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Existence and uniqueness of fuzzy solutions for the nonlinear

second-order fuzzy Volterra integrodifferential equations

Shaher Momani'?, Omar Abu Arqub®’, Saleh Al-Mezel’, Marwan Kutbi?

'Department of Mathematics, Faculty of Science, The University of Jordan, Amman 11942, Jordan
“Nonlinear Analysis and Applied Mathematics (NAAM) Research Group, Department of Mathematics,
Faculty of Science, King Abdulaziz University (KAU), Jeddah 21589, Saudi Arabia
*Department of Mathematics, Faculty of Science, Al Balga Applied University, Salt 19117, Jordan

Abstract. Formulation of uncertainty Volterra integrodifferential equations (VIDES) is very important issue in applied
sciences and engineering; whilst the natural way to model such dynamical systems is to use the fuzzy approach. In this
work, we present and prove the existence and uniqueness of four solutions of fuzzy VIDEs based on the Hausdorff
distance under the assumption of strongly generalized differentiability for the fuzzy-valued mappings of a real variable
whose values are normal, convex, upper semicontinuous, and compactly supported fuzzy sets in R. In addition to that,
we utilize and prove the characterization theorem for solutions of fuzzy VIDEs which allow us to translate a fuzzy VIDE
into a system of crisp equations. The proof methodology is based on the assumption of the generalized Lipchitz property
for each nonlinear term appears in the fuzzy equation subject to the specific metric used, while the main tools employed
in the analysis are founded on the applications of the Banach fixed point theorem and a certain integral inequality with
explicit estimate. An efficient computational algorithm is provided to guarantee the procedure and to confirm the
performance of the proposed approach.

Keywords: Fuzzy VIDE; Banach fixed point theorem; Existence and uniqueness

AMS Subject Classification: 26E50; 46S40; 34A07

1. Introduction

There is an inexhaustible supply of applications of VIDEs, especially, in characterizing many social, physical, biological,
and engineering problems. On the other aspect as well, since many real-world problems are too complex to be defined in
precise terms, uncertainty is often involved in any real-world design process. Fuzzy sets provide a widely appreciated
tool to introduce uncertain parameters into mathematical applications. In many applications, at least some of the
parameters of the model should be represented by fuzzy rather than crisp numbers. Thus, it is immensely important to
develop appropriate and applicable definitions and theorems to accomplish the mathematical construction that would
appropriately treat fuzzy VIDESs and solve them.

In this work we are interested in the following main questions; firstly, under what conditions can we be sure that
solutions of fuzzy VIDE exist; secondly, under what conditions can we be sure that there are four unique solutions; one
solution for each lateral derivative; to fuzzy VIDE, thirdly under what conditions can we be sure that fuzzy VIDE is
equivalent into system of crisp VIDEs. Anyhow, in this paper we will answered the aforementioned questions and
present an efficient computational algorithm to guarantee the procedure and to confirm the performance of the proposed
approach. More precisely, we consider the following second-order fuzzy VIDE under the assumption of strongly
generalized differentiability of the general form:

t
x'"(t) = f(t,x(t),x’(t)) +f g(t, T,x(r),x’(r))dr,O <t<t<l, (1.2)
0
subject to the fuzzy initial conditions
x(0) =a,x'(0) =B, (1.2)

where £:[0,1] X RZ -» R and g: [0,1]? X R% — R« are continuous fuzzy-valued functions that satisfy a generalized
Lipchitz conditionand a, 8 € Ry.

The topics of fuzzy VIDEs which is growing interest for some time, in particular in relation to fuzzy control, fuzzy
population growth model, fuzzy oscillating magnetic fields, have been rapidly developed in recent years. Anyhow, in

*Correspondence author: Omar Abu arqub, e-mail: 0.abuarqub@bau.edu.jo
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this work, we are focusing our attention on second-order fuzzy VIDES subject to given fuzzy initial conditions. At the
beginning, approaches to fuzzy IDEs and other fuzzy equations can be of three types. The first approach assumes that
even if only the initial values are fuzzy, the solution is a fuzzy function, and consequently the derivatives in the IDE
must be considered as fuzzy derivatives [1,2]. These can be done by the use of the Hukuhara derivative for fuzzy-valued
functions. Generally, this approach has a drawback; the solution becomes fuzzier as time goes, hence, the fuzzy solution
behaves quite differently from the crisp solution. In the second approach, the fuzzy IDE is transformed to a crisp one by
interpreted it as a family of differential inclusions [3,4]. The main shortcoming of using differential inclusions is that we
do not have a derivative of a fuzzy-valued function. The third approach based on the Zadeh's extension principle, where
the associated crisp problem is solved and in the solution the initial fuzzy values are substituted instead of the real
constants, and in the final solution, arithmetic operations are considered to be operations on fuzzy numbers [5,6]. The
weakness of this approach is the need to rewrite the solution in the fuzzy setting which in turn makes the methods of
solution are not user-friendly and more restricted with more computation steps. As a conclusion, to overcome the above-
mentioned shortcoming, the concept of a strongly generalized differentiability was developed and investigated in [7-14].
Anyhow, using the strongly generalized differentiability, the fuzzy IDE has locally four solutions. Indeed, with this
approach, we can find solutions for a larger class of fuzzy IDEs than using other types of differentiability.

The solvability analysis of fuzzy VIDEs has been studied by several researchers by using the strongly generalized
differentiability, the Hukuhara derivative, or the Zadeh's extension principle for the fuzzy-valued mappings of a real
variable whose values are normal, convex, upper semicontinuous, and compactly supported fuzzy sets in R. The reader is
asked to refer to [15-22] in order to know more details about these analyzes, including their kinds and history, their
modifications and conditions for use, their scientific applications, their importance and characteristics, and their
relationship including the differences. But on the other aspect as well, more details about characterization theorem can
be found in [23,24].

The organization of the paper is as follows. In the next section, we present some necessary definitions and
preliminary results from the fuzzy calculus theory. The procedure of solving fuzzy VIDEs is presented in section 3. In
section 4, existence and uniqueness of four solutions are introduced. In section 5, we utilize the characterization theorem
for the solution of fuzzy VIDEs. This article ends in section 6 with some concluding remarks.

2. Excerpts of fuzzy calculus theory

Fuzzy calculus is the study of theory and applications of integrals and derivatives of uncertain functions. This branch of
mathematical analysis, extensively investigated in the recent years, has emerged as an effective and powerful tool for the
mathematical modeling of several engineering and scientific phenomena. In this section, we present some necessary
definitions from fuzzy calculus theory and preliminary results. For the concept of fuzzy derivative, we will adopt
strongly generalized differentiability, which is a modification of the Hukuhara differentiability and has the advantage of
dealing properly with fuzzy VIDEs.

Let X be a nonempty set. A fuzzy set u in X is characterized by its membership function u: X — [0,1]. Thus, u(s) is
interpreted as the degree of membership of an element s in the fuzzy set u for each s € X. A fuzzy set u on R is called
convex if for each s,t € R and A € [0,1], u(As + (1 — A)t) = min{u(s), u(t)}, is called upper semicontinuous if
{s € R:u(s) > r}is closed for each r € [0,1], and is called normal if there is s € R such that u(s) = 1. The support of
a fuzzy set u is defined as {s € R: u(s) > 0}.

Definition 2.1. [25] A fuzzy number u is a fuzzy subset of the real line with a normal, convex, and upper
semicontinuous membership function of bounded support.

For each r € (0,1], set [u]” = {s € R:u(s) =7} and [u]° = {s € R:u(s) > 0}, where {-} denote the closure of {-}.
Then, it easily to establish that u is a fuzzy number if and only if [u]" is compact convex subset of R for each r = [0,1]
and [u]® # ¢ [26]. Thus, if u is a fuzzy number, then [u]” = [u(r),u(r)], where u(r) = min{s: s € [u]"} and u(r) =
max{s: s € [u]"} for each r € [0,1]. The symbol [u]" is called the r-cut representation or parametric form of a fuzzy
number u. We will let Ry denote the set of fuzzy numbers on R.

The question arises here is, if we have an interval-valued function [g(r),E(r)] defined on [0,1], then is there a fuzzy
number u such that [u(r)]” = [g(r)j(r)]. The next theorem characterizes fuzzy numbers through their r-cut
representations.
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Theorem 2.1. [26] Suppose that u:[0,1] - R and u: [0,1] - R satisfy the following conditions; first, u is a bounded
increasing function and w is a bounded decreasing function with u(1) < u(1); second, for each k € (0,1] u and u are
left-hand continuous functions at » = k; third, u and w are right-hand continuous functions at » = 0. Then w: R — [0,1]
defined by

u(s) = sup{r:u(r) <s <u()}, (2.1)

is a fuzzy number with parameterization [g(r),ﬁ(r)]. Furthermore, if u: R — [0,1] is a fuzzy number with
parameterization [u(r), %(r)], then the functions u and % satisfy the aforementioned conditions.

In general, we can represent an arbitrary fuzzy number u by an order pair of functions (g,ﬂ) which satisfy the
requirements of Theorem 2.1 Frequently, we will write simply w,. and w,. instead of u(r) and u(r), respectively.

The metric structure on Ry is given by de: Re X Ry = R* U {0} such that do, (u, v) = sup,¢[o,1) dy([u]", [v]") for
arbitrary fuzzy numbers u and v, where dj, is the Hausdorff metric between [u]™ and [v]". This metric is defined as
dy([u]", [v]") = infle: [u]” € N([u]", ), [v]" € N([v]", &)} = max{|1_1r - gr|, lu, — EI}, where the two set N([u]", €)
and N([v]", €) are the e-neighborhoods of [u]™ and [v]", respectively. It is shown in [27] that (Rg, d,,) is a complete
metric space.

Lemma 2.1. [27] For each A, B, C, D € Ry with A € R the metric function d., satisfies the following properties:
i. dw(A+C,B+C)=d,(4,B),

i. dw(4,B) <dw(4,C)+d(C,B),

iii. dow(A+C,B+D)<d,(4,B)+d.(C,D),

iV. de(A4,AB) = |A|dw(4,B).

For arithmetic operations on fuzzy numbers, the following results are well-known and follow from the theory of
interval analysis. If u and v are two fuzzy number, then for each r = [0,1], we have; firstly, [u + v]" = [u]” + [v]”
[gr +v.,u, + Fr]; secondly, [Au]" = A[u]” = [min{/lgr,Aﬁr},max{/mr,ﬂﬁr}]; thirdly, [uv]” = [u]"[v]" =
[min{w,v,, w,V,, %, v, UV, }, max{u, v, w, V., Uvy, U, v, }|; fourthly, u = v if and only if [u]” = [v]" if and only if
u, = v, and u, = v, In fact, the collection of all fuzzy number with aforementioned addition and scalar multiplication
is a convex cone [28].

Let u, v € Ry. If there exists a w € Ry such that u = v + w, then w is called the H-difference of u and v, denoted by
u © v. Here, the sign "©" stands always for H-difference and let us remark that u © v # u + (—1)v. Usually we
denote u + (—1)v by u — v, while u © v stands for the H-difference. It follows that Hukuhara differentiable function
has increasing length of support [25]. To avoid this difficulty, we consider the following definition.

Definition 2.2. [8] Let x: [0,1] » R+ and t* € [0,1]. We say that x is strongly generalized differentiable at t*, if there
exists an element x'(t*) € R+ such that either
i. for all h >0 sufficiently close to 0, the H-differences x(t* + h) © x(t*), x(t*) © x(t* — h) exist and
lim XEHOXED _ ypyy XEOOXER) _ gy
h—07* h h—07* h
ii. for all h> 0 sufficiently close to 0, the H-differences x(t*) © x(t*+ h), x(t* —h) © x(t*) exist and
lim XX _ iy XEZWOXED _ v pmy,
h—0* - h—0% -h
Here, the limit is taken in the metric space (R, d.) and at the endpoints of [0,1], we consider only one-sided
derivatives. For customizing, in Definition 2.2, the first case corresponds to the H-derivative introduced in [28], so this
differentiability concept is a generalization of the Hukuhara derivative.

Definition 2.3. [10] Let x:[0,1] - Rs. We say that x is (1)-differentiable on [0,1] if x is differentiable in the sense (i)
of Definition 2.2 and its derivative is denoted Dix. Similarly, we say that x is (2)-differentiable on [0,1] if x is
differentiable in the sense (ii) of Definition 2.2 and its derivative is denoted D x.

The subsequent theorems show us a way to translate a fuzzy VIDE into a system of crisp VIDESs without the need to
consider the fuzzy setting approach. Anyhow, these theorems have many uses in the applied mathematics and the
numerical analysis fields.

Theorem 2.2. [10] Let x: [0,1] = Ry and put [x()]" = [x,(t), %, (¢)] for each r € [0,1].
3
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i. if x is (1)-differentiable, then x, and X,. are differentiable functions on [0,1] and [D{x(t)]" = [xr(t) Er(t)]
ii. if x is (2)-differentiable, then x,. and X,. are differentiable functions on [0,1] and [Dix(t)]" = [x (), x (t)]

Next, we introduce the definitions for second fuzzy derivatives based on the selection of derivative type in each step
of differentiation. For a given fuzzy-valued function x, we have two possibilities according to Definition 2.3 in order to
obtain the derivative of x as follows: D} x(t) and D3 x(t). Anyhow, for each of these two derivative, we have again two
possibilities of derivatives: D} (Dix(t)), D} (Dix(t)) and D} (D}x(t)), D (D3x(t)), respectively.

Definition 2.4. [29] Let x: [0,1] » Ry and n, m € {1,2}, we say that x is (n, m)-differentiable on [0,1] if D} x exist and
its (m)-differentiable. The second derivatives of x are denoted by D7 ,,, x.
Theorem 2.3. [29] Let Dix: [0,1] > Rg or Dx:[0,1] - Ry, where [x()]" = [x,(t), %, (t)] for each r € [0,1]:
i. if D1x is (1)-differentiable, then x/. and X,. are differentiable functions on [0,1] and [DZ,x(t)]" = [x ), %, (0],
ii. if Dx is (2)-differentiable, then x.. and X,. are differentiable functions on [0,1] and [DZ,x(t)]" = [%/ (£), x’ (£)],
iii. if D1x is (1)-differentiable, then x. and %, are differentiable functions on [0,1] and [DZ,x(t)]" =[x, (£), x/ (t)],
iv. if D} x is (2)-differentiable, then x. and %;. are differentiable functions on [0,1] and [DZ,x(t)]" =[x/ (£), %, (£)].
A fuzzy-valued function x: [0,1] —» Ry is called continuous at a point t* € [0,1] provided for arbitrary fixed £ > 0,
there exists an § > 0 such that dw(x(t),x(t*)) < & whenever |t* —t| < & for each t € [0,1]. We say that x is
continuous on [0,1] if x is continuous at each t* € [0,1] such that the continuity is one-sided at endpoints 0 and 1.
In order to complete the expert results about the fuzzy calculus theory we finalize the present section by some

preliminary information about the fuzzy integral. Following [26], we define the integral of a fuzzy-valued function using
the Riemann integral concept.

Definition 2.5. [26] Suppose that x: [0,1] —» R, for each partition g = {t;, t{, ..., t;} of [0,1] and for arbitrary points
GEtiti], 1<i<n, let R, =31 x(E)(E —t;;) and A = max; g, |t] — t;_;|. Then the definite integral of
x(t) over [ty, ty + a] is defined by fo x(t)dt = limp_, R, provided the limit exists in the metric space (Rg, d,).

Theorem 2.4. [26] Let x:[0,1] » Ry be continuous fuzzy-valued function and put [x(t)]" = [gr(t),fr(t)] for each
r € [0,1]. Then folx(t)dt exist, belong to Ry, x, and x, are integrable functions on [0,1], and [folx(t)dt]r =

[ x, ®de, [} % (Dde].

Lemma 2.2. [30] Let x,y:[0,1] = Ry be integrable fuzzy-valued functions and A € R. Then the following are hold:
i do(x(t),y(t)) is integrable,

i, do (f) x(0)dt, [ y(©)dt) < [} deo(x(0), y(B)dt,
fllx(t)dt = Aflx(t)dt
iv. f (x(6) + y(©)dt = x(t)dt+f y(t)dt.

It should be noted that the fuzzy integral can be also defined using the Lebesgue-type approach [25] or the Henstock-
type approach [31]. However, if x is continuous function, then all approaches yield the same value and results.
Moreover, the representation of the fuzzy integral using Defintion 2.5 is more convenient for numerical calculations and
computational mathematics. The reader is kindly requested to go through [25,26,30-32] in order to know more details
about the fuzzy integral, including its history and kinds, its properties and modification for use, its applications and
characteristics, its justification and conditions for use, and its mathematical and geometric properties.

3. Algorithm of solving fuzzy VIDESs

The topic of fuzzy VIDEs are one of the most important modern mathematical fields that result from modeling of
uncertain physical, engineering, and economical problems. In this section, we study fuzzy VIDESs using the concept of
strongly generalized differentiability in which fuzzy equation is converted into equivalent system of crisp equations for
each type of differentiability. Furthermore, we present an algorithm to solve the new system which consists of four crisp
VIDEs.
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Problem formulation is normally the most important part of the process. It is the determination of r-cut representation
form of nonlinear terms f, g, the selection of the differentiability type, and the separation of fuzzy initial conditions.
Next, fuzzy VIDE (1.1) and (1.2) is first formulated as an crisp set of VIDEs subject to crisp set of initial conditions,
after that, a new discretized form of fuzzy VIDE (1.1) and (1.2) is presented. Anyhow, by considering the parametric
form for both sides of fuzzy VIDE (1.1) and (1.2), one can write

t
[D2,x0]" = [f(6,x(©, D:®)] + j [9(t,7,x(), DA ()] dz, (3.1)
0
subject to the crisp initial conditions
[x(0)]" = [a]", [D(0)]" = [B]", (3.2)

in which the endpoints functions of [£(t, x(t), DL(t))]" and [g(t, 7, x(z), DL(x))]" are given, respectively, as follows:
[£(t.x@®,DA®)] = f (& [x@®T, [DAO]") = [[r(t, [x(O1", [DR (D17, £, (&, [x (O], [Drll(t)]r)]
= Air (£6:0.%0,20,2©), for (62:0,%0,2.0,%0))

[9(t7,x(@, DA@)]" = g(t,7, x@T7, LI = [g,(, 7, [x@Y, [PE@IN, T, (&7, @I, [DA @I
=91 (67 2@ %@, 5@.%H®), 62, (6720, %@, 210, %) )|

Definition 3.1. Let x: [0,1] = Ry and (n,m) € {1,2}, we say that x is a (n, m)-solution for fuzzy VIDE (1.1) and (1.2)
on [0,1], if Dix and D2,,x exist on [0,1] and D2 ,,x(t) = f(t,x(t), Dix(t)) + fotg(t, 7,x(1), Dix(7))dr with x(0) =
a,x'(0) =B.

The object of the next algorithm is to implement a procedure to solve fuzzy VIDE in parametric form in term of its -
cut representation. To do so, let x be a (n,m)-solution, utilizing Theorems 2.2 and 2.3, and considering fuzzy VIDE

(1.1) and (1.2), we can thus translate it into system of crisp VIDEs, hereafter, called corresponding (n, m)-system.
Anyhow, four IDEs systems are possible as given in the follow algorithm.

(3.3)

Algorithm 3.1: To find (n, m)-solution of fuzzy VIDE (1.1) and (1.2), we discuss the following four cases:
Input: The independent interval [0,1], the unit truth interval [0,1], and the fuzzy numbers «, 5.
Output: The (n, m)-differentiable solution of VIDE (1.1) and (1.2) on [0,1].

step 1: Set [£(t,x(t), DA(0))]” = |£,(t, [x(OT", [DEOIN, F, (&, [x(O)]", [DAI)],
set [g(t,zx(@), D] = [, (&7, @7, DA, F, (&7, k(@ DA @I,

set [a]” = [g,,7,] and [6]" = [B,. 5, |
Case I. If x(t) is (1,1)-differentiable, then use [Dix(t)]" and [D1 1x(t)] and solving fuzzy VIDE (1.1) and (1.2)
translates into the following (1,1)-system;
x'(0) = £ [x@®], [DI (O] + f 9 (t 7. [x(@I", [P1(D)] )dr,
(3.5
%/(0) = 7,0 (O, D} O] + f 3.(6. @, [DI@)] )ar,
subject to the crisp initial conditions
x-(0) = g,,%,(0) = 7, x,(0) = Br' Z,”(O) = E . (3.6)
Case I1. If x(¢) is (1,2)-differentiable, then use [Dix(¢)]” and [D? 2x(t)] and solving fuzzy VIDE (1.1) and (1.2)

translates into the following (1,2)-system:

(0 = F.(6, O, [DAOT) + f (6 @I [DI@)] ),
3.7)

-

%/(0) = £t [ (OF, [DFOIN + f g (Lo @1 [DI@)] ez,
0 T

5
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subject to the crisp initial conditions
%.(0) = 8, %.(0) = T, ,.(0) = B, % (0) = B,. (38)

Case I11. If x(t) is (2,1)-differentiable, then use [D}x(¢t)]” and [DZ,x(t)]", and solving fuzzy VIDE (1.1) and (1.2)
translates into the following (2,1)-system:

t
x'(®) = £, [x®, [DiO) + j 9.t [x@], [D; (D] )dr,
0 (3.9)

t
% () = £t [x(O]7, [DF(O]") + f g (&7, [x(@)]", [D3 (W])dr,
0 T
subject to the crisp initial conditions
x,(0) = g,,%,(0) = 7, x,.(0) = Eﬂy;(o) = Er- (3.10)

Case IV. If x(t) is (2,2)-differentiable, then use [D3x(t)]” and [DZZ‘Zx(t)]T, and solving fuzzy VIDE (1.1) and (1.2)
translates into the following (2,2)-system:

t
%' (@) = £ (¢, [x@®)], [D; (O] + j g (&7, [x(@)], [D3 (W])dr,
o (3.11)

t
% (8) = £, [x(@®]", [D3 (O] + f 9.t [x@]I, [D; (D)]")dr,
0
subject to the crisp initial conditions
x%.(0) = ,,%.(0) = 7, x,.(0) = B,,%(0) = B, (3.12)

Step 2: Solve the obtained (n, m)-system of crisp VIDEs for x,.(t) and x,-(t).
Step 3: Ensure that x(t) is (n, m)-solution on the interval [0,1].

Step 4: Construct a (n, m)-differentiable solution such that x(t) = [x,(¢),%,(6)].
Step 5: Stop.

Sometimes, we can't decompose the membership function of the fuzzy solution x(t) as a function defined on R for
each t € [0,1]. Then, using identity (2.1) we can leave a (n,m)-solution in term of its r-cut representation form. To
summarize the evolution process; our strategy for solving fuzzy VIDE (1.1) and (1.2) is based on the selection of
derivatives type in the given fuzzy VIDE. The first step is to choose the type of solution and translate fuzzy VIDE into
the corresponding system of equations with coupled crisp VIDE for each type of differentiability. The second step is to
solve the obtained VIDEs system, while aim of the third step is to use the representation Theorem 2.1 in order to
construct the fuzzy solution.

Next, we construct a procedure based on Algorithm 3.1 to obtain the solutions of fuzzy VIDE (1.1) and (1.2). Here,
we discussing and considering the (1,1)-differentiability in Case | of Algorithm 3.1 only; since the same procedure can
be applied directly for the remaining cases. Anyhow, without the loss of generality and for simplicity, we assume that the

function g takes the form g(t,7,x(7), x' (7)) = k(t,7)G(x(7),x' (7). So, based on this, fuzzy VIDE (1.1) can be
written in a new discretized form as x'(t) =f(t,x(t),x’(t))+fotk(t,r)G(x(T),x’(T))dT, in which the r-cut
representation form of G (x(7), x' (t)) should be of the form

[6(x@), 2 )] = [6,(x@1" [DI®] ). G, (@7, [DI@] )] (3.13)
In order to design a scheme for solving fuzzy VIDE (1.1) and (1.2), we first replace it by the following equivalent
crisp system of VIDEs:

%) = £, @O, [DEOT) + f Ky (65, (@, [DE@)] dr,
(3.14)

%.(6) = F, (&, [xOF, [DH O] + f k(6% T, [0} )] ar,
subject to the crisp initial conditions
x-(0) = g, %,(0) = 7, x,(0) = Er'f;(o) = ET' (3.15)

where the new functions K, K, are given, respectively, as
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kD)6 (x@T, [Pi@]),  k(t,1) >0,
kt, DG (@1, [DI@]), ko) <o,
sty (k& DG (@, [PDI@]), k(1) 20,
K, (t,7, [x(@T, [Di@] ) = {k(t, 06 (LT [D'@]), k(o) <o,
Prior to applying the analytic or the numerical methods for solving system of crisp VIDEs (3.14) and (3.15), we

suppose that the kernel function k(t, 7) is nonnegative for 0 < 7 < ¢ and nonpositive for ¢ < 7 < t. Therefore, system
of crisp VIDEs (3.14) can be translated again into the following form:

c t
(0 = £ O, DIOT) + j ke, DG, (@1, [DL@)] )dr + j k&, DG (@T, [DI@)] )dr,
0 c

K (t,7, [x(@T, [D%(T)]r) — {
(3.16)

¢ . (3.17)
%.(6) = F. (¢, [ (O, D O] + j k(& DG (@7, [P @] )dr + f ke, DG, (x@T, [DL@)] ) de.
0 c

4. Existence and uniqueness of four fuzzy solutions

It is worth stating that in many cases, since fuzzy VIDEs are often derived from problems in physical world, existence
and unigueness are often obvious for physical reasons. Notwithstanding this, a mathematical statement about existence
and uniqueness is worthwhile. Uniqueness would be of importance if, for instance, we wished to approximate the
solutions. If two solutions passed through a point, then successive approximations could very well jump from one
solution to the other with misleading consequences.

Denote by C([0,1], Rz ) the set of all continuous mapping from [0,1] to R«. The supremum metric on C([0,1], R) is
defined by d:C([0,1], Rs) x C([0,1], R¢) » R* U {0} such that d(x,y) = sup;efo11(de (x(t), ¥(t))e~t) for each
x,y € C([0,1], R¢), where nn € R is fixed. It is shown in [33] that (C([0,1], Rz),d) is a complete metric space. On the
other aspect as well, by C*([0,1], Rz ), we denote the set of all continuous mapping from [0,1] to Ry such that x: [0,1] —
R exists as a continuous function. Anyhow, for C1([0,1],R), we define the distance function D:C1([0,1], Rz) X
C*([0,1], R) = R* U {0} such that D(x,y) = d(x,y) + d(x’,y"). Indeed, it is shown in [33] that (C*([0,1], R%),d) is
also a complete metric space.

The following lemma transforms a fuzzy VIDE into four fuzzy Volterra integral equations. Here the equivalence
between equations means that any solution of an equation is a solution too for the other one with respect to the
differentiability type used.

Lemma 4.1. The fuzzy VIDE (1.1) and (1.2), where f:[0,1] X RZ - Ry and g:[0,1]?> x R% — Ry are supposed to be
continuous is equivalent to one of the following fuzzy Volterra integral equations:

i. x(t) =a+pt+ fot(fozf(s,x(s),x’(s))ds)dz + fot(f[f(f;g(s, 7,x(1),x'(x))dt)ds)dz, when x is (1,1)-
differentiable,

i. x(t) =a+ptO(-1) fot(fozf(s,x(s),x’(s))ds)dz O (-1) fot(f(f(f;g(s, 7,x(7), x' (1) )dr)ds)dz, when x is
(1,2)- differentiable,

iii. x(t)=aO© (-1) (ﬁt + fot(fozf(s,x(s),x’(s))ds)dz + fot(f(f(f;g(s, T,x(r),x’(r))d‘r)ds)dz), when x is (2,1)-

differentiable,

iv. x(t) =a® (1) (Bt O (-1 fot(fozf(s,x(s),x’(s))ds)dz o (-1 fot(foz(fosg(s, ‘c,x(‘[),x’(r))dr)ds)dz),
when x is (2,2)- differentiable.

Proof. Since f and g are continuous functions; so they are integrable. Now, we determine the equivalent integral forms
of fuzzy VIDE (1.1) and (1.2) under each type of strongly generalized differentiability as follows. Firstly, let us consider
x is (1,1)-differentiable, then the equivalent integral form of fuzzy VIDE (1.1) and (1.2) can be written by
implementation of fuzzy integration on both sides of the original equation two times as follows:

x'(z) = x'(0) + fzf(s,x(s),x’(s))ds + fz <fsg(s, T,f(‘[),x’(‘[))d‘[> ds, (4.2)
0 o \Jo

for z € [0,1] and again for t € [0,1], one can write
=x(0 "0 , ,x! ds |d , T, ,x! dt |ds |dz. 4.2
x(t) x()+x()t+fo<fof(sx(s)x(s)) s) Z+f0<f0 (Lg(srf(f)x(r)) T> s) z 4.2)

7
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Secondly, let us consider x is (1,2)-differentiable, then the equivalent integral form of fuzzy VIDE (1.1) and (1.2) can be
written by implementation of fuzzy integration on both sides of the original equation two times as

x'(z) =x'(0)© (—1)] f(s,x(s),x’(s))ds e (—1)f (f g(s, T,E(T),x’(r))dr) ds, 4.3)
0 o \Jo

for z € [0,1], again for t € [0,1], we must have
t z
x(t) = x(0) + (x’(O)t © (—1)j <.[ f(s,x(s),x’(s))ds) dz
0 0
t z N
O (-1) f < f ( j o(s, r,g(r),x'(r))dr> ds) dz).
0 0 0
Thirdly, if x is (2,1)-differentiable, then the equivalent form of fuzzy VIDE (1.1) and (1.2) can be written as
x'(z) = x'(0) + jzf(s,x(S),x’(s))ds + jz <.[Sg(s, T,E(r),x'(r))dr> ds, (4.5)
0 0 0

for z € [0,1], which is equivalent for t € [0,1] to the integral equation of the form

x(t) =x(0) © (1) <x’(0)t + jt <.[Zf(s,x(s),x’(s))ds> dz
0 0

+ fot (fo <J;sg(s, T, g(r),x'(r))dr> ds) dz).

Fourthly, since x is (2,2)-differentiable, then one can write

x'(z) =x'(0) © (—l)f f(s,x(s),x’(s))ds S) (—1)_[ (f g(s, r,f(r),x'(r))dr> ds, 4.7
0 0 0

for z € [0,1] and for t € [0,1], we can also write

t z
x(t) =x(0) © (1) (X'(O)t SICa)) f <f f(s,x(s),x’(s))ds) dz
0 0

e (-1 fot (foz <fosg(s, T,f(r),)f’(r))dr) ds) dz),

which is equivalent to the form of part (iv).

(4.4)

(4.6)

(4.8)

In mathematics, the Banach fixed-point theorem; also known as the contraction mapping theorem; is an important
tool in the theory of metric spaces; it guarantees the existence and uniqueness of fixed points of certain self-maps of
metric spaces, and provides a constructive method to find those fixed points. The following results (Definition 4.1 and
Theorem 4.1) were collected from [34].

Definition 4.1. Let (X, dy) be a metric space. A mapping G: X — X is said to be a contraction mapping, if there exist a
positive real number p with p < 1 such that dx(G(x), G(y)) < pdx(x,y) for each x,y € X.

We observe that, applying G to each of the two points of the space contracts the distance between them; obviously G
is continuous. Anyhow, a point x € X is called a fixed point of the mapping G: X — X if G(x) = x. Next, we present the
Banach fixed-point theorem.

Theorem 4.1. Any contraction mapping G of a nonempty complete metric space (X, dy) into itself has a unique fixed
point.

Lemma 4.2. The real-valued functions v, w, u: [0,1] = R with n € R represented by

v(®) =2 (1 - e,
n
w(t) = Uiz(l —e M —nte™M), (4.9)

u(t) = 1 (1 —e Mt —pte Mt — 77—Zttze‘"t)
UN 2 '
are continuous nondecreasing functions on [0,1]. Furthermore, v(1) = sup¢e[o,1] V(t), @(1) = supeepo,) w(t), u(1) =
SUP¢efo,1] U(t), and limn_)w,(v(l) +w()+ u(l)) =0.
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Proof. Clearly v, w, u are continuous functions on [0,1] for each n € R. Since v'(t) = e " > 0, w'(t) = te™ > 0,
and u'(t) = %tze‘"f > 0 for each t € [0,1] and n € R; thus, v, w, 1 are nondecreasing functions. As a result one can

conclude that v(1) = supeefo,1] V(t), @(1) = supiejoq) @(t), and (1) = sup,eo 17 #(t). On the other aspect as well,
using the limit functions techniques it yields that

lirJP (v(l) +w(1) + u(l))

T]—) [00]

1 1 1 z
=lim [-(1-e™+=A—-e " —nte™™)+—=(1—e " —nte " — T g2t (4.10)
U n? UM 2

It should be mention here that Lemma 4.2 guarantees the existence of a unique fixed point for the next theorem. In
other word, an existence of a unique solution for fuzzy VIDE (1.1) and (1.2) for each type of differentiability.

Throughout this paper, we will try to give the results of the all theorems; however, in some cases we will switch
between the results obtained for the four type of differentiability in order not to increase the length of the paper without
the loss of generality for the remaining results. Actually, in the same manner, we can employ the same technique to
construct the proof for the omitted cases.

Theorem 4.2. Let f:[0,1] X R% - R« and g: [0,1]? x R% — R are continuous fuzzy-valued functions. If there exists
Ki,K,, Ly, L, > 0 such that

doo (F(66(0,60), (6,60, 0()) < Kydoo(§1(6), &3 (0)) + Koo (£:(0), $(0)),
doo (g(t! T, 'fl (T), '52 (T)), g(S, T, Cl (T): (2 (T))) < leoo(fl (T), (1 (T)) + deoo (52 (T): (2 (T)):

for each t, T € [0,1] and &, (1), &, (1), {1 (t), {,(t) € Ry. Then, the fuzzy VIDE (1.1) and (1.2) has four unique solutions
on [0,1] for each type of differentiability.

(4.11)

Proof. Without the loss of generality, we consider the (1,1)-differentiability only; actually, in the same manner, we can
employ the same technique for the remaining types. For each é(t) € Rz and ¢ € [0,1] define the operator G¢ and (G¢)’,
respectively, as follows:

t Z t VA S
GENE) = JE(s),€'(s))ds | d 1,E(0),€'(0))dr | ds | dz,
GO ® a+ﬁt+f0<f0f(sf<s)e<s)) s) z+f0<f0 (fog(srf(r)f(r)) r> s> 2
GE) (D) = B + f £(s,6(s),€'())ds + f ( f g(s.r.€<r),§'<r))dr) ds.
0 0 0

Thus, G&:[0,1] » R« is continuous and G: C*([to, ty + al, Rg) = C1([ty, to + al, Rx). Now, we are going to show that
the operator G¢ satisfies the hypothesis of the Banach-fixed point theorem. For each &,¢ € C*([¢t,, t, + al, Rx), we have
D(G$,G) = d(G§, G¢) + d((GS)', (G9)")
= sup (do ((GO)(®), (GO®)e™™) + sup (de((GE)' (1), (GO)' (1))e™)
te[0,1] telo,1]

= t:E)Pl] {dm <a+ﬁt+ fot <fozf(s,f(s),f’(s))ds> dz + fot(f: (fosg(s,nf(r),f’(r))dr) ds) dz,«a
, ,('(s))ds |d
+Bt+f0 (fof(s 2(s) ((s)) s) z

+ fot (fo (fosg(s, 7,{(1), (’(r))dr) ds) dz) e—"t}

+ sup {dm <ﬁ+ff(s,§(s),f’(s))ds+f <f g(s,r,f(r),E’(r))d‘c) ds,pB
0 o \Jo

te[0,1]
+ff(s,((s),(’(s))ds+f <f g(s,r,((r),{’(r))dr)ds)e‘"t}
0 o \Jo

(4.12)

(4.13)
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" ion) {dw (J;) (L f(s’f(s)yf’(s))ds> 4
,7,6(1),¢'(1))dr |ds ) dz, 2(),7'(s))ds ) d
+L<L <L9(srf(f)f(r)) T) s) zf()(fof(s 1(),7'(s)) 5) 7
t z s
+j <j <j Q(SJT»((T),('(T))dT>ds>dz)e"?t}
0 0

N t
+ sup { (J f(s &(s), & (s))ds+.[ <J g(s,r,f(r),f’(r))dr) ds,f f(s,((s),(’(s))ds
0 0

tef0,1]
,T, (! dr )ds |e ™
+jo <Lg(sr{(r){(r)) T) s)e }
t z t Z
o[ ([0 ([ el
t z S t zZ S
dy , T, V& dt |ds |dz, , T, e dr|ds|d -nt
+ (JO (Jo (J g(srf(r)f(r)) T> s) Z-L(-L <f0g(sr((r)((r)) r) s) z)e }

+ sup { (f f(s &(s), &' (s))ds ff(s,((s),(’(s))ds>e"lt

tefo,1]
t ¢ R
d T ! ’ d d 4 » b ) ! d d -nt
+ (fo (f 9(s,7,£(0), € @) r) s f (f 9(5, 1,00, ¢' (@) T) S)e }

< sup { f f (F(5:6).8). £(5:8().¢'()) ) ds dze™™

te[o,1]

t +f0 fo fo doo (9(5,7,6(@),§' @), 9(5,7,¢@),¢' (D)) drdsdze‘"f}

+ sup { [ o (£(5:660.6'62). £(5.56),6'5)) ) ds e
0

te[0,1]

f f (9(s 6@, 8 @), 9(5,7.¢@,¢' (@) ) dr dse™ "t}

< sup { f f Ky doo((5),3(5)) + Kpdoo (€' (s)((s)))dsdze nt

te[0,1]

+f0 fozfos L1do(£(0), (7)) + Lodo (8 (D), ¢’ (T))) drds dZe—nt}

+ sup { | (Kda(5).5®) + Koo' (52,7()) dse™
0

te[0,1]

#[ ] (1dec0@) + Lade (0,0 @) dse-"t}

< sup {f f (K1d(§,0) + K,d(&',7))e"ds dze

te[0,1]

+f0f0fo(L1d(f'§)+de(f’:(’))emd‘rdsdze‘”t}

+ sup { [ a0+ ke en)erasem+ [ S(le@,z)+de(f',c'))enfdrdse—m}
0 0 Y0

te(0,1]

t
< (Kld(f,()+K2d(§’,(’))< sup f fe"sdsdze_”t+ sup fe”sdse_”t)

tef0,1] tefo,1]

+(L1d(€, Q) + Lod(E', ¢ ))< sup f fzfse”’drds dze " + sup ftfsenrdfdse—nt)

te[o,1] tefo,1] Jo Jo

= (K1d(§,0) + Kod(&', ())( sup e "tf f edsdz+ sup e‘”tftensds)

telo,1]

+(L1d(f,()+L2d(€’,(’))< sup e ”tf fzfse’”drdsdz+ sup e "tf f e"fdrds>
te[o

telo,1]
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< max{Ky, K,} (d(§,{) + d(&', ¢ ))( sup e ”tftfzer’sds dz + sup e_”tfte”sds)

[0,1] te[0,1]

+max{L,, L,} (d(f,()+d(€’,(’))< sup e ”tf f f e dtdsdz + sup e ”tf f 77Td‘[dS)

te[0,1]

tefo,1]

< max{K,,K,} D(¢, ()( SElp] e"’t< (e —1-— nt)) + sup e "t< (e — 1)>)
te|o,1

2
+max{L,,L,} D (¢, ()( sup et (771 <e”t —1—-nt— %t )) + sup e (Uiz (e —1-— nt)))

tefo,1] tef0,1]

< max{K;,K,}D(&, )| e (Uiz (e"—-1- 17)) +e " (%(e" — 1))

+max{L,,L,}D(&,{)| e (77—13 <e” —1—n7 —772—2>> +e™" (niz(e" —-1- n)>

< max{Ky, K3, Ly, L} () D (€, $),
where Y(n) = e (n (e’7 —-1-7 ——) +=E"—=1-n)+- (e” - 1)) But since lim, .., ¥(n) = 0 from Lemma
4.2, So, we can choose n > 0 such that

max{K;, K, L1, L}y () < 1. (4.14)

Anyhow, G is a contractive mapping; whilst the unique fixed point of G is in the space C*([0,1], Rz). Using that G¢&
is the integral of a continuous function, we conclude that it is actually in the space C?([0,1], R%). Hence, by the Banach
fixed-point theorem, fuzzy VIDE (1.1) and (1.2) has a unique fixed point x € C1([0,1], Rg). That is, a contiunuous
function x on [0,1] satisfying Gx = x. As a result, writing (Gx)(t) = x(t) out, we have by Eq. (4.12)

x(t) =a+pt+ ft (fzf(s,x(s),x’(s))ds> dz + ft (fz (fsg(s, T,x(r),x’(r))dr) ds) dz. (4.15)
o \Jo 0o \Jo \Jo

On the other aspect as well, differentiate both sides Eq. (4.15) and substitute t = 0 to obtain fuzzy VIDE (1.1) and
(1.2). Hence, every solution of fuzzy VIDE (1.1) and (1.2) must satisfy Eq. (4.15), and conversely. So, the proof of the
theorem is complete.

Remark 4.1: The continuous nonlinear terms f:[0,1] X RZ - R and g:[0,1]?> x R% - Ry are said to satisfy a
generalized Lipchitz condition relative to their last argument in fuzzy sense with respect to the metric space (R, d,,) if
the conditions of Eq. (4.11) of Theorem 4.2 are hold.

5. Generalized characterization theorem

The characterization theorem shows us the following general hint on how to deal with the analytical or the numerical
solutions of fuzzy VIDEs. We can translate the original fuzzy VIDE equivalently into a system of crisp VIDEs. The
solutions techniques of the system of crisp VIDEs are extremely well studied in the literature, so any method we can
consider for the system of crisp VIDEs, since the solution will be as well solution of the fuzzy VIDE under study. As a
conclusion one does not need to rewrite the methods of solution for system of crisp VIDEs in fuzzy setting, but instead,
we can use the methods directly on the obtained crisp system.

A function f:[0,1] x R* - R is said to be equicontinuous if for any e > 0 and any (¢, x,v,z,w) € [0,1] X R*, we
have |f(t,x,y,zw)| — |f((t, x1,y1,2,w1))| <€, whenever ||(t,x,y1,2,w1) — (t,x,y,zw)|| <&, and uniformly
bounded on any bounded set. Similarly, for a function defined on [0,1]? x R* with the need for attention to change the
metric used on [0,1]? x R*.

Theorem 5.1. Consider the fuzzy VIDE (1.1) and (1.2), where f:[0,1] X RZ - Rz and g:[0,1]?> X RZ - Ry are such
that

i [F(6x®, DO = [fir (620, %0, 200, %00 for (£2-(6) % (0, 210 %0,
[9(t,2x@, D)) = |91 (67 @%@, 6.@.5D), 82r (672, %@, 20, % @) |
11
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ii. fi, forand g, ., g2, are equicontinuous functions and uniformly bounded on any bounded set,
iii. there exists real-finite constants L, K, M, N > 0 such that
|fi,20 (6 %1, Y1, 21, W1) = fror (8, X2, V2, 2, W5)| < Lmax{|x; — x5, y1 — y2 |} + K max{|z; — z,|, lw; — w, [},
|g1,2,r(t' T,X1, Y120 W1) — 912, (6 T, xz'YZ'Zz'Wz)l < M max{lx; — x|, ly; — ¥, 1} + N max{lz; — z,|, lwy — w1},
for each t,t € [ty, ty +al, r € [0,1], and x;,,¥; 2,21, W1, € R. Then, for (n, m)-differentiability, the fuzzy VIDE
(1.1) and (1.2) and the corresponding (n, m)-system are equivalent.

Proof. Since the proof procedure is similar for each type of differentiability with respect to the corresponding (n, m)-
system. Anyhow, we assume that x is (1,1)-differentiable (Case | of Algorithm 3.1) without the loss of generality. The
equicontinuity of f;,,f,, and g, ,,9,, implies the continuity of f and g, respectively. Furthermore, the Lipchitz
property of condition (iii) ensures that f and g are satisfies a Lipchitz property in the metric space (R, d,) as follows:

o (£ (63,2 ©), £ (630 ©)) = sup d([f(6 20, x' O [F(e.5@. 7' O)])
sup max{|f (&x(6).x'(0) = £ (6y®.y'®)|. |, (6 x®.2' ©) = F, (63@.y' ©)]}

refo,1]

sup max{|f,, (£2,(6), % (6), x.(6), %.(8))

refo,1]

~fir (0205, 2507, [fur (0205 ©.2:0.5.0) oD
—for (t, (1), ?r(t)'Xrl(t)'y;(t))”

x:(8) = % (O], 1% ) = 7,0} + K sup max{|x.©) -y @[5 - 7,0}
ref0,1] =r

<L sup max{
r€[0,1]

=L sup d, (x(OT", [y(®1) + K sup d, ([X ©], [y ©])
ref0,1] re[0,1]
= Ldo, (x(£), y(®)) + Kdo (x' (£),y' ().
Whilst on the other aspect as well, by similar fashion, it is easy to conclude that
deo (g(t, 7,x(0),x' (1)), g(¢, T,y(T),y’(T))) < Mdo(x(2), y(1)) + Ndo (x' (1), y' (1)). (5.2)
By the continuity of f and g, from this last Lipchitz conditions of Egs. (5.1) and (5.2), and the boundedness property of

condition (ii), it follows that fuzzy VIDE (1.1) and (1.2) has a unique solution on [0,1]. Whilst, the solution of fuzzy
VIDE (1.1) and (1.2) is (1,1)-differentiable and so, by Theorems 2.2 and 2.3, the functions x,,X, and x., X, are

differentiable on [0,1]. As a conclusion one can obtained that (gr(t),ir(t)) is a solution of crisp VIDEs (3.5) and (3.6).

Conversely, suppose that we have a solution (gr(t),ir(t)) with r € [0,1] is fixed, of fuzzy VIDE (1.1) and (1.2)
(note that this solution exists by property of condition (iii)). Whilst, the Lipchitz conditions of Egs. (5.1) and (5.2)
implies the existence and uniqueness of fuzzy solution %(t). Indeed, since % is (1,1)-differentiable, then %, (t) and %, (t)
the endpoints of [X(t)]" are a solution of crisp VIDES (3.5) and (3.6) (note that [%]" and [D1x]" are obviously valid level
sets of fuzzy-valued functions). But since the solution of crisp VIDEs (3.5) and (3.6) is unique, we have [%(t)]" =
[%-(©, §T(t)]r = [x-(©), %.(®)]" = [x(t)]". That is the fuzzy VIDE (1.1) and (1.2) and the system of crisp VIDES (3.5)
and (3.6) are equivalent. This completes the proof of the theorem.

The purpose of the next corollary is not to make an essential improvement of Theorem 5.1, but rather to give alternate
conditions under which fuzzy VIDE (1.1) and (1.2) and the corresponding system of crisp VIDESs are equivalent.

Corollary 5.1. Suppose that £:[0,1] x RZ - Rz and g: [0,1]? X R%Z — R are such that the condition (i) of Theorem
5.1 hold. If there exists real-finite constants L, K, M, N > 0 such that
|f1,2,r(t1' X1,¥Y1,21,W1) — f12+(t2) X2, Y2, 22, W2)|
< Lmax{ltl —tl, |x1 — x2, |y1 - y2|} + Kmax{|t; — t;|, |z1 — 221, lwy — w31},
|gl,2,r(t1' T4, X1, Y1, 21, W1) — G12+(t2, T2, X2, V2, 22, W2)|
< M max{|t; — t,|, |1ty — 7,1, ¢y — 25|, |y — 21} + N max{[t; — t,], |ty — 7,1, 12, — 2,1, Iwy —wy},
for each t; ,,7;, € [0,1], v € [0,1], and x; 5, ¥4 2, Z1 2, W1 2 € R. Then, for (n, m)-differentiability, the fuzzy VIDE (1.1)
and (1.2) and the corresponding (n, m)-system are equivalent.

(5.3)

12
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Proof. Here, we consider the (1,1)-differentiability only; actually, in the same manner, we can employ the same
technique for the remaining types of (n, m)-differentiability. To this end, assume the hypothesis of Corollary 5.1, then
the conditions (i) and (iii) of Theorem 5.1 are clearly hold. To establish condition (ii), apply the following: fix € > 0,
choose 6, = €/(2L) and 6, = €/(2K), and suppose ||(t,x,y) — (t1, x5, y)I < &, and ||(t, z, w) — (t1, z;, wll < &,.
Then, for each r € [0,1], one can write
|f1,2,r(t' X,Y,Z,W) — f1,2,r (t1, X1, Y1, 21, W1)|

< Lmax{|t — ], [x — x| |y — y1 [} + Kmax{|t — 4], |z — z, |, [w — wy [}

< LI x,y) = (&, x, y)I + KN 2, w) = (&, 2, wa)l

<Lé, +Kb, =€
Next, we want to show that f; .., f, - are uniformly bounded on any bounded set. To do so, let S be any bounded subset of
[0,1] x R*. Then there exist constants x;,v;,z;, Wy, X2, V2, Zp, W, € R such that if w = (¢,x,y,y,2) € S, then t € [0,1],
X € [xq,x5], ¥ € [¥1,¥2], Z € [z, 2,], and w € [w,,w,] . For the conduct of proceedings in the proof, fix r* € [0,1] and
w* €S, further, let L* =max{1,|x; — x,|,|y1 — y21}, K* = max{1, |z, — z,|,|w; —w,|}, and C =LL*+KK* +
supp f(w*), where supp f(w*) is the support of f(w*). Suppose that + € [0,1] and w € S. Then one can write

|f1,r(W) - fl,r(W*)
while on the other aspect as well, the triangle inequality will gives
|f1,r(W) - f1,r* w9 = |f1,r(W) - fl,r(W*) + f1,r(W*) - fl,r*(W*)
=< |f1,r(W) — fir(w)| + |f1,r(W*) - fl,r*(W*)
=LL"+ KK*+suppf(w*) =C.
But since |f,, W) = |fur-W)| < |frr W) = fir-W?)| < C or |fL,(W)| < C + |fir-(w?)], therefore f; . is uniformly
bounded on S. Similarly, f,, is uniformly bounded on any bounded set. The same procedure can be applied directly for
1.1 g2, Hence, fuzzy VIDE (1.1) and (1.2) and the corresponding (1,1)-system are equivalent by Theorem 5.1.

(5.4)

< Lmax{l, |x; — x|, ly; — y21} + Kmax{1, |z, — z,], [w; —w,|} = LL* + KK*, (5.5)

(5.6)

Remark 5.1. The following requirement conditions on f and g:
[F(&x@,x' O] = [fur (£ 6O %O, 5 O,7®), for (62,0, %0, 6.0, %)),
[9(t02@ 2 D))" = o1, (72 O.5H @ 5@ HD), 02 (67505 @.5@,50)),

are fulfilled by any fuzzy-valued functions obtained from continuous real-valued functions by Zadeh’s extension
principle and Nguyen theorem [35-37]. So these conditions are not too restrictive.

(5.7)

6. Conclusion

Existence and uniqueness theorem is the tool which makes it possible for us to conclude that there exists only one
solution to a given problem which satisfies a constraint condition. How does it work? Why is it the case? We believe it
but it would be interesting to see the main ideas behind. To this end, in this paper we investigated and proved the
existence, uniqueness, and other properties of solutions of a certain nonlinear second-order fuzzy VIDE under strongly
generalized differentiability by considered four cases of differentiability. We make use of the standard tools of the fixed
point theorem and a certain integral inequality with explicit estimate to establish the main results. In addition to that,
some results for characterizing solution by an equivalent system of crisp VIDES are presented and proved.
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a-statistical convergence and strong af-convergence of
order 7 for a sequence of fuzzy numbers!

Zeng-Tai Gong®*, Xue Feng®?®
@(College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China
bSchool of Mathematics and Statistics, Qinghai University for Nationalities, Xining 810007, China

Abstract The purpose of this paper is to introduce the concepts of af3-statistical convergence of order
~ and strong «af-convergence of order 7 for a sequence of fuzzy numbers. At the same time, some
connections between af-statistical convergence of order v and strong a/f-convergence of order v for a
sequence of fuzzy numbers are established. It also shows that if a sequence of fuzzy numbers is strongly
af-convergent of order « then it is af-statistically convergent of order ~.

Keywords: Fuzzy numbers; sequence of fuzzy numbers; statistical convergence.

1. Introduction

The concepts of fuzzy sets and fuzzy set operations were first introduced by Zadeh [1] and subsequently
several authors have discussed various aspects of theory and applications of fuzzy sets. Recently Matloka
[2] introduced bounded and convergent sequences of fuzzy numbers, studied some of their properties, and
showed that every convergent sequence of fuzzy numbers is bounded. In addition, sequences of fuzzy
numbers have been discussed by Aytar and Pehlivan [3], Basarir and Mursaleen [4,5] and many others.
The notion of statistical convergence was introduced by Fast [6] which is a very useful functional tool for
studying the convergence problems of numerical sequences. Some applications of statistical convergence
in number theory and mathematical analysis can be found in [7, 8]. The idea is based on the notion
of natural density of subsets of N, and the natural density of s subset A of N is denoted by §(A) and
defined by

d(A) = lim f|{k<n ke A}

n—oo

In 2014, Hiiseyin Aktuglu [9] introduced the concepts of af-statistically convergence and a(-statistically
convergence of order v for a sequence, which shows that af-statistically convergence is a non-trivial
extension of ordinary and statistical convergences.

In this paper, we define the sequence spaces of af-statistical convergence of order v and strong «/3-
convergence of order ~y, and testify some properties of these spaces. At the same time, some connections
between af-statistical convergence of order v and strong af-convergence for a sequence of order v of
fuzzy numbers are established. In Section 2 we will give a brief overview about fuzzy numbers, statistical
convergence, and present 6% (k,~). In Section 3 we show that a(-statistical convergence for a sequence
of fuzzy numbers can reduce to statistical convergence, A-statistical convergence, and lacunary statistical
convergence. Meanwhile, strong af-convergence for a sequence of fuzzy numbers can reduce to strong
convergence, strong A—convergence and strongly lacunary convergence.

2. Definitions and preliminaries

Let Ae F (R) be a fuzzy subset on R. If A is convex, normal, upper semi-continuous and has compact
support, we say that A is a fuzzy number. Let R¢ denote the set of all fuzzy numbers [10,11 12].
For A € R, we write the level set of A as Ay = { : A(z) > \} and Ay = [A}, AY]. Let A, B € R,

we define A+ B=Ciff Ay+By=C\, A€ [0,1]iff Ay + B, = C) and A;\F—I—BJr = C’; for any A € [0, 1].

TSupported by the Natural Scientific Fund of China (11461062, 61262022).
*Corresponding Author:Zeng-Tai Gong. Tel.: +869317971430. E-mail addresses: zt-gong@163.com
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Define
D(A,B) = sup d(Ay,B)) = sup max{|A, — By |,|Al — BY|},
A€E[0,1] A€[0,1]

where d is the Hausdorff metric. D(A, B) is called the distance between A and B [11,13,14].

Using the results of [10,11], we see that

(1) (R, D) is a complete metric space,
D(u+ w,v 4+ w) = D(u,v),
(ku, kv) = |k|D(u,v), k € R,
(u+v,w+e) < D(u,w)+ D(v,e),
(u+ U,O) < D(u,0) + D(v,0),
(u+v,w) < D(u,w) + D(v+0),
1,  t=(0,0,0...,0),
0, otherwise.
Definitions 2.1.[15] A sequence {x,} of fuzzy numbers is said to be statistically convergent to a fuzzy

number z if for each € > 0 the set A(e) = {n € N : D(x,,x¢) > £} has natural density zero. The fuzzy

number zg is called the statistical limit of the sequence {z,} and we write st- lim z,, = xg.
n—oo

Now let a(n) and (n) be two sequences of positive numbers satisfying the following conditions:
(1) a(n) and B(n) are both non-decreasing,
(2) B(n) > a(n),
(3) B(n) — a(n) — oo, as n — oo,
and let A denote the set of pairs («, 3) satisfying (1), (2) and (3).
For each pair (o, ) € A, 0 <y <1and K C N, we define 6*%(K,~) in the following way:

(2)

(3) D
(4) D
(5) D
(6) D

where u, v, w, e € Rc, ﬁ(t) =

0.8 L K NPy’
MR y) =l e ) 1)

where P27 is the closed interval [(n), 3(n)] and | S| represents the cardinality of S.
Lemma 2.1. Let K and M be two subsets of N and 0 < v < ¢ < 1. Then for all («, 3) € A, we have
(1) 65(27,7)=0,
(2) §3(N, 1)=
(3) if K is a finite set, the 6% (K, ~) = 0,
(4) K C M = 6%P(K,~) < 0%P(M,~),
(5) 6P (K, 8) < 60 (K, ).

3. Main results

Definition 3.1. A sequence of fuzzy numbers is said to be af-statistically convergent of order v to xg,
if for every € > 0,

{k € PSP« D(ay,, 20) > €}
(B(n) — a(n) +1)7

In this case, we write 5’3‘ B _ lim xr = xg. The set of all af-statistically convergent of order v will be

=0.

5P ({k : D(zk, x0) > €},7) = lim

denoted simply by S5 B,

For v = 1, we say that x is a3-statistically convergent to zo and this is denoted by S*# — lim zj, = .
The following example shows that Definition 3.1 is non-trivial generalization of both ordinary and

statistical convergence.

Example 3.1. Taking a(n) =1 and 3(n) = n%, where 0 < v < 1 is fixed, then

1k € [1,n7] : D(xx,x0) > &}

5*P({k : D(zk,x0) > },7) = lim -

and, in particular, for v = % we have

lim {k € [1,n%] : D(xp,x0) > 5}]

n n
229 Zeng-Tai Gong et al 228-236
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Consider the sequence of fuzzy numbers

t+1, —1<t<0,k#n?
—t+1, 0<t<1,k+#n? t+1, —1<t<0,
ri(t) =1 t, 0<t<1l,k=n?  20(t)=¢ —t+1, 0<t<]1,
2 —t, 1<t<2k=n? 0, others;
0, others;

Obviously st — lim zp = g, however
n

o [k € [1,n?] : D(xp, 20) > €}

n n

58 ({k : D(ap,x0) > e}, %) 1 20,

for all € > 0, S’s‘ﬁ —lim ), # x9.
Definition 3.2. Based on strongly a/f3-convergence of order «y, for every ¢ > 0, we define the following

sets
vo.B — — R 1 _
Wor = {o = {x} : lim COET O ZQBD(ZEk:,ZUO) =0},
ke P
B _ g 1 1
Wii” = {z = {zx} : lim COEOES Eﬁ (zx,0) = 0},
ke P
ad ' 1 _
Wi ={o= oo gy — iy & Pl <och
kePg
where

o(t):{ 1, t=(0,0,0...,0),

0, otherwise.

If x € Wﬁ‘”g, we say that x is strongly a-convergent of order v to x¢ and we write W$B —lim 2 = xg.
For v = 1, we say that z is strongly af-convergent to o and this is denoted by W®# — lim z;, = .
Remark 3.1. Take a(n) =1, 8(n) =n and v = 1, then Py’ b — = [1,n] and

{k <n:D(zk,x0) > c}|
n

=0.

5P ({k : D(wg, x0) > €},7) = lim |

This shows that in this case, a-statistical convergence of order  reduces to statlstlcal convergence which
we denoted by S. Meanwhile, the sequences space W # reduces to W W # reduces to W, and Wvo’oﬂ

reduces to Ws. Where W, Wy and W, are defined by Mursaleen and Basarlr [16].

W= {z={x}: ligl%ZD(ﬂ%«To) =0},
k=1

Wo—{x—{xk} hm ZDwk, —0}

"=
Oo—{:):—{xk} sup ZD:vk, < 00}

Remark 3.2. Let )\, be a non-decreasing sequence of positive numbers tending to oo such that A, <
A+ 1, Ay = 1and I, = [n — A\, + 1,n]. We choose a(n) =n— X\, +1, B(n) =n and v = 1, then
PP = [n — Ap + 1, n]. Moreover,

{k € I, : D(zp,x0) > e}
An
230 Zeng-Tai Gong et al 228-236
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This shows that in this case, a-statistical convergence of order 7 reduces to A-statistical convergence
which we denoted by S()). Meanwhile, the sequences space WW reduces to W (), W%ﬁ reduces to

Wo(\) and W$£ reduces to Wao (). Where W(X), Wo(\) and Wao(\) are defined by Savas [17].

{x ={z}: hm— Z D(zy, x0) = 0}

" keI,
= {z = {x)} : hm— Z D(z,0) =0},
" kel
Wao = {z = {a}: sup)\ keZJka, < 00}

Remark 3.3. A lacunary sequence § = {k, } is an increasing sequence such that kg = 0, h, = k,—k,_1 —
0o, 7 — oo and I, = (ky_1, ky]. Take a(r) = k,—1 + 1, B(r) = k, and v = 1, then poB — [kr—1 + 1, ky].
However (k,_1,k;] NN = [k,—1 + 1, k] N N, we have

{k € I, : D(xg,x0) > €}
m
hy
This shows that in this case, af-statistical convergence of order  coincides with lacunary statistical
convergence which we denoted by S(). Meanwhile, the sequences space W5 P reduces to w(8), WP

5a’ﬁ({k : D(a:k,:vg) > 5},*‘}/) =1 —0.

~0
reduces to Wy(#) and Wffog reduces to W (6).
Where
{a; ={x1}: hm— Z D(zg,x0) = O}
" kel,
{:L‘ ={z}: hm— Z D(xy,0) = 0}
" kel,
{x ={z1}: sup 0 kezl D(zy,0) < oo}.

Theorem 3.1. Let z = {x}, y = {yx} be two sequences of fuzzy numbers. We have
(1) If 5’?3 —limxy, = 29 and ¢ € R, then Sﬁ',‘ﬁ — lim exy, = cxo;
(2) If S’s’ﬁ — lim xp, = zo, 5’3"[5 — limyx = yo, then 5’3”8 — lim(xg + yx) = xo + yo-
Proof. (1) The proof is obvious when c¢=0. Suppose that ¢ # 0, then the proof of (1) follows from the
following inequality,
1 1
(B(n) — afn) +1)7 (B(n) —a(n) +1)7

(2)Suppose that 5’3‘5 —lim 2y, = xo, Sﬁﬁ — lim y = yo, then

3
{k € PP D(zp,20) > —}|.

[{k € P2 : Dl(cay, exo) > 2} < ‘
C

| 1 s £y =
lim (B(n) — a(n) + 1)7|{k € B Dlwy,x0) 2 2}’ =0,
. 1 @B . Sy —
B ) —a(m 71y (€ T Do) 2 9} =0

Since
D(x + yg, xo + yo) < D(xk + yk, xo + y) + D(zo + Yk, o + vo) = D(xk, x0) + D(yk, Yo)-
For € > 0, we have

1

(B(n) — a(n) +1)7
1

(B(n) —a(n) +1)7

[{k € PP : D(xy, + y, 20 + o) > €}

1 o . c
B —atm v 17 ¢ & B Do) = 5]
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— 0, n — oo. Hence 5’3”3 — lim(xg + yx) = xo + yo-
Definition 3.3. The sequence of fuzzy numbers x = {z}} is a af-statistically Cauchy sequence of order
7, if for every € > 0 there exists a number N (= N(g)) such that
1
lim ke PYP: D(xy,zn) > e} = 0.
R B —an) 1 C T D) = S
Theorem 3.2. Let x = {z} be a sequence of fuzzy numbers. It is a a/S-statistically convergent sequence
of order ~ if and only if x is a a-statistical Cauchy sequence of order ~.

Proof. Suppose that 5’36 —limz; = zg and let € > 0, then
1

& (B(n) — a(n) + 1)“/‘% € PP : D(xg,m) > €} =0,

and N is choosen such that liin WHI‘? € PO D(xy,z0) > €} = 0,

then we have
1
(B(n) —afn) +1)7
1 1
(B(n) —a(n) +1)7 (B(n) — a(n) +1)7
Hence z = {x}} is a af-statistically Cauchy sequence of order 7.
Next, assume that x = {x} be af-statistical Cauchy sequence of order v, then there exists a strictly

{k € Pg"ﬁ : D(zg,zN) > e}

[{k € PP : D(xy,m0) > }| + {k € P3P : D(xy,m0) > e}l.

increasing sequence N, of positive integers such that ligbn W‘{k c PP . D(zy,xn,) > ep}| =0,

where €, : p=1,2,3,--- is a strictly decreasing sequence of numbers converging to zero for each p and ¢
pair (p # q) of positive integers, we can select K, such D(rg,, ,7N,) < €p and D(rk,,,7N,) < €q-
It follows that

D(zn,,rN,) < D(vk,,,7N,) + D(2K,,,ZN,) < &p +€4 — 0, p,q — 0.

Hence, {zn,} : p = 1,2,--- is a Cauchy sequence and statisfies the Cauchy convergence criterion. Let
{zn,} converge to xg. Since €, : p = 1,2,--- — 0, so for ¢ > 0, there exists po such that ¢,, < § and
D(praxO) < %7 p 2 Po, then

£
D(Q?k,l‘o) S D(xkaINpo) + D(proal‘O) S D(xkapro) + -

27
we have
1 {k € PP : D(xp,20) > e}| < 1 (k€ PP D(ag,an. ) > S|
(B(n) —a(n) + 1) no W00 =55 =18(n) — a(n) + 1) n’ ¢ ks TNpy) 2 5
1

a3 .
< Goyapg gtk € B Dlakang,) 2 e} = 0. n— oo
This shows that x = {x} is af-statistically convergent of order ~.
Theorem 3.3. Let x = {z}} is a sequence of fuzzy numbers. There exsit a a(-statistically convergent
of order v sequence y = {yx} such that xp = yi for almost all k according to ~, then z = {z;} is a
af-statistically convergent sequence of order .
Proof. Let z; = y, for almost all k according to v and S5 . Yr = . Suppose € > 0. Then for each
n7

{k € P*P : D(x1,20) >} C {k € PP : D(yp, o) > e} U{k € PP : 2y # yp.}.

Since z = yi for almost all k according to v, the latter set contains a fixed number of integers, say
S = S(e). Then

: 1 ap .
lim o s U € P2 Do) 2 ¢}
i ! e x im 5
< hrrzn (ﬁ(n) —a(n) T 1)'Y|{k € Pn : D(yk7 0) > 6}| +1n (ﬁ(n) —a(n) T 1)77
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Hence Sﬁ’ﬁ —limz, = x9, i.e. z = {x}} is a af-statistically convergent sequence of order ~.

Theorem 3.4. Let 0 < 71 < < 1, then 5'2‘1’5 C 5’2‘2’5.
Proof. Let 0 < v; < 9 < 1. Then we have

[{k € PP : D(xy, 30) > e}| < {k € P*P . D(xp,20) > €},

1 1
(B(n) — a(n) +1)72 (B(n) —a(n) +1)n

for every € > 0 and so we get S%’ﬁ C S’%’ﬂ .

Corollary 3.1. If a sequence x = {zy} of fuzzy numbers is a/3-statistically convergent of order -, then
it is af-statistically convergent, for each v € (0, 1], i.e. 5’36 C SaB,

Theorem 3.5. The sequence spaces of fuzzy numbers W,%ﬁ , VNV,? # and W$‘£ satisfy the relationship:
W Wy c Wl

Proof. Let z = {z;,} € WS”. Note that

1 —
(B(n) — a(n) +1)7 > D(x,0)

ke PP
1 1 _
< D(xk, zo) + D(z0,0)
(B(n) — a(n) + 1)1 k;, £ T B n) — aln) + 1) ;P: 0
= B ;(n) T 2 Do)+ : Do, 0);

(B(n) —a(n)+1)7

kep®?

according to the above inequality, we have sup m > D(z,0) < oo, thus we get x € W%g .
n kepXP

The proof of VNV%B Wy # is obvious.

Theorem 3.6. The sequence spaces of fuzzy numbers W° Wy % and W;‘oé* are linear spaces over the

70
set of real numbers. .
Proof. Let x = {z}, vy = {yx} € Wb a, 8 € R. In order to get result we need to prove the following

70 >
. 1 ——
h{n B —at) T 1) ZﬁﬁD(awk + Byk,0) = 0.
kePy”
Since z = {xx}, y = {yx} € W,%ﬂ, we have
. 1 _
B ey 2 D0 =0
kePy”
. 1 _
T G ety 2 P =0
kePy,”
And D(ax, + Byk, 0) < D(axg,0) + D(Byk, 0) = |a|D(zk,0) + | 3] D(y, 0),
we get
1 _ 1 _ _
(B(n) —a(n) + 1) z;ﬂ Dloai+ Ay 0) < oy oy v 1) 2;3 [D(azy, 0) + D(Bys, 0)]
ker,” keP®
< o Z D(zg, x0) + 18] Z D(yg,x9) — 0, n — oo.

(B(n) —a(n) +1)7 (B(n) —a(n) +1)7

kEPf;’B keP,Sf‘ﬁ

Thus az + By € W%’B . Similarly it can be shown that the other spaces are also linear spaces.
Theorem 3.7. Let 0 < v < 1. If a sequence x = {x}} of fuzzy number is strongly a/-convergent of

order =y, then it is af-statistically convergent of order ~, i.e. W$‘ B S’ff B,
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Proof. Given € > 0 and any sequence = = {z}} of fuzzy numbers, we write

Z D(zg,x0) = Z D(zy,x0) + Z D(z, o)
kep®? kePY? D(zy,,mo)<e kePXP D(wy,m0)>e
> Z D(zy,x0) > |{k € P¥P : D(xp,x0) > e} - €

ke PSP D(wy,x0)>e

and hence

(B(n) - ;(n) Ty 2 Dl 2 e ;(n) Ty (k€ PP Diawwo) 2 €} <.

keph

Here, it can be easily to see that if a sequence x = {x} of fuzzy number is strongly a/-convergent of
order ~, then it is a/f-statistically convergent of order ~.

Corollary 3.2. Let 0 < v <n < 1. If a sequence x = {z}} of fuzzy number is strongly a-convergent of
order ~, then it is af-statistically convergent of order 7, i.e. W$‘ B 5’,‘?‘ B,

Definition 3.4. Let p = {p} be any sequence of strictly positive real numbers. A sequence x = {z} of
fuzzy numbers is said to be strongly a3(p)-convergent of order v, if for v € (0, 1], there is a fuzzy number

o such that )

lim s Ty 2 [PEwe)]™ =0,

ke Py’

we denote the set of all strongly a3(p)-convergent of order « for fuzzy sequences by V~V$ B (p). Where
1

W) = {o = {o} i (B(n) — a(n) + 1) k%{;ﬁ [D (k. 20)]™ = 0},
W) = (o = fon) i G 2 [P0l =0,
Wi (p) = {o = o} ssup s kzp;ﬁ (D, 0)]™ < oo},

It similar to the proofs of Theorem 3.5, 3.6, for strongly a/f(p)-convergent of order v we have the
following results.
Theorem 3.8. The sequence spaces of fuzzy numbers W%ﬂ (p), W2 P (p) and Wﬁ’;? (p) satisfy the rela-
tionship: W%ﬂ (p) C W Pp) W§“£ (p)-
Theorem 3.9. The sequence spaces of fuzzy numbers VNV,%ﬁ (p), W5 B (p) and W% (p) are linear spaces

over the set of real numbers. . .
Theorem 3.10. Let 0 < py < gi, and {Z*} be bounded. Then W?’ﬁ(q) C Wf?’ﬁ(p).

Proof. Let x = {x;} € Wg’ﬁ(q), and t, = [D(a:k,:cg)]qk, A\ = z—’;, 0 <M <1.Let 0 <\ < A\,

tka tk Z 17 07 tk Z 17 \ Y z
and define u, = 0 teo<1 v = et <1 then ¢, = up + vg, t.7 = u* + v*, and

uz’“ < ug < tg, v,i"“ < v,i‘. We have

1 Pk __ 1 Ak
(B(n) — a(n) + 1)7 kg;,ﬁ [D(zg, z0)]"™ = (B(n) —a(n) + 1) kg};ﬁ U
= 1 w4 L
= B ey 2 ) S Gy o 2
! 2 =0, n— 00
RGO OEDE Z’“ " '
keP,”
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Since z = {x}} € VNV,?’ﬁ(‘I), we have liymk ZP;M = 0. And since vy < 1, A < 1, we
e o
get ﬁgnmk ;ﬁvﬁ = 0. Hence, W% (q) € W5 (p).
epy

In the following theorem, we shall discuss the relationship between the space V~V$ B (p) and 5”2‘ B,
Theorem 3.11. Let 0 < h = iréfpk < suppr = H < 00, Iy be a set of all bounded sequence of fuzzy
k

numbers. Then
(1) W37 (p) € 557
(2) If = {1} € loo NS, then z = {x} € WP (p);
(3) loo N S = 1o N WP ().

Proof. (1) Let x = {z}} € Wﬂ?’ﬁ(p), Note that

. Pr 1 Pk
(B(n) — a(n) +1)7 z;ﬁ [D(xg, z0)]"™ > B) —a(m) +17 ﬁz [D(xp, z0)]
ke P keP2B D(xy,,z0)>e
=z ! Z min{e”, e}

(B(n) = a(n) +1)7

kEPSP D(xk,x0)>e
1 . |
~ (B —am) + 1)7|{k € PP D(wy, o) > €} - min{e", e},

follow from the above inequality, we have lim
n (B(n)

1
G
x = {xzp} € §3°.
(2) Let x = {z1} € loc N S?”B, then there is a constant 7' > 0, such that D(zy,z9) < T. Therefore

{k € PP . D(xy,, 0) > }| = 0. Thus we get

1

EOEOFS Z [D(zk, x0) ]
ke PP
_ 1 Pk 1 Pk
COETOES ﬁz [D(x, z0)]™ + B —am) 117 ﬁz [D(x, x0)]
keP,” ,D(zy,x0)>e keP,” ,D(zy,z0)<e
1 h H 1 k
< (B(n) _ Oé(?’l,) + 1)7 . aﬂz maX{T 7T } + (ﬁ(n) — a(n) + 1)7 aﬁz P
€P;"” ,D(xk,x0)>e kePy " ,D(xk,x0)<e

1
(B(n) = a(n) +1)7

+ max{e", "},

[{k € P*P : D(xy,x0) > e} - max{T", TH}

follow from the above inequality, we have lim m > [D(:I:k, xo)]p * = 0. Thus we get x =

keps?
{a} € W37 (p).
(3) From (1) and (2), (3) is obvious.

4. Conclusion

In this article, we introduced some classes of sequences of fuzzy numbers defined by af-statistically
convergence of order v, strong «3-convergence of order 7, and strong a3(p)-convergence of order . We
have proved some properties and relationships of these spaces. At the same time, it also shows that if a
sequence of fuzzy numbers is strongly aG-convergent of order « then it is af-statistically convergent of
order vy
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Abstract:An IF rough set, which is the result of approximation of an IF set
with respect to an IF approximation space, is an extension of fuzzy rough sets.
This paper studies rough set theory within the context of lattices. First, we
introduce the concepts of IF rough sets and IF rough approximation operators
based on lattices. Then, we give some properties on IF rough approximations
of IF sublattices such as IF ideals and IF filters.

Keywords: Lattice; IF set; Full congruence relation; IF approximate space;
IF rough set; IF sublattice; IF rough approximation.

1 Introduction

Rough set theory was originally proposed by Pawlak [11, 12] as a mathemati-
cal approach to handle imprecision and uncertainty in data analysis. Usefulness
and versatility of this theory have amply been demonstrated by successful ap-
plications in a variety of problems [15, 16].

The basic structure of rough set theory is an approximation space. Based on
it, lower and upper approximations can be induced. Using these approximations,
knowledge hidden in information systems may be revealed and expressed in the
form of decision rules [11].

Intuitionistic fuzzy (IF, for short) sets were originated by Atanassov [1, 2].
It is an intuitively straightforward extension of Zadeh’s fuzzy sets [19]. IF sets
have played an useful role in the research of uncertainty theories. Unlike a fuzzy
set, which gives a degree of which element belongs to a set, an IF set gives both
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a membership degree and a nonmembership degree. Thus, an IF set is more
objective than a fuzzy set to describe the vagueness of data or information.

Recently, rough set approximation was introduced into IF sets [14, 20, 21, 22].
For example, Zhou et al. [20, 21, 22] proposed a general framework for the study
of IF rough sets, Zhang et al. [24] gave a general frame for IF rough sets on two
universes.

The purpose of this paper is to investigate IF rough approximations based
on lattices.

2 Preliminaries

Throughout this paper, ¢ Intuitionistic fuzzy ” is briefly written “ IF 7, U
denotes a universe, I denotes [0, 1], L denotes a lattice with the least element
0r and the greatest element 1;,. J = {(a,b) e I x I :a+b<1}.

In this section, we recall some basic notions and properties.

2.1 IF sets

Definition 2.1 ([8]). Let (a,b),(c,d) € I x I. Define

(1) (a,b) = (¢,d) <= a=¢, b=d.

(2) (a,b) U (c,d) = (aVe,bAd), (a,b) M (e,d) = (aAec,bVd).

(3) (a,b)° = (b, a).

Moreover, for {(aq,bs) : 0 €T} C I X1,

|_| (aaaba) = ( V Qa, /\ ba)7 |_| (a’av ) (/\ ) \/ ba )

acl acl acll acl acl acl
Definition 2.2 ([8]). Let (a,b),(c,d) € J and let S C J x J. (a,b)S(c,d), if a
<candb>d. We denote S by <.

Remark 2.3. (1) Let (J, <) be a poset with 0y = (0,1) and 1; = (1,0).
(2) (a,0)°° = (a,b).

(3) ((a,0) U (c,d)) U (e, f) = (a,b) U ((c,d) U (e, [)),
((a>b) M (C7 d)) M 6,f) = (a’b) M ((Cv d) M (e,f»
(4) (a,b) U (c,d) = (¢,d) U (a,b), (a,b) M (e, d) = (¢,d) M (a,b).
(5) ((a;0) U (¢, d)) M (e, f) = ((a,b) M (e, £)) U ((c,d) N (e, f)).
((a,0) M (c,d)) U (e, f) = ((a,b) U (e, £)) T ((c,d) U (e, £)).
(6) ( %lr(aaaba))c = Dr(aavba ( GF(aavba) ‘= Iglr(aa,ba)c

Definition 2.4 ([1]). An IF set A in U is an object having the form
A={<z,pa(x),valz) > 2zecU},

where pa,va € F(U) satisfying 0 < pa(z) +va(z) <1 for each x € U, and
pa(x),va(z) are used to define the degree of membership and the degree of non-
membership of the element x to A, respectively.

IF(U)) denotes the family of all IF sets in U.
For the sake of simplicity, we give the following definition.
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Definition 2.5. A is called an IF set in U, if A = (A* A,) € F(U) x F(U)
and for each x € U, A(x) = (A*(x), Ax(x)) € J, where A*(z), A.(x) are used
to define the degree of membership and the degree of mon-membership of the
element x to A, respectively.

For each A C IF(U), we denote
A¢={A°: A e A},
A*={A": Ac A} and A, ={A.:Ac A}

For each X € J, by represents a constant IF set which satisfies X(x) = )\ for
each z € U. N

A e IF(U) is called proper if A # X for any X\ € J.

In this paper, if we concern IF sets in U without special statements, we
always refer to the proper IF subset.

Some IF relations and IF operations are defined as follows ([19]): for any
A,BeIF({U) and {Aq:a T} CIF(U),

(1) A= B < A(z) = B(z) for each z € U.

(2) AC B <= A(z) < B(z) for each z € U.

(3) (U Au)(z) = || Aa(z) for each xz € U.
acl acl

(4) (N Aa)(x) = [] Aalx) for each z € U.

ael’ ael’
(5) A¢(z) = A(x)° for each z € U.
(6) (MNA)(x) = AT (A*(z), Ax(z)) for any z € U and X € J.
Obviously, A=B < A*=B*and A, =B, —<— ACBand BC A.
We define a special IF sets 1, = ((1,)*, (1)+) for some y € U as follows:

1, z=y, 0, z=uy,
(1y)s(z) =
0, z#vy. 1, z#y.

Remark 2.6. For each A € IF(U),

A= J A1)

yeU

(1y)"(2) = {

Let p € IF(U) and «, 8 € [0,1] with o + 8 < 1, the (a, 8)-level cut set of
p,denoted by p2 is defined as follows:

ph ={z eU: p*(x) > a, pu(x) < B}.
We respectively call the sets

po ={z €U:p*(x) > a}, p={zelU: p(z)<p}
the a-level cut set, the §-level set of membership generated by A.
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For z € U and (a,b) € J — {(0,1)}, 2(*® € TF(U) is called an IF point if

x(a,b)(y) — {(03 1)7 Y 7£ €,

(a,b), y==x.

It is said that the IF point x(**) belongs to u € IF(U), which is written
z(@ ¢ 1. Obviously,

2@ ey = pz) > (a,b).

IFP(U) denotes the set of all IF point of U.
For p, A € IF(U),

pCA < Ve e IFPU), 2% e pimplies (@Y e X,

2.2 Lattices

Definition 2.7. Let L be a set and let < be a binary relation on L. Then < is
called a partial order on L, if

(i) a<a foranya€c L, (ii) a <band b < a imply a =0b for any a,b € L,
(#ii1) a < b and b < ¢ imply a < ¢ for any a,b,c € L.

Moreover, the pair (L, <) is called a partial order set (briefly, a poset).

Definition 2.8. Let (L, <) be a poset and a,b € L.
(1) a is called a top (or maximal) element of L, if x < a for any x € L.
(2) b is called a bottom (or minimal) element of L,, if b < x for any x € L.

If a poset L has top elements aq,as (resp. bottom elements by,bs), then
a1 = ag (resp. by = by). We denote this sole top element (resp. this sole bottom
element) by 17, (resp. 0r).

Definition 2.9. Let (L, <) be a poset, S C L and a,b € L.
(1) a is called a above boundary in S, if v < a for any x € S.
(2) b is called a under boundary in S, if b < x for any x € S.
(3) a=sup S or VS, if a is a minimal above boundary in S.
(4) b=vinf S or AS, if b is a mazimal under boundary in S.

Let (L, <) be a poset and S C L. If S = {a, b}, then we denote VS =a Vb
and AS =aAb.
Obviously, if (L, <) is a poset and a,b € L, then

a=aANbsa<bsb=aVh.

A poset L is called a lattice, if for any a,b€ L, avVbe Land aAb€ L.
Let L be a lattice. For X C L, we denote

(1) ] X={yeL:y<xfor somez € X},

(2)1 X={yeL:y>xforsomexe X}

Especially, | « =| {z}, 1 2 =1 {z}.
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F(L)(resp. IF(L)) denotes the family of all fuzzy (resp. IF ) sets in L.

w € F(L) is called a fuzzy sublattice of L, if u(x Ay) Au(xVy) > u(x) A p(y)
for any x,y € L.

Let p be a fuzzy sublattice of L.

(1) p is a fuzzy ideal of L, if p(x Vy) = p(x) A p(y) for any x,y € L.

(2) p is a fuzzy filter of L, if p(x Ay) = p(x) A p(y) for any x,y € L.

2.3 Fuzzy rough approximation operators based on lat-
tices

Definition 2.10 ([3]). Let 8 be an equivalence relation on L. The pair (L,0)
is called Pawlak approximation space. For each p € F(L), the fuzzy lower and
the fuzzy upper approzimation of u with respect to (L,0), denoted by 6(u) and
0(p), are defined as follows: for each x € L,

gp)(z)= N Ala), 8p(z)=\/ Af).

a€lz]y a€lx]e

The pair (0(p), 0(p)) is called the fuzzy rough set of p with respect to (L, 0).

0:F(L) — F(L) and 0 : F(L) — F(L) are called the fuzzy lower approa-
imation operator and the fuzzy upper approximation operator, respectively. In
general, we refer to 6 and 0 as the fuzzy rough approximation operators.

Proposition 2.11 ([3]). Let 8 be an equivalence relation on L. Then for u, \ €

F(L), _
(1) O(p) € p CO(p) _
(2) Ifp C A, then 6(p) C O(N) and (p) S O(N)
(3) 8(pe) = (6(w))° and 6(p°) = (0(n))*
(4) 00(u) = 0(u) and 00(p) = 0(n).
(5) 0(p)(x) = 0(n)(a) and O(p)(x) = 0(u)(a) for any x € L and a € [z]o.
(6) 00(n) = O(n) and 00(n) = 0().

Definition 2.12 ([3]). Let 6 be an equivalence relation on L. Then 0 is called
a full congruence relation, if (a,b) € 6 implies that (a V z,bV x) € 6 and
(anz,bAz) € for any x € L.

For a € L, denote
[alg ={x € L:(a,z) €0}, L/0={[alg:ac L}

Lemma 2.13 ([3]). Let 0 be a full congruence relation on L. Then for any
a,b,c,d e L,

(1) If (a,b),(c,d) € 0, then (aVe,bVd),(aNc,bAd) € 6.

(2) If x € [a]g,y € [blg, then x Vy € [a V b]p.

(3) If x € [alg,y € [blg, then x Ay € [a A blg.

Proposition 2.14 ([3]). Let 0 be a full congruence relation on L.
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(1) If u is a fuzzy ideal, then for z,y € L,
O @ny) = N wand), 6wEvy =\  pavb)

a€lz]o,bE[ylo a€lz]o,bE[ylo
(2) If p is a fuzzy filter, then for x,y € L,
by = A vy, i@ =\ uanb),

a€lz]e,bElylo a€lz]e,bElylo

3 IF rough sets and IF rough approximation op-

erators based on lattices
Definition 3.1. Let 0 be an equivalence relation on L. The pair (L, ) is called
Pawlak approzimation space. For each u € IF(L), the IF lower and the IF

upper approzimation of u with respect to (L,0), denoted by 0(u) and 0(p), are
defined as follows:
))«)

1)),
(1))+);
where for each x € L,

O) @) = N w@, @)=\ nla)

a€[x]g a€lz]e
@) @) =\ w@), OwW)@)=  nla).
a€lz]e a€lz]e

The pair (8(u),0(p)) is called the IF rough set of y with respect to (L, 6).

0 :IF(L) — IF(L) and 0 : IF(L) — IF(L) are called the IF lower ap-
prozimation operator and the IF upper approximation operator, respectively. In
general, we refer to 8 and 0 as the IF rough approximation operators.

Remark 3.2. (1) (@(n)* =0(p*)  (0(n))« = 0(px)

(2) (O()* =0(p*)  (O(n))« = 0(p)
Proposition 3.3. For any x € L,

(@) =[] wa), 0w = || wa).

a€lx]o a€lz]e
Proof.
6@ = (N #@, \ pe(@)
a€lz]y a€lz]e
=[] W (@), pa(a))
a€(z]y
=[] .
a€(z]y
6
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(1) (=) (V w@), A\ i)

a€lz]e a€lz]lo
= | (@), p(a)
a€lx]g
= | w@.
a€lz]y

O

Proposition 3.4. Let 6 be an equivalence relation on L. Then for any pu, A €
IF(L), 3

(1) 8(p) C p C O(p). _

(2) Ifu C A, then 8(u) € O(N) and 8(u) C 6(N)

(3) 99(1) = (1) and B(1) = B(y).

(4) 8(1)(x) = B(u)(a) and B(y)(x) = B(u)(a) for any z € L and a € [y

(5) 80(u) = 0(n) and 06(n) = ().
Proof. 1t is straightforward. O

Proposition 3.5. Let § be an equivalence relation on L. Then for any {u; :
iel} CIF(L),
(1) 0C pa) 2 L O(ua),  O(T1 pa)=T1 (k).

i€l el iel iel

(2) 0L pa) = L 0(pa), (17 i) 1 0(ka)-

i€l i€l i€l i€l
Proof. (1) For any = € L,
O pa)(@)= 1 Umpila)2 U T1 wila)=1 0(ki) (),

i€l a€lz]g i€l i€l a€z]y i€l
[ pa)(@)= 1 [Tpi(a)=[1 [1 pila)=[10(u)(z).
i€l a€lz]g i€l i€l a€z]y el
Thus, O(L pi) 2 LI O(ui),  OCTT pa)=[1 0(pa)-
il il iel iel
(2) The proof is similar to (1). O

4 IF sublattices and IF rough approximations
based on lattices

4.1 IF sublattices

Definition 4.1. p € IF(L) is called an IF sublattice of L, if
w@Ay) Nz Vy) > p() N uply) for any z,y € L.

Definition 4.2. Let p be an IF sublattice of L. Then
(1) p is an IF ideal of L, if p(z Vy) = p(z) N u(y) for any z,y € L.
(2) pis an IF filter of L, if u(z Ny) = p(z) M uly) for any x,y € L.
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Denote the set of all IF ideals of L by IFI(L).

Proposition 4.3. Let pu be an IF sublattice of L. Then
(1) pis an IF ideal of L < x <y implies that p(x) > u(y) for any

z,y € L.

(2) pis an IF filterof L <= 1z <y implies that u(x) < u(y) for any
x,y € L.
Proof. Tt is straightforward. O

Let p be a proper IF ideal of L. Then

(1) p is called an IF prime ideal of L, if p(x A y) < p(x) U p(y) for any
x,y € L.

(2) p is called an IF prime filter of L, if p(x Vy) < p(x) U p(y) for any
z,y € L.

4.2 IF rough approximations of some IF sublattices

Lemma 4.4. Let 0 be a full congruence relation on L.
(1) If p is an IF ideal of L, then for any x,y € L,

b@nry) =[] wand), vy = || wavb).
a€lz]o,bEyle a€lz]o,bElY]o

(2) If p is an IF filter of L, then for any x,y € L,

vy =[] wave), @iy = || wlanb).

a€[z]o,bEylo a€(z]g,bElYlo

Proof. (1) By Lemma 2.12,
AN wE< A wiand), V wiz)=  V  p(and).

z€[zAylo a€lz]e,bElYlo z€[zAyle a€lz]e,bEylo
Then
bwry) =[] =< ]  wanb).
z€[zAyly a€lz]o,bEY]o

Now assume that z € [z Aylg. Then zV x € [x]p, 2V y € [y]o.
Since z < (2 V) A (z Vy), by Proposition 2.14, we have

w(z) 2 p(zVa)A(zVy).
Then

W) 2 (V) A (V) e(2) < pal(zVa) A (2 V y):

Note that
A wez A wand), Vo ow s\ pand).
z€[zAylo a€lz]g,be[y]o z€[zAylo a€lxz]o,bEylo
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Then [] p(z)> [ u(a AD).

z€[zAylo a€lz]o,bEylo

Thus
O@nry) =[] wuanb).
a€lz]e,bE[ylo
Note that
Vo owrez o wave, A m = A mlanb).
zE€[zAylo a€lz]g,bEylo zE€[xVyle a€lx]o,bE[ylo
Then

vy = || == || wavd)

z€[zVyle a€lz]g,bEylo

Now assume that z € [z V ylg. Then
zAz € [z]lp, 2Ny E [Ylo.

Since z > (z A z) V (2 A y), by Proposition 2.14, we have
w(z) < p(z Ax)V(z Ay).

Then 1*(2) < u*(( A2) V (2 A)), al2) = pal(2 A) V (2 A ).

Since
Vo< Vo wave, A me= A mvh),
z€[zVyle a€lz]o,bEYlo z€[zVyle a€lz]e,bE[y]o
we have
|| wex< || wavh).
z€[zVyle a€(xz]o,bEyYlo
Thus 3
vy = || wavh).
a€lz]g,bE[yly
(2) The proof is similar to (1). O

Proposition 4.5. Let 0 be a full congruence relation on L. Let p € IF(L) and
let O(p) be an IF sublattice of L. Then

(1) If u is an IF ideal of L, then O(u) is an IF ideal of L.

(2) If u is an IF filter of L, then 6(p) is an IF filter of L.

Proof. (1) Since 6(u) is an IF sublattice of L, we conclude that for any x,y € L

)

() (xVy) = 0(u)(xAy) M O()(x Vy) > 0(u)(x) MO(p)(y).
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By Lemma 4.4, for any z,y € L,

vy = [] u@

zE€[xzVyle

< p(a vV b)
a€(x]e,bE[yYlo

= [ (ula) )
a€lz]e,bEy]o

= |_| (1" (a) A p* (b>7 p (@) V pu (b))
a€lz]o,bEy]o

= (AN w@rr®), () Vp.()
a€(z]o,bE[ylo a€(z]g,bEylo

= (N wa)ACN w@),(\ w@)v(\ no))
a€lz]e be(ylo a€lz]o be(ylo

= (N wl@), \/ w@)n( A\ n®), \/ ub)
a€lz]o aclz]o be(ylo be[ylo

= ([] wa)n([] uo)
a€lz]y belyle

= 0(u)(x) NO(u)(y).

(2) The proof is similar to (1). O

Proposition 4.6. Let 6 be a full congruence relation on L. Then for p € TF(L),
(1) If u is an IF sublattice of L, then 0(u) is an IF sublattice of L.
(2) If p is an IF ideal of L, then O(u) is an IF ideal of L.
(3) If w is an IF filter of L, then 0(u) is an IF filter of L.

Proof. (1) Suppose that u is an IF sublattice of L. Then for any x,y € L,

() (z Ay)[10(p) (2 V y)
=V i, A pla)1CV p(0), A (b))

a€zAylo a€zAylo be[zVyle be[zVyle

=V wlnr V pw®), A p@v A p(b)

a€lzAylo belzVyle a€zAylg be[zVyle

(V. wlargn NV pr(bvd),

a€lz]o,c€[yleo be[z]e,dEYlo

plane)v - N p(bVd)
a€lz]o,cE€[ylo be[z]o,d€[ylo

VT rangAr v D, A m(andVmbya)
a,b€[z]g,c,dE[ylo a,b€[z]g,c,dE[ylo

NV @A At @ve, A mand Vv e)
a€(z]o,cE[ylo a€(z]o,cE[ylo

(V. w@nrp(), AN pla)Vp(o)

a€lz]o,c€[ylo a€lz]e,cE€[ylo

AVARNLY,

v

10
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(\/ @AV opt(o), /\ pe(@) VoA pa(c))

c€[ylo a€(x] c€lylo
=( V “(a), A pa(a))[1( \/ pr(0), A pa(b))
a€lz]e bElylo bElyle

[e]e
( )(@)[10(1)(y)

us O(u) is an IF sublattice of L.
) Suppose that u is an IF ideal of L. Then p is an IF sublattice of L.
By (1), 6(u) is an IF sublattice of L.
For any xz,y € L,

’“%II

O (xvy) = || wavd)
a€lx]o,bE[ylo
L] (@) mp®)
a€[x]e,bElylo
= L] (@) A (0), @) V (1))
a€lx]e,bE[yYlo
=V w@rw®), N (wla) V)
a€lz]e,bEY]o a€lz]o,bElylo
= ((V w@aC\ w®),( N\ m@) v\ m®)
a€lzlo b<lylo a€lzlo belylo
= (\V wi(@), \ w@)n(\ w®), N\ w®)
a€lz]y a€lz]o be(ylo be(ylo
= L] wayn || wd)
a€lx]g be(z]o
= O(w)@)[ 10(m(v)

Thus 6(y) is an IF ideal of L.
(3) The proof is similar to (2). O

Proposition 4.7. Let 0 be a full congruence relation on L and let 8(p) is a
proper IF sublattice of L.

(1) If p € IF(L) is an IF prime ideal of L, then 0(u) is an IF prime ideal
of L.

(2) If p € IF(L) is an IF prime filter of L, then 0(u) is an IF prime filter
of L.

Proof. (1) Suppose that p is an IF prime ideal of L.
By Proposition 4.5, () is an IF ideal of L.

11
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By Proposition 4.3 and Lemma 4.4, for any =,y € L.

Oy =[]  wand)
a€lz]e,bE[yYlo
= 1 Granb)p(ant)
a€lz]e,bE[yYlo
= (N wianb), \/  mnrd)
a€lz]o,bEY]o a€(z]g,bEylo
< N w@ap®), Vo (m(0) Ap.(d)
a€lz]o,bE[ylo a€lz]o,bE[ylo
= (A w@v A w® Vo m@n \ o)
a€lz]y belylo a€lz]o belylo
= (A wi@, \ p@)u( \ w), 11+ (b))
a€lz]y a€lz]o belylo belylo
=[] wayu [ )
a€lxly belylo
= () () Uo(1)(y)-
Thus 9(p) is an IF prime ideal of L.
(2) The proof is similar to (1). O

Definition 4.8. Let 0 be a full congruence relation on L. Then

(1) 0 is called V-complete, if {x Vy : x € [alg,y € [blo} = [a V g for any
a,be L.

(2) 0 is called N-complete, if {x Ny : x € [alg,y € [bla} = [a A Dlg for any
a,be L.

(3) 0 is called complete, if 0 is both V/-complete and N-complete.

Proposition 4.9. Let 0 be a full congruence relation on L.

(1) Let pu be an IF prime ideal of L and let 6 be N-complete. If O(p) is proper,
then O(u) is an IF prime ideal of L.

(2) Let u be an IF prime filter of L and let 0 be V-complete. If O(11) is proper,
then O(u) is an IF filter ideal.

Proof. (1) By Proposition 4.6, f(u) is an IF ideal of L.

12
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Since 6 is A-complete, for any z,y € L, we have

Oz ny) = || wand)

a€lz]g,bElylo

< L] w(a) L)
a€z]g,bElylo

= L] (@) v (), ma(a) A (b))
a€lz]e,bEY]o

=V w@ve®), N (@) Apd)
a€lz]o,bEY]o a€lz]o,bEY]o

= ((V w@)vV wo),( \ m@)AC A\ )
a€lz]o be(ylo a€lz]e be[ylo

= (V w@, \ w)uC\ w®), N\ m®)
a€lz]o a€lz]e be(ylo be(ylo

= || wau | we
a€lz]o bE[ylo

= O(p)(2) UO(u)(y)

Thus () is an IF prime ideal of L.
(2) The proof is similar to (1) O

Definition 4.10. Let y € IF(L). The least IF ideal of L containing u is called
an IF ideal of L induced by p. We denoted it by < p >.

For any p € IF(L), we denote

uo(@) = | J{(a. 8) € J:x € 1)} (« € L)

Proposition 4.11. Let y € IF(L). Then
(1) pwCpe.
2y u={velFIL):uCv,v0L)=1,}.

Proof. (1) Consider that u = {z € U : u(z) > («, 8)}. Then
wa) ={(e,B) rw € pi} < U{(a,B) rx € I(u3)} = u°.

(2) Firstly, we can prove that u® € IFI(L).
For any z,y € L,
5o (@) = (e, 8) € T 5w € I},
p(y) = (e, 8) € J sy € ()}
Put

A={(a,B) e J:ael(ul)}, B={(a,B)eJ yecl(ul)}

13
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Suppose z < y. Then A C B. So UA < UB. This implies that

1 (y) < pf(x).

Secondly, since 07, € I(uY), we have 1; < u®(0r). Then u®(0r) = 1;.
Combined with (1), we have

pwe{velFI(L): pCv,v(0p) =1,}.
Then
w2o2N{velFI(L):pnCv,v(0L)=1,}.
Now, we need to prove that
pwCn{velFI(L): p Cv,v(0L) =1,}.
Foranyv € {v € IFI(L): u Cv ,v(0) = 15}, we have x C v. This implies
uf .
Then I(p3) € I1(v]).

Denote

C={(a,B)eJ:zecIWl))}.

Then A C C and so p°(x) < v°(x).
Note that v € IFI(L). Then v? € IFI(L). So I(v2) = v5.
This implies that

vo(x) = UC = U{(e, B) € J : x € VP} = v(x).

Thus p°(z) < v(z).
Hence
W Cn{velIFI(L): p Cv,v(0L) =1,}.

O
Proposition 4.12. Let 6 be a full congruence relation on L. Then for any
p € IF(L), B
(1) 0(< 1 >) = 0(< 0(p) >).
(2) Ok ) 0((0())-

Proof. (1) Since p €< p >, we conclude from Proposition 3.4 that
O(p) CO(< p>).
By Proposition 4.6 and Proposition 4.11,
<O(p) >CO(< p>).
By Proposition 3.4,

0(<0(p) >) CO(< p>).

14
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Note that p C 6(u). Then < p >C< 0(p) >.
By Proposition 3.4,

O(< pu>)Co(<0(pn)>).

Thus 3 o
(< pu>)=0(<0(u) >).
(2) Since < pu >C p°, by Proposition 3.4, we have (< u >) C 0(u°).
It is clear that
O(u°)(0z) =17, <O(n) > C <O(°) >=0(u°).

Then (8(u))” C (%)
By Proposition 3.4,

|
—
=
~—
=
—

Since pu® C (A(u))° we conclude 8(u®) C 0((
Thus

Proposition 4.13. Let a(™*) b9 € IFP(L) and p € IF(L). Then
(1) 8(a™) = x{;”

[alo *

(1, 0) xr = OL7
(2) <a®) > (@) = x{7*) and (") (x) = (r,5) Op # 2,
(0,1) otherwise.

—

i) a r,8) ) = (T’, S) lan [Z]9 7é Q)a
(3) (< ™ >)(x) = {(07 1) otherwise.

B (1,0) 0r € [x]s
0((a™)°) (@) = { (r.s) Lanaly #0,
(0,1) otherwise.

(4) < a™®) > A < bPD >=< (a Ab)TINPD) >
Proof. 1t is straightforward. O

Let 6 be an equivalence relation on L. p € F(L) is called a fixed-point of
f-upper (resp. #-lower) rough approximation, if (u) = p (resp. 8(u) = u).
Denote

Fiz(0) = {p € F(L)| 0(n) = u}, Fiz(0) ={pn € F(L)|0(n) = p}-

15
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Proposition 4.14. Let 6, and 03 be two equivalence relations on L. Then the
following are equivalent:

(1) For each p € F(L), 01 (1)

(2) For each p € F(L), 6,

(3) Fiz(02) C Fiz(0,);

(4) Fiz(8y) C Fiz(8)).
Proof. (1) = (2). This holds by Proposition 2.10.

(2) = (3) Let p € F(L) and 0, (n°) > 05(u°).

By Proposition 2.10, (01 (x))¢ > 02(p))°.

Thus Ol(ulg Oa(p). B B

Note that 02(p) = p. Then p < 01 (u) < 02(n) = p.

It follows that 01 (u) = p.

(3) = (1) Let u € F(L). Since 02(u) € Fiz(f2), we have Oo(u) € Fiz(0;).

Thus 01 (1) < 01(02(p)) = 02(p).

(2) = (4) Let p € F(L) and 0,() = . Then 1 = 0,(1) < 6, (1) = .

It follows that 6, (u) = p.

(4) = (2) Let p € F(L). By Proposition 3.4, 8,(u) € Fiz(0s).

Then 6, () € Fixz(61). Thus

05(1) = 01(05(pn)) < 0, ().
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Some results on approximating spaces *

Neiping Chen'
January 24, 2015

Abstract: Topology and rough set theory are widely used in research field
of computer science. In this paper, we study properties of topologies induced
by binary relations, investigate a particular type of topological spaces which
associate with some equivalence relation (i.e., approximating spaces) and obtain
some characteristic conditions of approximating spaces.

Keywords: Binary relation; Rough set; Topology; Approximating space

1 Introduction

Rough set theory, proposed by Pawlak [8], is a new mathematical tool for
data reasoning. It may be seen as an extension of classical set theory and
has been successfully applied to machine learning, intelligent systems, inductive
reasoning, pattern recognition, mereology, image processing, signal analysis,
knowledge discovery, decision analysis, expert systems and many other fields
[9, 10, 11, 12].

The basic structure of rough set theory is an approximation space. Based on
it, lower and upper approximations can be induced. Using these approximations,
knowledge hidden in information systems may be revealed and expressed in the
form of decision rules. A key notion in Pawlak rough set model is equivalence
relations. The equivalence classes are the building blocks for the construction
of these approximations. In the real world, the equivalence relation is, however,
too restrictive for many practical applications. To address this issue, many
interesting and meaningful extensions of Pawlak rough sets have been presented.
Equivalence relations can be replaced by tolerance relations [15], binary relations
[20] and so on.

Topological structure is an important base for knowledge extraction and
processing. Then, an interesting research topic in rough set theory is to study
relationships between rough sets and topologies. Many authors studied topo-
logical properties of rough sets [3, 4, 7, 18, 22]. It is known that the pair of
lower and upper approximation operators induced by a reflexive and transitive
relation is exactly the pair of interior and closure operators of a topology [21].

*This work is supported by the National Natural Science Foundation of China (11461005).
TCorresponding Author, S School of Mathematics and Statistics, Hunan University of
Commerce, Changsha 410205, China, neipingchen100@126.com
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The purpose of this paper is to investigate further approximating spaces.

2 Preliminaries

Throughout this paper, I denotes [0,1], N is the set of natural number. U
denotes a non-empty set, 2V denotes the set of all subsets of U, | X| denotes the
cardinality of X.

2.1 Binary relations

Recall that R is called a binary relation on U if R € 2U*U

Let R be a binary relation on U. R is called preorder if R is reflexive and
transitive. R is called tolerance if R is both reflexive and symmetric. R is called
equivalence if R is reflexive, symmetric and transitive.

Let R be a binary relation on U. For u,v,w € U, we define

R¥™W™ — RUS™Y gnd R = U ]%uvw7

wel
where SWW — {(U,U)}, (uvw) € R and (w,’U) €R
0, (u,w) € R or (w,v)¢€R

If S“v% £ (), then

Suvw(l,) _ {év}v i;z

Definition 2.1 ([4]). Let R and R, be two binary relations on U. If for all
x,y € U, xR,y if and only if xRy or there exists {v1,va,...,v,} C U such that
x0vy, v1Rvs, ..., v, Ry, then Ry is called the transmitting expression of R.

Theorem 2.2 ([4]). Let R be a binary relation on U and R, the transmitting
expression of R. Then R is a transitive relation on U. Moreover,

(1) If R is reflexive, then Ry is also reflexive;

(2) If R is transitive, then Rs = R;

(3) If R is symmetric, then Ry is also symmetric.

2.2 Rough sets

Let R be an equivalence relation on U. Then the pair (U, R) is called a
Pawlak approximation space. Based on (U, R), one can define the following two
rough approximations:

R.(X)={z€U:[z]g C X},
R (X)={zeU:[z|lgNX #0}.

R.(X) and R*(X) are called the Pawlak lower approximation and the Pawlak
upper approximation of X, respectively.
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Definition 2.3 ([19]). Let R be a binary relation on U. ¥V x € U, denote
R(z) ={y € U: (z,y) € R}.

Then R(x) is called the successor neighborhood of x, the pair (U, R) is called
an approzimation space. The lower and upper approzimations of X € 2V with

regard to (U, R), denoted by R(X) and R(X) are respectively, defined as follows:
RX)={rcU:R(x)CX}and R(X)={z €U :R(x)NX #0}.

Proposition 2.4. Let {R,, : « € T'} be a family of binary relations on U. Then
vV X e2Y,

() Ra(X) = | Ra(X).

ael ael

Proof. Put R = (J Ra. By Rg C R for each 8 € I, Rg(X) 2 R(X). Then

ael

N Ba(X) 2 B(X).
ael

Let z € () Ra(X). Then z € Ry (X) and so Rq(x) C X for each a € T.

aecl
Thus (U Ra)(z) = U (Ra(z)) € X. Soz € |J Ra(X). Hence Rg(X) C
ael ael a€el -

U Ra(X).
aecl

Therefore, (| Ro(X) = U Ra(X). O

a€el ael

Proposition 2.5. Let R be a binary relation on U. Then ¥V u,v.w € U,
R(X) —{u} = R(X) —{u}.

Proof. (1) If R**" = R, then R*"""(X) — {u} = R(X) — {u}.
(2) It R*** # R, then (u,w), (w,v) € R and (u,v) € R.
Obviously, R*" (X) — {u} C R(X) — {u}.
For x € R(X) — {u}, note that S“*(z) =0 (x € U — {u}), then

R™¥(z) = (RUS"")(z) = R(z) US“*(z) = R(z) C X (z € U — {u}).

So z € R*"(X) — {u}. It follows R**(X) — {u} 2 R(X) — {u}.
Hence
R"(X) = {u} = R(X) — {u}.
O

Theorem 2.6. Let R be a binary relation on U and T a topology on U. If one
of the following conditions is satisfied, then R is preorder.

(1) R is the closure operator of T.

(2) R is the interior operator of T.
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Proof. (1) Let z,y,2 € U. Denote cl,(z1)(y) = A.

Note that R is the interior operator of 7 and z € cl,({z}) = R({z}). Then
(z,z) € R. So R is reflexive.

Let (z,y),(y,2) € R. Then z € R({y}),y € R({z}).

Note that R is the closure operator of 7. Then z € cl({y}),y € cl({z}). So

z € c({z}) € c(cd({y})) = cd({y}) C c(cl({z})) = cd({z}) = R({z}).

This implies (x,z) € R. So R is transitive.
Hence R is preorder.
(2) This proof is similar to (1). O

3 Topologies induced by binary relations

3.1 Topologies induced by reflexive relations
Let R be a reflexive relation on U. Denote
TR ={X €2V R(X) = X},
op={R(X): X €2}

Kondo [2] proved that if R is a reflexive relation on X, then 75 is a topology
on X, which may be called the topology induced by R on X.

Remark 3.1. (1) If R is preorder, then Tp = oR.

(2) If R is equivalence, then T ={ | [z]r: X € 2Y}.
reX

Theorem 3.2 ([7]). Let R be a preorder relation on U. Then
(1) or is a topology on U.
(2) R is an interior operator of oR.
(3) R is a closure operator of og.
Proposition 3.3. Let p and R be two reflexive relations on U. Then
(1) pCR= 71, 2 7R.
(2) If p and R are preorder, then 7, = Tp <= p = R.

Proof. (1) V X € g, R(X) = X. By p C R and the reflexivity of p,
X = R(X) C p(X) C X,

Then p(X) = X and so X € 7,. Thus 7, 2 7g.
(2) Necessity. Suppose 7, = 7r. Note that p and R are preorder. Then
Tp =0p =0OR — TR-
By Theorem 3.2(3),
(z,y)ep = zep({y}) =z ecd,,{y})
< z€d,,({y}) = 2z € R{y}) < (z,y) € R.

Then p = R.
Sufficiency. Obviously. O
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Proposition 3.4. Let {R, : a € T'} be a family of reflexive relations on U.

Then
T U Re ﬂ TR, -
«cr ael’
Proof. By Proposition 3.3(1), 7, . C () Tr.-
ael ael’
Let X € () ogr,. ThenV a € T', Ry(X) = X. By Proposition 2.4,
ael’
X = () Ra(X) = |J Ra(X).
ael’ acl
SoX €T , - Thisimpliest , . 2 (] 7g,.
a€l acl aecll
Hence 7, . = () 7r,- O
ael acl’

3.2 The topologies induced by some binary relations

Theorem 3.5. Let p, \, R be three reflexive relations on U. If 1, = Tp = Ty
and p C § C A, then 75 = TR.

Proof. By p C ¢ C X and Proposition 3.3(1),
TR =Tx & 75 & Tp = TR.
Then 75 = 7g. O

Theorem 3.6. Let R be a reflexive relation on U. Then V u,v.w € U, TRuvw =
TR — TRuv.

Proof. Obviously, R*"* and R“’ both are reflexive.

(1) 1) If u = v, then R*"* = R and so Truvw = Tg.

2) If u # v, R*"* = R, we have Tpuvw = TR.

3) If u # v, R*™Y¥ # R, we have (u,w) € R, (w,v) € R,(u,v) ¢ R and
5 = {(u,v)}.

Let X € og. Then X C R(X). By Proposition 3.3(1), og 2 oguve. By
Proposition 2.5, X — {u} C R(X) — {u} = R**“(X) — {u}.

i) fu¢g X, then X C R*™(X).

1) If u € X, then v € R(X) and so

w € R(u) € X C R(X).
We can obtain R(w) C R(X). Note that v € R(w). Then v € R(X). We have
R"Y(u) = (RUS"")(u) = R(u) U S (u) = R(u) U {v} C X.

Then v € R**(X). Thus X C R“"(X). By the reflexivity of p, X D
M(X) Then M(X) =X and So X € O Ruvw .
By i) and i), T C TRuvw.
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Thus
TRuvw — TR (w € U)

(2) By (1) and Proposition 3.4,

TRuv = T U Ruvw = m TRuvw — TR.
welU welU

O
Denote Ry = R. R,, (n € w) are defined as follows:
R7z+1 = U (Rn)uv
u,veEX
Put
R*= lim R,.
Obviously, R* = |J Rn.
n=0

Corollary 3.7. Let R be a reflexive relation on U. Then Tr, = Tr = TR~
Proof. This holds by Proposition 3.4 and Theorem 3.6. O

Theorem 3.8. Let R be a binary relation on U. Then
R is transitive <— R = R;.

Proof. Necessity. Obviously.
Sufficiency. Suppose that R is not translative. Then there exist x,y, z such
that (x, 2), (2,9) € R, (z,y) € R. So (z,y) € R*. This implies

(z,y) € R = U R™.

u,veEX

We have Ry # R. This is a contradiction.
Thus R is translative. O

Corollary 3.9. If R is a preorder relation on U, thenV n € w, R, = R.

Proof. This holds by Theorem 4.6. O
Denote Ry = R. R, (n € w) are defined as follows: R,+1 = |J (Rn)™
u,veX
Denote
R* = lim R,.

Theorem 3.10. If R is a reflexive relation on U, then R* is translative.
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Proof. Let (u,w), (w,v) € R*. Then there exist ni,ny € N such that (u,w) €
R,,,(w,v) € Ry,. Pick ng = nj1 +n2. Then (u,w) € Ry,, (w,v) € Ry,. So

(u,v) € (Rpy )" C (Rpp)"" C Rypy1 C R™.
So R* is translative. O

Theorem 3.11. Let R be a reflexive relation on U. Then Ry = R*.
Proof. Note that

(z,y) € R*. (R*=J Rn)
n=0
In € N, (z,y) € R,. (R, = U (Rn—1)"")
(z,y) € (Ru—1)™. (Rn1)™ = | (Ru1)™™)
welU

Jwan € U, (x,y) € (Rp—1)*¥"2".
HIUQn € Ua (1‘7 w?")a (’lUQn, y) € Rn71~

rre vt

E"lUQn,l, Wan , Won _9 € U,

(l’, wzn—l), (w2"—1a wzn), (wzmwzn—z), (w2”—Qv ZJ) € Ry—o.

<— Jdws,wsz, - ,wan € U,
(z,ws), -+ s (wan—1,wan ), (won, wan—2), -, (w2,y) € Ry = R.
<~ (z,y) € R,
Then Ry, = R*. O

Corollary 3.12. Let R be a tolerance relation on U. Then
(1) Rs is equivalence.
(2) TRS = TR-
(3) Ry is an interior operator of Tg.
(4) Ry is a closure operator of Tr.

Proof. (1) This holds by Theorem 3.11.
(2) This holds by Corollary 3.7 and Theorem 3.11
(3) This holds by (2) and Theorem 3.2.
(4) This holds by (2) and Theorem 3.2. O

4 Some characteristic conditions of approximat-
ing spaces
Definition 4.1 ([4]). Let (U, ) be a topological space. If there exists an equiv-

alence relation R on U such that Tr = u, then (U, T) is called a approzimating
space.
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Definition 4.2. Let pv be a topology on U. Define a binary relation R, on U
by
(z,y) € R, <= z€cl,({y})-

Then R,, is called the binary relation induced by pn on U.

Theorem 4.3. Let (U, ) be a topological space. Then the following are equiv-
alent:
(1) (U, p) is an approximating space;
(2) There exists a tolerance relation R on U such that Tr = p;

(3) There exists a tolerance relation R on U such that R 1is an interior
operator of u;

(4) There ezists a tolerance relation R on U such that R is a closure operator
of p;

(5) There exists an equivalence relation R on U such that

u:{U[x]R:XEQU}.
reX
Proof. (1) = (2) is obvious.
(1 ) = (3) and (1)= (4) hold by Theorem 3.2.
(1) = (5) holds by Remark 3.2.
2) =

2 (1) Suppose that there exists a tolerance relation R on U such that
TR = M-
By Theorem 2.2 and Corollary 3.12, Ry is equivalence and 7, = Tg.
Then 7r, = p.

Thus (U, ) is an approximating space.
(3) = (1) Suppose that there exists a tolerance relation R on U such that
R is an interior operator of u. Then

Xemp—=RX)=X=int,(X)=X <= X e p.

Then 7 = p.

By Theorem 2.6(2), R is preorder. So R is equivalence.

Thus (U, 1) is an approximating space.

(4) = (1) The proof is similar to (3) = (1).

(5) = (1) holds by Remark 3.2. O

Corollary 4.4. If (U, p) is an approzimating space, then R, is an equivalence
relation.

Proof. Obviously, R, is reflexive.
By Theorem 4.3, there exists an equivalence relation R on U such that

u:{U[x]R:X€2U}.

zeX

By Remark 2.4, we have

(z,y) € Ry =z €c,({y}) = Wlr = v € ylr = [2]r = clu({z}) = (y,7) € Ry,
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(.9),(0.2) € R = zecdu({y}) = lylr,y € cu({z}) = 2]
— zclylr=[Ar=d,({z}) = (z,2) € R,

Thus R, is equivalence. O
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Divisible and strong fuzzy filters of residuated lattices
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Abstract. In a residuated lattice, divisible fuzzy filters and strong fuzzy filters are introduced, and their properties
are investigated. Characterizations of a divisible and strong fuzzy filter are discussed. Conditions for a fuzzy filter

to be divisible are established. Relations between a divisible fuzzy filter and a strong fuzzy filter are considered.

1. Introduction

In order to deal with fuzzy and uncertain informations, non-classical logic has become a formal
and useful tool. As the semantical systems of non-classical logic systems, various logical algebras
have been proposed. Residuated lattices are important algebraic structures which are basic
of MT L-algebras, BL-algebras, MV -algebras, Godel algebras, Rg-algebras, lattice implication
algebras, etc. The filter theory plays an important role in studying logical systems and the
related algebraic structures, and various filters have been proposed in the literature. Zhang et
al. [8] introduced the notions of IMTL-filters (NM-filters, MV-filters) of residuated lattices, and
presented their characterizations. Ma and Hu [4] introduced divisible filters, strong filters and
n-contractive filters in residuated lattices.

In this paper, we consider the fuzzification of divisible filters and strong filters in residuated
lattices. We define divisible fuzzy filters and strong fuzzy filters, and investigate related properties.
We discussed characterizations of a divisible and strong fuzzy filter, and provided conditions for
a fuzzy filter to be divisible. We establish relations between a divisible fuzzy filter and a strong
fuzzy filter.

92010 Mathematics Subject Classification: 03G10; 06B10; 06D72.

YKeywords: Residuated lattice; (Divisible, strong) filter; Fuzzy filter; Divisible fuzzy filter; Strong fuzzy filter.
* The corresponding author.

YE-mail: skywine@gmail.com (Y. B. Jun); zxhonghz@263.net (X. Zhang); sunshine@dongguk.edu
(8. S. Ahn)

264 Young Bae Jun et al 264-276



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Young Bae Jun, Xiaohong Zhang and Sun Shin Ahn
2. Preliminaries

Definition 2.1 ([1, 2, 3]). A residuated lattice is an algebra L := (L,V,A\,®,—,0,1) of type
(2,2,2,2,0,0) such that

(1) (L,V,A,0,1) is a bounded lattice.
(2) (L,®,1) is a commutative monoid.
(3) ® and — form an adjoint pair, that is,

Ve,y,zeL)(z<y—z & 20y <z).
In a residuated lattice £, the ordering < and negation — are defined as follows:
Veye L)(z<y & xANy=2 & zVy=y & z—y=1)
and ~x =x — 0 for all x € L.

Proposition 2.2 ([1, 2, 3, 4, 6, 7]). In a residuated lattice L, the following properties are valid.

lsz=z,2—->1=1L,2z—2=1,0—->z=1 22— (y—>x) =1 (2.1)
r—=(y—2)=(0y) =>z=y—(x—2). (2.2)
r<y = z—orx<z—oy y—z<r—=2 (2.3)
zoy<(zr—2)—=(r—y), z2y<(y—z)— (2 =) (2.4)
(x—=y)oy—z2)<zr-—=z (2.5)
-z ="z, <z, 21l =0, 20=1. (2.6)
rOyY<zO(r—y) <zAhy<zA(zr—vy) <z (2.7)
r<y = 202<y0oz2. (2.8)
r—=YANz)=(x—=y)AN(x—=2), (@Vy =2 z=(x—=2)A(y— 2). (2.9)
r—=y<(r®z) = (yo=2). (2.10)
—=(x — y) < o — oy (2.11)
r—(xANy)=z—y. (2.12)

Definition 2.3 ([5]). A nonempty subset F' of a residuated lattice £ is called a filter of £ if it
satisfies the conditions:

(Vz,ye L) (z,ye F = z0yeF). (2.13)
Vr,ye L)(zeF, x<y = yeF). (2.14)
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Proposition 2.4 ([5]). A nonempty subset F' of a residuated lattice L is a filter of L if and only
if it satisfies:

leF (2.15)
VeeF)Vyel)(x—yeF = yeF). (2.16)

Definition 2.5 ([9]). A fuzzy set p in a residuated lattice £ is called a fuzzy filter of L if it
satisfies:

(Vz,y € L) (u(z © y) > min{u(z), u(y)}) . (2.17)
(Ve,y e L) (x <y = p(x) < ply)). (2.18)

Theorem 2.6 ([9]). A fuzzy set p in a residuated lattice L is a fuzzy filter of L if and only if the
following assertions are valid:

(Vz € L) (u(1) > p(x)). (2.19)
(Vz,y € L) (u(y) > min{pu(z — y), u(x)}). (2.20)

3. Divisible and strong fuzzy filters
In what follows let £ denote a residuated lattice unless otherwise specified.
Definition 3.1 ([4]). A filter F' of L is said to be divisible if it satisfies:
Ve,ye L) ((zAy) = [zO(x —y) € F). (3.1)
Definition 3.2. A fuzzy filter p of L is said to be divisible if it satisfies:
(Vz,y € L) (u((z Ay) = [z © (z = y)]) = p(1)). (3.2)

Example 3.3. Let L = {0,a,b, 1} be a chain with Cayley tables which are given in Tables 1 and
2.

TABLE 1. Cayley table for the “©”-operation

— >~ 2 o|®
oS O O OO
Q@ O O
> Q O
_ o R O

Then £ := (L,V,\,®,—,0,1) is a residuated lattice. Define a fuzzy set p in £ by p(1) = 0.7
and p(z) = 0.2 for all z(# 1) € L. It is routine to verify that p is a divisible fuzzy filter of L.
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TABLE 2. Cayley table for the “—”-operation

— >~ o o|l
oo —~|lo
22~ |2
S = = | o
— o = |

Example 3.4. Consider a residuated lattice L = [0, 1] in which two operations “®” and “—”

are defined as follows: )
|0 ifr+y<;
TOY= { x Ay otherwise.

if v <y,

1
oy =
Y { (% — I) Vy otherwise.

The fuzzy set p of £ given by p(1) = 0.9 and u(z) = 0.2 for all z(# 1) € L is a fuzzy filter of L.
But it is not divisible since

1((0.370.2) = (0.3 (0.3 = 0.2)) = p(0.3) # p(1).

Proposition 3.5. Fvery divisible fuzzy filter p of L satisfies the following identity.

(Vo,y,z € L) (u(((z ©y) ANz ©2) = (2O (y A 2))) = p(l)). (3.3)
Proof. Let z,y,z € L. If welet z:=x ®y and y := 2 ® z in (3.2), then
oy n(zoz) = (20y) o (zoy) = (r02)))) = pul). (3.4)

Using (2.2) and (2.7), we have
0y o(zoy) 2 (202)=20y0 (y = (zr— (x© 2)))
SzO YA (z—=(z02),
and so
oy A(zo2) = (zoy) o((zoy) = (0 2))
<oy A (z02) = (0 YA (= (z02)
by (2.3). It follows from (3.4) and (2.18) that
p(l) =p(((zoy) ANz 2) = (20y) O (r0y) = (r02))))
<p((oy) A (r02) = @O WA (= (z02)))
and so that
proy) A (zo2) = (20 (YA (r = (r02)))) = pul) (3.5)
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since (1) > p(x) for all € L. On the other hand, if we take z := z — (z ® 2) in (3.2) then
pyAr—=(r02)) =z = (202)0(r—=(02)=y))
(O WA= (202) = @0 (r—=(r02)0(r = (r02) =>y))
(TOWAN(z—=(202) > 20— (202)0 (z—=(z02) =y)))

by using (2.10), (2.18) and the commutativity and associativity of ®. Hence

o ynlz—=(202)) =2 (@0(x—=(202)0((r—=(r02)=y)) =pnd). (3.6
Using (2.5), we get
(oY Azoz) = (20 EA—(z02))))o
(zOWA(r—=(202) = @0 = (202)0(z—=(z02) =)
<(@oyn(oz) = @2o@—=(202)0 (= (r02) =y).
It follows from (2.18), (2.17), (3.5) and (3.6) that
oy AN(zo2) = (@@= (202)0(z—(r02)—=y))
> (oY) A(r02) > (@O WA (= (202)))))O
(zOWA(r—=(202)) 2> @0@E = (202)0((z—=(z02) =)
>min{u((zOY) A (z©2) = (2O (YA (z = (z©2)))))),
proyn(z—=(202)) =2 (20 (z=(202)0(z—=(r02)—=y)}
= p(1)

)

Thus

p(zoy) AN(ro2) > (2o (@—=(@02)0(r—(202)—=y)) =pl). 37
(x@2)0(z—=(x02)=y)) <2020 (z—=y) <xO(yAz), we obtain

(zoyAn(zoz) = @@o@@—=(202)0(z—=(x02) —y))

<((zoyY)A(xE2) = (6 (yA=2)).

Since z ® (z —

It follows that
p((zoy) A (zo2) = (20 (yA2))
> (2O A (z02) =2 (20 (r = (202)0(z = (0 2) = y))))
= n(1)
and that p(((z©Y) A (z©2)) = (z© (yAz2))) = pu(l). O

We consider characterizations of a divisible fuzzy filter.
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Theorem 3.6. A fuzzy filter u of L is divisible if and only if the following assertion is valid:
(Vo,y,z € L) (u(le = (y A 2)] = [(@ = y) © (A y) = 2)]) = u(1)) .- (3.8)

Proof. Assume that p is a divisible fuzzy filter of L. If we take x :== x — y and y :== x — 2z in
(3.2) and use (2.9) and (2.2), then

p) =p(@ =y A —=2)] ==y 0z =y = (@ = 2)
=zt = @n2)=lz=yo(zo@—=y)—=2)).
Using (2.4) and (2.10), we have
(zAy) = [zo@ =y <[@o(@—=y)=z]=zAy) =2
<le=yo(@ol@—=y) =2l =2lr=y)o(@ny) = 2)
for all z,y,z € L. Since p is a divisible fuzzy filter of L, it follows from (3.2) and (2.18) that

p(l) = p((zAy) = [z O (x = y)])
<z =y o (o (r—=y) =2 ==y o(zAy) = 2)
and so from (2.19) that

pllz =y 0o (z=y) =2 ==y o(@Ay) = 2)])=ud)

for all z,y,z € L. Using (2.5), we get
(o> A2l = =y (@6 @ —y) = 2))o

(=)o (@e @) =)= @y oy - )
<l = @A) = (@ —y) 6 (@ Ay) = 2)
and so

p(le = A2 = [z 9 © (@ Ay) = 2)])
>u((le = A2 = (@ =9 0 (20 (@ —y) = 2o

(e =)0 (o @—y) = 2] > @ >y ©(@Ay) > 2)]))
> min {pu(fz > WA 2)] = (@ = 1) 0 (20 (@ > ) = 2)),

p(llz = 1) (@O (@ > ) > 2] = [@ >y © (2 Ay) = 2) }
= p(1).

£ = YA =[x =)0 (@ Ay) = z)]) — u(1) for all ,y,z € L.

N

Therefore p

269 Young Bae Jun et al 264-276



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Divisible and strong fuzzy filters of residuated lattices

Conversely, let p be a fuzzy filter that satisfies the condition (3.8). if we take z := 1 in (3.8)
and use (2.1), then we obtain (3.2). O

Theorem 3.7. A fuzzy filter p of L is divisible if and only if it satisfies:
(Ve,y € L) (u(ly © (y = 2)] = [z © (x = y)]) = u(1)). (3.9)
Proof. Suppose that p is a divisible fuzzy filter of L. Note that
@AYy = o=y <oy =)=z (r—=y)
for all z,y € L. It follows from (3.2) and (2.18) that
p(l) =p((xAy) = 2o @ —=y))
<plyoly—a)]—=ro@—=y))

and that p([y © (y = 2)] = [z © (z = y)]) = u(1).
Conversely, let o be a fuzzy filter of £ that satisfies the condition (3.9). Since

y—>r=y— (yAz)foral z,y € L,
the condition (3.9) implies that
w5 © (= @AY = 16 (@ — @Ay = (). (3.0)
If we take y := x A z in (3.10), then
p)=p(zrz)o(@Az) = (@A(znz))] = [z0 @@= (zA (@A)
=pu((zANz)=>zo(x—2)]).
Therefore p is a divisible fuzzy filter of L. O
We discuss conditions for a fuzzy filter to be divisible.
Theorem 3.8. If a fuzzy filter p of L satisfies the following assertion:
(Vo € L) (ul(z A y) = (2 ) = (1)) (3.11)
then u s divisible.
Proof. Note that 1 ©y < x ® (x — y) for all x,y € L. It follows from (2.3) that
(Ay) = (z0y) < (zAy) = (20 (2 —y)).
Hence, by (3.11) and (2.18), we have

p(l) =p((zAy) = (oY) <p((zAy) = (20 (x —y))),

and so u((x Ay) — (2 ® (x = y))) = u(1) for all x,y € L. Therefore p is a divisible fuzzy filter
of L. O
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Theorem 3.9. If a fuzzy filter p of L satisfies the following assertion:

(Ve,y € L) (u((z A (2 = y)) = y) = p(1)), (3.12)
then u 1s divisible.

2) implies that
p((z A (= (zoy)) = (oY)
< p((zAy) = (2Oy))

and so u((x ANy) — (z ®y)) = p(1) for all z,y € L. It follows from Theorem 3.8 that u is a
divisible fuzzy filter of L. U

Proof. Taking y :=z ®y in (3.1
(1)

Theorem 3.10. If a fuzzy filter p of L satisfies the following assertion:

(Vz,y,z € L) (u(x — 2) 2 min{p((z ©y) = 2), u(z = y)}), (3.13)
then p s divisible.

Proof. If we take z := 2 A (zr — y), y := x and 2z :=y in (3.13), then
pl(a Az = y)) = y) 2 min{u(((z A (= y)) ©x) = y), (@A (x = y) = 2)}
= p(1)
Thus p((z A (z — y)) — y) = p(1) for all z,y € L, and so u is a divisible fuzzy filter of £ by
Theorem 3.9. U

Theorem 3.11. If a fuzzy filter u of L satisfies the following assertion:

(Vo e L) (u(x — (z 0 ) = p(l)), (3.14)
then p s divisible.

Proof. Let pu be a fuzzy filter of £ that satisfies the condition (3.14). Using (2.10) and the
commutativity of ®, we have z - y < (x ® z) = (x ® ), and so
(z—= (o)=Y <(z—=(202)0(z0x) = (z0y))
for all z,y € L by (2.8) and the commutativity of ®. It follows from (2.5), (2.8) and the
commutativity of ® that
(= (z0)0@—=y)o(r0y) = 2)
(= (z0r)0(z0r) = (0y) O (rOy) = 2)

<= (@oy)o((zoy) = 2)
T — Z

~—~

IN

IN
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and so from (2.17), (2.18), (2.19) and (3.14) that
pr = 2) 2 p(((z = (z02) 0 (r=y) o ((z0y) = 2)
> min{u((z = (r0)) 0 (r = y)),u(r0y) = 2)}
> min{p(z = (20 ), w(z = y), u((z ©y) — 2)}
=min{u(l), u(z — y), u((x ©y) — 2)}
= min{u((z ©y) = 2), wlz = y)}

for all x,y, z € L. Therefore p is a divisible fuzzy filter of £ by Theorem 3.10. U
Definition 3.12 ([4]). A filter F' of £ is said to be strong if it satisfies:
(Vx € L) (—~(——x —x)€F). (3.15)
Definition 3.13. A fuzzy filter u of L is said to be strong if it satisfies:
(Vz € L) (p(=—(=—z = z)) = u(1)). (3.16)

Example 3.14. Consider a residuated lattice L := {0,a,b,c,d, 1} with the following Hasse
diagram (Figure 3.1) and Cayley tables (see Table 3 and Table 4).

1
a
b d
0
Figure 3.1

TABLE 3. Cayley table for the “©”-operation

— o oo o0
O 0 O oo
QAL QTR O
OO > O
0 QL O oo
QU QU QU O QO
— L 0 o Ol

Define a fuzzy set p in £ by p(1) = 0.6 and u(x) = 0.5 for all z(s# 1) € L. It is routine to check
that p is a strong fuzzy filter of L.
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TABLE 4. Cayley table for the “—”-operation

— a0 oo ol
O T T 6 O | O
2 2 2 o = =0
ST =S o
O Q@ = O O =0
QU — Q@ O O |
[ S S T =

We provide characterizations of a strong fuzzy filter.

Theorem 3.15. Given a fuzzy set u of L, the following assertions are equivalent.

(1) p is a strong fuzzy filter of L.
(2) pis a fuzzy filter of L that satisfies

(Va,y € L) (u((y = ==2) = ==y = 2) = p(1)). (3.17)
(3) w is a fuzzy filter of L that satisfies
(Va,y € L) (u((-2 = y) = ~=(-y = z)) = p(1)) . (3.18)

Proof. Assume that p is a strong fuzzy filter of £. Then p is a fuzzy filter of £. Note that
(o = 2) £ ~((y = =) > (5 )
< =2y = =) = ==y = x))
=(y — ) = " (y = x)

and

IN

(70 = 2) < (b = y) © y) = 2)

(27 = y) = (7y = @)

IN

(-7 = y) = (7Y — 1))
= (-x —y) = (Y = x)
for all z,y € L. If follows from (3.16) and (2.18) that
p(l) = p(==(=—z = 2)) < p((y = ——x) = -~ (y — 1)) (3.19)

and

p(1) = p(==(=2z = 2)) < p((-z = y) = ~=(-y = o). (3.20)
Combining (2.19), (3.19) and (3.20), we have u((y — ——z) — = (y — x)) = (1) and p((—z —
y) = —(-y — x)) = p(l) for all x,y € L. Therefore (2) and (3) are valid. Let p be a fuzzy
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filter of £ that satisfies the condition (3.17). If we take y := == in (3.17) and use (2.1), then we
can induce the condition (3.16) and so y is a strong fuzzy filter of £. Let u be a fuzzy filter of £
that satisfies the condition (3.18). Taking y := -z in (3.18) and using (2.1) induces the condition
(3.16). Hence p is a strong fuzzy filter of L. O

We investigate relationship between a divisible fuzzy filter and a strong fuzzy filter.
Theorem 3.16. Fvery divisible fuzzy filter is a strong fuzzy filter.
Proof. Let u be a divisible fuzzy filter of L. If we put x := ——z and y := x in (3.2), then we have
(2 A7) = (-2 © (=a = 2))) = p(1). (3.21)
Using (2.4) and (2.8), we get
(m—xAzx) = (2O (- =) <(-x e (-x = x) = (-x Ax)

< (w O (-2 © (+mr  2)) = (7w © ~(-w A )

for all z € L. It follows from (3.21) and (2.18) that
p(1) = p((-z Az) = (72O (me = 1))

< pu(=(=—z2© =(=—zAz)) = (=2 O (-2 O (-x = x)))). (3:22)
Combining (3.22) with (2.19), we have
p(=(=m2 © 2(=2r Ax)) = 2(2me © (2o © (mor = 1)) = p(l) (3.23)

for all x € L. Using (2.2), (2.11), (2.12) and (2.6), we get
(. ©(-x Ax)) = — (T A )
> o=z — (- A )
=-=(z — (z A1)
=-=(x— ) =—-1=1
and so (= ® —~(——x Az)) =1 for all z € L. Tt follows from (3.23) and (2.20) that
U (2 O (@ (= )
> min{p(=(=—z ® (== Az)) = ~(=—2 O =(——2 O (-x = 1)))),
p(=(=m2 © ~(=-r Ax)))}
= p(1)
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and so that
(1) = (~(m © ~(m © (== = 2))
= (2 © (= (> 7)) o

Taking z := ——z and y := —(——2 — ) in (3.2) induces

u(1) = p((m~z A =(m2 = 2) = (72 © (= = (- = 2))))

< p(=(=z © (mx = =(——x = x))) = (=2 A (- = 1))

by using (2.3) and (2.18). Thus

p(—(=—z © (- = (= = x))) = (- A (e — x))) = p(l). (3.25)

Since =(——z — z) < =z for all x € L, it follows from (2.19), (2.20), (3.24) and (3.25) that

p(1) = p(=(=ma A (- = @) = p(-(-m = )

for all z € L. Therefore p is a strong fuzzy filter of L. U

Corollary 3.17. If a fuzzy filter u of L satisfies one of conditions (3.8), (3.9), (3.11), (3.12),
(3.13) and (3.14), then u is a strong fuzzy filter of L.

The following example shows that the converse of Theorem 3.16 may not be true in general.

Example 3.18. The strong fuzzy filter p of £ which is given in Example 3.14 is not a divisible
fuzzy filter of £ since p((a Ac) — (a ® (a = ¢))) = p(a) # wu(l).

4. Conclusions

The filter theory plays an important role in studying logical systems and the related algebraic
structures, and various filters have been proposed in the literature. Zhang et al. [8] introduced
the notions of IMTL-filters (NM-filters, MV-filters) of residuated lattices, and presented their
characterizations. Ma and Hu [4] introduced divisible filters, strong filters and n-contractive
filters in residuated lattices.

In this paper, we have considered the fuzzification of divisible filters and strong filters in
residuated lattices. We have defined divisible fuzzy filters and strong fuzzy filters, and have
investigated related properties. We have discussed characterizations of a divisible and strong
fuzzy filter, and have provided conditions for a fuzzy filter to be divisible. We have establish
relations between a divisible fuzzy filter and a strong fuzzy filter. In a forthcoming paper, we
will study the fuzzification of n-contractive filters in residuated lattices, and apply the results to
other algebraic structures.
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FREQUENT HYPERCYCLICITY OF WEIGHTED COMPOSITION
OPERATORS ON CLASSICAL BANACH SPACES

SHI-AN HAN AND LIANG ZHANG*

ABSTRACT. In this paper we characterize the frequent hypercyclicity of weighted com-
position operators on some classical Banach spaces, such as the weighted Dirichlet space
Sy. Besides, we also discuss the frequent hypercyclicity of the weighted composition
operators on the weighted Bergman space A%,.

1. INTRODUCTION AND TERMINOLOGY

Let H(D) be the space of all holomorphic functions on D, where D is the open unit disk
of the complex plane C. The collection of all holomorphic self-maps of D will be denoted by
S(D), and let Aut(D) denote the set of all automorphisms on D). The disk algebra, denoted
by A(D), consists of all functions in H (D) that are continuous up to the boundary 0D of the
unit disk D. Let dA denote the normalized Lebesegue measure on ID. The space of bounded

analytic functions on I will be denoted by H>°, with the sup norm | - |-
Fora > —1 and 1 < p < oo, the weighted Bergman space AP, consists of analytic functions
f such that

119 = [ 1 @ v (2) < o,
where dv, on D is defined by
dv,, = (a+1) (1 - |z|2>ad1/ (=)

and v, (D) = 1. Under the norm ||.||, AP is a separable infinite dimensional Banach space,
since the set of polynomials is dense in A%.

For each real number v, the weighted Dirichlet space S, is the space of holomorphic
functions f(z) = >, 7 a,2", z € D such that the following norm

115 =" lanf(n+ 1)
n=0

is finite. Observe that the space .S, is Hilbert space, where the inner product is defined by
(fo9) =D anba(n+1)%,
n=0

where f(z) = Y07 ganz" and g(z) = Y .°;by2™. For instance, if v = 0,—1/2,1/2, then
S, is, respectively, the classical Hardy space H?, the Bergman space A2, and the Dirichlet
space D.

By Lemma 1.2 in [5], we know the following expression

l
A1 = 1£(0) +/ LD )21 = |22)2H 2 dA(2)
i=0 D

defines an equivalent norm on S, where [ > —1 is an integer such that v < [+ 1, and when
I = —1, the first term in the right hand side above does not appear.

The work was supported in part by the National Natural Science Foundation of China (Grant Nos.
11371276; 11301373; 11201331).
*Corresponding author.
2010 Mathematics Subject Classification. Primary: 47A16; Secondary: 47B38, 47B33, 30H99, 46E20.
Key words and phrases. Frequently hypercyclic; weighted composition operators; weighted Dirichlet
space.
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A bounded linear operator T" acting on a separable Banach space X is said to be hyper-
cyclic if there is an f € X such that orbit {T"f},>¢ is dense in X. One bounded operator
T is called similar to another bounded operator S on X if there exists a bounded and in-
vertible operator V on H such that TV = V'S. And the similarity preserve hypercyclicity.
A continuous linear operator T acting on a separable Banach space X is said to be mixing,
if for any pair U,V of nonempty open subsets of X, there exists some N > 0 such that

T (U)N(V)#0, for alln> N.
The lower density of a subset A of N is defined as

d{0 <n < N; A
dens(A) = lim inf cardf0 s n < Nin € }
N—o0 N+1

A vector x € X is called frequently hypercyclic for T, if for every non-empty open subset
U of X,

dens{n e N,T"z € U} > 0.

The operator T is called frequently hypercyclic if it possesses a frequently hypercyclic vector.
It is obvious that if the operator T is frequently hypercyclic, then T is hypercyclic. More
related details can be founded in chapter 9 in the book [6].

Let u € H(D) and ¢ € S(D), the weighted composition operator uC,, is defined as

(WO, f)(2) = u(x)f(¢(2)), € H(D), = €D.

And when v = 1, we just have the composition operator C,, and when ¢(z) = z, we get the
multiplication operator M,,.
For ¢ € LFT (D), we define ¢ as following;:

az+b
p(2) =

cz+d’

where ad — bc # 0.

Note that the linear fractional self-maps of D fall into distinct classes determined by their
fixed point properties (see [1]). There are:

(a) Maps with interior fixed point. By the Schwarz Lemma the interior fixed point is
either attractive, or the map is an elliptic automorphism.

(b) Parabolic maps. Its fixed point is on dD, and the derivative = 1 at the fixed point.

(¢) Hyperbolic maps with attractive fixed point on 9D and their repulsive fixed point
outside of D. Both fixed points are on 0D if and only if the map is the automorphism of D.
In this case, the derivative < 1 at the attractive fixed point.

According to a result by P.R. Hurst [8], the composition operator C, : S, — S, is
bounded for any v € R and any ¢ € LET(D). In [4], the authors partially characterized
the frequent hypercyclicity of scalar multiples of composition operators, whose symbols are
linear fractional maps, acting on the weighted Dirichlet space S,. E. Gallado and A. Montes
[5] have furnished a complete characterization of the hypercyclicity of AC,, on S, in terms
of \,v,p. Readers interested in related topics can refer to [3, 7, 9, 12, 13].

In this note, we will discuss the conditions of the frequent hypercyclicity of weighted
composition operators on some classical Banach spaces, such as the weighted Dirichlet space
S, and the weighted Bergman space A?.

2. FREQUENT HYPERCYCLICITY OF uCy, ON S,

In this section, we begin to discuss the frequent hypecyclicity of the weighted composition
operator uCy, on S,.

Theorem 2.1. If uC, is frequently hypercyclic on S,, then ¢ is univalent and has no fized
point in D, and u(z) # 0 for every z € D.

Proof. 1t is well known that uC, is hypercyclic on S, so by Theorem 1 in [11], we obtain
it. d

The following result can be found in [11, Theorem 2].
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Theorem 2.2. Let v > 1/2. Then
(a) No weighted composition operator on S, is hypercyclic.
(b) If ¢ has two fized points o, B in D, and u(a) = u(B), then uCl, is not cyclic on S,,.

Combining with the comparison principle, to discuss frequent hypecyclicity of the weight-

ed composition operator uCy, on S,, we may assume without loss of generality that 0 < v <
1

5
2.1. The case for v = 0. In general, composition operators are bounded on H? (see [2,
Charpter 3]). M, is also a bounded operator on S, if w € H>. So when v =0, ¢ € S(D)
and u € H*, uCy, = M,,C,,.

According to the definition of [9], for any w € 9D and any positive number «, Lip,(w)
corresponds to the class of holomorphic functions ¢ such that there is some neighborhood
G of w in D and a positive constant M with

p(2) = p(w)] < M |z —w|®, forzeG.

For example, if an analytic function ¢ on D is also analytic at w € dD, then ¢ € Lip,(w)
whenever 0 < a < 1. Moreover, if ¢’ (w) =0, then ¢ € Lip,(w) whenever 0 < a < 2.
We have the following proposition.

Proposition 2.3. Let p € LET (D), w € 9D be the Denjoy- Wolff point of v, u € Lip, (w)N
AD), ||ully = |u(w)| #0. Then u(w) is an eigenvalue for uC,, whenever ¢ is hyperbolic
and a > 0 or ¢ is parabolic automorphism and o > 1. Moreover, if u never vanishes on D,
then the eigenfunction also never vanishes.

Proof. According to the proof of Propositioin 2.4 of [9], we have that the function g(z) =

11 7u(f(’;5')z)) is a nonzero holomorphic function on D. Since |[lul|,, = |u(w)| # 0, then for
n=0
every j > 0 and z € D, %‘ < 1. And note that for fixed z € D, [] 7“(:(-75)) is
j=0
. j
decreasing with respect to n. Therefore, ||g||.. = sup | [] “&x@)| < gup |“el)| <
o z€D [n=0 u(w) z€D u(w)

That is, g € H>* C S, and u (2) g (¢ (2)) = u(w) g (2) . Thus u(w) is an eigenvalue for uC,.

Since u (2) # 0 for every z € D, g (2) # 0 for z € D. O

Next, we obtain the following result.

Theorem 2.4. Let p € LFT (D), w € ID be the Denjoy- Wolff point of ¢, u € Lip, (w) N
AD), |lull, =|u(w)|#0 and u(z) # 0 for every z € D, then

(a) If ¢ is hyperbolic automorphism, o > 0 and ¢'(w)*/? < |Ju(w)| < ¢’ (w)~1/2, then
uC,, is frequently hypecyclic on H?(D).

(b) If ¢ is parabolic automorphism, o > 1 and |u(w)| = 1, then uCy, is frequently hy-
pecyclic on H*(D).

(¢) If ¢ is hyperbolic non-automorphism, o > 0 and |u(w)| > ¢'(w)Y/2, then uC, is
frequently hypecyclic on H?(D).
Proof. By the proof of Proposition 2.4, g(z) = [] % £ 0 for z € D, it is easy to see

n=0

that M, is a bounded operator on H?(D) and uCy,M, = u (w) M,C,. Combining with the
comparison principle, we obtain this theorem. O

2.2. The case for 0 < v < 1/2. For v € (0,1/2), using the equivalent norm in S,, we define
the Banach space Q. as follows:

Qe ={f €5 [fllq. = fO)]+ Slé%\\foww — fll < oo},

where ¢ = 1 — 2v and ¢, (2) = (w — 2)/(1 — wz). For different p € (0,1), Qp, C @p, when
0 < p1 < pa < 1. In particular, Q1 = BMOA, the bounded mean oscillation space of
analytic functions and when p > 1, @, = B, the Bloch space on D.
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Let g € Q1_2y, by Corollary 2 in [10], we know that if

- / (2P — 2D dA() = O(32), (2.1)
¢edb JD(¢,r)

then M, is bounded on S,.
Thus we get the following theorems.

Theorem 2.5. Let 0 < v < 1/2 and o > 0. And let ¢ € LFM (D) and ¢ be a hyperbolic
automorphism of the unit disc with Denjoy- Wolff point w € ID, u € Lip, (w) and u(w) # 0,
the function g = 1.2, ﬁu((pz(w)) € Qi_2v, [T — Mylls,—s, <1 and (2.1) holds, then the
following are equivalent:

(a) uCy, is frequently hypercyclic.

(b) uCy tis hypercyclic.

(e) @' (w)02)/2 < Ju(w)] < ¢/ (w) 2D/

Proof. The implication (a) = (b) is trivial. If ¢ € LFM(D) with Denjoy-Wolff point
w € 0D and u € Lip,(w), u(w) # 0, as we saw in the proof of Proposition 2.4 in [9], the
map g(z) = [1:2, ﬁu((pz(w)) is a nonzero holomorphic function satisfying uCy,g = u(w)g.

Since g € Q1-2, and (2.1) holds, we have M, is bounded operator on S,, so g € S,
thus the function ¢ is an eigenfunction of uC, corresponding to u(w) on S,, and uC,M, =
u(w)MyC,,.

Note that || —Mgl|s,—s, < 14||Mylls,—s,. So I—M, is also a bounded operator on S,.
Because ||[I — My||s,—s, < 1, then M, is a invertible operator. It is obvious that (b) < (c).
Besides, suppose that the condition (c) holds, by the proof of Theorem 2.6 in [4], u(w)C,
satisfies the Frequent Hypercyclicity Criterion. The implication (¢) = (a) is obvious. O

2.3. The case for v =1/2. If so, we know that S, is the Dirichlet space D.

Theorem 2.6. Let ¢ € LFT(D), o > 1, w € ID be the Denjoy-Wolff point of ¢, u €
Lip, (w) N A(D), [jull = |u(w)] > 1 and u(z) # 0 for every z € D. If ¢ is hyperbolic
non-automorphism, then uCy, is frequently hypecyclic on the Dirichlet space D.

Proof. By the proof of Proposition 2.4, g(z) = [] % # 0 for z € D, Since ||u|_ =

n=0

lu(w)| >1,s0 g€ H® C D and u(z) g(¢(2)) = u(w)g(z). It is easy to see that M, is a
bounded operator on the Dirichlet space D and uC,My = u (w) MyC,. By Theorem 1.8 in
[5] and the comparison principle, we complete the proof. O

3. FREQUENT HYPERCYCLICITY OF uC, ON AP

In this section, we study in detail frequent hypercyclicity of uC,, on the weighted Bergman
space AP and we suppose that the weighted composition operator uCy, is bounded on A?,.

Proposition 3.1. Let o > -1, 1 < p < o0 and ¢ € LFT(D). If uC, is frequently
hypercyclic on A?, then

(i) ¢ has no fized point in D and ¢ is univalent.

(ii) u(z) # 0 for every z € D.

Proof. The proof is obvious, so we omit it. O
Next, we obtain the following results.

Theorem 3.2. Let a« > —1, 8 > 0,1 < p < o0, ¢ € LEFT(D) and ¢ be a hyperbolic

automorphism and w € 0D be the Denjfiy- Wolff point of ¢, u € Lipg (w)NA(D), |ull, =

lu(w)| # 0 and u(z) # 0 for every z € D. If ¢ (w)*T? < ju(w)| < ¢ (w) 2" then

uCly, s frequently hypecyclic on AP,

Proof. First, since this space under consideration is unitarily invariant, we may assume that
1 and —1 are fixed points of ¢ and 1 is the attractive fixed point. The change of variables

i(l1—2)
o(z) = T3
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takes the unit disk onto the upper half plane, 1 and —1 to 0 and co. We obtain that ¢ is
conjugate to the translation map

Y (2) = pz,

where 0 < p < 1. By using the equation o o ¢ = 1) o g, we can get

(I+p)z+1—p

A s vy
where ¢’ (1) = p.
Let X denote the subspace of polynomials vanishing m at 1, where m > @. It is
obvious that X is dense on A2. Fix f € Xj. It is similarly proved as in Theorem 3.5 in [5]

that

[ACaf|” < CIN™ peF ™ n e N,

where C is a constant independent of n. If ¢’ (1)®T9/P < |A| < ¢/ (1)727/P | we obtain
that

D IAC)"™ fll < 00, forall f € Xo. (3.1)
n=1

Similarly, let Y denote the subspace of polynomials vanishing m at —1 and Yj is dense
on AP. We take S = ()\C’g,)_1 . Observe that —1 is the attractive fixed point of ¢! with

(cp*l)/(—l) = <p/(1_1) = pand ¢ (1)*T? < |\ < ¢ (1)T27*/P Therefore, a similar
argument leads to
Z |S™f]l < o0, forall f €Y. (3.2)
n=1

If we set X := Xy NYp, then we obtain that X is dense in A2. Clearly (3.1) and (3.2) hold
for all f € X. It is obvious that AC,,S is the identity on X. Consequently, A\C, satisfies the
Frequent Hypercyclicity Criterion. By Proposition 2.4, then uC, is frequently hypecyclic
on AP. O
Theorem 3.3. Let a > —1, 8 > 0,1 < p < o0, ¢ € LFT(D) and ¢ 1is a hyperbolic
non-automorphism, w € 0D be the Denjoy- Wolff point of ¢, u € Lipg (w) NA (D), ||ul . =
lu(w)] # 0 and u(z) £ 0 for every z € D. If [u(w)| > ¢’ () TP, then uC,, is frequently
hypecyclic on AP

Proof. First, we prove that if [A| > ¢’ (w)*T*/?  then AC,, is frequently hypecyclic on AZ.
Now, we assume that w = 1 is the boundary fixed point and § is a exterior fixed point.
Upon conjugating with an appropriate map, ¢ is conjugate to
pz+1—p,

where 0 < p < 1. Hence we may assume that ¢ (z) = pz + 1 — p, where ¢’ (1) = p. For any
n € N, we have

on(2)=p"z+1—p" (3.3)
Let X denote the subspace of polynomials vanishing m at 1, where m is to be determined
later on. Obviously, Xg is dense on AP. Fix f € X¢. It is similarly proved as in Theorem
2.11 in [5] that
ICaf|” < CIA o e N,
where C' is a constant independent of n. Since 0 < p < 1, we can choose m large enough to
have |[Ap™| < 1. By the assumption, we obtain that

D IACY)" fIl < 00, forall f € Xo. (3.4)
n=1
Define T' = AC,, and the inverse S = A"'C,,_,. Let Y be the set of all polynomials that
vanish m times at 8 where m will be suitable number. The set Y, will be
Yo= U AT"C" (V)= U A™C,_, (V).
n=0 f-1 n=0
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Similarly, we obtain that for n large enough
AT Co FIT < O e,

where C' is a constant independent of n. By the assumption, we have

oo

S IIS™f]l < 0o, forall f €Y. (3.5)
n=1
If we set X := U2 (S™ (X NY), then we obtain that X is dense in A2. Clearly (3.4) and
(3.5) hold for all f € X. It is obvious that AC,,S is the identity on X. Consequently, AC,
satisfies the Frequent Hypercyclicity Criterion. By Proposition 2.4, then uCy, is frequently
hypecyclic on AP. O
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ON THE SPECIAL TWISTED ¢-POLYNOMIALS

JIN-WOO PARK

ABSTRACT. In this paper, we found some interesting identities of g-extension
of special twisted polynomials which are derive from the bosonic g-integral and
fermionic g-integral on Zp.

1. INTRODUCTION

Let p be a given odd prime number. Throughout this paper, we assume that Z,,
Qp and C,, will, respectively, denote the rings of p-adic integers, the fields of p-adic
rational numbers and the completion of algebraic closure of Q,. The p-adic norm
||, is normalized by |p|, = %. Let UD(Z,) be the space of uniformly differentiable

functions on Z,. For f € UD(Z,), the bosonic p-adic g-integral on Z, is defined by

T. Kim to be
P N_1
— [ Fe)dfe o, (see [9,10),  (L1)
Zy N—oo p
and the fermionic p-adic g-integral on Zp is also deﬁned by Kim to be
pN -1
-/ @) = Jim [le]_q 5 @ (o1 (12)
Let fi(x) = f(z +1). Then, by (1.1) and (1.2), we get
-1,
ala() = 14(f) = (@ = D (0) + { ' (0) (1.3)
and
qI—q(fl)+I—q<f) = [Q]qf(O), (1.4)
where f'(0) = L f(z)|__, (see [9, 10, 11]).

It is well known that the g-Bernoulli polynomials are defined by the generating
function to be

14 (o=t
710“ ot Z By (1.5)
and the g-FEuler polynomials are given by
[2]q xt - tn
Wﬂe_zmmm. (1.6)

n=0

1991 Mathematics Subject Classification. 11580, 11B68, 05A30.
Key words and phrases. twisted g-Daehee polynomials of order r, twisted g-Changhee polyno-
mials of order r, g-Cauchy polynomials of order r.
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When z = 0, By, g = Bpq(0)(Eng = Eng(0)) are called the nth g-Bernoulli

numbers(nth q-Euler numbers, respectively)(see [7, 8, 14, 16]).
The Stirling numbers of the first kind are defined by

(aj)n = (I}(l’ - 1) T (J? —n+ 1) = 251(717[)1’[, (n 2 0)?
1=0
and the Stirling numbers of the second kind are defined by
(e! —1)" =n! Zsz(z,n)ﬁ, (see [1, 12]).
l=n

The Daehee polynomials of the first kind are defined by the generating function

to be
log(1 +t) . "
(t (141)* = ;Dn(x)a (see [4, 5]).
Recently, the ¢g-Daehee polynomials are defined by the generating function to be
1 -4+ i PN t
<]_—q—qt (1 + t) = ;qu(x)m, (See [2, 13]), (17)
and the g-Changhee polynomials are defined by the generating function to be
2l S "
————(14+1t)* = Chy, —, 3 1.8
G107 = 2 Ol (e 3) (18)

where ¢t € C,, with |t], < p 7 71. When z = 0, Dy, g = Dy, 4(0)(Chyq = Chy 4(0))
are called the nth g-Daehee numbers(nth q-Changhee numbers, respectively).

The Daehee polynomials and Changhee polynomials are introduced by T. Kim
et. al. in [4, 6], and found interesting identities in [2, 4, 5, 6, 13, 15, 16]. In
this paper, we found some interesting identities of g-extension of special twisted
polynomials which are derive from the bosonic g-integral and fermionic g-integral
on Zy.

2. TWISTED ¢-DAEHEE NUMBERS AND POLYNOMIALS OF HIGHER-ORDER

For n € N, let T}, be the p-adic locally constant space defined by
Tp = U Cpn = hm Cpn7

n>1 n— 00
where Cpn = {w|wP”" = 1} is the cyclic group of order p".

In this section, we assume that ¢t € C, with |¢], < p_ﬁ. We define the higher
order q-Beroulli polynomials as follows:

qg—1+ ﬁ;lt " > n
<qf e =2 Bl) (2.1)

n=0

When z = 0, BSZ:ZI(O) = Bg’()} are called the higher order q-Bernoulli numbers.
For € € T},, we consider the twisted g-Daehee polynomials of order r as follows:

q—l—i—‘f)_llogl—i—et " 0 o
( logq 108 ) (1+et)” => DY) (v) (2.2)

get+q—1 n!’

n=0

When z =0, Dﬁ:l,q(O) = Dﬁ{l’q are called twisted g-Daehee numbers of order r.
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From (1.1), we can obtain the equation:
JL o e ) dig )
qg—1+ TLlog(l+ et
_< logq %801 + ) (1—|—et)m

qet +q—1
-3 Dl
n=0

n

y (2.3), we get

n!

/ / <x1 4+ 4z, +m>d,uq(x1)"'d#q(l’r) _ Diilg(z) (n>0).

By replacing ¢ by Z(e* — 1) in (2.3), we have

0 ; l(et—l) q—1-|-1 Tr 0 . n
2D 227,1(1‘)(6 n! - _< qet—igq et:ZBf"‘)?(@H

n=0 n=0
and
oo . 1 oo . oo tm
X%Dgi)q(x) g (et — 1)" = Z)Dg,l)q(x) e”n'n! Z Sa(m, n)—‘
= - —
n=0 \m=0 € n

Die () Ss(n, m)

671

Sy
O
iz
&

I
(7=

m=0

Therefore, by (2.4) and (2.7), we obtain the following theorem.

Theorem 2.1. Forn > 0, we have

, "\ Deq()Sa(n, m)
BI(x)=>" 4

€n
m=0

neq / / (x1—|— +xT+x>duq(xl)...duq(xT)

where So(m,n) is the Stirling number of the second kind.

and
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From (2.1), by replacing t by log(1 + €t), we have

(q_1+10 qlog(1+€t)> ( —|—6t)£

get +q—1

tnqg

B (x )= — (og(1 +et))
0 (2.8)

Mol Z‘” (et)™
7(17()1(‘%)5'"" — Sl(man) m!
g €Sy (m,n) B(T)( ) L

1 m!7

where S1(m,n) is the Stirling number of the first kind. Thus, by (2.2) and (2.8),
we obtain the following theorem.

3
Il

4

3
Il
=)

E'qg

3

Theorem 2.2. Forn >0, we have

Dildglw) = 3 €"S1(m,n) B} )
n=0

Now, we consider the q-Changhee polynomials of order r which are defined by
the generating function as follows:

[2]4 N ¢n
i, LT = 2 Ol (@) (2.9)

n=0

In the special case x = 0, Ch\) 4(0) = Chi/},, are called the q-Changhee numbers
of order r.
From (1.2), we note that

/Z e / (1+ 6t)zl+"'+mr+mdu_q(I1) cedp—g(y)

_ <q£t[2+}q[2]q>r (1+et)".

By (2.10), we have

/ / (1:1 +-F +“’>du_q(x1) cedp_g(z,) = M (2.11)

n!

(2.10)

In view of (1.6), we define the higher order q-Euler polynomials by generating
function to be

N
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From (2.10), we note that

/Z (I ety T 2dy g (21) - dpg(2r)

P

— [2]11 " P log(1+et)
qelog(1+et) +1

Z E(’”) log (1+4et)" (2.13)

= Z E,g':?l(z)ﬁn' Z Si(m,n) (672"”

tm

—Z (Z mET) (2)S1(m, n)> —

m=0 \n=0

Hence, by (2.11) and (2.13), we obtain the following theorem.

Theorem 2.3. Forn > 0, we have

/ / <x1+ +xT+x>dﬂ_q(x1)...du_q($r)

Chneq( ) 1 n (r)
—_ 0 = ﬁmX::oe Em,q(ac)Sl(n, m)

n!

By replacing ¢ by <(e* — 1) in (2.9), we have

0o t n r
(r) (6 — 1) _ [2]q xt
;Chnm(x) e 1) © (2.14)
and
- e r 1 n - e r = r
n=0 n;@ N m=n (215)
—n r L
= Z <Z Ch{) (x )Sg(m,n)> —
m=0 \n=0

By (2.12), (2.14) and (2.15), we obtain the following theorem.

Theorem 2.4. Forn > 0, we have

n

E()(x) =" e mCnS), ,(x)Sa(n,m).

m=0

From now on, we consider the g-analogue of the twisted Cauchy polynomials of
order r, which are defined by the generating function to be

(1+et)® Cil,( —. (2.16)
((q—1)+1ogq10g( +6t)> Z "
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In the special case z = 0, Cr(:Z,q(O) = C’,(Jg’q are called the twisted Cauchy numbers
of order r. Note that

, g1 +et) — 1 ' .
;;n% <(q— 1)+ Z1log(1 +6t)> (1+7)

log q
(¢ T(1+t)x_ic(r)(m)ﬁ
~ \og(1 + et) - = el

where CS,Q are called the Cauchy polynomials of order r.
By (2.2), we can derive the followings:

(2.17)

Lty g(1+et) — 1 ' L+t (q—1)+ =t log(1 +et)\"
(g—1)+ ﬁ);;log(l—i—et) g(l+et)—1
G T - T tm
() (S o)
k=0 m=0
o0 n n t”
= Z (Z (l)cl(,gq(x)DfLr)l,gq) ﬁ
n=0 \1=0 ’
(2.18)
and
oo t"
(I+et)” =) € (@)n - (2.19)
n=0 :

By (2.18) and (2.19), we obtain the following theorem.

Theorem 2.5. Forn >0, we have

2\ _ 1 (1) A0 )
(n> - e"n! Z (l)cl,e,q(x)Dnl,e,q'
1=0

Let n be a given nonnegative integer. In [2], authors defined g-analogue of the

Bernoulli- Euler mized-type polynomials of order (r, s) BEflT,L]S)(x), and derived the
following equation.

(o] S -1 r
" 2] q—1+ Lt
BE™S) () — q ogq ot 29
Z A (Z)n‘ <qet + 1> < get —1 ‘ (220)
By replacing t by log(1 + €t), we get

S ray oy (l0g(1 +€t))"
> BEL) (o)
n=0

E —1 r
_ [2]q q— 1 + l(i)gq 10g(1 + Et) (1 + Et)w
g1 +et)+1 g(1+et)—1
- s tm - (T) tl
- (Z ChM?e,q(I)mJ (Z Dl,e,qz[)
=0

N (N () o) @\t
- Z Z (l)ohl,e,q(x)Dnl,e,q> 57

(2.21)
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and
7,8 log(l + et))n - 71 T, S’ tm
Z BE()(x z) = z;) Z BE("3)(2)S1(n, m) —- (222)

Thus, by (2.21) and (2.22), we obtain the followmg theorem.
Theorem 2.6. Forn >0, we have

Z( )Chlse),q( ) n— leq_6 ZBE(TS) Sl(n m)

1=0
From now on, we consider the g-analogue of the twisted Daehee-Changhee mixed-
type polynomials of order (r, s) as follows:

DC{2) () / /sz,qx+y1+ A ys)dpg (1) dpg(ys)  (2.23)

where n is a given nonnegative integer.
By (2.23), we get

Z ch(lres()l

t’fL
/ /Dm,q Tyt ys) dp—g(y1) - dp—g(ys)

—1

log 1+6t 1 Tyt tys g d
— t)® s ceedp_g(ys
s / e pea() g (y)

—1

- = log(1 + et) [2]4 ) z
( qet+q—1 ) (q8t+[2]q> (e
:<§D,<;;;q ) (S enkaty)

-5 (£ (e

(2.24)
and
o0 et —1))" —144 L\
(r,s) (e (6 1)) _ q 1qu [ ]q xt
ZODCn,E,q(m) n| qet -1 qet + 1 €
"= (2.25)
_ B ()EL) t"
m=0
Note that
T8 (% T8 - tm
ZDCﬁngq ZDC,(”()J — !ng(m,n)m
e (2.26)

_Z <Z emDC f)q )S@(n,m)) %T:

Hence, by (2.24), (2.25) and (2.26), we obtain the following theorem.
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Theorem 2.7. Forn >0, we get

D)) = 3 (1) Dk CHL ey

m=0

and
n

S n T s -m T,8
> (1) BB = 3 DO (w)Salnm).

m=0 m=0

Now, we consider the g-analogue of the twisted Cauchy-Changhee mized-type
polynomials of order (r,s) as follows:
n

celra( ):/ / C)l @ +yr+ - +ys)dpq(yr) - du—g(ys)  (2.27)

where n is a given nonnegative integer.
By (2.27), we have

chmq

/ /Zcffﬁqswyﬁr +ys) du (1) - dp_q(ys)

PnO

r s (2.28)
_ (1 + Et) -1 ( [2}!1 ) (1 + Et)w
(q—1)+ = log(1 +et) ) \get+ (2,
. s Tk
_Z (Z ( )Cr(n)e,q( )Chm) ne,q) ﬁ
and
ZC’ (7”5) %( t_l))n _ ge' — 1 [2]4 Sezt
neal n! q—l—i—1 ge’ +1
qu (2.29)
t’ﬂ
= B (x)EYY -
Z<Z( )P eE )
Now, we observe that
( ( r,8 1 = tm
chm Zc Cloh(@) ! Z Sa(m,n) —
- (2.30)

n

= Z <Z e*mOCfr’;jq )Sz(n,m)> prt
Therefore, by (2.28), (2.29) and (2.30), we obtain the following theorem.

Theorem 2.8. Forn > 0, we have

T8 — r (5)
CCu) (@) ( )Ofnl,q( onl)

and

- n —r s —-m T8
Z(m)Bfmq) Ef1 mag = Ze CC’,(ne)q (2)S2(n,m).

m=0
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From now on, we consider the g-analogue of twisted Cauchy-Daehee mized-type
polynomials of order (r,s) as follows:

CD%’S,Z / / Cr(fz 4 (x+y1+ -+ ys)dug(yr) - - dug(ys) (2.31)

where n is a given nonnegative integer.
By (2.31), we have

Z CD{% ()

/ /Zcffﬁqwryﬁ- +ys) du o) - dpg(ys)

Zp n=0
B g(1+et) — 1 "la—1+ L log(l+et)\” S (2.32)
B (g—1)+ & q_l log(1+et) get +q—1

Zn 0 ,(LT;; (x)tn—n, if r > s,
=4 Yoo Dty (@) ifr <,
S @)ty if r = s.
Thus, by (2.32), we obtain the following theorem.
Theorem 2.9. Forn >0, we have

Cled(z)  ifr>s,

CDIs) = DS (@) ifr <,
(T)n if r=s.
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Abstract: We mainly study the equicontinuity of maps on [0,1). Let f: X — X be
a continuous map on X = [0,1). We show that if f is an equicontinuous map with
F(f) nonempty, then one of the following two conditions holds: (1) F(f) consists of
a single point and F(f?) = N2, f™(X);(2) F(f) = NS>, f™(X). Last we construct
two examples to show that the converse result doesn’t hold.

Keywords: Interval , Equicontinous, Periodic point.
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1 Introduction

Let (X, d) be a metric space with the metric d (not necessary compact) and f : X — X be
a continuous map. For every nonnegative integer n define f™ inductively by f* = fofm»—1,
where f° is the identity map on X. A point = of X is said to be a periodic point of f if
there is a positive integer n such that f™(z) = 2. The least such n is called the period of
x. A point of period one is called a fized point. Let F(f) denote the fixed point set of f
and P(f) the set of periodic points of f.

If © € X then the trajectory (or orbit) of z is the sequence orb(zx, f) = {f™(z) : n > 0}
and the w—1Ilimit set of x is

wx, =) U @,

m>=20n>m

Equivalently, y € w(z, f) if and only if y € X is a limit point of the trajectory orb(zx, f),
ie., f™(x) — y for some sequence of integers ng — oo.

The map f is said to be equicontinuous (in some terminology also Lyapunov stable)
if given € > 0 there exists a § > 0 such that d(f%(z), fi(y)) < € whenever d(z,y) < § for
all z,y € X and all ¢ > 1.

In 1982, J. Cano [4] proved the following theorem on equicontinuous map for the
closed interval I.
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Theorem 1.1 Let f: I — I be an equicontinuous map. Then F(f) is connected and
if it is non-degenerate then F(f) = P(f).

The next theorem was due to Bruckner and Hu [3]. This result was also proved by
Blokh in [2].

Theorem 1.2 Let f : I — I be a continuous map. Then f is equicontinuous if and

only if ;2 f*(I) = F(f?).

In [9], Valaristos described the characters of equicontinuous circle maps: A continuous
map f of the unit circle S' to itself is equicontinuous if and only if one of the following
four statements holds: (1) f is topologically conjugate to a rotation; (2) F(f) contains
exactly two points and F(f?) = St; (3) F(f) contains exactly one point and F(f?) =
Moy f(SY); (4) F(f) = N2y f™(S). In 2000, Sun [8] obtained some necessary and
sufficient conditions of equicontinuous o-maps. Later, Mai [6] studied the structure of
equicontinuous maps of general metric spaces, and given some still simpler necessary and
sufficient conditions of equicontinuous graph maps.

In [5], Gu showed that a map on Warsaw circle W is equicontinuous if and only if
F(f) consists of a single point and F(f2) =("_, f™(X) or F(f) =, f"(X).

Warsaw circle W is simple connected but not locally connected, and it often appears
as an example of circle-like and non arc-like in the theory of continuum (see [7]). In
addition, Warsaw circle is not a continuous image of the closed interval. So it is not a
Peano continuum. However, it is easily to see that there is a continuous bijective map
¢ :[0,1) — X. Moreover, if f is a continuous self-map of Warsaw circle W, then there is
unique continuous map f : [0,1) — [0,1) such that ¢po f = f o ¢ (see [10]). Note that ¢
is not a homeomorphism since [0, 1) is not compact but Warsaw circle W is compact. It
follows that f and f are not topologically conjugate. So, it may be that there are some
different dynamical properties between maps on [0,1) and on Warsaw circle.

In this paper we shall deal with the problem of equicontinuity of maps on [0,1). Our
main results are the following theorems.

Theorem 1.3 Let X =[0,1) and f : X — X be an equicontinuous map. If F(f) # 0,
then every periodic point of f has periodic 1 or 2, both F(f?) and F(f) are connected.
Furthermore, if F(f) is non-degenerate then F(f) = P(f).

Theorem 1.4 Let X = [0,1) and f : X — X be a continuous map with F(f) # 0.
If f is equicontinuous, then one of the following two conditions holds:

(1) F(f) consists of a single point and F(f?) =o—, ["(X);
(2) F(f) = Moz [7(X).

Moreover, it is equivalent whenever f is uniformly continuous.

In Section 3, we will construct two examples to show that the converse result of
Theorem 1.4 doesn’t hold.

2 Proof of Theorem 1.3 and 1.4

In this section, we mainly prove Theorem 1.3 and 1.4.
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2.1 Some lemmas
In this section, we give some lemmas which are needed in proof of Theorem 1.3 and 1.4.

Lemma 2.1 Let f : X — X be an continuous map of X = [0,1). If F(f?) = X
then f is the identity map on X.

)

Proof It is not hard to see that f(X) = X. Assume there exist z € X such that
f(z) # x. Then we can choose 0 < p; < pa < 1 such that f(p1) = p2 and f(p2) = p1.
Let m = maxX,¢jop,) f(2). It is clear that p, < m < 1. For each z € (p2,1), we have
f(x) < p2 or there exists g € (p2,1) such that f(¢) = p2 by the continuity of f, which
contradicts to ¢ € F(f?). Hence f(X) = [0,m]. This also contradicts to f(X) = X.
Therefore, f is the identity map on X.

Lemma 2.2 Let X =[0,1) and f : X — X be an equicontinuous map with a fized
point p. Suppose J is a component of F(f*) containing p. Then w(x, f) C J for every
reX.

Proof Without loss of generality, we may assume that J is a proper subset of X
(note that it is clearly hold whenever J = X). Firstly, we prove that there is a connected
open subset K D J such that w(z, f) C J for every x € K.

Case 1 J = {p}. Let ¢ = (1/2)min(p,1 — p). By the equicontinuity of f, there is an
open interval K of p such that |f™(z) — p| < € for every x in K and every positive
integer n. Let L = Ug>0 fI(K). Then L is a closed proper invariant interval
of X. It follows from Theorem 1.1 and 1.2 that the fixed point set of f|; and
f?|L is connected, and therefore it is {p}. Moreover, all periodic points of f|z,
have period 1 or 2. But the fixed point p is the only periodic point of f in L.
Therefore P(f|r) = F(f|r) and by Proposition 15 in [1, p. 78] the w-limit points
coincide with the fixed points. Hence p is the only w-limit point of f in L. Thus
w(z, f) = {p} = J for every x € L. Since K C L, we have w(z, f) = J for every
reK.

Case 2 J = [q1,q2] is a closed interval of X. For every ¢ = 1,2 we consider the or-
bit {qi, f(q), f2(q:), f3(q¢:)} of ¢;. Let e = (1/2) min(f7(g;),1 — f_j(qi)). By the
equicontinuity of f, there is an open interval K;; containing f7(¢;) such that
|f4(x) — fi(¢:)| < € for every x € K;; and every positive integer n. Let
K; = mj‘:o [ (K;j), define L = U ~ o fI(K1UJUK3). Then L is a closed proper
invariant interval of X. We know from Theorem 1.1 and 1.2 that fixed point set of
flr and f2|y, is connected and therefore, it is contained in J. Moreover, all periodic
points of f|z, have period 1 and 2. Since P(f|r) is closed, by Proposition 15 in [1,
p. 78], it coincides with the set of w-limits points. Therefore, w(z, f) C J for each
x€L. Let K=K, UJUKj;. Then K D J and w(z, f) C J for each z € K.

Case 3 = [g,1), where 0 < ¢ < 1. Obviously, f(J) C J. By Lemma 2.1, we have
C F(f). Then lim,_.; f(zx) = 1. Let g : [0,1] — [0,1] such that g|x = f
d g(1) = 1. So g is a equicontinuous map on [0,1]. It follows from Theorem

1.1 and 1.2 that the fixed point set of g* is connected and P(g) = F(g?). Hence
P(g) = [¢,1]. By Proposition 15 in [1, p. 78], w(z,g) C [g,1] for each = € [0, 1].
Let K = X, then w(z, f) C J for each z € K.
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Secondly, we show that w(x, f) C J for each z € X. Let
S={zreX :wf)CJ}

Note that S is a nonempty set since K C S. Let y € S. Then there is a positive integer m
such that f™(y) € K. By the continuity of f™, there exists an open subset U containing
y such that f™(U) C K. Hence U C S and S is an open set. Let T be the component of
S containing J and therefore K as well. Then T is open and connected. It is sufficient to
show that T'= X. Suppose that T'# X. Let ¢ = (1/2)min{|x —y| :z € Jyjy € X —T}.
Then € > 0. Assume that z is an endpoint of X — 7. Then we have f"(z) ¢ T for each
positive integer n. On the other hand, for any § > 0 we can choose z € T such that
| — 2| < 4. Since w(x, f) C J, there is a positive integer m such that f™(z) € B(J,¢/2).
Hence | f™(z) — f™(z)| > €/2. This is a contradiction. Therefore, T' = X and the proof
is completed.

The following two lemmas are obviously facts on any compact metric space.

Lemma 2.3 Let f : X — X be a continuous map, where X is a compact metric
space. Let k be a positive integer and g = f*. Then f is equicontinuous if and only if g
18 equicontinuous.

Lemma 2.4 Let f : X — X be a continuous map, where X is a compact metric
space. If f|r(x) is equicontinuous then f is equicontinuous.

2.2 Proof of Theorem 1.3

Let X =[0,1) and f: X — X be an equicontinuous map. If p is a fixed point of f and
J is a component of F(f*) containing p, then we consider the following three case.

Case 1 J = {p}. By Lemma 2.2, w(x, f) C {p} for each x € X. This shows that p is a
unique periodic point of f. Hence F(f) = F(f?) = {p} is connected.

Case 2 J = [q1,¢2]). By Lemma 2.2, w(z, f) C J for each x € X. This shows that
P(f) C J. Hence P(f) = F(f*) = J and F(f*) is connected. Applying Theorem
1.1 to f|s, we know that all periodic points of f have period 1 or 2, both F(f) and
F(f?) are connected. Furthermore, if F'(f) is non-degenerate then F(f) = P(f).

Case 8 J =]gq,1). By Lemma 2.2, w(z, f) C J for each € X. This shows that P(f) C J.
Hence P(f) = F(f*) = J and F(f*) is connected. Applying Lemma 2.1 to f|;, we
have P(f) = F(f) = J is connected.

This complete the proof of Theorem 1.3.

2.3 Proof of Theorem 1.4

Let X =[0,1) and f : X — X be a continuous map. We suppose that f is equicontinuous.
By Theorem 1.3, both F(f?) and F(f) are connected.

(1) If F(f) consists a single point p then F(f?) = P(f). Moreover by Lemma 2.2, we
have w(z, f) C F(f?) for every x € X.
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Case 1 If F(f?) = [q1,qz2], where 0 < ¢; < g2 < 1. Similar the proof of Lemma 2.2, there
exists an open, connected subset K containing F(f?) such that L = Ujzo fI(K) C
X is a closed and invariant interval. Fixed ¢ > 0, there is § > 0 such that |z —y| < §
implies | f"(z) — f™(y)| < e for all n > 0. For z € X, since w(z, f) C F(f?) C K C
L, there exists a positive integer N, such that f¥+(z) € K. Then f™(z) € L for
each m > N,. By the continuity of f"¢, there is an open neighborhood V, of x
such that f™=(V,) C K and hence f™(V,) C L for every m > N,. Note that the
collection {V, },cr, forms an open cover of Is = [0,1 — §]. By the compactness of
I5, there is a finite subcover {V,,,...,V;. }. Set N = max{N,,,...,N,.}. Then
f™(Vy,) C L for every m > N and any 1 < i < s. Thus, f™(Is) C L for every
m > N, and hence f™(X) C B(L,¢) for all m > N, where B(L,e) = {y € X :
d(z,y) < e€for some z € L}. By the arbitrary of €, we can get (), —, f"(X) C
L. Using Theorem 1.2, we have (,—, f"(L) = F(f?). It follows that F(f?) =
Moy ML) =N, f™(X), ie., (1) holds.

Case 2 If F(f?)=[q,1). Applying Lemma 2.1 to f|(4,1), we have f(z) = z forall z € [g,1),
ie., [¢,1) C F(f). This contradicts to F(f) consists a single point.

(2) If F(f) is non-degenerate, then F(f) = P(f) by Theorem 1.3. Similar to the
above argument we can get F(f) = (-, f"(X) whenever F(f) = [q1,q2]. Now we
assume F'(f) = [¢,1) for some 0 < ¢ < 1. Define ¢ : [0,1] — [0,1] as g|x = f and
g(1) = 1. So g is a equicontinuous map on [0, 1]. It follows from Theorem 1.1 and 1.2
that (2, 9 (0, 1)) = Flg?) = Flg). Thus, (2, £"(X) = F(J).

3 Examples

In this section, we will construct two examples to show that the converse result of The-
orem 1.4 doesn’t hold.

Example 3.1 Let I = [0,1) and let a, =1 —1/2" for everyn =1,2,---. Now we
define a piecewise linear continuous map f: 1 — I as follows (See Figure 1):

(1) f(x)=1—=x for each z € [0,1/2];
(2) f(azn) =1/2 and f(azn—1) =0 for alln=1,2,---.

It is easily to see that F(f) consists of a single point and F(f?) = (oo, f™(I) =
[0,1/2]. However, f is not equicontinuous since |an 41 — an| = oer — 0 but |f(ant1) —
flan)|=1/2 for alln > 1.

Figure 1
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Example 3.2 Let I = [0,1) and let a, =1 —1/2™ for everyn =1,2,---. Now we
define a piecewise linear continuous map f: 1 — I as follows (See Figure 2):

(1) f(x) =x for each x € [0,1/2];
(2) f(azn) =0 and f(azn—1) =1/2 for alln=1,2,---.

It is easily to see that F(f) is non-degenerate and F(f) = (\,—, f™(I) = [0,1/2].
However, f is not equicontinuous since |an4+1 — an| = 52t — 0 but | f(ant1) — f(an)| =
1/2 for alln > 1.

12 frmrmmm e ’

] ]
0 a; g Bpay

Figure 2
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Abstract

In this paper, some new mixed type Riemann-Liouville and Hadamard fractional integral in-
equalities are established, in the case where the functions are bounded by integrable functions.
Moreover, mixed type Riemann-Liouville and Hadamard fractional integral inequalities of Cheby-
shev type are presented.

Key words and phrases: Fractional integral; fractional integral inequalities; Riemann-Liouville frac-
tional integral; Hadamard fractional integral; Chebyshev inequalities.
AMS (MOS) Subject Classifications: 26D10; 26A33.

1 Introduction

The study of mathematical inequalities play very important role in classical differential and integral
equations which has applications in many fields. Fractional inequalities are important in studying the
existence, uniqueness and other properties of fractional differential equations. Recently many authors
have studied integral inequalities on fractional calculus using Riemann-Liouville and Caputo derivative,
see [1], [2], [3], [4], [5], [6] and the references therein.

Another kind of fractional derivative that appears in the literature is the fractional derivative due
to Hadamard introduced in 1892 [7], which differs from the Riemann-Liouville and Caputo derivatives
in the sense that the kernel of the integral contains logarithmic function of arbitrary exponent. Details
and properties of Hadamard fractional derivative and integral can be found in [8, 9, 10, 11, 12, 13].
Recently in the literature, were appeared some results on fractional integral inequalities using Hadamard
fractional integral; see [14, 15, 16].

Recently, we have been established some new Riemann-Liouville fractional integral inequalities in
[17], and some fractional integral inequalities via Hadamard’s fractional integral in [18]. In the present
paper we combine the results of [17] and [18] and obtain some new mixed type Riemann-Liouville and
Hadamard fractional integral inequalities. In Section 3, we consider the case where the functions are
bounded by integrable functions and are not necessary increasing or decreasing as are the synchronous
functions. In Section 4, we establish mixed type Riemann-Liouville and Hadamard fractional integral
inequalities of Chebyshev type, concerning the integral of the product of two functions and the product
of two integrals. As applications, in Section 5, we present a way for constructing the four bounding
functions, and use them to give some estimates of Chebyshev type inequalities of Riemann-Liouville
and Hadamard fractional integrals for two unknown functions.
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2 Preliminaries

In this section, we give some preliminaries and basic properties used in our subsequent discussion. The
necessary background details are given in the book by Kilbas et al. [8].

Definition 2.1 The Riemann-Liouville fractional integral of order o > 0 of a continuous function
f:(a,00) — R is defined by

19 (t) = %a) / (t— )2~ f(s)ds,

provided the right-hand side is point-wise defined on (a,00), where I is the gamma function.

Definition 2.2 The Hadamard fractional integral of order o € RT of a function f(t), for all 0 < a <

t < o0, is defined as
N 1 N ds
Ja f(t) = Ta)/(; (10gs> f(S)?,

provided the integral exists.

From Definitions (2.1) and (2.2), we derive the following properties:

IFINf() = IgH0f(t) = IIZ f (D),
JRILf@) = JIPf() = JLI8f(b),

for a, 8 > 0 and

N(v+1)
It = —1 7 _(t—a)'Te,
a (t7) F(7+a+1)( @)
T(y+1) AN
al t’Y — 1 _
Ja' (log?) F(7+a+1)(0ga> ’

fora>0,vy>—-1,t>a>0.

3 Inequalities Involving Mixed Type of Riemann-Liouville and
Hadamard Fractional Integral for Bounded Functions

In this section we obtain some new inequalities of mixed type for Riemann-Liouville and Hadamard

fractional integral in the case where the functions are bounded by integrable functions and are not

necessary increasing or decreasing as are the synchronous functions.

Theorem 3.1 Let f be an integrable function on [a,00), a > 0. Assume that:

(H1) There exist two integrable functions o1, 2 on [a,00) such that

p1(t) < f(t) < palt), forall t € [a,00), a> 0. (1)

Then for 0 <a <t < oo and a, > 0, the following two inequalities hold:
(A1) Jgo2(IF () + IS F(O I e1(t) = Jgpa(t) I pa(t) + T3 F(R)IF f(2),

(B1) Igpa(t)JLf () + I F (1) T p1(t) > Ipa(t)TF o1 (t) + 15 f (1) J7 £ (1).
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Proof. From condition (H1), for all 7, p > a, we have

(pa(7) = f()(f(p) — ¥1(p)) >0,

which implies

p2(7)f(p) +1(p)f (1) = 1(p)p2(T) + () f (p)- (2)
Multiplying both sides of (2) by (log(t/7))*~!/7T'(a), T € (a,t), we get

(log(t/T))* " (log(t/7))* "
f(p) T () p2(7) + p1(p) T () f(7)

(log(t/7))*"*

> ¥1 (p) TF(O&)

wa2(7) + f(p)

Integrating both sides of (3) with respect to 7 on (a,t), we obtain

f(p)r(la)/at (10g:>a_1 802(7)d77 +801(P)F(1a)/: <log:>a_l f(T)dT—T

N () I L Py (W O La

which yields

F(p) I3 @2(t) + 01(p) I3 (1) = @1(p) T3 a(t) + f(p) J5 £ (). (4)
Multiplying both sides of (4) by (t — p)?~/T(8), p € (a,t), we have
o (t_p)ﬁ_l « (t_p)ﬁ_l
Ja pa(t) T flp) + I3 (1) @) ¢1(p)
« (t — p)ﬁil « (t — p)ﬁil
> J; wz(t)wwl(p)JrJa ft) ) f(p)- (5)
Integrating both sides of (5) with respect to p on (a,t), we get
Tt [ =0 1o+ IOz [ =0 o)
> IO [ =0 ero)do+ T2 5 [ =0V Foe (©

Hence, we get the desired inequality in (A;). The inequality (Bj), is proved by similar arguments. O

Corollary 3.2 Let f be an integrable function on [a,00), a > 0 satisfying m < f(t) < M, for all
t € [a,00) and m, M € R. Then for 0 < a <t < oo and o, 3 > 0, the following two inequalities hold:

(log £)~ (log £)*(t — a)”
MNa+1) Pla+ 1)I(B+1)

(t —a)*(log £)?
T(a+ DTGB+ 1)

9f(t) + mr(t —a)’

(B+1)

(log £)#
r(B+1)

(A2) M JEf(t) = mM + IS f(t),

(By) Mﬂjﬁf(t) +m

F(oz—|—1) a Igf(t)ZmM

+HIZFOILf ().

Theorem 3.3 Let f be an integrable function on [a,0), a > 0 and 01,05 > 0 satisfying 1/61+1/05 = 1.
In addition, suppose that the condition (Hy) holds. Then for 0 < a <t < oo and «, 8 > 0, the following
two inequalities hold:
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(A40) Jea O on() + I SO0 + - S = 0 0) + LR 12 = )0
> Jg 2 (DI f(8) + 3 f(0) 1] er (1),
1 (log£)? t—a)”

(Ba) 120a(t) T 1(8), +I2F (DI 1) + I8 (o= D0 + gyt JE = o))

0 T(B+1)"
> I8oa(t) 0 f(t) + I8 f(£) T 1 (2).

Proof. Firstly, we recall the well-known Young’s inequality as

1 1
—zh 4 —y92 >xy, Vr,y>0, 61,00>0,
0, 0

where 1/6; 4+ 1/605 = 1. By setting @ = p2(7) — f(7) and y = f(p) — v1(p), 7, p > a, we have

1

o = (f(p) = ¢1(p))" = (02(7) = F(1)(f(p) — ¢1(p)). (7)

(ea(r) = 1) + 5

Multiplying both sides of (7) by (log(t/7))*~1(t — p)?~1/7T()T'(B), T, p € (a,t), we get

1 (logt/7)* "t —p)"7t e, L (logt/T)0 T (E—p)T
6 arE O IO e GG
Qogt/r)=t (=)

Double integrating the above inequality with respect to 7 and p from a to ¢, we have

(f(p) = #1(p))™

>

(f(p) —1(p)).

1 (6% 1 (0% (6%
g, % (2 = NI (V) + 9,74 (DO (f =)= (t) = T (w2 = HIOIZ(f = 21)(8),
which implies the result in (A43). By using the similar method, we obtain the inequality in (B3). |

Corollary 3.4 Let f be an integrable function on [a,00), a > 0 satisfying m < f(t) < M,0; =0, =2
for allt € [a,00) and m, M € R. Then for 0 < a <t < oo and a, 8 > 0, the following two inequalities
hold:

(log £)*

(Ag) (m+ 2008 U= (=) jopoy 1972(0) + 272 F(O I (1)

Fla+1I(B+1) T(B+1) F(a+1)
> om0 (S 120+ S o)
(-0 or )’ | (t-a)° log £)?

(Ba) (m+ M)? JEAE) + I3 F2(8) + 207 F (0I5 £ (2)

re+1)

2(m + M) (ffﬁgf ples+ ((j)f)ﬂfa))

Tla+ DB +1)  T(a+1)

Theorem 3.5 Let f be an integrable function on [a,c0), a > 0 and 61,605 > 0 satisfying 61+ 602 = 1. In
addition, suppose that the condition (Hq) holds. Then for 0 < a < t < 0o, and «, > 0, the following
two inequalities hold:

(t —a)? o (log )e
(As) 917”64_1)%@2(15)4‘927( +1)Iﬁf()
> Ji(pa = OIS =9 (1) + 61 (5+1)J fO + oyl )
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(log i)ﬁ a (t B a)a
(Bs) 01 m‘[a Pa(t) + 92mjff(t)
og L)8 e
> I3 = )" (O — (0 + 0 e 12 0 + 00— T 1),

Proof. From the well-known weighted AM-GM inequality
012 + 0oy > 2%19%, Va,y>0, 61,05 >0,
where 01 4+ 05 = 1, and setting z = po(7) — f(7) and y = f(p) — v1(p), T, p > a, we have
01(2(7) = F(7)) +02(f(p) — p1(p)) = (2(7) = F(1)* (f(p) = 1(p))". (8)
Multiplying both sides of (8) by (log(t/7))*~1(t — p)?~1/7T(a)T(B), 7, p € (a,t), we obtain

(log(t/7))**(t — p)P~* (log(t/7))**(t — p)°~*
TI'(a)T(B) T['(a)T(B)

oty o, (t—=p)ft
(p2(m) — (1)) TR

Double integration the above inequality with respect to 7 and p from a to t, we have

0175 (02 — )OI (1)(8) + 625 (VDI (f = 01)(t) = Ig (02 = P (I (f = 1) (1)

01 (p2(7) — f(1)) + 02

(logt/7)*
()

(f(p) — ¢1(p))

>

(f(p) = #1(p))".

Therefore, we deduce the inequality in (As). By using the similar method, we obtain the desired bound
in (B5) O

Corollary 3.6 Let f be an integrable function on [a,00), a > 0 satisfyingm < f(t) < M, 0; =6, =1/2
for all0 < a <t < o0 and m,M € R. Then for 0 < a <t < oo and a,3 > 0, the following two
inequalities hold:

(log £)*(t —a)”  (log £)*
Mot DMGLD Tt k! ®
dslrU-af | g-af ),
= M at DT(B+1)  T(B+1)"
(t—a)*(logL)?  (t—a)*

Tar @+  Tarn’/®

(t—a)*(logt)?  (log L)’
Tla+ DI(B+1)  T(B+1)

(Ag) M

FE)+2J2(M — )V2OIZ(f —m)' (1),

(Bs) M

ISF(8) + 205 (M — £)2 ()0 (f = m)/2(t).

Lemma 3.7 [19] Assume that a >0, p > q >0, and p # 0. Then, we have

al/? < (qk(q—p)/pa + p= qkq/p> .
S\p p

0, p#0. In

Theorem 3.8 Let f be an integrable function on [a,00), a > 0 and constants p > q >
t < oo, a > 0, the

addition, assume that the condition (Hy) holds. Then for any k > 0, 0 < a <
following two inequalities hold:

(A7) J&(p2 — PRI (f — @1)P(t) + gkww (Jeoa(t) 21 (t) + IS F(R)IS f (1))

P =yt —a)*(log )

<
D Ma+1) 7’

KPP (o0 (IS F (1) + JEF() %01 (1)) +

hSHES]
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(Br) I3 (p2 = N)VP(0) 3 (f — p1)P(1) + %k(q’p)/p (e p2(8) I er(t) + 13 F () I3 f (1))

— _ a(] t\a
< LRV (12202 50 + 13 £ T ) + 2= Lparn Fa %n

Proof. From condition (H;) and Lemma 3.7, for p > ¢ > 0, p # 0, it follows that

((92(m) = ST (S (p) = 21(p))V? < %k(q_p)”’(@z(ﬂ = F (M) (p) = r(p)) + pp%qkq“’v (9)

for any k£ > 0. Multiplying both sides of (9) by (log(t/7))* 1 /rI'(a), 7 € (a,t), and integrating the
resulting identity with respect to 7 from a to ¢, one has

(f(p) = ()P T (02 = )/P(1)

94.(a—p)/p a b—q qp(IOgé)a
Sgk( P(f(p) = 1(p) g (w2 = F)(E) + ) kY Tat 1) (10)

Multiplying both sides of (10) by (t —p)*~1/T'(a), p € (a,t), and integrating the resulting identity with
respect to p from a to ¢, we obtain

Ja (g2 = NYPOLI(f — o)1)

91 a-p)/p Jo( o . P—4q,q,t—a)(log )
< pk Ja (302 f)(t)ja (f @1)(15)—’_ p k FQ((X—F 1) )

which leads to inequality in (Ag). Using the similar arguments, we get the required inequality in (Bg).
O

Corollary 3.9 Let f be an integrable function on [a,00), a > 0 satisfying m < f(t) < M for all
t € [a,00), constants ¢ =1, p =2,k =1 and m,M € R. Then for 0 < a <t < oo and o > 0, the
following two inequalities hold:

(Ag) 2J3(M — f)VPO)IZ(f —m) 2 () + 3 F (OIS (1)

M(lOg %)06 « m(t — a)a «
< mla f)+ mja

(Bs) 2I¢(M — £)Y2(0)J2(f —m)' /2 (t) + IS f(£) TS f(2)

M(t—a)*
S Tlat1)

(t —a)*(log £)*

(t —a)*(log £)°

m(log g)a Iaf(t) + (l —mM) M2(a+1)

Jéxf(t)‘f‘m a

4 Chebyshev Type Inequalities for Riemann-Liouville and Hadamard
Fractional Integrals

In this section, we establish our main fractional integral inequalities of Chebyshev type, concerning the
integral of the product of two functions and the product of two integrals, with the help of the following
lemma.

Lemma 4.1 Let f be an integrable function on [a,00), a > 0 and @1, p2 are two integrable functions
on [a,00). Assume that the condition (Hy) holds. Then for 0 < a <t < oo, and a, 3 > 0, the following
two equalities hold:

(t_a‘)a o 2 (logg)a @ r2 « «
(Ao) mjaf (t)'i'm af7(t) = 2J3 f(O) 15 f(1)

= Jo (f =) (013 (g2 — £)E) + J5 (02 = HYOIG(f = 1)(t)
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(t—a)”
INa+1)

+ é1(0g+)1°‘) (g (prf +@af —192)(t) = I3 (02 = F)(f = ¢1))(1))

+ e o1 (2 = () + I pa (DI (1 = F)(E) = TG F ()15 (01 + 92)(8),

(t—a) (log £)° .
NEESY Mo 1) 20 = 202171 0)

= Jo(f = eI (02 = ) (1) + I3 (g2 = HOLI(f — 1)(1)

O U erd + ] = or)0) — T (22 = S — 1))

él(og+)1a) (I2(rf +o2f = or902)(t) = I (92 = N)(f = 91))(1))

+ g7 (g2 — (&) + I 02 (D17 (01 — [)(t) = T FOIF (91 + p2)(2).
Proof. For any 0 < a < 7,p < t < 0o, we have

(p2(p) = F(P)(f(T) = p1(7)) + (p2(7) = f(7))(f(p) — ¢1(p))
(

_|_

(Ja (o1 f + p2f — e192)(t) = I3 (92 = )(f —#1))(2))

Jo f2(t) +

_|_

_|_

= (pa2(7) = (M) (T) = ¢1(7)) = (p2(p) = F(p)(f(p) — #1(p))
= f2(7) + f2(p) = 2f (1) F(p) + 92(p) () + 1.(7) f(p) — 01 (T)2(p) (11)
+@2(T)f(0) + p1(p) () = p1(p)p2(T) = pa(7) f(7) + ¢1(T)2(T)
—o1(T)f(7) = 2(p) f(p) + 1(p)2(p) = 1(p) f(p)-
Multiplying (11) by (log(t/7))*"!/mT(a), T € (a,t), 0 < a < t < oo, and integrating the resulting

identity with respect to 7 from a to ¢, we get

(p2(p) = F(p) (G F() = Jger () + (T3 pa(t) = J3 F(0))(f(p) — #1(p))

— I ((p2 = F)(f — e0))(t) = (02(p) — F(p))(f(p) — wl(p))él(ofi)f)
=Ja F2(8) + f2(p) élfg+)f) = 2f(P)ulg f(8) + 2(p) I3 f () + [(p) TG pr(t) (12)

—p2(p)Jaer1(t) + f(p)Jgw2(t) + 1(p) S5 f(t) — p1(p) 5 p2(t)

— TS0+ T realt) = Een (0 — ) 0 e
+ el e — () R

Multiplying (12) by (¢t — p)*~/T'(«), p € (a,t), 0 < a < t < 0o, and integrating the resulting identity
with respect to p from a to t, we have

(Ja f(8) = Jeer () UG pa(t) = I3 F (1) + (Jgpa(t) — JG FO) UG f(E) — 15 wr(?))

- T2 = D = o) — (e = G e O 2
o (t —a)® o (log L)~ N .
=T Opg gy T Oy MO0

)
+ I fFO)ITpa(t) + g1 (I f(t) — Jger ()15 pa(t)
+ I (O f(t) + TS f() g p1(t) — T2 (t) 15 w1 (t)
(t)

~ a0 i R N O

+ Jo 12
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(log £)* (log £)*

o (log 2)*
Tt 1) + I p1pa(t )m

—IZp2f(1) Mot

— I f (1)

Therefore, the desired equality (Ag) is proved. The equality (By) is derived by using the similar
arguments. O

Let now g be an integrable function on [a,00), a > 0 satisfying the assumption:

(H2) There exist ¥1 and 19 integrable functions on [a, 00) such that

P1(t) < g(t) <ha(t) for 0<a<t< oo

Theorem 4.2 Let f and g be two integrable functions on [a,00), a > 0 and 1, @2, Y1 and Yo are
four integrable functions on [a,00) satisfying the conditions (Hy) and (Hs) on [a,00). Then for all
0<a<t<ooand a> 0, the following inequality holds:

(t _ a‘) J (IOg 2)(1 a o «a e «
Lt ) + [ e fat0) - T2 FOT20(0) ~ T2 £ 2000

< K (f.01,02) 2 K (g, 91, 00)| 2. (13)
where K (u,v,w) is defined by

(log L)

K(u,v,w) = MJg(uw +uv —ow)(t) + NCE]

Tlat 1) I (uw + wo — vw) (t) — 2J5u(t) ITu(t).

Proof. Let f and g be two integrable functions defined on [a, o) satisfying (H;) and (Hz), respectively.
We define a function H for 0 < a <t < oo as follows

H(r,p) == (f(r) = f(p)(9(r) = g9(p)), T p€(ai) (14)

Multiplying both sides of (14) by (log(t/7))*~1(t — p)*~1/7T?(a), 7, p € (a,t), and double integrating
the resulting identity with respect to 7 and p from a to ¢, we have

/ / (1052 ) - e e

:ﬂ T falt) 4 f("gﬁa) 12 olt) = I F(OTSg(t) — T2 F(1)Ig(1). (15)

Ia+1)
Applying the Cauchy-Schwarz inequality to (15), we have

2

(ti )a Je (logt)a o o o a «
(T o)+ foEes e dato) - T2 FI20(0) - 120012900

<<F1a) / / t (1g’5) (t— )"~ (/) = F(0)) dpdT>
9 (Fta) / t / t (lgt) (t= )"~ (g(7) - g<p>>2dpd:>

_ (ngfz(t) + Mﬂ‘fz(i} - 2J3f(t)13f(t)>

T(a+1) MNa+1) “
(L= Jogegy 008D faay g0 gmg(0) 1)
F(a+1) a9 F(a—l—l) a9 a9 a9 .
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Since (p2(t) — f(0)(F(E) = ¢r(t)) = 0 and (P2(t) — f(£))(f(t) = ¢1(t)) = 0 for ¢ € [a, 00), we get

(t — CL) «
mv] ((p2 = Hf —p1))®) = 0,
LD (o N - o)) 2 0
(t—a)>
F(a+1)Ja ((1)/}279)(971/}1))(15) > Oa
(log Ly>
o+ 1)Ia (P2 =9)g—y))(t) = 0
Thus, from Lemma 4.1, we obtain
(=) 0y, (088, o
m f() F( +1)If()_2‘]af(t)]af(t)
<TG = e0) (O (02 = [)(E) + Jg (w2 = )OI (f — ¢1)(t)
+ lst(;z)la) Ji (o f +o1f — 1p2)(t) + 1£l(ogi)1) S(paf + o1 f — prp2)(t) (17)
I OIE (e — )0 + T eI (o1 — () — JE DI (o1 +92)(D)
= I(‘t(;j)la) o (paf +o1f —o1902)(t) + S&gi)ﬂ I%(pof + o1f — p102)(t) — 2JEf () I £(2)
=K(f, 1, 02),
and
(—a) oy Cogh)® Lo
m‘]ag (t)+ 1-\( +1)Ia ( ) _2Jag(t)lag(t)
< T g — V)OI (2 — 9)(t) + T (b2 — 9) () I (g — 1) ()
+ &a a)® T3 (a9 + g — ) (8) + él( g1>1) ®(ag + 19 — Y11)) (t) (18)
+ o115 (b2 — g)(t) + JZ2() 15 (b1 — g)(t) — Jg ()15 (1 + P2)(1),
- ét(ojj)f) Je(e20 + 10— pren)E) + S(Og+)f) I3 (929 + p19 — or92)(t) — 23 9() I 9(1)
:K(gawla¢2)~
From (16), (17) and (18), the required inequality in (13) is proved. 0

Corollary 4.3 If K(f,¢1,p2) = K(f,m,M) and K(g,v1,v2) = K(g,p,P), m,M,p, P € R, then
inequality (13) reduces to the following fractional integral inequality:

W(ojj)f) Ja fa(t) + (l(ogj)) IS fg(t) — JEF(R)ICg(t) — I F ()T g(t)

1 § . yt-a° (log L)~
<4{l(Jaf() L3 f(t) + F( +1) mF(a+1))
t\a —a @ 2
i (I;f‘f(t) O Mfff 1)1) - mﬁa +)1>> ]

1/2

I'(a +1) [(a+1)
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o o t\a 2 1/2
+ (in“g(t) —13g(1) +pr(t(;f)1) _Pél(agi)l)> ] }

Theorem 4.4 Let f and g be two integrable function on [a,00), a > 0. Assume that there exist four
integrable functions o1, 2,11 and Y9 satisfying the conditions (Hy) and (Hz) on [a,00). Then for all
0<a<t<ooanda,B >0, the following inequality holds:

(t_ ) « (logé)a (e o
NG +1)J fg ()+m15fg(t) = JSFWOI]g(t) — 15 F(1) T2 g(t)

< KL (f, o1, 02) V2 K (g1, 92) 2 (19)
where Ki(u,v,w) is defined by

(log L)«

m[g(uw + uv — vw)(t) — 2J%u(t) IPu(t).

_4)8
Ky (u,v,w) = I(‘t(ﬂ_'_)l)Jg‘(uw +uv —ow)(t) +

Proof. Multiplying both sides of (14) by (log(t/7))* (t — p)?~1/7T(a)T'(B), T, p € (a,t), and double
integrating with respect to 7 and p from a to t we get

A N I e

B (t - a) Jo (log t) e o
“Tatn’e afg(t) + mﬂf g(t) = Jo f(OI]g(t) — I3 f(1) g g(). (20)
By using the Cauchy-Schwarz inequality for double integrals, we have
(t B a’) (log . )a « « « et (e’
S ) + a0 - T OIE0) - 12102900
<

< ﬁ// <logi) _1(t—p)ﬁ_1f2(7')d9d:

<10g ) T Pt

Therefore, we get

(tia)a « (logt)a a « « « «
'F(a+1)Jafg(t)+F( +1)Iaf ()_‘]af(t)lag(t)_Iaf(t)‘]ag(t)‘
(t=a) oy, (082)" 5, . i
< D O o 0 - 2Jaf(t)15f(t)]

(=) sy (1082)" s 2()2Jag(t)f’89(t)] b
F(ﬁ‘f’l) a F( +1) a9 a a .
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Thus, from Lemma 4.1, we get

0 go ooy + 2B g o) — a5 )12 (1)

NG+ D) M@+ D
ST~ e L2 — D)+ T2~ DOT 20

+ (t(ﬁ_z)l)J"‘(pgf-lef P12)(t) + élffi)l)lﬁ(@2f+<ﬁ1f P102) (1) (21)

IO 2 — D)+ T2 (DT 1~ D)0 T2 FOLr +2)()

= o siod + ]~ pren) )+ %Ifwgfwlf—som)(t)—2J3f<t>1£f<t>
:Kl(fa¢13@2)7

and

(=) ja 2y 4 U8B0 10 2 g 00y 180(0)

(54—1) MNa+1) ad
J& (g — V1) (OI2 (W2 — g)(t) + 5 (2 — 9) ()17 (g — ¥1)(t)
(t—a) (log £)°
+ (ﬁ—f—l)J (V2g + 1g — Y1aha)(t) + P(a+1)15(1/)294‘%9—%/111/)2)@) (22)

+ ISV (OIF (V2 — 9) (1) + T8 ()17 (1 — 9)(1) — & g(OIL (1 + 2)(2),

- (tw_ f)u Ji (29 + 910 = prip2) (1) + ﬁ(fj)f)fé* (20 + 019 — Pr02)(t) — 2729(D g (1)

:K1< 71/}171/)2>-

From (15), (21) and (22), we obtain the desired bound in (19). O

Corollary 4.5 If K(fHPl#PQ) = K(famaM) and K(QMMJ/’Q) = K(g,p7P), maMap7P € R; then

inequality (13) reduces to the following fractional integral inequality:

1) g(t) + &(;gj)f)fffg(t) — Je f(OI7g(t) — IZ f(t) T g(t)

o

TG+

! . ylt=a)’ - (logf)®

4“ (270 = 210+ sy - m )
o t\a —a B 2

(0210 3B )]

a)? og L)
x [(Jsgu) - rzgle) + P - p LR

Y oo Lo\ 2 1/2
+ (J;"g(t) —Ifg(ﬂﬂ?&g +)1) ‘Pél(ji)1)> ] }

5 Applications

2

1/2

2

In this section we present a way for constructing the four bounding functions, and use them to give
some estimates of Chebyshev type inequalities of Riemann-Liouville and Hadamard fractional integrals

for two unknown functions.

From the Definitions 2.1 and 2.2, for 0 < a =ty < t; <t2 < -+ <1, < tpy1 = T, we define two
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notations of sub-integrals for Riemann-Liouville and Hadamard fractional integrals as

tj+1
Ie ., (T = ﬁ /t (T =) f(r)dr, j=0,1,....p.
and
N 1 [t ™' dr .
th,tj+1f(T):I—\(a)/tj (logT) f(7)77 ]:Oala"‘vp'
Note that
IGHT) = > I, . f
7=0
1 h o 1 f2 o
— F(a)/a (T —7) 1f( )dTJrF(a)/tl (T-7) 1f(7')d7'
1 T a—1
+-“+F(Oé)‘/tp(T_T) f(T)d’T
and
TR = D T

L e

- r(la)/tT (k,g f)alf(T)dT.

Let u be a unit step function defined by
1, t>0,
“(t)_{ 0, t<0,
and let u,(t) be the Heaviside unit step function defined by

1, t>a

ua(t):u(t—a):{ 0 tga?

Let 1 be a piecewise continuous functions on [0, 7] defined by

@1(t) =ma(uo(t) — u, (£)) + ma(u, (1) — uey (1)) + ma(ue, (8) — ey () + - .. + mpraug, (2)
=maug(t) + (m2 — ma)u, (t) + (M3 — ma)ug, (8) + ... + (Mpy1 — mp)uy, (t)
P
=D (mjp1 —myj)uy, (1),
j=0
where mo=0and 0 <a =1ty <t; <tg <+ <tp <tpp1 =T.
Analogously, we define the functions 2,17 and 19 as

Pa(t) = > (M1 — My)uy, (1),

'Mﬁ :HSME

Il
=)

J

Pi(t) =

(njs1 — nj)ug, (1),
J

(23)

(26)

(27)

(28)

(29)
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/4

Va(t) = (Njn = Nj)ue, (8), (30)

Jj=0

where the constants ng = No = My = 0. If there is an integrable function f on [a, T satisfying condition
(Hp) then we get mj1 < f(t) < Mjyq for each t € (¢;,t;41],7 =0,1,2,...,p. In particular, p = 4, the
time history of f can be shown as in figure 1.

b

Y=t}

\/ y=gn

2 4 1 f A 1 T

Figure 1: Functions f, ¢ and vs.

Proposition 5.1 Let f and g be two integrable functions on [a,T], a > 0. Assume that the functions
©1, 2,1 and Py are defined by (27),(28), (29) and (30), respectively, satisfying (Hy)-(Hz). Then for
a > 0, the following inequality holds:

’%Jﬁfg(t) + S 2 a(D) = T2 F0)I2 () - I;*f(t)Jﬁg(t)‘ (31)

<|K*(f, 01, 02) Y2 | K* (g, 01, 92) /2,

(log L)

where
K* (u,v,w)(T)

(T — a)* & T\ T\
< > T > T) — log— ) — (log—
“T(a+1) ]go wjti’thU( )+ Uth”t”lu( ) - ow & t; 8 tj+1

(log L) & o o a a
o 217 20 | e ) 00y uT) = 00 (T = 15)° = (7=t

p P
-2 Z Jg,th“(T) Z Ito’j!tj‘Flu(T)
=0 =0
Proof. Since

D) = s [ @

1 a «@
:m[(T—tj) — (T = tj+1)"],

N 1 [t T\ 'dr

J

311 Weerawat Sudsutad et al 299-314



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

W. SUDSUTAD, S. K. NTOUYAS AND J. TARIBOON

we have

I (pr2)( Tlat1) 1 —t;)" = (T —t;41)°],

’I’L]+1NJ+1 T o T @
pumy 1 1 .
Ji by (102) (T 2 Tla+ 1) K 0g tj) 0g o

Therefore, two functional K*(f, ¢1, gpg)(T) and K*(g,11,%2)(T) can be expressed by

K*(f,p1,902)(T) é +1 { j1dp o, f(T) +mga i, f(T)

P
J:0

T\“ T \“
—mjp1Mjp |(log— | — (log —
tj tj+1

P

(log ) o .
+ TN(a+1) jz:;) MjJrlIti’thf(T) + mj+11ti=t.7‘+1f(T)

—mj M [(T =) — (T — tj41)°] }

p p

Z i1 (T) Z J+1 ’

and

* t—a)® - o et
K (gﬂw17¢2)(T) S ! {Nj+1Jti,t]‘+1g(T) +nj+1Jti,t]‘+1g(T)
0

j=

T\" T \“
tj tj+1

a p

log o
(a+ 1 Z { J+IIt t7+19(T) + nj+11ti,t_7»+1g(T)
j:O

=1 Nj [(T = 5)" — (T — tj41)7] }

P P
-2 Z Jg7tj+1 g(T) Z It(:,tjﬂg(T)

j=0 j=0
By applying Theorem (4.2), the required inequality (31) is established. O
Proposition 5.2 Let f and g be two integrable functions on [a,T], a > 0. Assume that the functions

©1, 2,1 and Py are defined by (27),(28), (29) and (30), respectively, satisfying (Hy)-(Hz2). Then for
a, B> 0, the following inequality holds:

(t—a)’ (log £)« N
g 00+ 1 ) — I FOLal0) ~ 105000 (32)
< KT (f o, 02)| 2 | K (9,00, 40) 2,
where
,6 P a «
K5 (u,v,w)(T) < I‘ﬁ—i—l)z(:){ wly , u(T) + o, w(T) —vw Klogt];) - (logtji) } }
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(og ) ¢ g s _ SN (T — )8
+ Z wIti,th u(T) + vl i U u(T) —vw [(T t;) (T = tj+1) ]

T(a+1) =
P P 5
—2 Z ngtwlu(T) Z Iti’t”lu(T)
j=0 §=0

Proof. By direct computations, we have

* t _ a B - «
K (f, 1,02)(T) < Z { 15, t7+1f(T) + mj+1Jti,t_j+1f(T)

T(B+1) =
T T \¢
s 57 - )
ti+1
log 0‘ P
a+1 . j+1It7,f]+1 (T)+m]+11t[j, J“f(T)
]:

—mjp1 My [(T = ;) = (T = tj11)°] }

p P
—2 |\ g (D )]
j=0 j=0

and
* (t—a) 5
Kl (97 ¢1, ¢2)(T) /6 + 1) ]+1Jt1;t_]+1 (T) + nJ""lJtzatJJrl (T)
7=0
T T \°
—nj M Kbg ) - <1Og ) }
tj tj+1
log o &
oS Nt ) D
]=O
= njr1Nji1 [(T = t5)7 = (T — tj41)"] }
P P
=2 g ) (DI, e |
j=0 §=0
By applying Theorem (4.4), the required inequality (32) is established. O
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Abstract

The boundedness and compactness of the weighted composition operator from F'(p, g, s) spaces to nth weighted-
Orlicz spaces are characterized in this paper.

Keywords: weighted composition operator, F'(p, q, s) spaces, nth weighted-Orlicz spaces.

1 Introduction

Let H(D) be the space of all holomorphic functions on the open unit disk ID in the complex plane C, Ny the set of all
nonnegative integers, N the set of all positive integers, and d A the Lebesgue measure on D) normalized so that A(D) =
1. Let u € H(D), the weighted composition operator uCl, is defined by (uCy f)(2) = u(z)f(#(2)), f € H(D), for
more details, see, [1, 3, 16, 18].

For 0 < p,s < 00, —2 < ¢ < 00, a function f € H(D) is said to belong to the general function space F(p, g, s) if

1 1lF(p.g.) = [FO) +Sup/ [F/()P(L = |2*)7(1 = tha(2)*)*dA(2) < oo,
zeD J D

where ¢, (2) = (a — 2)/(1 —@z), a € D. The space F'(p, q, s) was introduced by Zhao in [14]. Since for g+ s < —1,
F(p, g, s) is the space of constant functions, we assume that ¢ + s > —1. For some results on F'(p, g, s) space see, for
example, [4, 5,7, 8, 10, 11, 15,16, 17, 18].

Let i be a positive continuous function on [0,1). We say that i is normal if there exist two positive numbers a and
b with 0 < a < b, and § € [0, 1) such that (see [6])
p(r)

is increasing on [9, ),Tﬂ 1- r)b o0

. . . p(r) p(r)
1 1 — .
d—r)e is decreasing on [d, )’r1m1 A—rp 0; =

Let 41(z) = p(]2|) be a normal function on D. The nth weighted-type space on I, denoted by W,S") = W,(,") (D)
which was introduced by Stevic in [9], consists of all f € H(D) such that

byyen (f) = sup u(2)|f ™ (2)] < co.
" 2€D

For n = 0 the space becomes the weighted-type space H;°(ID), for n = 1 the Bloch-type space B,,(D) and for n = 2
the Zygmund-type space Z,(D)). From now on, we will assume that n € N. Set

n—1

1Al = SO1FD0)] + by (f)-
=0

With this norm the nth weighted-type space becomes a Banach space.

Recently, Ferndndz in [2] uses Young’s functions to define the Bloch-Orlicz space. More precisely, let ¢ : [0, 00) —
[0,00) be a strictly increasing convex function such that ¢(0) = 0 and lim;_, ¢(t) = 00.The Bloch-Orlicz space
associated with the function ¢, denoted by B%, is the class of all analytic functions f in D such that

jlég(l — 12 e(Alf (2)]) < o0

for some A > 0 depending on f. Also, since ¢ is convex, it is not hard to see that the Minkowski’s functional
f/
Hf”b«p = 1nf{k >0: Sga <k> < 1}
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defines a seminorm for B¥, which, in this case, is known as Luxemburgs seminorm, where

Se(f) =sup(1 = |2*)e(| f(2)])-

zeD

In fact, it can be shown that ¥ is a Banach space with the norm || f ||z = | f(0)|+ || f ||~ . For more details, see [2]. We
also have that the Bloch-Orlicz space is isometrically equal to the p-Bloch space, where u(z) = W, z € D.
1—|z|2

Inspired by this, now we define the nth weighted-Orlicz space, which is denoted by W("), as the class of all analytic
function f in D such that

sup(1 — |2[*)p(Af ™ (2)]) < o0
zeD

for some A > 0 depending on f. Same as the Bloch-Orlicz space, it is not difficult to see that the Minkowski’s

functional
f(n)
[1f e —inf{k >0 Sw( - ) < 1}

defines a seminorm for Wfpn). Furthermore, it can be shown that Wfpn) is a Banach space with the norm

n—1
1 e = D 1FPO1+ 1 f e
7=0

In the same way as in the case B¥, for any f € W;”)\{o}, the relation

i >
Syl —— ) <1
S0(||f||ngn> -

holds. Also, as a direct consequence of this, we have that the nth weighted-Orlicz space is isometrically equal to the

nth weighted-type space, where p(z) = , 2 € D. Thus, for any f € Wfpn), we have

1
¢’1(ﬁ)

n—1
: [f ()]
£l = D 170(0)] + sup —Z— 21

We jz:; z€D wfl(ﬁ)
Clearly, for n = 1, the nth weighted-Orlicz space Wé,n) becomes the Bloch-Orlicz space, and for n = 2 the Zygmund-
Orlicz space. In this paper, we are devoted to investigating the boundedness and compactness of the weighted com-
position operator uCy, from F'(p, ¢, s) spaces to nth weighted-Orlicz spaces. In what follows, we use the letter C to
denote a positive constant whose value may change its value at each occurrence.

2 Auxiliary Results

In this section we formulate some auxiliary results which will be used in the proof of the main results. Lemma 1 and
Lemma 2 can be found in [5].

Lemma 1. Assume that f € F(p,q,s), 0 < p,s < 00, =2 < q < 00, ¢+ s > —1. Then, for each n € N, there is a
positive constant C, independent of f such that Hf||8m < Ol fllF(p.q,s) and
D

|f(n)(z)| < C”fHF(p,q,s)
= 3tq—p 3
(1= o)

z € D.

Lemma 2. Let o > 0 and f € B*. Then,

C| fll B, 0<a<l,
lf(2)] < Clogﬁﬂfﬂm, a=1,
Q_M%Hf”m, a>1
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Lemma 3 and Lemma 4 can be found in [12].

Lemma 3. Assume a > 0 and

1 1 1
a a—+1 a+n
Dry1 = : :
n—l. . n—1 ) . n—1 ' .
[Ti=o(a+i) Ili=gla+i+1) - [liZg(a+i+n)

Then, Dy11 = [} j"
Lemma 4. Assume n € N, u, f € H(D) and ¢ is an analytic self-map of D. Then,

n n

(w(2) (@)™ =3 1P (6(2) 3 CLu™(2)Bui(¢/(2), 8" (2), -, 7D (2)),

k=0 =k

where

kj
b

n ! ()
B (@ (.6 G ) = 8t T () @

and the sum in (1) is overall non-negative integer k1, - - - , ky satisfying k1 +kao+- - -+k; = k and k1 +2ka+- - -+1k; = L.

The next characterization of compactness is proved in a standard way (see, e.g., the proofs of [1], Prop 3.11]).
Hence we omit it. The following Lemma 6 can be found in [13].

Lemma 5. Suppose that w € H(D), n € N, ¢ is an analytic self-map of D. Then, uCy : F(p,q,s) — Wfon) is

compact if and only if uCy : F(p,q,s) — W;n) is bounded and for any bounded sequence { fi }ren in F(p,q, s)
which converges to zero uniformly on compact subsets of D as k — oo, we have [|uCyf||,,,n — 0 as k — oo.
@

Lemma 6. Fix 0 < « < 1 and let {fi}ren be a bounded sequence in B® which converges to zero uniformly on
compact subsets of D as k — co. Then we have

lim sup |fx(2)| = 0. (2

k—00 e

3 The Boundedness of uC,, : F(p,q,s) — WY

Theorem 7. Letu € H(D), 0 < p,s < 00, =2 < g < 00, ¢ + s > —1, n € N and ¢ be an analytic self-map of D.
(a)If2+4q < p, thenuCy : F(p,q,s) — WSE,") is bounded if and only if

[u™ (2)]

My = sup ———~ 3
0 Zlelgwl(ﬁ)@w, 3
and
n 1, (n=1) ’ " (I—k+1)
M, = sup | Bz G V@B, ') ST, @
oL =h) (L o)) 57

where k =1,2,---  n.
(b)If2+4q=p, thenuCy : F(p,q,s) — Wén) is bounded if and only if (4) holds and

|u(™ (2)| log W

M| = sup &)
0 2€D W_l(ﬁ)
(c)If2+4q > p, thenuCy : F(p,q,s) — Wén) is bounded if and only if (4) holds and
(n)
MY = sup WEL ©)

q
P

2D o1 (=h)(1 - [9(2)2)
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Proof. If 2 + ¢ < p. Assume that (3) and (4) hold, then for each f € W;")\{O}, by Lemma 1, Lemma 2 and Lemma
4, we have

" ((uC¢f)(")(Z))
v CllfHF(p,q.,S)

< sup(l—|[2*) -

z€D

(p(lu( N @]+ | et FP((2) iy Cru™ D (2) Bui (¢ (2), 9" (2), - - @”"””(Z))!)

CHf”F(p,q,s)

< sup(1—|zf*) -

z€D

n 24+9—p
(w(l,lzlz)Mou(qs(z)n o () S Ma(1 - [6(2)) ™ *’“!f““)(qﬁ(Z))I)
®
CHf”F(p,q,s)

B 1 1o (CMOHfBT + 2kt Ci M| fll P (p.g.5) _1( 1 ))
= Supll — |2]")¥ ¥

zeD CHf”F(p,q,s) 1- |Z|2

>0 CiM; 1
< 1— 2|2 J= -1 <1
< sl = o= e (1)) <
Here C;(j = 0,1,--- ,n) are all constants, and C' > Z;;O C';M;. Now, we can conclude that there exists a constant C'
such that [[uCy f[|,,, v < C||fllF(p,q.s) and the weighted composition operator uCy : F'(p, q,s) — é,”) is bounded.

If 2+ g =p,or2+q > p, from (4) (5), or (4) (6), we can get uCy : F(p,q,s) — Wq(,") is bounded similarly.
Conversely, suppose that uCly : F'(p, ¢, s) — ( )is bounded, that is, for all f € F(p, ¢, s), there exists a constant

C such that ||uC¢f||W<n> < C.Forw €D, and constants €0, C1y " ,Cp, SEL
©
Zn (1= Jw?)*t
(1 —wz)xti’ 7

=0

where o = 2’#. It is well known that f,, € F(p,q, s), and

fo(w) = WZ% ®)
n
FO(w) = (1_|w| = IHZCJTH a4j+r), 1=1,2--,n. )
We claim that for each k € {1,2,--- ,n}, there are constants cg, ¢y, - - - , ¢, such that Z;;O ¢; # 0 and
8 (w) = A P w) =0, t€{0,1,2,--- ,n}\{k}. (10)
oS T b

In fact, by (8) and (9), (10) is equivalent to the following system of liner equations

cot+ecr+--+cy, =0,

coa+ci(a+1)+ - +cy(a+n)=0,
coafa+1)+e(a+D)(a+2)+ - +cep(a+n)la+n+1)=0,

...... (11)
COH]: é(a—i—r)—kcl]_[T O(a—l—l—i—r) +C7LHT 0(a—|—n+ r)=1,

cOHf;é(a—i—r)—i—clH::&(a—&—1+r)+---+anf;&(a+n+r):0.
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By using Lemma 3, we obtain that the determinant of system of linear Eq.(11) is different from zero, from which
the claim follows. For each k € {1,2,--- ,n}, we choose the corresponding family of functions that satisfy (10) and

denote it by f, 5. Then, from Lemma 4 and the boundedness of uCy : F(p,q,s) — ng,n), for w € ID such that
|6(w)] > 3,

—
Y

(n) (n)
S@((u%mgw <z>>> . (1_|w|2)¢(|<uc¢f¢@g,k> <w>|>
[o(w)|>3

(1 _ |w|2)tp(|¢(w)|k| Z?:k Cflu(nfl)(z)Bl’k (¢/(Z),¢"(Z), . ’¢(lk+1)(z))|>

= sup 2+q—p
() [> C(L— )7 **
It follows that
n Cl (n—=1) B ’ , " o (I—k+1)
wp | Zim Gt V@B (¢, 6 STVE] 12
lp(w)>3 %0_1(@)(1— p(2)2) "7 *
By the test functions fi(z) = 2¥(k = 1,2,--- ,n), use the mathematical induction as in [12], we can get that
{ Zzl:k Céu(nil) (Z)Bl,k ((;5/(2’), ¢//(Z)a MR ¢(lik+1)(z)) |
sup ’ 5 < 0.
2€D ¥ (W)
Then, foreach k € {1,2,--- ,n},
el (n—1) B ’ , " o (I—k+1)
qup 120 Ont &5 (#(,¢c), - ¢ Q). %)

2+q—p
o) <4 P )=o) 7

Combining (12) with (13), we obtain that (4) is necessary for all cases.
If 2+ g < p, taking f(z) = 1, then (uCy f)(2) = u(z), by the boundedness of uCy : F(p,q,s) — WS | we have

5o () =k ) <2

It follows that (3) holds.
If2+ g =p, forafixedw € D, set

w(2) =1 .
9w(2) = log 7——

Then it is easy to see that g,, € F(p, ¢, s) and we have

2 o"
(W) =1 )=k -1—r  k=1,2--.n.

From Lemma 4 and the boundedness of uCy : F(p,q,s) — W&"), we have

1> sg,((“%%(w))(")('z)) > sup(1 — |w|2)<p(|<u0¢f¢<w>)(”)(w)>
C webh C

sup(1 — [w[?) -
weD

. ( [ @) log =rE| 3 B Siy G B (01(2), - 6| )
k=1

v

C C1—[pw)?)*

By M}, < oo and the boundedness of ¢(w), it follows that

n 2 n n n— —
gup N S _ (5 Sl O @) B ((2), (2), - 0|

S 2 e () (L= [9() ) =
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If 2 + g > p, using the function in (7), and in the system of linear Eq.(11), we can also find cg, c1,--- , ¢, and
denote the corresponding function h,,(z) such that

1
hw(w):—zma h‘(dk)(W):O7 k:1,2, ,
(1= )5

(n)
©

Then from Lemma 4 and the boundedness of uCy, : F'(p, ¢, s) — , we have

1 > s¢<(“0¢h¢(w>)(n)<z)> > sup(1 — |wl2)<p<|(uC¢h¢(w))(")(w)|>

B c web c
u(™ (w
= sup(1 = o L),
weD C(L—lo(w)?) 7
from which we can see that (6) holds. O

4 The Compactness of uCy : F(p,q,s) — (,(an)

Theorem 8. Let u € H(D), 0 < p,s < 00, =2 < ¢ < 00, ¢ + s > —1, n € N and ¢ be an analytic self-map of D.

(a)If2+q < p, thenuCy : F(p,q,s) — ng) is compact if and only ifuCy : F(p,q,s) — érb) is bounded and
Cl (n=1) " e (I—k+1)
| S Cu () Bua (6,8, )] .

62} -1 () (1 — [o(e) )

wherek =1,2,--- ,n
(b)If2+4q = p, then uCy : F(p,q,s) — Wé,n) is compact if and only if uCy : F(p,q,s) — W;n) is bounded,
(14) holds and

1) 108 T
B@HI=1 e ()

= 0. (15)
(c)If2+q > p thenuCy : F(p,q,s) — Wén) is compact if and only if uCy : F(p,q,s) — Wq(,n) is bounded,
(14) holds and

lim ut™ ()|
BEI=1 o= (=) (1 = [6(2) )

=0. (16)

2+q P

Proof. Let { f;}icn be a sequence in F(p, q, s) with || fi|| p(p.q,s) < L, and f; converges to zero uniformly on compact
subsets of D as ¢ — oco. To prove that uCy : F(p,q,s) — Wén) is compact, by Lemma 5, we only need to show
lim; o ||uC¢fiHW$’n) =0.

If 2+ ¢ < p, suppose that uCy : F(p,q,s) — W}f’) is bounded and (14) holds, then for given € > 0, there exists a
d € (0,1), when § < |¢(z)| < 1, we have

| 20 Chul D (2) Big (¢'(2), ¢"(2), -, ¢V ()|

s <e, k=1,2,---,n. (17)
o (=) (L — (=) ) 5

By the proof of the boundedness, we know that M < oo and

| S, Chult=D(2) By (¢/(2), ¢ (2), - -+, o F D (2))]|
sup =

z€D Wfl(ﬁ)
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Let K = {z € D, |¢(z)| < d}, then by Lemma 1 and (17), we have

sup Lo/ )|
zeD Q_l(ﬁ)
< s S @)
Y Gl @) B (¢(2), ¢ (), 0TI E)]
PR ) 19 (6())
. | i Chu () B (¢/(2), ¢ (2), - 6D E))|
*;zé’ﬁi& () 119 (6(2))]
< Molfi(d(2)| +C Y sup |[£7(6(2)]
k:1Z€K
N Z qp |2k Cnt" V(@) BLk(¢/(2). 6" (), 67D (@) [l il
i e o () (1~ o))

< Mo|fi(¢(2))] + nC sup | ()| + nLe.
|w|<8

Since fr € F(p,q,s) C B, by Lemma 6, we have lim; . sup,cp | fi(¢(2))| = 0. By Cauchy’s estimate, we
know sup|,,|<s \fl(k)(w)| — 0, as i — oco. On the other hand, since {¢(0)} is also compact subset of D, we have

0| f — 0, as ¢ — 00. So ||u illy,my — 0, as ¢ — oco. Hence uCy : F(p,q,s) — " is compact.
P 1 (0) =0 S0 [[uCl fill e — 0 Hence uCy : F Wy
©

If2+¢=por2+q > p, assume that uCy : F(p,q,s) — W is bounded, (14), (15) or (14), (16) hold
respectively. Then given € > 0, there exists a § € (0,1), when 0 < |¢(z)| < 1, we have
[u™)(2)| log T—3p [u®™ (2)|

< € Or 2+q—p
o (=) e () (1= o))

< €.

Then by Lemma 1, Lemma 2 and Lemma 5 and similar to the above, we can easily get that uCy, : F(p,q, s) — Wfon)
is compact.

Conversely, assume that uCy : F(p,q,s) — Wé,n) is compact, then it is clear that uCy : F(p,q,s) — Wg(pn) is
bounded. Let {z; };en be a sequence in D such that |¢(z;)| — 1, as ¢ — oo. (If such a sequence does not exist, then the
condition in (14), (15), (16) automatically hold.) Let f,, x(z)(k = 1,2,--- ,n) be as defined in the proof of Theorem
7. Then the sequence { fy-,),x } are bounded in F'(p, ¢, s) and converge to zero uniformly on compact subsets of ID as

i — oo. By Lemma 5 and the compactness of uCy : F(p, ¢, s) — W("), we have

Jim [uCo fo ) llyyem = 0- (18)
Then
(Uc¢f¢(zi),k)(n)(zi)
1 > 5,
[uC foz) ke llyyem
Nk n L, (n=1) VB 1( . Nis N L (I—k+1) (..
> (1 _ |Z12)<p<¢(zz)| ‘Zl:k Cnu (Zz) l,k(qj) (ZZ)>¢ (lejrq a¢ (Zl))‘>

[uCs fozo).kllyyen (1= 16(20)[?) T
It follows that

[6(z0) ¥ Sy CLu™ =D (2) Bua (! (20), ¢"(z1), - -, ¢4+ ()
P (=) (1= [o(z)?) 7+

< NuCofoczykllyyem-
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| ik Cru™ D (i) Bui (¢ (24), " (1), -, 0 7F 1 (20) |

lo(z0)l—1 o (=) (L () 7
lim B(z)[F| o1y CLul™ D (2) Bui (¢ (20), ¢ (20), - -+, ¢U7F 4D (27) | —0
e P (=) (1= [o(z) ) 7+

which implies that (14) is necessary for all cases. If 2 + ¢ = p, set

Then {g;(z)} is a bounded sequence in F(p, ¢, s) and converges to zero uniformly on compact subsets of I, and we
have

-k -/ -1
2 (k) 2(k —1)!o(zi) (i) 2
9i(P(zi :10g7, 9; (&(z)) = +C log ;
W) =loe oo 9 ) = TG T T lear \ B T eGP
where Cj(k = 1,2,--- ,n) is constants about k. By Lemma 5 and the compactness of uCy : F'(p, ¢, s) — Wén), we
have
Jim [JuCygillyyem = 0. (19
Then
1 > S¢<(uc¢gz) (z))
”ucq%gznw&ﬂ)
> (- |aP)-
('“(”Nzi)logl_w?mz S Clote0) | Kty Ch =) B (6 ) 0, ﬁ”’””“i))')
2+q—p :
luCogillyvgn o ||uc¢gi||wfan><1f [(z)/7) " H
It follows that
[u(™) ()| log m
@_l(ﬁ)
C| Yy CLu" D () Bii (¢ (2:), 9" (2), - -+, o7 ()
S ||uc¢gl||w(") + Z | L=k 1 ( +‘1*P+k )| :
k=1 2 (W)( |o(z:)?) >

Then by (14) and (19), we can get (15) holds.
If 2 4 q > p, let h,,(2) be as defined in the proof of Theorem 7. Then the sequence {h.,)} is bounded in F'(p, g, s)
and converges to zero uniformly on compact subsets of D as i — oo. By Lemma 5 and the compactness of uCy :

F(p,q,s) — Wén), we have

hm [uCghy, ||W(,L> =0. (20)

Then

(n) (n) (5.
> Sw((u@’h‘b( )" (Zz)> > (- |zi|2)<p( [ut™ ()] - )
”ucﬁﬁhtﬁ(zx')”wfp") |‘uc¢h¢(zi) W(n)(l — |¢(ZZ)|2) P

It follows that

ut™ ()]
oL (=) (1 — [0(z4)2)
from which we can get (16) holds by (20). ]

2+q 7 = ||uc¢h¢ )”W(”)
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MODIFIED ¢-DAEHEE NUMBERS AND POLYNOMIALS

DONGKYU LIM

ABSTRACT. The p-adic g-integral was defined by T. Kim to be
pV—-1 ¢
LD = [ f@dug(@) = Tim S 5 f(z) (see 9, 10]).
! Zp ! N—roo ZZ:O [P"]q

From p-adic g-integrals’ equations, we can derive various g-extension of Bernoulli
polynomials and numbers (see [1-20]). In [4], T. Kim have studied Daehee polyno-
mials and numbers and their applications. Recently, many properties and valuable
identities related to Daehee polynomials and numbers are introduced by several
authors (see [1-20]). In [11], T. Kim et al. introduced the g-analogue of Daehee
numbers and polynomials which are called g-Daehee numbers and polynomials.
In this paper, we consider the modified ¢g-Daehee numbers and polynomials which
are different the g-Daehee numbers and polynomials of T. Kim et al. and give
some useful properties and identities of those polynomials which are derived the
new p-adic g-integral equations.

MSC: 11B68, 11540, 11S80

KEYWORDS AND PHRASES. Modified g-Daehee number; Modified g-Daehee poly-
nomial; Modified ¢g-Bernoulli number; p-adic g-integral

1. Introduction

The g-Daehee polynomials D,, 4(z) are defined and studied by T. Kim et al., the
generating function to be

1= g+ ot log(1+1t

(1) —

)(1 +1)* = Zqu(m)tnj' (see [11]).
n=0 ’

This generating function for D,, 4(x) is related with p-adic g-integral on Z,, defined
by T. Kim(see [9, 10]).

In this paper, we consider modified p-adic g-integration on Z, which are used by
many authors(see [1-20]). We define modified g-Daehee polynomials D,,(z|q) from
modified p-adic g—integrals, and relate D, (z|q) with modified g-Bernoulli polyno-
mials By (z|q).

Throughout this paper, we denote the ring of p-adic integers, the field of p-adic
numbers and the completion of algebraic closure of Q, by Z,, Q, and C,, respec-
tively. The p-adic norm | - |, is normalized by |p|, = %. We denote the space of
uniformly differentiable function on Z, by UD|Z,]. The ¢-Haar measure is defined
as (see [9, 10]) pq(a+p™Zy) = %, where [z], = %. For a function f in UD|[Z,],
the modified p-adic g-integral on Z, is given by

pN—1 7
2 1, = x)dug(z) = lim —f(z see |9-20]).
) )= [ @) = i 5 ) (o 520)

1
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The bosonic integral on Z, is given by Ii(f) = limg—1 I4(f).
From (2), we have the following integral identity.

Q (1) = ) = e F(0) + (a = 1)1(0)
where fi(z) = f(z +1) and f'(z) = £ f(=).

In special case, we apply f(z) = ¢~ %€!® on (3), we have

1
t—1/ Tty (z) = Tt
(e )qu e dpig() log g

Thus
-1 t
4 e dpg(r) = T —
@ /zpq @) = g 1
The g-analogue Bernoulli numbers B,,(q) are known as follows:

n

(5) ZBn(q)t— gt t (see [3, 5, 9]).
n=0

n!  logqet—1

Indeed if ¢ — 1, we have limy1 B,(q) = Bp. So we call By, (z|q) as the nth
modified g-Bernoulli polynomials and the generating function to be

t - "

Tt __ P

et = gOBn(x\q)n!.
n=

When x = 0, B,(0|q) = By(q) are the nth modified g-Bernoulli numbers.
From (3) and (6), we have

Ba(alg) = /Z V() g 9).

P

qg—1 t
logg et — 1

(6)

From (6), we note that

n

7) Bu(alg) =3 (7) Bi(g)a™.

=0

1
For the case |t|, < p ?-T, the Dachee polynomials are defined as follows:

n! t

®) S D)t = 2B e (see 1)),
n=0

From p-adic ¢-integrals’ equations, we can derive various g-extension of Bernoulli
polynomials and numbers(see [1-20]). In [4], T. Kim have studied Dachee polyno-
mials and numbers and their applications. Recently, many properties and valuable
identities related to Daehee polynomials and numbers are introduced by several
authors(see [1-20]). In [11], T. Kim et al. introduced the g-analogue of Daehee
numbers and polynomials which are called ¢g-Daechee numbers and polynomials. In
this paper, we consider the modified g-Daehee numbers and polynomials which are
different the g-Daehee numbers and polynomials of T. Kim et al. and give some use-
ful properties and identities of those polynomials which are derived the new p-adic
g-integral equations.
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2. Modified ¢g-Daehee numbers and polynomials

Let us now consider the p-adic g-integral representation as follows:
o) | a7t mdugn) (nezs =Nu o),
»
where (z),, is known as the Pochhammer symbol(or decreasing fractorial) defined by
(10) (@) =a(x—1)--(x—n+1 ZSlnk

and here S;(n, k) is the Stirling number of the first kind (see [4, 11]).
From (9), we have

) i:‘%(/z s )= [0 @0 (7)o Yot
B /Z ¢ (L 1) g (),

1
where t € C,, with |t[, <p »-T.
1
For t € C, with |t|, < p =T, from (3), we have

3 q— 1log(1l+1t)
12 /q Y(1 46" du,(y) = 14 t)*.
(12 [ ) = PR A
Let
qg—1log(1l+1)
13 Fy(x,t) = ———(1+1t)" E D, ( —.

In here the polynomial D, (z|q) is called modified nth g-Daehee polynomials of
the first kind. Moreover, we have

(14) Dy (z|q) = / q V(@ 4 Y)ndig(y).

Zp

When z = 0, D,,(0|q) = Dy,(q) is called modified the n-th g-Daehee numbers.
Notice that Fj(z,t) seems to be a new g-extension of the generating function for
Daehee polynomials of the first kind. Therefore, from (8) and the following fact,

log(1 + 1)

lim F(a,t) = (1+8)".
On the other hand, we can derive
= a t"  q—1log(1l —|— t) >
1) ([ @) = =3l

n=0 P
From (10) and (15), we have
q—1
log q

(16) Dn(x) = Dn($|Q)
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From (10) and (11), we have

Dy (z]q) = /Z ¢ (@ + y)ndig(y)
(17) "
= Si(n, k)By(z|q).

k=0

By (z]q) are the modified ¢-Bernoulli polynomials introduced in (6).
Thus we have the following theorem, which relates modified g-Bernoulli polyno-
mials and modified ¢g-Daehee polynomials.

Theorem 1. For n,m € Z,, we have the following equalities.

Dy(zlg) = 251 (n, k) B (|q)
k=0

(@) =>_ Si(n,k)Bi(q)
k=0

From the generating function of modified g-Daehee polynomials in D, (x|q) in
(13), by replacing t to e — 1, we have

ZD :U|q ZB
= Dm<x\q>zsg<n,m>f§
m=0 n=0

Thus by comparing the coefficients of ", we have

and

(18)

By(zlq) = ZD (x]q)Sa(n, m).

m=0

In here, Sa(n,m) is the Stirling number of the second kind defined by the following
generating series:

o (ef —1)m

(19) > Sa(n,m)-— = cf.[4, 11].

m!
Therefore, we obtan the following theorem.
Theorem 2. For n,m € Z,, we have the following identity.

By (zlg) = ZD (zlq)S2(n, m).

m=0

The increasing factorial sequence is known as
e =zx+1)(z4+2) - (x+n—1) (neZy).

Let us define the modified ¢g-Daehee numbers of the second kind as follows:

(20) Dolq) = /Z Y (~)ndig(y) (n€7Zy).

P

327 DONGKYU LIM 324-330



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

MODIFIED ¢-DAEHEE NUMBERS AND POLYNOMIALS 5

It is easy to observe that

(21) 2 = (—1)"(=z)n = Y _ Si(n, k)(—1)"Fa*.
From (20) and (21), we have

Dn(q) = /Z q Y (—y)ndig(y)

(22) = /Z g~y (= 1) dprg(y)

—ZSlnk kBk()

Thus, we state the following theorem.

Theorem 3. The following holds true:

)= Si(n. k) (-1 By(a).
k=0

Let us now consider the generating function of the modified g-Daehee numbers of
the second kind as follows:

gﬁn(qﬁ - é(/zq i) ) o
(23) = /Z ,, g (g:ﬂ <ny> t") dpg(y)

- / ¢V (14 £) Vdpug(y).
Zyp

From (23), we denote the generating function for the modified ¢g-Daehee numbers
of the second as follows:

qg—1log(1+1)

24 F,(t) = 1+1).
(24) (0= 1

Let us consider the modified g-Daehee polynomials of the second kind as follows:

q—llog(1+t Pt —

2 D, (
(25) s 1 Z xlq

It follows from (25) that
(26) / Y(14t)"Ydug(y Z Dy ( :1:|q

ZP

From (26) gives
Bulala) = [ 47w~ y)udia(y)

Zp

(27)

=q¢ ') [Si(n, k)| B(z + 1|7,
k=0
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where n > 0 and |S1(n, k)| is the unsigned stirling numbers of the first kind.
Then, by (27), we have the following theorem.

Theorem 4. For n > 0, the following are true.

Dn(zlg) = ') |S1(n, k)| Bi(z + Llg ™).
k=0

From the modified g-Bernoulli polynomials in (6),

(0.9}
t" qg—1 t
B —1\" — (l—x)t
qg n(la )n! log q et —1°

ZZB x\q

(28)

Thus, we have

(29) ¢(=1)"Bu(zlq™") = Ba(1 — 2lg).
From (29), the value at z = 1, we have

9(=1)"Bn(1lg™") = Bu(q).
On the other hand, we can check easily the following

(30) @+yh=FD)"(-z-y+n-1)
and

From (13), (27), (30) and (31), we have
(a2 [ (T )

) = (2 20) (7

- :nj <:l—_11> ﬁmgn—!wIQ)
and
(ap Py f (7w
_/Z y<_x+yn+n_1>duq(y)
" S5 () [
m=0 \"' T/ Jz, m

Therefore, we get the following theorem, which relates modified g-Daehee poly-
nomials of the first and the second kind.
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Theorem 5. For n € N, the following equlity hold true.

and

(1]

8]

[9]
[10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]

[20]

~

(o 2ol _ 3 (7 1) Dl

n! m—1 m!
m=1
Du(zlg) = (7 —1Y Du(—zlq)
—yn=R i — _
(=1) n! Z m—1 m)
m=1
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This paper is concerned with a class of boundary value problems for the non-
linear mixed impulsive integro-differential equations with the derivative u' and
deviating arguments in Banach space by using the cone theory and upper and
lower solutions method together with monotone iterative technique. Sufficient
conditions are established for the existence of extremal solutions of the given
problem.

Keywords Integro-differential equations; cone; upper and lower solutions;
monotone iterative technique; Impulsive

Mathematics Subject Classifications (2000) 34B15, 34B37.

1 Introduction

Impulsive differential equations have become more important in recent years in
some mathematical models of real processes and phenomena studied in physics,
chemical technology, population dynamics, biotechnology and economics etc.
and there have appeared many papers (see [1-28]) and the references therein).
There has been a significant development in impulse theory. Especially, there
is an increasing interest in the study of nonlinear mixed integro-differential

*Project supported by the scientific research of yunnan province department of educa-
tion(Grant No. 2013Y493), the NSF of Yunnan Province (Grant No.2013FD054) and the
NSF of Jiangxi Province (Grant No.20144BAB2020010). Email: wangxuhuan84@163.com;
idolmy@163.com.
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equations with deviating arguments and multipiont BVPS[7-14] for impulsive
differential equations.

In this article, we are concerned with the following BVPS for the nonlin-
ear mixed impulsive integro-differential equations with the derivative v and
deviating arguments in Banach space E:

u”(t) = f(t,u(t), u(at)),v' (t), Tu, Su) t#ty, t€J=][0,1]

Au(ty) = Qru/(tr) k=1,2,---,m
Au'(ty) = I (u' (), u(te)) k=1,2,---,m
w(0) = Au(l) + Ky u’'(0) = A/ (1) + A3 fol w(s,u(s))ds + pu'(n) + ko

(1.1)
where 0 = g < t1 < to < - <tp <+ <ty <tme1 =1, f € C(J X

B(t)
B5.B), I € C(E x B, E), Qx > 0, (Tu)(t) = /0 k(t, )u(y(s))ds, (Su)(t) =

/1 h(t,s)u(é(s))ds, D = {(t,s) € J2 |0 < s < B(t)}, k € C(D,R"), and h €
0

C(J*,RY),w € (JXE,E),a, 3,7,6 € C(J,J), Aulty) = u(t})—u(t;),Au'(ty) =
U/(tﬁ) — ’U/(t;), 0< n < 1,0< My 0< )\1,)\2 <1,0< Ag, kl,kg S

The article is organized as follow. In section 2, we establish comparison prin-
ciples and lemmas. In Section 3, we prove the existence of the result of minimal
and maximal solutions for the first order impulsive differential equations, which
nonlinearly involve the operator A by using upper and lower solutions, i.e. The-
orem 3.1. In Section 4, we obtain the main results (Theorem4.1) by applying
Theorem 3.1, that is the existence of the theorem of minimal and maximal
solutions of (1.1).

2 Preliminaries and lemmas

Let PC(J,E) = {x : J — E;z(t) is continuous everywhere expect for some t;, at
which z(t]) and z(t;) exist and z(t) = z(t; ), k=1,2,---,m} ;PCY(J,E) =
{x € PC(J,E) : 2/(t) is continuous everywhere expect for some t; at which
2’ () and /() exist and 2/ (ty) = 2/(t; ), k = 1,2,---,m}. Evidently,PC(J, E)
and PC'(J, E) are Banach spaces with the norms || = ||pc= sup{|z(¢)| : t € J}
and || z ||pcr= max{|| = |pc, | =’ ||pc}. Let J— = J\{tx,k = 1,2,---,m},
Q=PCYJ,E)NnC?*(J,E).

If P is a normal cone in E, then P, = {x € PC(J,E) | z(t) > 0,¥t € J} is a
normal cone in PC(J,E), P* ={f € E* | f(z) > 0,Vax € P} denotes the dual
cone of P.

A function = € € is called a solution of BVPS (1.1) if it satisfies Eq.(1.1).
In this paper, we always assume that E is a real Banach space and P is a regular
cone in E,and denote Ky = max{k(t, s), (t,s) € D} and Hy = max{h(t, s), (¢,s) €
J%}.

We consider the following first order impulsive differential equation in Ba-
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nach space E:
2'(t) = f(t, Azx(t), Az (a(t)), z(t), TAx, SAz) t#ty, teJ=]0,1]

x(_):Ik(Az(tk) x(tg)) k=1,2,---.m
(0) = Now(1) + X J2 wls, Ax(s))ds + () + s

8

(2.1)
where f, I, T, S, w, Qk, t, A2, A3, i, ko are difined as (1.1) and

Aa(t) = ; ’lel n /O Gt s)a(s)ds + Y G(t, t)Qua(ty)

k=1
with 1
— 0<s<t<l
W =ssts
G(t,s) =
A
0<t<s<1
D stess

Lemma 2.1 Suppose z € PC(J,E) N CY(J~, E) satisfies

' (t) + Mxz(t) + My Bx + MaBx(a(t)) + MsTBx + MySBx <0 t#t,, teJ=]0,1]
Aac(tk) < —Lka(tk) k= 1,2,--~,m
2(0) < A22(1)
(2.2)
where
1 m
2(l) = / G(t, $)u(s)ds + 3 Glt, te) Qur(tr)
0 k=1
0 < A1,A2 <1, Ly >0 and constants M, M;(i = 1,2, 3,4) satisfy

m

M >0, M; >0, M+(My+Mo+M3Ky+MyH, Ly)
>0, M; >0, M+(M;+ 2+30+40+;k A1+21_M

(2.3)
then z(t) < 0 for ¢t € J.(6 denotes the zero elment of E )
Proof. For any given g € P*, let y(t) = g(z(t)), then y € PC(J,R)NCY(J~, R)
and y'(t) = g(2'(t)).
In view of (2.2), we get

y'(t) + My(t) + My By + MaBy(a(t)) + MSTBy+M4SBy<O t#£ty, t€J=][0,1]
Ay(ty) < —LpBy(tr) k=1,2,-
y(0) < Aay(1)

We will show that y(t) <0,t € J.

(i)Suppose to contrary that y(t) > 0, y(t) #Z 0 for t € J,
In view of the first inequality of (2.4),we get 3/(¢) < 0. And by the second one in
(2.4),we obtain that y(¢) is decreasing in J. Then 0 < y(1) < y(t) < y(0). By the
third inequality of(2.4), we have y(1) > 0 and Ay > 1, which is contradiction.

(2.4)
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(ii) Suppose there are t,t € J such that y(¢) > 0 and y(t) < 0.
Let y(t.) = Itl'él}l y(t) = —A, then A > 0.By (2.4),we get
v(O) < AM+ O+ M) (Jo Gt s)ds + 327, G(t, 1) Qr)
+Ms( fo DKt s) f(jG (s,r)dr + Y, G(s, t)Qxlds)
+My( fo (t,s fo G(s,r dr+2k 1 G(s,tk)Qr)ds) I

1
< {M M + M-
< M+ (M + 2)(1_A1+];1
1 —~  Qk ~  Qk
M3 K, MyHy(
+Ms 0(1—A1+;1—A1H aHo( +kZ1 )\1
< [M + (M + My + MKy + MyHy)( Z A t# ty
1- )\1 =
Ay(tk) < 7LkBy(tk)) < )\Lk( 1 + i Qk ) k=1,2,---,m
L—=X  Z—1l-X\
Case 1 If t, € [0,), integrating from t, to t,we get
B T
0<u® = e+ [ Vst 3 Ayw)
b th <tp<t
< A+ [M+ (M + My + M3sKo+ MyHy)
LB
N > L y(tx)
b <t <Z
< A+ M+ (M + Ms+ M3sKy + M4H0)

Hence

<[M+(M1+M2+M3K0+M4HO)(1_1>\1+Z Qk 43" L 1 3 Qs
k= k

It is contradiction to (2.3).
Case 2 If t, € [t,1], we have

y(0) + / Ys)s+ S Aylt)

0<tp<t

0 < y(t)

t
< y(0)+/ [M + (M, +M2+M3K0+M4Ho)
0
1 ~ Qk N Qk
= +Zl_>\1)]>\ds+>\ ZiLk 1_A1 +Zl )
k=1 0<tr<t k=1
4
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1
y(1) = u(t?)+ / Ysds+ S Aylta)

te <tp <1

1
< —)\—F/ [M+(M1 +M2+M3KQ+M4H0)
tx

1 ~ Qx ~ Qx
R ML LRI M e D W v

k=1 to<tp<l k=1

Hence

1 1
A4 — [M + (M + My + MsKy + MyHy)

A2
Qr 1 1 N Qk
(17Al +Zli)\1)]/\ds+>\—2)\ > Lk(l—Al +217A1)
k= to<tp<l k=1
> —A+ [M + (M1 + My + M3 Ky + M4H())
t m m Qk
)]Ad A L(
1—>\1+Z sEA D, k1—>\1+21 )
. b, <tp<l k=1
> y(1) > N7 y(0)
1 t
> —/\2 ds—— Z Ay(ty)
_ 0<tk<f
1/
> W [M + (My + My 4+ M3Ko+ MyHy)
2
N Qk
Ads — 7)\ Li(
1—>\1+Zl—)\1 2 kl—/\1+zl x
0<tp<t k=1
> *)\/ (IM + (M7 + M3 + M3Ky + MyHy)

3

m

Qr
1—>\1+Zl—)\1 dS_TA > L’“1—A1+21 N

2 0<tp<t. k=1

1 N Qk
S VAP Sy

We obtain that M+ (M, +Mz+MsKo+MaHo+ Y Li)( ) >
k=1

Ao which is contradiction.
Since g € P* is arbitrary, we have z(t) < 0, Vt € J.
We complete the proof.
Lemma 2.2 Assume that (2.3) is satisfied.Let ex,a € E,0 € PC(J, E).
Then the linear problem

' (t) = —Mx(t) — MiAzx — MyAx(a(t)) — MsTAx — MySAz +o(t) t#t,, teJ=10,1]
Ax(ty) = —LpAx(ty) + ex k=1,2,---,m
z(0) = Aoz(1) +a

(2.5)
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has a unique solution x € PC'(J, E) if and only if z € PC(J, E) is a solution
of the integral equation:

x(t) = aDe Mt fol H(t,s)(o(s) — M1 Ax(s) — MaAx(a(s))
—M3T Ax(s) — MySAx(s))ds + Z H(t,ty)(—LpAx(t) + ex),
k=1
(2.6)
where D= (1—- e M)=1,
De=M(t=s) 0<s<t<l,
H(t,s) = (2.7)
DXgeMQO+t=s) 0<t<s<l.
Proof. First, differentiating (2.6), we have
2'(t) = (aDe Mt 4 fol H(t,s)(o(s) — M1Ax(s) — MaAx(a(s))
—M3TAx(s) — MySAx(s))ds + Y H(t,t)(—LrAx(ty) + ex))’
k=1

= —M(t)[aDe M + [ H(t,5)(o(s) — My Ax(s)
—MgAx(a(s)) — M3T Ax(s) — M4SAx(s))ds

+ Z H(t, tk —LiAx(ty) + ek)] — M Az

—MQAx(a( )) — MsTAx — MySAz + o(t)
= —M(t)z(t) — M1 Az(t) — MaAx(a(t)) — M3T Ax(t) — MySAx(t) + o(t)
Axty) = a(tf) —=(ty)
= > Anty) - > Ax(ty)
0<t; <ty 0<t;<t,
k "1
= Z( L;Ax(t;) + e;)) Z —L;Ax(t;) + e;)
= lekAI(tk) + eg. =
Also
2(0) = XD [y e M=) (a(s) — My Az(s) — Mo Aw(a(s))
~M3T Az (s) — MySAx(s))ds + oD Y0t e MOt Az (ty,) + aD
z(l) = Dfo1 e~ MOU=9)(g(s) — My Ax(s) — MaAz(a(s))

~M3T Az (s) — MySAx(s))ds + e MaD ) e MU=t Ax(ty) + aD.

Tt is easy to check that 2(0) = Az(1) + a.

Hence, we know that (2.6) is a solution of (2.5).

Next we show that the solution of (2.5) is unique. Let z1, x5 are the solutions

of (2.5) and set p = x1 — x9, we get

po= 2 -
= —M.Z‘l(t) — M1 Axq — MzAIl(Oé(t)) — M3TAxy — MySAx, + O'(t)
—(—Ml‘g(t) — MlAIQ — MQAJ?Q(O&(t)) - M3TAI2 - M4SA.I‘2 + O'(t))

= —Mp— M Ap — Mo Ap(a(t)) — MsT Ap — M,SAp,

336 Jitai Liang et al 331-344



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 21, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Ap(tk) = A:cl — AI’Q
= —LkAacl(tk) + e — (—LkA.’EQ(tk) + ek)
- _LkAp(tk)7
p(0) = x1(0) — 22(0)
= )\gxl(T) +a— ()\21‘2(1) + a)
= Aop(1).
In view of Lemma 2.1, we get p < 6 which implies x1 < x5. Similarly, we have
x1 > 9. Hence 1 = x5. The proof is complete.

3 Results for first order impulsive differential
equation
For convenience, let us list the following conditions:

(Hy) There exit zg,yo € PC(J, E) satisfying

xh(t) < f(t, Axg(t), Axo(a(t)), zo(t), T Axg, SAxg) t#tr, te€J=]0,1]
Axo(ty) < I(Axo(ty), vo(tr)) k=1,2,---'m
20(0) < Aozo(1) + A3 fol w(s, Azg(s))ds + pxo(n) + ko

>

Yo(t) > f(t, Ayo(t), Ayo(a(t)), yo(t), T Ayo, SAyo) t #tx, t€J=10,1]
AyO(tk) Z k(AyO(tk)vyO(tk)) k:1727"'7m
90(0) > Xayo(T) + A3 fol w(s, Ayo(s))ds + pyo(n) + k2
(3.1)
(Ha)

f(,7,9,2z,5,0) — f(t,x,y,2,u,v) (3.2)
>-—M(T—x)— Mx(y—y)— M(Z—2)— Ms(u—u) — My(v—v) ’

Ik(f,z)—lk(x,z) > —Lk(ff:r) (33)

Where Azg <z < T < Ay, Azp(a(t)) <y <7 < Ayol(a(t)), zo < 2 < Z < yo,
TAxg <u<u<TAyy, SAryg <v <7< SAyy, Vt € J.

(H3) Constants Ly, M, M;,i = 1,2,3, 4 satisfy (2.3).

(H4) Assume that a(t) is non-negative integral function, such that

w(t, Au) — w(t, Au) > a(t)(Aw — Au) (3.4)

Where 2o < u <u < yp.
If 2g,y0 € PCY(J,E) and g < yo,t € J,then the interval [zg,%o] denotes the
set

{x € PCY(J,E) : 2o(t) < x(t) < yolt),t € J}
Theorem 3.1 Assume the hypotheses (Hy) — (Hy) hold. Then Eq.(2.1) has
the extremal solutions z*(t),y*(t) € [xo, yo]. Moreover there exist two iterative
sequences {z,} and {y,} satisfying

ToST1 < ST S-S Y S Sy S Yo (3.5)
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such that {z,},{y,} uniformly converge in PC(J, E)(C(J~, E) to z*,y*, re-
spectively.

Proof. For z € [zg, yo], considering (2.5) with

o(t) = f(t, Az(t), Az(a(t)), z, TAz, SAz) + M (t)2(t) + M1 Az(t) + Mo Az(a(t)) +
MgTAZ + M4SAZ,

e = Ik(AZ(tk), Z(tk)) + LkAZ(tk),

a= A3 fOT w(s, Az(s)) + pz(n)ds + k.

By Lemma 2.2, the BVPS has a unique solution z € [xg, yo] -

We define an operator ¢ by = = @z, then ¢ is an operator from [zg,yo] to
PC(J,E).

We claim that

(a) 7o < 9x0 s PYo < Yo,

(b) ¢ is nondecreasing on [xg, Yol

We prove (a), let 1 = pxg, p(t) = zo(t) — x1(t)

/

p Ty — o

f?t,Aa:o(t),Amo(a(t))wo(t),TAxo,SAxo) — [f(t, Azo(t), Axo(a(t)), xo(t), T Axo, SAxo)
+M (20(t) — 21(t)) + My (Azg(t) — Axq (t)) + Ma(Azo(a(t)) — Azy(a(t)))

+Ms3(TAxg — TAxy) + My(SAxg — SAxy)]

= —Mp(t) — M1 Ap — My Ap(a(t)) — M3T Ap — MyS Ap,

Ap(ty) (tx)
tr)) — Uk(Axo(tr), vo(tr)) — Li(Azy — Axg)]

I

Axo(tk) — A.Tl
I (Awo(te), wo(
_LkAp(tk)v

SUo(O) — CEl(O)

)\Qx()(].) —+ ,U/LL(]( + )\3 fO S Aﬁ()(S))dS + ]ﬂg

—(Aur(1) + MUQ( + A3 fO 8 Amo(s))ds + kz)

A1p(1).

By Lemma 2.1, we have p < 6. That is g < ¢xg. Similarly, we can prove

®Yo < Yo-
To prove (b), let 1 = pxo, Y1 = @Yo, p=x1 —y1, then

A

o
=

(

IA I

) = 2 -y
= f(t, Azo(t), Azo(a(t)), wo(t), T Azo, SAzg) + M(z0(t) — 21(1))

+Mi(Azo(t) — Az1(t)) + Ma(Azo(a(t)) — Az (a(t)))
+M3(TA$0 - TAxl) M4(SA.’L‘0 — SA.Z‘l)

—[f(t, Ayo(t), Ayo(a(t)), yo(t), T Ayo, S Ayo)
+M (yo(t) — y1(t)) + Mi(Ayo(t) — Aya(t))
+Ma(Ayo(a(t)) — Ayi(a(t))) + M3(T Ayo — T Ayr) + Ma(SAyo — SAy1)]
—Mp(t) — My Ap — MaAp(a(t)) — M3T Ap — M4S Ap,

Ap(tk) Axl(tk) — Ayl (tk)

—LpAzy + I (Azo(tr), xo(tr)) + L Axg

— (=L Ayr + I (Ayo(tr), yo(tr)) + LrAyo)
—Ly(Axg — Ayg) + LiAxg — L Ayo — L Ap
7LkAp(tk)a

IN

INIA
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581(0) - yl(o)

IA I

Xow1 (1) + pxo(n) + A3 fo (s Axo(s))ds + ko

—(Aayi (1) + pyo(n) + Az fo (s Ayo( ))ds + k2)
= op(1) + plzo(n) = yo(m) + As [y als)(Azo(s) — Ayo(s))ds
< p(1).

In view of Lemma 2.1 , we know pzy < @yo. Hence (b) holds.
We define two sequences {x,}, {yn}

Tpt1 = PTn, Ynt1 = PYn, (n=0,1,2,---)

By (a) and (b), we know that (3.5) holds.
And each x,,,y, satisfies
b (t) = f(t, Az 1 (t), Azp_1(a(t)), @n—1(t), TAxp_1, SAT,_1)
FM(xp—1(t) — 21(t)) + My (Azp_1(t) — Azp(t)) + Ma(Azp—1(a(t)) — Azp(al(t)))
+M3(TAZL‘n_1 — TAIEn) + M4(SA£ZZn_1 — SA’In) t 7£ ty, t€ J = [0, 1]
Aacn(tk) = —LkA.’En(tk) + Ik(A$n,1(tk), l'nfl(tk)) + LkAl'nfl(tk) k=1,2,---
2 (0) = Xowp (1) + A3 fol w(s, Azp_1(8))ds + pwn_1(n) + ko

(3.6)
y;‘b (t) = f(tv Ayn—l (t)’ Ayn—l(a(t))a yn—l(t)7 TAyn—h SAyn_1)
M (Yp—1(t) = y1(1)) + My (Ayn—1(t) — Ayn (1)) + Ma(Ayn-1(a(t)) — Ayn(a(t)))
+M3(TAyp—1 — T Ayn) + My(SAyn—1 — SAy,) t#tx, teJ=10,1]
Ayn(tr) = —LeAyn (te) + I(Ayn—1(tx), Yn—1(tr)) + L Ayn_1(tr) k=1,2,---
Yn(0) = Aoy (1) + A3 [ w(s, Ayp-1(s))ds + fuyn—1(n) + ko

(3.7)
By virtue of the regularity of the cone P, we obtain that there exist z*,y* €
[0, yo] such that

lim x,(t) =z (t) lim y,(¢) =y*(t) (3.8)
and {z,/n =1,2,---} is a bounded subset in PC(J, E).
Let X = {x,|n=1,2,---}, X(t) = {z,(t)iIn =1,2,---} t € J, in view of (3.8)
we get
a(X () =0 ted

which implies that X () is relatively compact for ¢ € J.
For any z € [zo,v0], by (H1) (Hz) we have

.’EB(t) + M.]Jo( ) + MlAa'}()(t) + MzA.’l?o(Oé(t)) + MsTAxqg + MySAxg

< f(t,Axo( ) Aﬂl‘o( ( )) (t) TAxo,SAQ?o) + Mﬂ?o(t)
+M1AIO( ) + M2AIZ?0( (t)) + MgTAI‘O + M4SAIO
< St Azo(t), Azo(a(t)), 20(t), T Azo, SAzo) + Mzo(t)
+M1AZ()( ) + MQAZ()( ( )) + MJTAZ[) + M4SAZO
< St Ayo(t), Ayo(a(t)), yo(t), T Ayo, S Ayo) + Muyo(t)
+ M Ayo(t) + Mo Ayo(a(t)) + MsT Ay + MyS Ayo
< yé(t) + Myo( ) + MlAyo(t) + Mszo(Oé(t)) + M3T Ayo + MyS Ayp.
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In view of the normality of the cone P., we get that there exists a constant
C > 0, such that

| f(t, Azo(t), Azo(a(?)), z0(t), T Azo, SAzg) + Mzo(t)
+M1A20(t) + MQAZQ(Oé(t)) + MgTAZO + M4SAZO ||§ C,

Vz € [zo,y0],t € J. From (3.5) (3.6), it is obviously to show that {z]|n =

2,---} is a bounded subset in PC(J, E). It follows in view of the mean value
theorem that X is equicontinuous on J, k = 0,1,2,---,m. So we obtain by
virtue of Ascoli-Arzela’s theorem and (X (¢t)) = 0 that a(X) = sup,c; a(X(t)) =
0 which implies X is relatively compact in PC(J, F) and so there exists a se-
quence of {z,(¢)} which converges uniformly on J to z*(¢). Since {z,ln =
1,2,---} is nondecreasing and the cone P, is normal, we get that {z,|n =
1,2, -} itself converges uniformly on J to z*(t), which implies 2* € PC(J, E).
By the lemma 2.2 and (3.6), we see that x* satisfies (2.1).

Similarly, we also can prove that y, converges uniformly on J to y*(¢), and
y* satisfies (2.1).

Finally, we assert that if z € [z, yo] is any solution of Fq.(2.1),then z*(t) <
z(t) < y*(t) on J. We will prove that if z, < z < y,, for n =0,1,2,---, then
Tpp1(t) < 2(t) < Yy (t).

Letting p(t) = xp41(t) — 2(¢), then

p'(t) < —Mp(t) — My Ap — MQAp(a(t)) MsTAP MySAp <0 t#t, teJ=][0,1]
Ap( k) § LkAp(tk) ].,27
p(0) < Aop(1)

By Lemma 2.1 , we have p(t) < 6 for all ¢t € J, that is 241 (t) < 2z(¢). Simi-
larly , we can prove z(t) < y,41(t). for all ¢t € J. Thus ,,11(¢) < 2(t) < Yny1(t)
for all ¢ € J, which implies z*(t) < z(t) < y*(t).

The proof is complete.

Remark In (2.1), if w(s, Az(s)) = a(s)Az(s), where a(t) is non-negative in-
tegral function ,then (Hy) is not required in Theorem 3.1, and we have the
following theorem.

Theorem 3.2 Suppose that conditions (H;) — (Hjz)are satisfied. In additional
that xo,yo € PC'(J, E) be such that zq < yo. Then the conclusion of Theorem
3.1 holds.

The proof is almost similar to theorem 3.1, so we omit it.

4 Results for second order impulsive differential
equation

In this section, we prove the existence theorem of maximal and minimal solutions
of (1.1) by applying Theorem 3.1 in Section 3.
Let us list other conditions for convenience.

10
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(G1) There exists ug, vy € £, satisfying uo(t) < vo(t), ug(t) < vg(¢),

uo(a(t)), uO(t)v Tug, SUO)
k‘ = 1’ 2’ ceem

k
s Jiy wi(s,uo(s))ds + pup(n) + ko

and vy satisfies inverse inequalities of (4.1)

(Go)

f(t7jvyag7aa SAE) - f(t7xay7zvuav)

>—-M(T—xz)—Mx(y—y)— MZ—2) — M3(u—u) — My(v—v)

Ik(f,f) — Ik(SU,Z) > —Lk(f - {E)

Where up < x < T < v, up(a(t)) <y <7 < vo(a(t)), uy < z

Tug <u<u<Tv, Sug <v <1< Svg, Vt € J.
(G3) Constants Ly, M, M;,i = 1,2, 3,4 satisfy (2.3).
(G4) Assume that a(t) is non-negative integral function, such that

w(t,w) — w(t,u) > a(t)(@—u)

Where ug < u <7 < vg.
Let A = {z € [20,90] N PC (J, E) | uf(t) < 2'(t) < vj(t)}.

t#ty, teJ=1[0,1]

(4.2)

4.3)

(
zZ < v

)

(4.4)

Theorem 4.1 Assume the conditions (G1) — (G4) hold.Then Eq.(1.1) has min-

imal and maximal solutions u*,v* € Q in A.

Proof. In Eq.(1.1),let u/(t) = x(¢). Then (1.1) is equivalent to the following

system:

has a unique solution = € PC(J, E) (" CY(J~, E), which satisfies

k1
1-X\

u(t) = +/O G(t,s)az(s)ds—i—ZG(t,tk)Qkx(tk)

k=1

11
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It is easy to prove, so we omit it .
Define an operator A by u = Ax(t), t € J. It is easy to show that
A:PC(J,EYNCY(J~,E) — Q is continuous and nondecreasing .
Hence, from (4.5)-(4.7), Eq.(1.1) is transformed into first order boundary value
problem (2.1).

Let 2o = ug, yo = vg, by (G1) we have zp < yo and

1 m
up(t) = - Ilel +/O G(t,s)xo(s)ds+;G(t,tk)Qkxo(tk) (4.8)
w(t) = ; l_ﬁh n /0 G(t, s)yo(s)ds + 3 Gt 1) Quyo(tr) (4.9

k=1

which imply that uwg = Azg, vo = Ayo, and xg, yo satisfies (Hi).

By the condition (G2) (G4) it is easy to see that (Hz) (H4) hold .

Therefore, it follows from Theorem 3.1 that (2.1) has minimal and maximal
solutions x*,y* € PC(J, E)(C*(J~, E) in [xq, yo)-

Let u* = Ax*, v* = Ay*, then u*,v* € Q and

k1

w(t) = 7o

1 m
+ /0 G(t,s)x*(s)ds + Z G(t,tr)Qrx™*(ty) (4.10)

k=1

In view of (4.10), we have

’

u* (t) = z*(t)
Au*(tg) = Qrr*(t) (4.11)

The fact that «* satisfies (2.1) and u* satisfies (4.11) implies u* is a solution of
(1.1). Similarly, we can prove v* is a solution of (1.1).

It is easy to show that u*,v* € Q are minimal and maximal solutions for (1.1)
in A. We complete the proof.

Remark In (1.1), if w(s,x(s)) = a(s)z(s), where a(t) is non-negative integral
function, then (Hy) is not required in Theorem 4.1, and we have the following
theorem.

Theorem 4.2 Suppose that conditions (G1) — (G3)are satisfied. Then the
conclusion of Theorem 4.1 holds.

The proof is almost similar to theorem 4.1, so we omit it.
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DISTRIBUTION AND SURVIVAL FUNCTIONS WITH
APPLICATIONS IN INTUITIONISTIC RANDOM LIE C*-ALGEBRAS

AFRAH A. N. ABDOU, YEOL JE CHO*, AND REZA SAADATI

ABSTRACT. In this paper, first, we consider the distribution and survival functions and
we define intuitionistic random Lie C*-algebras. As an application, using the fixed point
method, we approximate the derivations on intuitionistic random Lie C*-algebras for the
the following additive functional equation

m m m

m
Zf(mxi—f— Z -ij)"’f(Zl’i):Qf( mxi>

i=1 G=1, j#i i=1 i=1
for all m € N with m > 2.

1. Introduction

Distribution and survival functions are important in probability theory. In this pa-
per, we use these functions to define intuitionistic random Lie C*-algebras and find an
approximation of an m-variable functional equation.

2. Preliminaries

Now, we give some definitions and lemmas for our main results in this paper.

Definition 2.1. A function p : R — [0,1] is called a distribution function if it is left
continuous on R, non-decreasing and

inf u(t) =0, sup pu(t) = 1.

We denote by D the family of all measure distribution functions and by H a special
element of D defined by
0, if t<0,

H(t) =
®) 1, if t>0.

Forward, u(x) is denoted by pu,.

Definition 2.2. A function v : R — [0,1] is called a survival function if it is right
continuous on R, non-increasing and

inf u(t) = t)=1.
inf v(t) =0, sttelgV()

2010 Mathematics Subject Classification. Primary 39A10, 39B52, 39B72, 46105, 47TH10, 46B03.
Key words and phrases. intuitionistic random normed spaces, additive functional equation, fixed point,
derivations, random C*-algebras, random Lie C*-algebras, approximation.
*The corresponding author.
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We denote by B the family of all survival functions and by G a special element of B
defined by

1, if t<0
Git)={ =
®) {0, if ¢+> 0.

Forward, v(z) is denoted by v,.

Lemma 2.3. ([1]) Consider the set L* and the operation <« defined by:
L* = {(z1,29) : (x1,29) €[0,1)> and x; + x5 < 1},

(x1,22) <p+ (Y1,92) <= 21 <Y1, T2 2 o
for all (x1,x2), (y1,y2) € L*. Then (L*,<p+) is a complete lattice.

We denote the bottom and the top elements of lattices by 0z« = (0,1) and 1, = (1,0).
Classically, the triangular norm x = T on [0, 1] is defined as an increasing, commutative
and associative mapping T : [0, 1]*> — [0, 1] satisfying

T(l,z)=1xzx=ux

for all z € [0,1]. The triangular conorm S = ¢ is defined as an increasing, commutative,
associative mapping S : [0, 1]> — [0, 1] satisfying S(0,z) = 0oz = z for all z € [0, 1].

Using the lattice (L*, <p+), these definitions can be straightforwardly extended.

Definition 2.4. ([1]) A triangular norm (t-norm) on L* is a mapping T : (L*)*> — L*
satisfying the following conditions:

(1) forall z € L*, T(x,1,«) =2  (: boundary condition);

(2) for all (z,y) € (L*)?, T(z,y) =T (y,z) (: commutativity);

(3) for all (x,y,2) € (L*)?, T(xz,T(y,2)) = T(T(x,y),z) (: associativity);

(4) for all (z,2',y,y) € (L*)*, v <p- 2’ and y <p ¢y = T(z,y) <p- T(2',y") (:
monotonicity).

In this paper, (L*, <7+, 7T) has an Abelian topological monoid with the top element 1~
and so T is a continuous t—norm.

Definition 2.5. A continuous ¢t~norm 7 on L* is said to be continuous representable
t-norm if there exist a continuous t—norm * and a continuous t—conorm ¢ on [0, 1] such
that, for all x = (1, 22),y = (y1,y2) € L*,

T(z,y) = (1 % y1, 12 0 Y2).
For example,
T (a,b) = (arby, min{as + be, 1})
and
M(a,b) = (min{ay, by }, max{asg, by })
for all @ = (a1, az2), b = (b1,by) € L* are the continuous representable ¢-norm.
Definition 2.6. (1) A negator on L* is any decreasing mapping N : L* — L* satisfying

N(OL*) = 1L* and N(lL*) = OL*-
(2) EN(N(x)) ==z for all z € L*, then N is called an involutive negator.
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(3) A negator on [0,1] is a decreasing mapping N : [0, 1] — [0, 1] satisfying N(0) =1
and N (1) = 0, where N, denotes the standard negator on [0, 1] defined by

Ny(x)=1—2z
for all € [0,1].

Definition 2.7. Let p and v be a distribution function and a survival function from
X x (0,+00) to [0,1] such that u,(t) + v,(t) < 1 for all x € X and t > 0. The 3-
tuple (X, P,,,, T) is said to be an intuitionistic random normed space (briefly, IRN-space)
if X is a vector space, 7 is a continuous representable t-norm and P, , is a mapping
X x (0,400) — L* satisfying the following conditions: for all z,y € X and t,s > 0,

(1) Pusl,0) = 01

(2) Puy(x,t) =1p« if and only if z = 0;

(3) Pup(ax,t) =P,y (x, L) for all a # 0;

(4) Pasla+ 9,8+ 5) 210 T (P 1), Py, 5)).

In this case, P, , is called an intuitionistic random norm, where

P (@,t) = (1a(t), va(t)).
Note that, if (X,P,,,T) is an IRN-space and define P, , (v —y,t) = M, ,(x,y,t), then
(Xv Mu,w T)

is an intuitionistic Menger spaces.

Example 2.8. Let (X, | -||) be a normed space. Let T (a,b) = (a1b;, min{ay + by, 1})
for all @ = (a1,a2), b = (b1,b2) € L* and p,v be a distribution function and a survival
function defined by

Pu,V<x7t):(Nz(t),l/x(t)):( ¢ ] )

t+ (|l ¢ + [l
for all t € R*. Then (X,P,,,T) is an IRN-space.

Definition 2.9. (1) A sequence {z,} in an IRN-space (X, P, ,,T) is called a Cauchy
sequence if, for any € > 0 and ¢t > 0, there exists nyg € N such that

P,u,lx(xn — T, t) >p* (NS(€)7 8)
for all n,m > ngy, where Ny is the standard negator.
(2) A sequence {z,} in an IRN-space (X,P,,,T) is said to be convergent to a point

x € X (denoted by x, Prg z) if P, (x, —x,t) — 1« as n — oo for all ¢ > 0.
(3) An IRN-space (X, P,,,T) is said to be complete if every Cauchy sequence in X is
convergent to a point x € X.

Definition 2.10. A intuitionistic random normed algebra (X, P,,,T,T') is a IRN-space
(X, P, T) with algebraic structure such that

(4) Pup(zy,ts) > T (Puu(x,t), Puu(y,s)) for all z,y € X and t,s > 0, in which 7" is
a continuous representable t-norm.
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Every normed algebra (X, || -||) defines a random normed algebra (X, i, Ty, Tp), where

PM,V(M):< t | HxH>

t+ )"t + [l

for all ¢ > 0 if and only if
lzyll < =yl + sllyll + ¢l

for all z,y € X and t, s > 0. This space is called the induced random normed algebra (see

[6]). For more properties and example of theory of random normed spaces, we refer to
7,8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24].

Definition 2.11. Let (U,P,,,7T,7T’) be an intuitionistic random Banach algebra. An
involution on U is a mapping u — u* from U into U satistying the following conditions:

(1) u™ =w for all u e U;

(2) (au+ Bv)* =au* + Bv* for all u,v €U and a, 8 € C;

(3) (uwv)* =v*u* for all u,v € U.

If, in addition, vy, (ts) = T'(vu(t),v,(s)) for all w € U and t,s > 0, then U is an
intuitionistic random C*—algebra.

Now, we recall a fundamental result in fixed point theory.

Let © be a set. A function d : 2 x Q — [0, 00] is called a generalized metric on Q if d
satisfies the following conditions:

(1) d(z,y) =0 if and only if x =y for all z,y € §;

(2) d(x,y) = d(y,x) for all z,y € §;

(3) d(z,2) < d(z,y) + d(y, z) for all z,y, z € Q.

Theorem 2.12. ([2]) Let (£2,d) be a complete generalized metric space and let J : Q4 — Q
be a contractive mapping with Lipschitz constant L < 1. Then, for each given element
x € Q, either d(J"x, J"x) = oo for all nonnegative integers n or there exists a positive
integer ng such that

(1) d(J"z, JVx) < oo for all n > ny;

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unique fized point of J in the set I' = {y € Q | d(J™x,y) < oo};

()( y*) < 2d(y, Jy) for ally €T

In this paper, using the fixed point method, we approximate the derivations on intu-
itionistic random Lie C*-algebras for the the following additive functional equation

S (et 3 a)+s(3oe) 2r(Sma) o)
=1 j=1, j#i
for all m € N with m > 2.

3. Approximation of derivations in intuitionistic random Lie C*-algebras

In this section, we approximate the derivations on intuitionistic random Lie C*-algebras
(see also [32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 44]).
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For any mapping f : A — A, we define

Dy, f(x1, - Tm) = ZMf(mﬂUz‘ + Z xj) + f(MZ%) - Qf(ﬂzm$i>
i=1 =1, j#i i=1 i=1
forallw e T':={¢eC:|¢{ =1} and 2y, - ,x, € A.
Note that a C-linear mapping § : A — A is called a derivation on intuitionistic random
C*-algebras if § satisfies 0(zy) = yo(z) + z0(y) and 6(z*) = §(z)* for all z,y € A.

Now, we approximate the derivations on intuitionistic random Lie C*-algebras for the
functional equation D, f(xy, - ,2z,) = 0.

Theorem 3.1. Let f: A — A be a mapping for which there are functions ¢ : A™ — L*,
Y: A2 — L* andn: A — L* such that

Puv(Dof(@r, - s xm), t) 2 @21, 2, 1), (3.1)
Jhﬁrgo o(mizy, -, mlz,, mit) = 1, (3.2)
Puw(fxy) —xf(y) —xf(y),t) 2o (. y, 1), (3-3)
jli_}nolo Y(m?z, miy, m¥t) = 1, (3.4)
Puo(f(2") = f(2)" 1) > n(z, ), (3.5)
lim n(m/z, m’t) = 1, (3.6)
j—ro0
forallw e T, x1, -+ ,2m,z,y € A and t > 0. If there exists R < 1 such that
e(mx,0, -+ ,0,mRt) >, o(x,0,---,0,1) (3.7)
for all x € A and t > 0, then there exists a unique derivation § : A — A such that
Pouo(f(x) = d(x),t) 2L ¢(x,0,---,0, (m — mR)t) (3.8)

forallx € A andt > 0.
Proof. Consider the set X := {g : A — A} and introduce the generalized metric on X
defined by
d(g,h) =inf{C € R} : P,,(9(x) — h(z),Ct) >1 o(,0,---,0,t), Vo € A, t > 0}.
It is easy to show that (X, d) is complete.
Now, we consider the linear mapping J : X — X such that
1
J = —
o(x) = g(ma)
for all z € A. By Theorem 3.1 of [46],
d(Jg, Jh) < Rd(g,h)
for all g,h € X. Lettingw =1, z =x; and 29 = --- = x,, = 0 in (3.1), we have
PH,V(f(mx) - mf(:c), t) ZL (p(xa 07 e 707 t) (39)
for all z € A and t > 0 and so

Py (f(x) — %f(mx)ﬁ) > o(x,0,--+,0,mt)
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for all z € A and t > 0. Hence d(f, Jf) < % By Theorem 2.12, there exists a mapping
0 : A — A such that
(1) 9 is a fixed point of J, i.e.,
d(mx) = md(x) (3.10)
for all x € A. The mapping ¢ is a unique fixed point of J in the set
YV ={g€X:d(f g) <oo}.
This implies that 4 is a unique mapping satisfying (3.10) such that there exists C' € (0, o)
satisfying
Pp,u(g(x) - f(ﬂ?), Ct) zL QO(.’E, 07 T 707t)
for all x € A and t > 0.
(2) d(J"f,0) — 0 as n — oo. This implies the equality
lim —f(m ?)
n—00 mmn

= §(z) (3.11)

for all z € A.

(3) d(f,6) < 25d(f,Jf), which implies the inequality d(f,d) <
that the inequality (3.8) holds.

Thus it follows from (3.1), (3.2) and (3.11) that

P Sl 3 ) o) -20($m). 1)

(St 5 o) s (Soen) -ar( S ) o)

i=1 j=1,j#1

<r lim p(m "z, -, m"z,, m"t)

n—oo

forall z1,--- ,2,, € Aand t > 0 and so

Zé(mxz—i- Z :cj)—l-(S(in):%(mei)
J=1,j#i i=1 i=1
for all z¢,--- , 2, € A.

By a similar method to above, we get
wd(mz) = §(mwz)

for all w € T! and x € A. Thus one can show that the mapping H : A — A is C-linear.
Also, it follows from (3.3), (3.4) and (3.11) that

Poup(0(xy) — yo(z) — 26(y),1)
= lim P, (f(m"ay) - myf(m) - maf(m"y),m")
< le Y(m™z, m"y, m*"t)
_ 1

for all z,y € A and so
0(zy) = yo(x) + xd(y)
for all z;y € A. Thus § : A — A is a derivation satisfying (3.7), as desired.
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Also, Similarly, by (3.5), (3.6) and (3.11), we have §(z*) = 6(z)*. This completes the
proof. |

4. Approximation of derivations on intuitionistic random Lie C*-algebras

An intuitionistic random C*-algebra C, endowed with the Lie product

Y — Yx
2
in C, is called a intuitionistic random Lie C*-algebra.

[.CE,y] =

Definition 4.1. Let A and B be intuitionistic random Lie C*-algebras. A C-linear
mapping 0 : A — A is called an intuitionistic random Lie C*-algebra derivation if

([, y]) = [6(x), y] + [2,6(y)]
for all z,y € A.

Throughout this Section, assume that A is an intuitionistic random Lie C*-algebra with
norm P, .

Now, we approximate the derivations on intuitionistic random Lie C*-algebras for the
functional equation

Dwf(xla"' 7xm> = 0.

Theorem 4.2. Let f : A — A be a mapping for which there are functions o : A™ — L*
and v : A2 — L* such that

lim o(m?zy, -, mlx,, mit) =1, (4.1)
Puv(Duf(x, - xm), t) >0 (1, T, t), (4.2)
PM,V(f([xvy]) - [f(x)vy] - [l’7f(y)],t) ZL ?/1(937?/”5)7 (43)
h_}m Y(m?z, miy, m¥t) = 1, (4.4)

forallw €T, 1, - ,&pm,x,y € A and t > 0. If there exists R < 1 such that
o(mz,0,---,0,mz) > p(x,0,--+,0,1t)
for all x € A and t > 0, then there exists a unique homomorphism ¢ : A — A such that
Puvf(x)—6d(x),t) > ¢(z,0,---,0, (m —mR)t) (4.5)
forallx € A andt > 0.

Proof. By the same reasoning as the proof of Theorem 3.1, we can find the mapping
0: A— A given by
f(m"z)

d(z) = lim

n—»00 mm
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for all z € A. Tt follows from (4.3) that

Puw (0, y]) = [0(x),y] = [z, 0(y)], 1)
= lim P, (f(m™[,y]) — [f(m"z), m"y] — [m"z, f(m"y)],m*"t)

n—oo

> lim (m™x, m"y, m*'t) = 1,
n—oo

for all z,y € A and ¢t > 0 and so

§([z,y]) = [6(z), y] + [z, 6(y)]

for all z,y € A. Thus 0 : A — B is an intuitionistic random Lie C*-algebra derivation
satisfying (4.5). This completes the proof. O

Corollary 4.3. Let 0 < r < 1 and 6 be nonnegative real numbers and f : A — A be a
mapping such that

Pp,u(Dwf(xb' o ,Z’m),t)
> ( t Ollzalla + llwalla + - + llzmll%) )
T Nt Ol A 2l A )Tt O+ 2l 4+ )/

Pruw (F () — [f(2), 9] — [, F ()], 1)
t 0 Nzl - Iyl
=t (t+ 0 (|| Tyl t+ 6 (||, ||y||f4>

for allw € T, 1, ,xpm, 2,y € A and t > 0. Then there exists a unique derivation
0:A— A such that

Puw(f(z) = d(2),t) <p ( t e el )

t+ el + ol

forallxz € A andt > 0.

Proof. The proof follows from Theorem 4.2 by taking

QO((El, oy T, t)
_ ( t Ol |l% + [lw2la + - - - + [[zm[4) >
O]+ ol + -+ lamll2) " E+ Ozl + o2l + -+ llzmlli) /7
t 0 - |14 - 1yl
w(.'ﬂ,y,t) = < r r r r)
E 0 [zl -yl e 40 [lfl - [yl
and
R=m""!
for all x1, -+ , 2, x,y € A and t > 0. This completes the proof. O
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CUBIC p-FUNCTIONAL INEQUALITY AND QUARTIC p-FUNCTIONAL
INEQUALITY

CHOONKIL PARK, JUNG RYE LEE*, AND DONG YUN SHIN

ABSTRACT. In this paper, we solve the following cubic p-functional inequality
1f2z+y) + f(2x —y) = 2f(z +y) — 2f(z —y) — 12f(2)]]

<|lo (4 (2 + %) +4s (s - 4) - fe+v S - —6f@)||. O
where p is a fixed complex number with |p| < 2, and the quartic p-functional inequality
1f2z+y)+ f(2r —y) —4f(z +y) —4f(x —y) — 24f(x) + 6£(»)ll (0.2)
<|lo (3 (z+ %) +8r (o= ) ~ 2@+ v~ 2@~ v) - 120(0) + 3£w) ) ||.

where p is a fixed complex number with |p| < 2.
Using the direct method, we prove the Hyers-Ulam stability of the cubic p-functional in-
equality (0.1) and the quartic p-functional inequality (0.2) in complex Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [17] con-
cerning the stability of group homomorphisms. Hyers [8] gave a first affirmative partial answer
to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [2] for ad-
ditive mappings and by Rassias [12] for linear mappings by considering an unbounded Cauchy
difference. A generalization of the Rassias theorem was obtained by Gavruta [5] by replac-
ing the unbounded Cauchy difference by a general control function in the spirit of Rassias’
approach.

In [9], Jun and Kim considered the following cubic functional equation

fQRx+y)+ f(2z —y) =2f(z +y) +2f(z —y) + 12f(x). (1.1)

It is easy to show that the function f(z) = 23 satisfies the functional equation (1.1), which is
called a cubic functional equation and every solution of the cubic functional equation is said to
be a cubic mapping. We can define the following Jensen type cubic functional equation

if (o4 5) +ar (2= 2) = f@+0) + fla = v) + 6/(a).
Note that if f(2x) = 8f(x) then the Jensen type cubic functional equation is equivalent to the
cubic functional equation (1.1).

In [10], Lee et al. considered the following quartic functional equation

fRr+y)+ f(2x —y) =4f(z +y) +4f(x —y) +24f(x) — 6f(y). (1.2)

It is easy to show that the function f(z) = z* satisfies the functional equation (1.2), which is
called a quartic functional equation and every solution of the quartic functional equation is said

2010 Mathematics Subject Classification. Primary 39B62, 39B52.

Key words and phrases. Hyers-Ulam stability; cubic p-functional inequality; quartic p-functional inequality;
complex Banach space.
*Corresponding author (AMAT 2015).
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to be a quartic mapping. We can define the following Jensen type quartic functional equation

8f (0+5) +8f (o= 5) = 2/a +0) + 2@~ 9) + 12f(@) - 3 (0.

Note that if f(2z) = 16f(x) then the Jensen type quartic functional equation is equivalent to
the quartic functional equation (1.2).

Recently, considerable attention has been increasing to the problem of the Hyers-Ulam sta-
bility of functional equations. Several Hyers-Ulam stability results concerning Cauchy, Jensen,
quadratic, cubic and quartic functional equations have been investigated in [1, 3, 13, 14, 15,
16, 18].

In [6], Gilanyi showed that if f satisfies the functional inequality

12f(x) +2f(y) = Flay I < || f(zy)l] (1.3)

then f satisfies the Jordan-von Neumann functional equation

2f () +2f(y) = flay) + flzy™).

Gildnyi [7] and Fechner [4] proved the Hyers-Ulam stability of the functional inequality (1.3).
Park, Cho and Han [11] proved the Hyers-Ulam stability of additive functional inequalities.

In Section 3, we solve the cubic p-functional inequality (0.1) and prove the Hyers-Ulam
stability of the cubic p-functional inequality (0.1) in complex Banach spaces.

In Section 4, we solve the quartic p-functional inequality (0.2) and prove the Hyers-Ulam
stability of the quartic p-functional inequality (0.2) in complex Banach spaces.

Throughout this paper, assume that X is a complex normed space and that Y is a complex
Banach space.

2. CUBIC p-FUNCTIONAL INEQUALITY (0.1)

Throughout this section, assume that p is a fixed complex number with |p| < 2.
In this section, we solve and investigate the cubic p-functional inequality (0.1) in complex
normed spaces.

Lemma 2.1. Let X and Y be vector spaces. A mapping f : X — Y satisfies f(2x) = 8f(x)
and

tf (o4 8) + 47 (2= 3) = s 9) + @ - 9) + 6 (2)
if and only if the mapping f : X — Y is a cubic mapping.
Proof. One can easily prove it. We omit the proof. O

Lemma 2.2. If a mapping f : X — Y satisfies
1f 2z +y) + f(22 —y) = 2f(x +y) = 2f(x —y) — 12/ (2)||

p(1r (a4 3) +ar (2= )~ @) - - -6r@) )| @21

forallx,y € X, then f: X =Y is cubic.

Proof. Assume that f: X — Y satisfies (2.1).

Letting x =y = 0 in (2.1), we get || — 14£(0)|| < |p|||0]| = 0. So f(0) = 0.

Letting y = 0 in (2.1), we get ||2f (22) — 16f(z)|| < 0 and so f(2z) = 8f(x) for all z € X.
Thus

<

£(3) = §/@ (2.2)

for all z € X.
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It follows from (2.1) and (2.2) that
1f(2z +y) + f(2r —y) = 2f(z +y) — 2f(z — y) — 12f(2)|
p(17 (s 48) 441 (2= 2) = s+ 9) - fa =) - 61 )

<

= ) p 0w )+ p2r )~ 200 ) 270 - y) - 127

and so

fQRr+y)+ [z —y) = 2f(z +y) + 2f(z —y) + 12f(2)
for all z,y € X, since |p| < 2. So f: X — Y is cubic. O

We prove the Hyers-Ulam stability of the cubic p-functional inequality (2.1) in complex
Banach spaces.

Theorem 2.3. Let ¢ : X2 — [0,00) be a function and let f : X —Y be a mapping such that

U(z,y) = Z8jg0(%, %) < o0, (2.3)
j=1
1f 2z +y) + f(22 —y) = 2f(z +y) = 2f(x —y) — 12f(2)|| (2.4)
<|o(ar (o4 ) +as (o= 3) - s 4w - f@ - ) - 65@))| + ¢l
for all x,y € X. Then there exists a unique cubic mapping C' : X — Y such that
1£@) ~ C@)| < 70 (z,0) (25)

forallz e X.
Proof. Letting y = 0 in (2.4), we get

12f(22) — 16f ()] < ¢(x,0) (2.6)
and so || f(z) — 8f (£)]| < 3¢ (%,0) for all z € X. So

(@) (@) 5 5 ) )

j=141

1 &K . (=z
Jj=l+1

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (2.7) that the
sequence {8"f(g%)} is a Cauchy sequence for all € X. Since Y is complete, the sequence
{8"f(5%)} converges. So one can define the mapping C': X — Y by

C(z) == lim 8"f(—)

n—00 on

for all z € X. Moreover, letting | = 0 and passing the limit m — oo in (2.7), we get (2.5).
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It follows from (2.3) and (2.4) that
IC(2x +y) + C(2x —y) —2C(z +y) — 2C(x — y) — 12C(z)||

1(352) s (55) - (50) - » () -2 ()|

< s #elor (S <90 (5) =1 (57) =7 (57) -9 (57|
+ Jim 87 (0 )

:Hp<40<x+g>+4C’<x—g>—C(a:+y)—C(a:—y)—60(a;))H

for all z,y € X. So
IC(2z 4+ y) + C(2x —y) —2C(z +y) — 2C(x — y) — 12C (z)||

< Hp (40 (wi) +4C (a:— g) —Cle+y)-Clz—y) —6(1@;))“

for all x,y,z € X. By Lemma 2.2, the mapping C : X — Y is cubic.
Now, let T': X — Y be another cubic mapping satisfying (2.5). Then we have

IC(z) - T(z)]| = [8C (;) -8 @)H
oo (2)-o1(3)

ao (P _gar (2
81C ( 54 87f 54 +
2
< — 870 ,0
< 555 (50)
which tends to zero as ¢ — oo for all x € X. So we can conclude that C'(z) = T'(z) for all
x € X. This proves the uniqueness of C. Thus the mapping C' : X — Y is a unique cubic
mapping satisfying (2.5). O

= lim §"
n—oo

N

IA

Corollary 2.4. Letr > 3 and 6 be nonnegative real numbers, and let f : X — Y be a mapping
such that

1f e +y) + [z —y) = 2f(z +y) = 2f(x —y) — 12f(2)|| (2.8)
<o (1 (s 4 %)+ (o= ) = st~ Fa - ) = 65@) | + 6(Ual” + )

for all x,y € X. Then there exists a unique cubic mapping C : X — 'Y such that
0
17(2) = C@l £ sl

forallz e X.

Theorem 2.5. Let o : X2 — [0,00) be a function and let f : X — Y be a mapping satisfying
(2.4) and

(e 9]

1
v = — (g, 2 00
(z,y) ;08 p(2w,2y) <
for all x,y € X. Then there exists a unique cubic mapping C:X —Y such that

If () = C@)ll = 15 ¥(2,0) (2.9)
forallx € X.
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Proof. 1t follows from (2.6) that

f(@) - 54 00)| < 7o0(,0)

for all x € X. Hence

vt L] 5 3109 s o)
p
= 16ngl (22,0 (2.10)

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (2.10) that the
sequence {8% f(2™x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{g f(2"x)} converges. So one can define the mapping C' : X — Y by
C(x) == lim 7f(2" x)
for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.10), we get (2.9).
The rest of the proof is similar to the proof of Theorem 2.3. OJ

Corollary 2.6. Let v < 3 and 6 be positive real numbers, and let f: X — Y be a mapping
satisfying (2.8). Then there exists a unique cubic mapping C : X —'Y such that

0
_ < 7 T
I£ () = @)l < oo 2l (2.11)
forallz e X.

Remark 2.7. If p is a real number such that —2 < p < 2 and Y is a real Banach space, then
all the assertions in this section remain valid.

3. QUARTIC p-FUNCTIONAL INEQUALITY (0.2)

Throughout this section, assume that p is a fixed complex number with |p| < 2.
In this section, we solve and investigate the quartic p-functional inequality (0.2) in complex
normed spaces.

Lemma 3.1. Let X and Y be vector spaces. An even mapping f : X — Y satisfies

87 (0+2) + 8¢ (o= %) = 27(a +0) + 20— 9) + 12f(0) - 310) (3.1)
if and only if the mapping f : X — Y is a quartic mapping.
Proof. Sufficiency. Assume that f: X — Y satisfies (3.1)
Letting =y = 0 in (3.1), we have 16f(0) = 13f(0). So f(0) =
Letting = 0 in (3.1), we get 16f (%) = f(y) for all y € X. So f : X — Y satisfies the

quartic functional equation.
Necessity. Assume that f : X — Y is a quartic mapping. Then f(2z) = 16f(x) for all

z € X. So f: X — Y satisfies (3.1). O
Lemma 3.2. If a mapping f : X — Y satisfies
1f(2z +y) + f2r —y) —4f(z +y) — 4f (z —y) — 24f(2) + 6f(y)]] (3.2)

<o (ss(o+ ) +8r (= %) ~ 2@+ ) - 260 - ) - 120 (0) + 3/w) )|
for all x,y € X, then the mapping f : X — Y 1is quartic.
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Proof. Assume that f: X — Y satisfies (3.2).
Letting = y = 0 in (3.2), we get [|24£(0)] < |p||I3£(0)|. So f(0) = 0.
Letting y = 0 in (3.2), we get

12f (22) = 32f(z)] <0 (3-3)

and so

£(3) = 55/ @ (3.4

for all z € X.
It follows from (3.2) and (3.4) that

1f 2z +y) + f(2x —y) —4f(x+y) —4f(z —y) — 24f(2) + 6f(y)||
<o (ss o+ ) +8r (2= %) ~ 26+ 9) - 260~ ) - 120(0) + 370) )|

_ ‘/2)‘ lfRx+y)+ fRx —y) —4f(zr+y) —4f(x —y) —24f(z) + 6 f(y)||

and so
fRx+y)+ fQ2x—y)=4f(z+y) +4f(z —y) +24f(x) —6f(y)
for all x,y € X, since |p| < 2. So f: X — Y is quartic. O

We prove the Hyers-Ulam stability of the quartic p-functional inequality (3.2) in complex
Banach spaces.

Theorem 3.3. Let o : X2 — [0,00) be a function and let f : X — Y be a mapping satisfying
f(0) =0,

00
\I/(;L',y) = Z 16]()0(277 27) < 00,
j=1

1f2z+y)+ f(22 —y) —4f(x +y) —4f(x —y) — 24f(z) + 6/ (y)| (3.5)
<o (ss (o4 5) +8r (- %) ~ 26+ 9) - 26w - ) = 120(0) 4 34@) ) | + o0
for all x,y € X. Then there exists a unique quartic mapping Q : X — Y such that
17(2) - Q)| < 55 (,0) (3.
forallz e X.
Proof. Letting y = 0 in (3.5), we get
12/ (22) = 32f ()] < ¢(x,0) (3.7)

and so || f(z) — 16f (%)| < 3¢ (%,0) for all z € X. So

hor () -0 ()| < 3 s (55) -0 (55|
< 3123'%116% (;O) (3.8)
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for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.8) that the
sequence {16" f(57)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{16™ f(57)} converges. So one can define the mapping @ : X — Y by

Q(x) := lim 16" ()

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.8), we get (3.6).
The rest of the proof is similar to the proof of Theorem 2.3. O

Corollary 3.4. Let v > 4 and 6 be nonnegative real numbers, and let f: X — Y be a mapping
such that

1f2z+y)+ f(2x —y) —4f(z +y) —4f(x —y) — 24f(x) + 6 (y)| (3.9)
<o (s (o4 ) +8r (2= %) ~ 26+ ) - 260 - ) = 12(0) + 37w) )|
O] + llyl")
for all x,y € X. Then there exists a unique quartic mapping Q : X — Y such that

0
1f (@) = Q@) < S 55 I«

forallx € X.
Proof. Letting x = y = 0 in (3.9), we get ||24f(0)]] < |p|l[3f(0)]|, So f(0) = 0. Letting
o(x,y) == 0(||z||" + |ly||") in Theorem 3.3, we obtain the desired result. O

Theorem 3.5. Let o : X2 — [0,00) be a function and let f : X — Y be a mapping satisfying
f(0) =0, (3.5) and
oo

1 o
U(z,y) =) 1502w, 2y) < o0
=0

for all x,y € X. Then there exists a unique quartic mapping @ : X — Y such that
1
If () - Q@) < 55 ¥(=,0) (3.10)
forallz e X.
Proof. 1t follows from (3.7) that

1 1
— —f)ll < =
|7@) - 35 20)] < ge@0
for all z € X. Hence
1 l 1 m gl J 1 Jj+1
HlGlf(“)_ ALl P 5! (27) ~ g ! (2710)
j:
< imz_li (272,0) (3.11)
= 32 L@t '

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.11) that the

sequence {lén f(2"x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence

{g=f(2"x)} converges. So one can define the mapping @ : X — Y by

Q) = Jim - f(2"2)

for all z € X. Moreover, letting I = 0 and passing the limit m — oo in (3.11), we get (3.10).
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The rest of the proof is similar to the proof of Theorem 2.3. (|

Corollary 3.6. Let r < 4 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying (3.9). Then there exists a unique quartic mapping Q : X —'Y such that

0
[f(z) = Q)] < Wllxll’"
forallz e X.

Remark 3.7. If p is a real number such that —2 < p < 2 and Y is a real Banach space, then
all the assertions in this section remain valid.
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Abstract

In this paper, we introduce the concept of complex valued Gp-metric spaces. We also prove Banach contrac-
tion principle and Kannan'’s fixed point theorem in this space. Our result generalizes some well-known results
in the fixed point theory.
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1 Introduction

The concept of a metric space was introduced by Frechet [II]. Then many mathematicians study of fixed points of contractive
mappings. After the introduction of Banach contraction principle, the study of existence and uniqueness of fixed points
and common fixed points have been a major area of interest. In a number of generalized metric spaces, many researchers
proved the Banach fixed point theorem.

Bakhtin [6] presented b-metric spaces as a generalization of metric spaces. He also proved generalized Banach contraction
principle in b-metric spaces. After that, many papers related to variational principle for single-valued and multi-valued
operators have studied in b-metric spaces (see [7} [8 [9 10} [18]). Azam et al. [4] defined the notion of complex valued metric
spaces and gave common fixed point result for mappings. Rao et al. [2I] introduced the complex valued b-metric spaces.
Mustafa and Sims [I3] presented the notion of G-metric spaces. Many researchers |1, 2] 3], [12] [14] 15 19 20, 22} 23] 25]
obtained common fixed point results for G-metric spaces. The concept of G,-metric space was given in [5]. Mustafa et
al. [16] prove some coupled coincidence fixed point theorems for nonlinear (1), ¢)-weakly contractive mappings in partially
ordered Gp-metric spaces. Other important studies on Gp-metric spaces, see [17) 24].

In this work, our aim is to prove Banach contraction principle and Kannan’s fixed point theorem in complex valued
Gp-metric spaces. For this purpose, we give new definitions and additional theorems with proofs.

2 Preliminaries

In this section, we recall some properties of G-metric spaces.

Definition 2.1. [5]. Let X be a nonempty set and s > 1 be a given real number. Suppose that a mapping G : X x X x X —
R satisfies:

(Gbl) G(z,y,2) =0if z =y =z

(Gv2) 0 < G(z,z,y) for all z,y € X with = # y;

(Gp3) G(z,z,y) < G(zx,y,z) for all z,y,z € X with y # z;

(Gvd) G(z,y,z) = G(p{z,y, z}), where p is a permutation of z,y, z;

(Gvd) G(z,y,2) < s(G(z,a,a) + G(a,y,2)) for all z,y, z,a € X (rectangle inequality).

Then, G is called a generalized b-metric and (X, G) is called a generalized b-metric or a Gy-metric space.
Note that each G-metric space is a Gp-metric space with s = 1.

Proposition 2.2. [5]. Let X be a Gy-metric space. Then for each x,y,z,a € X it follows that:
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(i) if G(z,y,2) =0 thenz =y = z,
(ir) G(z,y,2) < s(G(z,z,y) + Gz, 3,2)),
(i) G(z,y,y) < 25G(y,z,2),
(iv) G(z,y,2) < s(G(x,a,2) + G(a,y, 2)).
Definition 2.3. [5]. Let X be a Gy-metric space. A sequence {z,} in X is said to be:
e (p-Cauchy if for each € > 0, there exists a positive integer ng such that for all m,n,l > no, G(zn, Tm, z1) < €,
e (Gp-convergent to a point x € X if for each € > 0, there exists a positive integer ng such that for all m,n > no,
G(Tny Tm,x) < €.
Proposition 2.4. [J]. Let X be a Gy-metric space.
(1) The sequence {zyn} is Gy-Cauchy.
(2) For any € > 0, there exists no € N such that G(xn, Tm, Tm) < €, for all m,n > ne.

Proposition 2.5. [5]. Let X be a Gy-metric space. The following are equivalent:
(1) {zn} is Gy-convergent to x.
(2) G(xn,ZTn,x) = 0 as n — oo.

(8) G(xn,xz,z) = 0 as n — co.
Definition 2.6. [5]. A Gy-metric space X is called complete if every Gp-Cauchy sequence is Gy-convergent in X.

The complex metric space was initiated by Azam et al. [4]. Let C be the set of complex numbers and z1, z2 € C. Define
a partial order =X on C as follows:

Z1'<

~

2o if and only if Re(z1) < Re(z2) and Im(z1) < Im(z2).

It follows that z1 3
(C1) Re(z1) = Re(z2
(C2) Re(z1) < Re(z2
(Cs) Re(z1) = Re(22
(C4) Re(z1) < Re(z2

Particularly, we write 21 3 22 if 21 # 22 and one of (Cz2), (C3) and (Ci) is satisfied and we write z; < 22 if only (C4) is

satisfied. The following statements hold:
(1) If a,b € R with a < b, then az < bz for all z € C.
(2) If 0 Z 21 3 22, then |z1] < |22].

(3) If 21 3 22 and 22 < 23, then 21 < z3.

~

zo if one of the following conditions is satisfied:

and Im(z1) = Im(z2),

and Im(z1) = Im(z2),

and I'm(z1) < I'm(z2),
(

—_ — — —

and I'm(z1) < Im(z2).

3 Complex Valued Gj-Metric Spaces
In this section, we define the complex valued G-metric space.
Definition 3.1. Let X be a nonempty set and s > 1 be a given real number. Suppose that a mapping G: X x X x X — C
satisfies:
(CGhl) G(z,y,2)=0if z =y = z;
(CGh2) 0 < G(z,z,y) for all z,y € X with z # y;
(CGy3) G(z,z,y) 3 G(z,y,2) for all z,y,z € X with y # z;
(CGwvd) G(z,y,z) = G(p{z,y,2}), where p is a permutation of z,y, z;
(CGv5) G(z,y,2) 3 s(G(z,a,a) + G(a,y,2)) for all z,y,z,a € X (rectangle inequality).

Then, G is called a complex valued Gp-metric and (X, G) is called a complex valued G,-metric space.
From (CG.5), we have the following proposition.

Proposition 3.2. Let (X,G) be a complex valued Gy-metric space. Then for any x,y,z € X,
* G(z,y,2) 3 s(G(w,z,y) + Gz, 7,2)),
o G(z,y,y) 325G (y, z,y).
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Definition 3.3. Let (X, G) be a complex valued Gp-metric space, let {x,,} be a sequence in X.

(i) {xn} is complex valued Gy-convergent to x if for every a € C with 0 < a, there exists k € N such that G(z, zn,zm) < a
for all n,m > k.

(ii) A sequence {z,} is called complex valued Gy-Cauchy if for every a € C with 0 < a, there exists k € N such that
G(Tn, Tm,x1) < a for all n,m,l > k.

(iii) If every complex valued G,-Cauchy sequence is complex valued Gp-convergent in (X, G), then (X, G) is said to be
complex valued Gp-complete.

Proposition 3.4. Let (X,G) be a compler valued Gy-metric space and {x,} be a sequence in X. Then {x,} is complex
valued Gy-convergent to x if and only if |G(z, zn,Zm)| — 0 as n,m — co.

Proof. (=) Assume that {z,} is complex valued Gj-convergent to = and let
€
a= 7 Z\/i
for a real number ¢ > 0. Then we have 0 < a € C and there is a natural number k such that G(x,zn,zm) < a for all
n,m > k. Thus, |G(z, Tn,zm)| < |a| = € for all n,m > k and so |G(z,Zn,Tm)| = 0 as n,m — oco.
(<) Suppose that |G(z, Zn,zm)| — 0 as n,m — oo. For a given a € C with 0 < a, there exists a real number § > 0 such
that for z € C
|z| <6 = z<a.

Considering §, we have a natural number k such that |G(z, zn,zm)| < é for all n,m > k. This means that G(z, Tn,zm) < a
for all n,m > k, i.e., {x,} is complex valued Gjp-convergent to x. O

From Propositions m and we can prove the following theorem.

Theorem 3.5. Let (X,G) be a complezx valued Gy-metric space, then for a sequence {xn} in X and point x € X, the
following are equivalent:

(1) {zn} is complez valued Gy-convergent to x.

(2) |G(xn,xn,z)| = 0 as n — 0.

(8) |G(xn,x,z)| = 0 as n — oo.

(4) |G(xm, xn,z)| = 0 as m,n — oco.
Proof. (1) = (2) It is clear from Proposition [3.4]
(2) = (3) By Proposition we have

G(In, z, 'I:) fé S(G(IE“, Tn, .II) + G("E”H Tn, IE))
and using (2), we get
|G (zn,z, )| — 0
as n — oo.
(3) = (4) If we use (CGp4) and Proposition 3.2 then
G(@m, wn, ) = G(@,2m, 2n) 3 $(G(2, 2, 2m) + G(2, 2, 7))

S(G(Imv z, ‘l‘) + G(m’ﬂv z, l'))

and |G(Zm, Tn,x)| — 0 as m,n — oo.
(4) = (1) We will use the equivalence in Proposition [3.4 (CG43) and (CGy4). Since

G(x,xn,xm) = G($m7x7$n) j S(G(mm,xm,x) + G(m’mvx’m?x’ﬂ))
3 s(G(@m, on, )
and |G(Zm, Tn,x)| — 0 as m,n — 0o, we obtain |G(z, Tn, Tm)| — 0 and this completes the proof. O

Theorem 3.6. Let (X, G) be a complex valued Gy-metric space and {x,} be a sequence in X. Then {x,} is complez valued
Gy-Cauchy sequence if and only if |G(xn, Tm,z1)| = 0 as n,m,l — co.

Proof. (=) Let {x,} be complex valued G-Cauchy sequence and

b= i
V2 V2
where € > 0is a real number. Then 0 < b € C and there is a natural number k such that G(zn, Tm,z:) < bfor all n,m,l > k.
Therefore, we get |G(@n, Tm,z1)| < |b] =€ for all n,m,! > k and the required result.
(«=) Assume that |G(zn,Tm,z;)| — 0 as n,m,l — oco. Then there exists a real number v > 0 such that for z € C

|z| <~ implies z <b

where b € C with 0 < b. For this 7, there is a natural number k such that |G(zn, Tm,z:)| < v for all n,m,l > k. This
means that G(zn, Tm,x;) < b for all n,m,l > k. Hence {x,} is complex valued Gp-Cauchy sequence. O
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We prove the contraction principle in complex valued Gp-metric spaces as follows:

Theorem 3.7. Let (X,G) be a complete compler valued Gy-metric space with coefficient s > 1 and T : X — X be a
mapping satisfying:
G(Tw, Ty, T2) 3 kG(z,y, 2) (3.1)
1

for all z,y,z € X, where k € [0, ). Then T has a unique fized point.
Proof. Let T satisfy , Zo € X be an arbitrary point and define the sequence {x,} by x, = T"zo. From , we obtain
G(Tny Tnt1, Tnt+1) S kG (Tn_1,Tn, Tn). (3.2)
Using again , we have
G(@n-1,Tn,Tn) 3 kG(Tn_2,Tn_1,Tn-1)

and by (3.2)), we get

G(ITL7 Tn+1, xn+1) ,.-5 k2G(mn727 Tn—1, l‘nfl)-

If we continue in this way, we find
G(Tn; Tnt1, Tnt1) 3 K" G(zo, 21, 71). (3:3)

Using (CG5) and (3.3) for all n,m € N with n < m,

G(@ny Tmy Tm) 3 8|G(Tn, Trnt1, Tnt1) + G(Tnt1, Tm, Tm)]
3 8[G(@n, Tnt1, Tni1)] + 57 [G(Tns1, Totz, Totz)

+ G(Tn+2, Tm, Tm)]

3 8[G(@n, g1, Tni1)] + 87 Gy, Tnya, Tpa)]+
sg[G(:pn+2, Tnt3, Tnts)] + -+ 8" "G(Tm-1,Tm, Tm)]

2 (sk™ + SCEMT SR 4 4 ST R TG o, w1, 1)

2 sk"[1 4 sk + (sk)? + (sk)® + ... + (sk)™ """ 1G(z0, 21, 21)

sk™

1— sk

;j G(xo,x1,x1).

Thus, we obtain
n

sk
sy my m S
G| < 25—

Since k € [0, %) where s > 1, taking limits as n — oo, then

|G (o, z1,21)].

sk™
1— sk

|G(£L‘0, Z1, LE1)| — 0.

This means that
|G(Zn, Tm, Zm)| — 0.

By Proposition [3.2] we get
G(:I:n7 Tmy l‘l) rﬁ G(Zlfn, Ly l’m) + G(:‘Cl? Ly l’m)

for n,m,l € N. Thus,
|G(xn,a:m,xl)| < |G(£L‘n,1‘m,$m)| + |G($l,l‘m,$m)|.

If we take limit as n,m,l — 0o, we obtain |G(@n, Tm, zi1)| — 0. So {x,} is complex valued Gp-Cauchy sequence by Theorem
Completeness of (X, G) gives us that there is an element v € X such that {x,} is complex valued Gy-convergent to w.
To prove Tu = u, we will assume the contrary. From (3.1)), we obtain

G(@nt1,Tu, Tu) 3 kG(zn, u,u)

and
|G({En+1, T’LL, T’LL)| S k|G(l’n7 u, ’lL)|

If we take the limit as n > oo, we get
|G (u, Tu, Tu)| < k|G (u, u,u)],

which is a contradiction since k € [0, ). As a result, Tu = u.
Lastly, we prove the uniqueness. Let w # u be another fixed point of 7. Using (3.1)),

G(z,w,w) = G(Tz,Tw, Tw) 3 kG(z,w,w).

and
|G (z,w,w)| < k|G(z,w,w)]|.
Since k € [0, 1), we have |G(z,w,w)| < 0. Thus, u = w and so u is a unique fixed point of 7. O

s
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Example 3.8. Let X =[—1,1] and G: X x X X X — C be defined as follows:
Gz,y,2) = [z —y[+ |y — 2| + ]2 —
for all z,y,z € X. (X, G) is complex valued G-metric space [I2]. Define
G.(z,y,2) = G(z,y,2)°.

G. is a complex valued Gyp-metric with s = 2 (see [5]). If we define T': X — X as Tz = %, then T satisfies the following

condition for all z,y,z € X:

zyz_ 1 <
3,3,3)—3G(x,y,z)NkG(x,y,z)

where k € [$,1), s > 1. Thus z = 0 is the unique fixed point of T in X.

G(Tz,Ty,Tz) = G(

We will prove Kannan’s fixed point theorem for complex valued Gp-metric spaces.

Theorem 3.9. Let (X,G) be a complete complezx valued Gy-metric space and the mapping T : X — X satisfies for every
z,y € X
G(Tz, Ty, Ty) 3 |Gz, Tz, Tx) + G(y, Ty, Ty)] (34)

1). Then T has a unique fized point.

where o € [0, 5

Proof. Let o € X be arbitrary. We define a sequence {z,} by zn+1 = T, for all n > 0. We shall show that {z,} is
Gp-Cauchy sequence. If x, = xp41, then z, is the fixed point of 7. Thus, suppose that =, # x,41 for all n > 0. Setting
G(%n, Tnt1, Tnt1) = Gr, it follows from (3.4) that

G(Iﬂn, In+1, l’n-&-l) = G(Tflin_l, T:L‘n, Tl‘n)
[G(xn—la T.Z‘n_1, Txn—l) + G(.Tn, Ta:n, Txn)]
[G(-Tnfly Tn, xn) + G(xny Tn+1, xnﬁ»l)}
[anl + Gn]

2 Gu1 =BG,

2 o 0

SRS NRI RN

Q
3
—_
|

«

o

where = 12~ <las a €0, %) If we repeat this process, then we get
Gn 3 B"Go. (3.5)
We can also suppose that z¢ is not a periodic point. If x,, = xo, then we have
Go 2 B"Go.
Since 8 < 1, then 1 — 8" < 1 and
(1=8")|Go| <0 = |Go|=0.

It follows that z¢ is a fixed point of T'. Therefore in the sequel of proof we can assume T"x¢ # zo for n = 1,2,3,... From
inequality ({3.4)), we obtain

G(T" o, T" ™20, T" ™ 20) 3 a[G(T™ 20, T" ™20, T" ™ x0)
+ G o, T Mg, T ™ o))
3 alB" ' G(wo, Two, Two) + A" G(wo, Two, Txo))-

S0, |G(Tn, Tntm,Tntm)| = 0 as n — oo. It implies that {z,} is a Gp-Cauchy in X. By the completeness of X, there exists
u € X such that z, — u. From (CG35), we get
G(Tu,u,u) 2 s[G(Tu, T" 2o, T"a0) + G(T" 20, u, u)]
= s(a|G(u, Tu, Tu) + G(T " xo, T a0, T 20)]) + sG(T" 20, u, u)
= 5a|G(u, Tu, Tu) + saG(T"xo, T" o, T 20)]) + sG(T" 20, u, u).
Letting n — oo, since sa < 1 and x,, — u, we have |G(Tu,u,u)| — 0, i.e., u = Tu.
Now we show that 7" has a unique fixed point. For this, assume that there exists another point v in X such that v = T.
Now,
G,u,u) 2 G(Tv,Tu,Tu)
2 a[G(v, Tv, Tv) + G(u, Tu, Tu)]
2 a[G(v,v,v) + G(u,u, u)]
30.

Hence, we conclude that u = v. O
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Abstract

Fractional order advection-diffusion equation is viewed as generaliza-
tions of classical diffusion equations, treating super-diffusive flow pro-
cesses. In this paper, we present a new weighted finite difference ap-
proximation for the equation with initial and boundary conditions in a
finite domain. Using mathematical induction, we prove that the weighted
finite difference approximation is conditionally stable and convergent. Nu-
merical computations are presented which demonstrate the effectiveness
of the method and confirm the theoretical claims.

Keywords: Fractional order advection-diffusion equation; Weighted fi-
nite difference approximation; Stability; Convergence.

1 INTRODUCTION

In recent years, fractional differential equations have attracted much attention.
Many important phenomena in physics [1, 2, 3|, finance [4, 5], hydrology [6],
engineering [7], mathematics [8] and material science are well described by dif-
ferential equations of fractional order. These fractional order models tend to be
more appropriate than the traditional integer-order models. So, the fractional
derivatives are considered to be a very powerful and useful tool.

The fractional advection-diffusion equation provides a useful description of
transport dynamics in complex systems which are governed by anomalous diffu-
sion and non-exponential relaxation [9]. In this paper, we consider a special case

*The authors would like to thank National Natural Science Foundation of China
(No.11161041).
fCorresponding author. E-mail: yb-shao@163.com(Y. Shao)
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of anomalous diffusion, the two-sided space-time fractional advection-diffusion
equation can be written in the following way

aﬁgt(g,t) = (@) 22 4 g, (o) af;qi(;c:t)
+ o d(x) 58D 4 f(a,t), @ e [L,R]te (0,7, (1)
u(L,t) = 0,u(R,t) = ¢(t), te€]0,T], (2)
u(z,0) =uo(z), =€ (L,R], (3)

where o and § are parameters describing the order of the space- and time-
fractional derivatives, respectively, physical considerations restrict 0 < f <
1,1 < a < 2. The functions v(z,t),dy(x,t) and d_(z,t) are all non-negative,
bounded and dy(z,t),d_(z,t) > v(x,t).

The left-sided (+) and the right-sided (—) Riemann-Liouville fractional deriva-
tives of order « of a function u(z,t) are defined as follows

0%u(x,t) 1 o /m u(&,t)

0y x® :I‘(n—a)(‘?? p (@=¢&ati—m

dg (4)

and

Ou(w,t) _ (=)" " /R u€t) e )
o_z®  T(n—a)dam [, (z—E&atl-n">
where n is an integer such that n — 1 < a < n. The time derivative % is
given by a Caputo fractional derivative
OPu(x,t) 1 ¢ du(z,n)
L = t—n)P—2d 6
s = e | -, (©

where T'(+) is the gamma function.

As is well known, the fractional order differential operator is a nonlocal op-
erator, which requires more involved computational schemes for its handling.
Finite difference schemes for fractional partial differential equations are more
complex than partial differential equations [1, 2, 4, 10, 11, 12, 13, 14]. It should
note the following work for fractional advection-diffusion equation. Su et al. [13]
presented a Crank-Nicolson type finite difference scheme for two-sided space
fractional advection-diffusion equation. Liu et al. [14] considered a space-
time fractional advection-diffusion with Caputo time fractional derivative and
Riemann-Liouville space fractional derivatives. In this paper, we present a new
weighted finite difference approximation for the equation.

The rest of the paper is as follows. In Section 2, we derive the new weighted
finite difference approximation (NWFDM) for the fractional advection-diffusion
equation. The convergence and stability of the finite difference scheme is given
in Section 3, where we apply discrete energy method. In Section 4, numerical
results are shown which confirm that the numerical method is effective.
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2 NEW WEIGHTED FINITE DIFFERENCE
SCHEME

To present the numerical approximation scheme, we give some notations: 7 is
the time step, u} be the numerical solution at (v;,t,) for z; = L + ih,t, =
nr,7=0,1,---,J;n=0,1,---, N.

The shifted Griinwald formula is applied to discretize the left-handed frac-
tional derivative and right-handed fractional derivative [15],

a U x’L? n Z+1
o e Zga (G~ Db ta) + olh), ™)
0“u(x;, ty 1 Nt .
% ~ he > gjul@i+ (G = Dhytn) + o(h), 8)
_ 2

where the Griinwald coefficients are defined by

a+1

90:]-79]':(17 )gj—la j:1a2737"‘

Adopting the discrete scheme in [15], we discretize the Caputo time fractional
derivative as,

OPu(z;, ty,) -6 & Wy tng1—5) — w(@s, tej)
oF —TE_p) 2 . o; +o(7),

where o; = (j + 1)}=F — j1=8.
Now we replace (1) with the following weighted finite difference approxima-

tion:
_ 1— i
i:“w o S L R S
T I ! 2h
J:O
un+1 un+1 d i+1
+1 L)y o
#0-0 B  S0
i+1 d N—i+1
1 —
+(1-0) Zg’f“ZLJFkH e ‘o Z IrUi'y g1
k=0
N—i+1
Z g+ OF + (1= 0)f (9)

fore=1,2,---,J—-1,n=0,1,--- N — 1, Where 0 is the weighting parameter
subJected to0 <0 < 1. When 6 = 0, 1, 5, we get the space-time fractional
implicit, explicit, Crank-Nicolson type difference scheme, respectively.
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The above equation (9) can be simplified, for n = 0,
i+1
—(1=0)(& +mig2 + Guiy — (L= O)mi Y grttj_ypq
k=3

J—i+1

—(1-0)G Z gkuzlqtkfl + (L= 0)(& —mi — Cig2)uzl+1
k=3

+[1 = (1= 0)(migr + Gigr)lui = 0(& + miga + G)ud_y
+[1+ 0(nigr + Cig)]ud + (=& +mi + Ciga)udyy

i+1 J—i+1
00 > gy +0G D grugyy
k=3 k=3
+T(L=B) P (00 + (L - 0) 1), (10)
and for n > 0,
i+1
—(1=0)(& +miga + Gup — Q=0 > gruftl
k=3
J—1+1

—(1=0)G Z grui g + (L= 0)(& —mi — Gg)ui

+1-(1- 9)(77291 + Ggn)luf T = 0(& + niga + Gup
+[2 =22+ 0(nigr + Gg)|uf + 0(—=& +mi + Giga)ully,

i+1 J—i+1
+0m; nguz k41 T+ 0¢; Z gkuwrk 1+ Z d u -

k=3 j=1
+ulo, +T (1= B)r° (0] +( —0) 1), (11)

and Dirichlet boundary conditions
ug =0,uj =@(ty,), n=12---,N—1,
and initial conditions

uQ:uo(xi), 1=0,1,---,J,

BT(2— AT (2 i PT (2
where & = %}(L?ﬁ),m — W,Q — %;25) and d; = oj41 —
05 i =12 n—1
The numerical method (10) and (11) can be written in the matrix form:
AU = BoU° + Q°,
AU = BU™ + U™ + -+ dpy U+ 0,U° + QT

where
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U = [uo(z1), uo(x2), -, uo(zs—1)]",
b= (ny—1+C—192)[(1 = O™ + ou’y],

F*" = (f f3. f7 o +b)7,

E = (Cng,@gJ Lo Cro1g2)’

Q" = T@2-B)r (OF" + (1 -0)F"*)
+(1 -0 U E +0UTE

and matrix A = (Ai;)(7—1)x(s—1) is defined as follows:

—(1=0)(& +nig2 + Gi)s Jg=1i-1
1= (1=0)(magr + Gigr), J =1
Aij = (1= —ni —Gg2), J=i+1,
_(1 - 9)771'91‘+1—j, .] = 1727' o 77:_ 27
7<]—79)<igj+1—i7 j:Z+2,Z+3,,J71

It is obvious that matrix A is strictly dominant, the system defined by (10) and
(11) has unique solution.

3 STABILITY AND CONVERGENCE

In this section, we investigate the stability and convergence of the numerical
scheme (9).

Theorem 1 For

fal'(2 — B)7P
Pal®— 0 max (d (@) +d-(2)) £ 2= 27, (12)

the weighted finite difference scheme (9) for solving equation (1)-(3) is stable.

Proof. Let u,u?(i =1,2,---,J,n = 0,1,2,---, N — 1) be the numerical so-

1 [

lutions of (9) corresponding to the initial data u{ and @), respectively. Let

el = u —uy, the stability condition is equivalent to
IE" oo < 1B, n=0,1,--+,N —1, (13)
where E™ = (¥, ek --- ek _|). We will use mathematical induction to get the

above result.
For n = 0, we have

i+1
—(1=0)[(& +miga + G)ei_y +mi Z GKE}_pi1
k=3
J—i+1
+Gi Z greirk—1 — (& — i — Gig2)ej ]
k=3
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+[1 = (1= 0)(mig1 + Gigr)ler = O[(& +miga + (i)edy

J—it1
+Gi Z Ikepn—1 + (=& + i+ Giga)eti
k=3
it1
+i ng6?7k+1] + 1+ 0(migr + Cigr)]ey, (14)
k=3
forn > 0,
i+1
_( )[(gz + g2 + Cz) n+1 + 1 Z ngZH_lirl
k=3
J—i+1
+Gi Z greiie s — (& —mi — Gg2)el]

1= (1= 0)(mgr + Gign)ley ™ = ZdE”]

1+1
Fone] +0[(=& + 1+ Giga)ely + i ngf?—kﬂ
k=3
J—it1

G Y greler + (& mige + el
k=3

+12 =27+ 0(nig1 + Cig)]ey- (15)
Note that d4 (z,t),d_(z,t) > v(x,t), we have
& — 1 —Gig2 < 0. (16)

In fact, if n = 0, suppose |¢}| = max;<;<s_1 |e}], note that &,n;, ¢ > 0 and
for any integer number m, Z;n:o g; <0, from (12), (16), we derive

I+1 J—1+1
IE oo = lef| < (1= 0)m > _gulel| +lefl = (1= 0)G > lef]
k=0 k=0
J—l+1
< ==& +mg2+ Gefy + G Z GiEL k-1
k=3
I+1
+(m + Qg2 — fl)gll-u +m Z 9k5l1—k+1]
k=3
+[1 = (1= 0)(mgr + Gg1)lel |
J—l+1
< OlG+mes+ QI+ G D grlelin
k=3
6
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I+1

+(m + Gg2) el +m Y grlel—ji]
k=3

1= 0(& —mgr = Gg)lle| < N1E°||oos

Suppose that [|[E"||c < [[E®|co,n = 1,2,-++,s, then when n = s + 1, let

les T = maxj<i<y_1 g7 Similar to former estimate, we obtain

+1
IE oo < | = (L= B)[(& +mgz + QPR +m Y grel
k=3

J—Il+1
+G D grertis — (&= m = Gg2)el]
k=3
+[1— (1= 0)(magr + Gg)le;
<0G +mge + Q)lei_1| +0(=& +m + Gg2)lef]

I+1
+2 =27 + 0(mgr + Gg)llef | + O ng‘els—k-&-l‘
k=3
J—1+1 s—1 .
0G0 Y grlebinoal + Y dile; [+ olel
k=3 j=1
< EY -

Hence, | E*T! oo < ||E°||so. The proof is completed.

Theorem 2 Suppose that u(x,t) is the sufficiently smooth solution of (1)-(3)
and u¥ is the difference solution of difference scheme (9). If the condition (12)
is satisfied, then

(i, tn) — uflloo < Moy (8 4 72h),

where M is a positive constant.

Proof. Define e} = u(x;,t,) —ul! and " = (e},es,---,e%_,). Notice that
e? =0, we have: when n =0,
i+1
—(L=0)[(& +mig2 + Ci)ei 1 +mi Z k€ jor1
k=3
J—it+1
+G Z Gr€isn1 — (& —ni — Gig2)el 4]
k=3
+[1 = (1= 0)(mig1 + Gigr)lel = R}, (17)
when n > 0,
i+1
—(1—0)[(& +mig2 + Cz‘)eznjll + 1 ngegj_kl—&-l
k=3
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J—i+1
G Y kel = (&= mi = Gga)elH]
k=3
+1
+[1 = (1= 0)(nigr + Gigr)]er T — Om; ngef_kH
k=3
J—i+1

—[2=2""P 4 0(migr + Ggr)lef —0C D grelipy
k=3

n—1
—0(& +miga + Gileiq — Z dje; ™
j=1

—0(—=& + i + Giga)elry = R (18)

where Rf“ is the truncation error of difference scheme (9). Furthermore, there
exists a positive constant M independent of step sizes such that |R?+1| <
M(T148 + 78h).

We will prove by inductive method. Let |e}| = maxi<i<j—1le;|. If k =1,
subject to the condition (12), based on (17), we have

it1
H€1||oo <=1 =& +mig2 + Ci)ell,l +n; ngel{kﬂ
k=3
J—i+1
+G Y gkeiino1 — (& —mi = Giga)edya]
k=3

+[1 = (1= 0)(nigr + Gign)le; |
<M 4 7Ph) = o "M (74P 4 78D).
Assume that [|¢"||o < Mo, b, (7' 4+ 7Ph),n = 1,2, -, 5, then when n =
s+1, let [ef ™| = mazi<i<s_1]e |, notice that 0;1 <o tj=0,1,-- k-1
Similarly, we obtain

n—1
e oo < dillelloo + D dille” 7 oo + M (717 + 77h)
j=1
< (dlagjl + dQO';_ll 4+ dsaal + 1)M(T1+’8 + T’gh)
< cr‘:lM('rHB + Tﬁh).

Thus, the proof is completed.
In additional, since

there is a constant C; for which
€™ |loe < C1P (7147 + 78h).

and nT < T is finite, we obtain the following result.
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Theorem 3 Under the conditions of Theorem 2, then numerical solution con-
verges to exact solution as h and T tend to zero. Furthermore there exists positive
constant C' > 0, such that

[u(zistn) = uifl] < C(7 + h),

where1=1,2,---,J—-1;n=1,2,--- N.

4 NUMERICAL RESULTS

In this section, the following two-sided space-time space-time fractional advection-
diffusion equation in a bounded domain is considered in [15]:

9%u(x,t)  Ou(x,t) Ot u(z,t)
i P
O Su(x,t
v ) D) ), @0 e 01 x 0,1)

u(0,t) =0, u(l,t) = 1442, te0,1],
u(z,0) =22, x€[0,1],

where dy (z,t) = 2I'(0.4)2%5, d_(x,t) = 5I'(0.4)(1—z)", and f(z,t) = %m%l"l—i—

(1 + 4t?)(—2522 + 402 — 12). The exact solution is u(wz,t) = (1 + 4¢%)a2.

Table 1: The error max |uf — u(z;,t*)| for the IWFDMs with 6 = 1

N J State The error
10 10 Divergence 1.1305e+019
100 10 Divergence 2.3237e+163
10000 10 Divergence Infinity
30000 10 Convergence 1.3230

Table 1 shows the maximum absolute numerical error between the exact
solution and the numerical solution obtained by NWFDM with § = 1. From
Table 1, it can see that our scheme is conditionally stable.

Table 2 and Table 3 show the maximum absolute error, at time ¢ = 1.0,
between the exact analytical solution and the numerical solution obtained by
NWFDM with § = 1/2 and 6 = 0, respectively.

Table 4 and Table 5 show the comparison of maximum absolute numerical
error of the weighted finite difference scheme in [12] (WFDM) and new weighted
finite difference (NWFDM). We can see that the NNWDM is more accurate
than WFDM at 6 = 0, but at § = 0.4 is opposite. From the above five tables,
it can seen that the numerical tests are in excellent agreement with theoretical
analysis.
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Table 2: The error and convergence rate for the scheme with 6 = 1/2

N J Maximum error Convergence rate
200 200 0.0809 -

400 400 0.0486 1.6646

800 800 0.0298 1.6309

1600 1600 0.0055 1.6022

Table 3: The error and convergence rate for the scheme with § =0

N J Maximum error Convergence rate

200 200 0.0415 -

400 400 0.0209 1.9378

800 800 0.0107 1.9533

1600 1600 0.0054 1.9815
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Abstract

The non-symmetric algebraic Riccati equation arising in transport theory
can be rewritten as a vector equation and the minimal positive solution of the
non-symmetric algebraic Riccati equation can be obtained by solving the vector
equation. In this paper, based on the Newton-Shamanskii method, we propose a
new iterative method called modified Newton-Shamanskii method for solving the
vector equation. Some convergence results are presented. The convergence analy-
sis shows that sequence of vectors generated by the modified Newton-Shamanskii
method is monotonically increasing and converges to the minimal positive solu-
tion of the vector equation. Finally, numerical experiments are presented to
illustrate the performance of the modified Newton-Shamanskii method.

Key words: non-symmetric algebraic Riccati equation; M-matrix; transport
theory; minimal positive solution; modified Newton-Shamanskii method.

AMSC(2000): 49M15, 65H10, 15A24

1 Introduction

For convenience, firstly, we give some definitions and notations. For any matrices
A= [ai,j] and B = [bi,j] € Rmxn) we write A > B(A > B) if Qi j > bi,j(ai’j > bi,j)
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holds for all 4, j. The Hadamard product of A and B is defined by Ao B = [a;; - b; ].
I denotes the identity matrix with appropriate dimension. The superscript 7" denotes
the transpose of a vector or a matrix. We denote the norm by || - || for a vector or a
matrix.

In this paper we are interested in iteratively solving the following nonsymmetric
algebraic Riccati equation (NARE) arising in transport theory (see [3-5,21] and the
references cited therein):

XCX —-XE—-AX+B=0, (1.1)
where A, B,C, E € R™™ have the following special form:
A=A—-e¢", B=¢ee?, C=qq", E=D —qe. (1.2)

Here and in the following, ¢ = (1,1,.... )T, ¢ = (q1, 42, ---, u)" with ¢; = ¢;/2w;,

1
A = diag(dq, g, ..., 0 ith ¢; = ,
lag( 1,92, ) ) Wi CW2(1+OC)
. (1.3)
D = diag(dl,dg, ,dn> with dl = Cu%(l _ a),
and
0<e<,0<a<], 0<w, <..<wy<wi <1 (1.4)

Yorqja=1¢>01i=12,..n.

The form of the Riccati equation (1.1) arises in Markov models [22] and in nuclear
physics [3,24], and it has many positive solutions in the componentwise sense. There
have been a lot of studies about algebraic properties [11,21] and iterative methods
for the nonnegative solution of the nonsymmetric algebraic Riccati equations (1.1),
including the basic fixed-point iterations [5-8,19], the doubling algorithm [9], the Schur
method [23,28], the Matrix Sign Function method [13,25] and the alternately linearized
implicit iteration method [15], and so on; see related references therein. The existence
of positive solutions of (1.1) has been shown in [3] and [4], but only the minimal
positive solution is physically meaningful. So it is important to develop some effective
and efficient procedures to compute the minimal positive solution of Equation (1.1).

Recently, Lu [10] has shown that the matrix equation (1.1) is equivalent to a vector
equation and has developed a simple and efficient iterative procedure to compute the
minimal positive solution of (1.1). The fixed-point iteration methods were further
studied in [14,16] for solving the vector equation. In [14] Bai, Gao and Lu proposed
two nonlinear splitting iteration methods: the nonlinear block Jacobi and the nonlinear
block Gauss-Seidel iteration methods. In [16] Bao, Lin and Wei proposed a modified
simple iteration method for solving the vector equation. Furthermore, the convergence
rates of various fixed-point iterations [10,14,16] were determined and compared in [20].
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The Newton method has been presented and analyzed by Lu for solving the vector
equation in [12]. It has been shown that the Newton method for the vector equation is
more simple and efficient than using the corresponding Newton method directly for the
original Riccati equation (1.1). Li, Huang and Zhang present a relaxed Newton-like
method [17] for solving the vector equation. Especially, in [18] Lin and Bao applied
the Newton-Shamanskii method [2,26] to solve the vector equation.

Based on the Newton-Shamanskii method [18], in this paper, we propose a modi-
fied Newton-Shamanskii method to solve the vector equation. The convergence analysis
shows that the sequence of vectors generated by the new iterative method is monoton-
ically increasing and converges to the minimal positive solution of the vector equation,
which can be used to obtain the minimal positive solution of the original Riccati equa-
tion. Our method extends the recent work done by Lu [12] and Lin and Bao [18].

Now, we give the definition of Z-matrix and M-matrix, and also give the following
two Lemmas which will be used later.

Definition 1 [1] A real square matriz A is called a Z-matriz if all its off-diagonal
elements are non-positive. Any Z-matriz A can be written as A = sl — B with B > 0,
s> 0.

Definition 2 [1] Any matriz A of the form A = sI — B for which s > p(B), the
spectral radius of B, is called an M -matriz.

Lemma 1.1 [1] For a Z-matriz A, the following statements are equivalent:
(1) A is a nonsingular M-matriz;
(2) A is nonsingular and A~' > 0;
(3) Av > 0 for some vector v > 0.

Lemma 1.2 [1] Let A € R™*" be a nonsingular M -matriz. If B € R™™ is a Z-matric
and satisfies the relation B > A, then B € R™" is also a nonsingular M -matrix.

The rest of the paper is organized as follows. In Section 2, we review the Newton-
Shamanskii method and some useful results, and present the modified Newton-Shamanskii

method. Some convergence results are given in Section 3. Section 4 and 5 give numer-
ical experiments and conclusions, respectively.

2 The modified Newton-Shamanskii method

It has been shown in [10,12] that the solution of (1.1) must have the following form:

X =Tow") = (uw")oT,
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where T' = [t;;] = [1/(0; + d;)] and u,v are two vectors, which satisfy the vector

equations:
u=uo (Pv)+e,
( N ) (2.1)
v=vwvo (Pu)+e,
where P = [pi;] = [¢;/(0; + d;)], P = [pi;] = [q;/(6; + di)]. Define w = [u”,v7]T. The
equation (2.1) can be rewritten equivalently as

fw)=w—woPw—e=0, (2.2)
where
0 P
po]0 7]

The minimal positive solution of (1.1) can be obtained via computing the minimal
positive solution of the vector equation (2.2).
The Newton method presented by Lu in [12] for the vector equation (2.2) is the
following;:
Wg+1 = W — f’(wk)_lf(wk), k= 0, 1, 2...

where for any w € R*", the Jacobian matrix f’(w) of f(w) is given by

(W) = Loy — G(w), with G(w) = [ %8 g;gg } (2.3)

where Gy(v) = diag(Pv), Gy(u) = diag(Pu), Hi(u) = [uo p1,u o py,...,u o p,] and
Hy(v) =[vopy,vops,...,vop,]. Fori=1,2, .. n, p; and p; are the ith column of P
and P, respectively. Obviously, when w > 0, G(w) > 0 and f'(w) is a Z-matrix.

The Newton-Shamanskii method for solving the vector equation (2.2) is given in [18]

as follows:
Algorithm 2.1 (Newton-Shamanskii method) For a given m > 1 and k =0,1,2, ...,

Wy = wi — [ (wi) ™ f (wy),
Whp1 = Wrp — [(we) " f(Wrp), 1<p<m—1, (2.4)

Wi+1 = Wk,m-

It has been shown in [18] that the Newton-Shamanskii method has a better conver-
gence than the Newton method [12]. However, if the inversion of the Jacobian matrix
f'(w) is difficult to compute, the Newton-Shamanskii method may converge slowly.
Hence, based on the Newton-Shamanskii method, we propose the following modified
Newton-Shamanskii method:
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Algorithm 2.2 (Modified Newton-Shamanskii method) For a given m > 1 and k =
0,1,2,..., the Modified Newton-Shamanskii method is defined as follows:

Wy = wi — T f(we),
Wyp+1 = Whyp — T,;lf(u?k’p), I<p<m-—1, (2.5)

W1 = Wi -

where Ty is a Z-matriz and Ty, > f'(wy,).

Remark 2.1 When T}, = f'(wy), the modified Newton-Shamanskii method becomes
the Newton-Shamanskii method [18]. When m = 1 and T}, = f’(wy), the modified
Newton-Shamanskii method becomes the Newton method [12].

Before we give the convergence analysis of the Modified Newton-Shamanskii method,
let us now state some results which are indispensable for our subsequent discussions.

Lemma 2.1 [18] For any vectors wy,ws € R*, f'(wy) — f'(wy) = G(wy — wy). Fur-
thermore, if wy > wy, we have f'(wy) — f'(we) = G(wy —wy) > 0.

Here and in the subsequent section, for convenience, [f”(w)yly is define as f"(w)y?.

Let
f//(w)y = [Lly7 L2y7 sy L2ny]T S R2n><2n’

where L; € R*?" y € R?" and for k = 1,2,...,n,

L — 0 (—ekPkT) I . 0 (—pkeg)
P (e P 0 7 TP (—Bel)” 0

with el = (0,...,0,1,0,...), P and ﬁkT are the kth rows of the matrices P and P,
respectively.

Lemma 2.2 [12] For any vectors w,,w € R*", we have

Flu) = f(w) + fiw) ey —w) + 5 f )y —ww, —w). (26)
In particular, if wy = w,, the minimal positive solution of (2.2), then
0= F(w) + F/(w)ow, —w) + 5 () ow, — w,w, — w) 27)

Furthermore, for any y > 0 ory <0,

f'(w)y? <0 (2.8)
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and f"(w)y? is independent of w.
Because of the independence, in the following, we denote the operator f”(w) by &£,
e, L(y,y) = f"(w)(y,y) for any y € R*". By (2.7), we have

Flw) = @) = w,) — 2 Lw—w,w—w,), (2.9)
f(w)(w—w,) = f(w) + %Z(w — Wy, W — W,). (2.10)

Lemma 2.3 [12] If 0 < w < w, and f(w) <0, then f'(w) is a nonsingular M -matriz.

3 Convergence analysis of the Modified Newton-
Shamanskii method

Now, we analyse convergence of the modified Newton-Shamanskii method (2.5).

Theorem 3.1 Given a vector wy, € R*". Wk 1, Wk2, -, Whm, Wet1 are obtained by the
modified Newton-Shamanskii method (2.5). If wy < w, and f(wy) <0, then, f'(wy) is
a nonsingular M -matriz, moreover,

(]) wr < wk,l < ’lI}k,Q < ... < ﬁ)k,m = Wit1 < Wy,

(2) f(Wyyp) <0 forp=1,2,....,m;

(3) f(Wyy) is a nonsingular M-matriz for p=1,2,...,m.
Therefore, wgi1 < Wy, f(wre1) <0 and f'(wis1) is a nonsingular M -matriz.

Proof. Since wy, < w, and f(wy) < 0, by Lemma 2.3, we can easily obtain that
f'(wg) is a nonsingular M-matrix. By Lemma 1.2, we can conclude that T} is also a
nonsingular M-matrix. Now, we prove the theorem by mathematical induction. Define
the error vectors €y, = Wy, — w, and e, = wy — w,, then e, < 0. For p = 1, we have
Wy = wy — T, ' f(wy,). Since f(wy) < 0 and T}, is also a nonsingular M-matrix, then
Wy,1 > wy, by Lemma 1.1,

By Egs. (2.5) and (2.9), we obtain

ék,l = € — T,;lf(wk)
= e~ T [ (wn)er — 5.2 (ev,ex)]
=T, T — f'(wi)]ex + % 1P (er, ex) < 0. (3.1)

Thus, w1 < w,.
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By Eq. (2.6) and Lemma 1.1, we have
f(r) = f(w = T f (w))
= ) — P )Ty f ) + 32T F ), T )

= [T~ )T Flw) + 3 2T Fw), T flw)) <0, (32)

By Lemma 2.3, it can be concluded that f’(i0y 1) is a nonsingular M-matrix. Therefore,
the results hold for p = 1.

Assume the results are true for 1 < p <t¢. Then, for p =t + 1, we have Wy 41 =
Wet — Tk_lf(wk7t). Since f(wy,) < 0 and T}, is a nonsingular M-matrix, then Wy 441 >
Wher.

Since wy < Wiy < Wia < ... < Wiy, by Lemma 2.1, we have f'(wy) > f'(Wg1) >
f'(Wg2) > ... > f'(Wg4). Therefore,

Ty — f/(ﬁ)k,t> > > T — f/(wk,l) > Ty — f’(wk) > 0.
By Egs. (2.5) and (2.9), we have the following error vectors equation

Erir1 = Chp — T ' f(10hy)
1

= €t — Tk_l[f/(wk,t)ék,t — éf(ék,t, k)]
_ e 1, .
=TT — ' (W) éns + §Tk 'L (Eps,ers) < 0. (3.3)

Therefore, Wy, 141 < wy.
Similarly, by Eq. (2.6) and Lemma 1.1, we have

f(wk,tﬂ) = f(wkt - Tk_lf(wk,t))
= i) — £/ )Ty () + 5 2T f), T )
= [Ty~ F/ ()T Flik) + 5 2T f ), T f i) <0, (3.4)

By Lemma 2.3, we have that f’(@y.11) is a nonsingular M-matrix. Therefore, the
results hold for p = ¢+ 1. Hence, by the principle of mathematical induction, the proof
of the theorem is completed. [

In practical computation, we should choose T}, such that the iteration step (2.5)
is less expensive to implement. For any w; € R*", according to the structure of the
Jacobian f'(wy), T may be chosen as

Ty = Ly, — (3.5)
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or
_ [ Gi(ve) Hi(ug) ]
Ty = Iop — 0 Golur) | (3.6)
Another choice for T}, is
[ Gl(vk) O |
Ty, = Iy, —
k 2 L HQ(Uk) Gg(uk> |

Numerical experiments show that the performance for this choice is almost the same
as that for T}, given by (3.6).

The following theorem provides some results concerning the convergence of the
modified Newton-Shamanskii method for the vector equation (2.2).

Theorem 3.2 Let w, be the minimal positive solution of the vector equation (2.2). The
sequence of the vector sets {wy, W1, Wk 2, ..., Wkm} obtained by the modified Newton-
Shamanskii method (2.5) with the initial vector wy = 0 is well defined. For all k > 0
and 1 < p < m, we have

(1) f(wk) <0 and f(dy,) < O0;

(2) f'(wg) and f'(Wy,) are nonsingular M-matrices;

(3) Wy < w(),l < ’IIJO,Q < ... < lDan =w < wl,l < 151,2 < ... < 12117m = W < ... <
’LlNJk,Lm =wE < UN)]CJ < ... < u?k,m = Wil < oo < Wy

Furthermore, we have

lim w, = w,.

k—oo

Proof. This theorem can also be proved by mathematical induction. The proof is
similar to that of the Theorem 1 in [18]. Therefore, it is omitted. O

4 Numerical experiments

In this section, we give numerical experiments to illustrate the performance of the
modified Newton-Shamanskii method presented in Section 3 with two different choices
of the matrix Tj. Let NS denote the Newton-Shamanskii iterative method [18], MNS1
and MNS2 denote the modified Newton-Shamanskii iterative method (2.5) with T
given by(3.5) and (3.6), respectively. In order to show numerically the performance
of the modified Newton-Shamanskii iterative method, we list the number of iteration
steps (denoted as IT), the CPU time in seconds (denoted as CPU), and relative residual
error (denoted as ERR). The residual error is defined by

u —Uu (% —
S 1

g2 ’ |Vk+1[2
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CPU time with (c, @)=(0.999,0.001) IT numbers with (c, a)=(0.999,0.001)
T T T T T T
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Figure 1: CPU time and IT numbers for (c¢,a) = (0.999,0.001) and
n = 512 with different m. Left: CPU time; right: IT numbers

CPU time with (c, a)=(0.5,0.5) IT numbers with (c, a)=(0.5,0.5)
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Figure 2: CPU time and IT numbers for (c,a) = (0.5,0.5) and n = 512
with different m. Left: CPU time; right: IT numbers

where || - ||2 is the 2-norm for a vector. For comparison, every experiment is repeated
5 times, and the average of the 5 CPU times is shown here. All the experiments are
run in MATLAB 7.0 on a personal computer with Intel(R) Pentium(R) D 3.00GHz
CPU and 0.99 GB memory, and all iterations are terminated once the current iterate
satisfies ERR < n - eps, where eps = 1 x 10716,

In the test example, the constants ¢; and w;, ¢ = 1,2, ...n, are given by the numerical
quadrature formula on the interval [0, 1], which are obtained by dividing [0, 1] into %
subintervals of equal length and applying a Gauss-Legendre quadrature [27] with 4
nodes to each subinterval; see the Example 5.2 in [6]

We test several different values (¢, ). In Table 1, for n = 512 with different m and
pairs of (¢, «v), and in Table 2, for the fixed (¢, a) = (0.99,0.01) with different n, we list
ITs, CPUs and ERRs for the NS method and MNS methods, respectively. Figure 1 and
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Table 1: Numerical results for n = 512 and different pairs of (¢, «)

m method (c, )

(0.999,0.001) | (0.99,0.01) | (0.9,0.1) (0.5,0.5)

IT 10 9 7 )

NS CPU 2.9380 2.6100 2.2810 1.6090
ERR | 2.1776e-15 1.5433e-15 | 1.4280e-15 | 1.5773e-14

1T 376 130 43 16

1 | MNS1 | CPU 5.9370 2.0630 0.7820 0.2810
ERR 4.7938e-14 4.3618e-14 | 2.7158e-14 | 7.0829e-15

1T 195 69 24 10

MNS2 | CPU 3.7500 1.3430 0.5150 0.2190
ERR | 4.7717e-014 | 3.3654e-14 | 1.6087e-14 | 1.7311e-15

1T 6 5 ) 4

NS CPU 2.5310 2.0630 2.0780 1.7190
ERR | 5.3953e-15 4.6570e-14 | 1.2318e-15 | 1.0553e-15

IT 132 46 16 6

3 | MNS1 | CPU 2.5780 0.9370 0.3130 0.1410
ERR | 4.3397e-14 3.7357e-14 | 1.0270e-14 | 2.6302e-14

1T 69 25 10 )

MNS2 | CPU 1.8440 0.6720 0.2810 0.1410
ERR | 4.4170e-14 2.9843e-14 | 8.7831e-16 | 1.5640e-16

1T ) 4 4 3

NS CPU 2.9220 2.2340 2.2810 1.7350
ERR 1.9497e-15 1.7274e-15 | 1.3919e-15 | 1.0832e-15

1T 68 24 9 4

6 | MNS1 | CPU 1.9060 0.6100 0.2340 0.1100
ERR | 4.7883e-14 4.0900e-14 | 3.3139e-15 | 2.9604e-16

IT 36 14 6 3

MNS2 | CPU 1.3280 0.5160 0.2340 0.1250
ERR | 4.7025e-14 8.5873e-15 | 5.5104e-16 | 2.1332e-15

IT 4 4 3 3

NS CPU 3.4530 3.5160 2.5630 2.6410
ERR 1.9512e-15 1.6885e-15 | 1.3243e-15 | 1.1225e-15

1T 36 13 5 3

12 | MNS1 | CPU 1.2660 0.4680 0.1880 0.1250
ERR 2.9584e-14 2.6812e-14 | 1.9980e-14 | 1.64101e-16

IT 20 8 4 3

MNS2 | CPU 1.2190 0.4530 0.2180 0.2030
ERR 1.1402e-14 4.8204e-15 | 5.5981e-16 | 1.6410e-16
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Table 2: Numerical results for (¢, ) = (0.99,0.01) and different n, m

n
m | method 64 128 256 512 1024
IT 9 9 9 9 9
NS [CPU | 0.0310 0.0620 0.4220 2.6100 16.9060
. ERR | 6.8597c-16 | 9.5495¢-16 | 1.1845¢-15 | 1.5433¢-15 | 2.7143¢-15
T 140 136 133 130 126
MNS1 | CPU | 0.0630 0.0940 0.4850 2.0630 7.4530
ERR | 5.3018c-15 | 1.2247c-14 | 2.3157c-14 | 4.3618c-14 | 1.0212c-14
T 73 72 70 69 67
MNS2 [ CPU | 0.0160 0.0630 0.2970 1.3430 47180
ERR | 6.1723¢-15 | 9.44380c-15 | 2.1990c-14 | 3.3654c-14 | 7.8688c-14
T 5 5 5 5 5
NS [CPU | 0.0160 0.0630 0.4220 2.3750 14.6560
. ERR | 8.1022¢-16 | 8.6594c-16 | 1.2226¢-15 | 1.6581e-15 | 2.15650-15
IT 31 30 29 29 28
MNS1 [ CPU | 0.0150 0.0310 0.1410 0.6410 2.3590
ERR | 2.7024¢-15 | 7.6059¢-15 | 2.2028¢-14 | 2.1877c-14 | 6.3491c-14
T 17 17 16 16 16
MNS2 [ CPU | 0.0160 0.0310 0.0930 0.5160 1.9530
ERR | 2.4804c-15 | 2.4814¢-15 | 2.0690c-14 | 2.0656¢-14 | 2.0698c-14
IT 4 4 4 4 4
NS [CPU | 0.0160 0.0780 0.5000 2.7500 16.6090
10 ERR | 7.26040-16 | 8.1207¢-16 | 1.1571e-15 | 1.54600-15 | 2.2290c-15
T 16 16 16 15 15
MNS1 [ CPU | 0.0150 0.0150 0.0780 0.4680 1.7350
ERR | 6.0508¢-15 | 5.8374c-15 | 6.0658¢-15 | 4.9045c-14 | 4.89350-14
T 10 10 9 9 9
MNS2 [ CPU | 0.0160 0.0320 0.0630 0.4380 1.6400
ERR | 5.64420-16 | 4.2340c-16 | 1.4346e-14 | 1.3941c-14 | 1.3698c-14
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Figure 2 describe the CPU time and IT numbers of those methods when n = 512 for
(c,a) = (0.999,0.001) and (¢, ) = (0.5,0.5). From these Tables and Figures, we can
see that the optimal choice of m for the modified Newton-Shamanskii method is larger
when (¢, ) = (0.999,0.001), compared with (¢,a) = (0.5,0.5). Obviously, compared
with the Newton-Shamanskii iterative method, though the iterations number of the
modified Newton-Shamanskii iterative method is more, according to the CPU time,
we can find that the modified Newton-Shamanskii iterative method outperforms the
Newton-Shamanskii iterative method. Among these methods, the MNS2 method is the
best one.

5 Conclusion

In this paper, based on the Newton-Shamanskii method, we have proposed a modi-
fied Newton-Shamanskii method for solving the minimal positive solution of the non-
symmetric algebraic Riccati equation arising in transport theory and have given the
convergence analysis. The convergence analysis shows that the iteration sequence gen-
erated by the modified Newton-Shamanskii method is monotonically increasing and
converges to the minimal positive solution of the vector equation. Numerical experi-
ments show that the modified Newton-Shamanskii method has a better performance
than the Newton-Shamanskii method for the nonsymmetric algebraic Riccati equa-
tion. We find that when T}, is chosen as the block triangular of the Jacobian matrix,
the modified Newton-Shamanskii method has a better convergence rate. The choice
of the matrix T}, impacts the convergence rate of the modified Newton-Shamanskii
method, hence, the determination of the optimum matrix 7} such that the modified
Newton-Shamanskii method has a better convergence rate needs further to be studied.
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Abstract.

Characterizations of a hesitant fuzzy filter in a residuated lattice are considered. Given a
hesitant fuzzy set, a new hesitant fuzzy filter of a residuated lattice is constructed. The notion
of a hesitant fuzzy G-filter of a residuated lattice is introduced, and its characterizations are
discussed. Conditions for a hesitant fuzzy filter to be a hesitant fuzzy G-filter are provided.

Finally, the extension property of a hesitant fuzzy G-filter is established.

1. INTRODUCTION

The notions of Atanassov’s intuitionistic fuzzy sets, type 2 fuzzy sets and fuzzy multisets etc.
are a generalization of fuzzy sets. As another generalization of fuzzy sets, Torra and Narukawa
[5] and Torra [0] introduced the notion of hesitant fuzzy sets and discussed the relationship
between hesitant fuzzy sets and intuitionistic fuzzy sets. Xia and Xu [11] studied hesitant fuzzy
information aggregation techniques and their application in decision making. They developed
some hesitant fuzzy operational rules based on the interconnection between the hesitant fuzzy
set and the intuitionsitic fuzzy set. Xu and Xia [12] proposed a variety of distance measures for
hesitant fuzzy sets, and investigated the connections of the aforementioned distance measures
and further developed a number of hesitant ordered weighted distance measures and hesitant
ordered weighted similarity measures. Xu and Xia [13] defined the distance and correlation
measures for hesitant fuzzy information and then considered their properties in detail. Wei
[9] investigated the hesitant fuzzy multiple attribute decision making problems in which the
attributes are in different priority level.

Residuated lattices are a non-classical logic system which is a formal and useful tool for
computer science to deal with uncertain and fuzzy information. Filter theory, which is an
important notion, in residuated lattices is studied by Shen and Zhang [1] and Zhu and Xu [15].
Wei [10] introduced the notion of hesitant fuzzy (implicative, regular and Boolean) filters in

residuated lattice, and discussed its properties.

2010 Mathematics Subject Classification: 06F35, 03G25, 06D72.
Keywords: Hesitant fuzzy filter, Hesitant fuzzy G-filter.
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2 G. Muhiuddin

In this paper, we deal with further properties of a hesitant fuzzy filter in a residuated lattice.
We consider characterizations of a hesitant fuzzy filter in a residuated lattice. Given a hesitant
fuzzy set, we construct a new hesitant fuzzy filter of a residuated lattice. We introduce the
notion of a hesitant fuzzy G-filter of a residuated lattice, and discuss its characterizations. We
provide conditions for a hesitant fuzzy filter to be a hesitant fuzzy G-filter. Finally, we establish

the extension property of a hesitant fuzzy G-filter.

2. PRELIMINARIES

Definition 2.1 ([1, 2, 3]). A residuated latticeis an algebra (L, V, A, ®,—,0,1) of type (2,2,2,2,0,0)
such that

(1) (L,V,A,0,1) is a bounded lattice.
(2) (L,®,1) is a commutative monoid.

(3) ® and — form an adjoint pair, that is,
(Vz,y,zel)(z<y—z & z0y<2).
In a residuated lattice L, the ordering < and negation — are defined as follows:
(Ve,ye L) (z<y & zAy=2 & aVy=y & z—y=1)

and -z =z — 0 for all z € L.

Proposition 2.2 ([1, 2, 3, 7, 8]). In a residuated lattice L, the following properties are valid.
(2.1) lsz=z,z—-1=1, 2—-2=1,0-0z=1,z— (y—z)=1
(2.2) y<(y—zx)—>

(2.3) r<y—z & y<z— =z

(2.4) r=>yYy—=2)=(20y) 2 z=y— (r— 2).

(2.5) r<y = zoax<z—oy, y—z<zcr— =z

(2.6) zoy<(z—=z2)2 (oY), z22y<(y—z)— (2 = 2).

(2.7) (=90 @ly—2) <z— =z

(2.8) rOy<TAY.

(2.9) <y = 20z<y0daz.

(2.10) y—z<zVy—>zaVz

(2.11) (xVy)—=z=(x—=2)A@y— 2).
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Definition 2.3 ([4]). A nonempty subset F' of a residuated lattice L is called a filter of L if it

satisfies the conditions:

(2.12) (Ve,ye L) (z,ye FF = z0yeF).
(2.13) (Ve,yeL)(zeF, z<y = yeF).

Proposition 2.4 ([1]). A nonempty subset F of a residuated lattice L is a filter of L if and
only if it satisfies:

(2.14) leF.

(2.15) VeeF)(WVyel)(x syeF = yeF).

3. HESITANT FUZZY FILTERS

Let E be a reference set. A hesitant fuzzy set on E (see [0]) is defined in terms of a function
h that when applied to F returns a subset of [0, 1], that is, h: E — 22([0, 1]).

In what follows, we take a residuated lattice L as a reference set.

Definition 3.1 ([10]). A hesitant fuzzy set h on L is called a hesitant fuzzy filter of L if it

satisfies:

(3.1) (Vz,ye L) (x <y = h(x) C h(y)),
(3.2) (Va,y € L) (h(z) Nh(y) C h(z ©y)).

Example 3.2. Let L = [0,1] be a subset of R. For any a,b € L, define

a Vb= max{a,b}, a A b= min{a, b},

1 if a <b,
a—b=
(1—a)Vb otherwise,

and

0 if a+b<1,
a®b=
aAb otherwise.

Then (L,V,A,®,—,0,1) is a residuated lattice (see [15]). We define a hesitant fuzzy set

(0.2,0.7) if x € (¢,1] where 0.5 < ¢ <1,

h:L— 2(0,1]), © —
(0.3,0.6] otherwise.

It is routine to verify that h is a hesitant fuzzy filter of L.

Example 3.3. Let L ={0,a,b,¢,d, 1} be a set with the lattice diagram appears in Figure 1.
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0
Figure 1

Consider two operation ‘©’ and =’ shown in Table 1 and Table 2, respectively.

TABLE 1. Cayley table for the binary operation ‘®’

® 0 a b d 1
0 0 0 0 0 0 0
a 0 a c c 0 a
b 0 c b c d b
c 0 c 0 c
d 0 0 d 0 d
1 0 a b c d

TABLE 2. Cayley table for the binary operation ‘—’
— 0 a b c d 1
0 1 1 1 1 1 1
a d 1 b b d 1
b 0 a 1 a d 1
c d 1 1 1 d 1
d a 1 1 1 1 1
1 0 a b c d 1

Then (L,V,A,®,—,0,1) is a residuated lattice. We define a hesitant fuzzy set

[0.2,0.9) ifze{l,a},

h:L— 2(0,1]), = —
(0.3,0.8] otherwise.

It is routine to verify that h is a hesitant fuzzy filter of L.

Wei [10] provided a characterization of a hesitant fuzzy filter as follows.
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Lemma 3.4 ([10]). A hesitant fuzzy set h on L is a hesitant fuzzy filter of L if and only if it

satisfies

(3.3) (Vz € L) (h(x) C h(1)).

(3.4) (Va,y € L) (h(z) N h(z —y) € h(y)) .
We provide other characterizations of a hesitant fuzzy filter.

Theorem 3.5. A hesitant fuzzy set h on L is a hesitant fuzzy filter of L if and only if it

satisfies:
(3.5) (Ve,y,z€ L) (x <y — 2z = h(z)Nh(y) Ch(z)).
Proof. Assume that h is a hesitant fuzzy filter of L. Let x,y,z € L be such that x <y — z.
Then h(z) C h(y — 2) by (3.1), and so
h(z) 2 h(y) Nh(y — 2) 2 h(z) N h(y)

by (3.4).
Conversely let h be a hesitant fuzzy set on L satisfying (3.5). Since z < z — 1 for all z € L,
it follows from (3.5) that
h(1) 2 h(x) N h(xz) = h(zx)

forall x € L. Since ¢ - y <z — y for all z,y € L, we have
h(y) 2 h(x) NV h(z = y)

for all z,y € L. Hence h is a hesitant fuzzy filter of L. O

Theorem 3.6. A hesitant fuzzy set h on L is a hesitant fuzzy filter of L if and only if h satisfies
the condition (3.3) and

(3.6) (Vx,y,z € L) (h(x — (y = 2)) Nh(y) C h(z — 2)).

Proof. Assume that h is a hesitant fuzzy filter of L. Then the condition (3.3) is valid. Using
(2.4) and (3.4), we have

h(x = z) D h(y)Nhly = (z = 2))
h

() Nh(z = (y — 2))
for all z,y,z € L.
Conversely, let h be a hesitant fuzzy set on L satisfying (3.3) and (3.6). Taking z := 1 in
(3.6) and using (2.1), we get
h(z)=h(l = 2z) Dh(1 = (y — 2)) Nh(y)
=h(y = z) N h(y)
for all y,z € L. Thus h is a hesitant fuzzy filter of L by Lemma 3.4. (|
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Lemma 3.7. Every hesitant fuzzy filter h on L satisfies the following condition:
(3.7) (Va,z € L) (h(a) C h((a — z) = x)).
Proof. If we take y = (a — ) — 2 and = a in (3.4), then
h((a = x) = x) 2 h(a) N h(a = ((a = z) — z))

=h(a) Nh((a = z) = (a = x))

= h(a) N h(1) = h(a).
This completes the proof. O

Theorem 3.8. A hesitant fuzzy set h on L is a hesitant fuzzy filter of L if and only if it satisfies

the following conditions:
(3.8) (Va,y € L) (h(x) € h(y — ),
(3.9) (Vz,a,b € L) (h(a) N h(b) C h((a — (b — z)) — ).
Proof. Assume that h is a hesitant fuzzy filter of L. Using (2.1), (3.3) and (3.4), we have
h(y = x) 2 h(z) N h(z — (y = x)) = h(z) N h(1) = h(z)
for all z,y € L. Using (3.6) and (3.7), we get
h((a = (b= x)) = x) 2 h((a — (b= 2)) = (b= 2)) NA(b) 2 h(a) N h(b)

for all a,b,z € L.
Conversely, let h be a hesitant fuzzy set on L satisfying two conditions (3.8) and (3.9). If we
take y := x in (3.8), then h(z) C h(xz — x) = h(1) for all z € L. Using (3.9) induces

hy) = h(1 = y) = h((z = y) = (z = y)) = y) 2 h(z = y) N h(z)
for all x,y € L. Therefore h is a hesitant fuzzy filter of L by Lemma 3.4. O

Theorem 3.9. A hesitant fuzzy set h on L is a hesitant fuzzy filter of L if and only if the set
hr:={zxeL|7Ch(x)}
is a filter of L for all 7 € 2([0,1]) with hy # 0.

Proof. Assume that h is a hesitant fuzzy filter of L. Let z,y € L and 7 € £([0,1]) be such
that x € h, and x — y € h,. Then 7 C h(x) and 7 C h(z — y). It follows from (3.3) and (3.4)
that k(1) D h(z) D 7 and h(y) D h(z) Nh(x — y) 2 7 and so that 1 € h, and y € h,. Hence
h, is a filter of L by Proposition 2.4.

Conversely, suppose that h, is a filter of L for all 7 € £2([0,1]) with h, # @. For any x € L,
let h(xz) = 6. Then = € hs and hy is a filter of L. Hence 1 € hs and so h(z) = 6 C h(1). For
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any x,y € L, let h(z) = §, and h(z — y) = dz—y. If we take 6 = 6, N4y, then = € hs and
x — y € hs which imply that y € hs. Thus

hz)Nh(z = y) =0, Ndzmyy =6 C h(y).
Therefore h is a hesitant fuzzy filter of L by Lemma 3.4. O

Theorem 3.10. For a hesitant fuzzy set h on L, let h be a hesitant fuzzy set on L defined by

~ h if x € h,,
Lo 2(0]), x4 M@ e

0 otherwise,
where T € 2([0,1]) \ {0}. If h is a hesitant fuzzy filter of L, then so is h.

Proof. Suppose that h is a hesitant fuzzy filter of L. Then h. is a filter of L for all 7 € Z2([0, 1])
with h, # () by Theorem 3.9. Thus 1 € A, and so k(1) = h(1) D h(x) D h(z) for all z € L.
Let z,y e L. If x € h, and z — y € h,, then y € h,. Hence

h(z) N h(z — y) = h(z) N h(z = y) € h(y) = h(y).

If 2 ¢ h, or x =y & hy, then h(z) = 0 or h(z — y) = 0. Thus

Therefore h is a hesitant fuzzy filter of L. O
Theorem 3.11. If h is a hesitant fuzzy filter of L, then the set

I'y:={x€L|h(a) Ch(z)}
is a filter of L for every a € L.

Proof. Since h(1) D h(a) for all a € L, we have 1 € T',. Let z,y € L be such that z € I, and
x —y €Ty. Then h(z) 2 h(a) and h(z — y) 2 h(a). Since h is a hesitant fuzzy filter of L, it
follows from (3.4) that

h(y) 2 h(x) N h(z = ) 2 h(a)

so that y € I',. Hence T',, is a filter of L by Proposition 2.4. O

Theorem 3.12. Let a € L and let h be a hesitant fuzzy set on L. Then

(1) If T, is a filter of L, then h satisfies the following condition:
(3.10) (Vz,y € L) (h(a) € h(z) Nh(z — y) = h(a) C h(y)).

(2) If h satisfies (3.3) and (3.10), then Ty, is a filter of L.
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Proof. (1) Assume that T, is a filter of L. Let x,y € L be such that
h(a) C h(z) N h(z — y).

Then x = y € T'y, and © € T'y. Using (2.15), we have y € I', and so h(y) 2 h(a).

(2) Suppose that h satisfies (3.3) and (3.10). From (3.3) it follows that 1 € T',. Let z,y € L
be such that z € 'y and * — y € I'y. Then h(a) C h(z) and h(a) C h(z — y), which imply
that h(a) C h(z) N h(z — y). Thus h(a) C h(y) by (3.10), and so y € T',. Therefore T',, is a
filter of L by Proposition 2.4. O

Definition 3.13 ([14]). A nonempty subset F' of L is called a G-filter of L if it is a filter of L

that satisfies the following condition:
(3.11) (Ve,yeL)((z@x) > yeF = z—yeF).
We consider the hesitant fuzzification of G-filters.

Definition 3.14. A hesitant fuzzy set h on L is called a hesitant fuzzy G-filter of L if it is a
hesitant fuzzy filter of L that satisfies:

(3.12) (Vz,ye L) (h((z ©z) = y) C h(z —y)).
Note that the condition (3.12) is equivalent to the following condition:
(3.13) (Vz,y € L) (h(z = (x = y)) C h(z = y)).
Example 3.15. The hesitant fuzzy filter h in Example 3.3 is a hesitant fuzzy G-filter of L.
Lemma 3.16. FEvery hesitant fuzzy filter h of L satisfies the following condition:
(3.14) (Vz,y,z € L) (h(z = (y = 2z)) Nh(z = y) Ch(x = (x — 2))).
Proof. Let x,y,z € L. Using (2.4) and (2.6), we have
z=(y—=z2z)=y—o(z—2)<(z—y) — (z— (= 2)).
It follows from Theorem 3.5 that
hz = (y— 2))Nh(z = y) Chlx = (x — 2)).
This completes the proof. O

Theorem 3.17. Let h be a hesitant fuzzy set on L. Then h is a hesitant fuzzy G-filter of L if
and only if it is a hesitant fuzzy filter of L that satisfies the following condition:

(3.15) (Vz,y,z € L) (h(z — (y — 2)) Nh(x = y) C h(z — 2)).
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Proof. Assume that h is a hesitant fuzzy G-filter of L. Then h is a hesitant fuzzy filter of L.
Note that z < 1=(z > y) = (x - y),and thus z > y <z — (x — y) for all z,y € L. It
follows from (3.1) that h(x — y) C h(z — (¢ — y)). Combining this and (3.13), we have

(3.16) hz = y) =h(z = (x = y))
for all z,y € L. Using (3.14) and (3.16), we have
hz = (y— 2))Nh(z = y) Ch(x — 2)

for all z,y,z € L.
Conversely, let h be a hesitant fuzzy filter of L that satisfies the condition (3.15). If we put
y=zand z =y in (3.15) and use (2.1) and (3.3), then

h(z = y) D h(x — (z = y)) Nh(z = x)
=h(z — (x = y))Nh(1)
=h(z = (x = y))

for all x,y € L. Therefore h is a hesitant fuzzy G-filter of L. (]

Theorem 3.18. Let h be a hesitant fuzzy filter of L. Then h is a hesitant fuzzy G-filter of L
if and only if the following condition holds:

(3.17) (Vz € L) (h(z — (z ©z)) = h(1)).
Proof. Assume that h satisfies the condition (3.17) and let z,y € L. Since
r= @2y =@or)sy<(r—= (o) = (z—=y)
by (2.4) and (2.6), it follows from (3.1) that
hz—=(zr—=vy) Ch((z = (z202) = (z—y)).

Hence, we have

hz—y) 2h((z = (r02) = (= y)Nhz = (z0 1))
2 h(z = (z—=y) Nh(z = (z0))
= h(z = (z = y)) N h(1)
=h(z = (z = y))
by using (3.4), (3.17) and (3.3). Hence h is a hesitant fuzzy G-filter of L. O

Theorem 3.19. (Extension property) Let h and g be hesitant fuzzy filters of L such that h C g,
i.e., h(z) C g(x) for allx € L and h(1) = g(1). If h is a hesitant fuzzy G-filter of L, then so is
qg.
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Proof. Assume that h is a hesitant fuzzy G-filter of L. Using (2.4) and (2.1), we have
@ (=2@oy)2y))=@=2(2y) 2@ (@—2y)=1

for all z,y € L. Thus

gz = (r = (x = y) 2 y) 2h(z = ((z = (x = y) 2 y))
=h(z = (= ((z = (z = y) = v)))
= h(1) = g(1)

by hypotheses and (3.16), and so

gl = ((z = (x = y)) = y)) = g(1)
for all z,y € L by (3.3). Since g is a hesitant fuzzy filter of L, it follows from (3.4), (2.4) and
(3.3) that
(z = (x=y) = (=)

Ng
Nglz = ((z = (= y)) = y))
Ng

for all z,y € L. Therefore g is a hesitant fuzzy G-filter of L. (]
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