) < F(d(z*,Tz")). (2.13)

Which is a contradiction. Therefore, d(z*, Tz*) = 0, implies x* is a fixed point
of T. Uniqueness follows similar lines as in Theorem 12. m

In the following we extend the Wardowski type fixed point theorem.
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Theorem 14 Let T be a continuous self mapping on a complete metric space

X. If for x,y € X with d(x,Tz) < d(z,y) and d(Tz,Ty) > 0, we have
G(d(xv Tx)’ d<yv Ty), d(xa Ty)? d(y7 Tx)) + F (d(Txv Ty)) < F (M(aj, Y),

where

d(z, T d(y, T
M(z,y) = max {d(m,y),d(%Tx),d(y,Ty), (@ y); UEL) } :
GeAg and F € Ap. Then T has a fized point in X.
Proof. Let us define a,n: X x X — [0,400) by

alz,y) = d(z,y) and n(z,y) = d(z,y) for all z,y € X.

Now, d(z,y) < d(z,y) for all z,y € X, so a(z,y) > n(z,y) for all z,y € X.
That is, conditions (i) and (iii) of Theorem 12 hold true. Since T is continuous,
so T is a-n-continuous. Let n(z,Tz) < a(z,y) and d(Tz,Ty) > 0, we have
d(z,Tz) < d(z,y) with d(Tz, Ty) > 0, then

G(d(z,Tx), d(y, Ty), d(x, Ty), d(y, Tx)) + F (d(Tz, Ty)) < F (M(z,y)) .

That is, T is Cirie type a-n-G F-contraction mapping. Hence, all conditions of

Theorem 12 satisfied and T has a fixed point. m

Corollary 15 Let T be a continuous selfmapping on a complete metric space

X. If for x,y € X with d(z,Tx) < d(z,y) and d(Tx,Ty) > 0, we have
T+ F(d(T%,Ty)) < F(M(z,y)),
where 7 >0, and F € Ap. Then T has a fized point in X.

Corollary 16 Let T be a continuous selfmapping on a complete metric space

X. If for x,y € X with d(x,Tz) < d(z,y) and d(Tz,Ty) > 0, we have
T+ F(d(Tz,Ty)) < F(d(z,9)),

where 7 > 0, and F' € Ap. Then T has a fized point in X.

10
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Corollary 17 [11] Let (X,d) be a complete metric space. Let T : X — X be a

self-mapping satisfying the following assertions:

i) T is an a-admissible mapping with respect to n;

(
(ii) T is an @-n-GF-contraction
(iii) there exists z¢g € X such that a(zg,Tzo) > n(xo, Txo);
(iv) T is a — m-continuous.

Then T has a fixed point in X. Moreover, T has a unique fixed point when

a(z,y) > n(x,z) for all x,y € Fix(T).

Corollary 18 [11] Let (X,d) be a complete metric space. Let T : X — X be a

self-mapping satisfying the following assertions:

(i) T is an a-admissible mapping with respect to 7;

(ii) T is an a-n-GF-contraction

(iii) there exists g € X such that a(xg, Txo) > n(ze, Txo);

(iv)if {z,} is a sequence in X such that a(z,,Tni1) = n(Tn, Tne1) with

T, — T* as n — oo then either
Ty, x) > n(T,, T?2,) or a(T?z,, x) > n(T?x,, T3z,)

holds for all n € N.

Then T has a fixed point in X. Moreover, T has a unique fixed point when

a(z,y) > n(x,z) for all x,y € Fiz(T).
Example 19 Consider the sequence,

S1=1x3

So=1x3+2x5

S3=1x3+2x5+3x%x7
Snzl><3—|—2><5+3><7...+n><(2n+1):w.

Let X={S,, : n € N} and d(x,y) = |z — y| . Then (X, d) is a complete metric

space. If F(a) = a+Ina, @ > 0 and G(¢1, t2,t3,t4) = 7 where 7 = 1. Define the

11

476 Kutbi et al 466-481



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

mapping T : X — X by, T (S1) = 51 and T (S,,) = Sp—1,n > 1 and a(z,y) =1
if v € X,n(x,Tx) = 3 for all z € X. we have

ey A8, T(S)) _ o Spa =3 (n-D)n(dnt1)—18
n—co  d(Sp,S) a8, -3 n(n+1)(dn+5)—18

So we conclude the following two cases:
Case 1:
we observe that for every m € Nym > 2,n =1or n =1 and m > 1 then

a(Sm, Sn) = 1(Sm,T(Sm)), we have

d(T(Sm), T (51)) a((s,)T(51)~M(Sm,S) _ Sm=1=3 s, .5,
M (S, S1) Sm —3
(m—1)m@m+1) — 18 _ mm+nam+s)
m(m+ 1) (dm +5) - 18° ’
< e

Case 2:
for m > n > 1, then (S, Sn) > n(Sm, T(Sm)), we have

d(T (Sm),T (Sn)) AT (81).T(8,)) M (S10.5)

M (S, Sn)
Sm—1 = Sn—1 5,5, 1+S-1-5n
S’m - Sn

(m—1)m(dm+1)—(n—1)n(dn+1) n(nt1) (n+5) _ m(m+1)(Am +5) c ol
m(m+1)(4m +5) —n(n+1)(4n + 5) -

So all condition of theorems are satisfied, T' has a fixed point in X.

Let (X,d, <) be a partially ordered metric space. Let T : X — X is such
that for z,y € X, with < y implies Tx < Ty, then the mapping T is said
to be non-decreasing. We derive following important result in partially ordered

metric spaces.

Theorem 20 Let (X,d, =) be a complete partially ordered metric space. As-

sume that the following assertions hold true:

(i) T is nondecreasing and ordered G F-contraction;

12
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(ii) there exists zp € X such that ¢ < Txo;

(iil) either for a given z € X and sequence {z,} in X such that z, — x as
n — oo and z,, X z,41 for all n € N we have Tx,, — Tx

or if {z,,} is a sequence in X such that z,, < x,41 with z,, - z asn — o

then either

Tz, <z or Tz, <z

holds for all n € N.

Then T has a fixed point in X.

Define F = {¢ : R" — R' : ¢ is a Lebesgue integral mapping which is
summable, nonnegative and satisfies fe ¢(t)dt > 0, for each € > 0}.

0
We can easily deduce following result involving integral type inequalities.

Theorem 21 Let T be a continuous selfmapping on a complete metric space

X. If for x,y € X with

d(z,Tx) d(z,y) d(Tz,Ty)
/¢(t)dt§ /¢(t)dt and / o(t)dt > 0,
0 0 0
we have
d(z,Tx) d(y,Ty) d(z,Ty) d(y,Tx) d(Tz,Ty)
G( / o(t)dt, / o(t)dt, /¢(t)dt, / o(t)dt) + F / o(t)dt
0 0 0 0 0
M(z,y)
< F / p(t)dt |,
0
where

d(z,Ty) + d(y, Tx) }
5 )

peF,GeAg and F € Ap. Then T has a fixed point in X.

M(z,y) = max {d(m,y>, d(w, T, d(y, Ty),
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FIXED POINT AND QUADRATIC p-FUNCTIONAL INEQUALITIES IN
NON-ARCHIMEDEAN BANACH SPACES

JUNG RYE LEE AND DONG YUN SHIN*

ABSTRACT. In this paper, we solve the following quadratic p-functional inequalities

b ) 0 (40 01 (550 o1 (552)
—f() = f(y) = )l
Sle(f@+y+2)+fle—y—2)+fly-—z—2)+flz—z-y) (0.1)
—4f(z) —4f(y) — 4f (),

1
4]

[fxt+y+2)+fle—y—2)+fly-—z-2)+f(z-z—y)
—4f(z) —4f(y) —4f(2)|l (0.2)

o2 (=) (5 s (5
—f(@) = fly) = FEI,
where p is a fixed non-Archimedean number with |p| < |8].

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic p-
functional inequalities (0.1) and (0.2) in non-Archimedean Banach spaces.

where p is a fixed non-Archimedean number with |p| < =, and

1. INTRODUCTION AND PRELIMINARIES

A waluation is a function | - | from a field K into [0, 00) such that 0 is the unique element
having the 0 valuation, |rs| = |r| - |s| and the triangle inequality holds, i.e.,
Ir =+ s| < |r| +|s], Vr,s € K.

A field K is called a valued field if K carries a valuation. The usual absolute values of R and
C are examples of valuations.

Let us consider a valuation which satisfies a stronger condition than the triangle inequality.
If the triangle inequality is replaced by

7+ 5| <max{|r,|s|]},  VrseK,
then the function | - | is called a non-Archimedean valuation, and the field is called a non-
Archimedean field. Clearly |1| = | — 1| = 1 and |n| < 1 for all n € N. A trivial example of
a non-Archimedean valuation is the function | - | taking everything except for 0 into 1 and

|0] = 0.
Throughout this paper, we assume that the base field is a non-Archimedean field, hence call
it simply a field.

Definition 1.1. ([19]) Let X be a vector space over a field K with a non-Archimedean valuation
| - |. A function || - || : X — [0,00) is said to be a non-Archimedean norm if it satisfies the
following conditions:

2010 Mathematics Subject Classification. Primary 46510, 39B62, 39B52, 47H10, 47510, 12J25.

Key words and phrases. Hyers-Ulam stability; non-Archimedean normed space; fixed point; quadratic p-
functional inequality.
*The corresponding author.
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(i) |lz|| = 0 if and only if x = 0;
(i) frall = [r{llzl]  (r € K zeX);
(iii) the strong triangle inequality

[z +yl < max{|[z[|, [yll},  Ve,yeX
holds. Then (X, || - ||) is called a non-Archimedean normed space.

Definition 1.2. (i) Let {z,} be a sequence in a non-Archimedean normed space X. Then the
sequence {x,} is called Cauchy if for a given € > 0 there is a positive integer N such that

[zn —2ml| < e

for all n,m > N.
(ii) Let {x,} be a sequence in a non-Archimedean normed space X. Then the sequence {x,,}
is called convergent if for a given € > 0 there are a positive integer N and an x € X such that

[en — x| <e

for alln > N. Then we call x € X a limit of the sequence {z,}, and denote by lim,, . x,, = x.
(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed space X
is called a non-Archimedean Banach space.

The stability problem of functional equations originated from a question of Ulam [27] con-
cerning the stability of group homomorphisms.

The functional equation f(x+vy) = f(z)+ f(y) is called the Cauchy equation. In particular,
every solution of the Cauchy equation is said to be an additive mapping. Hyers [12] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem
was generalized by Aoki [1] for additive mappings and by Rassias [24] for linear mappings by
considering an unbounded Cauchy difference. A generalization of the Rassias theorem was
obtained by Gavruta [9] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Rassias’ approach.

The functional equation

flx+y)+ fle—y) =2f(x) +2f(y) (1.1)

is called the quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping. The stability of quadratic functional
equation was proved by Skof [26] for mappings f : Fy — Es, where Fj is a normed space and
E5 is a Banach space. Cholewa [2] noticed that the theorem of Skof is still true if the relevant
domain E; is replaced by an Abelian group. See [7, 15, 16] for more functional equations.

The functional equation 2 f (%) +2 (%) = f(z)+ f(y) is called a Jensen type quadratic

equation.
In [10], Gildnyi showed that if f satisfies the functional inequality

12f (z) +2f (y) = flay™ ) < | f(zy)] (1.2)

then f satisfies the Jordan-von Neumann functional equation

2f(z) +2f(y) = f(xy) + flzy™).
See also [25]. Gildnyi [11] and Fechner [8] proved the Hyers-Ulam stability of the functional
inequality (1.1). Park, Cho and Han [22] proved the Hyers-Ulam stability of additive functional
inequalities.
Let X be a set. A function d : X x X — [0,00] is called a generalized metric on X if d
satisfies

1) d(z,y) = 0 if and only if x = y;
(2) d(z,y) = d(y,z) for all x,y € X;
(3) d(z,2) < d(z,y) +d(y, z) for all z,y,z € X.

We recall a fundamental result in fixed point theory.
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Theorem 1.3. [3, 6] Let (X,d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant o < 1. Then for each given element
x € X, either

d(J"z, J" ) = oo

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"x, J"r) < o0, Vn > ng;
(2) the sequence {J"x} converges to a fized point y* of J;
(3) y* is the unique fized point of J in the set Y = {y € X | d(J™z,y) < co};
(4) d(y,y*) < 25d(y, Jy) for ally €Y.

In 1996, G. Isac and Th.M. Rassias [13] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with applications. By
using fixed point methods, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [4, 5, 14, 17, 20, 21, 23]).

In Section 2, we deal with quadratic functional equations. In Section 3, we solve the quadratic
p-functional inequality (0.1) and prove the Hyers-Ulam stability of the quadratic p-functional
inequality (0.1) in non-Archimedean Banach spaces. In Section 4, we solve the quadratic p-
functional inequality (0.2) and prove the Hyers-Ulam stability of the quadratic p-functional
inequality (0.2) in non-Archimedean Banach spaces.

Throughout this paper, assume that X is a non-Archimedean normed space and that Y is a
non-Archimedean Banach space. Let |2| # 1.

2. QUADRATIC FUNCTIONAL EQUATIONS

Theorem 2.1. Let X and Y be vector spaces. A mapping f: X —'Y satisfies

f<$—|—g+z_|_1’—Z—Z+y—f2f—z+2—f;‘—y>:f(x)+f(y)+f(z) (2.1)

if and only if the mapping f: X — Y is a quadratic mapping.

Proof. Assume that f: X — Y satisfies (2.1)
Letting z =y = 2 =0 in (2.1), we have 4f(0) = 3f(0). So f(0) =
Letting y = z =0 in (2.1), we get

2f<;)+2f(—;c>:f(x) & 2f( )+2f<) Fl—z) (2.2)

for all x € X, which imply that f(z) = f(—z) for all x € X.

From this and (2.2), we obtain 4 f ( ) = f(z) or f(2z) =4f(z) for all x € X.

Putting z = 0 in (2.1), we obtain 2 f(z+y) + 1 f(x —y) = f(z) + f(y) for all z,y € X, which
means that f: X — Y is a quadratic mapping.

The converse is obviously true. ([l

Corollary 2.2. Let X and Y be vector spaces. An even mapping f : X — Y satisfies

faety+a)+fla—y—2)+fly—v—2)+ fz—z—y) =4f(z) +4f(y) +4f(z) (2.3)
for all x,y,z € X. Then the mapping f : X = Y 1is a quadratic mapping.

Proof. Assume that f: X — Y satisfies (2.3).

Letting =y = 2 = 0 in (2.3), we have 4f(0) = 12f(0). So f(0) = 0.

Letting z = 0in (2.3), we get 2f (z+y)+2f(z—y) = 4f(x)+4f(y) and so f(z+y)+f(x—y) =
2f(z) +2f(y) for all z,y € X. U
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3. QUADRATIC p-FUNCTIONAL INEQUALITY (0.1)

Throughout this section, assume that p is a fixed non-Archimedean number with |p| < ﬁ.

In this section, we solve and investigate the quadratic p-functional inequality (0.1) in non-
Archimedean normed spaces.

Lemma 3.1. An even mapping f : X — Y satisfies

() () o () ()
—f(x) = fy) = FE)]
<lp(flz+y+2)+flz—y—2)+fly—v—2)+ fz-z—y) (3.1)
—4f(z) —4f(y) —4f(2))l
forall x,y,z € X if and only if f : X = Y is quadratic.

Proof. Assume that f: X — Y satisfies (3.1).
Letting x =y = z = 0 in (3.1), we get || f(0)[| < [p[[[8(0)]. So f(0) =
Letting y = z = 0 in (3.1), we get ||4f (%) — f(a:)” < 0 and so
x

1(3) =@ (32)

for all z € X.
By (3.1) and (3.2), we have

T+y+z r—Yy—=z Yy—Tr—=z 2= -y
f<2>+f<2>+f<2>+f<2>=f@ﬂ+f@%+ﬂ@
for all z,y,2z € X, since |p| < |4‘

The converse is obviously true. g

Now we prove the Hyers-Ulam stability of the quadratic p-functional inequality (3.1) in
non-Archimedean Banach spaces.

Theorem 3.2. Let ¢ : X2 — [0,00) be a function with ¢(0,0,0) = 0 such that there exists an

L <1 with
T Y z L
¢(555) < ge@us) (33)

forallx,y,z € X. Let f: X =Y be an even mapping such that

rT+y+=z T—y—z Yy—Tr—2=z Z—x—Y
(=) o () () w1 ()
—f(@) = fly) = f(2)|l
<lp(fle+y+2)+fle—y—2)+fly—z—2)+ flz—2—y) (3.4)
—Af(x) = 4f(y) = 4f ()] + ¢(@,y, 2)
for all x,y,z € X. Then there exists a unique quadratic mapping Q : X — Y such that

I7@) ~ Q)| < T4 (,0,0) (35)

forallx € X.
Proof. Letting x =y = z = 0 in (3.4), we get || f(0)]| < |p|lI8f(0)||. So f(0) =

Letting y = z = 0 in (3.4), we get

(3) -

< ¢(z,0,0) (3.6)
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for all x € X.
Consider the set S :={h: X — Y, h(0) =0} and introduce the generalized metric on S:

d(g,h) = inf { € Ry : [|g(z) — h(@)|| < o (2,0,0), Va € X},

where, as usual, inf ¢ = +o00. It is easy to show that (S, d) is complete (see [18]).
Now we consider the linear mapping J : S — S such that Jg(z) := 4g ( ) for all z € X. Let
g,h € S be given such that d(g,h) = . Then

lg(x) — h(z)|| < ep(,0,0)
for all x € X. Hence

g~ Ih@)| = |19 (3) ~an(5)] < 4 (5.0.0)

L
forallz € X. Sod(g,h) = € implies that d(Jg, Jh) < Le. This means that d(Jg, Jh) < Ld(g, h)
for all g,h € S.
It follows from (3.6) that d(f,Jf) < 1.

By Theorem 1.3, there exists a mapping @ : X — Y satisfying the following:
(1) @ is a fixed point of J, i.e.,

x
Q@) -1q(3) (37)
for all x € X. The mapping @ is a unique fixed point of J in the set
M ={geS:d(f g) <o}

This implies that @ is a unique mapping satisfying (3.7) such that there exists a u € (0, 00)
satisfying || f(z) — Q(x)|| < pe (2,0,0) for all x € X;

(2) d(J'f,Q) — 0 as I — oco. This implies the equality lim;_,o4"f (5%) = Q(z) for all
r € X;

(3)d(f,Q) < 1= L d(f,Jf), which implies the inequality d(f, Q) < ﬁ So || f(z) — Qz)] <
—2-¢(2,0,0) for all z € X.

It follows from (3.3) and (3.4) that

o(25) (=) 05 a(5)
Q - Q)|

() o () (15) o (557
(5)-1(3) -/ (5)
4l () (A )f(2)+f(z_;_y)
(2) () (] (2
+

=p(Qr+y+2)+Qr—-y—-2)+Qy—z—-2)+Q(z—z—y)
—4Q(x) — 4Q(y) — 4Q(2))]|

= lim [4|"||f
n—oo

IN
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for all z,y,z € X. So

(T () v (T ) ve (P Y) - e - o) - )
<lpQRz+y+2)+Qx—y—2)+Qy—z—2)+Q(z —z —y) —4Q(z) — 4Q(y) — 4Q(2))|

for all x,y,z € X. By Lemma 3.1, the mapping @ : X — Y is quadratic.
Now, let T': X — Y be another quadratic mapping satisfying (3.5). Then we have

() -1 e (3) - () = s ().

which tends to zero as ¢ — oo for all x € X. So we can conclude that Q(z) = T'(x) for all
x € X. This proves the uniqueness of ). Thus the mapping @ : X — Y is a unique quadratic
mapping satisfying (3.5). O

< max{

Corollary 3.3. Let r < 2 and 6 be nonnegative real numbers, and let f : X — Y be an even
mapping such that

() e (547 s () s (5
—f(@) = fly) = f2)l
<lp(fle+y+2)+fle—y—2)+fly—z—2)+ flz—x—y) (3.8)

—4f(z) = 4f(y) = 4f )+ 0U=l" + [yl + I1=]")
for all x,y,z € X. Then there exists a unique quadratic mapping @ : X — Y such that

2|"0
1/(2) - Q)] < MW
forallxz € X.

Proof. The proof follows from Theorem 3.2 by takig ¢©(z,y,z) = 0(||z||" + ||y||” + ||z||") for all
x,y,2 € X. Then we can choose L = |2|> " and we get desired result. O

Theorem 3.4. Let ¢ : X3 — [0,00) be a function with ¢(0,0,0) = 0 such that there exists an
L <1 with

Ty z
<
o (z,y,2) !4IL¢(2 5 2)

for all x,y,z € X Let f : X — Y be an even mapping satisfying (3.4). Then there ezists a
unique quadratic mapping QQ : X — Y such that

1£(@) - Q@) <~ (2,0,0)

1-L
forallxz € X.
Proof. Tt follows from (3.6) that
1
Hf _ ff(21:) 719(22.0.0) < L (2.0.0) (3.9)
for all z € X.

Let (S, d) be the generalized metric space defined in the proof of Theorem 3.2.
Now we consider the linear mapping J : S — S such that Jg(z) := 19 (2z) for all z € X.
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It follows from (3.9) that d(f, Jf) < L. So d(f,Q) < tZ7. So || f(z) — Q(2)|| < £ ¢(x,0,0)
for all x € X.
The rest of the proof is similar to the proof of Theorem 3.2. O

Corollary 3.5. Let v > 2 and 0 be positive real numbers, and let f : X — Y be an even
mapping satisfying (3.8). Then there exists a unique quadratic mapping Q : X —'Y such that

/() ~ QI < oo el
SRR —pr
forallx € X.
Proof. The proof follows from Theorem 3.4 by takig ©(z,y,z) = 0(||z||" + ||y||" + ||z||") for all
7,9,z € X. Then we can choose L = |2|"~2 and we get desired result. O

4. QUADRATIC p-FUNCTIONAL INEQUALITY (0.2)

Throughout this section, assume that p is a fixed non-Archimedean number with |p| < |8].
In this section, we solve and investigate the quadratic p-functional inequality (0.2) in non-
Archimedean normed spaces.

Lemma 4.1. An even mapping f : X — Y satisfies
fx+y+2)+fl@—y—2)+fly—z—2)+flz—z—y) —4f(x) —4f(y) — 4/ (2)|

<o (=57) e () o () )
(557 - f@ - ) - 1)
forall x,y,z € X if and only if f : X = Y is quadratic.

Proof. Assume that f: X — Y satisfies (4.1).
Letting x =y =z =0 in (4.1), we get ||8(0)|| < |p|||f(0)||. So f(0) = 0.
Letting x = y,z = 0 in (4.1), we get

12f (22) = 8f(z)[ <0 (4.2)

and so f (£) = 1 f(z) for all 2 € X.
By (4.1) and (4.2), we have

fety+2)+fle—y—2)+fly—z—2)+flz—z—y) =4f(x) +4f(y) +4f(2)
for all z,y,z € X, since |p| < |8] < |4].
The converse is obviously true. ([l

We prove the Hyers-Ulam stability of the quadratic p-functional inequality (4.1) in non-
Archimedean Banach spaces.

Theorem 4.2. Let ¢ : X3 — [0,00) be a function with ¢(0,0,0) = 0 such that there exists an
L <1 with

Ty z L
-2, - ) < — 4.
@(2,2,2>_ ‘4|<p($,y72) (4.3)

forallx,y,z€ X. Let f : X = Y be an even mapping satisfying
[f@x+y+2)+fl@-—y—2)+fly—z—2)+f(z—z—y) —4f(z) —4f(y) — 4/ (2)]

() o (2222) e (5520 o1 (55

—f(@) = f(y) = F) +elz,y,2) (4.4)
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for all x,y,z € X. Then there exists a unique quadratic mapping @ : X — Y such that
1/(@) = Q@) < [t (2.2,0) (45)
(=L)"Y '

forallx € X.

Proof. Letting x =y = z = 0 in (4.4), we get [|8£(0)]| < |p[llf(0)||. So f(0) =
Letting x = y,z = 0 in (4.4), we get

o(3)-ro
for all x € X.

Consider the set S:={h: X — Y, h(0) =0} and introduce the generalized metric on S:

T x L
<plZ.Z < = )
_w<2,2,0>_‘4|<p(:v,x,0) (4.6)

d(g,h) = inf {u € Ry : [lg(x) — h(z)|| < pep (z,2,0), Vo € X},

where, as usual, inf ¢ = +o00. It is easy to show that (S, d) is complete (see [18]).
Now we consider the linear mapping J : S — S such that Jg(x) := 4g ( ) for all z € X.
Let g, h € S be given such that d(g,h) = . Then ||g(z) — h(z)|| < ep (x z,0) for all z € X.
Hence

7g(a) = Thia)l| = 19 (5) = 40 (5 )| < Lo @20

foralla € X. Sod(g,h) = € implies that d(Jg, Jh) < Le. This means that d(Jg, Jh) < Ld(g, h)
for all g,h € S.

It follows from (4.6) that d(f,Jf) < ‘4|

By Theorem 1.3, there exists a mapping @ : X — Y satisfying the following:
(1) Q is a fixed point of J, i.e.,

Q@) =1 (3) (7)

for all z € X. The mapping @ is a unique fixed point of J in the set M = {g € S : d(f,g) < co}.
This implies that @ is a unique mapping satisfying (4.7) such that there exists a u € (0, 00)
satisfying || f(z) — Q(z)|| < py (z,z,0) for all z € X;

(2) d(J'f,Q) — 0 as | — oco. This implies the equality lim;_,oo 4" f (2) = Q(z) for all
T € X;

(3) d(f,Q) < =¢d(f,Jf), which implies the inequality d(f, Q) < m So

1£() — Q)] < WL_L)W(%%O)

for all z € X.
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It follows from (4.3) and (4.4) that

o(23)ro( ) 0505
Q

(@) - Q) - Q)|
= Jim | () + ( — )+f(2ifz)+f<2;f;y)

) () ()]
(52 3 () o () (2

+hm|4\" <:E Y z>

_4f (;) —af (2,1) 4f< > on’ on

=lpQz+y+2)+Qr—-y—2)+Qy—r—2)+Q(z —x—y)
—4Q(r) — Q()—4Q(Z))H

for all x,y,z € X. So

o(=42) 0 (272) (5 ra (5
—Q(z) — Qy) — Q=)
<lpQz+y+2)+Qx—y—2)+Qy—z—2)+Q(z —z—y)

—4Q(z) - 4Q(y) — 4Q(2))]|

for all x,y,2z € X. By Lemma 4.1, the mapping @ : X — Y is quadratic.
The rest of the proof is similar to the proof of Theorem 3.2. g

Corollary 4.3. Let r < 2 and 6 be nonnegative real numbers, and let f : X — Y be an even
mapping such that

[fle+y+2)+fla—y—2)+fly—z—2)+fz-z—y)—4f(z) —4f(y) -4/ (2)]

B () ()
+f (F5Y) = £ = 1) ~ ) |+ 000l + i+ 121

for all x,y,z € X. Then there exists a unique quadratic mapping Q : X — Y such that
20

— < - T
1) - QI < s lo
forallx € X.
Proof. The proof follows from Theorem 4.2 by takig ¢(z,y,2) = 0(||z||” + ||y||” + ||z||") for all
x,y,2 € X. Then we can choose L = |2|> " and we get desired result. O

Theorem 4.4. Let ¢ : X3 — [0,00) be a function with ¢(0,0,0) = 0 such that there exists an
L <1 with

Ty z
<
o (x,y,2) !4IL¢<2 5 2)
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for all x,y,z € X Let f : X — Y be an even mapping satisfying (4.4). Then there ezists a
unique quadratic mapping Q : X — Y such that

1

[f(z) = Q)| < m‘ﬂ(%xﬂ)
forallx € X.
Proof. 1t follows from (4.6) that
1 1
@) = 10| < frete.a0 (19)

for all x € X.
Let (S,d) be the generalized metric space defined in the proof of Theorem 4.2.
Now we consider the linear mapping J : S — S such that

1
Jo(a) = 19 (2)
for all z € X.
It follows from (4.9) that d(f,Jf) < ‘%'. So d(f,Q) < md(f, Jf), which implies the
inequality

1
< —.
So
1
1f(z) = Q)] < (@, 2,0)
[4/(1-1L)
for all x € X.
The rest of the proof is similar to the proof of Theorem 3.2. O

Corollary 4.5. Let r > 2 and 0 be nonnegative real numbers, and let f : X — Y be an even
mapping satisfying (4.8). Then there exists a unique quadratic mapping Q : X — Y such that

20
1f(z) = Q@) < mllx\lr

forallx € X.

Proof. The proof follows from Theorem 4.4 by takig o(x,y,2) = 0(||z||” + |ly||” + ||z]|") for all
7,y,2 € X. Then we can choose L = |2|"~2 and we get desired result. O
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ABSTRACT

In this paper, we study the behavior of the solutions of the following rational difference equation with big order

CTp—s + dxn—t

Tpil = ATp_g + bTp_j + PRI
n—s n—t

where the parameters a, b, c,d, e and f are positive real numbers and the initial conditions z_,, z_,41 ..., z_1
and x( are positive real numbers where r = max{l, k, s, t}.

Keywords: recursive sequence, periodicity, boundedness, stability, difference equations.
Mathematics Subject Classification: 39A10

1. INTRODUCTION

Difference equations appear as natural descriptions of observed evolution phenomena because most measurements
of time evolving variables are discrete and as such these equations are in their own right important mathematical
models. Difference equations related to differential equations as discrete mathematics related to continuous
mathematics.

In recent years nonlinear difference equations have attracted the attention of many researchers, for example:
Agarwal and Elsayed [1] studied the global stability, periodicity character and gave the solution form of some
special cases of the recursive sequence

bwnxnffi
Tpyl = ATy + ——mM—.
CTp—2 + dT,_3

Cinar [5] obtained the solutions of the following difference equation

T Tn—1
n+1l — .
14 ax,Tn-1

El-Metwally et al.[10] dealed with the following difference equation

Yn—(2k+1) + D
Yn—(2k+1) + QWn—21

Yn41 =

Elsayed [12] studied the global stability, and periodicity character of the following recursive sequence
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Elsayed et al. [18] investigated the behavior of the following second order rational difference equation

b+ cxr,_1

Tpil = ATy + .
s " d+ex,_1

Elsayed and El-Dessoky [16] investigated the global convergence, boundedness, and periodicity of solutions of
the difference equation
brp_i + cTp_k

Tp4+1 = ATp—s + .
* drp_i + eXn_j

Karatas et al. [21] got the solution of the difference equation

Tn—5

Tyl = —"—"".
nr 1+ Tpn—2Tn—5

Obaid et al. [24] studied the global attractivity and periodic character of the following fourth order difference
equation
bxn—l + cxp—2 + dzn—S

QTp—1 + 6$n72 + VYTn—3 .

Tnt+1 = ATp +

Yalcinkaya [29] dealed with the following difference equation

x'rL—"L
Tpt1 =+ %
Zayed and El-Moeam [31], [32] studied the global asymptotic properties of the solutions of the following difference
equations

bx,
Tpy1 = ATy — —————.
CTy — dTop_}
PLyp + Tk
Tp+1 = Azy+ Br,_i + UL L
q + Tk

For some related work see [1-33].

Our goal in this article is to investigate the global stability character and the periodicity of solutions of the
recursive sequence
CTp—s + dwnft ) (1)
ETpn_—s + fxn—t
where the parameters a, b, ¢,d, e and f are positive real numbers and the initial conditions x_,., _,11 ..., z_1
and z are positive real numbers where r = maz{l, k, s, t}.

Tptl = QTp— + bTp_j +

2. SOME BASIC PROPERTIES AND DEFINITIONS

Here, we recall some basic definitions and some theorems that we need in the sequel.

Let I be some interval of real numbers and let F : I**1 — I, be a continuously differentiable function. Then
for every set of initial conditions x_g, T_k11, ... ,2o € I, the difference equation

Tpi1 = F(@p, Tp_1, e, Tn_g), n=01 .. (2)

has a unique solution {z,} -, .

Definition 1. (Equilibrium point) A point Z € I is called an equilibrium point of Equation (2) if

I=F(z,%,..1).

That is, z, = Z for n > 0, is a solution of Equation (2), or equivalently, Z is a fixed point of F.
Definition 2. (Periodicity)
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A sequence {z,},. , is said to be periodic with period p if 2,4, = z,, for all n > —k.
Definition 3. (Stability)
(i) The equilibrium point Z of Equation (2) is locally stable if for every € > 0, there exists § > 0 such that
forall x_p,z_k41,...,2_1, 20 € I with
|k — Z| + |[Toks1 — Z| + ... + |zo — T| < 9,
we have
|z, — Z| < € for all n > —k.
(ii) The equilibrium point Z of Equation (2) is locally asymptotically stable if Z is locally stable solution of
Equation (2) and there exists v > 0, such that for all z_;,x_g41,...,2_1,20 € I with
|T_f — Z| + g1 — T| + ... + |20 — T <7,
we have

lim z,, = Z.
n—oo

(iii) The equilibrium point Z of Equation (2) is global attractor if for all _g, 2 _jy1,...,2_1,20 € I, we have

lim z,, = Z.
n—oo

(iv) The equilibrium point z of Equation (2) is globally asymptotically stable if Z is locally stable, and Z is also
a global attractor of Equation (2).

(v) The equilibrium point Z of Equation (2) is unstable if is not locally stable.
The linearized equation of Equation (2) about the equilibrium point Z is the linear difference equation

k
OF(%,%, ..., T
Yn4+1 = Z Mynfz (3)

i=0 On—i

Theorem A [22] Assume that p; € R, i =1,2,... and k € {0,1,2,...}. Then

k
S il < 1, ()
i=1
s a sufficient condition for the asymptotic stability of the difference equation

Yn+k +p1yn+k—1 + oo +PRYn = O, n = O, ]., cee (5)

Theorem B [23] Let g : [a,b]*T! — [a,b], be a continuous function, where & is a positive integer, and where
[a, b] is an interval of real numbers. Consider the difference equation

Tnt1 = 9(Tny X1y ey Tnk), n=0,1,.... (6)

Suppose that g satisfies the following conditions.

(1) For each integer ¢ with 1 <14 < k 4 1; the function g(z1, 22, ..., 2k+1) is weakly monotonic in z; for fixed
R13R2y eeey Rj—15 Rjt1y evey Rk+1-
(2) If m, M is a solution of the system

m:g(m17m27“'amk+l>7 M:g<M1aM25"'7Mk+l)7

then m = M, where for each i =1,2,....,k + 1, we set

{m, if g is non-decreasing in z,;,} M M, if g is non-decreasing in z;,
m; = . P = .

M, if g is non-increasing in z;, m, if g is non-increasing in z;.

Then there exists exactly one equilibrium point Z of Equation.(6), and every solution of Equation (6) converges
to .
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3. LOCAL STABILITY OF EQUATION (1)

In this section, we investigate the local stability character of the solutions of Equation (1). Equation (1) has a
unique positive equilibrium point and is given by

d
T = ax + b Cf + a:“
ex+ [T
If (a4 b) < 1,then the unique positive equilibrium point is
c+d

T =

1= (a+b)(e+f)

Let f:(0,00)* — (0,00) be a function defined by

cuy + dus
= b _—
f(uo, u1,uz,uz) = aug + buy + cus + fus
Therefore it follows that
Of(uo, ur,ug,u3) Of (ug,ur,uz,uz)
= a - bv
Oug Juq
O f (ug, uy, ug, u3) _ (cf —de)us O f (uo, u1,us, uz) _ (de —cf)ug
Oug (eus + fus)?’ Ous (eus + fuz)?’
Then, we see that
ofzz2) _ - Of@zT,E) _,
8’&0 o ’ 8’[1,1 o
of@,z,z,2) _ (cf—de)[l —(a+b)] 9f(z,z,2,2) (de—cf)[1—(a+Db)]
Ous B (e+ f)lc+d) ’ Ous N (e + f)lc+d) '
Then, the linearized equation of Equation (1) about Z is
(cf —de)[1 — (a+)] (de —cf)[1 — (a + b)]
n n— b n— n—s n—p — 0. 7
y+1+ay l+y k+ (€+f)<C+d) Y (e+f)(c+d) Yn—p ()

Theorem 1. Assume that
2lef —de| < (e+ f)(c+d).

Then the equilibrium point of Equation (1) is locally asymptotically stable.
Proof. It follows by Theorem A that Equation (7) is asymptotically stable if

(cf —de)[1 — (a+b)] (de — cf)[1 = (a+b)]
R e P ST M e+ Netra | =h
. (cf — de)[1 — (a+b)]
et Niet+d '<“(““’”’
and so

2lef —de| < (e+ f)(c+d).
This completes the proof.
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4. GLOBAL ATTRACTIVITY OF THE EQUILIBRIUM POINT OF EQUATION (1)

In this section we deals the global attractivity character of solutions of Equation (1).

Theorem 2. The equilibrium point Z is a global attractor of equation (1) if one of the following conditions
holds:

(i)cf—de > 0,d>c
(5 de—cf > 0, c>d.
Proof. Let 7, s be nonnegative real numbers and assume that f : [r, s]* — [r, s] be a function defined by
cus + dus
= b _—
f(uo, u1,u2,u3) = aug + bug + cus + fus
Then
Of (uo,u1,ug,u3) Of (uo,u1,uz,u3)
= a - b7
Oug ouy
Of (uo, ur,u,uz)  (cf —dejus  Of (ug, ur,up,uz) _ (de —cf)up
Ous (eus + fuz)?’ dus (eus + fug)?’

We consider two cases:

Casel: Assume that cf—de > 0 is true, then we can easily see that the function f(ug,u1, us,u3) is increasing
in ug, u1,us and decreasing in us. Suppose that (m, M) is a solution of the system

M=fM,M,M,m) and m= f(m,m,m,M).

Then from Equation (1), we see that

cM +dm em + dM
M = aM—FbM—‘rm, m—am+bm+m,
cM +dm cm + dM
M[1—=(a+b)] = M+ fm’ m[l—(a"‘b)}—m,
then
M?*e[l — (a+b)]+mMfll1—(a+b)] = cM+dm,
m?e[l — (a+b)]+mMf[l —(a+b)] = cm+dM.

Subtracting this two equations, we obtain
(M —m){e(M +m)[l = (a+b)]+(d—c)} =0,
under the condition (a +b) < 1, d > ¢, we see that M = m. It follows from Theorem B that Z is a global

attractor of Equation (1).

Case 2: Similar to Case 1.

5. BOUNDEDNESS OF SOLUTIONS OF EQUATION (1)
In this section we study the boundedness nature of the solutions of Equation (1).
Theorem 3. Every solution of Equation (1) is bounded if a + b < 1.
Proof. Let {z,},. . be a solution of Equation (1). It follows from Equation (1) that

Cln—s + dxnft Cln—s dmnft
Tyl = ATp—] + 0Ty + —————— = axp—; + by + .
eTp—s + fTn_y eTp_s + fTn_; €Tpn_s + fTn_¢
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Then d d
Tpy1 S QTp_y + bTp_) + Ens + Lont _ aTp_1 + 0Ty + ¢ + — foralln>1.
ETn—s frn_i € f

By using a comparison, we can right hand side as follows

c d
Zn+1 = QZp—| + bzp—k + ; + ?
and this equation is locally asymptotically stable if a +b < 1, and converges to the equilibrium point z =
%. Therefore

lim supz, < %.

Thus the solution is bounded.
Theorem 4. Every solution of Equation (1) is unbounded if @ > lor b > 1.
Proof. Let {z,} - __ be a solution of Equation (1).Then from Equation (1) we see that

n=-—r

CTp—s + dTn_yp

> ax,_; forall n>1.
€Tp_s+ [Tn_p net f

Tpt1 = ATp— + bxn—k +

We see that the right hand side can be written as follows z,, 11 = az,—;. Then

Zinti = a"Z14q + const., 1=0,1,...,1,

(oo}
n=-—r

and this equation is unstable because a > 1, and lim z, = co.Then by using ratio test {z,} is unbounded

n—oo

from above. When b > 1 is similar.

6. EXISTENCE OF PERIODIC SOLUTIONS

Here we study the existence of periodic solutions of Equation (1). The following theorem states the necessary
and sufficient conditions that this equation has periodic solution of prime period two.

Theorem 5. Equation (1) has a prime period two solutions if and only if

(1) (d—c)e—f)la+b+1) > dicf+de(a+V)], lk,s—even and t — odd.
(@) (c—=d)(f—e)la+b+1) > Adlcf(a+b)+de], I,k t— even and s — odd.
(i7) (c=d)(f —e)(L+a—b) > 4[de(l —b)+caf], l,t— even and k,s — odd.
(w) (d—c)(e— (1 +a—>b) > 4lcf(1—10b)+dael, I,s — even and k,t — odd.

(W) (c—=d)(f—e) > 4de, c>d, f>e, l,k,s—odd, and t — even.
(wi) (d—=c)(e—f) > def, d>c, e> f, Lk, t—odd and s — even.
(vit) (d—c)le—= )1 —a+b) > 4dcf +dbe—daf], I,t—oddandk,s— even.
(viti) (c—d)(f —e)(1—a+b) > 4[cbf —dae+de], [,s— odd and k,t — even.

Proof. We prove first case when [,k and s are even, and ¢ is odd ( the other cases are similar and will be
left to readers). First suppose that there exists a prime period two solution ...p, ¢, p,q, ..., of Equation (1).We
will prove that Inequality (i) holds. We see from Equation (1) when [, k, s are even, and ¢ is odd that

cq+dp cp +dq
p=aq+bqg+ , q=ap+bp+ :
eq+ fp ep+ fq
Then
epq+ fp* = (a+bed® + (a+b)fpq+ cq+ dp, (8)
epq+ f¢* = (a+blep” + (a+b)fpg+ cp + dq. (9)
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Subtracting (8) from (9) gives
f0* =) = —(a+be@®—q¢*) —clp—q)+dp—q),
fo-p+q) = —(a+belp—q)(p+q) —clp—q) +dp—q),

Since p # q , it follows that
flp+q) =—(a+be(p+q) —c+d,

d—c
S ETET "
Again, adding (8) and (9) yields
2epg+ f(0* +¢°) = (a+b)e®@® +¢*) +2(a+b)fpg+ (c+d)(p+q),
P +a)[f —(a+be] = (c+d)(p+q)+2pgl(a+Db)f—el, (11)
It follows by (10), (11) and the relation
PP+¢=@+9*—2pg foral pqeR,
that
[(p+a)* = 2pd][f — (a+b)e] = (c+d)(p+q)+2pgl(a+Db)f—el,
2pq[(a+0)f = (a+b)e+f—e = (p+q?[f—(a+be]—(c+d)(p+a),
(d—c)[cf 4 de(a + b)] (12)

PI= @b+ )(e— HIf + (a+b)e
Now it is clear from Equations (10) and (12) that p and ¢ are the two distinct roots of the quadratic equation

o (_d—c Y, (d— c)lef + de(a + b) _
<f+(a+b)e) +((a+b+1)(e—f)[f+(a+b)e]2> 0 (13)

S (d—ofef +deatt)] \ _
R e (e = ) A
and so

(d— c)? 4(d — ¢)[cf + de(a + b))

[f + (a+b)e]® ~ (a+b+1)(e—f)f +(a+Db)e]*
Thus

(d=c)e— fila+b+1) > 4[cf + de(a+ D).
Therefore Inequality (i) holds.

Second suppose that Inequality (i) is true. We will show that Equation (1) has a prime period two solution.
Assume that
d—c+¢& d—c—¢

P=o+4e) 1T 2(f 1 Ae)

5\/(d0)24(d—c)(cf+Ade) and A= (a+b)

where

(A+D)(e—1f)
We see from Inequality (1) that
(d—c)e— f)la+b+1) > 4[cf + de(a + b)].

which equivalents to
(d—c)? 4 (d = c)cf + de(a + b))
[f+ (a+b)e> ~ (a+b+1(e—f)f +(a+b)ef?’
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Therefore p and ¢ are distinct real numbers. Set x_; =p, T =p, T_s =p, Tt = ¢, ..., T2 =P, T_1 =
q, to = p. We wish to show that
r1=x_1=¢q and x9 = x0 = Pp.

It follows from Equation (1) that

d—c+E ] [ d—c—¢& ]

T :A[d_c—i_f} 0[2(f+Ae) +d2(f+,48)
2/ +A9)]  elsrias) + flatriay)

Dividing the denominator and numerator by 2(f + Ae) gives

. :A[d—cﬁ-f} cdd—c+¢+dld—c—¢]
! 20f+Ae)| eld—c+ &+ fld—c—€]

_ d—c+¢ d*>—c* +&(c—d)
B A{Q(f+Ae)}+e(d—6)+f(d—0)+€(e—f)’
B d—c+¢ (d—c)(d+c—=¢)
- A{2<f+Ae)}+(d—c)(e+f)+£(e—f)’
Multiplying the denominator and numerator of the right side by (d — c¢)(e + f) — &(e — f) gives
o aldoerE] L -0+ e=Old- et )~ e )
[2(f +Ae)]  [(d=c)(e+ f)+E&e—NHIld—c)e+f)—&e—
_ g ldzcté] (@d=odte=9d=c)et f)—Ele— [

[2(f + Ae) | (d—c)2(e+ f)? =& (e—f)? ’
A[dmete] (@t c—lde+df —ce—cf — e —¢f]
2(f+Ae)] (= e)2(e+ )2 — (e — f)? [(d— ) - %}

[d—c+{ ] N (d—c)le(d?* = ) + f(d* = ¢*) + 2{(cf — de) + & (e — f)]
2(f+Ae) | (d—c)2[e2 + 2ef + f2 — (2 — 2ef + [2)] + 4(d_c)(e(,_4?1()0f+Ade) ,

(d—cté] (d—o)(d® — ) (e + f) + 2(cf —de) + & (e — [)]

A
2 A 4ef(A+1)(d—c)244(d—c)(e—f)(cf+Ade) ’
|2(F + 4c) Z
_ 4 [d—c+ ¢ N (d—0)[(d>—c?) (e+ ) +26(cf —de) 4 A= N2 AdeBelp Afepfd-Accred_ccJd))
_2(f—|—A€)_ 4(d_c)[gf<Ad—Ac+d—(c2‘]11[§:cf'+Ae2d,—cf2—Ad,gf] )

fdecre]  (d—o) [MERAUENE Log(ef —de)]

- A_2(f+Ae)_+ [4(dc)[efdAcef+Ae2dcf2]} ’
(A+1)
 [dmese] 2O —do) (=94t ]
| 2(f + Ae) | [4(0!—c)[efal—Acef—i—AeQd—cfQ]]7
(A+1)
_ [dmcH€] (e —defd—o(A- ) +eA+ 1)
L 2(f + Ae) | 2[efd — Acef + Ae?d — cf?] ’
g fdet€], (e —dofd—o(A-1) + A+ 1)
| 2(f + Ae) | 2(f + Ae)(de — cf) ’
_ A_d*6+§_+*{(d*0)(A*1)+§(A+1)}
B L 2(f + Ae) | 2(f + Ae) ’
 Ad—Ac+ Af—Ad+d+Ac—c—Af—¢ d—c—¢
- 2(f + Ae) T 2(ftde) T
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Similarly as before we can easily show that x5 = p. Then it follows by induction that zq,, = p and x9,+1 = ¢ for
all n > —1. Thus Equation (1) has the prime period two solution ...,p, q,p,q, ..., where p and ¢ are the distinct
roots of the quadratic equation (13) and the proof is complete.

7. NUMERICAL EXAMPLES

For confirming the results of this article, we consider numerical examples which represent different types of
solutions to Equation (1).

Example 1. We consider numerical example for the difference equation (1) when we take the constants and the
initial conditions as follows: | =3, k=2, s=1,t =3, x_3=5, x_o=—-12, x_1 =6, 20 =8, a=04, b=
0.3, c=2, d=4, e=6, f=28. See Figure 1.

Example 2. See Figure (2) when we take Equation (1) withl =1, k=3, s =2 ,t =3, 2_3=13, x_5 =
-9, 2.1=-720=5, a=06,b=04, c=3,d=2,e=5, f=8.

Example 3. Figure (3) shows the behavior of the solution of the difference equation (1) when we put | = 2, k =
1, s=3,t=3, x_3=15, z_ 9=11, x_1=-9, 20 =5, a=06,b=14, c=2,d=4, e=6, f=9.
Example 4. We assume [ =2, k=3, s=1,t=2, x_ 3=15, z o =11, x_1 = -9, 20 =5, a=1.5, b=
02, ¢c=2,d=0, e=6, f=7T. See Figure 4.

Example 5. Figure (5) shows the period two solution of Equation (1) whenl =0, k=2, s=2 ,t=3, z_3 =
P, T_o=¢q, T_1=p, g =¢q, a=0.06, b=0.03, c=1, d=5, e="7, f =2, since p and ¢ as in the previous
theorem.

X(n+ 1)=arX (nel) +BX(n-K)+ ((C*X(n-s) + X (n-1))/ (€*X (n-s)+ F*X (n-t))) X(n+D)=aX(n-)+b*X(n-k)+ ((c*X(n-s)+ d*X (n-1))/ (€*X (n-s)+{*X (n-1)))

10 : . . . . . . 20 i i i i i i
15
5
10
or _ 5
I I
% %
-5 0
5
-10 -
-10 -
15 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ s ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 20
n n
Figure 1. Figure 2.

6 x PYA+L)=aX(n-N)+b*X(n-K)+H((c*X(n-s)+d*X(n-9)(e*X(n-5)+FX(n-1)))

« D D=aX () + X (n-k)+ (CX(M-)+ X))/ (X (n-8)+ X (n-1)))
10 . . . ! ! ! ! |

x(n)
S

“o 10 20 30 40 n 50 60 70 80 EY 0 10 20 30 40 50 60 70 80 20

Figure 3. Figure 4.
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x(n+1)=ax(n-)+bx(n-K +((cx(n-s) +dx(n-))/(ex(n-s) +i(n-1)))

09 - B

x(n)

0.6 -

05 I I I I I
0

Figure 5.
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Abstract. We investigate the existence of solutions for the fractional differential inclusion Dz (t) € F(t,x(t))
n
equipped with the boundary value problems x(0) = 0 and z(1) = / x(s)ds, where 0 < n < 1,1 < a < 2
0

¢D“ is the standard Caputo differentiation and F : [0,1] x R — 2% is a compact valued multifunction. An
illustrative example is also discussed.
Keywords: Fixed point, Fractional differential inclusion, Integral boundary value problem.

1 Introduction

During the last decade the fractional differential equations were investigated from theoretical
and applied viewpoints (see for example, [1]-|6], [8]-|15], and [32]). A special attention was
given to the real world applications where the power law effect is present and where the
fractional models a give better results than the classical ones.

We recall that the Riemann-Liouville fractional integral of order o > 0 of f : (0,00) — R
t

is given by I*f(t) = ﬁ / (t — s)* ' f(s)ds provided the right side is pointwise defined on
0
(0,00) (see [26], [29], [31], [34] and [35]). Also, the Caputo fractional derivative of order « of

t n
f is defined by D f(t) = F(nl—a) / i f(s;ii)nﬂ ds, where n = [o] +1 (see [26], [29], [31], |34]
and [35]). ’

We recall that the basic theory for fractional differential inclusions is represented by the
fixed point theory of multivalued mappings which was intensively investigated during last
years (the reader can find more details in [18]-[25], [30] and the related references). Thus,
many papers about ordinary and fractional differential inclusions were written (e.g. |[1]-|2],
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7], [16], [17] and [33]).

Let (X, d) be a metric space. Let us denote by P(X) and 2% the class of all subsets and
the class of all nonempty subsets of X respectively. As a result, P (X), Pu(X), P.(X) and
P.,(X) denote the class of all closed, bounded, convex and compact subsets of X respectively.
A mapping @ : X — 2% is called a multifunction on X and u € X is called a fixed point of Q
whenever u € Qu (|24]). Also, we say that () is convex whenever Qx is convex for all x € X
(|24]). A multifunction G : [0,1] — P,4(R) is said to be measurable whenever the function
t— d(y,G(t)) = inf{ly — z| : 2 € G(t)} is measurable for all y € R. Put J = [0, 1].

The aim of this manuscript is to investigate the existence of solutions for the fractional
differential inclusion

‘Da(t) € F(t,2(1))  (*)

n
via the boundary value problems x(0) = 0 and z(1) = / x(s)ds, where “D?* is the standard

Caputo differentiation, 0 < < 1, 1 < a < 2 and F(? J x R — 2% is a compact valued
multifunction. We say that F : J x R — 2% is a Caratheodory multifunction whenever
t — F(t,x) is measurable for all € R and x — F(¢, x) is upper semi-continuous for almost all
t € J. Also, a Caratheodory multifunction F' : JxR — 2% is called L'-Caratheodory whenever
for each p > 0 there exists ¢, € L'(J,RT) such that || F(¢,z) ||= sup{|v| : v € F(t,2)} < ¢,(t)
for all |||l < p and for almost all ¢ € J. For each x € C(J,R), define the set of selections of
F by
Sp.:={ve LJR): v(t) € F(t,z(t)) for almost all t € J}.

Let E be a nonempty closed subset of a Banach space X and G : E — 2% a multifunction with
nonempty closed values. We say that the multifunction G is lower semi-continuous whenever
the set {y € E : G(y) N B # (0} is open for all open set B in X. It has been proved that

each completely continuous multifunction is lower semi-continuous (see [24|). We shall use
the following fixed point results.

Lemma 1.1. (/30]) Let X be a Banach space, F : J — P., ..(X) an L'-Caratheodory mul-
tifunction and © a linear continuous mapping from L*(J, X) to C(J, X). Then the operator
©0Sp : C(J,X) = P.po(C(J), X) defined by (©0Sp)(z) = O(Sp.) is a closed graph operator
in C(J,X) x C(J, X).

It has been proved that if dimX < oo, then Sp(z) # 0 for all z € C'(J, X) ([30]).

Lemma 1.2. ([2/]) Let E be a Banach space, C' a closed conver subset of E, U an open subset
of C and 0 € U. Suppose that F : U — P.,.,(C) is a upper semi-continuous compact map,
where P, .,(C) denotes the family of nonempty, compact convex subsets of C. Then either I’
has a fized point in U or there exist u € OU and \ € (0,1) such that u € A\F(u).

Let (X, ].]|) be a normed space. Define the Hausdorff metric Hy : 2% x 2% — [0, 00]} by

Hy(A, B) = max{supd(a, B),supd(A,b)},

a€A beB

2
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where d(A,b) = inf,cad(a;b). Then (P, o(X), Hy) is a metric space and (Py(X), Hy) is a
generalized metric space (|27]). A multifunction N : X — P, (X) is called a contraction
whenever there exists v > 0 such that Hy(N(z), N(y)) < vd(z,y) for all x,y € X.

Lemma 1.3. ([19]) Let (X, d) be a complete metric space. If N : X — Py(X) is a contraction,
then N has a fized point.

Lemma 1.4. [11] Let 0 <n < 1. Then x is a solution for the differential equation *D*x(t) =
1
v(t) (t € J and 1 < a < 2) via the boundary value conditions x(0) =0 and z(1) = / x(s)ds
0

of and only if x s a solution of the integral equation

x(t) = ﬁ /0 (t — s)* u(s)ds — m /0 (1— )" tu(s)ds
2t e a—1
+m/o (/0 (s —m)* v(m)dm)ds (t e J).

2 Main results

Here, we give our results about the existence of solutions for the inclusion problem (x).

Theorem 2.1. Suppose that F : JxR — 2% is a Caratheodory multifunction with compact and
conver values and there exist a bounded continuous non-decreasing map ¥ : [0,00) — (0, 00)
and a continuous function p : J — (0,00) such that

1E(E, 2(0)]| = sup{lo] = v e F(t,2(1))} < p(t)([[2]s)
for allt € J and x € C(J,R). Then the problem (x) has at least one solution.

Proof. By using Lemma 1.4, we know that the existence of solution for the problem (x) is
equivalent to the existence of solution for the integral equation

L t a-l I 1 — 5)*Lu(s)ds
x(t) € mfo(t— $)*w(s)ds =) /0 (1—ys) (s)d
2t more a-1
e /0 (/0 (s — m)* Yo(m)dm)ds (¢ € J).
Put E = C(J,R). Define the operator N : E — 2¥ by
N@)={heE: h(t) = ﬁ/g(t— $)"Lu(s)ds — (2_5%/0 (1= $)°Lu(s)ds
2t e a1
+W/O (/0 (s —m)* v(m)dm)ds, for some v € Sp,}.

3
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We show that the operator N satisfies the assumptions of Lemma 1.2. First, we show that
N(z) is convex for all z € C(J,R). Let hy, hy € N(z). Choose vy, vy € Sp, such that

1 2t

hi(t) = () /0 (t — 5)* v;(s)ds — W/o (1 —5)* v;(s)ds

—Qt ol =Ly (m)dm)ds
e ) ] e

forallt € J and i =1,2. Let 0 <w < 1. Then, we have

[why + (1 — w)hy](t) = ﬁ /0 (t — 8)* Hwvi(s) + (1 — w)vy(s)]ds
2t 1 a-l —w)uy(s)]ds
G [ = ) + (1= w)ea(s)d

2t " a—1 — w)va(m)|dm)ds
+m/g </0 (s — m)> vy (m) + (1 — w)va(m)]dm)d

for all t € J. Since Sp, is convex (because F' has convex values), why + (1 — w)he € N(x).
Now, we show that N(z) maps bounded sets of C'(J,R) into bounded sets. Let r > 0 and
B, ={x € C(J,R) : ||z||oc <r}. For each h € N(x) and = € B, choose v € Sp, such that

h(t) = ﬁ /0 (t — 5)*Lu(s)ds — (2_772% /0 (1= $)°Lu(s)ds
2t K s a—1
g J, U, 6 mms
and
(t)] < sup | ﬁ /0 (t — 5)"Lu(s)ds — m /0 (1 — 5)°1o(s)ds

2t ! ° a—1
e —n2)F(a>/o (/0 (s — m)*Lo(m)dm)ds |
< sup

1 t o - — 1 —5)* | w(s) | ds
teJF(Oé)/o(t_S) | v(s) | ds+ sup |(2—7]2)F(a)|/0(1 ) w(s) | d

te(0,1]

teJ

T sup| (2_5% | / " / (s —m)t u(m) | dm)ds < |lplai(llz]l) A

o _n2 a a—+1
for all t € J, where ||p|lse = sup,c, p(t) and A = ¢ +1)(2(27177);;1%((a112))+2" . Thus,

1ROl = sup [2(#)] < Allplloct’(fl]loe)-
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Now, we show that N maps bounded sets into equi-continuous sets of C(J,R). Let t;,ty € J
with t; <ty and x € B,. Then,

! ’ a-l —L ! — )% t(s)ds
htta) = hie) =| g | =) ot = s [0 =) (o)
—2t2 1 a-l —2t1 1 — 5)* tu(s)ds
Ol A IO e e AURRR O
—2t2 o “=Ly(m)dm)ds
G ) U, 6~

2ty T a—1
—m ; ( . (S — m) U(m)dm)ds ‘
(2=nH)(tS —t0) +2(t1 — t2)  2(ta — 1)t
< [Pl (llzll o)1 e — ]
2= (a+1) (2 =) (o +2)
For all h € N(z). Thus, limy, 4, |h(t2) — h(t1)] = 0 for all x € B,. Hence by using the
Arzela-Ascoli theorem, NN is completely continuous. Here, we show that /N has a closed graph.

Let x,, — xo, h, € N(z,) for all n and h,, — hy. We have to show that hg € N(xg). For each
n choose v, € Sp,, such that

2t

L t a-l - 1 —5)2 L, (s)ds
g €~ o)~ s [ =9 e

2t o a1
e, ] ¢ man

for all ¢t € J. Define the continuous linear operator 6 : L'(J,R) — C(J,R) by

hn(t) =

o(v) :ﬁ/o(t_s)a—lv(s)ds_m%](l—s)o‘—lv(s)ds
2t K s a1
+W/o (/0 (s =m)* “v(m)dm)ds.
Note that, .
n(t) = ho()]] = ||ﬁ / (t — )" (un(s) — vo(s))ds
2t 1 a-l — vg(s))ds
G (1= 9 ) — ()
2t i a-1 — vp(m))dm)ds
e / ( / (s — )™~ (v (m) — vo(m))dm)ds|
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for all n and so limn — ool|h,(t) — ho(t)|| = 0. By using Lemma 1.1, 80SF is a closed graph
operator. Since h,(t) € 6(SF,, ) for all n and z,, — ¢, there exists vy € Sp,, such that

L t a-l B 1 —5)% Lyy(s)ds
ho(t) :m/o(t_S) vo(s)ds (2—772)F(a)/0(1 ) o(s)d

2t e a1
T J, U, 6 wmdmds.

Thus, N has a closed graph. If there exists A € (0,1) such that x € AN(x), then there exists
v € Sp, such that

() = ﬁ /0 (t — 5)°Lo(s)ds — @%XM) /0 (1 — 5)°1o(s)ds

2t K s a—1
T J, U, 6 s

for all £ € J. Now, choose M > 0 such that ”p”""M”x”"")(%t%f&ﬁg;f(aﬂ)”"(w} < M for all
x € E. This is possible because v is bounded. Thus,

17|00 < IDllcc?(|2]]00) ([ + 1)(2 — %) + 2(a + 1) + 2]
T 2=+

< M.

Now, put U = {z € C(J,R) : ||z]lco < M + 1}. Thus, there are not = € 9U and X € (0,1)
such that * € AN(z). Note that, the operator N : U — P,,.,(U) is upper semi-continuous
because it is completely continuous. Now by using Lemma 1.2, N has a fixed point in U which
is a solution of the problem (x). This completes the proof. 0

Now, we present our next result about the existence of solutions for the problem (x) with
non-convex valued assumption.

4_172 2na+1

Theorem 2.2. Let m € C(J,R") be such that Ml (@prers + @oprery) < - Suppose
that F : J x R — P, (R) is a multifunction such that Hy(F(t,z), F(t,y)) < m(t)|x — y| and
d(z, F(t,x)) < m(t) for almost all t € J and x,y € R. Then the boundary value inclusion
problem (%) has a solution.

Proof. Note that, Sg, is nonempty for all x € C'(J,R). By using Theorem II1.6 in [18], we get
F' has a measurable selection. Now, similar to the proof of Theorem 2.1, consider the operator
N:E — 28 by

N(z)={he E: h(t) = ﬁ/o(t — )" to(s)ds — (2_5%/0 (1—s)*""u(s)ds
2t mors ol
+W/O (/0 (s —m)* v(m)dm)ds, for some v € Sp,},

6
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where £ = C(J,R). First, we show that N(z) is a closed subset of E for allz € E. Let z € E
and {u,},>1 be a sequence in N(x) with u,, — u. For each n, choose v,, € Sp, such that

1 2t

un(t) = () /0 (t — 5)* v, (s)ds — 2= AT /0 (1—5)* v, (s)ds

2t K ® a—1
G ) U] 6~ mdmlas

for all t € J. Since F has compact values, {v, },>1 has a subsequence which converges to some
v € L'(J,R). We denote this subsequence again by {v,},>1. It is easy to check that v € Sk,

and
1 2t

un(t) = u(t) = (o) /O(t —5)* o(s)ds — W/o (1 —5)*u(s)ds
2t

e . ] = s

for all t € J. This implies that « € N(x) and so the multifunction NV has closed values. Now,
we show that N is a contractive multifunction with constant

4 — 772 N 2na+1
2—m)a+1) 2= (a+2)

V= ||m||oo(( ) <L

Let z,y € E and hy € N(z). Choose vy € Sg, such that

L t a-l B 1 —5)% Ly (s)ds
hy () :m/o(t_S) v1(s)ds (2—772)F(a)/0(1 ) 1(s)d

2t K s a—1
e, ) - aemdmas

for all t € J. Since Hy(F(t,x), F(t,y)) < m(t)|z(t) — y(t)| for almost all ¢t € J, there exists
wo € F(t,y(t)) such that |v; — wo| < m(t)|x(t) — y(t)| for almost all ¢ € [0,1]. Define the
multifunction U : J — 28 by

U(t) ={w e R: |vi(t) — w| <m(t)|z(t) —y(t)|} for almost all t € J}.

By using Proposition I11.4 in [18], we get the multifunction U(t) N F'(t,y(t)) is measurable. It
is easy to see that there exists vy € Sg, such that |v1(t) — va(t)] < m(t)|x(t) — y(t)| For all
t € J. Now, define

1 t a-l I 1 — 5)% Ly (s)ds
10 = gy J, =" s~ ey [
2t K * a—1
+—(2—n2)F(a)/0 (/0 (s —m)* “vg(m)dm)ds

7
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for all t € J. Thus,

1 ¢ o1
| ha(t) = ha(t) [< m/o(t— 8)*7 [vi(s) = va(s) | ds

2t 1 a1 —va(s) | ds
+'W'/“‘S> () = a(s) | d
g | = m T om) = am) | dns
4 —n? 2ntt

< [lm|oo( Mz = yllo = vll2 = ylloe-

_'_
C=n)l(a+1)  2-7)T(a+2)
Therefore, the multifunction N is a contraction with closed values. By using Lemma 1.3, N
has a fixed point which is a solution of the inclusion problem (). O

3 Application

Consider the problem
cD32x(t) € F(t,z(t)) (t€[0,1))

3/4
via the boundary value conditions z(0) = 0 and z(1) = / z(s)ds, where F : [0,1] x R — 2%
0
is the multifunction defined by

5 t+11 1
° + sinx + —(t + 1)].

Fto) =l 51 4

m + thl, Fsinz + 7 (t +1)] < %, it is easy to check that

Since max|
sup{[y[: v € F(t,2)} < p(t)¢([|l]l)

for all z € C([0, 1], R), where p(t) = 1 and ¢(t) = 2 for all t € [0, 1]. Thus by using Theorem
2.1, this inclusion problem has at least one solution.
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Stability and hyperstability of generalized orthogonally quadratic ternary
homomorphisms in non-Archimedean ternary Banach algebras: a fixed point
approach
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Abstract: Using the fixed point method, we prove the stability and the hyperstability of generalized orthogonally
quadratic ternary homomorphisms in non-Archimedean ternary Banach algebras.

1. Introduction and preliminaries

The stability problem of functional equations had been first raised by Ulam [29]. This problem solved by Hyers [16]
in the framework of Banach spaces. For more details about the result concerning such problems, we refer the reader
to ([1, 3, 11, 17, 22, 25, 26, 27, 28, 31, 32]). The stability of homomorphisms and derivations in Banach algebras,
Banach ternary algebras, C*-algebras, Lie C*-algebras, C*-ternary algebras has been studied by many authors (see
[9, 25, 26, 27, 28]).

Let A, B be two ternary algebras. A mapping f : A — B is called a quadratic ternary homomorphism if f is a quadratic
mapping (i.e. f(x +y)+ f(z —y) = 2f(z) + 2f(y) for all z,y € A) and satisfies

f(la, b, c]) = [f(a), f(b), f(c)]
for all a,b,c € A.

A mapping g : A — B is called a generalized quadratic ternary homomorphism if there exists a quadratic ternary

homomorphism f : . A — B such that
9(la, b, c]) = [g(a), f(b), f(c)]
for all a,b,c € A.

In 2003, Cadariu and Radu applied the fixed point methods to the investigation of Jensen functional equations [4] (see
also [5, 6, 12, 21, 24]).

Arriola and Beyer [2] initiated the stability of functional equations in non-Archimedean spaces. In fact they established
the stability of the Cauchy functional equation over p-adic fields. After their results some papers (see, for instance,
([7, 8,9, 10]) on the stability of other equations in such spaces have been published.

In 1897, Hensel [15] discovered the p-adic numbers as a number theoretical analogue of power series in complex analysis.
During the last three decades p-adic numbers have gained the interest in of physicists for their research, in particular, in
the problems coming from quantum physics, p-adic strings and hyperstrings [18, 19]. A key property of p-adic numbers
is that they do not satisfy the Archimedean axiom: For any z,y > 0, there exists n € N such that < ny (see [13, 30]).

Let K denote a field and function (valuation absolute) |.| from K into [0,00). A non-Archimedean valuation is a
function |.| that satisfies the strong triangle inequality; namely |z + y| < maz{|z|, |y|} < |z|+ |y| for all z,y € K. The
associated field K is referred to as a non-Archimedean filed. Clearly, |1| = | —1| =1 and |n| <1 for all n > 1. A trivial
example of a non-Archimedean valuation is the function |.| taking everything except 0 into 1 and |[0] = 0. We always

assume in addition that |.| is non trivial, i.e., there is a z € K such that |z| # 0, 1.

92010 Mathematics Subject Classification: 17A40, 39B52, 39B55, 39B82, 47H10, 47S10.

9Keywords: non-Archimedean ternary Banach algebra; generalized orthogonally quadratic ternary homomorphism;
quadratic functional equation; fixed point approach; stability and hyperstability.
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Let X be a linear space over a field K with a non-Archimedean nontrivial valuation |.|. A function ||.|| : X — [0, c0)
is said to be a non-Archimedean norm if it is a norm over K with the strong triangle inequality (ultrametric); namely,
lz + yl| < max{||z]],|lyl|} for all z,y € K. Then (X,].||) is called a non-Archimedean space. In any such a space a
sequence {zn }nen is a Cauchy sequence if and only if {Zn11,Zn }nen converges to zero. By a complete non-Archimedean
space we mean one in which every Cauchy sequence is convergent. A non-Archimedean ternary Banach algebra is a
complete non-Archimedean space A equipped with a ternary product (z,v,z) — [z,v, 2] of A® into A which is K-linear
in each variables and associative in the sense that

[,y [z,w,v]] = [z, [w, 2, y],v] = [[z, y, 2], w, ]
and satisfies the following:
Iz, s 2l < Nzl - Nyl - =]l
(see [14]).
Let X be a nonempty set and let d : X x X — [0, 00] satisfy: d(z,y) = 0 if and only if z = y, d(z,y) = d(y,z) and
d(z,z) < mazx{d(z,y),d(y, 2)} (strong triangle inequality), for all z,y,z € X. Then (X,d) is called a non-Archimedean
generalized metric space. (X, d) is called complete if every d-Cauchy sequence in X is d-convergent.

Suppose that X is a real vector space (or an algebra) with dim X > 2 and L is a binary relation on X with the
following properties:
(O1) totality of L for zero: z 1L 0,0 L z for all x € X
(O2) independence: if z,y € X — {0}, L y, then z,y are linearly independent;
(O3) homogeneity: if z,y € X, z L y, then ax L By for all a, 8 € R;
(O4) the Thalesian property: if P is a 2—dimensional subspace (subalgebra) of X, z € P and A € Ry,
then there exists u; € P such that x 1 u; and  + ue L Az — ug.

The pair (X, 1) is called an orthogonality space (algebra). By an orthogonality normed space (normed algebra) we
mean an orthogonality space (algebra) having a normed structure (see [23]).

2. Main results
Using the strong triangle inequality in the proof of the main result of [20], we get to the following result:

Theorem 2.1. (Non-Archimedean Alternative Contraction Principle) Suppose that (Q,d) is a non-Archimedean gener-
alized complete metric space and T : 2 — Q is a strictly contractive mapping with the Lipschitz constant L. Let x € ).
If either

(@) d(T™(z), T (x)) = oo for allm >0, or

(i1) there exists some mq such that d(T™(x), T™ ! (z)) < oo for all m > my, then the sequence {T™(x)} is convergent

to a fized point x* of T; x* is the unique fized point of T in the set
A={yeQ:d(T™ (z),y) < oo}
and d(y,z*) < d(y,T(y)) for all y in this set.
In this section, we suppose that A is a non-Archimedean ternary Banach algebra with L:= [ U{(z,az) : z € A,a € R},

where L | is an orthogonality on A, and B is a non-Archimedean ternary Banach algebra and [ € {1, —1} is fixed. Also,
let |[4] < 1 and we assume that 4 # 0 in K (i.e., the characteristic of K is not 4).

Theorem 2.2. Let g, f : A — B be two mappings with g(0) = f(0) = 0 for which there exists a function ¢ : A% — [0, o0]
such that
In(az + by) + n(az — by) — 2a”n(x) — 26" ()| + 1/ ([w, v, w])) = [f(w), f(v), f(w)]]
+ llg(fr; s,t]) = [g(r), f(s), FOII < @(@,y,u,v,w,7,5,1)

for allm € {f,g}, v,y € A with x L y and for all u,v,w,r,s,t,€ A, that are mutually orthogonal and nonzero fized
integers a,b. Suppose that there exists L < 1 such that

(2.1)

(142
Lp(m,y,u,v,w,r,s,t) S ‘4| u )LSO(Ev ?7 ?a 57 @7?5 ?7 5) (22)

516 Gordji et al 515-520



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

forallz,y € A with x L y and for all u,v,w,r,s,t, € A, that are mutually orthogonal. Then there exist a unique orthogo-
nally quadratic ternary homomorphism h : A — B and a unique generalized orthogonally quadratic ternary homomorphism
H : A — B (respect to h) such that

1-1

maz{|lg(z) — H(@)||, || f(z) = h(z)[]} < L|Tz|w(w) (2:3)

for all x € A, where

1

Ua) = maz{i(, 5,0,0,0,0,0,0),(7,0,0,0,0,0,0,0), 15 (,,0,0,0,0,0,0),

1 x

—o(z,—2,0,0,0,0,0,0), (0, >,0,0,0,0,0,0)}.

|2b2‘ Lp(x7 ‘CE7 b b b b) ) )’ ﬁp( b b? b b) b b ) )}
for all z € A.
Proof. By (2.2), one can show that

lim #30(2%, 2ty 2ty 2y, 2y, 2 21 s 21 ) = 0 (2.4)

n— oo |4‘l(l+2
for all z,y € A with x L y and for all u,v,w,r,s,t, € A, that are mutually orthogonal. Putting n = ¢ in (2.1) and
u=v=w=r=s=t=0in (2.1), we get

llgaz + by) + glaz — by) — 2a’g(x) — 20°g(y)|| < ¢(z,4,0,0,0,0,0,0) (2.5)
for all z,y € A with L y. Putting y = 0 in (2.5). Since = L 0, we get
12g(az) — 2a°g(z)|| < ¢(z,0,0,0,0,0,0,0) (2.6)
for all x € A. Setting y = —y in (2.5), by the definition of L, we get
llgaz — by) + g(az + by) — 2a*g(x) — 20°g(~y)|| < ¢(x,~y,0,0,0,0,0,0) (2.7)
for all z,y € A with z L y. It follows from (2.5) and (2.7) that
126°9(y) — 26g(=y)|| < maz{p(z,y,0,0,0,0,0,0), ¢(z, ~y,0,0,0,0,0,0)} (2:8)
for all z,y € A with z L y. Putting y = by in (2.8), by the definition of L, we get

llg(by) — g(—by)|| < max{|2b2| o(z,by,0,0,0,0,0,0), ¢(z, —by,0,0,0,0,0,0)} (2.9)

|2b2|
for all z,y € A with z L y. Let x =0 in (2.5). Since 0 L z, we get
for all y € A. It follows from (2. 9) and (2.10) that

|2b2\
for all z,y € A with L y. Replacing = and y by £ and ¥ in (2.5), respectively, and by the definition of L, we get

lg(22) - 2a%(%) - 26g(D)Il < (., 7.0,0,0,0,0,0) (2.12)
for all z € A. Setting = £ in (2.6), by the definition of L, we get
2a() = 29(@)l| < (%,0,0,0,0,0,0,0) (2.13)

for all x € A. Putting y = 7 in (2.9) by the definition of L, we get

2 L T
for all z € A. It follows from (2.12), (2.13) and (2.14) that
lg(2x) — 4g(z)|| < () (2.15)

for all x € A. Consider the set
X:={¢: §:A— B §(0)=0}.
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For every g, heX , define
d(g, h) := inf{K € (0,00) : ||d(x) — h(x)|| < Ke(x), Vx € A}.
It is easy to show that (X, d) is a complete generalized non-Archimedean metric space. Now, we consider the J : X — X
such that
T(§)@) = 5 4(2'0)
for all z € A. For any ¢, h € X, it follows that for all z € A
d(g,h) < K = |g(z) - h(z)|| < Ky(x)
§(2'z) _ h(2'z) (2'z)
4l 4t |4
= I74(x) = Th(w)|| < LK (x).

Ny 1< K?

Hence we have

d(T(g), T (h)) < Ld(g, h).

1-1
By applying the inequality (2.15), we see that d(J(f), f) < £—=—. Tt follows from Theorem 2.1 that 7 has a unique
14]

fixed point H : A — Bin the set A: {j € X : d(§,g) < oo}, where H is defined by
7 n T 1 In
H(z) = nh_}n;oj g(z) = nh_}rgo 4179(2 x) (2.16)
for all z € A. It follows from (2.4), (2.5) and (2.16) that

| H (ax + by) + H(ax — by) — 2a° H(x) — 26> H (y)||
1

= Jim rllg(@"az +27by) + (2" az — 2"by) — 2a°g(2"x) — 2°g(2"y)|

< lim

n—oo |4‘ln

o2z, 2y, 0,0,0,0,0,0)

< lim

in in _
_nﬂwwﬁp(2 ZI»‘,2 9707()’0707070)*0

for all z,y € A with = L y. This shows that H is an orthogonally quadratic.
Puttingn=f,u=v=w=r=s=t=01in (2.1), we get
Hf(O,.T + by) + f(am - by) - 2a2f(x) - 2b2f(y)H S 90(x7y7 07 07 0707 07 0)
for all z,y € A with = L y. By the same reasoning as above, we can show that the limit
. 1 In
h(z) =: nhjgo 4l—nf(2 x)

exists for all z € A. Moreover, we can show that h is an orthogonally quadratic mapping on A satisfying (2.3). On the
other hand, we have

([P, v, w]) = [A(u), h(v), (w)][| = lim M£|%Hf(4l"[u7WJJ]) = [£(2"u), £(2"0), F2"w)]|

n—00

A\

lim Lgo(o, 0,2"u, 2""v, 2w, 0,0,0)

~ n—oo ‘4|21"

1
lim. W@(O,0,21"u72l7lv72mw70,070) =0

IN

for all u,v,w € A, that are mutually orthogonal. Therefore, h is an orthogonally quadratic ternary homomorphism on
A. Also, we have

lg(4™ r, 5,8]) — [9(2™"r), £(2"s), F (2" )]

= 1
= Wl [

[H ([, s,1]) = [H(r), h(s), h()]]

< lim w%tp(0,0,0,0,0,2l”r,2l"s,2l"t)

T n—oo

. 1 In In in o
S nh_)Irolo W@(0,0,0,0,0,Z 7'72 5,2 t) =0
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for all r,s,t € A, that are mutually orthogonal. It follows that H is a generalized orthogonally quadratic ternary
homomorphism (respect to h) on A. This completes the proof. d

From now on, we use the following abbreviation for any mappings g, f : A — B:

A(g, )21, s 28) =| flaz1 + bz2) + flaz — bzz) — 2a° f(z1) — 26 f (22|
+lg(azi + bz2) + g(azi — bz) — 2a°g(z1) — 26°g(z)|
+ 1/ ([z8, 2, z5]) — [f (23), f(2a), f(25)]l
+ llg([z6, 27, 28]) — [9(26), f(27), f(28)]]]-
Cor(fllary 2.3. Let K= Q2 be the 2-adic number field. Let A be a non-Archimedean ternary Banach algebra on K with
1=1H{(z,az) :z € X,a € R} and B be a non-Archimedean ternary Banach algebra on K. Let € be a nonnegative real

number and let p be a real number such that p > 6 if l=1 and 0 < p < 2 if | = —1. Suppose that mappings g, f : A — B
satisfy £(0) = g(0) =0 and

A(g, )(z1, s 28) < € maa{|lz]7 s 1 < i < 8}

for all z1,2z2 € A with z1 L zo and for all zs, ..., zs € A, that are mutually orthogonal. Then there exist a unique orthogo-
nally quadratic ternary homomorphism h : A — B and a unique generalized orthogonally quadratic ternary homomorphism

H : A — B (respect to h) such that
maz{llg(z) — H(2)I|, £ (2) — h(2)[[}

2, ged(a, 2) = ged(b,2) = 1;
l(4—p)+p » maa:{?iz"7 2}, a = k2i,gcd(b, 2) =1
<2 2 el || i o2j+1 _ _ j _ ot p (5> 7).
maz{2’?,2 1 ged(a,2) =1,b=m2’ Va=£k2"b=m2'(j > i);
max{27P 2% a=k2"b=m2(i > j)

for all x € A, where i,j,k,m > 1 are integers and ged(k,2) = ged(m,2) = 1.

Now, we have the following result on hyperstability of generalized orthogonally quadratic ternary homomorphisms in

non-Archimedean ternary Banach algebras.

Corollary 2.4. Let p > 0 be a nonnegative real number such that |2|2+9P > 1 and let j € {3,4,...,8} be fized. Suppose
that mappings g, f : A — B satisfy f(0) = g(0) =0 and

Alg, (21,00, 28) < (Z l1zill")l1z511”

for all z1,z0 € A with z1 L zo and for all zs,...,zs € A, that are mutually orthogonal, where a,b are positive fixed
integers. Then f is an orthogonally quadratic ternary homomorphism and g is a generalized orthogonally quadratic
ternary homomorphism related to f.

Proof. 1t follows from Theorem 2.2 by taking
8
(21,05 28) = O i)z
i=1
for all z1,22 € A with z1 L 22 and for all zs, ..., 28 € A, that are mutually orthogonal and putting L = |2|7<2l+4)p. a
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SYMMETRY IDENTITIES OF HIGHER-ORDER ¢-EULER
POLYNOMIALS UNDER THE SYMMETRIC GROUP OF
DEGREE FOUR

DAE SAN KIM AND TAEKYUN KIM

ABSTRACT. In this paper, we give some new identities of symmetry for the
higher-order g-Euler polynomials under the symmetric group of degree four
which are derived from the fermionic p-adic g-integrals on Zj.

1. INTRODUCTION

Let p be a fiixed odd prime number. Throughout this paper, Z,, Q,, and C,
will denote the ring of p-adic integers, the field of p-adic rational numbers, and the
completion of the algebraic closure of Q,. Let v, be the normalized exponential
valuation of C, with |p| p= prP) = %. Let us assume that ¢ is an indeterminate

x

in C, such that |1 —¢|, < p 7 1. The g-number of z is defined as [z], = 11__qq .

Note that limg_; [z] =T Let C (Z,) be the space of all Cp-valued continuous
functions on Z,. For f € C(Z,), the fermionic p-adic g-integral on Z, is defined

by Kim as
(1.1) 14 (f)

[ F@du, @

ZP
1P
Thus, by 7 we get

(12) Al o (1) + 1 g ()= [2], £ (0), (see ),
where f; (z) = f (x + 1). The Carlitz-type g-Euler numbers are defined by
(1.3) q(Bq+1)" + Epg =[2],00n, FEoq=1, (see [90]),

with the usual convention about replacing Ei' by Ej, 4.
The g-Euler polynomials are given by

n

(1.4 Brg @) =3 (1) Wy By, (e ).

=0

2000 Mathematics Subject Classification. 11B68, 11580, 05A19, 05A30.
Key words and phrases. identities of symmetry, higher-order g-Euler polynomials, symmetric
group of degree four.
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From (1.1)) and (1.4), we have

(15) / [+ )7 g (9) = Bug (€), (n>0), (see 01110, 12)).

D

For r € N, we consider the higher-order ¢g-Euler polynomials as follows:

(1.6) // ATy () g () = S B (1)
P P

n!’
n=0
Thus, by (1.3), we get
(1.7) E{) (z)
= [ [ el g (0 iy (o) (e B).
ZP ZP
When z = 0, E,(f,)l = Eﬁf}, (0) are called the higher-order g-Euler numbers.
In this paper, we give some new identities of symmetry for the higher-order
g-Euler polynomials under the symmetric group S4 of degree four.

Recently, several authors have studied g-extensions of Euler numbers and poly-
nomials in the several different areas (see [IH23]).

2. SYMMETRY IDENTITIES OF E,(L’",)I (x) UNDER Sy

Let wy,ws, w3, wy € N with wy =1 (mod 2), wy =1 (mod 2), ws =1 (mod 2),
wy =1 (mod 2). Then we have

(2.1)

/ / e[w1w2w3 Sioq Titwiwawzwar+wawows Y LiFwawiws Y| JiFwawiwa ;g kl]qt
Z, Z,

X d‘LL_qwlw2w3 (.731) ce du_qwlews (3;‘7)

| pZ 1
= lim T — (_qw1w2w3)2{:1 Ty
N—o00 [p ]_qwl'111211)3 21 =0

% e[w1w2w3 Do TitwiwawazwarFwawaws Y, iiFwawiws Y| fitwawiwe Y, kz]qt

N
wg—1 p—1
— hm < rl E E (71) ;‘:1 l; qwlwgwg Z;‘:l(li+w4$i) (71)11+"'+Ir
N—o00 [w4p }7qw1w2w3 lyo b =01, 2r=0

< e[wlwgwg i (litwams)Fwiwawswaz+wawawsz Yy hiFwawiws Yy Jitwawiwe Yoy kl]qt

Now, we observe that
(2.2)
1 wlfl ’wzfl ’UJ371 .
(_1)Z{=1(il+jz+kz)
2] o
qUIT2Y3 =01y jr =0 k1. ker =0

X qUawaws Xjoy itwawiws Yoi_y jitwawiws 3oy ke

X/ / e[wlwzwgzlrzl$l+w1w2w3w4m+w4w2w32{:1il+w4w1w3Zlejl-i-wz;wlwzzlrzlkl]qt
Zp Zp

X d,ufq“’l“ﬂ“’B (a’,‘l) ... dﬂ7q1lf11l’27113 ({L‘T)

522 DAE SAN KIM et al 521-527



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC
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1 r wi;—1 wo—1 wgz—1 wg—1 . ) )
— lim § : § : 2 : § : =1 (n+intintkn)
N—oco \ 1+ qw1w2w3w4pN
747

=071, ,Jr=0k1,....kr=011,...,[, 70
wawaws 37—y twawiws 35 fitwawiwe Yo7, kitwiwaws 307 L

X q

pV -1
% Z qwlwgwg ST (_1)$1+"'+3?r

z1...,x,.=0

% 6[w1w2w3 Stz wa)Fwiwawzwar+wawawz Yy GiFwawiwz Yy Jitwawiwe Yy kl]qt
As this expression is invariant under Sy, we have the following theorem.

Theorem 2.1. For wi,wy,ws,ws € N with wy = 1 (mod 2), we = 1 (mod 2),
wg =1 (mod 2), wy =1 (mod 2), the followz'ng erpression

Wey—1 Wo2)—1l  Wes)—

Z Z Z (_]_)Z;:l(ilJrszrk,,)

[2]%0(1)“,0(2)wg(s)
11,00 =0J1,...,5»r=0 k1,...,k,.=0

X e @We(2)Wo(3) 2=t 1HWo(4)Wo (1) Wo(3) izt St Wo(a)Wo (1) Wo (2) 2= kz/ /

X dp_gvo)ywo@) v (z1) - Sl g (1) vo(2)vo(s) (zr)

are the same for any o € Sy,

where A = W, (1)Wa (2)Wo(3) 21—y H1HWo (1) Wo (2) Wo (3) W (1) T+ We (4) Wo(2) We (3) 2oj—1 it
FWo (4) W (1) Wo (3) 2oj1 Jt + W (a)Wo (1) Wo(2) D=1 ki-

From (1.7)), we have
(2.3)

r roo roo r
/ / e[w1w2w3 Do Titwiwewzwaz+wawews Y, fFwawiws Yy Jitwawiwe Y,y kl]qt

X dpi_quiwaws (ml) e dpi_quiwgws (xr)

oo r w r w r w r n
n 4 . 4 . 4
ZE [w1w2w3]q/ / E $z+w4$+w*§ Zz+w7§ JH—wfg ki
n—=0 Zyp Zp 1=1 E—) 273 3= ] quiwaws
tn
n!

> Wy — Wy — w t"
n (r) 4 . 4 . 4
= E [wlewg]q En,q“’l wows | WA + ’LUi E 1 + wf E -+ ;kl ﬁ
n=0 L= 2= 3 :

Thus, by (2.3)), we get
(2.4)

r r r r n
/ / W1 Waw3 E T + wawows E 1 + wawiws E Ji + wawwa E ky
Zy Zy =1 =1 =1 =1

q

X d,u_qlﬂwas (.731) cee du_qwlwzws (3;‘7)

X du,qw1w2w3 (xl) ce d/j,qwlwzw (xr)

T r r
n (r) Wy . Wy . Wy
= [wlwgwg]q En7qwlew3 waxT + U}i E 1 + ’U}i E -+ wf E ky
L= 2= 3 =1

Therefore, by (2.4) and Theorem we obtain the following theorem.
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Theorem 2.2. For n > 0, wy,ws,ws,ws € N with wy 1 (mod 2), we = 1
(mod 2), ws =1 (mod 2), wy =1 (mod 2), the following expression

nowey—l we)—1l  wo(z—1
[Wo (1) Wo(2)Wo(3)],

§ § : E (_1)Ele(iz+jz+kz)
[2]7‘1”:7(1)"“(7(2)1”0‘(3) . - ) -

q 81558 =0j1,....5r=0 k1,...,k-=0
X qWe @) Wo(2)Wo(s) 21 1 Wo (1) Wo (1) We(3) 211 JITWe (4)Wo (1) Wea(2) 211

wo’(l Z + w

(r)
E g (1) ¥a(2)Vo(3) wg(4)$+

0'

0(4
1+ ky
g A
are the same for any o € Sy.

Now, we observe that

T T T T
Wy, | Wi~ . | Wy
(2.5) Zmz+w4x+w—lzzl+w—22ﬂ+w—gzkz
=1 =1 =1 =1 | gwiwaws
[wa],

*m WaW3 le + wiws Z]l + wiws Z ky

qv4
+ qw2w3w4 Do twiwawa Yo fitwiwews 3o k
By (2.5 @ we get
E $l+w4$+7 E ZH-* E JH-* E k'l
gw1w2ws
n—m n—m
n n [w4]q T ) r ) r
= E m) \ Torapwsl WaWs3 E i + wiws g Ji +wiws g ki
m=0 12314 =1 =1 =1 qwa
X q (wzwaw4 Doy twiwawa Yo fitwiwewa Y Ky lE :JCl + wyx
gr1w2ws

From (12.6]), we can derive the following equation

(2.7) / / le+w4x+f2u+fzz+—2kl

i gereses (1)

qwiw2

dpp—qurwaws (mr)

N, VT - S
=y ( > i wows Y i+ wiws Y ji + wiwe y Ky
o N/ \ [wnwaws], =1 =1 =1

X Eg?qwlwzwg (wyax)

X qm(

qW4

Wawzwa Dy Gtwiwswa Yy Jitwiwawa 3, l)
Thus, by (2.7), we get

(2.8)
[wlwsz] w1 —1 wo—1 wsz—1

Z Z Z (—1)Zle(i’+jl+kl) gz Sy twawiws S
[2] wilwawg -

8- =0j1,...,5r=0k1,...,k.=0
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T w T w kA w T n
T 4 . 4 . 4
qu1w2w4zz=1kz/ / E xl+w4x+—§ Zl"'_iE ]l+7§ k;
w w w
Zp Zp | 1=1 L= 214 3=t ] urwgwg

X d,LL_qw1W2W3 (iEl) s d,u_qw1w2w3 (Ir)

w11 w21 1,U31

S (O gt £ EE

m=0 q1w2ws 11,0500 =0 71,0, Jr=0 k1,....kr=

> (_1)22;1(11 +ii+k) q(m+1)(w2w3w4 Sl twawiws Y] itwawiwe Yy kl)

T T ™
X |"LU21/J3 Z 7;1 + wiws Zjl “+ wiwe Z k‘;|
= =1 =1

’w1w2w3] r
= Z ( ) (W)™ B s (wa2) T s (w1, w2, w3 | m),

] wpwaw3s

n—m

q"4

where

(2.9) T,(:; (w1, wa, w3 | M)

_ Z Z Z (71)2;:1(7;L+]—l+k'l)

gD (waws o7y Gibwrws 7y Gitwrwe 3y k)

n—m

T I I
X lwzw:a E i +wiws E Ji + wiwe E ky
=1 =1 = 1,

As this expression is invariant under Sy, we have the following theorem.

Theorem 2.3. For n > 0, wy,ws, w3, ws € N with w; = 1 (mod 2), wy = 1
(mod 2), ws =1 (mod 2), wy =1 (mod 2), the following expression

n m
n\ [Wo) o) Wam)], -
> )y — [wo],

gVe () Yo (2)Vo(3)

(T) (r)
X B w,0yva@vee (Wo@)?) T, v (Wo1), Wo(2), W) | M)

are the same for any o € Sy.
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Abstract

The notions of soft saturated values and soft dried values are introduced, and their ap-
plications in BCK/BCl-algebras are discussed. Using these notions, properties of energetic
subsets are investigated. Using the concepts of intersectional (union) ideals, properties of

right vanished (stable) subsets are explored.

Keywords:
Energetic subset, Right vanished subset, Right stable subset, Saturated value, Dried value.

2010 Mathematics Subject Classification. 06F35, 03G25, 06D72.

1 Introduction

The real world is inherently uncertain, imprecise and vague. Various problems in system
identification involve characteristics which are essentially non-probabilistic in nature [32].
In response to this situation Zadeh [33] introduced fuzzy set theory as an alternative to

probability theory. Uncertainty is an attribute of information. In order to suggest a

* Correspondence: Tel.: +82 2 2220 0897, Fax: +82 2 2281 0019 (H. S. Kim).
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more general framework, the approach to uncertainty is outlined by Zadeh [34]. To solve
complicated problem in economics, engineering, and environment, we can’t successfully
use classical methods because of various uncertainties typical for those problems. There
are three theories: theory of probability, theory of fuzzy sets, and the interval mathematics
which we can consider as mathematical tools for dealing with uncertainties. But all
these theories have their own difficulties. Uncertainties can’t be handled using traditional
mathematical tools but may be dealt with using a wide range of existing theories such
as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague sets, theory of
interval mathematics, and theory of rough sets. However, all of these theories have their
own difficulties which are pointed out in [29]. Maji et al. [26] and Molodtsov [29] suggested
that one reason for these difficulties may be due to the inadequacy of the parametrization
tool of the theory. To overcome these difficulties, Molodtsov [29] introduced the concept
of soft set as a new mathematical tool for dealing with uncertainties that is free from
the difficulties that have troubled the usual theoretical approaches. Molodtsov pointed
out several directions for the applications of soft sets. Worldwide, there has been a
rapid growth in interest in soft set theory and its applications in recent years. Evidence
of this can be found in the increasing number of high-quality articles on soft sets and
related topics that have been published in a variety of international journals, symposia,
workshops, and international conferences in recent years. Maji et al. [26] described the
application of soft set theory to a decision making problem. Maji et al. [25] also studied
several operations on the theory of soft sets. Aktag and Cagman [2] studied the basic
concepts of soft set theory, and compared soft sets to fuzzy and rough sets, providing
examples to clarify their differences. They also discussed the notion of soft groups.

BCK and BCl-algebras are two classes of logical algebras which are introduced by

Imai and Iséki (see [9, 10]). This notion originated from two different ways:
(1) set theory, and
(2) classical and non-classical propositional calculi.

In set theory, we have the following simple relations: (A — B) — (A —C) C C' — B and
A—(A—B) C B. Several properties on BCK/BCI-algebras are investigated in the papers
[11, 12, 13, 14] and [27]. There is a deep relation between BCK/BCI-algebras and posets.
Today BCK/BClI-algebras have been studied by many authors and they have been applied
to many branches of mathematics, such as group, functional analysis, probability theory,
topology, fuzzy set theory, and so on. Jun and Park [24] studied applications of soft
sets in ideal theory of BCK/BCI-algebras. Jun et al. [20, 22| introduced the notion of

2
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intersectional soft sets, and considered its applications to BC'K/BCI-algebras. Also, Jun
[16] discussed the union soft sets with applications in BC'K/BCI-algebras. We refer the
reader to the papers [1, 3, 5, 6, 7, 15, 18, 19, 21, 23, 30, 31, 35] for further information
regarding algebraic structures/properties of soft set theory.

In this paper, we introduce the notions of soft saturated values and soft dried values,
and discuss their applications in BCK/BCl-algebras. Using these notions, we investigate
several properties of energetic subsets. Using the concepts of intersectional (union) ideals,

we explore some properties of right vanished (stable) subsets.

2 Preliminaries

A BCK/BC1I-algebra is an important class of logical algebras introduced by K. Iséki and
was extensively investigated by several researchers.
An algebra (X;*,0) of type (2,0) is called a BCI-algebra if it satisfies the following

conditions:
(D) (Vz,y,2 € X) (((z*y) * (z % 2)) * (2 xy) = 0),
(D) (Vz,y € X) ((z* (xxy)) xy =0),

(III) (Vz € X) (z*x2z=0),

(IV) (Ve,ye X) (zxy=0,yxx=0 = z=1y).

If a BC'I-algebra X satisfies the following identity:
(V) (Vx € X) (02 =0),

then X is called a BCK-algebra. Any BCK/BCI-algebra X satisfies the following ax-
ioms:
(Ve e X)(xx0=ux), (2
Ve,y,z€ X) (e <y = oxz2<yx*xz z2xy<zxx), (2.
(Vr,y,z € X)((xxy)*x 2= (xx2) xy), (2
(Vo ,y,z € X)) ((x*2)* (yx2) <x*Yy) (2

where x < y if and only if z * y = 0. A nonempty subset S of a BOK/BCI-algebra X is
called a subalgebra of X if x xy € S for all x,y € S. A subset I of a BCK/BCI-algebra
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X is called an ideal of X if it satisfies:

0el, (2.5)
VeeX)Vyel)(xxyel = z€l). (2.6)

We refer the reader to the books [8, 28] for further information regarding BCK/BC1I-
algebras.

A soft set theory is introduced by Molodtsov [29], and Cagman et al. [4] provided new
definitions and various results on soft set theory.

In what follows, let U be an initial universe set and E be a set of parameters. We
say that the pair (U, F) is a soft universe. Let &(U) denote the power set of U and
A B,C,---CE.

Definition 2.1 ([4, 29]). A soft set (f, A) over U is defined to be the set of ordered pairs

(f;4):=A{(z, f(2)) :x € B, f(z) € Z(U)},
where f: E — Z(U) such that f(z) =0if z ¢ A.

The function f is called an approximate function of the soft set (f, A). The subscript
A in the notation f indicates that f is the approximate function of (f, A).

Definition 2.2 ([16]). Let (U, E) = (U, X) where X is a BOCK/BCI-algebra. A soft set

(f, X) over U is called a union soft subalgebra over U if the following condition holds:

(Va,y € X) (f(zxy) € flz) U fy)). (2.7)

Definition 2.3 ([16]). Let (U, E) = (U, X) where X is a BCK/BCI-algebra. A soft set

(f, X) over U is called a union soft ideal over U if it satisfies:

(Vo,y € X) (f(0) C f(z) C f(z*xy)U f(y)). (2.8)

Proposition 2.4 ([16]). Let (U, E) = (U, X) where X is a BOCK/BCI-algebra. Every
union soft ideal (f, X) over U satisfies the following condition:

(Ve,ye X)(z <y = [f(z) S f(y)). (2.9)
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3 Energetic subsets and soft saturated (dried) values

2(U)

In what follows, let
Z(U)

} be the class of all subsets of U such that

ANBC AC B C
(A, B,Cc o) ANBEC = AcCaBCC
ACBUC = ACBorACC

and let (U, F) = (U, X) where X is a BCK/BCI-algebra unless otherwise specified.
Definition 3.1 ([17]). A non-empty subset G of X is said to be S-energetic if it satisfies:
Va,be X)(axbe G = {a,b}NG#0). (3.1)

Example 3.2 ([17]). Let X = {0,a,b, ¢,d} be a BC'K-algebra with the following Cayley
table:

x10 a b ¢ d
0{0 0 0 0O
ala 0 0 0 O
bbb a 0 0 a
cle b a 0 b
dld a a a 0

The set G := {a,b,c} is an S-energetic subset of X, but H := {a,b} is not an S-energetic
subset of X since dxc=a € H but {d,c} N H = 0.

Definition 3.3 ([22]). A soft set (f, X) over U is called an int-soft subalgebra over U if
it satisfies:

(Vo,y € X) (flzxy) 2 f(x) N fy)). (3.2)

Definition 3.4 (][22]). A soft set (f, X) over U is called an int-soft ideal over U if it
satisfies:

(Ve € X) (f(x) € f(0)), (3-3)
(Va,y € X) (f(z+y) N fly) € f(x)). (3-4)

Lemma 3.5 ([22]). Every int-soft ideal (f,X) over U satisfies the following conditions:

(1) (Ve,ye X)(z<y = [f(y) € fz)).
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(2) (Va,y,ze X)(wxy<z = fly)Nf(z) C flx)).

Given a soft set (f, X) over U and o € Z(U), we define useful subsets of X.

fe={recX|flx)Ca}, [S:={xecX]|flx)cCa},
f2={rxeX|flx)Da}, f7:={zecX| flx)Da}.

Proposition 3.6. If (f, X) is an int-soft subalgebra over U with f : X — 2(U), then
Va e 20U)) (fs #0 = f5 is an S-energetic subset of X) .

Proof. Let x,y € X be such that x xy € fS. Then

fl)Nf(y) C flz*xy) Ca,

and so f(z) Caor f(y) C a, that is, x € fS or y € f&. Hence {z,y} N fS # (). Therefore
IS is an S-energetic subset of X. m

Corollary 3.7. If (f, X) is an int-soft subalgebra over U with f: X — 2(U), then
NVae 200))(fS #0 =[S is an S-energetic subset of X).

Proof. Straightforward. O
The following example shows that the converse of Proposition 3.6 is not true.

Example 3.8. Let (U, E) = (U, X) where X = {0,a,b,¢,d} is a BCK-algebra as in
Example 3.2. Let (f, X) be a soft set over U in which f is given as follows:

V2 lfLU:O,
fX—=>2U), v—< v ifxz=d,
v if x € {a,b,c},

where 71, 2, 73 € 2(U) with v1 C v € 73. For any a € 2(U), if 1 € o € 75 then
IS ={a,b,c} is an S-energetic subset of X. But (f, X) is not an int-soft subalgebra over

U since

fld=d) = f(0) =2 2y = f(d) N fd).
Let (U, E) = (U, X) where X is a BCK-algebra. Then every int-soft ideal over U is

an int-soft subalgebra over U (see [22]). Hence we have the following corollary.
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Corollary 3.9. Let (U, E) = (U, X) where X is a BCK-algebra. If (f, X) is an int-soft
ideal over U with f: X — 2(U), then

(Va e 200)) (fs #0 =[5 is an S-energetic subset of X) .
The following example shows that the converse of Corollary 3.9 is not true.

Example 3.10. Consider the soft set (f, X) over U as in Example 3.8. For any a € 2(U),
if 1 C o € v, then fS = {a,b,c} is an S-energetic subset of X. But (f, X) is not an
int-soft ideal over U since f(d) = vz € 72 = f(0).

Definition 3.11. Let (f, X) be a soft set over U and a € 2(U) with f2 # (. Then « is

called a soft saturated S-value for (f, X) if the following assertion is valid:
(Va,be X) (flaxb) 2 a = f(a)Uf(5) 2 a). (3.5)

Example 3.12. Let (U, E) = (U, X) where X = {0,1,2,3} is a BCK-algebra with the
following Cayley table:

*x(0 1 2 3
0/0 0 0 O
1110 1 0
212 2 0 2
313 1 30

Consider a soft set (f, X) over U in which f is given as follows:
v ifx=0,
f:X—=>20U), x—<Q v ifz=1,
Y3 ifx e {2,3},
where 71, 72 and 73 are subsets of U with 41 C 72 € 73. Take « € Z(U) with v9 C o C 3.
Then f2 = {2,3}, and it is easy to check that « is a soft saturated S-value for (f, X).

Example 3.13. Let (U, E) = (N, X) where N is the set of all natural numbers and
X ={0,1,2,a,b} is a BCI-algebra with the following Cayley table:

RN = OO
SN RN O O
QO = O
QO o> o2
O o~ Q@ 2 |

QN = O ¥
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Consider a soft set (f, X) over U in which f is given as follows:

N if x =0,
ON if 2 € {1,a},
ON — {2,4,6} ifx =2,
ON — {4,6,8} if z =b.

f:X—=>2U), x—

If @ = 2N — {4}, then f2 = {0,1,a} # 0, f(2xb) = f(a) = 2N D o, and f(2) U f(b) =
2N — {4,6} 2 a. Hence « is not a soft saturated S-value for (f, X).

Proposition 3.14. Let (f, X) be an int-soft subalgebra over U with f : X — Z(U). If
a € Z(U) is a soft saturated S-value for (f, X), then

f2#0 = f2is an S-energetic subset of X.

Proof. Let a,b € X be such that axb € f2. Then f(a *b) 2 «, which implies from (3.5)
that f(a) U f(b) 2 a. Thus f(a) 2 a or f(b) 2 a, that is, a € f2 or b € f2. Hence
{a,b} N f2 # (. Therefore f2 is an S-energetic subset of X. O

Theorem 3.15. Let (f,X) be a soft set over U and o € P(U) be such that f2 # (. If
(f, X) is a union soft subalgebra over U, then « is a soft saturated S-value for (f, X).

Proof. Let x,y € X be such that f(z*y) D . Then

a C flzxy) C flz)U f(y),

and so « is a soft saturated S-value for (f, X). O

Corollary 3.16. Let (U, E) = (U, X) where X is a BCK-algebra. Let (f,X) be a soft
set over U and let « € P(U) be such that f2 # 0. If (f, X) is a union soft ideal over U,
then « is a soft saturated S-value for (f, X).

Definition 3.17. Let (f, X) be a soft set over U and o € 2 (U) with f$ # (). Then « is
called a soft dried S-value for (f, X) if the following assertion is valid:

(Va,b e X) (f(axb) Ca = f(a)Nf(b) Ca). (3.6)

Example 3.18. Let (U, E) = (U, X) where X = {0,1,2,3} is a BCK-algebra as in
Example 3.12. Consider a soft set (f, X) over U in which f is given as follows:

vo if x =0,
f: X—=>2U), v—< y ifz=1,
Y3 1fx€{2,3},

8
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where 71, 72 and 3 are subsets of U with 73 C v € 73. For any a € Z(U) with
11 CaC oy, fS={1} and « is a soft dried S-value for (f, X).

Theorem 3.19. Let (f, X) be a union soft subalgebra over U with f : X — 2(U). For
any soft dried S-value o € 2(U) for (f, X), we have

fS#0 = fSis an S-energetic subset of X.

Proof. Let a,b € X be such that axb € fS. Then f(a*b) C a, and so f(a) N f(b) C «
by (3.6). Thus f(a) C a or f(b) C «, ie., a € fS or b € fS. Hence {a,b} N fS # 0.
Therefore f& is an S-energetic subset of X. O
Corollary 3.20. Let (U, E) = (U, X) where X is a BCK-algebra. Let (f, X) be a union

soft ideal over U with f : X — 2(U). For any soft dried S-value o € 2(U) for (f, X),
we have

fS#0 = fSis an S-energetic subset of X.

Theorem 3.21. Let (f, X) be an int-soft subalgebra over U and let o € P (U) be such
that fS # 0. Then « is a soft dried S-value for (f, X).

Proof. Let a,b € X be such that f(a*b) C a. Then a O f(a*xb) 2 f(a) N f(b), which
shows that « is a soft dried S-value for (f, X). O

Corollary 3.22. Let (U, E) = (U, X) where X is a BCK-algebra. Let (f, X) be an int-
soft ideal over U and let o € P(U) be such that fS # 0. Then « is a soft dried S-value

for (f, X).
Definition 3.23 ([17]). Let X be a BCK/BCI-algebra. A non-empty subset G of X is
said to be I-energetic if it satisfies:

Ve,ye X)(ye G = {z,yxx}NG#0). (3.7)

Example 3.24 ([17]). Let X = {0,1,2,a,b} be a BCI-algebra with the following Cayley
table:

*x10 1 2 a b
0/0 0 0 b a
111 0 1 b a
212 2 0 b a
ala a a 0 b
bib b b a0
It is routine to verify that G := {a, b} is an I-energetic subset of X.

9
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Example 3.25 ([17]). Let X = {0, 1,2,3,4} be a BC K-algebra with the following Cayley
table:

*x(0 1 2 3 4
0j0 00 00
1110 0 0 1
212101 2
33110 3
414 4 4 40

It is routine to verify that G := {0,1,4} is an I-energetic subset of X.

The notion of I-energetic subsets is independent to the notion of S-energetic subsets.
In fact, the S-energetic subset G := {a,b, ¢} in Example 3.2 is not an I-energetic subset
of X since {d,a*d} NG = (. Also, in Example 3.25, the I-energetic subset G := {0, 1,4}
is not an S-energetic subset of X since 3x2=1¢€ G and {3,2} NG = ) (see [17]).

Definition 3.26. Let (f, X) be a soft set over U and o € 2(U) with f2 # (). Then « is
called a soft saturated I-value for (f, X) if the following assertion is valid:
(Vr,y e X)(f(y) 2a = flyxz)U f(z) 2 ). (3.8)

Example 3.27. Let (U, E) = (U,X) where X = {0,1,2,3} is a BC'K-algebra as in
Example 3.12. Consider a soft set (f, X) over U in which f is given as follows:

vz if x =0,
f: X —=>2U), v—< v ifze{l,3}
v ifx =2,

where 1, 72 and 73 are subsets of U with v; C 75 C v3. Put @« € Z(U) with v1 C a C 7.
Then f2 = {0,1,3}. It is easy to check that « is a soft saturated I-value for (f, X).

Theorem 3.28. Let (U, E) = (U, X ) where X is a BCK-algebra. If (f, X) is a union soft

subalgebra over U, then every soft saturated I-value for (f, X) is a soft saturated S-value
for (f, X).

Proof. Since (f, X) is a union soft subalgebra over U, f(0) C f(x) for all z € X. Let
a € Z(U) be a soft saturated I-value for (f, X). Assume that f(a * b) 2O « for all
a,b € X. Using (3.8), (2.3), (III) and (V), we have

a C f((axb)xa)U fla) = f((axa)*b)U f(a)
= f(0xb)U f(a) = f(0) U f(a) = f(a).
Thus f(a)U f(b) 2 f(a) 2 « and therefore « is a soft saturated S-value for (f, X). O

10
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Corollary 3.29. Let (U, E) = (U, X) where X is a BCK-algebra. If (f,X) is a union
soft ideal over U, then every soft saturated I-value for (f, X) is a soft saturated S-value

for (f, X).
Proof. Straightforward. O
The converse of Theorem 3.28 is not true as seen in the following example.

Example 3.30. Let (U, E) = (U, X) where X = {0,a,b,c} is a BCK-algebra with the
following Cayley table:

x|0 a b ¢
0{0 0 0 O
ala 0 0 a
blb a 0 b
clec c ¢ 0

Consider a soft set (f, X) over U in which f is given as follows:

Y1 1fx:0,
[ X—=>2U), z—< v ifz=a,
vs if x € {b,c},

where 71, 72 and 73 are subsets of U with 1 C 72 € 73. Take a € Z(U) with v2 C o C 3.
Then f2 = {b,c}. It is easy to check that « is a soft saturated S-value for (f, X), but not
a soft saturated I-value for (f, X) since f(b) D v and f(b*a)U f(a) = f(a) =72 2 5.

Theorem 3.31. Let (f, X) be an int-soft ideal over U with f: X — 2(U). Then
Va e 20U)) (fs #0 = fy is an I-energetic subset of X) .
Proof. Let x,y € X be such that y € fS. Then f(y) C «. It follows from (3.4) that
a2 fly) 2 fly*z) N flz).

Thus f(y*x) Caor f(z) Ca,ie, yxz € fS orz € fS. Hence {z,y*z}N fS # (), and

so f< is an I-energetic subset of X. m

Theorem 3.32. Let (f, X) be an int-soft ideal over U with f : X — Z(U). If a« € Z(U)
is a soft saturated I-value for (f, X), then

f2#0 = f2 is an I-energetic subset of X.

11
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Proof. Let x,y € X be such that y € f2. Then f(y) 2 a, which implies from (3.8) that
flyxx)U f(z) D . Hence f(y*x) D aor f(x) D a, thatis, yxx € f2 or x € f2. Thus
{z,y*z} N f2 # (0, and therefore f2 is an I-energetic subset of X. O]

Theorem 3.33. Let o € P(U) be such that f2 # 0. If (f, X) is a union soft ideal over
U, then « is a soft saturated I-value for (f, X).

Proof. Let z,y € X be such that f(y) 2 a. Then a C f(y) C f(y*x) U f(x) by (2.8).

Hence « is a soft saturated I-value for (f, X). O

Theorem 3.34. If (f, X) is a union soft ideal over U with f : X — Z(U), then
Va e Z(U)) (f7 #0 = f7 is an I-energetic subset of X) .
Proof. Let x,y € X be such that y € f2. Then f(y) 2 «, and so

aC fly) C flyxz)U f(x)

by (2.8). Thus f(y*z) D aor f(x) D a,ie., yxx € f2orx € f2. Hence {x, yxx}Nf2 # 0,

and so f2 is an I-energetic subset of X. O]

Definition 3.35. Let (f, X) be a soft set over U and o € 2(U) with fS # (. Then « is
called a soft dried I-value for (f, X) if the following assertion is valid:

(Vz,y € X)(f(y) Ca = flyxz)N f(r) Ca). (3.9)

Example 3.36. Let (U, E) = (U, X) where X = {0,a,b,c} is a BCK-algebra as in
Example 3.30. Consider the soft set (f, X) over U in Example 3.30. Take a € &£ (U)
with 72 € a € 3. Then fS = {0, a}. It is easy to check that « is a soft dried I-value for

(f, X).

Theorem 3.37. Let (U, E) = (U, X) where X is a BCK-algebra. If (f, X) is an int-soft
subalgebra over U, then every soft dried I-value for (f, X) is a soft dried S-value for (f, X).

Proof. Since (f,X) is an int-soft subalgebra over U, f(0) O f(x) for all z € X. Let
a € Z(U) be a soft dried I-value for (f, X). Assume that f(a*b) C « for all a,b € X.
Using (3.9), (2.3), (III) and (V), we have

a2 f((axb)+a)N fla) = f((a*a)*b)N fa)
= f(0xb) N fa) = £(0) N f(a) = f(a).

Thus f(a) N f(b) C f(a) € « and therefore « is a soft dried S-value for (f, X). O

12
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Theorem 3.38. If (f, X) is a union soft ideal over U with f: X — Z(U), then
Va e Z(U)) (f7 #0 = f2 is an I-energetic subset of X) .
Proof. Let x,y € X be such that y € f2. Then f(y) D «. It follows from (2.8) that

aC f(y) C flyxx)U f(x).

Thus f(y*x) D aor f(z) Da,ie,yxz € f2 orz € f2. Hence {z,y*z}N f2 # (), and

so f2 is an I-energetic subset of X. O]

Theorem 3.39. Let (f, X) be a union soft ideal over U with f : X — 2(U). Ifa € 2(U)
is a soft dried I-value for (f, X), then

fE#0 = fS is an I-energetic subset of X.

Proof. Let x,y € X be such that y € f&. Then f(y) C a, which implies from (3.9) that
flyxx)N f(z) C a. Hence f(y*x) C aor f(xr) C a, thatis, yxx € fS or z € fS. Thus
{z,y*x} N fS # 0, and therefore fS is an I-energetic subset of X. O

Definition 3.40 ([17]). Let @ be a non-empty subset of a BCK/BCI-algebra X. Then
@ is said to be right vanished if it satisfies:

(Va,be X)(axbe@ = ac(Q). (3.10)

@ is said to be right stableif Qx X :={a*xzx|a€Q, x € X} C Q.

Theorem 3.41. Let (U, E) = (U, X) where X is a BCK-algebra and let (f,X) be an
int-soft ideal over U. Then f2 and f? are right stable subsets of X for any a € 2(U)

with f2 # 0 # f2.

Proof. Let x € X and a € f2. Then f(a) 2 «. Since a *x < a and (f, X) is an int-soft
ideal over U, it follows from Lemma 3.5(1) that f(a*x) 2 f(a) 2 a, ie., axz € f2.
Hence f2 is a right stable subset of X. Similarly, f> is a right stable subset of X. [

Theorem 3.42. Let (U, E) = (U, X) where X is a« BCK-algebra. If (f,X) is a union
soft ideal over U, then fS and f$ are right stable subsets of X for any o € P2(U) with

fe #0# s

13
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Proof. Let a € Z(U) and x,a € X be such that a € fS. Then f(a) C «a. Note that

axz <a,ie., (axx)*a=0.Since (f, X) is a union soft ideal of X, it follows that

flaxz) S f((axz)*a)U fla) = fO)U f(a) = fa) C .

Hence a * x € fS, and so fS is a right stable subset of X. Similarly, f< is a right stable
subset of X. 0

Theorem 3.43. Let (U, E) = (U, X) where X is a BCK-algebra. If (f,X) is a union
soft ideal over U, then f2 and f7 are right vanished subsets of X for any o € 2 (U) with

fR#VF LS

Proof. Let a € Z(U) and a,b € X be such that a*xb € f2. Then f(a*b) 2 a. Note that
axb<a,ie., (axb)*a=0.Since (f, X) is a union soft ideal of X, it follows from (2.8),
(2.3), (III) and (V) that

aC flaxb) C f((axb)*a)U f(a)
= f((a*xa)xb)U f(a) = f(0*D) U f(a)
= f(0)U f(a) = f(a),

and so a € f2. Therefore f2 is a right vanished subset of X. Similarly, f? is a right
vanished subset of X. O

4 Conclusions

We have introduced the notions of soft saturated values and soft dried values, and dis-
cussed their applications in BCK/BCl-algebras. Using these notions, we have investigated
several properties of energetic subsets. Using the concepts of int-soft ideals (union ideals),
we have explored some properties of right vanished (stable) subsets. Work is on going.

Some important issues for further work are:
1. To develop strategies for obtaining more valuable results,

2. To apply these notions and results for studying related notions in other (soft) alge-
braic structures such as soft (semi-, near-, I'-) rings, soft lattices, soft BL-algebras,
soft Rg-algebras, soft MV-algebras and soft MTL-algebras, etc.,

3. To study (fuzzy) rough set theoretical aspects based on this article.
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Boundedness from Below of Composition
Followed by Differentiation on Bloch-type Spaces

Xiaosong Liu and Songxiao Li

Abstract. Let ¢ be an analytic self-map of the unit disk D. The composition
followed by differentiation operator, denoted by DC,, is defined by

DCyf(z) = (fop) = f(p)¢, fe€HD).

In this paper, under some assumption conditions, we give a necessary and suf-
ficient condition for the operator DC, : B — B to be bounded below.

MSC 2000: 47B33, 30H30.

Keywords: Bloch-type space, composition operator, differentiation opera-
tor, bounded below.

1 Introduction

Let D denote the open unit disk in the complex plane C and 0D be its boundary.
Let H(D) be the space of analytic functions on D. For 0 < o < oo, an f €
H(D) is said to belong to Bloch-type space( or a-Bloch space), denoted by
B> = B*(D), if

[flla = sup(L —|2[*)¥|f'(2)] < <.
z€eD

It is easy to check that B* is a Banach space with the norm || f]
[l flla. When o = 1, B! = B is the well-known Bloch space.

Throughout the paper, S(ID) denotes the set of all analytic self-maps of
D. Associated with ¢ € S(ID) is the composition operator C, defined by
Cyof = foy for f € H(D). The main subject in the study of composition
operators is to describe operator theoretic properties of C, in terms of function
theoretic properties of . See [4] and the references therein for the study of
the composition operator. See [7, 8, 9, 10, 11, 12, 13, 14, 15] for the study of
composition operators on Bloch-type spaces.

Let D be the differentiation operator and ¢ € S(D). The composition fol-
lowed by differentiation operator, denoted by DC, is defined as follows.

DCyf(z) = (fop) = f(p)¢, fe€HD).

ge = |f(0)] +
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In [7], the authors studied the boundedness and compactness of DC,, between
Bloch-type spaces. For example, they obtained the following results:

Theorem A. [7] Let o, 3 > 0 and ¢ € S(D). Then DC,: B* — BP is bounded
if and only if

/ 2(1 — |2|2)8 Z 1—1212)8
My = sup QAP e AT

zep (L= lp(z)[2)t! zep (1= lep(2)[?)*

Theorem B. [7] Let o, 3 > 0, ¢ € S(D) such that DC,, : B* — BP is bounded.
Then DCy : B* — BB is compact if and only if

@' R)PA =)
o (1= eyt =0 (1)

and

I )
e G P 15 P @

Recall that the operator DC, : B — B? is said to be bounded, if there exists
a C' > 0, such that | DC, f|gs < C| f||g~ for all f € B*. A bounded operator
DC, : B~ — B? is said to be bounded below, if there exists a § > 0, such that

IDCy fllgs > 0| £l 5=

for all f € B*. We notice that DC,, : B* — B is bounded below if and only
if DC,, has closed range. The boundedness from below of composition operator
C, on B was studied by Gathage, Zheng and Zorboska in terms of sampling
sets, see [6]. More precisely, they proved that C, is bounded below on B if and
only if there exists € > 0, such that G. = ¢(.) is a sampling set for B, where

(1= 2P’ (2)]
L—1]e(2)?

See [1, 2, 5, 6] for other characterizations of the boundedness from below of
composition operator on B. The boundedness from below of multiplication
operator on Bloch-type spaces was studied in [3].

In this paper, we give a necessary and sufficient condition for the bounded-
ness from below of the operator DC, : B* — BB, i.e., we obtain the following
results.

Theorem 1. Let 0 < «, 5 < 0o. Let v € S(D) such that ¢'(z) # 0 and (2) hold-
s. Suppose that DC,, is bounded from B* to B and limg(;)—om %

exists. Then DC,: B — B? is bounded below if and only if

b AP =27
p(z)=op (1 —[p(2)2)ett

Q. ={zeD: > e}

> 0. (3)
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Theorem 2. Let 0 < «, 8 < 00. Let ¢ € S(D) such that ¢'(z) # 0 and (1) hold-
1z 2\8
s. Suppose that DC, is bounded from B* to B? and limg ) ap %

exists. Then DC,: B* — B? is bounded below if and only if

. 0" (2)|(1 = |2[*)”
p(z)—ap (1 —|p(2)[?)"

> 0. (4)

Throughout the paper, we denote by C' a positive constant which may differ
from one occurrence to the next. We say that P < @ if there exists a constant
C such that P < CQ. The symbol P ~ () means that P < Q < P.

2 Proof of main results

In this section, we prove the main results in this paper. For this purpose, we
need the following lemma.

Lemma 1. Let ¢ € S(D) such that ¢'(z) # 0. Suppose that 8 > 0 and
fn€ HD) forn=1,2,---. If |DCy fu|lgs — 0 as n — oo, then f, 0op — 0 as
n — oo, locally uniformly in D.

Proof. The proof is similar to the proof of Lemma 2.9 in [3]. For the convenience
of the readers, we give the detail of the proof. Since ¢'(z) # 0, then for any
ro € (0,1), there exists an r’ such that ro < ' < 1 and ¢'(z) # 0 for |z| = r'.
By Lemma 2.2 of [3],

6" (2) fn ()] < Coa [l 7, 0 0l 35

forn = 1,2,---, and [z| = /. Let 0 = miny,|— [¢'(2)| > 0. Then we have
LGN < (Corr /O Frowllss, forn = 1,2, and |2] = 1. By Maximum
principle and the assumption that ||¢'f), o ¢|lgs — 0 as n — oo, we have
fl op — 0 as n — oo, uniformly for |z| < 7/. The proof of the lemma is

finished.
Lemma 2. [16] Let m be a positive integer and o > 0. Then f € B* if and
only if

sup(1 — |z[*)™ 7 10 (2)] < oo

zeD
Moreover,

m—1

I£llse 2D 1£9(0)] +Sug(1 — 2Pyt fm ().
=0 zE

Proof of Theorem 1. Necessity. By the assumption that DC, is bounded
from B* to B?, from Theorem A, we have
' (2)P(L = |2*)°

M, :=sup < 00
zeb (1 —[p(z)[?)ot?
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Hence,

0 (2)[P(1 = |2*)”
Ms == sup(1 — |2]*)P|¢'(2)]? < sup < oo
et = D < o g e
Assume that (3) does not hold, i.e., for any 7, > 0, there exists a §; > 0
such that

[P - 2P
= le@Re =" )

for |p(z)| > 01. Let a,, € D such that ¢(a,) = D asn — oo(n =1,2,---). Set

1 1-— “p(an”z

M) = e U= planz)

It is easy to check that 1 < || f,,[|o < 29", Since DC,, from B* to B” is bounded
below, then, there exists a § > 0 such that

I1DCo fnllse = 6|l fulls> = 6| fulla = 6. (6)

On the other hand, we obtain
IDCy fullse = 1#'(0) fr,((0))] + ilelg(l —2%)P1(¢" - flo9) (2)]
= £ (0)fn(v(0))] + ilelg(l — 22102 (2) 1 (0(2)) + " (2) fr(0(2))]
< 1P O] +sup(1 - |212)2 10" (2) fr (0(2))| + sup(1 — [212)21¢" (2) fu ((2))]

= ¥ (0)£,((0))] + By + Ea,

where

By = ilelg(l — |21)°1¢” (2) £l (0(2))| and Ey = ilelg(l — 2Pl (2) f1((2))]-

First we estimate E;. For any z € D such that |p(z)| > d1, by (5), we have

(1= =)l (2) £ (9 ()]

—loo(a,)?
= (o D)1 - [P () Pllan)| — =120

1~ plan)p(z)]
() [2P) (1~ p(an) D)1 — [o(z)[2)o+!
R (1 P B P gy A8 (P
()20 — [22)7 -
< G+ 0D G o+ )
< (a4 1)2%T 2y, (7)
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For any 7y > 0, there exists a positive integer N, 1 — |¢p(a,,)|? < 12 holds for all
n > N. For any z € D such that |¢(z)| < d; and n > N, we deduce

(1= 221" (2) fn (9 ()]

o . ZQ B /Z 2 a 1ﬂan)
(a+1)(1 = [2[*)71¢" () leo( ”)||1—<p(an)<p(Z)|a+2

‘ 2

2 / 2 1-— |<p(an)‘2
< (a+ 1)1 =27 ()] A= el 2
< (e )= R P g
< (a+ 1)L (8)

(=™

From (7) and (8), we have

Er < sup (1=[2P)]¢'(2)PP £ (0(2)]

lp(2)|>5:
+ sup (1= [P’ (2)PI£7 (0 (2)]
lp(2)] <o

M3

mﬁ% as n> N.

< (a+1)2°"2p + (a+1)

By the arbitrary of n; and 79, we see that Fy — 0 as n — oo.
Next we estimate Fy. From (2), for any n3 > 0, there exists a d > 0 such

that ; )
" (A = |2*)°

(1= lp(z)[)
For any z € D such that |p(z)] > da,

<mn3, when |p(z)]> ds.

_ an 2
- BRI @R = A= el —1w<a¢>(so<i|>|a+1
ae —12]2)8
204(1 =+ |<p(an)|) S0(1(_>||((;-(z)||2)|a)

< 2a+1773 . (9)

IN

For any z € D such that |p(z)| < d2 and n > N, we have
1 —[p(an)®
(1= P2l (@)l = (1= ) )" ()| —===
11— plan)p(z)|o*
" (I = [2[1)P 1 = |p(an)|?
- (1 —=le()P)* 1 le(2)]
Man,
2¢ .
- 1— 69
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Then,
By < sup (1= [2P)[@"(2) frlp(z) +  sup (1= [z[)|" (2) f5((2))]
lo(2)]>62 lo(2)1<02
M.
< 20tlps oo 2 72, as n> N.
1—45

Since 19 and 13 are arbitrary, then F5 — 0 asn — oo. In addition, |¢’(0) ! (¢(0))| —
0 as n — oo. Therefore, [|[DC, fr|gs — 0 as n — oo, which contradicts (6).
Therefore (3) holds.
Sufficiency. Now assume that (3) holds. Denoted
' (2)P(L = |2*)°

e= lim > 0. 11
oo (1= o) Py D

Suppose on the contrary that DCY, is not bounded below from B to B?. Then,
there exists a sequence {f,} C B* such that ||f,||g« =1 for n =1,2,---, and

Slelg(l — 121 £ (0)¢") (2)| < IIDCy fullgs — 0

as n — oo. By Lemma 1, f/ oo — 0 and hence f/ — 0 as n — oo, locally
uniformly in D. By Cauchy’s estimate we see that f/ — 0 as n — oo, locally
uniformly in D. Let z, € D be a sequence such that

o 1
(1= le(zn) )7 (p(2n)) = 5 (12)
Since for every n = 1,2, -, || fullg= = 1, we see that the above {z,} exist by
Lemma 2. Then ¢(z,) — 0D as n — co. Hence by (2) and (11), we get
" - 1— n2 B
Gl = P »
(1= le(zn)?)
and
/ n 2 1— n 2\p

(1= lp(zn)[®)ot —

for sufficiently large n, respectively. Therefore, by (12), (13), (14) and Lemma
2, we obtain

IDCofallsr 2 (1=12)°I(' - i 00) (2)]
() P(L = 20 )P 2\at1 e
z '“‘Ef_)w((;ﬂz')a'ﬁ (A= o))" (o))
1" Zn _ an B )
) w(i —)||;1<zn>|z)|a) (1= lp(n)?)° 1 (p(zn)
> =, as n— oo.
6
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We arrive at a contradiction. Therefore DC,, is bounded below from B to BA.
This completes the proof of this theorem.

Proof of Theorem 2. The proof of Theorem 2 is similar to the proof of The-
orem 1. Hence we omit the details.

Acknowledgement. This work was supported by NSF of China (No0.11471143)
and NSF of Guangdong, China (No0.52013010011978).
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Abstract
Further properties of uni-soft filters in a B FE-algebra are investigated. The problem of

classifying uni-soft filters by their 7-exclusive filter is solved. New uni-soft filter from old

one is established.
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1 Introduction

To solve complicated problem in economics, engineering, and environment, we can’t suc-
cessfully use classical methods because of various uncertainties typical for those problems.
There are three theories: theory of probability, theory of fuzzy sets, and the interval math-
ematics which we can consider as mathematical tools for dealing with uncertainties. But
all these theories have their own difficulties. Uncertainties can’t be handled using tradi-
tional mathematical tools but may be dealt with using a wide range of existing theories
such as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague sets, theory
of interval mathematics, and theory of rough sets. However, all of these theories have their
own difficulties which are pointed out in [§]. Maji et al. [7] and Molodtsov [§] suggested
that one reason for these difficulties may be due to the inadequacy of the parametrization
tool of the theory. To overcome these difficulties, Molodtsov [8] introduced the concept

of soft set as a new mathematical tool for dealing with uncertainties that is free from

*Corresponding author.
e-mail: skywine@gmail.com (Y. B. Jun), nalshehri@kau.edu.sa (N. O. Alshehri)

)
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the difficulties that have troubled the usual theoretical approaches. Molodtsov pointed
out several directions for the applications of soft sets. At present, works on the soft set
theory are progressing rapidly. Maji et al. [7] described the application of soft set theory
to a decision making problem. Maji et al. The algebraic structure of set theories dealing
with uncertainties has been studied by some authors. Cagman et al. [3] introduced fuzzy
parameterized (FP) soft sets and their related properties. They proposed a decision mak-
ing method based on FP-soft set theory, and provided an example which shows that the
method can be successfully applied to the problems that contain uncertainties. Feng [4]
considered the application of soft rough approximations in multicriteria group decision
making problems. Aktag and Cagman [2] studied the basic concepts of soft set theory, and
compared soft sets to fuzzy and rough sets, providing examples to clarify their differences.
They also discussed the notion of soft groups. As a generalization of a BCK-algebra, Kim
and Kim [6] introduced the notion of a BE-algebra, and investigated several properties.
In [1], Ahn and So introduced the notion of ideals in B E-algebras. They gave several de-
scriptions of ideals in BF-algebras. Jun et al. [5] introduced the notion of uni-soft filter
of a BF-algebra, and investigated their properties. They considered characterizations of
a uni-soft filter, and provided conditions for a soft set to be a uni-soft filter.

In this paper, we investigate further properties of a uni-soft filter. We solve the problem
of classifying uni-soft filters by their m-exclusive filters. We make a new uni-soft filter from

old one.

2 Preliminaries

Let K(7) be the class of all algebras of type 7 = (2,0). By a BE-algebra (see [6]) we
mean a system (X;*,1) € K(7) in which the following axioms hold:

(Ve e X)(xxx=1), (2.1)
Vre X)(xx1=1), (2.2)
(Ve e X)(1*xz =ux), (2.3)
(Ve,y,z € X)(z*(y*xz2) =y=*(r*2)). (exchange) (2.4)
A relation “<” on a BFE-algebra X is defined by

Ve,ye X)(z <y <= zxy=1). (2.5)

A BE-algebra (X;*,1) is said to be transitive (see [1]) if it satisfies:
(Vo,y,z € X) (y* 2z < (x*xy) * (z*2)). (2.6)

2
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A BE-algebra (X;*,1) is said to be self distributive (see [6]) if it satisfies:

(Ve,y,z€ X) (z* (yx2) = (x*xy) x (x * 2)). (2.7)

Every self distributive BFE-algebra (X, 1) satisfies the following properties:

Ve,y,z€ X) (2 <y = zxx<zxy, yxz<T*x2). (2.8)
(Ve,y € X) (xx (xxy) =x*y), (2.9)
(Vz,y,z€ X)(xxy < (z%xz)*(2%y)), (2.10)
(Vo,y,z€ X)((xxy)x (xx2) <zx*(yx2)). (2.11)

Note that every self distributive B E-algebra is transitive, but the converse is not true
in general (see [1]).

Let (X;%,1) be a BE-algebra and let F' be a non-empty subset of X. Then F is a
filter of X (see [6]) if

(F1) 1 € F;
(F2) (Ve,y e X)(xxy,x € F=y€eF).

A soft set theory is introduced by Molodtsov [8]. In what follows, let U be an initial

universe set and X be a set of parameters. Let P(U) denotes the power set of U and
A B C,---CX.
A soft set <ﬁ , A) of X over U is defined to be the set of ordered pairs

(j,A) = {(m,j(m)) re X, Z(x) EP(U)},

where .Z : X — P(U) such that .Z(z) = 0 if = ¢ A.
For a soft set (ﬁ, A) of X and a subset 7 of U, the 7-exclusive set of <j, A) , denoted

by e (9;, 7') , is defined to be the set

A<j;7'> = {x€A|TQ,?~(I)}.

For any soft sets ﬁ,X) and (E?, X> of X, we call (327,)() a soft subset of < 7, X) ,
denoted by <ﬁ,X> C <€!7 & (z) for all z € X. The soft union (91, )
and (fé, X), denoted by (j,X) U <g X) is defined to be the soft set (j gf X) of
X over U in which .

3
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The soft intersection of (9: X) and (g;, X) , denoted by (ﬁ,X) N (?, X> , is defined
to be the soft set (ﬂ NG, M ) of X over U in which .Z N¥ is defined by

(ﬁﬁ@ (z) = F(2) NG () for all z € S.

3 Uni-soft filters

In what follows, we take a B FE-algebra X, as a set of parameters unless otherwise specified.

Definition 3.1 ([5]). A soft set (ﬁ, X) of X over U is called a uni-soft filter of X if it

satisfies:

We make a new uni-soft filter from old one.

Lemma 3.2 ([5]). For a soft set (9:, X) over U, the following are equivalent.

(i) (fj,X) is a uni-soft filter of X over U.

(ii) The T-exclusive set ex (ﬁ, T> is a filter of X for all T € P(U) with ex <ﬂ;, 7') # 0.
Theorem 3.3. For a soft set (j,X) over U, define a soft set (ZF*,X) over U by

F(z) ifxeex(F;7),
U otherwise

F* . X - PU), xr—>{

where T is a nonempty subset of U. If <,?~,X> is a uni-soft filter of X over U, then so
is (F*, X).

Proof. Assume that <j,X> is a uni-soft filter of X over U. Then ex(.Z;7)(# 0) is a

filter of X over U for all 7 C U by Lemma 3.2, Hence 1 € ex(.Z;7), and so .Z*(1) =
F(1)C F(z) C F*x)forallz € X. Let z,y € X. If zxy € ex(F;7) and = € ex(F; 1),
then y € ex(.#;7). Hence

T y)=F(y) S F(@xy) UF(2) = F (xxy) UF (2).

4
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Ifxxydex(F:;7)orzéex(F;7), then F*(x*y) =U or Z*(z) = U. Thus

FHy) CU = F*(x*y) UZF*(x).
Therefore (#*, X) is a uni-soft filter of X over U. O
Theorem 3.4. If (ﬁ,X) and <€!7, X> are uni-soft filters of X over U, then the soft
union (ﬁ,X) U (g, X) of (ﬁ,X) and ({i) X) 1s a uni-soft filter of X over U.

Proof. For any z € X, we have

(ﬁ ogf) (1) = Z(1)UG(1) C F(z) U9 (z) = (F 0D (x).

Let z,y € X. Then

Hence (?,X) U (g, X> is a uni-soft filter of X over U. n

The following example shows that the soft intersection of uni-soft filters of X over U

may not be a uni-soft filter of X over U

Example 3.5. Consider a BE-algebra X = {1,a,b,¢,d,0} with the Cayley table which
is given in Table I/ (see [1]).

Let E = X be the set of parameters and U = Z be the initial universe set. Define two
soft sets <9; , X > and (gZ , X ) over U as follows:

AN if x € {1,¢}

Z X — P(U),
—PU) wH{QZ if # € {a,b,d,0}

and

~ if 1
4. X—->PU), z~ SN ?xe{,a,b}
47 it x € {¢,d,0}
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Table 1: Cayley table for the “x”-operation

* 1 a b c d 0
1 1 a b c d 0
a 1 1 a c c d
b 1 1 1 c c c
c 1 a b 1 a b
d 1 1 a 1 1 a
0 1 1 1 1 1 1

respectively. It is easy to check that (ﬁ , X > and <g , X > are uni-soft filters of X over
U. But (ﬁ,X) N (g, X) (Z N9, X) is not a uni-soft filter of X over U, since

)N

@'%@:ﬁmm@@ZMmm
47

(ﬁ) /(@) U(F(c) N (c)
= (ZN9)(a)U(FND)(c)
= (ZN0YD)(cxd)U(FNYD)(c)

Theorem 3.6. Let (ﬁ,X) be a uni-soft filter of X. Let 71 and T be subsets of U such
that Ty 2 1o. If the 1y -exclusive set of (55, X) is equal to the To-exclusive set of (j,X) ,
then there is no x € X such that 7 D .F () D .

Proof. Straightforward. O
The converse of Theorem 3.6 is not true in general as seen in the following example.

Example 3.7. Consider a BFE-algebra X = {1,a,b,c} with the Cayley table which is
given in Table 2.
Given U = X, consider a soft set (j , X > of X over U which is given by

0 if v =1,
F:X - PU), z—< {l,a,c} ifze{ab}
{l,a} ifzx=c

6
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Table 2: Cayley table for the “x”-operation

* 1 a b c
1 1 a b c
a 1 1 a a
b 1 1 1 a
c 1 a a 1

Then (9 , X ) is a uni-soft filter of X. The 7-exclusive sets of (35 , X ) are described as

follows:

X if € {X,{1,a,c}}
ex(F;m) =14 {l,¢} if{l,a} C7C{l,a,c}
{1} otherwise.

If we take 7 = X and m = {1,b}, then 7 2 7 and there is no x € X such that

=

71 2 % (x) 2 1. But ex(ﬂ:;q-l) =X #{1} = €X<j;7_2)'

Theorem 3.8. Let <ﬂ:,X) be a uni-soft filter of X. Let 7 and T be subsets of U such
that 7 D 5 and {1, 79,.% (x)} is totally ordered by set inclusion for all z € X. If there

s nox € X such that 7 2 ﬁ(x) 2 Ty, then the T-exclusive set of (ﬁ,X) 18 equal to

the To-exclusive set of (32, X) )

Proof. Since 1, D Ty, we have ex(.Z; 1) C ex(Z:m). If & € ex(F; 1), then 7 D Z ().
(
)

Since {m, 72, #(x) | x € X} is totally ordered by set inclusion and there is no x € X such
mi-exclusive set of (.# , X ) is equal to the m-exclusive set of F , X ). O

D 7, it follows that 7 D .Z(x), that is, € ex(.Z; 7). Therefore the

=

that 71 D j(w

We have the following question.

Question. Given a uni-soft filter (ﬁiX) of X, does any filter can be represented as a

T-exclusive set of (j, X) ?

The following example shows that the answer to the question above is false.
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Example 3.9. Let X = {1,a,b,c} be the BFE-algebra as in Example 3.7. Given U = X
consider a soft set (9; , X ) of X over U which is given by

F:X > PU), x+ fej ifw=1,
’ {1,¢} ifz€{a,b,c}.

Then (? , X ) is a uni-soft filter of X. The 7-exclusive sets of (9; , X ) are described as

follows:
X ifr D {1, ¢},
GX(j;T) =4 {1} if{c} C7C {1, ¢},

0 otherwise.

The filter {1,b} cannot be a 7-exclusive set ex (.%;7), since there is no 7 C U such that

ex(F;1) = {1,b}.
However, we have the following theorem.

Theorem 3.10. Every filter of a BE-algebra can be represented as a T-exclusive set of
a uni-soft filter, that is, given a filter F' of a BE-algebra X, there exists a uni-soft filter
(ﬁ, ) of X over U such that F' is the T-exclusive set of ( X) for a nonempty subset
T ofU.

Proof. Let F be a filter of a BFE-algebra X. For a nonempty subset 7 of U, define a soft
set <¢¢,X> over U by

F:X - PU), z— T ifzel
U ifx¢gF.

Obviously, F' = ex(.%;7). We now prove that (j* X > is a uni-soft filter of X. Since
le F=ex(ZF;7), we have #(1) C 7 C .Z(x )forall:L'EX Let z,y e X. fzxy € F
and x € F, then y € F because F is a filter of X. Hence .7 (x xy) =F(x)=F(y) =,
and so .Z(y) C F(xxy)UF(z). fxxy ¢ Forx¢F, then F(xxy)=U or F(x)="U.
Hence .Z (y) C U = % (z % y) U.Z (x). Therefore (ﬁ,X) is a uni-soft filter of X. O

Note that if £ = X is a finite BFE-algebra, then the number of filters of X is finite
whereas the number of 7-exclusive sets of a uni-soft filter of X over U = Z appears to be
infinite. But, since every 7-exclusive set is indeed a filter of X, not all these T-exclusive

sets are distinct. The next theorem characterizes this aspect.

8
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Theorem 3.11. Let <ﬂ; X) be a uni-soft filter of X over U =7Z and let 4 C 70 C U
be such that {1, 1, F(x)} is a chain for all x € X. Two T-exclusive sets ex(.F ;1) and
ex(F ;1) are equal if and only if there is no x € X such that 7 C .F(z) C 7.
Proof. Let 11 and 7 be subsets of U such that ex(j; ) = ex(j; 7). Assume that there
exists € X such that 7y C .% () C 75. Then ex(.Z; 1) is a proper superset of ex (.%; 1),
which contradicts the hypothesis.

Conversely, suppose that there is no x € X such that 7, C F (x) € 7. Obviously,
ex(F;m) Dex(F:m). lf x € ex(.F:m), then 1, D Z (). It follows from the hypothesis
that 71 D ﬁi(:t), ie., € ex(j;’/'l). Therefore ex(ﬁ;Tl) = ex(ﬁ;Tg). O

Let <ﬁ~‘, X) be a soft set of X over U. For any a,b € X and k£ € N, consider the set

Flak:b) = {x €X|.F (d+(bx)) = 9(1)}
where .7 (a*F x 2) = Z(a* (a* (---* (a* (a*x))---))) in which a appears k-times. Note
that a,b,1 € .Z[a*;b] for all a,b € X and k € N.

Proposition 3.12. Let (ﬁ,X) be a soft set of X over U satisfying the condition (3.1))
and F (xxy) = F (x)NZ (y) for all x,y € X. For anya,b € X and k € N, if x € F[a¥; 1],
then y« x € F[a";b] for ally € X.

Proof. Assume that x € Z[a¥;b]. Then % (a* * (b* x)) = .%(1), and so
F (" * (bx (y*x))) =

for all y € X by the exchange property of the operation * and (3.1). Hence yxx € .7 [ kb
for all y € X. m

Proposition 3.13. For any soft set (ﬁ,X) of X over U, if an element a € X satisfies
axxz =1 forallz € X then F[a";b) = X = .F[V*:a] for allbe X and k € N.

Proof. For any z € X, we have
F (" (bxz)) =
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and so x € . [a*; b]. Similarly, z € .Z[b*; a). O

Proposition 3.14. Let X be a self distributive BE-algebra and let (ﬁ, X) be an order-

reversing soft set of X over U with the property (3.1). If b < ¢ in X, then F[a*;c] C
Fa*;b] for alla € X and k € N.

Proof. Let a,b,c,€ X be such that b < c. For any k € N, if x € j[ak; c|, then

by (2.4) and (2.8), and so .Z (a* % (b* x)) = .Z(1). Thus z € F[a*; ], which completes
the proof. O

The following example shows that there exists a soft set <,?~ , X ) of X over U, a,b € X
and k € N such that .% [a¥; b] is not a filter of X.

Example 3.15. Consider the BE-algebra X = {1,a,b,c} in Example 3.7. Let (j,X)
be a soft set of X over U = N which is given by

6N if z =1,

Z X — P(U),
- PU) xH{ 3N itz € {a,b,c}.

Then it is a soft set of X over U. But .Z[c;b] = {z € X|Z (cx (bxx)) = .Z (1)} = {1,a,b}
is not a filter, since a * c = a € .F|[c;b] and ¢ ¢ F|c; b).

We provide conditions for a set .#[a”; b] to be a filter.

Theorem 3.16. Let (ﬁ;, X) be a soft set over X. If X is a self distributive BE-algebra

and F is injective, then F[a*;b] is a filter of X for all a,b € X and k € N.

Proof. Assume that X is a self distributive BE-algebra and .Z is injective. Obviously,
1€ .Z[a*;b]. Let a,b,z,y € X and k € N be such that = x y € F[a"; 0] and = € .F[a"; ).
Then .Z (a* * (b x 2)) = .Z (1) which implies that a* (b % z) = 1 since .Z is injective.

10
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Using (2.7), we have

((a* (b x 2)) * (a" % (b))
a* x (bxy)))
(a” % (b*y)),

which implies that y € .%[a*;b]. Therefore .7 [a*;b] is a filter of X for all a,b € X and
ke N. ]

Theorem 3.17. Let X be a self distributive BE-algebra. Let (ﬂiX) be a soft set of X
over U satisfying the condition (3.1) and

(Vz,y € X) ( (z+y) = F(z) ufi@)) . (3.3)

Then Fa*;b] is a filter of X for all a,b € X and k € N.

Proof. Let a,b € X and k € N. Obviously, 1 € Z[a*;b]. Let 2,y € X be such that
rxy € Fla*; b and x € F[a*;b]. Then .7 (aF % (bxx)) = Z (1), which implies from (3.3)
and (3.1) that

F(1) = F(a" = (b (x xy)))
(a" " (ax (b (2 %y))))

(a" " (ax ((b*2) * (b*y))))

ol
W %

(a®* (bxx)) * (a* % (b*y)))
a % (bx x)) UZ (" * (bxy))
D U.Z(d" * (bxy))

a® x (bx1y)).

Q\Sz Q\&)? Q\%l Q’Sl

(
(
(
(

Hence y € .Z[a*; b] and therefore .Z[a"; D] is a filter of X for all a,b € X and k e N. [

11
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Abstract

In the present paper we introduce the Kantorovich type generalization of Stancu-
Schurer operators based on ¢-Riemann integral. A convergence theorem using the well
known Bohman-Korovkin criterion is proven and the rate of convergence involving the
modulus of continuity is established. Also, we obtain a Voronovskaja type theorem
for these operators.
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1 Introduction

In recent years, the applications of g-calculus have played an important role in the area of
approximation theory, generalizations of many well-known linear and positive operators
based on the g-integers were studied by numbers of authors ([2,5,7,10-12,14, 16, 18-20]).
In 1987, Lupas [9] introduced and studied g-analogue of Bernstein operators and in 1996
another generalization of these operators were introduced by Philips [17]. More results on
g-Bernstein polynomials were obtained by Ostrowska in [15]. In [1], Agratini introduced
a new class of ¢g-Bernstein type operators which fix certain polynomials and studied their
approximation properties. Very recently, Muraru [14] proposed the g-Bernstein-Schurer

*Corresponding author
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operators. Agrawal et al. [3] introduced the Stancu type generalization of Bernstein-
Schurer operators. Aral et al. [4] also presented many results on convergence of different
g-operators recently in their book.

First, we present some basic definitions and notations from g-calculus. Let ¢ > 0. For
each nonnegative integer k, the g-integer [k], and g-factorial [k],! are respectively defined
by

L =T " CRlglk =g [y k=1,
[k]q'_{kl,q g=1, Mot = 1, k=0.

For the integers n, k satisfying n > k > 0, the ¢g-binomial coefficients are defined by

We denote (a+ b)k = H?;é(a + bg’).
The g-Jackson integral on the interval [0, b] is defined as

b o0
/0 Fdt = (1 - > fl@i)g?, 0<g<1,
j=0

provided that sums converge absolutely. Suppose 0 < a < b. The ¢-Jackson integral on
the interval [a, b] is defined as

b b a
[ rwdp= [ swde- [ roae o<a<r

Dalmanoglu [5], Mahmudov and Sabancigil [12] defined some g¢-type generalizations
of Bernstein-Kantorovich operators using g-Jackson integral. In [18], Ren and Zeng were
introduced two kinds of Kantorovich-type g-Bernstein-Stancu operators. The first version
is defined using g-Jackson integral as follows

n [k+1]q+a

o _ [nFilq+5
SEAf,x) = (n+ g+ B) > ¢ Pl z) / o f(Ddat, (1.1)

) Tt ig+8

where 0 < a < 3, f € C[0,1] and py, k(q; z) = [ Z } R (1 — :E)g_k.
q

To guarantee the positivity of g-Bernstein-Stancu-Kantorovich operators, in [18] is
considered the Riemann-type g-integral (see [13]) defined by

e}

b
/ f@dtt=(1—q)b—a)S f(a+ (b a)e) . (12)

J=0

Ren and Zeng [18] redefine Sy(f(jﬁ ) by putting the Riemann-type g¢-integral into the
operators instead of the g-Jackson integral as

[k+1]q+a

- LI [nF1lq+h
S (fx) = (In+ g+ 8) Y a " pupla;2) / R IOLAS (1.3)
k=0 [CEsIPRN:]
2
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Very recently, the g-Kantorovich extension of the Bernstein-Schurer operators have been
considered by Kumar et al. [8] as follows:

n+p . [k+1]q/[n+1]q R
Knplfsa;2) = [0+ 1]y > bus(a 2)a™ / oL (1.4)
k=0 (Klq/In+1]q

where z € 0,1], f € C[0, 1+p], p € N® = NU{0} and by, (¢; 2) = [ b Zp } ok (1—z)g TPk,
q

In the present paper, inspired by the new Kantorovich type generalization of the ¢-
Bernstein-Schurer operators we introduce the Kantorovich type of Stancu-Schurer opera-
tors involving the Riemann-type g¢-integral.

2 Construction of the operators

In this section we construct the Stancu-Schurer-Kantorovich operators based on g-integers.
Let a, 3 € R be such that 0 < a < 3 and p € N’ = NU {0}, then for any f € C[0,1 + p],
q € (0,1), the Stancu-Schurer-Kantorovich operators are defined using ¢-Riemann integral
as follows

n+p [k+1]q+a

_ [n+1]q+8
K (Fg) = (e U+ O a hastar) [0 S0 ()
kIO [H‘Ff]q‘Fﬁ

Lemma 2.1. Let Kff};ﬁ)(f, q; ) be given by (2.1). Then the following equalities hold:
(1) K%C,Zﬁ;(l, ;) = 1;
.. a,B . o 1 1 2 .
(i) K57t a;0) = s { g + o+ B+ plaa s

a, — —1)2
(iii) K57 (2, q; ) = W{Q(H i+, >[”+p]q[n+p—1]q$2+ (%4‘

dag 4 -1 1 2 2
2l T 3L >[”+p]q$+ B, TR, T }

Proof. By definition of ¢g-Riemann integral (1.2), we have

[k+1]q+a
[n+1]q+ﬁ R, q .
(k]g+o q” )
e [+ 1lg+5
[k+1]q+a ok
[n+1]q+ﬁ R 1 { k q
td)'t = —————s < " ([k]g + @) + T 15 (2.3)
[klg+o q 2 q 9
CEsirE: (ln+1]qg+5) 2]
[k+1]q+a

(1145
! t?dfit =

k

1 2q2k q?’k
gre CESEYE {qk([’f]q+a)2+7([k‘]q+a) +3—}. (2.4)

The following identities hold

n+p
D bag(g;e)d" =1 (1= q)[n+ple; (2.5)
k=0
n—+p
D bar(@2)d* =1- (1 =) n+plgz+q1 - g’ +plgn+p—1]®  (26)
k=0
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n-+p
Hence, by using equality Z bn.i(¢; z) = 1 and equation (2.2), we get
k=0
KA1, q;2) = 1.

By using relations (2.3) and (2.5) we have

K@B) (4 o) = 1 S —kp, : k() >
n.p (a%iﬂ)—m;oq n,k(%iﬂ){q ([ ]q"’a)‘i‘m}
1 1 2
=TT e 27

Now, from the equations (2.4) and (2.6), we get

K52, gy 2)

"I+ qugq bu k(45 ) {q (g +0)* + = <[k1q+a>+[3]q}

1 n+p 1 2
— (CESEE 1.5 07 kz bnk(q; ) {(ﬂ + a>

=0

ot rhyoo) (o) e (e )

_ 1 2(¢—1)  (¢g—1)?
‘([n+11q+ﬁ>2{q<” 2, B, >[”+p]q[”+p‘”"‘""2

RS YT\ A R TR
*( 2, @, B, >[ TPl g, T }

Remark 2.2. From Lemma 2.1, we get

a oy 1+ [2ge 2q [n+ply .
O e ES (mm 0,5 1> ”

K2 ((t — )%, q; )
= K,(L?‘Z;ﬁ)(tz; x) — 2$K,(L?‘Z;ﬁ)(t; x) + $2K,(L?‘Z;ﬁ)(1; x)
B 1 {q2(4q2 +q+1)
(In+1]q + B)? 2]¢[3]q
4¢° + 59+ 3) + 4 2 1 1 2
L a(d” +5q + [;]Jr[?)]aq(q +q+ )[n+p]q$+_+_a+a2}
q q

Bl 2l
2x 1 2q
T e e} et

[n+plgln+p— 1]q$2
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_[q2(4q2+q+1)[n+p]q[n+p—1] 4q  [n+ply +1]$2

(21434 (n+1,+8)?2 [lyln+1,+8
+[ (4q2+5Q+3)+4QQ(q2+Q+1) n+plg  2(1+[2]4q) ]
2] (n+1g+8)2  2lg([n+1]g+5)
T 1, A2 (n+ 1], 2> '

Lemma 2.3. For f € C’[O p+ 1] we have

||K(a’6 (fs i Mep < I fllepprs

where || - ||C[07p+1] is the sup-norm on [0,p+ 1].

Proof. We have

e
-~ n+1]g+
K 0| < (04 U+ 8) Y a  buataia) [ 170 (0 dfe
k=0 [n+1]q+ﬁ

<Nl E S 1, g 2) = || flleppr)-

O

Lemma 2.4. For each x € [0,1] and 0 < ¢ < 1, we have
8(a? 4+ 36% + 3[p)2 + 4)
KD ((t—2)? q;x <40“”() d , 2.8
3 (=l ae) SACEEmr i T, 7 5 28)
83(at + 27[p]d + 278% + 28)
KB ((t = 2)4, ¢ 2) < 6402 (@) g , 2.9
3 ((t =) aia) SGICE (RSN 29

where ©*(x) = x(1 — z) and C,C are some constants.

Proof. We have
K2 ((t— )%, q; )

s
kp, ntlets o \25R
=([n+1],+5) Zq b,k (q; @ )/HW (t—z)°dyt
k 0 [Tb+1]q+ﬁ
n+p [e'e] qk 2
—(1- b (4 v j _$> j
( Q);:% n k(G5 @ ;(er T3 [n+1]q+ﬁq q

n—+p o0
B - M_gj

n+p 2
. k], + o [k]q [klq
< 2I;bn,k(q7$) [[n+1]q+ﬁ Tty <$_ [n+p]q>]

9 n-l—il’b ' qzk
+ Bl ; nk (43 :E)m
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n+p n+p 2
. [k]q+a q [k‘]q
<43 i) (R0 S5 g ol w13 btass) (et )
2
Blg([n + 1]g+5)?

n+p
' [k;] + o [ ]
gsgbn,k(q@)< 1], + [n+1]q+ﬁ>

_|_

n—+p 2
- [k]q k]q
—|—8kzzobn,k(% ) ([’I’L—I— 1] [n+ p] >
By (00 09) + m

where By, (f,¢;x) = > 1 (Z) k(1 - T)y” *f ([k]4/[n]y) is the g-Bernstein operators. On
the other hand by [10], we have
z(1—x)

B ((t— )™, ¢;2)| SKmW’

for some constant K, > 0, where |a| is the integer part of a > 0. We find that
KD ((t—2)% g5 )

R 2 (" plg — ¢ — B)?
< ([’I’L—I—l] +ﬁ) +8kzobnk q; )[k]q[n—l—p]g([n—l—l]q—l—ﬁ)z
10 f ?(z) 2
Tl Bl 1, + 52
8a? 24([p)* + 1+ 5 @*(x) 2
= ([n+1]g+6)2  (In+1]; + B)? +4C[n+p]q " [Blg(n +1]q + B)?
a0 f 2(z)  8(a?+36%+3[p]2+4)
[n + plg ([n+1];+ B)?
Also, we obtain
K2 ((t—2)*, ;)
s
= (g ) 30 bualai) [ )t
= [n+1]q+ﬁ
n—+p 0 qk ' 4 '
:(1_(])kzzobn,k(% ;(er +ﬁ+ [n+1]q+ﬁq” —:U> ¢’

n—+p [e'e] 4 '
8(1_Q)an,k(q7 Z<n+1 3 :v> ¢

J=

n+p ¢ 4
8(1—q) ank% Z(m) g~
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) 8“+Pb | [k;]q ta n—l—pb qk 4
= Z n,k(Q7 :I") (m _$> q I;% ™k (L (m)

—8n§+fbnk (¢: [ ]j]_lil_iﬁ [n[f—]jo]q_<$_%>r
n+p k 4
> buslak) <—fﬁ§ﬁ

Slg k=0
n+p 4
< 64Bn+p ((t o ZL')47 q; :L') + 642 bn,k((ﬂ :E) |:[ [i]ql]—:j[_ﬁ N [’I’L[—]T'];]q]

k=0
8
T Bl 1, + A
n+p 4
< 64Bn+p ((t — :E)4, q; :E) + 83 Z bn,k(q; :E) ([n[_lf_]ql]—:jj ﬁ o [n —1—[];}: + ﬁ)

n+p 4
| s i, 8
+§2;“*““)Qn+uq+ﬁ‘hwwm>'*m4m+uq+m4

=oe [s +( p; G +8i?4+ﬁ) o ;ib" WG )[k]ﬁ[(st;[]?(q[; fnj J_rg))i
* I T -
=0 [s 322 " +8f]j4+ p)* 3 ([[Z]it]z i g)‘* D +81]q +8)*

3 Direct theorems

In this section we propose to study some approximation properties of the Stancu-Schurer-
Kantorovich operators defined in (2.1). First, we prove the basic convergence theorem of
Ky(f};ﬁ ) and then obtain the rate convergence of these operators in term of the modulus
of continuity. Further, we study local direct results for the g-analogue of Stancu-Schurer-

Kantorovich operators.

Theorem 3.1. Let (gn)n, 0 < g, < 1 be a sequence satisfying the following conditions

lim ¢, =1, lim ¢ =a, a€l0,1). (3.1)
n—oo

n—oo

Then for any f € C[0,p+ 1], the sequence Ky(f};ﬁ)(f, Gn; ) converges to f uniformly on
[0, 1].
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[n+p] an
[n+1]¢Zn

Ky(f};ﬁ)(l,qn;:n) — 1, Ky(f};ﬁ)(t, qn; ) — x and Ky(f};ﬁ)(tz,qn;:n) — 22 uniformly on [0, 1]
as n — oo. Therefore, using the Bohman-Korovkin theorem implies that K, ,(f, qn;-)

Proof. From (3.1) we obtain [n + 1],, — oo as n — oo. Further — 1, hence
converges to f uniformly on [0, 1]. O

Let us consider the following K-functional
Ks(f,d) :=inf {||f —gll+ 4", 9 € C*[0, p+ 1]} . where § > 0. (3.2)
It is known (see [6]) there exist an absolute constant C' > 0 such that
K (f,8) < Cws(f,V9), (3.3)
where the second order modulus of smoothness for f € C[0,p + 1] is defined as

wo(f,0) = sup |f(x+2h) —2f(x+h)+ f(x)], whered > 0.
0<h<d; z,z+2h€(0,p+1]

The usual modulus of continuity for f € C[0,p+ 1] is defined as

w(f,0) := sup |f(z+h) = f(x)].

0<h<d; z,z+he[0,p+1]

Theorem 3.2. Let (qn)n be a sequence satisfying conditions (3.1) and f € C[0,1 + p].
Then

| (f, qni ) — f(2)] < 20(f, 6,),

where

, _\/ C +8(a2+3ﬁ2+3[p]§n+4)
"V In+pl, (n+1lg, +5)*

and C is a constant.

Proof. For any t,x € [a, b], it is known that

— 7 2
() — F(2)] < wlf,0) (% i 1> |

Therefore, we obtain

KD (F, ani @) = F(@))] < wl(f, 6)( oK) (<t—$>27%$)>-

By using the relation (2.8), we obtain the required result. O

In what follows, we give estimate of the rate of convergence by means of the Lipschitz
function for the operators defined in (2.1). Let

Lipy(y) ={f € Cl0,p+ 1], |f (1) = f(z)| < M|t —z["}, 0 <y <1,

be the Lipschitz class.
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Theorem 3.3. Let (q,,)n be a sequence satisfying conditions (3.1) and f € Lipp(y). Then
50 (F ans 1) = ()] < M (3 ()%,
where O, () = Ky(f};ﬁ) ((t—2)% qn; ).
Proof. Since Kflag;ﬁ)(eo, Gn;-) = eo and f € Lipp(y), we have
KD (i) — )] < KD (00) — 1), ans ) < MESG (16— a7, g ).

Applying the Holder’s inequality with p = % and ¢ = %, we get

X
2

R

\KSO(f, qns ) — f(z)] < MESD (|t — 2%, gy 2) 2 = M (6,(x))

O

Theorem 3.4. Let (g,)n be a sequence satisfying conditions (3.1) and f € C[0,p+ 1] .
Then, for every x € [0, 1] we have

|K(aﬁ f7 qn; T ) - f($)| < 4K, (fa ¢n,p(qn7 JE)) —+ w (f7 'ymp) ,
where C' is a constant and
C?(x)  12[p)2, + 762+ 3(a+1)2 + 10

Y i) = (TR
g = L i) = o1 - 3).
Proof. We define the auxiliary operators
KoM (Fqui @) = K. i) + (@) = Fan + bo). (3.4
where 2 [n+ p] 1 1
R T e el e ([2] ! O‘) |

From Lemma 2.1 we obtain
K3P(1, g ) = 1 and K30t g5 2) = .
Using Taylor’s formula,
o0 = 9(@) + 9@t —2) + [ (= 5)g")ds, g 0, 1]
x
we get
K59 (g, gn; 2) — g()

t
= g/(:E)Kfo;’ﬁ)(t — T, qn; ) + K;fg"ﬁ) (/ (t—s)g"(s)ds, qu; :E>

t
= K;fg"ﬁ) (/ (t —s)g"(s)ds, qn;:n>

t anx+bn
— K0 ( / (t—s)g'%s)ds,qn;:s) _ / (an + b — )" (5)ds.
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Therefore, we have

|20 (g, gns ) — g(x)|

t anz+f
< i (| [ =9 @s] i) + [ [ e b, 101
< KT(L?fl;ﬁ) ((t=2)% qn;2) 19" lcpopi1) + (@an® 4+ bn — 2)2)9" |0 pr1- (3.5)

Using the relation (3.4) we obtain

|ESSP(f qns ) = f(2)] < [KESP(f = g, s 2) | + [P (g, gus ) — g()|
+ (@) = g(@)| + | fan® + bn) — f(2)].

Since ||K*(a e, < 3l flleo,p+1), and using (3.5) we have

|KP)(f, gni ) — f(2)]
< 4||f_g||0[0,p+1]+ [K’r(L?fl;ﬁ) ((t_$)2a dn; $) +(anz+by — $)2] Hg//HC[O,p—l—l]
+w (fs[(an — )z +byl).

Since

(a"“b"_:”)z:[é}q:n[n[iﬂfq—iﬁ“[n+1]1qn+ﬁ( 2]1%) 42

:([n+1]tn+ﬁ)2{<é]q;[n+p ~ bt >$ ﬁ“a*mlqn}z

S([n+1]?;n+ﬁ)2{< s %LH)Q”Q (“ﬁ)}

6+ 24[p]2 + 36 +3(a+1)?

- ([n+ g, +5)? ’

we have

4Cp2(z)  4(12[p)2 +76% + 3(a+1)?) + 10)
[n+pl2 ([n+1]q,+5)?
< 4¢n,p(qm 517)

K% ((t—2)%, gni )+ (anz+by—2)* <

Also [(ap — 1)z + by| < vy p. Therefore

|K(a’6 (f, qn; ) — f($)| <4 f - 9||C[0,p+1] + 4tn,p(an; 113)||9“||C[0,p+1] + w(fs Ynp)-

Taking the infimum over all g € C2[0,p + 1] and using (3.2), the proof of the theorem is
completed. O

10
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4 A Voronovskaya theorem for ¢-Stancu-Schurer-Kantorovich
operators

In this section we shall establish a Voronovskaja type theorem for g-Stancu-Schurer-
Kantorovich operators. First, we need the auxiliary results contained in the following
lemmas.

Lemma 4.1. Let (q,)n be a sequence satisfying conditions (3.1). Then we have

1 -2 2 1
lim [n], KOt — 2, guy ) = -T2 20420, L
n—o0 ’ 2 2
lim [n]qu,(f‘q’E)((t - :E)2, Gn; T) = —2? 4z

n—oo
Proof. Using the formulas for Ky(f};ﬁ)(ti, Gn;x),i=0,1,2 given in Lemma 2.1, we get

lim [n]quff‘z;ﬁ)(t — T, Qn;T)

n—oQ

-l { (G ) e ()

= lim { . ([n[qu]q Ty LT (0 4 Pl — 2B
a[n]Qn [n]Qn
it g + 5 g+ s, +ﬁ)}
= _1—|—a—§ap—|—2ﬁ$+a+%’

and

lim [n]g, K2 (- 2)%, qn; @)

n—od

= Tim [n]y, { K{57(2, qui @) — 27 = 20K — v, qui 0) |

. dgp+ @2 +q2 [n+p—1)g.n+pl, > 5
= lim [n],, . = ~—1x
e T
. qn(4qh + 5qn + 3) + 4agn(gp + g + 1))
+ lim (7] g, [0 + Plg, 7
n—00 214, [3]g.. ([ + 1]g, + B)? ¢ ¢
) [n]q ( 9 20 1 > . (@,B)
+ lim = o+ + —— | — lim 2z[n],, K% (t — x, qn; x)
n—oo ([n +1]g, + 8)? 2]g,  [Blgn n—00 ¢ P
= 2 + x.

O

Lemma 4.2. Let (q,)n be a sequence satisfying conditions (3.1). Then for each x € [0, 1]
we have

1

[n]q,,

KSG ((t = )% gusz) = O ( > KD (- 2)" guiw) =0 (#) :

qn

11
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Proof. This result follows from Lemma 2.4. O

The main result of this section is the following Voronovskaja type theorem:

Theorem 4.3. Let (q,)n be a sequence satisfying conditions (3.1) and f" € C[0,p + 1].
Then we have

lim [n],, (K\%7(f,¢;2) — f(2))

n—oQ

= <_1+a_§ap+2ﬁ:n+a+%> f/($)+%(_$2+$) f”(:g)'

Proof. From the Taylor’s theorem, we have

ft) = fl2) + (t—2)f(2) + %(t —a)?f" (@) + £t 2) (t - x)?, (4.1)

where the function £(-, z) is the Peano form of remainder, £(-, z) € C[0, p+1] and {(¢t, x) —
Oast— .
Applying Kff};ﬁ ) on both side of (4.1), we obtain

(n]gn (KD (f, gn ) — £(2))

= (g (@)Kt — 2, oy 2) + = [0l () KD ((t — 2)2, o )

2
+ [, KD (6t 2) (t— 2)%, gni @) - (4.2)
Now, we shall show that
lim [n]g, K% (€0t 2)(t — 2)% gus 2) = 0. (4.3)

n—oo

From the Cauchy-Schwarz inequality, we have

K (6(6,2)(t - 2)2, gui 2) < VKD (€2(8 1), gus )\ KD (1 — 2)4, o ).

From Theorem 3.1, we have

lim K% (2t 2), g 2) = EX(z,2) =

n—oo
: : : (a,8) A 1
uniformly with respect to = € [0, 1]. Since Ky ((t — 2)*, gn; x) = O(W) (see Lemma
an

2.4), it follows (4.3). In view of Lemma 4.1 the theorem is proved. O
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Abstract

In this paper, we investigate the dynamical behavior of a nonlinear model for viral infection with Cytotoxic
T Lymphocyte (CTL) immune response. The model is a generalization of several models presented in the
literature by considering more general functions for the: (i) intrinsic growth rate of uninfected cells; (ii)
incidence rate of infection; (iii) natural death rate of infected cells; (iv) rate at which the infected cells are
killed by CTL cells; (v) production and removal rates of viruses; (vi) activation and natural death rates
of CTLs. We derive two threshold parameters Ry (the basic infection reproduction number) and R; (the
CTL immune response activation number) and establish a set of conditions on the general functions which
are sufficient to determine the global dynamics of the model. By using suitable Lyapunov functions and

LaSalle’s invariance principle, we prove the global asymptotic stability of all equilibria of the model.

Keywords: Viral infection; global stability; CTL immune response; Lyapunov functional.

1 Introduction

During the last decades, several mathematical models have been proposed to describe the interaction of the
virus with target cells (see e.g. [1]-[15]. The immune response is universal and necessary to eliminate or control
the disease after viral infection. The Cytotoxic T Lymphocyte (CTL) cells are responsible to attack and kill the
infected cells. Several viral infection models have been introduced in the literature to model the CTL immune
response to several diseases [16]-[20]. The basic virus dynamics model with CTL immune response has four
state variables: x, the population of uninfected target cells; y, the population of infected cells; v, the population

of free virus particles in the blood; and z, the population of CTL cells. The model equations are as follows [1]:

x = s —dx — fav, (1)
y = frv — ay — qyz, (2)
v =ky — cv, (3)
Z=TYyz — pz. (4)

Parameters s, k and r represent, respectively, the rate at which new healthy cells are generated from the
source within the body, the generation rate constant of free viruses produced from the infected cells and the
rate at which the CTL cells are produced. Parameters d, a, ¢ and p are the natural death rate constants
of the uninfected target cells, infected cells, free virus particles and CTL cells, respectively. Parameter [ is
the infection rate constant and ¢ is the removal rate constant of the infected cells due to the CTLs. All the
parameters given in model (1)-(4) are positive. Our aim in this paper is to propose and analyze a nonlinear viral

infection model which generalizes model (1)-(4) and several models presented in the literature. We consider the
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following nonlinear viral infection model with CTL immune response.

:c:n(x) 7w(z,y7v)7 (
Yy =v(@,y,0) — ap1(y) — aps(2)e1(y), (6
v = kep1(y) — cp2(v), (
z=1p3(2)@1(y) — p3(2), (
where n(x) represents the intrinsic growth rate of uninfected cells accounting for both production and natural
mortality; ¢ (z,y,v) denotes the incidence rate of infection; ap;(y) refers to the natural death rate of infected
cells; qps(2)p1(y) represents the rate at which the infected cells are killed by the CTL cells; k¢4 (y) denotes the
generation rate of free virus particles; cpa(v) accounts for the removal rate of free virus particles; rs3(z)p1(y)
and pps(2) refer to the activation and natural death rates of CTLs, respectively. Functions n, ¥, p;, i = 1,2,3
are continuously differentiable and satisfy the following assumptions:
Assumption Al. (i) there exists zg such that n(z¢) =0, n(xz) > 0 for = € [0, zg),
(ii) n'(z) < 0 for all z > 0,
(iii) there are s, § > 0 such that n(z) < s — sz for > 0.
Assumption A2. (i) ¢¥(x,y,v) > 0 and ¥(0,y,v) = ¥(z,y,0) =0 for all z > 0, y > 0, v > 0,

iy 2@y 0) o d@y,0) g 0@ y,0) g FHE00) s 0y 0,0 0,
Oox dy v ov

. d (9¢P(x,0,0)

(iii) . (31} > 0 for all z > 0.

Assumption A3. (i) ¢;(u) >0 for all u >0, ¢;(0) =0, j =1,2,3,

(ii) ¢ (u) >0, for all u > 0, j = 1,3, @5(u) > 0, for all u > 0,

(ili) there are a; > 0, j = 1,2,3 such that ¢;(u) > oju, for all u > 0.
Y(z,y,v)

Assumption A4.
¢2(v)

is decreasing with respect to v for all v > 0.

1.1 Properties of solutions

In this subsection, we study some properties of the solution of the model such as the non-negativity and
boundedness of solutions.
Proposition. Assume that Assumptions A1-A3 are satisfied. Then there exist positive numbers L;, i =
1,2, 3, such that the compact set
I = {(x,y,v,z) € Réo 0<2,y< [1,0<v < Ly,0< 2 < L3}
is positively invariant.
Proof. We have
Z |z=0=n(0) > 0, Y |ly=0= ¥(x,0,v) >0 for all z > 0,v >0,
0 lomo=kpi(y) 2 0 forally >0, 2 |,_o=0.
Hence, the orthant Réo is positively invariant for system (5)-(8). Next, we show that the solutions of the system
are bounded. Let T'(t) = x(t) + y(t) + 55 v(t) + L2(t), then

T(t) = n(@) = Se1(y) = 32 02(v) = ops(z) S 5 — 57— Sany — oo — g
§s—a(m+y+%v+gz) =s—o0T(t),

where 0 = min{s, §a1, cas, pas}. Then,
s s s
T() <TO)e " + 2 (1=e) == (T(0) = 2) + 2.
(1) < T+ 2 (1) = (1(0) - ) + 2
Hence, 0 < T'(t) < Ly if T(0) < Ly for t > 0 where Ly =
and 0 < 2(t) < Lg for all ¢ > 0if 2(0)+y(0) + 5;v(0)+ £2(0) < Ly, where Ly =
z(t),y(t),v(t) and z(¢) are all bounded. O

. It follows that, 0 < z(t),y(t) < L1, 0 < v(t) < Ly
2]{1[/1 TL1
and L3 = ——. Therefore,

s
o
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1.2 The equilibria and threshold parameters

In this subsection we calculate the equilibria of the model and derive two threshold parameters.

Lemma. Assume that Assumptions Al-A4 are satisfied, then there exist two threshold parameters Ry > 0
and R; > 0 with R; < Ry such that

(i) if Ry <1, then there exists only one positive equilibrium Fy € T,

(ii) if Ry <1 < Ryp, then there exist only two positive equilibria Ey € T and E; € T', and

(iii) if Ry > 1, then there exist three positive equilibria Eq € T, F; € T and E5 € f‘

Proof. At any equilibrium we have

n(z) —¢(z,y,v) =0, (9)

¥(z,y,v) —ap1(y) — qp1(y)es(z) =0, (10)
ke1(y) — cp2(v) =0, (11)

(re1(y) — p) ps(z) =0 (12)

From Eq. (12), either ¢3(2z) = 0 or ¢3(z) # 0. If p3(2) = 0, then from Assumption A3 we get, z = 0 and from
Egs. (9)-(11) we have

acps (v
n(e) = wla,y,) = api ) = 2220, (13)
From Eq. (13), we have p1(y) = "Ef), pa(v) = kz(f). Since @1, @2 are continuous and strictly increasing

functions with ¢;(0) = @2(0) = 0, then ¢ *, ;' exist and they are also continuous and strictly increasing [21].
Let s (z) = @7 * (M> and s5(z) = @5 * (k"—(z)>, then

y =s(z), v=7n() (14)
Obviously from Assumption Al, s (x), 20(x) > 0 for = € [0,20) and 31 (xg) = s2(xp) = 0. Substituting from
Eq. (14) into Eq. (13) we get
ac
¥ (@,50(2), 52(2)) = S 20n(z)) = 0. (15)
We note that, z = ¢ is a solution of Eq. (15). Then, from Eq. (14) we have y = v = 0, and this leads to the
infection-free equilibrium Ey = (0, 0,0,0). Let

ac

Q1 (z) =9 (2, 501 (2), 52(x)) — ?902(%2(575)) =0.

Then from Assumptions A1-A3, we have

2,(0) = ~F¢2(22(0)) <0,

@1(20) = 1 (20,0,0) = Z2(0) = 0.

Moreover,
a¢(m07030) 61/)(1’0,070) 31/)(1’0,0’0) ac
P} (w0) = T or + %i(mo)T + ﬂlz(xo)T - ?%(O)%@O)
Assumption A2 implies that 81#(35(;070) = 87/)('2‘;0’0) = 0. Also, from Assumption A3, we have ¢45(0) > 0, then

‘I’i<wo>=‘§f}/2<xo>go;<o>< b W(wo,o,m_l)_

acph(0) v

From Eq. (14), we get

<1>3(x0):n’(x0)( i 8‘”(””0’0’0)—1).

acph(0) ov

k 8¢($0,0,0)
acph(0) v
exists a x1 € (0,z0) such that ®;(z1) = 0. From Eq. (14), we have y; = 5q(z1) > 0 and v; = 3(x1) > 0.

From Assumption A1, we have n/(z¢) < 0. Therefore, if > 1, then @] (x0) < 0 and there
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It follows that, a chronic-infection equilibrium without CTL immune response E; = (z1,y1,v1,0) exists when
k 8¢(x0, 0, 0)

acygy(0) v

> 1. Let us define

k aw(m(b Oa 0)
acyh(0) v ’

which describes the average number of newly infected cells generated from one infected cell at the beginning of

Ry =

the infectious process. The other possibility of Eq. (12) is ¢3(z) # 0 which leads to y» = 7" (E) > 0 and
r
k
vy = 5! (,u) > 0. Substituting y = y2 and v = vy in Eq. (9), we letting
er

Po(x) = n(x) — ¥(z,y2,v2) = 0.
Clearly,
D5(0) = n(0) > 0 and Pa(zo) = —¥(z0, Y2, v2) < 0.

According to Assumptions Al and A2, ®o(x) is a strictly decreasing function of x. Thus, there exists a unique
x2 € (0,2z0) such that ®(z2) = 0. Now from Eq. (10) we have

g (a (kp(xa,y2,v2)
n=e (q ( acpy(va) 1)) '

(w2, Y2, v2)

k
From Assumption A3, we have if > 1, then 2z > 0. Now we define
acps(va)

_ k(x2,y2,v2)
acps(va)

which represents the immune response reproduction ratio which expresses the CTL load during the lifespan of

Ry

a CTL cell. Hence, 2z can be rewritten as zo = @3 ! <a(R1 - 1)) It follows that, there is a chronic-infection
equilibrium with CTL immune response Ey = (x2,y2, V2, 22) if Ry > 1.
Now we show that Eg, E; € I' and Fy € I'. Clearly, Ey € I'. We have x1 < z¢, then from Assumption Al
0=n(zo) <n(z1) <s—35x1.

It follows that

O0<zry < =<

VIRV

=L,

Al

From Egs. (9)-(10), we get
acnyr < api(yr) =n(x1) <n0) <s=0<y < 2 < ai < L.
ady 50[1
Eq. (13) implies that,

k k ks
casvy < epsa(v1) = k1 (y1) = En(xl) < an(()) < o =0<v <

ks 2ks
<
acty  acow
Moreover, z; = 0 and then, E; € I'. Let Ry > 1, then one can show that 0 < z5 < L1 and 0 < vy < Ls. From
Eq. (10), we have

< Ls.

ap1(y2) + qp1(y2)p3(22) = n(z2).

Then
ac1ys < ap1(y2) < n(xz) = aarys < nzs) <n(0) <s=0< ys < % < L.
1
and
o sr
ar %2 < q01(y2)ps3(z2) < n(ze) <n(0) <s=0< 23 < < Ls.
r quas
Then, Fs € f Clearly from Assumptions A2 and A4, we obtain
R, — ki (z2,y2,v2) < kip(z2,0,v2) < ko Y(22,0,v)
acpa(va) acpa(va) ac v—0t  pa(v)
k 15] 0,0 k 15] 0,0
_ - ’(/}(an ’ ) < / ’(/}(3307 ) ) _ RO~ 0O
aceh(0) v acph(0) v
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2 Global stability analysis

In this section, we investigate the global asymptotic stability of the infection-free, chronic-infection without CTL
immune response and chronic-infection with CTL immune response equilibria of model (5)-(8) by using direct
Lyapunov method and applying LaSalle’s invariance principle. Throughout the paper, we define the function
H:(0,00) — [0,00) as: H(w) =w — 1 — Inw, where H(w) > 0 for any w > 0 and H has the global minimum
H(1)=0.

Theorem 1. Let Assumptions A1-A4 hold true and Ry < 1, then the infection-free equilibrium FEy is
globally asymptotically stable (GAS) in T".

Proof. We construct a Lyapunov functional as:

o * . 770(3307 s )
Uo(a:,y,v,z)—x—xo—/mvlir&Wd —|—y+kv+sz (16)
It is seen that, Uy(z,y,v,2) > 0 for all z,y,v,z > 0 while Uy(z,y, v, z) reaches its global minimum at Ey. We

calculate 22 along the solutions of model (5)-(8) as:

= (1= i, SR ) — v, 0) + 00 50) - aa)
+ 2 (k1) = p2(v) — awa(0)es(2) + L (rea(2)a(v) — pps(2))
. 'Q[J(LU(), 0 U) : 1/)($0a 07 U) ac agp
= n(z) (1 - vlﬂ%h ¢(~’17707)> +¢(z,y,0) vli%h W - zw(v) - ﬁws(«z)' (17)
Since n(zg) = 0, then we get
dUO — (n(z) — n(z — lim 1/)(330,0711) % ﬁz/)(x,y,v) im ¢(IO707’U) _ v) — % Py
dt = (n(@) (20)) <1 ul—>0+ ¥(z,0,v) > * k <ac w2 (v) v1—>0+ P(z,0,v) 1> #2(0) k sl ()18)
From Assumptions A2 and A4 we have
p2(v) pa(v) T om0t @a(v)  @h(0) v
Then,
dU, (09(z0,0,0)/0v) ac kE  0¢(x0,0,0) aqp
= ) =ntoo) (1= GUE )+ (e o) e = Sl
— (0(o) ~ nan)) (1.~ DI 1 % Ry~ 1) pafo) - L) (19)

From Assumptions Al and A2, we have

(n(z) - n(z0)) (1 _ (09(20,0,0)/ ‘%)) <0,

(0¢(x,0,0)/0v)

Therefore, if Ry < 1, then 2 < 0 for all z,v, 2 > 0. We note that solutions of system (5)-(8) limited to Y, the
largest invariant subset of M = 0}[22]. We see that, dUO = 0 if and only if z(t) = z¢, v(t) = 0 and z(t) =0
for all ¢t. By the above dlSCubSlOIl, each element of T satlsﬁes v(t) =0 and z(t) = 0. Then from Eq. (7) we get

0(t) = 0 = k1 (y(1)).

It follows from Assumption A3 that, y(¢) = 0 for all ¢. Using LaSalle’s invariance principle, we derive that Ej
is GAS. O
To prove the global stability of the two equilibria F4 and E5, we need the following condition on the incidence

rate function.
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Assumption A5.
( w(l'vyﬂv) _ QDQ(U) > <1 _ w(‘rayivvi)
V(x,yi,vi)  pa(vi) P(,y,v)

Theorem 2. Assume that Assumptions A1-A5 are satisfied and R; < 1 < Ry, then the chronic-infection

)SO, z,y,v >0, 1=1,2

equilibrium without CTL immune response F; is GAS in T

Proof. We define the following Lyapunov functional

* w(xlayl,vl)

Ui(z,y,v,2) =x — 21 —
1( T ) ! 1 ,(/}(777y15v1)

dn+vy—y1 —

<
H\@
AS)
=
—~~
<
=
~
U
3
—~
[\~
o
=

It is seen that, Uy (x,y,v,2) > 0 for all z,y,v,z > 0 while Uy (x,y, v, z) reaches its global minimum at F;. The

time derivative of U; along the trajectories of (5)-(8) is given by

avy _ (1 Y@, y1,01)
dt w(xaylvvl)

) (n(x) - ¥z, 9,0)) + (1 - jll(f’yl)’) (b(@y,v) — ap1(y) — a1 (w)es(2))

+ (1= 28 () - cpao) + Lror0)pale) - )

_(;_ Ylanynu)y o oy @YY ey

- (1 ¢($,y1,v1)> ( )+Il/}( 1, Y1, 1)w($7y1’vl) 4;01(3/) w( » Y, )

Fapa () + 001 )pal) — Foa(o) — ap )2 1 L) - Lga). 1)

Using the equilibrium conditions for Fj:

n(z1) = Y(x1,y1,v1) = ap1(y1) = %902(@1)’

we obtain
dU _ ¢<x y Y1,V ) '(/)(x y Y1,V ) w(x’yav)
5 = (@) = n(@)) (1 - w@y>> + 3api (1) —api () S B +ap () Zr = S
~apa) 2D 4) POy () 2 (01 0) = £) e, (22

Collecting terms to get

Uy _ n(xz) — n(z _ ¥y, v) a Y(z,y,v)  pa(v) p2(v)i(@, y1,01)
g~ (@) —n(@y) (1 (@, y1,v1) > T apn) <1/J(a?,y1,v1) p2(v1) b @2(01)1#(%2!’“)>

Y,y v) ey, v)  pa(vi)ei(y) @z(v)l/f(%ylavl)}

Y, y1,v1) (@)@, y,v1)  w2v)ei(y)  pa(v)Y(z,y,0)
+q(p1(y1) — 1(y2)) p3(2). (23)

+ a1 (y1) [4 -

Eq. (23) can be rewritten as:

=0t (1= SGER ) cent (Gt - 20) (- )

1/1(1’1,?/1,”1) . <p1(y1)1/)(x,y,v) . @2(”1)@1(:9’) _ 902(”)1/1(%%7”1)}
w(wvyhvl) (pl(y)w(xlaylvvl) 902(7})901(3/1) 902(v1)¢(x7yav)

+q(p1(y1) — 1(y2)) p3(2). (24)

+ ap1(y1) {4 -

From Assumptions A1-A5, we get that the first and second terms of Eq. (24) are less than or equal zero.

Since the geometrical mean is less than or equal to the arithmetical mean, the third term of Eq. (24) is also
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less than or equal zero. Now, if Ry < 1, then E5 does not exist since zo = g(R1 —1) < 0. It follows that,

z(t) = (re1(y) — p) p3(z) <0, ie. @1(y1) < w1(y2). It follows from above that, dgtl <0 for all z,y,v,z > 0.

The solutions of system (5)-(8) limited to Y, the largest invariant subset of {(z,y,v,2) : ot = 0}[22]. We have
4% = 0 if and only if z(t) = z1, y(t) = y1, v(t) = v; and z(t) = 0. So, T contains a unique point, that is

E;. Thus, the global asymptotic stability of the chronic-infection equilibrium without CTL immune response

E follows from LaSalle’s invariance principle. [
Theorem 3. Let Assumptions A1-A5 hold true and R; > 1, then the chronic-infection equilibrium with
CTL immune response Fy is GAS in T'.

Proof. We construct a Lyapunov functional as follows:

Y
Us(z,y,v,2) = — 2 - wdn+y_y2_/wl(yz)dn

2 V(0,Y2,v2) ; e1(n)
F(PHRE) (v [ B )t oman [2a) o)

We have Us(z,y,v,2) > 0 for all z,y,v,z > 0 and Us(z2, ya,v2, 22) = 0. Calculating the derivative of Us along

positive solutions of (5)-(8) gives us the following

Vs _ (1 — 1/J($2M> (n(x) —(z,y,v)) + (1 — 901(3/2)) (Y(z,y,v) — ap1(y) — qp1(y)ps(2))

W B 1/’(x7312a?/2) SOl(y)
n ( - q;j3<22>> (1 - 9;22((”;))) (ks () — cpa(v) + (1 - fj;(zj))) (ror@)ps(2) — pps(). (26)
Collecting terms of Eq. (26) and using n(z3) = ¥ (22, y2,v2) we obtain
dUs Y (T2, Y2, v2) Y(z2,y2,v2)
T (n(z) — n(zx2)) (1 - W) + (w2, Y2, v2) — ¢($27y2,v2)m
+(z, yw)i(& 27’522”,()1;2)) - (pl(yﬁp((;;’y’v) +ae1(y2) + qp1(y2)es(z) — %soz(v) — a1 (y) 2((”5))

£2lva) | 8 ea)pa(v) - o)+ Trea). (2D

+ %m(vz) - %%(m)m(v) — ap3(z2)¢1(y) p2(v) K

k
By using the equilibrium conditions of E5
ac qc 1
Y(x2,y2,v2) = ap1(y2) + qp1(y2)ps(z2) = z@z(vz) + z<ﬂ3(z2)<ﬂ2(v2), 01(y2) = -

we obtain
dUs

- (n(z) — n(z2)) <1 - W) + 39Y(x2, y2,v2) — w(mg,yz,@)w

¢($,y27’l}2) ¢($ay2,v2)
7/)(9579’@) _ x v Wl(y2)¢(‘ray7v)
P(w, Y2, v2) Vloz v, 2)901(31)111(9027112,”2)

P2(v) P2(v2)p1(y)

- 1/)(:62,342,02)@2(@2) ~ ol 2)<P2(U)<P1(y2)

+ Y(x2, y2,v2)

p2(v2)e1(y)
- qs01(y2)903(22)m- (28)

Collecting terms of Eq. (28), we get

%_ () — n(z . 1/)(55%?/2,”2) x v 7/’(5573/,“) _ 302(1}) o LPQ(U)w(xay%UQ)
dt _( ( ) ( 2)) (1 w(x’y271}2) ) +w( 2, Y2, 2) (w(l‘,yg,vg) 4,02(1)2) b 302(112)7#(33’%”))

w(z23y271}2) . <,01(y2)1/1(x,y,v) o @2(’02)@1(3» B ¢2(U)¢(I7y2702):| (29)
V(@ y2,v2) 1Y) Y(w2,y2,v2)  w2(v)pi(ye)  p2(ve)Y(z,y,v) |

+ Y(x2, Y2, v2) {4 -

We can rewrite (29) as
W2 (i) — nla _ Y(z2, Y2, 02) oo v v (L& Y0)  ea(v) (@, y2,12)
= 0 =nte) (1= Y] svtenn) (et - 205 (1 500
¢($27y2,112) o Spl(yQ)dJ(xay?v) _ 902(/02)@1(y) o ‘P2(U)¢(~Tvy2;v2)] (30)
V(T ya,v2)  @r1(Y)P(T2,y2,02)  p2(v)pi(y2)  @2(v2)Y(w,y,v) |

+ ¢($2, y271}2) |:4 -
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We note that from Assumptions A1-A5 and the relationship between the arithmetical and geometrical means,
we have % < 0 for all z,y,v,2z > 0. The solutions of model (5)-(8) limited to T, the largest invariant subset
of {(z,y,v,2): %2 =0}[22]. We have &2 = 0 if and only if z(t) = 22, y(t) = yo and v(t) = v, for all t.
Therefore, if v(t) = v and y(t) = y2, then from Eq. (6), ¥(x2,y2,v2) — ap1(y2) — qv1(y2)ps(2(t)) = 0, which

gives z(t) = 29 for all ¢t. Thus, % = 0 occurs at Ey. The global asymptotic stability of the chronic-infection

equilibrium with CTL immune response E5 follows from LaSalle’s invariance principle. [J

3 Conclusion

In this paper, we have proposed and analyzed a nonlinear viral infection model with CTL immune response.
We have considered more general nonlinear functions for the: (i) intrinsic growth rate of uninfected cells; (ii)
incidence rate of infection; (iii) natural death rate of infected cells; (iv) rate at which the infected cells are killed
by CTL cells; (v) production and removal rates of viruses; (vi) activation and natural death rates of CTLs. We
have derived a set of conditions on these general functions and have determined two threshold parameters to
prove the existence and the global stability of the model’s equilibria. The global asymptotic stability of the
three equilibria, infection-free, chronic-infection without CTL immune response and chronic-infection with CTL

immune response has been proven by using direct Lyapunov method and LaSalle’s invariance principle.
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ON THE STABILITY OF CUBIC LIE *-DERIVATIONS

DONGSEUNG KANG

ABSTRACT. We will show the general solution of the functional equation

flsz+y) + flz—sy) = s*f(x +y) —sfx —y) = (s = 1)(s* = 1) f(z) -
(s+1)(s*—1)f(y) and investigate the stability of cubic Lie *-derivations
associated with the given functional equation.

1. INTRODUCTION

The concept of stability problem of a functional equation was first posed
by Ulam [14] concerning the stability of group homomorphisms as follows:
Let Gy be a group and let Go be a metric group with the metric d(-,-).
Given € > 0, does there exist a 0 > 0 such that if a function h : G1 — Ga
satisfies the inequality d(h(zy), h(x)h(y)) < § for all x,y € Gy then there
is a homomorphism H : Gy — Ga with d(h(z), H(x)) < € for all x € G1?
In other words, we are looking for situations when the homomorphisms are
stable, i.e., if a mapping is almost a homomorphism then there exists a true
homomorphism near it. By the problem raised by Ulam, several stability
problems of a large variety of functional equations have been extensively
studied and generalized by a number of authors and many interesting results
have been obtained for the last nearly fifty years. For further information
about the topic, we refer the reader to [9], [5], [1] and [2].

Recall that a Banach x-algebra is a Banach algebra (complete normed al-
gebra) which has an isometric involution. Jang and Park [6] investigated the
stability of *-derivations and of quadratic *-derivations with Cauchy func-
tional equation and the Jensen functional equation on Banach x-algebra.
The stability of #-derivations on Banach x-algebra by using fixed point al-
ternative was proved by Park and Bodaghi and also Yang et al.; see [12]
and [15], respectively. Also, the stability of cubic Lie derivations was intro-
duced by Fosner and Fosner; see [4].

Jun and Kim [8] introduced the following cubic functional equation:

fRx+y)+ f(2z —y)=2f(z +y) +2f(r —y) + 12f(z)

and established a general solution. Najati [11] investigated the following
generalized cubic functional equation:

(11)  flsz+y) + flsz—y) = sf(x+y) +sflz—y) +2(5° - 5)f(z)

2000 Mathematics Subject Classification. 39B55; 47TB47; 39B72.
Keywords : Hyers-Ulam-Rassias Stability, Cubic Mapping, Lie *-Derivation, Fixed
Point Alternative, Banach *-Algebra.
1
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for a positive integer s > 2. Also, Jun and Kim [7] proved the Hyers-Ulam-
Rassias stability of a Euler-Lagrange type cubic mapping as follows:

(1.2) f(sz+y)+ flx+ sy)

= (s +1)(s = D2[f(2) + f(y)] + s(s + 1) fz +y),
where s € Z (s #0,£1).
In this paper, we deal with the following the functional equation:

(1.3) flsz+y) + flz = sy) = s’ f(x +y) — sf(z—y)

= (s = 1(s* = 1)f(2) = (s + 1)(s* = 1) f(y)
for all s € Z(s # 0,%1). We will show the general solution of the func-
tional equation (1.3) and investigate the stability of cubic Lie x-derivations
associated with the given functional equation on normed algebras.

2. CuBIC FUNCTIONAL EQUATIONS

In this section let X and Y be vector spaces and we investigate the general
solution of the functional equation (1.3).

Theorem 2.1. A function f : X — Y satisfies the functional equation (1.3)
if and only if it satisfies the functional equation (1.1).

Proof. Suppose that f satisfies the equation (1.3). It is easy to show that
f(0)=0, f(sx) =sf(x) forall z € X and all s € Z (s # 0,41). Letting
x = —z in the equation (1.3), we have

(2.1) —f(sz —y) = f(z+sy) + (s + (s> = 1) f (1)

= —s’fz—y)—sflz+y)— (s = 1)(s* = 1) f(=)
for all x,y € X . Replacing x and y in the equation (2.1), we get
(2.2) fle—sy) = flsz+y)+ (s +1)(s* = 1) f ()

=5’ f(e—y) —sflz+y) — (s = 1)(s* ~ 1) f(y)
for all z,y € X . Subtracting the equation (2.2) from the equation (1.3), we
obtain

(2.3) 2f (s +y) +2(s* = ()

= (s> +s)f(z+y)+ (s = 8°) [z —y) + 25(s* = 1) ()
for all x,y € X . Now, letting y = —y in the equation (2.3)
(2.4) 2f (s —y) — 2(s* = 1) f(y)

= (" +9)f(x —y) + (s = ) (z + 1) +25(s* = 1) f (x)
for all z,y € X . Adding two equations (2.3) and (2.4), we have

(2.5) 2f(sw +y) +2f(sz —y) = 2sf(x +y) + 25f(x —y) +4s(s* — 1) f ()

for all z,y € X . Thus we have the equation (1.1). Conversely, suppose that
f satisfies the equation (1.1). Tt is easy to see that f(0) =0, f(sx) = s*f(z)
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for all x € X and all s € Z(s # 0) . Letting y = sy in the equation (1.1), we
have

(2.6)  f(x+sy)+ f(x —sy) =" f(z+y) + > f(x —y) —2(s> = 1) f(x)
for all x,y € X . Replacing x and y in the equation (2.6), we get

(2.7)  flsz+y) = f(sz—y) = s"f(e+y) ="z —y) = 2(s* = 1) f(y)
for all x,y € X . By adding two equations (1.1) and (2.7), we obtain

(2.8)

2f (s +y) = (s°+5) f(x+y) +(s—°) f(x—y) +25(s* = 1) f(2) =2(s* = 1) f (3)

for all x,y € X . Now, letting y = sy in the equation (2.7), we have

(29)  flo+sy) = flo—sy) =sf(z+y) —sflz—y) +2s(s* = 1) f(y)

for all z,y € X . Subtracting the equation (2.9) from the equation (2.6), we
know that
(2.10)

2f (x—sy) = (s —s)f(x+y)+(s"+5) fw—y)—2(s* = 1) f (x) —2s(s* = 1) f (1)
for all x,y € X . By adding two equations (2.8) and (2.10), we have the
desired equation (1.3). O

3. CuBIiC LIE #-DERIVATIONS

Throughout this section, we assume that A is a complex normed *-algebra
and M is a Banach A-bimodule. We will use the same symbol ||-|| as norms
on a normed algebra A and a normed A-bimodule M . A mapping f : A —» M
is a cubic homogeneous mappingif f(pa) = p2f(a),foralla € Aand p € C.
A cubic homogeneous mapping f : A — M is called a cubic derivation if

flay) = f(2)y’ +2°f(y)
holds for all z,y € A. For all x,y € A, the symbol [z, y] will denote the

commutator xy—yx . We say that a cubic homogeneous mapping f : A — M
is a cubic Lie derivation if

Fa, o)) = [f (@), v°] + [2°, f()]

for all z, y € A. In addition, if f satisfies in condition f(z*) = f(z)* for all
x € A, then it is called the cubic Lie x-derivation.

Example 3.1. Let A = C be a complex field endowed with the map z
z* = z (where z is the complex conjugate of z). We define f : A — A by
f(a) =a? for all a € A. Then f is cubic and

f(a, ) = [f(a), ¥°] + [a®, f(B)] =0
for all a € A. Also,

fla*) = f(a) = a® = f(a) = f(a)*

for all @ € A. Thus f is a cubic Lie *-derivation.
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In the following, T' will stand for the set of all complex units, that is,
T = (e Cllu =1}
For the given mapping f : A — M , we consider
(3.1) Auf(z,y) = f(spx+py)+ f(pz—spy) —s° 1’ f(x+y) —sp’ f(x —y)
(s = 1)(s2 — 1) (@) + (s + 1)(s2 — D f ().
Af(z,y) = f([z, y]) - [f(fv), =1 ()]
forallz, y€c A, ueC and s € Z(s #0,+1).

Theorem 3.2. Suppose that f : A — M is a mapping with f(0) = 0 for
which there exists a function ¢ : A> — [0, 00) such that

(3.2) g(a, b,x,y,z) Z d(s’a, s7b, s'x, 87y, s72) < oo
0

(3.3) 1ALf(a,b)[| < é(a,b,0,0,0)

(34) HAf(l‘,y)—Ff(Z*) _f(z)*H < ¢(O’O7$7y7 Z)

forallp € Ty = {0 <0 < i—g} and all a,b,x,y,z € A in which

nQ
ng € N. Also, if for each fized a € A the mapping r — f(ra) from R to M
is continuous, then there exists a unique cubic Lie *-derivation L : A — M

satisfying

(35) (@) = L) < (250(0.0.0.0.,0).

Proof. Let b =0 and p = 1 in the inequality (3.3), we have
(36) 1£(@) = 5 (s0)] € 56(.0.0.0.0)

for all a € A. Using the induction, it is easy to show that

61 Il - gl < ‘32‘““,33?00)

for t > k > 0 and a € A. The inequalities (3.2) and (3.7) imply that the
sequence {53% (s"a)}o, is a Cauchy sequence. Since M is complete, the
sequence is convergent. Hence we can define a mapping L : A — M as

(3.8) L(a) = lim %f(s a)

n—oo §

for a € A. By letting t = n and k = 0 in the inequality (3.7), we have

1 1 = ¢(s7a,0,0,0,0
(3.9) I f(5"a) = f(a)l| < *32 & a5|3y !
=0

for n > 0 and a € A. By taking n — oo in the inequality (3.9), the
inequalities (3.2) implies that the inequality (3.5) holds.
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Now, we will show that the mapping L is a unique cubic Lie *-derivation
such that the inequality (3.5) holds for all a € A. We note that

1

W\ |ALf(s"a,s"b)|

(3.10) 18, La,b)]| = lim

n n
< iy O(57,575,0,0,0)

T n—oo ‘3‘3"

=0,

for all a,b € A and p € T, . By taking g = 1 in the inequality (3.10), it

follows that the mapping Lnois a Euler-Lagrange cubic mapping. Also, the
inequality (3.10) implies that A, L(a,0) = 0. Hence

L(pa) = 1 L(a)
foralla € Aand p € T, . Let p € T' = {\ € C||A| = 1}. Then p = €',

70
1 10

where 0 < 0 < 27. Let 1 = ™0 = e"o . Hence we have p; € T!, . Then
no
L(pa) = L(pi°a) = " L(a) = p*L(a)
for all u € T and a € A. Suppose that p is any continuous linear functional
on A and a is a fixed element in A. Then we can define a function g : R — R
by
g(r) = p(L(ra))

for all » € R. It is easy to check that g is cubic. Let
f(s*ra
aitr) = o(552)

for all k€ Nand r € R.

Note that g as the pointwise limit of the sequence of measurable func-
tions gi is measurable. Hence g as a measurable cubic function is continu-
ous (see [3]) and

g(r) =r°g(1)
for all r € R. Thus
p(L(ra)) = g(r) = r®g(1) = r’p(L(a)) = p(r’*L(a))

for all r € R. Since p was an arbitrary continuous linear functional on A we
may conclude that

L(ra) = r3L(a)

forall r € R. Let p € C(u#0). Then|—z| € T'. Hence

L(ua) = L1 rlwla) = (‘Z‘)?’wa = (,Z,)?’W‘L(a) = W*L(a)

foralla € A and p € C(u #0). Since a was an arbitrary element in A, we
may conclude that L is cubic homogeneous.
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Next, replacing z, y by s¥z, s*y , respectively, and z = 0 in the inequality
(3.4), we have

. Af(s"z,s"y
ALyl = Jim | 2H5)

n—o0 s3n | ’

1
< 3 n n —
= ’n,h—>H010 ’8’3n¢(0? 078 x?‘s y? O) O
for all x,y € A. Hence we have AL(z,y) = 0 for all z,y € A. That is, L
is a cubic Lie derivation. Letting = y = 0 and replacing z by s¥z in the
inequality (3.4), we get
n % n .\ *
(3.11) Hf(sgz ) [(5"2)
S n

SSn

#(0,0,0,0,s"z2)
|S|3n

for all z € A. As n — oo in the inequality (3.11), we have
L(z") = L(2)"

for all z € A. This means that L is a cubic Lie *-derivation. Now, assume
L' : A — A is another cubic x-derivation satisfying the inequality (3.5).

Then
@) = K@)l = mllEa) - L")
< ,8,13,1(\|L<s"a> — f(s"a)ll + |1 (s"a) = L'(s"a)]|)
- 1

oo
1 .
+
[s[3n+ Z BE ¢(s'7"a,0,0,0,0)
=0

1 1 :
- WZWQZ&(S]G’:O)O)O:O)u
j=n

which tends to zero as k — oo, for all @ € A. Thus L(a) = L'(a) for all
a € A. This proves the uniqueness of L . O

Corollary 3.3. Let 6 ,r be positive real numbers with r < 3 and let f : A —
M be a mapping with f(0) =0 such that

1A f(a, )] < O(I[al]" + [[b]]")
A (z,y) + f(Z) = fE)I < Ol + [yll" + [[2]]")
for all u € TY, and a,b,x,y,z € A. Then there exists a unique cubic Lie
x-derivation LA — M satisfying

17(@) - L@ < el

[s]* — |s|"
foralla e A.

Proof. The proof follows from Theorem 3.2 by taking ¢(a,b,z,y,z) =
O[lal|" + (161" + l]|" + [[yll" + [|2]]") for all a,b,z,y,z € A. 0
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Now, we will investigate the stability of the given functional equation
(3.1) using the alternative fixed point method. Before proceeding the proof,
we will state the theorem, the alternative of fixed point; see [10] and [13].

Definition 3.4. Let X be a set. A function d: X x X — [0, oc] is called a
generalized metric on X if d satisfies

(1) d(x, y) =0 if and only if z = y;

(2) d(z, y) =d(y, z) for all z, y € X;

(3) d(z, z) < d(z,y)+d(y, z) forall z, y, z € X .
Theorem 3.5 ( The alternative of fixed point [10], [13] ). Suppose that we
are given a complete generalized metric space (2, d) and a strictly contractive

mapping T : Q — Q with Lipschitz constant |. Then for each given x € ),
either

d(T"z, T" " 2) = 0o for alln >0,
or there exists a natural number ng such that
(1) d(T™z, T" x) < oo for alln > ng;
(2) The sequence (T™x) is convergent to a fized point y* of T';
(3) y* is the unique fized point of T in the set

A ={y € Qd(T"z,y) < oo};
(4) d(y,y*) < 5 d(y, Ty) for ally € A.

Theorem 3.6. Let f: A — M be a continuous mapping with f(0) =0 and
let ¢ : A> — [0,00) be a continuous mapping such that

(3.12) 1AL f(a,b)[| < ¢(a,b,0,0,0)

(3.13) A (2, y) + f(z7) = f(2)"|] < 6(0,0,2,y,2)
for all p € T, and a,b,z,y,z € A. If there exists a constant | € (0,1) such
that ’

(3.14) b(sa, sb, sz, 5y, 52) < |s]*1p(a, b, z,y, 2)
forall a,b,x,y,z € A, then there exists a cubic Lie x-derivation L : A — M
satisfying

1

3.15 - L < 0,0,0,0

(315) (@) = L@ < g —59(@.0.0,0.0)
forallae A.

Proof. Consider the set
Q={glg:A— A, g(0)=0}
and introduce the generalized metric on €2,

d(g, h) =inf{c € (0,00)| || g(a) — h(a) ||< c¢¢(a,0,0,0,0),for all a € A}.
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It is easy to show that (2, d) is complete. Now we define a function T': Q —
Q by

(3.16) T(g)(a) = —o(sa)

for all a € A. Note that for all g,h € 2, let ¢ € (0, c0) be an arbitrary
constant with d(g,h) < c¢. Then

(3'17) ”g(a) - h(a)H < C¢(a70703030)

for all @ € A. Letting a = sa in the inequality (3.17) and using (3.14) and
(3.16), we have

1T (g)(a) = T(R)()Il = “Sl‘;;l\g(sa)—h(sa)\l

1
W c9(sa,0,0,0,0) < cl¢(a,0,0,0,0),

IN

that is,
d(Tg, Th) <cl.
Hence we have that
d(Tg, Th) <1d(g, h),

for all g, h € 2, that is, T is a strictly self-mapping of 2 with the Lipschitz
constant [. Letting 4 = 1,b = 0 in the inequality (3.12), we get

1 1
||873f(5a) - f(a)H S W‘JS(C"’ 07 07 07 0)
for all @ € A. This means that
1
d(Tf, f) < o

We can apply the alternative of fixed point and since lim,, o d(T"f, L) =0,
there exists a fixed point L of T in €2 such that

(3.18) L(a) = lim 159

n—oo  g3n

)

for all a € A. Hence

1 1 1
d(f,L) < ——d(T < ——.
(f7 )—1_l(f7f)—|s|31_l
This implies that the inequality (3.15) holds for all a € A. Since € (0,1),
the inequality (3.14) shows that

(3.19) lim o(s"a, s"b, s"x, s"y, s"z)

n—00 | 5|3

=0.

Replacing a,b by s™a, s™b, respectively, in the inequality (3.12), we have

1 N n o(s"a, s"H,0,0,0
Ll s < ( )

|S|3n
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Taking the limit as &k tend to infinity, we have A, f(a,b) =0 for alla,be A

and all 4 € T!, . The remains are similar to the proof of Theorem 3.2. [
70

Corollary 3.7. Let 6,7 be positive real numbers with r < 3 and let f : A —
M be a mapping with f(0) =0 such that

1A f(a,b)[] < 6(I[al]" + [[b]]")
Af(z,y) + f(z7) = f(2)"]] < O(|=]]" + [lyll" + [[=1]")
for all u € ’]I‘i and a,b,x,y,z € A. Then there exists a unique cubic Lie
x-derivation LO: A — M satisfying

0lal|"
I[f(a) — L(a)|| < m

foralla e A.

Proof. The proof follows from Theorem 3.6 by taking ¢(a,b,x,y,z) =

Ollal|" + (161" + llz]|" + [[yl|" + [|2]]") for all a,b,z,y,z € A. O
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Abstract In this paper, the concept of fuzzy share functions of cooperative fuzzy games with fuzzy
characteristic functions is proposed. Players in the proposed cooperative fuzzy game do not need to
know precise information about the payoff value. We generalize the axiom of additivity by introducing
a positive fuzzy value function fi on the class of cooperative fuzzy games in fuzzy characteristic function
form. The so-called axiom of ji-additivity generalizes the classical axiom of additivity by putting the
weight [i(0) on the value of the game 0. We show that any additive function i determines a unique fuzzy
share function satisfying the axioms of efficient shares, null player property, symmetry and pg-additivity
on the subclass of games on which f is positive and which contains all positively scaled unanimity
games. Finally, we introduce the fuzzy Shapley share functions and fuzzy Banzhaf share functions for
the cooperative fuzzy games with fuzzy characteristic functions.

Keywords: Cooperative fuzzy game; Fuzzy share functions; Characteristic functions; Fuzzy numbers.

1. Introduction

A cooperative game with transferable utility, or simply a TU-game, is a finite set of players N and
for any subset (coalition) of players a worth representing the total payoff that the coalition can obtain by
cooperating. A value function for TU-games is a function that assigns to every TU-game with n players
an n-dimensional vector representing a distribution of payoffs among the players. A value function is
efficient if for every game it distributes exactly the worth of the ’grand coalition’, N, over all players.
The most famous efficient value function is the Shapley value[16]. An example of a value function that is
not efficient is the Banzhaf value[3, 8, 14]. Since the Banzhaf value is not efficient, it is not adequate in
allocating the worth v(V). In order to allocate v(IN) and according to the Banzhaf value, Van der Laan
et al. in [18] characterize the normalized Banzhaf value, which distributes the worth v(/N') proportional
to the Banzhaf values of the players.

A different approach to efficiently allocate the worth v(IN) is described in [19], who introduce share
functions as an alternative type of solution for TU-games. A share vector for an n-player game is an
n-dimensional real vector whose components add up to one. The ith component is player i’s share in the
total payoff that is to be distributed among the players. A share function assigns such a share vector to
every game. The share function corresponding to the Shapley value is the Shapley share function, which
is obtained by dividing the Shapley value of each player by v(IN), i.e., by the sum of the Shapley values of
all players. Similarly, the Banzhaf share function is obtained by dividing the Banzhaf-value or normalized
Banzhaf-value by the corresponding sum of payoffs over all players. One advantage of share functions
over value functions is that share functions avoid the ”efficiency issue”, i.e., they avoid the question of
what is the final worth to be distributed over the players. This yields some major simplifications. For
example, although the Banzhaf and normalized Banzhaf value are very different value functions (e.g. the
Banzhaf value satisfies linearity and the dummy player property which are not satisfied by the normalized
Banzhaf value), they correspond to the same Banzhaf share function. Another main advantage of share
functions has been discovered by [15], who shows that on a ratio scale meaningful statements can be
made for a certain class of share functions, whereas all statements with respect to value functions are
meaningless. Besides the advantages of share functions for general TU-games, in [2, 20] they study share
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functions for so-called games in coalition structure, for which an extra advantage is that they provide
a natural method to define solutions for such games. Share functions, when multiplied by the worth of
the grand coalition N, yield a distribution of the worth of the grand coalition reflecting the individual
bargaining position of the players.

Mares and Vlach [12, 13] were concerned about the uncertainty in the value of the characteristic
function associated with a game. In their models, the domain of the characteristic function of a game
remains to be the class of crisp (deterministic) coalitions but the values assigned to them are fuzzy
quantities. However, the implicit assumption that all players and coalitions know the expected payoffs
even before the negotiation process, is evidently unrealistic. In fact, during the process of negotiation
and coalition forming, the players can have only vague idea about the real outcome of the situation, and
this vague expectation can be modeled by mathematical tools (see [12]).

In this paper, we consider the fuzzy share functions of a cooperative fuzzy game with fuzzy charac-
teristic function. The paper will be organized as follows. In Section 2, we introduce the concepts of fuzzy
numbers and the Hukuhara difference on fuzzy numbers. Then, the model of cooperative fuzzy games
is introduced. Moreover, some basic concepts of crisp games will be discussed. In Section 3, the fuzzy
share functions of cooperative fuzzy games with fuzzy characteristic function is proposed, we generalize
the axiom of additivity by introducing a positive fuzzy valued function j on the class of cooperative fuzzy
games in fuzzy characteristic function form. The so-called axiom of fi-additivity generalizes the classical
axiom of additivity by putting the weight fi(0) on the value of the game 0. We show that any additive
function i determines a unique fuzzy share function satisfying the axioms of efficient shares, null player
property, symmetry and fi-additivity on the subclass of games on which [ is positive and which contains
all positively scaled unanimity games. In Section 4, we introduce fuzzy Shapley share functions and fuzzy
Banzhaf share functions, furthermore, an applicable example is given. Finally, some conclusions will be
discussed in Section 5.

2. Preliminaries

In this section, we first recall the concept of fuzzy number, and then introduce some basic concepts
and notations in cooperative games with fuzzy characteristic functions.

2.1 A review of fuzzy numbers
Let us start by recalling the most general definition of a fuzzy number. Let R be (—oo, +00), i.e., the
set of all real numbers.

Definition 2.1. A fuzzy number, denoted by a, is a fuzzy subset of R with membership function
ug : R — [0, 1] satisfying the following conditions:

(1) there exists at least one number ag € R such that uz(ap) = 1;
(2)

(3)
ug (o) if xy > ag;

ug(x) is nondecreasing on (—o00, ag) and nonincreasing on (ag, +00);
ug(z) is upper semi-continuous, i.e., limx%mgua(az) = ug(xo) if z9 < ap; and limm_mau&(x) =
(4) Supp(ug), the support set of a, is compact, where Supp(uz) = cl{z € (R)|ua(xz) > 0}.

We denote the set of all fuzzy numbers by . An important type of fuzzy numbers in common use is
the triangular fuzzy number [9], whose membership function has the form

r — al
S [a15a2]7

as — aq
ug(z) = %, z € [az, a3,
0, otherwise.

where a1, as,a3 € R with a1 < as < as.
For a fuzzy number a € R, the level set is defined as ay = {z € Rlua(x) > A}, uva(z) € [0,1]. It
follows from the properties of the membership function of a fuzzy number a that each of its A-cuts ay
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is an interval number, denoted by a = [ak, al!], A € (0,1], where a¥ and al! mean the lower and upper
bounds of ay.

Let a,b € R, and let * be a binary operation on R. The * operation can be extended to fuzzy numbers
by means of Zadeh’s extension principle [22] in the following way:

ug, 5 (2) = sup,,, min{ua(z),u;(z)}, 2 € R, (2.1)

where @ b is a fuzzy number with the membership function u_ ;.
It is not easy to apply Eq.(2.1) in calculation directly. However, calculating A-cuts of the fuzzy number
a * b is an easy task in each case because

(@a+b)\ = ay +bA = [aA —l—b/\,a)\ +bR]

(ma)y = may = [ma¥, ma¥l],vm € R m >0,

ab)y = l[min{ayby,a , Q , G ,mamaN,d , Q , G bR,

ab /\bL bR ~/\bL b§ kvl be /\bL pl

Definition 2.2. For any two fuzzy numbers a,b € R, we write

(1) @ > b if and only if a¥ > b¥ and alf > b, VA € (0,1];

(2) @ = b if and only if & > b and b > a;

(3) @ C b if and only if a¥ > bk and aft < b, VA € (0,1].

Remark 2.1. The ordering ”>" between fuzzy numbers in Definition 2.2 has been defined in [9], which
is the extension of the max operator to fuzzy numbers with Zadeh’s extension principle, i.e.,

a > b if and only maz{a,b} = a, Va,b € R.
In this paper, we will use the Hukuhara difference between fuzzy numbers [4,10] as follows.

Definition 2.3. Let a,b € R. If there exists ¢ € f such that a = b+ ¢, then ¢ is called the Hukuhara
difference, and denoted by ¢ = a —g b.

Remark 2.2. The Hukuhara difference is defined as an inverse calculation of the ”+” operator defined
based on Zadeh’s extension principle. But the Hukuhara difference between two fuzzy numbers does
not always exists. Regarding the existence of the Hukuhara difference, there is an extensive literature
described in [9].

Theorem 2.1. Let~d,l~) € . The Hukuhara difference ¢ = a —p b exists if and only if
ay — by < ap —bf <af —bf <af - by, VA, 8€(0,1], B> A

Lemma 2.1. Let a,b € R. If @ —p b exists, then for any A € (0, 1],
(a Hb))\—a)\ Hb)\—[a)\ bA,aA—bR]

Lemma 2.2. Let &Lb, ¢, deR. Ifa—py b and ¢ —g d exists, then
(@+¢)—pg(b+d)=(a—gb)+ (¢—gd).

2.2 Cooperative games with fuzzy characteristic functions

We consider cooperative games with the set of players N = {1,2,...,n}. A cooperative crisp game
is defined by (N,v), in which N is the set of players and the characteristic function v : 2V — Ry = {r €
R|r > 0} satisfies the condition that v((}) = 0.

In a cooperative crisp game, a characteristic function v describes a cooperative game and associates
a crisp coalition S with the worth v(S), which is interpreted as the payoff that the coalition S can
acquire only through the action of S. The cooperative crisp game is based on the assumption that
all players and coalitions know the payoff value v before the cooperation begins. As Borkotokey [5]
says, this assumption is not realistic because there are many uncertain factors during negotiation and
coalition formation. In many situations, the players can have only vague ideas about the real payoff
value. Taking into account the imprecision of information in decision making problems, we incorporate a
fuzzy characteristic function, which is represented by fuzzy numbers ©(S). Therefore, the characteristic
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function of such a game associates a crisp coalition S € P(N) with a fuzzy number 9(S). Assessing such
fuzzy numbers for any crisp coalition S € P(N), we define a cooperative game with fuzzy characteristic
values by a pair (N,?), where the fuzzy characteristic function @ : P(N) — R4 is such that 9(0) = 0.
Obviously, games with fuzzy characteristic functions are a kind of cooperative fuzzy games. Hereinafter,
a cooperative game with fuzzy characteristic function will be called a ”cooperative fuzzy game” for short.

Along the paper we use the | -| operator to denote the cardinality of a finite set, i.e., |S| is the number
of players in S, for any S C N. Alternatively, sometimes we use lowercase letters to denote cardinalities,
and thus s = |S] for any S C N. A fuzzy game (N, ) is called monotone if for every S,T C N with
T C S, it holds that 9%(T) < #¥(9) and #1(T") < #(S). That is, monotone fuzzy games are those in
which the cooperation among players is never pernicious. Since the whole paper deals with monotone
games, henceforth we will simply say game instead of monotone game.

For each S C N and ¢ € N, we will write S U ¢ instead of SU {i} and S \ ¢ instead of S\ {i}. For a
pair of fuzzy games (N, w), (N, 0) € FG, the game (NN, Z) is defined by 2(5) = w(S) +0(S) for all S C N.
Further, given S € P(N), the unanimity game with carrier S, (N, ur(S)), is defined by up(S) = 1 if
T C S, and up(S) = 0 otherwise. Notice that (N, up(S)) € FG for every S € P(N).

Given (N,0) € FG, a player i € N is a dummy if 9(SU1) = 0(S) + 9(i) for all S C N \ 4, that is, if
all her marginal contributions are equal to ©(i). A player i € N is called a null player if she is a dummy
and v(i) = 0. Two players i, j € N are symmetric if 9(SUi) = 0(SUj) for all S C N\ {3, j}, that is, if
their marginal contributions to each coalition coincide.

3. Fuzzy Share Functions

In this section we extend the share function introduced by Van der Laan et al. in [18] to a fuzzy
environment. We consider a class of fuzzy share functions for n-person, the basic concept of fuzzy share
functions is that it assigns to each player his fuzzy share in the payoff o(N) of the grand coalition N,
i.e., a fuzzy share function on a class FC of games is a function p : FC — R™ giving player i the share
pi(?) in the value 9(N), where FC is the subset of FG that is FC C FG. So, for any game 0, a fuzzy
share function p gives a fuzzy payoff p;(0)0(N) to player i,i = 1,2,...,n. Observe that we do not require
a priori that the share is nonnegative, although for monotone games this seems to be reasonable. We
return to this point at the end of this section. Of course the total payoff equals o(N) if and only if
Yoy pi(0) = 1. Therefore, for a share function p on FC, we redefine the axiom of efficiency as follows.

AXIOM 3.1. For any & € FC, S.", pi(0) = 1.

Now, let i : FC — R be a fuzzy valued function on the class FC of games. Then we have the following
definition.

Definition 3.1.

(1) A fuzzy valued function fi : FC — R is called additive on the class FC of fuzzy games if for
any pair W, on the class FC such that @ + @ € FC, it holds that i¥(w + o) = pk(w) + a%(9),
(0 + 0) = (W) + 5 (0).

(2) A fuzzy valued function i : FC — R is called linear on the class FC of fuzzy games if it is additive
and if for any ¢ on FC it holds that fi(av) = afi(?).

(3) A fuzzy valued function i : FC — R is called positive on the class FC of fuzzy games if i(0) > 0
for all v € FC.

For instance the function fi defined by fi(?) = >,y 0(T') is additive function. For a given function
i1, we generalize the axioms of additivity and linearity to the concepts of fi-additivity and ji-linearity of
a share function p on a class FC.

AXIOM 3.2.(g-additivity) Let i : FC — R be given. Then for any pair @ and ¢ of games in FC such

that @ + © € FC it holds that fiy(ih + 8)px( + ) = [i(@)p(@)]x + [i(7)5(5)]x-

AXIOM 3.3.(ji-linearity) Let fi : FC — R be given. Then for any pair @ and ¥ of games in FC such
that fiy(aw + b0)px(aw + b0) = a[fu(w)p(w)]x + b[2(0)p(0)]x for any pair of real numbers a and b such
that aw + bv € FC.
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Definition 3.2[7]. Let I : ® — R, this function is defined by
1
T(m) = folxm(a:)dx'
Jo m(z)dx

I(m) denotes the center of gravity of m .
If m = (a1, az,a3) be a triangular fuzzy number, the center of gravity of m is defined by

B fol zm(z)dr  ay +az + a3
fol m(z)dz 3 .

It(m)

Since the center of gravity could approximately denote the value of fuzzy number, so we use the center
of gravity I(0) to denote the value 0(N).

We are now able to define a class of fuzzy share functions. Therefore, let FG be the collection of all
subclasses of games such that for any subclass FC € FG holds that aur € FC for any T' C N and any
real number o > 0, i.e., FG is the collection of all subclasses containing all positively scaled unanimity
games. As is known, see [10, 11, 21], every 0 € FG can be expressed as 9(S) = > pc p().1zp r(S)er(0)
with the so-called dividends ¢ (). So, any game ¥ € FG can be written as the sum of scaled unanimity
games with the dividend cr(0) as the scale of up, T'C N. In [21] we know that

5(S)= Y urSer@®= >  up(Ser@) - > ur(S)(—ér())
TeP(I):T4 TeP(I):T#0 TeP(I):T4
er(5)>0 er(3)<0

where &7 () = Sup{\ € [0,1]|z € &1(d)}, (D) = [er(vL), er(5F)] and
er(@) = Y (=DITE0GL(s), er@f) = Y (~)T05(s).
TCN TCN
Especially, for any S € P(N), we let [5§(S),5(S)] = cl{x € R|5(S)(z) > 0}, where ¢l denotes the
closure of sets, and let
er(@g) = Y (~DIT55(S), er(@f) = D (-5 (),
TCN TCN
for T'e P(N) \ 0.
Proposition 3.1[21]. Let v € Gy (I) satisfy the following three conditions:
(i) er(wl) > er(vl), v € (0,1], VT € P(I);
(ii) er(vf) <0 or ep(vl) >0, VT € P(I);
(iii) [CT(vé),CT(U;})] C [er(wE), er(wl)], VT € P(I), VA, B € (0,1], A < 8.
Then the Hukuhara-Shapley function is the unique Shapley value for game v.

Theorem 3.1. For some subclass of games FC € FG, let ji : FC — R be a positive fuzzy value function
on FC. Then on the subclass FC there exists a unique fuzzy share function g : FC — R" satisfying the
axioms of efficient shares, null player property, symmetry and p-additivity if and only if & is additive on
FC.

Proof. Firstly, we suppose p satisfies efficiency and ji-additivity. From the ji-additivity it follows that

(i + ) > pi( + D)
-1
fx(@ + 0)[(pr(D + T)x + ... + (pp (0 + )]
= (@ +0)[p1(D 4 )|\ + ... 4 fir (D + D) [pn (D + D)]x
= [aA(@)(p1(@0))x + fix (@) (p1(D)A] + - .. + [ (D) (n (W) x + fx (D) (pn(D))A]
Px(@)[(p1 (W) + -+« 4 (pn(@))A] + 2x (D) [(p1(D))x + - - + (Pn(D))A]
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and for any w,? € FC such that w+ 0 € FC. Efficiency then implies that ji(w+v) = f(w) + fi(v). Hence
i must be additive.

Secondly, we assume that f is additive. We shall show that there can be at most one share function
p: FC — R" satisfying the four axioms. Therefore, let p: FC — R" be a function satisfying the axioms.
Recall that any positively scaled unanimity game belongs to the subclass FC. For a unanimity game ur,
we have that two players ¢ and j are symmetric if they are both in 7', whereas a player not in 7 is a null
player. Hence from the symmetry, null player property and efficient shares axioms it follows that for any
positively scaled unanimity game aur, a > 0, it holds that
whenieT, (3.1)

ﬁi(auT) = m»

pi(aur) =0, wheni¢T, (3.2)

Now, with ép(0) the dividends of the game v, we can rewrite é7(0) as the difference of two sums of
positively scaled unanimity games by

WSy = Y. urS)er@® =Y ur(S)er@ - Y ur(S)(—ér(@).
TeP(I):T#0) TeP(I):T#0 TeP(I):T#0)
ér(9)20 er(9)<0
Since v is a positive function on FC and FC contains ¢ and all positively scaled unanimity games, it
follows by applying the axiom of @-additivity repeatedly that p(v) is uniquely defined by

FO)A) = Xy oym0 Er (®)ur) pEr (B)ur) — Yo <0 il—er (B)ur) f(—er (0)ur). (3.3)
It only need to prove that p indeed satisfies the axioms.
First, because of the additivity of fi it holds that

(0) = Sy 20 HEr (D)) = Sy oy H—Cr@ur). (34
Hence it follows from equation (3.1), (3.2), (3.3) and (3.4) that > ", ;(¢) = 1 and therefore the axiom
of efficient shares is satisfied. Second, observe that a null player in ¢ is a null player in any up with
nonzero dividend ¢7(v). Hence, by Equations (3.1) and (3.3) and the positiveness of ¢ it follows that p
satisfies the null player property. Third, if ¢ and j are two symmetric players in o, then ér(v); = ér(9);,
whereas for each other 7" C N with nonzero weight ¢7(?), ¢ and j are either both in 7" or both not in 7.
Hence by Equations (3.1), (3.2) and (3.3) and the positiveness of fi it follows that p satisfies the symmetry
property. Finally, for any two games 9, w € FC we have that o+ = Y ;. (¢r(?) +ér(w))ur. Together
with Equation (3.3) and the additivity of @ this implies that (0 + w)p(0 + @) = 4(0)p(0) + w(w)p(w)
and hence p is pi-additive.

Theorem 3.2. For given positive numbers wy, t = 1,...,n, let the function i* be defined by
[(0) = X ien Z{Th’eT} wpmly = D ieN Z{T|ieT} we[0(T' Vi) —g o(T)] = I(9),

where t = |T'|. Then the share function p* defined by

3 (5) = Y rjiery Wiy Yqrery wil0(TU0) —p 9(T))]
P = 1(%) - 1(9)

is the unique share function satisfying the axioms of efficient shares, null player property, symmetry and

i“-additive on the subclass FC of FG on which ¥ is positive.

L ieN, (3.5)

Proof. By definition of ji“, all positively scaled unanimity games aqur are * positively and hence
FC € FG. Moreover, i is additive. Hence, it follows from Theorem 3.1 that there exists a unique share
function that satisfies the four axioms with respect to i on the class FC of fi“-positive games.

It remains to show that p“ indeed satisfies the four axioms. First, by definition we have that p*
satisfies the efficient shares axiom. Second, since mZT(T;) = 0 for all T" C N if 7 is a null player, the

null player property is satisfied. Third, if i and j are symmetric we have that m’.(7) = mg_p(ﬁ) for all
T C N containing both ¢ and j, mgﬂu{i} (0) = mzru{j}@) for all T C N such that both i,5 ¢ T and
mi(?) = m%u{j}\{i}(f;) for all T C N such that ¢ € T and j ¢ T'. Since the weights w; only depend on ¢
this implies that the symmetry axiom holds. Finally, observe that
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i9(0)p¢ (0) = X gppery wemp(0), i=1,...,n.

Since for all i and T it holds that m’.(a® + b)) = am’.(?) + bmi (), it follows that p¥ is ji%-linear
and hence also 1*“-additive.

Using the same method in [21], we could get the following Lemma 3.1.
Lemma 3.1[21]. Let S € P(N) and i € S. Then we have

[p(0)(S)Ix = p(2)a(S5), VA € (0,1],
where the function is defined by Eq.(3.5).

4. Fuzzy Share Functions: Examples

In this section, we will introduce fuzzy Shapley share functions and fuzzy Banzhaf share functions,
furthermore, an applicable example is given.

Definition 4.1[21]. The Shapley value, assigns to any game (N,v) € G a vector in R” defined as

67 (0) = Xsca
Definition 4.2[21]. The Banzhaf value, assigns to any game (N, v) € G a vector in R" defined as

GE D) = Ssexy g [0S Vi) —w 1(S)], i € N. (42)

Definition 4.3[2].
(i) Given a game (N,v) € G, the Shapley share function, p°, assigns to any game (N,v) € G a vector in

S
R" defined as p? (N, v) = (Z)’(](\;))), i € N, if v # vg, and pf(N,v) = ieN.
v
(ii) Given a game (N,v) € G, the Banzhaf share function, p?, assigns to any game (N,v) € G a vector

B
in R" defined as pP(N,v) = @7@;, i € N, if v # vg, and pP(N,v) = ieN.
2jen 95 (V)

Definition 4.4 Given a game (N,v) € FG, the fuzzy Shapley share function, 5°, assigns to any game

(N,v) € FG a vector in R" defined as ﬁf(N,v):% € N, if v # vg, and pF(N,v) = ‘N| i€ N.

Definition 4.5 Given a game (N,v) € FG, the fuzzy Banzhaf share function, 7, assigns to any game

. n ~B :(;ZB(Nﬂ}) . . ~B _ 1
(N,v) € FG a vector in R" defined as p;’ (N, v) ) ;i€ N, if v # v, and p;° (N, v) ‘N|,ZEN.

In Theorem 3.1 the class FC is restricted by the condition that the function i must satisfy fi(0) > 0
for all v € FC. So, the restrictions on the class FC depend on the way in which i is specified. For
instance, if fi(0) = 0(/N) we have to exclude games with o(N) < 0. In the remaining of this paper, let
FG; denote the class of fi-positive games, i.e.

FGj = {v € FGlju(v) > 0}.

For a positive constant o > 0 and a function £ it holds that FG; = FG,;. Moreover, for an additive
function i we have that the class FG; is additive, i.e., the game v + @ is fi-additive if both v,w are
[-positive.

As shown in Theorem 4.1, 5° is defined on the class FG; with ji(?) = ~(N ) > 0. Clearly on this class
we have the Shapley value d)S () of player i is equal to his Shapley share p () times the value (N) of
grand coalition.

Theorem4.1. Let the function i be defined by i = %(N) = I(¥) and let FC C FGps be a subclass

of games in FG. Then the fuzzy Shapley share function §° is the unique fuzzy share function satisfying
the axioms of efficient shares, null player property, symmetry and @°-linearity on the class FC.

Proof. For T C N with T =t, take wy = W Then, we have that “ as defined in Theorem 3.2 is
given by

= Y ien Y riery wimin(8) = 8(N) = i5(5) = I(6).

sl(n—s—

Dl ,
n! [0(SUi) =g o(S)], i € N. (4.1)

\NI

IN\
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Further, the share function g% is given by
tl(n—t—1)!

ey wemip (0 iery — i mp(0 H O] o
P9 (5) = Z{Theﬁﬁ) 7(0) _ > {Tlier} = 7(0) _ qﬁ;(g})) — pS(),i € N.

Since all positively scaled unanimity games belong to FC and fi° is linear, it follows from Theorem
3.1 that ¥ = p° is the unique share function on FC that satisfies the axioms. [J

Since FG s C FG, Theorem 4.1 holds on the class FG s and the restriction to the class of ;ZS -positive
games only requires that the value of the grand coalition is positive. Therefore the class of essential zero
normalized games is a subset of ji%-positive games, so that Theorem 4.1 also holds on this class of games.
Theorem4.2. Let the function i be defined by (%) = I(?) and let FC C FGps be a subclass of

games in FG. Then the fuzzy Banzhaf share function p” is the unique share function satisfying the
axioms of efficient shares, null player property, symmetry and ji®-linearity on the class FC.
Proof. The function i“ as defined in Theorem 3.2 is given by

19(0) = Yien qriiery wemip(v) = 4P (0) = 1(9).

Further, the share function p“ as defined in Theorem 3.2 is given by
B Z{T|i€T} wym’p(D) - Z{T\ieT} #m%(ﬁ)
1(0) 1(v)

Since all positively scaled unanimity games belong to FC and ji? is linear, it follows from Theorem
3.1 that p* = pP is the unique share function on FC that satisfies the axioms. O

7% () = pP(0), i € N.

Example 4.1. Consider a joint production model in which three decision makers pool three resources
to make seven finished products. Three decision makers, named 1,2 and 3, possess three different initial
resources. Decision maker ¢ has 10 tons of resource R; and can produce n; tons of Product P;; ,7 = 1,2, 3.
Now, decision makers decide to undertake a joint project: if decision makers i and j cooperate, they will
produce n;; tons of product F;;, and if all three cooperate, n123 tons of product Pi23 can be produced.
The effective output of each finished product is shown in Table 1.

It is natural for the three decision makers to try to evaluate the revenue of the joint project in the
early period of the project in order to decide whether the project can be realized or not. However, the
average profit per ton of each product is dependent on a number of factors such as product market price,
product cost, consumer demand, the relation of commodity supply and demand, etc. Hence, the average
profit of each product is an approximate evaluation, which is represented by triangular fuzzy numbers as
shown in Table 1.

Table 1. The effective output and the average profit of each finished product

Product Output of product(tons) Average Profit(thousands of dollars)
Pip 8.0 (1.8,2.0,2.2)
P 18.0 (2.9,3.1,3.3)
Pis3 17.5 (2.0,2.3,2.6)
Pay 9.0 (2.9,3.0,3.1)
Py 18.0 (3.0,3.2,3.4)
Py 10.0 (0.9,1.0,1.2)
Pros 98.0 (3.2,3.5,3.8)

Now,we can make an imprecise assessment of the worth of each crisp coalition (i.e.,the fuzzy worth
of each crisp coalition) as follows:

5({1}) = 8.0-(1.8,2.0,2.2) = (14.4,16.0,17.6),

5({2}) = 9.0+ (2.9,3.0,3.1) = (26.1,27.0, 27.9),

5({3}) = 10.0- (0.9,1.0,1.2) = (9.0,10.0, 12.0),
({1,2}) = 18.0- (2.9,3.1,3.3) = (52.2,55.8,59.4),
({1,3}) = 17.5- (2.0,2.3,2.6) = (35.0,40.25,45.5),

v
v
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0({2,3}) = 18.0-(3.0,3.2,3.4) = (54.0,57.6,61.2),

0({1,2,3}) =28.0-(3.2,3.5,3.8) = (89.6,98.0,106.4),
Fuzzy share Shapley function:

We can employ the proposed Hukuhara - Shapley function in Eq.(4.1) to estimate each decision
maker’s share in crisp coalition 7" C {1, 2, 3}.

For example,decision maker 1 in the grand coalition {1,2,3} has the profit share p1(?)({1,2,3}),

¢7(0)({1,2,3}) = 50({1}) + glo({1,2}) —m 0({21)] + §[0({1,3}) —m 9({3})]

+3[0({1,2,3}) —u 9({2,3})]

$(14.4,16.0,17.6) + £(26.1,28.8,31.5) + £(26.0, 30.25, 33.5)
+ 1(35.6,40.4,45.2)
= (25.35,28.64, 31.77).
89.6 +98.0 + 106.4

o(N)=1(v) = 3 98
55(3)({1,2,3)) = ¢f(ﬁ)%;2’3}) _ (25'35’289‘864’31‘77) — (0.2587,0.2022,0.3242)

Using a similar method, the fuzzy share Shapley value for this game can be obtained as shown in
Table 2.

Table 2. The fuzzy share Shapley values of game with fuzzy characteristic function

Coalition Decision maker 1 Decision maker 2 Decision maker 3
{1} (0.1469,0.1633,0.1796) 0 0
{2} 0 (0.2663,0.2755,0.2847) 0
{3} 0 0 (0.0918,0.1020,0.1224)
{1,2} (0.2066,0.2286,0.2505)  (0.3260,0.3408,0.3556) 0
{1,3} (0.2061,0.2360,0.2607) 0 (0.1510,0.1747,0.2036)
{2,3} 0 (0.3628,0.3806,0.3934)  (0.1882,0.2071,0.2311)
{1,2,3} (0.2587,0.2922,0.3242)  (0.4153,0.4369,0.4568) (0.2403,0.2708,0.3047)

By judging the allocations in Table 2, decision makers can conclude whether the joint project can
be realized or not. To do so, decision makers can investigate the problem by varying parameter A,
which is the degree of all the membership functions of the fuzzy numbers involved in the game, from
0.0 to 1.0. For example, consider the case of A = 0.7. The expected worth of all the resources is the
interval 097({1,2,3}) = [0.9743,1.0257], which is allocated among three decision makers. By Eq.(3.4),
we estimate the interval Shapley function for each decision maker, i.e.,

pi(0.7)({1,2,3}) = pi(v)({1, 2,3} o7, i =1,2,3.
Therefore, p1(00.7)({1,2,3}) = [0.2822,0.3018],
p2(00.7)({1,2,3}) = [0.4304, 0.4429],
p3(00.7)({1,2,3}) = [0.2617,0.2810].
In other words, the expected worth is interval [0.9743,1.0257], which is allocated among three de-

cision makers, i.e., [0.2822,0.3018] for decision makers 1, [0.4304,0.4429] for decision makers 2, and

[0.2617,0.2810] for decision makers 3.
Fuzzy share Banzhaf function:
From definition 4.2, we could know that

oP(0)({1,2,3}) = 10({1}) + 1 [0({1,2}) —m 0({2})] + §[0({1,3}) —r 5({3})]
+110({1,2,3}) —m 9({2,3})]
= 1(14.4,16.0,17.6) + 1(26.1,28.8,31.5) + 1(26.0, 30.25, 33.5)
+ 1(35.6,40.4,45.2)
= (25.525, 28.8625, 31.95).

Using the same way, we could get
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o8 (9)({1,2,3}) = (40.875,43.0375,44.95), ¢&(5)({1,2,3}) = (23.725,26.7625, 30.05).
so i (%) = (90.125,98.6625, 106.95),
~90.125 4 98.6625 + 106.95

AP) =1(0) = 3 = 98.5792,
B(5 . | |
B (5)({1,2,3)) = 210 )1;252’3}) _ (%5 525,928§587(59225,31 95)

= (0.2589,0.2928,0.3241).

Using a similar method, the fuzzy share Shapley value for this game can be obtained as shown in
Table 3.

Table 3. The fuzzy share Banzhaf values of game with cooperative fuzzy game

Coalition Decision maker 1 Decision maker 2 Decision maker 3
{1} (0.1461,0.1623,0.1785) 0 0
{2} 0 (0.2648,0.2739,0.2830) 0
{3} 0 0 (0.0913,0.1014,0.1217)
{1,2} (0.2054,0.2272,0.2490)  (0.3241,0.3388,0.3535) 0
{1,3} (0.2049,0.2346,0.2592) 0 (0.1501,0.1737,0.2024)
{2,3} 0 (0.3606,0.3784,0.3911)  (0.1872,0.2059,0.2298)
{1,2,3} (0.2589,0.2928,0.3241)  (0.4146,0.4366,0.4560) (0.2407,0.2715,0.3048)

We also consider the case of A = 0.7. The expected worth of all the resources is the interval
00.7({1,2,3}) = [0.9749,1.0261], which is allocated among three decision makers. By Eq.(4.2), we es-
timate the interval Shapley function for each decision maker, i.e.,

pi(0.7)({1,2,3}) = pi(v)({1, 2,3} o7, i =1,2,3.
Therefore, j1 (70.7)({1,2,3}) = [0.2826,0.3022],

pa(50.7)({1,2,3}) = [0.4300, 0.4424],

5s(50.7)({1,2,3)) = [0.2622,0.2815).

In other words, the expected worth is interval[0.9749,1.0261], which is allocated among three de-
cision makers, i.e., [0.2826,0.3022] for decision makers 1, [0.4300,0.4424] for decision makers 2, and
[0.2622,0.2815] for decision makers 3, and it satisfies efficiency.

5. Conclusion

Game theoretic approaches to cooperative situations in fuzzy environments have given rise to several
kinds of fuzzy games. We mention here only the games with fuzzy characteristic functions. In this paper,
we have extended the share function introduced by Van der Laan et al. in [18] to a fuzzy environment,
we generalize the axiom of additivity by introducing a positive fuzzy valued function [ on the class
of cooperative fuzzy games in fuzzy characteristic function form. The so-called axiom of f-additivity
generalizes the classical axiom of additivity by putting the weight fi(7) on the value of the game . We
show that any additive function i determines a unique fuzzy share function satisfying the axioms of
efficient shares, null player property, symmetry and ji-additivity on the subclass of games on which g
is positive and which contains all positively scaled unanimity games. Then we introduce fuzzy Shapley
share functions and fuzzy Banzhaf share functions, and at last, we give an applicable example for the
cooperative fuzzy games with fuzzy characteristic functions.
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