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ON QUADRATIC p-FUNCTIONAL INEQUALITIES IN FUZZY NORMED
SPACES

CHOONKIL PARK, SUN YOUNG JANG, AND SUNGSIK YUN*

ABSTRACT. In this paper, we solve the following quadratic p-functional inequalities

N (et 9+ -y - 2@ - 20w - (2 (FF2) + 27 (FF2) - 1@ - 1) .t

" Ty’ O

where p is a fixed real number with p # 2, and

N (2f (F5Y) +2f (F5Y) — 1@ — F@) — o (fla +9) + Sl — ) = 20(@) = 2/ (1) .t
>t
Tt e(,y)

where p is a fixed real number with p # %

Using the direct method, we prove the Hyers-Ulam stability of the quadratic p-functional
inequalities (0.1) and (0.2) in fuzzy Banach spaces.

(0.2)

1. INTRODUCTION AND PRELIMINARIES

Katsaras [14] defined a fuzzy norm on a vector space to construct a fuzzy vector topological
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from
various points of view [9, 16, 37]. In particular, Bag and Samanta [2], following Cheng and
Mordeson [6], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric
is of Kramosil and Michalek type [15]. They established a decomposition theorem of a fuzzy
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3].

We use the definition of fuzzy normed spaces given in [2, 19, 20] to investigate the Hyers-Ulam
stability of quadratic p-functional inequalities in fuzzy Banach spaces.

Definition 1.1. [2, 19, 20, 21] Let X be a real vector space. A function N : X x R — [0, 1] is
called a fuzzy norm on X if for all x,y € X and all s,t € R,
(N1) N(z,t) =0 for t <0;
(N2) x = 0 if and only if N(z,t) =1 for all t > 0;
(N3) N(cz,t) = N(=x, |c|) it ¢ #0;
(Na) N(z +y,s +1t) > min{N(z,s), N(y,1)};
(N5) N(z,-) is a non-decreasing function of R and lim;_,o N(z,t) = 1.
(Ng) for © # 0, N(x,-) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.
The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in [18, 19].

Definition 1.2. [2, 19, 20, 21] Let (X, V) be a fuzzy normed vector space. A sequence {z,} in X
is said to be convergent or converge if there exists an x € X such that lim, o N(z, —x,t) =1

2010 Mathematics Subject Classification. Primary 46540, 39B52, 39B62, 26E50, 47540.
Key words and phrases. fuzzy Banach space; quadratic p-functional inequality; Hyers-Ulam stability.
*Corresponding author.

1189 CHOONKIL PARK et al 1189-1197



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

C. PARK, S. Y. JANG, AND S. YUN

for all t > 0. In this case, x is called the limit of the sequence {z,} and we denote it by
N-lim,,_voo ,, = .

Definition 1.3. [2, 19, 20, 21] Let (X, N) be a fuzzy normed vector space. A sequence {z,}
in X is called Cauchy if for each € > 0 and each t > 0 there exists an ng € N such that for all
n > ng and all p > 0, we have N (2, 4p — p,t) > 1 —c.

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy
normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is continuous
at a point zg € X if for each sequence {x,} converging to z¢ in X, then the sequence {f(z,)}
converges to f(zg). If f: X — Y is continuous at each z € X, then f: X — Y is said to be
continuous on X (see [3]).

The stability problem of functional equations originated from a question of Ulam [36] con-
cerning the stability of group homomorphisms.

The functional equation f(z +y) = f(x) + f(y) is called the Cauchy equation. In particular,
every solution of the Cauchy equation is said to be an additive mapping. Hyers [11] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was
generalized by Aoki [1] for additive mappings and by Th.M. Rassias [27] for linear mappings by
considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem
was obtained by Gavruta [10] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Th.M. Rassias’ approach.

The functional equation f(x+y)+ f(x—y) = 2f(x)+2f(y) is called the quadratic functional
equation. In particular, every solution of the quadratic functional equation is said to be a
quadratic mapping. The stability of quadratic functional equation was proved by Skof [35] for
mappings f : By — E, where E; is a normed space and Fj is a Banach space. Cholewa [7]
noticed that the theorem of Skof is still true if the relevant domain F; is replaced by an Abelian
group. Czerwik [8] proved the Hyers-Ulam stability of the quadratic functional equation. The
functional equation f (%"y)—}—f (L;y) = %f(ﬂ:)—}—%f(y) is called a Jensen type quadratic equation.
The stability problems of several functional equations have been extensively investigated by a
number of authors and there are many interesting results concerning this problem (see [5, 12,
13, 17, 24, 25, 26, 28, 29, ?, 30, 31, 32, 33, 34]).

Park [22, 23] defined additive p-functional inequalities and proved the Hyers-Ulam stability
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces.

In Section 2, we solve the quadratic p-functional inequality (0.1) and prove the Hyers-Ulam
stability of the quadratic p-functional inequality (0.1) in fuzzy Banach spaces by using the direct
method.

In Section 3, we solve the quadratic p-functional inequality (0.2) and prove the Hyers-Ulam
stability of the quadratic p-functional inequality (0.2) in fuzzy Banach spaces by using the direct
method.

Throughout this paper, assume that X is a real vector space and (Y, N) is a fuzzy Banach
space.

2. QUADRATIC p-FUNCTIONAL INEQUALITY (0.1)

In this section, we prove the Hyers-Ulam stability of the quadratic p-functional inequality
(0.1) in fuzzy Banach spaces. Let p be a real number with p # 2. We need the following lemma
to prove the main results.
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Lemma 2.1. Let f: X — Y be a mapping satisfying f(0) =0 and
T+y r—y
fa+9)+ T =) —2f@) - 20) = p (20 (F52) + 21 (F52) ~ @) - 1)) 2)
forall z,y € X. Then f: X =Y is quadratic.
Proof. Replacing y by x in (2.1), we get f(2x) —4f(z) =0 and so f(2x) = 4f(x) for all z € X.

Thus
farw)+fe—g) -20@ —26) = (2 (50) +2f (5Y) - @) - 1)
= U@ ty) + [l —y) = 2/(@) = 2f ()

2
and so f(z+vy)+ f(r —y) =2f(x) + 2f(y) for all z,y € X, as desired. O
Theorem 2.2. Let ¢ : X? — [0,00) be a function such that
O(x,y) = Zl4jg0 (;], 2yJ> < 00 (2.2)
j=
forallz,y € X. Let f: X — Y be a mapping satisfying f(0) =0 and
N(f(x+y)+ flz —y) —2f(x) = 2/ (y) (2.3)
T4y T—y t
o (27 (5Y) +2r () 1@ - W) 0 = s

for all z,y € X and all t > 0. Then Q(x) := N-lim,_oc 4" f (5) eaists for each v € X and
defines a quadratic mapping Q : X — Y such that
t

N (f(z) —Q(x),t) > m (2.4)
forallx € X and all t > 0.
Proof. Letting y = x in (2.3), we get

N (f (22) 4f(@).0) 2 s (25)

and so N (f (z) —4f(3).,t) > @forallazeX Hence

(01 (3)- 1 (3))

o801 (3)#05))¥() - (2.}
:min{N<f( > 4f<4l+1),il>,--.,]\7(f(27:1)4f<2m),4mtl>}

5 e
Zmin{il+(p<;1£172ﬁ1)7...74wfl+4(p(;“;n)}
:mm{t+4’so(;“w25i1>’m’t+4m_1;(2x'"’29'c”)}

N t

Y Ve (5, 5)
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for all nonnegative integers m and [ with m > [ and all z € X and all ¢ > 0. It follows from (2.2)
and (2.6) that the sequence {4" f(5%)} is a Cauchy sequence for all 2 € X. Since Y is complete,
the sequence {4" f(57)} converges. So one can define the mapping @ : X — Y by

T

Q(z) := N- lim 4"f(2—n)

n—o0

for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (2.6), we get (2.4).

V() s (250) - (2) - (2)

ol (520) ()1 ()1 () )2
(U)o (5) - (3) - ()
ol o (52) - ()1 (3) 1 ()9

t
t
4m _
SR G R e f)

for all x,y € X, all t > 0 and all n € N. Since lim,,_,

-t
() 1 for all z,y € X and all

t>0,
T+ T —
Qe +9)+Ql — )~ 20(@) —200) = o (20 (5 ) + 20 (*5Y) - 2w - QW)
for all x,y € X. By Lemma 2.1, the mapping @) : X — Y is quadratic, as desired. O
Corollary 2.3. Let 0 > 0 and let p be a real number with p > 2. Let X be a normed vector
space with norm || - ||. Let f : X — Y be a mapping satisfying f(0) =0 and
rT+y Tr—y
N (f+ )+ fo -y - 20@) - 20w) - o (2 (“5) + 2 (5Y) - f@) - 5w) 1)

t
>
— 0zl + lyllP)

for all z,y € X and all t > 0. Then Q(x) := N-lim, o 4" f(5%) exists for each x € X and
defines a quadratic mapping Q : X — Y such that

(20 — 4)t

N (f(x) = Q(z),t) > (20 — 4)t + 20|z ||P

forallx € X.

Proof. The proof follows from Theorem 2.2 by taking ¢(z,y) := 0(||z||” + ||y||P) for all z,y € X,
as desired. O

Theorem 2.4. Let ¢ : X? — [0,00) be a function such that

Z (2990 27)<oo
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forallz,y € X. Let f : X =Y be a mapping satisfying f(0) =0 and (2.3). Then Q(x) := N-

limy, 00 ﬁf (2"z) exists for each x € X and defines a quadratic mapping Q : X — Y such
that

forallx € X and allt > 0.

Proof. 1t follows from (2.5) that N (f(:z:) - 1f(22), %t) > H(p’(fx 7y and so

. t
S Ut elean)  t+ lp(a)

N (f(a) - 37202

for all x € X and all £ > 0.
The rest of the proof is similar to the proof of Theorem 2.2. OJ

Corollary 2.5. Let 0 > 0 and let p be a real number with 0 < p < 2. Let X be a normed
vector space with norm || - ||. Let f: X — Y be a mapping satisfying f(0) = 0 and (2.7). Then
Q(x) := N-lim, 4%f(2":r:) exists for each x € X and defines a quadratic mapping @ : X — Y
such that

(4 — 2P)t

N (f(z) - Q(z),t) > (4 — 20)t + 26||||P

forallx € X.
Proof. The proof follows from Theorem 2.4 by taking ¢(z,y) := 0(||z||” + ||y||?) for all z,y € X,
as desired. ]

3. QUADRATIC p-FUNCTIONAL INEQUALITY (0.2)

In this section, we prove the Hyers-Ulam stability of the quadratic p-functional inequality
(0.2) in fuzzy Banach spaces. Let p be a real number with p # % We need the following lemma
to prove the main results.

Lemma 3.1. Let f: X — Y be a mapping satisfying f(0) =0 and

2 (52) v 2f (FY) - £e) - 1) = et )+ fo - v) ~ 2(a) - 26(0) (31)

2
forall z,y € X. Then f: X =Y is quadratic.

Proof. Letting y = 0 in (3.1), we get 4f (3) — f(z) = 0 and so f(2z) = 4f(z) for all z € X.
Thus

et = 5fa—9) -~ @) - 1) = 2 () +2f (FL) - @) - )

2 2
= p(fx+y)+ flz—y)—2f(x) - 2f(y))
and so f(z+y)+ f(r —y) =2f(x) + 2f(y) for all z,y € X, as desired. O
Theorem 3.2. Let ¢ : X? — [0,00) be a function such that
O(z,y) = ;)4%0 (2j, 23> < 0o (3.2)
j:
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forallz,y € X. Let f : X =Y be a mapping satisfying f(0) =0 and

N (2f (S52) v 2r (52) - 5@) - S - p(Fla+u) + Sl - w) - 20(@) - 26 w) )

t
Z o) .

for all z,y € X and all t > 0. Then Q(x) := N-lim,_oc 4" f (5) eaists for each v € X and
defines a quadratic mapping Q : X — Y such that

N (F(z) — Q). 1) > ——

> G0 (3.4)

forallx € X and all t > 0.

Proof. Letting y = 0 in (3.3), we get

N (f@r -7 (5).t) =5 (17 (5) - r@)t) = o e (3.5)

for all x € X. Hence
V(21 (3) - (2)1)
o (01 (3) 4 ) ) () ()0
o (1 (3) (55 6) () () )

>mm{4%+so(;%,0)’ ’le(wxl,o)}
wmind b t
a t+4lp (£,0) Tt amlp(50)

t
S ey i (50)

for all nonnegative integers m and [ with m > [ and all z € X and all ¢t > 0. It follows from (3.2)
and (3.6) that the sequence {4" f(5%)} is a Cauchy sequence for all z € X. Since Y is complete,
the sequence {4" f(5)} converges. So one can define the mapping @ : X — Y by

Q(z) := N- 11m4"f( )

n—o0

for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (3.6), we get (3.4).
By (3.2),

v (o (o (5t) 221 (54) -1 (5) -1 ()
o (o) () 2 () 2 () ) = e
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for all xz,y € X, allt > 0 and all n € N. So
n T+y T —y x y
v (o (o (55) 0 (55) -1 (3) - ()
n r+y T—y T Y
—p(4 —of (=) —2r (2 t
(e (r(5) 1 (%) - (5) - () )
S E e e E)
for all z,y € X, all t > 0 and all n € N. Since lim,,_,

S S
(2 ) 1 for all z,y € X and all

t >0,
r+ T —
20("52) +2("52) - Q@) - QW) = (@@ + 1) + @z ~ ) ~ 2Q(@) - 20))
for all x,y € X=. By Lemma 3.1, the mapping @) : X — Y is quadratic, as desired. O
Corollary 3.3. Let 0 > 0 and let p be a real number with p > 2. Let X be a normed vector
space with norm || - ||. Let f: X =Y be a mapping satisfying f(0) =0 and
r+y T —y
Nes (T2 var (50 - f@) - ) (37)

t
—p (e ty) + @ —y) = 2/@) = 2/W), D) 2 e

for all z,y € X and all t > 0. Then Q(x) := N-lim, o 4" f(5%) exists for each v € X and
defines a quadratic mapping Q : X — 'Y such that

N (f(z) - Qx),t) =

(20 — )t
(20 — )t + 200z |]P

forallx € X.

Proof. The proof follows from Theorem 3.2 by taking ¢(z,y) := 0(||z||? + ||y||?) for all z,y € X,
as desired. ]

Theorem 3.4. Let ¢ : X? — [0,00) be a function such that

[e.e]

1 o
o - Y
D(x,y) .—jz::lép.cp@ x,2 y) < 00
forallz,y € X. Let f : X =Y be a mapping satisfying f(0) =0 and (3.3). Then Q(x) := N-
limy, 00 4%f (2"z) exists for each x € X and defines a quadratic mapping Q : X — Y such
that

t
N (f(z) = Q(z),t) > m

for all z € X and all t > 0.

- t+90(2w)0)
S 4t _ ¢
T At +p(22,0)  t+ 1p(2,0)

Proof. 1t follows from (3.5) that N (f(:n) —1f(22), %) > L and so

N (f@) - 3(20).t)

for all x € X and all £ > 0.
The rest of the proof is similar to the proof of Theorem 3.2. O
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Corollary 3.5. Let 0 > 0 and let p be a real number with 0 < p < 2. Let X be a normed
vector space with norm || - ||. Let f: X — Y be a mapping satisfying f(0) = 0 and (3.7). Then
Q(x) := N-lim, 4%f(2"1:) exists for each x € X and defines a quadratic mapping @ : X — Y
such that

(4 —2P)t
(4 —2P)t + 2P0||z||P

N (f(z) = Qx),1) =

forallx € X.

Proof. The proof follows from Theorem 3.4 by taking ¢(x,y) := 0(||z|[? + ||y||?) for all z,y € X,

as desired. O
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ON A DOUBLE INTEGRAL EQUATION INCLUDING A SET OF
TWO VARIABLES POLYNOMIALS SUGGESTED BY LAGUERRE
POLYNOMIALS

M. ALT OZARSLAN AND CEMALIYE KURT

ABSTRACT. In this paper, we introduce general classes of bivariate and Mittag-

Leffler functions Eﬁffjg’;]’g’k) (z,y) and Laguerre polynomials ng;,f”y’n’g) (z,y).

We investigate double fractional integrals and derivative properties of the

above mentioned classes. We further obtain linear generating function for

ng;,?’%n’g) (z,y) in terms of E%?:g’;”g’)‘)(z, y). Finally, we calculate double

Laplace transforms of the above mentioned classes and then we consider a gen-

eral singular integral equation with Lg{f;{?’%"'&) (z,y) in the kernel and obtain

the solution in terms of Eg?jg;n’g’k)(m, y).

1. INTRODUCTION

The special function of the form [7]

(1.1) Eo(z) = kzzom
(e € C,Re(ar) > 0,2 € C)

and more general function [12] of (1.1)

oo Zk
(1.2) Eop5(2) = kZ:O ek 10

(o, B € C,Re(a),Re(B) > 0,2z € C)

are known as Mittag-LefHler functions the first of which was introduced by Swedish
mathematician G. Mittag-Leffler and the second one by Wiman.

Setting @« = B = 1, the equation (1.2) becomes the exponential function e?.
When 0 < « < 1, it bridges an interpolation between the pure exponential function
e* and a geometric function

n

1 = .
1—2222'
=0

(]l <1)

Key words and phrases. Double fractional integrals and derivatives, Bivariate Mittag-Leffler
function, Bivariate Laguerre polynomials, Double generating functions, Singular double integral
equation, Double Laplace integral.

2010 Mathematics Subject Classification. 33E12, 33C45, 45E10.
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A further generalization of (1.2) was introduced by Prabhakar (see [9]) as

z n

v _ — (Vn ~
(13) Eaplz) = 7;) I'(an+ B) n!
(a, 8,7 € C,Re(a), Re(B) > 0)

where the Pochammer symbol [11], (7),, is defined as

_Ty+n) _ 1 in=0,770
(m—m)—{ Yy +1) - (rtn=1) sn=1,2,--

In the special case, we have the polynomials Z%(z;k) (see [6],[10]) which were
defined by

Fkn+a+1) _, .
Zyp(z;k) = TEk,aH(xk)

(Re(a) > 0,k € Z;)+)

Note that, in [6] and [10], generating functions, integrals and recurrence relations
were developed for the polynomials Z&(x;k) of degree n in x*, which form one
set of the biorthogonal pair corresponding to the weight function e~*z® over the
interval (0, c0).

For k = 1, we have Z%(z;1) = LY(x) where L%(z) is the usual Laguerre polyno-
mial which were given as follows

1 n
L (z) = 7( +'a) 1Fi(—n; 14 o5 2)
n!
where

n (777,),1f JEk
Fi(—n:1 : = —_— .
e ,;0(1+Oé)k il

Very recently, a class of polynomials Zf[f)nj (z1,--  @jipy,--- 5 p;) (see [8])

suggested by the multivariate Laguerre polynomials were defined by

(1.4)

Z’r(L(it,),’rL7 (xla"' y g3 P1s 7p_7)

N1, Ny p1k1 .'.I‘F’)jkj

F(plnl +~-~—|—pjnj+oz+1) Z (*’ﬂl)kl ~"(7nj)kj T j
1,00,k =0

k
(a’pl?"' 7pj E(Ca Re(pi) >0 (i:L"' 7.7))

@)

Obviously fof)n] (:El, RN FH JPREE ,pj) gives Ly, ... m; (x1,--+ ,2;) when p; =
---=p; =1, where Lsff) n; (1, ,x;) is the multivariable Laguerre polynomial
[2] given by
Ny, NG _ . k1 kj
Pty a1 (n)y, -+ (), 2l oo
L%O;)Vym (l‘l,"' ,-TJ) — ( 1 ] ) Z 1 j J

nyl-- ;! T(ki+- 4k +atl)kl-- -kl

ki, k=0
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It is known that the multivariate Mittag-Leffler functions were defined by the mul-
tiple series as [13]

k.
. > (i, o (), 2t ooy
(15) B ) =Y : Bt
j kl,---,kj:OF(plkl + - -‘rpjk] +)\) klk]

(/\7[)1,"' s Py V1 Yy € C? Re(pl) >0 (Z - 17 ,]))

Note that the function in (1.5) is a special case of the generalized Lauricella series
in several variables introduced and investigated by Srivastava and Daoust [16] (see
also see [14],[15]). Also, when j = 1,p; = o, A = 8,7, = 7,21 = 2, the function
(1.5) reduces to (1.3).

The polynomials fol‘) y (xl, e TP, ,pj) can be represented in terms of
the multivariate Mittag-Leffler functions as follows (see [8]):
(1‘6) ZT(L?:)"':'”]' (:E1,-'~ yLjiP1y 7pj)

L(pmt-+pmitatl) oy, P
= nl'nj| Eﬂla"‘aﬁj7a+1 (:Ell’.'. ’{I:j )
Clearly, setting p; = py = -++ = p; = 1 in (1.6) gives
o Tny+--+n;j+a+1) F—
L%l),...,nj (@1, 25) = ml...rjl.u E(7 Slak @, xy).
! 5!

Very recently, a slight motivated form of the multivariate Mittag-Leffler functions
were introduced and investigated in [3].
On the other hand, a nontrivial two variables Mittag-Leffler functions were de-

ﬁned in [4] by
Xz >
y

y Q13 Y2,
El(m,y) _ El ( 71 1572 51
m

01,9, By;02,a3;03, B3

n

. Z Z (Y1) arm(¥2)8,n T Y
(61 + agm + Bon) T'(82 + azm) T'(d5 + B3n)

m=0n=0
(71,72,61,52,53,z,y S C)mln{alaa%a&ﬂl)ﬁ%ﬂ;’,} > 0})

Motivated essentially by the above definitions and investigations, in this paper,
we introduce a class of bivariate Mittag-Leffler function

1.7 BB, n,ﬁx\ (YD) (v2) ke 71y
(1.7) Y1073 MZMZO T(aky + Bk + N (nks + )k k!

where v¢,7,, @, 8, A\, 1, € C,Re(a+ 1) > 0 and Re(8) > 0.

According to the convergence conditions investigated by Srivastava and Daoust
([15], p. 155) for the generalized Lauricella series in two variables, the series in
(1.7) converges absolutely for Re(a + 1) > 0 and Re(8) > 0.

We also introduce a general class of bivariate Laguerre polynomials

(1.8) L(a,/ﬁmm&) (z,7)

F(an+ﬂm+7+1 2”: i ")y (=1m)k, 201y k2
T+ nm Ji0 ka0 I(aky + 6]412 +v+ )F(’l]kg + &)k k!

where a, 8,7,7,¢ € C,Re(), Re(B), Re(n), Re(§) > 0,Re(y) > —1.
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Comparing (1.7) and (1.8), we see that

Plan+fm 47 +1) papnen

1.9 L(BAmE) (4 4y = (0B
(1.9) ) (z,9) T + ) :

(=, 9").

This paper is organized as follows. In section 2, we calculate the double fractional

integrals and derivatives of the above mentioned classes (1.7) and (1.8). Linear

generating functions for L{%57") (2,y) are given in terms of E,(Yl’.[f;'g)‘)( )

in Section 3. In the last section, we first investigate double Laplace transforms
of the above mentioned classes and then we consider a general singular integral

Lﬁ;},’,{?’%"@ (

equation with x,y) in the kernel and obtain the solution by means of

a,f3, A
E’(Y1 'an a )(.TJ, y)

2. FRACTIONAL INTEGRALS AND DERIVATIVES

This section aims to provide the fractional integral formulas of the functions
E,(ff’gzn SN (2, y) and L7 9 (2,y) . Throughout this section, we assume that
Re(a),Re(B) > 0,Re(p), Re(/\) > O,Re(’y) > —1.

Definition 2.1. ([1],[8])Let Q = [a,b] be a finite interval of the real axis. The
Riemann-Liouville fractional integral of order p € C (Re (u) > 0) is defined by

2= s [ s e >0

Similarly, the partial fractional integrals of a function f(x,t), where (z,t) € R x R
is defined as follows:

1

oA flz,t) = T

/ @ P60, (x> a,Re () > 0)

A —L t — )Mz, T)dr e
D2 f@t) = i [ 0= e (> bRe() >0

th+z a*f X t)

// (t — 1) (x — L&, 7)dedr . (x> a,y > b,Re(\) > 0,Re (1) > 0)

Definition 2.2. ([1],[8])The Riemann-Liowville fractional derivative of order u €
C (Re(p) > 0) is defined by

D= ()t [ @m0 @ L (0= Rel)] 41, 0> a)

n—q)

where, as usual, [Re(p)] means the integral part of Re(u).

1201 OZARSLAN et al 1198-1207



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

DOUBLE INTEGRAL EQUATION INCLUDING TWO VARIABLES LAGUERRE POLYNOMIALS5

Similarly, the partial fractional derivatives of a function f(x,t), where (z,t) €
R x R is defined as follows:

Difet) = (1) e | @O e L (= Re(] +1 2> @

dx n—
it =(5) mommy [ - e = Re] 1, 1)

tDb+z a+f($7t)
d\™ [ d\" 1 m— n—pi—
:<dt> (m) T(n— ) T(m — \) // t—7)" A @ — )" (€, T)ddr

(n = [Re(p)] + 1,m = [Re(A )]Jrl t>b, z>a)

Theorem 2.1. We have for Re(ac+n) > 0 and Re(a) > 0 and (8) > 0, that

VG I [T BTN (20, ay7) | = o TP S ) (00 oy)

Proof. Because of the hypothesis of the Theorem, we have a right to interchange
of the order of series and fractional integral operators, which yields

A— e A
o 18, [ Ly~ 1E§1752n£ )(33 xﬁyn)}

a 1
/ / ‘T_t) Pt LE(@BnEA) (y P r1) didr

(ﬁ) Y172

Z Z 71)k1 (72)k2
kl 0 ko r Ckk‘1 + Bk + )\)F(nkz + f)kl'kz'

“ /y(y _ T)aflTnszrffldT /x(x _ )i peka Bk A= gy
0 0
Z (V1) iy () g P TRR2 ALy koo
T(aky + Bka + A+ B)T(nke + £ + a)kq k!

ya+§ 1E§<1x:52n £+ A4B8) (xa’ xﬁyn)

LBHA-1

In a similar manner, we have the following corollary:
Corollary 2.2. For Re(a) > 0 and Re(B) > 0, that

n
yI(?Jra:I(?'F |:x’y & 1L5Lf’é’g’Y7]§) ($,$y5>:|

Plan +fm +~+1) Pla+&+nm) pPHryetes lL( ,B Y+B.m,048) (3:, xy%) .
L' +nm) Ilan+m+~vy+5+1)

Theorem 2.3. For Re(a+1) > 0,Re(a) >0 and () > 0, that

Dgy, DY, [a*1ye Bl me) (xa’xﬁyn)} A yE el gl Bngmar=b) (g gfyn).
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Proof. Because of the hypothesis of the Theorem, we have a right to interchange
of the order of series and fractional derivate operators, which yields

yD6X+rD§+ {x/\_lyg_lESfﬁ;”’é’)‘) (x“,xﬁy")}
DB |16 (YD (V2)
0tz 0+ [SE Yy Z z; T(aky + Bk + N (nke + &) k1 lks!

[ ak1+5/€2+)\—1y"k2+571]

aky p.B8ks y"kQ

71 k1 72 ksz0+yD€+

- Z Z (ks + ks + A)F(nkz + &)k lkey!

k1=0k>=0

71)161 (72)102

d m i n 1

Y 1 _nkate-1 B—1paki+Bka+A—1
xb/<y—rymﬂ*7- df/)@: oAtk A1 ge
0
k
'71 k1 (72)1@ ak1+,8k2y77 :

— 2A—B-1 E a—1
=x 1“2:0/;0 T(aky + Bk + X — B)T(nka + & — a)kq k!

_ A B fmarl plafng—ar-p 5
A A N G O

In a similar manner, we have the following corollary:

Corollary 2.4. For Re(a+n) > 0 and Re(8) > 0, that

yD o DG [y T L) (2ay )]
F(an + ﬂm + Y + 1) F(f —a+ Um) I_'yfﬁygfozflL%a;g,ny}n}Efa) (l’, Iy%> )
T'(& 4+ nm) Tlan+pm+~vy—F+1) '

3. LINEAR GENERATING FUNCTION

In this section, we provide a linear generating function for the polynomials

L%an? YE) (z,y) by means of two variables analogue of Mittag-Leffler functions
defined in (1.7).

Theorem 3.1. For |t1] <1 and |t2] <1, v1,75 € C and o, 8,7,&,m € C, we have

S JmLisin " (@, y) (€ + nm)

Z i 71 n 72 tgm
T'(an + pm + v+ 1)n!m! 12

n=0m=0

- —z%t =y’
= (1= t1) " (1 — tp) T2 Bl fmEr+D) —rha _
( 1) ( 2) Y172 1—t1 " 1—15
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Proof. Direct calculations yield that

5~ 3~ 00n Ol Liin ™) (0, ) UE )
— = I'(an 4+ Bm + v+ 1)n!m! 12
_ Y aaCnn Cmnathy
W oo Dok + Bl + v + 1)D(E + nkz) ko lntm! 2
5 (DM ) () ma i
=0 ks o) T(aky + Bko + 7 + 1)I(E + nka)kilka!(n — kp)(m — ko)l 72
Letting n — n + k1 and m — m + ko, we get
Z Z L)kiths (71)n+k1 (V) @ *1y k2 t?-‘rkltm-‘rkz

n,m= Okl, 2_

Since (V1)n+k, = (11 +K1)n (1) and (Vo) mtks = (V2 + k2)m (72)k2, we have

i (Y1) (Vo) (—2t1)F1 (=9 Pta) P2 i (1 +F)n (V2 + k2)m
w oo Dlaks + Bhy + 4 + DT(E + nka )k ! £ (n)!(m)! 1
_ _ -zt —yPty
— (1 — )1 (] — ) 2 BlaBmenytn) (T80 )
( 1) ( 2) Y1:Y2 1 7t1 ) 1 7t2

Note that, because of the uniform converge of the series under the conditions |¢1] < 1
and |t2| < 1, we have interchanged the order of summations. O

4. SINGULAR DOUBLE INTEGRAL EQUATION

In this section, we first obtain the double Laplace transform of the functions

E(a’ﬁ’"’g’)‘)( y) and L2 (z.4) . Then, we compute the double integral in-

volving the product of two E,(Yl’,@n € )‘)(:c, y) functions in the integrand. Finally, we

solve a double integral equation with Lgf‘ 7’5 7om:8) (z,y) in the kernel, in terms of the

E(aﬁnék)(

Y172

As usual [5],

(4.1) f(z, 1) / / e "' f(x,t)dtdx

(z,t >0, p,seC)

x,y) functions.

denotes the double Laplace transform of f.

Lemma 4.1. For Re(\1),Re(A2),Re(a + 1) > 0,Re(5) > 0,Re(s1),Re(s2) > 0

a B
and | S& 2| < 1, we have
1 LSy
A=1y €1 e Bn ) o (BB 11 o PN
Lo[x B TSV (M), (Apz”y")](s1,82) = - (1-—) 7" (1 Tz
Y1:Y2 81 Sg 8(11 stg
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< 1 and

1
a

Proof. Using definition (4.1) and taking into account that

<1,

Bsn
1°2
we get

Lo[2 'y T B EN (nw), (Ag2”y")] (51, 52)

Y1572
aky y Bk2
PULDY:

_ Z Z (V) k1 (V2) ke
. r akl + Bko + )\)F(?]kz + f)kl'kzl
1=0k2=0

oo o0
></ xak1+ﬁk2+>\—le—51wdx/ ynk2+5—1e—52ydy
0 0
oo

11 o (71)161 >‘(11 k (72)162 )‘26 11 >‘(1l - )‘g -
- = (L (2% = (= 2 (1 - )™,
k:lzz:o . 31 k2§::0 kg' 3[135;7 % g

We deduce the following result from Lemma 4.1 by setting A — 1 =« and using
equation (1.9).

Corollary 4.2. For Re(A1),Re(A2), Re(a), Re(8), Re(A), Re(s1), Re(s2) > 0 and
A A3

o /3 o7

< 1, we have
S

2

L[t rE LSO (Agt), (Aot 5))] (51, 52)

_ 1 1Tnt+fmay+l) | A, XS m
s7T S5 L(nm +¢) 57 s sl

Theorem 4.3. Let A\, A2 € C,Re(a+n) > 0 and Re(5) > 0. Then

| =0t a=n Bt g e = 0 X @ = 0= 77)
O T B D N (A e, AGH 7 ded
= 2 My E+CE(a,,@ 7€, k)()\axa )\5 B TI)E(Oz,ﬁ N/ X)()\ama )\5 8 y").

Y172 sV4

Proof. Using the convolution theorem for the Laplace transform we have,

Yy xT
Lo | [ [ - 0= B A 0o - 07 Mo - 0y -
X BB (A1, Mt dtdr] (51, 52)

=Lz A-1 6 lE(@ﬁ;m& A)()\a a )\ﬂ 6 7’)]1[42[:5“’_1 ¢~ IE%’,@ 15 17)(>\0‘t0¥ )\ﬁtﬁ M) (51, 52)

_ —y _ —
:11<1_)‘?> " 1— )‘g 211(1_)‘?> e 1— )‘g '
EE AN G1) s\ w o1
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We have for Re(s1), Re(s2) > 0

(42) L [ [ [ @0 - D B e 0 - 97 X - 0 - 1)
X1 LRl B (Ag e, )\gtﬁT")dth} (s1,52)

11 (1 /\?)”1 X _”2(1 X{‘)% X s
AR A 57 0l 7 0

= Lo [Py HB SN (Xpa, My B SN (N, May?)] (1, 52).

- Y172
Taking inverse Laplace transform on both sides of (4.2), the result follows. O

The next assertation follows from Theorem 4.5 by letting A\ — 1 = « and taking
into account (1.9).

Corollary 4.4. Let A1, A2 € C,Re(N),Re(€),Re(y),Re(¢) > 0. Then
Yy px
| [ @t = ) e - ), dale — 0y - 7))
o Jo

X PV LB amE) (A, Xot7 3 )dtdr
_ x71+72+1y§1+§2 lL(a,,B ’Y1777 31 )()\1:1;7 A2$y%)L(a76a72;n;E2) ()\1!17, Awa%)

ni,m nz,msa

Now, we consider the following double convolution equation:

/ / (2 — ) (g — ) LB (Ag2)®, (ALaPy™) (e, 7)dtdr = W(a, )
0 0

where Re(y) > —1.
For the solution of the integral equation (4.3), we have the following theorem:

Theorem 4.5. The singular double integral equation (4.3) admits a locally inte-
grable solution

L(nm +¢)
Flan+pm+~y+1)

Yy x
></ / (@ — 1) 772 (y — )2 SRl B EN (N 2)* (M2 Py™)) I 122 U, 7)) dtdr.

O(t,7) =

Proof. Applying double Laplace transform on both sides of (4.3), then using double
convolution theorem, we get

o B
L 1 Tant bmty ) g Alyng A2 ymp i@t ))(sy, 50) = Lot 7)) (s1,52)

5770 S5 L'(pm +¢) 57 sfsg
Therefore, we have,
I'(nm +¢)
Lo [®(2 =
2[D(t, 7)](s1, 52) Tlant fm+ 41 1)
P Ay o o
X(s1)77 N (s2)0 702 (1= 1) TN = 5% ) T T 857 La[W (4, )] (51, 52) )
51 81 89
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Finally taking inverse Laplace transform on both sides and using Lemma 3.2 of
[1] and Lemma 4.1, we get

L(pm + )
I'(an+ Bm+~+1)

y  px
« / / (& — )72y — r)@a= € BOBIEN (A 2), (AP 1o T2 W (1, 7)) dedr
0 0

O(t, ) =

Y172

and the proof is completed. ([l
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Abstract: In this article, Hermite-Hadamard-Fejer type inequalities are discussed with
quasi-convex functions and obtained the generalized results of the type using k-fractional
derivatives. And proposed some new bounds in terms of some special means.

Keywords: Hermite-Hadamard inequality, Hermite-Hadamard-Fejer inequality, quasi con-
vex functions, k-Riemann-Liouville fractional derivatives, Holder’s integral inequality,

Power mean inequality.

1. INTRODUCTION

The function f : I C R — Ris said to be convex on [ if for every z,y € I and t € [0, 1],

we get

flte+ (1 —t)y) <tf(x) + (1 —1)f(y).

Let f : I C R — R be a convex function on the interval I of real numbers and a, b € T

with a < b, f satisfies the following well-known Hermite-Hadamard type inequality

() < ks [ roms 20510

Definition 1. The function f : I C R — R is said to be quasi-convex if

flte + (1 —t)y) <max{f(x), f(y)},
foreveryx,y € Iandt € [0,1] (see [4]).

In [3] Mubeen and Habibullah introduced the following class of fractional derivatives.
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Definition 2. Let f € L[a, b, then k-Riemann-Liouville fractional derivatives . J, f(x)
and 1 J;- f(x) of order a > 0 are defined by

]. x o
ng+f(:E) = m/a (QC - t)rilf(t)dt, (0 S a<x< b)
and
1 b )
a = — )k~ t < b
@) = s [ 0F0d 0<a<a<y)
respectively, where k > 0 and Ty (<) is the k-gamma function given as Ty (« fo to—le=im dt.

Furthermore T',(a + k) = al'y(a) and 1, JY, f(z) = 1 J)- f(z) = f(z).
In [1] Fejér established the following inequality.

Lemma 1. Let f : [a,b] C R — R be a convex function, the inequality

f(a+b>/ dx</ fa d$<f(a);f(b)/:g(x)dx

holds, where g : [a,b] C R — R is non-negative integrable and symmetric to %*b. This

inequality is called Hermite-Hadamard-Fejer inequality.
Lemma 2. ([7]) For0 <t < 1and0 < a < b, we get

la* —b'| < (b—a)'.

E. Set et al. established the following Lemma in [6].

Lemma 3. Let f : [a,b] C R — R be a differentiable mapping on (a,b) and g : [a,b] C
R — R. If f, g € L[a, b, the following identity for fractional derivatives holds

(50 e

-000) 4 a0 = [T - ()@ + T ()0

b
= Fi/a m(t)f (t)dt (1.1)

where

- ftb(b —s)*lg(s)ds te [“E2b].

Iscan obtained the following lemma in [2].
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Lemmad. Let f : [a,b] C R — R be a differentiable mapping on (a,b) and f € L[a, b].

a+b

If g : [a,b] — R is integrable and symmetric to , the following identity for fractional

derivatives holds

M [T g(b) + T2 g(a)] — [T (f9) () + J& (f9)(a)]

—L ’ ! _ a—1 _ b . a—1 /
—p(a)/a </a (b—s)" "g(s)ds /t(s a) 9(8)d8>f(t)dt (1.2)

where o > 0.

In the present paper motivated by the recent results given in [5] we established some
Hermite-Hadamard-Fejér type inequalities for quasi-convex functions via k-fractional deriva-

tives.

2. MAIN FINDINGS

Throughout this paper, let I be an interval on R and let ||g]|{q,t),00 = SUpPte[a,59(t) for
continuous function g : [a, bR — R.
The following identity is the generalization of identity (1.1) in Lemma 3 for k-fractional

derivatives.

Lemma 5. Let f : [a,b] C R — R be a differentiable mapping on (a,b) and g : [a,b] C
R— R If f: g € Lla, b, the following identity for k-fractional derivatives holds

P50 [y 910+ Ty a®)] = Ty (9@ 41T GO

1 b ,

where

f;(s —a)*1g(s)ds te [a, “TH’)

m(t) = b N
— [ (b—s)Etg(s)ds t e [=FLb].

Here the identity (1.2) of Lemma 4 is also generalized for k-fractional derivatives.

Lemma 6. Let f : [a,b] C R — R be a differentiable mapping on (a,b) and f € L[a, b].

Ifg : [a,b] C R — R is integrable and symmetric to a+b , the following for k-fractional
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derivatives holds

(kg g(0) + 1 Jy=g(a)] — [k (f9)(D) + kJy= (fg)(a)]
b t b
_ Fkta)/ (/ (b—s)%_lg(s)ds—/t (s—a)‘é—lg(s)d5> £ (1)t

where 7. > 0.

Theorem 1. Let f : I C R — R be a differentiable mapping on I° and f' € L{a,b] and
g : la,b] € R — R is continuous. If |f'|9 is quasi-convex function on [a,b],q > 1, the

Sfollowing inequality for k-fractional derivatives holds

(550 [y @)+ 77 00)] = [y G0+ 0T 10|

(b—a)**|gllja,b),00 : / q
< ey (e { @i err))
where 7 > 0.

Proof. Since |f'|9 is quasi-convex on [a, b], we know that for ¢ € [a, D]

b—t t—a
! (b— +b—ab>

Using lemma 5, power mean inequality and the fact that | f / |7 is quasi-convex function on

q

< max{|f/(a)|qv |f/(b)|q}'

1f ()] =

[a, b], it follows that

]f(“*b)[ ity 00+ 1T o0 0)] = [T (D)@ 1T (1))

</ / s—a)klg(s)ds dt> o </aa;rb /at(s —a)®tg(s)ds
( — ) g(s)ds dt)l_é ( /b [ 6= 10

1
q

If (t)|th)

1
q

i (t)lth>
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g%(/&? /at(s—a) ~ds dt>1_3</aaz+b /at(s—a) ~ds
'9”[2(,)], (/b /tb(b—s)lds dt>1_é (/b /tbu)—s) s

a 17% a %
et ) ey (s
T Ti(a+k) \ 28+ (2 +1) 27+ (2 1 1) [0, 23

max {\f/(a)|q7 |f/(b)|q}>

1
+ a

FAC )qut>

1
q

1t )qut>

o + 19l et 41 o0 )

Q=

(b—a) % lgllfap.00 / / i
< . q’ b q
<ot ey e {if @}
where

afb |t b b ) E+L

/ / (s —a)* lds|dt = / / (b—s)*tds|dt = %

a a et | e 28 (g +1) %
Which completes the proof. a

Corollary 1. If we choose g(x) = 1 and o = k in Theorem 1, we get

s (450

Theorem 2. Let f : I C R — R be a differentiable mapping on I° and f Lla,b] and

b—a
<
- 4

(max{1f @[ 1F W}

g :[a,b] € R — R is continuous. If |f |7 is quasi-convex function on [a,b],q > 1, the

Sfollowing inequality for k-fractional derivatives holds

7 (“57) [y 90 1Ty 00)] = 177y G0 1Ty ()0

2
(b=t gl (g AN
(%5 )P rlo 1B (max {15 @1 ®)17})

IN

1,1 _
where;+af1.

Proof. Using Lemma 5, Holder’s inequality and the fact that | f ' |7 is quasi-convex function

on [a, b, it follows that
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f/(t)dt>

ot a b , 3
( / s <t>|th> ; ( /i s <t>|%zt)

2

_ llgllee (b—afrt N7
 Di(a) \ 28771 ($p+1) (3)"
a+b

(]

(b-a)i gl (- .
s )FMM)( {IF @17 ®r})"

t
/ (s —a)*lds

1
b q

max {|f’<a>|q,|f’<b>|Q}dt)q + ( ,, max {|f’<a>|q,|f’<b>|Q}dt>

Q=

a+b

&

RO GO L
2EPH (fp+1) ()"

Corollary 2. Ifwe choose g(x) = 1 and oo = k in Theorem 2, then we get

b a —a z
2 [ o= (5] gty (s o)

Theorem 3. Let f : I C R — R be a differentiable mapping on I° and f € Lla,b). If

\f'| is quasi-convex function on [a,b] and g : [a,b] C R — R is continuous and symmet-

a+b

ric to , the following inequality for k-fractional derivatives holds
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M ks g(b) + k5 g(a)] = [kJgs (F9)(b) + kJp- (fg)(a)]

2( a)® +1|g||oo(
(%H)Fk a+k)

1= g ) max {17 @17 01}

where % > 0.

Proof. From Lemma 6, we get

‘f(a)‘;f(b) IS g(0) + kI3 g(a)] — kIS (F9) (D) + £ I3 (F9)(a)]
bl t b
< F;ia) / / (b—s)%"g(s)ds — /t (s —a)*~1g(s)ds

Since | | is quasi-convex on [a, b], we know that for ¢ € [a, ]

| (t)]at.

’

If @)=

£ (st )| <max {1 @115 )}

and since g : [a,b] C R — R is continuous and symmetric to ‘”b we can write

b a+b—t
/t(s—a)%_lg(s)ds:/ (b—s)Etg(a+b— s)ds

a+b—t N
— [ -9t s

therefore we get

/ (b )t g(s)ds / (s — )t g(s)ds

a+b—t N
/t (b— 5)Eg(s)ds

;Hbit |(b — s)%_lg(s)| ds, te [a, “—b]

IN

t P i (2.3)
fa+b—t |(b —s)k g(s)| ds, te [7 b} )
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Therefore we get

‘f(a)JFf(b) [k Ja+9(0) + 1y g(a)] = [k 5% (f9)(b) + kJy- (f9)(a)]

[ g [ [ 65t aa]
(max {If @17 ®1})

a+b

(max {I£ @115 ®)1})

_2(b— )t gllue (1 . 21> (max {17 @), 1f' ®)})

(@4 1) Th(a+ k)
since
atd

/ 2 (b‘tﬁdt:ﬁ (t —aytar = L WFTRFY 1)

£b 28 (2 4+ 1)

and
a+b

/a2 (t—a)zdt:/lb (b—t)Fdt = (b—a)ft

= 25 (f +1)

Corollary 3. In Theorem 3, if we take g(x) = 1, we get the inequality

’ﬂa) 7 g?b(oi—i_)k) (ko F(B) + kT £ (@)

Theorem 4. Let f : I C R —s R be a differentiable mapping on I° and f € Lla,b). If

|£'19,q > 1 is quasi-convex function on [a,b] and g : [a,b] C R — R is continuous and

symmetric to “+b , the following inequality for k-fractional derivatives holds

M[k%ﬂg(b) +rJymg(a)] = [k g (f9)(b) + kJp= (fg)(a)]
@)% [glloo (1

+1) Tr(a + k)

~ 55 ) (mac {17 @P 1 @17}’

o
e

where % > 0.
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Proof. From Lemma 6, power mean inequality, inequality (2.3) and the quasi-convexity

of |

kJarg(b) + k- g(a)] = [k J5s (f9) (D) + Ty (f9)(a)]

/taert(b_s)tlg(s)dS dt) -3 (/ab /ta+bt(b—5)§lg(s)ds
l/ta+b—t‘(b_s>z_1g(s)’d8 dt+/ai+b [/ﬂ:b_t\(b—s)‘é—lg(s)!ds} dt)l‘é
X (/ [ /tm_t(b_s)z_lg(s)l ds] o+ / [ [ ot <s>|ds]|f’<t>|qczt>;
)

a) 5+ |gllso )|
S?%+1)Fk(aik) (1_21) (max{lf e })

q

f’(t)|th>

/:H,_t U S)z_lg(s)lds} dt

Theorem 5. Let f : I C R —» R be a differentiable mapping on I° and f € Lla,b).
If|f'1%,q > 1 is quasi-convex function on [a,b), and g : [a,b] — R is continuous and

symmetric to “—H’ the following inequality for k-fractional derivatives holds

fla) + f(b)
2

2 (b—a)tlglloe (,_ 1 \P(, o 1 rh)?
it (1) (me{orsson)’

[T+ 9(b) + k Sy g(a)] — [k I+ (f9)(b) + kJp" (fg)(a)]

el

where % > (.
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Proof. From Lemma 6, Holder’s inequality, inequality (2.3) and the quasi-convexity of

1

(kT 9(b) + kJy-g(a)] — [ Jg5 (f9)(b) + kJp" (fg)(a)]

2
1 b a+b—t N %

SFk(Oé)</a /f (b—s)*tg(s)ds dt) ( |th>

a+b

2 o a b o a
<Fki|j:k)</a [(b—t)% — (t—a)*] dt+/ [(t—a)® —(b—t)F]" dt)

( [ {1 @1 o) dt) q
SW (/0 [(1—t)% —¢%]" dt+/1 [t% - (1-0)F]" dt>p
(max {I£ (@ 1f @17}

_g)Et! 3 N N Lo, o
g%(/o [(1—t)?p—t?p]dt+L [tkp—(l—t)kp]dt>

(max {17 @115 )7} )

20 (b= @)t lglloe ({1 NP
e (1-38) " (max {11 @115 017}

’f(a)+f(b)

D=

-

=

Q=

Where
o o o 1
[(1—t)% —t%]" < (1—t)&P —t&P, fort € [0, 2]
and
o o p fe3 o 1
[tkf(lft)k} <tEP — (1 —t) %P, fort € 5,1

which follows from (A — B)? < A9 — B9, forany A > B > 0 and ¢ > 1. Hence the

proof is complete. O
Theorem 6. Let f : I C R — R be a differentiable mapping on I° and f € Lla,b). If

|19, q > 1 is quasi-convex function on [a,b], and g : [a,b] C R — R is continuous and

symmetric to “+b , the following inequality for k-fractional derivatives holds

1217 A. Ali et al 1208-1219



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Generalized Inequalities of the type of Hermite-Hadamard-Fejer with Quasi-Convex Functions by way of k-Fractional Derivatives 11

M[wgﬂg(b) + iy g(a)] = [k I35 (F) (0) + kT3 (F9)(a)]

(b—a) *|gllso
1
ap+1)7 Ty(a+ k)

Q=

< (max {|£ @17 ®)1})

WhereO<%§1,%+%:1.

Proof. The inequality can also be proved by using Lemma 6, Holder’s inequality, inequal-

ity (2.3), the quasi-convexity of | f ' |7 and Lemma 2. O

3. APPLICATIONS TO SPECIAL MEANS

We now consider the means of arbitrary real numbers &, 7 (£ # 7). We take

Arithmetic mean

§+
A(faﬁ) = Tnv fﬂ? € R.
Logarithmic mean
§—n
L€7 :7757 GR,& 55 75 0.
(&mn) e — i & #n, [l # Inl, &n #
Genralised log-mean
§n+1 _ nn—i—l %
Ln§7 :|::| ,TLEZ —170a§a77€R=f7é77
S (e Vo
Proposition 1. Leta,b € R\ {0},a < b,andn € Z\ {—1,0}, then we have
A" (a,b)A(a,b) — L7(a,b)] < W (max {|na” |7, [nb" 1 |7}) 7 .
|A™(a,b)A(a,b) — L (a,b)| < M (max {|na" 1|4, |nb"_1|q})%
2(p+1)»

Proof. The assertion follows from Theorem 1 and Theorem 2, applied to f(z) = 2",z €

R,g(z) =zand o = k. O

Proposition 2. Let a,b € R,a < b,andn € Z \ {—1,0} is odd, then for every ¢ > 1,we
have

2

Ala”, b")[(a—Ala,0)*+(b=A(a, b))’} ==

[(a — A(a,0))""" + (b — Aa, b))" "]

klb — al?

<
- 4

max {|na" |, |nb" |}
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A V)= A )+ 0 Al D)l = A )™ 4 - Al )
< M0 (e {15, 19

A 80 A0, )+ (0 A, )P0 = Al )+ (0= A"

Q=

1 1
25 kb — af® 1\ - n—
< 27 klb—af® (1 — 2p> (max {|na" "%, [nb"~"|})

1
(p+1)7
2
’A(GT b")[(a—A(a, b))* +(b—A(a, b))~ —1l(a— Al b)" ! + (b~ A(a,0))" "]
n
kb —al? 1
< |7a|1 (max {|na" |9, Inb" " 1|9}) @
(p+1)7
Proof.  The assertion follows from Theorems 3, 4, 5 and 6 respectively, applied to
flz)=2a"z€ R, g(z)=|r— “Eland a = k. O

Note: If n € Z \ {—1,0} is even in Proposition 2, then the term (a — A(a,b))" ! in

the left hand side of each of above inequalities will bear negative sign instead of positive.

REFERENCES

[1] L. Fejér, Uberdie Fourierreihen, II, Math. Naturwise. Anz Ungar. Akad., Wiss, 24 (1906), 369-390, (in
Hungarian).

[2] I. Iscan, Hermite-Hadamard-Fejer type inequalities for convex functions via fractional integrals,
arXiv:1404.7722v1.(http://rgmia.org/monographs.php)

[3] S. Mubeen and G. M. Habibullah, k-fractional integrals and applications, Int. J. Contemp. Math. Sciences,
7(2), (2012), 89-94.

[4] J. E. Pecaric, F. Proschan and Y. L. Tong, Convex functions, partial ordering and statistical applications,
Academic Press, Inc, Boston/London, 1992.

[5] E. Set, I. Iscan and S. Paca, Hermite-Hadamard-Fejer type inequalities for quasi-convex functions via frac-
tional integrals, Malaya J. Mat. 3(3), (2015), 241-249.

[6] E. Set, I. Iscan, M. E. Ozdemir and M. Z. Sarikaya, Some New Hermite-Hadamard-Fejer type inequalities
for convex functions via fractional integrals, Applied Mathematics and Computation 259,(2015), 875-881.

[7] J. Wang, C. Zhu and Y. Zhou, New generalized Hermite-Hadamard inequalities and applications to special

means, J. Inequal. Appl., 2013(325) (2013), 15 pages.

1219 A. Ali et al 1208-1219



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

NONLINEAR DIFFERENTIAL POLYNOMIALS OF
MEROMORPHIC FUNCTIONS WITH REGARD TO
MULTIPLICITY SHARING A SMALL FUNCTION

JIANREN LONG

ABSTRACT. We study the uniqueness problem of nonlinear differential
polynomials of meromorphic functions that share one small function. A
uniqueness result which related to multiplicity of meromorphic function
is proved in this paper.

1. INTRODUCTION AND MAIN RESULTS

Let f be a nonconstant meromorphic function in the complex plane C.
We will assume that the reader is familiar with the standard notation of
the Nevanlinna’s theory of meromorphic functions, such as T'(r, f), m(r, f),
N(r, f) and N(r, f), see [9, 14, 16] for more details. The notation S(r, f)
is defined to be any quantity satisfying S(r, f) = o(T(r, f)) as r — oo, &
E, where E is a set of positive real number of finite linear measure, not
necessarily the same at each occurrence. The notations T'(r) and S(r) are
defined respectively by

T(r)=max{T(r, f),T(r,g9)}, S(r)=o0(T(r)) asr —oo,r & E,

for any two nonconstant meromorphic functions f and g. A meromorphic
function h is called a small function with respect to f, proved that T'(r,a) =
S(r, f). Moreover, GCD(ny,na, .. .,ny) denotes the greatest common divisor
of positive integers ny,ng, ..., ng.

Let f and g be two nonconstant meromorphic functions, and let a € C.
We say that f and g share the value a CM (counting multiplicities), provided
that f — a and g — a have the same zeros with the same multiplicities. If
f —a and g — a have the same zeros, then we say that f and ¢ share a
IM (ignoring multiplicities). Similarly, we immediately get the definitions
of f and g share h IM (or CM), where h is a small function of f and ¢g. In
addition, we also need the following notation, for any a € C = C U {0},

O(a, f)=1-— linlsup %.

2010 Mathematics Subject Classification. Primary 30D30; Secondary 30D35.
Key words and phrases. Uniqueness, Meromorphic functions, Small function, Differ-
ential polynomials, Sharing value.
1
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Hayman [10] and Clunie [5] proved the following result.

Theorem 1.1. Let f be a transcendental entire function, n > 1 be a positive

integer. Then f"f" =1 has infinitely many zeros.

Remark 1. The similar result of Theorem 1.1 in which entire function is

replaced with meromorphic function is proved in [2] and [4].

Fang and Hua [8], Yang and Hua [15] obtained a uniqueness theorem
corresponding to Theorem 1.1.

Theorem 1.2. Let f and g be two nonconstant entire (meromorphic) func-
tions, and let n > 6 (n > 11) be a positive integer. If f*f" and g"g' share
1 CM, then either f(z) = c1e®, g(z) = cae™ %, where c1,co and ¢ are three

constants satisfying (cic2)"c® = —1, or f = tg for a constant t such that
= 1.

Fang [7] considered the case of the kth derivative, and proved the fol-
lowing result.

Theorem 1.3. Let f and g be two nonconstant entire functions, and let n, k
be two positive integers with n > 2k +8. If (f*(f —1))® and (¢"(g —1))®
share 1 CM, then f = g.

Zhang et al. [18] considered some general differential polynomials. They

proved the following results.

Theorem 1.4. Let f and g be two nonconstant entire functions. Let n,k
and m be three positive integers with n > 3m-+2k+5 and let P(z) = a2+
U1 2™ 4 a2 + ag, where ag # 0,ay, ..., Qm_1,0m # 0 are complex
constants. If (f*P(f))* and (¢"P(9))"* share 1 CM, then either f = tg for
a constant t such that t* = 1, where d =GCD(n+m, ..., n+m—1i,...,n),
i # 0 for some i = 0,1,....m, or f and g satisfying the algebraic
function equation R(f,g) = 0, where R(w1,ws) = W (amwi® + @p_w]* " +

o+ ag) — wh(anwdt + am_lw;”_l + -+ ap).

Theorem 1.5. Let f and g be two nonconstant meromorphic functions,
and h(# 0,00) be a small function with respect to f and g. Let n,k and
m be three positive integers with n > 3k +m + 8 and P(z) be defined as
in Theorem 1.4. If (f*P(f)N"™ and (¢"P(g))"™ share h(z) CM, then one of
the following three cases holds:

(i) f = tg for a constant t such that t* = 1, where d =GCD(n +

m,...,n+m—=1,...,n), an_; # 0 for somei=0,1,...,m;
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(ii) f and g satisfying the algebraic function equation R(f,g) = 0, where
R(wy, w2) = W (amw+amy 1w 4 - +ag) —wh (am w0y +am 1wy +
et ao);

(ii)) (f"P(FN™ (g"P(9)® = 2.

In 2011 Dyavanal [6] considered the uniqueness problem of meromorphic
function related to the value sharing of two nonlinear differential polyno-
mials in which the multiplicities of zeros and poles of f and ¢ are taken
into account. In 2013, Bhoosnurmath and Kabbur [3] proved the following
uniqueness theorem by using the idea from Dyavanal [6].

Theorem 1.6. Let f and g be two nonconstant meromorphic functions,
whose zeros and poles are of multiplicities at least s, where s is a posi-
tive integer. Let n and m be two positive integers with (n —m — 1)s >
max{10,2m + 3}, and let P(z) be defined as in Theorem 1.4. If f*P(f)f’
and g"P(g)g" share 1 CM, then either f = tg for a constant t such that
td =1, where d =GCD(n+m+1,--- ,n+m+1—i,--- ,n+1), am_;#0

for some 1 =0,1,--- ,m or f and g satisfy the algebraic function equation

_ — n+l am m aAm—1 ,.m—1 . a -
R(f,9) = 0, where R(z,y) = a"*'(Zleqa™ + 22dpm=t ... 4 a0
yn+1(n+a7;n+1ym + 7’:3‘:71 ym_l + st + ntzfl).

Similar Theorem 1.5 in which a small function and kth derivative are
considered, what can we say when the condition sharing 1 and the first
derivative in Theorem 1.6 are replaced with sharing a small function and
kth derivative respectively? In this paper, we will study the problem and

establish the following uniqueness theorem.

Theorem 1.7. Let f and g be two transcendental meromorphic functions,
whose zeros and poles are of multiplicities at least s, where s is a posi-
tive integer. Let n and m be two positive integers with n —m > max{2 +
m %&kﬂ)}, O(o0, )+ O(00,g) > 2 and let P(z) be defined as in Theo-
rem 1.4. If (f"P(f)™ and (g"P(g))™ share h(z) CM, where h(z)( 0, 00)
is a small function of f and g, then one of the following three cases hold:

() (/P (9" P(g) "™ = 1,

(ii) f = tg for a constant t such that t¢ = 1, where d = GCD(n+m,n+

m—1,....,n4+m—i,....,n+1,n), an_; #0 fori =0,1,...,m;
(iii) f and g satisfy the algebraic equation R(f,g) = 0, where R(f,g) =

frP(f) —g"P(g).

The possibility (f"P(f))* (¢"P(¢))™ = h? does not occur for k = 1.
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2. AUXILIARY RESULTS

For the proof of our result, we need the following lemmas and definitions.

Definition 2.1. [11] Let a € C. We use N(r,a; f| = 1) to denote the
counting function of simple a—points of f. For a positive integer p we denote
by N(r,a; f| < p) the counting function of those a—points of f (counted
with proper multiplicities) whose multiplicities are not greater than p. By

N(r,a; f| < p) we denote the corresponding reduced counting function.
Similarly, we can define N(r,a; f| > p) and N(r,a; f| > p).

Definition 2.2. [1] Let a € C, and let k be a nonnegative integer. We denote
by Ni(r, ﬁ) the counting function of a—points of f, where an a—point of
multiplicity m is counted m times if m < k and k times if m > k. Then

(2.1)
N, ) = Nl 7o)+ Nras /|2 2) + o+ N(rai | 2 1)
Obviously Ny(r, ﬁ) = N(r, fia).

Lemma 2.1. [15] Let f and g be two nonconstant meromorphic functions
that share 1 CM. Then one of the following cases hold:

(i) T(r) < Nao(r, §) + No(r, ;) + Na(r, f) + No(r, g) + S(r);
(ii) f=g;
(iii) fg = 1.

Lemma 2.2. [17] Let f be a nonconstant meromorphic function, and p, k

be positive integers. Then

22) N ﬁ <T(r, fO) = T(r, ) + Nyl }) +5(r ),
(2.3) Np(r7 %) < k:N(r, f)+ Np+k(r, %) + S(r, f).

Lemma 2.3. [13] Let f be a nonconstant meromorphic function, and let

P.(f) = Zajfj be a polynomial in f, where a, # 0, a,_1,--- ,a1,aq
=0
satisfying T (r,a;) = S(r, f). Then

(2.4) T(r,P,) =nT(r, f)+ S(r, f).

Lemma 2.4. Let f and g be two nonconstant meromorphic functions such
that

(o0, )+ O(00, g) > %
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for all integer n > 3. Then
faf +b) = g"(ag +b)

implies f = g, where a and b are two finite nonzero complex constants.
Proof. By using similar way in [12], we can obtain the lemma. U

Lemma 2.5. Let f and g be two nonconstant meromorphic functions,
whose zeros and poles are of multiplicities at least s, where s is a posi-
tive integer and let n,k be two positive integers. Let F = (f"P(f))* and
G = (¢g"P(9))"®, where P(z) be defined as in Theorem 1.4. If there ex-
ist two nonzero constants by and by such that N(r,+) = N(r, G+b1) and

N(r, %) = N(r, F+b2), then n —m < w

Proof. By the second fundamental theorem of Nevanlinna’s theory,

T(T,F)SN(T,%)—!—N(T,F)—}—N(T, )+ S(r, F)

F — b
S P — ~, 1
(2.5) SN(T,F)+N(r,F)+N(r,5)+S(7“,F).
Combining (2.2), (2.3), (2.5) and Lemma 2.3, we get

(n+m)T(r, ) < T(r, F) — N(r, %) + N (r, fn%(f)) + S0, f)

— 1
>+N(T7f)+Nk+1(r7 fnP(f))—f—S(T?f)
1 1 —
< f"T(f)) +Nk+1(7’7m) + N(r, f)

+kN(r,g) + S(r, f) + 5(r, 9)
< krlin +m)T(r, f) + (M +m)T(r, g)

( ns ns
+ S(r, f)+ S(r,g)
< (k+1)(n+2)

(2.6) ( s +2m)T'(r) + S(r).
Similarly, for the case of g,
@7 mamTrg) < (FEVOED o)+ 50,

ns
It follows from (2.6) and (2.7) that

(28) - BV ) < str),

—m < % This completes the proof. O

which gives n

Lemma 2.6. Let f and g be two transcendental meromorphic functions,

whose zeros and poles are of multiplicities at least s, where s is a positive
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integer. Let P(z) be defined as in Theorem 1.4, and n,m,k be three positive
integers, and h(# 0,00) be small function of f and g. Then

(2.9) (f"P(H™ (4" P(g))™ #

holds for k =1 and (n+m — 2)p > 2m(1 + %), where p is the number of
distinct roots of P(z) = 0.

Proof. If (2.9) is possible for k = 1, i.e.,
(f"P(f))(g"P(9)) = h*.
Then
(2.10) NS Qg)g =,

where Q(z) = ijzj, bj =(n+j)aj, j=0,1,...,m. Denote Q(z) as
=0

Q2) = bp(z — )" (2 = dy) -+ (2 — d,))",
P
where Zli =m,1<p<m,d; #dj,1# j, 1 <15 <p,d; are nonzero

i=1
constants and [; are positive integers, i = 1,2,...p.

Suppose that z; € Sy is a zero of f with multiplicity s;(> s), where Sy
is a set defined as

So={z:h(z) =0} U{z: h(z) = co}.
Then 2 is a pole of g with multiplicity ¢;(> s). We deduce from (2.10) that

nsy—1=m+m)q +1

and so
(211) mqy + 2= n(51 — Q1)
From (2.11) we get ¢1 > =2, so
n+m-—2
L R —
m
Hence,
(2.12) N(r2) € — N, )+ S(r, f)
. r, — r, — r, f).
T n+m—2 " f ’

Suppose that zo € Sy is a zero of Q(f) with multiplicity so and is a zero
of f —d; of order ¢;, i =1,2,...p. Then s5 = l;q;, i = 1,2,---p. Then 2z, is
a pole of g with multiplicity ¢(> s). It follows from (2.10) that

gli+¢—1=Mm+m)g+1>(n+m)s+ 1.
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So
(n+m)s+2
> TTPTE 9 .
R A ! b
Hence,
— 1 li +1 .
N < N(r.ds, f) +S(r f), i=1,2,...p.

By this and the first fundamental theorem of Nevanlinna’s theory, we have

P 1 m-+p
213) YR =) < g gt )+ 500)

IN

Suppose that z3 € S; is a pole of f. Then we know that z3 is either a
zero of g"1Q(g) or a zero of ¢’ by (2.10). Therefore,

N(r, )SN(T,1)+ZN(T, ! )+ﬁ0(r,;)+5(r,f)+5(r,g)

g i1 g—d;
m-+p — 1
< No(r —
_(n+m—2+(n+m)s+2) (r,g) + O(T’g’)

(2.14) + S(r, f)+ S(r, g),

where Ny(r, é) denote the reduce counting function of those zeros of ¢
which are not the zeros of gQ(g).
By (2.12)-(2.14), and the second fundamental theorem of Nevanlinna’s

theory,

1 —, 1
)~ ol )+ S0 )

f/

pT(r, ) < N(r, f) + N, §> Y N

m

< (o + ) (T )+ 7)) + ot )
(2.15) — Ny(r, %) + S(r, f) + S(r, g).
Similarly, for the case of g,
PT(9) € (o + el ) (T )+ T(00) + Tl )
(2.16) — Ny(r, ;) + S(r, f)+ S(r, g).

It follows from (2.15) and (2.16) that

2m 2(m + p)
n+m-—2 (n+m)s+2

(p WT(r, f) +T(r,9)) < S(r, )+ 5(r,9).

This is a contradiction with our assumption that (n+m—2)p > 2m(1+1),

and hence the proof is complete. O
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3. PROOF OF THEOREM 1.7

(f”P}(Lf))(’“’7 o - g"P9)Y

Let I —
¢ h

Applying Lemma 2.3,

. Then F' and G share 1 CM.

(3.1)  T(r,h)=o0o(T(r,F))=S(r,f), T(r,h)=o0(T(r,G))=S(rg).

It follows from (2.2) and (3.1) that

N1 ) € Nl ) + M) + 500 f)
1

>~ NQ(Ta (fnP(f))(k)) + S(Tv f)

< T (P = (T ) + Newa(r ) + S0
32 STOF) =~ (et )T f) + Mool Fozs) + S(r.1)
We deduce from (2.3) that

Nar, ) < Na(r, ) + S(r. f)
) =R (@
N(r, f* (k) r —1 r
(3.3) < AN ) + Newa(r o) + S(r. )
It follows from (3.2) that
1

)= No(r, =) + S(r. /).

(3.4) (n+m)T(r,f) <T(r,F)+ Npia(r 7

frP(f)

Suppose that (i) of Lemma 2.1 holds, i.e.,

Ly Ny P £ N, G)

max{T'(r, F),T(r,G)} < Ny(r, %) + Ny(r e

+ S(r, f)+ S(r,g).
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Combining this, (3.3) and (3.4),

1 1
(n+m)T(r, f) <T(r, F) +Nk+2(r7W) - Nz(ﬁf) +S(r, f)+ S(r, 9)
1 1
< Ny(r, 5) + No(r, F) + No(r,G) + Nipo(r, f"T(f))

+ S(r, f)+ S(r, 9)
1 1 _

< Niya(r, f"T(f)) + Niya(r, m) + kN(r,g)

+2N(r, f) +2N(r,g) + S(r, )+ S(r, 9)

(k+2+2n+ﬂﬂTWf%+Ak+2xn+D

ns ns
+ S(r, f)+ S(r,9)

kE(n+2) +4(n+1)
( ns
Similarly, for the case of g,

IN

+m)T(r,g)

(3.5)

IN

+2m)T(r) + S(r).

E(n+2)+4(n+1)

(3.6) (n+m)T(r,g) <( +2m)T(r) + S(r).

It follows from (3.5) and (3.6) that

k(n+2)+4(n+1)

(n+m)T(r) <( +2m)T(r) + S(r).

This implies that

kE(n+2) +4(n+1)

(3.7) (n—m — )T (r) < S(r).

This contradicts with our assumption that (n—m) > max{2+22, %}

So, we conclude that either FFG = 1 or F' = G by Lemma 2.1. Suppose that
FG =1, then
(f"PUNM (9" P9))™) = b2,

This is a contradiction when k£ = 1 by Lemma 2.6. So F' = (G, this implies

that

(3.8) (/PN = (g"P(9)™.

Integrating for (3.8), we have

(3.9) (F PN = (g"P(9) " + by,

where by,_1 is constant. If b _; # 0, we obtain n—m < (kHT)Li"H) < (k+41)1(5"+2)

by Lemma 2.5. This is a contradiction with our assumption that (n —m) >

max{2 + 22, %} Thus b,_; = 0. By repeating k—times,
(3.10) frP(f) = g"P(9).
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If m = 11in (3.10), then f = g by Lemma 2.4. Suppose that m > 2 and
b= %. If b is a constant, putting f = bg in (3.10), we get

(3.11)
amgn+m(bn+m - 1) + am_lgn—l-m—l(bn—i-m—l o 1) N aogn(bn - 1) — 0,

which implies b = 1, where d = GCD(n+m,n+m—1,...,n+1,n). Hence
f = tg for a constant ¢ such that t? = 1, d = GCD(n+m,n+m—1,...,n+
m—i,...,n+1n),i=01,...,m.

If b is not a constant, then we can see that f and g satisfy the algebraic
function equation R(f,g) = 0 by (3.10), where R(f,g) = f"P(f) —g"P(9g).
This completes the proof of theorem.
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Abstract

This paper is concerned with the existence of solutions for impulsive hybrid fractional ¢g-difference
equations involving a g-shifting operator of the type ®4,(m) = gm + (1 — ¢)a. A hybrid fixed point
theorem for two operators in a Banach algebra due to Dhage [29] is applied to obtain the existence
result. An example illustrating the main result is also presented.

Key words and phrases: Quantum calculus; impulsive fractional ¢-difference equations; hybrid
differential equations; existence; fixed point theorem
AMS (MOS) Subject Classifications: 34A08; 34A12; 34A37

1 Introduction

Fractional differential equations have been extensively investigated by several researchers in the recent
years. The overwhelming interest in this branch of mathematics is due to the application of fractional-
order operators in the mathematical modelling of several phenomena occurring in a variety of disciplines
of applied sciences and engineering such as biomathematics, signal and image processing, control theory,
dynamical systems, etc.

Hybrid fractional differential equations dealing with the fractional derivative of an unknown function
hybrid with the nonlinearity depending on it is another interesting field of research. For some recent
works on this topic, we refer the reader to a series of papers ([1]-[6]).

The subject of g-difference calculus or quantum calculus dates back to the beginning of the 20th
century, when Jackson [7] introduced the concept of g-difference operator. Afterwards, this field of
research flourished with the contributions of researchers from different parts of the world, for instance,
see ([8]-[15]). The intensive development of fractional calculus motivated several investigators to consider
fractional g¢-difference calculus. Now a great deal of work on initial and boundary value problems
involving nonlinear fractional g¢-difference equations is available, for example, see [16]-[24] and the
references therein.

The quantum calculus, known as the calculus without limits, provides a descent approach to study
nondifferentiable functions in terms of difference operators. Quantum difference operators appear in
different areas of mathematics such as orthogonal polynomials, basic hyper-geometric functions, combi-
natorics, the calculus of variations, mechanics and the theory of relativity. For the fundamental concepts
of quantum calculus, we refer the reader to a text by Kac and Cheung [25].

More recently, the topic of gg-calculus has also gained consideration attention. The notions of gx-
derivative and gg-integral for a function f : Jy := [tg, tk+1] — R, together with their properties can
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be found in [26, 27]. In [28], new concepts of fractional quantum calculus were defined via a g-shifting
operator of the form: ,®,(m) = gm + (1 — ¢)a.

The purpose of the present work is to study the following impulsive hybrid fractional quantum
difference equations:

¢ pai | 2M) ]
tkD(Ik [f(t,l‘(t))] —g(t,z(t)), teJp C [OvT]a t# tg,

Az(ty) = o (x(ts), k=1,2,...,m, (1)
z(0) = p,

where 0 = tp < 1 < -+ <ty < tmy1 = T, §, Dy} denotes the Caputo fractional ¢g-derivative of
order ay on intervals Ji, Jo = [0,t1], Jx = (k,tey1], 0 < o < 1,0 < g < 1, kK = 0,1,...,m,
J=1[0,T], f € C(J xR,R\{0}), o € C(R,R), k =1,2,...,m, p € R and Ax(ty) = z(t]) — z(ty),
x(tﬁ) = limg_o+ z(tx +0), k = 1,2,...,m. Here, we emphasize that the above initial value problem
contains the new g¢-shifting operator ,®,(m) = gm + (1 — ¢)a [28].

The papers is organized as follows. In Section 2, we recall some preliminary concepts and present an
auxiliary lemma which is used to convert the impulsive problem (1) into an equivalent integral equation.
An existence result for the problem (1) obtained by means of a hybrid fixed point theorem due to Dhage
[29] is presented in Section 3, which is well illustrated with the aid of an example.

2 Preliminaries

For the convenience of the reader, we recall some preliminary concepts from [28].
First of all, we define a g-shifting operator as

a®q(m) =gm+ (1 —-q)a (2)

such that
a@Z(m) = a@sfl (a®q(m)) and a@g(m) =m,

for any positive integer k. The power law for g-shifting operator is

k—1
dn=m)® =1, (n— m)(gk) = H (n— a@fl(m)) , keNU{oo}.

a
i=0
In case 7 € R, the above power law takes the form

— 2@y (m/n)
a(n — )(7) =nl H — qﬂ“(m/n)'

The g-derivative of a function h on interval [a, b] is defined by

h(t) = h(a®qy (1))
(I1-q)(t—a)

while the higher order g-derivative is given by the formula
(aDgf)(t) = f(t) and (aDgf)(t) = aDg_l(aqu)(t)7 ke N.

The product and quotient formulas for g-derivative are

(ath)(t) = , t#a, and (ath)(a’) = }EI}L(Gth)(t)’

aDq(h1h2)(t) = hi(t)aDgha(t) + ha(a®q(t))aDghi (t) = ha(t)aDghi(t) + hi(a®q(t))aDgha (),

B\ o ha(t)aDgha(t) — ha(t)aDyhs(t)
“Dq<h;>“)‘ e Ohal8, @)
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where hy and hy are well defined on [a, b] with ho(¢)he(o®,4(t)) # 0.
The g¢-integral of a function h defined on the interval [a, ] is given by

t o)
(aLgh)(t) = / h(s)ads = (1= q)(t —a) Y q'h(a®yi(t)), ¢ € [a,D], (3)

@ i=0

with
(I2n)(t) = h(t) and (JIFR)(t) = oI (aIgh)(t), Kk €N.
The fundamental theorem of calculus applies to the operator ,D, and ,1,, that is,
(aanIqh)(t) = h(t),
and if h is continuous at t = a, then
(alaDgh)(t) = h(t) = h(a).

The g-integration by parts formula on the interval [a, b] is

b

b b
/ £(5)aDgg(5)adys = (F9)(1)] — / 0(a®4(5))aDy f()adys.

a

Let us now define Riemann-Liouville fractional g-derivative and g¢-integral on interval [a,b] and
outline some of their properties [28].

Definition 2.1 The fractional q-derivative of Riemann-Liouville type of order v > 0 on interval [a, b]
is defined by («DIh)(t) = h(t) and

(Dyh)(t) = (aDgaly "R)(1), v >0,

qa
where 1 is the smallest integer greater than or equal to v.

Definition 2.2 Let o > 0 and h be a function defined on [a,b]. The fractional q-integral of Riemann-
Liouville type is given by (IJh)(t) = h(t) and

IO = gy [ ot = @D M)y, @ >0, te ot

From [28], we have the following formulas

ety DD
aDq<t_a’)ﬂ_1—\q(ﬁ_a+1)(t )/8 ’ (4)
(e _ FQ<ﬁ+1) —a e}
AU S 7 e LU ®)

Lemma 2.3 Let o, 8 € Rt and f be a continuous function on [a,b], a > 0. The Riemann-Liouville
fractional q-integral has the following semi-group property

AP IS h(t) = oIS aIPh(t) = J ISP R(2).
Lemma 2.4 Let h be a g-integrable function on [a,b]. Then the following equality holds
oDy oI h(t) = h(t), for a>0, t€[a,bl.
Lemma 2.5 Let o > 0 and p be a positive integer. Then for t € [a,b] the following equality holds
= (t—a)r etk

oIgaDPR(t) = o DPIZh(t) = >
k=0

+DFEh(a).
T atk—p+1) 9 (a)
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We define Caputo fractional g-derivative as follows.

Definition 2.6 The fractional q-derivative of Caputo type of order o > 0 on interval [a,b] is defined
by (D4 1)(t) = h(t) and
(aDgh)(t) = (oI “aDgh)(t), a>0,

where n is the smallest integer greater than or equal to a.

Lemma 2.7 Let o > 0 and n be the smallest integer greater than or equal to a. Then for t € [a,b] the
following equality holds

JIECD Rt Z k+1 Dgh(a).

Proof. From Lemma 2.5, for a = p = m, where m is a positive integer, we have

;_.

m—1 k m—
(t k (t k
I DIh(t) = DI IMh(t «DER «DFh(a).
7o Dy h(t) qukJrl qu+1 a/a)
=0 k=0
Then, by Definition 2.6, we have
AFEDSR(t) = oI5 1) o Dy h(t) = oI7 o Dy h(t) = Z "G +1 DEn(a).

Now we present a lemma which plays a pivotal role in the forthcoming analysis.

Lemma 2.8 Assume that the map z — is injection for each t € J. x € PC(J,R) is the solution

f(t,z)

of (1) if and only if x is a solution of the impulsive integral equation

k
" - f(tw(t))( T 5 T sty A2

7o.m L 5, 2 1L Pt 2(t)
% x(ti)) [t x(t5))
- ZH OB ey it x(t») )
where ) 3, (1) =0, [[,,() =1 for b > a and fort € Jy,
x _r t — s)er=Dg(s, (s s
WTgto(ta) = s [t (DYl o) 7)

Proof. Applying Riemann-Liouville fractional gg-integral operator of order g to both sides of the first
equation of (1) for ¢ € Jy and using Lemma 2.7, we get

owe poo [ 20 ] __a®) __a(0)
Iqo tOD |:f(t7 Jj(t)):| f(t, J?(t)) f(07 J,‘(O))

which, in view of the initial condition, takes the form

= tojzi)og(tvm(t))»

2(t) = £(t,2(t)) [ ; t(,f;t)Og(t,x(t))] |

-
f(0,p)
At t = tq, we have

x<t1>=f<t1,x<t1>>[ gt <t1>>] ®)

K
f(0,p)
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For t € Jy, operating the Riemann-Liouville fractional ¢;-integral of order a; on (1) and using the
above process together with impulsive condition, we obtain

z(t) _ x(t]) z(t) + 1 (x(t1))
fta(®)  ft]2(t)) F,=(t))

By the continuity of f with respect to the variable ¢, the expression f(t],z(t])) can be written as
f(t1,z(t])). Substituting (8) into (9) yields

+ulg gt (b)) = + 015 g(t, (1) 9)

- (t1))
FO, ) fty, 2(t)) f(thx(tl)) tolgy 9(t1, (1))

p1(z(t1))
fltr,x(t])

o(t) = f(t,w@))( a

Also, for t € J5, we have

[, x(t))  flte,2(t2) 4 N M

Fty,z(t))) f(tz’x(t;))tolqo g(t1, (t1)>+f<t27x<t2+))tl ©1g(ta, x(t2))
ei(x(ts)) St (t2)) pa(x(t2)) asg(s o

(tl, A1) fltea(td)) f(tz,z(t;r))%-quz g(t, (t))).

Repeating the above process, for ¢ € J, we obtain (6).
Conversely, we assume that x(t) is a solution of (6). Dividing by f(¢,z(t)) and applying §, Dg* on
both sides of (6) for ¢t € J, t 1t k=0,1,...,m, we get
c (077 ‘/L‘(t)
B L f(Ea(t)
It is easy to see that Az (t) = z(t]) — z(tx) = ¢r(x(tx)). Since f(0,2(0)) # 0, and using the fact that
x
the map x — ———
ft,x)

Now we state a hybrid fixed point theorem due to Dhage [29], which we need to prove our main
existence result.

} — glt,a(t).

is injection for each t € J, we have 2:(0) = . This completes the proof. ]

Lemma 2.9 Let S be a nonempty, closed convex and bounded subset of the Banach algebra E and
let A: E — E and B : S — E be two operators such that (a) A is Lipschitzian with Lipschitz
constant 0; (b) B is completely continuous; (¢) x = AxBy = x € S for ally € S; (d) 0M < 1, where
M = ||B(S)|| = sup{||B(z)|| : = € S}. Then the operator equation x = AzBx has a solution in S.

3 Main Result
Let PC(J,R) = {x : J — R : z(t) is continuous everywhere except for some t; at which z(¢}) and
x(t, ) exist and z(t, ) = x(tx), k = 1,2,...,m}. Define a norm || - || and a multiplication in PC(J,R)
by [[#]| = sup,c s [#(t)| and (xy)(t) = z()y(t), Vi€ J.
Clearly PC(J,R) is a Banach algebra with respect to above supremum norm and the multiplication in
it.

Now, we are in the position to present the main existence result.

Theorem 3.1 Assume that the map x —

that:

s injection for each t € J. In addition we suppose

f(t,z)
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(Hy) The function f : J x R — R\ {0} is bounded, continuous and there exists a positive function ¢
with bound ||¢|| such that

[f(82(t) = f(ty(0)] < ¢(B)]x(t) —y(B)], fort € J andr,y € R. (10)

(Hy) There exist a function p € C(J,R") and a continuous nondecreasing function 1 : [0, 00) — (0, 00)
such that

lg(t, z(t)] < p(®)¥(lz]),  (t,z) € J xR (11)
(H3) The functions ¢; : R =R, i =1,2,...,m, are bounded and continuous.

(Hy) There exists a number r > 0 such that

- <| : ('gf'w (g)m o) S m (3)771+ ) 3; > (3)m> (12)

=1
and
()" g § et ()7 g oy
||¢|<|f( o1 \& +l\p||¢<T>;rqi_l<ai_l+1> 2, +Q§ 2 h

where Qy = sup{|f(t,z)| : (t,z) € J x R}, Qo = inf{|f(t,2)] : (t,x) € J X R} and Q3 =
max{sup |p;(z)| : z€R,i=1,2,...,m}.

Then the impulsive initial value problem (1) has at least one solution on J.
Proof. Let us introduce a subset S of PC(J,R) by
S={ze PCUR) : [l <7,

where r satisfies inequality (12). Clearly S is closed, convex and bounded subset of the Banach space
PC(J,R). In view of Lemma 2.8, the problem (1) is equivalent to the integral equation (6). Let us
define two operators A : PC(J,R) — PC(J,R) by

Az(t) = f(t,2(8), teJ, (13)
and B:S — PC(J,R) b
k k
o) = M St x(t cir (g (e )L ()
Ba() f(O,M)il;[lf(ti,m(i)) 2 11 wnfisvattat) 250
k
pelt) S o) .
2 5650y T ) et te ()

Then, the problem (1) is transformed into an operator equation as
x = AzBz. (15)

Under our assumptions, we will show that the operators A and B satisfy all the conditions of Lemma
2.9. This will be achieved in a series of steps.

Step 1. The operator A is Lipschitzian on PC(J,R).

Let z,y € PC(J,R). Then by (H;), for t € J, we have

[Az(t) — Ay()| = [f(t,2(8)) = F(t,y(1)] < o()|2(t) — y(D)]-
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Taking supremum over ¢, we obtain || Az — Ayl < ||¢|/||lx — y|| for all z,y € PC(J,R). This show that
A is a Lipschitzian on PC/(J,R) with Lipschitz constant |||

Step 2. The operator B is completely continuous on S.

In this step, we first show that the operator B is continuous on S. Let {z,} be a sequence in S
converging to a point € S. Then, for all t € J, we have

ILm B, (t)
. ftmwn ’L o f(thn(t]))
= 1 1 I8 gty (b)) S 2
nbo f( H Ftan(t +n1l%o;z<]r£k i1 @l ))f(tj,xn(tj))
k
lim eil@n(t)) St nlty)) lim 4, Ig*g(t, 2 (1)) = Ba(t),
+n~w;i<m Fla2altd ) Tty antt ) e s Fal 90t 20 (t)) = Bt

which implies that Bz, — Bx point-wise on J. Further it can be shown that {Bx,,} is an equicontinuous
sequence of functions. So Bx, — Bz uniformly and the operator B is continuous on S.

Next we will prove that B is a compact operator on S. It is enough to show that the set B(S) is
uniformly bounded and equicontinuous in PC(J,R). For any x € S, on account of (5), we get

: ] s v 1o gy ()]
Br(t)] < |H +ZH T a2

ISl ) B i) e

i=11<j<k |f t“l' tj) | |f(t],l'(t ))|

)
(ti, ()] 4

Wl et N ()]
< oLl +§Hm S ot
) IO ) .
’ ZHm Fltaa@ )] 1fityaery) o 90T
|,LL| Ql m+1 (tl _tifl)aiil Ql m+1—1
= \f(O,u)| (QQ> - ” ||¢< ) Z FQi—l(ai_l + 1) (Q2>

=1
ng 0\

for all t € J. Taking supremum over ¢, we have ||Bz|| < K for all z € S. This shows that B is uniformly
bounded on S.

Further, we will show that B(S) is an equicontinuous set in PC(J,R). Let 71,70 € J with 7 < 7
and z € S. Then we have

|Bx (1) — Bx(11)]

k
H H;(tz,x +Z H i g hg( tz,x(ti))w

i=1i<j<k f<tj7x(tj )

k
pila(t))  St52) | e o
' ;Kjll f(tzwl'(t;r)) f(t,x(t))) + o g 9(mo, 2(72))

L ittt |y oics g 1 () L0 2(0)
f(07u)£[f( Z IT oo 25t (t’))f(tj,x(tj))

tl’m i=1i<j<n

_z": pi(z(ts)  fty,x(t)))

i=1i<j<n (tz,l'(tj)) ( ( )) - tan'L g(Tl,.T(Tl)) ,
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for some n < k, n,k € {0,1,2,...,m}. Further

|Bx(m2) — Ba(y)| = |15k g(2, 2(72)) — ¢, I5* g(71,2(11))]

(19 — tg)* (11— tg)**
< HPHQ/’(T) Fqk(ak + 1) - Fqk(ak ¥ 1) - 07

independent of = € S as 7 — 75. This shows that B(.5) is an equicontinuous set in PC(J,R). Therefore,
it follows by the Arzeld-Ascoli theorem that B is a completely continuous operator on S.

Step 3. The hypothesis (¢) of Lemma 2.9 is satisfied.

Let x € PC(J,R) and y € S be arbitrary elements such that © = AzBy. Then we have

o(6)

< An(OlIBy(o)

< [f(tx(t)) ( H”J{ ;’ +;Z<J1_£kl 8tg Z,y(ti))|m
+ZH pmar) ||JJ:(( PR ’f'g“’y“”o

< <|f §'M| H|'f j ) ZHm Ity <ti>>|}m
! ZHm pGar) ||JJ:((:;J/((:+)))) o aloth W”')

= Ql<|f<5f|u>| (@) +ltee) %raﬂ@)m

QS m Ql>m—i
+5 — :
25(@)")

Taking supremum over ¢, we have
1 ) m+1—1
|l (Ql> TR (-t (D
| < = | +lple(r) ) —F—— o
| <|f< 0.0 PIv) 2 7t v 1 (o

RO e

Step 4. We show that the condition (d) of Lemma 2.9 holds.

Thus we deduce that x € S.

As
M= BS)
|M| Ql m+1 tl_ i1 Ql m+1—1i Q Ql
<|f<o,m| (5) + oo 2 Ty o (o) *mz<92) /

therefore, by (H,), we have 6M < 1 with § = ||]|.

Thus all the conditions of Lemma 2.9 are satisfied and hence the operator equation x = AxBz has
a solution in S. In consequence, we infer that the problem (1) has a solution on J. This completes the
proof. O
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Example 3.2 Consider the following impulsive hybrid fractional quantum difference equation with ini-
tial condition

L e x(t) _ 1+sint ( 22(t) N e|‘”(t)|>
tr " k243k+1 z(t)|+30 2| = ’
2k243k+2 IxEt;I-H’)S + % (t — %) 2<t + 5) 4(1 + |x(t)|) 2
te [0,3/2] \ {t17...,t5},
| (t)| 1o
x(ty)| +1 k
Ax(ty) = 5 tp = ) k= 17 757
) = F D (e +2) FT
1
0)=-.
o) - 1

Here oy, = (k* + 2k +1)/(k* + 2k + 3), g1 = (K* + 3k +1)/(2k* + 3k + 2), k = 0,1,...,5, t, = k/4,
k=1,2...5m=>5T=23/2 u=1/3 ft.z) = (|2 + 30)/(|z| + 35)) + (1/25)(t — (1/2))? and
g(t,x) = (14 sint)/(2(t + 5)))((x2/(4(1 + |2]))) + (e~!*1/2)). With the given values, we find that
0y =26/25, Q3 = 6/7. Also, we have

T 1 1

% 2) s k()] < ) k=1,2,...,5.
Clearly ||¢]| = 1/245, Q3 = 1/2, ||p|]| = 1/5 and ¢(|z|) = (|x|/4) + (1/2). Hence, there exists a constant
r such that 6.611569689 < r < 1092.541483 satisfying (H,). Thus all the conditions of Theorem 3.1
are satisfied. Therefore, the conclusion of Theorem 3.1 implies that the problem (16) has at least one
solution on [0, 3/2].
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A FIXED POINT ALTERNATIVE TO THE STABILITY OF A
QUADRATIC o-FUNCTIONAL EQUATION IN FUZZY BANACH SPACES

CHOONKIL PARK, JUNG RYE LEE*, AND DONG YUN SHIN*

ABSTRACT. In this paper, we solve the following quadratic a-functional equation
_ t
N (2f(x)+2f(y) — flx+y) —a fla(z —y),t) > ————
(24(@) +20() ~ f(o +v) ~ 0 *Flolz ~1)1) 2 s

in fuzzy normed spaces, where p is a fixed real number with a~! # ++/3.
Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic a-
functional equation (0.1) in fuzzy Banach spaces.

(0.1)

1. INTRODUCTION AND PRELIMINARIES

Katsaras [22] defined a fuzzy norm on a vector space to construct a fuzzy vector topological
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from
various points of view [13, 26, 51]. In particular, Bag and Samanta [2], following Cheng and
Mordeson [9], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric
is of Kramosil and Michalek type [25]. They established a decomposition theorem of a fuzzy
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3].

We use the definition of fuzzy normed spaces given in [2, 30, 31] to investigate the Hyers-Ulam

stability of additive p-functional inequalities in fuzzy Banach spaces.

Definition 1.1. [2, 30, 31, 32] Let X be a real vector space. A function N : X x R — [0, 1] is
called a fuzzy norm on X if for all z,y € X and all s,t € R,

(N1) N(z,t) =0 for t < 0;

(N2) x =0 if and only if N(x,t) =1 for all ¢t > 0;

(N3) N(cz,t) = N(z, 1) if ¢ # 0;

(N4) N(z 4+ y,s+t) > min{N(z,s), N(y,t)};

(Ns) N

(Ng) for  # 0, N(x,-) is continuous on R.

(z,-) is a non-decreasing function of R and limy_, o, N(z,t) = 1.

The pair (X, N) is called a fuzzy normed vector space.
The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in
[29, 30].

2010 Mathematics Subject Classification. Primary 46540, 39B52, 47H10, 39B62, 26E50, 47540.

Key words and phrases. fuzzy Banach space; quadratic a-functional equation; fixed point method; Hyers-
Ulam stability.
*Corresponding authors.
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Definition 1.2. [2, 30, 31, 32] Let (X, N) be a fuzzy normed vector space. A sequence {z,} in
X is said to be convergent or converge if there exists an x € X such that lim,,_,oo N(z,—z,t) =1
for all t > 0. In this case, z is called the limit of the sequence {x,} and we denote it by N-

lim,,— o0 Tn, = .

Definition 1.3. [2, 30, 31, 32| Let (X, N) be a fuzzy normed vector space. A sequence {z,}
in X is called Cauchy if for each € > 0 and each t > 0 there exists an ng € N such that for all
n > ng and all p > 0, we have N (2, 4p — p,t) > 1 —c.

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy
normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is
continuous at a point zyp € X if for each sequence {z,} converging to zp in X, then the
sequence {f(x,)} converges to f(zg). If f : X — Y is continuous at each = € X, then
f:X =Y is said to be continuous on X (see [3]).

The stability problem of functional equations originated from a question of Ulam [50]
concerning the stability of group homomorphisms.

The functional equation f(z+y) = f(x)+ f(y) is called the Cauchy equation. In particular,
every solution of the Cauchy equation is said to be an additive mapping. Hyers [18] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was
generalized by Aoki [1] for additive mappings and by Th.M. Rassias [42] for linear mappings by
considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem
was obtained by Gavruta [14] by replacing the unbounded Cauchy difference by a general
control function in the spirit of Th.M. Rassias’ approach. The stability problems of several
functional equations have been extensively investigated by a number of authors and there are
many interesting results concerning this problem (see [8, 12, 16, 17, 19, 21, 23, 24, 27, 35, 36,
37, 38, 39, 40, 43, 44, 45, 46, 47, 48, 49]).

We recall a fundamental result in fixed point theory.

Let X be a set. A function d : X x X — [0,00] is called a generalized metric on X if d

satisfies
(1) d(z,y) = 0 if and only if = = y;
(2) d(z,y) = d(y,x) for all z,y € X;
(3) d(z,2) < d(z,y) +d(y, z) for all z,y,z € X.

Theorem 1.4. [5, 10] Let (X, d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element
x € X, either

d(J"z, J" ) = oo

for all nonnegative integers n or there exists a positive integer ng such that
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(1) d(J"x, J" ) < oo, Vn > ng;

(2) the sequence {J"z} converges to a fixed point y* of J;

(3) y* is the unique fixed point of J in the set Y = {y € X | d(J™z,y) < oo};
(4) d(y,y*) < 27d(y, Jy) forall y € Y.

In 1996, G. Isac and Th.M. Rassias [20] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with applications. By
using fixed point methods, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [4, 6, 7, 11, 15, 29, 33, 34, 40, 41]).

In this paper, we solve the quadratic a-functional equation (0.1) and prove the Hyers-Ulam
stability of the quadratic a-functional equation(0.1) in fuzzy Banach spaces by using the fixed
point method.

Throughout this paper, assume that X is a real vector space and (Y, N) is a fuzzy Banach

space. Assume that o is a real number with o~ # £+/3.

2. QUADRATIC a-FUNCTIONAL EQUATION (0.1)

In this section, we prove the Hyers-Ulam stability of the quadratic a-functional equation
(0.1) in fuzzy Banach spaces.
We need the following lemma to prove the main results.

We solve the quadratic a-functional equation (0.1) in vector spaces.

Lemma 2.1. Let X and Y be vector spaces. If a mapping f: X — Y satisfies

2f () +2f(y) = flz +y) + a7 flalz —y)) (2.1)
forallx,y € X, then f: X =Y is quadratic.

Proof. Assume that f: X — Y satisfies (2.1).
Letting z = y = 0 in (2.1), we get 3£(0) = a~2f(0). So f(0) =
Letting y = 0 in (2.1), we get f(z) = a 2f(ax) and so f(az) = a?f(z) for all z € X. Thus

2f(x) +2f(y) = fle+y) +a *fla(z —y) = flx+y) + f(z —y)
for all x,y € X, as desired. ]

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic a-functional

equation (2.1) in fuzzy Banach spaces.

Theorem 2.2. Let ¢ : X? — [0,00) be a function such that there exists an L < 1 with
L

forallz,y € X. Let f : X — Y be a mapping satisfying f(0) =0 and

N (2/@)+2) = fe+y) —aflale—)t) = s
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for all z,y € X and allt > 0. Then Q(x) := N-lim, oo 4" f (5%) exists for each v € X and
defines a quadratic mapping Q : X — 'Y such that
(4— 4L)t

N () - Q) 2 (2.3
forallx € X and all t > 0.
Proof. Letting y = x in (2.2), we get
N (f (22) ~ 4f (@) 1) > (2.4)

t+ p(x,x)
for all z € X.
Consider the set
S={g: X >Y}

and introduce the generalized metric on S:

d(g,h) = inf {,u € Ry : N(g(z) — h(x), pt) , Vo e X,Vt > 0} ,

>_ -

~ ()

where, as usual, inf ¢ = +o00. It is easy to show that (S, d) is complete (see [28, Lemma 2.1]).
Now we consider the linear mapping J : S — S such that

T
Jg(z) =4y (2>
for all z € X.

Let g,h € S be given such that d(g,h) = . Then

for all x € X and all ¢ > 0. Hence

N(Jg(z) — Jh(z),Let) = N (49 (;”) —4h (;”) ,Lst)
G () 4
i +§t<f;7 D Er so()
t+ QO(QZ,:C)

for all z € X and all £ > 0. So d(g, h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg,Jh) < Ld(g, h)

for all g,h € S.
It follows from (2.4) that

L
for all z € X and all ¢t > 0. So d(f, Jf) < 7.
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By Theorem 1.4, there exists a mapping @ : X — Y satisfying the following;:
(1) @ is a fixed point of J, i.e.,

T 1
a(3) -0 (25)
for all x € X. The mapping @ is a unique fixed point of J in the set
M ={geS:d(f g) <o}

This implies that @ is a unique mapping satisfying (2.5) such that there exists a u € (0, 00)
satisfying

N(f(z) - Q(x), ut) > T o(z2)

for all x € X;
(2) d(J™f,Q) — 0 as n — oo. This implies the equality

V- lim 11 (55) = @

for all x € X;
(3) d(f,Q) < t2zd(f, Jf), which implies the inequality
< .
This implies that the inequality (2.3) holds.
By (2.2),

v () 2 () =1 (5) o (0%0) )2 e

forall z,y € X, allt > 0 and all n € N. So

V(o () e () - (R0 - (050) 02

t

for all z,y € X, all t > 0 and all n € N. Since lim,, o %M =1forall z,y € X and all
4n 471, :E7
t>0,

2Q(z) +2Q(y) — Qz +y) —a*Q(a(z —y)) =0
for all x,y € X. By Lemma 2.1, the mapping @) : X — Y is quadratic, as desired. O

Corollary 2.3. Let 8 > 0 and let p be a real number with p > 2. Let X be a normed vector
space with norm || - ||. Let f : X — Y be a mapping satisfying f(0) =0 and

- t
N (2f(2) +2f () — f(z + ) —a *flalz —y)).t) > — o(|=]7 + yllP)

for all z,y € X and all t > 0. Then Q(x) := N-lim, ;o 4" f(5%) exists for each v € X and
defines a quadratic mapping Q : X — 'Y such that

N (f(z) = Q(x),1) =
for all z € X and all t > 0.

(2.6)

(20 — 4)t
(20 — 4)t + 20]z|]?
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Proof. The proof follows from Theorem 2.2 by taking ¢(z,y) := 0(||z||P +||y||?) for all z,y € X.
Then we can choose L = 227P, and we get the desired result. O

Theorem 2.4. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with
Ty
<A4Lp|(—-,=
p(r,y) <4Lg <2, 2)
forallz,y € X. Let f: X =Y be a mapping satisfying f(0) =0 and (2.2). Then Q(z) := N-
limy, 00 4%]" (2"z) exists for each x € X and defines a quadratic mapping @ : X — Y such
that
(4 — ALYt

N (f(z) = Q(x),1) > (4 — 4L)t + p(z, 2)

(2.7)
for all z € X and all t > 0.

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that

1
Jo() = 19 (2)
for all z € X.
It follows from (2.4) that

forall z € X and all ¢t > 0. So d(f, Jf) < %. Hence

A, A) < 77

which implies that the inequality (2.7) holds.
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 2.5. Let 6 > 0 and let p be a real number with 0 < p < 2. Let X be a normed
vector space with norm || - ||. Let f : X — Y be a mapping satisfying f(0) = 0 and (2.6).
Then Q(z) = N-lim, ﬁf(Q”x) exists for each x € X and defines a quadratic mapping
Q: X =Y such that

(4 — 20)t

N (f(z) = Q(z),t) > (4 — 27)t + 20| z||P

forallxz € X and all t > 0.

Proof. The proof follows from Theorem 2.4 by taking p(z,y) := 6(||z||P +||y||?) for all z,y € X.

Then we can choose L = 2P~2, and we get the desired result. O
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Abstract

Four-point boundary value problem for impulsive multi-orders fractional differential equation is stud-
ied. The existence and uniqueness results are obtained for impulsive multi-orders fractional differential
equation with four-point fractional boundary conditions by applying standard fixed point theorems. An
example for the illustration of the main result is presented.

Keywords: fractional differential equations, fixed point theorems, multi-orders, impulse.

1 Introduction

Impulsive differential equations have extensively been studied in the past two decades. Impulsive differential
equations are used to describe the dynamics of processes in which sudden, discontinuous jumps occur.
Such processes are naturally seen in harvesting, earthquakes, diseases, and so forth. Recently, fractional
impulsive differential equations have attracted the attention of many researchers. For the general theory and
applications of such equationswe refer the interested reader to see [1]-[18] and the references therein.

In [8], Kosmatov considered the following two impulsive problems:

D% (t) = f(t,u(t), 1<a<2, te[0,1]\{t,t2,.tp},
DY (tF) = Dru(t;) = I (u (—) , te€(0,1), k=1,..,p,
u (0) = o, u’(O)zuo, 0<y<1,

and
EDou(t) = f(t,u(t)), 0 <a <1, t€[0,1]\ {t1,t2, ..., tp},
LDV (tF) — EDVu(ty) = Ik (u(ty)) . te € (0,1), k=1,...,p,
I~y (0) = uo, O<”y<oz<1

In [4], Feckan et al. studied the impulsive problem of the following form:
D (t) = f(tu(t)), 0<a<l, te0,1]\{t,t2,.tp},

u(th) —u(ty)=I (u(ty)), te(0,1), k=1,..,p,
U(O):U()7 O<y<ax<l

Wang et al. [17] obtained some existence and uniqueness results for the following impulsive multipoint frac-
tional integral boundary value problem involving multi-orders fractional derivatives and deviating argument

“Difu(t) = f(tut),u@ (), 1 <ar <2, t€[0,T]\{ti,ta, . tp},
Au(te) = Ik (u(ty)), AW (k) =i (u(t;)), te(0,T), k=1,..,p,
u(0) = Z:o Ak[tiku(ﬁk), ty <Mp <tlg+t1,

u’ (0) = 0.
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Yukunthorn et.al. [18] studied the similar problem for multi-order Caputo-Hadamard fractional differential
equations equipped with nonlinear integral boundary conditions.

Motivated by the above works, in this paper, we study the existence of solutions for the four-point
nonlocal boundary value problems of nonlinear impulsive equations of fractional order

Dy u(t) = ftu),w (1), 1+ 8 <ap <2, t€ [ty ti),

Au(te) =Tk (u(ty)), AW (tk) =Ji (v (t;)), te €(0,T), k=1,...,p,

u(0) + 1 CDg+u 0)=0c1u(m), 0<m <t1 <T, (1)
w(T) + p2 “Dyu(T) = oou(mp), 0<t,<m<T, 0<B<1,

where ¢ D¢ is the Caputo derivative, f : [0,7] x R x R — R is a continuous function, I, J, : R — R,
Au(ty) =u(ty) —u(ty), Au () = (t)) — v (t;), uw(t)) and u (¢;) represent the right hand limit
and the left hand limit of the function u (t) at t = ¢x; and the sequence {t;} satisfies that 0 =tg < t; < ... <
tp < tp+1 =T.

To the best of our knowledge, there is no paper that consider the four-point impulsive boundary value
problem involving nonlinear differential equations of fractional order (1). The main difficulty of this problem
is that the corresponding integral equation is very complex because of the impulse effects. In this paper, we
study the existence and uniqueness of solutions for four-point impulsive boundary value problem (1). By use
of Banach’s fixed point theorem and Schauder’s fixed point theorem, some existence and uniqueness results
are obtained.

2 Preliminaries
Let [0,T]” =[0,T)\ {t1,%2,....t,} and

PC([0,T],R) ={x:[0,T] — R: z(t) is continuous everywhere except for some
tp at which z (), 2 () exist and z (t;) =2 (tx), k=1,...,p},

and

PC'([0,T],R) = {x € PC([0,T],R) : 2’ (t) is continuous everywhere except for some
tp at which 2’ (¢]),2’ (t;) exist and 2’ (t;)) =2’ (ty), k=1,...,p}.

PC ([0,T],R) and PC* ([0,T],R) are Banach spaces with the norms ||z| po = sup{|z (¢)| : t € [0,T]} and
|l pon = max{||z]| po, |2'|| pc } , respectively. Let X = PC* ([0, T],R)NC? ([O,T]f ,R) . A function z € X

is called a solution of problem (1) if it satisfies (1).
Throughout the paper we will use the following notations.

T L
= —_— ]_—
p 01771+( +M2F(2—,3)>( 1),
Ay = o1 _201771’ Bozg,
1—o01 pl—o p
1-— 1-—
A, - ( o1) o1m ., B, = o1
p l—o1 p
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B! ) () = g [ (6= () ds
k t
+;F(o¢1j 1)/15]1(75 _ gyt d$+ZI
k t;
H o e S 0 6)),
G (yauu)(t) ak_ t*Sak p- 1y(5)ds
t tj s
*r@—m_JFmgl—n/;ft$ v ds

Fy (y,u,u) (t) =

tj S 2
+Zr o 1_1)/ 1(tj— s) ds+ZJ

J
Lemma 1 Lety € C[0,T]. A function u € PC*[0,T) is a solution of the boundary value problem

CDfu(t) =y @), 1+ 8 <o <2, t€[0,T]\{t1,t2,....tp},

Au (tk) - Ik ( ( ];)) ) A’ (tk) = Jk (u/ (tk_;)) ) Ik € (OvT)7 k= 17"'7pa
w(0) + CDO+u(0) — (), 0<m <t <T, (2)
u(T) + pa €D} u(T) =oau(n) =ou(n), 0<t,<n<T,0<pB<1,

if and only if

() = Fi (g,w) (1) + 72— Fo () (m)

_a ( 1 +t> Fo (y,w) (m)

p \1—0

oo (l=01) (o1
t)F,
# 2T (DI ) F ) )
(]. — 0'1) g1M
- t) F T
T (2 ) () (T)
po (1 —o0y1) (o
- +t)Gp(y,u) (T). (3)
1% 1-— g1
Proof. Suppose that u is a solution of (2). For 0 < ¢ < t1, we have
1 ¢ _
u(t) =12y (t) —c1 —cat = / (t—s)* " y(s)ds — 1 — cot, c1,c0 €R. (4)
I'(ao) Jo
Then differentiating (4), we get
1 t . -8
DP.u :7/ t— )™ F 8)ds — co=——r,
o= =gy Jy 77 eI erg g

1

u (t) = m/g (t— )™ 2y (s)ds — cs.
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If t; <t < ts, then for some dy,ds € R, we have

ul) = Fr / (t— )" y(s)ds — dy — da (t — 1),

1 ! a;—2 _
F(al—l)/tl (t—s) y (s)ds — da,

u (t) =

B _ 1 ' _ —p-1 _ 1P
Dl (t) = M/tl (t— ) () ds = o
Thus
_ 1 1 o
U (t1 ) = T (o) /0 (t1 — s) 1y(5) ds —c1 —coty, u (t'f) = —d;
1 h a
u (t7) = (a0~ 1) /0 (ty — )™ 2y (s)ds — ca, u (tf) = —ds
In view of
w(th) —u(ty) =nL(u(ty)), o (&) - (t7) =7 (' (t)),
we find that
—dy = %QO)A 1 (ty — s)a"_ly(s) ds+ I (u (tl_)) — ¢y — coty,

1 h 2
—dy = ———— t; —s)*° d "(t7)) — ea.
=TT = s () — e
Hence we obtain for t; <t < to

w(t) = F(Ll) /t = 5y (o) ds

1 t o1 _
+IW/O (t1 — s) y(s)ds+ I (u(ty))
+(ﬁ—tl)ﬁ/ol(t1—s)a°*2y(s)ds+(t—t1)J1 (W (7))

—c1 — cat, t1 <t<ts.
In a similar way, for k = 1,2, ...,p we can obtain

t;

u(t):F(lOlk)/tk(t 9"y ds +Zr (0j1) / (tj =)™y dHZI

k tj
+jzl 0@11—1)/t 1 (t; — S)aj_l_zy(‘g) dSJF;(t —t;)J; (ul (t;))

—c1 —cat, T <t < Tlp41.

Moreover,
1 ¢ e — e
CDi“(t):m/t (t—s) "ty (s)ds
tl_'B - 1 ti oj_1—2
tTE 5 & T ] IR L
t1-8 k L ti=p
+7F(2_ﬁ)jz=;Jj (u (t]— )) —6271_‘(2_5).
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Now applying the boundary conditions

u (0) + p1 CDg+u(0) =ou(m), 0<m <t <T,
w(T) +p2 D u(T) = opu(na), 0<t,<m<T, 0<B<1,

we get
—c1 =01 Fy (y,u, ') (m) — o1¢1 — cao1m1,

T8

m = O'QFp (y,u, u/) (772) :

Fy (y,u,u) (T) = e1 = 2T + 12 Gy (y,u) (T) — piaca

Solving this system for ¢;, co and inserting these values into (5) we get

u(®) = B (g.u) () + - TU Fa () () - o ({27 )
= Fi (9,00 (0) + 7 Fo (90,0 (m) = ("” + t) P (g u, ') (1)
— P ].—0'1
o2(l—01) (om /
+ 5 <101+t)Fp(y,u>u)(n2)
(A =a1) ((om /
P) 1_0_1+t Fp(y7uau)(T)

_ 2 (]‘ B 01) 0171 +t G (y w U/) (T)

p 1_0_1 j4 y Uy .

Conversely, assume that u is a solution of the impulsive fractional integral equation (3). Then by a direct
computation, it follows that the solution given by (3) satisfies (2). This completes the proof. m

3 Existence and Uniqueness

In the sequel,we assume that

(A1) f:]0,7] x R x R — R is continuous function and such that

|f(t,sc,x1)—f(t,y,y1)| Slf(|m—y\+|$1—y1\), lf >O7 OStSTa x,Y,T1,Y1 eR.

(A2) Iy, J; : R — R are continuous functions and satisfy

[k (z) — Ix (y)| < i |z =y,
[Ji () = Tk (9)| <l2|lz—y|, 1>0,12>0,0<t<T, z,yeR

For convenience, we will give some notations:

T*:max{T“’“~0<k<p} I'* = min {T (o) : 0<k<p}

(tj —tj_1) " P T —t;) (t; —tj_1)™ " 1
A - j 3 )
! g I'(aj_1+1) Zl I' (o 1)
_ P —1 V4 a;_1—1
(tj—tja)™ "
Ag = ) A4 =
2 5 = Of] 1) ; I'(a;-1)
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T*

AF = lfﬁ + lfAl =+ lfAz +pll + lng,
T Tl—B Tl—ﬂ
T*

AF’ = lfﬁ + lfA4 + lzp.
Lemma 2 Fy (f,u,u) and Gy (f,u,u’) are Lipschitzian operators.

|Fk(f>u7ul>_Fk(f7vﬂvl)‘SAF||U_U||PC17 LFk>0’
|Gk(f>uau/)7Gk(farUavl)‘SAGHu*vaclv LGk>O7 U;UGPCI([OvT]aR)'

Proof. For u,v € PC* ([0,T],R), we have

|Fk (fvuau/) (t) _Fk (f?v7vl) (t)‘

1 ! ap—1 ’ B ,
< T (o) /tk (t—s) If (s,u(s),u (s)) = f(s,v(s),v' (s))]ds
k 1 tj v L
2 o) /t (b =) f (s,u(s), 0 (5) = f (5,0 (s) 0 (5))] ds
k
300 ) - 1 0 67))
k (t—t;) t o2 , /
+ZF(OLJ'_1*1) /t~, (t; —s)™ |f (s,u(s),u' () — f(s,v(s),v (s))|ds
k

<.
Il
-

HfZF(aH) /t (t; =) 7 (Ju(s) — v (s)| + v/ (s) — v/ (s)]) ds
Jk )

+l12|u(tj)_v(tj)|+lfzr(a _1)(t_tj)
j=1 j=1 J—1

oY (t—t) | (t5) =o' ()]

j=1
< Ap llu— vl pes -
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Similarly,
|Gk(f7uu t) Gk(f,U”U)()l
750%131 S, u' (s)) — f(s,v(s),v (s))|ds
< g L T G0 ) s ()
Ti-58 b 1 b oj1—2 ’ !
T T, T ) ) ) s
k

N Féfﬁ) D19 (5)) = 55 0/ ()

(T — tj,) " T8 Ity —t_) T s
S(lfma STt A T tra gt

<Agllu—vlpe -

Also, we have
By (f,u, ') () — Fy, (f,0,0) ()] < Apr [lu = vl pen -

]
In view of Lemma 1 we define an operator © : X — X by

(©Ou) (t) = Fi (f,u) (t) — (Ao — Bot) Fo (f,u) (m)
+ 02 (Ap + Byt) Fy (f,u) (n2) — (Ap + Byt) Fy, (f,u) (T)
— w2 (Ap + Byt) Gy (f,u) (1),

where
Ao = o1 01 017717 Bozﬂ,
1—0’1 P 1—0’1 P
1-— 1-—
Ap:< o1) o1 , B, = 01.
p l—o p
Let

A@ (= max {AF7 AG7 AF/} .
Theorem 3 Suppose that the assumption (A1), (Az) are satisfied. If

A= Ao max {(1 + [Ao| + [Bo| T'+ (loa| + |p2| + 1) (|Ap| + [Byp| T)))
» (L4 1Bol + (loa| + |p2[ + D [By])} < 1,

then the boundary value problem (1) has a unique solution.
Proof. Let u,v € PC' ([0,T],R). For u,v € (tg,tx+1], k =0, ..., p, we have

[(©u) (t) = (Ov) (8)| < [Fr (f,u,u) (t) = Fi (f,v,0) (1))
+ [Ao — Bot| [Fo (f, u, u') (m)—Fo(f,v v') (m)
+ |oa| [Ap + Byt [Fp (f,u, ') (n2) = Fp (f,0,0") (n2)]
+ [Ap + Bpt| | Fp (f,u,u') (T) = Fy (f,0,0") (T)]
+ |p2l [Ap + Bpt| |Gy (f,u,u') (T) — Gy (f,0,0") (T)]
< Ao (1+[Ao| + |Bol T + (lo2| + [p2] + 1) ([Ap| + |Bp| 1)) [lu — vl pen -
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Similarly, for u,v € (t,tx+1] we have
[(©u)' (t) = (©v)" (1)| < |Fy, (f,u,u’) () = Fy (f,0,0") ()]
+ [Bol |[Fo (f,u,v) (n )—FO(f,v v') (m)]
+ |o2| [Bp| |Fp (f, u, ') (0 ) Ey (f,0,7") (12)]
+ By |Fp (f,u, ') (T) = (fvv o) (T)]
+ 2] By |Gy (f u, ) (T) = Gy (f,0,0) (T)]
< Ao (1 + |Bol + (lo2] + |p2] + 1) [By|) [u — vl pen -

It follows that
|Ou — OV per < Allu—v|per -

Since A < 1, © is a contraction. According to the Banach fixed point theorem © has a unique fixed point,
that is the problem (1) has a unique solution. m

4 Existence

In this section, we assume that
(A3) f:]0,7] x R — R is continuous function and there exists h € C ([0,T],R™") such that
|f (tu,0)] S h () + by ul” + b2 0], (tu,0) €[0,T]xRxR, 0<p,o<L.
(A4) I, Ji : R — R are continuous functions and there Ly > 0, L3 > 0 such that
[Ix (2)] < Lo, |Ji(x)| < Ls, z€R

For convenience, we will give some notations:
C1 i= (L4 [Ao| + [ Bo| T + (jos| + 1) (|4,] + | B,| T)) (pL2 + pT'Ls) |1
T -8
I'(2-p)

T
Co = (1-+ Aol + Bal T + ozl + 1) (1 + 18, 7)) 1=

+ lp2| (| Ap] + |Bp| T) Ly ||All,

+ Ay +A2)

T
#lual (14,1 + 15,1T) (i + 8 )
Lemma 4 If
R > max {301, (3b102) (3b102) = e } s
then © maps B (0, R) := {u € PC*([0,T],R) : [[ul| pcr < R} into itself.

Proof. Assume that
R > max {301, (3b102) (3b102) —e } .

Then for ¢ € (tg,tgt1], k=0, ...,p, we have
| F (f,u u') (1)
t

IN

_|_
Mwﬁ

) TS (syus) u ()] ds

tk

1 t; gl s uls) o (s . k o
F(aJ 1)/ (t] ) |f(7 ()7 ())|d +j§::1|lj( t

1 ZE

<.
Il

M=

t; ~
3 et [ =P o e 1 0 (5)

1 tj—

.
Il
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(ar) Jy,
¥ ; Ny / (t =) (i () + by Ju ()]° + ba u ()]%) ds
3l )
+§F(ij_) 3 / (15— )72 (h(5) b [ () + ba o (5)|°) ds
F3 -9 0 7))

< margy (Il b2 )

}: (t] tjfl)aji1 e
-+ —_— h +b p+b u -+ L

(=) (G — o)
2 I (ej-1)

(1Bl + b1 flull” + bz [u'[|°) + pTLs

T*
< (F A1+A2> (IR]) + byl + b [1%) + pLe + pT L,

TO&
|Gk<y,u,u’><t>|sr( 5+ )(thl+b1 el + b [1e1)
— p )a] 1—1 ) 0 tlfﬁ
hl|+0 b ||u’ —L
O g Tary el bl + b2 |o/11) + =57 Ls

< (I L) (Il b1l + b ) + 1
S\ 3 1 2 T2-5) 3

Tar—1 )O/g 1—1

EONCE

j=1 CY], )

B (y,u,u') (1)] < ( ) (IRl + by [l + b2 [lu']])

+ Ls.
It follows that
[(©u) ()] < (1+[Ao| + [Bo| T+ (lo2| + 1) (|4p| + |By| T))

T*
(5 + 0 80 ) (0040l 00 1417) + pLa + 5710

*

T -8
+ k2| (|Ap] + |By| T) <(F* + AS) (Il + br flull” + be [J0']%) + )L3>

< Oy + Coby ||ull” + Cabs /¢,
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and
o< (T o "
[(©u) ()] < +Z (1Rl =+ by lwll” + b2 [[u'1|%) + Ls
=1 0‘3*1
T*
+ (| Bol + |o2| | By| + | By) < + A+ Az) (IRl + by lull” + b2 [[w'[|*) + pLa + pTLs
+ |ul | Byl T =+ A ) (IRl + 01 [Jul” + b |IU’||Q)+L_6L
K 3 1 2 T(2—p) 3
< Cr+ Coby ||U||p + Caby |Ju/]|° .
Thus R R R
||(®u)||PCl < Cp+ Cob1 RP + Coba R < g + 5 + g =R.
]

Theorem 5 Assume that the conditions (As) and (A4) are satisfied. Then the problem (1) has at least one
solution.

Proof. Firstly, we prove that ©: PC*([0,T],R) — PC"([0,T],R) is completely continuous operator. It is
clear that, the continuity of functions f, Irand Ji implies the continuity of the operator ©.
Let Q ¢ PC*([0,T], R) be bounded. Then there exist positive constants such that

[f(tu,u)| < Ly, e (w)] < Lo, |Ji (u)] < Ls,

for all w € Q2. Thus, for any u € ,we have

‘Fk(f, u, u,)’ < I <€:

+ A+ A2> +pLy + L3pT,
Similarly,

, T* Tl—,@ Tl—,@
<

pL3.

It follows that
|(Ou) (t)| < Ag(constant).
In a like manner,

/ T*
r
It follows that
, T*
‘(GU) (t>‘ <L (P* + A4) + Lap
+ (loo| + lo2| By| + [Bpl) Ar + |pa| [ Bp| Ag =: A

Thus
1Oull por < A + AY = constant.

On the other hand, for 7 , 79 € [tg, tr4+1] with 71 < 75 and we have

(©u) (s)

ds < Ao (12 —11).

(©u)(n) - ©url < [ N

T1
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Similarly

(Ou) (12) — (Ou) (11) < Hg(me — 1),

where Ilg is a constant. This implies that Ou is equicontinuous on all (tx, tx+1], K = 0,1, ..., p. Consequently,
Arzela-Ascoli theorem ensures us that the operator © is a completely continuous operator and by Lemma 4
©: B(0,R) — B(0,R). Hence, we conclude that ©: B(0, R) — B(0, R) is completely continuous. It follows
from the Schauder fixed point theorem that ©has at least one fixed point. That is problem (1) has at least
one solution. m

Example 1. Forp:17t1:%7T217ﬁ:%7,”“1:2701:%711“2:3701:17105771:%7 7}2:%3 Qo =
%, ap = %, we consider the following impulsive multi-orders fractional differential equation:

a u'(t)
CDtk’“u(t):ﬁcosu(t)—&—m—&—t, 0<t<l, t#1,

u(0) +2 “Doru (0) = %
u(l)+2%Dysu(l) = 3

It is clear that
|f(t,1‘,$1) - f(tay7y1)| <0.02 (|;E _y| + ‘131 _y1|)’ 0<t< 17 T,Y,%1,Y1 € R.

One can easily calculate that
A=0.2178 < 1.

Therefore, all the assumptions of Theorem 3 hold. Thus, by Theorem 3, the impulsive multi-orders fractional
boundary value problem (6) has a unique solution on [0, 1].
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Abstract. In this paper, we introduce a new modification of Kantorovich-type
Bernstein-Schurer operators K:;’pyq( f;x) based on the concept of g-integers. We
investigate statistical approximation properties, establish a local approximation theo-
rem, give a convergence theorem for the Lipschitz continuous functions and obtain a
Voronovskaja-type theorem. Furthermore, we also give some illustrative graphics and
some numerical examples for comparisons for the convergence of operators to some
function.

2000 Mathematics Subject Classification: 41A10, 41A25, 41A36.
Key words and phrases: g¢-integers, Bernstein-Schurer operators, A-statistical
convergence, rate of convergence, Lipschitz continuous functions.

1 Introduction

In 2015, Agrawal, Finta and Kumar [1] introduced a new Kantorovich-type general-
ization of the ¢-Bernstein-Schurer operators, they gave the basic convergence theorem,
obtained the local direct results, estimated the rate of convergence and so on. The oper-
ators are defined as

n+p [[k+1]]q

_ n+1
Kapalfi2) = [0+ 10,3 buspaasaa™ [0 pojaft, 1)

k=0 [n+1]q

where by, 1p 1(q; ) is defined by

n-+p _

buipr(giz) = | = 0 |t (1 —a)gtrh (2)
q

They obtained the following lemma of the moments.

*Corresponding author.
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Q. -B. CAI AND G. ZHOU

Lemma 1.1. (See [1], Lemma 2.1) The following equalities hold

Knpq(liz) = 1 (3)
) — QQ[n+P]qx 1 .
Honra0) = b1, " @t 1, W
¢(L+g+4g")[n+plgln+p—1]g >, 9B+5q9+4¢%)[n +plg
[2](1[3]«1[” + 1]2 [2]q[3]q[” + 1}3
1
[8lg[n +1]2°

Knpg (t23 x) =

+ (5)

Apparently, these operators reproduce only constant functions. In present paper,
we will introduce a new modification of Kantorovich-type g-Bernstein-Schurer operators
K, ,,(f;7) which will be defined in (7). The advantage of these new operators is that
they reproduce not only constant functions but also linear functions. We will investigate
statistical approximation properties, establish a local approximation theorem, give a con-
vergence theorem for the Lipschitz continuous functions and obtain a Voronovskaja-type
theorem. Furthermore, we will give some illustrative graphics and some numerical exam-
ples for comparisons for the convergence of operators to some function. We may observe
that the new operators K, , .(f; ) give a better approximation to f(z) than K, 4(f; 7).

Before introducing the operators, we mention certain definitions based on g-integers,
detail can be found in [4, 5]. For any fixed real number 0 < ¢ < 1 and each nonnegative
integer k, we denote g-integers by [k],, where

1—g* )
[k]q — 1_q b q # 13
k, q=1.

Also g-factorial and g-binomial coefficients are defined as follows:

W:{ mq[k—luq...mq, ::),2,...;’ [Z] )y . wzkz0)

For z € [0,1] and n € Ny, we recall that

n __ 1’ e
=2k _{ [} (1-¢/z) = (1 —2)(1 —ga).. 1 —¢"'2), n=12,..

The Riemann-type g-integral is defined by
[ @it =0-gp-a Y 1@+ b-ar) )
a ]:0

where the real numbers a, b and ¢ satisfy that 0 < a <band 0 < g < 1.
For f e C(I),I =10,14p],p € Ny, g € (0,1) and n € N, we introduce the modification
of Kantorovich-type ¢g-Bernstein-Schurer operators as follows:

n+p {’f“'l]]q

% _ n+1
K pg(fi0) = [+ 1y Y bospr (gu(@) g™ [ f(B)dgt, (7)

k=0 [n+1]q
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CONVERGENCE OF MODIFICATION OF THE KANTOROVICH-TYPE
¢-BERNSTEIN-SCHURER OPERATORS

where by, 1p 1(q; ) is defined by (2), and

[2]4[n + 1,z — 1 ( 1 1+2q[n+p]q>
T2l

2q[n + plg gln +1]q =TS 2]4[n +1]q

u(zx) =

2 Auxiliary Results

In order to obtain the approximation properties, We need the following lemmas:

Lemma 2.1. For the modification of Kantorovich-type q-Bernstein-Schurer operators (7),
using lemma 1.1, by some easily computations we have

Ky pq(liz) = 1, 9)
Ky ,qtz) = =, (10)
e oy 2lg(+q+4¢?) [n+p—1]2®  (3+5¢+4¢%)
Kopa (F50) = Tyl + 7, 3+ 1,
(1+q+4¢) ) [n+p—1ez  (1+qg+4¢°) In+p—1],
— 2[BJgln+ Lgln + plg 42]¢[3lg[n + 1J3[n + plq
3+ 5q + 4¢? 1 (1)

202 Befn + 12 T Blgln + 12

Remark 2.2. Let {q,} denotes a sequence such that 0 < q, < 1. Then, by Bohman and
Korovkin Theorem, for any f € C(I), operators K, , .(f;x) converge uniformly to f(z),
if and only if limy, oo g = 1.

Lemma 2.3. For the modification of Kantorovich-type q-Bernstein-Schurer operators (7),

we have
K:qu( x;x) = 0, (12)
. . (¢ +4¢* —2¢=3)a®  (1+29)z  (3+5¢+4¢%)x
Kipa (1= 2%0) < 13, Bl + 1g 2Bl + gl + ol
(1+2q)x (3+5q + 4¢°)x (14)
o B]qm + 1]4 2[3]q[” + 1]q[n "‘p]q7
* t—a)t i
Koy (t=250) < 0 (). (15

Proof. By (9) and (10), we get (12). Using (10), (11) and some computations, we have

K*mq(( - )% )
= K (t}x)—22K' (t;z)+ 2>

n,p,q n,p,q
(q + 4q° —2q—3) 2 (142)n+p- Uz ¢"P7 Y3+ 5q + 4¢)x
B 4[3]4 [3g[n + 1]g[n + plg 2[3]¢[n + 1lg[n + plq
(q2 +4¢% —2¢ — 3) x? (1+2q)x (3 4+ 5q + 4¢%)x
- 4[3]4 Blgn+ 1]y 2[8]g[n+ 1g[n+plg
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Indeed, using the similar method for estimate K, 4 ((t — )% ) in [1, P. 229], we have

K pq (= z)%2)

n+p 4 n+p 4
gmzbwp,k(q;u(w»([ Ky [k]q]q> +64an+p,k(q;u(x>)< (K] _x>

k=0 n+1lly [n+p k=0 n+plg
8 n+Pb ' qk 4
n+p 4 4
ol [k]q q"([plg — 1)
< 64kzobn+p,k(Q7 () ([n+p]q> [ [n+ 1]q :|
n+p !
i [klg 2gln + gz =1 [2lg[n+ 1z — 1
+64 ’;0 b, (45 u()) <[n Fple 2qn+pl 2ln+plg x)
8 n+p ‘ qk 4
+@ kzo bntpk (g5 u(z)) ([n + 1]q>
n—+p
< Clw +512)  bpap(giul@)) ((t — u(@)); z)
q k=0
n+p 1
-l [Q]q[”"‘l]qx_l_x o
—|—512kzzobn+p,k(q’ ( )) < 2q[n+p]q ) + [n]ﬁ’

where u(x) is defined in (8), C; and Cy are some positive constants. Thus,

K ((t— x)4;x)

n7p7q
o 4 n 1 n 4
§C1([p]q 21) +512Q32+512 [[Q]q([n]q+q )z —1-2q([n]g+gq [P]q)x} Jr%
[n]q [n]q Qq[n +p](1 [n]q
4
-1 4 1 n+1 _ 2) n+1 -1 1
= 017([29](1 5 ) + 512i32 + 512 ( +4 a [p]q) v + % =0 (2> )
[n]q [n]q 2q[n + p}q [n]q [n]q
where (3 is a positive constant, lemma 2.3 is proved. ]

3 Statistical approximation properties

In this section, we present the statistical approximation properties of the operator
K3 pq(fi2).

Let K be a subset of N, the set of all natural numbers. The density of K is defined
by §(K) := lim, 2 >}, xx (k) provided the limit exists, where xx is the characteristic
function of K. A sequence x := {x,} is called statistically convergent to a number L if,
for every ¢ > 0, 6{n € N: |z, — L| > e} = 0. Let A := (a;n),j,n = 1,2, ... be an infinite
summability matrix. For a given sequence x := {z,}, the A—transform of z, denoted by
Az := ((Az);), is given by (Az); = > 72 ajnxy provided the series converges for each
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j. We say that A is regular if lim,(Az); = L whenever limxz = L. Assume that A is a
non-negative regular summability matrix. A sequence z = {x,} is called A-statistically
convergent to L provided that for every ¢ > 0, lim; Zn:lmn—L\Ze ajn, = 0. We denote this
limit by st4 — lim, 2, = L. For A = C{, the Cesaro matrix of order one, A-statistical
convergence reduces to statistical convergence. It is easy to see that every convergent
sequence is statistically convergent but not conversely.

We consider a sequence ¢ := {g,} for 0 < ¢, < 1 satisfying

stqg —limg, = 1. (16)
n
Ife; =t', t e RT, i =0,1,2,... stands for the ith monomial, then we have

Theorem 3.1. Let A = (ani) be a non-negative reqular summability matriz and q := {qn}
be a sequence satisfying (16), then for all f € C(I), x € [0, 1], we have

sta — h;;n HK;kL,p,qf - fHC(I) =0. (17)
Proof. Obviously
sta — i ||K7 0, () — eilley = 0. (6=0,1) (18)
By (11) and (13), we have
K . (0)] < 1+ 2q, 3+ 5q, + 42
nan {237 = Blan U, " 2Bl [0+ g, [0+ 2,
Now for a given € > 0, let us define the following sets:
. 1+ 2g; € }
U .= K —e Uy =3k: ——"—— > —
(i gt =lloy > e} o= {5

U”:{”2m%m+u%m+ﬂ%22

Then one can see that U C Uy U Us, so we have

3+ 5qx, + 4q;, s}

1+ 2q €
51k < _ < dqk<n: /88— > —
{ n: || nqu(62) 62”0(1)} = { =N Blgi[n + g, — 2}

3+ 5qx + 4q; - g}
2[3]gp [0 + g, [n + plg, — 2 ’

+6 {k <n:
since sty — lim g, = 1, we have
n

st lim 1+ 24,
4= _ - rean
n [3]qn [n + 1]Qn

which implies that the right-hand side of the above inequality is zero, thus we have

0. st li 3+ 5¢n 4QT2L
=0, — lim
n Q[S]Qn[ ! 1](177, [n p]Qn

=0,

StA_hmHKnpqn( 2)—62”0(1) =0. (19)

Combining (18) and (19), theorem 3.1 follows from the Korovkin-type statistical approx-
imation theorem established in [3], the proof is completed. ]
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4 Local approximation properties

Let f € C(I), endowed with the norm || f|| = sup,¢; |f(z)|. The Peetre’s K—functional
is defined by

Ko(f;0) = inf {||f — gl| + 5|lg"
2(f30) = f, {|If —gll +dllg"ll}

where 6 >0 and C? = {ge C(I): ¢',g" € C(I)}. By [2, p.177, Theorem 2.4], there exits
an absolute constant C' > 0 such that

Ky (f;6) < Cuwa(f; V9), (20)

where

wa(f;0) = sup sup  [f(x +2h) = 2f(z + h) + f(z)]
0<h<d z,z+h,x+2hel

is the second order modulus of smoothness of f € C(I).
Now we give a direct local approximation theorem for the operators K;,nq( fix).

Theorem 4.1. For g € (0,1), 2 € [0,1] and f € C(I), we have

N - (% + 4¢3 —2q — 3) 22 (1+2q)x (34 5q + 4¢%)x
[KipalFe) = J)] < (f\/ 3, T B+ 1], T ARl + g+ ol )
(21)

where C is a positive constant.

Proof. Let g € C%. By Taylor’s expansion

o(t) = g(2) + @)t — ) + / (t — w)g" (u)du,

T

and (12), we get

t
K pal650) =90 + K [ (0= 09" 0z ).
Hence, by (13), we have

1K pg(952) = 9(2)]

< ‘Kﬁ,p,q (/ (t— U)g”(u)du; az) ’
< Koo, < / (t —u)|g" (u)|du ;a:)
< Ko ((t—2)%2) 19"
(q2+4q3_2q—3) 2 (1+2q)x (3+5q+4q2)x ,
N 43, TR, 2Bt e, |9 (22
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On the other hand, using lemma 2.1, we have

n+p [k+1]q

£ _ [n+1]
K g F52)| < 0y 3 bus @) [0 ol <ifll - (29

k=0 n+1]q

Now (22) and (23) imply

| Kpalfi2) = [(@)]
‘ n,p,q(f_ga )—(f—g)(l’)‘+‘Kz,p,q(g§$)—9(9ﬁ)|

(*+4¢* —2¢-3) 2> (142 N (34 5q + 4¢*)x
4[3]q [3]q[n + 1]q 2[3](1[” + 1](1[” + p]q

IN

IN

2| f —gll + llg"1].

Hence taking infimum on the right hand side over all g € C?, we get

(q2 +4¢% —2q — 3) x? (1+2q)x (34 5q + 4¢%)x )

|K:L,p,q(f§ ﬂf) - f(ﬂf)’ < 2K, (f, 8[3]q 2[3]q[n T 1]q 4[3](1[” + l]q[n +p]q

By (20), for every ¢ € (0,1), we have

o (4 4¢3 —2q —3) 22 (14 2q)x (34 5q + 4¢%)x
Bapglfs0)=f2)] < G (f | \/ s, Tt 1, Bl +p1q> ‘

This completes the proof of theorem 4.1. O

Remark 4.2. For any fixred x € [0,1], p € Ny and n € N, let ¢ := {¢q,} be a sequence
satisfying 0 < g, < 1 and lim,, ¢, = 1, we have

(2 +4¢3 —2g, —3) 2% (1+2¢,)z (3 + 5gp + 42
8[3]4, 2(3]g. [0+ g, 4[8]g,[n 4+ g, [0+ plg,

n—o0

These gives us a rate of pointwise convergence of the operators K, , . (f;x) to f(x).

Next we study the rate of convergence of the operators K, , .(f; =) with the help of
functions of Lipschitz class Lipys(«), where M > 0 and 0 < a < 1. A function f belongs
to Lipp(«) if

[f(y) = f(o)] < My —=z|* (y,2 € R). (24)

We have the following theorem.

Theorem 4.3. Let q := {qn} be a sequence satisfying 0 < g, < 1, limg, =1 and f €
n
Lippyr(a), 0 < a < 1. Then we have

- (®+4¢* —2¢—3) 2> (14 29)z (3+5¢+4¢)z |°
|Kn7p,q<f’ ™)~ f(fb')‘ =M 4[3], [Blgln +1]g — 2[3]4[n + 1g[n + ply
(25)
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Proof. Since K, , . is a linear positive operator and f € Lipy(a) (0 < a < 1), we have

1K g (f5 ) = f ()]

< Kopg (LF(8) = fa)];2)
n+p [[’9+1]]q
_ . —k | [ntle _ R
= 1y Y beplazue)a [ IR0 - fa)dl
k=0 [n+1lq
n+p [[’“+1]]q
. —k ntilg _ |agR
< Ml 1y Y bepa(gu@@)a™ [ fe - aldf
k=0 [n+1]q
n+p [[k""i]]q B [[k"ri]]q %Ta
) —k e a12 IR ntile LR
< M[n + 1]’1 Z bn+p,k(Q7 u(x))q </ (kg Ht - .’E‘ ] dq t) ( (kg dq t)
k=0 [n+1]q [n+1]q
n+p (k+1]g 3 & 2—a
_ M[n + 1] Z b (Q' u<$))q7k [n+1]q (t . w)Qth q 2
9 L Trtp kA (kg e [n+ 1]
k=0 [n+1]q
n+p [k+1]q bl a
_ : g 2 R [+ g 2
= MY buspa(giu() ( / (= )] t) ( 7
k=0 [n+1]q
n+p [Uﬁ'l%q 2
2—a _k n+tllq
= MZ [orp. (4 u())] 2 <[n + Ugbntp,e(g; u(z))q /[k]q (t— x)quRt)
k=0 [n+1lq

Applying Holder’s inequality for sums, we obtain

‘K:;,p,q(f;x) - f(.’l?)‘

n+p e n+p [[kﬁ]]q 3
— n q
= M (Z bnipk (g5 u()) (Z[n + Ugbnipr(g; u(z))q k/[k]q (t — m)Qdft)
k=0 k=0 TFilg
= MK, ((t-2)%2)]?
Thus, theorem 4.3 is proved. O

Now, we give a Voronovskaja-type asymptotic formula for K , (f;x) by means of the
second and fourth central moments.

Theorem 4.4. Let q := {qn} be a sequence satisfying 0 < ¢, < 1, lim,¢q, = 1. For
f€C*I), (f(x) is a twice differentiable function in I), the following equality holds

Tim [nlg (K (f32) — F(@) = T (26)
Proof. Let x € [0,1] be fixed. By the Taylor formula, we may write
f(t) = f@)+ f'(z)(t —2) + %f”(fﬁ)(t —z)® 4 r(t;z)(t — x)?, (27)
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where 7(t;z) is the Peano form of the remainder, r(¢t;2) € C(I), using L'Hopital’s rule,

we have
- f() = f@) = f(@)(t - x) = 5" (2)(t - 2)?
gl_rg;r’(t x) = th_r)r;c o 2
B O L o (e N I B LU O
o 2(t ) ot 2 -
Since (12), applying K}, , ,(f;z) to (27), we obtain

[n]q (B3 pq(fi2) = f(2)) = { Jof" (@) g (= 2)%2) + [0l g (r(t2) (= @)% ) -
By the Cauchy-Schwarz inequality, we have
K oq (7 (t; ) (t — x)?; \/ g \/ g ( z)4 ). (28)

Since r?(z;z) = 0, then it is obtained easily that lim,, K, 4 (r?(t;z); ) = r?(2;z) = 0 by
remark 2.2. Now, from (15), (28) and (14), we get immediately

"
: * . 2. _ : 2. _ f (.%')
nh—>ngo[ ] Knpq( (t,ﬂj)(t*u’l?) ,.’L’) =0, nh—>ngoi[ ]qf”( ) ,pq((t7x> ,I‘) - 92 T
Thus, theorem 4.4 is proved. O

0.8

0.6

0.4

0.2

0

1 1 1 1 i 1 1 1 1 I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x (forn=50,p=1)

Figure 1: Convergence of K, , (f;z) for n =50, p =1 and different values of g.
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—f(x)

——Forn=10

18| ——For n =20
For n =50

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x (forn=10,p=1,q=0.9)

Figure 3: The graphs of K}, , ,(f;z) (red) and Ky, , o(f;2) (blue) for n =10, p=1 and ¢ = 0.9.
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1 i 1
0 0.1 0.2 0.3 0.4 0.5 06 0.7 0.8 0.9 1

X (forn =50, p = 1, q = 0.99)

Figure 4: The graphs of K, , (f; ) (red) and K, p o(f;2) (blue) for n = 50, p =1 and ¢ = 0.99.

5 Graphical and numerical examples analysis

In this section, we give several graphs and numerical examples to show the convergence

of K, ,(f;x) to f(x) with different values of n and ¢, and also compare the operators

K, o (f;m) with K, o (f5 7).

Let f(z) = 1 —cos(4e®), for n = 50 and p = 1, the graphs of K7, , (f;z) with different
values of ¢ are shown in figure 1. Moreover, for p = 1 and ¢ = 0.9, the graphs of K, , .(f; )
with different values of n are shown in figure 2.

Figure 3 shows the graphs of K, , (f;z) (red) and Ky, 4(f;z) (blue) forn =10, p =1
and ¢ = 0.9. In figure 4, the values of n and ¢ are replaced by 50 and 0.99, respectively.

In Table 1, we give the errors of the approximation to f(z) of K »  (fiz) and Ky, p o (f; 7)
with different values of ¢ and n. We may observe that operators K _(f;x) give a better

estimate than K, , ,(f; ).

an
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Table 1: The errors of the approximation to f(z) of K , (f;2) and Ky p4(f; ).

1F = Kipa Do | 17— Kapa(lo
n=10| n=50 | n=10| n=2>50
m = 100 0.4890 | 0.1318 | 0.5628 | 0.1587
m = 200 0.4856 | 0.1201 | 0.5638 | 0.1471
m = 300 0.4844 | 0.1163 | 0.5642 | 0.1436
m = 400 0.4838 | 0.1145 | 0.5645 | 0.1419
m = 500 0.4835 | 0.1134 | 0.5646 | 0.1409
m = 600 0.4832 | 0.1126 | 0.5647 | 0.1402
m = 700 0.4831 | 0.1121 | 0.5648 | 0.1397
m = 800 0.4829 | 0.1117 | 0.5648 | 0.1394
m = 900 0.4829 | 0.1114 | 0.5649 | 0.1391
m = 1000 0.4828 | 0.1112 | 0.5649 | 0.1389

g=1-1/m
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BARNES-TYPE DEGENERATE BERNOULLI AND EULER
MIXED-TYPE POLYNOMIALS

TAEKYUN KIM, DAE SAN KIM, HYUCKIN KWON, AND TOUFIK MANSOUR

ABSTRACT. In this paper, we consider the Barnes-type degenerate Bernoulli and Euler
mixed-type polynomials. We present several explicit formulas and recurrence relations
for these polynomials. Also, we establish a connection between our polynomials and
several known families of polynomials.

1. INTRODUCTION

The goals of this paper are to use umbral calculus to obtain several new and interesting
identities of Barnes-type degenerate Bernoulli and Euler mixed-type polynomials. The
use of umbral calculus technique has been very attractive in numerous problems of math-
ematics (for example, see [1,6,8,14,18-21,24]) and used in different areas of physics (for
example, see [4,5,19]).

Let r, s € Z~g. Throughout the paper we assume that a = a1,...,a, and b = by, bs, ..., bs.
The Barnes-type degenerate Bernoulli and Euler mized-type polynomials BE, (X, z|a;b)
with a1,...,a,;b1,...,bs # 0 are defined by the generating function

'

t s 9 $
B i1:11<(1+)‘t)ai//\—1>21:[1((1+)\t)bi//\+1)(1+)‘t = Zﬁé’ (\, z)a; b)

n>0

If z =0, BE,(Aa;b) = BE,, (X, 0]a; b) are called the Barnes-type degenerate Bernoulli and
Euler mized-type numbers. Here, we recall that the polynomial 3, (X, z|a) with ay, ..., a, #
0 are given by

T

t
o E<(1+)\t)ai/A_l>( + At)*A = Zﬁn (\ x|a

n>0

are called the Barnes-type degenerate Bernoulli polynomials and studied in [7]. We note
here that

lim 8, (A, z|a) = B, (z|a),
A—=0
lim A""B,(\ Azla) = (aras - a,) b (@),
A—00
tr _

where By, (z|a) are the Barnes-type Bernoulli polynomials given by []._, (ﬁ) e =
> n>0 B, (z]a)L; and bgl)(x) are the Bernoulli polynomials of the second kind of order

2000 Mathematics Subject Classification. 05A40, 11B83.
Key words and phrases. Euler polynomials, Bernoulli polynomials, Umbral calculus.
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n!

r given by (W)r (1+0)" =50 bT({)(x)t" (see [12,22]). Also, we recall that the
polynomial &, (A, z|b) with by, ..., bs # 0 are given by

S

2 x
) 11 <(1 + AP/ 4 1> A+ =D En(Xafb)

i=1 n>0

t’n
n!

are called the Barnes-type degenerate Euler polynomials and studied in [11,17,25]. We
denote &, (A, 0[b) by &,(A|b). We note here that

lim &,(\, z|b) = E,(z|b),

A—=0

/\lim AT (N Azxla) = (2), =x(z— 1) (z —n+ 1),
—00

where E,(z|a) are the Barnes-type Euler polynomials given by (see [3])

S

2 t"
I () & = S vt

i=1 n>0

In order to study the Barnes-type degenerate Bernoulli and Euler mixed-type polynomials,
we use the umbral calculus technique. We denote the algebra of polynomials in a single
variable x over C by II. Let II* be the vector space of all linear functionals on II. Let
(L|p(z)) be the action of a linear functional L € II* on a polynomial p(z), where we extend
it as (cL + ¢'L'|p(z)) = ¢(L|p(z)) + (L' |p(x)), where ¢, € C (see [22,23]). Define

k
(4) H— f(t):Zak%]akE(C
E>0 )

to be the algebra of formal power series in a single variable ¢t. The formal power series
in the variable ¢ defines a linear functional on II by setting (f(¢)|z") = a,, for all n > 0
(see [22,23]). By (4), we have

(5) ¥z = nld, g, for all n,k > 0, (see [22,23]),

where 6, ) is the Kronecker’s symbol. For fr(t) = Zn20<le”>tn—n!, by (5), we have that
(fr(t)|z™)y = (L|z™). Thus, the map L — fr(t) is a vector space isomorphism from IT*
onto H, namely H is thought of as set of both formal power series and linear functionals.

We call ‘H the umbral algebra. The umbral calculus is the study of umbral algebra.

The order O(f(t)) of the non-zero power series f(t) is the smallest integer ¢ for which the
coefficient of t* does not vanish (see [22,23]). If O(f(t)) = 1 (O(f(t)) = 0) then f(t) is
called a delta (an invertable) series. If O(f(t)) = 1 and O(g(t)) = 0, then there exists a
unique sequence s,(z) of polynomials such that (g(¢)(f(¢))*|sn(2)) = n!d,x, where n, k >
0. The sequence s,(x) is called the Sheffer sequence for (g(t), f(t)), and we write s, (x) ~
(g(t), f(t)) (see [22,23]). For f(t) € H and p(z) € II, we have that (e¥|p(z)) = p(y),
YO0} = (OO, 1) = ool O and o) = Toallp(a) 3
us,

(6) (t*lp(z)) = p™(0),  (1p®(2)) = p*(0),

3
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where p*)(0) denotes the k-th derivative of p(z) with respect to x at = = 0. So, by (6), we

get that tFp(x) = p¥)(z) = - kp( ), for all k& > 0, (see [22,23]). Let s,(x) ~ (g(t), f(t)).
Then we have

L i) N~ (0
(7) S0 y n;) n(y)

for all y € C, where f(t) is the Compositional inverse of f(t) (see [22,23]). For s,(z) ~
(g(t), f(t)) and 7y, (z) ~ (h(t), £(t)), let sp(x) = D> 1o Cn k() then we have

R0 P
i o),

(8) Cnk =

(see [22,23]).

By the theory of Sheffer sequences, it is immediate that the Barnes-type degenerate
Bernoulli and Euler mixed-type polynomial is the Sheffer sequence for the pair g(t) =

() Tz (e = 1) TIy (52L) and £(8) = § (€~ 1). Thus

(9) BE,, (A, z|a;b) ~ ((e;\_ 1)’“ ﬁ (et —1) ﬁ (ebit;— 1) ’ %(eAt — 1)) .

i=1 i=1

The aim of the present paper is to present several new identities for Barnes-type degenerate
Bernoulli and Euler mixed-type polynomials by the use of umbral calculus.

2. EXpPLICIT EXPRESSIONS

In this section we suggest several explicit formulas for the Barnes-type degenerate Bernoulli
and Fuler mixed-type polynomials. To do so, we recall that the Stirling numbers S1(n, m)
of the first kind are defined as (z), = > 1_o S1(n,m)z™ ~ (1,e' — 1) or !(log(l +1) =

> 0> S1(L, j)% Also, we recall that the Stirling numbers Sa(n,m) of the second kind

are defined by €U0 — Y5 Sy(6, k). Define (z/A), = A(z/A), to be (z|\), =
x(x —N)(z —2X)-- ( — (n—1)A) with (z|\)p = 1. Also, we define

r

Pps(t) = 11;11 <(1 n )\t)tai/A — 1) lel <(1 - At)Qbi/A + 1)

and
r ¢ i 2
Qrs() =]] <et—1) I <ebt+1> '
i=1 =1

Theorem 2.1. For alln > 0,

_Ms

BE, (A z|a;b) = Zn:

j=0

< >81 (L, ))NTIBE, _o(Aasb) | a7

~
Il

J
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Proof. By applying the conjugation representation for s, (x) ~ (g(t), f(t)), that is,

5n(z) = Z g (F ) ) am)ad,

]l
(see [22,23]) we obtain
(o(F(1)" < o lg”“)) o > = 37 (Prat)] og(1 + M) 2"
=\ < O[T S, 5N >
0>
Thus,
Lo @ = 3 () s 3 (Pt
]' = / 7,8
N WEI <Z 56, (Ala b)i:|x”“>
=5 m>0 ’
-3 (M)s (6, )X BE,_y(Ala;b),
Zz:; <€> 157 0
which completes the proof. O

Theorem 2.2. For alln >0,

£, (\ z|a;b) = \" Z Z ) (n,m)Sy(k + r,r)A\* """ BE,,_i(x|a;b),
m=0 k= 0 T

where BE,(z|a;b) are the Barnes-type Bernoulli and Euler mized-type polynomials with
. t - 2 - tn
t_ .
H(eait_1>H<ebit+1>ex _ZBEn(x‘aﬁb)E
i=1 i=1 n=0

(see [26]).

Proof. By (9), we have

(10) (eﬁ_ 1>H (e —1) H ( . 1) BE (A, xla;b) ~ (1, %(e” — 1)) ,

i=1 =1
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which implies

n At 1 r
BE (N zlasb) = 37 S1(n, mIX""Qys(1) (6 = ) "

m=0

k

i A
= Z n m )\7’1 mQT s r! Z SQ k +r T)Wtk ™
m=0 k>0 '

(n,m)Sa(k + 7, T‘))\k " Qrs(t)x m—k

S1(n,m)Se(k + r, r))\k_mBEm_k(x]a; b),

3
O
=
Il
o
A
<
~—

which completes the proof. ]

Theorem 2.3. Foralln > 1,

n—1n—~¢ — n—y¢
/Bgn()‘v x‘a; b) = Z Z (e(lg—&-g')k))‘k+£52(k + 7, ?”)Bén)BEn_g_k(l"a; b)
=0 k=0 r

Proof. We proceed the proof by invoking the following transfer formula (see (7) and (8)):

for pu(w) ~ (1, £(1)) and gu(2) ~ (1,g(1)), then gu(z) == (53)" 2 pu (@), for all n > 1.
In our case, by 2™ ~ (1,t¢) and (10), we have

(wA_J I -] (ebz’t; 1) 8€, () ala; b)

i=1 i=1

n n—1
_ At n— n))\ 0, n—1 n—1 0p(n) n—¢
_x(e)‘t—1> —xZB t Z( ’ >)\ B, x"

>0 =0

Thus,
n—1 T
n—1 n eM—1 -
,Bgn(A,QI‘EL b) = ( g >)\£Bé ) (Qns(t) ( )\t > z Z)
£=0
n—1
—1 n 'A’ftk
= (”E )AfBé " Qrs(®) Y Salk +7,7) Tk !
£=0 k>0
n—1n—~¢ n—~¢
— Z Z ( é(k)+(q~)k ))\k-&-éSQ(k + 7, T)Bén)Qr,s (t)mn—é—k
/=0 k=0 r
n—1n—/{ n—_
= T k)+(T : )Ak+452(k: +r,7)BM BE, 4 (z|a;b),
£=0 k=0 ( r )
as claimed. ]
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Note that the Barnes-type Daehee polynomials with A-parameter Dy, x(x|a) with a1, ..., a, #
0 was defined as

. log(1 + At) A\
11 (14 xt)*/ D,
(11) Zl;[l)\(l—i-/\t)ai“—l + 7;0 )\.Z"a

see [15,16]. When = = 0 we write D, x(a) = D, »(0|a); the Barnes-type Daehee numbers.
Theorem 2.4. For alln >0,

58,0 riach) = 30 () (") ) @D aim)
=SS (1) ) Dt sb)

— g ,
- (Z) <n k >)‘£bé )Dk,A(a)gnfsz(x, Alb).

Proof. By (9) we have
BE. (N zlasb) = < S (1 + t)x/)‘\:c >

A

i IOg 1+)\t 9 ! r

1 /.1
r log(1 + At) 9 ) Ny
<H (A(( 1+ At)a/A —1 ) ( 1+ At)bi/A 1> ‘Z (z/ )E! x

+
" (n 4 log1+)\t = "
= A " M
() (T (5 i (Cem— )

=1
Thus, by (11), we obtain

i ( > < )Aébér)(x/)\)Dk,A(a) <£[1 <(1 " )\t)Qbi/A - 1) |xn—ﬂ—k>

0 k=
> —~ @) (n v E) N0 (/0 D (@)En—s-k(AD),

formula. Similar techniques show the second and the third formulas.
O

I
=L TM: T
o
MNO

”?r

which proves the

3. RECURRENCE RELATIONS

In this section, we present several recurrence relations for the Barnes-type degenerate
Bernoulli and Euler mixed-type polynomials.
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Theorem 3.1. For alln >0,

n

BE,( N,z +yla;b) = Z (?) BE; (A z|a;b)(y|A)n—;

J=0

Proof. By (9) we have (e{t\—t_l)T Q%(wﬁgn(}\,xla;b) = (z|A\)y ~ (17 6“}\—1)7 which implies
the result. O

Theorem 3.1 with z = 0, gives the following result.
Corollary 3.2. For alln > 0,
BE, (A zlasb) = > ( ) _;(Ala;b)(z|X);.
7=0
Theorem 3.3. For alln > 1,
BE,(\x+ Alayb) = BE, (A ofa;b) + nABE,_, (A, za; b).
Proof. By (7) we have that f(t)s,(z) = nsp—1(z) when s,(x) ~ (g(t), f(¢)). In our case,

from (9), we have

A _

1
Bgn()V :r:|a; b) = nﬂgnfl()V x|a; b))

which implies that S, (A, z + Aa; b) — BE,, (A, z]a;b) = nABE,,_1(\, z|a;b), as required.
0

Theorem 3.4. For alln > 1,

i/@g (/\ ‘ -b)— "S(_)\)n—l—ﬁﬁg ()\ | .b)
el , T|a; —n.ezo Tn—10) (A, z|a;
n—1
=nA""1 ) Si(n — 1,0A ' BEy(z]a; b).
=0

Proof. By (7) we have s, () = Y570 () (F(®)le" ) se(x) when s,(z) ~ (9(¢), £(1)). In

our case, from (9), we have

(F0lam) = (log(1 + M) = a1 (30 EL A oy

m
m>1

_ A_l(_l)n—é—l)\n—ﬁ(n ——1) = <_A)”_£_1(7”L —(—1)

Thus £8E,(\ z|a;b) =n! >}, L %555()\ x|a; b), as required.

To show the second formula, we note that (z|\), = S_j_,S1(n, A"zt ~ ( L 1),
which shows that &)\_1(%]/\)” = n(z|\)p—1. Thus (%) (x| A\)n = (n)r(x|\)p—p, for all
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n > r. Thus, by (10), we have

Ovfasb) = 758, O ) = Qralt) (S5 ) @,

= (n)rQr,s(t)(@|N)p—r = (n)p A" Z Si(n —r,m)\""BE,,(z|a;b),

m=0
which completes the proof. O

Theorem 3.5. For alln > 1,
(1—7r/n)BE, (A z|a;b) = |z — Zal Zb BE, (A x— Aa;b)

1
—n;aiﬁﬁn( — Aai, a;b) + Zb BE,_1(\a — Ala; by, b).

Proof. Let n > 1. By (9), we have

I
<Z ( ’”1( 1+ M az/A—l)
(12) :<jtﬁl<(1+xt L/A—1>

Q
/\
>/
=
o
o
N~—
S
;u
o
—~
=
—
>
~
N~—
<
~
>
H
\/

s 5 -
((1 AN/ 1) (1 +>\t)y/A> Iz 1>

2
1+ M)V A g1
1<1+Atb/k+1>( A
<1+

1=
S

7

)
2 ) 1 +)\t)y/)\‘xn—1>
- At)bi/ A 4

2 d .
a +/\t)bi/A+1> dt(1+)\t)y//\|x 1>

:jm

(13) + Zr1 <(1 n )\t)tal/,\ - 1> :

s

d t
(14) + H ((1 n )\t)al/)\ _ 1) zl_Il

The term in (14) is given by

%

L

(15) y (Prs()(1+ X" a1 ) = yBE, (A y — Aayb).

In order to find the first term, namely (12), we note that
d T
%H <(1 + At)az/A - 1)
H . o a n 1 1_ a; t
B +)\t“1/>‘ TN L+ X (L+A)s/A—1))"

1=
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where the order of 1 — is at least 1. Thus the term in (12) is given by

a; t
1+t (1+>\t)ai/)\_1

—Zal< s ( 1+)\t)y/)‘ 1|x" 1>

1 — a; t
P (t)(1 /A= 1——" n—l
+< , (t)( +)\t) |tZ( 1+)\t(1+)\t>ai/)\_1)x >

=1

which equals

= aBEu Ay — Naib) + = (Pr(H)(1+ 20" fa" )

=1
— y/A=1,.n
Z < T At P+ ) |2 >
r r 1 r
(16) - - Zlaiﬂgn—l()‘a Yy — )"av b) + E/B“:n(Avy‘av b) - E ZIQZB€TL<)\7:U - A|a’i7a; b)

In order to find the second term, namely (13), we note that

S

th((lJrAt)Qb/Mrl)

2 - b, 2
H< 1+Atb/A+1>izl (_l—i-)\t+2(1+)\t)(1—|—)\t)bi/>\+1>'

Thus the term in (13) is given by

- 1
bi -1 Prs t)(1 Mt y/A—1},.n—1
Zz: << + 1+/\t>bi/>\+1> ) ( )( + ) ’x

(17) = —szﬁsn 1Ay — Ala;b) + szﬁé’n 1Ay — Ala; by, b).
=1 =1
Altogether, namely by (15), (16) and (17), we complete the proof. O

Theorem 3.6. Forn >0,

BEi1(N zlasb) = xBE, (N, x — Aa;b)

_)\nzzz)\ S1(n,m)Sa(m — k+r,r)(} )(l;)

m=0 k=0 £=0 (")

By_ g+1 k—0+1 yk—f+1 Ek—ﬁ(l) - k—{+1 .
(k o (Z“ A + =5 > ok BE(z — Ma;b).

j=1
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Proof. By (7), we have that s,41(x) = (a; - %) 1( )sn( x) when s, (x) ~ (g(t), f(t)). In

our case, see (9), we have

88,1 (M s b) = aBE, (A — Aarb) — e D ge (3 lash),

g(t)
where
/
g (t) /
= (log g(1))
g(t)
/
S
= | rlog A —rlog(e —i—Zlog ait —1)+Zlog(ebﬂ't+1)—slog2
j=1
e i a;et N °L bjebit
e — 1 Laeait ] L gbit ]
=1 7j=1
1 rteM "L agteit 1 <~ 2b;ebit
t e —1  L—eait _ 1] 2 £~ ebit 41
=1 7=1
1 )\ gtg berltE
A OOTIL 0w SIS RS o
>0 i=1 £>0 g 10>0
T S
_ +1(1) 041 41,0, L Ey(1) o1 | e
-3 Bl (Z ot )i Ly (B g )
>0 i=1 >0 j=1

Therefore, by Theorem 2.2, we obtain

g'(t)

—=BE, (A, z|a;b
g9(t) (%, ala;b)
. A8 (n,m)Sa(k +7,7) (1) R Bent (1) (N= eeryen ) e
=A Z Z Ga Gy \ 2% T | EBEn-k(lab)
m=0 k=0 r =0 =1
n "M \k-mg So(k m—Fk s
+5 1, mgj( ) (5) EE('l) b+ | tBE,,_i(za;b)
— L ( ) — i —
m=0 k=0 r (=0 j=1
n m k —k m\ (k
. A75S1(n,m)Sa(m — k+7,7) () (5)
=A Z Z (m—k—i—r) ’
m=0 k=0 ¢=0 T
Br—r:1(1) [~ k1 k—0+1 Ep—( ~ k1
B i o Nt " — : BE :b).
( E— (11 > ; A + 9 j;bj o(7|a; b)
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Thus,
B5n+1()\,x|a; b)
=zBE,(\,x — )\|a' b)

_)\nzzz ARS8 (n,m)Sa(m — k +r, r)(k)(lz)

m—k+r
m=0 k=0 £=0 ( r )
Bi—¢41(1) ket _ k-t | Eee(1) —~ hr1 .
P 1 Z A + = > o BEy(z — Aa;b),
+ =
as claimed. O

4. CONNECTIONS WITH FAMILIES OF POLYNOMIALS

The Bernoulli polynomials B (x) of order v are defined by the generating function

n>0

equivalently, Bffé) (z) ~ ((et;1>a ,t) (see [3,9,10]). In the next result, we express our

polynomials €, (A, z|a;b) in terms of Bernoulli polynomials of order «.

Theorem 4.1. Forn > 0,

BE, (A z|a;b) = mednm (),

(" N g) ARFES) (£, m)b®) -

q (n—
Z( T )51((1+a,q—p+a)52(q—p+a7a)>\p55nzkq(/\la;b)]'

Proof. Let BE, (N, zla;b) =" _cp, nBL )( ). By (8) and (9), we have

1/ _ a
N A (R A
1+ —1\" At ftf
<Pm(t) ( t ) (log(l + At) > [mt Z S1(€,m) >
n 1/x _ o
<€>)\851(57 m) <Pr,5(t) <(1+)\til> | <10g(1/\j_)\t)> xn_€>

n n—¢ n n— . Ur a
> <e>< K g)”“*gl“’m)bzi)<Pr,s(t)| <(1“til> xn—f—k>.
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Before proceeding further, we note that

((1 + )\t)l/)\ o 1>a B (eilog(lJr)\t) _ 1>a
t N t

q

—1
+ « )\ptq
=ZZ<qa ) Sl(qua,q—p+a)52(q—p+a,a)7,

Thus,

n n—~{
Com =A™ mZZK )( >)\’“”S (£, m)b{*).
£=m k=0
n——l—k q nZk

Z Z q+a 51 (g+a,g—p+a)Salg—p+a, a)/\P<pT7S(t)|xn—f—k—q>}
=0 p=0 «

which gives

which completes the proof. O

The degenerate Bernoulli polynomials B,(Za)()\, x) of order «v are defined by the generating

function
3 “ x/A
((1+M>1/A_1> (1+ M)A =3 gl

n>0
Aet—1
6(;,1) ’ )\( At )
in the proof of Theorem 4.1, we obtain the following result.

Theorem 4.2. Forn >0,

equivalently, Bfla)()\,:c) ~ (( ) Then by using similar arguments as

b)) = ~ (n (@)
BE, (N, zlasb) = > <m>dn,mﬁm (A, ),
m=0
where

3

q:O p:O a

g+, q—p+a)Sa(qg—p+a,)NBE, _,,_,(Aa;b).

The Frobenius-FEuler polynomials of order o are defined by the generating function

1_ «a
= R

n>0

(0%
equivalently, H (x|p) ~ ((itﬁ) ,t> (see [2,13]). In the next result, we express our

polynomials €, (A, z|a; b) in terms of Frobenius-Euler polynomials.
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Theorem 4.3. Forn >0,

BE, (A z|a;b) = ZA My H (1),

where
n—~_

=T () (" ) () suemn e a6

£=m k=0 p=0

Proof. Let BE,, (N, z|a;b) =>"" _ cnmH, (:1;|,u) Then

1 «@ m,n
Cm = I = p)eam <((1 + AV — 1) Prs(1)|(log(1 + At)) ™ >
I (L4 M) = )P () ml Y~ Sy (¢ m)ﬂx”
m!(1 — p)*Am e = ’ /!

- Z < )Afsl (om) (L 20— )| Py (02

n n—~{

= a}\m Z Z ( ) <n ]; 5) )\551(6, m)BE;(Na; b) <((1 + )\t)l/)\ _ M)a’xn_g_k> '

{=m k=0
Note that

(421 = oz =th) = <Z (p) (—p)* (1 + /\t)p/AIx”Zk>

0
- go (&) e <§<pwqj|x”—f—k>
;)

Q

« o -
=> ()= PN ne
p=0 p
Thus,
n n—f « a
= (1 = aAm 222 ( ) < ) (p) X (=) * P81 (£, m) BE s, (Aa; B) (PN n—tk,
£=m k=0 p=0
which completes the proof. O

The degenerate Euler polynomials Ey(la)(/\,a:) of order « are defined by the generating
function

2 (0%
— = ) 1+ ) z/A g(a (\,
<(1+At)1/k+1> M T;) ™)
£ et+1\% X e s
equivalently, Ey "’ (), x) ~ 3 ;5 ). Then by using similar arguments as in the

proof of Theorems 4.1 and 4.3, we obtain the following result.
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Theorem 4.4. Forn >0,

— - n o
98,0 alab) =20 3 (m) Q€ (0, 2),
where
" n—m)\ [«
dn,m = Z Z < ) ( )Bgnmq()‘a; b)(p|)‘)q
7=0 p—0 q b
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p-Laplacian difference equations with periodic
coefficients
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Abstract

We study the existence of homoclinic solutions for nonlinear p-Laplacian difference
equations with periodic coefficients. The proof of the main result is based on the crit-
ical point theory in combination with the Nehari manifold approach. Under rather
weaker conditions, we obtain the existence of ground state solutions and considerably
improve some existing ones even for some special cases.

Key words: P-Laplacian Difference equations; Nehari manifold; Ground state solu-
tions; Critical point theory.

1 Introduction

Difference equations represent the discrete counterpart of ordinary differential equations,
have been widely used in many fields such as computer science, economics, neural network,
ecology, cybernetics, etc. In the past decades, the existence of homoclinic solutions for differ-
ence equations with p-Laplacian has been extensively studied, The classical method used is
fixed point theory, to mention a few, see [1-3] and references therein for details. As it is well
known, the critical point theory is used to deal with the existence of solutions of difference
equations [4-10]. Here we mention the works of Cabada, Iannizzotto and Tersian [4], Jiang
and Zhou [5], Long and Shi [6]. In these papers, critical point theory is applied on bound
discrete intervals, which leads to the study of critical points of an energy functional defined
on a finite-dimensional Banach space. For unbounded discrete intervals such as the whole set
of integers Z, Ma and Guo used critical point theory in combination with periodic approxi-
mation to deal with such problems [7]. In the present paper, under convenient assumption,

*Corresponding author. E-mail address: sunkanry@163.com
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without periodic approximation and without verifying Palais-Smale condition, we not only
prove the existence of homoclinic solution, but also obtain the ground state solution. we
extend [11] to the case of the p-lapacian difference equation with periodic coefficients.

In this paper, our work focus on the existence of homoclinic solution for the following
second order nonlinear difference equations with p-Laplacian

—Ala(k)¢p(Au(k — 1)) + b(k)gp(u(k)) = f(k, u(k)), k€ Z, (1.1)

where ¢,(t) = [t|P~%t for allt € R, p > 1. a(k), b(k) are positive and T'—periodic sequences, T
is a fixed positive integer. f(k,u) : Z xR — R is a continuous function on w and T —periodic
on k. The forward difference operator A is defined by

Au(k — 1) =u(k) —u(k —1), for all k € Z.

where Z and R denote the set of all integers and real numbers, respectively.

In addition, we are interested in the existence of nontrivial homoclinic solution for (1.1),
that is, solutions that are not equal to 0 identically. We call that a solution u = {u(k)} of
(1.1) is homoclinic (to 0) if

lim wu(k) =0. (1.2)

|k|—o0

Throughout this paper, we always suppose that the following conditions hold.
(A) a(k) >0 and a(k+T) = a(k) for all k € Z.
(B) b(k) >0and b(k+T)=0b(k) for all k € Z.
(f1) fe€C(ZxR,R), and there exist C' > 0, g € (p,o0) such that
|f(k,u)| < C(1+ |ul7"), forall k€ Z,ucR.
(f2) Ililmof(k, w)/lu[P~t = 0 uniformly for k € Z.
u|—

(f3) |l‘im F(k,u)/|ulP = 400 uniformly for k € Z, where F(k,u) is the primitive function
UuU|—00
of f(k,u), i.e.,

F(k,u) = /Ouf(k, 5)ds.

(f2) uws f(k,u)/|ulP~! is strictly increasing on (—o0,0) and (0, cc).

The main result in this paper is the following theorem:

Theorem 1.1. Suppose conditions (A), (B) and (f1)— (fs) are satisfied. Then equation (1.1)
has at least a nontrivial ground state solution.

Remark 1.1. In [7], Ma and Guo considered the special case of (1.1) with p = 2 and
obtained the following theorem:
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Theorem A Suppose conditions (A),(B), (f2) and the following generalized Ambrosetti-
Rabinowitz superlinear condition are satisfied:

(GAR) there exists a constant p > p such that
0 < pF(k,u) < f(k,u)u, forall k and u # 0, (1.3)

Then equation (1.1) has a nontrivial ground state solution.

It is easy to see that (1.3) implies (f3). There exists a p-superlinear function, such as
f(k,u) = Jul"*uln(l + [ul),

does not satisfy (1.3). However, it satisfies the condition (f1) — (f4). So our conditions
are weaker than conditions in [7]. And we do not need periodic approximation technique
to obtain homoclinic solutions. Furthermore, we obtain the existence of a ground state
solution. Therefore, our result not only extends the main result in [7] to difference equations
with p-Laplacian but also improves it.

Remark 1.2. In [12], the authors considered the following second order nonlinear difference
equations with p-Laplacian

—Adp(Au(k — 1)) + b(k)dp(u(k)) = f(k,u(k)), k€2, (1.4)

without any periodic assumption, they obtained the homoclinic solutions of the equation.
However, PS condition need to be proved in [12], in this paper, we only prove the coercive
condition (below Lemma 3.2) is satisfied.

Example 1.1. Let
0, u =0,
16290 = { bt . 70

for all k € Z, If (A) and (B) are satisfied, then it is easy to check that all the conditions of
our Theorem 1.1 are satisfied. Therefore, the nontrivial homoclinic solution is obtained at
once.

The rest of the paper is organized as follows: In Section 2, we establish the variational

framework associated with (1.1), then present the main results of this paper. Section 3 is
devoted to prove the main result.

2 Preliminaries

In this section, we shall establish the corresponding variational framework associated with
(1.1). We are going to define a suitable space E and an energy functional J € E, such that
critical points of J in E are exactly solutions of (1.1).
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Consider the real sequence spaces

1

P=PZ)=< u={uk)}rez :VEk€Zuk)eR,|ulp= (Z \u(k)|p> <oop. (2.1)

keZ
Then the following embedding between [P spaces holds,

1C P, |lullw < |ulle,1 <q¢<p<oo. (2.2)

Define the space
E:={uel:) lalk)|Au(k — 1) + b(k)|u(k)["] < oo}.
keZ
Then E is a Hilbert space equipped with the norm
lullP =~ faltk)| Au(k — 1)[7 + b(k) [u(k)|"]
keZ

| - | is the usual absolute value in R.
Now we consider the variational functional J defined on F by

J(u) = -Z k)| Au(k — 1)|P + b(k) | = F(k,u(k))

kEZ keZ

= —||u||p > F(k,u(k))

keZ
Then J € C'(E,R) with for allv € E,

(J(u)v) = lim J(u+tv) — J(u)

= g [a(k)qﬁp(tAU(k — 1) Au(k = 1) + b(k)dp (u(k))v (k)]
—:2; f(k, uk))o(k)
and e
giEZ; —a(k)Ady(Au(k — 1)) + b(k)d(u(k)) — f(k,u(k)), k€ Z.

Thus, u is a critical point of J on E only if u is a homoclinic solutions of equation (1.1).

Let
Cmin = Inf{J(u) : J'(u) = 0,u € E\{0}}.
Then wuy # 0 with J(ug) = ¢ is said to be a ground state solution of (1.1).

1291 Ali Mai et al 1288-1297



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

3 Proofs of main result

We define the Nehari manifold

N ={ue E\{0}: (J'(u),u) = 0}.

To prove the main results, we need some lemmas.

Lemma 3.1. Assume that (B), (f1) — (f4) are satisfied. Then for each w € E \ {0}, there

exists a unique s, > 0 such that s,w € N.

Proof. Let I(u) = Y F(k,u(k)). By (f2), we have

kez
I'(u) = o(||ul|P™) as u— 0.
From (fy), for all u # 0 and s > 0, we have
s+ I'(su)u/sP™" is strictly increasing.
Let W C E'\ {0} be a weakly compact subset and s > 0, we claim that
I(su)/s? — oo uniformly for u on W, as s — oo.
Indeed, let {u,} C W. It suffices to show that

if s, =00, I(spun)/(sp)? — oo.

as n — 0o. Passing to a subsequence if necessary, u,, — u € E \ {0} and u, (k) — u(k) for

every k, as n — o0.

Note that from (f2) and (fy), it is easy to get that

F(k,u) >0, for all u # 0.

Since |s,un (k)| — 0o and u, # 0, by (f3) and (3.4), we have

I(snun) _ 3 Pk, snun(k)),

(50)P _kGZ |3nun(k)|p

Therefore, (3.3) holds.
Let g(s) := J(sw), s > 0. Then

g'(s) = J'(swjw = " (Jw|’ — s' "I (sw)w),

(3.4)

from (3.1)-(3.3), then there exists a unique s, such that ¢’(s) > 0 whenever 0 < s < s,

g'(s) < 0 whenever s > s, and ¢'(s,) = J'(spw)w = 0. So s,w € N. O

1292
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Lemma 3.2. J is coercive on N, i.e., J(u) — oo as |Jul| = oo, u € N.

Proof. Suppose by contradiction, there exists a sequence {u,} C N such that |Ju,| — oo

and J(u,) < d. Let v, = ﬁ, then there exists a subsequence, still denoted by the same

notation, such that v, — v and v, (k) — v(k) for every k, as n — oc.

First we know that there exist 6 > 0 and k; € Z such that
[0alky)] > 5. (3.5)
Indeed, if not, then v, — 0 in [*® as n — oco. For r > p,
[onllie < llonlli"llvnlli

we have v, — 0 in all [", r > p.

Note that by (f1) and (fs), for any € > 0, there exists ¢. > 0 such that
|f(k,u)| <eluP ' +cful”t and |F(k,u)| < elul? + co|ul?. (3.6)
Then for each s > 0, we have

> Flk, 50,(k)) < &5 [l + ces o
kEeZ

which implies that Y F(k, sv,(k)) — 0 as n — 00. So
kez

sp

p
d > J(wn) > J(sva) = |o® P =" F(k, sva(k)) — =, (3.7)
p keZ p

as n — 0o. This is a contradiction with s > ¥/pd.

Due to periodicity of coefficients, we know J and NV are both invariant under T-translation.
Making such shifts, we can assume that 1 < k; < T — 1 in (3.5). Moreover, passing to a
subsequence, we can assume that k; = &y is independent of j.

Next we may extract a subsequence, still denoted by {v,}, such that v, (k) — v(k) for
all k € Z. Specially, for k = kg, inequality (3.5) shows that |v(kg)| > 0, so v # 0. Since
|un (k)| — oo as n — oo, it follows again from (f3) that

a contradiction again. [
Proof of Theorem 1.1.

The proof consists of five steps. The proof of step 1-3 is similar to [12], for readers’
convenience, we give the proof.
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step 1. we claim that A is homeomorphic to the unit sphere S in E.

By (3.1) and (3.3), g(s) > 0 for s > 0 small and g(s) < 0 for s > 0 large. So s, is a
unique maximum of g(s) and s,w is the unique point on the ray s — sw (s > 0) which
intersects A/. That is, u € A is the unique maximum of J on the ray. Therefore, by Lemma
3.1, we may define the mapping m : E'\ {0} — N by setting

m(w) 1= s,w.

Next we show the mapping m is continuous. Indeed, suppose w,, — w # 0. Since m(tu) =
m(u) for each t > 0, we may assume w,, € S for all n. Write m(w,) = Sy, w,. Then {s,, }
is bounded. If not, s,,, — o0 as n — oo.

Note that by (fy), for all u # 0,

1 1 u
5f(k,u)u—F(k,u) = ];f(k:,u)u—/o f(k,s)ds

,
= 0.
Therefore, for all u € A/, we have
J(u) = J(u) — 1J’(u)u = Z <1f(k: w(k))u(k) — F(k u(k))) > 0. (3.8)
p ez P ’ ’

Combining with (f3) and Lemma 3.1, we have

J(Swnw) _ 1” - Z F(k, synw(k))

w(k)|P = —oc0, asn — oo,
EF TR L S iy e 5 ERA

0<

this is a contradiction. Therefore, s,, — s > 0 after passing to a subsequence if needed.
Since N is closed and m(w,) = Sy, w, — sw,sw € N. Hence sw = s,w = m(w) by the
uniqueness of s,, of Lemma 3.1. Therefore, m is continuous.

Then we define a mapping m : S — N by setting m := g, then m is a homeomorphism

between S and A, and the inverse of m is given by m~!(u) = ol

step 2. now we define the functional ¥ : E\ {0} - Rand U : S — R by

A

U(w) = J(m(w)) and ¥(w):= .
Then we have
¥ e CY(E\ {0},R) and ¥ € C'(S,R). Moreover,

: [772(w)

U'(w)z = J' (m(w))z for all w,z € E,w # 0. (3.9)

[[]]
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U'(w)z = [[m(w)]|J' (m(w))z for all z € T,(S) ={veE: (wv)=0} (3.10)
In fact, let w € E'\ {0} and z € E. By Lemma 3.1 and the mean value theorem, we obtain

U(wHtz) — U(w) = J(Swp(w +12)) — J(spw)
< J(Swrtz(w +12)) = J(Swisz(w))
= J(Swpez(W + T4t2)) Swpre:t2,

where |t| is small enough and 7, € (0, 1). Similarly,

V(w+12) = U(w) = J(supe(w+12)) = J(suw)
> J(sw(w+tz)) — J(s0(w))
J' (Sw(w + nitz))sytz,

where 7, € (0,1). Combining these two inequalities and the continuity of function w — s,
we have

Blw +t2) — B(w) N GO e

]l

Hencq the Gateaux derivative of W is bounded linear in z and continuous in w. It follows
that W is a class of C! and (3.9) holds. Note only that since w € S, m(w) = m(w), so (3.10)
is clear.

step 3. {w,} is a Palais-Smale sequence for ¥ if and only if {m(w,)} is a Palais-Smale
sequence for J.

Let {w,} be a Palais-Smale sequence for ¥, and let u, = m(w,) € N. Since for every

wy, € S we have an orthogonal splitting £/ =T, S & Rw,,, we have

W' (w,)[| = sup W'(wy)z = [m(w,)|| sup J'(m(wy))z = [[ua| sup J'(uy)2.
2€Tw, S 2E€Tw, S 2E€Tw, S

[lz[I=1 [|2]l=1 [|2ll=1
Then
J (uy)(z + tw)
U (w )l < Nun||IlT (w)]] = ||tn su
W)l <l Gl = ol sup = S
z+tw#0
J'(un)(2)
< luall sup = [ (wy) |l
2€Tw, S\{0} 2]l
Therefore
19 (wn) || = [lunl[[ " (wn) - (3.11)
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By (3.8), for u, € N, J(u,) > 0, so there exists a constant ¢y > 0 such that J(u,) > c.
And since ¢y < J(u,) = ]lj lunl|P — I(uy,) < 119 |n [P, [Jun|l = ¢/bco. Together with Lemma
3.2, ¥/pcy < |luy|| < sup, ||un|| < co. Hence {w,} is a Palais-Smale sequence for ¥ if and
only if {u,} is a Palais-Smale sequence for J.

step 4. by (3.11), ¥'(w) = 0 if and only if J'(m(w)) = 0. So w is a critical point of W if
and only if m(w) is a nontrivial critical point of J. Moreover, the corresponding values of ¥
and J coincide and infg W = inf,, J.

If ug € N satisfies J(ug) = ¢ := inf,epn J(u), then m=!(ug) € S is a minimizer of ¥ and
therefore a critical point of ¥, so ug is a critical point of J. It remains to show that there
exists a minimizer u € N of J|u.

Let {w,} C S be a minimizing sequence for ¥. By Ekeland’s variational principle we
may assume V(w,) — ¢, V'(w,) — 0 as n — oo, hence J(u,) = ¢, J' (u,) — 0 as n — oo,
where u, := m(w,) € N.

We know that {u,} is bounded in N' by Lemma 3.2, then there exists a subsequence,
still denoted by the same notation, such that u, weakly converges to some u € E. We claim
that there exist 6 > 0 and k; € Z such that

(k)| > 6. (3.12)
Indeed, if not, then u,, — 0 in {*® as n — oco. From the simple fact that, for » > p,
[unllfr < HunHlT;p”uanp
we have u,, — 0 in all I", r > p. By (3.6), we know
D Flun(k)yun(k) < &> un (W) Jun(B)] 4 o Y fun(k)[*" - [un (k)]
keZ keZ keZ
< ellunllf + ccllunlliy

which implies that Y f(k, u,(k))u,(k) = o(||un||) as n — co. Then
keZ

o([[unll) = (' (tn), wn) = l[unll” = f (ks wn(k))uun (k) = Jun||P = o([[un])-
kez
So ||un|[P — 0, as n — oo, which contradicts with u, € N.

Since J and J’ are both invariant under T-translation. Making such shifts, we can assume
that 1 < k; < T—11n (3.12). Moreover passing to a subsequence, we can assume that k; = kg
is independent of j. Extract a subsequence, still denoted by {u,}, we have u, — u and
un(k) — u(k) for all k € Z. Specially, for k = ko, inequality (3.12) shows that |u(ky)| > d,
so u # 0. Hence u € V.

step 5. we need to show that J(u) = c¢. By Fatou’s lemma, we have

¢ = lim <J(un) - %J’(un)un> = lim keZZ (%f(mn(k))un(kz) —F(k,un(k»)

n—oo

Z (%f(k;,u(k))u(k) — F(k,u(k:))) =J(u) — %J’(u)u =J(u) >c.

kEZ

v
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Hence J(u) = c¢. The proof of Theorem 1.1 is completed. [J
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ABSTRACT

In this paper, we get the form of the solutions of the following difference equation systems of order four

T _ YnTn—2 Y _ TnYn—2
1= 1= 7 7
s ’ s :|:$n + Tn—3

y +y 3 ’ n:07172="'7
n n—

where the initial conditions z_3, x_2, x_1, %o, Y—3, Y—2, Y_1, Yo are arbitrary non zero real numbers.

Keywords: difference equations, recursive sequences, system of difference equations, stability, periodicity,
boundedness.

Mathematics Subject Classification: 39A10.

1. INTRODUCTION

Difference equations enter as approximations of continuous problems and as models describing life situations in
many directions. Recently there has been a great interest in studying difference equations, see, for instance [4],
[11], [30] and references cited therein, as well as in studying systems of difference equations (see, e.g. [1], [3], [6],
(8]-[10]).

Some of the systems of difference equations that are of considerable interest nowadays are symmetric or those
obtained from symmetric ones by modifications of their parameters or the sequence coefficients appearing in
them (for the case of nonautonomous systems of difference equations). Such systems are studied, for example,
in the following papers: Clark et al. [2] has investigated the global stability properties and asymptotic behavior

of solutions of the system
Tn Yn

a+cyn’ Yn+1 = b+d$n

Din and Elsayed [5] investigated the boundedness character, persistence, local and global behavior of positive
solutions of following two directional interactive and invasive species model

Tn4+1 =

Tn

Tnt1 = @+ Brp +YTn_1" 7", Ynt1 =0+ €Yn + (Yn_1€6~

Halim et al. [13] deal with the form of the solutions of the two following systems of rational difference equations

T - yn(xn72 + ynf?)) Y1 = xnfl(xnfl + yn72)
nr Yn—3 + Tn—2 — yn, nr 21 + Yn—2
_ (ynf?) - xn72)yn _ (yn72 - xnfl)xnfl
Tn+1 — y Yn+1 = .
Yn—3 — Tn—2 T Yn Yn—2
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Kurbanli [21] investigated the behavior of the solution of the difference equation system

_ Tn—1 _ Yn—1 _ 1
Tntl = g gn=1 Yn+1 = 5 7 =10 Bl = 2o

The authors in [27] have got the form of the solutions of some systems of the following rational difference

equations
_ Tn—1 _ Yn—1
In+1 = —— s Ynt1 = 77—
Q= Tp_1Yn B+ VYn—1Tn

In [29] Papaschinnopoulos and Schinas studied the oscillatory behavior, the boundedness of the solutions, and
the global asymptotic stability of the positive equilibrium of the system of nonlinear difference equations

xr
In_ Ynt1 = A+ ——.
LTn—p Yn—q

Tnt1 = A+

In [39], Yalcinkaya et al. studied the periodic character of the following two systems of difference equations

1) a (2) oY (k) il
Tpt1 = "0 _0Tnt1 = 76 00 Tndl = T 70
xy ' —1 Ty, —1 Ty —1
and ( a (k=1)
JUCONNN 7% ) 23— zl) O I /Y
n+1 x(nk)_1’ n+1 z("1)_1’ »Un+1 x(nk_l)—l,
o 1 (2 (k)

where the initial values are nonzero real numbers for x5, 2y’,..., 2y # 1.

In [42]-[43] Zhang et al. studied the boundedness, the persistence and global asymptotic stability of the
positive solutions of the systems of difference equations

_ Lp—
$n+1:A+yn ma yn+1:A+ nm7
T Yn
and 1
Tp=A+ , Yn = A+ _Yn—1
Yn—p Tn—rYn—s

Similar to difference equations and nonlinear systems of rational difference equations were investigated see [12]-
[45].
In this paper, we obtain the expressions of the solutions of the following nonlinear systems of difference

equations
YnTn—2 TnYn—2

€T = I = ———:
mH Yn + Yn—3 Yt ZlZZIJn + Tp—3

where the initial values x_3, x_o, x_1, To, Y_3, Y_2, Y_1, Yo are arbitrary non zero real numbers, moreover,
we take some numerical examples for the equation to illustrate the results.

) ’I’L:O,I,Q,"',

2. ON THE SYSTEM Xy 1 = 2302 Yy = p2

In this section,we study the solutions of the following system of difference equations

N B )
r Yn + Yn—3 ’ nr Tp + Tn-3 ’

where the initial values z_3, x_9, *_1, X0, Yy_3, Y_2, Y_1, Yo are arbitrary nonzero real numbers.

Theorem 1. Suppose that {x,,y,} are solutions of the system (1). Then for n = 0,1,2,---, we have the
following formula

ad™hn bd" hn
Ten—3 — 1 ; " 5 Ten—2 = 1 " " 5
1= (e + (6i + 3)h)(a + (6i)d) 1= (e + (60 + 1)h)(a + (6 + 4)d)
. B Cdnhn . _ dn+1hn
on=t T (e + (60 + 5)h)(a + (6i + 2)d)’ T (e + (6 + 3)h)(a + (6i+ 6)d)’
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B bdnthrl B cdn+1hn
T WIS (et 6 Dt Git ) T (et 2d) [0 (e + (66 + 5)h)(a + (61 + 8)d)
B edmhn B Fdrhn
Yon=s T T e+ (6i)h)(a + (61 + 3)d)’ Yom=2 T " (e + (66 + A)h)(a + (61 + 1)d)
B gdnhn B dnhn+1
Yot = T e+ (6i+ 2)h)(a+ (6i +5)d) Yo T T (e + (66 + 6)h)(a + (6i 1 3)d)
fdrtipn gd™hnt!
Yon+1 = p— ) Yent2 = o

@t DTIy (e + 60+ Diat Gi1 7)) (e 20 TTg (e + (Gi T )@+ (61 7 5))
where v_3=a, z_2=b, x_1=¢, xo=d, y-3=¢€, y2=[, y-1 =9, Yo =h.

Proof. By using mathematical induction. The result holds for n = 0. Suppose that the result holds for n — 1

Cdnflhnfl dnhnfl
Ten—7 = n—2 - - 3 Ten—6 — n—2 ; N 5
[[i=y (e+ (6i +5)h)(a+ (67 + 2)d) [, (e + (6i+3)h)(a+ (6i + 6)d)
. bdnflhn . Cdnhnfl
n— = n— R E ) in—4 = — X X ;
oo (e + h) 12 (e + (6i + T)h)(a + (6i + 4)d) (a+2d) [T'=2 (e + (6 + 5)h)(a + (6i + 8)d)
gdnflhnfl dn—1pn
Yon—7 = n—2 . A ) Yon—6 = n—2 i X 5
[17=y (e+ (6i+2)h)(a+ (604 5)d) [[;=y (e + (6i+6)h)(a+ (6i+ 3)d)
fdrhnt gd™ 1
Yen—5 — po y Yen—4 = po

(a+d)TT7=7 (e + (60 + 4)h)(a + (6i + 7)d) (e +2h) TT7=7 (e + (6 + 8)h)(a + (6i + 5)d)

From system (1) we can prove as follow

( gd™ " ) ( P ! )
o Yon—4T6n—6 (e+2h) TT7=5 (e+(6i+8)h) (a+(6i+5)d) 172 (e+(6i+3)h) (a+(6i+6)d)
Ten—-3 = = — — —
Yén—4 T Yn—7 ( gdn—1pn ) N ( gdn—1pn—1 )
(e+2h) [T725 (e+(6i+8)h)(a+(6i+5)d) [1725 (e+(6i+2)h)(a+(6i+5)d)

d"h"
n—2 . . (e+2h) TT7=4 (e+(6i+8)h)
[T25 (e + (6 + 3)h)(a+ (6i + 6)d) (. + e e )
dnhn adnh7l

(e+ (6n = 3)M) [[7=y (e + (6i + 3)h)(a + (6i +6)d) [y (e + (6i +3)h)(a + (6i)d)’

Cdnhn71 dnflhn

y _ Ten—4Y6n—6 (a+2d) [1724 (e+(6i+5)h) (a+(6i+8)d) [T7=y (e+(6i+6)h)(a+(6i+3)d)

6n—3 = =
n Ten—a + Ten_17 ( cdnhn—1 + edn—1pn—1 )
(a+2d) [T7=Z (e (6i+5)h) (a+(6i+8)d) ' T[I7=y (e+(6i+5)h)(at(6i+2)d)
_ d*h™
2d) [T 6i+8)d 6i+6)h 6i+3)d g4 L >
(a-+24) [T (o 6-8)0) e 014600 (- 61+9)0) sty - T s

dn hn
[1723 (e+(6i+6)h)(a+(6i+3)d) <d+

(at+2d) 177 (a+<6i+8>d>>
75 (a+(6i+2)d)
d"h"
n—2 . . (a+2d) TT7=7 (a+(6i+8)d)
dnhn ednhn

1725 (e + (60 + 6)h)(a + (6i + 3)d) (a + (6n — 3)d) B TT7= (e + (60)h)(a + (6i + 3)d)
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The other relations can be proved similarly, this completes the proof.

Lemma 1. Every positive solution of system (1) is bounded and lim z,, = lim y, = 0.

n—oo n—0o0

Proof: It follows from system (1), that

YnTn—2 < YnTn—2
Yn + Yn—3 Yn

LTnYn—2 < LnYn—2

= Tn-2
’ T + Tp—3 T

Tn+1 = Yn+1 = = Yn—2.

Then the subsequences {z3,—2}720, {T3n—1}n20, {%3n}ne0: {Y3n—2)tneo> {¥3n—1}ne0s {¥sntneo are decreasing
and so are bounded from above by M, N respectively since M = max{x_3,2_2,2_1,20} , N = max{y_3,y—2,Y—1, Yo}

XNYN-_2

3. ON THE SYSTEM Xy = p2582 | Yy = p2002

YN+YNn_3’

We study, in this section, the solutions formulas of the system of rational difference equations

_ YnTn—2
Tntl = ——

TnYn—2
— (2)
Yn + Yn—3

Yn+1 = )
Tp — Tpn-3

where the initial values x_3, x_o, x_1, ®o, y_3, Y_2, Y—1, Yo are arbitrary nonzero real numbers.

Theorem 2. Assume that {z,,, y,} are solutions of system (2) with x_3 # xg, v_35 # 2x¢ and y_5 # £yo. Then

forn=0,1,2, ..,

Z12n-3

T12n—2

T12n—1

T12n

T12n+1

T12n+2

Z12n+3

T12n+4

T12n+5

Z12n+6

T12n+7

T12n+8

d2nh2n
a"~1(h+e)*(h —e)*(2d — a)™’
bd2nh2n
a™(h+e)*(h —e)"(2d — a)’
Cd2nh2n
a*(h+e)*(h—e)*(2d — a)™’
d2n+1h2n
a*(h+e)*(h —e)*(2d — a)™’
bd2np2n+1
a™(h + e)"t1(h —e)*(2d — a)™’
Cd2n+1h2n

a™(h +e)*(h —e)*(2d — a)"*+1’
d2n+1h2n+1

a™(h +e)*(h — e)"*t1(2d — a)™’
bd2nt1ip2nt1

arti(h+e)"ti(h —e)*(2d — a)™’
Cd2n+1h2n+1

a™(h + e)"*t1(h —e)*(2d — a)*+1’
d2n+2h2n+1

a™(h + e)*(h — e)"*+1(2d — a)"+1’
b2 1 p2n+2

arti(h+e)"ti(h —e)"*t1(2d — a)™’
cd?n T2 p2nt1

a1 (h +e)"t1(h —e)*(2d — a)"t1’

1301

B h2nd2n
Y12n—3 = m7
fh2nd2n
Yi2n—2 = W;
ghQndQn
Yi2n—1 = W,
h2n+1d2n
Yi2n = m7
fh2nd2n+1
Y1i2n+1 = W,
7gh2n+1 d2n
Vi = (g
_h2n+1 d2n+1
Y12n43 = W,
fh2n+ld2n+1
Yiznta = e2nt1(d — q)2ntl’
7gh2n+1d2n+1
Yi2n+5 = e2nH1(d — g)2ntl’
h2n+2d2n+1
Yi2n+6 =

eQnJrl(d _ a)2n+1 ?
_fh2n+1d2n+2

Yizn+7 = e2nt1(d — q)2nt2’
_gh2n+2d2n+1

Yiznt+8 = e2n+2(d — )2+
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Proof. By using mathematical induction. The result holds for n = 0. Suppose that the result holds for n — 1

cd2n71h2n71 _gh2n71d2n71
X — =
12n—7 a(h+e)"(h—e)"1(2d — a)*’ H2n=T = an—T(q _ q)2n—1’
d2nh2n71 h2nd2n71
T12n-6 a1 (h+e)"(h—e)"(2d — a)*’ P12n=6 = an=1(q — q)2n—1’
bd2n—1h2n _fh2n—1d2n
L1925 , [ L
12n=s an(h+e)"(h — e)"(2d — a)"1 Y1n=5 = m=1(d — q)2n
cd2nh2n—1 _gh2nd2n—1
X — ]
12n—4 ar(h+e)"(h—e)"1(2d — a)"’ Yi2n=4 = on(d — a1’
From system (2) we have
_ghQndanl d2nh2n71
S Yizn—aZizn—6 _ e*"(d—a)* 't a""t(h+e)""1(h—e)"(2d —a)"
n— Y1on—a + Yion—7 _gh2nd2n—1 _gh2n—1d2n—l
e2n(d — q)2n—1 +e2n71(d —a)2n-1
h2nd2n d2nh2n
T a(hte(h—e)rd—a)"(h+te) ah+e)(h—e)(2d—a)"’
cd2nh2n—1 h2nd2n—1
y - T12n—4Y12n—6 a™(h+e)*(h—e)"—1(2d—a)" e2n=1(d—a)2n—1 i h2"d?n
12n—-3 — _ - ~d2n p2n—1 d2n—1p2n—1 - _2n—1 . 2n?
T12n—4 — T12n-7 a71(h+8)7(1(h78)n—1(2dia)n - an—l(h+06)n(h7le)nfl(2d7a)'n es" (d a’) "
Y12n-3T12n-5
Tign-—2 = ————
Y12n—3 + Y12n—6
_ d2nh2nbd2n71h2n _ bd2nh2n
e2n—1(d—a)2nan (h+e)n (h—e)" (2d—a)n—1 [eQiQ(ZE?)En +62ni2{zi2>22nn71} a™(h+e)”(h—e)™(2d—a)™”’
- L12n—3Y12n—>5
Yion—2 =

T12n—3 — T12n—6

_h2nd2n fd2n h2n71

h2ng2n

a”~1(h+e)?(h—e)*(2d—a)"e?"~1(d—a)?" [

an=1L(h+e)n(h—e)n(2d—a)n

_ R2n—142n ]
an—L(h+4e)n—1(h—e)n(2d—a)"

So, we can prove the other relations and the proof is completed.

Lemma 2. Every positive solution of the equation z,11 = _YnTn-2 is bounded and lim z, = 0.
Yn + Yn—3 n—00
The following cases can be proved similarly.
_ YNXN,2 _ XNYN72

In this section, we study the solutions of the system of the difference equations

YnTn—2

Tpy] = ———————
r yn+yn—3’

where the initial values x_3, z_2, x_1, =g, Y—3, Y—_2,
z_3 # %o, and y_3 # —Yo.
Theorem 3. Let {:En,yn}:io_?)

hndn
bh"d™

Ten—2 ma
ch™d"

Ten—1 m7

1302

Yn+1 =

TnYn—2
b
—Tn + Tp-3

Y—1, Yo are arbitrary nonzero real numbers with

be solutions of system (3). Then for n =0,1,2, ...,

_ fh™d™
Yen—2 = ma

B gh™d"”
Yon—1 = m7
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B dntl drpntl
bdnh"+1 fhndn+1
Ten+1 = W, Yon+1 = —e"(—d Tyt )
B chmdnt1 B gdnhn-‘rl
Tent2 = PEESY AT Yon+2 = et (—d+a)’

Lemma 3. The system (3) has a periodic solutions of period 6 iff hd = e(a — d) = a(h + €).
Proof. First, if hd = e(a — d) = a(h + €), then from the form of the solutions of system (3), we see that

—1
Ten—g = a"(h+e)"a" (h+e)"=a, Ten—2=0>b, Ten-1==¢, Ten =4d, Tent1 =hh+e, Tenyo = cda,

Yon-3 = €  Yen—2=/f  Yen-1=9, Yn =N, Yent1 = fda—d, yeni2 = hge.

Thus system (3) has a periodic solution with period 6. Second:if we have a period 6 then

x = 7hndn =r_3=a, x _7bh”dn =z _9=0b, x —7Chndn =x_1=c
6n—3 = a(hter -3 =Q, Ten-2 = P -2 =10, Tep-1 = ahter -1=¢
hrdrtt d bd™h"t1 bh chndnt! cd
X = —_— = = ———--= = — €T = ————-= = —
6n a"(h+e)" Zo ; Len+1 a”(h—i—e)”‘H T h+e 6n+2 a”‘H(h—i—e)” 1) a’
hndn fhndn
Yon—3 = mzy—3=e, y6n72:m:y72:.ﬂ
B ghndn _ B B dnhn+1 B 0
Yon—1 = 7@"(—d+ an Y-1=9, Yon = 7@"(—d+a)” =Y =N,
_ fhndn+1 _ _ fd B gdnthrl _ B gh
Yén+1 e(—d 1 a)" W= y6n+2—en+1(_d+a>n—y2_ P
Then we get hd = a(h + e), hd = e(a — d), and the proof is completed.
_ YnXnN_o _ XNYN_2
5. ON THE SYSTEM XN+]_ = m, YN+1 = m
In this section,we study the solutions of the system of the difference equations
YnTn—2 LnlYn—2
x’ﬂ = ) n = —7 4
i Yn + Yn—3 Yntd —Zn — Tp-3 ( )

where the initial values x_3, x_2, T_1, To, Y—3, Y—2, Y—1, Yo are arbitrary nonzero real numbers.

Theorem 4. If {z,,y,} are solutions of difference equation system (4). Then for n =0, 1,2, ..., we have
T12n—-3 = —d2nh2n Y12n—-3 = (_1)nd2”h2n
" a?=1(h +e)?’ " e~ 1(d+a)"(d—a)"(2h + €)™’
bd>" 2" (=1)nfd?"h3n
Tz = o+ e)2n Yn=2 = nld + a)"(d — a)"(2h + )"’
B cd®™h?n B (=1)"gd?"h?n
=l = (4 ey V=1 = nld+ a)(d— a)"(2h + )"
d2n+1h2n (_1)nd2nh2n+l
Ti2n = ST oo Yion = — n o o
a?*(h +e) e(d+a)"(d—a)"(2h +¢€)
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T12n+1

T12n+2

L12n+3

T12n+4

T12n+5

L12n+6

T12n47

T12n+8

bd2nh2n+1
0,2"(h + e)2n+1 ’
7Cd2n+1 h2n
a2n+1<h + 6)271 ?
_d2n+1 h2n+1
a2n(h + e)2n+1 )
bd2n+1 h2n+1
a27l+1(h + e)2n+1 ’
7Cd2n+1 h2n+1
a2n+1<h + €)2n+1 ’
d2n+2h2n+1
a2n+1(h + e)2n+1 )
_bd2n+1 h2n+2
a27l+1(h + e)2n+2 ’
7Cd2n+2h2n+1

a2n+2<h + €)2n+1 ?

6. NUMERICAL EXAMPLES

Here, we consider interesting numerical examples in order to illustrate the results of the previous sections and

to support our theoretical discussions.

Example 1. We consider numerical example for the difference system (1) with the initial conditions x_3

Y12n—-3 =

Yion+2 =

Y12n+3 =

Y12n+4 =

Yi12n+5 =

Y12n+6 =

Yi2n4+7 =

Y12n4+8 =

(_1)n+1fd2n+1h2n

e"(d+ a)"t1(d — a)"(2h + e)’
(71)n+1gd2nh2n+1

e"(d+a)*(d —a)*(2h + e)n+1’
(_1)n+1d2n+1h2n+1

en(d+ a)*(d — a)"t1(2h +e)n’
(_1)n+1fd2n+lh2n+l

e"t(d+ a)**tH(d — a)*(2h + )"’
(71)ngd2n+1h2n+1

e”(d+ a)"t1(d — a)*(2h + e)n+1’
(_l)nd2n+1h2n+2

er(d+ a)*(d — a)*t1(2h + e)n+1’
(_1)nfd2n+2h2n+1

e"ti(d+ a)**tH(d — a)" 1 (2h + )’
(71)ngd2n+1h2n+2

et1(d + a)"*t1(d — a)*(2h + e)" 1’

2, x_9o=14,2.1=6,20="7, y_3=05, y_2=9, y_1 =7 and yo = —8. (See Fig. 1).

40

35

30

25

20

= 15

10

-10

Example 2. Assume for the system (2) with the initial conditions z_3 =4, x_3 =5, x_1 =6, 290 =3, y_3 =

plot of x(n+1)=x(n-2)y(n)/y(n)+y(n-3),y(n+1)=x(n)y(n-2)/x(n)+x(n-3)

x(n)
— Wy

Figure 1.

1.8, y_2 =9, y_1 =2 and yo = 1.9. See Figure (2).
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x 10 plot of x(n+1)=x(n-2)y(n)/y(n)+y(n-3),y(n+1)=x(n)y(n-2)/x(n)-x(n-3)
1.5 T T T T T
x(n)
—y(n)
1 -
0.5
<
=
=
E3
0 L -
-0.5 1
_1 | | | | | | |
0 5 10 15 20 25 30 35 40
n
Figure 2.

Example 3. Figure (3) shows the behavior of the solution of the difference system (3) with the initial conditions
T 3=4, 1 2=5 21=620=10, y3=8,y-2=9, y-1 =2 and yo = 2.

plot of x(n+1)=x(n-2)y(n)/y(n)+y(n-3),y(n+1)=x(n)y(n-2)/x(n-3)-x(n)

15 T T T T

x(n)

—y(n)
<
=
e
x

_15 | | | | | |
0 10 20 30 40 50 60 70
n
Figure 3.
Example 4. We take the initial conditions, for the system (4), as follows z_3 = 3, z_o = 5, x_1 = =9,

290 =06, y_3=2,y_o =17, y_1 = 2.8 and yo = 4. See Figure (4).
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plot of x(n+1)=x(n-2)y(n)/y(n)+y(n-3),y(n+1)=x(n)y(n-2)/-x(n-3)-x(n)
250 T T T T T

200 b

150

100 -

x(n),y(n)

50

~100 I I I I I
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n

Figure 4.
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On the dynamics of higher Order difference

) AL __
equatIOnS Ln+1 = ATy + anﬁvgnl—k
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Abstract

The main objective of this paper is to study the global stability of the
positive solutions and the periodic character of the difference equation

ALnTpn—]

el o p=0, 1, ..,
Bxn + YTp—k

Tn+1 = ATn
where the parameters o, 3, v and a are positive real numbers and the initial
conditions x_¢, £_¢+1 ..., £—1 and g are positive real numbers where t =
maz{l, k}. Numerical examples to the difference equation are given to explain
our results.

Keywords: difference equations, stability, global stability, boundedness, periodic
solutions.
Mathematics Subject Classification: 39A10

1 Introduction and Preliminaries

Our object in this paper is to study some qualitative behavior of the positive solutions
of the difference equation

. AL Ty _
Tpt1 = ATp + g —ti=, M= 0, 1, ..., (1)
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where the parameters o, 3, v and J are positive real numbers and the initial condi-
tions 4, *_4y1 ..., ©_1 and x( are positive real numbers where t = maz{l, k}. In
addition, we obtain the solutions of some special cases of this equation.

Many researchers have Many researchers have studied the behavior of the solution
of difference equations for example: Kalabusi¢ et al. [1] studied the global character
of the solution of the nonlinear rational difference equation

n—1+0T,_
_ Brp+0Tn ik 77,20, 1’

Tp+1 = Bz, 1 +Dx, 1’ ceey

with positive parameters and non-negative initial conditions.
Cinar [2] studied the solutions of the following difference equation

_ aATnp—1 _
I‘n+1 - 1+bTnTn_1’ n = 0, 1, ceey

where a, b, x_; and xy are non-negative real numbers.
Yang et al. [3] studied the invariant intervals, the asymptotic behavior of the
solutions, and the global attractivity of equilibrium points of the recursive sequence

aATpn—1+bxn—_2o -
asy=1+bon=p n=0,1, ..,

xn+1 - ctdrp_1Tn—2’

where a > 0, b, ¢, d > 0.
In [4] kenneth et al. got the global asymptotic stability for positive solutions to
the difference equation

_ Yn—k + Yn-m n = 0’ 1’

Yn+1 = 14 Yn—rYn—m ’ ceey

with ¥ ., Yoma1, - Y-1 € (0, c0) and 1 < k < m.
Raafat [5] investigated the global asymptotic stability of all solutions of the dif-
ference equation

- Axqpy_o _
Tp+1 = BiCanzn_12m 2’ n = 0, 1, ceey

where A, B, C are positive real numbers and the initial conditions z_5, x_1, xg
are real numbers.

Also, Raafat [6] introduced an explicit formula and discuss the global behavior of
solutions of the difference equation

— aTn—3 —
Tntl = Jramr aens’ n=0,1 ..,

where a, b, c are positive real numbers and the initial conditions z_3, z_5, z_1,
are real numbers.
In [7] Elsayed studied the behavior of the solutions of the difference equation

_ brnTn_1 _
Tn+1 —axn_l—l—m, 7’L—0, 1, ey

where a, b, c are positive constant and the initial conditions x_o, , x_1, ¢ are
arbitrary positive real numbers.
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Zayed et al. [8] investigated some qualitative behavior of the solutions of the
difference equation,

AT +br, " — 0’ 1’

Tnp1 = YTn—k + ctn—dT, 1’ Y

where the coefficients 7, a, b,c and d are positive constants and the initial con-
ditions x_j, ..., x_1, xg are arbitrary positive real numbers, while k£ is a positive
integer number.

Other related results on rational difference equations can be found in refs. [11] -
[24].

Let I be some interval of real numbers and let

F I T

Y

be a continuously differentiable function. Then for every set of initial conditions
T 4, T _441,...,29 € I, the difference equation

Tpr1 = F(xp, op_1, e, tny), n=0,1,.., (2)
has a unique solution {z, }5° _,.

Definition 1 The linearized equation of the difference equation (2) about the equi-
librium T is the linear difference equation

t

OF(Z.7, ... T
b =Y oF@.%,..,3) (3)

i=0 On—i

Now, assume that the characteristic equation associated with (3) is

p(>\) = p())\t —I—pl)\t_l + ... ‘I—pt_l)\ —I—pt = 0, (4)
where
- OFEF,..T)
b= axn—i .

Theorem 1 [9]: Assume that p; € R, i = 1,2,...,t and t is non-negative integer.

Then .
i=1

18 a sufficient condition for the asymptotic stability of the difference equation

T4t +p1xn+t—1 + ... +pt$n = 0, n = 0, 1, e .
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Theorem 2 [10, 11]: Let g : [a,b]'™ — [a,b], be a continuous function, where t
is a positive integer, and where [a,b] is an interval of real numbers. Consider the
difference equation

Top1 = 9(Tp, Ty1y ooy Tiy), n=0,1,.... (5)
Suppose that g satisfies the following conditions.

(1) For each integer i with 1 <7 <t + 1; the function g(z1, 2, ..., z1+1) is weakly
monotonic in z; for fixed z1, 29, ..., Zi_1, Zit1y vy 2041
(2) If m, M is a solution of the system

m:g(m1>m2>"'>mt+1)> M:g(M1>M2>"'>Mt+1)>
then m = M, where for each 1 = 1,2,...,t + 1, we set

m, if g is non-decreasing in z;,
m; = . . . ..
M, if g is non-increasing in z;,

and o
M — { M, if g is non-decreasing in z;, }

m, if ¢ is non-increasing in z;.

Then there exists exactly one equilibrium point = of Equation (5), and every
solution of Equation (5) converges to Z.

2 Stability of the Equilibrium Point of Eq. (1)

2.1 Local stability

In this subsection, we study the local stability character of the equilibrium point of

Eq. (1).
Eq. (1) has equilibrium point and is given by

T=aT+52-, or ((1—a)(B+7) —a)z” =0,

if (1 —a) (8 + ) # a, then the unique equilibrium point is T = 0.

Theorem 3 Assume that a+ % < 1,then equilibrium T of Eq. (1) is locally asymp-
totically stable.
Proof: Let f: (0, 00)> — (0, co) be a continuous function defined by

(X%

f('U(), U1, ,UQ) = QYo + m
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Therefore, it follows that

Oftvo, v va) . ow(Brotyvy)—aBuon _ oy afvl
dvo (Bvo+yv2)? (Bvotva)?’
9f(vo, v1, v2) — avg
dvy Bro+yvz’
9f(vo, v1, v2) _ —owov1 . ayvovy
dva T (Buotyv2)? T (Buotwe)

Then, we see that

of(z, T, T) __

6f(z‘7, z, "E) _ _« 6f(.'2', z, .'Z') — oy
dvg =a+

(6+w) o T B v T (AP

and the linearized equation of Eq. (1) about z, is

— _a oy
yn+1 — ( ( ) )yn_l_ (BJ"'Y) yn—l+ ((B_,'_,Y)Z)yn—k)

Under the conditions, we get

—Q

(B+7)?

Y

o+ G2
(B+9)?
and so

a+ﬁ+w<1

According to Theorem 1, the proof is complete.

Example 1. The solution of the difference equation (1) is local stability if [ =
2,k=3 a=01, =02 v =1, a = 0.2 and the initial conditions x_35 = 0.6,
x_9=03, z_1 =04 and 5 = 0.8 (See Fig. 1).

plot of x(n+1)= a X(n)+(alpha X(n) X(n-)/(beta X(n)+gamma X(n-k)))
T T T T T T

I I L L L L L L
0 5 10 15 20 25 30 35 40 45 50

Fig. 1. Plot the behavior of the solution of equation (1).
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Example 2. See Figure (2) when we take the difference equation (1) with [ =
2,k=3 a=1, =02, v =04, a = 0.5 and the initial conditions x_3 = 0.6,
T_9=0.3, x_1 =04 and x5 = 0.8.

x10 7 plot of x(n+1)= a X(n)*+(alpha X(n) X (n-)/(beta X (ny+gamma X(1-k))
T T T T T T

Fig. 2. Draw the behavior of the solution of equation (1).

2.2 Global Stability
In this subsection we study the global stability of the positive solutions of Eq. (1).

Theorem 4 The equilibrium point T is a global attractor of equation (1) if
(I—a)(B—7) #«a

Proof. Let 7, s be nonnegative real numbers and assume that & : [r, s]* — [r, 5]
be a function defined by

h(vo, v1, v2) = avy + 722

Bvot+yve
Then
Oh(vo, v1, wa) __ aBv? Oh(vo, v1, v2) __  awg Oh(vo, v1, wv2) _ _ _ orywouy
Ovg a+ (Bvo+vyv2)?’ Ovy Buo+yva and Ova (Buo+v2)?”

We can see that the function h(vg, vy, vy) increasing in vy, v; and decreasing in vs.
Suppose that (m, M) is a solution of the system

M =h(M, M, m) and m=h(m, m, M).

Then from Equation (1), we see that

_ aM? _ am?
M = aM + 577>, m = am + 500000,
then
BAl—a)M+~v(1—a)m = oM,
B(l—a)ym+~y(l—a)M = am,

6
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Subtracting this two equations, we obtain

(1=a)(f=7) —a)(M—=m)=0,

under the condition (1 — a) (8 — ) # «, we see that M = m. It follows from Theorem
2 that 7 is a global attractor of Equation (1).

Example 3. The solution of the difference equation (1) is global stability if
l=2k=3, a=0.01,5=0.2, y=0.4, a = 0.1 and the initial conditions z_5 = 0.6,
29 =03, z_1 = 0.4 and z7 = 0.8 (See Fig. 3).

plot of x(n+1)= a X(n)+(alpha X(n) X(n-)/(beta X(n)+gamma X(n-k)))
0.8 T T T T

0.7 - -

0.6 [ —

0.5 - =

< L 4
< 04
0.3 |- -

02 —

o1} k | | | | | ]

0
0 10 20 30 40 50 60
n

Fig. 3. Sketch the behavior of the solution of Eq. (1).

3 Boundedness of Solutions of Equation (1)

In this section we investigate the boundedness nature of the solutions of Equation

(1).
Theorem 5 Every solution of Equation (1) is bounded if a < 1.

Proof. Let {z,} > be a solution of Equation (1). It follows from Equation (1)
that

AT Ty
BTn+VTn—k

ATy

Tnpl = Tn + < axp + =g = axy, + (%) T

By using a comparison, we can right hand side as follows
lpy1 = aty, + (%) Lt

and this equation is locally asymptotically stable if a < 1, and converges to the
equilibrium point ¢ = 0. Therefore

lim sup x, <0.

n—oo
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Example 4. Figure (4) shows that [ =4,k =3, a=0.1, §=0.2, y=04, a =
1.3, the solution of the difference equation (1) with initial conditions z_3 = 0.6,
r_9=0.3, 1 = 0.4 and xg = 0.8 is unbounded.

x10 °© plot of x(n+1)= a X(n)+(alpha X(n) X(n-)/(beta X(n)+gamma X(n-k)))
7 T T T

0 T
0 10 20 30 40 50 60

Fig. 4. Polt the behavior of the solution of equation (1) when a > 1.

4 Existence of Periodic Solutions

In this section we investigate the existence of periodic solutions of Eq. (5).

Theorem 6 FEquation (1) has no prime period two solutions if | and k are even
when a +a # 0 and 5+ v # 0.

Proof. Suppose that there exists a prime period two solution ...p,q,p,q, ..., of
Equation (1). We see from Equation (1) when [ and k are even that

= aq + aq2 =a +7ap2

P s g 1T sy

B+v)pe = a(B+7) ¢ +aq?, (7)
B+v)pe = a(B+7)p*+ap? (8)

Subtracting (7) from (8) gives

(a+a)(B+7) (P* —¢*) =0,

Since a + a # 0 and 8+ v # 0, then p = ¢. This is a contradiction. Thus, the proof
is completed.

Theorem 7 FEquation (1) has no prime period two solutions if | and k are odd when
Y #apb.

Theorem 8 Fquation (1) has no prime period two solutions if | is an even and k
is an odd when o + v # af.

Theorem 9 Equation (1) has no prime period two solutions if | is an odd and k is
an even when a (B + ) # 0.
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5 Special Cases of Equation (1)

5.1 First Equation When [ =k =1, a=0and a=§8=v = 1.

In this subsection we study the following special case of Eq. (1)

Tpy1 = %7 (9)

where the initial conditions are arbitrary non zero real numbers.
Theorem 10 Let {x,}°° ;| be a solution of Eq. (9). Then forn =20, 1, 2, ...

_ cb
Tn = F ot foiic?

where x_y = ¢, xo=0b, {fu}2,={1, 1, 2, 3, 5, 8, 13, ...} fo=0and f_; =1.

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1 and n. Now, it follows

cb cb

Tpoo = and z,,_, =

Fr—2btfr-1c Fa—1b+frc
Now, it follows from Eq. (9) that
2;2
cb cb cb
Tpoq = Snfel (fnb+fn+1c)<fn71b+fnc) _ ((fnb+fn+1c)(fn71b+fnc))
n+ T ptTa-1 cb cb - cb(fr—1b+fnc)+eb(fnbtfryic)
o (fnb+fn+1c)+<f"*1b+f”c) ( (}Lnb+fnf1c)(fn:11b+f2c) )
c2b? cb cb

Cb(fnflb+fnc)+0b(fnb+fn+lc) (fn71+fn)b+(fn+fn+1)c = fn+1b+fn+20 :

Thus, the proof is completed.

5.2 Second Equation When /[ =%k=1, a =0, a=p=1 and
v=-1

In this subsection we study the following special case of Eq. (1)

Tpy1 = %7 (10)

where the initial conditions are arbitrary non zero real numbers.

Theorem 11 Let {x,}°° ;| be a solution of Eq. (10). Then forn =20, 1, 2, ...

- (—=1)"*ep
n fnb_fn+lc’

where x_y = ¢, xo =0, and {f,}3>_,={1, 0, 1, 1, 2, 3, 5, 8, 13, ...}.
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Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1 and n. Now, it follows

_ _)"leh (=D
Tp—2 = fn—2b—fn—_1c and In-1= fn—1b—fnc’
Now, it follows from Eq. (10) that
(=)t ( (=1)"cb ) (L1)2n+1,.2y2
— n@noy o \InboIegre ) Mnoaboine) (Fnb—fni1¢)(fn—1b=fnc)
Tntl = G gmq (<71>n+1cb)_< (=1)"cb ) T [ —eb(fp1b—fne)—cb(fnb—fni1c)

fab—fpy1c fn—1b—fne (fnbffnJFlc)(fnilb,fnc)
o (_1)2n+202b2 (_1)n+20b . (—1)n+2cb

b(frn-1b=frnc)teb(fnb—fni1c) — (fn-1+fn)b—(fny1+fn)e — fryib—faqac’

Thus, the proof is completed.

5.3 Third Equation When [ =k =1, a =0, a=+v =1 and
g =—1.

In this subsection we study the following special case of Eq. (1)

_ InTn—1
xn+1 T —xptan—1’ (11)

where the initial conditions are arbitrary non zero real numbers.

Theorem 12 Let {x,}° | be a solution of Eq. (11). Then forn =20, 1, 2, ...

(=1)"* e
b—c ’

T3p—1 = (_1)n C, T3yn = (_1)n b> and T3n4+1 =
where x_1 = ¢, xg = b.

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1 and n. Now, it follows

—1)"bc

L3n—4 = (_1)n_1 €, T3n-3 = (_1)n_1 b, and z3, o = b—c

Now, it follows from Eq. (11) that

—1)ntlpe n n c
. _ _agenimen ( b—c )((—1) b) :( 1) H(zlic) _ (=)TRe (_1)n+1c
3n+2 —T3n4+1+T3n _(K—Lbitlbc)—&-(—l)"b (bbfc'*'b) b2 ’
— T3n—1T3n—2 _ ((—1)"0)(%) — (—1)"(5320) — ( 1)"{;02 (_1)nb
e R TR (= Rl ey B A
and
T _ _@nwznaa _ (Z1)"D)((=D") _ (=1)"bc _ (=1)""be
3n+4 —T3n+T3n—1 —(=1)"b+(-1)"c —(b—c¢) b—c
Thus, the proof is completed.
10
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Theorem 13 Let {x,}>2 _; be a solution of Eq. (11). Then every solution of Eq.
(11) is a periodic with period sixz. Moreover {x,}>° | takes the form form

_ be be be be
{xn}_ {C7 b7 ) _C> _b> b—c’ C, b, T o’ _C, _b, —c’ }

where x_1 = ¢, xg = b.

Example 5. Figure (5) shows the solution of Eq. (11) when the initial conditions
z_1 = 0.3 and z¢g = 0.6.

plot of x(n+1)= X(n) X(n-1)/( - X(n)+ X(n-1))

0.6

0.4

0.2

or 4

x(n)

S

0.8 L L L L L
0 10 20 30 40 50 60
n

Fig. 5. Draw the solution of equation (11) has a periodic with period six.

5.4 Fourth Equation When [ =k =1, a =0, f=v=1 and
a=—1.

In this subsection we study the following special case of Eq. (1)

Tpyq = —Zun= (12)

Tn+Tn—1"

where the initial conditions are arbitrary non zero real numbers.

Theorem 14 Let {x,}°° | be a solution of Eq. (12). Then forn =20, 1, 2, ...
Tap—1 =C, Tz, =0, and Tz,41 = —ﬁcc,

where x_1 = ¢, xg = b.

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1 and n. Now, it follows

be
T3p—a = C, T3,—3 = b, and 13, 9 = T hae

11
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Now, it follows from Eq. (12) that

2
T _ _ _T3n+1%3n  __ _(_blrc)(b) — (_ 5+cc) — &C =cC
2 T T © () T () # 0
_ T3n_1T3n—2 __ (C)(_bbfc) _ (5%20) _ b2 _ b
T3n = oo itwana C+(b1b2) - (bcﬁf;bc) =2 =5
and
__ _®3nT3n-1 __ _ _bec
x3n+4 T —x3p4T3n-1 b+c”

Thus, the proof is completed.

Theorem 15 Let {x,}>2 _; be a solution of Eq. (12). Then every solution of Eq.
(12) is a periodic with period three. Moreover {x,}° | takes the form form

{I’n} = {C> b> be ) b> be &) b> be }7

T aer T aer T aer

where x_1 = ¢, xg = b.

Example 6. The solution of Eq. (12) when the initial conditions z_; = 0.3 and xy =
0.6 (See Fig. 6).

plot of x(n+1)= - X(n) X(n-1) / ( X(n) + X(n-1))
0.6 T T

05 -~ b

0.4 - b

03 - B

x(n)

0.2 -

01

o+

01 [

-0.2

I I I I
0 10 20 30 40 50 60
n

Fig. 6. Polt the solution of equation (12) has a periodic with period three.
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Applications of soft sets in BF-algebras

Jeong Soon Han' and Sun Shin Ahn?**

!Department of Applied Mathematics, Hanyang University, Ahnsan 15588, Korea
’Department of Mathematics Education, Dongguk University, Seoul 04620, Korea

Abstract. The aim of this article is to lay a foundation for providing a soft algebraic tool in considering
many problems that contain uncertainties. In order to provide these soft algebraic structures, the notion of an
intersectional soft subalgebra and an intersectional soft normal subalgebra of a BF-algebra are introduced, and
related properties are investigated. A quotient structure of a BF-algebra using an intersectional soft normal
subalgebra is constructed. The fundamental homomorphism of a quotient BF-algebra is established.

1. Introduction

The real world is inherently uncertain, imprecise and vague. Various problems in system identification involve
characteristics which are essentially non-probabilistic in nature [14]. In response to this situation Zadeh [15]
introduced fuzzy set theory as an alternative to probability theory. Uncertainty is an attribute of information.
In order to suggest a more general framework, the approach to uncertainty is outlined by Zadeh [16]. To solve
complicated problem in economics, engineering, and environment, we can’t successfully use classical methods
because of various uncertainties typical for those problems. There are three theories: theory of probability,
theory of fuzzy sets, and the interval mathematics which we can consider as mathematical tools for dealing with
uncertainties. But all these theories have their own difficulties. Uncertainties can’t be handled using traditional
mathematical tools but may be dealt with using a wide range of existing theories such as probability theory,
theory of (intuitionistic) fuzzy sets, theory of vague sets, theory of interval mathematics, and theory of rough
sets. However, all of these theories have their own difficulties which are pointed out in [11]. Maji et al. [10] and
Molodtsov [11] suggested that one reason for these difficulties may be due to the inadequacy of the parametrization
tool of the theory. To overcome these difficulties, Molodtsov [11] introduced the concept of soft set as a new
mathematical tool for dealing with uncertainties that is free from the difficulties that have troubled the usual
theoretical approaches. Molodtsov pointed out several directions for the applications of soft sets. Worldwide,
there has been a rapid growth in interest in soft set theory and its applications in recent years. Evidence of
this can be found in the increasing number of high-quality articles on soft sets and related topics that have been

published in a variety of international journals, symposia, workshops, and international conferences in recent years.

92010 Mathematics Subject Classification: 06F35; 03G25; 06D72.
YKeywords: ~-inclusive set, int-soft (normal) subalgebra, BF-algebra.
* The corresponding author. Tel: +82 2 2260 3410, Fax: +82 2 2266 3409
YE-mail: han@hanynag.ac.kr (J. S. Han); sunshine@dongguk.edu (S. S. Ahn)
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2 Jeong Soon Han and Sun Shin Ahn

Maji et al. [10] described the application of soft set theory to a decision making problem. Maji et al. [9] also
studied several operations on the theory of soft sets. Aktag and Cagman [2] studied the basic concepts of soft set
theory, and compared soft sets to fuzzy and rough sets, providing examples to clarify their differences. They also
discussed the notion of soft groups. Jun [7] discussed the union soft sets with applications in BCK/BCI-algebras.
We refer the reader to the papers [1, 3, 5, 6, 13] for further information regarding algebraic structures/properties
of soft set theory.

In this paper, we discuss applications of the an intersectional soft sets in a (normal) subalgebra of a B F-algebra.
We introduce the notion of an intersectional (normal) soft subalgebra of a BF-algebra, and investigated related
properties. We consider a new construction of a quotient BF-algebra induced by an int-soft normal subalgebra.

Also we establish the fundamental homomorphism of a quotient BF-algebra.

2. PRELIMINARIES

We review some definitions and properties that will be useful in our results (see [12]).

By a BF'-algebra we mean an algebra (X, *,0) of type (2,0) satisfying the following conditions:

(B1) zxx =0,

(B2) %0 =u,

(B3) O (z*xy) =yx*x
for all z,y € X.

A BF-algebra (X, *,0) is called a BFj-algebra if it satisfies the following identity:

(BG) z=(z*xy)*(0xy) for all z,y € X.

A BF-algebra (X, *,0) is called a BF»-algebra if it satisfies the following identity:

(BH) z*xy=y*xz =0 imply x =y for all z,y € X.

For brevity, we also call X a BF-algebra. If we can define a binary operation “ <” by « < y if and only if
xxy = 0. A non-empty subset A of a BF-algebra X is called a subalgebra of X if z xy € A for any z,y € A. A
non-empty subset A of a BF-algebra X is said to be normal (or normal subalgebra) ([8]) of X if (zxa)*(y*b) € A
for any z xy,a xb € A. Note that any normal subalgebra A of a BF-algebra X is a subalgebra of X, but the
converse need not be true. A mapping f : X — Y of BF-algebras is called a homomorphism if f(xxy) = f(x)*f(y)
for all z,y € X.

Lemma 2.1. If X is a BF-algebra, then
(i) 0% (0xz) =, for allz € X.
(ii) O x 2 = 0=y implied x = y for any x,y € X.
(iii) ifx*y =0, then y*xx =0 for any =,y € X.

Lemma 2.2. Let X be a BF-algebra and let N be a subalgebra of X. If x xy € N for any x,y € N, then
yxx € N.
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Applications of soft sets in BF-algebras 3

A BG-algebra (X;#,0) is an algebra of type (2,0) satisfying (B1), (B2) and (BG).
Theorem 2.3 Let X be a BF}-algebra. Then
(i) X is a BG-algebra.
(ii) = *xy = 0 implies © = y for any x,y € X.
(iii) The right cancellation law holds in X, i.e., if x *y = z x y, then x = z for any z,y,z € X.
)

(iv) The left cancellation law holds in X, i.e., if y*x =y * z, then x = z for any z,y,z € X.

Molodtsov [11] defined the soft set in the following way: Let U be an initial universe set and let E be a
set of parameters. We say that the pair (U, E) is a soft universe. Let &(U) denotes the power set of U and
A, B,C,---CE.

A fair (f, A) is called a soft set over U, where f is a mapping given by f: X — 2(U).

In other words, a soft set over U is parameterized family of subsets of the universe U. For ¢ € A, f (€) may be
considered as the set of e-approximate elements of the set ( f ,A). A soft set over U can bd represented by the set

of ordered pairs:
(f,4) = {(z, f(2))|x € A, f(z) € 2(U)},
where f: X — 2(U) such that f(z) =0 if = ¢ A. Clearly, a soft set is not a set.
For a soft set (f, A) of X and a subset v of U, the vy-inclusive set of (f, A), defined to be the set

ia(f;7) = {z € Ay C f(x)}.

3. Intersectional soft subalgebras

In what follows let X denote a BF-algebra X unless otherwise specified.

Definition 3.1. A soft set (ﬂ X) over U is called an intersectional soft subalgebra (briefly, int-soft subalgebra of
X if it satisfies:

(3.1) f(z)N f(y) C f(zxy) for all z,y € X.
Proposition 3.2. Every int-soft subalgebra ( f ,X) of a BF-algebra X satisfies the following inclusion:
(3.2) f(z) C f(0) for all x € X.
Proof. Using (3.1) and (B1), we have f(z) = f(z) N f(z) C f(z *xx) = f(0) for all z € X. O

Example 3.3. Let (U =7, X) where X = {0,1,2,3} is a BF-algebra ([12]) with the following Cayley table:

|0 1 2 3
0jlo 1 2 3
111 0 1 1
212 1 0 1
313 11 0

Let (f,X) be a soft set over U defined as follows:
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7Z ifx=0
f:X—=>2U), x—q 22 ifze{l,2}
37 if z=3.

It is easy to check that ( f, X ) is an int-soft subalgebra over U.

Theorem 3.4. A soft set (f, X) of a BF-algebra X over U is an int-soft subalgebra of X over U if and only if
the y-inclusive set ix (f;~) is a subalgebra of X for all v € 2(U) with ix(f;~) # 0.

The subalgebra ix (f;~) in Theorem 3.4 is called the inclusive subalgebra of X.
Proof. Assume that (f,X) is an int-soft subalgebra over U. Let z,y € X and v € & (U) be such that z,y €
ix(f;7). Then~ C f(z) and v C f(y). It follows from (3.1) that v C f(z)Nf(y) C f(z*y) Hence zxy € ix (f;7).
Thus ix(f, X) is a subalgebra of X.

Conversely, suppose that iX(f; ) is a subalgebra X for all v € 2(U) with ix(;y) # (. Let x,y € X, be such
that f(z) =7, and f(y) = vy. Take v = 7, N~y,. Then z,y € ix(f;7) and so @ xy € ix(f;7) by assumption.
Hence f(x) N f(y) =7 Ny =7C f(x *y). Thus (f, X) is an int-soft subalgebra over U. O

Theorem 3.5. Every subalgebra of a BF-algebra can be represented as a ~y-inclusive set of an int-soft subalgebra.

Proof. Let A be a subalgebra of a BF-algebra X. For a subset v of U, define a soft set (ﬁ X) over U by

v ifzeA

f:X—>f@(U),xn—>{® fod A

Obviously, A = ix(f; ~). We now prove that (f, ) is an int-soft subalgebra over U. Let z,y € X. If x,y € A,
then z xy € A because A is a subalgebra of X. Hence f(z) = f(y) = f(z *xy) =7, and so f(x) N f(y) C flz*y).
Ifz € Aand y ¢ A, then f(x) = v and f(y) = 0 which imply that f(z) N f(y) =vN0 =0 C f(zx *y). Similarly,
if ¢ Aandy e A, then f(z)N f(y) € f(z*y). Obviously, if z ¢ A and y ¢ A, then f(z)N f(y) C f(z *y).
Therefore ( f, X ) is an int-soft subalgebra over U. (]

Any subalgebra of a BF-algebra X may not be represented as a 7-inclusive set of an int-soft subalgebra ( f , X)

over U in general (see the following example).

Example 3.6. Let £ = X be the set of parameters, and let U = X be the initial universe set where where
X =40,1,2,3} is a BF-algebra ([12]) with the following Cayley table:

*(0 1 2 3
0j0 1 2 3
1110 3 0
212 3 0 2
313 0 20

Consider a soft set ( f,Xx ) which is given by
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. {0,3} ifz=0
f.X%@(U)ax’_){{g} if z € {1,2,3}

Then (f, X) is an int-soft subalgebra over U. The ~-inclusive set of (f, X) are described as follows:

X ifye{0,{3}}
ix(fi7) =< {0} if v € {{0},{0,3}}

0 otherwise.
The subalgebra {0, 2} cannot be a y-inclusive set ix (f;~) since there is no v C U such that ix(f;~) = {0,2}.
We make a new int-soft subalgebra from old one.

Theorem 3.7. Let (f, X) be a soft set of a BF-algebra X over U. Define a soft set (f*,X) of X over U by

f*:X*)gZ(U), :Ei—>{ f(x) ifxeiX(f?'Y)

0 otherwise

where 7y is a non-empty subset subset of U. If (f, X) is an int-soft subalgebra of X, then so is (f*, X).

Proof. 1f (f, X) is an int-soft subalgebra over U, then iX(f; ) is a subalgebra of X for all v C U by Theorem 3.6.
Let 2,y € X. If 2,y € ix(f;7), then z %y € ix(f;7). Hence we have

@) N fy) = f2) N fly) C flaxy) = f*(@*y).
If o ¢ ix(f;7) or y & ix(f;7), then f*(z) =0 or f*(y) = 0. Thus
Fr(@)n fx(y) =0 C f*(x) * f*(y).
Therefore (f*, X) is an int-soft subalgebra over U. O

Definition 3.8. A soft set (f, X) over U is called an intersectional soft normal subalgebra (briefly, int-soft normal

subalgebra of X if it satisfies:

(3.3) f(zxy)N flaxb) C f((x*a)* (yxDb)) for all z,y,a,b € X.
Proposition 3.9. Every int-soft subalgebra ( f,x ) of a BF-algebra X satisfies the following inclusion:

(3.4) f(zxy) C fly*x) for all z,y € X.
Proof. Using (B3), (3.1) and (3.2), we have

Flyxa)=f(0x(zxy) 2 fO) N flzxy) = flzxy), Yo,y € X.
(I

Proposition 3.10. Every int-soft normal subalgebra (f,X) of a BF-algebra X is an int-soft subalgebra of X .

Proof. Put y := 0,b:= 0 and a := y in (3.3). Then f(z*0)N f(y*0) C f((x*y)*(0x0)) for any z,y € X. Using
(B2) and (B1), we have f(z) N f(y) C f(z *y). Hence (f, X) is an int-soft subalgebra of X. O

The converse of Proposition 3.10 may not be true in general (see Example 3.11).
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Example 3.11 Let £ = X be the set of parameters where where X = {0,1,2,3} is a BF-algebra with the
following Cayley table:

*(0 1 2 3
0/0 2 1 3
111 0 1 1
212 2 0 2
313 2 1 0
Let (f, X) be a soft set over U defined as follows:
v3 ifz=0

[ X>2U), c—<( v ifz=3
7 ifx e {1, 2}
where 71,72 and 3 are subsets of U with 73 € v C ~3. It is easy to check that (f,X) is an int-soft normal
subalgebra over U.

Let (g, X) be a soft set over U defined as follows:

ag ifzx=0
g: X —>2U), v—< ay ifxe{l 2}
(651 if x = 3.

where aq, ap and g are subsets of U with a1 C as C aj3. It is easy to check that (f, X) is an int-soft subalgebra
) =

over U. But it is not an int-soft normal subalgebra over U since (2% 3) N g(2%0) = §(2) Ng(2) = a2 € a; =

9(3) = 9((2%2) * (3% 0)).

Theorem 3.12. A soft set (f, X) of X over U is an int-soft normal subalgebra of X over U if and only if the
~-inclusive set ix (f;~) is a normal subalgebra of X for all v € 2(U) with ix (f;7) # 0.

Proof. Similar to Theorem 3.4. (|

The normal subalgebra ix (f;7) in Theorem 3.12 is called the inclusive normal subalgebra of X.

4. Quotient BF-algebras induces by soft sets

Let ( f,x ) be an int-soft normal subalgebra of a BF-algebra X. For any x,y € X, we define a binary operation

« of 7 on X as follows:

w~ly e flaxy) = F0).

Lemma 4.1. The operation ~7 is an equivalence relation on a BF'-algebra X.

Proof. Obviously, it is reflexive. Let z ~f y. Then f(z xy) = f(0). Tt follows from (3.4) and (3.2) that
f(0) = f(xzxy) C fly*x) C f(0). Hence f(y*z) = f£(0). Hence ~f is symmetric. Let x,y,2 € X be such that
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z ~f yand y ~f z. Then f(zxy) = f(0) and f(y * z) = f(0). Using (3.4), (3.3), (B1), (B2) and (3.2), we have
F0) = faxy)nfly*2) C flexy) N fz*y)

=f((z*z)*0) :f(a:*z) gf(o).

Hence f(z % z) = f(0), i.e., ~F is transitive. Therefore “ ~f ” is an equivalence relation on X. O
Lemma 4.2. For any z,y,p,q € X, if x ~f y and p ~f q, then x *p ~ Y *q.

Proof. Let x,y,p,q € X be such that z ~/ y and p ~/ q. Then f(zxy) = f(yxz) = f(0) and f(pxq) = f(gxp) =

f(0). Using (3.3) and (3.2), we have

FO)=fx*+y)N fp*q)
Cf((z*p) = (y*q) C f(0).

Hence f((x%p)* (y*q)) = f(0). By similar way, we get f((y*q)* (z*p)) = f(0). Therefore z % p ~f y%q. Thus

“~f 7 is a congruence relation on X. O

Denote fz and X/ f the set of all equivalence classes containing x and the set of all equivalence classes of X,

respectively, i.e.,
foi={y € X|y ~ 2} and X/ := {fu|z € X}.
Define a binary relation e on X/ f as follows:
f:v o fy = fw*y
for all fx, fy e X/ f . Then this operation is well-defined by Lemma 4.2.

Theorem 4.3. If(f, X) is an int-soft normal subalgebra of a BF'-algebra X, then the quotient X/f = (X/f7 o, fo)
is a BF'-algebra.

Proof. Let fzvfyvfz € X/f Then we have fNI i fx = fm*z = fOu fz L4 f~0 = fz*O = ffbv fO d (fz L4 JZy) = fO*(m*y) =
fy*x = fy e fo. Therefore X/f = (X/f, e, fo) is a BF-algebra. O

Corollary 4.4. If (f,X) is an int-soft normal subalgebra of a BFy-algebra X, then the quotient X/f :
(X/f,e, fo) is a BFy-algebra.

Proof. Tt is enough to show that X/f satisfies (BH). If fro fy = fo and fy o f, = fo for any f, fy € X/f, then
fx*y =fo= fy*x Hence f(x xy) = f(()) = f(y xx) and so x ~f y. Hence f, = fy Therefore X/f = (X/f,o,fo)
is a BF5-algebra. (I

Proposition 4.5. Let i : X — Y be a homomorphism of BF-algebras. If (f, Y') is an int-soft normal subalgebra

of Y, then (f o u, X) is an int-soft normal subalgebra of X.
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Proof. For any x,y,a,b € X, we have

(f o ) (@ % a)  (y+ b)) =f(u((z *a) *

f(u(axb))
n )

(fom)(axb).

Hence f oy is an int-soft normal subalgebra. Therefore ( fou X ) is an int-soft normal subalgebra of X.

O

Theorem 4.6. Let X := (X;*x,0x) be a BF-algebra andY := (Y;xy,0y) be a BFy-algebra and let p: X —Y

be an epimorphism. If (f,Y) is an int-soft normal subalgebra of Y, then the quotient algebra X/(f o ) :

(X/(fou),ex,(fomoy) is isomorphic to the quotient algebra Y/ f := (Y/f, ey, foy ).

Proof. By Theorem 4.3, Corollary 4.4, and Proposition 4.5, X/fo e (X/(fo 1), ex, (fo 1oy ) is a BF-algebra

and Y/f := (Y/f, ey, fo,) is a BFy-algebra. Define a map

UiX/(fOM)*Y/fa (fou)w’_}fu(r)

for all z € X. Then the function 7 is well-defined. In fact, assume that (f o u), = (fo )y for all z,y € X. Then

we have

(@) =y p(y)) =f(u(@ *x y)) = (f o p)(x *x y)

1
Fou)(0x) = f(u(0x)) = f(0y)

and

Hence fy(@) = fuw):

For any (f o ), (fop)x € X/(f o i), we have

77((f © M)a: ox (fo M)u) =77((fo :u)w*y) = fu(z*xy)

=fu@yeyuy) = fu@) @ fu)

=n((f o p)z) oy n((f 0 p)y))-

Therefore 7 is a homomorphism.

Let f, € Y/f. Then there exists # € X such that u(z) = a since p is surjective. Hence n((fop)x)

and so 7 is surjective.

Let =,y € X be such that fu(m) = fu(y)~ Then we have

(fom)(z*xy) =f(ul*xy)) = F(u(@) *y uy))
=f(0y) = f(u(0x)) = (f o ) (0x)
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and

(fom)(y*xz) =f(u(y *x x)) = f(u(y) *v u(x))

It follows that (f o u)x = (f o p)y. Thus 7 is injective. This completes.

=f v
=f(0v) = f(u(0x)) = (f o )(0x)-

O

The homomorphism 7 : X — X/f, z — fx, is called the natural homomorphism of X onto X/f In Theorem

4.6, if we define natural homomorphisms 7x : X — X/f opuand 7y 1 Y — Y/f then it is easy to show that

nomx = Ty o i, i.e., the following diagram commutes.

x —t5 vy

o o

X/(fop) —— Y/f.
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Abstract

In this paper we introduce a new class of symmetric functions and study the existence of symmet-
ric solutions for hybrid Caputo fractional differential equations. A fixed point theorem in Banach
algebra for two operators is used. An example is presented to illustrate our result.

Keywords: Caputo fractional derivative; hybrid fractional differential equation; symmetric solution;
fixed point theorem
2010 Mathematics Subject Classifications: 34A08; 34A12.

1 Introduction

The aim of this manuscript is to study the existence at least one symmetric solution for hybrid Caputo
fractional differential equation subject to initial and symmetric conditions

D~ [x(;)} +g(tat) =0, teJ:=[0,T], (1.1)

iE(O)Zﬂ? .’E(t):fE(T—t),

where D% denotes the Caputo fractional derivative of order o, 1 < o < 2, f € C(J x R,R\ {0}),
g€ C(J xR,R), § € R. A function z € C([0,T],R) satisfying the relation z(t) = =(T —t), t € [0,T],
is called symmetric on [0,T).

Fractional differential equations have been of great interest recently. It is caused both by the intensive
development of the theory of fractional calculus itself and by the applications of such constructions in
various science such as physics, mechanics, chemistry, and engineering. There have appeared lots of
works, in which fractional derivatives are used for a better description of considered material properties.
For details, and some recent results on the subject we refer to [1]-[17] and references cited therein.

Recently, many authors have focused on the existence of symmetric solutions for ordinary differen-
tial equation boundary value problems; for example, see [18]-[21] and the references therein. In [22]

*Corresponding author
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the existence and uniqueness of symmetric solutions for a boundary value problem for nonlinear frac-
tional differential equations with multi-order fractional integral boundary conditions was studied, by
using a variety of fixed point theorems (such as Banach contraction principle, nonlinear contractions,
Krasnoselskii fixed point theorem and Leray-Schauder nonlinear alternative).

Hybrid fractional differential equations have also been studied by several researchers. This class
of equations involves the fractional derivative of an unknown function hybrid with the nonlinearity
depending on it. Some recent results on hybrid differential equations can be found in a series of papers
([23]-[28).

In this paper we prove the existence of symmetric solutions for the hybrid Caputo fractional boundary
value problem (1.1). One new result is proved by using a hybrid fixed point theorem for two operators
in a Banach algebra due to Dhage [29].

The rest of this paper is organized as follows: In Section 2 we present some preliminary notations,
definitions and lemmas that we need in the sequel. Also we introduce a new class of symmetric functions
and prove some interesting properties, which are used to establish the Green function. In Section 3
we establish the existence of symmetric solutions for the boundary value problem (1.1). An example
illustrating the obtained result is also presented.

2 Preliminaries

In this section, we introduce some notations and definitions of fractional calculus [1, 2] and present
preliminary results needed in our proofs later. In addition, a new definition of a-symmetric function is
presented and also some properties are proved.

Definition 2.1 The Riemann-Liouville fractional integral of order o > 0 of a function g : (0,00) — R

is defined by
t _ g a—1
I%g(t) :/O k)i F(i) g(s)ds,

provided the right-hand side is point-wise defined on (0,00), where T is the Gamma function.

Definition 2.2 The Caputo fractional derivative of order a > 0 for an at least n-times differentiable
function g : (0,00) — R is defined by

1 tog(s)
Dg(t) = d —l<a<n,
0= oy |, Foaprds no1<asn

where n = [a] + 1, [a] denotes the integer part of real number «.

From the definition of the Caputo fractional derivative, we can obtain the following lemmas.

Lemma 2.3 (see [1]) Let a > 0, the general solution of the fractional differential equation D*y(t) =0
is given by
y(t) =co+ et + -+ 4 cnat" ",

where c; €R, 1 =0,1,2,...,n—1, n=[a] + 1.
Definition 2.4 A function y € C?(J,R) is called symmetric, if it satisfies the relation y(t) = y(T —t).

From Definition 2.4 we have y'(t) = —y'(T — t), ¥ (¢t) = y""(T — t) and

/ (s = / " y(s)ds - [ vty (21)

Lemma 2.5 Let f € L?(J,R) be symmetric function. Then we have

I (T = 21 F(T). (2.2)

1333 Jessada Tariboon et al 1332-1342



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

SYMMETRIC SOLUTIONS FOR HYBRID FRACTIONAL DIFFERENTIAL EQUATIONS

Proof. Since f is symmetric on [0, 7], we have
T 1 7
1 _ s - —
I f(T)—/O f(s)ds T/o (T — s+ s)f(s)ds
e I
= f/o (T—s)f(s)ds—i—f/o sf(s)ds
2

2 (7 )
- TA(T—gﬂ@m::TJf@y

Therefore, (2.2) holds. O
Now, we define a new class of symmetric functions as follows:

Definition 2.6 A function f € C*(J,R) is called a-symmetric if D*=f(t) is symmetric function on
[0,T], where 1 < o < 2.

Example 2.7 Let f : [0,1] — R be defined as

ft) = 33‘/%15% (1 - §t> .

It easy to verify that

D*3f(t) = Dif(t)
4 1 3 16 1 5
= — D3tz — —— D3tz
37 157
= t(1—1).

Therefore, f is %-symmetric Sfunction.

Remark 2.8 If a = 2, then the class of a-symmetric functions is reduced to the class of usual sym-
metric functions.

Lemma 2.9 Let z € C'(J,R) be an a-symmetric function. Then the symmetric solution of linear
fractional differential equation

DYy(t) ==z(t), 1l<a<2 tel, (2.3)
y(t) = y(T - 1),
is given by
Mﬂzﬂdﬂ—%ﬁdﬂ+@, (2.5)
where ¢y € R.
Proof. By Lemma 2.3, we have
y(t) = I%2(t) + e1t + o, (2.6)

where cg,c; € R. We apply symmetric condition to obtain

Iz(t)+ et +co=1%(T —t) + 1 (T — t) + co. (2.7)
Evidently, (2.7) becomes
(2t —=T) = I%%(T—t)—I%(t)
= Tﬁt—(Titis)ailzs s — ti(tis)ailzs s
= /0 (o) (s)d /0 o) (s)ds. (2.8)
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Taking the first-order usual derivative with respect to ¢ in (2.8), we get

2c; = 17T —t) -1
—I' (D*7%2) (T —t) — I' (D*~*2) (¢).

Since D?~“z(t) is symmetric on J, and z is symmetric, by (2.1), we have
I'(D*%2) (T —t) =1' (D*"%2) (T) — I' (D> %z) (1),
which leads to
2e0 = —I'(D**2)(T)
2
= _fﬂ (D*2) (T),

by using Lemma 2.5.
Therefor, we obtain the constant ¢, as

1,1 (T )t
cl——fl Z(T)__T/o Wz(s)ds.

Substituting the constant ¢; in (2.6), we get the result in (2.5) as desired.

O

In the following we present the Green function of the hybrid fractional boundary value problem

(1.1).

Lemma 2.10 Let h € C*(J,R) be the a-symmetric function and f € C(J x R,R\ {0}). Then the

unique solution of

ST )
b [f(t,w(t))

:|+h(t)=0, ted,

is given by
_ ’ 3
2(t) = (t,2(8)) (/0 G(t, s)h(s)ds + f(075)> ,

where T )ail T )0471

t -5 — t—s

, 0<s<t<T,
G(t75) = T azr(a)
t(T;(‘Z), 0<t<s<T

Proof. Applying Lemma 2.9, the equation (2.9) can be written as

x(t) t
—— =] —I°h(T
where ¢y € R. The condition z(0) = 0 implies that
Co = /6
f(0,8)

Therefore, the unique solution of problem (2.9)-(2.10) is

o) = f(t,x(t))(—r(la)/o (t = )%V h(s)ds

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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t T a—1 6
e /O (T — ) h(s)ds) o A0)
_ g 3
_ f(t,x(t))/o Gt )h(s)ds + 5o £t (1)
The proof is completed. O

Remark 2.11 The Green’s function G(t,s) defined by (2.12), is not positive for all t,s € J. For
example, if T =5,t =2, s =1 and a = 3/2, then we have G(2,1) = —2/(5/7).

Lemma 2.12 The Green’s function G(t,s) in (2.12) satisfies the following inequalities

— )T)!
G(t,s) < G(s,s) < (oz(g—lf()a)—l—l) forall s,teJ. (2.14)

Proof. Let us define two functions by
git,s)=t(T—s)* " =T(t—s5)"", 0<s<t<T,

and
go(t,s) =t(T—s)*", 0<t<s<T.

Obviously, for 0 <t < s < T, the function go(¢, s) satisfies
ga(t,s) < ga(s,s) = s(T —s)* L.

Let s € [0,T) be fixed. Differentiating with respect to ¢ the function g1 (¢, s), we have

%gl(t,s) =(T—s)* ' —(a-1D)T({t-5"2, s<t.

We can find that dg; /0t = 0 if and only if

P €t L

((a=1)T)===

It follows from 9g; /0t > 0 on (0,t*) and 0g; /0t < 0 on (t*,T) that
g1(t,s) < g1(t", s).

Simplifying the above inequality, we get

git,s) < gt s)

(T - 5)F
= s(IT'—s - 2-a)T —
e =

IN
0
—~
N
|
»
~
Q
|
-
I
Q
—
—~
Rl
»
~

which implies the first inequality.
Next, we will prove the second inequality. Taking the first derivative for go(s, s) with respect to s on
[0,T), we have

gh(s,8) = (T — 8)* (T — as).

Thus g5(s,s) has a unique zero at the point s = s* = T/a such that s* € (0,7). Observe that
gh(s,8) >0 on (0,s*) and g5(s,s) <0 on (s*,T). Hence

T T a— 1)t
92(87 S) < 92 (’ ) = ( a) .
o (6
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Then the second inequality is proved. O

Let E = C([0,T],R) be the Banach space endowed with the supremum norm || - ||. Define a
multiplication in E by

(zy)(t) = z(t)y(t), Vte J.

Clearly E is a Banach algebra with respect to above supremum norm and the multiplication in it. The
main result is based on the following fixed point theorem for two operators in Banach algebra due to
Dhage [29].

Lemma 2.13 Let S be a non-empty, closed convex and bounded subset of the Banach algebra E, let
A:FE — FE and B: S — E be two operators such that:

(a) A is Lipschitzian with a Lipschitz constant 0,

(b) B is completely continuous,

(¢) x=AxzBy=x €S forally € S, and

(d) Mé <1, where M = ||B(S)|| = sup{||B(z)|| : z € S}.

Then the operator equation x = AxBx has a solution in S.

3 Main Result

Now, we are in the position to prove the existence of symmetric solutions for hybrid fractional problem
(1.1).

Theorem 3.1 Assume that the following conditions are satisfied:

(H1) The functions f € C(J x R,R\ {0}) and g € C1(J x R,R) are symmetric and a-symmetric on
J, respectively.

(H2) There exists a bounded function ¢(t), with bound ||¢||, such that
[f(tx) = f(E o)l < o - [z -yl
forte J and x,y € R.

(Hs3) There exist a function p € C(J,R") and a continuous nondecreasing function ¥ : [0, 00) — (0, 00)
such that

lg(t, )| < p(t)¥(|z]), (t,z) € J x R.

(Hy) There exist a number r > 0 such that

((X— )(x 1To¢ ‘ﬁ|
) Folaalma py P |f<o,ﬁ>|]

r “iga (3.1)
- [Q(ﬂ )+ f('(f'ﬂ”]
where Fy = sup,c s | f(t,0)| and
(o —1)*" 18|
||¢|| [O&a 1F( )H || ( ) |f(0,ﬁ)|‘| <L (32)

Then the problem (1.1) has at least one symmetric solution on J.
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Proof. To prove our main result, we first define a subset S of E by
S={zeE: ol <r}

where r satisfies (3.1). Clearly S is closed, convex and bounded subset of the Banach space E. By
Lemma 2.10, we define two operators A : E — E by

Azx(t) = f(t,z(t)), ted, (3.3)
and -
Bx(t) = /0 G(t,s)g(s,x(s))ds + f(()ﬁﬂy teld (3.4)

Hence, the problem (1.1) is transformed into an operator equation as
x = AzBz. (3.5)

Next, we shall show that the operators A and B satisfy all the conditions of Lemma 2.13 under our
assumptions. This will be achieved in the series of following steps.

Step 1. We first show that A is Lipschitzian on E.

Let z,y € E. Then by (Hs), for t € J we have

|Az(t) — Ay(t))| [f(t,2(t) = f(t,y(D))]
P()|2(t) —y(1)]

1ol = yll,

which implies that || Az — Ay|| < ||¢[/||x — y|| for all z,y € E. Therefore, A is a Lipschitzian on E with
Lipschitz constant § = ||¢||.

IN A

Step 2. The operator B is completely continuous on S.

We first show that the operator B is continuous on S. Let {z,} be a sequence in S converging to a
point « € S. Then by Lebesgue dominated convergence theorem, for all ¢ € J, we have

. = lim ' §)g\8, Tn(S))as L
A Bra(t) = Hm_ | Gt s)g(s,en(s))ds + 5755
— T i ﬂ
_ /0 Gt,s) i g(s, @n(s))ds + 7575
T it evetsa(ende o B
_ /0 G(t,s)g(s,z(s))d 0.5

= Bz(t).

This shows that {Bz,} converges to Bx pointwise on J.

Next, we will show that {Bz,} is an equicontinuous sequence of functions in S. Let 71,7 € J be
arbitrary with 71 < 79. Then

|Bxy (12) — Brp(m1)| =

/G(TQ,S)Q(S,.’En(S))dS—/ G(m,9)g(s,zn(s))ds
0 0

T T
< ||p||\If(7“)/0 G(TQ,S)dS—/O G(m,s)ds

T2 Ty 7311717 7_2750(71
S e
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T _ a1 T _ Ja—1
+/ To(T — s) ds—/ 71(T —s) ds

. 1T I
B (kS RO SN
= o) [ 2 [T O
A e A
< it [ BT,
L R e

Consequently
|Bxn(m2) — Bxy(11)| = 0 as 7 — 7

uniformly for all n € N. This shows that the convergence Bz, — Bz is uniformly and hence B is a
continuous operator on S.

Now we will prove that the set B(S) is a uniformly bounded in S. For any = € S and using Lemma
2.12, we have

|Bx(t)] = /OG(t,s)g(s,x(s))ds_Ff(Oﬁm
) 18]
< /0 |G(7f,s)|p(s)\ll(r)d5_i_‘f(()’ﬁ)|

< O el

for all t € J. Therefore, ||Bz|| < K; which shows that B is uniformly bounded on S.
Next, we will show that B(S) is an equicontinuous set in E. Let 71,75 € J with 71 < 75 and z € S.
Then, as above, we have

T T
|Bx(m2) — Bx(m1)| = /0 G(Tg,s)g(s,m(s))ds—/o G(11,9)9(s,x(s))ds

IN

Il (r)

T T
/ G(TQ,S)dS—/ G(7,s)ds
0 0

T

L R e

(g —8)t— (1 —s
+lplee) | o

o) [ s

IN

)afl

ds

which is independent of z € S. As 71 — 7, the right-hand side of the above inequality tends to zero.
Therefore, it follows from the Arzeld-Ascoli theorem that B is a completely continuous operator on S.

Step 3. The hypothesis (¢) of Lemma 2.13 is satisfied.
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Let z € E and y € S be arbitrary elements such that x = AzBy. Then we have

0 < A8
= 1fa®)l| [ Gt + 1
< (fteae) - £+ 10D (ST + L)
< (oto)- 1ot + ) (ST e + ),
which leads to
fell < (el ol + B (ST lee) + 0
< r

Therefore, z € S.

Step 4. Finally we show that M < 1, that is (d) of Lemma 2.13 holds.

Since
M = B9

= sup {Sup|3$(t)|}
zeS (ted
(a — 1)o1Te 15l

S Tt PO R Ay >

by (3.2) we have
(o — 1)o7t 151 )
5 (a—1*T*
1M < g (aalr(a+ P+ 10,57 ) <

with 6 = ||¢]|.

Thus all the conditions of Lemma 2.13 are satisfied and hence the operator equation x = AxBx has
a solution in S. In consequence, the problem (1.1) has a symmetric solution on J. This completes the
proof. O

Next, we present an example to illustrate our result.

Example 3.2 Consider the following hybrid fractional differential equation with initial and symmetric

conditions
3 z(t) i sin? 8t — g
b PO+ 2RO 1 Y (1 + (3\/% (1 5t>>>
26+ (=12 (z@®)|+1) 2 5
a?(t) _ '
X<1+|x(t)|+1)0’ t €0,2],
z(0) = %, z(t) = (2 —1).

Here v = 3/2, T =2 and 8 = 1/3. Since (¢ — 1)2 is symmetric on [0,2] and (8¢2)(1 — (2/5)t)/(3/7) is

3/2-symmetric by
8t3 2
D3 1—Zt) | =t2-1), ¢ 2
2<3ﬁ( 5)) 21, te0.2]
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then we get that f(¢,-) and g(¢,-) are symmetric and 3/2-symmetric functions on [0, 2], respectively.
With the above information, we find that

_ _ 22 + 2z _ y* + 2ly|
A U R b o v 3y 7 g Rl T gy v s YRR
1
< mu‘—%
and
ot,2)| < <5 (Ja] + 1),

and Fy = sup;c(o 9 |f(t,0)] = 1/2. Choosing ¢(t) = 1/(5+(t—1)?), p(t) = 1/12, we have ||¢|| = 1/5 and
lpll = 1/12. Setting ¥(|z|) = |x| + 1, we can find that there exists 0.06962115393 < r < 45.01973321
which is satisfied (3.1)-(3.2). Thus all the conditions of Theorem 3.1 are satisfied. Therefore, by the
conclusion of Theorem 3.1, the problem (3.7) has at least one symmetric solution on [0, 2].
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ABSTRACT. Jeong-Rim-Kim(2015) studied the degenerate Cauchy numbers and polyno-
mials and investigated some properties of these k-times degenerate Cauchy numbers and
polynomials. In this paper, we define the degenerate Genocchi polynomials and the k-th
degeneration of Genocchi polynomials , and investigate some properties of these polyno-
mials.

1. INTRODUCTION

Let p be a fixed odd prime number. Throughout this paper, Z,, Q,, and C, will, re-
spectively, denote the rings of p-adic integers, the field of p-adic rational numbers, and the
completion of algebraic closure of Q,. The p-adic norm |- | is normalized by |p|, = %. Let
UD(Z,) be the space of uniformly differentiable functions on Z,. For f € UD(Z,), the

fermionic p-adic integral on Z, is defined by Kim as

pN -1

L) = [ fa)dnasta) = Jm S f@)-)” 1)

=0
(see [7,8,11,13,14,16,17,20,22]). Then, by (1), we get
I_1(f) = —1-1(f) + 2/(0), (2)
where f1(z) = f(z +1).
1991 Mathematics Subject Classification. 11B68, 11540.
Key words and phrases. Genocchi polynomials, degenerate Genocchi polynomials, fermionic p-adic integral,

Higher order Daehee polynomials.
1
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From (2), we can derive the following integral equation

Iy(fn) = (=1)" +2Z ), (3)

where f,(z) = f(z +n), (n € N).
As is well known, the Euler polynomials are also defined by the generating function to be

<et+1> ZE (see [1,2,4 — 22]). (4)

When z =0, E,, = E,(0) are called the Euler numbers.
The degenerate Euler polynomials are also defined by the degenerating function to be

2 e "
m(1+/\t) =Y E n(h2)

n=0

(see [1,4,8,11,13,14,16,17,20,22]).  (5)

When z =0, E,,(\) = E,(),0) are called the degenerate Euler number.
Note that lim,_,o E, (A, 2) = E,(z). We recall that the Genocchi polynomials are defined
by the generating function to be

o0

2 :ZGn(x)% (see [18, 20, 22]). (6)

t
et +1 =

In recent years, many researchers have studied various types of special polynomials, for
examples, Barnes-type degenerate Euler polynomials, the degenerate Frobenius-Euler polyno-
mials, the degenerate Frobenius-Genocchi polynomials, and degenerate Bernoulli polynomials
(see [2,3,6,9,10,12,13,15]).

In particular, recently, Jeong-Rim-Kim ([5]) studied finite times degenerate Cauchy poly-
nomials and investigated some properties of them.

Thus, our motivation in this paper is to define the degenerate Genocchi polynomials, to
define the k-th degeneration of Genocchi polynomials, and to investigate some properties of
these k-th degeneration of Genocchi polynomials.

2. THE k-TH DEGENERATION OF GENOCCHI POLYNOMIALS

In this section, we define the degenerate Genocchi polynomials which are defined by the
generating function to be

oo

2t £

When z =0, g(O)()\) = g%o)(0|)\) are called the degenerate Genocchi number.
From (2), we easily obtain

2t z
Tt /Zp(lJr)\t) H du_y(y). (8)
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We note that the Stirling number of the first kind is defined as

Z (n > 0) (9)
where (), =2(x —1)---(x —n+1) and (z)p = 1, and
(log(1+1¢))" =n! Z S1(m,n)— (10)

and the Stirling number of the second kind is defined as

(er —1)" = n!lZ:SQ(l,n)ﬁ. (11)
From (7), we get
e’} n 0 tn+1
doo @ = ngflm» o
n=1 ’ ’
_ gn-‘,—l $|A
N tz n+1 nl (12)
From (8), we get
2t p
m(ur)\m = /Z( ) T dp (y)
+ "
I ACORE
n n:
tn
-3 R (13)
n=0 Zp n:
Thus, by (7), (12), and (13), we get
(0)
Int1 (@A)
ﬁ :/Z (@ + y[N)ndp—1. (14)

In the viewpoint of (7), we consider the first degeneration of Genocchi polynomials which
are defined by the generating function to be
(1+log(1 + M\)> = Z g\( x|)\ ot (15)

m=1

2log(1 + At)*
(1+1log(1+ At))> +1

By replacing t by log(1 + )\t)i in (8), we get
2log(1 + At)

1
- (1 +log(1 + At)>
X

(11 +log(14 A)> +1
= Xlog(l—i-/\t)/Z (1 —|—log(1+/\t))%du_1(y)
= log (1+Xt) Z / (x4 y|N)ndp—1(log(1 + At))"

-y [ @y s o1+ 20"
n=0 " Zp
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n—1 ( ' S m t
= Z (2 + YN A" Tdp_y > ATSi(mn+1)—
m)!
n=0 m=n-+1
oo m— 1
tm
= > > (n+DATTS (m, n+1)/ (@ + y[N)ndp—1(y)—- (16)
m=1 n=0 me
Thus, by (14), (15), and (16), we get
m—1
WG = X NS ) [ @ W)
n=0 Ly
m—1
= ATmTLG) (m, n+1) (x|)\) (17)
n=0
By (17), we obtain the following theorem.
Theorem 2.1. Let m € N. Then we have
m—1
WD(alr) = 3 A8 (m,n+ 1)gl) (2]0). (18)
n=0

Now, we consider the second degeneration of Genocchi polynomials as follows:

2log(1 + log(1 + At))f (1 +log(1 + log(1 + At)))>
(1 +log(1 + 1og(1 +At)))x +1

Z g5 fcIA (19)

From (19), we get

2log(1 + log(1 + )\t))

(14 log(1 + log(1 + At)))*

(1 +log(1 4 log(1+ At)))* + 1
- % (1+log(1+)\t))/z( 1+ log(1 + log(1 + At))) > du_1 (y). (20)

From (20), we get

ilog(l—i—log( +)\t))/( 1+ log(1 + log(1 + M) du_1(y)
Z

= 3 log(l +log(1 + At)) Z / (x + y|A)ndp—1(y)(log(1 + log(1 + At)))"

nO

= Z 7/ (@ + yI\)uA """ dp—1 (log(1 + log(1 + At)))"

- Z /x+y|/\),\n tdp—a(y)(n +1)! Z Sy (m,m + 1) 108+ AD)™

m!

mn+1
= Z/ (z + YN X" Hdu_1(y)(n + 1) ZSlmn—i—l ZSllm)\—
m=n+1 l=m

ng ng—1

_ Z 30N amemigy( ng,nQ)sl(nQ,nl+1)g§g>ﬂ(xmn?. (21)

n3=0ns=0n1=0

From (20) and (21), we obtain the following theorem.
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Theorem 2.2. Let ng € N. Then we have

ns ’ﬂz—].

g@ @A) = > DT NG, (g, 1) 81 (n2, i+ 1)l (2]A). (22)

na =0 ni =0
Inductively, we have the k-th degeneration of Genocchi polynomials as follows:

Theorem 2.3. Let k,n; € N. Then we have

’ngfl
g D) = T 3T A TS () - Sa(nayma + Vgl (). (23)
nk_1:0 n170
By replacing ¢ by §(e* — 1) in (19) and (20).

We have

A) LE -y _ A N80 (1, t
Zg (x| SR Zgn (x| Z 2( n)l,

= > Zﬂ (2| M Sy (1, n))z (24)

=0 n=0
By (14) and (23), we obtain the following theorem.

Theorem 2.4. Letl € N. Then we have
g (z|\) = Z gD (2NN So (1, ). (25)
n=0

We note the Daehee polynomials of order r is defined by the generating function to be
log(1+1t)\" > "
STV 140t =Y DO ()= 26
() > oy (26)

When z =0, DSLT ) = Dﬁf) (0) are called the Daehee numbers of order r.
By replacing t by log(1 + )\tﬁ in (7), we get

o 0 (g 10BN 2log(L+ M%) s
nzlgn (z[A) o = ( +1og(1+At))% (1 log(1+ M)
Zg‘” Alaj (27)

and

oo

log(l—i-)\t) 1" nyt

(0 n _ (n)

> ot ey (2 )Am—znxu(zD )
L
ln

= ii )(z|A) DM A
= (Zg(o) x|A)D (Z)) %m' (28)

Thus, by (27) and (28), we obtain the followmg theorem.
Theorem 2.5. Let m € N. Then we have

=3 (M)A Dl (29)
n=0

1347 LEE-CHAE JANG et al 1343-1349



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

6 LEE-CHAE JANG, C.S. RYOO, JEONG GON LEE, HYUCK IN KWON
By replacing ¢ by 1 (e — 1) in (15), we get
> (eMA)m 2
Wy~ - P Ak
S TESrSeRRY
0
= > " @y (30)
=1 )
and
.- w (@ =1)" > g (AD)!
> g (@M % = D g (M)A Zsz(lﬂn)T
m=1 m=1 l=m
= Z ZM Mg (2|X)Sa (1, m) il
=1 \il= m ’
= Z Z A= g (] 0) Sy (1, m) T (31)
= m=1 ’
Thus, by (30) and (31), we obtain the following theorem.
Theorem 2.6. Letl € N. Then we have
0 (z|\) = Z A= g (2N So (1, m). (32)
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Regularization solutions of ill-posed Helmholtz-type
equations with fuzzy mixed boundary value!
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Abstract In this study, we discuss the solutions of fuzzy Helmholtz-type equations(FHTESs) and their
ill-posedness. A regularization method is required to recover the numerical stability. Moreover, the error
estimates and convergence of the method is considered. To support our study, one numerical example is
illustrated.

Keywords: Fuzzy numbers; Ill-posed problem; Helmholtz equation; Regularization method; Conver-
gence estimate.

1. Introduction

The study of fuzzy partial differential equations (FPDEs) provides a suitable setting for the mathe-
matical modeling of real-world problems that include uncertainty or vagueness. As a new and powerful
mathematical tool, FPDEs have been studied using several approaches. The first definition of an FPDE
was presented by Buckley and Feuring in [1]. In [2], the authors considered the application of FPDEs
obtained using fuzzy rule-based systems. Furthermore, Oberguggenberger described weak and fuzzy so-
lutions for FPDEs [3] and Chen et al. presented a new inference method with applications to FPDEs [4].
In [5], an interpretation was provided of the use of FPDEs for modeling hydrogeological systems. Studies
of heat, wave, and Poisson equations with uncertain parameters were provided in [6]. Fuzzy solutions for
heat equations based on generalized Hukuhara differentiability were considered in [7]. Several numerical
methods have been proposed to solve FPDEs. Such as Allahviranloo ([8]) proposed a difference method
for solving FPDEs. The Adomian decomposition method was studied for finding the approximate so-
lution of the fuzzy heat equation in [9]. Solving FPDEs by the differential transformation method was
considered in [10].

In this paper, we proposed a numerical method to solve ill-posed problems for the fuzzy Helmholtz-
type equation (FHTESs). The Helmholtz equation arises in many areas, especially in practical physical
applications, such as acoustic, wave propagation and scattering, vibration of the structure, electromag-
netic scattering and so on, see [11, 12, 13, 14]. The direct problems, i.e. Dirichlet, Neumann or mixed
boundary value problems for the Helmholtz equation have been studied extensively in the past century.
However, in some practical problems, the boundary data on the whole boundary cannot be obtained.
We only know the noisy data on a part of the boundary or at some interior points of the concerned
domain, which will lead to some inverse problems and severely ill-posed problems. In 1923, Hadamard
[15] introduced the concept of a well-posed problem from philosophy where the mathematical model of a
physical problem must have properties where the solution exhibits uniqueness, existence, and stability. If
one of the properties fails to hold, the problem is known as ill-posed. Numerical computation is difficult
due to the ill-posedness of the problem. That means the solution does not depend continuously on the
given Cauchy data and any small perturbation in the given data may cause large change to the solution
[15, 16, 17]. The present study addresses two issues. First, we consider the ill-posedness of FHTEs using
the decomposition theorem. Second, we use the regularization method to recover the numerical stability.

The remainder of this paper is organized as follows. In Section2, we briefly introduce the necessary
notions related to fuzzy numbers and differentiability properties for fuzzy set-valued mappings. In Sec-
tion3, we define the solution and ill-posedness of FHTEs. The regularization method and convergence

fSupported by the Natural Scientific Fund of China (11461062, 61262022).
*Corresponding Author:Zeng-Tai Gong. Tel.: 4+869317971430. E-mail addresses: zt-gong@163.com
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estimates for the initial-boundary value problems of FHTEs are considered in Section4. In Sectionb, we
present some numerical results and our conclusions are given in Section6.

2. Definitions and preliminaries

Let Pi(R™) denote the family of all nonempty compact convex subset of R™ and define the addition
and scalar multiplication in Py(R™) as usual. Let A and B be two nonempty bounded subset of R™. The
distance between A and B is defined by the Hausdorff metric

di(A,B) = max{zgg in [|a — bllsup i |Jp - all}. (2.1)
where || - || denotes the usual Euclidean norm in R™ [18]. Then (Py(R");dp) is a metric space.

Denote
E" ={u:R" — [0, 1]|u satisfies (1)-(4) below}

is a fuzzy number space, where

(1) w is normal, i.e. there exists an xg € R"™ such that u(xg) =1,

(2) w is fuzzy convex, i.e. u(Az + (1 — A)y) > min{u(x),u(y)} for any z,y € R" and 0 < A < 1,

(3) u is upper semi-continuous,

(4) [u)o = cl{z € R™u(x) > 0} is compact.

Here, cl(X) denotes the closure of set X. For 0 < a < 1, the a-level set of u (or simply the a-cut) is
defined by [u]o = {z € R™|u(x) > a}. The core of u is the set of elements of R™ having membership grade
1, ie., [u]1 = {z|r € R",u(x) = 1}. Then from above (1)-(4), it follows that the a-level set [u|, € Pr(R")
for all 0 < a < 1. According to Zadeh’s extension principle, we have addition and scalar multiplication
in fuzzy number space E™ as follows:

[u+ V] = [u]a + [V]a = {z + y|z € [U]a,y € [V]a},

[kula = k[ula = {kz|z € [u]a}, [0]a = {0}.

where u,v € E™ and 0 < a < 1. The distance between two fuzzy numbers v and v is defined by

D(u,v) = sup dy([u]a,[v]a)- (2.2)
a€(0,1]

We recall some differentiability properties for fuzzy set-valued mappings.

Definition 2.1 (See[19]) Let K¢ denote the family of all bounded closed intervals in R, the generalized
Hukuhara difference of two intervals A, B € K¢ (gH-difference, for short), denoted by A,y B, is defined
by

(1))A= B+ C;

Aoy B=
Sgu B =C — {or(iz’)B — A4 (-0).

(2.3)

Definition 2.2 (See[20]) The generalized Hukuhara difference of two fuzzy numbers u,v € E! (gH-
difference, for short) is the fuzzy number w, if it exists, such that

(D)u = v+ w;

or(ii)v = u+ (—w). 24)

u@gHv:w@{

It is easy to show that (i) and (ii) are both valid if and only if w is a crisp number.

It may happen that the gH-difference of two fuzzy numbers does not exist (see, for example, [21]). In
order to overcome this shortcoming, in [20, 21], a new difference between fuzzy numbers was proposed,
which always exists.
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Henceforth, T=|a, b[denotes an open interval in R. A function F' : T — F¢ is said to be a fuzzy
function. For each « € [0, 1], associated to F, we define the family of interval-valued functions F,, : T —
K¢ given by F,(z) = [F(z)]?, for x € T. For any € [0, 1], we denote

Fo(z) = [f,(2), fol2)]. (2.5)

Here, for each « € [0, 1], the endpoint functions f,,, ia :T'— R are called upper and lower functions of F,
respectively. Next, we present the concept of gH-differentiable fuzzy functions based on the gH-difference
of fuzzy intervals.

Definition 2.3 (See [21]) The gH-derivative of a fuzzy function F': T' — F¢ at xg € T is defined as
1
F'(z0) = lim —[F(xo + h) ©gu F(x0)). (2.6)
h—0 h

If F(xg) € Fe satisfying (2.5) exists, we say that F' is generalized Hukuhara differentiable (gH-differentiable,
for short) at xo.

Theorem 2.1(See [22]) If F': T — F¢ is gH-differentiable at xg € T', then F,, is gH-differentiable at z
uniformly in « € [0,1] and
Fo(zo) = [F'(20)]", (2.7)

for all « € [0, 1].

Theorem 2.2 (See [22]) Let F: T' — F¢ be a fuzzy function and € T. Then F is gH-differentiable at
x if and only if one of the following four cases holds:

(a) [ and f., are differentiable at z, uniformly in o € [0,1], ( f,)/(z) is monotonic increasing and

(fa)'(x) is monotonic decreasing as functions of a and (f )'(z) < (fo) (). In this case,

Fol(z) = (£,) (2), (o) (@)]- (2.8),
for all « € [0, 1].

(b) f,, and f., are differentiable at x, uniformly in o € [0, 1], ( f,)/(z) is monotonic increasing and

(f,) (z) is monotonic decreasing as functions of a and (f,)"(x) < (fa)’ (z). In this case,

Fo(@) = [fa)' (=), (f) ()] (2.9),

for all o € [0, 1].

(c) (ia);/_(x) and (?a);/_(x) exist uniformly in a € [0,1],(f )} (z) = (fo)(x) is monotonic
increasing and (f,), (z) = (f,)-(x) is monotonic decreasing as functions of a and (f )’ (z) < (o)) (2).

In this case, N B
Fo(x) = [(f ) (@), fo) s (@)] = [fa)(2), (£ )" (2)]. (2.10),
for all « € [0, 1].

(d) (ia);/f(ix) and (?a)' _(2) exist uniformly in o € [0,1],(f )} (z) = (
increasing and (f,), () = ( Ll)/ (x) is monotonic decreasing as functions of o and
In this case,

)" (x) is monotonic
(

F)u () < (Vs (@)

Fo(x) = [fo)i (@), (f )} (@)] = [(£ )" (@), fo) (). (2.11),
for all a € [0, 1].

Theorem 2.3(Decomposition Theorem|23]) If u € E™, then
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u=J (o), (23)

a€l0,1]
The following well-known characterization theorem makes the connection between a fuzzy interval
and its LU-representation.

Theorem 2.4 (See[24]) Let u be a fuzzy number. Then the functions u, u: [0,1] — R, defining the
endpoints of the a-level sets of u, satisfy the following conditions:

(7) u is a bounded, non-decreasing, left-continuous function in (0, 1] and it is right-continuous at 0.
(7i) w is a bounded, non-increasing, left-continuous function in (0, 1] and it is right-continuous at 0.
(73) u(1l) < u(1).

Reciprocally, given two functions that satisfy the above conditions, they uniquely determine a fuzzy
number.

3. Solutions of FHTEs and Ill-posedness

Now, we consider a Cauchy problem for the Helmholtz-type equation with fuzzy initial-boundary
value in a rectangle domain as follows

o*u  0*u

9~
@Jra—szrku—o, O<z<m0<y <1,

u(r,0) = p(x), 0<z<m,

ou ~ (3.1)
a*y(an)ZO, 0<z<m,
\ﬂ(oay):ﬂ(ﬂ-ay)zﬁv Oﬁyﬁl,

d%u o%u Ou

where where constant k > 0 is the wave number. , 5-3, T By’ o(z), 0 are fuzzy-number-valued functions

and their a-cut sets are shown as follows:

[’lj(ZC,y)]a = [@(:U,y,a), ﬂ(:ﬁ,y,@)],

0%u 0%u 0*u
[@('x?y)]a = [@(wayva)a W('m?yaa)]a
0% 0%u 0*u

[@(x,y)]a = [aiyg(xvyva)v Tyz(x7y7 Oé)],

[g;j@,yna - [g;@,y,a), gzu,y,a)},

[B(2)]a = (@, ), Bz, a)], [0la = [0(a), O(a)].

From Theorem 2.1 and Theorem 2.2, in order to investigate the solution of (3.1), we consider the
following two systems of two partial differential equations

(0%u 0%u
87;5(957%0&) + Tﬁ(ﬂc,y,a) + kQQ(x,y,a) =0, 0<z<mO<y<l,
zg(a:, 0) = ¢(z,a), 0<z<m, (3.2)
a%(m,o,a):g(a), 0<z<m,

L u(0,y,a) = u(m,y) = 0(a), 0<y<l,
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(0%u 0*u _ _
@(x,y,a) + aiyz(ﬁ’y’a) + Eu(z,y,0) =0, 0<z<m0<y<l,
u ’0’ =p ) ) 0 S S )
zg(:v a) =p(x, a) x<m (3.3)
a—Z(x,O,a)zﬁ(a), 0<z<m,
u(0,y) = u(m, y,a) = 0(a), 0<y<1,

Definition 3.1 (see [1]) Let u(z,y,«) and u(x,y,«) be solutions of equations (3.2) and (3.3), respec-
tively. If [u(x,y, @), u(x,y, a)] defines the a-cut of a fuzzy number, for all (x,y) € [0, ] x [0, 1], then
u(z,y) is a solution for (3.1).

By the method of separation of variables, it is easy to derive a solution of the direct problem (3.2)
and (3.3), respectively as follows:

[]

u(z,y,a) = Zgn sin(nz) cos(v/ k2 — n2y) + Z ¢, sin(nx) cosh(v/n? — k2y) (3.4)
n=1 n=[k]+1
where o
Cp = / o(x, ) sin(nx)dx (3.5)
™ Jo —
(k] oo
u(x,y, ) = Zén sin(nz) cos(vV k2 — n2y) + Z Ty, sin(nx) cosh(v/n? — k2y) (3.6)
n=1 n=[k]+1
where o
Cp = / @(x, o) sin(nz)dx (3.7)
T Jo

Obviously, for the solutions u(z, y, ) of the equations (3.2) and the solutions u(x, y, &) of the equations
(3.3), [u(z,y,a),u(x,y, o) satisfies the conditions of Theorem 2.2, [u(z,y,«),u(z,y, )] determines a
solution of problem (3.1) as follows:

U= U (Oé ) [g(m,y,a),ﬂ(x,y, a)]) (38)

a€l0,1]
Remark 3.1 If 0 < k < 1, the first term in Equations (3.4) and (3.6) is vanished.

In the following, we discuss the ill-posedness of problem (3.1).

Definition 3.2 (Hadamard’s definition of well-posedness [15]) If a deterministic solution problem of
FPDE satisfies the following properties (3.9-3.11), then it is well-posed.

For all admissible date, a solution exists. (3.9)
For all admissible date, the solution is unique. (3.10)
The solution depends continuously on the date. (3.11)

Conversely, if one of the properties (3.9-3.11) does not satisfy for a deterministic solution problem of
FPDE, then it is ill-posed.

Next, we are always suppose that (3.9) and (3.10) hold for the convenience of discussion, (3.11) does
not hold.

Definition 3.3 Problem of FHTEs (3.1) is said to be ill-posed if both problems of PDE (3.2) and PDE
(3.3) are ill-posed.
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The the systems of PDE (3.2) and (3.3) are highly ill-posed, see[16]. Thus, the systems (3.1) is
ill-posed.

Ill-posed problem means the solution does not depend continuously on the given Cauchy data and
any small perturbation in the given data may cause large change to the solution. Thus regularization
techniques are required to stabilize numerical computations. In general terms, regularization is the
approximation of an ill-posed problem by a family neighbouring well-posed problems.

4. Regularization and Convergence estimates

In this section, we use the solution of perturbation problems to approach the solution of problems
(3.2) and (3.3). Thus the regularization solution of problems (3.1) be derived by (3.4).

For 0 < k < 1, we consider the following problem

Av(z,y) + k*v (:(:y):() 0<r<mlO<y<l,
v(x,0) + Pu(x,1) = <p Yz, ), 0<z<m, (4.1)
v,(z,0) =0, 0<z<m,
v(0,y) = v(m,y) =0, 0<y<l,
AT(x,y) + k*T (my)zﬁ O<z<mlO<y<l,
o(z,0) + Bo(x, 1) = 7°2(x, ), 0<z<m, (4.2)
Ty(z,0) =0, 0<z<m,
9(0,y) =v(m,y) =0, 0<y<1,

where 0 < a < 1 is a-level set parameter, and 5 > 0 is a regularization parameter. The measured
data of equations (3.1) is fuzzy-number-valued function @(x), and its a-level set is defined as [@(z)]o =
[p(z, @), B(z,a)]. o2 € L?(0,7), % € L?(0,) satisfies

™ = ¢ll < 61, (4.3)
8% — ]| < b, (4.4)
in which the constant d; > 0 and dy > 0 is called an error level and || - || denotes the L?-norm. Further

assume that there exists a constant £ > 0 such that the following a priori bound exists
[u(-, D] < E. (4.5)

By the method of separation of variables, it is easy to derive a solution of direct problem (4.1) and
(4.2) as follows, respectively

> 1 cosh(vn? — k2y)

v(x,y,a) = c sin(nx), 4.6
o) = 2 G o = ) ) (49)
where .
oo 2 5 :
ol = ¢’ (x, o) sin(nzx)dz. (4.7)
™ Jo —
© h(v/n2 2
(z,y, Zi cosh(vin® — Ky) sin(nx), (4.8)
“= " 14 Bcosh(vn? —k?)
where o
2 = / 7°2 (2, &) sin(nzx)d. (4.9)
T Jo
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For k > 1, we define a regularized solution v as follows:

(k] . o
o 2 5, cosh(ViZ—R%y)
et cosh( — k*y) + c sin(na). 10
Z ’ n%]:ﬂ 1+ Bcosh(vn? — k?) (n) (4.10)

v(z,y,a

where ¢d! is defined by Equation (4.7).

4
a( ) =S @2 cosh(v/n2 — k2y) + Z o cosh(vn? — k?y)
e o v) " 1+ Bcosh(vn2 — k2)

n=1 n=[k]+1

sin(nx), (4.11)

where €2 is defined by Equation (4.9).

Remark 4.1 (see[25]) For k > 1, the regularized solution (4.10) and (4.11) be not an exact solution
of the problem (4.1) and (4.2), respectively, but a modified solution. This is done to avoid the case
1+ Bcos(vn? —k?) =0 for k > 1 and n < k and prove a convergence result.

In the following results shall show that the regularization solution v given by Equation (4.6)and(4.10),
and v given by Equation (4.8) and (4.11) are a stable approximation to the exact solution u and @ given
by Equation (3.4) and (3.6),respectively. The regularization solution v and v depends continuously on
the measured data ¢ and @ for a fixed parameter 5 > 0, respectively.

Theorem 4.1 (see[25]) Suppose that u and @ is defined by Equation (3.4) and (3.6) with the exact data
¢ and @, respectively. Suppose that v is defined by Equation (4.6) for the case 0 < k < 1 or Equation
(4.10)for the case k > 1 with the measured data ¢!, 7 is defined by Equation (4.8) for the case 0 < k < 1
or Equation (4.11) for the case k > 1 with the measured data $%. Let the measured data ¢° and 7%
satisfy Equation (4.3) and (4.4), respectively. Let the exact solution u at y = 1 satisfy Equation (4.5). If
the regularization parameter § is chosen as, respectively

B = %, (4.11)
B = %, (4.12)
then for fixed 0 < y < 1, we have the following convergence estimate
lo(-y) = u( )l < 61 +2C, BY5, 7. (4.13)
[o(-,y) —a(-,y)|| < 62 +2C, EY6,~. (4.14)
where Cy = ( gyy)y.

(1-y)

However, the convergence estimate in Equation (4.13) and (4.14) is not useful for y = 1. In order to
obtain a convergence rate at y = 1, we need a stronger a priori assumption

apu('a 1)
G I < E, (4.15)

where p > 1 is an integer. We have the following convergence estimate.

Theorem 4.2 (see[25]) Suppose that u and @ is defined by Equation (3.4) and (3.6) with the exact data
o and @, respectively. Suppose that v is defined by Equation (4.6) for the case 0 < k& < 1 or Equation

(4.10) for the case k > 1 with the measured data %!, v is defined by Equation (4.8) for the case 0 < k < 1
or Equation (4.11) for the case k > 1 with the measured data $%. Let the measured data g‘sl and %
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satisfy Equation (4.3) and (4.4), respectively. Let the exact solution u at y = 1 satisfy Equation (4.15).
If the regularization parameter ( is chosen as, respectively

o1
== 4.1
=11, (1.16)
02
== 4.1
=2, (117
then we have the following convergence estimate at y = 1,
2F 01,1 1 E _
1) — - < 7 pll Zln =2y Py. ]
lo(-, 1) —u(-, 1) <61 + 51E+1—e*2k max{K (E)3’2(61n51) } (4.18)
2K 1) 1. FE
[0 1) = @ DIl < 8 + VBE + e max{ K ()5, 2(c In £) 7). (4.19)
- 2

where K = \/([k] +1)? — k2 and [] denotes the integer part of a real number.

Theorem 4.3 Suppose that u defined by Equation (3.8) is a solution of problem (3.1) and v is its
regularization solution. If u is defined by Equation (3.4) and v is its regularization solution defined by
Equation (4.6) for the case 0 < k < 1 or Equation (4.10) for the case k > 1, while @ is defined by Equation
(3.6) and v is its regularization solution defined by Equation (4.8) for the case 0 < k < 1 or Equation
(4.11) for the case k > 1. then v is a stable approximation to u, where

U= U (a ’ [Q(m,y,a),@(m,y,a)]). (420)
a€(0,1]

Proof By Equation(2.2), since

D(u,0) = sup du([u]a, [0]a)
a€gl0,1]

= sup max{fu(a) - v(a)], [a(a) - T(a)]}. (a.21)
a€(0,1]

from Theorem 4.1 and 4.2, v(«) is a stable approximation to u(«) and T(«) is a stable approximation to
u(a). Hence, From (4.21) we have that v is a stable approximation to u. The proof is complete.

5. Numerical examples

Consider the following direct problem for the Helmholtz equation with fuzzy mixed boundary value

o*u  *u .. ~
ﬁ—kaij—i—k u=0 0<z<mO<y<l,
ﬁa(Nx, 1) = f(z), 0<z<m, (5.1)
a—Z(x,O)zﬁ, 0<z<m,
u(0,y) = u(m,y) =0, 0<y<1,
in which f : [0,7] — E". N
f=v-2x(m—2z),x €0,7]. (5.2)
where ¥ € E' is given by a triangular fuzzy number
t+1, t e (-1,0),
o(t) =¢ —t+1, te(0,1), (5.3)
0, t € (—oo0,—1]U[1,400).
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The a-cut set of f($) is given by

[f(@)]a = 22(7 — 2)u(t, @), 22(7 — 2)0(t, )]
= [2z(m — z)(a — 1), 2z(7m — 2)(1 — a)]. (5.4)

In order to investigate the numerical solution of (5.1), we consider the following two systems of two
partial differential equations

8—5+a—y§+k2gzg, O<z<m0<y<l,
u(z,1) =2z(r — x)(a — 1), 0<z<m,
5 (5.5)
5, @0 =0, 0<z<m,
Y
\u(O,y)—g(ﬂ',y)—O, OSZ/SL
( 0% o0%u _
—Z+a—g+k2ﬂ: , O<z<m0<y<l,
€z Yy
u(z,1) = 2z(m — z)(1 — ), 0<z<m,
P B (5.6)
8—(x,0):0, 0<z<m,
Y
u(0,y) = u(m,y) =0, 0<y<l,

By the method of separation of variables, the solution of the direct problem (5.5) and (5.6) can be
obtained as follows, respectively.

o0

u(z,y, a Zc sin(nz) cos(V k2 — n2y) + Z ¢, sin(nx) cosh(v/n2 — k2y), (5.7)
n=[k]+1

o0

u(z,y, o Z Cp sin(nx) cos(V k2 — n2y) + Z ¢y, sin(nz) cosh(v/n? — k2y), (5.8)
n=[k]+1

ﬂcosh( Toosh(n) Ao dn = Jo 2a(m — z)(a — 1) sin(nzx)dz, @, = Mosh( 7 cooh(m) O o = Jo 2a(m — 2)(1 —
a) sin(nx)dz, and they can be computed by the Simpson formulation, respectively.

where Y, =

Remark 5.1 If 0 < k < 1, the first term in Equations (5.7) and (5.8) is vanished.

Then we choose the initial data () for equation (3.2) and @(x) for equation (3.3) as follows,

25

p(x) = u(zr,0) = an sin(nx). (5.9)
n=1

?(x) = u(zx,0) Zcpn sin(nzx) (5.10)

The measured data ¢; and @g,is given by ¢ 01 (2;) = (x;) + € -rand (i), and §% (z;) = @(2;) + £ - rand(i),
respectively, where ¢ is an error level,

LM ) 1/2
01 := [lps, — lli, = (MZ o5, (i) — (i) ) : (5.11)
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1/2

Ny
_ _ 1 _ _ 2
0 1= |75, =Pl = | 3 > @) — 2] ] (5.12)
=1

The function rand(-) denotes a random number uniformly distributed in the interval [0, 1]. In our numer-
ical computations, we always take N; = 31. The regularization parameter g is chosen by (4.10),(4.11)
and (4.15),(4.16) respectively.

The numerical results for u(-,y) and u%(-, y) with k = %, e = 0.0001, & = 5 are shown in Figurel.

exact solution

11/

i
o
s

exact solution

(a) exact solution u.

0‘0““\{““\&\‘

\
&
90 SN

SN
ORI
| ‘ | ‘ o

(c) exact solution u.

Figure 1: e =1x 1074 a = .k

6. Conclusion

regularization solution

1

regularization solution

y 0o

SN
ORISR
DRSS
e

<
o
o

<

(d) regularization solution u}.

1
5

In this paper, we investigate a new numerical method of solution for inverse problem of FHTEs. We
defined the ill-posedness for deterministic solution problem of FHTEs and the regularization method is
proposed to solve a Cauchy problem for the ill-posed FHTEs. The convergence and stability estimates
for 0 < y < 1, y = 1 have been obtained under a-priori bound assumptions for the exact solution. Finally,
one example shows that our proposed numerical method is effective.
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Abstract

In this paper, the behavior of solutions of a kind of nonlinear difference equations was
studied. According to the first initial value, the regions of the second initial values was
partitioned by zeroes of auxiliary functions such that the asymptotical behavior of the
equation was determined, which was convergent or unbounded.

Key words: Nonlinear difference equations; Convergent; Unbounded

AMS 2000 Subject Classification: 39A10, 39Al11

1 Introduction
In 2011, Kosmala[l] proposed a kind of nonlinear difference equations
Tpt1 = Tp—k Tn—g — 1, n=12,... (1)

with k, Il € N and the initial values being real numbers. It stems from investigating periodic
difference equations.

Stevié¢ and Iricanin [2] presented the first general result on the behavior of solutions of (1),
by describing the long-term behavior of the solutions of (1) for all values of parameters k and
1, where the initial values satisfy a special condition.

Moreover, some particular cases of (1) were investigated in [3-7]. Paper [3] investigated the
case where k = 1, ] = 2; paper [4] and [7] investigated the case where k = 0, [ = 1; paper [5]
investigated the case where k = 0, [ = 2; paper [6] investigated the case where k =0, [ = 3.

The relatively simple appearance of (1) is deceiving in that its behavior changes signifi-
cantly for different choices of k and I. These results of (1) were mainly about the periodicity,
unboundedness and stability for particular choices of k and .

In this paper, we consider a special case of (1), which was investigated in [4] and [7],

Tptl = Tp Tn—1 — 1, n=0,1,2,... (2)
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with the initial values z_; and z( being real numbers. Note that the equilibria Z of (2) are

_ 1-+5 _ 1+5
T =—" xQZT.

2

Furthermore, Z; was locally asymptotically stable and Zs is unstable[4].
We first summarize the main results[4, 7] on the solutions of (2).

(1) (C) If =1 < z_1, zp <0, then every solution of (2) converges to Z.

(2) (UB) If one of the following holds, then the solution of (2) is unbounded.

(’L) xr_1 > T2, xro > To2;
(ZZ) r_1 < —1, To < —1;
(i) x_1 <0, xo > 0;
() O0<z_y <1, 0<zy <1,

x%m%l —2xpx_1+1—2_1>0.

(3) (UBor C)

— If 1 <x_q, xyp < T2, then one of the following occurs.

(¢) The solution of (2) is unbounded.
(#4) There exists ng > 1 such that z,, € (-1, 0) for all n > ny.

— If z_; >0, 2o < 0, then the solution of (2) in certain cases is bounded and in other

cases is unbounded.

— If 0 < 21, g < Tz, then the solutions of (2) exhibit somewhat chaotic behavior
relative to the initial values. A little change in the initial conditions can cause a

drastic difference in the long-term behavior of the solutions.

For simplicity, we show them in Figure 1. For the initial values (z_1, z¢) in different colored
regions, the solution of (2) is of three kinds: being convergent(C) and being unbounded(UB),

being unbounded or convergent(UB or C).

y
000 4 7
700 0000000 7
700000 -7
07 7,0 //;, /é///?//

N

700000

7000000000000
O _
00 000000 2

C

GH
.
%

7 7
7 7
7

%
%

77

N

00
220200222027

Figure 1: Different regions of the initial values of (2)

From the above results, one can see that these regions were presented from the perspective
of the relation of two initial values of (2). For the initial values in the green regions, the

corresponding solution is bounded and convergent. For the initial values in the

red regions, the

solution is unbounded. As far as the initial values in the blue regions is concerned, the solution

was either unbounded or convergent and such a conclusion was not concise.
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Specially, for the initial values in the blank regions, the behavior of the solution is unknown.

It is interesting to investigate the evolution of the solution according to the initial values
in the plane. In the following, we try to use a new method to consider the behavior of (2).
Different from the method in [4], we construct auxiliary functions and then use the zeroes of
them to create new partitions of the second initial value. In this way, for the first initial value
which is arbitrarily chosen, the corresponding solution is convergent only for the second initial
value in some intervals which are determined by the zeroes of auxiliary functions. And the
lengths of these intervals are decreasing to zero.

2 Main Results

In this section, we present the main result by investigating the behavior of solutions of (2).
First of all, from the results in [4], we made a little generalization.

Theorem 2.1.
(1) If there is an N >0 such that —1<xy_1, xn <0, then {z,} of (2) converges to Zy.

(1) If there is an N >0 such that one of the following five conditions holds, then the solution
of (2) is unbounded.

1) TN_1 > T2, IN > Ta;

2) ry_1 < —1, Ty < —1;

3) zy_1 <0, zy > 0;

4) O<zy_1 <1, O<zy <1,
x?\,x?\,d —2rxyrN_1+]l—xN_1 > O

5) IN_1>O, rny < —1.

It is worth pointing out that the last case 5) is a direct result of the case 2) and it is crucial
for our main result.

Thus, the behavior of solutions of (2) depends on the location of its two consecutive terms
of xy_1 and zx being less than —1, greater than Zs or in the interval (—1, 0). However, it is
still complicated in terms of the boundedness of solutions of (2) for other cases.

By Remark 2.6 in [4], if the solution of (2) is not periodic or eventually periodic with minimal
period three, then the solution is either bounded, while inside (—1, 0), or unbounded.

Now, we present a necessary and sufficient condition on the existence of eventually prime
period-three solutions of (2).

Lemma 2.1. The solution {x,} of (2) is an eventually prime period-three solution if and only
if there is an N >1 such that xn =0.

Proof. By Theorem 2.1 in [4], if the solution {z,} is an eventually prime period-three solution,
then there is an IV >1 such that z =0.

On the other hand, if there is an N > 1 such that xny =0, then we have zy;1 = —1 and
xn42=—1 from (2). Thus, it is an eventually prime period-three solution. O

In the following, letting the first initial value x_; being fixed, we consider the behavior of
the solution for the second initial value zy, mainly on the convergence and unboundedness of
the corresponding solution of (2).

For simplicity, we could assume that x_; =a and zg=0b, where a and b are real numbers.
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Now, we introduce auxiliary functions F;(b) = x; for ¢ > 1, from (2), which are

F(b) = ab—1, 3)
F(b) = bFi(b)—1 = ab®>—b—1, (4)
F5(b) = F(b)Fi(b)—1 = b(F{(b) —a), (5)
Fy(b) = F3(b) Fo(b) =1 = Fi(b) (F5(b) — ), (6)
F5(b) = Fu(b) F3(b) =1 = Fp(b) (F5(b) — F1 (D)), (7)

and by induction, for ¢ > 5, we have
Fip1(b) = Fi(b) Fia(b) =1 = Fio(b)(FL(b) — Fi—3(b)), (8)

from which we know that F;(b) is a higher-degree polynomial of b.

By listing the roots of F;(b) = 0 for each i > 1, we consider the behavior of F;(b) with b
in the intervals between these adjacent roots, which describes the long term behavior of the
solution of (2) with the second initial value ¢ in such intervals for the first one x_; being fixed.

In the following, we investigate the roots of F;(b) = 0 step by step.

It is obvious that r1; = 1/a is the root of F;(b) =0 if a # 0.

If @ > —0.25 and a # 0, then F5(b) =0 has two roots which are

1—+1+4a 1+ +1+4a

T91 = Ty =
2a ’ 2a

and they satisfy ro; < 111 < rog for a > 0.
It is noted that 0 is always a root of F3(b) =0 (for convenience, denoted by itself) and for
a > 0, the other two roots are

s = —, T32 =
a

1—+a 1+ Va
—

satisfying 0 < rg; <7111 <7roe <rzgxfor 0 <a <1 and 731 <0 < ry; <rog < r3o for a > 1.

From (6), we know that Fy(b)=0 is equivalent to F;(b)=0 or F3(b)=b. Thus r1; is always
a root of Fy(b)=0. From F§(b) = b, in view of the strict monotonicity of F»(b) for b>ry1, there
are only two roots of Fy(b) =0, satisfying r41 < rag < r4s for a>0 and b>0.

Similarly, the other two roots of F5(b) = 0 satisfy r51 < 732 < r52 for a > 0 and b > 71,
which are different from r5; and r93.

Here and after, we only focus on these "new” roots of F;(b) = 0, which have not been labeled
by other smaller indices.

Now, we conclude the existence of two roots of F;y1(b)=0 for i>5.

Lemma 2.2. F;1(b)=0 has only two roots for a>0 and b>r;_3)s fori>5.

Proof. Letting r;; be the roots of F;(b)=0 for i >1 and j=1, 2, from (8), we have
F 1 (b)=F/(b)Fi—1(b) + F;(b)Fi_1(b) > 0 (9)

for b>r;2 and thus F;;1(b) is strictly increasing for b>rs.

From (8), we have F? | (b)=F;_3(b) for i >5. Hence, in view of the monotonicity of F;_1(b)
for b>7(;_2)2 and the positivity of F;_3(b) for b>r(;_s)2, by induction, there are only two roots
of Fi11(b)=0 satisfying r(;4+1)1 < ri—1)2 < 7(i+1)2 for a>0 and b>r;_s)s. O

Furthermore, we could conclude that {r;;};2% and {r;x};% are convergent.
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Lemma 2.3.
. lim i1 = hm 2. (10)
1— 400 1— 400
Proof. First, from the strict monotonicity of Fjy1(b) for b>r;2, we have r;s < r(;11)2 and thus
T2 <T33 <742 < .... The convergence of {r;2};-% is guaranteed by F;(b) being a higher-degree
polynomial of b. Similarly, {r;;}}-5 is convergent.
Denote
lim 75 = b =b(a), lim oy = b= B(a).
1—+00 11— 400
In order to prove (10), we suppose that b < b. Then there exists N such that rno > b.
From the above, there exists a root r(yio); of Fyy2(b) =0 near ryo. In view of {7‘1-2};;"20
being increasing, it is enough to choose such a ry2 that the corresponding r(yy2); > b, which
contradicts the convergence of {nl}:;og’ The case of b < b is similar. In fact, we can find such
an M that b < ra1 < rare and they are roots of Fir(b) =0, which contradicts the convergence
of {ri} . Hence, (10) is true. O

From the above, for the first initial value z_1; = a being fixed, we have obtained that
F;(b)=0 has only two "new” roots for i >3 and the sequences {r;; };% and {r;}; % converge
to a same number.

To investigate the behavior of the solution of (2) with initial values in these intervals which
are partitioned by the adjacent roots r;;, we consider three cases.

Casel a=0
If —1<b<0, it follows that both F»(b)=—b—1 and F3(b)=0 are in the interval (—1, 0).
Thus {z,} of (2) converges to Z; by Theorem 2.1.
Case2 a<0
From 711 =1/a < 0 and Fy(b) = ab® — b — 1, we have that Fy(r1;)= F2(0)=—1. Hence,
only two cases in the following are needed.
(i) If a <—0.25 and b € (r11, 0), then —1 < Fy(b), F2(b) < 0. Thus, by Theorem 2.1,
{z} of (2) converges to Z.

(ii) If —0.25 <a < 0, then Fy(b) = 0 has two roots satisfying r1; <191 < 799 <0. For
b € (r11, 721) U (722, 0), we have —1 < Fy(b), F(b) <0 and {z,,} of (2) converges to
Z1 by Theorem 2.1. For be (—o0, r11), we have F»(b) <—1 and F3(b)<—1 and thus
{zy} of (2) is unbounded by Theorem 2.1. For b€ (121, 122), we have Fy(b) <0 and
F5(b)>0 and thus {z,,} of (2) is unbounded by Theorem 2.1.

Generally speaking, for a < 0, the solution {z,} of (2) converges to Z; only for two cases:
one is a<—0.25 and b € (r11, 0), the other is —0.25 <a< 0 and b € (711, 721) U (722, 0).
Hence , for a<0 and >0, {z,} of (2) is unbounded. Thus, the dynamics of (2) is clear.

Case3 a>0

For this case, it is complicated to arrange these roots r;;. We divide it into three cases.

3.1 O0<axl1

In this case, we prove that

T21 <0<T31 LTy <71 <Tog < T < Tl < T3z < Ty < Ty <Tg2. (11)
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From the above, we only need to show r3; < rq1 < r11 and roe < r51 < rg1 < r32.

First, from 741 < reg < 742, in view of Fa(rs1) < 0 and F5(rs1) < 0, it follows that
F4(7‘31) = —1, F4(7‘11) = 0, in(’l“?,l) > O, in('rll) =a—1<0 (12)

for0 <a< 1. Thus, r3r < rg1 <Ti11.

Second, in order to prove ros < 1751 < 161 < T32, we only need to show r9s < 751 and
r61 < r3z. Thus, the key is to compare ;5 with r;; for i > 2 and j=14 + 3.

From r51 < r32 < 152, we could conclude that roo < r51.

In fact, in view of F5(ra2) = 0 and F5(rsz) = —1, we have
Fi(rsz) = —F3(r32) <0, (13)
F5(roz) = Fy(ra2) (1 = Fi(ra2)) >0 (14)

which is guaranteed by

2(2 —a) S
3++v1+4a

for 0 < a < 2. Thus, the conclusion is true.

1—F1(7‘22)= 0 (15)

In a similar way, from rg; < r49 < rg2, we conclude r5; < 161 < r'32.

In fact, in view of Fy(rs2) = 0 and Fg(rs1) = —1, we have
Fé(”f'g,l) = Fl(rs1)Fu(rs1) > 0, (16)
Fg(rsz) = Fy(raa) (1 - F(rs)) <0
which is guaranteed by
1 — Fy(rsy) = % <0 (17)

for 0 < a < 1. Thus, r51 < rg1 < r32 holds.

Hence, from the above, it is proved that (11) holds for 0 < a < 1.

Third, we analyze the behavior of {z,} of (2) with z¢ being in the intervals parti-

tioned by these adjacent roots.

(1) For be (—o0,re1), we have Fy(b) <0, Fy(b) > 0. Thus, {x,} is unbounded by
Theorem 2.1. Tt is also true for b€ (0, 731)U(r41,711)U (T2, 751) U (761, 32) Which
are listed in Table 1.

(2) For b€ (re1,0), we have —1 < Fy(b), F5(b) <0. Thus, {z,} converges to Z; by
Theorem 2.1. It is also true for b € (r3y,7r41) U (r11,722) U (r51,761) which are
listed in Table 2.

Table 1: Intervals of x( such that {x,} is unbounded for 0 < z_; <1

Intervals of zg Reasons {zn} is
(—o0, T21) F1(b) <0, F(b) >0 | unbounded
(0, 731) F>(b) <0, F3(b) >0 | unbounded
(ra1, T11) F3(b) <0, Fy(b) >0 | unbounded
(raz, T51) Fu4(b) <0, F5(b) >0 | unbounded
(re1, T32) F5(b) <0, Fg(b) >0 | unbounded
6
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Table 2: Intervals of x¢ such that {z,} is convergent for 0 < x_; < 1

Intervals of zo Reasons {zn}
(r21, 0) —1< F3(b), F3(b)<0 | converges to Z1
(ra1, T41) —1< F3(b), F4(b)<0 | converges to Z1
(r11, 7T22) —1< Fy(b), F5(b)<0 | converges to T1
(rs1, T61) —1< F5(b), Fs(b)<0 | converges to Z1

3.2 1<a<?2

In this case, we prove that

ro1 <131 S0 <111 Sryy <rop <151 <132 Sy < Tg2 < T2 < T (18)

In fact, for @ = 1, in view of their expressions and Fy(b) = (b—1)2 (b3 —b® — 2b— 1),
we have 131 =0, r320=2=rg1, ri1=1=7r41 .
For 1 < a < 2, it is apparent that 791 < r3; < 0 < r;; < rog < rzg. From (12), (16)
and (17), we have

Fy(ri1)

a— 19
Fi(rss) = Fi(rae)-%— > 0. (19)

It follows that r11 < r41 and r3s < rg1.

And rog < 151 follows from (14) and (15). Thus, (18) holds for 1 < z_; < 2.

It is worth pointing out that {z,} of (2) converges to Z; for 1 < z_; < 2 and
2o € (ra1,731) U (0,711) U (41, 722) U (751, r32) which are listed in Table 3.

Table 3: Intervals of zy such that {x,} is convergent for 1< z_; <2

Intervals of xg Reasons {zn}
(r21, T31) —1< F»(b), F5(b)<0 | converges to T1
0, 711) —1< F5(b), Fi(b)<0 | converges to T1
(ra1, ro2) —1< Fu(b), F5(b)<0 | converges to T1
(rs1, T32) —1<F5(b), Fs(b)<0 | converges to T,
3.3 a>2

In this case, we prove that

ro1 <131 <0< i1 <1rg1 <751 < 1rog <139 <711 < Tyo < Tye < Tga- (20)

Compared with (18), we only need to prove ras > 151 for a > 2. In fact, from (14)
and (15), for a > 2, we have that ros > 75;1.

It is worth pointing out that {x,} of (2) converges to z; for z_; > 2 and zo €
(ro1,731) U (0,711) U (141, 751) U (22, r32) which are listed in Table 4.

From the above, we derive such intervals of zq for _; such that {x,} of (2) is convergent. It
is worth pointing out that we couldn’t continue such a procedure because there are no explicit
expressions of r4o and so on. From the above procedures, we know that the key is how to
compare 72 with r;; where j=1i + 3 for ¢ > 4.

In fact, for such an interval I; = (r;2, rj1) (or (1, 752)) where j=1+ 3 for ¢ > 4, in view
of auxiliary functions Fj(b), we have F;_1(b) < 0 and Fj;(b) > 0. Thus, for z_; being fixed and
29 € UI; (the union of I; for i > 4), {z,,} of (2) is unbounded by Theorem 2.1.
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Table 4: Intervals of z¢ such that {x, } is convergent for z_; >2

Intervals of zo Reasons {zn}
(ra1, 731) —1< F3(b), F3(b)<0 | converges to Z1
0, 711) —1< F3(b), F4(b)<0 | converges to Z1
(ra1, 751) —1< Fy(b), F5(b)<0 | converges to T1
(roz, T32) —1< F5(b), Fs(b)<0 | converges to Z1

In view of Lemma 2.3, we obtain that the lengths of these open intervals I; for i > 4 tend to
zero as i tends to +oo. For z¢ > b, the increasing property of {z,,} of (2) leads to its divergence.
Therefore, we generalize the above results into the following theorem.

Theorem 2.2. The solution {x,} of (2) is unbounded only for its second initial value xy in
such open intervals depending on the first initial valuexy, which are listed in Table 5, where the
endpoints r;; are the roots of auxiliary functions F;(b) =xz; =0 with xo =b and x_1 =a for
i>1. And {z,} of (2) is an eventually prime period-three solution just at xo = r;; or xo = 0.
For g belongs to the complementary set of such intervals except those endpoints, {x,} of (2)
s convergent to the negative equilibrium ;.

Table 5: Intervals of z for _; such that {x,} is unbounded

T_1 Intervals of zg
(=00, —0.25) | (—o0, r11) U (0, 400)
[—0.25, 0) (—o0, 11)U(7“21,7”22) (0, 4o0)
0 (=00, —1) U (0, +0o0)
(0, 1) (=00, 721) U (0, r31) U (ra1, r11) U (b, +00) U (U s)
[1, +00) (=00, 721) U (0, 731) U (ra1, m11) U (b, +00) U (U 1)

From Theorem 2.2 and Table 5, for _; and zy greater than zero, solutions of (2) would ex-
hibit somewhat chaotic behavior[4], that is, {z,} is either unbounded or convergent alternately
for x¢ depending on x_1, which is more concise from Table 5.

Now, we give some examples for particular x_; which are listed in Table 6. Here, we only
present the former six intervals of xzg such that the solution {z,} of (2) is convergent. It is
noted that the numerical values of these endpoints of these intervals are approximated to the
values of the solutions of the auxiliary equations F;(b)=0.

From Table 6, for x_; =1.5, it is shown the former six intervals of xy such that the solution
{zn} of (2) is convergent, which are on both sides of zero. If zo=1.6 in (1.4975, 1.6073), then
the solution of (2) enters and then remains in the interval (—1, 0), and hence is bounded and
convergent. Whereas if zg=1.61, then the solution is unbounded. It is clear for the third case
that the solution is UB or C.

3 Conclusion

The existence of prime period-three solutions of (2) is proved in [4] and the convergence of
(2) in its invariant interval (—1, 0) is proved in [7]. In this paper, we present a new method
to partition the intervals of xy depending on x_; to describe the behavior of solutions of (2)
and explain in detail that the solution of (2) exhibits somewhat chaotic behavior relative to the
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Table 6: Intervals of xq for z_; > 0 such that {z,} is convergent

T_1 Intervals of xg
0.1 (—0.9161, 0), (6.8377, 7.6946), (10, 10.9161),
(12.4540, 12.8553), (13.1623, 13.4675), (13.6396, 13.7755)
0.618 | (—0.6985, 0), (0.3461, 1.4048), (1.6181, 2.3166),
(2.5350, 2.8614), (2.8902, 3.0690), (3.0996, 3.1756)
1 (—0.618, 0), (0, 1), (1, 1.6180), (1.7121, 2),
(2, 2.1479), (2.1637, 2.2237)
1.5 (—0.5486, —0.1498), (0, 0.6667), (0.7717, 1.2153),
(1.2447, 1.4832), (1.4975, 1.6073), (1.6149, 1.6633)
2.5 (—0.4633, —0.2325), (0, 0.4), (0.5711, 0.8476),
(0.8633, 1.0325), (1.0558, 1.1302), (1.1316, 1.1680)
10 (—0.2702, —0.2162), (0, 0.1), (0.2740, 0.3327),
(0.3702, 0.4162), (0.4383, 0.4596), (0.4630, 0.4752)

initial values. Compared with the known results[4], our results are much more accurate and
easy to obtain by computers to describe the evolution of (2) for the initial values in the plane.

We conclude that the solution of (2) is bounded and convergent only for xg in particular
intervals depending on x_1, which are partitioned by the zeroes of auxiliary functions presented
in this paper. Specially, it is unbounded only for x(y in such open intervals listed in Table 5
which depend on x_;.

It is of great interest to continue the investigation of the monotonicity, periodicity, and
boundedness nature of solutions of (1) for different choices of parameters k and ! and other
equations presented in [4]. We believe that prime-period solutions and the negative equilibrium
are crucial for the dynamics of difference equations (1). The future work is to extend our study
to a more generalized equation (1).
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