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Abstract

In this manuscript, we will use the new modified version of the Runge-
Kutta method suitable for solving fuzzy two coupled systems of Nonlinear
Ordinary Differential Equations (ODE). With the aid of a numerical exam-
ple, we will demonstrate the accuracy of the RK — 4 coupled method for solv-
ing these two coupled differential equations. To find the analytical solutions
we use Laplace Adomian Decomposition Method since it is a semianalytical
method used well in many existing studies on dynamical systems. In order
to tell the accuracy, we use the error analysis technique. With the help of
numerical simulations, we are able to show at what point of ¢, both z(t) and
y(t) will interact in order to support the theory.

Keywords: New theory of Numerical methods; Analytical Solution; Laplace Ado-
mian Decomposition method; Runge-Kutta method; Two Coupled Differential Equa-
tions.

1 Introduction

The equivalence relations to a set of the non-crisp data set called fuzzy sets or fuzzy
data set obtained by partisioning the existing relation that will not fail to satisfy
the oprations satisfied by the crisp data set. The subsequent of differentiation as
well as integration of fuzzy defined equations, and the ever existing theorems on
existence and with it the uniqueness of FDE solutions in those space of quotients of
fuzzy numbers are presented by various existing studies. The unique solution to the
FDE’s IVP will be well established if fuzzy normed f satisfies Lipschitz condition.

Many recent studies also developed the fuzzy methods and they have been im-
plemented in so many grounds, such as optimization of multi-objective problems
with various decision criteria. The development of mathematics has reached a very
high level and is still available today.

The need of RK-4 method was very first arisen at the time of Euler methods
to solve ODE numerically. Since it was clearly found very first time by the mathe-
maticians Runge-Kutta, that the convergence of Euler method is only about O(h?)
and error existence affects the coincidense of approximate solutions obtained by
Euler with that of Exact solutions. O(h?) is not a good approximation order. So
RK-4 methood was developed and found with O(h*) which provides the confidence
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of least error and better approximation that coincdes to atleast four decimal places
i.e., O(h*) for solving linear ode. It also helped the researchers to get the bet-
ter approximate solutions to that of few non-linear problems like non-linear hybrid
differential equations. But for two coupled system of differential equations there
are still a research going on many fields like mathematical modelling in poplation
dynamics, epidemiology etc.,

There are few noticable works are done on nonlinear epidemic modells and RK-
4 methods have also been used but it is also to be mentioned that those modells
are not completely three coupled differential equations. After this modell has been
developed and if got published we hope strongely that it could be applied to get
the solutions of three ccoupled or four coupled DE on the epidemic modells epi-
demic models. Also, The entire manuscript is brought up by the motivation of well
established researches and some of the notable works are Allen, [1] gave his way
of introduction mathematical biology. Abbasbandy extended a numerical method
called Newtons method to deal with the nonlinear system of equations using modi-
fied Adomian Decomposition Method (ADM) in [2]. In [3] Bukley et al., researched
on fuzzy differential equations (FDEs). Kermack et al., [4] mathematically ana-
lyzed theory of epidemics. Makinde et al., [5] applied ADM to a SIR epidemic
model with uniform vaccination therapy. Farman [10] presented solution of SEIR
epidemic model of meseales with non- integer time fractional derivatives by using
LADM. Ongun [11], applied the LADM for solving a model for HIV infection of
CDATT cells. Palese [12] analysed Variation of Influenza A, B, and C. Saberiad
[15] applied of Homotopy Perturbation Method for solving Hybrid Fuzzy Differ-
ential Equations. Pederson et al., [19] numerically solved hybrid fuzzy differential
equation IVPs by a characterisation theorem. [20] Kandel et al., studied Fuzzy dy-
namical systems and nature of their solutions. In [21], [22], Lakshmikantham et al.,
Impulsive hybrid systems and stability theory, Theory of fuzzy differential equations
and inclusions. In [23] Seikkala, On the fuzzy initial value problem. [24] Sepah-
vandzadeh et al., applied Variational Iteration method (VIM) for solving Hybrid
Fuzzy Differential Equations. Also there are many researchers who are working
on different types fuzzy differential equations in his research on hybrid systems,
delay systems, epidemic models etc., in [13, 14], [16],[17, 18], [6, 7], [8, 9]. The
manuscript consists of preliminaries in 2, fuzzy-two-coupled non-linear differential
equations in 3, Analytical Solution, Semi Analytical Solution in 4, modified Fuzzy
RK-4 Algorithm in 5, and finally conclusion in 6

2 Preliminaries

Let E' represents the set of functions q : Z — [0, 1] such that

Ay — 3, if ye (0.75,1],
q(y) = —2y + 3, if ye(1,1.5), (2.1)
0, if y¢ (0.75,1.5).

The r-level set of ¢ in (2.1) can be wriiten as
[¢;r] =[0.75 + 0.25r, 1.5 — 0.5r]. (2.2)

We define 0 € E' as 0(y) = 1 if y = 0 and 0(y) = 0 if y # 0 for future reference.
From [23] of y : I — E* where I C % is an interval. If §(t) = [y(¢;7),7(t;r)] for

all t € I and r € [0,1], then §'(t) = [/ (t;7), ¥ (t;7)], if ¥/ (t;7) € EL.

Following IVP, B

y'(t) = g(t,y(t)), y(0) = yo, (2.3)
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where g : [0,00) X #Z — Z is continuous. We would like to interpret (2.3) us-
ing the Seikkala’s derivative and yo € E'. Let §o = [y(0;7),5(0;7)] and g(t) =
[y(t;r), y(t; 7))

2.1 Definitions and Basic Results

This secion consits of important results considered from [25, 23, 3, 26] “Let G (Z2")
represents the house of complete nonempty, compacted, convex collection of subsets
of Z" . Sum and product in Gi(#Z") are existing as usual. Let y be a point in Z"
and B be a non-empty sub set of #" . The distance D(y, B) from y to B is defined
by

D(y, B) = inf {lly — bll}

Let M and N be two nonempty bounded subsets of #" . The Housdorff separation
of M from N is defined by

Dy (M, N) = sgﬂg{d(uw)},

The Housdorff separation of N from M is defined by

Dy (N, M) = S‘g}i{d(”’“)}’

The distance of separation between M and N as understood by the Housdorff sense

Dy(M,N) = max{ sup inf [[m —n|, sup inf |m — n||},
meM nEN neM meM

where || - || is the traditional Euclidean norm ||.|| in #". Then it is clear that

(Fp(#£"™), D) becomes a complete metric space.

A fuzzy subset of #Z™ is explained in terms of a membership arguments which
coins to each point z € %", a grade of membership in the fuzzy set. Such a
membership function ¢ : Z" — I € [0,1] is used to denote the corresponding fuzzy
set.

To every r € (0, 1], the r- level set [¢]" of a fuzzy set u is the subset of values
y € Z" with memberships q(y) of r powers, that is [¢q]" = {y € Z" : q(y) > r}.
The support [g]° of a fuzzy set is then defined as the closure of the union of all its
level sets, that is, [¢]° = |J [g]”. An inclusion result arrives spontaneously from

re(0,1]
the above definitions.
Result 1
To every 0 <7y <ry <1, [¢]™ C [g]™ C [q]°,

Universally, some level sets usually be null in a ordinary fuzzy set. Particularly,
the triviality arise when ¢(y) = 0 for all y € Z", though the support is null: ¢ is
null fuzzy set in this sense. Here we shall pay focus only to the normal fuzzy sets
which satisfy.

In view of Result 1. we have

Result 2

[q]" is a compact subset of Z" for all r € I.

Result 3

“If w is fuzzy convex, then [g]" is convex for each r € I.

Let I = [0,1] € R be as compact interval and let E™ denote the set of all
q: %" — I such that q satisfies the following conditions.

(i) ¢ is normal, that is, there exist an gy € Z" such that gy = 1,
(ii) ¢ is fuzzy convex,
(iii) ¢ is upper semicontinuous,
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(iv) [¢]° = closure of {g € Z" : q(z) > 0} is compact.

Then, from (1) — (4), it follows that the r-level set [¢]" € P(%2") for all 0 < r < 1.
If g: Z" x %" — %" is a function, then using Zadeh’s extension principle we can
extend g to E™ x E™ — E™ by the equation"

9(q1,q2)(z) = sup min{qi(x),q2(y)} (2.4)

z2=g(z,y)

It is well known that[g(q1, ¢2)]" = 9([¢1]", [g2]"), for all g1,¢2 € E™, 0 < r <1, and
continuous function g. Further we have

47 +a3] = (@] + ], (2.5)
[kq” = k[q]", (2.6)

where k € #. The real numbers can be embedded in E™ by the rule ¢ — &(¢)”,
where,

é(t):{ 1 for t=c,

0 elsewhere.

3 Fuzzy-Two-Coupled Non-linear Differential Equa-
tions

For preliminary definitins of fuzzy differential equations authors are encouraged to
go through [25, 26], [18], etc., Two Coupled differential Equations have wide range
of applications in any mathematicall modell of physical phenomena in epidemiology,
ecology,etc., By the application of fuzzy it is used to eliminate the randomness and
vagueness that arises in any dynamics of the system.

(3.1)

where c1, co are numeric constants such that they are not equal to zero and also
€1 # ¢o. By using the concept fuzzy, the equation (3.1) becomes,

#(t) = arz(t)y(t), to <t <ty
(1) = c2z()y(t), to <t < tn
Z(to) = o, (3.2)
g(to) = yo
Such that z(t) = [z(¢;7),Z(¢t;7)]. In the same way for §(¢) Z'(t) ' (t) and also for

To, §(0)

4 Analytical Solution, Semi Analytical Solution
The analytical Solution of the system (3.2) is given by

) = Foecr i uls)ds

) = foerfiee)ds (4.1)

In order to obtain the semi analytical solution we are here by making use of well
known Laplace Adomian Decomposition method (LADM). We prefer this method
to compare the solutions of nonlinear coupled differential equations. The method
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is already defined and described in somany papers previously whereas the RK-4
algorith or method for nonlinear coupled differential equations is not defined clearly
yet but found traces of the authors try over it in the literature. The method is taken
since we are unable to process the analytical solutions even though its structure is
expalined above.

4.1 Fuzzy Laplace Adomian Decomposition Method

X(k+1) = L7 Yei/s x L(Ag)) (4.2)
Y(k+1) = L '(ca/s? x L(Ar)) ’
Where (Ay) is an Adomian polynomial defined by Ay = %%’;(Z;czo AL Ay [a=o
ie.,
Ao = Zoyo

Ay = moy1 + 1190

Ag = xoy2 + x1y1 + T2y and so on.
#(t) = o (k)

y(t) = > 5—o(y(k))

5 Modified Fuzzy RK-4 Algorithm:

We are at present sharing the new algorithm for novel RK-4 method for solving
nonlinear coupled differential equations. In this section we are using the fourth order
Runge-Kutta method (RK-4). We are finding the values of Z(t),5(¢t), at h = 0.1 for
the best approximation. For 0 < r < 1.

To evaluate x(t), and y(t):

Consider,
t+1) = (&(t)+ (1/6(A1 + 245 + 245 + Ky))) (5.1)
gt+1) = (§(t) + (1/6(L1 + 2B2 + 2Bs + By))) '
To estimate (5.1), consider the following.
Ay hoxex((2(t))((t))
Bi = hxe((2))(4(t)) i
Ay = hxa(zt)+(A1/2)(51) + (B1/2))
By = hxeca(2(t) + (A1/2))(9(t) + (B1/2)) (5.2)
As = hxe(2(t) + (A2/2))(9(t) + (B2/2)) '
By = hxcy(2(t) + (A2/2))(5(t) + (B2/2))
Ay = hxe(E(t) 4 (43)(3(t) + (Bs))
By = hxcy(2(t) + (A3))(4(t) + (Bs))
F~or1§~p§4and0§r§17
Ay = Ayltir) = [A, () A (1),
BP = Bp(t; T) - [Ep(t; ’I“), Bp(tv T)]?
For0<t<n,n=123,...,,
and for g = =0,1,2,3,

485 K. Chellapriya 481-489



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC

Table 1: Approximate solution by RK-4 for non-fuzzy case

¢ LADM-4 RK-4 Error
X0 [ y® | X0 | 30 | x0 [ 0
0 ) 3 ) 3 0 0
0.1 ] 4.991 3.0045 5.006 | 2.99325 | 0.015 | 0.01125
0.2 | 4.98201 | 3.009 | 4.99701 | 2.99775 | 0.015 | 0.01125
0.3 | 4.97301 | 3.01349 | 4.98802 | 3.00224 | 0.01501 | 0.01125
0.4 | 4.96402 | 3.01799 | 4.97904 | 3.00673 | 0.01502 | 0.01126
0.5 | 4.95503 | 3.02248 | 4.97006 | 3.01122 | 0.01503 | 0.01126
0.6 | 4.94605 | 3.02697 | 4.96108 | 3.01571 | 0.01503 | 0.01126
0.7 | 4.93707 | 3.03147 | 4.9521 3.0202 | 0.01503 | 0.01127
0.8 | 4.92809 | 3.03595 | 4.94313 | 3.02469 | 0.01504 | 0.01126
0.9 | 4.91912 | 3.04044 | 4.93416 | 3.02917 | 0.01504 | 0.01127
1.0 | 4.91014 | 3.04493 | 4.92519 | 3.03366 | 0.01505 | 0.01127
Table 2: Approximate solution by RK-4 for fuzzy case
. _ x(tar) _y(tr)
min max min max
0 3.6939 5.625 2.27524 | 3.41286
0.1 | 3.81703 | 5.56917 | 2.35108 | 3.37494
0.2 | 3.94016 | 5.49671 | 2.42692 | 3.33702
0.3 | 4.06329 | 5.42447 | 2.50277 | 3.2991
0.4 | 4.18641 | 5.35246 | 2.57861 | 3.26118
0.5 | 4.30954 | 5.28068 | 2.65445 | 3.22326
0.6 | 4.43267 | 5.20913 | 2.73029 | 3.18534
0.7 | 4.5558 | 5.13781 | 2.80613 | 3.14742
0.8 | 4.67893 | 5.06671 | 2.88197 | 3.1095
0.9 | 4.80206 | 4.99584 | 2.95781 | 3.07158
1 4.92519 | 4.92519 | 3.03366 | 3.03366
5.1 An Example

Let us consider the following problem and compare the results of the method LADM
RKM-4 in both non-fuzzy and as well as fuzzy. In Table 1, we are presenting the
values of x(t), y(t), in non fuzzy by means of LADM-4 and RK-4, and also the
error analysis between them. In table 1, we have presented only the values for

€ [0,1] but one can estimate the values for ¢ € [0,100]. In that way we found
that at ¢ = 15.5, z(t) = 3.66502, y(t) = 3.66749, i.e z(t) ~ y(t), t = 20., there is a
interaction between x(t), and y(t).

~
—~
~+

~

—~

S B &

—~

(=N =)
—_ =0 = &
Il

= —0.006Z(t)j(t), 0
003Z()g(t), 0 <

|
w oo

(5.3)

We calculate error by means of Error = [(LADM —4) — (RK — 4)| Let us present
below the table value of x(t) and y(¢) in terms of fuzzy in Table 2. So that we have
z(t;r) and y(t;7) for t € [0,1] and 7 € [0,1].
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5.2 Numerical Simlations

For non-Fuzzy coupled case of above example:
For Fuzzy coupled case of above example:

x(t).y(t)

L L L L L L L L L L Il L L t
20 40 60 80 100

Figure 1: Non-Fuzzy Nonlinear Two Coupled Differential Systems

By the above figures, Figurel and 2 we are able to understand the travel of

1.0

0.0

0.5
x(®).y(®)

1.0

Figure 2: Fuzzy Nonlinear Two Coupled Differential Systems

solutions in ¢ € 0,100 for non-fuzzy case and for ¢ € [0,1] and r € [0, 1] for fuzzy
case respectively.

6 Conclusion

There are numerous numerical methods that one want to use other than Rung-
Kutta method when it comes to the need to solve the function with non-linear
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ODE especially for coupled differential equaions we are having so many applications
but the methods like Laplace Adomian Decomposition method etc., are used as
presented in earlier section. But now we had presented the new coupled form of
RK-4 algorithm for solving any kind of nonlinear two coupled nonlinear ODE. We
recommend this RK-4 algorithm since its accuracy is of about O(h') or one decimal
place when it is compared with semianalytical method like LADM. The important
aspect is that one can easily see the interaction between z(t) and y(t) in figure
1 which tells us at t = 15.5, x(t) ~ y(t). As a future work, we will present this
approach on completely coupled fuzzy disease modelling problems.
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Abstract

Here we examine the multivariate quantitative approximations of Ba-
nach space valued continuous multivariate functions on a box or RV,
N € N, by the multivariate normalized, quasi-interpolation, Kantorovich
type and quadrature type neural network operators. We research also the
case of approximation by iterated operators of the last four types, that
is multi hidden layer approximations. These approximations are achieved
by establishing multidimensional Jackson type inequalities involving the
multivariate modulus of continuity of the engaged function or its high or-
der Fréchet derivatives. Our multivariate operators are defined by using a
multidimensional density function induced by a parametrized hyperbolic
tangent sigmoid function. The approximations are pointwise, uniform
and L,. The related feed-forward neural networks are with one or multi
hidden layers.
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L, approximations.

1 Introduction

G.A. Anastassiou in [2] and [3], see chapters 2-5, was the first to establish neu-
ral network approximations to continuous functions with rates by very specif-
ically defined neural network operators of Cardaliaguet-Euvrard and ”Squash-
ing” types, by employing the modulus of continuity of the engaged function or
its high order derivative, and producing very tight Jackson type inequalities.
He treats there both the univariate and multivariate cases. The defining these
operators ”bell-shaped” and ”squashing” functions are assumed to be of com-
pact support. Also in [3] he gives the Nth order asymptotic expansion for the
error of weak approximation of these two operators to a special natural class of
smooth functions, see chapters 4-5 there.

Motivations for this work are the article [22] of Z. Chen and F. Cao, and
[4)-[19], [23], [24].

Here we perform a parametrized hyperbolic tangent sigmoid function based
neural network multivariate approximation to continuous functions over boxes or
over the whole RN, N € N, and also iterated, multi layer and L, approximations.
All convergences here are with rates expressed via the multivariate modulus of
continuity of the involved function or its high order Fréchet derivative and given
by very tight multidimensional Jackson type inequalities.

We come up with the "right” precisely defined multivariate normalized,
quasi-interpolation neural network operators related to boxes or RV, as well
as Kantorovich type and quadrature type related operators on RY. Our boxes
are not necessarily symmetric to the origin. In preparation to prove our results
we establish important properties of the basic multivariate density function in-
duced by a parametrized hyperbolic tangent sigmoid function.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this article, are mathematically expressed as

Nn(x):cha(<aj-x>+bj), reR’, seN,
=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental neural
network models, the activation function is based on the hyperbolic tangent
sigmoid function. About neural networks read [25]-[27].
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2 Background

We consider here the generalized hyperbolic tangent function tanh Az, x € R,

A>0: \ \
eAT _ g AT

It is tanh A0 = 0,—1 < tanh Az < 1,V & € R, and tanh A (—z) = — tanh \z.
Furthermore we have tanh A (c0) = 1 and tanh A (—o0) = —1, and tanh Az is
strictly increasing on R, with

d A

—tanh Ao = —— > 0. 2

dz AT o ~ @)

The induced activation function will be

0 (z) = i (tanh A (x +1) —tanh A (z — 1)) > 0,Vz € R, (3)

with 6 (z) =60 (—x).
Clearly 0 () is differentiable and thus it is continuous.

Proposition 1 0 (x) is strictly decrasing on (0,00) and strictly increasing on
(—00,0]. We have that 8 (—o0) = 0 (c0) = 0. So that 0 has the bell shape with
horizontal asymptote the x-axis. The maximum of 0 is

tanh A

0(0) = 22 ()
We mention
Theorem 2 (/20]) It holds
Y O@-i)=1, VzeR (5)
Theorem 3 (/20]) We have that
/ 0(z)dz = 1. (6)

So that 0 is a density function on R.

Theorem 4 (/20]) Let 0 < o < 1, A > 0 and n € N. It holds

o0

Z 0 (nx —k) < ethe=2wn (" (7)

k= —o00
tnx — k| > ntme
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Denote by |-] the integral part of the number and by [-] the ceiling of the
number.

Theorem 5 (/20]) Let « € [a,b] C R and n € N, so that [na] < |nb|. Then

1 4 1 n
Lnb) tanh2)\ 0 (1)
>, O(nx—k)
k=[na]
We make
Remark 6 (/20])
(i) We have that
Lnb]
nl;r{:o k; ] 0 (nx —k) #1, 9)

for at least some x € [a,b].

(ii) Let [a,b] C R. For large n we always have [na] < |nb]. Also a < % <,
iff [na] <k < |nb|.

In general it holds

[nb]
Z 0 (nx—k) <1. (10)
k=[na]
We introduce
N
Z (21, ..,xn) = Z (x) := H0 (z;), == (x1,...,x5) ERNY, NeN. (11)
i=1

It has the properties:
(i) Z(x) >0, VzeRY,
(i)

Yo Z@-ky= > Y . > Z@—ky..ay—ky)=1, (12)
k=—o0 ki1=—00 ko=—00 kn=—o0
where k := (k1,....,k,) € ZN, ¥V 2 € RV,
hence

(iii)

o0

Z Z(nzx —k) =1, (13)

k=—o00

VzeRN:neN,
and
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(iv)
/ Z (x)dr =1, (14)
RN
that is Z is a multivariate density function.
Here denote ||z||_ := max {|z1], ..., |zn|}, 2 € RV, also set 0o := (00, ..., 0),
—00 := (—00, ..., —00) upon the multivariate context, and

[na] := ([na1], ..., [nan]),
(15)
[nb| := (|nb1], ..., |Inbn]),

where a := (ay, ...,an), b := (b1, ...,bn) .
We obviously see that

[nb] [nb] N
Z Z (nx — k) = Z <H0(nml —ki)> =

k=[na] k=[na] \i=1

|nby | [nbn ) N N [nb;]
i=1

ki=[na1] kn=[nan] i=1 \k;=[na;]
For 0 < < 1and n €N, a fixed 2 € RV, we have that

[nb]

Z Z (nx — k) =

k=[na]
[nb] [nb)]
Z Z (nz — k) + Z Z (nx —k). (17)
k = [na] = [na
15 - el < 75 15 - 2lle > 55

In the last two sums the counting is over disjoint vector sets of k’s, because the
condition || £ — z|| . > - implies that there exists at least one B2 — g, | > 5,
where r € {1,..., N}.

(v) As in, Theorem 4 we derive that

Lnt] (7 (1-8)
> Z(nx—k) <ePe 7 0<pB<1, A>0.  (18)
{ k = [na]
1% ==l > 77

withneN:n' % >2 x¢ Hf\;l [a;, b;] .
(vi) By Theorem 5 we get that

1 4 \"
1
U< Z,Erin 14 (nz — k) = (tanhZ/\) ’ ()

494 George A. Anastassiou 490-519



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC

A>0,Vae (ITY, o bi]), neN,
It is also clear that
(vii)
Z Z (nx—k) < erem 2 (20)

e

15 =2l > 75

A>0,0<pf<1,neN:n"8>2 2RV,
Furthermore it holds

[nb]
nh_}rrgo k; ] Z (nx — k) # 1, (21)

for at least some z € (Hf\il [a;, bz]) .

Here (X, ||||7) is a Banach space.

Let f € C(Hg\;l [ai,bi],X) , ¢ = (x1,...,xN) € Hf\]:l [ai,b;], n € N such
that [na;] < [nb;|,i=1,...,N.

We introduce and define the following multivariate linear normalized neural
network operator (x := (z1,...,xN) € (Hfil [ai,bi])):

Sk f (£) Z (e — k)
An (faxla“wa) = A’ﬂ (f’x) = : l—Lnl;IJ -
Zk [na] (na: - k)
nb nb nb N
Z[Lﬁ_ﬂnal] Z]|;2:2Hna2-‘ ZILcN N[JnaN] (%, s kTN) (Hi:l 0 (nx; — kz)) (22)
nb; '
Hi]\il ( IEi:]'Jnaﬂ 0 <nxl a kl))
<

For large enough n € N we always obtain [na;]
a; < % < by, iff [na;] < ki < [nbi),i=1,..,N.

When geC (]—L 1 lai, bl]) we define the companion operator

A (g.0) s St 9 )Z(m—k)
k= Ma]

(23)

Clearly ﬁn is a positive linear operator. We have that

Avn (1,(1’,‘) =1, Vz e <H [ai,bi}> .

i=1

Notice that A, (f) € C (Hz . laz, b ,X) and A, (¢) € C (Ht ) [az,bi]) .
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Furthermore it holds

IE:nbemﬂ Hf( )H Z (nx — k) - (”f” ;l:)
n '\{7 K

[An (f, )l < " (24)
T b
Vel [ai b
N
Clearly ||, € C (T}, [as,bi)
So, we have that
1A (£,2)], < An (111, 2) (25)
Vo eI, fabl, ¥ n e N,V f e C (T, [as,bi, X)
Let ce X and ge C (Hi:l [ai7bi}) then cg € C (HZ 1 lai, bi ,X) .
Furthermore it holds
Ap (cg, ) = CAn 97 , Vo€ H a;,b 1 . (26)
Since A, (1) = 1, we get that
Ap(c)=¢, VceX. (27)

We call /Nl,,, the companion operator of A,,.
For convenience we call

Lnb]

A (f, @) Zf() (nz — k) =

k=[na

lnbi]  |nb] Lnbx |

)DEED DRI f(];lk;:) <ﬂ9(nxiki)>, (28)

ki=[na1] ka=[naz] kn=[nan|

Vae (Hﬁil [ai,bi]).

That is N (f x) _ A (f, ) (29)
D ,E"”Hm (nz — k)
Ve (Hl 1[a1,b]) neN
Hence
A5 (f2) = f(2) (S 0 Z (na — k)
A (fr) = f (@) = WJ( = ) (30)

2 h—ina) £ (nz — k)
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Consequently we derive

1 N [nb]|
Imﬂﬁm—fﬁﬂhg?<m£ﬁA) A (fa)—f@) S Ze—k)| .

k=[na]

(31)
vare (I lasbi])

We will estimate the right hand side of (31).
For the last and others we need

Definition 7 ([15], p. 274) Let M be a convex and compact subset of (RN, H||p),
p € [1,00], and (X, H||,y) be a Banach space. Let f € C(M,X). We define the

first modulus of continuity of f as
wi(f,0):== sup  |f (@)= fWIl,, 0<d<diam (M). (32)
z,y € M:
o —yll, <6

If 6 > diam (M), then
w1 (f,0) = wq (f, diam (M)) . (33)

Notice w; (f, ) is increasing in § > 0. For f € Cp (M, X) (continuous and
bounded functions) wy (f,d) is defined similarly.

Lemma 8 ([15], p. 27/) We have w1 (f,0) = 0 asd L O, iff f € C(M,X),

where M is a convex compact subset of (RNu ||‘||p), p € [1,00].

Clearly we have also: f € Cypy (RN , X ) (uniformly continuous functions),
iff wy(f,0) — 0 as § | 0, where w; is defined similarly to (32). The space
Cp (RN , X ) denotes the continuous and bounded functions on RY.

When f € Cp (RY, X) we define,

B, (f,x) == B, (f,x1, ..., an) = i f (5) Z (nx — k) ==

k=—o0

- G G ki ko kn al
f(,,...7) < 0 nmi—ki > s 34
kl;w kzgw kN;OO e 1;[1 ( ) (34)
n €N,V azeRY, N €N, the multivariate quasi-interpolation neural network
operator.

Also for f € Cp (RY, X) we define the multivariate Kantorovich type neural
network operator

Chn (fyx):=Ch(f, 21, .., zN) i= Z <nN/ ! f(t)dt)Z(nx—k‘):

k
k=—o00

n

497 George A. Anastassiou 490-519



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC

k

00 . . < ky41 ko41 ky+1
klzfoo k‘g:*OO k‘N:—OO

. f(tl,...,tN) dtl...dtN>
k1 ko kN

. (H 0 (nx; — ki)> , (35)

i=1
neN, VaeRN,
Again for f € Cp (RN , X ) , N € N, we define the multivariate neural net-
work operator of quadrature type D, (f,z), n € N, as follows.

Let 0 = (01,...,0n) € NV r = (ry,...,rn) € Zf, Wy = Wy, py,..ry > 0, such
[4 01 02 on
that > w,= Y > . > Wy g en =1; k€ ZY and
r=0

r1:O'r‘2:O ’I"NZO

’ k r
Ok () := On ks koo ke (f) = Zw,.f (n + n9> —
r=0

01 22} On

kq r1 ko T9 kn N
R — y—  —— s , 36
ZZ Zwrl’z""Nf(n_FnGl n+n€2 n +n9N> (36)
T1:0’I‘2:O ’I‘NZO
where 7 := %, g—z,..., %) .
We set
Dy (f,2) = Dy (fi1, . 2n) = 3 Ok (f) Z (nx — k) = (37)
k=—o0

. = e N
Z Z Z Onkr ko yoskery () (He(m;i _ ki)> 7
i=1

ki=—00 kg=—0c0 kny=—00
vV eRY.
In this article we study the approximation properties of A,, B,,C,, D,

neural network operators and as well of their iterates. That is, the quantitative
pointwise and uniform convergence of these operators to the unit operator I.

3 Multivariate Parametrized Hyperbolic Tangent
Induced Banach Space Valued Network Ap-
proximations

Here we present several vectorial neural network approximations to Banach

space valued functions given with rates.
We give
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Theorem 9 Let f € C (Hfil [ai, b;) ,X) ,0< <1, A>0,z € (Hfil [ai,bl-]) ,N,n €
N with n'=# > 2. Then

1)
A s [y, 2 s
40 )= £ < (mmigr) [ (F28) + ot = a0,
(38)
and
2)
140 (1) = 711, <) (39)
We notice that lim A, (f) ”iﬁ f, pointwise and uniformly.
n—oo
Above wy is with respect to p = oo and the speed of convergence is max (ﬁ, ﬁ) =
L.
Proof. We observe that
[nb]
Aw)i= AL (o) = (&) Y. Z(na—k) =
k=[na]
[nd] i [nb]
Z f<n>Z(nx—k)— Z fx)Z(nx—k)=
k=[na] k=[na]
[nb] I
> (1(&)-r@)z0w-n, (40)
k=[na]
Thus
[nb] &
2@l < 3 |r(5)-r@]| zoa-n-
k=[na] v
[nb] k
> G)-r@| zme-n+
k = [na] K
15 -2l <7
[nb| k (13)
> |r(E)-rw) zwe-n'<
n 2
— [nal
1% -2l > 75

10
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1 Lnb) (18)
a(p)eein, X 2o
k = [na]
1% ==l > 55
1 4x ,—22n (=9
wi (fo=g ) +2[Ir1L]|_ e L0<B<LA>0.  (41)
So that
N
[A @), <w (f, n3> t e (42)

Now using (31) we finish the proof. m
We make

Remark 10 ([15], pp. 263-266) Let (RN, H||p), N € N; where ||-[|,, is the Ly-

norm, 1 < p < oo. RN is a Banach space, and (]RN)J denotes the j-fold product
space RN x ... xRN endowed with the maz-norm %]l (gwys = max ||z, where
1<p<j p

z:=(x1,..,z) € (RN)j )
Let (X, ”Hv) be a general Banach space. Then the space V; :=V; ((RN)J ;X)

of all j-multilinear continuous maps g : (RN)j — X, 7=1,....,m, is a Banach
space with norm

lg (@)1,

_ 43
fal a4

lgll == llglly, == sup g (x)]l, = sup

ol vy =1

Let M be a non-empty convex and compact subset of RY and xo € M is
fized.

Let O be an open subset of RN : M C O. Let f: O — X be a continuous
function, whose Fréchet derivatives (see [28]) f9) : O — V; =V ((RN)J ;X)
exist and are continuous for 1 < j <m, m € N.

Call (z — x0) = (x — 20, ..., w — 3) € (RN), z € M.

We will work with f|p.

Then, by Taylor’s formula ([21]), ([28], p. 124), we get

IO S (m)j('x “00) | Ry (wao), allze M, (4d)
j=0 '

where the remainder is the Riemann integral
1 m—1
1—u m
R, (x,20) := /0 ((m—)l)' (f(m) (20 + u(x — x0)) — fO (xo)) (z — x0)" du,
(45)

11
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here we set fO) (z0) (x — 20)° = f (x0) .
We consider

wimwn (F0) = sup £ @) - £ (), (46)
T,yeEM:
lz—yll,<h
h > 0.
We obtain
| (70 (o +u e = 20)) = 5 @0) (& —20)"| <
£ (o + (@ = w0)) = £ (o) |- llz = o} <
m [tz = aoll,
olle - ol [ . (47)
by Lemma 7.1.1, [1], p. 208, where [-] is the ceiling.
Therefore for all x € M (see [1], pp. 121-122):
[Tl = oll,] (1= )™
o (ool <l =zl [ |20 | Bt
= wy, ([l = ol ) (48)

by a change of variable, where

sy =o"" 1§
B (£) = 2l oo = tl—gh)y |, VteR, (49
() /0 M m—1 7w ;O(\I Jh); ER, (49)
is a (polynomial) spline function, see [1], p. 210-211.
Also from there we get

|t|7n+l |t‘m h|t|m_1
D, (1) < <(m+1)!h+2m!+8(m—1)! , VteR, (50)

with equality true only at t = 0.
Therefore it holds

+1 -1
|l — ol [z — ol hllw— ol

||Rm(x,xo)||y§w< CES gt Y- >, VaeM.
(51)

We have found that

" F9) (x0) (# — 20)
PN SELACOLEED P

—
/ v

12
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w (f<m> h) o= xOHmH (Nl aoll,” Alle zolly <oo, (52)
! ’ (m+1)!h 2m! 8(m—1)! ’
Y x,x9 € M.
Here 0 < wy (f(m), h) < 00, by M being compact and f™) being continuous
on M.

One can rewrite (52) as follows:

™ £(5) c—x0)
_Zf (o) (= 20)"||
‘ J!
Y
- = zoll ™l — ol Rl — ol

w1 (f(m)’h) < (m+ 13)!/1 + 2m! + 8(m — 1p)! ) V@0 € M, (53)

a pointwise functjonal inequality on M.
Here (- — z0)” maps M into (]RN)J and it is continuous, also fU) (xo) maps

(]RN)j into X and it is continuous. Hence their composition f9 (z) (- — xq)’

is continuous from M into X.

Clearly § ()= 3] o228 € € (M, X), henee | () = g £ | e
C(M). K
Let {gN}NeN be a sequence of positive linear operators mapping C' (M) into
C(M).

Therefore we obtain

_ ) () (o — )

Y

or (5, 1) (5 (”‘f”m“))@w (x (1= woliy)) o)

(m+ Dk - 2l

(3 (I = ol ™)) (o)
(N(SUHOD!>) - 51)

VNeN,Vage M.

Clearly (54) is valid when M = H [a;,b;] and S, = A,,, sce (23).

All the above is preparation for the following theorem, where we assume
Fréchet differentiability of functions.

This will be a direct application of Theorem 10.2, [15], pp. 268-270. The
operators A, A, fulfill its assumptions, see (22), (23), (25), and (26).

We present the following high order approximation results.

13
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N
Theorem 11 Let O open subset of (RN7 ||'Hp), p € [1,00], such that [] [as,b;] C
i=1

O C RY, and let (X7 ||H7) be a general Banach space. Let m € N and f €
C™(0,X), the space of m-times continuously Fréchet differentiable functions

from O into X. We study the approximation of f| [ . Letxg € (H [ai, l])
ai,bi =1
and r > 0. Then 1
1)
1
(J) (z —x T <
(An 2_;]( w (19 @) (= 20)') ) (w0)|| <

~

o (10,0 (A (I = 2ol #)) (20)) ™ )
Sl <Tm! DT (i)

[(m1+1)+2+msﬂ (55)

2) additionally if f9) (z9) =0, j = 1,...,m, we have

1(An () (o) = f (zo)ll, <

sl G (GG il o)) (A (1= ol )) ) ™

w | f0r - = @olly ) ) (o)) T m
( (( ( — )) ) ((Zn (H B CCOHZL-H)) (xo))(mﬂ)

(57)

and

4)

[EYCO RIS (I Bl S

14
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+

N
Tlloo,zo€ [T [ai,bi]

=1

_ . T
(A" (” — ol +1)> (xo)Hoo zo€ I [aibi]
’ =1 o

rm)!
(wi1)

H (g” (”' - xo\l?“)) (xo)’ oo,woejlljl[ai,bi]

1 +f+mr2
(m+1) 2 8 |

‘We need

~ N
Lemma 12 The function (An (H — x0||;")> (20) is continuous in xg € (H [a;, Z]) ,
=1
m € N.

Proof. By Lemma 10.3, [15], p. 272.

Remark 13 By Remark 10.4 [15], p.273, we get that

H(/Tn (||~ — :coHﬁ)) (SEO)HW,MEﬁl[%bi] < H( (” . Hm+1)) (ffo)‘ i:i:e)iﬁl[ai’bi],
forallk=1,...m (59)
[

We give

Corollary 14 (to Theorem 11, case of m = 1) Then

1)
(A () o) = £ @)l < || (4w (/O o) (- = 20)) ) (o) +

g (70 (A (1= a0l2)) 00) ) (A (1= 0l2) ) (o)) 0

[NE
[SE

T2
1 J—
[ +r+ 4},
and
2)
I = fIL| xS
| b
15
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+
00,70 € H [ai,b;]

i=1

(e (7 ) = a0))) o]

1
2

1

o ()5 =)
27"‘*)1 | An ” 'TOHP (:l:g) oo,a:o»’:'l]_\][[ai,bi]
i=1
_ ) 3 r’
G () L R (R B
r > 0.
‘We make

Remark 15 We estimate 0 < o<1, A>0, m,n € N:nl=® > 2,

nb m—+1
e m—+1 - Zl&ana] HE - xOH Z(?”L:L'O - k) (19)
A (I =20l ) (o) = - <
Zk [na] (TLJSO - k)
4 N [nb] k m—+1
<tanh2)\) 2 ano _ 2=k = (62)

k=[na]

4 N [nb] k m+1
L Z (nao — k
(tanh 2/\) Z Hn o o (o — k) +
{ k= [na|
Ik
H - xo”oo - nl"‘
[nb] m4+1
k (20)
Z Hn—mo Z(nxog—k) p <
k = [na] >
HI% = ol > 2w
4 N 1 4N h— m—+1
+ e H 1cf|/|300 , (63)
tanh 2 po(m+1) e2A(nt=7)
(where b—a = (by — a1, ...,by —an)).
N
We have proved that (V xzo € ] [as,b:])
i=1
N 4\ m—+1
~ 4 1 e*M b —all S,
_ m+1 _.
An (” Zollse ) (o) < <tanh 2)\) {na<m+1> T ) +A1(n)
(64)
16
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O<a<l,mneN:nl=*>2 X>0).
And, consequently it holds

10 (I =zl ™) @o)]| <

00,z0€ [] [ai,bi]
i=1

4\ 1 e b —a| T
<tanh 2)\) {na(erl) + o2\ (n1-P) } =Ai(n) =0, asn — +oo.
(65)
So, we have that Ay (n) — 0, as n — 4oo. Thus, when p € [1,00], from
Theorem 11 we have the convergence to zero in the right hand sides of parts (1),

(2).

Next we estimate H (,Zn (f(j) (o) (- — Jco)j>> (»’UO)H
We have that

Y

ZWJJ f(] () (ﬁ — :co) Z (nxo — k)

Zn f(j) L j _ Zk=[na]
( ( (1‘0) ( SL‘O) )) (l‘o) Z;Eanna] (m:o - k?)
(66)
When p =00, j =1,...,m, we obtain
J J
f9 (zo) (fL - 550) < Hf(j) (zo)H Hfl — xg (67)
We further have that
H( (f(J) (o) (- — :vo)j)) (xO)HV (19)
4 N [nb] ‘ i j
<tanh 2)\> Z 9 (o) (n - x0> Z (nzo — k) | <
k=[na] ~
4 N |nb] 4 i j
(i) (£ poale-nf za-n) - o
k=[na] oo
[nb] k j
(tanhQA) Hfu o H HZW Hn —xo| Z(nwo—k)| =
N [nd] j
(tani 2)\> Hf(j) (xo)H Z Hfl —xo|| Z(nwo—k)
{ k = [na] o
HI% = ol < 5
17
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[nb]

k 7 (20)
+ Z o %o OOZ(nxofk) < (69)
{ k = [na]

R
N 4 i

1 - L, eMlb—al

(€) Lo emb—ali,
(tanh2)\> Hf (xO)H {naj + o2\ (1 P) — 0, as n = oo.

That is -
H (Zln (fo‘) (zo) (- — wo)ﬂ)) (xO)Hw 0, as n — oo.

Therefore when p = oo, for j =1,...,m, we have proved:

(A (59 @0) (- =20) ) o) <

Y

N N j
A ' 1 Mol
@) — S E——_e S)
<tanh 2)\) Hf ’ <xO)H {naj + 62)\(”17;3) S

4\ 1, e b —al?
(tanh2>\) Hf(])(mo)Hoo{w*M =: Ag; (n) < oo, (70)

and CONveErges to Z€ero, as m — OQ.

We conclude:

In Theorem 11, the right hand sides of (57) and (58) converge to zero as
n — oo, for any p € [1, o0].

Also in Corollary 14, the right hand sides of (60) and (61) converge to zero
as n — oo, for any p € [1,00].

Conclusion 16 We have proved that the left hand sides of (55), (56), (57),
(58) and (60), (61) converge to zero as n — oo, for p € [1,00]. Consequently
A, — I (unit operator) pointwise and uniformly, as n — oo, where p € [1,00].
In the presence of initial conditions we achieve a higher speed of convergence,
see (56). Higher speed of convergence happens also to the left hand side of (55).

We further give

Corollary 17 (to Theorem 11) Let O open subset of (RN ,||-||.), such that

N
IT [ai, b)) € O CRYN, and let (X, H||7) be a general Banach space. Let m € N

i=1
and f € C™(0,X), the space of m-times continuously Fréchet differentiable
functions from O into X. We study the approzimation of f| . Let 2y €

[ai; i

i=

18
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N
(H [ai,bi]) and r > 0. Here Ay (n) as in (65) and Agj (n) as in (70), where

nlele T >2 0<a<1,A>0,j=1,..,m. Then
1)
m 1 J ;
(A, ZOJ( w (S (@0) (- = 20)?) ) (@0)|| <
w1 (f(m)ﬂ“(/\l (n))m’lﬂ) m 1 r mr?
rm) (A (n)>(m+1) [(m—F 1) * 2 + 8 ] ’ (1)
2) additionally, if f9) (x0) =0, j = 1,...,m, we have
[(Ar (f)) (o) — f (o)l <
w1 (f(m)»T(Al (n))%) o 1 r mr?
rm)! (A (n))(m+1) [(m—i— 1) * 2 + 8 ] ’ (72)
3)
14wy =11 _ SZAQJ,( i
a7, il = J]:
wr (7 (A <n>>m*+1 .
( o ) (A () (757)
1 r mr?
{(m_i_l)+2+8}::A3(n)—>0,asn—>oo. (73)

‘We continue with

Theorem 18 Let f € Cp (RN,X),O<5 <1, A>0,z€ RN, N,necN with
n'=P > 2, wy is for p=oc. Then

1)
iy e |

1B () = £ @), <o (1) + ™ = (), (7
2)

1B (1) = 111, <2 m). (75)

Given that f € (CU (RN,X) NCp (RN,X)), we obtain Um B, (f) = f, uni-

n— oo
formly. The speed of convergence above is max (n%, m) = n%j

19
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Proof. We have that

B, (f.1) Ejaf(:) Za— 1) F@) S Zina—F) = (76)
f=—oo p3y
k?%f?(i)fWOZOka

Hence
1B, (f,) - y—kZOOHf( ) s 2=
i Hf(z>_f(m)72(m:_k)+
b e
i Hf <:) — f(x)|| Z(nx—k) (1§3)

k= —o0o Y
h!—ﬂ > 5

o (1) +2 > zZie-n %

= -0
1
B

1y 2e |
w1 <f, nf3> + o) (77)

1% = ll. >

proving the claim. m
We give

Theorem 19 Let f € Cp (]RN,X),O <p<l,zeRY, A>0N,ncN with
n'=P > 2, wy is for p=oo. Then

1)
by 2 i
G o) = F @, <o (1.5 + nﬁ) b= = %), (1)
2)
1€ (=11, < 2. (79)
Given that f € (C’U (]RN,X) NCg (RN,X)) , we obtain nILH;oC” (f) = f, uni-
formly.
20
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Proof. We notice that

k141
n

LL Lot

Thus it holds (by (35))

oo

>

k=—oc0

Cn (f,x) =

We observe that

()

1Cn (f, ) = £ (@)

oo

P

1
n

)9

ko+1

kn+1
n

f (t17t27 ;tN

)dtydts...dty =

En
n

1

o tN + ]ZV) dty..dty = /0W f (t—|— D(gaét).
(nN/Oif<t+7]z> dt)Z(nx—k). (81)

Z f(x)Z (nx—k)

=—00

Z (nx —k) —
k

i (mv/oi f(t—l—z)—f(x) dt)Z(na:—k)+
k= —o0 g
{Hfb—meSJﬂ
i (mv/oi f(tJrfL)f(x) dt)Z(nxk)g
k= —00 y
{||§—ff||oo>n1ﬁ
i (nN/O <f7||t|| Hk—xoo)dt>2(nx—k)+
k=—00
{||Z—1‘||oo§nlﬁ
21
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2(|usi | S Z(ne—k) | <
k=—o00
15 =2l > 5
2¢ 111
1 1 v
w1 (f’n—i_?ﬁ) + W7 (83)

proving the claim. m
We also present

Theorem 20 Let f € Cp (RN,X),O <p<l,zeRY, A>0N,ncN with
n'=P > 2, wy is for p=oo. Then

Y
by 2 s
Datra) - sl <o (124 L)+ o o, e
2)
[1Dw (5= 11, < ). (85)
Given that [ € (CU (RN7X) NCg (RN,X)) , we obtain T}er;oDn (=1
uniformly.

Proof. We have that (by (37))

1Dy (f,2) = > () Z (nw — k) Z [(@)Z(nx - k)| =
k=—00 k=—o0 ~
N - k r
Ok (f) = [ (@) Z (na — )| = o (F(E+ ) —f@)) 2o —n)|| <

Y Y

kz@<;% <+ne>_f(l’) 7>Z(m_k):
kioo (Zwr (+ne)f(x)’y>Z(nxk)+
{||’“—:c||oon1ﬁ

22
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[eS) 2
3 (Zwr f<+;9>—f(x) )Z(nm—k)<
k= —oo r=0 ¥
{||Z—w||oo>nlﬂ
[eS) 6 k
Z (Zw, f(n—&-;g)—f(x) )Z(nx—k)+
k= —00 r=0 Y
{Hi‘;—meSr}ﬁ
21, _ > (@me-k)|<
k= —o0
15 =2l > 2
264)\
wl(f,i+7;>+M°:Q4 n),

proving the claim. m

Next we perform multi layer neural network approximations.
We make

Definition 21 Let f € Cp (RY,X), N € N, where (X, ””'y) is a Banach
space. We define the general neural network operator

Fo(fox)i= Y b (f) Z(nz—k) =

k=—o00

B, (f>$>7 if Lk (f) f(%)kiu
Co (fi2), if bk (f) Jem f @) dt, (86)

N
Dn (f,2), if lnk (f) = 6ni (f)

Clearly l,,x (f) is an X-valued bounded linear functional such that ||l ()], <

5 =
s
Hence F), (f) is a bounded linear operator with HHFn (f)”’VHOO < HHf”'VHoo
We need

Theorem 22 Let f € Cp (RY, X), N > 1. Then F, (f) € Cp (RY,X).

Proof. Lengthy and similar to the proof of Theorem 11 of [18], as such is
omitted. m

23
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Remark 23 By (22) it is obvious that H||An (NI

A ec (1,

Call K,, any of the operators Ay, By, Cy, Dy,.
Clearly then

%2

etc.

<

A

o0

2

=1

DL = e ol | < [ o <

Therefore we get
lzs ol < i vrenw,

the contraction property.
Also we see that

i )

= ik

e (16

I
Here KF are bounded linear operators.

Notation 24 Here N € N, 0 < 8 < 1. Denote by

el

4 AN .
tanh2)\) » if Kn = An,

’ ZfKn = Bn7CTL7D7l7

A5, if K= Ay, B,
A ‘{}, L. if Ky =Cy, Dy,
N
T .= C(H[Ch,bi],X), szn:An;
- =1
C (R ), ZfKn:BnaCnaDna
and
N .
Y = H [ai7bi] ’ 7’f Kn - An;

RN7 Zf Kn = B’rucn)Dn-
We give the condensed

Theorem 25 Let f e, 0<8<1l,z2€Y;n, A>0;, N €

Then
(i)
22 1171,
HKn (ﬁl‘)—f(.%‘)”,y <en |wi (f,A(n) + o2 (n1=7) =

24
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|fH7H < oo, and
o0

Z],X), given that f € C (H [a;, z],X)

s
(33)
< s
(90)
(91)
92)
(93)

N with n*=8 > 2.
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where wy is for p = oo,
and
(1)
HHK" —fll H <7(n)—0, as n — co. (95)

For f uniformly continuous and in T' we obtain

lim K, (f) = f,

n—oo

pointwise and uniformly.

Proof. By Theorems 9, 18, 19, 20. =
Next we do iterated, multi layer neural network approximation. (see also

[10]).
‘We make
Remark 26 Letr € N and K,, as above. We observe that
Knf—f=(Knf—K ')+ (K, f =K% f) +

(02 = K2 0) v (KRS = Kouf) 4+ (Knf = ).
Then

s =1, | < |z

o+

lecz2r =2 ||+ |20 = Kt )+ [150s = 11| =
szt (s = o)l | s = L || s = 21|+t

e (xr = 21|+ |1 = 11, <7
That is

s = s, < 1as = 11, (96)
We give

Theorem 27 All here as in Theorem 25 and r € N, 7(n) as in (94). Then

s =11, < rr - (97)

So that the speed of convergence to the unit operator of K is not worse than of
K,.

Proof. As similar to [18] is omitted. m

25
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Remark 28 Let mi,ma,....mr E N:m; <ms < ...<m,, 0< B <1,A>0,
feT. Then

A(my) > A(me) > ...

>A(m,), A asin (91).
Therefore

wi (f, A(ma)) = wr (f, A (m2)) = .. = w1 (f, A (mr)) -
Assume further that mgl_ﬁ) >2,9=1,...,r. Then

64)\ 64)\ €4>\

e2Am{ ™ T T T T (T
Let K,,, as above, i =1,...,r, all of the same kind. We write
Ko, (mel (oo Ky (Kmlf))) —f=

K, (K, s (Ko (Kinyp)) = Ky, (Ko, (Ko f)) +
Ko, (Kpyoy (Ko ) = Koy, (Ko, (Ko f)) +
Ko, (K, (o Knzf)) = Ky (Ko, (Ko ) + o
Ko, (Kmy  f) = K f + K f — [ =
Koy (K ) (o Bony)) (Kony f = ) + Koy (K y (- Kong)) (K f — f) +
K (Ko (o Kony)) (Kmsf — )+ oo+ Koy (Ko o f = f) + K, f — [

Hence by the triangle inequality of H”H'VH we get
o0

15, (Ko B B ) = 11 <

HHKm,,Km,,_fl...sz (Ko, f — f)HwHOO n
HHKm,,Km,,_fl...sz (Ko, f — f)HwHOO n
HHKm,,, (K, (o Fny)) (s f — f)HvHoo -

1o, (B £ = DI | o+ [ 185en, £ = 11| <

(repeatedly applying (87))

18, 7 = 1L+ [, 7 = 11,

o =]+

[ .5,

S TN S (TN e

26
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|-

That is, we proved

[15m, (Kom s B B ) = ]| < [IKomed = £1L]| - (98)

We also present

|1, f = £ | =i |1t = 11
Yoo 00 e}

Theorem 29 Let f € T'; m, N, my,ma,....m, € N:m; < mg < ... < m,,
0<B<1,A>0; mglfﬁ) >2,i=1,..,r, 2 €Y, and let (Kp,,..., Km,) as
(Amys ooy A, ) 07 (Bmyy ooy Bm,.) or (Conyyooey Cin) 07 (Dpnyy ooy D), p = 00
Then

| Ko, (K (- Kny (Ko f))) (2) = f(2)]], <

15, (Ko B (o ) =

> [1#mer = 11| <
i=1

e\
CNZ 1 (fy A (mg)) + 6H|£H5>H <

2¢2 |11, _

AP (99)

reny |wi (f, A (ma)) +

Clearly, we notice that the speed of convergence to the unit operator of the mul-
tiply iterated multi layer operator is not worse than the speed of K, .

Proof. As similar to [18] is omitted. m
We continue with

Theorem 30 Let all as in Corollary 17, and r € N. Here Az (n) is as in (73).
Then
14ss = 71| < vl|1ans = 71| < ras ). (100)

Proof. As similar to [18] is omitted. m
Next we present some L, , p1 > 1, approximation related results.

i=1
with n'=# > 2, and Qy (n) as in (38), wy is for p = oo.Then

i1, gy =0 (T000) "
’- 1 i=1

We notice that hm HHA f=1l H i ,bi] =0

Theorem 31 Letpy > 1, f € C(H [ai,bi]7X) ,0<B<1,A>0; NyneN

i=

27
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Proof. Obvious, by integrating (38), etc. ®
It follows

Theorem 32 Let py > 1, f € Cp (R, X),0< B <1,A>0; N,n € N with
n'=8 > 2, and wy is for p = oo; Qo (n) as in (74) and P a compact set of RY.
Then )

1B =11l < Qa)1Pr5r (102)

where |P| < oo, is the Lebesgue measure of P. We notice that lim H |Brf — £l H =
n—o0 Tip., P

0 for f € (Cu (RN, X)NCp (RY, X)) .

Proof. By integrating (74), etc. m
Next come

Theorem 33 All as in Theorem 32, but we use Q3 (n) of (78). Then

Jicus =11, <P (103)

We have that lim HHCnf - f||~,
n— o0

P:()forfe (CU (RN,X)QCB (RN,X)).
P1,

Proof. By (78). =

Theorem 34 All as in Theorem 32, but we use Q4 (n) of (84). Then
1
1Das =11, < Qum) (Pl (104)
p1, P
We have that lim H”D”f_ fHVH L =0forf e (Cu (RY,X)NCp (RY,X)).
n—oo P1,

Proof. By (84). m

Application 35 A typical application of all of our results is when (X, ””v) =

(C,|]), where C is the set of the complex numbers.
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General sigmoid based Banach space valued

neural network approximation
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Abstract

Here we study the univariate quantitative approximation of Banach
space valued continuous functions on a compact interval or all the real line
by quasi-interpolation Banach space valued neural network operators. We
perform also the related Banach space valued fractional approximation.
These approximations are derived by establishing Jackson type inequal-
ities involving the modulus of continuity of the engaged function or its
Banach space valued high order derivative or fractional derivaties. Our
operators are defined by using a density function induced by a general
sigmoid function. The approximations are pointwise and with respect to
the uniform norm. The related Banach space valued feed-forward neural
networks are with one hidden layer. We finish with a convergence analysis.

2020 AMS Mathematics Subject Classification: 26A33, 41A17,41A25,
41A30, 46B25.

Keywords and Phrases: general sigmoid function, Banach space valued
neural network approximation, Banach space valued quasi-interpolation opera-
tor, modulus of continuity, Banach space valued Caputo fractional derivative,
Banach space valued fractional approximation.

1 Introduction

The author in [1] and [2], see Chapters 2-5, was the first to establish neural net-
work approximation to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliagnet-Euvrard and ” Squashing” types,
by employing the modulus of continuity of the engaged function or its high order
derivative, and producing very tight Jackson type inequalities. He treats there
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both the univariate and multivariate cases. The defining these operators ”bell-
shaped” and ”squashing” functions are assumed to be of compact suport. Also
in [2] he gives the Nth order asymptotic expansion for the error of weak approx-
imation of these two operators to a special natural class of smooth functions,
see Chapters 4-5 there.

The author inspired by [14], continued his studies on neural networks ap-
proximation by introducing and using the proper quasi-interpolation operators
of sigmoidal and hyperbolic tangent type which resulted into [3], [4], [5],[6],
[7], by treating both the univariate and multivariate cases. He did also the
corresponding fractional case [8].

In this article we are greatly inspired by the related works [15], [16].

The author here performs general sigmoid function based neural network
approximations to continuous functions over compact intervals of the real line
or over the whole R with values to an arbitrary Banach space (X, ||-]|). Finally
he treats completely the related X-valued fractional approximation. All con-
vergences here are with rates expressed via the modulus of continuity of the
involved function or its X-valued high order derivative, or X-valued fractional
derivatives and given by very tight Jackson type inequalities.

Our compact intervals are not necessarily symmetric to the origin. Some of
our upper bounds to error quantity are very flexible and general. In prepara-
tion to prove our results we establish important properties of the basic density
function defining our operators which is induced by a general sigmoid function.

Feed-forward X-valued neural networks (FNNs) with one hidden layer, the
only type of networks we deal with in this article, are mathematically expressed
as .

N, (z) = cha(<aj ~x)+b;), reR’ seN,
j=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € X are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental neural
network models, the activation function is derived from various specific sigmoid
functions. Here we work for a general sigmoid function. About neural networks
in general read [17], [18], [20]. See also [9] for a complete study of real valued
approximation by neural network operators.

2 Basics
Let h : R — [-1,1] be a general sigmoid function, such that it is strictly
increasing, h(0) = 0, h(—x) = —h(x), h(+00) = 1, h(—o0) = —1. Also h

is strictly convex over (—oo,0] and striclty concave over [0, +00), with h(?) €

C (R).
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We consider the activation function

1
¥ (@)= (h(z+1)~h(z-1)), zeR, (1)
Asin [13], p. 285, we get that ¢ (—z) = ¢ (x), thus ¢ is an even function. Since
z+1>z—1,then h(z+1)>h(x—1),and ¥ (z) >0, all z € R.
We see that

Y (0) = 5 (2)

Let x > 1, we have that

V(@)= 1 (W (@4 1)~ W (2~ 1) <0,
by h' being strictly decreasing over [0, +00).

Let now 0 < x < 1, then 1 —x > 0and 0 < 1 —2z < 14 z. It holds
h'(x —1)=h'(1 —2) > k' (x+ 1), so that again 1/’ (z) < 0. Consequently ) is
stritly decreasing on (0, +00) .

Clearly, 1 is strictly increasing on (—o0,0), and v’ (0) = 0.

See that )
i () = 7 (h(+00) — h(+00)) = 0, 3)

and 1
tim 3 (2) = 5 (h(~00) — h(~o0)) =0, (4)

That is the z-axis is the horizontal asymptote on 1.
Conclusion, 1 is a bell symmetric function with maximum

_h()
Y (0) = -
‘We need
Theorem 1 We have that
Y p(z—i)=1, VazeR (5)

Proof. As exactly the same as in [13], p. 286 is omitted. ®

Theorem 2 It holds -
/ V(@) de = 1. (6)
— 00

Proof. Similar to [13], p. 287. It is omitted. =
Thus ¢ () is a density function on R.
We give
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Theorem 3 Let 0 < a < 1, and n € N with n' = > 2. It holds

3 wmxf@<(l_h@;a_®» (7)

k=—00
I

_ l—a
L =k —2))
n—-+oo 2

Notice that
=0.

Proof. Let x > 1. That is 0 < x — 1 < x 4+ 1. Applying the mean value
theorem we get

p@@i2w©="1", (¥

for some xr —1 < <ax+ 1
Since h' is strictly decreasing we obtain A’ (§) < b’/ (z — 1) and

I
-1
w@g<@i%—l,vle )
Therefore we have
3 ¥ (na — k) = 3 ¥ (Ina — k) <
k=—00 k= —o0
:nw — k| > ntme :nx — k| > ntme

“+oo
= Wlne—k|l—1)< = Wz—-1Ddx—1)=
k:_g ( |>g/( (e~ 1)d(e 1)
{:nw—k|2n1_°‘
1 400 1 -«
5 (h (x—1) (nl,a_l)) =3 [h(4+00) — h (n'~* —2)] =

The claim is proved. m

Denote by |-] the integral part of the number and by [-] the ceiling of the
number.

We further give

Theorem 4 Let z € [a,b] C R and n € N so that [na]| < |nb]. It holds

1
ZLan vnz—k) ¢@) ,

k=[na]

Yz elab. (11)

Proof. As similar to [13], p. 289 is omitted. m
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Remark 5 We have that
[nb|

lim_ S Y(nw—k)#£1, (12)

k=[na]

for at least some x € [a,b].
See [13], p. 290, same reasoning.

Note 6 For large enough n we always obtain [na] < [nb|. Alsoa < £ <b, iff
[na] < k < |nb|. In general it holds (by (5))

[nb]

Y Y-k <1 (13)

k=[na]
Let (X,]|-]|) be a Banach space.

Definition 7 Let f € C ([a,b],X) andn € N: [na] < [nb]. We introduce and
define the X -valued linear neural network operators

Zlganna] (k) 1/) (TLCE - k)
le;szna-\ (nx - k) ’

Clearly here A,, (f,z) € C([a,b],X). For convenience we use the same A,

A, (f,x) = € [a,b]. (14)

for real valued function when needed. We study here the pointwise and uniform
convergence of A, (f,z) to f(x) with rates.
For convenience also we call

[nb)
A (fox) =Y f( ) Y (ne — k), (15)
k=[na]

(similarly A} can be defined for real valued function) that is

A (f )
A, (f,2) = . (16)
S ¥ (e — k)
So tha
" ato-ie- Dy (o
2 kefna) ¥ (n@ — k)
A (fr0) = 1 (@) (S (2 = R)) .
S ¥ (na — k) '
Consequently we derive
1 b
A0 (f,2) = f @)l < — || A (Fr2) = f@) | D ¢az—k)]|. (18)
¥ (1) Mt
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That is

1| k
ban2) = £ @I < 5| 3 (7(5)-s@)utme-n|. a)

We will estimate the right hand side of (19).
For that we need, for f € C([a,b], X) the first modulus of continuity

wi (f,0)pp =w1(f,0):= sup  [f(z)—f(I, §>0.  (20)
x,y € [a, 0]
[z -yl <9
Similarly, it is defined w; for f € Cyp (R, X) (uniformly continuous and bounded
functions from R into X), for f € Cp (R, X) (continuous and bounded X-
valued) and for f € C, (R, X) (uniformly continuous).
The fact f € C ([a,b],X) or f € C,, (R, X), is equivalent to %ir%wl (f,0) =0,
see [11].

Definition 8 When f € C,p (R, X), or f € Cp (R, X), we define

Hi= 3 f(i)z/}(m:—k), neN, z R, (21)

k=—o0

the X -valued quasi-interpolation meural network operator.

Remark 9 We have that

()

< ||f||oo,]R < o009,

Hf (,’2)H ¥ (na = k) < ||l p ¥ (0 — k), (22)
and
A
3| (5)]pee-n <||f||ooR<k_ZA¢ - )
and finally
2 Hf (fl) H ¥ (nz = k) < [ flloop (23)

a convergent in R series.

So the series > oo f ( ) ¥ (nx — k) 18 absolutely convergent in X, hence
it is convergent in X and A, (f,z) €

We denote by || f|l, = sup |f ()|, for f € C([a,b],X), similarly is

z€la,b

defined for f € Cp (R, X).
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3 Main Results

We present a series of X-valued neural network approximations to a function
given with rates.
We first give

Theorem 10 Let f € C([a,b],X),0<a<1l,neN:n'""*>2 z € [a,b].

Then
)
40 (o) = F @) £ s o (4 )+ = m e = 2) ] =
4
and
i)
140 (1) = Flle < )

We notice lim A, (f) = f, pointwise and uniformly.
n—oo

The speed of convergence is max (L (1 —h (nl"" — 2))) .

ne

Proof. As similar to [13], p. 293 is omitted. m
Next we give

Theorem 11 Let f € Cp (R, X), 0<a<1,neN:n'"®>2 x €R. Then

i)
I3 (10) = £ @ < (£ ) + Q== 2) Il = (20)
and
i)

|40 (f) = flloo < (27)
For f € Cyup (R, X) we get lim A, (f) = f, pointwise and uniformly.
The speed of convergence is max( L (1 —h (nl’a — 2))) .

no?

Proof. As similar to [13], p. 294 is omitted. m
In the next we discuss high order neural network X-valued approximation
by using the smoothness of f.

Theorem 12 Let f € CV ([a,b],X), n,N € N, 0 < a < 1, x € [a,b] and
nl=® > 2. Then

i)

@) (g ,
40 ()~ F @ < o A S L o-ay|+
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_h(nt-o — (N) _aN
(17 g A=)

ii) assume further fU) (xg) =0, j = 1,..., N, for some xo € [a,b], it holds

1
[An (f;20) = f (o) < 0
_ (N) N
{wl(ﬂm,;)naimgl (o2 =2) 17O } 20)
and
iii)

7) — h(nl—o— _
140 (5) = fll < 55 1 Z”f I [ S el i)} TS

— h(nl-e _ () —a)N
o (1 ) oty LA

Again we obtain lim A, (f) = f, pointwise and uniformly.
n—oo

Proof. As similar to [13], pp. 296-301 is omitted. m
All integrals from now on are of Bochner type [19].
We need

Definition 13 ([12]) Let [a,b] C R, X be a Banach space, o > 0; m = [a] € N,
(-] is the ceiling of the number), f : [a,b] — X. We assume that f(™ €
Ly ([a,b], X). We call the Caputo-Bochner left fractional derivative of order a:

1

¢ f(z) = = wx— moanl pim) T € [a,0].
(D5,1) (2) — | @0 T wa vaen. G

T'(m
Ifa € N, we set D, f := f") the ordinary X -valued derivative (defined similar
to numerical one, see [21], p. 83), and also set D, f = f.

y [12], (D%, f) (z) exists almost everywhere in = € [a,b] and D, f €
Ly ([ b, X).
I,

C ([a,]) -

We mention

) < 00, then by [12], D¢, f € C ([a,b],X) , hence | D, f|| €

Lemma 14 ([11]) Let « > 0, a ¢ N, m = [«a], f € C™ 1 ([a,b],X) and
f e Ly ([a,b],X). Then DS, f (a) = 0.

‘We mention
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Definition 15 (/10]) Let [a,b] C R, X be a Banach space, o > 0, m := [«].
We assume that f™ € Ly ([a,b], X), where f : [a,b] — X. We call the Caputo-
Bochner right fractional derivative of order a:

(D5 f) (@) = D"

- T'(m—a)

b
/ (z—2)" 7 M (2)dz, Vazelab]. (32)
We observe that (D™ f) (z) = (=1)™ f™) (z), for m € N, and (Dj_f) (z) =
f ().

By [10], (D¢ f) (z) exists almost everywhere on [a, b] and (D f) € L1 ([a,b] , X).

If ||f(m)HLoo([avb]7X) < o0, and o ¢ N, by [10], Dy f € C([a,b],X), hence
1D5_fll € C([a,B])-

We need

Lemma 16 (/11]) Let f € C™ ' ([a,b],X), f™) € Ly ([a,b],X), m = [a],
a>0,a¢ N. Then Dy f(b) =0.

Convention 17 We assume that

D¢, f(z)=0, for x <z, (33)

*TQ

and
D, f(x) =0, for x> xo, (34)

for all x,x¢ € [a,b].
We mention

Proposition 18 (/11]) Let f € C™([a,b],X), n = [v], v > 0. Then DY, f (x)
is continuous in x € [a, b].

Proposition 19 (/11]) Let f € C™ ([a,b], X), m = [a], a > 0. Then D}_f (x)
is continuous in x € [a, b].

We also mention

Proposition 20 ([11]) Let f € C™ ' ([a,b],X), f™ € Lo ([a,b],X), m =
[a], >0 and

D8 f 0) = iy [ o= 00" O @) (35)

for all x,x0 € [a,b] : x > xg.
Then D, f (x) is continuous in x.
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Proposition 21 ([11]) Let f € C™ ' ([a,b],X), f™ € Lo ([a,0],X), m =
[a], a >0 and
D5, f o) = s / (G Q) e, (36)

S T(m-—a)

for all x,xy € [a,b] : xg > .
Then Dy, f (x) is continuous in x.

Corollary 22 ([11]) Let f € C™ ([a,b],X), m = [a], a > 0, z,z9 € [a,b].
Then D¢, f(x), Dg, _f(x) are jointly continuous functions in (x,x) from

[a, b]2 into X, X s a Banach space.
We need

Theorem 23 ([11]) Let f : [a,b]> — X be jointly continuous, X is a Banach
space. Consider
G($) = w1 (f ('?$)767 [.’I},b]), (37)
0>0,z¢€la,b.
Then G is continuous on [a,b].

Theorem 24 ([11]) Let f : [a,b]> — X be jointly continuous, X is a Banach
space. Then
H(z) = w1 (f(2),0,[a,2]), (38)

x € [a,b], is continuous in x € [a,b], § > 0.

We present the following X-valued fractional approximation result by neural
networks.

Theorem 25 Let o > 0, N = [a], a ¢ N, f € CN ([a,b],X), 0 < B < 1,
x € [a,b], n € N:n'=F > 2. Then

i
N=L£() (o ,
(o) - 3 4, (o) @) - o) <
[ (9 (D f )+ 91 (D2 5) ) .
F(Oé+1) neB
b (n-B8
(1 Al 2)> (192l oy (& = @)%+ 1D Fll gy (b x)“)} ,

(39)

10

529 George A. Anastassiou 520-534



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC

i) if fO)(z) =0, forj=1,..,N — 1, we have

(v (1)
1AL (f,2) = f(2)] < Tlat1)
{ (wl (D?—f’ n%)[a,m] w1 (D*an’ #)[cs,b}) n
nob

— h(nlB —
(1 & 3 2)> (D2 oy (@ = @+ 1D S sy (0 x)a)} ,

(40)
i)
1A, (f,2) = £ (@) < (1)
fj) 1 (1—h(n'"P -2
{ZH {nﬁjJr(b—a)j( (2 )>}+
) (w1 (D2 f, niﬁ)[a’m] + w1 (DL, f, n%)[z,b])
F (a + 1) naB +
1—h(n'=P -2
( (n2 )) (HDg_fHOO’[a@] (z —a)" + | D, fll o [,b] (b x)a)}} )
(41)
V€ la,b],
and
i)
1Anf = flloo < (@ (1)
N—1 1 -
1fO. [ 1 i (1=h(n'"F=2)
j=1 T nBi +(b—a) 2 -
I )
I'(a+1) ned '
1—h(n'=# -2
( (n2 )) (b— a)a ( 21[11) HD f” Jaz] + SUP ||D*xf|| s b]) }}
! (42)

Above, when N =1 the sum Z;V;ll -=0.
As we see here we obtain X -valued fractionally type pointwise and uniform
convergence with rates of A,, — I the unit operator, as n — oo.

11
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Proof. It is very lengthy, as similar to [13], pp. 305-316, is omitted. m
Next we apply Theorem 25 for N = 1.

Theorem 26 Let 0 < o, < 1, f € C*([a,b],X), v € [a,b], n € N:n'=F > 2,

Then
i)
[An (f,2) = f(2)] <
Wy [ (w1 (Dt )+ w1 (D2 35) )
T (a+ 1) ned *
1—h(n=% -2
( (n2 )> (HD;EJ‘HOO,[M] (@ = a)" + [|1D% fll o o,y (b — x)") } :
(43)
and
i)

(¥ (1)~
[Anf — fllo < Tla+1)

( sup wi (Dg,f, n%)[a 2] 4+ sup w; (waﬁ #)[x b]>
z€[a,b] ’ z€[a,b] ’ n

nas

1—h(n'=F -2 o
(S0 0 s I o 10 )
z€(a,b] Y z€[a,b]
(44)

When o = % we derive

Corollary 27 Let 0 < 8 < 1, f € C' ([a,b],X), 2 € [a,b], n € N:n'=8 > 2.
Then
i)
[An (f,2) — f(2)] <

2(p (1)~ (wl(DE‘f”H[m] wl(D*émf”H[m,b])jL

G .
oy V) }

(45)

+

[

(1 —h (n;—ﬁ - 2)) (HDE_fHOO’[mx] V@ —a)+ HDif

and

12
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i)
2(¢ (1)
I40f - 1, < 2EQ0
1 1
sup wy (Di_f,,%ﬁ> + sup wy (Df:cfa ,%a)
z€Ja,b] [a,z] z€Ja,b] [z,b] +

[N

n

2 z€la,b Jla,2] z€la,b]

‘ < o0.
0, [z,b]

(46)

(1—h(n1_’5—2)> m( Sup]HDx%_fHoo + sup HD*%zf

We finish with

Remark 28 Some convergence analysis follows:
Let0 <3< 1, feC'(a,b],X), € la,b],ncN:n'"F >2 We elaborate
on (46). Assume that

3o 1 £
w1 <sz, B e < v (47)
and ) %
3 2
w1 (szf, nﬂ) < B (48)
[,b]
YV x € [a,b], ¥V neN, where Ky, Ko > 0.
Then it holds
1 1
sup wi (Dj_f, n%;) + sup wi (szf, n%)
z€Ja,b] [a,z] z€la,b] [,b]
B >~
nz
(K1+K>2)
= K+ K K
nz _ ( 1 = 2) = =, (49)
n2 n= n=

where K := K1 + K9 > 0.
The other summand of the right hand side of (46), for large enough n, con-

_h(nt-B_

verges to zero at the speed M
Then, for large enough n € N, by (46) and (49) and the last comment, we

obtain that
1 1—h(nt—-% =2

1Anf = flloo < M max (ﬁ( (2 ))) 0

n 2

13
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where M > 0.
—h(ntB— _n(ntP_
If 45 > 1h(n22)>, then n% > (W), and consequently
nz

|Anf — fllo in (50) converges to zero faster than in Theorem 10. This because
the differentiability of f.
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Abstract

Here we study the univariate quantitative approximation of time separating stochastic process over
a compact interval or all the real line by quasi-interpolation neural network operators. We perform
also the related fractional approximation. These approximations are derived by establishing Jackson
type inequalities involving the modulus of continuity of the engaged stochastic function or its high order
derivative or fractional derivatives. Our operators are defined by using a density function induced by a
general sigmoid function. The approximations are pointwise and with respect to the uniform norm. The

feed-forward neural networks are with one hidden layer. We finish with a lot of interesting applications.

2020 AMS Subject Classification: 26A33, 41A17, 41A25

Keywords and Phrases: general sigmoid function, time separating stochastic process, neural network
approximation, quasi-interpolation operator, modulus of continuity, Caputo fractional derivative, fractional

approximation.

1 Introduction

The first author in [1] and [2], see Chapters 2-5, was the first to establish neural network approximation
to continuous functions with rates by very specifically defined neural network operators of Cardaliaguet-
Euvrard and ”Squashing” types, by employing the modulus of continuity of the engaged function or its high
order derivative, and producing very tight Jackson type inequalities. He treats there both the univariate
and multivariate cases. The defining these operators ”bell-shaped” and ”squashing” functions are assumed
to be of compact suport. Also in [2] he gives the Nth order asymptotic expansion for the error of weak
approximation of these two operators to a special natural class of smooth functions, see Chapters 4-5 there.
The first author inspired by [15], continued his studies on neural networks approximation by introducing and

using the proper quasi interpolation operators of sigmoidal and hyperbolic tangent type which resulted into
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[3]-[7], by treating both the univariate and multivariate cases. He did also the corresponding fractional case
[8]. In this article we are also inspired by the related works [16], [17]. The authors here use general sigmoid
function based neural network quantitative approximations to continuous functions over compact intervals of
the real line or over the whole R with values to R. All convergences here are with rates expressed via the
modulus of continuity of the involved function or its high order derivative, or fractional derivatives and given
by very tight Jackson type inequalities. More precisely, here we perform quantitative approximations of time
separating stochastic processes by neural networks. We give plenty of varied and interesting applications.

Specific motivations came by:
1. Stationary Gaussian processes with an explicit representation such as
X = cos (at) & +sin (at) &, a € R,
where &1, & are independent random variables with the standard normal distribution, see [19],
2. by the “Fourier model” of a stationary process, see [20].

Feed-forward neural networks (FNNs) with one hidden layer, the only type of networks we deal with in

this article, are mathematically expressed as

N, (z) = cha«aj -x)+b;), eR’ seN,
3=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection weights, c; € X are the coeflicients,
(a; - ) is the inner product of a; and x, and o is the activation function of the network. In many fundamental
neural network models, the activation function is derived from various specific sigmoid functions. Here we
work for a general sigmoid function. About neural networks in general read [18], [21],[23]. See also [9] for a

complete study of real valued approximation by neural network operators.

2 Background

Here we follow [14].

2.1 Basics on Neural Network

Let h : R — [—1,1] be a general sigmoid function, such that it is strictly increasing, h(0) = 0, h(—z) = —h(x)
for every x € R, h(400) = 1,h(—00) = —1. Also h is strictly convex over (—oo,0] and strictly concave over
[0, +00), with h(?) € C (R).

Some examples of related sigmoid functions follow: ﬁ; tanh z; % arctan (gx) ; ﬁ, m € N; 2gd(x);

m,/\ is odd ;erf (@x) ; ﬁ;tanh(um),u >0forallz e R

We consider the activation function
(h(x +1) —h(z —1)),z € R,, (1)

As in [13], p.285, we get that
Y(—x) = (), for every z € R.
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Thus % is an even function.
Since z +1 > x — 1, then hA(x + 1) > h(z — 1), and ¢(z) > 0, for all z € R.
We see that

Let = > 1, we have that
1
Y(z) = 7 (W(z+1) = W(z—1)) <0, 3)
by A’ be strictly decreasing on [0, +00).
Let now 0 <z <1,thenl—2>0and 0 <1—x <14z It holds W'(x —1) = h'(1 —x) > h'(x + 1), so
that again ¢'(z) < 0. Consequently ) is strictly decreasing on (0,+00). Clearly ¢ is strictly increasing on

(—00,0) and ¢’(0) = 0. See that

. 1
JJim () = § (h(+00) — h(+00)) =0,
and (4)
Jim () = 5 (A(~00) ~ h(~o0)) =0,

That is the x-axis is the horizontal asymptote on v .

Conclusion, 9 is a bell symmetric function with maximum (0) = @ .
We need
Theorem 1. ([14]) We have that

“+o0

Z P(x —1) =1, for everyx € R. (5)
Theorem 2. ([14]) It holds

+oo
/ W(@)de = 1. (©6)

Thus, ¥(z) is a density function on R.
We give

Theorem 3. ([14]) Let 0 < a < 1, and n € N with n'=® > 2. It holds

3 ¥ (ne —k) < (l_h(’g_a—m. (1)

Notice that .
lim (l—h(n —2))

n—-+oo 2

=0.

Denote by |-] the integral part of the number and by [-] the ceiling of the number.
We further give

Theorem 4. ([14/)Let x € [a,b] C R and n € N so that [na] < |nb|. It holds

1 1
ZW)J w(nx—k)<7/’(1)’ YV x € la,b]. (8)

k=[na]
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Remark 5. We have that

[nd]
g;%k;]w<nx — k) #1, 9)

for at least some © € [a,b]. See [13], p. 290, same reasoning.

Note 6. For large enough n we always obtain [na] < |nb|. Also a < % <b, if and only if [na] < k < |nb].

In general it holds (by (5))
Lnd)

> Ynz—k) <1 (10)

k=[na]

Let (X,]|-||) be a Banach space.

Definition 7. ([14]) Let f € C ([a,b],X) and n € N: [na] < |nb|. We introduce and define the X -valued

linear neural network operators

leéanna'\ ( ) G (TLZIJ - k)
ZIEn:ana] (naj - k) 7

Clearly here A, (f,z) € C([a,b],X). For convenience we use the same A, for real valued function

A, (f,x) = € [a,b]. (11)

when needed. We mention here the pointwise and uniform convergence of A,, (f,z) to f (x) with rates. For

convenience also we call ]
nb

Afr) =Y f( ) (ne— k), (12)
k=[na]

(similarly A} can be defined for real valued function) that is

A5 (f,x)
A (fx) = = : (13)
S ¥ (na — k)
So that A% (f.)
A (foa) =] (@) = S = [ (@)
Sy ¥ (0 — k)
AL ()= £ @) (S v (= b)) "
: Sk ) ¥ (= B) |
Consequently we derive
. [nb)
An (f,2) — < —= T - :
[An (f,2) = f (2)] < ) A (fyx kz[;a'\w na (15)
That is
1| e k
A, (f,2) = f ()] < o) k_%;a] (f (n) - f($)> Y (nz — k)| . (16)
We will estimate the right hand side of (16).
For that we need, for f € C ([a,b],X) the first modulus of continuity
wr (f, )ab =wi (f,0) = sup 1f (@)= f@I, §>0. (17)
z,y € [a,b]
[ —yl <4
4
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Similarly, it is defined wy for f € Cyp (R, X) (uniformly continuous and bounded functions from R into X),
for f € Cp (R, X) (continuous and bounded X-valued) and for f € C, (R, X) (uniformly continuous). The
fact f € C ([a,b],X) or f € Cy (R, X), is equivalent to ;irr(l)wl (f,0) =0, see [11].

—

Definition 8. ([14]) When f € Cy,p (R, X), or f € Cp (R, X), we define
A, (for) = §:f<i>¢mxm,n€N7xe& (18)
k=—oc0

the X -valued quasi-interpolation neural network operator.

Remark 9. ([14]) We have that the series
“+o0
k
Ejf()wmx—m
k=—oc0 n

is absolutely convergent in X, hence it is convergent in X and A, (f,xz) € X.

We denote by || f|l,, := sup ||f(x)|, for f € C([a,b],X), similarly is defined for f € Cp (R, X). We
z€la,b]
mention a series of X-valued neural network approximations to a function given with rates. We first give

Theorem 10. ([/14]). Let f € C([a,b],X),0<a<1,ne€N:n'"*>2 z € [a,b]. Then

y
1 1 e _
4 o) = F @ € s o (£ )+ @Bt = 2) ] = (19
and
i)
40 (D)~ Fla < 20)

We notice im A,, (f) = f, pointwise and uniformly.
n—oo
The speed of convergence is max (n%, (1 —h (nl_o‘ — 2))) .

Next we give

Theorem 11. ([14]). Let f € Cp (R, X),0<a<1,neN:n'=*>2 z €R. Then

)
[ (0) = £ @ < (Frg ) + (0= 0 (07 = D) I = 1)
and
i) B
A -1l < 2

For f € Cyup (R, X) we get lim A, (f) = f, pointwise and uniformly. The speed of convergence is
n—oo

n

max (L(ph(nl—a _2))).
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In the next we discuss high order neural network X-valued approximation by using the smoothness of f.
The X-valued derivatives are as the numerical ones, see ([24]).

Theorem 12. ([14])Let f € CV ([a,b],X), n,N €N, 0< a <1, z € [a,b] and n'=* > 2. Then

i)
N &) 1—h(nli—e—29 ,
40 ()~ F @] < g 4 0 MO L R EZEmD) ity oy
— !
1Y 1 (ke -2) I (- a)”
l% <f(N)’ e ) nav N T NI '
ii) Assume further fU) (zo) =0, j = 1,..., N, for some xq € [a,b], it holds
40 () = £ @0l € s
1—hm==2)) lFf™| _(b-a)Y
{“’1 (19,8 ) s + R 02 } (24)
and
iii)
1 Hf“ [ (1-h(n'"*-2)) j
140 (1) = flloe < 2:: 5t 5 (b-a)’| +
RN S ¢ B it D1 At Y RO
[wl <f(N), n“) o N N + N : (25)
Again we obtain lim A, (f) = f, pointwise and uniformly.

n— oo

All integrals from now on are of Bochner type [22].
We need

Definition 13. ([12]) Let [a,b] C R, X be a Banach space, « > 0; m = [a] € N, ([-] is the ceiling of the
number), f : [a,b] — X. We assume that f™) € Ly ([a,b],X). We call the Caputo-Bochner left fractional

derivative of order a:

1

(D, f) (x) := m /m (x — t)m_”‘_1 M (tydt, Ve [a,b]. (26)

If a € N, we set D2, f := f(") the ordinary X -valued derivative (defined similar to numerical one, see [24],
p. 83), and also set DY, f := f.

By [12], (DS, f) (z) exists almost everywhere in = € [a,b] and D%, f € Ly ([a,b], X).
If ||f(m)HLm([a7b]7X) < 00, then by [12], D%, f € C([a,b], X), hence | D%, f| € C ([a,b]) .

Definition 14. ([10]) Let [a,b] C R, X be a Banach space, o > 0, m = [a]. We assume that f(™) €
Ly ([a,b], X), where f : [a,b] — X. We call the Caputo-Bochner right fractional derivative of order a:

(D) (@) = D

(m —a)

b
/ (z—x)" " fM (2)dz, V€ lab]. (27)

We observe that (D" f) (z) = (=1)™ f™) (z), for m € N, and (D)_f) (z) = f (z).
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By [10], (Dg_f) (z) exists almost everywhere on [a,b] and (D§'_f) € Ly ([a,b] , X). If || (™) <
oo, and a ¢ N, by [10], D§" f € C ([a,b], X), hence | Dg_f| € C ([a,b]).

In the next wy (f,d), s refers to a modulus of continuity. wy defined over [a,b].

||Lm([a,b],X)

We mention the following X —valued fractional approximation result by neural networks.

Theorem 15. ([1/]). Leta >0, N =[a],a ¢ N, f € CN ([a,b],X),0< <1,z € [a,b],n € N:nl7F > 2.
Then

i)
N-1 @ ( .
P, (o) @) - 1 )] <
(b (1)~ (wl (D2 fs5) oy 1 (D2 25) )
T(a+1) ned *
—h(n' 8 =
(1 b )>(||Da Pl oy (= 0+ D2l 0 x)a)}, 28)
i) if f9)(z) =0, forj=1,..,N —1, we have
( (1)~
||An (f:x) —f(x)” < m
{ (w1 (D2 58) g + 1 (D2 36) )
nop +
_h(nt-B _
(1 bl 2)>(||Da Pl ey = @) 4 1D Pl gy 0 m)“)}, (29)
i)
[ An (f,2) = £ @) < (@ (1)~
N1 f1—h(n'7F -
{_ Hfﬂ u{ o ay<1 = 2>>}+
L[ (@ (D f )y e (D1 5) )
F(OZ+1) naﬁ +
—h(nt P —
(1 b >)(HDa o @0+ 1Dl x>a)}}, 30
V€ la,b],
and
i)

1Anf = Flloo < (0 (1)
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1 (él[lapb]wl (D2-f 5 ) o ¥ vl | D54 3)e b]>

I'(a+1) nop

(P
(1 h(2 2)>(b—a)a<zt[1p]HD" fH + zl[lp 1D fll oo mb])}}‘ (31)

Above, when N =1 the sum Z;V;ll - =0.
As we see here we obtain X -valued fractionally type pointwise and uniform convergence with rates of

+

A,, — I the unit operator, as n — oo.
Next we apply Theorem 15 for N = 1.
Corollary 16. ([1/]) Let0 < o, < 1, f € C* ([a,b],X), = € [a,b], n € N:n'=# > 2. Then

i)
[An (f,2) = f(@)]| <
()" (‘”1 (DS, 575) g, + w1 (D], 7117)[90,19]) +
F(a—i— 1) na,@
o (n1—f
<1 h(g 2)> (HDa f” J[a,z] (z —a)® + D5 f |l oo [zb(b ﬂc)a)}, (32)
and
i)
—1
1405 = Fll < 280

( Sup wi (D -1 nﬂ)[a x] T sup W (D*zf’ ”B)[I b])
z€[a,b] ’ z€[a,b] 7

nob

_ 1-8 _
<1 h(n 2>><ba>a<sup 1D5- Fll oy + up ||Df.tf||oo,[m,b]>}- (33)
x€|a,

+

2 z€[a,b]

When o = % we derive

Corollary 17. ([14]) Let 0 < 3 < 1, f € C' ([a,b],X), z € [a,b], n € N: n'=F# > 2. Then

g
[An (f,2) = f(2)] <

2(y (1) (M(DéﬂJQMM+WIOﬁJ”#%wJ+

VT n
s @—xO}, (34)
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and
i)
2(p (1)~
Anf — < —t
1Anf = Flloo < =2
sup w Df_,ni + sup w D*%z,%
<z€[a,b] 1( d B)[a,x] x€la,b] 1( ! B)[axb]
5 +
n?2

(1 _h(n;_ﬂ _2>> \/m< sup HDE_fHOO + sup] HD*%rf

z€[a,b] ozl zefab

’%[LI)]) } < . (35)

From now on we set X = R.

2.2 Time Seperating Stochastic Processes

Let (Q, F, P) be a probability space, w € ;Y1,Ys, ..., Y, m € N, be real-valued random variables on  with
finite expectations, and hy(¢), ha(t),...hm(t) : I = R, where I is an infinite subset of R. Typically here I is
an infinite length interval of R, usualy I =R or I = R,.

Clearly, then

m

Y (tw) =Y hi(t)Yi(w),t €1, (36)

i=1
is a quite common stochastic process separating time.
We can assume that h; € C"(I),i =1,2,...,m;r € N. Consequently, we have that the expectation

(EY) (t) = zmj hi(t)EY; € C(I) or C"(I). (37)

=1

A classical example of a stochastic process separating time is
(sint) Y1 (w) + (cost) Ya(w),t € I.

Notice that |sint| <1 and |cost| < 1.
Another typical example is
sinh(#)Y1(w) + cosh(t)Ya(w), t € I. (38)

In this article we will apply the main results of section 2.1, to f(t) = (EY) (). We will finish with several
applications. See the related [19], [20].

3 Main Results

We present the following general approximation of the seperating stochastic processes by neural network

operators.

Theorem 18. Let (EY)(t) as in (37), t € [t1,t2], where t1,t2 € R, with t1 < ta, h; € C ([t1,t2]) for every
i=1,2,..m0<a<lneN:n'"*>2 Then
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i
. L, 1 (o _
A, ()0 = (BY) 0] < 55 [ 1(EY, na)+(1 R o) IBYIL] =p 39)
and
i)
|4, (BY) = EY |, < p. (40)

We have that li_>m A, (EY) = EY, pointwise and uniformly.
L (1= h (- - 2))).

Proof. Notice that when h; € C ([t1,t2]) for every ¢ = 1,2,...,m, then (EY)(t) € C ([t1,t2]). Thus, the
conclusion comes from Theorem 10. [

The speed of convergence is max (

We continue with,

Theorem 19. Let (EY)(t) as in (37), h; € Cp (R) for everyi =1,2,...m,0 < a <1, n € N:nl7® > 2,
t e R. Then

i)
|4, (EY,t) — (EY) (t)] < wi (EY, nla) +(1=h(n'"*=2))[|EY|, =& (41)
and
i) B
|An (EY) — EY||__ < p. (42)

For EY € Cug(R) we get lim A, (EY) = EY, pointwise and uniformly. The speed of convergence is
n—oo
max (i (1 —h (nl’o‘ — 2))) .

ne?

Proof. Since that h; € Cp (R) for every i = 1,2,...;m and ¢t € R, then EX € Cpg (R). Therefore the results
come from Theorem 11. [

Furthermore, we have

Theorem 20. Let (EY)(t) as in (37), t € [t1,t2], where t1,ts € R, with t; < ta,h; € CN ([t1,ts]) for every
i=12,.mnNeN 0<a<l, andn'=* > 2. Then

i)
(EY)9)( b (nto .
|A, (EY,t) — (EY) (¢ 1 Z’ ’ [niﬁ (L= 5 2)) (ta—t1)’ |+ (43)
1\ 1 @=h=2) [(ENN (- n)Y
<(EY)(N)’na> N + HN' Hoo

i1) Assume further (EY)(j) (to) =0, 7 =1,...,N, for some tg € [t1,ts], it holds
A, (EY,t EY —
|An (EY, 1) — (EY) (to)| < e

10
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_ nl—o _ (N) . N

{m <(EY)(N)’nla> naﬁN! . (1—h( 2)) H](VE!Y) Hoo(tQ t1) } )

and
iii)
N (EY)(j) Ch(ni-e .
40 (BY) - Bl < o {Zl | 3 . [nl P 22) Gy

—h(n ™% — " 2 — 1t

[wl <(EY)(N) : nla> n‘ﬂ}fN! + (G- 2)) "](\TE"Y) ) Hoo (t2 — ¢ )N] } ) (45)

Again we obtain lim A,, (EY) = EY, pointwise and uniformly.
n—oo

Proof. By Theorem 12. [
We also present

Theorem 21. Let « > O,N = [a],a ¢ N,0 < 8 < 1,t € [t1,ta] where t1,ta € R, with t; < to,
neN:n'P > 2. Then

i
N—-1 ]) )
anEy. - 3 EO W (o) - vy o) <

=1 J:

<.

+

nob

(Y (1>)_1 { (wl (D?* (BY), n%)[tl,t] T (th (EY), "%)[t,h])

1—h(nt=PF -2
( G )> (195 B (= 1007 D5 (BY )| g 02 t)“)}, (46)
it) if (EY)(j) (t)=0, forj=1,..,N —1, we have

()"
S Tlat D)

{ (<wn (D (BY), %),y + o1 (D2 (BY), 5, ) N

|An (EY,1) — (EY) ()]

nap

B (nl-B
(1 b 2)> (198 EV)|| g (= 100" + 1D (BY)l| oy (82— t)“)} L

iii)
14n (EY, 1) = (BY) (1) < (¥ (1)

N-1 [(EY)Y (¢) PR
{j:l‘j!‘{n;j+(t2—tly<l h(2 2))}+

. { (sn (D (BY), %), +n (D2 (BY), 5,0

+
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_h(nl-8 _
(1 h(2 2)>(HD&(EY)HOOM(t—t1>a+||th<EY>||m,M<t2—t>“)}}, (48)

Vite [tl,tg] s
and
w)
14n (EY) = EY ||, < (4 (1))~
N1 H(Ey)(j)HOC 1= h (01— 2)
Z f m + <t2 - tl) 2 +
j=1
( sup wi (D (EY), 75),, o+ sup w1 (D (EY), o5) t2]>
1 TE[t1,t2] ’ te(ty,ta] n
I'(a+1) nop
1—h(nt=# -2 o
( ) (o —t0)* | sup [[DE (BY)|| g+ 500 D% (EV) oy | - (49)
2 te(ty,ta] T tety,ta]

Above, when N =1 the sum Z;v:_ll -=0.
As we see here we obtain t-valued fractionally type pointwise and uniform convergence with rates of A, — I

the unit operator, as n — Q.

Proof. By Theorem 15. [
Next we apply Theorem 21 for N = 1.

Corollary 22. Let (EY)(t) as in (37), 0 < a, 8 < 1, t € [t1,ta], where t1,t2 € R, with t; < ta,n € N :
n'=F > 2. and h; € C ([t1,t2]) for everyi=1,2,...,m. Then

i
[An (BY,1) — (BY) ()] <
(w(l))_l (CU1 (Dta_ (Ey)anﬁ)t t]+w1( %)[tt ])+
_h(ni-B —
(1 h( : 2)> (D52 (BY )|y (¢ = 800+ ID2% (Bl i (12 — t)")} : (50)
and
i)

14, (BY) - (BY)|, < LA

( sup wy (Df (EY), nﬁ)[tl,t]—i_ sup_wi (D5 (BY), "‘3)[1%2})

te[tl,tz] te[tl,tg]
nop

+

1—h(n=8 -2 N
( S >><t2—t1> <sup D8 BV g+ s ||Dfﬂt<EY>||oo,[t,tz]>}. 1)

te(t1,ta] TE€[t1,t2]

12
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When a = § we derive

Corollary 23. Assume again (EY)(t) as in (37). Let 0 < 5 < 1, t € [t1,ta], where t1,t2 € R, with t1 < ta,
n€N:n'=P > 2 and h; € C ([t1,ts]) for every i =1,2,...,m. Then

i)
[An (EY,t) — (EY) ()] <
3 a1 3 1
9 (w (1))_1 (wl (Dt— (EY), nﬁ)[h,t] + w1 (D*t (EY) ) nﬁ)[t,tg])
+
v :
1—h(n=P -2 1 1
( ( : )) (Hth (EY)HOO - Vi—t) + Hth (EY)HOO - V(o= t)> } : (52)
and
i)
2 (¢ (1))
14, () = ()], < 22
sup w D%_ EY),-L + sup w D*% EY),-L
(te[tl,tQ] ! ( o (EY) "B)Uht] te(t1,ta] ' ( ¢ (EY) nﬁ)[t»h] N
B
nz
1—h(n'=% -2 1 1
( ) (ta—t) [ sup |DZ (EY)H + suwp ||DZ (EY)H <oo. (53)
2 te[t1,ta] 00,[t1,t]  tefty ta] 00, [t,t2]

4 Applications

For the next applications we consider (2, F, P) be a probability space and Y, Y7, Y5 be real valued random

variables on 2 with finite expectations. We consider the stochastic processes Z;(t,w) for i = 1,2,...,9, where
t € R and w € Q) as follows:
Zut,) = [t = to) ! +1] Yolw), 69
where 3 € R and p € N are fixed;
Zs(t,w) = sin (&t) Y1 (w) + cos (£t) Ya(w), (55)
where £ > 0 is fixed;
Z3(t,w) = sinh (ut) Y1 (w) + cosh (ut) Ya(w), (56)
where p > 0 is fixed;
Zy(t,w) = sech (ut) Y1(w) + tanh (ut) Ya(w), (57)
where ¢ > 0 is fixed.
Here sechx := Coslhz = M%, x € R.
Zs(t,w) = e Y1 (w) + e Yo (w), (58)
13
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where f1,¢5 > 0 are fixed;
1 1

Y1 (w) + [P

Zg(t,w) = T

Y2 (w)a

where ¢1, /2 > 0 are fixed;
Zy(t,w) = e Yi(w) + e Ya(w),

where p1, o > 0 are fixed;
Zg(t,w) = Py, (01t) Y1(w) + Py, (U2t) Ya(w),

where ¢1,¢5 > 0 and m € N are fixed.
Here P,,(x) is the Legendre Polynomial of degree m € N, i.e

P, :[-1,1] — [-1,1]
such that,

1 dm m 1 & (m)? .
Pm(m):mw(x2_l) :2mk2<k:> (z—1)"""@+1)" ze[-1,1].
=0

To define the stochastic process Zg (t,w), we consider the Cauchy function

. e, z#0
flz) = :
0, z=0

Notice that, f € O (R) and it has f@ (0)=0, foralli=1,2,...,00.
We set,
Zy(t,w) = f(t)Yo(w),

The expectations of Z;,7=1,2,...,9 are
(BZ1) (1) = [t — to)** + 1] E(¥),

(EZ3) (t) = sin (&)
(EZ3) (t) = sinh

E(Y1) + cos () E(Y2),

(ut) E(Y1) + cosh (ut) E(Y2),

(EZy4) (t) = sech (ut) E(Y1) + tanh (ut) E(Y3),
)

(EZs) (t) E(Y1) + WE(YE),

T lte bt 1+
(EZ7) (t) = e ""E(W1) + e "2 E(Ya),

(BEZs) (t) = Pm (61t) E(Y1) + P, (£2t) E(Y2),

(EZy) (t) = f(t) E(Yo),

For the next (EZ;) (t),i =1,2,...,9 are as defined in relations between (63) and (71) respectively.

We present the following result.

14
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Proposition 24. Let t € [t1,t2], where t1,ty € R, with t; < t3,0 < a < 1,n € N: n'=® > 2. Then for
i=1,2,...,9
i)

1

1A, (EZ:),t) — (EZ) ()] < ()[ (Ezi,;)ﬂl—h(nl—a_g))|Ezi|oo = p, (72)

1A4n (EZ;) = EZi]| o < p. (73)
We have that nli_>ngOAn (EZ;) = EZ;, pointwise and uniformly.
The speed of convergence is max (n“’ (1 —h (nl"" — 2))) .

Proof. From Theorem 18. [

In the cases of stochastic processes Z; (t,w), for i = 2,4,6,7 we have the next

Proposition 25. Leti € {2,4,6,7},0<a<1,ne€N:n'"®>2+tcR. Then

i)
|4, (EZi,t) — (EZ:) (1)] < wr (EZ n1a> (1= h (0~ 2)) |EZ|o = (74)
and
i) B
|45 (EZ:) — EZi|| < p. (75)

For EZ; € Cyp (R) we get lim A, (EZ;) = EZ;, pointwise and uniformly.
n—oo
The speed of convergence is max (n%, (1 —h (nl_‘x — 2))) .

Proof. Notice that for every ¢t € R we have that:
for Z5 (t,w), |sin (&t)] <1 and |cos (£t)] < 1,
for Z (t,w), |sech (ut)] < 1 and |tanh (ut)| < 1,

for Zg (t,w), 0 < =77 < 1 and 0 < 7 ,,{2, <1,

1+e

for Z7 (t,w), 0<e™¢ " <land0< e ™ <1,

Thus, the results come from Theorem 19. [

Moreover, we present the next

Proposition 26. Leti=1,2,...,9,t € [t1,ta], where t1,t2 € R, witht; < t2,0 < a < 1, and n'=* > 2. Then

i)
N |(EZ)Y (t) bt - 4
A, (BZit) — (EZ) (¢ ;’ ﬂ wnl U =) -y + (10
) 1 (1—=h(n= =2 (EZ)™|  (ta —t:)Y
w1 ((EZi)(N)’na> nocNN!Jr HN' Hoo
15
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i1) Assume further (EZi)(j) (ta) =0, j=1,..., N, for some t, € [t1,t2], it holds

|An (BZi,ta) — (BZ:) (fa)] < —

{wl ((Ezi)uv) | 1) I Gt Gt} (G2 Gt

ne TLO‘NN!—’_ N!
and
iii)
A, (EZ)—EZ;| . < 1 > ”(Ezi)(j)Hoc 1 (1—h(n1*a—2))t
40 (2 = B2 < 57 4 32— | + :

—« N N
(EZ)(N) 1 1 n (1—h(n1 _2))H(EZ1')( )Hoo(t2_t1)

n® ) naN NI NI

Again we obtain lim A, (EZ;) = EZ;, pointwise and uniformly.

n— oo

Proof. By Theorem 20. [J

We also present

(78)

Proposition 27. Leti = 1,2,...,9,a > 0,N = [a],a ¢ N,0 < 8 < 1,t € [t1,t2] where t1,t2 € R, with

t1 <te,neN:n'"# >2 Then

i) N | |
An (BZiyt) = 30 2502, (= 47) (0) = (BZ) (1) <

—~ (BEZ)Y (¢
=

nop

(% (1))71 { (wl (D,?_ (EZ;), #)[tl,t] + wy (th (EZ;), Lﬁ)[t tQ])
T +

—h (a8 —
<1 S 2)> (HD?— (EZ1)||OO7[t17t] (t—t1)" + || D% (EZi)||oo7[t,tz] (f2 — t)a)} ,

it) if (EZZ-)(j) (t)=0, forj=1,...,N —1, we have

¢ (1))

40 (BZ0t) — (520 0] < L

+

(w1 (Df: (EZ ) ’ nﬁ)[tl,t] w1 (D*t (EZ ) ’ nﬁ)[mz])
nob

1—h(n'=F -2 N N
( (2 )) (1D (BZ0)l| g, (¢ = 1) + 1D (BZi) 1) (2 = ) )},

iii)
1An (BZi,t) = (EZ:) (D)) < (v (1))

16
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(80)
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N—1 (4) 1-8
e z) <>]{7;j+(t2_tl)j<1h<n2a 2)>}+

j=1
1 (w1 (D (EZ;), #)W] +w (DY (EZ;), %)[t tQ])
I'a+1) noB M
1—h(n'=% -2 o
( ( : )) (D5 (BZ0)| gy ¢ = 10 + D% (B2 1) (2 — 1) )}} (81)
Vite [tl,tg] s
and
i)

|An (EZ;) — EZi|| . < (¥ (1)

N—1 (3) _
H(EZ . { — + (ta — 1)’ (1_h<n; 6_2)>}+

Jj=

—_

te(ty,t2]
I'(a+1) nos

Ch(nl=B
(1 h( : 2)) (ts — )" ( sup ||Df‘, (EZi)Hoo,[tl,t] + sup [|D (EZi)oo,[t,tQ]> }} . (82)

te(ty,ta] te(ty,t2]

( sup wi (D,ﬁ (EZ;), nﬁ)[tl 4 + sup w (D*t (EZ;), nﬁ)[t t2]>
1 T€[t1,ta] ’ ’

+

Above, when N =1 the sum Z;\;l -=0.
As we see here we obtain t-valued fractionally type pointwise and uniform convergence with rates of A, — I

the unit operator, as n — oo.

Proof. By Theorem 21. [
Next we apply Proposition 27 for N = 1.

Corollary 28. Leti=1,2,...,9,0 < o, < 1, t € [t1,ts], where t1,ts € R, with t; < ty,;n € N:n!=F > 2,
Then

i)
|An (EZi,t) = (EZ;) ()] <
) [ (o (P EZ) ), g + e (D5 (B2) 3) )
I'(a+1) noh
_h(nt-8 _
(1 “2 2))(\!1?3<Ezi>!|oo,[thﬂ<t—t1>“+||D$t<EZi>||oo,[t,t2](tg—w“)}, (83)

and
i)

1A, (EZ;) — (EZ)| ., < W)™

17
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< sup wy (DY (EZ),75),, o+ sup wi (DY (Ezi),nlﬁ)mo

te(t1,ta] te(ty,ta]

nap +

1—h(n'=f -2 o
( ( )> (t2a —t1) ( sup ||Dta— (EZi)HOO,[tht] + sup [|Dg (EZi)Hoo,[t,tQ]) } . (84)

2 te[tl,tz] aie[tl,tz]

When o = % we derive

Corollary 29. Assume i = 1,2,...,9. Let 0 < 8 < 1, t € [t1,t2], where t1,t2 € R, with t1 < ta2, and
neN:n'=% >2. Then

i)
|An (EZ;,t) — (EZ;) (1)] <
1 1
- D? (EZ;), -5 DZ (EZ;), L
2(¢ (1) <w1( e )’"‘*)[n,tﬁwl( i { )’”‘*>[t,tz1>+
v :
1—h(n*=# -2 1 1
( b )> (HDE_ Bz, e+ |ph@Ez)| <t2t>)}, (85)
00,|t1,t 0o, |t,t2
and
i)
2 (1 (1)) 7"
14, (52) - (B2)) < 22
1 1
sup wi (Df_ (EZJ,#) + sup w (th (EZ,-),%;)
tE[L1 2] [t1,t] ety to] [t,t2]
3 +
ne
1—h(nt=8 -2 1 1
(v ) (ta—t1) | sup Di (EZ;) + sup Dét (EZ;) <oo. (86)
2 telty,ta] S L T | 00, [t,t2]

5 Specific Applications

Let (Q,F, P), where Q is the set of non-negative integers, be a probability space, Y7 1,Y21 be real-valued
random variables on 2 following Poisson distributions with parameters A1, Ay € (0, 00) respectively.
We consider the stochastic processes Z; 1(t,w) for i = 1,2,3,5, where t € R and w € Q as follows:

Zia(tw) = [t = to) ™ + 1] Yia(w), (87)
where top € R and p € N are fixed;
Zy1(t,w) = sin (§t) Y1,1(w) + cos (&t) Yo 1 (w), (88)
where £ > 0 is fixed;
Zs1(t,w) = sinh (ut) Y1,1(w) + cosh (ut) Yz 1(w), (89)
18
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where p > 0 is fixed;
Zsa(tw) = e Y] 1 (w) + e 21V 1 (w), (90)

where £1,¢5 > 0 are fixed.
Since E (Y11) = A1 and E (Y21) = A2 , the expectations of Z; 1,7 =1,2,3,5, are

(BZ1) () = 2 [(t = to)" " +1] (91)
(EZQ71) (t) = )\1 sin (Et) + )\2 (o)) (gt) , (92)
(EZ31) (t) = Ay sinh (ut) + A2 cosh (ut) , (93)
(EZs1) (t) = Me 1 4+ hpe 2t (94)

For the next we consider (€2, F, P), where 2 = R, be a probability space, Y7 2, Y2 2 be real-valued random
variables on (2 following Gaussian distributions with expectations ji1, fio € R respectively.

We consider the stochastic processes Z; o(t,w) for i = 1,2,3,5, where t € R and w € § as follows:

Zia(tw) = [t = to) ™ + 1] Via(w), (95)
where ¢ty € R and p € N are fixed;
Zs,9(t,w) = sin (&t) Y1 2(w) + cos (£t) Ya 2(w), (96)
where £ > 0 is fixed;
Zs 9(t,w) = sinh (ut) Y1,2(w) + cosh (ut) Yz 2(w), (97)
where p > 0 is fixed;
Zsa(t,w) = e 1Y) o (w) + e 21V 5 (w), (98)

where £1,¢5 > 0 are fixed.
Since E (Y1,2) = f11 and E (Y2 2) = fiz , The expectations of Z; 5,7 =1,2,3,5 are

(BZ1,2) (1) = fun [(t = to)* + 1], (99)
(EZ3,2) (t) = fix sin (§¢) + fiz cos (£t) , (100)
(EZ32) (t) = fuy sinh (put) + fig cosh (ut) , (101)
(BZs2) (t) = pue™ """ + fige™"", (102)

Furthermore, we consider (Q, F, P), where Q = [0, 00), be a probability space, Y1 3, Y2 3 be real-valued random
variables on {2 following Weibull distributions with scale parameters 1 and shape parameters 71,72 € (0, 00)
respectively.

We consider the stochastic processes Z; 3(¢,w) for i = 1,2,3,5, where t € R and w € 2 as follows:

Zy5(t,w) = [(t—to)”ﬂ +1] Vis(w), (103)
where tp € R and ¢ € N are fixed;
Z3,3(t,w) = sin (&t) Y1 3(w) + cos (£t) Yo 3(w), (104)
where £ > 0 is fixed;
Zs 3(t,w) = sinh (ut) Y1, 3(w) + cosh (ut) Yz 3(w), (105)
19
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where p > 0 is fixed;
Zs 3(t,w) = e 1Y 3(w) + e 21V, 3(w), (106)

where £1,¢5 > 0 are fixed.
Since E (Y1,3) =T (1 + %) and E (Ya3) =T (1 + 712) , where T (+) is the Gamma function, The expectations
of Zi737i = 1, 2, 3, 5, are

21200 =T (14 =) (0= 0 41]. (107)
(EZss) (t) =T <1 o ) sin(€6) + T (1 T > cos (¢1), (108)
(B252) () =T (14 - ) sint )+ 7 (14 L ) cost (). (109)
(FZss) (1) =T (1 + ) ey (1 ; 1) et (110)

We present the following result.

Proposition 30. Let t € [t,t2], where t1,ts € R, with t; < t5,0 < a < 1,n € N: n'=® > 2. Then for
i=1,2,3,5 and k = 1,2,3
i)

1

|An (EZi k) t) — (EZix) (t)] < ) [wl (EZk nla> +(1—=h(n'""*=2)|EZik| | =p, (111)

ii)
14n (EZik) — EZik| o, < p- (112)

We have that lim A, (EZ; k) = EZ, i, pointwise and uniformly.
The speed of convergence is max (nw (1 —h (nl’o‘ — 2))) .

Proof. From Proposition 24. [
In the cases of stochastic processes Zs i (t,w), for k =1,2,3 we have the next

Proposition 31. Let k € {1,2,3},0<a<1,ne€N:n'"® > 2t cR. Then

i)
_ 1
|4, (EZog,t) — (EZ21) (B)] < wn <EZQ7,€, na) +(1=h((n'"*=2)) |EZosl, = 1 (113)
and
i)
|An (EZo ) — EZok|| < . (114)

For EZs, € Cyup (R) we get lim A, (EZs ) = EZs ., pointwise and uniformly.
n—oo

The speed of convergence is max (na’ (1 —h ( l—a _ 2))) .

Proof. The results come from Proposition 25. [J

Moreover, we present the next

20
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Corollary 32. Assumei=1,2,3,5 andk =1,2,3. Let 0 < § < 1, t € [t1,ta], where t1,t3 € R, with t; < ta,
andn € N:n'=# > 2. Then

i)
|An (EZ; g, t) — (EZ; 1) ()]

IN

1 1
D} (EZiy), ) (D% (BZix)  35)
(wl ( 2 ( ) B 1 4] + w1 2 ( k) oG [t.t2]

+
a n

i

(1 —h (n;_B _ 2)> <’ Dt%_ (EZi,k)HOO,[tl,t] V(E—t)+ HDét (EZi,k)Hoo)[tth] (t2 — t)> } ) (115)

|40 (EZis) — (EZiy)|, < 2(1/,(\/17?))—1

1 1
( sup wi (Df_ (EZ; k), #) 4+ sup w; (th (EZ; k), ﬁ) it ]>
sL2

telts,ta] [t1:t] ety o] N

@

n

D?, (EZM)H < .

00, [t,t2]

1
’Df, (EZM)H + sup

00,[t1,t]  tety,ta]

1—h(n'=F -2
( (2 )> (tg—t1)< sup
t€[t1,t2)

Proof. From Corollary 29. [J

(116)
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Multivariate Gudermannian function based

neural network approximation
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Abstract

Here we present multivariate quantitative approximations of Banach
space valued continuous multivariate functions on a box or RN, N € N,
by the multivariate normalized, quasi-interpolation, Kantorovich type and
quadrature type neural network operators. We examine also the case of
approximation by iterated operators of the last four types. These ap-
proximations are achieved by establishing multidimensional Jackson type
inequalities involving the multivariate modulus of continuity of the en-
gaged function or its high order Fréchet derivatives. Our multivariate
operators are defined by using a multidimensional density function in-
duced by the Gudermannian sigmoid function. The approximations are
pointwise and uniform. The related feed-forward neural network is with
one hidden layer.

2020 AMS Mathematics Subject Classification: 41A17, 41A25, 41A30,
41A36.

Keywords and Phrases: Gudermannian sigmoid function, multivariate
neural network approximation, quasi-interpolation operator, Kantorovich type
operator, quadrature type operator, multivariate modulus of continuity, abstract
approximation, iterated approximation.

1 Introduction

G.A. Anastassiou in [2] and [3], see chapters 2-5, was the first to establish
neural network approximations to continuous functions with rates by very specif-
ically defined neural network operators of Cardaliaguet-Euvrard and ”Squash-
ing” types, by employing the modulus of continuity of the engaged function or
its high order derivative, and producing very tight Jackson type inequalities.
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He treats there both the univariate and multivariate cases. The defining these
operators "bell-shaped” and ”squashing” functions are assumed to be of com-
pact support. Also in [3] he gives the Nth order asymptotic expansion for the
error of weak approximation of these two operators to a special natural class of
smooth functions, see chapters 4-5 there.

Motivations for this work are the article [17] of Z. Chen and F. Cao, and [4],
51, (6], [7), [8], 9, [20], [11], [12], [14], [15], 18], [19].

Here we perform multivariate Gudermannian sigmoid function based neural
network approximations to continuous functions over boxes or over the whole
RY, N € N, and also iterated approximations. All convergences here are with
rates expressed via the multivariate modulus of continuity of the involved func-
tion or its high order Fréchet derivative and given by very tight multidimensional
Jackson type inequalities.

We come up with the ”"right” precisely defined multivariate normalized,
quasi-interpolation neural network operators related to boxes or RV, as well
as Kantorovich type and quadrature type related operators on RY. Our boxes
are not necessarily symmetric to the origin. In preparation to prove our results
we establish important properties of the basic multivariate density function in-
duced by Gudermannian sigmoid function and defining our operators.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this article, are mathematically expressed as

Nn(x)=chU(<aj-x>—|—bj), zeR’, seN,
=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental network
models, the activation function is the Gudermannian sigmoid function. About
neural networks see [20], [21], [22].

2 Background

See also [13], [24].
Here we consider gd (x) the Gudermannian function [24], which is a sigmoid
function, as a generator function:

o (z) = 2arctan (tanh (g)) = /Oz coiilt =:gd(z), x € R. (1)

Let the normalized generator sigmoid function

f(x>::20<x>=2[ i 4Am1dt, eR (@)

T T cosht w et +et
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Here
2

!
xTr) =
f'(@) m cosh

hence fis strictly increasing on R.
Notice that tanh (—2) = —tanhx and arctan (—z) = — arctanz, = € R.

So, here the neural network activation function will be:

>0, VxeR,

Wir)=2fle+)—flz-1], zeR ®3)

e

By [3], we get that
W(z)=W(-z), VzeR, (4)

i.e. it is even and symmetric with respect to the y-axis. Here we have f (+o00) =
1, f(—o0) = =1 and f(0) = 0. Clearly it is

fl=2)=—=f(2), Ve eR, ()

an odd function, symmetric with respect to the origin. Since x4+ 1 >z —1, and
f(x+1)> f(x—1), we obtain W (z) >0,V z €R.
By [13], we have that

W (0) = %gd(l) ~ 0.2757, (6)

By [13] W is strictly decreasing on (0, 400), and strictly increasing on (—o0, 0),
and W' (0) = 0.
Also we have that

lim W (z) = lim W (z) =0, (7)

T—+00 r——00

that is the z-axis is the horizontal asymptote for W.

Conclusion, W is a bell shaped symmetric function with maximum W (0) =
0.2757.

We need

Theorem 1 (/13]) It holds that
Y W(—i)=1, VazeR (8)

Theorem 2 ([/13]) We have that

/_O;W(a:)dle. )

So W (x) is a density function.
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Theorem 3 ([15]) Let 0 < a < 1, and n € N with n'=* > 2. It holds

i W (nz —k) < 2 = 2¢7 . (10)

men'™=2)  gen'™?
k= —o0
{ s nx — k| > ntme

Denote by |-] the integral part of the number and by [-] the ceiling of the
number.

Theorem 4 ([13]) Let [a,b] C R and n € N, so that [na] < |nb]. It holds

1 2T

=~ 4.824 11
b] < de) e (11)
> W(nz—k)
k=[na]
V€ la,b.
We make
Remark 5 ([15])
(i) We have that
|nb]
lim > W (nz—k)#1, (12)
k=[na]

for at least some x € [a, b].
(i) Let [a,b] C R. For large n we always have [na] < [nb|. Alsoa < £ <,
iff [na] <k < |nb].

In general it holds
[nb]

> Wnz—k) <1 (13)
k=[na]
We introduce

N
Z(x1,man) =2 (x) = [[W(z:), 2= (21,...an) eRY, NeN. (14)

=1

It has the properties:
(i) Z(z) >0, Vz eRY,
(ii)

Z Z({L’—k‘):z Z Z Z Z(ml—kl,...,$N—kN):1, (15)

k=—o00 ki=—oco kg=—00 kny=—0o0

560 George A. Anastassiou 557-582



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC

where k 1= (k1,....,k,) € ZN, ¥V x € RV,

hence
(iii)
(o)
> Zna-k)=1, (16)
k=—o0
VzeRN;neN,
and
(iv)
/ Z (@) dz = 1, (17)
RN
that is Z is a multivariate density function.
Here denote ||z||  := max {|z1], ..., |zn|}, 2 € RV, also set 0o := (00, ..., 00),
—00 := (—00,...,—00) upon the multivariate context, and

[na] := ([na1], ..., [nan]),
(18)

[nb] := (|nb1], ..., [nbN]),

where a := (ay,...,an), b:= (b1,...,bn) .
We obviously see that

[nb] [nb] N
Z Z (nx — k) = Z (HW(mcl—kl)> =

k=[na] k=[na] \i=1

[nb1] [nbn] N N [nb; ]

ki=[na1] kn=[nan] \i=1 i=1 \k;=[na;]
For 0 < < 1and n €N, a fixed z € RV, we have that

Lnb]

Z Z (nx — k) =

k=[na|
[nb] [nb]
Z Z (nx —k) + Z Z (nx —k). (20)
k= [na] k = [na]
15 -2l < 55 15 =2l > 5

In the last two sums the counting is over disjoint vector sets of k’s, because the

k 1
Be—a| > o5,

condition H% — xHOO > n%; implies that there exists at least one
where r € {1,..., N}.
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(v) As in [10], pp. 379-380, we derive that

o (10)  2¢2
> Z(nz—k) < ——, 0<B<1, meN, (21)
me

(i

with n € N:n'=% > 2z e [T, [as, bi] .
(vi) By Theorem 4 we get that

1 or \V
0< < ( ) =~ (4.824)N (22)
nb ’
St Z e —k)  \9d(2)
Ve (Hj\il [ai,bi]), n € N.
It is also clear that
(vii)
Z Z (nx —k) < 761,B , (23)
e
k= —o0
15 ==l >7m
0<B<l,neN:n'A>22cRY meN.
Furthermore it holds
[nb|
lim Y Z(nx—k)#1, (24)

k=[na]

for at least some z € (Hf\il [a;, bz]) .

Here (X, ””’v) is a Banach space.

Let f € C (Hf\;l [ai, bi] 7X) , ¢ = (x1,...,ZN) € va:l [a;,bi], n € N such
that [na;] < |nb;|,i=1,...,N.

We introduce and define the following multivariate linear normalized neural
network operator (z := (z1,...,ZN) € (vazl (@i, bz]))

ZW’JM Z (nx — k)
An(faxla'"wrN) = An(fa'r) = u [I. }]J ( ) =
an [na] (nz - k)
|nb1 | b2 | |nbn | k
ZIﬂZ[naﬂ Zkzj(naz] ZkN N[naN] ( nl 1ty ) (Hz 1 W (nml - kl))
Hf\;( IE:LilHna g W (na; — ki) )

For large enough n € N we always obtain [na;| <
a; S ]:z S bu lﬂ [naz-‘ S kz S I_nszy Z - 17"'7N'

|nbi], i = 1,...,N. Also
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When g € C (Hz 1 lai, bl]) we define the companion operator

T ZlEanna] ( ) Z (TLIIJ - k)

Ay (g,x) = ~ (26)
i ey Z (2 = K)
Clearly ﬁn is a positive linear operator. We have that
~ N
A, (Lz)=1, Vz e <H [ai,bi]> .
i=1
Notice that A, (f) € C (TT; lai,bi], X ) and A, (9) € C (TTX, lai,bi])
Furthermore it holds
Lan
k [nal ||f(n)|| k) e
[A4n (f, 2)Il, < =4 (£l ), (27)
Y Z[E’anna_‘ (’I’L.’I} _ k) ( Y )
Vze Hf\/:l [ai,bi] .
N
Clearly ||fIl, € C (T, [as:bil)
So, we have that
l4n (£ @), < A (711, ) (28)
Vo el o bl VneNV feC (T, o b], X).
Let ce X and g C (Hi:l [a;, b ]) then cg € C (H2 1 lag, by ,X) .
Furthermore it holds
Ay (cg, @) = cAy (g,2), vﬂ:eﬂaz, il (29)
Since A,, (1) =1, we get that
Ap(c)=¢, VceX. (30)

We call ;1” the companion operator of A,,.
For convinience we call

[nb]
A (foa) = > f(> (nz — k) =

k=[na]

lnbi]  Lnbo] Lnbx | N
DD D f<nn) (HW(nxiki)>, (31)
=1

ki=[nai] ka=[naz2] kn=[nan]
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Vae (HiN:l [ai,bi]) .
That is
n (f, ) . - bJA* (f7 ) , (32)
D ope ' fnal Z (nx — k)

Ve (Hf\il [ai,bi]), n € N.

Hence

A5 (f,2) = £ (@) (S0 Z (2 = )

A, (f,x) — = 33
(f.2) ~ (&) S Trers (3)
Consequently we derive
(22) N Lnb)
|40 (f,2) = f(@)ll, < (4820)" | A; (fow) = f(z) Y Z(nw—k)|| , (34)
k=[na]

~

Vae (HL . [al,bl])

We will estimate the right hand side of (34).

For the last and others we need
Definition 6 (/11], p. 274) Let M be a convex and compact subset of (]RN, ||Hp) ,
p € [1,00], and (X, H||7) be a Banach space. Let f € C (M,X). We define the

first modulus of continuity of f as

wi (f,6):= " sup  [f(z)=F@,, 0<d<diam(M). (35)
z,y € M :
= yll, <o

If 6 > diam (M), then
wi (f,0) = w1 (f, diam (M) . (36)

Notice wy (f,d) is increasing in 6 > 0. For f € Cp (M, X) (continuous and
bounded functions) wy (f,d) is defined similarly.

Lemma 7 ([11], p. 27}) We have wy (f,0) — 0 asd | 0, iff f € C(M,X),

where M is a convex compact subset of (RN7 H'Hp), p € [1,00].
Clearly we have also: f € Cy (RN , X ) (uniformly continuous functions),

iff wy (f,0) — 0 as § | 0, where wy is defined similarly to (35). The space
Cp (RN , X ) denotes the continuous and bounded functions on R¥.
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When f € Cp (RN,X) we define,

B, (f,z) == By (f,21,...,2N) = i f (:) Z (nx — k) :=

k=—o0
ki ke hw al
SIS f( n) (me_ki)), (37)
k1=—00 kg=—00 kny=—o00 i=1

n €N,V az e RN, N €N, the multivariate quasi-interpolation neural network
operator.

Also for f € Cp (RN , X ) we define the multivariate Kantorovich type neural
network operator

Co (fr2) 1= Ch (fr21, 0 an) = Y <nNA"f(t)dt>Z(nx_k):

k=——oo k

oo oo [e'e} k1+1 ko+1 kp 1

DR ( A A f(th...,tN)dtl...dtN)
2 N

k1=—00 ky=—00 _ kg iy

) (H W (nx; — k2)> , (38)

Again for f € Cp (]RN , X ) , N € N, we define the multivariate neural net-
work operator of quadrature type D,, (f,z), n € N, as follows
Let 0 = (0y,....,05) € NV, r = (ry,...,7n) € Zﬂ\:, W,
0 On

601 6o
that S w.= Y > o > Wy ppen =1 kEZN

; and
r=0 r1=07r2=0 rny=0

neN, VzeRVN,

= Wry,ro,...TN > Oa such

0
k r
Ok (f) = Sk oy (f) i= D w0 f ( + ) =
= n  nb
AN k k k
53 Y vt (B B ) g

PICERT) T
n n
r1=07r2=0 rny=0 n92 TL@N
r._ (TL T2 N
where  := (91, s e 01\1) .
We set

D, (f,z):= D, (f,z1,....,aN) = Z Onk () Z (nx — k) = (40)

k=—o0
[eS) oo oo N
Z Z Z 5n,k1,k2,m,kN (f) (HW(nxz — k2)> 5
k1=—00 ka=—00 kny=—00 =1
9
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vV eRY,

In this article we study the approximation properties of A,,B,,C,, D,
neural network operators and as well of their iterates. That is, the quantitative
pointwise and uniform convergence of these operators to the unit operator 1.

3 Multivariate general Neural Network Approx-
imations

Here we present several vectorial neural network approximations to Banach
space valued functions given with rates.
We give

Theorem 8 Let f € C(Hil\il [ai,bi]7X>, 0<pB<lze€ (va:l [ai,bi]),
m,N,n € N with n*=% > 2. Then

1)
|An (fsz) — f (x)HA, < (4-824)N w1 <f7 nl@) + W (n),
(41)
and
2)
140 () =71, <2 (42)

. . Il L .
We notice that lim A, (f) =" f, pointwise and uniformly.
n—oo

Above w1 is with respect to p = oco.
Proof. We observe that

[nb]
Ax) = A, (f,x) = f(x) Y Z(ne—k)=

k=[na]
[nd] 3 Lnb]
k_ZM:a] f (n) Z (na — k) — k%ﬂ £ @) Z (na — k) =
nb] By
1}31 <f ("> -/ m) Z{nw k). (43)
Thus " k
lA@), < k_%] ‘f <n) — f(2) WZ(M k)=
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5 l1(3)-r@| zoe-n'<

k= [na]
| —af > 5
42
w ( nlﬁ) + l‘l{ZH (44)
So that
1A @I, < wi (f 1) el L0 S (45)
L "nf mer'™?

Now using (34) we finish the proof. m
We make

Remark 9 ([11], pp. 263-266) Let (RN, H-||p), N € N; where |||, is the Ly-

norm, 1 < p < oo. RN is a Banach space, and (RN)J denotes the j-fold product

space RN x ... x RN endowed with the maz-norm [zl (gryi = max [z, where
1<A<) P

x:=(21,...,%;) € (RN)j.
Let (X, ||||V) be a general Banach space. Then the space Lj := L; ((RN)J ;X)

of all j-multilinear continuous maps g : (RN)j — X, 73=1,....,m, 1s a Banach
space with norm

lg @)ll,

— 46
Y R

lgll ==1llgll., == sup llg(@)ll, = sup

Hz\l(w)j =1

Let M be a non-empty convex and compact subset of RY and xo € M is
fized.

Let O be an open subset of RN : M C O. Let f: O — X be a continuous
function, whose Fréchet derivatives (see [23]) f9) : O — L; = L, ((RN)j ;X)
exist and are continuous for 1 < j <m, m € N.

Call (z — zo) = (x — xg, ..., & — x0) € (RN)j, zeM.

11
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We will work with f|pr.
Then, by Taylor’s formula ([16]), ([23], p. 124), we get

f (m) = i f(J) (x0)3(|x - xO)J + R, (117,1‘0) , all x € M, (47)
Jj=0 ’

where the remainder is the Riemann integral

Ry (z,20) := /01 % (f(m) (zo + u(x — x0)) — (:EO)) (x — 20)" du,

(m—1)! )
here we set fO) (z0) (x — 20)° = f (x0) .
We consider
wimwy (fR) = sup £ (@) - £ (), (49)
T, yeM:
le—yll, <h
h > 0.
We obtain
H (f(m) (o +u (2 —z0)) — £ (960)) (= — HCO)mH <
gl
£ (o + (@ = 20)) = £ (o) - & = wolly’ <
m [wlz =0l
wlke = aally | “F5 7 . (50
by Lemma 7.1.1, [1], p. 208, where [-] is the ceiling.
Therefore for all x € M (see [1], pp. 121-122):
"ulle —2ol,] (1—w)™ "
< o m p
R e e e
=, (|2 = ao]],) (51)
by a change of variable, where
sy (=5 NS L \m

is a (polynomial) spline function, see [1], p. 210-211.
Also from there we get

" ™ hpm!
<t ey e
q)m(t)_<(m+1)!h+2m!+8(m—1)! , VEER, (53)

12
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with equality true only att = 0.
Therefore it holds

(B oz < w [0l el Rl -l TN
m AT H0]lly = (m+1)lh 2m! g(m—1)! |’ '
(54)
We have found that
9 () (w — o)
HOEDY . <
7=0 I
¥
m—+1 m m—1
- - hllz — o
o) (Il o=l PN
“1 (f ’ ( meDh T 2w T 8m—1) o0, (55)
Y x,x9 € M.
Here 0 < wy (f(m),h) < 00, by M being compact and f™ being continuous
on M.
One can rewrite (55) as follows:
Y9 (wo) (- = wo)
FO=> : <
=0 I
.
m+1 m m—1
- A
O A NV
“1 (f ’ ( m+ O T 2ml  8mo1p ) e (56)

a pointwise functional inequality on M.
Here (- — z0)” maps M into (]RN)J and it is continuous, also fU) (xo) maps
(]RN)] into X and it is continuous. Hence their composition fU (z) (- — xq)’

18 continuous from M into X.

Clearly f ()=3"7% W € C(M,X), hence Hf () =20 W €
C(M). K
Let {ZN}NeN be a sequence of positive linear operators mapping C (M) into
C(M).

Therefore we obtain

v

Iy Hf(~) N e N OE
i=0 '

o (o) | B =) 0 (B (120l e

(m+1)h 2m]!

13
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+h( N (I =aolly ™)) (o)

8(m —1)! ’

VNeN,Vzxye M.

Clearly (57) is valid when M = ]J—VI [a;,b;] and L, = A,,, see (26).

All the above is preparation fo;ritlhe following theorem, where we assume
Fréchet differentiability of functions.

This will be a direct application of Theorem 10.2, [11], pp. 268-270. The
operators A, A, fulfill its assumptions, see (25), (26), (28), (29) and (30).

We present the following high order approximation results.

N
Theorem 10 Let O open subset of (RN, ||-||p), p € [1, 0], such that [] [ai,b;] C
i=1

O C RV, and let (X7 ||H7) be a general Banach space. Let m € N and f €

C™(0,X), the space of m-times continuously Fréchet differentiable functions

from O into X. We study the approzimation of f| . Let zg € (H [a;, l])
T [ai;bi]

andr > 0. Then
1)

(A0 () (20) = 30 (40 (79 @0) 207 ) ()| <
7=0

1 (f(m),r (( n (|| ;n!0||m+ )) ($0)>ml+l> ((~ (” e ”mﬂ)) (wo)>(m’il)

S|

1 r - mr?
-+ — 58
[(m+1)+2+ 8}’ (58)
2) additionally if f9) (zg) =0, j = 1,...,T, we have

1(An () (z0) = f (o)l <
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rm/!

and
4)
H”A" —fll Hoo H[a“b =
S8RV 1
| (M(% (st )l ])
rm)!
(.- o|m+l>><xo>H;f;2ﬁM o
1 mr?
{(m +1) +3 2" 8}
We need
~ N
Lemma 11 The function (An (|| - x0||;n>) (zo0) is continuous in xy € (H [a;, Z])
m € N. =
Proof. By Lemma 10.3, [11], p. 272. =
We give
Corollary 12 (to Theorem 10, case of m = 1) Then
1)
(A () o) = (@)l < || (4n (/O o) (- = 20))) (o) +
e (0 (5 (=) 0)") (B (=) ) 0
[1 +r+ Cﬂ
and
15
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2)
i () - 71 Hw i e
o (el |
o [ 10| (Ea (-2l @ s
H(Zn (H' - xolli)) (zo) :zoeﬁ[wi] [1 tr+ ?ﬂ ) (63)
r > 0. h
‘We make

Remark 13 We estimate 0 < o < 1, myn € N:nl=® > 2,

~ Lnbj H oH Z (nxo — k) (22)
Ao (I = ol () — Zh=ined . <
( e8] ) Z}E anaJ (’n,l'() _ k’)

N [nb] L m+1
(4.824)" H ~ — 0 Z (nxo — k) = (64)
k=[na] S
nb m
(4.824) LZJ Hk — 0 - Z (nxo — k) +
k= [na] ! =
{: 15 = woll < 5
[nd] m+1 ;
Z HS — I Z (nxg — k) (2<3)
k = [na] OO
{ [

1 2% ||b — af ™ } (65)

N
(4.824) {na<m E e

(where b—a = (by — a1,....,by —an)).

16
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N
We have proved that (V xo € [] [ai, bi])
i=1

~ 1 2¢2 b — a| ™t
L m-+1 N 00 _.
A (I = 2ol ) (o) < (4.829) {na(mHﬁ s o1 (n)
(66)

O<a<l,mneN:nl~>2)
And, consequently it holds

[ CEESIED] <

N
00,20€ [] [ai,bi]
i=1

N 1 2¢2[|b — a7
(4.824) {na(m+1) + p— =¢,(n) —0, asn— 4oo. (67)

So, we have that ¢, (n) — 0, as n — +oo. Thus, when p € [1,00], from
Theorem 10 we have the convergence to zero in the right hand sides of parts (1),
(2). ) |
Next we estimate H (An (f(j) (o) (- — :r())j>) (xo)H
We have that

Y

S F0) (2o) (5 = wo)’ Z (nao — k)

;{n ) L j _ k=[na]
(40 (79 @0) (- = 20)’) ) (a0) ST
(68)
When p =00, j =1,...,m, we obtain
19 o) (=20 )' | <59 @£ - (69
v
We further have that
(3. (2 - ) o, &
[nb] ‘ k J
s | 55 1060 (£-a0) | Zan-0) <
k=[na] " ol
N [nb) , k J
s | Y Hf(” (wo)H Hn — x OOZ(mJO k)| = (70)

k=[na]

|nb] j

(4.824)N Hf(j) (xO)H 3 Hz —xo|| Z(nwo—k) | =
=Tna] s

17
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J
Z (nxg — k)

Lnb]

+ Z Hs—xo
Lty )

1
— ol , > 7=

J (23)
<

Z (nxg — k) (71)

1 282b—al’,

(4.824) HfU) (mo)H {W n } 0, asn — oo,

7('6”170‘

That is B |
H (An (f(j) (zo) (- — xo)3>) (mO)H'y — 0, as n — o0.

Therefore when p = oo, for j =1,...,m, we have proved:

| (4 (59 @0) (= 20)') ) (@0)| <

Y

(4.824) Hf(j) (xO)H {nlaj + M’O} < (72)

ﬂ_enl—a

; 1 2¢|b—al’

7T€n17a

and converges to ZETO, as n — Q.

We conclude:

In Theorem 10, the right hand sides of (60) and (61) converge to zero as
n — oo, for any p € [1, c0].

Also in Corollary 12, the right hand sides of (62) and (63) converge to zero
as m — oo, for any p € [1,00].

Conclusion 14 We have proved that the left hand sides of (58), (59), (60),
(61) and (62), (638) converge to zero as n — oo, for p € [1,00]. Consequently
Ay, — I (unit operator) pointwise and uniformly, as n — oo, where p € [1,00].
In the presence of initial conditions we achieve a higher speed of convergence,
see (59). Higher speed of convergence happens also to the left hand side of (58).

We further give

18
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Corollary 15 (to Theorem 10) Let O open subset of (RN, ||||..), such that
N
H [ai,b;] € O CRY, and let (X [ ) be a general Banach space. Let m € N

and f e C™(0,X), the space of m-times continuously Fréchet differentiable
functions from O into X. We study the approzimation of f| . Let xp €

I1 [ai,bs]

i=

[T [ai, bs]
i=1
neEN:nl"@>2 0<a<l,j=1,..,m. Then

1)

N
( ) and r > 0. Here p; (n) as in (67) and py; (n) as in (72), where

(4 (1)) <x0>—§jj( (£9 (o) (- = m0)’) ) (w0)| <
7=0

wi (0,7 (1 (m) 757

rm!
2) additionally, if f9) (z9) =0, j =1,...,
1(An () (z0) = f (o)l <

) F) |  E a)

m, we have

w ("”),r n T m r o omr?
1 (f T(T:!I( ) ) (¢, (n))(erl) [(mi 0 + 3 + 3 ] , (74)
3)
i 0= | 01 % Z el
L (07 (o) (n ml“ m
v Tfjf! ) (1 (m)(57) (73)
{(m:—l)_kg_kmgw =:pz(n) — 0, as n — oo.

We continue with

Theorem 16 Let f € Cp (RN,X), 0<pB <1, zeRN mN,neN wih
n' =8 > 2, wy is for p=o0. Then

1
IIBn(f,x)—f(w)IIVSwl(f,nlﬂ>+4€7‘r’e”,i”BH Aa(n),  (76)

2
182 (= 11| < 2= (). (1)

19
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Given that f € (Cu (RN, X)NCp (RN, X)), we obtain lim B, (f) = f, uni-

Fformly. e
Proof. We have that
Bo(f,2) kﬁlf( )2 nm—m—f@ﬁilme—M=(m)
kf;(f(ﬁ)f@QZﬁmky
Hence
1B, ( )—fmmv_k§;Mf(z>—f®)Wme—@=
> ‘V(ﬁ)—f@)wzmw—m+
Nl
{ 15 -2l <75
> W(S) 1@ zma-w <
(TR V
a(rm)ezinf, X zee-n'?
k=—00
%~ I|| > 2

proving the claim. m
We give

Theorem 17 Let f € Cp (RN,X), 0<pB <1, zeRYN mN,necN wih
n'=P > 2, wy is for p=oo. Then

1)
Loy e
G (f.0) = £ @), Seon (£ 5+ 25 )+ — Ll = dat). (60
2)
liCa =11, _ =26 ). (81)
Given that f € (CU (RN,X) NCp (]RN,X)) , we obtain WILH;OC’n (f) = f, uni-
formly. /
20
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Proof. We notice that

ko+1
n

k+1 kny+1
n

LTf(t)dt

k141
n

k1 ko kN
n n n

1
/ / / (t1+ tg-i—k ,tN-i-kN) dtl...dt]\]:/’f(t—f'k) dt.
n 0 n

Thus it holds (by (38))

f (tla t27 ceey tN

)dtydts...dty =

(82)

Cy (f,m)zkioo (nzv/oif<t+z> dt)Z(nm_k). (83)
We observe that
1Cn (f;2) = f (@), =
ki:w(nNAif(HS)dt)Zm_ k_zoof (nz — )7:
S r(er ) s o] -
k_ioo (mv/oi (f (H—fb) —f( )) dt)Z(m:—k) Wg (84)
k_ioo (mv/oi f(t—l—i)—f(x) 7dt)Z(m:—k):
i (nw/oi ’f(t—i—];)—f(x) dt)Z(na:—k)+
(s S % ”
i (nN/Oi ‘f<t+z>f(x)7dt)Z(nsck)g
T
> (nN/ (f,||t| H’“— w) dt>z<m_k>+
U s
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21, > Z(me—k)| <
k= —0o0
15 =2l > 5
12|71,
1 1 | oo
w1 <f7n+nﬁ>+7re”15’ (85)

proving the claim. m
We also present

Theorem 18 Let f € Cp (IR{N,X), 0<pB <1, zeRN mN,necN wih
n'=P > 2, wy is for p=oco. Then

1)
Loy e
IDu () = @l e (124 L) 4 — = =) 59
2)
[1Dw (5= 11| < 2. (87)
Given that [ € (CU (RN7X) NCg (RN,X)) , we obtain 7}LII;ODH (H=1
uniformly.

Proof. Similar to the proof of Theorem 17, as such is omitted. m
We make

Definition 19 Let f € Cp (RY,X), N € N, where (X, ””w) is a Banach
space. We define the general neural network operator

Fo(fx)= > Lu(f)Z(nz—k)=

k=—o00
Cp (f7x)7 Zflnk(f):an%n f(t)dt’ (88)

Clearly l,,i (f) is an X-valued bounded linear functional such that ||l (f)]., <

4 S
i, -
Hence F, (f) is a bounded linear operator with HHF" (f)”’YHoo < H”f”'YHoo
We need

22
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Theorem 20 Let f € Cp (RN7X), N > 1. Then F, (f) € Cp (RN,X).

Proof. Lengthy and similar to the proof of Theorem 21 of [14], as such is
omitted. m

Remark 21 By (25) it is obvious that

14, (1),
A, (f)eC ]JX[ [ai, bi], X |, given that f € C _ [a;, b;] ,X)

1=1 =1
Call L,, any of the operators A,, By, Cy, D,,.

Clearly then

< [lis)| < o< and

o0

2

2 —
lz2 DI = [0z @0l < [1maon]|_ < Jisn) . @9)
etc.
Therefore we get
s ol | < s veen, (90)
the contraction property.
Also we see that
Jizs @l < e o s o< e o] < i - on
Here Lk are bounded linear operators.
Notation 22 Here N € N, 0 < 8 < 1. Denote by
(4.820)N | if L, = Ay,
= 2
N {L Zan:B'anaDna (9 )
1 .
L nB Zan = An; Bny
A {,{ L if Ly = Cy. Dy, 93
N
C aiabi ,X ’ g Ln:An;
Q:= (il;ll[ ] > / (94)
Cg ( N,X) ’ Zan = B7L>Cn7Dna
and
N .
Y = il;ll [aiy bi], if Ly = An, (95)
N

’ Zan = BnacnaDn-

We give the condensed

23
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Theorem 23 Let f € Q,0< <1, z€Y;n, m N €N withn'=? >2. Then

(1)
42 | I1£11,|
[Ln (f,2) = f ()|, < en |wi (f,0(n)) + ngoo =:7(n), (96)
where wy 1s for p = oo,
and
(ii)
J1zn () = f1L|_ < 7(0) =0, asn— 0. (97)

For f uniformly continuous and in  we obtain

lim L, (f) = f,

n—oo

pointwise and uniformly.

Proof. By Theorems 8, 16, 17, 18. =
Next we talk about iterated neural network approximation (see also [9]).
We give

Theorem 24 All here as in Theorem 23 and r € N, 7(n) as in (96). Then

lizns =11, < 7. (98)

So that the speed of convergence to the unit operator of L) is not worse than of
L,.

Proof. As similar to [14] is omitted. m
We also present

Theorem 25 Let f € Q; m, N, my,ms,....mr EN:m; <ms <..<m,,0<
g <1 m}fﬁ >2,i=1,.,m,x €Y, and let (Lyy,..., Lm,.) as (Amyyery Am,.)
or (Bmys -y Bm,) or (Cinyy oty Crn) 07 (Dipnyy ooy D), p = 00. Then

[ Lo (Lin,—y (oL (L, ) (2) = f ()], <

v =

oo

H||Lm7‘ (L (o-Lomy (Lo, 1)) — £,
<

S [1wr = 11,
=1

12|71,
,
7,500 <

1
mei

en Y fwr (frp (ma)) +
i=1

24
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ae? | |
+——=.

=
me™

ren |wi (f, ¢ (ma)) (99)

Clearly, we notice that the speed of convergence to the unit operator of the mul-
tiply iterated operator is not worse than the speed of Ly, .

Proof. As similar to [14] is omitted. m
We also give

Theorem 26 Let all as in Corollary 15, and r € N. Here o5 (n) is as in (75).
Then

4ns = sL)| < v f1ans = 71| < res o). (100)
Proof. As similar to [14] is omitted. m

Application 27 A typical application of all of our results is when (X, “”v) =

(C,|]), where C are the complex numbers.
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p-Schatten norm generalized Canavati fractional
Ostrowski, Opial and Griiss type inequalities

involving several functions
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Abstract

Using generalized Canavati fractional left and right vectorial Taylor
formulae we establish generalized fractional Ostrowski, Opial and Griiss
type inequalities for several functions that take values in the von Neumann-
Schatten class B, (H), 1 < p < co. The estimates are with respect to all
p-Schatten norms, 1 < p < co. We finish with applications.

2020 Mathematics Subject Classification : 26A33, 26D10, 26D15, 47A60,

47A63.

Keywords and Phrases: p-Schatten norms, von Neumann-Schatten class,
Ostrowski, Opial and Griiss inequalities, generalized Canavati fractional deriv-
ative, generalized Canavati fractional inequalities.

1 Introduction
The following results inspire our work.

Theorem 1 (1938, Ostrowski [16]) Let f : [a,b] — R be continuous on [a,b)
and differentiable on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b),

i, If/152F == sup |f'(t)| < +oo. Then
te(a,b)

<

1 (1‘— aTb)Z - 7||Sup
TR T ](b QIS )

b
7 [ fwd- 1@

for any x € [a,b]. The constant i is the best possible.
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Ostrowski type inequalities have great applications to integral approxima-
tions in Numerical Analysis.
We mention

Theorem 2 (1882, Cebysev [8]) Let f,g : [a,b] — R be absolutely continuous
functions with f',g" € Lo ([a,b]). Then

e (e 04) o )

1 20 pr /
<35 0= £l lg Nl - (2)

The above integrals are assumed to exist.

The related Griiss type inequalities have many applications to Probability
Theory. We presented also ([3], Ch. 8,9) mixed fractional Ostrowski and Griiss-
Cebysev type inequalities for several functions, acting to all possible directions.
The estimates involve the left and right Caputo fractional derivatives. See also
the monographs written by the author [1], Chapters 24-26 and [2], Chapters
2-6.

We are motivated also by S. Dragomir [11] recent work:

An operator A € B(H) is said to belong to the von Neumann-Schatten class
B, (H), 1 <p < oo if the p-Schatten norm is finite

=

< 0.

1All,, == [tr (JA]")]

Assume that A : [a,b] — B, (H), B : [a,b] — B, (H), p,q > 1 with % + % =1,
are continuous and B is strongly differentiable on (a,b), then

t)dt—(/bA(s)ds>B(u)

[3 0= a)+ |u—22[] [T 1A @), dt,

<

1

sup [|B (1), x [ & I ”A s
t€lab] a for a;, 8 > 1 with é + % =

2 2
30— a) + (u=252)°] sup A1),
t€la,b]
for all u € [a,b], an Ostrowski type inequality.
Further inspiration comes from S. Dragomir [12] recent work on Griiss in-
equalities:
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For two continuous functions A, B : [a,b] — B(H) we define the noncom-
mutative Cebysev fractional

D (A B) = (b—a)/bA(t)B(t)dt—/bA(t)dt/bB(t)dt.

Ifp,g>1with T+1 =1,let A:[a,b] — B, (H), B: [a,b] — B, (H) be strongly
differentiable functions on the interval (a,b), then

b b
||D<A7B>||1<D< [ 14 @l du, | ||B’<u>||qdu>< )

1 - b
0= [ 14 @l du [ 18 )], du.
4 a a
We are also inspired by Z. Opial [15], 1960, famous inequality.

Theorem 3 Let x (t) € C* ([0,h]) be such that z (0) = x (k) =0, and x (t) > 0
in (0,h). Then

h , h h , 5
/0 e (1) ()] dt < / (! (1))" dt. (5)

In (5), the constant % is the best possible. Inequality (5) holds as equality for
the optimal function

>

ct, 0<t< 3,
x(t)_{c(h—t) h<t<h, (6)

where ¢ > 0 is an arbitrary constant.

Opial-type inequalities are used a lot in proving uniqueness of solutions to
differential equations and also to give upper bounds to their solutions.

For an extensive study about fractional Opial inequalities see the author’s
monograph [1].

In this article we generalize [3], Ch. 8,9 for several Banach algebra B, (H)
valued functions, in the sense of developing fractional Ostrowski, Opial and
Griiss type inequalities. Now our left and right generalized Canavati frac-
tional derivatives are for Banach space valued functions and our integrals are of
Bochner type [13]. Applications finish the article.

2 Background on Vectorial generalized Canavati
fractional calculus

All in this section come from [5], pp. 109-115 and [4].
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Let g : [a,b] — R be a strictly increasing function. such that g € C* ([a, b]),
and g=! € C"([g(a),g(d)]), n € N, (X,]|]-]]) is a Banach space. Let f €
C"([a,b],X),and call I := fog~':[g(a),g (b)] — X. Itisclear that [, ...,1(")
are continuous functions from [g (a), g (b)] into f ([a,d]) C X.

Let v > 1 such that [v] =n, n € N as above, where [-] is the integral part of
the number.

Clearly when 0 < v < 1, [v] = 0.

I) Let h € C([g(a),g(b)],X), we define the left Riemann-Liouville Bochner
fractional integral as

1 ? v—1
JZ0h) (z) = / (z —t h(t) dt, 7
iom (=)= 15 [ (=07 @
for g (a) < 2z < z < g (b), where I is the gamma function; I' (v) = [° ™"t~ 1dt.
We set J°h = h.

Let o := v—[v] (0 < o <1). We define the subspace C}, , ([g (a), g (b)], X)
of C" ([g(a), g (b)],X), where zo € [a,b] as:

Vo) ([9(a) 9 (0)], X) =

{hec(lg(a),g®)]. X) : HEBD € (g (20),9 B)]. X) ). (8)

Solet h € CY, ) ([g9(a),g(b)],X), we define the left g-generalized X-valued

fractional derivative of h of order v, of Canavati type, over [g (xq),g (b)] as

!/
Doy hi= (JEDRED) )
Clearly, for h € Cy ) ([9(a) , g ()], X), there exists
1 d [~ _
v R — — ap([v])
(Dg(mg)h> (2) T—a) dz /g(xo) (z—t)" " AW (t)dt, (10)

for all g (zg) <z <g(b).
In particular, when fog~! € Cyzo) (9 (@) ;g (b)], X), we have that

v 1 R PR (%)
(Do (F097)) ) = Fr—wy iz /g(%) (=t (Feg™)m 0 (1)
for all g (z9) < z < g(b). We have that Dy, (fog™) = (ngfl)(") and

DZ)(%) (fog ™) =fog!, see [4].
By [4], we have for fog~! € C” . (lg(a),q(b)],X), where zo € |a,b]

g(zo)
the following left generalized g-fractional, of Canavati type,X-valued Taylor’s
formula:
4
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Theorem 4 Let fog™' € C¥

o) ([9(a) g (b)], X), where z € [a,b] is fived.
(i) If v > 1, then

' (Fog )M (g (0))

F) - fao) =Y . 00)— g o))
k=1 :
L 9 v—1 v 1
m /g(zo) (9(@) =) ( g(z0) (f °g )) (t) dt, (12)

for all xog < x <b.
(it) If 0 < v < 1, we get

g(z)
flx) = Fi /9@0) (g(z) —t)""" (D;(m (f og*l)) (1) dt, (13)

for all xog < x <b.
IT) Let h € C ([g (a), g (b)], X), we define the right Riemann-Liouville Bochner
fractional integral as
() @)= i [ =2 (14
T L T ’

for g(a) <z <2z <g(b). Weset J) _h=h.
Let o := v—[v] (0 < @ < 1). We define the subspace Cy, ,_ ([g(a),g (b)], X)
of C" (g (a), g (b)],X), where zq € [a,b] as:

CQV(IO)— ([g (a’) »9 (b)} ,X) =

{hec (g(@),g®),%): 350 nD e C(lg(a) g (@), X)) (15)

Solet h € Cy . _([g(a),g(b)],X), we define the right g-generalized X-

valued fractional derivative of h of order v, of Canavati type, over [g (a), g (zo)]

as
v L n—1 11—« v !
Yyl i= (<) (Jg(%)_h“ D) . (16)
Clearly, for h € Cy .\ ([g9(a),g(b)],X), there exists
v _(=y"tad /”(““) —a p([v)
(Dian 0) () =tz | -2 n P maan)

for all g (a) <z < g(xg) <g(b).
In particular, when fog~! € Cyzo)— (l9(a) g (b)], X), we have that

_qynt 9(x0)
(DZm)- (f 0971)) (=) = 12(3)_@6;1/2 (t—2) (fog )" (1) at,
(18)
5
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for all g (a) <z < g(x0) < g(b).
We get that

(D;L(zo)— (foffl)) (2)=(-1)" (fog ™)™ (2) (19)

and (DY, (Fog™!)) (2) = (fog ") (=), all 2 € [g(a) ,g (b)], see [4].

By [4], we have for fog™! € C” o(zo)— (9 (a) g (b)], X), where z¢ € [a,b] is
fixed, the following right generahzed g-fractional, of Canavati type, X-valued
Taylor’s formula:

Theorem 5 Let fog™! e Co
(i) If v > 1, then

([g (a) g (b)] ,X), where To € [CL, b] is ﬁ:red

1 g(zo) bt V B
F(V)/g (t—g(x)) ( ooy (fog ))(t)dt, (20)

for all a < x < xy,
(i1) If 0 < v < 1, we get

r@ = [ g (P (Fos)) 0 @D
T () Jym) g(zo)— ’
all a < x < xg.
IIT) Denote by

We mention the following modified and generalized left X -valued fractional Tay-
lor’s formula of Canavati type:

Theorem 6 Let f € C* ([a,b],X), g € C'([a,b]), strictly increasing: g~ €
C*([g (@), gO)]). Assume that (Dix, (fog™')) € C¥, (g (a),g(®)],X),
0<v<l, z€[ab], fori=0,1,....,m. Then

_ 1 §(=) (m+1)r—1 (m+1)v 1
0= F 1) oy 0~ (R o0 ))(Z)d(z}
23

all g <z <b.
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IV) Denote by

D;TE‘,I;O)_ = DZ(-TU)_DZ("IJO)_.“DZ(‘TO)_ (’ITL times), m & N. (24)

We mention the following modified and generalized right X-valued fractional
Taylor’s formula of Canavati type:

Theorem 7 Let f € C'([a,b],X), g € C*([a,b]), strictly increasing: g~ €

O (19 (@) ). Assume that (D, (fog™)) € C2) (g (a).g (). ).
0<v<l, xz€[a,b], for alli=0,1,....,m. Then

9(xo)
f(z) = w /q(w) (2 — g (x) Tt (Dé?;ﬁ)lly (fo g_l)> (2)dz,
| (25)

alla <x<zo<h.

3 Basic Banach Algebras background

All here come from [17].
‘We need

Definition 8 (/17], p. 245) A complex algebra is a vector space A over the
complez filed C in which a multiplication is defined that satisfies

z(yz) = (zy) 2, (26)
(x+y)z=2z4yz, z(y+2)=zy+xz, (27)

and
a(zy) = (ax)y = = (ay), (28)

for all x,y and z in A and for all scalars a.
Additionally if A is a Banach space with respect to a norm that satisfies the
multiplicative inequality

leyll < llzll lyll (z €A, yeA) (29)
and if A contains a unit element e such that
re=er=z (z€A) (30)

and

lell =1, (31)

then A is called a Banach algebra.
A is commutative iff xy = yx for all z,y € A.
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‘We make

Remark 9 Commutativity of A is explicited stated when needed.

There exists at most one e € A that satisfies (30).

Inequality (29) makes multiplication to be continuous, more precisely left and
right continuous, see [17], p. 246.

Multiplication in A is not necessarily the numerical multiplication, it is some-
thing more general and it is defined abstractly, that is for x,y € A we have
xy € A, e.g. composition or convolution, etc.

For nice examples about Banach algebras see [17], p. 247-248, § 10.5.

We also make

Remark 10 Next we mention about integration of A-valued functions, see [17],
p. 259, § 10.22:

If A is a Banach algebra and f is a continuous A-valued function on some
compact Hausdorff space Q on which a complex Borel measure u is defined, then
[ fdp exists and has all the properties that were discussed in Chapter 3 of [17],
simply because A is a Banach space. However, an additional property can be
added to these, namely: If x € A, then

" / fdp= / < (o) du(p) (32)
Q Q

(/Qf du)x=/Qf(p)wdu(p)- (33)

The Bochner integrals we will involve in our article follow (32) and (33). Also,
let f € C(la,b],X), where [a,b] CR, (X, |||) is a Banach space. By [5], p. 3,
f is Bochner integrable.

and

4 p-Schatten norms background

In this advanced section all come from [11].

Let (H,(-,-)) be a complex Hilbert space and B (H) the Banach algebra of
all bounded linear operators on H. If {e;},.; an orthonormal basis of H, we
say that A € B(H) is of trace class if

1Al =D (|Alei, e) < co. (34)

i€l

The definition of ||A||; does not depend on the choice of the orthornormal basis
{ei};cr- We denote by By (H) the set of trace class operators in B (H).
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We define the trace of a trace class operator A € By (H) to be

tr(A):=> (Aej,ei), (35)

i€l

where {e;};.; an orthonormal basis of H. Note that this coincides with the

usual definition of the trace if H is finite-dimensional. We observe that the

series (35) converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 11 We have:
(i) If A€ By (H) then A* € By (H) and

tr (A*) = tr (A); (36)
(it) If A€ By (H) and T € B(H), then AT, TA € By (H) and
tr (AT) = tr (TA) and |tr (AT)| < |[All, [T/ (37)

(#3) tr () is a bounded linear functional on By (H) with ||tr|| = 1;
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Byin (H) (finite rank operators) is a dense subspace of By (H) .

An operator A € B (H) is said to belong to the von Neumann-Schatten class
B, (H), 1 <p < oo if the p-Schatten norm is finite [19, p. 60-64]

A, == [tr (JAP)]* < oo,

|A|P is an operator notation and not a power.
For 1 < p < ¢ < oo we have that

By (H) C B, (H) C B, (H) C B(H) (38)

and
Al > [IAllL, > [1All, > I1A]l.- (39)

For p > 1 the functional ||-[|,, is a norm on the *-ideal B, (H), which is a Banach

algebra, and (Bp (H), ||||p> is a Banach space.
Also, see for instance [19, p. 60-64], for p > 1,

1All, = [1A%]l, . A€ By (H) (40)

IAB[, < Al IIBl,, A,Be€B,(H) (41)

and

IABI, < Al 1B, IBA[l, <[IBlAl,, AcB,(H), BeB(H). (42)
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This implies that

ICABI|, < [CHAll, IBIl, AeBy(H), B,CeB(H). (43)

In terms of p-Schatten norm we have the Hélder inequality for p,q > 1 with
1% + % =1:

(Itr (AB)| <) |AB|l, < [|All, IBll,, A€B,(H),BeB,(H). (44)

For the theory of trace functionals and their applications the interested reader
is referred to [18] and [19].

For some classical trace inequalities see [9], [10] and [14], which are contin-
uations of the work of Bellman [7].

5 Main Results

We start with 1-Schatten norm weighted mixed generalized Canavati fractional
Ostrowski type inequalities involving several functions taking values in the Ba-
nach algebra By (H) C B(H):

Theorem 12 Let the x-ideal By (H), which (B2 (H), ||-||5) is a Banach algebra;
o € [a,b] CR, v >1,n=1[]; fi € C"([a,b],B2(H)), i =1,....,7 € N—
{1}; g € C* ([a,b]), strictly increasing such that g=* € C™ ([g (a), g (b)]), with
(fz og—l)( ) (9(z0)) =0, kE=1,. —1;4=1,...,r. Assume further that f; o
oL e cr (lg(a) g ). Ba ()N C () g O] Ba () i = 1..or

Denote by
K (fl; veny fr) (wo) =

b b r
[ L6 | s@de | [ TL5@ [de] sio| . @9

T

3

= T i
Then
I i £ 001 = ey 2 (P50 o0 )L e
(9 (z0) — g (a))* / anJ ol Lz | |+ (46)

J#l

b
DYy (fiog™ H H g (b) — g (x0))” / i ( da
IIP5c el gtanyaey @@ ~9 @D | ] HH 3 @)l

0
J#z

10
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Proof. Since (f; ogil)(k’) (g(x0)) =0,k=1,...,[v]-1;i=1,...,r; we have
by Theorem 4 that

fi( ) fz m0

/gm B ( ooy (fiog™ 1))(t)dt, (47)

10

YV x € [x0,b],
and by Theorem 5 that

g(xo)
fi@) = fie) =y [ 9@ (D (og™)) s 09

V€ la,zo], foralli=1,...,r
Left multiplying (47) and (48) with <H] 1 [ (x )> we get, respectively,

j 7

Hf]($) i Hfj fi (zo)

i J;ﬁz
(HJJ# fi )> 9@ o1 ([ B
W /g(wo) (g(z)—1) (Dg(zo) (fZ og )) () dt, (49)
YV x € [zo,b],
and
H fi (@) | fi( Hf] fi (x0) (50)
J#l ];ﬁz
(025 @) e V )
S [ @) (D (Rea™) G

V€ la,zo], foralli=1,...,r
Adding (49) and (50) as separate groups, we obtain

ZHfa Ji ZHfJ fiwo) =

=1 J=1 =1 j=1
J#l J#z

11
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YV x € [x0,b],
and

HfJ l Hfj fz 1'0

i=1 j=1 1=1

s g(zo)
F<1V) Z Hf] é( (t =g ()" (D.Z(ﬁfo) (f’ 0971)) (t)dt, (52)

i=1
J;ﬁz

YV x € [a,zo] -
Next, we integrate (51) and (52) with respect to « € [a,b]. We have

T

ZLO ljfa () de =3, /b I15 @ | do | 5i(eo) =

i ST\
- N g(x) B
- /xo jl;[lfj (z) </g(m0) (g (z) —t)" ( v (fiog )) (t) dt) dz|
Jj#i
53)
and
Z/ 0 Hfj (@) | fi (z)dz — / HfJ dz | fi(xo)
i=1va j=1 = a
i Jsél

i=1 j=1 g(z)
J#i
(54)
Finally, adding (53) and (54) we obtain the useful identity
K (fla ey fr) (300) =
s b r
/ HfJ z)dr — / I14 @) | dz | fi(@o)| =
=1 a a j=1
i J#i
1 " Zo g(xo) .
I'(v) — /a H fi (@ é(w) (t—g ()" (Dg(mo) (fZ og )) (t)dt | dow
J#Z
12
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L 9(x)
(e )= 1) (D2 (Frog™))) (B dt ) do
+{/ﬂm (ngf()) </g(m0)(9() t) ( (w0 (fiog ))(t) t) ”
J#i
(55)
Therefore, we get that
1K (f1, - fr) (@)l =
- b r b T 1
; {/ﬂ (Jl_[l i (x)) fi(z)dz — (/ﬂ (Jl_[l fi (a:)) dx) fi (mo)] < )
g7 Ji )
. *o r g(zo)
|:/ (H i (33)) (/(“) (t—g(z)" " (D;(IO), (f; Og_l)) (t)dt dm]
= = ’ 1
I (56)
N g(z) B
j & ) —t)” D; wy (fi© -1 dt | de <
+ /m<j1;[1f())</g(%)(g() t) ( (wo) (fiog ))(t) t) ] ]

T

1
I'(v)

i

r

I1s

|

7)1

I

1115
j=1

i

[T @I,

j=1
i

Hence it holds

We have that

|

g(zo)
@[/
g(x)

I

9(z)

(t—g ()" (Dg(mf (fio 971)) (t) dt)

dx]
1

(57)

]

"o (B3 o) 0] ) ]

g

(g(z)—t)""" (DZ@()) (fio 971)) (t) dt)

|

(IU)) (g (x)— t)l/—l H (DZ(:cu) (fi 09*1)) (t)H2 @t

<
(z0)

9(x

()],
(@)

9(z

>dx

K (f1; s fr) (o)lly < (%) (59)
1
<
() = I'v+1)
13
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3 uu< s oW | (nf] ) mm]
ey (HfJ ) >g<xo>>"dx”<

(60)

+
_—

I‘(u1+ 1) ; HHH (DZ(‘”‘))‘ (i Ogil))HQHOQ,[g(a),g(xo)]

(9(x0) — g (/ (Hfg ) )]+ (61)
J#
(P Groa N,y (6B s e (/ (Hf] ) )”
J#

proving (46). =m
Next comes an L estimate.

Theorem 13 All as in Theorem 12. Then

1
|||K(f177f7“) (mU)HI S F(V)

ZT: [ HH(DZ(@«O)— (fio )H HL (o(@-aen) / (H [FX€: 2) )g(a?))yldx]

(62)

H £ (= 2) (z) — g (o))" dx” )

1@ G, /(nfj ) >g<x>>udm]

(63)

(DZ(wo) (f )H H 1([g(z0),9(b)]) /

h

Proof. We observe that (by (58), (59))
=

14

596 George A. Anastassiou 583-621



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC

[[CARET) }

L1([g(z0),9(b)])

proving (62). m
An L, estimate follows.

Theorem 14 All as in Theorem 12. Let now p,q > 1:

VK (fi, o £) @)y < :
N -1+ )

<

+

0

Proof. We have that (by (58), (59))

1 - *o g(@o) p(r—1 :
() < 77 2= / Hllfj Il (/) (t =g ()" >dt>

i=1 g(z

J;ﬁz

</gj()) (Pian- (1i097) 0] dt> E dw} +

g9(z) »
/ anj ol (/( )(g(x)—t)ﬂ”-”dt)

J?él
g(xo0) . L
</g<x) |(Pian (097" )(t)szt> dx]
1 r /$0 H||fj N (g (x0) g(:c))” 11+
I'(v) i—1 a 7&1 2 PEETIRY:
15
597

(Dste Grog M) @@ =g )

N [[Cmer)

/ H”fJ My | (9(2) = g (o))" da| |,

(5 Goa M| e - g anj 2, | de

J;ﬁz
(64)

H 1f5 @)l | de

J;ﬁz

1

(65)

H2 Hq,[g(a),g(mﬁ)]
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V—l+%
) da

HH (D5<xo> (fio g*l)) (2)

2 Hq,[g(mo)yg(b)}

+L an] D, g(z)yg(“’

J;ﬁl

xo
g\ y77 fi( dx
4:[g9(a),9(z0)] /a (9 (zo) = HH 5 (@)l

1751
(66)

5 (25 70

b
g(z fi ( dx ||,
0,19(0),9(5)] /L( (@) = H” i @ll;

775%

[ (o (iea ™),

proving (64). m
We continue with y-Schatten norm related Ostrowski fractional inequalities:

Theorem 15 Lety > 1, the *-ideal B (H), which (ZS’AY (H), ||||A/) is a Banach
algebra; zo € [a,b] CR, v > 1, n=[v]; f; € C"([a,b],By (H)), i=1,...,r €
N — {1}; g € C'([a,b]), strictly increasing such that g=* € C" ([g (a), g (b)]),

with (f; o ’1)(k)( (x0)) =0, k=1,. —1;¢ =1,..,r. Assume further
that fiog™ € Cyiyy— (g (a) g (0)], By (H ))ﬂCg”(mO g (a ) g ()], B, (H)), i =
1,...,m

Here K (f1,..., fr) (zo) is as in (45). Then

r

1 [ } -
I (e ) )], < s D MHDM (o9

i=1 L

o0,[g(a),g(z0)]

e -g@” | [ [TLI5 @I, |do ||+ (o7
i#i
b r
Dy (fio b) — g (x0))" f; d
lloso oalL| @ -geo| [ gn](xnh -
YES)

Proof. As similar to Theorem 12 is omitted. Use of (41). m
An L, estimate follows:

16
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Theorem 16 All as in Theorem 15. Then

1
K S i <
K (e o) @)l < s
T xo T 1
HH S (Frog™)) | L TLs @I, | @) -g@) " @
i=1 TN Li([g(a),g(x0)]) j=1
L L J#i
(68)
+ “ ( ) (fiog™ )H / H 1 £5 (z (9(z) — g (0))" " da
TWL1 ([g(20),9(b)])
J#l
Proof. As similar to Theorem 13 is omitted. m
An L, estimate follows.
Theorem 17 All as in Theorem 15. Let now p,q > 1: % + % = 1. Then
1
||K(fla"'afr) (LEO)”,Y S 1
pv—-1)+1)I'(v)
T L xo
HH oo~ (fiog™ ))H / (9 (o) — H 1fj (z dx
i=1 Tllg,lg(a),g(z0)] | Y@
L J;éz
(69)
b P
+ H (D (fio97) | @ =g [ TTI5 @I, | e
Tlg,[g(x0),9(8)] | /@0 j=1

JFi
Proof. As similar to Theorem 14 is omitted. m

When r = 2 we derive the following p-Schatten norm operator related Os-
trowski type Canavati fractional inequalities.

Theorem 18 Let p,g > 1: % + = =1, and let the x-ideals B, (H), B, (H), for

which ( (H), ||l ) ( (H),| ||q) are Banach algebras; x¢ € [a,b] C R, o >
Ln= [ ]7 Ay € Cm([a’b]’Bp (H)): As € Cn([a"b]vb)q (H))7 g € ct ([a’b])7
strictly increasing, such that g=* € C™ ([g (a) , g (b)]), with (A; o g_l)(k) (g(x0)) =
0,k=1,...,n—1;i=1,2. Assume further that Ajog—! € Coiao)- ([9(a) g (0)], By (H))N
o (l9(a),g(b)], By (H)), and Az 0 g~' € Cg,\_([g(a), g (D)], By (H)) N
o (lg(a),g ()], By (H)). Then

—Q Q=

17
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1) it holds

b b
(0] (A17A2) (270) = / AQ (.’,U) A1 (17) + / A1 (LE) A2 (SC) dz—

( / Ay (x dm) Ay (z0) < / A (2 dx) Ay (20) =

xo ‘](10)
Ay () ( / L e (@)™ (Dgany- (A1097)) (2) dz) da
' (70)

/Lb Az () (/g?:m)) (g(z)—2)*" (D ( (o) (A1og 1)) (2) dz) dz| +

e ( / " = g @) (D (A2057) ) dz) do | +

' Ay () (/::Z)) (9(z) —2)*" (D;"(IO) (As 0 g_l)) (2) dz) dm] } )

+

a

1
T(a)(y(a—1)+1)7

@ (A1, A2) (zo)ll, <

{[HHD (zo)— (A10g7")

HD zo) A1 og !

o 1
[ 12 @)l (o w0) — g )" o
5,[g(a),g(z0)] @

b 1
/ 142 @), (9 (2) — g (20))* d
Plls,[g(x0),9(b)] Y To

L

Dg(wo)— (A2 © gil)

1

1

HD A2 og 1)

116,[g(x0),9(b)] /@

3) we also obtain

1@ (Ay, A2) (20)]], < ﬁ

/ 142 @), (9 (20) — g (2))° " da
Li([g(a),g(x0)]) Y@

+

p

{ lHHDg(zO) (A1 0971)

18
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+

HHDQ(ro (Arog™)

b
/ 142 @)1, (9 (@) — g ()"
Ly ([g(x0),9(b)]) Yo

1@l ) - e+
)

1AL (@)1], (9 (@) — g (20))* ™" dfﬂ] } :

1
"‘D;(Q?O) (A2 °g )
Li([g(a),g(wo)]

1

b

(5 227

TN L1 ([9(z0),9(b)]) /2o

and

4)
1

1@ (A1, A2) (o)l < Tlat1)

{les-cae,

[

+

[ 142 @1, (6 ) — g @)
[9(a),g(z0)] Y a

b

142 (@)l (9 (z) — g (z0))" dz| +

Plloo,[g(z0),9(b)] /@0

~—

| / "4y @)1 (g (o) — g(x))“dx] n
(73)

b
[ 141 @Il 9 @) g @) dx] } .
Uloo,[g(w0),g(b)] /o

Proof. Here we have that (acting as in the proof of Theorem 12 for r = 2)

« -1
H’ Dg(mo)— (A2 °g
lleo,[g(a),g9(z0)

| D5 (42097

b b
B (Ay, As) (20) ::/ As (2) Ay (x)—|—/ Ay (2) As () do—

(/A2 dx>A1 o) (/Al dx) 2 (z0) 2
/a% As () </g“’<wo> (=9 @) (D) (A1097)) (2) dz) “

()

s @) / " @) = 9" (D (Ar097)) dz) dr| +

zo g(xo)
A; (z) ( (z—g(z)* (Dg‘(wo) (Ag o g_1)> (2) dz) dx | +
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Therefore it holds by taking the 1-Schatten norm that

b b
[® (A1, A2) (z0)ll, = /A2(I)A1($)+/ Ar (z) Az (x) do—

( / Ay (2 dx) Ay (20) ( / A ( dx) A (20)

<
1

o [ @ ([ 00 (B ros) (1) ] |+
' 1
</Z)) (@) =" ( b (Arog 1)) (2) dz) dz
[ </g<x> -9 @)™ (Dg(m— (4> 0971)) (2) dz) "
/{: A () (/gj:)) (g(z)—2)"" (Dtgx(zo) (As 0971)) (2) dz) i 1] } -
(75)
F(la){[/mo A () </g:7:°> (z— g ()™~ (Da(%) (Alog—l)) » dz) 1d$ .
/: Ay () </gii””)) (g(x)— z)o‘*l ( . (A1 og 1)) (2) dz) x| +
Vx Ay (z) (/:(j) (z— g (2))* (D‘;(zo), (42 Og_1>) B dz) il s

)

e ( / ((j (9(2) = 2 (DY (A2097)) () dz>
i o (76)

(by using the p-Schatten norm and Holder’s type inequality (44) for p,q > 1:
1,1
42 = 1)
p " q

F(la){/ 14 (=
/HA2 ),

(/g %) (D3<mo> (Alogfl)) (z)dz>
g($)
</g Diay) (Arog™ 1))<z)dz> dx] +

dx] +
p

20
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</gj:o) (z—g(2)*" (D?(m)— (Az0 g*l)> (2) dz) d],‘:| +
<‘/gz]:.1,)) (9(z)—2)*" (Dga(mo) (A; og—1)> (2) dz) dm:| } <
b

‘(D;X(%)i (Aro 9‘1)) )| dz) e

dz) dx| +

[ [ 1A,

+

[/;U [ A1 ()], </g(y:0) (z—g(z)*" ‘(D;[(mo)f (A2 og—1)> (2) qdz) dz| +
/: 1A @], (/j(j (9) = 2 | (Do) (A2 057 (Z>quz> dx] }
0 o (78)

We have proved, so far, that
1 (A1, Az2) (zo)ll; <

{ / | As (z (/g(g:o> 2= g(a)*! ‘(D,S‘(m)— (Alog—l))(z)dez> dz| +
/% 14 (3], (/((j (9(2) = 2" || (D (A1 097) )<z>dez> ax| +
[ [, ( / (()) (2 — g ()™ qdz) an| +
/ 14 (@)1, ( / ((j (9 (2) — 2! q dz) dz] } ).

(79)
Let now v, 6 > 1 such that %Jr% = 1, and we apply the usual Hélder’s inequality
in (79). Then we have that

(D50 (420971)) ()

(D5 (A20971) (2

1
T(a)(y(a—1)+1)7

{ [/ ol o) =95 ([0 (h07)

21

[ (A1, A2) (o), < (M) <

s 5
dz) dr| +
p
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[ 141, 0 @) - g )7 (/(()) (D50 (A1097)) ) ‘Sd>d] +
[ 1A @l (oo - g @) ( [ ")

/ 141 (@)1, (9 () — g (20) T ( /

<

(Dgany- (A2097Y)) (z)H(Sdz> ' dm] +

)

(80)

B
dz
q

To
[ 1@l (o w0) — g )" o
5,[g(a),g(x0)] @

b 1
/ 142 ()l (9 () = g (20))** da
5.[9(20).9(v)] 0

xo 1
[ 14 @l (9 o) = g (@) d
8:[g(a),g(z0)] V@

) (A2097)) (2)

I (a) <7<a— 1) +1)7

{ U‘HD 20)- (A10g7Y)

-1
| D5y (41097

p

L

P

[[Eme)

b

1AL (@)1, (9 () — g (20))*? dz] } :

([

proving (71).
‘We also obtain

16,[g(w0),9(b)] Y@

1 (A1, A2) (o), < (A) <

{ “HD;‘(W (Areg™)

—1
‘ HDQ(%) Al ) )

I'(a)
) /.’rO ||A2 (.’L‘)Hq (g (.’11‘0) —-g (.’L‘))a_l x|+

p

L1([g(a),9(zo

b
/ 142 @), (9 (2) — g (20))* " di| +
Li([g(x0),9(b)]) Yo

[ 1@l o )~ g @) da +
Li([g(a),g(z0)]) + @
&

b
[ 14 @I, 0@ - g o da:] } ,
L1([g(z0),9(b)]) ¥ %o

’ P

[ “ D;(zo)* (A2 Og_l)

Q

T

proving (72).

22
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At last we derive

19 (A1, 42 ()], < ) < 7oy
{ “ HDQ o) = (A1 og"

-1
[ | DSy (4109

o
/ 142 @)1, (9 (20) — g ()" dz | +
Plloo,[g(a),g(z0)] ¥ @

b

~—

142 ()]l (9 (x) — g (20))" da | +

p 00,[g(z0),9(b)] ¥ Zo

/%nAl( ) (g (20) — g (2))° da

~—

+

@ —1
U’ Dg(IO)i (A2 ° g
00,[g(a),g(z0)]

. / 14 @), (9 (@) — g (2 )>“d4},

(83)

[ HDQ(Io) (420 g_l)‘

proving (73).

The theorem is proved. m

Next we present p-Schatten left and right generalized Canavati fractional
Opial type inequalities:

Theorem 19 Let the x-ideal Bo (H), which (B2 (H),|-||,) is a Banach algebra;

zo € [a,b] CR, v > 1, n=[v]; f € C"(a,b],B2(H)), g € C*([a,b]), strictly

increasing such that g=* € C™([g(a), g (b)]), with (fo 71)(k) (g(z0)) = 0,

k=0,1,...n— 1. Assume further that fog~! € Chiao) (L9 (a), g (B)], B2 (H)).
Let also p,qg > 1: %—}—%:1, Then

/g(l’o)

27 (2 g(w0) TP i §
1 ) fO (’U})
T pr-1)+1)pr-1)+2)7 </g($)H( oo (o9 ))
for all g (z¢) < z<g(b).

(o5 @) (Phieg (Fog ) )|, s 80

2
q q
dw |
2

Proof. Very similar to the proof of Theorem 13 of [6]. Use of (44) for

p=q=2. 1
A similar result comex next:

Theorem 20 Let~ > 1, the x-ideal B, (H), which (B (H),|- ”’y) is a Banach
algebra; xp € [a,b) CR, v > 1, n=[v]; feC"” ([ b,B, (H)), g € C* ([a,b]),
strictly increasing such that g=* € C™ ([g (a), g , with (f o g_l)( ) (9 (z)) =

0, k=0,1,...,n—1. Assume further that fog_1 6 C” o) (9(a),g(0)]. By (H)).

23

605 George A. Anastassiou 583-621



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC

Let also p,qg>1: >+ = =1. Then

/9(10)

275 (2 — g (20))" " s 2 ) R
TW)[(pw—1)+1)(pv—1)+2) </g(l0) H(Dg(w) (fog ))( )

for all g (w0) < = < g (b).

1,1
p g

(Fo97) ) ((Dya (Fo97) (w))Hvdw < (85)

Proof. Very similar to the proof of Theorem 13 of [6]. Use of (41) for p = ~.

It follows the corresponding right side fractional Opial type inequalities:

Theorem 21 All as in Theorem 19, however now it is fog™' € Chizo)— ([9(a) g ()], B2 (H)).

Then S(oo)
L (o0 @) (P (7o07) ), o <

o

q

’(D;(mo)f (fog™) (t)HZ dt) ,

(86)

for all g(a) <z < g(zg).
Proof. Based on (20), and as similar to the proof of Theorem 19 is omitted.
Next comes another right ride fractional Opial type inequality:

Theorem 22 All as in Theorem 20, however now it is fog~! € Chizo)— ([9(a), g (0)], By (H)).

Then
/g(wo)

(7o) @) (D= (7007 ()] <

’( o(wo)~ (fog_l))(t)Hidt> :

(87)

for all g(a) <z < g(xzg).

Proof. Based on (20), and as similar to the proof of Theorem 19 is omitted.

It follows the modified generalized left B (H)-valued fractional Opial in-
equality:

24
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Theorem 23 All as in Theorem 6, where X = By (H) and letp,q > 1: %—l—% =

1. Here we assume that m <v<l1. Then

[ eay ) (e (o) w) | aws o

270 (2 — g () "
D((m+1)v)[(p((m+1)v—1)+1) (p((m+1) v — 1) +2)]»

([ o esola)

for all g (w0) < 2 < g (b).

Proof. As in Theorem 19. m

Next comes another modified generalized left B, (H)-valued fractional Opial

inequality:
Theorem 24 All as in Theorem 6, where X = By (H) and letp,q > 1: %—i—% =
1. Here we assume that m <v<1. Then
: 1 (m+1)v 1
[ lwes @) (o veah) @) aes o
g{To

2% (z—g (mo))(mﬂ)”*%*%
D((m+1)v) [(p((m+1)v—1)+1) (p((m+1) v — 1) +2)]»

([ ooyl a)

for all g (z0) < 2 < g (b).

Proof. As in Theorem 19. m

The corresponding modified generalized right By (H )-valued fractional Opial
inequality comes next:

Theorem 25 All as in Theorem 7, where X = By (H) and let p,q > 1: %—l—% =
1. Here we assume that —=— < v < 1. Then

(m+1)q
/g(wO)
m v+i-1
274 (g (xg) — 2)"

F(m+D)[p(m+1D)rv-1)+1)(p(m+1)r—1)+2)]

((Fog™) ) (DY (Fog™)) @), dws (90)

=
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(o oo o)

(/g(%)

for all g (a) < = < g (o).

Proof. As in Theorem 19. m
The corresponding modified generalized right 5., (H)-valued fractional Opial
inequality comes next:

Theorem 26 All as in Theorem 7, where X = B, (H) and letp,qg > 1:
1. Here we assume that <v<1. Then

/9(930)
274 (g
T((m+1)v)[(p((m+1)v—1)+1)(p((m+1)v—1)+2)]»

(/9(170)

for all g(a) <z < g(x0).

"SM—‘
vQ

1
(m+1)q

[((Foa™) @) (D50 (Fog™)) )| dws< (o)

(o) — 2)" T

(o o) ol )

Proof. As in Theorem 19. =
‘We make

Remark 27 (to Theorem 12)
Case of inequality (46):
Call and assume

Ml (fla"'?fT) = (92)

g { . (125 Gros7] .

i=1,...,r zo€la,b] s[g(a) 9(3”0)],

D3 (5097 | < oo
roelad 2lloo,lg(w0),0(0)]

Then
| K (f1,.s fr) (0)]]; < Right hand side (46) <
My (f1, o fr) (g (b) — RN
1 (f1, ,Ff(i(f(l)) 9() > / H“fj oy || (93)
= J;ﬁz
We make
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Remark 28 (to Theorem 13)
Case of inequality (62):
Call and assume

M2 (fla"-,fr) = (94)

maxr{ sup HHDg(w)— (fzog H ‘

=17 | zo€lasb] Li(lg(a).g(z0)])

w25 (o) | < oo
roelab] 2111 (g w0).00)

Then
IK (f1y s £2) (20}, < Right hand side (62) <

Ms (f1, O (g (b) _ g(a))u—l r
I'(v) Z /a HHfJ ||2 de | . (95)

i=1
J#z
We make
Remark 29 (to Theorem 14)
Case of inequality (64):
Call and assume (p,q > 1: % + é =1):
M3 (fla"')f’l‘) = (96)

s { o 155 o],

i=L...,7 | zo€a,b] (a).g(z0)])

< +o00.
[9(z0),9(b)])

K (f1, ..., fr) (z0)]l; < Right hand side (64) <

sup [ Dyey (Fi097")

zo€la,b]

Then

1 r

Mg(fh-.-,fr)(g(b)1—9(@))"“Z/ HHfJ D, lde|. 97

p(v-1+1rI(») i=1

J 751
‘We make

Remark 30 (to Theorem 15) (v > 1)
Case of inequality (67):
Call and assume

MiY (fla"'afr) = (98)

27
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—1
| Dy (Fiog

_max sup )
i=L..7 | zo€la,b] Tlloo,[g(a),g(z0)]

P HDz(m (fiog™) } < o0,
zo€[a,b] Tlleo,[g(w0),9(b)]
Then
1K (f1,.- fr) (@o)ll, < Right hand side (67) <
M (i, ) (9(0) — 9 (a))” "I T
oy S| (s @i, || o9
=1 Jj=1
J#i
We make
Remark 31 (to Theorem 16) (v >1)
Case of inequality (68):
Call and assume:
MG (fise fr) = (100)
s Lo o el
Tl wo€lad] L1 (lg(a),g(z0))

sup
zo€[a,b]

[P (o7

v

} < +00.
L1([g(z0),9(b)])

IK (fi, s fr) (mo)|l,, < Right hand side (68) <

Then

M3 (f1, . fr) (g (b) =g (a)” ™ &
! ) Z/ H||f] de |.  (101)

1751
We make
Remark 32 (to Theorem 17) (v >1)
Case of inequality (69):
Call and assume (p,q > 1: % + % =1):
M (fr, oy fr) = (102)
max { sup HD” (o) _(fiog™ H ,
=t {wo€fand) g (l9(a),g(zo)))

sup
zo€la,b]

[P (50971

~

} < +00.
q,([9(x0),9(b)])

28
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Then
K (fi, - fr) (mo)|l,, < Right hand side (69) <

T

M?:/ (fla ceey f'r‘) (g (b) —dg (a))yié
! Ifi (x dz |.  (103)
(p(v—1)+1)rT(v) ; / H

Jséz

Remark 33 (to Theorem 18)
i) for v,0 > 1: %—i— % =1, case of inequality (71):
Call and assume

Ni (A, Ag) =

s { . [[95 (4105 o[22y (4107 |
zo€lab] Pl15,lg(a).g(x0)] @o€la,b] Plls,lg(z0),9(0)]
sup HD” 0)— (Agog™") , sup HD (Agog™") }<+oo.
zo€la,b] 115,l9(a),g(z0)] @o€[a;b] 15,[g(x0),9(b)]
(104)
Then
[|® (Ay, A2) (z0)||; < right hand side (71) <
Ny (A1, 49) (g (b) — g (a)*"?

[1ai@iyaes 14 @, dw]. (105)

I'(a) (v <a—1>+1

it) case of inequality (72):
Call and assume

Ny (A1, Ag) = (106)
max{ sup HD;(ro)* (Aiog™) , sup HDg(xo) (Aiog™)
zo€la,b] L1([9(a),g(z0)]) ZoEla,b] PIL1([9(x0),9(B)])
sup HD” o)— (Ayog™") , sup HD” (Asog 1)71 } < +o0.
zo€la,b] 411 L1 ([g(a),g(x0)]) To€la;b] L1 ([9(x0),9(0)])
Then

[|® (A1, A2) (z0)||; < right hand side (72) <
b b
Ny (A1, A2) (g (b) / | Ay (x)Hp dx +/ || As (:c)||q dx} . (107)

I («)
N3 (A1, Ag) = (108)

iii) case of inequality (73):
Call and assume

, Sup
p oo,[g(a)7g(z0)] :L’()G[a,b]

D5 (1007

I7;

—1
oo (A1097")

max{ sup )
zoEa,b] Plloo,[g(w0),9(b)]
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sup HD” o)— (Agog™") , sup HD (A2o0g 1)_1 } < +o0.
zo€la,b] 9lloo,[g(a),g(z0)] To€la,b] Tl oo,[g(w0),9(b)]
Then
|®(Aq, As) (930)||1 < right hand side (73) <
N3 (A1, 42) (g ( / /
A As ( . 1
Tt 1A @), de+ [ || Az ()], dz| . (109)
‘We need

Remark 34 (i) This is regarding Theorems 12-17. Here K (fi,..., fr) (x0),
xo € [a,b], is as in (45). Next we denote and have (case of 1 <v < 2):

b
NG A ;:/ K (F1, o £2) (w0) dag =

T

Z (b—a)/a Hfﬂ fi (z) dz — /ab ljlf](ac) dx (/jfﬂx)dm) )

i=1
J#Z J#i
(110)

(i) This is regarding Theorem 18. Here ® (A1, A2) (zo), xo € [a,b], is as in
(70). Next we denote and have (case of 1 < a < 2):

b
A (Al,AQ) = / (0] (A17A2) (xo) dxo =

b b
(b—a) (/ Ay (2) Ay (2) dm—f—/ Ar () As (2) dm) - (111)
b b b b
</ Ay (x)dz) (/ Aq (x)d:c) - (/ Ay (m)dw) (/ As (:c)d:z:) .
(iii) for v > 1, it holds

I8 G £l < [ 1K (v ) @] (112)

and .
1A (A, Ag), < / 1@ (Ay, As) ()], de. (113)

We give the following set of y-Schatten norm generalized Canavati type
fractional Griiss type inequalities involving several functions over B, (H), v > 1.
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Theorem 35 All as in Theorem 12, with 1 <v <2 (i.e. n=1). Then

i)
_ vy )2
1A (1 £y < MUt ) (rg<§,b)+ 1§;<a>> (b—a)
> | [TT05 @1, , (114)
- -j;} 0,[a,b)
where My (f1, ..., fr) is as in (92),
i)

M; (f1, fr) (9.(b) — g (a)" " (b— a)®

IA (frs 0 f)lly < I'(v)

r

> | T @l , (115)

1=1
i o0, [a,b]

where Ms (f1, ..., fr) is as in (94),
i11) when p,q > 1: %Jr%: 1, we have

M; (fi, s ) (g (0) — g (a))" "7 (b— a)?
(p(v—1)+1)> T (v)

||A (fla vy fr)”l S

SOOI @, ; (116)
=1 =1
JFi 0,[a,b)

where Ms (f1,..., fr) is as in (96).

Proof. By Remarks 34, 27-29 and that

A anj D, | do < 0= a) anj

J#Z J?ﬁl 00,]a,b]
| ]

We continue with

Theorem 36 All as in Theorem 15, with 1 <v <2 (i.e. n=1),v>1. Then
i)

IA (Fr, s £l < MY (f1, . fr) (g (b) = g ()" (b — a)®
L Jo)lly = )

)
'v+1
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175 ()1, : (117)
=1 j=1
J#i oo o]
where M{ (fi, ..., fr) is as in (98),
My ey b) — v—1 b_ 2
IA (1 fi)l, < =2 (f1, ,f)(g(r)(y)g(a)) (b—a)
S| @I, | 119
i=1 j=1
J#i oo [ab]

where My (fi, ..., fr) is as in (100),
i11) when p,q > 1: %—Fé: 1, we have

A (f1, s )l < M?Y (fisn fr) (g (B) —g(a))l’*% (b—a)2
T (p(v—1)+1)7T (v)

r

>[I @I, , (119)

i=1
I 00,[a,b]

where My (fi,..., fr) is as in (102).

Proof. By Remarks 34, 30-32 and that

b r r
[ 1LIs @1, | do< @-a | 115 @1,
= 2
]

Furthermore we have (r = 2 case of p-Schatten norm Griiss inequalities)

Theorem 37 All as in Theorem 18, with 1 < a < 2 (i.e. [a] =1). Then
i) forvy,0 > 1: %—F%:l, we have

N1 (A1, A2) (9 (b) — g (@)% (b—a)

|A (A, A2)l; < T
['(a)(y(e=1)+1)7

b b
/ 1Ax @)1, do + / 14 <x>||qu] , (120)
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where Ny (A1, Ag) is as in (104),
i)
Ny (A1, As) (g (b) —g()* ' (b—a)
()

/ 1As @), der + / 145 (@)1, dx], (121)

where No (A1, Ag) is as in (106),

[A (A1, A)]l; <

and
iii)
N3 (A1, A2) (g (b) — g (a)” (b—a)
HA (A17A2)||1 < ! F(a+1)
b b
/ Ay ()], do + [ || Az (ﬂf)llqu] ; (122)

where N3 (Ay, As) is as in (108).

Proof. By Remarks 34, 33. m

6 Applications
We start with applications on Ostrowski type inequalities:

Corollary 38 (to Theorems 12-14) All as in Theorem 12 for g (t) =t. Then

i)
1
K (f1y s fr) (@0} < Tw+D
O ||y o= | [ | T 0 e ||+ 120
= 7751 i
b
%l 00 | [ T 0 ) |||
1751 14
i)
1
1B (fise B2) @)l < 55
. ||H(DZO*fi)HZHLl([a,wo])/a H”fj ”2 xo_m)yildx +
= J#Z
33
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125 ol o / anj Dy | @ —wo)da| | (124)

J;ﬁz

i11) when p,q > 1:%+%:1, we have

1

VK (oo £2) (o)l < :
T -+ 1))

r

% el gy | [ 0= me Dl [ dr ||+

J#z

i=1

Q=

Hny )|y | dx . (125)
J#l

b
%) el | [ 2= 200

It follows:

Corollary 39 (to Theorems 15-17) All as in Theorem 15 for g(t) =t, v > 1.

Then
i
1
||K(f177f7‘)($0)”fy—r( ¥ )
> | oz, o0 =0 | [Tis @1, |ar] | +
N i
(126)
b T
Mzl 620 | [ I @, | e ||
J#i
i)
I (oo £ ) < s
T 1) “TTs @1, | ooy de| +
pu Jiwz,-s, Ll[amon/a H Al
VE
b r L
Nz o L, | TV O f ooz
i
34
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iii) when p,q > 1: %—i—%: 1, we have
1K (Frr o ) @0, < :
1y -5 Jr) (L0 >
T p-D+D) T W)
T zo
[ Tearamry [ @-a H 15 @I, | do || +
=1 axg a
J#z
b _1
[l sl | ) @=eo H 15 @)1, | do (128)
3?0 b To
Jsﬁz ]
We continue with
Corollary 40 (to Theorem 18) All as in Theorem 18, with g (t) = e'. Then
i) forvy,0 > 1: %—F%:l, we have
1
[® (A1, A2) (z0)l; < I
(@) (r(@—1)+ 1)}
_1
— ") dx] +

{ D‘HDZO (Ao log)HpHé,[emm] /j” [ Az ()], (e™
0 /zj A2 (z)], (6" — €)% dy | +

[HHDSEO (Avotog)l, |, .

UIHDM Wl [ 1000, 0 ]
U\HDM oy [ @ )d” (120)
it) it holds

1

@ (A1, Az) (zo)]|; < I'(a)

xo
A (z er°
R I EHET

b
A T __ ,To Oéfld
ey [ WAz @ (€ = ey

— )t d:c} +

—em)! dgc} +

{{1pz- caroromy,

[T

zo
A o
e . T @ e

35
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b
Ay (@) (€F —e™)* Tdx| b,
ey [ 1A @ (€ =) H

1
)H1§m

Zo
{[hoza-ctncwmi] .., [ 1, e o]
,|ed,e a

b
UMD;;O (41 olog)], | / 142 @), (¢ — ¢%)” dir| +
00,[e%0,e’] Sy,

[HHDM (42 0log),|
and
iii)
[® (A1, A2) (2o

zo
oz Gaororl | o [ Hs @, e ey ae] +

b
[HHDM Agolog)||qHOO[ezo eb]/ 14, (x)p(eze%)adx”. (131)

We continue with applications on Opial inequalities

Corollary 41 (to Theorem 19) All as in Theorem 19 with g (t) =t. Let p,q >
1:%—}-%:1. Then

/ |1 ) (B2,) ()] <

e ! dw ' 132
CW)[(pv—-1)+1)(pr—1)+ ;(/ 1(DZ, £) (w3 > (132)

for all zg < z < b.

It follows:

Corollary 42 (to Theorem 20) All as in Theorem 20, v > 1, with g (t) = €.
Let also p,qg > 1 :%—i—%:l. Then

[ I o108) () (D (7 0108) )] <

z0o

274 (z—ewo)'”r%*% z D q q
i Voo (folo w)[[5dw |
) pE-1+1)eE—1)+2) </ (Do (Folog)) ()] )(133)

for all e® < z < éb.

We finish with applications on Griiss inequalities:

36
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Corollary 43 (to Theorem 35) All as in Theorem 35 with g (t) =t (1 <v < 2).

Then
i)
My (fi, o fr) (b= a)" " & -
I8 (1o gy < I115 @I, ,
i=1 \ ||j=1
J#i 00,[a,b]
(134)

where My (f1, ..., fr) is as in (92),
i)

=1 =1
J# 00, [a,b]

_aVJrl T T

A )y < ML) 020 TL15 @1, )
j=1

(

135)
where My (f1,..., fr) is as in (94),
i11) when p,q > 1: %—Fé: 1, we have

Ms (Fryos £) (b—a) T3 &
po-D+0ITe)

[A (fryes fr)lly < 11175 @), ;
j=1

j;i 0, [a,b]
where Ms (f1,..., fr) is as in (96).

It follows (r = 2 case)

Corollary 44 (to Theorem 37) All as in Theorem 37, with [a,b] C Ry — {0},
and g (t) =logt. Then
i) fory,0 > 1: %—i—%:l, we have

N1 (Al,Ag) <10g g)a % (b — CL)

||A(A1,A2)H1 < 1
T(@)(r(a—1)+ 1)}
b b
/ | A1 (w)\\pd$+/ | A2 (x)llqdl“], (137)
whe.r'e Ny (A1, As) is as in (104),

it)
Ny (As, Ag) (log )" ™" (b — a)

”A(AI’AQ)HI < F(Oé)

37
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b b
/ 1As (@), dr + / 14 (x>||qu] , (138)

where N (A1, A2) is as in (106),
and
iii)
N3 (A1, As) (log 2)™ (b - a)

A(A A <
|| ( 1y 2)”1— F(OL+1)

b b
/ 1As (@), der + / 14 <z>||qu] , (139)

where N3 (A1, Ag) is as in (108).
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Abstract

Here we exhibit multivariate quantitative approximations of Banach
space valued continuous multivariate functions on a box or RV, N € N,
by the multivariate normalized, quasi-interpolation, Kantorovich type and
quadrature type neural network operators. We study also the case of ap-
proximation by iterated operators of the last four types. These approx-
imations are achieved by establishing multidimensional Jackson type in-
equalities involving the multivariate modulus of continuity of the engaged
function or its high order Fréchet derivatives. Our multivariate operators
are defined by using a multidimensional density function induced by the
algebraic sigmoid function. The approximations are pointwise and uni-
form. The related feed-forward neural network is with one hidden layer.
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41A36.

Keywords and Phrases: algebraic sigmoid function, multivariate neural
network approximation, quasi-interpolation operator, Kantorovich type oper-
ator, quadrature type operator, multivariate modulus of continuity, abstract
approximation, iterated approximation.

1 Introduction

G.A. Anastassiou in [2] and [3], see chapters 2-5, was the first to establish
neural network approximations to continuous functions with rates by very specif-
ically defined neural network operators of Cardaliagnet-Euvrard and ”Squash-
ing” types, by employing the modulus of continuity of the engaged function or
its high order derivative, and producing very tight Jackson type inequalities.
He treats there both the univariate and multivariate cases. The defining these
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operators "bell-shaped” and ”squashing” functions are assumed to be of com-
pact support. Also in [3] he gives the Nth order asymptotic expansion for the
error of weak approximation of these two operators to a special natural class of
smooth functions, see chapters 4-5 there.

Motivations for this work are the article [15] of Z. Chen and F. Cao, and [4],
(5], (6], [7], [8], 9], [10], [11], [12], [13], [16], [17].

Here we perform multivariate algebraic sigmoid function based neural net-
work approximations to continuous functions over boxes or over the whole RY,
N € N, and also iterated approximations. All convergences here are with rates
expressed via the multivariate modulus of continuity of the involved function
or its high order Fréchet derivative and given by very tight multidimensional
Jackson type inequalities.

We come up with the "right” precisely defined multivariate normalized,
quasi-interpolation neural network operators related to boxes or RV, as well
as Kantorovich type and quadrature type related operators on RY. Our boxes
are not necessarily symmetric to the origin. In preparation to prove our results
we establish important properties of the basic multivariate density function in-
duced by algebraic sigmoid function and defining our operators.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this article, are mathematically expressed as

n
Nn(di):cho(<aj~x>+bj), zeR’, seN,
§=0
where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental network

models, the activation function is the algebrai sigmoid function. About neural
networks see [18], [19], [20].

2 Basic

Here see also [12].
We consider the generator algebraic function

€T

<p (x) = QW 9

which is a sigmoid type of function and is a strictly increasing function.
We see that ¢ (—z) = —¢ (z) with ¢ (0) = 0. We get that

meN, z e R, (1)

1
S0/(95):—(1+ . )2m+1 >0, VzeR, (2)
xm m
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proving ¢ as strictly increasing over R, ¢’ (z) = ¢’ (—x). We easily find that
lim p(x) =1, p(+o0)=1,and lim p(z)=-1, p(—o0) = —1.
T—400 r——00
We consider the activation function

1

()= lpl@+1)—p(@-1)]. (3)

Clearly it is ® (z) = ®(—=z), V & € R, so that ® is an even function and
symmetric with respect to the y-axis. Clearly ® (z) >0,V z € R.

Also it is 1
®(0) = ——=. 4
0= 355 (@)
By [12], we have that ®' () < 0 for > 0. That is ® is strictly decreasing over
(0, +0) .
Clearly, ® is strictly increasing over (—oo,0) and ®’ (0) = 0.
Furthermore we obtain that
. 1
lim @ (2) = ¢ (+00) — o (+00)] = 0 )
and 1
lim @ (z) = 7 [p(-00) = p(~00)] = 0. (6)
Tr— —0o0
That is the z-axis is the horizontal asymptote of ®.
Conclusion, ® is a bell shape symmetric function with maximum
B (0) = — €N (7)
= , m :
2 %Y/2
We need
Theorem 1 (/12]) We have that
Z@(w—i):l,VweR (8)
Theorem 2 (/12]) It holds
(o)
/ B (&) do = 1. )
— 00
Theorem 3 ([12]) Let 0 < a < 1, and n € N with n'=* > 2. It holds
. 1
> ® (nx — k) < meN.  (10)

Am (nl—e — 2)*™

k=—00
Cnx — k| > ntme
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Denote by |-] the integral part of the number and by [-] the ceiling of the

number.

‘We need

Theorem 4 (/12]) Let [a,b] C R and n € N so that [na] < |nb]. It holds

1

[nb] <2(Witdm),
> D (nx—k)
k=[na]

Yz € la, b, meN.

Note 5 1) By [12] we have that

for at least some x € [a,b] .

(11)

2) Let [a,b] C R. For large n € N we always have [na] < |[nb|. Also

agggb, iff [na]l <k < |nb].
In general it holds that

Lnb]

Z O (nx—k) <1.

k=[na]

We introduce

Z(x1,man) =2 () = [[® @), z=(21,...an) eRY, NeN. (14)

It has the properties:
(i) Z(x) >0, VzeRY,
(i)

i Z(x—k):= i i i Z(x1— k1, ..,y —kny) =1, (15)

k=—o0 ki=—00 ko=—00 kny=—0o0

where k := (k1,....,k,) € ZN, ¥V x € RV,
hence

(iii)

o0

Z Z(nx —k) =1,

k=—o00

VzeRN:neN,

625
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and
(iv)
/ 7 (z)dz = 1, (17)
RN
that is Z is a multivariate density function.
Here denote ||z||  := max {|z1], ..., |zn|}, 2 € RV, also set 0o := (00, ..., 00),
—00 := (—00,...,—00) upon the multivariate context, and

[na] := ([na1], ..., [nan]),

(18)
[nb) = (|1, ., (DN ])
where a := (ay,...,an), b:= (b1,...,bn) .
We obviously see that
[nb] [nb] N
Z Z(nx — k) = Z (H@(nwz k‘l)> =
k=[na] k=[na] \i=1
[nb1] [nbw | N N [nb; ]
ki=[na1] kn=[nan] \i=1 i=1 \k;=[na;]
For 0 < 8 <1and n €N, a fixed z € RV, we have that
[nb]
Z Z (nx — k) =
k=[na
[nb] |nb]
> Z (nz — k) + > Z(nz—k). (20)
{ k= [na] { k = [na]
15 -2l <7 15 -2l >

In the last two sums the counting is over disjoint vector sets of k’s, because the

k 1
Be— | > o5,

condition H% — J:Hoo > n%; implies that there exists at least one
where r € {1,..., N}.
(v) As in [10], pp. 379-380, we derive that

Lnb]

3 Z(na—k) < L 0<B<1 meN, (1)
k= [na] 4m (n'=8 — 2)
= |na
{HS—SCHOO%L%

withn e N:n'# >2 x¢€ vazl [a;, b;] .
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(vi) By Theorem 4 we get that

1 1 N
0< =~ [o (/T +4am)]" | 22
ZI\;anna'\ (’I’LSC - k) - ((I) (1))N [ ( * )] ( )

Vze (Hf\il [ai,bi]), n € N.
It is also clear that

(vii)

Z Z (nx—k) < ! (23)

dm (n1=F — 2)*™’

oo

0<f<l,neN:n'""P>2 2zcRY, meN.
Furthermore it holds

[nb)
lim Y Z(nz—k)#1, (24)
k=[na]

for at least some x € (Hf\;l [a;, bz]) .

Here (X, ””’v) is a Banach space.

Let f € C (Hf\il (@i, bi] ,X) , = (T1,...,ZN) € Hfil [ai,bi], n € N such
that [na;] < |nb;],i=1,...,N.

We introduce and define the following multivariate linear normalized neural
network operator (z := (z1,...,ZN) € (Hi\]:l [@;, bz]))

Zl\;anna‘\ ( ) Z (7?,11,’ - k)
An (f, 21, xn) = Ay (f,2) = ~ =
1 " EIE ana] (nx - k)

nb nb nb
Zl\;llenaﬂ ZIE2:2|'Jnag‘\ ZIEN NHnaN-\ (%’ e TN) (Hz 1 ¢ (TLLEZ kl))
nb; :
H’L 1 ( ILc 7[Jna ] (’I’Ll‘i - kl))

For large enough n € N we always obtain [na;] < |nb;|, i = 1,...,N. Also
a; < 5 < by, iff [na;] < ki < [nbi),i=1,..,N.
When geC (Hl 1 las, bz]) we define the companion operator

1 Zlganna] (k) Z (’I’L.’L‘ - k)

An (g7 .’L‘) =
S e Z (n = k)

(26)
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Clearly ﬁn is a positive linear operator. We have that

A, (Lw)=1, Vae (H ai,b )

Notice that A, (f) € C (va:l [a;, b;] ,X) and A, (g) € C (Hz 1 [al,bl]) .

Furthermore it holds

Sl 1 G, 2 (= )
A (), < 2= S

Zk [na] ( nr— k)

Ve [T, i, bil.
N
Clearly |/, € C (T}, [as, bi)

So, we have that
14n (£, < A (1711, )

VaellY, [anbl], ¥neN, erc(ny 1[al,b1],X)

= A, (Ifl,.2), D

Let ce X and ge C (Hi:l [ai,bi]> then cg € C (]—L 1 lag, by ,X) .

Furthermore it holds

An(cg,)—cA x,VweHa,,l

Since A, (1) = 1, we get that
Ap(c)=¢, YceX.
We call A'n the companion operator of A,,.

For convinience we call

Lnb]

A (f,z) Zf() (ne — k) =

k=[na]

(29)

[nb ] |nb2 ] [nbn ] N
Z Z Z f(kl kj) (H@(miki)» (31)

ki=[nai| ka=[naz2] kn=[nan]

Vae (HiN:l [ai,bi]) :
That is

Ar (f,x)
A, (fx) = = :
sk ”erﬂ (nz — k)
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Ve (HiN:l [ai,bi]), n e N.

Hence

A (F,2) = £ (@) (SH ) Z (02— B))

A, (f,x) — = 33
(f,2)~ £ (@) S T (3
Consequently we derive
(22) N Lnb]
14, (f,2) = f (@), < [2(¥T+4™)]7 AL (f2) = f(2) Y Z(na—k)| ,
k=[na]
(34)

V T € (Hf\il [0,1', bz])
We will estimate the right hand side of (34).
For the last and others we need

Definition 6 (/11], p. 274) Let M be a convex and compact subset of (RN, ||Hp) ,
p € [1,00], and (X, H||7> be a Banach space. Let f € C (M, X). We define the

first modulus of continuity of f as

wi(f,0) = sup  [If(2) = FWI,, 0<d<diam(M). (35)
T, yeM:
= yll, <0

If 6 > diam (M), then
w1 (f,9) = wi (f,diam (M)). (36)

Notice wy (f,0) is increasing in 6 > 0. For f € Cp (M, X) (continuous and
bounded functions) wy (f,d) is defined similarly.

Lemma 7 ([11], p. 274) We have wy (f,0) — 0 asd | 0, iff f € C(M,X),

where M is a convex compact subset of (RN, H-||p), p € [1,00].

Clearly we have also: f € Cy (RN , X ) (uniformly continuous functions),
iff wy (f,6) — 0 as § | 0, where w; is defined similarly to (35). The space
Cp (RN , X ) denotes the continuous and bounded functions on RV .

When f € Cp (RN,X) we define,

By (f,z) = Bn (f,21,....an) = i f <§) Z (nx — k) :=

k=—o00

f: i i f( L k2 ’ZV) (ﬂ@(nwi—ki)>, (37)

ki1=—00 ka=—00 kny=—00 =1
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n €N, Vo eRY N €N, the multivariate quasi-interpolation neural network

operator.
Also for f € Cp (RN , X ) we define the multivariate Kantorovich type neural

network operator

Cn (fax) = Cn (f)xla-“ny) = Z <nN /CT f(t)dt) Z(n.ﬁ—k‘) =

k=—o0 n

k1+1 k2+1 ky+1

i i i ( / / [w f(tl,...,tN)dtl...dtN>

k1=—00 ko=—00 kny=—o00 n

N
(ch (na; — ks) ) (38)

i=1
neN, VzeRVN,
Again for f € Cp (RN , X ) , N € N, we define the multivariate neural net-

work operator of quadrature type D, (f,z), n € N, as follows.
Let 0 = (91, . HN) NN r = (ry,..,7n) € Zﬂ\r’, Wy = Wy ry,..ry > 0, such

0 01 02
that Y w, = > > . Z Wy iy = 13 k € ZN and

r=0 r1=07r2=0 rN=0

0
6nk: (f) = 6n,k1,k2,...,k1\r (f) = Zwrf (:j + 7:0) =
r=0

01 0
N o ko 7o kn

ki 7y Y
T T T - - 77"'77 — b 39
E E E wl, 2, Nf< + 0y’ +m92 - +n9N) (39)

r1=07r2=0 TN

r._ (rL T2 TN
where  := (91, R GN) .
We set

Dy (f,2) = Dy (fra1, . 2n) = 3 Ok (f) Z (nw — k) = (40)

k=—o0

00 0o 0o N
Z Z Z 5n,k1,k2,.“,kN (f) <H (P (’I’L.I'z — kl)> 5
i=1

k1=—00 ko=—00 kny=—00
vV zeRY,
In this article we study the approximation properties of A,, B,,C,, D,
neural network operators and as well of their iterates. That is, the quantitative
pointwise and uniform convergence of these operators to the unit operator 1.
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3 Multivariate general Neural Network Approx-
imations

Here we present several vectorial neural network approximations to Banach
space valued functions given with rates.
We give

Theorem 8 Let f € C(Hil\il [ai,bi]7X>, 0<pB <l ze€ (va:l [ai,bi]),
m,N,n € N with n'=% > 2. Then

1)
b ()= S @, < RCVITN o (1 57) + o Mlﬂfu“’ﬁm o
(41)
and
J
140 () = 71, <2 ). (42)

. . Il S .
We notice that lim A, (f) =" f, pointwise and uniformly.
n—oo

Above w1 is with respect to p = oco.
Proof. We observe that

[nb]

Afa)= A5 (o)~ fa) 3. Z(ne—Fk)=

k=[na]
[nb]

[nb]
> f<z)Z(nxk) Y f@Zma—k) =

k=[na]

5 (7(%)-1@) 2t -n, 13)

Thus

10
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nb
5 l1(5)-r@)| zoe-n'<
k= [na) K
{ 1% =2l > 77
[nb] (21)
atg)e2in), X ze-n's
k= [na|
[ N
21
. <fn1ﬁ> " (ﬂlﬁv_H;)zm' )
So that H H
I
1@, <o (£5) + o e (15)

Now using (34) we finish the proof. m
We make

Remark 9 ([11], pp. 263-266) Let (RN, H-||p), N € N; where |||, is the Ly-

norm, 1 < p < co. RY is a Banach space, and (RN)J denotes the j-fold product

space RN x ... x RN endowed with the max-norm 2]l (gays == max |[2xl],, where
1<A<; P

z = (T1,...,z;) € (RN)j.

Let (X, ||||A/) be a general Banach space. Then the space L; := L; ((RN)J ;X)
of all j-multilinear continuous maps g : (RN)j — X, 7=1,...,m, is a Banach
space with norm

lg (@)l

1l - M,

lgll == llgllz, == sup g (@), = sup (46)

||4UH(]RN).7‘:1

Let M be a non-empty convex and compact subset of RY and zo € M is
fized.

Let O be an open subset of RN : M C O. Let f: O — X be a continuous
function, whose Fréchet derivatives (see [21]) f9) : O — L; = L, ((RN)J ;X)
exist and are continuous for 1 < j <m, m € N. '

Call (z — xo) = (x — 20, ..., w — T) € (RN)J, xe M.

We will work with f|p.

Then, by Taylor’s formula ([14]), ([21], p. 124), we get

f(x) = i 17 (“)j(f’“" “20) | R (ex0). alle e MM, (47)
j=0 )

11
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where the remainder is the Riemann integral

L] _ o)™ B _
R (x,20) := /0 (1_)1)' (f(m) (o +u(x — o)) — f(m) (xo)) (x — x0)" du,

(m
(48)
here we set £ (z0) (x — 20)° = f (x0) .
We consider
wimwr (f70) = sup £ (@) - 1 ()] (49)
r,ycM:
le—yll,<h
h > 0.
We obtain
| (7 o (= 20)) = 1 (@0) ) (& = 20)"| <
|7 @0+ (@ = 20)) = £ (20)| - 2 = woll}} <
7 [ullz — ol
wlke = aalff | . (50
by Lemma 7.1.1, [1], p. 208, where [-] is the ceiling.
Therefore for all x € M (see [1], pp. 121-122):
m [ Tullr = ol ] 1 —w)™ !
™ < — zoll,) £ d
I (ool < wlle -zl [ [0 | S
:ZEQW(Wr—xdu> (51)
by a change of variable, where
TR G
O (1) = A/ (jt| =T |, YteR, (52
o= [ Y% ;OH T, VieRr (52)

is a (polynomial) spline function, see [1], p. 210-211.
Also from there we get

@ < ‘t|m+l |t‘7n h|t|7n 1 Vt R 53
m s\ Grom T Tsmon ) VER (53)

with equality true only at t = 0.
Therefore it holds

|z —900||m+1

| lz = wolly”  hlle ==l v
™m < £ £ '
1% '(m’QEO)"V—w( mr ) o smo1 ) Ve

12
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We have found that

U @) i) l‘—xoj
TR P LICHICETA

1l
i=0 I ,
m+1 m m—1
_ — - bz — xo|
(m) h,) H.’I,' $0||p ||"’C xollp P < 55
w1 (f ’ ( mrOh T om  8m 1) o0, (55)
Yz, zg € M.
Here 0 < wy (f(m), h) < 00, by M being compact and f™ being continuous
on M.

One can rewrite (55) as follows:

() (20) (- — 20)

Jj=0 -
m+1 m m—1
_ - - hl- = ol
o o (=l =l Y v
on (47, )( GrOh T am T s@mour )" €M (50)

a pointwise functional inequality on M.
Here (- — z0)? maps M into (RN)] and it is continuous, also fU) (xg) maps
(RN)] into X and it is continuous. Hence their composition fO) (z0) (- — xq)’

18 continuous from M into X.

Clearly f (-)—Zzo W € C(M,X), hence Hf () — ijo W § €
C(M).
Let {EN}N . be a sequence of positive linear operators mapping C (M) into
€
C(M).

Therefore we obtain

Jj=0

- 76D (20) (- — o)
Ly Hf(.)—zf ( EE ) (wo) <

L =T ml X L =T m X
o (70 (Zx (I (m+o||1p) : )) (@) . (Zx (I %;n,, )) (o)
(I (||é (—;wi)!‘ )) @) | -
VNeN Vzyge M.
13
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Clearly (57) is valid when M = H [a;,b;]) and L, = A,, see (26).

All the above is preparation for the following theorem, where we assume
Fréchet differentiability of functions.

This will be a direct application of Theorem 10.2, [11], pp. 268-270. The
operators A,, A, fulfill its assumptions, see (25), (26), (28), (29) and (30).

We present the following high order approximation results.

N
Theorem 10 Let O open subset of (RN, ||-||p), p € [1,00], such that ] [a;,b;] C
i=1

O C RY, and let (X, ||H7> be a general Banach space. Let m € N and f €

C™(0,X), the space of m-times continuously Fréchet differentiable functions

N
from O into X. We study the approxzimation of f]| g . Letzg € (H [a;, bz]>
111ai,0 i=1
and r > 0. Then '
1)
m o ‘
. f(]) .'I; P— J €T S
(An ;J( w (9 (20) (- = w0)’) ) (o)

~

wr (£ (A (= 20| 7)) (@) ™ ;
( ( (Tm!o ) =) )((gn(”'—on;nH))($0)>(m+1)
7,.2

2) additionally if fO) (zq) =

1(An () (z0) = [ (o)l <

(o (A (1 :n | ol ™)) <xo>)"”1“> (o (1= o)) ) )

(59)
1 r  mr?
Cratat sl
3)
1(An (£)) (@) f(wo)llv<§:jl!H( (F9 @o) (= 20)") ) (a)|_+

7 ) ) (A (1= aol7*)) ) ™

(60)

14
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(m+1) 8
and
4)
[EMERIN
o, H[a“
>l (2 ot =) B
] ooa:oelj[al b;]
1
(m) _ m+1 1
wl f ’TH( (H :E || )) (xO) Oo,])oell_\/[[ai,bi]
i=1
rm!
= B 41 m+1
[ (A (1= w0l)) @ Hmemaw (61
L r m?
(m+1) 2 8 |
We need

~ _ N
Lemma 11 The function (An (|| - 330”21)) (zo) is continuous in xy € (H [a;, 1}),
i=1
m € N.

Proof. By Lemma 10.3, [11], p. 272. =
We give

Corollary 12 (to Theorem 10, case of v = 1) Then
1)

(A () o) = (@)l < || (4n (/O o) (- = 20)) ) (o) +

on (10 (A (1= 012)) ) ) (A (1= 0l2)) ) 62

W=

7"2
1 N
[ +r+ 4},
and
2)
ICAn (=S| s
| b
15
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_|_

I Can (7 ) €= 20) ) )

N
Yloo,zpe IT [a:,bi]
i=1

1
2

gwl f(l)ﬂn (g" (H o xo”?,)) (950) oo,zoelﬁll[ahbi}
G (=) ol [ 5]
r > 0.
We make

Remark 13 We estimate 0 < o < 1, m,m,n € N:nl=® > 2,

_ _ S E oS Z (nao — k) (22)
Ay (H - $0||ZZ+1> (wo) = e [ne] (0] <
Zk [na] (’I’L.’IIQ - k:)

m—+1
R(Tram))Y Y |E x| Z(nao—k) = (64)

k=[na]

o0

. N [nb] k
[2 (/1 +4m)] > ano
{ H k = [na) >

O 7x0”oo - nl“

n

Lnb]

>
Lo

kE _ 1
n onoo > ne

k
2z
n

m+1 (23)
Z(nzo—k)p <

oo

[2(2m\/1+4m)]N{na(1 R Uit } (65)

D) g (pl-e — 2)?7
(where b—a = (by — a1,...,by —an)).
N
We have proved that (¥ x¢ € H [ai,b;])

_ - _ |t
An(n'xo;2“)<zo><[2<“ﬁ+4m>ﬂ{ e+ }:%(n)

ne D 4y (pima — 2)7"
(66)

16
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O<a<l,mmneN:nl=*>2)
And, consequently it holds

[ EE SR IED]

<

N
00,z0€ [] [ai,bi]
i=1

N 1 b —all2*
2 (W1 +4m — == = 0 .
[ ( \/T)] {na(mH) 4m (nl—o — 2)2m @1 (n) =0, asn— +oo
(67)
So, we have that ¢, (n) — 0, as n — +oo. Thus, when p € [1,00], from

Theorem 10 we have the convergence to zero in the right hand sides of parts (1),
(2). N 4
Next we estimate H (An (f(j) (o) (- — mo)j)) (7o)
We have that

Y

Sk 19 (o) (5 = w0)’ Z (g — )
ZW)J Z (nxo — k) .

(4n (£9 @) (- = 20)") ) (0) =

k=[na]

(68)
When p =00, j =1,...,m, we obtain
j J
‘ 19 o) (=)' | <9 ol | 20 (69)
%l
We further have that
(& (59 o =07 ], 2
N [nb] ' k J
2 ZW):I Z 79 (o) <n — SU(J) Z (nxo—k) | <
k=[na] ol
N [nb] , k J

2(VIEa) [ 3 [0 e |3 o] znm-n) = )

k=[na] e

N ‘ Lnbl o J

HEZETD) Hf(a) (xO)H Z on Z(nxog—k) | =
k=[na] >
[nb] j
N | p5 k ’
HEET D) Hf(a) (xO)H > H" —xo|| Z(nwo—k)
{ k= [na] ~
IS = ol < 7=
17
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[nb]

- > Hi:co
TS

— ol , > 7=

J (21)
Z(nxg— k) p < (71)

e o]

Nl s 1 16— all’
2 (/1 +4m H @) H — o0 —0 — 00.
[ ( + )] f ('TO) nod 4m (nl_a _ 2)27n ; a8 M
That is

H (ﬁn (f(j) (o) (- — xo)j)) (xo)H — 0, as n — oo.

v
Therefore when p = oo, for j =1,...,m, we have proved:

| (A (59 @0) (- = 20)') ) (@0)

<
ol

[2 ( Q'W)]N Hf(j) (mO)H {nij + o b — a“io } < (72)

(nl_a _ 2>2m

1 16— all’,

nY - 4m (nt—o — 2)2m

2 ()" | mem{ } oy () <

and converges to ZETo, as n — Q.

We conclude:

In Theorem 10, the right hand sides of (60) and (61) converge to zero as
n — oo, for any p € [1, o0].

Also in Corollary 12, the right hand sides of (62) and (63) converge to zero
as n — oo, for any p € [1, 0] .

Conclusion 14 We have proved that the left hand sides of (58), (59), (60),
(61) and (62), (63) converge to zero as n — oo, for p € [1,00]. Consequently
A, — I (unit operator) pointwise and uniformly, as n — oo, where p € [1,00].
In the presence of initial conditions we achieve a higher speed of convergence,
see (59). Higher speed of convergence happens also to the left hand side of (58).

We further give

Corollary 15 (to Theorem 10) Let O open subset of (RN ,|-||.), such that
N
I1 lai,b;) € O CRY, and let (X, H||7> be a general Banach space. Let m € N
i=1
and f € C™(0,X), the space of m-times continuously Fréchet differentiable
functions from O into X. We study the approzimation of f| . Let xp €

. [ai,b;
i=

18
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N
(_Hl [ai,bi]> and v > 0. Here 1 (n) as in (66) and py; (n) as in (72), where
neN:nl=®>2 0<a<1,j=1,..m. Then

1)

( n)) = _
! 7«::! . >(901 () %) [(mil) ; mj]’ ™)
3) B
142 =10y <20 Pt
wi (T (g, (n)) 77T ﬁ
P en™) (75)

rm!
1 n r e
(m+1) 2 8
We continue with

Theorem 16 Let f € Cp (IR{N,X), 0<pB <1, zeRN mN,necN wih
n'=P > 2, wy is for p=oo. Then

1)

1B, (1) £ @), < £z ) + 1 .
mA v =\ B 2m (n1—5 — 2)*™ T2y

2)
(1B () = £1L|| <20 ). (77)
Given that f € (CU (RN,X) NCg (RN,X)), we obtain 7}LII;OBn (f) = f, uni-

formly.
19
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Proof. We have that

B, (f,2) wo$ f( ) oK)= @) S Z(ms— 1) — (19

S J—

2y ((%)-r@) zna =i,

Hence
1By (f.2) w—kZOOHf( )- 2t~
> Hf(s)‘f(@ﬁ(m—m
(TR
> Hf @ @) Ze—k) e

(T
(23)

a(rm)eeum), X zwe-n®

k=—oc0
[ N

171,
Gl

proving the claim. m

We give
Theorem 17 Let f € Cp (RN,X), 0<pB<1,zeRY mN,necN wih
n' =8 > 2 wy is for p=o0. Then

1)

G 0) = F @, Sen (34 ) + — (’ufﬁ E = sl (50

2)
liCa =11, _ < 2s ). (81)
Given that f € (CU (RN,X) NCg (]RN,X)) , we obtain lim C, (f) = f, uni-
formly. /
20
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Proof. We notice that

ko+1
n

k+1 kny+1
n

LTf(t)dt

k141
n

k1 ko kN
n n n

1
/ / / (t1+ tg-i—k ,tN-i-kN) dtl...dt]\]:/’f(t—f'k) dt.
n 0 n

Thus it holds (by (38))

f (tla t27 ceey tN

)dtydts...dty =

(82)

Cy (f,m)zkioo (nzv/oif<t+z> dt)Z(nm_k). (83)
We observe that
1Cn (f;2) = f (@), =
ki:w(nNAif(HS)dt)Zm_ k_zoof (nz — )7:
S r(er ) s o] -
k_ioo (mv/oi (f (H—fb) —f( )) dt)Z(m:—k) Wg (84)
k_ioo (mv/oi f(t—l—i)—f(x) 7dt)Z(m:—k):
i (nw/oi ’f(t—i—];)—f(x) dt)Z(na:—k)+
(s S % ”
i (nN/Oi ‘f<t+z>f(x)7dt)Z(nsck)g
T
> (nN/ (f,||t| H’“— w) dt>z<m_k>+
U s

21
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21, Sz | <
k=—00

1% =2l > 5

L I1£1L,)|
Wi <f7n+nﬁ)+2m(n1—5—2)2m’ (85)

proving the claim. m
We also present

Theorem 18 Let f € Cp (RN,X), 0<pB<1,zeRY mN,necN wih
n' =8 > 2, wy is for p=oo. Then

1)
IDa () = F @, <o (£5 4 ) + 5 (’Ulﬂ';%)zm = Xin), (56)
2)
[1Dn ()= 11| <2 ). (87)
Given that f € (Cy (RY, X) N Cp (RY, X)), we obtain lim D, (f) = f,
uniformly.

Proof. We have that (by (40))

1Dw (fo) = f @), = || D (/) Z(nz—k) = D f()Z(nz—k)

k=—o00 it .
(88)
k_fjoo Gk () = £ (2)) Z (nz — k)| =
k_im (Z:w (f (fl T 7;)) - f(m))) 20m-) <
k_ioo <Zi:0w f <fl+nre> — f(2) 7) Z (nz — k) =
;i_oo (iw (5 g)-re ) Z (na— k) +

U=
I =l < 3

22
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U=
I =l >

[eS) 2
k
Z <Zwrw1 (f, S + % >)Z(n:ck:)+
k__ r=0 b
= —00
{ 15 =2l < 55
21, _ > Ze-n|<
k=—o0
1% -2l > 5
L 71,
=t — |+ ES— 89
“1 <f n nﬁ) 2m (n1—F — 2)*™" (59
proving the claim. m
We make

Definition 19 Let f € Cp (RY,X), N € N, where (X, ||||7) is a Banach

space. We define the general neural network operator

Fo(fix)= > b (f)Z(ne—k) =

k=—oc0
Co (fr2), if b (f) =™ [ f (), (90)

Clearly l,,x, (f) is an X-valued bounded linear functional such that ||l (f)]., <

Y
],
Hence F,, (f) is a bounded linear operator with H I ( f)||7H < H|| fl,
‘We need

Theorem 20 Let f € Cp (RY,X), N > 1. Then F, (f) € Cp (RY,X).

Proof. Clearly F), (f) is a bounded function.

Next we prove the continuity of F, (f). Notice for N =1, Z = ® by (14).

We will use the generalized Weierstrass M test: If a sequence of positive
constants My, My, M3, ..., can be found such that in some interval

23
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(@) [[un (@), < Mp, n=1,2,3,...

(b) >~ M, converges,

then > w, (z) is uniformly and absolutely convergent in the interval.

Also we will use:

If {up ()}, n=1,2,3,... are continuous in [a,b] and if Y u, () converges
uniformly to the sum S (z) in [a,b], then S (z) is continuous in [a,b]. Le. a
uniformly convergent series of continuous functions is a continuous function.
First we prove claim for NV = 1.

We will prove that Y 72 Lk (f) @ (nz — k) is continuous in z € R.

There always exists A € N such that nz € [-A, A].

Since nx < A, then —nmzx > —XAand k —nx > k— X > 0, when &k > A
Therefore

Y bnz—k)=) d(k-na)<Y ©k-N)=) ®*K)<1  (91)
k=X k=X k= k'=0
So for k > \ we get

ok (I, @ (nz = k) < [[I1£11,]| @ k=),

and -
i) o= < il -
k=X

Hence by the generalized Weierstrass M test we obtain that Y ;-\ Ik (f) @ (nx — k)

is uniformly and absolutely convergent on [—2, 2] .

Since ln (f) ® (nz — k) is continuous in z, then Y ;7\ Lok (f) @ (nx — k) is
continuous on [—%, %] .

Because nx > —\, then —nx < X\, and k —nx < k+ X <0, when k£ < —\.
Therefore

=Y -\ Y 0

Yo @nz—k)= > @k-nx)< Y Pk+N)= > H)<L

k=—o0 k=—o0 k=—o0 k'=—o0
So for k < —)\ we get
e (DI, @ (n = k) < [I1711,]|_ @G+ N, (92)

and

| S 0y < s -
k=—o0

Hence by Weierstrass M test we obtain that E,:i‘foo Lok (f) @ (nz — k) is uni-

formly and absolutely convergent on [f%, %] .

24
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Since I,k (f) ® (nx — k) is continuous in z, then Zkf:}‘im Lok () @ (nx — k)
is continuous on [—; f} .

So we proved that Y52\ Lk (f) @ (nz — k) and Y332 Lok (f) @ (na — k)
are continuous on R. Since Zz;i/\ﬂ lnk (f) @ (nz — k) is a finite sum of con-
tinuous functions on R, it is also a continuous function on R.

Writing

[eS) -
S bn(HOmz—k) = Y L (f)®(nz—k)+

k=—o0 k=—o0
A—1
> Lk ()@ (nz— k) + Z Lk (f) ® (na — k) (93)
k=—A+1

we have it as a continuous function on R. Therefore F,, (f), when N =1, is a
continuous function on R.
When N = 2 we have

n (fir1,22) = Z Z Lok () ® (na1 — k1) @ (nxo — ko) =

kl_—oo kg——OO

Z <I>(nx1—k1)< Z lnk(f)@(nxg—k2)>

’{71:700 kngoo

(there always exist A1, A2 € N such that nx; € [-A1, A\1] and nzy € [—A2, A2])

oo — A2
Z ‘I’(ﬂwl—kl)l Z Lk () @ (nzy — ko) +

k1:—()0 kzZ—OO
)\271
Z Lk (f) @ (nazg — Z Ik (f) @ (nag — k‘z)] =
ko=—X>+1 kao=M\2
A2
Z Z nk ’flel 7k1)®(n$2 7]432)4’
klzfoo kQ—*OO
/\2 1

Z Z Lok (f) @ (nz1 — k1) @ (nwa — ko) +

ki=—o0 ko=—X2+1

Z Z Lok (f) @ (nzq — k1) @ (nwe — ko) =: (%).

kl——oo kg

(For convenience call

F (kl, k‘g,l‘l, .732) = lnk (f) 0] (7?,331 — /ﬂl) (0] (nmg — kg) . )

25
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Thus
-1 — A2 A—1 —A2
Z Z (k1, k2, x1,22) + Z Z (k1, k2,1, 22) +
k1=—00 ko=—00 ki=—A+1ko=—0c0
— Ao —A1 Aa—1
Z > Flkyka,w,ma)+ Y > F(ky ko, an,m)+
kl )\1 kz——OO klz—oo kzZ—A2+1
A1—1 Ao—1 Ao—1
> > F(krky,wr,m0) + Z > F(ki ko, m0) +
ki=—=X1+1ko=—X2+1 k1=X1 ka=—X2+1
-1 [e%s) A1—1
Z Z (K1, ko, 1, 22) + Z Z (K1, k2,21, 22) + (94)
k1=—00 ka=MA2 ki=—=X1+1ka=X2
o0 o0
Z Z F(klakan17x2) .
ki=X1 ka=Xa
Notice that the finite sum of continuous functions F' (k1, ke, z1, z2),
A—1 Ao—1 . . .
D kim a4l 2ohom—ngt1 P (F1, k2, 1, 2) is a continuous function.

The rest of the summands of F,, (f,z1,x2) are treated all the same way and
similarly to the case of N = 1. The method is demonstrated as follows.

We will prove that Y "\ Zkz__oo nk (f) @ (nzq — k1) © (nxe — ko) is con-
tinuous in (x1,z2) € R2.

The continuous function

ok (), @ (nzy = k) @ (naa = k) < [[IF1] | @ k1 = M) @ (ko + ),

and

s > S o @ (ky + d) =

k1=X1 ka=—o00
i1, (i <I>(k:1—/\1)>< i ‘b(k2—|—/\2)> <
* k= fae— oo
) {32 @) _Z @ (k) | < s,

So by the Weierstrass M test we get that
D ke Z,Q__OO k()@ (nzy — k1) ® (nwg — ko) is uniformly and absolutely
convergent. Therefore it is continuous on R2.

Next we prove continuity on R? of

S T it T o bk (F) @ (g — k) @ (naa — ko).

26
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Notice here that

IMmﬁmvémm—kﬂ¢mm—kﬂ§HWLMXQWm—%ﬂ¢%m+M)

1
<[] 2 @@ kot x0) = 1@ (k).

>\1 1 —X2
R HwM\( )(Zj@%+&0:
ki=—X1+1 ko=—00

-ex =il

(95)
So the double series under consideration is uniformly convergent and continuous.
Clearly F,, (f,x1,x2) is proved to be continuous on RZ.
Similarly reasoning one can prove easily now, but with more tedious work,
that F, (f,21,...,2x) is continuous on RY, for any N > 1. We choose to omit
this similar extra work. m

and

1
—_— 20 —1 (k) | <
R UL MG SRIIE

kh=—00

1
22%/2

Remark 21 By (25) it is obvious that H||An (f)

<] < e

N
A, (f)eC H [a;, b ],X), given that f € C(H [a;, l],X)
i=1
Call L, any of the operators A, B, Cy, D,,.

Clearly then

oo

=

lzz ol = [z @a || < 1za o] < ], oe)
etc.
Therefore we get
iz ol < ir.] o veen, (97)

the contraction property.
Also we see that

Nzt L < izs ol | << iz o <[] o9

Here Lk are bounded linear operators.

Notation 22 Here N € N, 0 < 8 < 1. Denote by

2m m N . .
cN _{[2(\/1+4 ):| 2 'Lan*Ana (99)
1, Zan = BnacnaDnu

27
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(100)
N .
0= C (zl;ll aiabi] ,X> ; Zan = An; (101)
Cg ( N,X) ’ Zan = B7L>Cn7Dna
and
N .
Y — 7;];[1 [al7 b?,] ’ Zf L’rL - A‘rL7 (102)
RN7 ifLTL = Bnaaran-
We give the condensed

Theorem 23 Let f€Q,0< <1, z€Y;n, m, N €N withn'=? >2. Then
(i)

(e
I (f.2) = £ @], < e [wn (0 () + =

=:7(n), (103
2m (n1—8 — 2)2m (n), (103)
where wy 1s for p = oo,

and

(ii)

l120 () = £ <7 =0, asn— oo
For f uniformly continuous and in £ we obtain

(104)

lim L, (f) = f,

pointwise and uniformly.
Proof. By Theorems 8, 16, 17, 18. =

Next we do iterated neural network approximation (see also [9]).
We make

Remark 24 Letr € N and L,, as above. We observe that

Lf—f=(Lnf =L )+ (L f = L0%f) +

(L2 = L3 f) ot (B2 = Laf) + (Enf = ).
Then

Inzes =)< s = oot + et = zamell )|+
lze2s = i1l

et ||l22s = | 12ar - 10| =

28
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il @ +H||U 2( S+l
ot 120 (Eaf = D]+ 020t = 21| < [0Enf =11 09)
That is
HIILfofIIVHOO <rlizns =11, - (106)
We give

Theorem 25 All here as in Theorem 23 and r € N, 7 (n) as in (104). Then

zns = 1| < rr o). (107)

So that the speed of convergence to the unit operator of L) is not worse than of
L,.

Proof. By (106) and (104). m
We make

Remark 26 Let m,mq,...m EN:m; <mgo < ..<m,, 0< <1, feq.
Then ¢ (m1) > ¢ (m2) > ... > v (m,.), ¢ as in (100).

Therefore
w1 (f, 0 (m1)) = w1 (f@(me)) = ... 2 wi (f, 0 (my)). (108)
Assume further that m DS 2,i=1,...,7. Then
1 1 1

2m Z 2m Z Z 2m° (109)
4m (m% A 2) 4m (méfﬁ - 2) 4m (m}fﬁ - 2)

Let L,,, as above, i =1,...,7, all of the same kind.
We write

Lo, (L, —y (- Loy (L mlf))) - f=
L, (Lin, 1 (Limg (Liny £))) = Lan, (L, _y (Lo f)) +
Lo, (Lonyy (Lony £)) = L, (LmH (-:Lmy f)) +
Lon, (Liny s (oo Ling 1)) = Liny. (L, (oo Loy ) + oot (110)
Lon, (Liny_y f) = Lin, f + Lin, f = f =
Lon, (Lim,_y (--Liny)) (Ling f = f) + Ly (Liy—y (-Ling)) (Lo f = f) +
Lo, (L, —y (o-Liny)) (L f = f) 4 oo+ Lo, (Liny o f = f) + Lo, f — [

Hence by the triangle inequality property of H”HVH we get
o0

<

HHLmr (Lmr—l (~-~LM2 (LM1f))) -

29
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l1Em, (s L)) B = DI,

oo-i—
[, (o o)) (s = DL+
[, Ens L)) s = DL+
(120 o f = DI 1 = 10|
(repeatedly applying (96))

< W2t = £+ 1maf = 71|+ [12maf = 21|+

[N I (S TN [y [Ty [tEe
i=1

That is, we proved
N, Loy T B £0) = A1 < S 1t = 0] (112)
i=1

We give

Theorem 27 Let f € Q; m, N, my,ma,...m EN:m3 <mo < ...<m,, 0<
6 <1 m%fﬁ >2,i=1,.,m,x €Y, and let (Lyy,..., Lm,.) as (Amys ey Am,)
or (Bmys oy Bm,) or (Ciyy oty Crn) 07 (Dipnyy ooy D), p = 00. Then

[ L, (L, (Ling (Liny ) (@) = f (@), <

v =

oo

1Zm, Loy oL (L £0) = 111,
S| 1ws = 11, <
=1

i
2m
2m (m,}f’g — 2)

s,

2m
2m (m}fﬁ — 2)

Clearly, we notice that the speed of convergence to the unit operator of the mul-
tiply iterated operator is not worse than the speed of Ly, .

en Y | (fp (ma) +

ren |wi (fye (ma)) + (113)

Proof. Using (112), (108), (109) and (103), (104). =m
We continue with
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Theorem 28 Let all as in Corollary 15, and r € N. Here 5 (n) is as in (75).
Then

4zs = 1| < v|jianr = 11,

<rps(n). (114)
Proof. By (106) and (75). m

Application 29 A typical application of all of our results is when (X, ””'v) =

(C,|-]), where C are the complex numbers.
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