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A new result on the almost increasing sequences

H. S. OZARSLAN and A. KARAKAS
Department of Mathematics, Erciyes University, 38039 Kayseri, TURKEY

E-mail:seyhan@erciyes.edu.tr; ahmetkarakas1985@hotmail.com

Abstract

In this paper, we have generalized a known theorem on \N , Pn|k summability factors of
infinite series to the ¢ — |A, pn|r summability by using an almost increasing sequence. This

new theorem also includes several new results.

1. INTRODUCTION
A positive sequence (b,,) is said to be almost increasing if there exists a positive increasing
sequence (c¢,) and two positive constants A and B such that Ac, < b, < Be, (see [1]).
Let >" a, be a given infinite series with partial sums (s,) and let A = (ay,) be a normal
matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then A defines the
sequence-to-sequence transformation, mapping the sequence s = (s,) to As = (Ay(s)),
where

n

An(s) = Z anpSy, n=0,1,.. (1)
v=0

The series Y a,, is said to be summable |A|, ,k > 1, if (see [13])
Z nk=1 |AAn(s)]Ic < 00, (2)
n=1

2010 AMS Subject Classification: 40D15, 40F05, 40G99.
Key Words: Summability factors, absolute matriz summability, almost increasing se-

quence, infinite series.
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where
AAL(s) = An(s) — Ap—1(s). (3)

Let (pn) be a sequence of positive numbers such that

n
Pn:va—>oo as n—>OO7 (P—Z:p—z:07121) (4)
v=0

The sequence-to-sequence transformation

1>
= 5 PovSv (5)
S

defines the sequence (u,) of the (N,p,) mean of the sequence (s,), generated by the
sequence of coefficients (p,,) (see [8]). The series 3" ay, is said to be summable | N, p, |,

k> 1, if (see [2])

o

Z n/pnk1|Aun 1‘<OO (6)

and it is said to be summable |A,py,|, ,k > 1, if (see [12])

ni; (P">k_1 |A4,(s)]" < o0, (7)

Pn

where
AAL(s) = An(s) — Ap—1(s).

Let (¢,) be any sequence of positive real numbers. The series > a,, is summable ¢ —

|A, ok, k& > 1, if (see [11])
ZJ HAAL(s)[F < oo (8)

If we take @, = 5—:, then ¢ — |A, pp|r summability reduces to |A, p,|r summability (see
[10]). Also, if we take ¢, = % and an, = B, then we get |N, pp|r summability. If we
take ¢, = n and an, = %Z, then we get |R, p,|x summability (see [5]). Furthermore, if we

take o, = n and any = f;—n and p, = 1 for all values of n, then ¢ — |A, p,|x summability

reduces to |C, 1|, summability (see [7]).
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In [6], Bor has proved the following theorem for | N, p,,|, summability factors of infinite
series.
Theorem 1.1. Let (X,) be an almost increasing sequence and let there be sequences

(Bn) and (A,) such that

| ANy [ B, (9)
Bn =0 as n— oo, (10)
Zn|Aﬁn|Xn<oo, (11)
n=1
‘ An ‘ Xn = 0(1) (12)
and
Lt P
Z =0(X,) as n— oo, (13)
v
v=1

where (t,) is the n-th (C, 1) mean of the sequence (na,). Suppose further, the sequence

(pn) is such that

P, = O(npy), (14)
Py Ap, = O(pnpn+1)a (15)
then the series Y o2, an% is summable | N, p, |,, k > 1.

Remark 1.2. It should be noted that, from the hypotheses of the Theorem 1.1, (A,) is
bounded and A\, = O(1/n) (see [3]).
2. THE MAIN RESULT

The aim of this paper is to generalize Theorem 1.1 for absolute matrix summability.
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Before stating the main theorem we must first introduce some further notations.
Given a normal matrix A = (a,,), we associate two lover semimatrices A = (@,,) and

A = (iiny) as follows:

n
Qny :Zaniv nvvzoulv“‘ (16)
i=v
and
apo = Qoo = A00;  Ony = Apy — apn—1,p, N = 1,2,.. (17)

It may be noted that A and A are the well-known matrices of series-to-sequence and

series-to-series transformations, respectively. Then, we have
n n
Ap(s) = Z oSy = Z Ay (18)
v=0 v=0
and
n
AAn(s) = anyay. (19)
v=0

Now, we shall prove the following theorem.

Theorem 2.1. Let A = (a,,) be a positive normal matrix such that

Gpo=1, n=0,1,..., (20)
An—1,p > Gpy, forn>v+1, (21)
U = 0(%:), (22)

| Gn.pt1 [= O | Ay(@n) |) (23)

Let (X,) be an almost increasing sequence and (##”*) be a non-increasing sequence. If

conditions (9)-(15) of the Theorem 1.1 and

> ek (Bl = O(Xo) as m = o0 (24)
n=1 n

4
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are satisfied, then the series > 02 ; ay, Izlpi" is summable ¢ — |4, pp|k, k > 1.

We need the following lemmas for the proof of our theorem.
Lemma 2.2. ([9]) If (X,,) an almost increasing sequence, then under the conditions

(10)-(11) we have that

anﬂn = O(l)’ (25)
n=1

Lemma 2.3. ([4]) If the conditions (14) and (15) are satisfied, then A(P,/p,n?) =
O(1/n?).

3. PROOF OF THEOREM 2.1

Let (7,) denotes A-transform of the series > >, %. Then we have by (18) and (19)

aUP Ao

Zm,

Applying Abel’s transformation to this sum, we get that

Vay Py Ay
v2p,

_ ZA CLnUP)\ ZT(I annP ATLZ ra,

ATn = Z Opv—%5

v pv r=1
P, P,
— Z Ay( ooy V(v 4 1)ty + L”Q " (n+ Dty
v pv n="Pn
annPn)\n . ~ (U + 1) Pv>\v
— Tpn(n + Dt + Z:: Ay (lnw) > - t,
n—1 (U+ 1 n—1

n,v P,
+ZuAA ty + Zanv+1)\v+1A( p ) U('U—f—].)
v=1 v v=1 v

= Tn,l + Tn,2 + Tn,3 + Tn,47 say.
Since

Tog + Tz + Tog + Toal® < 4¥( T F + | Toal” + | Tosl® + 1 T0al")
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to complete the proof of Theorem 2.1, it is sufficient to show that

m
S b [ Tar [F< 00,  for r=1,2,34. (27)

n=1

Firstly, by using Abel’s transformation, we have that
1 k E-lgh k |75n|
Yoon T |* = Z@ ) Al
n=1

- —1,Pn _
= 01> ¢n I(F)k|>\n|k [t

n=1
m

= Z‘P P\ th|k
= ZA\MD@ 2Ok E+ 001 MZ«» w

=1 ’U
m—1
n=1

,_l

= Z BnXn + O1) [ A | X,
n=1
= 0(1) as m— oo,

by virtue of the hypotheses of Theorem 2.1 and Lemma 2.2.
Now, using the fact that P, = O(vp,) by (14), we have that

m m—+1

n—1 k
Z pt | Th2 ‘k = 0(1) Z ‘Pfl_l (Z | Ay ()| [ Ao ’tv‘>
n=2 v=1

Now, applying Hélder’s inequality with indices k£ and k’, where £ > 1 and % + ki’ =1, as
in 7T}, 1, we have that

m—+1

dYoon T " = 00) Y ¢ (Z\A Pl I8, )
n=2

n=1
n—1
X(Z | Ay (o))
v=1
m—+1
= Zcp“kl(ZIA ||A||t|>

m—+1

= 01) Y (k- (Zm HM\H)
n=2 n

6
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m+1

- o(l)z(%)k—lwwk S 1A (o)

v=1 v n=v+1

- PovPv\k— —
= 0(1) Z( )k 1‘)‘11|k 1|)‘v||tv|kavv

—1/P
' pi)k Aol [t

= 0O(1) as m — oo,

by virtue of the hypotheses of Theorem 2.1 and Lemma 2.2.

Now, using Holder’s inequality we have that

m—+1

Z 9012_1 | Tn,3 ‘k
n=2

m+1 n—1 k
1)y e (Z Idn,mllA/\thv!)
n=2

v=1

m+1 n—1 n—1 k-1
S it (z ran,yﬂwvrk) . (z ran,mm)
n=2 v=1

v=1
m-+1

n—1
Z ‘Pk ! k ! Z ’dn,v+1|ﬁv|tv‘k)
v=1

n—1
o(1) Z <%>’H<Z in,o411Bolt0])

n=2 Pn v=1
m m+41 Onp

O(l) Z Bv’tv‘k Z (%)kil‘&n,v—kll
v=1 n=v+1 n
m Lo m—+1

O (5 Bultl® 3 ol
v=1 v n=v+1
= p

_ v

01> ¢y 1<F>kvﬁv|tv|’f
v=1 v
m—1

O(1) D AvBy) Zw =) I+ o) mﬁme

v=1 r
m—1

O(1) ) 1AWB)[ Xy + O(1)mfm X,

1
m—1 m—1

O(1) Y v|AByIXy +0(1) > Buy1Xor1 + O(1)mBmXom

v=1 v=1

O(1) as m — oo,

by virtue of the hypotheses of Theorem 2.1 and Lemma 2.2.
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Finally, since A(UI;;U) = O(v%), as in T, 1, we have that

m+1 m+1

n—1 k
_ _ . ty
S AWl = o)y 1(2 ot ")
n=2 n=2 =1

m+1 k‘t ’k n—1 -1
= 0> ¢ <Z |anp1|[ Aot > <Z |an,vo+1]— )
n=2 v=1
m+1 n—1 ‘t |k n—1 k=1
- A~ v A
= O<1) Z 902 ! <Z ’an,v-‘rlH)\U-‘rl‘k v ) (Z ‘Avanv|>
n=2 v=1 v=1
m+1 o k n—1 N |tv|k
= 0W 2 e 1(2 L Dt e P )
v=1
m+1 n—1 k
_ . t
= o) Y (e 1(2 Ao 22 )
n v
n=2 v=1
k m—+1
2% 1y
= oY peallll S (s,
v=1 n=v+1 n
m k m—+1
PovPv k 1 |tv‘ -
pu— A PR
; Aot~ nglranm
o~ PoPu k-1 |tv‘k
= 0 Y (B ]
— v
v=1
S P
v
= 0> @b () Porallts*
v=1 P,

= O(1) as m— oo.

by virtue of hypotheses of Theorem 2.1 and Lemma 2.3
Therefore we get
m
Z o1 Tor = 0(1) as m—oco, for r=1,234.
n=1
This completes the proof of Theorem 2.1
Corollary 3.1. If we take ¢, = 1%’ then we get a theorem dealing with |A, p,|r summa-
bility.
Corollary 3.2. If we take ¢, = : and ay, = %’l, then we get Theorem 1.1.
Corollary 3.3. If we take ay,, = %Z, then we have another a result dealing with

© — | N, pp|x summability.
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Corollary 3.4. If we take a,, = 1’;—2 and p, = 1 for all values of n, then we get a result
dealing with ¢ — |C, 1|; summability.

Corollary 3.5. If we take @, =n, an, = % and p, = 1 for all values of n, then we get
a result for |C, 1|, summability.

Corollary 3.6. If we take k = 1 and ay, = %’;, then we get a result for ]]\7 , pn’ summa-

bility and in this case the condition ” (%) is a non-increasing sequence” is not needed.
n
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Abstract: In this paper, we establish certain new Chebyshev type fractional integral inequalities involving the
Gauss hypergeometric function. Several special cases as Chebyshev type fractional integral inequalities involving
Saigo, Erdélyi-Kober, and Riemann-Liouville type fractional integral operators are presented. Furthermore, we
also consider their relevance with other related known results. An example is also given to show the applications
of obtained results.

Keywords: Chebyshev type inequalities; fractional integral inequalities; hypergeometric fractional integrals;
synchronous (asynchronous) functions

2010 Mathematics Subject Classification: 26D10; 26A33; 33C05

1 Introduction and preliminaries

Due to the fact that the tools of fractional integral inequalities have many applications in establishing u-
niqueness of solutions in fractional boundary value problems and in fractional partial differential equations,
fractional integral inequalities involving the fractional operators (like Saigo, Erdélyi-Kober, Riemann-Liouville
type fractional integral operators, etc.) has gained considerable attention, attracting the interest of sev-
eral researchers. For some recent developments on fractional integral inequalities, we refer the reader to
1, 2, 3, 4,5, 6,7 8 9, 10, 11, 12] and the references cited therein. Belarbi and Dahmani [13] gave the
following integral inequality, using the Riemann-Liouville fractional integrals: if f and g are two synchronous
functions (see Definition 1.4) on C[0, c0), then

()0 = "O I g 1700, (1)
and . 5
g U0+ 5y "Ua®) 2 IO 9(e) + 7 F01°(0), (12)

for all t > 0, @ > 0, and 8 > 0. Ogiinmez and Ozkan [14], Chinchane and Pachpatte [15] and Purohit and
Raina [16] obtained the Riemann-Liouville fractional g-integral inequalities, the Hadamard fractional integral
inequalities and the Saigo fractional integral and g¢-integral inequalities similar to the inequalities (1.1) and
(1.2), respectively.

Dahmani in [17] established the following fractional integral inequalities which are generalizations of the
inequalities (1.1) and (1.2), by using the Riemann-Liouville fractional integrals. Let f and g be two synchronous
functions on [0, 00) and let w,v : [0,00) — [0, 00). Then

Jou(t) T (vfg)(t) + T () (ufg)(t) = J*(uf) () (vg)(t) + T (vf)(£) T (ug)(t), (1.3)

and

Ju(t)J? (v fg)(t) + T v(t) T (ufg)(t) > J*(uf)(£)J” (vg)(t) + J* (v f)(t)J* (ug)(t), (1.4)
forallt >0, « > 0 and § > 0. Yang [18], Brahim and Taf [19] and Chinchane and Pachpatte [20] and Agarwal
et al. [21] gave the fractional ¢g-integral inequalities, the fractional integral inequalities with two parameters of
deformation ¢; and g2, the Hadamard fractional integral inequalities and generalized Erdélyi-Kober fractional
g-integral inequalities similar to inequalities (1.3) and (1.4), respectively.

*Corresponding author.
Email:1z790821ks@126.com (Z. Liu), wgyang0617Qyahoo.com (W. Yang) and goyal.praveen2011@gmail.com (P. Agarwal)
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Let us consider the celebrated Chebyshev functional (see [22])

f.g /f x——/f )da (x)dx

where f and g are two integrable functions on [a,b]. In [23], Griiss proved the well known inequality:

IT(f,9)l < 7 (2 =) (¥ —v), (1.5)

o~ =

where f and g are two integrable functions on [a, b] satisfying the conditions
P fla) <@, ¢v<g(@)<V, 2,9, VeER, z€ql] (1.6)

The inequality (1.5) is known as Griiss inequality. By using the Riemann-Liouville fractional integral and g-
integral operators, Dahmani et al. [26] and Zhu et al. [27] gave the fractional integral and g-integral inequality
similar to inequality (1.5) satisfying the conditions (1.6), respectively. Wang et al. [29] and Baleanu [30] et al.
obtained some g-integral inequality of Griiss type for the Saigo fractional g-integral operator, respectively.

Throughout the present paper, we shall investigate a fractional integral over the space C) introduced in [31]
and defined as follows.

Definition 1.1. For each real number A, let C define the space of all functions f : RT — R that can be
represented in the form f(x) = zPfi(x) with p > X and f1 € C[0,00), where C[0,00) denotes the set of all
continuous real functions defined in [0, 00).

We give the generalized fractional integral operator K&™m#

function as follows.

associated with the Gauss hypergeometric

Definition 1.2. /28] Consider A € R and f € Cy. For @ > max{0,—(n+n+ 1)}, 8 < 1, p > —1 and

B8 —1<n <0, we define the fractional integral

I'(1—B)(a+p+n+1)
NOEEES)APESY

KOBmip(g) = e TP f ()}, (1.7)

B

where I, is the Gauss hypergeometric fractional integral of order o and is defined in the following.

Definition 1.3. Let o > 0, > —1, 8,7 € R. Then the generalized fractional integral I**** (in terms of the

Gauss hypergeometric function) of order « for real-valued continuous function f(t) is defined by [31] (see also
32])

x—a—,@—Qu

a,B,m, 1 ) = xul._ a—1 o —nae _E
e = T [Tt -0 (o gt et = 1) po (19

0

where the function o F} (-) appearing as a kernel for the operator (1.7) is the Gaussian hypergeometric function
defined by

(@) (b), t"
2Fi(abieit) =) WL
and (a)y, is the Pochhammer symbol defined by
(a)o=1; (a)p=ala+1)---(a+n—-1), for neN.
Here N denotes the set of positive integers.

The above integral (1.8) has the following commutative property(see also [32, 33]):
a 6,C,v 6,V ya,B,m,
LB fa) = [PV IO (),
Definition 1.4. Two functions f and g are said to be synchronous (asynchronous) functions on [0, 0o) if

Au,v) = (f(u) = f(v))(g(u) —g(v)) = ()0, wu,v € [0,00).

2
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In [31], Baleanu et al. obtained the following fractional integral inequalities involving the Gauss hypergeo-
metric function: Let f and g be two synchronous functions on [0, 00). Then

(1 —B)(1+ p+ o+ n)th™

" a,B,m, 1 o, B,m, 1
L1+ )1 —=B8+n) I {f(O}; {9},

P f(E)g(8)} =

for all t > 0, where «, 3,7, i are real constants satisfying o > max{0, -8, —u}, 8 <1, u > —land f—1 < n <0,
and also

I+l =p+mn)

IF(1+v)I'(1—-0+() JoBmn
I(1-B)(1+pu+a+n)

tﬂ'ﬂj‘ I?’ﬁ,c’y{f(t)g(t)} + F(l _ 5)F(1 Tyt v 4 C)t6+y t {f(t)g(t)}
> IO PO g (0} + LT g0},

for allt > 0, where «, 3, 1, u satisfies the above inequalities and the constants v, §, {, v satisfies v > max{0, —d, —v},
o<lv>-1,6-1<(<0.

In [28], Wang et al. gave the following integral inequalities by using the generalized fractional integral
operator: Let f and g be two integrable functions with f,g € C) and satisfying the condition (1.6) on [0, c0).
Thus we have

—_

K2 (fg) @) = KO F@) KO g(a)] < (@ = 0)(W =),

>

for all x € [0,00), where «, 8,7, i are real constants with « > 0, u > —1,7 <0 and o+ 4 > 0. And Let f
and g be two synchronous functions on [0, 00). Then the following inequality holds:

Kf"ﬁ’"’”(fg)(x) > K?’B’”’”f(x)Kf’B’n’“g(a:),

for all z € [0,00), where «, 8,7, u are real constants such that o >0, u > -1, n <0 and o+ 5+ p > 0.

Motivated by the results mentioned above and using the generalized fractional integral operator, we establish
certain new Chebyshev type fractional integral inequalities and some related inequalities. Furthermore, several
special cases as Chebyshev type fractional integral inequalities involving Saigo, Erdélyi-Kober, and Riemann-
Liouville type fractional integral operators are given. Then we present an example to show the applications of
obtained results. At last, concluding remarks are also given.

2 Generalized fractional integral inequalities

In this section, we establish certain new Chebyshev type fractional integral inequalities and some related in-
equalities involving the generalized fractional integral operator.

For the sake of simplicity, we always assume that K"y denotes K7 u(z) and all of the generalized
fractional integral operator holds in this work.

Lemma 2.1. Let f and g be two synchronous functions on [0,00) and let u and v be two nonnegative functions
on [0,00). Then we have

Kta’ﬂ’n’“uKta’ﬁ’"’“(vfg) +Kf"ﬁ’"’”vKta’ﬁ’"’“(ufg) > Kta’ﬁ’"’“(vf)Kf"ﬁ’"’”(ug) +Kta’ﬁ’"’“(uf)Kta’ﬁ’"’“(vg),

(2.1)
for all z € [0,00), and real constants o, B,n, pp with « >0, p>—1,n <0 and a+ S+ p > 0.
Proof. Since f and g are two synchronous functions on [0, c0), for all 7 > 0 and p > 0, then we have
(f(r) = f(p))(g(T) = g9(p)) = 0. (2.2)
Rewriting (2.2), we obtain
F(M)a(m) + f(p)g(p) = f(T)g(p) + f(p)g(T). (2.3)

TH(z—7)*!

Multiplying both side of (2.3) by v(7) ) oFi(a+p+B,—n;0;1 = 1), where £ > 0 and 7 € (0, ), when
we integrate the inequality with respect to 7 from 0 to x, we obtain by Definition 1.2 that

K (ufg) (@) + f(p)g(p) K P u(@) > g(p) K P (uf) (@) + f(p) K"  (vg)(x). (2.4)

3
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Again, by multiplying both side of (2.4) by u(p)%gﬂ(a +p+ B,—n;a;1 — £), where x > 0 and

p € (0,2), and integrating the resulting identity with respect to p from 0 to z, and then applying Definition
1.2, we conclude

K1) KP4 (0 fg) (@) + K M40(@) K (ufg) (@)
> K0 (o f) (@) K0 (ug) () + K0 (uf) () K2 (vg) (),
which implies (2.1). 0

Theorem 2.2. Let f and g be two synchronous functions on [0,00) and let p, q and r be three nonnegative
functions on [0,00). Then we have

2Kf’6’"’”p(Kta’ﬂ’"’“qu"ﬂ’"’“(rfg) +Kta,ﬁ,n,utha,ﬂ,n,u(qu)> —|—2Kf’6’"’“qu”@’"’“rKf’ﬁ’"’“(pfg)
>Ka767177u Ka,ﬂ,n,u< f)Ka,Bﬂz,u( )_’_Komﬁﬂmt( f)KOCﬁWM( ) +Ka767n7;4 Ka,B,n,u( f)K%BJLH( )
Z By bl iy q t rg t r t a9 t q\ Ly p t rg

-+Kfﬁmwoj)Kfﬁ““@go-+K?ﬁmﬂr<K?ﬂm“Qﬁ7K?&m“@g)+1§L@““@fﬂﬁxﬁmwpm>, (2.5)

for all x € [0,00), and real constants o, B,n, pn with « >0, p> -1, 1 <0 and o+ S+ p > 0.

Proof. Putting u = ¢, v = r and using Lemma 2.1, we can write
Kf"ﬂ’"’“qu”B’"’”(rfg)—&-K?’B’U’MTK?”B’U’“(qu) > Kf7ﬁ7n7”(rf)K?’ﬁ’n’“(qg)+K;X’B”“L(qf)Kta”@’"’“(rg). (2.6)

Multiplying both sides of (2.6) by K™”*p. we obtain
Kt“’ﬁ’"”‘p(Kf’ﬁ’"’”q[(f’ﬁ’”’”(rfg) + KtaﬂmyurK;l,Bm,#(qu))

> Kta’ﬁ’n’“p(Ktu’ﬁ’"’”(rf)(x)Kta’ﬂ’"’“(qg) + Kta,ﬁﬂhu(qf)sz,BJ/w(Tg)). (2.7)

Putting u = p, v = r and using Lemma 2.1, we can state that
Kf”e’"’“p[(f”e’"’“(rfg)—&—Kf’ﬂ’"’“r[(f’ﬁ’"’“(pfg) > Kf’ﬁ’”’”(rf)Kta”B’"’”(pg)+K;X’B’”’“(pf)Kf’6’"’“(rg). (2.8)

Multiplying both sides of (2.8) by I&’tﬁ’ny(t), one verifies that
K;x,ﬁ,wq (K;%Bﬂ?#p[(?ﬁﬂ%u (rfg) + K;X»B7W7HT($)K?75#77H(pfg))

> K0y (Kta’ﬁ’"’“(rf)Kta’B’"’”(pg) + K?’B’"’“(pf)K?’Bm“(Tg))' (2.9)

With the same arguments as before, we can get

K?’B’n’ur (Kf’ﬁ’n’“pKta’B’n’”(qu) + Kf"ﬁ’n’“q(x)Kf"ﬂ’n’”(pfg))

> Kﬁ*ﬁv"v*‘r(K?ﬁ’"’“(qf)K?’ﬁ*"*%pg) + K?’ﬂ’"”‘(pf)K?’B’”’“(qg))~ (2.10)

The required inequality (2.5) follows on adding the inequalities (2.7), (2.9) and (2.10). O

Lemma 2.3. Let f and g be two synchronous functions on [0,00) and let u and v be two nonnegative functions
on [0,00). Then we have

K2 u(w) K794 (0fg) () 4+ K70 o(w) K771 () (o)
> KO ) @)D (o) (@) + K] ) @) K (g @), (2:11)

for all x € [0,00), and real constants «,,B,8,n,(, pw, v satisfying a,y > 0, p,v > =1, 1, <0 and a4+ S+
psy+0+¢>0.

4
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Proof. Multiplying both sides of (2.3) by v(p)pu(mr_(ingl(fy—i—y—i—d, —C;v;1=2), where x > 0 and p € (0, ),

when we integrate the inequality with respect to p from 0 to x, we obtain by Definition 1.2 that

FOgOE M v(@) + K (0fg)(x) = f(r) KT (vg) (@) + g(1) K (uf ) (). (2.12)

TH(x—1)""

Again, by multiplying both side of (2.12) by u(T)ngFl(a +pu+ B,—n;o;1 = I), where x > 0 and
7 € (0,z), and integrating the resulting identity with respect to 7 from 0 to z, and then applying Definition
1.2, we obtain

KPP () K709 (0 fg) (x) + KOO u(@) KPP (ufg) ()
> K0 (uf) () K09 (vg) () + KOO (0 f) (@) K9 (ug) (),
which implies (2.11). O

Theorem 2.4. Let f and g be two synchronous functions on [0,00) and let p, ¢ and r be three nonnegative
functions on [0,00). Then we have

.81, ,B.m, ,0,C, ,B:m, ,0,C5 ,0,C, ,B:m,
Kf‘ﬂ"“p<K?5”“rK? “(qfg) + 2K P EGRTOO (r fg) + K] C”TK?B"“(qu)>
+ (Kta,ﬂ,n,/tqjg’,té,cr + Ktw?,C,Vtha,B,n,ur) Kta’ﬁ’n’“(pfg)
5 5 5 s
> i (KPR ) + KT DR ag) ) 4 05 KK g

,0,8,v 8,1, ,0,8,v B, ,0,¢,v ,0,8,v 8,1,
KOS <rf><t>K?ﬁ"“<pg>)+K2 ¢ r(K?BMpf)Kz (qg) + K706 (qf)K?“%pg)), (2.13)

for all x € [0,00), and real constants a,,B,9,n,C, pw, v satisfying a,y > 0, p,v > =1, 1, <0 and a4+ S+
py+0+¢=>0.

Proof. Putting u = ¢, v = r and using Lemma 2.3, we can write
§ s s s
K?’ﬁ’"’“qu’ ’C’V(ng) Jth'y, ’C’VTKta’ﬁ’"’“(qu) > Kf"ﬁ’n’”(qf)K?’ ’C’“(rg) JrK;v, ’C’”(Tf)Kf"ﬁ’n’V(qg). (2.14)

Multiplying both sides of (2.14) by K" p. we obtain
a,B,m, a,B,m, ,6,¢,v ,6,¢,v a,B,m,
Keﬁn”p<K}6"“qK7 “(rfg) + K} thB”“@fm>

> Ky (K?ﬁ’”’”(qf)K?*“*ﬂ(rg) + K?’5*<*“(rf)K?’ﬁ*"*”(qg)). (2.15)

Putting u = p, v = r and using Lemma 2.3, we can state that
6,C, 6,C, ,6,C, 5,
K0 ipE ) (rfg) 4+ KOSV r KR (pf g) > KPP (pf) KT (rg) 4+ KM (KT (pg).

Multiplying both sides of (2.14) by K¢, one verifies that
a,B,m, a,B,m, ,6,¢,v 16,850 7m0 B,m,
K, B’”‘q<Kt PR (rfg) + K] OCUTK, B”“(pfg)>

> K?’B*Wq(K?"””’“(pf)K?“"‘(rg) + K?*“*“(rf)Kf‘*ﬁ*”*%pg)). (2.16)

With the same arguments as before, we can get
Kto"ﬁ’"’“r <Kf’ﬁ’n’”qK?’5’<’”(pfg) +K;Y’5’<’”pKf"ﬁ”7’“(qu)>

NeR/NT: 8.1, 0,1 0,1 B.mv
szﬂ"*r(Kfﬁ"%qf)Kz i (pg) + FC O (p ) KT <qg>). (2.17)

The required inequality (2.13) follows on adding the inequalities (2.15), (2.16) and (2.17). O
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Remark 2.5. The inequalities (2.5) and (2.13) are reversed in the following cases: (a) The functions f and g
are synchronous on [0,00). (b) The functions p, ¢ and r are negative on [0,00). (¢) Two of he functions p, ¢
and r are positive and the third one is negative on [0, c0).

Theorem 2.6. Let f,g and h be three synchronous functions on [0,00) and let u be a nonnegative function on
[0,00). Then we have

RSB ufgh) + KO (uh) K754 (ufg) 4+ K5 g K5 (uh)
K (uf gh) KO w > K (uf ) KT (ugh) K (ug) KO (ufh)
+ K ugh) KO (f) + KT () KT (ug), - (2.18)
for all x € [0,00), and real constants o, B,9,n,(, p, v satisfying o,y > 0, p,v > =1, n,{ <0 and o + S+
py+0+¢>0.

Proof. Let f,g and h be three synchronous functions on [0, c0), Then, for all 7,p > 0, we have

(f() = F(p)(g(7) = g(p))(h(T) + h(p)) = O,

which implies that

F(m)g(m)h(T) + f(p)g(p)h(p) + f(T)g(T)h(p) + f(p)g(p)h(T)
> f(m)g(p)h() + f(T)g(p)h(p) + f(p)g(T)R(T) + f(p)g(T)h(p). (2.19)

)y

Multiplying both side of (2.19) by u(T)%gFl(v +v+6,-Cv;1—I), where 2 >0 and 7 € (0,2), and

integrating the resulting identity with respect to 7 from 0 to x, and then applying Definition 1.2, we obtain

K2 (ufgh) + f(p)g(p)h(p) K7 2 u+ h(p) K7 (ufg) + f(p)g(p) K" (uh)
> g(p) KV (ufh) + g(p)h(p) K7 (uf) + fF(p) K779 (ugh) + f(p)h(p) K7 (ug).  (2.20)

Again, by multiplying both sides of (2.20) by u(p)%zﬂ (@4 p+ B,—n;0;1 — £) where x > 0 and

p € (0,2), when we integrate the inequality with respect to p from 0 to x, we obtain by Definition 1.2 that
a,B,m, 16,6,V a,B,m, 16,6,V a,B,m, 16,6,V
KO (ufgh) + K0 (uh) K70 (uf g) + K70 (ufg) K (uh)
a,B,m, 16,6,V a,B,m, 16,6,v a,B3,n, 16,6V
+ KO (fgh) K > K ) K (ugh) + K (ug) KO (uf h)
+ K (ugh) K (wf) + K (ufR) K] (ug),

which implies (2.18). O

Theorem 2.7. Let f,g and h be three synchronous functions on [0,00) and let u and v be two nonnegative
functions on [0,00). Then we have

KPRl (wf gh) + K2 h) K (0f g) 4+ G0 (ufg) K7 (uh)
KT gh) T 2 KT () KT (0gh) + K (ug) KTV (0fh)
KO ugh) K (0f) 4+ K (KT (vg), - (2:21)

for all x € [0,00), and real constants o, ,B,9,n,(, pw, v satisfying o,y > 0, p,v > =1, 1, <0 and a4+ S+
py+0+¢=>0.

Proof. Multiplying both side of (2.19) by ’U(T)%QP} (Y+v+6,—Cv;1—I), where z > 0 and 7 € (0,z),

and integrating the resulting identity with respect to 7 from 0 to x, and then applying Definition 1.2, we obtain

K" (fgh) + f(p)g(D)h(p) K7 0 + h(p) K] (uf 9) + £ (p)g(p) K] (vh)
> g(p) K (vfh) + g(p)h(p) K77V (vf) + F(p) K" (vgh) + f(p)h(p) K] (vg).  (2.22)
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Again, by multiplying both sides of (2.22) by u(p)%QFl(a +pu+ B, —n;051 — £) where > 0 and

p € (0,2), when we integrate the inequality with respect to p from 0 to x, we obtain by Definition 1.2 that

KPR (ofgh) + K2 (uf gh) KO0+ K2 (uh) K (0f g)
+ KT (uf ) K (0h) 2 K (ug) K (0 f h) 4 KT (ugh) K (o f)
+ KO ) KO (0gh) + KT (u fR) KT (vg),
which implies (2.21). O

Remark 2.8. It may be noted that the inequalities in (2.18) and (2.21) are reversed if functions f, g and h are
asynchronous. It is also easily seen that the special case v = v of (2.21) in Theorem 2.7 reduces to Theorem
2.6.

Lemma 2.9. Let f and u be two functions defined on [0,00) satisfying the condition (1.6). Then we have
2
KPR ) = (K ) ) = (@80 K un) ) (K20 ) 0 - ok )

Ry (u<x><<1> — F@)(f (@) (b))» (2:23)

for all x € [0,00), and real constants o, B,n, pn with « >0, p>—1,n <0 and a+ S+ p > 0.

Proof. Let f be a function defined on [0, 00) satisfying the condition (1.6) on [0,00). For any p, 7 € [0, 00), we
have

(@ = f(p)(f(T) =) + (@ = f(7)(f(p) = ¢) = (2 = F(T)(f(T) — ¢)
— (@ = f()(f(p) = &) = F2(1) + [*(p) = 2f (D) (7). (2:24)

Multiplying both sides of (2.24) by u(p)pu(a}_(igfilgFl(a—&—u—&—B, —1n;;1—2) where x > 0 and p € (0,z), when
we integrate the inequality with respect to p from 0 to x, we obtain by Definition 1.2 that

(1) = o) (@B KEP ) ) 4 (@ = o) (K7 ) - oK)
(@ FE)(f(r) — G My B <u<x><<1> ~ F@)(fa) - ¢>)

= ) KPP KPP uf?) = 2f (1) KT (uf). (2.25)

Again, by multiplying both sides of (2.25) by u(p)pﬂ(ﬁf(iopf_lgﬂ(a +pu+ B, —n;;1 — £) where > 0 and
p € (0,2), when we integrate the inequality with respect to p from 0 to x, we obtain by Definition 1.2 that

<Kta’ﬁ’"’”(uf) _ gbe"B’"’“u) <<I)Kt°"5’"’“u _ Kta’ﬁ’n"”(uf))
+ (q)K;x,Bm,uu _ Kta’ﬁ’"’“(uf)) (Kta’ﬁ’"’“(uf) _ gbe”B’"’”u)
= K (o) (@ F@)(F(0) - 6) | K0 KPP s ()@ - f@)(f(2) - 0))
_ Kf"ﬁ’"’“(qu)Kf"ﬂ’”’“u + Kf’ﬁ’”’”qu"ﬁ’"’“(qu) B 2Kta’ﬁ’"’”(uf)Kta’ﬁ’"’“(qu

which gives (2.23) and proves the lemma. O

Theorem 2.10. Let f and g be two functions defined satisfying the condition (1.6) on [0,00) and let u be a
nonnegative function on [0,00). Then we have

2
1
K;l’ﬂm#uKta’B’n’“(ufg) _ Kta’ﬁ’n’“(uf)Kf’B’n’“(ug) < Z((I) _ ¢)(\I’ _ ¢) (Kf‘”@’n’”u> , (2.26)

for all x € [0,00), and real constants o, B,n, pn with « >0, p>—1, 1 <0 and a+ S+ p > 0.
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Proof. Let f and g be two functions satisfying the conditions of Theorem 2.10. Let H (7, p) be defined by
H(r,p) = (f(1) = F(P))(9(7) —9(p)), T,p€(0,2), x>0 (2.27)
Multiplying both sides of (2.27) by w(7)F(x, 7)u(p)F(x, p), where

I'(l1-8)(a+p+n+1) xa%x*a*ﬂ*zu
I(n—B+1I'(p+1) I(c)

where z > 0 and 7 € (0, z), and integrating the resulting inequality obtained with respect to 7 and p from 0 to
x, we have

Fla,) = e =) Pk p o Bl = D), (228)

| [ w0 P ruo) e o) (7, phdrdp = 20675l wfg) = 27 K (ug). - (2:29)
o Jo
Thanks to the weighted Cauchy-Schwartz integral inequality for double integrals, we can write that
T T 2
([ [ wnrenuore.pm )
o Jo
<([ [ uorenuoren o - s ) ([ [ uornure o) - o))
2 2
(s (ke ) (e e - (). oo

Since (® — £(7))(f(r) — ) > 0 and (¥ — g(r))(g(r) — ¥) > 0, we have

v

KPPt et (u(x)(‘l) — f(@)(f(z) - ¢)) 0, (2.31)

and

v

K7 o (o) (0 - gt ale) — ) 20 (2:32)

Thus, from (2.31), (2.32) and Lemma 2.9,we get

2
Ktaﬁ’"’“quﬁ’”’”(qu) _ (Kta’ﬁm’“(uf)) < (@Kf’ﬁ’m“u _ Kf"ﬁ’"’“(uf)> (Kta’ﬁ’"’”(uf) _ ¢K;17B7777Mu>7

(2.33)
and

2
K;x7ﬁ7n7uuKtoz,B7n~,u(u92) _ (K;lﬁmyu(ug)) < (QK;Lﬂﬂwu _ Ktcv,ﬁmfu(ug)) (Kf“ﬂ’"’“(ug) _ ngKfﬁ’”’“u).
(2.34)

Combining (2.29), (2.30), (2.33) and (2.34), we deduce that

2
<Kf’6’n’”uK?’5’n’”(ufg) _ Kta’ﬁ’"’“(uf)Kf’B’n’“(ug)> < ((I)K?”B’”’“u _ Kf"ﬁ’"’”(uf))

x <Kf"ﬂ’”’“(u f) - (;SK?’B’"’”u) (\Ile’B’”’“u - Kta"B’"’“(ug)> (Kto"ﬁ’”’“(ug) - qSKf"B’”’“u). (2.35)

Now using the elementary inequality 4zy < (x + y)?, 2,y € R, we can state that

2
4<®Kf"ﬂ’”’“u . Kf"ﬁ’"’“(uf)> (Kt“’ﬁ’"’”(uf) - qSKtO"B’”’“u) < ((cp - qS)Kf’B”%“u) : (2.36)

and )
4(\1/[(;“7’3’"% —~ Kta’ﬁ’”’”(ug)> (K?”g’"’”(ug) —~ (be‘”g’"’“u) < <(\I/ —~ w)Kta’ﬁ’"’”u) . (2.37)
From (2.35)-(2.37), we abtain (2.26). This complete the proof of Theorem 2.10. O
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Lemma 2.11. Let f and g be two functions defined on [0,00) and let u and v be two nonnegative functions on
[0,00). Then we have

2
<Kf"ﬁ’"’“qu’6’<’”(vfg) +K;Y’5’C’Vva’ﬁ’"”‘(ufg) _ Kf’ﬂ’"’“(uf)Kg’é’(’”(vg) _ KZ"S’C’”(vf)Kta’ﬁ’"’“(ug)>
a,B,m, 16,5y 6,6V o Bim, a,B,m, 16,6V
< (RESIRRTI o) 4 KPR ) < 2 )T )
> (Kta’ﬁ’"’”uK?’é’C’V(vf) + Kg’d’C’VuK?”B’"’”(ugz) _ 2Kf"ﬂ’n’“(ug)K;”5’C’V(vg)), (2.38)

for all x € [0,00), and real constants a,~y,B3,0,n,¢, w,v satisfying o,y > 0, p,v > —1, n,( <0 and a+ S+
py+0+¢>0.
Proof. Multiplying (2.27) by u(7)F(t,7)v(p)G(t, p), where F(t,7) is defined by (2.28), and

T'(1-0T 1 —y—0—2v
(F(C _)6:7$;(jiif) ) 4o e p'(x—p) (v + v+ 0, —Cyil - g)’ (2.39)

G(z,p) =

where z > 0 and p € (0, ), and integrating the resulting inequality obtained with respect to 7 and p from 0 to
x, we have

xT x
/ / u(r) P (w, T)o(p)G(t ) H (7, p)drdp = KPPl (0f g) + KPP oK P (ufg)
o Jo
«a,B,m, ,0,,v ,0,C,v a,B,m,
— KPP f) KO (vg) — KOO (o f) K  (ug). (2.40)
Then, thanks to the weighted Cauchy-Schwartz integral inequality for double integrals, we can obtain (2.38). [

Lemma 2.12. Let f be a function defined on [0,00) and let u and v be two nonnegative functions on [0,00).
Then we have

KB BT5 (3 f2) 4 KIOSO R OBM (y f2) 9O (1 f) K10 () = <<I>K?’B’"’”u—K?’B’W(uf))
x (Kz"*%f) - ¢K2’5’<’”v) n (K?’ﬁ’””‘(uf) - ¢K§"ﬁ’"’”U> (@K?"*% - Kz"“’"<vf>)
Ry 6 <v<x><<1> @) ) - ¢)> B e e (u<z><<1> @) () ¢>), (2.41)

for all x € [0,00), and real constants a,,B,9,n,(, p, v satisfying o,y > 0, p,v > =1, n,{ <0 and a4+ 5+
By +0+¢2>0.

Proof. Multiplying both sides of (2.25) by v(7)G(t,7) (G(t,7) defined by (2.39)), and integrating the resulting
inequality obtained with respect to 7 from 0 to =, we have

<Kg’6’<’”(vf) _ ¢Kg,5,<,vv) ((I)Kta’ﬂ’"’“u _ Kf’ﬁ’"’“(uf)>
+ ((I)K?’(S’C’VU _ K;”‘S’C’V(vf)> (Kf"'@’"’“(uf) _ qﬁKta’B’"’”u)

= K2 ()@ = FO)S) = 0) ) KE = K5k (u(a)(@ - S (£(0) - )
= KPS (of ) KPPmiy 4 KOS o KRl (0 f2) — 2K (0 f) KP4 (uf),  (2.42)

which gives (2.41) and proves the lemma. O
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Theorem 2.13. Let f and g be two functions satisfying the condition (1.6) on [0,00) and let u and v be two
nonnegative functions on [0,00). Then we have

(B 5 ) 4 KSR ) = K ) KT 1) - K7 (0 K ) 2
o [(om5mea ) (57540 - o754 (7 -7
(75— )| (55 ) 5 - 80
+ <Kf"ﬁ’"’“(ug) — @ZJKf"ﬂ’”’”u) <\I!K]’5’C’Vv — Kg"s’c’”(vg)>], (2.43)

for all x € [0,00), and real constants «,~,B,0,n,C, w,v satisfying o,y > 0, p,v > —1, n,( <0 and a + B+
pyy+0+¢>0.

Proof. Since (& — f(7))(f(1) —¢) > 0 and (¥ — g(7))(g9(7) — 1) > 0, we have

KPS (@) (8~ F@)(F0) - ) ) = KPR (uo)(@ - @) () - 6)) <0 (244

and
Ry O (v<x><<1> ~ o)) (g() - ¢)> AN e (u<x><<1> ~ o)) (g(a) - ¢>) <0, (2.45)

Applying Lemma 2.12 to f and g, and using Lemma 2.11 and the formulas (2.44), (2.45), we obtain (2.43). O

Theorem 2.14. Let u be a nonnegative function on [0,00) and let f,g and h be three functions defined on
[0,00), satisfying the following condition

p<flz) <@ ¢<gle) <V, w<h(z)<Q 6,09, V,w,QeR, z¢c0,00) (2.46)

Then we have
o 5,C,v o 6,C,v o 0,6, v
K2 (uf gh) K K wh) K (ufg) + K2 (ug) K (ufh)

a.B.m, B, a.B.m, 8¢ a.B.m, B.Gw
+ KPP ) KO (ugh) — KPP (ugh) KOO (uf) — K0 (wfh) K704 (ug)

KPP fg) K (uh) — KPS (ufgh)| < KPS (@ — 6)(T — )(Q  w),

for all x € [0,00), and real constants «,~,B,0,n,¢, w,v satisfying o,y > 0, p,v > —1, n,( <0 and a+ B+
py +06+¢=>0.

Proof. From the condition (2.46), we have

() =fp<®—¢, [9(r) —glp)| ¥ =9, [h(r) =h(p)| <Q—-w, 7,p€]0,00),

which implies that

[(F(r) = F(P))(9(T) = g(p))(h(T) = h(p))| < (@ = $)(¥ = ¥)(2 — w). (2.47)

Let us define a function

1
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Multiplying (2.48) by w(7)F(t,7), where F(t,7) is defined by (2.28), and integrating the resulting inequality
obtained with respect to 7 from 0 to x, we have

/ u(r)F (2, )A(r, p)dr = K2 (ufgh) + f(p)g(p) K" (uh) + f(p)h(p) K" (ug)
0
+9(p) () K™ (uf) = h(p) K77 (ufg) — g(p) Ki 7™ (ufh)
— F(p) K7 (ugh) — f(p)g(p)h(p) K7 u.  (2.49)
Again, by multiplying (2.49) by u(p)G(t, p), where G(t,7) is defined by (2.39), and integrating the resulting
inequality obtained with respect to p from 0 to x, we have
/ / u(r)F(a, r)u(p)G(t, p)A(r, p)drdp = K (ufgh) K7™ w4+ KPP (wh) K7 (ufg)
o Jo
+ KPP ug) KOO (ufh) 4+ KT uf) KOO (ugh) — K2 (ugh) K77 (uf)
= KO uf KT (ug) — K (uf ) KT (uh) — KT (ufgh). (2.50)

Finally, by using (2.47) on to (2.50), we arrive at the desired result (??), involved in Theorem 2.14, after a little
simplification. This concludes the proof. O

Theorem 2.15. Let u and v be two nonnegative functions on [0,00) and let f,g and h be three functions defined
on [0,00), satisfying the condition (2.46). Then we have

Kf”a’"”‘(ufgh)KQ’é’C’”v + Kta’ﬁ’"’“(uh)Kg’é’C’”(vfg) + Kf"ﬂ’"’“(ug)KZ"S’C’”(Ufh)
+ K;X”B’"’“(uf)K;”é’C’y(Ugh) _ Kf’ﬁ’n’“(ugh)K?’é’C’V(vf) _ Kta’ﬁ’n’“(ufh)Kg"s’C’V(vg)
K ) KT (oh) — KPR (0 fgh)| < KEPTIGKTO 0@ - )W - 4)(Q - w), (250)
for all x € [0,00), and real constants a,,B,9,n,(, pw, v satisfying o,y > 0, p,v > =1, 0, <0 and a4+ S+

psy+6+¢=>0.

Proof. Multiplying (2.49) by v(p)G(t, p), where G(t,7) is defined by (2.39), and integrating the resulting in-
equality obtained with respect to p from 0 to z, and then applying (2.47) on the resulting inequality, we get
the desired result (2.51). This concludes the proof. O

Remark 2.16. It is not difficult to notice that the spacial case u = v of (2.51) in Theorem 2.15 reduces to
Theorem 2.14.

Theorem 2.17. Let f and g be two integrable functions satisfying the condition M-g-Lipschitzian on [0,00),
e, |f(x)— f(y)| < Ml|g(z) —g(y)|, M >0, x,y € R, and let u and v be two nonnegative continuous functions
on [0,00). Then we have

16,5y 16,6V B, ,6,¢,v 16,6,V
A 0fg) 4 KPR uf) < K7 )T ) < K7 0 K )|
< M(Kf‘”e’n’“qu’é’C’V(vgg) + Kg’é’c’vaf”B’"’“(uf) _ 2K;X’ﬁ7n7“(ug)K;”5’C7V(vg)), (2_52)

for all x € [0,00), and real constants «,,B,8,n,(, pu, v satisfying o,y > 0, p,v > =1, 1, <0 and a4+ S+
py+0+¢>0.
Proof. Let us define the following relations

|f(7) = f(p)| < M|g(T) — g(p)| T,p € [0,00), (2.53)

which implies that
|H (7, p)| = |f(T) = f(p)llg(T) — g(p)] < M(g() —g(p))?. (2.54)
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Multiplying (2.27) by u(7)F(t, 7)u(p)G(t, p), where F(t,7) and G(t, p) are defined by (2.28) and (2.39), respec-
tively, and integrating the resulting inequality obtained with respect to 7 and p from 0 to x, then applying
(2.40) and (2.54) on the resulting inequality, we get the desired result (2.52). This concludes the proof of the
theorem. O

Theorem 2.18. Let u and v be two nonnegative functions on [0,00) and let f and g be two Lipschitzian
functions defined on [0, 00) with the constants Ly and Lo, respectively. Then we have

NER/NT 8,6,V 16,6V NER/NT NER/NT 8,¢v 16,6V NER/NT
REPIT 0g) 4 KPR ufg) — K )R ) - K7 ) K )|
< L1Ls (K?’ﬁ’n’”qu’é’c’V(mzv(x)) + K;”‘S’C’VUK?’B’”’”(m2u(x)) _ QK?’B’"’“(mu(x))K?’é’C’y(xv(w))), (2.55)
for all x € [0,00), and real constants «,,B,8,n,(, pu, v satisfying a,y > 0, p,v > =1, 1, <0 and a4+ S+

psy+0+¢=>0.

Proof. From the conditions of Theorem 2.18, we have

lF(T) = F(o)l < Lalm —pl, 1g(7) = g(p)| < La|T —p|, 7,p €[0,00),
which implies that
[H(7,p)| = |f(T) = f(p)llg(T) = 9(p)| < L1La(T = p)*. (2.56)

Multiplying (2.27) by u(7)F'(t, 7)v(p)G(t, p), where F(t,7) and G(t, p) are defined by (2.28) and (2.39), respec-
tively, and integrating the resulting inequality obtained with respect to 7 and p from 0 to z, then applying
(2.40) and (2.56), on the resulting inequality, we get the desired result (2.55). This completes the proof. O

Corollary 2.19. Let u and v be two nonnegative functions on [0,00) and let f and g be two differentiable
functions on [0, 00) with sup;sq |f'(t)],sup;>q |9’ (t)| < co. Then we have

a 4,¢,v 46,¢,v « « 5,¢,v 5,C,v «
‘Kt ﬁﬂ%#uKt’y, G (’Ufg) Jth’Y, ¢, vKt ’ﬁ’”’”(ufg) _ Kt ’5’”’“(uf)KZ’ ,Cs (yg) _ Kt% ,Cs (Uf)Kt ’ﬁ’"’“(mg)‘
Bin.u 16,6V 16,6V ,B.m, ,B.m, ,6,¢v
SHfoMd|w<K?ﬁ”‘uK? “Y(@Pu()) + KOO oKD O (@Pu(r)) — 2K 0 () KO @U@D>7

for all x € [0,00), and real constants a7, B,9,1n,C, pw, v satisfying a,y > 0, p,v > =1, 0, <0 and a4+ S+
py+0+¢=>0.

Proof. We have f(7) f f/(t)dt and g(T) ng’ t)dt. That is, | f(7) — f(p)| < If lsc|™ = £,
lg(T) —g(p)| < |lg’ ||OO|T p| T,p € [0, oo), and the result follows from Theorem 2.18. This ends the proof. [

3 An example

In this section we present a way for constructing the four bounding functions, and use them to give some
estimates of Chebyshev type inequalities involving the generalized fractional integral operator of two unknown
functions.

ForO0=zp <21 <22 <+ <2, <xpy1 =171, we define a notation of sub-integrals of generalized fractional
integral I&A MK as

zfafﬁfzu
I(e)

Tj+1 t
/ WU¥W‘5E<a+B+m—mm1—T>ﬂﬂﬁ,j=QL~wn (3.1

J

25l f(T)} =

12
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Note that

x—a—ﬂ—Zu

xry t
I M f(T)} = }:g@yf T)} = /"tﬂT—ﬁkbﬂ(a+ﬁ+m—mm1—T>fmﬁ

I'(a) 0
= B—2pn

+F(Ck)/xl t“(T—t)Ot—lgFl (a+ﬁ+u,—n;a;1_;> Ft)dt + -

R H a—1 o t
+ W L t (T — t) 2F1 <Oé + ﬂ + My =15 0 1-— T) f(t)dt (32)

So, from (3.2), we can rewrite (1.7) as
T(1—B)T(a+pu+n+1)
Pin=p+DI(p+1)

:F(l—ﬂ)F(a+u+n+ e a,ﬂnu :F(l—ﬁ)l“(a+p+n+l) St
CEEES e 2117,% =g rery

n

Ky ™" f(T) = TO I ()}

T_a_B_Qu a_l . . t
X {F(a)/o tH(T — ) "oy <a+5 +p, =051 — T) f(t)dt

xfafﬁfzu

T /3:2 (T —t)* 1o Py <0¢+5+H, -1 — ;) f(t)dt

gmof=2 T " a—1 Ca t
~+—?GT—At(T—ﬂ 2H<a+ﬂ+m—mm1—T)ﬂﬂﬁ- (3.3)

Let ¢ be a unit step function defined by

(2) = 1, x>0,
N0, z<o,

and let ¢, (x) the Heaviside unit step function defined by

1, z>a,
0, x<a.

a(®) = p(z —a) = {
Let u be a piecewise continuous function on [0, 7] defined by

w(@) = Ur(po(®) = @a, (2)) + Ua(¢a, (2) = @, (7)) + Us(pa, (2) = ¢ (%)) + -+ + Ump1pa,, () = Urpo(2)

m

+ (UQ - Ul)@ml(x) + (US - UQ)‘sz (x) +ee (Um+1 - Um)@xm (m) = Z(Uj-H - Uj)‘ﬂxj (33)’ (3-4)
j=0

where Uy =0 and 0 =29 < 21 < 23 < -+ < Ty < Typy1 = 1. Similarly, we have

m

v(@) =Y Vit = Vi), (@). (3.5)

§=0
where constants Uy = V) = 0.

Proposition 3.1. Let f and g be two synchronous functions on [0,T). Assume that let w and v defined by
(3.4) and (3.5), respectively. Then for a > 0,u > —1,1 <0 and o+ S+ p > 0, the following inequality holds:

ST Upir | | Y ViaKEBm 1 (fo) (@) | + [ D Vi | | D U K& 51 (f9)(T)
7=0 7=0 3=0 j=0

m

m m
> Ui K350 g(T) | [ D Vi K&5mHF(T) |+ D Vil K 5mkg(T) Z Uja K350 £(T)
J=0 j J=0

(3.6)
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Proof. By using the definition (3.1) and (3.3), we have

Kor Z Ujpr K 5me (1)(T) = i Ujt1,
and
Ko™ Z Vi K55 ()(T) = f} Viet,
where K3 %nﬁ(l)(T) = 1. Similarly, we have
RS (ufg)(T) = 3 UpaKEAm (Fo)(T), Ko (ufo)(T Z Vi K (fo)(T),
i=o
Ko™ (uf)(T) = 3 Ut K5 f(T), Koop ™ (v f)(T) = i Viel K f(T),
3=0 j=0
K§p ™ (ug)(T) = i U K3 5mhg(T), Koop ™ ( zm: Virl K g(T),
i=o §=0
By applying Lemma 2.1, the desired inequality (3.6) is established. O

4 Concluding remarks

In this section, we consider some consequences of the main results derived in the previous section. Following
Curiel and Galue [33], the operator would reduce immediately to the extensively investigated Saigo, Erdélyi-
Kober, and Riemann-Liouville type fractional integral operators, respectively, given by the following relation-
ships (see also [32, 34]):

D
) = (@) = S [o-0man (ak fmmast - L) St (> v € R),
(4.1)
I f(z)} = 19900 f(x)} = xl:(‘:)" /Om(x — )t f()dt, (a > 0;n €R), (4.2)
and
Jo{f (@)} = [0 f(z)} = ﬁ / (x— 0> f(B)dt, (o> 0). (4.3)

By setting p =0, u = =0, and 4 = 0 and § = —a in (1.7), Definition 1.2 would immediately reduce to the
Saigo, Erdélyi-Kober, and Riemann-Liouville type fractional integral operators, respectively, given as follows:

I -pfrla+n+1)

K@) = ——p g1y b @), (4.4)
K2 (@) = O ), (4.5)

and
K () = O gy, (46)

where I&f’"{f(x)}, I*"{f(x)} and J{f(x)} are given by (4.1), (4.2), and (4.3), respectively.

Similar to main results in the preceding section, by using the fractional integral operators (4.1)-(4.6), we
obtain various fractional integral inequalities involving such relatively more familiar fractional integral operators
(4.1)-(4.6). Therefore, we omit the further details. For example, by (4.1), Theorem 2.2 and 2.4 yield the known
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results in [24, 25]. If we consider u = v = 1 and make use of fractional integral operator I2:#7:#{ f(x)}, Lemma
2.1 and 2.3 provides respectively, the known fractional integral inequalities due to Baleanu et al. [31].

Let w = 1, Theorem 2.10 corresponds to the known results due to Wang et al. [28]. Taking u =1, p =0
and 8 = —a in Theorem 2.10 yields the known result due to Dahmani et al. [26]. Make use of fractional
integral operator (4.3), Lemma 2.1 and 2.3 provides respectively, the known fractional integral inequalities
due to Dahmani [17]. At the end of this paper, generalized fractional integral inequalities obtained in the
previous section are expected to find more applications, for example, applications for establishing the solutions
in fractional differential equations and fractional integral equations boundary value problems.

Authors’ contributions. ZL and WY equally participated in the design of the study and drafted the
manuscript. PA gave an example to show the applications. All authors read and approved the final manuscript.
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Estimates for the Green’s Function of 3D Elliptic
Equations

Jinghong Liu*and Yinsuo Jia

This article will first introduce the definition of the Green’s function of 3D
elliptic equations, which plays important roles in local superconvergence esti-
mates for the finite element approximation. Then, using the weighted-norm
methods, we derive some estimates for the 3D Green’s function.

1 Introduction

It is well known that estimates for the Green’s function play very important roles
in the study of the superconvergence (especially, pointwise superconvergence)
of the finite element method (see [1-9]). For dimensions three and up, we have
obtained the estimates for discrete Green’s functions and discrete derivative
Green’s functions, which were used to the global superconvergence estimates
of the finite element approximation. However, the fact is that the high gen-
eralization conditions to the true solution is difficult to satisfy for the global
superconvergence estimates. Thus the global superconvergence results is only
theoretical. In order to study local superconvergence properties of the finite el-
ement approximation, we need to introduce a Green’s function, which will play
important roles in the study of local superconvergence properties.

we shall use the symbol C to denote a generic constant, which is independent
from the discretization parameter h and which may not be the same in each
occurrence and also use the standard notations for the Sobolev spaces and their
norms.

In this article, we consider the following elliptic equation:

3
Lu=— Z 9j(aij0iu) +apu = f in Q, u=0 on 9, (1.1)

ij=1

where Q C R? is a bounded polytopic domain. The weak formulation of (1.1)
reads,
Find u € H}(Q) satisfying
{ a(u, v) = (f,v) for all v € HZ (),

*School of Information Science and Engineering, Ningbo Institute of Technology, Zhejiang
University, Ningbo 315100, China, email: jhliul129@sina.com

fSchool of Mathematics and Computer Science, Shangrao Normal University, Shangrao
334001, China, email: jiayinsuo2002@sohu.com

1015 Jinghong Liu et al 1015-1022



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

LIU, JIA: ESTIMATES FOR THE 3D GREEN’S FUNCTION

where

3
a(u, v) = /Q( Z a;;0;u0;v + aguv) dedydz, (f, v) = /va dxdydz.

ij=1

We assume that the given functions a;; € W °(Q), ai; = aji, ag € L>(Q),
and f € L*(Q). In addition, we write Oju = 9%, Gou = %Z’ and dzu = 24,
which are usual partial derivatives. Let {7"} be a regular family of partitions
of . Denote by S"(Q) a continuous finite elements space of degree m(m > 1)
regarding this kind of partitions and let SZ(Q) = S"(Q) N H}(Q). Discretizing
the above weak formulation using S% () as approximating space means,

Find uy, € SH(Q) satisfying
a(up, , v) = (f, v) for all v € SH(Q).

For every Z € ), we define the discrete § function 6% € SH((2), the dis-
crete derivative § function 9z ,0% € SE(Q), the regularized Green’s function
Gy € H?(2) N HY(Q), the regularized derivative Green’s function 9z ,G} €
H?(Q) N HL (), the discrete Green’s function G% € SP(Q2), the discrete deriva-
tive Green’s function 9z,G% € SP(2), and the L2-projection P,u € S§ () such
that (see [9])

(v, 8) = 0(Z) Vo e SHQ),

(
(v, 0z,40%) = 0pv(Z) Vv e Sk, (
a(Gy, v) = (0%, v) Vv e Hy(Q), (

a(07.4G%, v) = (07,40%, v) Yv € HY (), (

a(G%, v) =v(Z) Yov e SH(Q), (
a(02,G%, v) = 0w(Z) Vv e SH(Q), (
(w — Pu, v) =0 Yv € SHQ). (1.8

Here, for any direction £ € R3, (| = 1, 0z,40%, 02,G%, and dpv(Z) stand for
the following onesided directional derivatives, respectively.

5h _ 5h Gh _ Gh
a 5h ST Z+NAZ 4 a Gh T Z+NAZ Z
2027 \Agio Azl PTET szihe . |AZ]
d(2) = tim UEFBD VD) fp Az

|AZ]|—0 |AZ|

As for G, 02.4G%, G%, and 07 ,G%, we have obtained some optimal estimates
(see [4-6]), which will be used in next section. From (1.4)—(1.7), we easily
find G% and 9z ,GY% are the finite element approximations to G% and 9z,G%,
respectively.

For the L2-projection operator P, we have (see [4])
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Lemma 1.1. For Pyw the L?-projection of w € LP(Q), we have the following
stability estimate:

| Phwllo, p, < C*lwllo, p, a, (1.9)

where t = |1 — 2|, and 1 < p < 0.
P

Further, by Lemma 1.1, we easily obtain the following result:

[w — Pyw (14 C") infegrg lw—vlo,p, 0

Cllw = Twllo, 0 < CA™ H wllmi1,p, 05

|0,p,Q

i (1.10)

where 1 < p < .

In addition, we also assume the following a priori estimate holds.
Lemma 1.2. For the true solution u of (1.1), there exists a qo(l < qo < 00)
such that for every 1 < q < qo,

[ull2,q,2 < C(g)[[Lullo, 4, - (L.11)

2 Definition of the 3D Green’s Function
For Z € Q, we introduce the definition of the 3D Green’s function Gz as follows
a(Gz,v) =v(Z) Yv e C5° ().

In the following, we will prove the existence and uniqueness of the Green’s
function.
Lemma 2.1. For G and G defined by (1.4) and (1.6), respectively, we have

|G — G%||, < Chlh|?. (2.1)

This result can be seen in [4].
Theorem 2.1. There exists a unique Gz € Wol’l(Q) such that

a(Gz,v) =v(Z) Yv e Wy ™®(Q). (2.2)

Proof. We first prove the uniqueness of Gz. Suppose there exists another
Green’s function Hy € Wy'' (Q) satisfying (2.2). Set Ez = Gz — Hy, thus

a(Ez,v) =0 Yv e Wy (). (2.3)

Let w € W24(Q) N Wy*(Q) and Lw = sgnEz|Ez|3. We have

-

|E2lly 5 = (Bz senEz|Ez|1) = a(Ez,w), (24)
By the Sobolev Embedding Theorem [10], W24(Q) — Wbt Thus w €

W&’OO(Q). From (2.3) and (2.4), Ez = 0, i.e., Gz = Hz. The proof of the
uniqueness is completed.
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Next, we prove the existence of Gz. We give a series of finite element spaces
Sgi(ﬂ), 1=0,1,2, - satisfying Sgi(Q) C ng (Q2) when i < j, where hg = h and
ihi_l <h; < %hi_l. Let G}’i be the regularized Green’s function for the finite

element space Sp*(Q), and G% the discrete Green’s function. Their definitions
can be seen in Section 1. Obviously, we have

a(Gy,v) = v(Z), a(Gyi41,v) = 0(2), Yo € Sp*(Q).

Thus,
a(Gy i1 — G, v) =0 Vv e 53 (Q). (2.5)

Similar to the proof of Lemma 2.1, we have

* h;
HGZ,iH -Gy

| < Chi|in hal? . (2.6)
1

s

In addition, from (2.1),

* h;
HGZ,Z' -Gy

< Ch; [Inhyl? . (2.7)
1,1
By (2.6), (2.7), and the triangular inequality, we immediately obtain

|G% 1 — Gzall,, < Chs I 7 % .

Thus,
2
.- * * = h hl3 2
; HGZ,’L'Jrl - Z’iHLl S C; ? ln 21’ g Ch |1nh|3 . (28)
Set

Gz =Gy + Z( Zit1— G7,)-
i=0
Thus we have Gz € Wol’l(Q). From (2.8),
|Gz = Ggllyy < Chllh* (2.9)

Thus, we have
% — Gz mWhHH(Q) wheni — oc.

Hence, for v € Wy™ (), we have

a(Gz,v) = lim a(G%,;,v) = lim Pp,v(2). (2.10)
i—00 ? i—+00
From (1.10),
lim Py, v(Z) = v(2). (2.11)
71— 00

Combining (2.10) and (2.11) yields the result (2.2).

Finally, we show GGz is independent of h. Suppose there exists a Green’s
function G for the mesh-size h. In addition, ifli,l <h; < %Bi,l and hg = h.
Thus, for every f € L(£2), we choose v € W2 (Q) NW,*> () such that Lv =
f. Then we get (Gz, f) = a(Gz,v) = v(Z) and (Gz, f) = a(Gz,v) = v(Z).
Thus, (Gz, f) = (Gz, f), ie., (Gz — Gz, f) = 0. So we get Gz = Gz. The
proof of Theorem 2.1 is completed.
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3 Estimates for the 3D Green’s Function

Lemma 3.1. Suppose 1 < p < min{2,qo} and % + % = 1. For G%, 02.G%,
G%, and 8z ,G"% defined by (1.4)-(1.7), we have

163 = G4lly , + h|02.G% — 024G, , < CH* 7. (3.1)

Proof. Obviously, by the interpolation error estimate and the a priori estimate
(1.11), we have

167 - G4, Cinfyegnio) |G — vl < [1G7 —TGZ |,

_3 _3 3.2
Oh2.5 2 |G*Z||27p < Ch25 f; ||5%||07p. ( )

IN A

For ¢ € LP(Q), we choose & € W2P(2) N W,y* () such that L& = ¢. Then we

have
|(G*Z - G%v@” = }a(G*Z - G%a (I))‘ = ’a(G} - G%,@ - H(I))‘ (3 3)
< Cfl6y =G4, @ - e, . '
From (3.2), (3.3), and the interpolation error estimate, we get
(G5 - G0 <5 |5, , Ielo, - (3.4)
Thus .
16% = Gy, < On°7% (191l - (35)
In addition, for 1 < p < oo, we easily prove
1050, + B 1070 ], < B, (3.6)

From (3.5) and (3.6), A
6% = G2llo,, < O

Similarly, we have
3
102,667 = 026G |, < Ch' ™.

The result (3.1) is proved. We now introduce a weight function defined by
— _3 —
p=¢(X)= (X -X]*?+6%) 2 VX eQ,

where X € Q is a fixed point, § = yh, and 7 € [3, +00) is a suitable real number.
As for the function ¢, it is easy to prove the following properties hold.

/ PF(X)dX < C(k—1)"173¢*"D vE > 1, (3.7)
Q

/ PF(X)dX < € v <k<1, (3.8)
o 1—k
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/ $(X)dX < C(8)|nb], 6<B<1. (3.9)
Q

Similar to the arguments of Lemma 2.4 in [4], we can get the following Lemma
3.2.

Lemma 3.2. For §% and 9z,,6%, the discrete § function and the discrete deriva-
tive § function defined by (1.2) and (1.3), respectively, we have the following
weighted-norm estimate:

3(a—1)

6% o + 1 [[VO% 4o + P [|02,0% ]| - < Ch Va > 0. (3.10)
Lemma 3.3. For §% and G%, the discrete § function and the reqularized Green’s
function defined by (1.2) and (1.4), respectively, we have the following weighted-
norm estimate:

IVCllye < O3] g +ClCH ey Vo€ R (311)
Proof. First, we find
IVGZI5-o < alGy, 67 °Gy) +C IIG}IIz_w% : (3.12)

Moreover,

a(Gy, 9~GY) (5%7 ¢~Gy)
10%1] 4-a-3 1GZ Il —ar3 (3.13)

21212 g +ICZIE o p)-

IN NI

3

Combining (3.12) and (3.13) immediately yields the result (3.11).
Theorem 3.1. Suppose qg > %, % < p < min{2,qy}, and % +% =1, then we
have s -

1Gz = Gyllg, <Ch*™» =Ch™7 . (3.14)

Remark 1. Similar to the arguments of (2.9) and with the result (3.1), we
easily obtain the result (3.14). Obviously, we have max{2,¢}} < ¢ < 3 and
Li+l=1

a0 a4

Theorem 3.2. Suppose qg > % For Gz, the Green’s function defined by (2.2),

and the weight function T = |X — Z|73, we have

1Gzllp, < Cla), 1<q<3. (3.15)
1
1G2ll e < C(e), 3 < €< oo, (3.16)
3
Gzl < Cle) 1<g< 3. (3.17)

Proof. Obviously, from (3.14), Gz € L9(2) and 1 < ¢ < 3. In addition, we have
proved |G|, 5 < C in [4]. Moreover, L3({2) is a reflexive space. Thus, {G7.}
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is weakly convergent to Qz € L3(Q) C L9(f2), where max{2, ¢} < ¢ < 3. From
(3.14),

7: — Gz in L9(Q) wheni — oo.
Thus Gz = Qz € L3(Q). So we have Gz € L4(Q)(1 < ¢ < 3).

When max{2, gy} < ¢ < 3, we have 2 < p < min{2, ¢o}, where ]l) + % =1.
For every ¢ € C§°(Q), we can find a function ¢ € C§° () such that L& = ¢.
Moreover, by the Sobolev Embedding Theorem [10] and the a priori estimate
(1.11), we get

(Gz,0) =a(Gz,0) = ¢(Z) < [|@lly,00 < Cla) lI£ll5, < Cla) llelly
Thus,

D"

1Gzllo,4 < Cla)-

Since ||G*Z,i|}03 < C, and {G%,} is weakly convergent to Gz € L*(Q2), thus,

|Gzllp3 < C. In addition, when 1 < ¢ < max{2,¢y}, we have [|Gz[|,, <

C(9) Gzllg 3 < C(g). Thus we have finished the proof of the result (3.15).
Now we prove the result (3.16). We have obtained the result ||G*Z||¢% <

C|lnh|é in [4]. When 0 < 7 < %, we have by (3.8) and |G} los <C,

G215 = /WG ?dX < (/Q¢3’"dX> IGZ15,5 < C(r) 1GZ 15,5 < C(r)-

Namely, |GZ|, < C(r) VO <r < 3. Obviously, when s < ¢, we have ¢*° <
C¢*. Thus, |G|, < C(r) Yr <0. So we have

1
IGZllyr < C(r) Vr < 3. (3.18)

From (3.10) and (3.11),

IA

e cuf |2 + 163 ||¢,e+% 10
O™ + C|Gy |-z -

N

Combining (3.18) and (3.19) yields
* 1
IGZIl1,4- = Cle) Ve . (3.20)

By the Holder inequality, we have for 1 < ¢ < %

2711

L|9dX < (/ﬂqsz‘“q dX) IVGy]2_.

Choosing a suitable € such that quq < 1, we have by (3.8) and (3.20),

IvG3lg, = [ o¥o %

IVGZllo,q < Cla)- (3.21)
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Obviously,
* * 1
IGZI1 - < 1GZll1 g < Cle) Ye> 3. (3.22)
Since G7 is bounded according to the weighted-norm || - || ;-<, thus, {G7,}
is weakly convergent to a function Fz with |[Fz||, ,-. < co. Further, we have
|Fz|, 1 - < oo. From (2.9),

2
1Gz = G2l 1 SC Gz = Gl y < Cle)h[nh]?,
which shows {G7,} is convergent to the function Gz with |Gz, , ,-. < oo.
Thus, Fz = Gz. Namely,
1

162l ,- < Cle) Ve> 3.

Up to now, the result (3.16) is thoroughly proved. Similar to the arguments of
(3.16), from (3.21), we can obtain the result (3.17).
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1. Introduction

Mathematicians have studied various kinds of the Euler, Bernoulli, Tangent, and
Genocchi polynomials. Recently, many authors have studied the relations between these
polynomials and Stirling numbers of the second kind(see [1-24]). Numerical experiments of
Bernoulli, Euler, and Genocchi polynomials also have been made the subject of extensive
research.

The computing environment will be making more and more rapid advance and this
environment has been increasing the interest in solving mathematical problems with the
aid of computers. The zeros of Genocchi polynomials G,,(z) is very interesting a realistic
study by using computer(see [2,16-20,23]).

The Genocchi numbers G,, and Genocchi polynomials G,,(z) are usually defined by
the following generating functions.

Definition 1.1.[5,14,17] Let n € Ny. Then we define
i 2t
nl  et+1
x)

t" 2t o
L (R LR
n! et +1 ’

, ot <,

n=0
E Gl
n=0

—_
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where we use the notation by replacing G(x)" by G,,(x) symbolically. Clearly, G,, = G,,(0).
In general, it satisfies G3 = G5 = G7 = Gg = --- = 0, and even coefficients are given
G, =2nEs,1 = 2(1 —22”)Bgn, where F,, are the Euler numbers and B,, are the Bernoulli
numbers(see [4-5, 6, 8, 12, 15]).

These polynomials and numbers play important roles in many different areas of mathe-
matics such as combinatorics, number theory, special function and analysis, and numerous
interesting results for them have been explored. The following elementary properties of
Genocchi polynomials Gy, (z) are readily derived from the Definition 1.1. Therefore we
choose to omit the details involved. More studies and results in this subject we may see
references(see [5-6,14-20]).

Throughout this paper, we always make use of the following notations: N = {1,2,3,---}
denotes the set of natural numbers, Ny = {0,1,2,3,---} denotes the set of nonnegative
integers, Z denotes the set of integers, R denotes the set of real numbers, and C denotes
the set of complex numbers, and Co, = CU {o0}.

Theorem 1.2.[5,6,17,19] For n € Ny, we know

Gn(z) = zn: (Z) Gk,

k=0
Theorem 1.3.[5,6,15] Let x € Ny. Then we have

2 ifn=1

From the Theorem 1.2 and Theorem 1.3, it is easy to deduce that G, (x) are polyno-
mials of degree n. The Genocchi polynomials are as follows.

Gi(z) =1,

Ga(x) =22 -1,

Gs(z) = 322 — 3z,

Gy(z) = 4a® — 622 + 1,

Gs(z) = 5a* — 1023 4 5,

Ge(x) = 625 — 152" + 1522 — 3,
(x) =17
(z) =8

Definition 1.4. Let f : D — D be a complex function, with D a subset of C. We
define the iterated maps of the complex function as the following:

foi20= JUF(--(f(20) )
—_———

n—times

2
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The iterates of f are the functions f, fo f, fo fo f,..., which are denoted f!, f2, f3, ... If
z € C, then the orbit of zg under f is the sequence (zo, f(20), f(f(20))," ).

We consider the Newton’s dynamical system as the follows:

{cw  R(z) = 2 5%}.

R is called the Newton iteration function of S. It can be shown that the fixed points of
R are zeros of S and all fixed points of R are attracting. R may also have one or more
attracting cycles(see [2, 23-24]).

This paper is organized as follows. In Section 2, we study some properties of zeros
for Genocchi polynomials from Newtons’method. In section 3, we find some distributions
and properties of fixed point for Genocchi polynomials by using iterating map.

2. The observation for scattering of zeros of the Genocchi polynomials

In this section, we can see the several conjecture from the Tables. we also find the
approximate zeros of the Genocchi polynomials. Using the Mathematica software, we can
see the structure of the zeros of the Genocchi polynomials in various viewpoints.

From the Definition of Genocchi polynomials, we get

- (7t)n _ —2t —t(l—z) _ 2t te __ - "
T;Gn(l—x) i 1C =-—1¢ ——%Gn(x)m.

From the above equation, we find the following theorem.
Theorem 2.1.[14,-15,17,19-20]. For n € Ny, we have

Go(z) = (—1)" 1 Gp(1 — 2).

Conjecture 2.2. G, (z) = 0 has n distinct solutions.

We find a counterexample of the conjecture 2.2. When n = 6, there exist five num-

bers, z;(i = 1,2,3,4,5) such that Gg(x;) = 0. That is, we can find x; = 302 =
1 1 1 1
5 (1 — \/5) , L3 = 3 (1 — \/5) Sy = 5 (1 + \/5) , Ly = 3 (1 + \/’3) Therefore, the conjec-

ture 2.3 is not true for all n. Using computers, many more values of n have been checked.
It still remains unknown if the conjecture fails or holds for any value n # 6.

See Table 1 for tabulated values of Rg, (») and Cg, (), where Rg, ;) denote the
numbers of real zeros and Cg, () denotes the numbers of complex zeros. Our numerical
results, that is the numbers of real and complex zeros of G, (z) for 29 < n < 60 are
displayed in the Table 1.
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Table 1. Numbers of real and complex zeros of G,,(x)

’ degree n H RG"(a:) CG"(JC) ‘ degree n H RG”@) CG.,L(ZE) ‘

29 8 20 45 12 32
30 9 20 46 13 32
31 10 20 47 14 32
32 11 20 48 15 32
33 8 24 49 12 36
34 9 24 50 13 36
35 10 24 ol 14 36
36 11 24 52 15 36
37 12 24 93 16 36
38 9 28 54 13 40
39 10 28 %) 14 40
40 11 28 56 15 40
41 12 28 57 16 40
42 13 28 58 17 40
43 11 32 99 14 44
44 11 32 60 15 44

If we consider G, (z) for 2 < n < 100, we then find the Figure 1. The z-axis means the
numbers of real zeros and the y-axis means the numbers of complex zeros in the Genocchi
polynomials in Figure 1. From Table 1 and Figure 1, we can suggest a below conjecture.

nf coon
.
s0F cee
i

0} e
L

0F o0 00w

.....

Figure 1: Numbers of real and complex zeros of G,,(z) for 2 < n < 100

Conjecture 2.3. When I'm(z) # 0, we find that
(1) the numbers of Rg, (5 of Gpn(x):

Ra, @) =n—1-Cq,@-
(2) the numbers of Cg, (5) of Gn():

n—1—a« n—+19
coan 1] an [t
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where [z] is the greatest integer not exceeding x.

By using the Theorem 2.1, we also have the following theorem.
1
Theorem 2.4. For n € Ny, if n =0 (mod 2), then G, (5 =0.

By Theorem 2.4, we can know the center of the structure of zeros in Genocchi polynomials
is §(see the Figure2). The forms of 3D structure which is stacks of zeros of G, (z) for
2 < n < 60 are presented in the top-left of Figure 2. We can draw the top-right figure
and bottom-left figure when we look at the top-left Figure 2 in the above position and left

orthographic viewpoint, respectively.

Figure 2: Stacks of zeros of G, (z) for 2 <n < 60

From Definition of Genocchi polynomials, we get

oo

t" 2t 2t
E G 1 G _ t(z+1) tx
n:O( n(@+ 1)+ Gn(x)) n! et—i—le +et+1e

o0 tn
=2te!* =2 Z(n + 1)1:"5
n=0
tn
By comparing the coefficients of — on both sides of the above equation, we find the the-

n!
orem 2.5.

Theorem 2.5. For n € Ny we find

Go(z 4+ 1)+ Gp(x) = 2na™ L.
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Substituting = 0 in the Theorem 2.5, we find the following corollary 2.6.

Corollary 2.6. For n € N, one has
G, =-G,(1).

We consider the Newton’s dynamical system at numbers of roots in Gig(x). We can
obtain roots in the G1g(z), that is,

1 = —1.31362 — 0.8763737, x2 = —1.31362 + 0.876373¢,

23 = —1.21973, 24 = —0.50008,
x5 = 0.5, 26 = 1.50008,
z7 = 2.21973, zs = 2.31362 — 0.876373i,

T9 = 2.31362 + 0.876373:.

The orbit of zg from the Newton method appears by calculating until 30 iterations or
the absolute difference value of the last two iterations is within 1076. We hope to determine
whether the orbit of g under the action of Newton’s dynamical system converges to one
of roots when it is given a point x( in the complex plane.

Figure 3: General structure of orbits for {—1.5 < x < 2.5},{-1.5 <y < 2.5}

The output of Figure 3 is the orbit values by using the above method. We plot the blue,
brown, yellow, skyblue, green, ocher, navy blue, red, or gray to z( in the Figure 3, when an

6
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orbit of g converge to —1.31362—0.8763737, —1.31362+0.876373¢, —1.21973, —0.50008, 0.5,
1.50008,2.21973,2.31362 — 0.876373¢, 2.31362 + 0.876373¢, respectively. From the top-left
figure, we can observe general structure for {—1.5 < x < 2.5}, {—1.5 <y < 2.5}. More-
over, we can observe property of complex conjugate from the top-right figure and bottom-
figures in the right part of general structure by narrowing range. The interesting result is
the fact that each boundaries of range parts have every colors and self-similarity.

3. The fixed points of Genocchi polynomials

In this section, we present distributions of fixed points and period points from iterat-
ing map. From definition and property of fixed point, we find it and construct structure of
this points in the complex plane. By expanding method of previous section we can discuss
the fixed points and period points of the Genocchi polynomials.

Definition 3.1. The orbit of the point zp € C under the action of the function f
is said to be bounded if there exists M € R such that |f™(zo)| < M for all n € N. If the
orbit is not bounded, it is said to be unbounded.

Definition 3.2. Let f: D — D be a transformation on a metric space. A point
2o € D such that f(z9) = zo is called a fixed point of the transformation.

Suppose that the complex function f is analytic in a region D of C, and f has a fixed
point at zg € D. Then zq is said to be:
an attracting fixed point if |f/(z0)| < 1;
a repelling fixed point if |f/(z0)| > 1;
a neutral fixed point if | f'(20)| = 1.

For example, G4(x) — 1.01 — 0.1¢ have three points satisfying G4(x) —1.01 — 0.1 = «.
That is, xg = —0.174314+0.0695883¢, 0.0220059 —0.07796814, 1.65231+0.00837978:. Since

a
dz

we obtain the following theorem.

G4(0.0220059 — 0.07796817) — 1.01 — 0.17| = 0.953792 < 1,

Theorem 3.3. The Genocchi polynomials G4(x) — 1.01 — 0.1 has the only one
attracting fixed point at

o = 0.0220059 — 0.07796815.

We can separate the numerical results for fixed point of G, (x) by using Mathematica
software. In the Table 2, we can look for numbers of fixed points of G,,(z) for 3 <n < 10
and find property of their points.
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Table 2. Numbers of attracting, repelling, and neutral fixed points of G,,(x)

| degree n || attractor repellor neutral |
3 0 2 0
4 0 3 0
5 0 4 0
6 0 5 0
7 0 6 0
8 0 7 0
9 0 8 0
10 0 9 0

Conjecture 3.4. The Genocchi polynomials G, (z) has no attracting and neutral
fixed point except for infinity.

In the Table 3, we consider G} (x) by using iterating map. We can know the numbers
of real roots of G (z) using iterated function are less than 3". In addition, we observe the
numbers of real roots will be 271 —1 for » > 1 and find there is no the real number which
is related to fixed point.

Table 3. Numbers of roots and fixed points of G (z) for 1 <r <9

’ r H numbers of real roots | numbers of real numbers in fixed points
Gi(x) 3 3
Gi() 7 5
Gi(x) 15 15
Gi() 31 51
G5 () 63 0
GS () 127 0
G7(r) 255 0
Gi(x) 511 0
Gi(x) 1023 0

In the top-left Figure 4, we can see the forms of 3D structure which is related to stacks
of fixed points of iterated G (x) for 1 < r < 6. We can draw the top-right figure when we
look at the top-left Figure 4 in the below position. The bottom-left of Figure 4 represent
that image and n axes are exist but there is no real axis. The bottom-right of Figure 4 is
the right orthographic viewpoint for the top-left figure, that is, there exist real and n axes
but don’t exist image axis.
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Figure 4: Stacks of fixed points of G(z) for 1 <n <6

We consider G2(z) for x € C. This polynomial has nine distinct complex numbers,
a;(i = 1,2,3,4,5,6,7,8,9) such that G%(a;) = a;. We obtain a; = —0.430403,ay =
—0.244653, a3 = —0.0322871—0.2406327, a4 = —0.0322871+0.240632i, a5 = 0.372949, ag =
0.582294, a7 = 1.36347 — 0.04050814%, ag = 1.36347 4 0.0405081%, ag = 1.55745. By combin-
ing Newton’s method in the G%(x), we have

{CW:E(x):x—((;G;g))y}.

The general expectation is a typical orbit {E(m)} will converge to one of the fixed points
of G%(z) for zo € C. If we choose zq close enough to a; then it is readily proved that

lim R(zo) = a;, fori=1,2,3,4,5,6,7,8,09.

n—oo

Given a point x¢ in the complex plane, we want to find out if the orbit of xy under the

action of R(x) does or does not converge to one of the fixed points, and if so, which one.
When R(x) is applied to g, the orbit of z¢ under the action of R(x) is calculated until
the absolute value of the last 2 iterations differs by an amount less than 1076, or until 30
iteration have been carried out.
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The Figure 5 is the last orbit value calculated. We construct a function which as-
signs one of nine colors to each point in the plane, according to the outcome of R.
We allocate the red, violet, yellow, skyblue, green, ocher, blue, navy blue, or gray to
xq if its orbit converges to —0.430403, —0.244653, —0.0322871 — 0.2406327, —0.0322871 +
0.2406321, 0.372949, 0.582294, 1.36347 — 0.0405081%, 1.36347 4 0.0405081%, 1.55745, respec-
tively. We make the range which is {(z,y) : =4 < x < 4,—4 < y < 4}. For example, the
red region represents part of the attracting basin of a; = —0.430403

Figure 5: Orbit of 2o under the action of R for G2(z)

The Figure 6 express the coloring of the next Figure 7. Points which escape after 1 to
30 iterations are colored red to green.

o 5 10 15 20 25 30

Figure 6: Palette for escaping points

In the Figure 7, the above-mentioned rapid change can be illustrated by applying the
three-dimensional structure to the escape-time function. We consturct the range of left
figure which is {(z,y) : =3 < 2 < 3,—3 < y < 3} and the range of right figure which is
{(z,y) : =4 < x < 4,—4 <y < 4}. From this figure, we can see the same color regions
which are the orbit of point, zy, approached an one of fixed points at the equivalent iterated
step.

10
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Figure 7: Escape-time map of R(z) for G2(x)
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ADDITIVE p-FUNCTIONAL EQUATIONS
CHOONKIL PARK AND SUN YOUNG JANG*

ABSTRACT. In this paper, we solve the additive p-functional equations

farn) -0 -6 = o2 () - 1@ -1w). 01

2
T+
of (3) - 1@ - f) = Ut~ @)~ Fw). (02
where p is a fixed non-Archimedean number or a fixed real or complex number with

p#1
Using the direct method, we prove the Hyers-Ulam stability of the additive p-

functional equations (0.1) and (0.2) in non-Archimedean Banach spaces and in Ba-
nach spaces.

1. INTRODUCTION AND PRELIMINARIES

A waluation is a function | - | from a field K into [0,00) such that 0 is the unique
element having the 0 valuation, |rs| = |r| - |s| and the triangle inequality holds, i.e.,
Ir +s| < |r|+ 5], Vr,s € K.

A field K is called a valued field if K carries a valuation. The usual absolute values of
R and C are examples of valuations.

Let us consider a valuation which satisfies a stronger condition than the triangle
inequality. If the triangle inequality is replaced by

|r + s| < max{|r|,|s|}, Vr,s € K,

then the function | - | is called a non-Archimedean valuation, and the field is called
a non-Archimedean field. Clearly |1] = | — 1] =1 and |n| < 1 for all n € N. A trivial
example of a non-Archimedean valuation is the function | - | taking everything except
for 0 into 1 and |0| = 0.

Throughout this paper, we assume that the base field is a non-Archimedean field,
hence call it simply a field.

2010 Mathematics Subject Classification. Primary 46510, 39B62, 39B52, 47510, 12J25.
Key words and phrases. Hyers-Ulam stability; additive p-functional equation; non-Archimedean
normed space; Banach space.
*Corresponding author: Sun Young Jang (email: jsym@ulsan.ac.kr).
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Definition 1.1. ([12]) Let X be a vector space over a field K with a non-Archimedean
valuation | - |. A function || - || : X — [0, 00) is said to be a non-Archimedean norm
if it satisfies the following conditions:

(i) |||l = 0 if and only if z = 0;

(i) [frzfl = |rll=ll (€ K,z € X);

(iii) the strong triangle inequality

Iz +yll < max{[l«], lyll},  VryeX

holds. Then (X, || - ||) is called a non-Archimedean normed space.

Definition 1.2. (i) Let {z,} be a sequence in a non-Archimedean normed space X.
Then the sequence {z,} is called Cauchy if for a given € > 0 there is a positive integer
N such that

Hxn - CCm” <e

for all n,m > N.

(ii) Let {x,} be a sequence in a non-Archimedean normed space X. Then the
sequence {x,} is called convergent if for a given € > 0 there are a positive integer N
and an x € X such that

[zn — 2| <e

for all n > N. Then we call x € X a limit of the sequence {x,}, and denote by
limy,, oo T, = .

(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed
space X is called a non-Archimedean Banach space.

The stability problem of functional equations originated from a question of Ulam
[17] concerning the stability of group homomorphisms.

The functional equation f(x +vy) = f(x) + f(y) is called the Cauchy equation. In
particular, every solution of the Cauchy equation is said to be an additive mapping.
Hyers [11] gave a first affirmative partial answer to the question of Ulam for Banach
spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and by
Rassias [15] for linear mappings by considering an unbounded Cauchy difference. A
generalization of the Rassias theorem was obtained by Gavruta [8] by replacing the
unbounded Cauchy difference by a general control function in the spirit of Rassias’
approach. The functional equation f (L;y) = 1f(z) + 5f(y) is called the Jensen
equation. See [2, 3,4, 5,6, 7,9, 10, 13, 14, 16, 18| for more information on functional
equations.

In Section 2, we solve the additive p-functional equation (0.1) in vector spaces and
prove the Hyers-Ulam stability of the additive p-functional equation (0.1) in non-
Archimedean Banach spaces.
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In Section 3, we solve the additive p-functional equation (0.2) in vector spaces and
prove the Hyers-Ulam stability of the additive p-functional equation (0.2) in non-
Archimedean Banach spaces.

In Section 4, we prove the Hyers-Ulam stability of the additive p-functional equation
(0.1) in Banach spaces.

In Section 5, we prove the Hyers-Ulam stability of the additive p-functional equation
(0.2) in Banach spaces.

2. ADDITIVE p-FUNCTIONAL EQUATION (0.1) IN NON-ARCHIMEDEAN BANACH
SPACES

Throughout Sections 2 and 3, assume that X is a non-Archimedean normed space
and that Y is a non-Archimedean Banach space. Let |2| # 1 and let p be a fixed
non-Archimedean number with p # 1.

We solve the additive p-functional equation (0.1) in vector spaces.

Lemma 2.1. Let X and Y be vector spaces. If a mapping f : X — Y satisfies
faty) = f@) = 1) = (2 (52) - 1@ - 1) 21)

forallz,y € X, then f: X =Y is additive.

Proof. Assume that f: X — Y satisfies (2.1).
Letting x = y = 0 in (2.1), we get — ( )=0. So f(0) =
Letting y = z in (2.1), we get f(22) —2f(z) = 0 and so f(2z) = 2f(z) forallz € X.

Thus

1(5) =3/ 2.2
for all z € X.

It follows from (2.1) and (2.2) that
flaty) = @)= f@) = p(2f (“y) f - 1)
= p(flz+y) - f( )
and so
fle+y) = flx) + fy)

for all x,y € X. OJ

We prove the Hyers-Ulam stability of the additive p-functional equation (2.1) in
non-Archimedean Banach spaces.
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Theorem 2.2. Let o : X? — [0,00) be a function and let f : X — Y be a mapping
such that

:iwgp(;,;) < oo, (23)
faty) = 1@ = 1w - (2 ()~ f@) ~f@)| < vl @4

for all xz,y € X. Then there exists a unique additive mapping A : X — Y such that

1
1f(z) = A(2)]| < ol

U(z,x) (2.5)
forallx € X.

Proof. Letting y = z in (2.4), we get
1f(22) = 2f(2)]] < o(z,z) (2.6)

Ty
) —2
Hf f( >‘ 90<2 2>
for all z € X. Hence

)z
sl (3) 21 ) (55) - ()
/)Gl () - ()

> x x
<> 12Pp (2j+17 2J+1)

=l

for all z € X. So

7|2|m—1

< max{|2|l

<.

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (2.7)
that the sequence {2* f(%)} is Cauchy for all z € X. Since Y is a non-Archimedean

Banach space, the sequence {2¥f(Z%)} converges. So one can define the mapping
A: X =Y by

, x
A(x) == klgg() ok f <2k)
for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.7), we get
(2.5).
Now, let T': X — Y be another additive mapping satisfying (2.5). Then we have

11 = [ () e ()

on(Z) 20 () e (2) -2 (2]

-1 T
<br (55)

< max{
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which tends to zero as ¢ — oo for all x € X. So we can conclude that A(x) = T'(x)
for all x € X. This proves the uniqueness of A.
It follows from (2.3) and (2.4) that

HA(:zery)—A(x)—A(y) (2A( ;y>_A )H
(0 (2) () o () (2) 1)

< lim |2|" <x y) =0

n—o0 on ’ on

for all z,y € X. So

Ala+y) = Alw) = Aw) = p (24 (T2 - 4@) - Al

for all z,y € X. By Lemma 2.1, the mapping A : X — Y is additive. U

Corollary 2.3. Let r < 1 and 0 be nonnegative real numbers, and let f : X — 'Y be
a mapping such that

7@ +0) - 1@ = 1) = 0 (27 (F52) = £@) = 1)) < 000l + lol) - (28)

for all x,y € X. Then there exists a unique additive mapping A : X — 'Y such that

20 .
1) =A@l < o ll2]

forallx € X.

Theorem 2.4. Let ¢ : X? — [0,00) be a function and let f : X — Y be a mapping
satisfying (2.4) and

U(z,y) = io|21| ©(272,27y) < 00

for all x,y € X. Then there exists a unique additive mapping A : X — Y such that

1f(2) = A(2)]| < m‘l’(l’ ) (2.9)

forallx € X.

Proof. 1t follows from (2.6) that

|@) = 570 < Goteo)

|2
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for all x € X. Hence
1 l 1 m
/@) = @)

< max {‘ 211f (QZCL’) — 211+1 (2l+1x)'

(o) - 5 (21)

(2.10)

|
}

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (2.10)
that the sequence {2% f(2™z)} is a Cauchy sequence for all x € X. Since Y is complete,

s (27 = s )

b
? ’ |2’m—1

y

f(2me) = S @)

{1
<max{ — 5

2/
S 1 J J
j=l

the sequence {5 f(2"x)} converges. So one can define the mapping A : X — Y by
A SO
Ax) = Jim Q—Hf(Q x)
for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.10), we get
(2.9).
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 2.5. Let r > 1 and 0 be nonnegative real numbers, and let f : X — Y be
a mapping satisfying (2.8). Then there exists a unique additive mapping h : X — 'Y
such that

20

1/ () = hz)]| < 2 — 2

[l ]|”
forallz e X.

3. ADDITIVE p-FUNCTIONAL EQUATION (0.2) IN NON-ARCHIMEDEAN BANACH
SPACES

We solve the additive p-functional equation (0.2) in vector spaces.

Lemma 3.1. Let X and Y be vector spaces. If a mapping [ : X — 'Y satisfis f(0) =0
and

2 (“50) = £@) = £) = p(fla +y) = f@) = £(w) (31)
forallz,y € X, then f: X —Y is additive.

Proof. Assume that f: X — Y satisfies (3.1).
Letting y = 0 in (3.1), we get

2f (5) = @) =0 (3.2)
and so f (g) =1f(z) forall z € X.
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It follows from (3.1) and (3.2) that
faty) = f@) - 1) = 2 () - f@) - 1w

and so

fl@+y)=f@)+ f(y)
for all z,y € X. O

Now, we prove the Hyers-Ulam stability of the additive p-functional equation (3.1)
in non-Archimedean Banach spaces.

Theorem 3.2. Let o : X? — [0,00) be a function and let f : X — Y be a mapping
satisfying f(0) =0 and

W(z,y) :=§)\2w(;,§j) <
21 (50) = f@) - 1) - p U@+ y) — F@) - F0)| < elwy) (3

for all x,y € X. Then there exists a unique additive mapping A : X — 'Y such that
1f(z) — A(z)|| < ¥(x,0) (3.4)

forallz € X.

Proof. Letting y = 0 in (3.3), we get

=21 ()] = [ps (5) e

for all z € X. So

()= (2)
o {1 (2) s () ) - (2
1132 G () -2 ()
S (3

for all nonnegatlve integers m and [ with m > [ and all x € X. It follows from (3.6)
that the sequence {2* f()} is Cauchy for all z € X. Since Y is a non-Archimedean
Banach space, the sequence {2¥f(Z%)} converges. So one can define the mapping
A: X =Y by

< ¢(,0) (3.5)

7|2|m—1

< max{

A(z) := lim 2" f <;€)

k—o0
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for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.6), we get
(3.4).
The rest of the proof is similar to the proof of Theorem 2.2. OJ

Corollary 3.3. Let r < 1 and 0 be nonnegative real numbers, and let f : X — 'Y be
a mapping satisfying f(0) =0 and

x +
2 (“52) = 1@) = 1) = U @+ 9) = (@) = S(0)
for all x,y € X. Then there exists a unique additive mapping A : X — 'Y such that

12[70
1) = A@)l < gl

< Ol=[I" + llyll")  (3.7)

forallz € X.

Theorem 3.4. Let o : X? — [0,00) be a function and let f : X — Y be a mapping
satisfying f(0) =0, (3.3) and

U(z,y) :22— ©(272,27y) < 00

for all xz,y € X. Then there exists a unique additive mapping A : X — Y such that

1f(x) = A(z)]| < ¥(z,0) (3.8)
forallz € X.
Proof. Tt follows from (3.5) that
for all z € X. Hence
|5r@) - 5 2ma) (39
< max{|| 57 (20) - 5/ (20)]. —f (2 ) - 5t 270}
1 1 _ L om
<max{‘ o (le) —if(ZHlx) e gt f<2m 193) _if@ x) }
29,0
= S ey

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.10)
that the sequence {5 f(2"z)} is a Cauchy sequence for all z € X. Since Y is complete,
the sequence {2% f(2"z)} converges. So one can define the mapping A: X — Y by

A(z) := lim if(Q":L‘)

n—o00 PN
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for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.10), we get
(3.9).
The rest of the proof is similar to the proof of Theorem 2.2. OJ

Corollary 3.5. Let r > 1 and 0 be positive real numbers, and let f : X =Y be a
mapping satisfying f(0) = 0 and (3.7). Then there exists a unique additive mapping
A: X =Y such that

12|70

If(z) = Az)]| < [l ]|”
[2[ - J2I"

forallz e X.

4. ADDITIVE p-FUNCTIONAL EQUATION (0.1) IN BANACH SPACES

Throughout Sections 4 and 5, assume that X is a normed space and that Y is a
Banach space. Let p be a fixed real or complex number with p # 1.

We prove the Hyers-Ulam stability of the additive p-functional equation (2.1) in
Banach spaces.

Theorem 4.1. Let ¢ : X? — [0,00) be a function and let f : X — Y be a mapping
such that

U(x,y) ::ingo(x y) < 00, (4.1)

st 217 i

Tty
fat )= @) = f@) - (2 (L) - 1@ - f@)| < ey (12)
for all x,y € X. Then there exists a unique additive mapping A : X — Y such that

|7(@) ~ A@)] < S, 2) (43)
forallz € X.
Proof. Letting y = z in (4.2), we get

I£(2x) - 26 @) < ol ) (4.4

-2 (5) =2 (53)

for all z € X. Hence
1
j+1 X
25 () -2 (5=))|

(2)-2() < £

J
m—1 T T
= Z 2 (2ﬂ+1’ 2J+1) (45)

for all z € X. So

.
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for all nonnegative integers m and [ with m > [ and all z € X. It follows from (4.5)
that the sequence {2*f (%)} is Cauchy for all € X. Since Y is a Banach space, the
sequence {27 f(%)} converges. So one can define the mapping A : X — Y by

Ax) = hm 2k f (;k)

k—o0

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (4.5), we get
(4.3).
Now, let T': X — Y be another additive mapping satisfying (4.3). Then we have

1A(z) — T(x)| = ||2°A (;z) - (qu> H
cJon(2) o (2o er ) =1 ()

2qu<x x))
924’ 9q

which tends to zero as ¢ — oo for all x € X. So we can conclude that A(x) = T'(x)

for all x € X. This proves the uniqueness of A.
It follows from (4.1) and (4.2) that

e 910~ (34 (*52) -0
P2 (E) ()l 1 () )

< lim 2"p (;,y> =0

Nn—00 on

= lim
n—oo

for all z,y € X. So

Al +9) = Alw) - Aly) = p (24 (152 - A@) - AWw))

for all z,y € X. By Lemma 2.1, the mapping A : X — Y is additive. 0

Corollary 4.2. Let r > 1 and 0 be nonnegative real numbers, and let f : X — Y be
a mapping such that

1+ = 1@ = 1) -0 (2 (52) = £@ = 1) | < Clall + sl (2.6)

for all x,y € X. Then there exists a unique additive mapping A : X — 'Y such that

1) =A@ < 5 el

forallx € X.
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Theorem 4.3. Let o : X? — [0,00) be a function and let f : X — Y be a mapping
satisfying (4.2) and

> 1
— (20, 27y)
=Sty <o
for all x,y € X. Then there exists a unique additive mapping A : X — 'Y such that

|7(@) ~ A@)] < 5 ¥, ) (47)

forallz e X.

Proof. 1t follows from (4.4) that

|5~ 300)] < St
for all x € X. Hence
‘ 211f(2lx) - ;nﬂzml’) < 72 21f (QJ ) 2]1+1f (2j+1x)H

-1

3

1 . :
< 2—@(2%,2%) (4.8)
1

<.
Il

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (4.8)
that the sequence {5 f(2"z)} is a Cauchy sequence for all 2 € X. Since Y is complete,
the sequence {2% f(2™z)} converges. So one can define the mapping A : X — Y by

Ax) = lim 21f(2" )

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (4.8), we get
(4.7).
The rest of the proof is similar to the proof of Theorem 4.1. O

Corollary 4.4. Let r < 1 and 0 be nonnegative real numbers, and let f : X — Y be
a mapping satisfying (4.6). Then there exists a unique additive mapping A : X — 'Y
such that

[f(z) = A2)] <

2-—2r
forallz e X.

5. ADDITIVE p-FUNCTIONAL EQUATION (0.2) IN BANACH SPACES

In this section, we prove the Hyers-Ulam stability of the additive p-functional equa-
tion (3.1) in Banach spaces.
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Theorem 5.1. Let ¢ : X? — [0,00) be a function and let f : X — Y be a mapping
satisfying f(0) =0 and

o= 520 (5 5) <
P2r (55Y) ~ 1@ = F@) = p U +9) = f@) = )| < elay) (51)

for all x,y € X. Then there exists a unique additive mapping A : X — Y such that
If(z) = A(z)|| < ¥(x,0) (5.2)

forallx € X.

Proof. Letting y = 0 in (5.1), we get

-1 (5)] - or () -

for all z € X. So
21 () =2 (5]

(@) -2 ()] <
( ) (5.4)

<
for all nonnegative integers m and [ with m > [ and all x € X. It follows from (5.4)
that the sequence {2¥f(Z%)} is Cauchy for all € X. Since Y is a Banach space, the
sequence {27 f(%)} converges. So one can define the mapping A : X — Y by
x
Ax) = hm 2k f <2k)

k—o0

< ¢(z,0) (5.3)

%

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (5.4), we get
(5.2).
The rest of the proof is similar to the proof of Theorem 4.1. (|

Corollary 5.2. Let r > 1 and 6 be nonnegative real numbers, and let f : X — 'Y be
a mapping satisfying f(0) =0 and

127 (52) = 1@) = 1) = ol + ) = F@) = S| < 000l + ol (5:5)

for all x,y € X. Then there exists a unique additive mapping A : X — Y such that

1/ () = A(@)[| <

forallx € X.
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Theorem 5.3. Let o : X? — [0,00) be a function and let f : X — Y be a mapping
satisfying f(0) =0, (5.1) and
=1
=Y —p(2z,27y) < oo
9j
Jj=1

for all x,y € X. Then there exists a unique additive mapping A : X — Y such that

1f(z) = Az)|| < ¥(z,0) (5.6)
forallz € X.

Proof. Tt follows from (5.3) that

1

—p(2x,0)

|7) - 120 < 5

for all z € X. Hence

1 1
|5/ = @)

m

< X

1 . 1 .
s Ef (%C) B Wf (2]+1$)

< > 21jg0(2jx,0) (5.7)

j=l+1

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (5.7)
that the sequence {5 f(2"x)} is a Cauchy sequence for all 2 € X. Since Y is complete,
the sequence {5 f(2"z)} converges. So one can define the mapping A : X — Y by

1
A(z) == lim — f(2"x)

n—oo 9N

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (5.7), we get
(5.6).
The rest of the proof is similar to the proof of Theorem 4.1. O

Corollary 5.4. Let r < 1 and 0 be positive real numbers, and let f : X — Y be a
mapping satisfying f(0) = 0 and (5.5). Then there exists a unique additive mapping
A: X =Y such that

2"0

1£(z) - A@ < 5

l]l"

forallz e X.
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HYPERSTABILITY OF A GENERALIZED CAUCHY FUNCTIONAL
EQUATION

ABBAS NAJATI, DARYOUSH MOLAEE, AND CHOONKIL PARK

ABSTRACT. The aim of this paper is to present some results concerning the hyperstability of
the generalized Cauchy functional equation

flax +by) = Af(z) + Bf(y) + C

Namely, we show, under some assumptions, that a function satisfying the equation approxi-
mately must be actually a solution to it.

1. INTRODUCTION AND PRELIMINARIES

Throughout the paper F and K denote the fields of real or complex numbers. Let X and Y
be linear spaces over F and K, respectively. In this paper we give some hyperstability results
for the generalized Cauchy functional equation

flax +by) = Af(z) + Bf(y) + C (1.1)

where f : X — Y and a,b € F\{0}, A, B € K,C € Y. In [10], Piszczek proved the hyperstability
of the generalized Cauchy functional equation (1.1).

Theorem 1.1. [10] Let X be a normed space over a field F, Y be a Banach space over K,
a,be F\{0},A,BeK,p<0andg: X —Y satisfy

lg(az + by) — Ag(z) — Bg(y)|| < e(llz[I” + [ly[I")
for all x,y € X \ {0}. Then g satisfies

g(ax + by) = Ag(x) + Bg(y)
forall z,y € X \ {0}.

The method of the proof used in Theorem 1.1 is based on a fixed point theorem in [3].
Let us recall that the study of stability problems of functional equations was motivated by
a question of Ulam [15] asked in 1940. The first result of stability proved by Hyers [6] in
1941. For more details about various results concerning such problems the reader is referred
to [4, 5, 8,9, 11, 12, 13, 14].

It seems the first hyperstability result was published in [1] and concerned ring homomor-
phisms. However the term hyperstability was used for the first time in [7].

2000 Mathematics Subject Classification. Primary 39B82, 39B62; Secondary 47H14, 47H10.
Key words and phrases. Hyperstability, generalized Cauchy functional equation.
*Corresponding author: Choonkil Park (email: baak@hanyang.ac.kr).
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2. HYPERSTABILITY RESULTS

In this part, we will prove a general version of Theorem 1.1. Let us start with a result. A
version of the next result was proved in [2]. But we give another simple proof.

Proposition 2.1. Assume that X and Y are linear spaces over F and K, respectively. Let
a,be F\ {0}, ABeK,Ce€Y and f: X — ) satisfy

Flaw+by) = Af(z) + Bf(5) + C (2.1)
for all z,y € X\ {0}. Then f satisfies f(ax + by) = Af(x) + Bf(y) + C for all z,y € X.
Proof. Let x € X \ {0}. Then in view of (2.1), we get
f(0) = Af(bx) + Bf(—ax) +C
— A[Af(207"b2) + Bf(~2) + C| + B|Af(=22) + Bf(ab~'a) + C| + C

- A[Af(2a_1bx) + Bf(—2z) + C] +B [Af(—a:) + Bf(ab~'z) + C] +C
= Af(0) + Bf(0) + C.
Therefore we have
f(0) = Af(bx) + Bf(—az) + C (2.2)
for all x € X. Consequently, by (2.1) and (2.2), we get
f(2a%bx) = Af(abx + b%y) + Bf(a®xz — aby) + C
—A [Af(bx) + Bf(by) + c} +B [Af<ax) + Bf(—ay) + c} +C
= A[Af(bx) + B (by) + C| + B[Af(az) + £(0) — Af(by)| +C

- A[Af(bx) + Bf(azx) + C} + Bf0)+C
— Af(2abx) + Bf(0) + C

Hence f(2a%bz) = Af(2abx) + Bf(0) + C for all z € X \ {0}. Replacing = by (2ab) 1z, we
infer that f(ax) = Af(x) + Bf(0) + C holds for x € X by (2.2). Similarly, one can prove
that f(by) = Af(0) + Bf(y) + C holds for y € X. Thus we have proved that f satisfies
flax +by) = Af(z) + Bf(y) + C for all z,y € X. O

In the following results we assume that X is a vector space over F and Y is a normed space
over K.

Theorem 2.2. Let a,b € F\ {0} and p: X x X — [0,+00) be a function such that

W%i_r}loo ola™(m + 1)ax, —b"'mzx) =0, 77%i_][)noocp(ma:,my) =0 (2.3)
forallz,y € X\ {0}. Let AABeK,Ce€Y and f: X — Y satisfy
[f(az +by) — Af(x) = Bf(y) — C|l < ¢(x,y) (2.4)
for all z,y € X \ {0}. Then f satisfies
Flaz +by) = Af(x) + Bf(y) + C, (25

for all x,y € X. Moreover,
(A+B)f(0) = Af(x) + Bf(—ab ') (2.6)
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forallxz € X.
Proof. Replacing x by a~'(m + 1)z and y by —b~'maz in (2.4), we get
|7(@) = Af@@™ m+ D)a) = Bf(-b""ma) = C|| < pla™ (m+ o, ~07'ma),  (2.7)
for all x € X \ {0} and positive integers m. Letting m — oo in (2.7) and using (2.3), we obtain
f(@) = lim [Af(a’l(m—i— )a) + Bf(~b~'ma) + C (2.8)
for all x € X \ {0}. If x € X \ {0}, then we get from (2.3) and (2.8)
|4+ B)f(©O) - Af(@) - Bf(~ab~'a)|
= Tim_||(A+ B)f(0) = 4%f(a™}(m + 1)) = ABJf(~b"'ma) - AC
— ABf(~b"Y(m + 1)z) — B:f(ab~2mz) — BCH
< 4] 1im || £(0) = Af(a™ (m + 1)2) = BF(=b" (m + 1)z) - C|
+1B]| 1im_[£(0) = Af(=b""ma) = Bf(ab~*ma) - C||
< |A] W}gnoo ola ' (m+ Dz, b~ (m + 1)z) + |B| W}E}noo o(=b"tma, ab " maz) = 0.

Hence we get
(A+ B)f(0) = Af(z) + Bf(~ab~"a)
for all x € X. If we replace z by bmz and y by —amz in (2.4), we get

H £(0) — Af(bmz) — Bf(—amz) — C| < p(bma, —amz), (2.9)
for all x € X \ {0} and positive integers m. Thus
f(0) = lim Af(bmz) + Bf(—amz) + C] (2.10)

for all z € X \ {0}. Replacing = by bmz in (2.9) and letting m — oo, we get from (2.10)
(1-—A-B)f(0)=C.

Therefore (2.8) holds for all z € X.
To prove (2.5), let x,y € X \ {0}. Then

Hf(aerby)—Af( )—Bf(y) = C|
= lim HAf +1)(az + by)) + BF(—b~'m(az + by))
—A2f( Y(m+1)x) — ABf(=b""mz) — AC
~ ABf(a™ (m+1)y) = B2f(~b""my) - BC|
< yA\W}gnOOHf a ! m+1)(a:c+by))—Af(a’l(m%—l)x)—Bf(a’ (m+ 1)y CH
1B Tim_ | £(=b" maz + by) — Af(~b""ma) ~ Bf (=6 my) - C||
<JA] lim (™ (m + 1)z, —a~ (m + y) + B] lim_o(~b"ma, ~b~"my) = 0.

m— 00
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Therefore f satisfies (2.5) for all z,y € X \ {0}. Hence f satisfies (2.5) for all x,y € X by
Proposition 2.1.

Remark 2.3. If f satisfies (2.4) with A+ B = 1, then C' = 0 and f satisfies f(ax + by) =
Af(z)+ Bf(y) for all z,y € X.

When X is a normed linear space, Theorem 1.1 is a corollary of Theorem 2.2. In the following
results, we assume that X and Y are normed linear spaces.

Corollary 2.4. Let ¢ > 0 and p,qg < 0. Ifa,b e F\{0},A,BeK,CeY and f: X =Y
satisfies

1f(ax +by) — Af(x) = Bf(y) = Cll < e(ll=[” + [yl
for all x,y € X \{0}. Then f satisfies (2.5) and (2.6) for all x,y € X.

Corollary 2.5. Let € > 0 and p, q be real numbers such that p+q < 0. Ifa,b € F\ {0}, A, B €
K,CeY and f: X = Y satisfies

If(az + by) = Af(x) = Bf (y) = Cll < ellzl|P[lyll?
for all x,y € X \ {0}. Then f satisfies (2.5) and (2.6) for all v,y € X.

Corollary 2.6. Let 0, >0, p,q <0 and l,r, s be real numbers such thatl >0 and r + s < 0.
Ifa,b e F\{0},A,BeK,C €Y and f: X =Y satisfies

1 (az + by) — Af(x) = Bf(y) = Cl| < e(ll=]|? + [ly|9)" + dllz[I"[ly]|*
for all x,y € X \ {0}. Then f satisfies (2.5) and (2.6) for all x,y € X.

Corollary 2.7. Let 0,0, > 0, p,g < 0 and r,s be real numbers such that r +s < 0. If
a,be F\{0},A,BeK,C €Y and f: X =Y satisfies

[f(az + by) — Af(z) — Bf(y) = Cl| <ellz+yl|” + dllz — yl|? + 0l|=[]" [[y]I® (2.11)
forall z,y € X \ {0} with x £y # 0. Then we have

(1) if a # £b, then f satisfies (2.5) and (2.6) for all x,y € X;
(ii) if a = £b and A, B € K\ {0}, then f satisfies (2.5) for all z,y € X \{0} with x+y # 0.

Proof. Let p(z,y) = ||z + y||P + dllz — y||? + 0||z||"||y||*. If a # £b, then ¢ satisfies (2.3).
Therefore the result follows from Theorem 2.2. If a = +b, then (2.11) implies that

Af(@) = lim_[f((a+bm)z) - Bf(ma) - C

for all z € X \ {0}. Therefore

| flaz+by) - Af(@) - Bf(y) - C|

= [A7" Tim | £((a+bm)(az + by)) = Bf(m(az + by)) — C

— Af((a+bm)2) + ABf(mz) — Bf((a -+ bm)y) + B (my) + BC|
<JAI Tim | £((a+ bm) ez + by)) = Af((a+bm)z) = Bf((a+bm)y) - C|
1Bl lim || f(m(az +by)) — Af(ma) — B (my) - C |

<A1 Tim_o((a -+ bm)a, (a+ bm)y) + [BIIAI Tim_g(ma,my) = 0.

Hence f(az +by) = Af(z) + Bf(y) + C for all z,y € X \ {0} with z 4y # 0. O
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In the next result we will derive from Theorem 2.2 a hyperstability result for the inhomoge-
neous version of the generalized Cauchy functional equation.

Theorem 2.8. Let a,b € F\ {0}, A,B €K and p : X x X — [0,+00) be a function satisfy
(2.3) for all x,y € X \ {0}. Assume thatd: X x X =Y and f: X =Y satisfy the inequality

1f (az + by) = Af(x) = Bf (y) — d(z,y)l| < ¢(z,y) (2.12)
for all z,y € X \ {0}. If the functional equation

glaz +by) = Ag(x) + Bg(y) + d(z,y), z,yeX (2.13)
has a solution fo: X =Y, then f is a solution to (2.13).

Proof. 1t follows from (2.12) that h := f — fy satisfies (2.4) with C' = 0. Consequently,
Theorem 2.2 implies that h is a solution to (2.5) with C' = 0, which means that f is a solution
o (2.13). O

In the following results, we assume that a,b € F\ {0}, A, B € K, X and Y are normed linear
spaces.

Corollary 2.9. Let e >0 and p,q < 0. Assume thatd : X x X —Y and f: X =Y satisfy

I f(az + by) — Af(x) = Bf(y) — d(z,y)[l < e([l«][” + lly[|*)

for all z,y € X \ {0}. If the functional equation (2.13) has a solution fo: X =Y, then f is a
solution to (2.13).

Corollary 2.10. Let € > 0 and p,q be real numbers such that p + q < 0. Assume that
d: XxX =Y and f: X =Y satisfy

[f(az + by) = Af(x) = Bf(y) — d(z,y)l| < ellz[”[ly]]*

for all z,y € X \ {0}. If the functional equation (2.13) has a solution fo: X — Y, then f is a
solution to (2.13).

Corollary 2.11. Let é,e > 0, p,q < 0 and l,r, s be real numbers such thatl > 0 and r+s < 0.
Assume that d: X x X =Y and f: X — Y satisfy

1 (az + by) — Af () = Bf(y) — d(z,y)|| < |z + Iy +6ll=]"[ly]*

for all x,y € X \ {0}. If the functional equation (2.13) has a solution fo: X — Y, then f is a
solution to (2.13).

Corollary 2.12. Let 0,6, > 0, p,q < 0 and r, s be real numbers such that r +s < 0. Assume
that the functional equation (2.13) has a solution fo : X — Y. Letd: X x X — Y and
f: X =Y satisfy

If(az +by) — Af(x) — Bf (y) — d(z,y)| <ellz+yll” + |z —yl|? + 0l|=]]" ly]®

for all x,y € X \ {0} with x +y # 0. Then we have

(i) if a # £b, then f satisfies (2.13) for all z,y € X;
(7i) ifa = £b and A, B € K\{0}, then f satisfies (2.13) for all x,y € X \{0} with x+y # 0.
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Stability analysis and optimal control of a cholera
model with time delay

Shu Liao*  Fang Fang®

®School of Mathematics and Statistics
Chongqing Technology and Business University, Chongqing, 400067,China

Abstract

An optimal control method for cholera epidemic with time delay is developed in this
paper. We first explore the local stability of both the disease-free and endemic equi-
libria of ODE model by analyzing the corresponding characteristic equations, whose
global stability is established by constructing two suitable Lyapunov functionals. Fur-
thermore, in order to, we use optimal control theory via the Pontryagin’s Maximum
Principle and genetic algorithm based on the forward and backward difference approx-
imation to minimize the infected populations and the costs. Numerical simulations
demonstrate that the time delay and multiple optimal controls can bring different
effects on the dynamics behaviors of the proposed cholera model.

Cholera; optimal control; time delay; global asymptotical stability; Pontryagin’s Maximum
Principle.

1 Introduction

Cholera, a waterborne gastroenteric infection, caused by a number of types of Vibrio cholerae,
remains a significant threat to public health for most of the developing countries in the past
few years. Since 1961, cholera has become an acute disease throughout the world, according
to the World Health Organization (WHO) report (2010), with an estimated 3-5 million cases
worldwide and causes 58,000-130,000 deaths a year, children and the senior are being most
affected. It was found in Congo (2008), in Iraq (2008), in Zimbabwe (2008-2009), in Viet-
nam (2009), in Kenya (2010), in Nigeria (2010), in Haiti (2010), in Mexico (2013), and most
recently in South Sudan (2014). In the last few decades, enormous attention is being paid to
the cholera disease and a number of mathematical models have been contributed to a better
understanding of the transmission of cholera. In 2001, Codeco [1] put an emphasis on the
decisive importance of the environmental component and proposed a SIRB epidemic model
in which B represents the V. cholerae concentration in water. Meanwhile, according to the
laboratory results, Hartley Morris and Smith [2] in 2006 discovered a representitive hyperin-
fectious state of the pathogen-the explosive infectivity of freshly shed V. cholerae. Tien and
Earn later [3] proposed a water-borne disease model with multiple transmission pathways,
accounting both direct human-to-human and indirect water-to-human transmissions, they
identified how these transmission routes influence disease dynamics. Mukandavire et al. [4]
in 2011 simplified Hartley’s model to understand transmission dynamics of cholera outbreak
in Zimbabwe. Liao and Wang [5] conducted a dynamical analysis of the Hartley’s model
to study the stability of both the disease-free and endemic equilibria so as to explore the
complex epidemic and endemic dynamics of the disease.
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These epidemiological models above often take the form of a system of ordinary differen-
tial equations and ignore the time delay by assuming that the infectious process is instanta-
neous. However, it may make these models more biologically reasonable and mathematically
challenging to consider incorporating suitable delay terms. Time delay plays an important
role to reflect the real dynamical behaviors of models, many researchers have proposed and
analyzed more realistic models including delays to model different mechanisms in the dynam-
ics of epidemics. Wei et al. [6] considered a differential delay model of a vector-borne disease
which has direct mode of transmission in addition to the vector-mediated transmission. The
delay in their model accounts for the incubation time the vectors need to become infectious.
They studied the effect of that delay on the stability of the equilibria and investigated that
the introduction of a time delay in the host-to-vector transmission term can destabilize the
system. McCluskey [7] in 2010 studied two STRS models with distributed delay and with
discrete delay, respectively. They solved the global stability of the endemic equilibrium for
larger delay when Ry > 1. Misra et al. [8] in 2012 proposed a delay model to explore the
dynamics of water borne diseases like cholera by using disinfectants to control the disease.
Their analysis showed that under certain conditions, the cholera disease can be controlled by
using disinfectants but a longer delay in their use may destabilize the system. Misra et al. [9]
in 2013 analyzed a nonlinear delay mathematical model for the control of carrier-dependent
infectious diseases, they suggested that as delay in using insecticides exceeds some critical
value, the system loses its stability and Hopf-bifurcation occurs. Wang and Wei [10] inves-
tigated the global dynamics of a cholera model with delay to demonstrate the impact of the
time lag.

Optimal control method [11] as a powerful tool has been applied to control various kinds
of diseases [12-16]. Sunmi et al. [17] in 2010 studied a model for the transmission dynamics of
influenza to evaluate the impact of isolation and/or antiviral drug delivery measures. They
compared five control strategies to show the optimal control strategy involving antiviral
treatment and/or isolation measures can reduce significantly the number of clinical cases
of influenza. Ding et al. [18] studied the control problem of maximizing the total payoff in
the conservation of a single species with a fixed amount of resource. The existence of an
optimal control was established while its uniqueness and characterization was investigated
as well. Okosun et al. [19] in 2011 derived and analyzed a deterministic model for the
transmission of malaria disease with mass action form of infection. They obtained the
conditions under which it is optimal to eradicate the disease and examined the impact of a
possible combination of vaccination and treatment strategy on the disease transmission by
using optimal control theory and the Pontryagin’s Maximum Principle. Kar and Jana [20]
in 2013 proposed an epidemic model and used the optimal control strategy to minimize both
the infected populations and the associated costs. They compared the numerical results
with no controls, with only vaccination control, with only treatment control and with both
vaccination as well as treatment controls. It is observed that the best result comes out from
the application of both vaccination and treatment controls in this case that the number of
infected individuals would be the least in number. Wang and Modnak [21] presented a cholera
epidemiological model with three control measures. Equilibrium analysis was conducted in
the cases with constant controls and with optimal controls, respectively.

According to the above collection of works, an optimal control model including time delay
in the context has been not completely understood yet. There are only few papers that tackle
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this problem. In recent years, Laarabi et al. [22] studied an epidemic model with optimal
control strategies and time delay, the optimality system was numerically solved by using
an algorithm based on the forward and backward difference approximation in their work.
Mohamed et al. [23] investigated an optimally controlled STR epidemic model with time
delay in state and control variables, they used optimal control approach via Pontryagin’s
Maximum Principle to minimize the number of susceptible and infected individuals and to
maximize the number of recovered individuals during the course of an epidemic.

In this paper, we will consider an optimally controlled cholera model with time delay
based on the model originally suggested by Wang and Modnak [21], which involves both
the environment-to-human and human-to-human transmission modes. Our main aim is to
explore the role of time delay and optimal control on the spread of cholera in the model. Note
most of the delay epidemic models mentioned above are only concerned with local stability
of equilibria, we will pay attention to global stability of our model in this paper. The rest
of the paper is organized as follows. In the next section, we formulate the mathematical
model and determine the basic reproductive number Ry. Section 3 is devoted to the local
and global stability analysis of both the disease-free and endemic equilibria of our model.
The analysis of optimization problem is presented in Section 4. In Section 5 we present
genetic algorithm based on the forward and backward difference approximation and carry
out the numerical study of the model, which confirms our theoretical results. Finally, the
conclusions are summarized in Section 6.

2 The model formulation

Cholera has been found in multiple transmission pathways including both direct human-to-
human and indirect environment-to-human transmissions pathways, which distinct cholera
from many other infectious diseases. It is important to notice that, it takes a period for
the infected individual to affect the bacterial concentration of cholera, and its size may be
very influential in controlling the outbreak of cholera. Thus the delay 7 is used to describe
the period during the person being infected to his pathogenic bacteria of V. cholera being
given off to the aquatic environment. Motivated by the works of Wang and Modnak [21],
the deterministic model is given by the following system of ODE:

dsS SW

i MN—5WK+W—5IS]—MS—U15; (1)
dl SW
O = &llt—m) — W —uyV, 3)
dR

o = v — pR + uol +uy S. (4)

In the equations above, let N be the total population which is divided into three epi-
demiological compartments, susceptible compartment S, infectious compartment I, recov-
ered compartment R. Let W be the density of V. cholerae in the aquatic environment.
The parameter k is the concentration of vibrios in contaminated water in the environment,
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Bw and f; are rates of ingesting vibrios from the contaminated environment and through
human-to-human interaction, respectively. p represents the natural human birth/death rate,
¢ the shedding rate, v the recovery rate, 6 the bacterial death rate. All the parameters are
strictly positive constants. Intervention strategies are modeled by the control variables w;(t)
(¢ = 1,2,3), which are bounded, Lebesgue integrable functions. The control w;(t) rep-
resents the rate of vaccination, us(t) represents the rate of therapeutic treatment, water
sanitation leads to the death of vibrios at a rate us(t). Based on biological assumption, we
assume that for 6 € [—7,0], S(0), 1(f) and R(6) are non negative real valued functions. Let
C = C([-7,0], R?) be the Banach space of continuous functions mapping the interval [—, 0]
into R? with the topology of uniform convergence. For ecological reasons, we assume that
the initial conditions for system (1-4) satisfies:

S()(Q) > O,Io<9) > O,Ro(g) > O,Q - [—T, O] (5)

In order to determine the dynamics of each class, we only need to study the first three
equations in model (1-4), thereby reducing the order of the system through eliminating R
to obtain the following system:

dS SW

dl SW

il BWK+W_BIS]_(7+M)I_U2L (7)
% — EI(t—7) — W — uyV. (8)

As the study of model system (1-4) is equivalent to study model system (6-8), so we
study model system (6-8).

Based on the next-generation matrix approach [25], we define the basic reproduction
number Ry, representing the average number of secondary infections that occurs when one
infective is introduced into a completely susceptible host population, as:

pN[EBw + (0 + u3) k]
R+ ) (0 + ug)(y + p + ug)

Ro 9)

3 Mathematical analysis of the epidemic model

In particular, when the time delay is set to zero, i.e. 7 = 0, the above system (6-8) is reduced
to the original model developed in Wang and Modnak [21]. Based on their work, the results
below directly follows:

Theorem 1 The disease-free equilibrium (DFE) of the model (6-8) Eq = (M’i—]\;l ,0,0,0 )T,
1s both locally and globally asymptotically stable if Ry < 1 with T = 0.

Theorem 2 The endemic equilibrium of the model (6-8) E* = (S*, I*, W*) is locally asymp-
totically stable and globally asymptotically stable if Ry > 1 with 7 = 0.
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3.1 The stability of the disease-free equilibrium

Our primary focus is on the stability analysis of the model when 7 # 0 in this section. First,
we prove the local and global stability of the disease-free equilibrium Fy with 7 > 0.

Theorem 3 The disease-free equilibrium (DFE) of the model (6-8) is locally asymptotically
stable if Ry < 1 with 7 > 0.

Proof After linearizing the ODE system (6-8) around the disease-free equilibrium Ey, we
obtain one negative characteristic solution A = —u — u; and the following transcendental
characteristic equation is:

N+ a )+ ay +be =0, (10)
where
N
o = d+y+ptu+us—pfr A ;
Mty
uN
a; = (0+u + o+ ug — ,
2 (0 + ug)(y + p+ us BIMJFM)
y & _uN
! K p+up
We can rearrange equation (10) in the form:
pN KBy
N4ad = (+uw)(y+p+u —
1 ( 3)(7 K 2)[(/€(/L+U1)(’}/—|—M+u2)
pNEBw e

K+ ur) (6 +uz)(y + p+ ug)
(11)

Let the left-hand side and right-hand side of equation (11) be F'(A) and H (), respectively.
It is easy to see that F(0) = 0 and limy_o.F'(\) = oo, therefore, F(\) is an increasing
function of A. On the other hand, H()\) is a decreasing function of A and H(0) = (§ +
uz)(y + p + uz)(Ro — 1) is less than zero when Ry < 1. Thus, equation (11) has no non-
negative real roots. If equation (10) has roots with non-negative real parts, they must be
complex and obtained from a pair of complex conjugate roots which cross the imaginary
axis. As a result, a pair of purely imaginary solution may come out from the equation (10)
for 7 > 0. Assume that iw (w > 0) is the root of equation (10) and w satisfies the following
equation:

—w? + ayiw + ay + by (cos(wt) — isin(wr)) = 0. (12)
Separating the real and imaginary parts of equation (12) gives
—w? + ay = —bycos(wT), —ayw = —bysin(wT). (13)

To eliminate the trigonometric functions, we add up the squares of equation (13) above, and
obtain the following forth order equation in w:

wh + (a2 = 2ax)w? + a2 —b? = 0. (14)

)
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We can solve that

W= S[a}— 2) & (0} — 202 — a(a} — )] (15)

This implies equation (14) has no positive roots, which leads to the conclusion that there is
no w such that iw is a solution of equation (10) for time delay 7 > 0. Based on Rouche’s
theorem [26], Ey is locally asymptotically stable if Ry < 1. m Next, we will analyze the global
stability of the disease-free equilibrium of the model system (6-8) for time delay 7 > 0.

Theorem 4 The disease-free equilibrium (DFE) of the model (6-8) is globally asymptotically
stable with time delay T > 0 if Ry < 1.

Proof
Adding equations (1) and (2), we obtain

S 4T =pN = (u+w)S — (y+p+u)l < pN —n(S+1), (16)

and equation (3) yields
’ ,LLN
W :U(t—ﬂ—(5+U3)W§§T—(5+U3)VV7 (17)

where n = min{(p + u1), (v + p + uz) }. These imply

N
limsup I(t) < il (18)
t—o0 77
and
. EuN
1 W(t —_ 19
ma WO < o

We consider the following Lyapunov function:

Tt = €S Mﬂlnﬂ]+5It<0>+<v+u+u2>w<t>+s<v+u+u2> / 1,(6)ds.

(20)
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Here, I,(60) = I(t+6) for 0 € [—7,0], therefore, I;(0) = I(t) in this equation (20). Calculating
the time derivative of V;(¢) along solutions of system (6-8),

d‘j;;t) = &S - uij\:u iT%)) ET () + (v + p+ug)W (t) + E(y + p + UQ)[/tT 1(t)dS]
_ SHW@)
= N - me — BrSI(t) — (+ uy)S(t)
pN_ BwW (D) uN S(HW ()
n+uy (li + W (t) +BrI(t) + ptun — %)] + £@erv<t>

+EBrS)I(t) — &y + p+ug) I (t) + (v + p+ ug)§I(t — 7)
—(v+p4u)(d+u)W(Et)+E(y+ p+u)I(t) — (v+ p+u)éI(t — 7)

_ EuN | BwW (1) uN

= 26puN — §(p+u)S(t) + u+u1(n+W(t) + Br1(t) — %)
— (7 + p+ ug)(6 + uz)W(t)

_ pN 1 ptw EuN | BwW (1)

= €“N<2_u+u15(t) R S(t))+[u+u1(m+W(t) + B11(t))
— (7 4 p 4 u2) (6 +uz)W(t)).

(21)

Obviously, 2 — Mi—]zl% — “:ﬁl S(t) <0, thus, d‘gt(t) =0 if and only if S = N’jr—]\ufl In addition,

if Ry < 1, it is sufficient to verify that the second term of equation (21) is less than 0 by

L. . dVi (t) .
combining equations (18) and (19). Therefore, == < 0. This completes the proof. m

3.2 The stability of the endemic equilibrium

To study the stability of the endemic equilibrium E*(S*, I*, WW*), we linearize the system
(6-8) at the point E* by Letting S = S* 4+ s, [ = I*+i, W = W* + w, here s, ¢ and w
are small perturbations around the equilibrium E*. To make the algebraic manipulation
simpler, we set P* = i "J‘:VV[‘,/ + BrI*. When 7 > 0, the characteristic polynomial for linearized

equation is obtained as:

AN+ oA+ ash +az + (A +br)e ™ = 0, (22)
where

ar = —=P1S"+ P" 47 +2p+ 6+ w +us + us,

as = (P*+ p+u)(—=81S" +v+ p+uz) + P*S*5r + (6 + ug) x
(=B1S* + P+ v+ 2u+u + ug),

az = (0 4 ug)(P* 4 p 4+ w1) (—BrS* + v + pu + ug) + Br(6 + uz) P*S*,

" K
bl = _fﬁWS ma
b2 = —f(,LL + Uﬁﬁws*m
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Now we suppose A is a root of equation (22), and substitute A = iw (w > 0) into
equation (22), after separating real and imaginary parts, we finally obtain the following two
transcendental equations:

—aw? +ay = —bycos(wr) — biwsin(wr), (23)

—w? +aw = —bwecos(wt) + bysin(wr). (24)

By adding up the squares of both the equations (23) and (24), the following sixth degree
equation for w is obtained:

Wb+ wh(a? — 2as) + w?(ai — 2aya3 — b3) + a2 — b3 = 0. (25)
Letting w? = z gives:
F(z) = 2% + Bia® + Byx + B3 = 0, (26)
where
By = a} —2ay, By = a3 — 2a1a3 — b, B3 = a2 — b3.
Here, we establish the following theorem.

Theorem 5 When Ry > 1, the endemic equilibrium E* of ODE system (6-8) is locally
asymptotically stable for the delay 7 > 0 if B; > 0, B3 > 0 and By > 0.

Proof In order to show that the endemic equilibrium E* is locally stable, we have to show
that equation (26) does not have a positive real root. In fact, if we take the derivative of
F(x) with respect to x, F'(z) = 32 + 2Bz + B,. The roots of equation F'(x) = 0 can

be solved as x19 = S Vi BB%%BQ. If By > 0, then /B? — 3By < B;. Hence, neither x;
nor x, is positive, it follows that equation F'(x) = 0 has no positive roots. Also, a simple
assumption that F'(0) = B3 > 0, implies that equation (26) will have no positive real roots.
Therefore, there is no w such that iw is an eigenvalue of the characteristic equation (22). By
Rouch’s theorem [26], the real parts of all the eigenvalues of (22) are negative for time delay
7 > 0. This completes the proof. m

Next, we turn our attention to the global stability of the ODE system (6-8) if Ry > 1 for
all values of the delay 7 > 0.

Theorem 6 When Ry > 1, the positive endemic equilibrium E* of ODE system (6-8) is
globally asymptotically stable for all delay 7 > 0.

Proof We consider the following Lyapunov function:

_ S S(), e Le(0) L(0), vtptus o,
V() = S —1-Ingr) + (- —1=In—7) + : W
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Differentiating V5(¢) along solutions of (6-8), we can obtain:

M v — uS(0) (D) - S*Sév) + P 4 28" + 2u,S" — 5W5fé?g(t)
RSO 42+t ug)lr — T “2)§5 + ug) W)
(Yt u)WI(t —7) N (v + g+ u2) (0 + ug ) W*
W (t) 3
Syt Mz*(m@ _ m%)
— uSt(2 - %’” - %Huls*(z— % - Séf))+(’y+u+u2)l* <
(R = D= s ] = (b ) (s = 1= )
onr UL D
O s N = 1= inlpes N ) (28)
Clearly, —%—% < 0for S(t) > 0. Furthermore, note that at the endemic equilibrium

E*, the right-hand side of equation (8) becomes 0, which yields &I = (0 + uz)W*, and

combine the facts (18) and (19), we can get (M - 11— 1;:) W( ) < 0if Ry > 1. Also, for

all t > 0, the function g(t) = t — 1 — Int is always non-negative, and ¢(t) = 0 if and only

if ¢ = 1, then the fourth term, the fifth term and the last term in (28) are non-negative.
dVQ(t)

Therefore, we can finally show < 0. This completes the proof. m

4 Optimal control analysis

In this section, we seek to minimize the objective functional defined by decreasing the number
of infected and the costs of time-related controls,the method is described in [28]. We choose a
linear function for the cost on infection /I, and quadratic forms for the cost on the controls uq,
up and uz. The objective function subject to the differential equations (1-4) is constructed
as follows:

ty
J = / (Aol + Ay + Agud + Azu3)dt.
0

We assume ¢y is the fixed final time, the parameters Ay, A;, Ay and Az are weight parameters
describing the comparative importance of the all terms on control cost. The optimal control
problem is that of finding optimal functions w7, 5 and wj such that

J(UT,U;,U,;) = min J(Ul,UQ,Ug), (29)
u1,u2,u3€O

where O is measurable on [0, 1] and © = {u;|0 < u; < 1} for the controls.

9
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The Lagrangian of this object is given by

L(I, Uy, Ua, U3) = A()I + Aluf + Agug + A3U§, (30)
and the Hamiltonian H for the control problem is:
as dI aw dR
H(S, I =L _— -
(Sa ,W,R,Ul,UQ,Ug,)\1,)\2,)\3,)\4) +>\1( )dt +>\2( )dt +)\3( ) dt +)\4( )dt

(31)

where X;(t) for i = 1,2,3,4 are the adjoint variables, which determine the adjoint system,
and can be solved by the following system:

. OH oH
M) = =55 = X 155, (t+7)
w w
= /M(fjiw+51+M+u1)_A2(f:V_W+51)—A4Na (32)
. OH OH
Ao(t) = — a7 XDt~ Tal (t+7)
= —Ao+ MBrS — Ao[B1S — (v + p+ua)] — Ay + u2) — Aot + R)E, (33)
. 0H 0H
)\3(t> = 6W — X[0,tr—7] A1r 7 8W (t + T)
Bw Sk Bw Sk
= — 4
. OH 0H
)\4(t) = —% XOtf TaR (t+T)
Satisfying the transversality conditions:
Ai(ty) =0, 1=1,2,3,4. (36)

The combination of the ODE system (1-4) and the state system (32-35) is the optimality
system, which describes how the system behaves minimize J under the control applications.
By applying Pontryagin’s Maximum theory and the existence result for the optimal control
[27], we thus establish the following theorem:

Theorem 7 There is a triplet of optimal control (uf,ul, ul) such that
J(ui, ub, ul) = ming, 4, ueo J (U1, uz, us) subject to the optimality control system.

Theorem 8 There is a triplet of optimal control (uf,u},u}) which minimizes J over the
region © given by

vy = min{max{0,u; }, 1}, w3 = min{max{0,us},1}, u; = min{max{0,us}, 1},
(37)

where

(A(t) = Aa(2)) 5" (A2(t) — Aa(t))I” As(t)W

2A1 , Ug = (38)

Uy =

1064 Shu Liao et al 1055-1073



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Proof The optimal controls uj, uj and uj can be solved by setting the partial derivatives
of H equal to zero,

H
8u1
OH
8u2
OH
— =2A — X3()W* = 0. 41
Dt 3U3 3(1) (41)
After a simple manipulation, the optimal control pair (u},u$, u}) is characterized as (37)

and (38). m

By standard control arguments involving the bounds on the controls, we conclude

((QUO-MEST i ()« CalB=Na(@)S”
Qe 2@IS i ) < QO 2O

1
ul =<0 if W <0,
e (@ —=M@)S*
(1 if # > 1.
( (Az(t);i\;l(t))]* if0 < (>\2(t);224(t))1* <1,
uy =40 if W <0,
e Ae(®— (@) I*
(1 if % >1
As()W* As()W*
—32A3 if0 < —32A3 <1,
w=120 if A3%%:V <0,
A3tV
1 f 32A3 >1

5 Numerical results

In this section, we work out the optimality system which is combined by the ODE system
(1-4) and the adjoint system (32-35) by using the data regarding the course of the cholera
in Zimbabwe (2008-2009). It began in August 2008, not only swept to all of Zimbabwe’s
ten provinces but also spread to Botswana, Mozambique, South Africa and Zambia quickly.
The principal cause of the outbreak was the collapse of Zimbabwe’s public health system.
By the end of November 2008, three of Zimbabwe’s four major hospitals had shut down,
and many places had no basic drugs, medicines and water supply for such a long enough
period during the outbreak period. On 4 December 2008, the Zimbabwe government declared
the outbreak to be a national emergency. By March 2009, the World Health Organization
(WHO) estimated that 4,011 people had succumbed to this waterborne disease and 91,164
cases were infected. The total population in Zimbabwe is 12,347,240, in order to make the
calculation simpler, we scale down all data numbers by a factor of 1,200. All epidemiological
parameter values for cholera in literature are given as N = 10000, ¢ = 0.000442, v = 1.4,
£=170,0=0.023, By = 0.12, B; = 0.00075. We use the initial values as Sy = 9999, I, =1,
Wy =0, Ry = 0. The weight constants are set as Ag = A; = Ay = A3 = 10.

We note that the optimality system is a two-point boundary value problem, with sepa-
rated boundary conditions at initial time ¢ = 0 and final time ¢t = ¢4. Solving this optimality
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system requires an iterative scheme which is combination of forward and backward difference
approximation developed by [22,24], we show this procedure in the following algorithm. In
the programming, let there exist a uniform step size h > 0 and (n,m) € N? 7 = mh and
ty = nh. We can obtain the following partition by setting m knots to left of 0 and right of
ty.
A=(t_yp=-T< <t 1 <0<ty < - <tp=1tp<- <tpim).

Therefore, t; = ih(—m < i < n+m). The state and adjoint variables and control variables,
such as S(t), I(t), W(t), R(t), \; and u; in terms of nodal points S;, I;, W;, R;, \i and u;.

Fig.1 (a) represents the number of infected individuals as a function of time when 7 = 5,
epidemic outbreak increases rapidly and reaches the peak at ¢ = 22 weeks with value 40, the
controls take some time to react with the infected individuals, it then starts to gradually drop
to almost zero, meaning the disease is gradually eradicated from the population. Fig.1 (b)
shows the susceptible population S vs. time (weeks), we observe that there is a significant
decrease in the number of susceptible after around 40 weeks.

In order to clearly see the effect of the time lag on the dynamical behavior of the system,
we take a smaller time delay as 7 = 1 in Fig.2. By comparison with Fig.1, we can observe
the smaller the time delay, the shorter it takes the equilibrium points to settle to their state
value, which implies that the disease will be more serious if the delay lag is shorter.

Susceptible Numbers
g % § 8 8 &8 § & 8

Number Infectious

Time(Weeks) Time(Weeks)

(a) (b)

Figure 1: (a)The plot shows the infected population I vs. time (weeks) for time delay 7 = 5.
(b)The plot shows the susceptible population S vs. time (weeks) for time delay 7 = 5.

Number Infectious
g 8§ 8 8 8 8 §8 8

Susceptible Numbers

§

(a) (b)
Figure 2: (a)The plot shows the infected population I vs. time (weeks) for time delay 7 = 1.
(b)The plot shows the susceptible population S vs. time (weeks) for time delay 7 = 1.

We have plotted the controls u;(t) (i = 1,2, 3) as a function of time in Fig.3, representing
the optimal controls in blocking new infection and inhibiting viral production under two

12
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Algorithm
Stepl
for i = —m,...,0, do
Sz' = S(O), I; = I(O), W, = W(O), R; = R(O), uy =0, ué =0, ué =0,
end for
fori=mn,..,n+m,do X, =0, \, =0, \{ =0,
end for
Step2
or:=20,...n— o
f 07 ) 17 d
S'+1 — Si+huN
' 1+h(%+61h+1+ﬂ+u1)7
] i+1Wit1
A fithBw iy
LT Tth(yptuz—BrSir)’
 _ Withllim
Wi = 1+h(3+us) ’
R R +h(7]z+1+u211+1+u151+1)
Z+1 1+h/1,
n—i Bw W, n—i n—i
)\nfifl _ AT +h(»XTT11+BIIi+1)>‘2 +hudy
! L+h( iVI‘K/VZH +Brliv1+ptur) ’
PV n AT th—hAT T 1515#1*“‘” "y u2) +h A T X0, — ] (i )6
2 - 1+h[BrSip1—(v+utu2)] ’
n—i n—i—1 BWHS7,+1 n—i—1 BWﬁSiﬁ»l
)\nfifl _ Ay —hAY (k+W; +1)2+h/\ (h+Wig1)?
3 - 1+h(0+u3) J
n—i—-1 _ \j7'
)‘4  14hp’
i+l _ AT AT
Tl - 24, )
itl _ OFTEATTH
T2 - 245 )
i+1 )\g_iWi+1
TS - 241 )
u'™ = min(maz (0, 71, 1),
us™ = min(maz(0, T3, 1),
us™ = min(maz (0, T3), 1),
Step3
for i =0, ...,n, write
S*(t;) = Sy, I*(t;) = L, W*(t;) = Wy, R*(t;) = Ry, ui(t;) = v, ub(t;) = ub, ui(t;) = uj,
end for
13
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different cases: 7 = 6 and 7 = 3, respectively. From Fig.3, it is apparent that a larger value
of optimal control variables is necessary in case of smaller time delay. It is also clear to
see that the control us in both cases always needs to be the maximal while the other two
controls u; and ug, which need not to be the maximal at very first, increase gradually and
reach the maximal until certain weeks. Hence, we can firstly apply more of the therapeutic
treatment in order to effectively reduce the number of infectious individuals.

Control Variable
Control Variables

Time(Weeks) : Time(Weeks)

(a) (b)

Figure 3: (a)The plot represents the controls uy, us and uz vs. time (weeks) for time delay
7 = 6. (b)The plot represents the controls uy, us and us vs. time (weeks) for time delay
T=3.

To verify the global asymptotic stability of the ODE system analyzed in Sections 3, we
pick five different initial conditions with 7(0) = 1,100,500, 800, 1000, respectively, and plot
these five solution curves by the phase plane portrait of I vs. S in Fig. 4. We clearly see
that all these five orbits converge to the disease-free equilibrium FEy when Ry < 1 in Fig.
4(a) and converge to endemic equilibrium E* when Ry > 1 in Fig. 4(b), respectively.

o 1L
o 11 3 s000] 7Tl es — 157100

800 Coarte #° 1,=500

—1,=100 S ¥ O TTo

- 157500 S 4000} 4 N v 1g800
600 + 1,800 s ¥ RN el
- ~--1,=1000 S — 3000 .
o P +

00|
2000

200 1000

Legfins . ° o 0 o )
2000 4000 _ 6000 8000 10000 2000 4000 _ 6000 8000 10000
s s

(a) (b)

Figure 4: (a)The phase plane portrait of I vs. S for Ry < 1, all these orbits converge to
the disease-free equilibrium Fjy. (b)The phase plane portrait of I vs. S for Ry > 1, all these
orbits converge to the endemic equilibrium E*.

In order to illustrate the impacts of the different optimal control strategies, we investigate
and compare numerical results in the following four strategies for the control of the disease:
(1)when the objective function J is optimized through the control u;, while uy and us are set
to be zero; (2)when the objective function J is optimized through the control uy, while
and ug are set to be zero; (3)when the objective function J is optimized through the control
us, while u; and wus are set to be zero; (4)without any controls, while u;, uy and ug are all
set to be zero. We observe from Fig.5, as can be expected, there is a significant increase
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in the number of infected individuals and susceptible individuals controlled compared with
optimal controlled, so that the infected population is affected very much due to the lack of
all the three controls. Compared with Fig.6, Fig.7 and Fig.8, the number of infectious does
not differ significantly by applying either the strategies with control u; only or with control
us only, but does make greater significance when only treatment control us is employed, thus
the application of therapeutic treatment control gives better result than the application of u,
or uz only. This simulation indicates that therapeutic treatment is more effective in reducing
the infection level, which highlights the effectiveness of treatment measure in controlling the
diseases. In a word, the use of a single optimal control method does not make a significant
impact, while the use of multi-strategies is more efficient. However, if the budget is limited,
it is much better to apply the treatment well before the occurrence of the outbreak.

N N W T N N W
Time(Weeks) Time(Weeks)

(a) (b)

Figure 5: (a)The plot shows the infected population I vs. time (weeks) for time delay 7 =5
if there are no controls. (b)The plot shows the susceptible population S vs. time (weeks)
for time delay 7 = 5 if there are no controls.

P

Time(Weeks) Time(Weeks)

(a) (b)

Figure 6: (a)The plot shows the infected population / vs. time (weeks) for time delay 7 =5
if there is only control u;. (b)The plot shows the susceptible population S vs. time (weeks)
for time delay 7 = 5 if there is only control ;.

6 Conclusions and discussions

In this paper, we have presented a cholera epidemiological model by incorporating three types
of intervention strategies and time delay inspired by the work in Wang and Modnak [21].
We have mainly investigated that by applying both an optimal control and a time delay to a
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om0l

sonol

Number Infectious

Time(Weeks) ; Time(Weeks)

(a) (b)

Figure 7: (a)The plot shows the infected population [ vs. time (weeks) for time delay 7 =5
if there is only control uy. (b)The plot shows the susceptible population S vs. time (weeks)
for time delay 7 = 5 if there is only control us.

ool

W m m w0 w N N
Time(Weeks) Time(Weeks)

(a) (b)

Figure 8: (a)The plot shows the infected population I vs. time (weeks) for time delay 7 =5
if there is only control us. (b)The plot shows the susceptible population S vs. time (weeks)
for time delay 7 = 5 if there is only control wus.
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cholera model in order to eliminate the infectious disease. First of all, both the disease-free
equilibrium £y and endemic equilibrium £* of the model were obtained. By analyzing the
corresponding characteristic equations, the local stability of Fy and E* was investigated. In
particular, we have established the global stability analysis of the disease-free and endemic
equilibria of ODE system by constructing two suitable Lyapunov functionals. Moreover, we
used the Pontryagins Maximum Principle with delay to characterize optimal controls and
derived the optimality system at the same time. Finally, we presented an efficient numerical
simulation based on a specific algorithm to show that the optimal control strategy is much
more effective for reducing the number of infected individuals than using of any single control,
which highlights the effectiveness of treatment measure in controlling the diseases. However,
if the budget is limited, it is much better to apply the therapeutic treatment well before the
occurrence of the outbreak.

Since the choice of the weights A; reflects the different scales of the costs for different
controls, it is important to notice that the ideal weights are very difficult to obtain in the
real world. We only use theoretical weights to propose the simulations in this paper, thus
the appropriate data is a difficult problem and it still remains for our further work. We
also need to pay attention to that different choices of final time ¢; lead to different results,
because there is an opposite time orientations for the optimality system when we carry out
the simulations. Mathematically speaking, the control is very sensitive to the final time. In
the work of [19] in 2011, it was mentioned that the shorter the period of control programme
is, the smaller the marginal cost of control will be.
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Abstract

In this paper, we investigate the qualitative behaviors of three viral infection models with two types of
cocirculating target cells. The models take into account both antibodies and latently infected cells. The
incidence rate is represented by bilinear, saturation and general function. For the first two models, we
have derived two threshold parameters, Ry and R; which completely determined the global properties of
the models. Lyapunov functions are constructed and LaSalle’s invariance principle is applied to prove the
global asymptotic stability of all equilibria of the models. For the third model, we have established a set of
conditions on the general incidence rate function which are sufficient for the global stability of the equilibria
of the model. Theoretical results have been checked by numerical simulations.

Keywords: Virus infection; Global stability; Latently infected cells; cocirculating target cells; Lyapunov
function.

1 Introduction

Mathematical modeling and model analysis of virus infection in vivo have attracted the interests of mathe-
maticians during the recent years. Such virus infection models can be very useful in the control of epidemic
diseases and provide insights into the dynamics of viral load in vivo. Therefore, mathematical analysis of the
virus infection models can play a significant role in the development of a better understanding of diseases and
various drug therapy strategies.Many authors have formulated mathematical models to describe the population
dynamics of several viruses such as, human immunodeficiency virus (HIV) (see e.g. [1]-[10]), hepatitis B virus
(HBV) [11]-[13], hepatitis C virus (HCV) [14]-[15], human T cell leukemia HTLV [16] and dengue virus [17], etc.
During viral infections, the host immune system reacts with antigen-specific immune response. The immune
system has two main responses to viral infections. The first is based on the Cytotoxic T Lymphocyte (CTL)
cells which are responsible to attack and kill the infected cells. The second immune response is based on the
antibodies that are produced by the B cells. The function of the antibodies is to attack the viruses [1]. In some
infections such as in malaria, the CTL immune response is less effective than the antibody immune response
[18]. Several mathematical models have been proposed to consider the antibody immune response into the
viral infection models ([19]-[24]). The basic model of viral infection with antibody immune response has been

Emails: ah-moukh81@yahoo.com (A. M. Shehata), a_m_elaiw@yahoo.com (A.M.Elaiw),
e_elnahary@yahoo.com (E. Kh. Elnahary).
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introduced by Murase et. al. [19] and Wang and Zou [21] as:

&= \—dzx — Bzv, (1)
y = va —ay, (2)
0 =ky—cv—rzv, (3)
Z = gzv — Uz, (4)

where z,y,v and z represent, respectively, the concentrations of uninfected cells, infected cells, free viruses and
the antibody immune cells. Parameters A\, k and g represent respectively, the rate of new uninfected cells that
are generated from sources within the body, the rate of free virus production and the proliferation rate constant
of the antibody immune cells. Parameters d, a,c and p are the natural death rate constant of uninfected cells,
infected cells, free virus particles and the antibody immune cells respectively. Parameter (3 is the infection rate
constant at which a target cell becomes infected via contacting with virus and r is the removal rate constant
of the virus due to the antibodies. Model (1)-(4) is based on the assumption that the infection could occur
and that the viruses are produced from infected cells instantaneously, once the uninfected cells are contacted
by the virus particles. Other accurate models incorporate the latently infected cells which are due to the delay
between the time of infection and the time when the infected cell becomes active to produce infectious viruses.
In [26], model (1)-(4) was extended to take into consideration both latently and actively infected cells as:

&= \—dr — Bav, (5)
W= (1—a)Brv— (e+bw, (6)
Y = afzv + bw — ay, (7)
0 =ky—cv—ruz, (8)
Z = guz — uz, (9)

where w and y are the concentrations of latently infected and actively infected cells, respectively. Eq. (6)
describes the population dynamics of the latently infected cells and show that they are converted to actively
infected cells with rate constant b. The parameters e and a are the death rate constants of the latently and
actively infected cells, respectively. The fractions (1 — «) where, 0 < « < 1 are the probabilities that upon
infection, an uninfected cell will become either latently infected or actively infected. Model (5)-(9) it have been
assumed that, the HIV has one class of target cells, CD41T cells. However, Perelson et al. in [25] have shown
that, HIV infects the macrophages in addition to the CD41T cells. Recently, many efforts have been devoted
to study various mathematical models of HIV dynamics with two classes of target cells (see e.g. [3]).

Our primary goal of the present paper is to propose the global stability analysis of three viral infection
models with two types of target cells, CD4TT cells and macrophages taking into consideration the latently,
actively infected cells and antibody immune response. The infection rate is represented by bilinear incidence
and saturated incidence in the first and the second models, respectively, while it is given by a general function
in the third one. The global stability of the three models is established using Lyapunov functionals.

2 HIV model with bilinear incidence rate

In this section, we introduce an HIV dynamics model which describes two cocirculation populations of target
cells, CD4" T cells and macrophages and takes into account the antibody immune response. We consider two
types of infected cells, the latently infected and actively infected cells.

Ty = N — dizi — Bizv, =12, (10)
w; = (1 — a;)Biwiv — (ei + by)w, =12 (11)
Ui = o Bixv + bjw; — a;y;, =12, (12)
2
V= Z kiy; —cv —rvz, (13)
i=1
Z=guz — lz. (14)
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Here i = 1,2 correspond to the CD4% T cells and macrophages and 3; = (1 —£)31, B2 = (1 — £f)B2. The
model incorporates RTI drug therapy where in the CD4™ T cells, the drug efficacy is € and 0 < € < 1, while in
the macrophages the drug efficacy f is reduced by a factor f and 0 < f < 1. All the parameters and variables
of the model have the same meanings as given in (5)-(9).

2.1 Properties of solutions

One can easily show that the non-negative orthant R® > 0 by model (10)-(14).
Proposition 1. There exist positive numbers L;, j = 1,2,3,4 such that the compact set 2 =
{(mi,wi,yi,v,z) ER>0:0<a;,w;,ys <L;j, 0<v<L3, 0<2< Ly, 1= 1,2} is positively invariant.
Proof. To show the boundedness of the solutions of system (10)-(14) we let T;(t) = ;(t) + w;(t) + v:(¢),
then
)\

where p; = min{d;, a;,e;},i = 1,2. Hence T;(t) < L;, if T;(0) < L;, where L; = =. Since =;(t), w;(t) and y(t)

pi
are all non-negative, then 0 < x;(t), w;(t), yi(t) < L;, for all ¢ > 0, if 0 < 2;(0) + w;(0) + v;(0) < L;, i = 1,2.
On the other hand, let G(t) = v(t) + gz(t), then

2 2 2
G(t) :Zkiyi—cvf %z < ZkiLi—(; <v+ ;Z) = Zksz
i=1 i=1 i=1

12
where § = min{c, p}. Hence G(t) < Lg, if G(0) < L3, where L3z = 5 Z k;L;. Since v(t) > 0 and z(¢) > 0, then
L
0<v(t) < Ly and 0 < 2(t) < Ly if 0 < v(0) + gz(O) < Ly, where Ly ng_

2.2 Equilibria and biological thresholds

Let (OZ be the interior of .

Lemma 1. For system (10)-(14) we have (i) There exist only one uninfected equilibrium FEy =
(29,29,0,0,0,0,0,0) € Q, when Ry < 1.

(ii) There exist Ep and a chronic-infection equilibrium without antibody immune response E; =
(il,@,zbl,’zbg,gl,gj%ﬁ,o,) € Q, when R; <1< Ryg.

(iii) There exist Ep, E; and a chronic-infection equilibrium with antibody immune response Ey =
(Z1, Ta, W1, W, 1, §o, T, Z) € 2, when Ry > 1.

Proof. The equilibria of (10)-(14) satisfy the following equations:

/\i — dil‘i — 61‘.’1,‘1"() = 0, (15)
(1 —;)Biziv — (e; + by)w; =0, (16)
aifBiziv + biw; — ay; = 0, (17)
2
Z kiy; —cv —rvz =0, (18)
guz — puz = 0. (19)

Eq. (19) has two possible solutions z = 0 or v = - 0, then from Eqs.(15)-(17) we get
g

af (1 — )Biy (eia; 4 b;) Bi?
T = b, w; = ), yi = —v, (20)
(14 miv) (ei +bi)(1+n;v) ai(ei + bi)(1 +nv)
>\z [ . .
where 29 = T M= %, i =1,2. From Eq. (18) we obtain
2
i + bi) ki B
3 (v +bokibiry 1) (21)
“— ac(e; + b;)(1 + niv)
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We note that v = 0 is a solution for Eq. (21) which leads to the disease-free equilibrium FE, =
(29,29,0,0,0,0,0,0). If v # 0, we have

2
®;

—1. (22)

oLt

(e;o; + bi)kiﬂﬂ?

where ®; = arcles + bo)

. Equation (22) can be written as:

Av? 4+ By — C =0, (23)

where
A=mn2, B=m®1+nP+ (11— —P)(n +12), C=01+Py—1

The solutions of Eq. (23) is given by

vi_-431«32+4Ac
= o .
We have A > 0, therefore if C' > 0, then v > 0 and v~ < 0. Let © = v, then from Eq. (20) we get
- a; . (1—ay)fxd (eicvi +by)Bix?

Ty = —, W; = — 0, i = —v, ©=1,2. 24
1+ n0 (e + o)L+ mo) V"7 ailes + bi)(1+n,0) (24)

Therefore, a chronic-infection equilibrium without antibody immune response Ey = (&1, Za, W1, We, ¥1, ¥2, 0, 0)
exists when C' > 0 or (®; + &3 > 1). Now we are ready to define the basic infection reproduction number Ry
as

2 2
kiﬁixo(eiai + bl)
Ry=®1 4+ P = Ry; = t .
0 1+ P2 ; 0 ; ac(es + by)
If v = H, then we obtain the chronic-infection equilibrium with antibody immune response F, =
g
(-fh -f27 ’lI)]_, ’Uj27 g17 gQa @a 2)7 where
~ gAi _ (1 —ai)\iBip _ (eicvi + b)) \ifBip ,
T, = ——"+, W = , Ui = , 1=1,2,
gdi + pBi (ei +b;)(gd; + pf3i) ai(ei + bi)(gd; + p;)
M __cC 2 gkiBiNi(eia; + by)
U= —, zZ=- -1].
g9 r \ = aicle; + bi)(g9ds + pfi)

2 (o .
. gkiﬂ’L)\l (ezai + bl)
We note that Es exists whe

" 2 IR e ;:1 aic(e; + bi)(gd; + pB;)

> 1. Let us define the antibody immune response

activation number as

2 2

gkifiNi(eia; + b;) Ro;
R, = = )
! ; aic(es +bi)(9ds + pi) = |, HBi
gd;

whiclg determines whether or not a persistent antibody immune response can be established. Then we can write
z=—(R; —1). Clearly Ry < Rp.
r

Now, we show that Ey, F1 € Q and Es € Q. Clearly, Ey € Q. Let Ry > 1, then from Eq. (20) we have
T; < x?, then

>

0<z; <

igﬁzh

% Pi

S

From Eqs. (10)-(12), we get
Ai = diT; + e;W; + a; .
Thus,
- i N LN N
O<wi<J§*:Li, O0<y < — < —=1,.
€; Pi a; Pi

1077 A. M. Shehata et al 1074-1093



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Also, v—72k1y1< ZkL < = ZkL = L3. Moreover, Z = 0, and then, E; € Q. Let Ry > 1, then one
c i

canshowthat0<xz<Lz,0<wz<L and 0 < g; < L;. Now we show that 0 < v < Lz and 0 < Z < Ly4.

From Eq. (13), we have ¢v + rvz = Z k;y;. Then

2 2
1
cv<Zk1y1:>0<v< ZkL nglLlng,
=1 1_1 =1
I, g gL3
Tvz<Zk1yZ:0<z< aZklyz < ﬁZkiLi:T = Ly.
i=1 i=1

It follows that, E» € Q.

2.3 Global stability

Let us define the function F(s) =s—1—lIns.
Theorem 1. The infection-free equilibrium Ey of system (10)-(14) is GAS when Ry < 1.
Proof. Define a Lyapunov function Wy as follows:

2

X; b; e; + b;

WOZZ% {m?F <x0>+e-a-+b-wi+ea +b +U+ (25)
i—1 i 1 (g 7 1ty

ki(e;a; + b;)
ai(ei —+ bl)

2
dWo Z% Kl — ) (A — dix; — Bixv) + _h (1 — o) Bimiv — (s + by)w;)

€; 0 + bz

where v; = , 4 =1,2. The time derivative of W, along the trajectories of (10)-(14) satisfies

2
(0 Bixiv + bjw; — a;y;) ] + Z kiy; —cv —rvz + g(gvz — [z). (26)
i=1

e;o; + b;

Collecting terms of Eq. (26) we get

aWo e ) 0 L
dtz%{dl(l_m‘)(fﬂ — ;) + Bixdv| —cv — ?z

i=1 ¢

202 2 k(e 4 b
:_Z’Vidi(xz z?) 'y i(eioy + Z)ﬁix?v—cv—T'uz
T; . g
i=1

=1 ai(el— + bl)
2
(2; — a9)? kiB;x (elal + b;) i
= - il ———— -1 - —
;’Y = + ; (e + by ) cv p z
2 o 0 2
= - Z’Vz’di (L xZ) + (Ro — 1)C’U — MZ (27)
i=1 i g

If Ry <1 then d?{“ < 0 for all #;,v,z > 0. Thus, the solutions of system (10)-(14) converge to 2, the largest
invariant subset of { 272 = 0} [27]. Clearly, it follows from Eq. (26) that %2 = 0 if and only if z; = 29, v =0
and z = 0. The set Q is invariant and for any element belongs to €2 satisfies v = 0 and z = 0, then v = 0. We

2
can see from Eq. (13) that 0 = 0 = Y k;y;, and thus y; = 0. Moreover, from Eq. (12) we get w; = 0. Hence

i=1
dgt/o = 0 occurs at Ey. From LaSalle’s invariance principle, Fy is GAS.

Theorem 2. The chronic-infection equilibrium without antibody immune response F; of system (10)-(14)
is GAS when R; <1 < Ry.

1078 A. M. Shehata et al 1074-1093



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Proof. We construct the following Lyapunov function

2 T; b; w; e;+0b r
Wy =S mylaP(Ey 2 g E (Y ST e F() ..
! ;’Y [x ($i)+€iai+biw <wi>+ezaz+b (%)]Jrv gz

dw
Calculating dtl along the trajectories of (10)-(14) we get
< ) (1 — o) Bimiv — (e; + bi)w;)

dW1 22:%[0_ b; L
(-

Ai — dixs — Bix; —

>( zi = Biwiv) + eio; + b; wj
i+ b; i

L (1 — Z) (Oéiﬁil‘ﬂ} + biwi - aiyi)

(28)

C\Cr

r
kiyi — - — .
e;a; + by ) <Z e TUZ) " g (gvz = u2)

a; (e; + b;) Biwivy;

|

Collecting terms of Eq. (28) we get
2 -
dW1 - bi(l — Oéi) ﬁil‘ﬂ}wi e; + bz -
i (1= — | (i —diz; v — biw; —
27 ( z>( =)+ Bidw e +b  w; e + b; e +b; Y
- .2
b (e; + b;) wi; e;+b; v - - TU
- | —cv— =) kiy; - —2z. 29
P — +eio¢i—|—biay cv v; y; + ¢+ roz gZ (29)
2
Using the value of Z; given in Eq. (24) we get (E YiBiTi — c) v=0. Applying \; = d;z; + 8;Z;0, we obtain
i=1
2 - - -
dW1 -~ ; b7(1 — Oéi) ,leﬂ}wl €; —+ bz -
— (1= 2 (dd: — doas sl b)) 2 J bt
dt ;VZ ( 2171> ( Wi zxz) + ﬂz-Tﬂ} ( .%'1) €; 0 + bz w; + e;a; + b, i
- - .2
i (ei +b;) Bizivy; b (e; + b;) wiys it+bi L
_aiei+bi) Bizvgi i (e + )wyJr Citbi o _Ezkiyﬂrcwﬂvz_ﬂz' (30)
e;o; + b Yi €0y +b; Y e;0; + b; v = g
Using the equilibrium condition for F4
2 2
(1 = ) BiZi0 = (€ + b)) Wi,  ;BiTi0 + by = a; s, 0 = Z kit = Z’Yiﬂifﬁ%
= i=1
ei+b - bi(l—ay), (ei+bi)az .
oo 15, = BiZiv = p—— —————3i%;v 7@,;0% 0, BiTi0.
we have
2 . . .
dWl l’i)z - . xT; bz(]. — ai) (61‘ + bz)az bz(l — O[i) . . T;w;v
i 17 D0 | 1 — — - i L0 ———
ny T i T e +bi et b e + b; b e
b 1-— -~ €Z+b (67 - ~1'i~i'U bZ - ~U}iNi bl - . ez+bi Q; - .
( )ﬂz ;v _( ) 5xzv~y~_ ( )61 ;v ~y + ( )ﬂz Ziv ( ) /611'2'0
ejo; + b; ejo; + b; Tiy;0 ejo; + b; W;Y; e;o; + b; e;o; + b;
bi(1 — a; i +bi)ay L Y bi(1—a; i +bi)ay - _
— (1 - o) + (ei + bi)a wcwg{—v + - o) + (€ 1 bia Bt (0—v)rz
eio; + b; e;o; +b; Yiv eio; + b; eio; + b;
_ i - 7;)* + bi(1 — ai)ﬂifif/ (4 _ T vyl szZZ)
P T eia; + b; Ty LW Giv Wiy
bi)og , . . T i _
(e—|— )aﬁxv(?u—x—%lv—ajzyij) + (0 —0)rz (31)
eio; +0 T Yiv o Ty
We have z;, w;,y;,v > 0 when Ry > 1. Since the geometrical mean is less than or equal to the arithmetical
i < = .

mean, the second and the third terms are less than or equal to zero. Now we show that if Ry < 1 then v <
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. .. 2 kiBidi(eioy; + b;)
Using the steady state conditions for F; we have —~
8 Y ' =1 aicdi(e; + bi)(1 4 n0)

=1, then

2 2
gkiBiXi(eia; +b;) ki Bidi(eioy; + b;)
Ri—-1= E — g _
! — aic(e; +bi)(gdi + pBi) = aidic(e +bi)(1 + n;v)

2

kiBidi(eso; + by ) kiﬁi/\i(eiai + bz) o
B - =(0— 32
Ej%d6%+ﬁ)ﬂ+wi) Z;mmdq+QX1+mm (@= o), (32)
2 kiBihini(eia; + b;
where x = 3~ Bidimi(eia + b) It follows that, if Ry <1 then dW1 <0 for all z;, w;, y;, v,z > 0.

i=1 aidic(e; + b;) (1 +m;0) (1 +n:0)
Thus, the solutions of system (10)-(14) limit to €2, the largest invariant subset of {442 =0} [27]. It can be
‘mt/l = 0 occurs at F;. Applying LaSalle’s invariance principle we obtain that F; is GAS.
Theorem 3. The chronic-infection equilibrium with antibody immune response Es of system (10)-(14) is
GAS when Ry > 1.
Proof. Consider the following Lyapunov function

b; _ w; e +b; _ T z
U e (L) S0 R F() 7F<
E:q%%h 2 b (uu>4_&az+b <%>}4ﬂ) o) y”

Calculating the derivative of W5 along the trajectories of (10)-(14) we get

seen that,

).

2 _
dW2 Z% (1 - ) (A\i — dijzy — Biwiv) + % (1 - > (1 = ay) Biwiv — (i + bi)wy)
X €;0y; 7
e; +b; Ui U 2 r z
eiOéri-bi(l Z)( Bixiv + bw; — azy;) —1—(1—5) (;k‘lyl—cv—rvz)—i—g(l—Z) (gvz — pz).

(33)
Collecting terms of Eq. (33) we get

2

dW2 Z »

il +b) Bimvgi bi(ei +b) wiyi | e+ b a~y~]

bz(l — ai) ﬂiwivwf €; + b1
e;o; + b; W; e;ja; +b;

biwy

Z

€;0y + b; Yi e +b; Y e;0; + by

2

v _ _ TR _
=2 hyi v —roz+ Lz (34
v~ Y + 0 — rvz gz (34)

i=1

Applying \; = d;z; + Bz,;0 , we get

2 _
dW bi(1 — ay) Bixivw; it+bi
= §3n<1_>w% @m%HMW(1_>+@z—-( o) ity | by g

T; e +b; W; e;a; +b;
2
(67 (ei —+ bz) @xzvgz bz (61' —+ b,) wigi €; + bl _ v _ _ T _
- - + a;¥i| —cv——> kiy +cv—rvz+ —2Z. 35
ei; +b;i Y ei; +b; Yy i+ b v ; i g (35)
Using the equilibrium conditions for Fs
2 2
(1= i) B0 = (e + b)) Wi,  iBiTiv + b = a;fi, €0 +102 =Y kiffi = Z%ﬂii‘i@
i=1 i
e; + bz _ _ b (]. ) (ei + bi)az o
——— ;Y = BiT0 = ———— 3%, Z;0 — cv — rvz = 0,
s b 0T = BB = oo i+ S Zm i
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we have

2

dW2 (QCZ — i’i)Q o X bz(]. — ai) (61‘ + bz)az bz(l — ai) _ _Zijw;v
= i| — di————— T |1 — — - LU ————
dt ;7 X +Bizi X e;jo; + b; + e;o; + b; e;o; + b; Pz vmiwiv
bi(l—a;) , (e +b)oy , _ _wigw  bi(l—ag) ,  _wiys  bi(l—ay) , (e +b)ay , _
* e;ia; + b piiv e;a; +b; @xzv@yi@ e;o + b; lesziyi " € + b; Pt e;a; +b; piiv

bi(1 — a; i +bi)ay Ty bi(1—a; i +bi)ay _
—( ( a)+(e+ )a>5ixwyv+( ( a)+(e+ )a>ﬁi$iv
ejo; + b; e;o; + b; Yiv ejo; + b; ejo; + b;

. 5.)2 (1 — v 7 AT i
*di(xl %i) +bl(1 al)ﬂifil_’[ll,

X e;jo; +b;

n (ei + bi)aiﬁi@@ g Ty mbv|
(€ i Ti YV LYV

Thus, if Ry > 1, then Z;,w;,y;, v,z > 0. Using the relation between arithmetical and geometrical means, we

get ﬁ < 0. Clearly, # =0 if and only if x; = Z;, w; = w;, y; = ¥; and v = v. If v = v, then ¥ = 0 and

2 dw.
from Eq. (13) we have 0 = Y k;§; — ¢v — rvz, which give z = Z. Therefore, # equal to zero at Fy. The

i=1
global stability of Ey follows from LaSalle’s invariance principle.

3 Model with saturation functional response

In this section, we modify model (10)-(14) by taking into account the saturation functional response as:

T =N —dixy — fuziv ) i=1,2, (36)
1+o,v
I — )i ;
i= U OOEY  (pgu,i=12 (37)
. afBimiv o
Yi = 1400 + bjw; — a;y;, i=1,2, (38)
2
U= Z kiy; — cv — vz, (39)
i=1
Z = guz — Uz, (40)

where o; > 0,7 = 1,2, is the saturation constant, and all the variables and parameters of the model have the
same definition as given in (10)-(14). We mention that the compact set  given in Section 2 is also positively
invariant with respect to system (36)-(40).

3.1 Equilibria

Lemma 2. For system (36)-(40) we have (i) There exist only one uninfected equilibrium E;, =
(29,29,0,0,0,0,0,0) € Q, when Ry < 1.

(ii) There exist Fy and a chronic-infection equilibrium without antibody immune response E; =
(.%1,5’2,12)1,’[1)2,171,@2,’5,0,) € Q, when R; <1< Ryp.

(iii) There exist Fy, E; and a chronic-infection equilibrium with antibody immune response Fy =
(Z1, To, W1, Wg, 1, 2,7, Z) € ), when Ry > 1.

Proof. We let the right-hand side of Egs.(36)

(40) equal zero, then we obtain the following;:

Eq. (40) has two possible solutions z = 0 or v = =y
g
If z = 0, then from Eqgs.(36)-(38) we have
= l‘?(l + O'i’l))7 ws = (1 — az)ﬁl:c? v, yi = (61‘041' —+ bl)ﬂll’? v, (41)
(14 &v) (ei +0:)(1 + &iv) ai(ei +bi)(1 + &)
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where z? _, & =0y %, i =1,2. From Eq. (39) we find
2 v bV K B0
GRS D) (42)
im1 aic(ei -+ bl)(]. + le})

—1=0.

2 (eiqi 4 bi)kiBixd
Eq. (42) has also two possible solutions v = 0 or U
e (42) wor 1; aic(e; + b;i)(1 + &v)

If v = 0, then substituting it in Eq. (41) we get the disease-free equilibrium Ey = (z9,29,0,0,0,0,0,0).
If v # 0, we have

2 v
Z;ﬁiiﬁizl (43)
(e;0u + bi)kiﬁﬂg

here W; =
wnere aic(ei i bl)

q. (43) can be written as:

A1U2 +Biv—C; =0 (44)

where
A1 =868, Bi=U1+ 6V + (1 -0 —Uy) (& + &), Cr=V+¥y—1
The solutions of Eq. (23) is given by:

+ —B1 + Bl +4A101
vt =
2A

We have A; > 0, therefore vT > 0 and v~ < 0 when C; > 0. Let © = v™, then from Eq. (41) we get

~ (1— )3l - (ejv; + b;)Bixd . .
>0, i = 0 >0, ;= L9 >0, =1,2.
b (€i +bi>(1+§iv)v Y a;(e; +b;)(1 +§iv>v '

(1+ &)

Therefore, an endemic equilibrium Fy = (&1, 2, W1, We, §1, 2, 7,0, ) exists when C7 > 0 or (V7 + ¥y > 1).
Now we are ready to define the basic reproduction number Ry as

2 2 2
(eic; + by) ki Bix?
= ;= E U, = E d
Ry ii_ 1 Ry - < aic(e; +bi)

1=

€Xr; =

If v = H, then we obtain the chronic-infection equilibrium with antibody immune response F, =
9
(151,.%'27@1,’117)2,@17@2,@,2), where

o (9 + poi)ad e — (1 = o) Bipua] _ (eia; + b;) B

o __c (eia; + bi)kiBigx? _
=0 Z‘r<z (en + bi) (g + € 1)'

i=1

2 i + by)kiBiga?
We note that Es exists when (eicvi + bi)kifBige; > 1. This equilibrium represents the state that both the
i=1 aic(e; +0;)(9 + péi)

viruses and antibodies are present. Let us define the antibody immune response activation number as

i e + b;)k; B9z i
— ajc(e; +b;)(g + péi) <1+ 5)

i=1

Whiclg determines whether a persistent antibody immune response can be established. Then we can write
z=—(R; —1). Clearly Ry < Rg. Similar to Section 2.2, one can show that, Ey, E; € Q and Es € {2
r
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3.2 Global stability

Theorem 4. The disease-free equilibrium Ey of system (36)-(40) is GAS when Ry < 1.
Proof. We define a Lyapunov function Wy as:

2
i b;  + b;

Wy = Z%‘ {QS?F <ié> + w; + i } + v+ gz (45)
i

= e +b; €0, +b; v

W,
O along the trajectories of (36)-(40)

2
dWy ) Bixiv b; (1 —o;)Biziv
= il (1= =) (N —diwi — — (€ + bi)w;
dt ZV[( a:l)( v 1+ o0 +eiai—|—bi 1400 (e +bijw

We calculate

i=1
i +b iBii
eieai_:— b, (?—iﬁ—::z + bjw; — aiyi> }—i— Z kiy; —cv —rvz + — (gvz — pz). (46)

=1

Collecting terms of Eq. (46) we get

2
dWo 2\, o Bixdv i
Z%[Z< z)(xi xl)+1+0iv Ty

-y Py el o
o %z 1aieler 1+0’1) g

2 R r
:72721 <Z 1+(Z_Z — )cvuz

202 Ry
_ %di (z; — 29) (Ro— 1ev — coiRojv? TH o7
T

If Ry <1 then dg't/(’ < 0 for all z;,v,z > 0. Similar to the proof of Theorem 1, one can easily show that d:?t/“ =0
at Ey. Then using LaSalle’s invariance principle, we can show the global stability of Ej.

Next, we show that the endemic equilibrium F; is GAS.

Theorem 5. The chronic-infection equilibrium without antibody immune response E; of system (36)-(40)
is GAS when R; <1 < Ry.

Proof. We consider the following Lyapunov function

2
i bi i itbi i
=> [xF (”) +— iy F (“’) + S e (y )]+ F(2)+2z
P T e +b; w; e;a; +b; Yi v/ g

along the solutions of (36)-(40) we get

Calculating aW,

2 _
dW1 ﬁixiv bl Ww; (1 — ai)ﬁixiv
il (1—— i — dimi — l—— )|\ ——/—— — (e +b)w
Z’Yl( z) ()\ i 1+Uiv>+€iai+bi< wj 1+ov (ei +biJw
i +b; s iBii
‘|‘L -2 aﬂxv-i‘biwi—aiyi
eio; + b; Yi 1+ o050
Collecting terms of Eq. (48) we have:

2 ~ ~
dWl Z’Yz <1 - ) ()\@ - dzl‘z) + Bixiv + bi <— (1 — ai)ﬁixi’u’wi + (ei + bl)’lf)l>

1+ g;v e;a; + bz (]. + O'Z'U)U)Z
N - -2
e; +b; o Bi0Y; biw; Y - ) v . - ur
- + + a;Y; —cv— — kiyi + cv 4+ 10z — —=2.
€t + b; ( (+owyi  ui W v ; W g

<1 - > Z kiyi — cv — 7v2) + g (gvz — pz). (48)
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Using the equilibrium condition for Fjy:

G o €t +bi Bidib
? 7

~ ﬂi‘ﬂ? (1 — ai)ﬁiiiﬁ - ~

Ai = d;i%; =, — = (e; + b))y, a;y; = ~ Wi = =,
. +1+01 1+O’1"U (@ + )w @y 1+0'1 + 0w ez+bz 1+0i’l)
2 Bidit e Bidit i BiFiv

~: k'zz i ad2 e kzz ad2 ’L e 3 l

v ; Y 2714_01, v; 4 Z 1+Ulvy1 Z 14 0,0’

Bixiv  bi(l—a;) Bi0 n (ei +bi)ay ﬁixz‘

we obtain
1- %Y (a2, + ﬁii'i'f)~ Cdz )+ BiZiv n b; (1= o) Bimivw; + (1- Ch‘)ﬁi@ﬁ
1+ 0,0 1400 ey +b; (1+ ov)w; 1+ 0,0

2
dW1 Z -

ei +bi (_ @ifirivg | biwigiw; | € +bi filiv \  yiv B0 v [id0 B0
(

+ Uz—ﬂz
g

e+ b; 1+ o0)y; it ei+b; 1+00) Giol+oo ol+o0  1+o00

i —~ —
xX; 1 —+ o;v

2
P (l+ow) o 1400
bi(l — i) Bixiv T wiwio(l+0i0) g0 wifs  1+ow
(e;a; + b;) (14 040) z;  Two(l+ow) Gv Wy 1400
(61 + b)) BiTi0 <4 T xgiv(l+o0)  yv 1+ mv)
( eio; +b;) (14 0;0)

ji)2_|_ Piiv <_1+U(1+Uﬂ7) v 1+Uiv)

z; Ty, 0(1+ov)  giv 1400

2 - .
—%)*  BiEo oi(v — 1)

; [ Z; (14 0:0) 1+ o) (1 +0:0)0

b(l—ozz) BT ( _@_zﬂbi (1+Ui~)_yif)_wigji_1—|—aiv>

( i + b)) (14 040)

Eerf—b i)oi B0 <4 i wgiv(l+0i0) 50 1+0'iv> }—i— (17— M) s (49)

e;a; + bz) (1 + 0117) xX; ‘szz (1 + o;v ) gi’l) 1+ g;v g
As the same proof of Eq. (32) we can show that (0 — o) = L(Ry — 1), where w =
2 kiBidii(eici + b;)

—. So, if Ry < 1 then o < £ = 9. We have z;,w;,y;,v > 0 when Ry > 1.
i=1 aidic(ei + bl)(l + gi@)(l + fﬂ)) b= -9 s Wi Y 0
Since the geometrical mean is less than or equal to the arithmetical mean, then the third and fourth terms of

Eq. (49) are less than or equal zero, then if Ry < 1 then dWl < 0 for all x;, w;,y;,v,z > 0. Clearly, dWl =0
occurs at Fy. LaSalle’s invariance principle implies global stablhty of Fy.

Theorem 6. The chronic-infection equilibrium with antibody immune response Es of system (36)-(40) is
GAS when Ry > 1.

Proof. Define Lyapunov function W5 as:

2
T bi w; e +bi _
Wy =Y 7|&iF (= |+ ——wiF | =" | + ——7:F
T (fi)+eiai+biw (wi)+eaz+b <yz>

The time derivative of W5 along the trajectories of (36)-(40) is given by
2

sz Bixiv b; w;\ (1= a;)Biwiv
il |\ 1= — ) (N —dizi — I1—— ) ———— (e +b)w;
Z’y ( z) ( * 1+O'iU> +eiai—|—bi ( wl> ( 1+ov (6 + )w

e; +b; Ui ; B;Tiv r z
+ m (1 — yl> (1_’_0_1,0 + bwz azyl) (1 - *) (Z kzyz — CU — 7”UZ> + 5 (1 - ;) (g’UZ — /.LZ) .

+OF (2) +1zF (i) .
v g z

(50)
Collecting terms of Eq. (50) and using the equilibrium condition for Fs
_ _ 2
- BTV (1 — a;)Bizv i
Az—diz g} — = € bz iy b i = AiYq, = k’L iy
T T To0 [T o0 (e; + b;)w 1—|—0’1U+ W; = a;Yi, CU+ 102 = ; Ui
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¢itbi o BiEi bi(l — i)  Bi%v (ei +bi)oi B0
P A e (ejoi +b;) (L+00)  (ess +b;) (14 030)
Eq. (50) becomes
dW — I; 2 61'52'1"{_) oi(v—2o 2
: z% PG I/ Chok)
X (14 0;9) 9(1 4 oyv)(1 4 040)
b(]. — Cki) ﬂifiﬁ 5_ @ _ iEZ'lI)ZU(]. -I-O'ﬂ_)) . @ _ ’LUZ:UZ _ 1+0¢’U
(e;c; + b;) (1 + 0;0) x;  Tywo(l+ow) g o wiy; 1+ o0
(ez+b) Biiv 4_@_331‘271'( +0oi0) yv  l+ow
( ai+bi) (1+O—i6) Xy T;Y; U (1+01 ) YiV 14040

Thus, if Ry > 1 then z;, w;, y;, v and z > 0. Similar to the proof of Theorem 3, one can show that Fo is GAS.

4 Model with general incidence rate

In this section, we propose a viral infection model with latently infected cells and antibody immune response.

The incidence rate of infection is represented by a general function of the populations of the uninfected target

cells and free viruses.

Tq :)\l_dlxl _fi(xiav)a 1= 1a27 (51)
wi - (1 - Oéi)fi({l?i,v) - (ei + bi)wi7 1= 1727 (52)
Ui = a; fi(zi,v) + biw; — a;yi, =12, (53)
2
0= Z kiy; — cv — vz, (54)
i=1
Z = guz — Uz, (55)

where the function f;(x;,v) represents the rate of the uninfected target cells to be infected by the viruses.

Assumption A1l For i = 1,2, function f; satisfies:
(i) fi(zs,v) is positive, continuous, and differentiable,
. Ofi(wi,v) g Yilzi,v)
(ii) 50 >0a oz,
(iii) fi(z;,0) = fi(O, v) =0, for all x; >0 and v > 0.

Assumption A2 For i = 1,2, function f; satisfies:
) fiai,v) < v 200120)

(i) (af (@3, 0) )U> 0

v
4.1 Equilibria and biological thresholds

> 0 for any x;,v > 0. Furthermore,

, for all v > 0.

d
dx;

afz(l'lv

We define the basic infection reproduction number of system (51)-(55) as

72 61a1+b afi(mgao)
N — aic(ei +b;) v
The equilibria of (51)-(55) satisfy the following equations:

Ai = diwy — fi(wi,v) =0,

(1 ai)fi(miav) -
i fi(zi,v) + bjw; —

2

Zkiyi —cv—rvz =0,

i=1

(gv — )z =0.

1085

(61‘ + bz)wl =0,
a;Y; = 07

0) > 0 for any z; > 0,
ov
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Equation (60) has two possible solutions, z = 0 or v = u/g. When z = 0, we obtain two equilibria, the infection-

s
free equilibrium Ey = (29,29,0,0,0,0,0,0), where ¥ = j’ 1 = 1,2 and the infected steady state without
i
antibody immune response Fy = (%1, To, W1, We, ¥1, Y2, 7, 0, ), where the coordinates satisfy the equalities:
2
Ni = diFi + fi(#:,0), (1= ) fil#i,0) = (€5 + bi) i, i fi(ds, D) + bithi = agfjs, »_kifji = b (61)
i=1

The other possibility of Eq. (60) z # 0 leads to v = K Substitute the value of @ in Eq. (56) and let
g

H(ch) =\ —d;x; — fi<$i,’5) =0.

According to Assumptions A1, II is a strictly decreasing function of z;. Besides, II(0) = \; > 0 and II(2)) =
—fi(29,9) < 0. Thus, there exists a unique z; € (0,2?) such that I1(Z;) = 0. From Egs. (57)-(59) we have

o (Q—a)fi(@,v) (e +0i)fi(3,0) ¢ 2 kileici + b)) fi(Z4,9)
wz - (61; + b7) 9 1 a,;(ei + bz) ) z = r Z ’l_]
2 ki(esa; + b;) fi(Z4,0)

Thus w; > 0 and g; > 0, moreover, z > 0 when l; arcler+ b)o

> 1. Now we define the antibody

immune response activation number as:

2 o
Ro— Z ki(eic; + b;) fi(z4,0)
1= — .
=1 aiC(qu + bi)’U
Hence, z can be rewritten as z = £(R; — 1). It follows that, there exists a chronic-infection equilibrium with
antibody immune response Es = (Z1, w1, §1, T2, Wa, Y2, U, Z) when Ry > 1. Clearly from Assumptions A1l and
A2, we have

R, = Z ki(esoq + b;) fi(Zi,0) < 22: ki(eioi +b;) 0fi(%3,0) _ 22: ki(eic; +b;) Ofi(x,0)

aicle; +b;)v  Ov v prt a;c(e; + b;) ov

= Ry.
i=1

5 Global stability analysis

Theorem 7. Let Assumptions A1-A2 be hold true and Ry < 1, then the infection-free equilibrium Ej for
system (51)-(55) is GAS.
Proof. Define a Lyapunov functional Wy as follows:

Zi

2 0
(€ b L
S S| Iy W PRSI W B
=1

Iy
e;o; + b; ! e;o; + b; Y

Calculating

AW,
dto along the trajectories of (51)-(55) as:

v—0F fi(xi, U) ejo; + b;

2 1 £E0 v i
% - Z’Yi [ <1 — lim JM) (Ni — dizi — fi(wi,v)) + b (1 = ) fi(wi,v) — (e + bi)w;)

i=1
2
e; + b; r
——— (o fi(%i, biw; — a;y; E kiyi —cv — - -
p—— (i fi(xs,v) + bjw; — a;y;) | + 2 Yi — v —rvz + P (gvz — pz)

K2

Based on Assumption A2, the first term of Eq. (62) is less than or equal zero. Therefore if Ry < 1, then

% < 0 for all z;,v,z > 0. Similar to the previous sections, one can show that Fy is GAS.
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Now we need to the following Assumption to proof that, F;y and Es for the system (51)-(55) are GAS.
Assumption A3 Function f;(z;,v) satisfies the following:

<fi($¢ﬂ~1) B 1~)> (1 B fz‘(%v)) <0, <fi(9€¢,v) B U> (1 B fz‘(%v)) <0, 2050,
fi(xlﬁv) v fi(wi’v) fi(xlﬁv) v fi(wi’v)
Theorem 8. Suppose that Assumptions A1-A3 are satisfied, F exists and Ry < 1, then E; for system (51)-(55)

is GAS.
Proof. We construct the following Lyapunov functional

2 €
(T, b; - i i +bi
—Z%[%‘—@— [il@0) oy wiF<1f’>+e+ F( >]+ F(5)+ e
i=1 ~ fi(sia U) ejay + bz w; e;q; + b Yi v q

The time derivative of W; along the trajectories of (51)-(55) is given by

dWy 2 [i(Zi,0) bi 0
7 ;% <1 - fi(%ﬁ)) (i = diw; — fi(zi,0)) + P (1 - wl) (1 = aq) fi(wi,v) — (e; + bi)w;)
% (1 - gi) (i fi(zi,v) + biw; — a;y;) (1 - ) (Z kiy; —cv — rvz) + g (gvz — pz).
(63)

Collecting terms of Eq. (63) we get

2 ;.U S ~
% 0 l (1 - ;:Ei:gb (A — dywi) + fi(xiav)fl(%v) i )fz(xw )

i=1 fi(‘ria f}) eja; + by W;
(e;+bi), . (ei+b)a; 7 (e 4+ bi)bjw; g e +b; .
——bj; — ——— fi(xs,v) = — = - Ui

* eia; + b; v e;0; + b; fil@i,) Yi ei; +b; Y e+ bia Y

2 -
v T

—cv— Zkiyif +eb+riz— Lz
i=1 v g

Using the equilibrium condition for Fy:

2
Ai = diZi + fi(%,0), (1— ) fi(2i,0) = (& + bi)Wwi, il = i fi(Zi,0) + biw;, cv = gZ’Vifi(‘%hf))u
b £

2 2
. . o e;+b; [ bi(l—oy) , . . (ei+bi)oy , .
= E k’ . = E -1 i , ——a;Y; = [ i = — 1 iy + — 1 i s
CU im1 i i—1 (&) eia; + b; aifi = fi(:,9) (eic; + b;) fi(#:,9) (ei0q +b;) fi(@:9)

we obtain

2
d W]_ Z g

w5 (1-7m) (-5)+ (-569) (765 -5)

bi(l — o) Fi(F0,) (5 i@, 0)  wifi(wi,v)  wigi oy vfi(a, ))

(eic; +b;)"" Y filzi,0)  wifi(@,0) @iy Gv 0fi(zi,v)

(€7+b)011 ~ o~ < _ fv( uﬁ) yzfz(mlav) _yi’[) _vfi(xi’{))> r<~_M>Z

(eic; + by )f (@ 0) |4 filzi,®)  yifi(@,0)  Gv o 0fi(wi,v) Y g) " (64)

From Assumptions Al and A3, we get that the first and second terms of Eq. (64) are less than or equal
zero. Because the geometrical mean is less than or equal to the arithmetical mean, then the third and fourth
terms of Eq. (64) are less than or equal zero. Now we show that if Ry < 1 then ¢ < % = v. This can be
achieved if we show that

sgn (T; — T;) = sgn (0 — v) = sgn (Ry — 1).
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Applying Assumptions A1-A2, we have

(fi(Zs,0) — fi(2:,0)) (z; — %) > 0, (65)
(fz(xlv ) fl(aju )) ('U_f))>0’ (fl(l'ﬂ ) fZ(xlv )) (5_6)>0' (66)

Using Assumption A3 with z; = z; and v = v, we get

(fi(Z5,0)0 = fi(Z4,0)0) (fi(Z4,0) — fi(%4,0)) <0

It follows from inequality (66) that

((fi(Zs,0)0 — fi(Z3,0)0)) (0 — v) > 0. (67)

Suppose that, sgn (Z; — ;) = sgn (v — 0). Using the conditions of the equilibria F; and F5 we have

()‘i_difi)_(/\i_di-iz) fz(xz’ ) fZ(xza ) fz(xu ) fz(xu )+f1(xzv ) fz(xu )7

and from inequalities (65) and (66) we get sgn (&; — T;) = sgn (T; — ;), which leads to contradiction. Thus,

ki(eioi+bi) fi(%4,0) _ — 1 then

sgn (Z; — Z;) = sgn (0 — ¥) . Using the equilibrium conditions for E; we have Z PRI

i=1

Ry—1=

v v

o8

L (0 1)

i=1

ki(e;a; + b;)

et (L (la00) = o) + o (il o)~ i@ )0)).

Il
)
i
i

From inequalities (65) and (67) we get sgn (R — 1) = sgn (0 — v). It follows that, if By <1 then o < £ = 0.
Therefore, if Ry < 1 then % < 0 for all z;,w;,y;,v,z > 0, where the equality occurs at the equilibrium FEj.
LaSalle’s invariance principle implies the global stability of Fj.

Theorem 9. Let Assumptions A1-A3 be hold true and Ry > 1, then chronic-infection equilibrium with
antibody immune response Es for system (51)-(55) is GAS.

Proof. We construct the following Lyapunov functional

2
fi(Z, b w; ei+b;i _ T (%
Wy = il — T d i F |l — — 1 F F —-zF (= ).
2 ;’y [;v / % eiai—kbiw w; +61CJLZ—|—b yz v (v) gz (z)

We calculate the time derivative of W5 along the trajectories of (51)-(55) as

2

dWs fi(%4,0) bi s
dt - ;’YZ (1 - fl(xz, @) (>\z - dzxz - fl(muv)) + m (1 — E) ((1 — Oéz)fz(x“'u) — (ez + bz)wz)
€; + b; Ui N , 5
* e + b; (1 B y) (i fi(wi, v) + bow; — aiyi) | + (1 - ;) (; kiyi — cv —rvz) + ; (1 - ;) (gvz — pz).
(68)
Collecting terms of Eq. (68) and using the equilibrium conditions for Fs
2
N = dis + fi(@3,0), (1= aq) fi(@i,0) = (e + bi) @i, aiffy = @i fi(@:,0) + byi, 0 =Y 7 fi(#:,0) — 0%,
i=1
2
_ v o _ ei+b; . b(l—ay) , _ _ (ei+bi)ag
= p Z’V’Lfl(«xuv) rvz, i + bi a;Yy; = fl(xuv) - (@iai T bi)fz(xuv) + (62‘0[7; T bi)fl(xl,v),
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we get

dW2 _ 2 fz(-fzaﬁ) T _ fi(mia'ﬁ) fz(muv) v
it ;% e (1 - fz‘(%’@) (=5) +flao) (1 - fi(wz‘,v)> (fz(%@) - "7)
b; (1 — az) - fi('/iia@) wzfz(xuv) Y W; Yi 'Ufz(xu@)
(e;0u + b; )f (@0, 9) (5 - fi(zi, D) a w; fi(Z4,0) R 17fi($i,11))
(ez oo o ( i@, v)  wafi(wi,v)  yiv Ufz'@iﬁ))
( e;0 + by )fZ( w0 {4 filws,0)  wyifi(Z,0)  gov o Ofi(wg,v) ] (69)

Thus, if Ry > 1 then Z;,w;,¥;,v and Z > 0. From Assumptions Al and A3, we get that the first and second
terms of Eq. (69) are less than or equal zero. Since the arithmetical mean is greater than or equal to the

%%
geometrical mean, then Wz < 0. It can be seen that, WQ = 0 if and only if z; = Z;, w; = w; and v = ©.
2
From Eq. (54), if v = ¥ and y; = §; then © = 0 and 0 = }_ kg; — ¢0 — r9Z = 0, which yields z = Z and hence
i=1

2 equal to zero at Fy. LaSalle’s invariance principle implies global stability of Fs.

5.1 Special forms of the incidence rate

By using the Lyapunov direct method, we have established a set of conditions on f;(z;,v), ¢ = 1,2 ensuring the
global asymptotic stability of the equilibria of model (51)-(55). Now we introduce some forms of the incidence
rate and verify A1-A3.

1) Bilinear incidence rate: f;(z;,v) = B;x;v,

(

(2) Saturation functional response: f;(z;,v) = fjj;%

(3) Beddington-DeAngelis functional response: f;(x;,v) z Hﬁr%nv’
( i L3V

4) Crowley-Martin functional response: f;(z;,v) = EE=ETcERTImE
Bixlv

(5) Hill type incidence rate: f;(z;,v) = Sl where G;,v;,n > 0.
One can easily show that A1-A3 for the functions fi,i=1,2 glven above.
Now we verify Assumptions A1-A3 for the function f;(x;,v) = Biziv ;= 1,2. We have f;(z;,v) > 0 for all

Ytz
x; >0,v>0, f;(0,v) = fi(x;,0) =0 and

Ofi(zi,v)  nByral v Ofi(wi,v) Bzl Ofi(x:,0)

or; (Y +an)?’ Ov P4 Ov

Then, for all z; > 0,v > 0, we have afia(?’v) > 0, af’g;'i’v) > 0 and M > 0if n > 0. Therefore Assumptions
Al is satisfied. We have also

iz i 9fi(zi, 0
o) = G Bl 05(.0)
0 A v+ ad ov

<0,

d <5fi($?,0)/3v> )
dz; \ Of;(z;,0)/0v ) (v + (29)n)az !

then, Assumptions A2 is satisfied. Moreover,

(fes—5) (-7w) - G-9) (-3) -

Thus, Assumptions A3 is satisfied. In this case, Ry and R; are given by

2 2
B ki(eiai—i—b)afl ki(eici + b;) &( D"
Ro= 2 et 100 g clei+b) 7 + @)
2 2
o k (610414*1) fz T, k’L 61az+b ﬁzi'?
Rli; a;c(e; + b;)v ;a (ei +b;) v +z0
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6 Numerical simulations

In this section, we will perform some numerical simulations to confirm our theoretical results. Let us consider

model (51)-(55) with the incidence rate f;(x;,v) = ﬁiixu, i = 1,2. In Table 1, we provide the values of some

parameters of model (51)-(55) with the incidence rate given by the function f;. The effect of the parameter € on

the dynamical behavior of the system will be discussed below in details.In order to investigate the theoretical

Table 1: The values of the parameters of model (51)-(55).

Parameter || M\ Ag b1 B2 dq do a1 | an | eg es b1 bo 2%l
Value 6.03198 | 0.03198 | 0.05 | 0.08 | 0.01 | 0.01 | 0.5 | 0.5 | 0.02 | 0.02 | 0.2 | 0.2 0.1
Parameter || s k1 ko aq as f r c W g n €

Value 0.5 10 5 03 [01 |03 |05]|3 0.07 | 0.1 1 Varied

results involved in Theorems 7-9, we shall study the following cases:

Case (I): Ry < 1. Choosing £ = 0.85 and using the data in Table 1, we have Ry = 0.899 and R; = 0.641.
Since Ry < 1, then according to Theorem 7, the infection-free equilibrium Ej is GAS. Evidently, Figures 1-8
show that, the numerical results are consistent with the theoretical results of Theorem 7. We can see that, the
concentration of uninfected target cells tends to its normal value % = 603.198, 372» = 3.198, respectively, while
the concentrations of latently infected cells, actively infected cells, free virus particles and antibody immune
cells are decreasing and tend to zero. In this case, the treatment succeeded to eliminate the HIV viruses from
the blood.

Case (II): Ry < 1. By taking ¢ = 0.40, we have Ry = 0915 < 1 and F; exists where E; =
(601.504,0.780,0.038,0.055, 0.054,0.231, 0.565, 0.000). Based on Theorem 8, F; is GAS. Figures 1-8 show that
the numerical simulations confirm our theoretical result presented in Theorem 8. We observe that, the trajec-
tory of the system will converge to the chronic-infection equilibrium without antibody immune response F;. In
such situation, the infection becomes chronic but without antibody immune response.

Case (IIT): Ry > 1.We choose, ¢ = 0.0. Then, we calculate Ry = 1.631 and Ry = 1.149 > 1, this means
that, Ey exists and it is GAS. From Figures 1-8, we can see that, our simulation results are consistent with the
theoretical results of Theorem 9. We observe that, the trajectory of the system tend to the chronic-infection
equilibrium with antibody immune response Es = (599.699, 0.474,0.079,0.062,0.111,0.260, 0.700, 0.896). In this
case, the infection becomes chronic but with persistent antibody immune response. Figures 1 and 7 demonstrate
that, when R; > 1, the antibody immune response is activated and it reduces the concentration of free virus
particles and increases the concentration of uninfected cells. In case (i) we calculate the critical drug efficacy
(i.e, the efficacy needed in order stabilize the system around the disease-free equilibrium). For system (51)-(55),
Ey is GAS when Ry <1 i.e.

; Ry —1
M <e <1, 5" = max {0, 0} ,
Ro1 + fRoz

where, Ry = Rg |.—oand Ro; = Ro; |-—0 , i = 1,2. Using the data in Table 1, we have " = 0.7332. Also, in
case (ii) we can calculate the critical drug efficacy 57 = 0.2566.
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for model (51)-(55).

0.14
0.12

01f

0.08

Actively infected CD4 T cells

Rosl
- R151<R0 i

200 300 400 500 600
Time

Figure 3: The evolution of actively infected CD4+T
cells for model (51)-(55).

0.1

Latently infected macrophage cells
o o o o o o o
Q Q g o (=] o o
N () a D ~ (=]

o

o

=
T

Rosl
-- —R151<R0
G R1>1

o

Figure b5:

100 200 300 400 500 600
Time

The evolution of latently infected

macrophage cells for model (51)-(55).

1091

012
R<L
- - =RSIR
01 L RpL
@2
T
o
C 008
<
[a]
o s
3 I
006
B
E
>
: >
g Ll e es e s S
-
200 300 400 500 600

Time

Figure 2: The evolution of uninfected macrophage
cells for model (51)-(55).

35
3l
Roil
2 25 - - ~R=I<R,
8 L R>1
g 1
g 2r
o
8
£
B 15
8
=
D 1r
osf
o i i i i i
0 100 200 300 400 500 600

Figure 4: The evolution of uninfected macrophage
cells for model (51)-(55).

0.35
Rosl
03l - - R1£1<R0
G R>1
7] 1
o o
8 02t RERRN
= ’ AU Ry SR
= ’ S - e i
g R ¢
é 0.2 ’:: I'
- ’

L
3 0455 "\
g -
>
T
= 01
°
<

0.051

o ‘ ;
0 100 200 300 400 500 600
Time
Figure 6: The evolution of actively infected

macrophage cells for model (51)-(55).

A. M. Shehata et al 1074-1093



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC
1 T T T T 14 T
Rosl Rosl
0.9 - - R151<RD 120 - - R151<RO i
08 o RL o R2L
07 - P
8 3
£ 06 —— g
g E PP - - g 0.8
g 05 E
; 04 g 0.6
- £
03f] “ 04
0.2
0.2
0.1
00 160 200 300 400 500 600 0 300 400 500 600
Time Time
Figure 7: The evolution of free virus particles for Figure 8: The evolution of antibody immune cells
model (51)-(55). for model (51)-(55).
7 Acknowledgment

This article was funded by the Deanship of Scientific Research (DSR), King Abdulaziz University, Jeddah. The
authors, therefore, acknowledge with thanks DSR technical and financial support.

References

[1]

2]

[10]

M. A. Nowak and R. M. May, “Virus dynamics: Mathematical Principles of Immunology and Virology”,
Ozford Uni., Oxford, 2000.

A. S. Perelson and P. W. Nelson, “Mathematical analysis of HIV-1 dynamics in vivo”, STAM Rev., vol. 41,
pp. 3-44, 1999.

A. M. Elaiw and A. M. Shehata, “Stability and feedback stabilization of HIV infection model with two
classes of target cells”, Discrete Dyn. Nat. Soc.,vol. 20, 2012.

A. M. Elaiw, and N. A. Almuallem, “Global properties of delayed-HIV dynamics models with differential
drug efficacy in co-circulating target cells”, Appl. Math. Comput., vol. 265, 1067-1089, 2015.

A. M. Elaiw, and N. A. Almuallem, “Global dynamics of delay-distributed HIV infection models with
differential drug efficacy in cocirculating target cells”, Math. Method Appl. Sci., vol. 39, 4-31, 2016.

A. M. Elaiw, I. A. Hassanien, and S. A. Azoz, “Global stability of HIV infection models with intracellular
delays”, J. Korean Math. Soc., vol. 49(4), 779-794, 2012.

D. S. Callaway and A. S. Perelson, “HIV-1 infection and low steady state viral loads”, Bull. Math. Biol.,
vol. 64, pp. 29-64, 2002.

L. Wang, M.Y. Li, “Mathematical analysis of the global dynamics of a model for HIV infection of CD4™"
T cells”, Math. Biosc., vol. 200(1), pp. 44-57, 2006.

Y. Zhao, D. T. Dimitrov, H. Liu and Y. Kuang, “Mathematical insights in evaluating state dependent e
ectiveness of HIV prevention interventions”, Bull. Math. Biol., vol. 75, pp. 649-675, 2013.

A M. Elaiw, and S.A. Azoz, “Global properties of a class of HIV infection models with Beddington-
DeAngelis functional response”, Math. Method Appl. Sci., vol. 36, pp. 383-394, 2013.

1092 A. M. Shehata et al 1074-1093



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

[11]

[12]

[13]

S. A. Gourley, Y. Kuang and J. D. Nagy, “Dynamics of a delay differential equation model of hepatitis B
virus infection”, J. Biol. Dyn., vol. 2, pp. 140-153, 2008.

S. Eikenberry, S. Hews, J. D. Nagy and Y. Kuang, “The dynamics of a delay model of HBV infection with
logistic hepatocyte growth”, Math. Biosc. Eng., vol. 6, pp. 283-299, 2009.

J. Li, K. Wang, Y. Yang, “Dynamical behaviors of an HBV infection model with logistic hepatocyte
growth”, Math. Comput. Modelling, vol. 54, pp. 704-711, 2011.

R. Qesmi, J. Wu, J. Wu and J.M. Heffernan, “Influence of backward bifurcation in a model of hepatitis B
and C viruses”, Math. Biosci., vol. 224, pp. 118-125, 2010.

A. U. Neumann, N. P. Lam, H. Dahari, D. R. Gretch, T. E. Wiley, T. J, Layden and A. S. Perelson,
“Hepatitis C viral dynamics in vivo and the antiviral efficacy of interferon-alpha therapy”, Science, vol.
282, pp. 103-107, 1998.

M. Y. Li and H. Shu, “Global dynamics of a mathematical model for HTLV-I infection of CD4+ T cells
with delayed CTL response”, Nonlinear Anal. Real World Appl., vol. 13, pp. 1080-1092, 2012.

P. Tanvi, G. Gujarati, and G. Ambika, “Virus antibody dynamics in primary and secondary dengue infec-
tions”, J. Math. Biol., vol. 69, pp 1773-1800, 2014.

J. A. Deans and S. Cohen, “Immunology of malaria”’, Ann.Rev. Microbiol., vol. 37, pp. 25-49, 1983.

A. Murase, T. Sasaki and T. Kajiwara, “Stability analysis of pathogen-immune interaction dynamics”, J.
Math. Biol., vol. 51, pp. 247-267, 2005.

W. Dominik, R. M. May and M. A. Nowak, “The role of antigen-independent persistence of memory
cytotoxic T lymphocytes”, Int. Immunol., vol. 12 (4), pp. 467-477, 2000.

S. Wang and D. Zou, “Global stability of in host viral models with humoral immunity and intracellular
delays”, J. Appl. Math. Mod., vol. 36, pp. 1313-1322, 2012.

A. M. Elaiw and N. H. AlShameani, Global stability of humoral immunity virus dynamics models with
nonlinear infection rate and removal, Nonlinear Anal. Real World Appl., vol. 26, pp. 161-190, 2015.

T. Wang, Z. Hu, F. Liao and Wanbiao, “Global stability analysis for delayed virus infection model with
general incidence rate and humoral immunity”, Math. Comput. Simulation, vol. 89, pp. 13-22, 2013.

M. A . Obaid and A.M. Elaiw, “Stability of virus infection models with antibodies and chronically infected
cells”, Abstr. Appl. Anal, 2014.

A. S. Perelson, P. Essunger, Y. Cao et al., “Decay characteristics of HIV-1- infected compartments during
combination therapy”, Nature, vol. 387(6629), pp. 188-191, 1997.

A. M. Elaiw, “ Global threshold dynamics in humoral immunity viral infection models including an eclipse
stage of infected cells” J. Korean Soc. Ind. Appl. Math., vol. 19 137-170, 2015.

J. K. Hale and S. Verduyn Lunel, “Introduction to functional differential equations”,
Springer-Verlag, NewYork, 1993.

1093 A. M. Shehata et al 1074-1093



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

A New Implicit Midpoint Iterative Scheme
Involving Asymptotically Nonexpansive Mappings
in Abstract Spaces

Shin Min Kang!, Arif Rafiq?, Faisal Ali® and Young Chel Kwun®*

Department of Mathematics and RINS, Gyeongsang National University, Jinju 660-701, Korea
e-mail: smkang@gnu.ac.kr

2Department of Mathematics and Statistics, Virtual University of Pakistan, Lahore 54000,
Pakistan
e-mail: aarafiq@gmail.com

3Centre for Advanced Studies in Pure and Applied Mathematics, Bahauddin Zakariya University,
Multan 60800, Pakistan
e-mail: faisalali®bzu.edu.pk

4Department of Mathematics, Dong-A University, Busan 604-714, Korea
e-mail: yckwun@dau.ac.kr

Abstract

We establish the convergence properties of the implicit midpoint iterative scheme
for solving the nonlinear equation 79 = g for asymptotically nonexpansive mappings
in Hilbert and more general uniformly convex Banach spaces.
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1 Introduction

In 2001, Xu and Ori [7] introduced the following implicit iteration process for a finite
family of nonexpansive mappings {T; :i € I} (here I = {1,2,...,N}), with {¢,} a real

*Corresponding author
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sequence in (0, 1), and an initial point g9 € K C X, where X is an arbitrary Banach space:

01 = (1 —t1)oo +t:iT101,
02 = (1 —t2)01 + t2T20o,

on =(1—tny)on-1+tnTNon,

ont+1 = (1 —tny1)on +tnp TN 10N 11,
:7
which can be written in the following compact form:
On = (1 - tn)@n—l + it Thon, n>1,

where T}, = T}, (;moq n) (here the mod N function takes values in I). Xu and Ori [7] proved
the weak convergence of this process to a common fixed point of the finite family defined
in a Hilbert space.

Let H be the Hilbert space and T is, in general, a nonlinear operator. Recently
Alghamdi et al. [1] defined the following algorithm:

Algorithm 1.1. Initialize o9 € H arbitrarily and define

+
On+1 = (1 - tn)@n + tnT<%>v n >0,

where t, € (0,1) for all n.

For the approximation of fixed points of nonexpansive mappings under the setting of
Hilbert spaces. They proved the following results:

Lemma 1.2. ([1]) Let {on} be the sequence generated by Algorithm 1.1. Then
(i) llon+1 = pll < llon = pll for all n.> 0 and p € Fie(T),
(i) Z;.LOII tnllon — Qn+1||2 < 0,
(1) 3202 ta(1 = ta)on — T(255221)|? < oc.

n=1

Lemma 1.3. ([1]) Let {0,} be the sequence generated by Algorithm I. Suppose that t2 | <
at, for alln >0 and a > 0. Then

lim |[on41 — onll = 0.
n—00

Lemma 1.4. ([1]) Assume that,
(i) 2, <aty, for alln >0 and a > 0,
(ii) iminf, o t, > 0.
Then the sequence {o,} generated by Algorithm 1.1 satisfies the property

lim |0, — Ton|| = 0.
n—oo
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Theorem 1.5. ([1]) Let H be a Hilbert space and T : H — H be a nonexpansive mapping
with Fix(T) # 0. Assume that {o0,} is generated by Algorithm 1.1, where the sequence
{tn} of parameters satisfies the conditions:

(i) t2,1 < aty for alln >0 and a > 0,

(ii) limsup,,_,o tn > 0.

Then {o,} converges weakly to a fized point of T

We establish the convergence properties of the implicit midpoint iterative scheme
for solving the nonlinear equation 79 = p for asymptotically nonexpansive mappings
in Hilbert and more general uniformly convex Banach, spaces.

2 Preliminaries

Throughout this section we always assume that H is a Hilbert space with the inner product
(-,-) and the norm || -|| and that 7': H — H is a nonexpansive mapping with a fixed point.
We use Fiz(T) to denote the set of fixed points of T'.

We establish the strong convergence of a new implicit midpoint iterative scheme for
nonexpansive mappings under the setting of Hilbert and more general uniformly convex
Banach spaces.

We need the following well known results:

Lemma 2.1. ([5]) Let {0} and {B,} be sequences of nonnegative real numbers satisfying
the following inequality
ﬁn—l—l < (1 + Un) Bn, n>0.
If >0 op < 00, then lim,, .o By exists.
Lemma 2.2. ([3]) For all o, s € H and X € [0, 1], the following well-known identity holds:
(1= N+ Al = (1= Nlell* + Allsl* = A1 = Ale — <]

For every ¢ with 0 < e < 2, we define the modulus §(¢) of convexity of E by
. +<
O e SN N ESNTENERRE S
The space E is said to be uniformly convex if

d(e)>0

for every € > 0.
If E is uniformly convex, then for each r,e with r > & > 0, we have §(%) > 0 and

<r(1-5(9)

for every p, ¢ € E with ||g|| <7, ||s]| <7 and |0 —<| > e.
The space E is said to be strictly convex if

o+¢

Q—‘|‘§<1

for every o, ¢ € E with ||g|| = ||s|| =1 and ¢ # .
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Lemma 2.3. ([6]) Let X be the arbitrary Banach space and p > 1, r > 0 be two fized
numbers. Then X is uniformly convex if and only if there exists a continuous, strictly
increasing and convex function g : [0, 00) — [0,00), g(0) = 0, such that

Ao+ (1= N)sl” < Mlell” + (1 = M) [[s][” = wp (Mg (le = <ID)

forall o, in B, ={oe€ X : || <r}, A €[0,1], where wy(X) = A1 — AP + AP(1 — ).

3 Main results

Algorithm 3.1. Initialize oo € H arbitrarily and define

on = (1 o tn)Qn—12+ On +t,T" (Qn—12+ Qn> . n>0,

where t, € (0,1) for all n,

and T is asymptotically nonexpansive, that is,
[T"0 = T"<|| < knllo =<, eo.c€ H;
{kn} € [0, 00) satisfying Y ~7 ; (kn, — 1) < oc.

Remark 3.2. The Algorithm 3.1 can be rewritten as

On = €non—1+ (1 —e,)T" <Qn%‘|’@n> ., n>0,

1-ty,
1+t,°

Remark 3.3. The Algorithm 3.1 is well defined.
Indeed, for each fixed u € H and t € (0, 1), the mapping

where e, =

o—Tyo=tu+ (1 —t)T" (u—21—9>’ n >0,

is asymptotically nonexpansive with coefficient %k‘n € [0, 00). That is,

ool () (55

1—t
TanIQ—CII, 0, € H.

|Two — Tus ||

IN

Remark 3.4. Since k,, > 1, it is obvious that for any ¢ > 0, > 2 | (k% — 1) < co implies
S (ky — 1) < o0

Now we prove our main results.

Lemma 3.5. The sequence {o0,} defined by the Algorithm 3.1, where {t,} € (0,1) satis-
fying {t,} € [0,1 — 6], is bounded.
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Proof. For o* € Fiz(T), consider

* -1+ -1+ *

i () (52

S (1 _ tn) On—1 + On o Q* + tn Tn On—1 + On _ Q*
2 2
S (1 _tn) On—1 + On o Q* +tnkn On—1 + On . Q*
2 2
1+ "
:(1_tn+tnkn) w_g
1 * 1 *
= (1 — 1ty +tnkn) §(Qn—1 — 0 ) + §(Qn — 0 )

1 * 1 *
< (=t + tuka) (5 lows = 1+ Slea =l )

which implies that

L1 —t, +tuky)

—_ ofll < 2 = * .
lon — o*|| < T 10—t + k) lon—1 — o]
Let
s(L—ty+tnky) N tn(kn — 1)
1— (1 =ty + tuky) 1— (1 =ty + toky)
oy 2alka 1)
1—ty(kn — 1)

By > 0% (kn — 1) < 0o, there exists ng € N such that for all n > ng, k, —1 <1 and
1—tn(ky —1) > 6,

which implies that

1 1
S g
1—to(kn—1) =0

Thus
1)

len &7l < (1+ 212506 = 1) llows = o°1.

Hence according to Lemma 2.1, the sequence {g,} is bounded. This completes the proof.

O

Lemma 3.6. Let {0,} be the sequence generated by Algorithm 3.1 where {t,} € (0,1)

satisfying {t,} € [0,1 —d]. Then
(1) limy—co [[on—1 — 0nll = 0,
(ii) limp—o |

’ Qn712+9n _ Tn(anlz‘l'Qn)H =0.
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Proof. According to Lemma 2.2,

2
tn) Qn—12+ On ¢, T" (

On—1 + On
2

)-e

low—'[1? = H(l

H (Qn 1 + On o Q*> +tn (Tn (Qn—l + Qn>
2 2
2
— (1 _tn) Qn—12+ On o Q* +tn Tn (Qn—12+ Qn> —0
2
_ tn(l _ tn) On—1 + On _m (Qn—l + Qn> H
2 2
+ 2 + 2
S (1_tn) Qn—12 On % +tnk}2l Qn—12 On %
2
_ tn(l _ tn) On—1 + On _Tn (Qn—l + Qn> H
2 2
2
= (1 =ty + tnk2) 79"‘1; on _ o
2
_ tn(l _ tn) Qn—12+ On _Tn (Qn—12+ Qn>

)

7 EUDOXUS PRESS, LLC

2

2

*

1 | s 1
< = tut tak2) (5 lws = 1+ Fhew = 717 = ewns - 2l
2
_ tn(l _ tn) On—1 + On _Tn (Qn—l + Qn>‘ :
2 2
which implies that
1 2
X2 3(1—tn 4 tnk;) X2
— < =
llon = o"lI” = 1= T0— 4 1, kz)HQn |
A1 L0 =ty +t,h2) T
tn(l - tn) On—1 + On . Tn On—1 + On 2
- %(1_tn+tnk72z) 2 2
Let us assume that
s(L—tn+taky) tn(k2 — 1)
1—2(1—t, + t,k2) 1—2(1—t, + t,k2)
_1+ 2t, (k2 — 1)
1—t, (k2 —1)
By >°° (k2 — 1) < oo, there exists ng € N such that for all n > ng, k2 —1 <1 and
ta(k2 —1) > 6,
which implies that
1 1
- - <=
1—ty(k2—1) — &
6
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Also

L=ty +tok2 =1+t,(k2 —1)>1

and

which yields that

(L4 tn (k2

IN

Thus for M > 0,

%112
— <142
low - 21 < (1422

_ 1))

N 1
(2= 1)) oot = 1P = 5 lows ~ oul?

2
_ 252 On—1 + On . Tn On—1 + On
2 2
* 1
< lon-1 — "> + 2M>——(k2 — 1) — = llon—1 — onl®
1-6 2
2
_ 252 On—1 + On . Tn On—1 + On
2 2 ’
which implies that
1 On-1t0 on—1+ on.|]?
~lon-1 — onl® + 267 || F——" — T(Z——")
2 2 2
* * 5
< llon1— oI = llon — o*|I* + QMzm(k}zL = 1).
Thus . . )
1 2 0j-1+ 0j 0j—1+ 0j
52 loj—1 — o;l1* +26°) % - %
j=1 j=1
- b)
*(12 *112
<3 (s = 21 = gy - 2P+ 22 2502 - ).
j=1
Hence
o0
Z HQn—l - Qn||2 < 400
j=1
and - )
Z On-110n ™ On—1 1 On < +oo.
. 2 2
7=1
It implies that
lim HQn—l - QnH =0
n—oo
7
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and
lim ‘ Qn—1+9n _Tn (Qn—l"i'gn)H —0.
n—00 2 2
This completes the proof. O

Lemma 3.7. Let {o,} be the sequence generated by Algorithm 3.1, where {t,} € (0,1)
satisfying {tn} € [0,1 —d]. Then lim, . ||0n — Tonl| = 0.

Proof. Consider

||Qn - TnQn” < ||on

. On—1 1 On On—1 1 On _qm On—1 1 On
2 2 2

+ HTn (Qn—l + Qn> o TnQn

2
On—1 + On _Tn (Qn—l + Qn> H

g

<

. On—1 1 On

on 2 2 2

_ On—1 + On
2

_Oniton
2

_|_

+ky ||on

= (1+kn) On

On—1 + 0n _qm On—1 + On
2 2

On—1 + On . Tn (Qn—l + Qn> H
2

|
1tk
2

—0 asn— o

HQn—l - QnH + B

and
lon —Tonll < llon —T"onll + [ T" 0n — T" 0n—-1l| + [ T" 0n—1 — T04||
<llon — T"oul| + kullon — on-1ll + leTn_lQn—l — on|
<llon — T"onl| + knllon — on-1ll
+ k1 (1T on-1 — on-1ll + llon-1 — onll)
— 0 asn — oo.
This completes the proof. O

Theorem 3.8. Let T : H — H be asymptotically nonexpansive. For arbitrary oy € K,
generate the sequence {p,} by the Algorithm 3.1. If T is completely continuos, then {o,}
converges strongly to some fized point of T in H.

Proof. From Lemma 3.7, lim ||o, — Tyl = 0. Therefore, there exists a subsequence
n—oo

{on,} of {on} such that limj_.o ||on, — Ton,|| = 0. Since {gn,} is bounded and T is
completely continuous, then {70, } has a subsequence {7 ank} which converges strongly.
Hence {on,, } converges strongly. Let lim; .o 0n; = p. Then lim; .o T0p; = Tp. Thus
we have lim;_. Hgnjk —Ton;, | = llp — Tpl| = 0. Hence p € F(T). From Lemma 2.1 and
Lemma 3.7 it follows that lim,_.. ||@n — p|| = 0. This completes the proof. O
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Lemma 3.9. Let E be the uniformly convex Banach space and T : E — E be asymptot-
ically nonexpansive mapping. Let {o,} € E be the sequence generated by Algorithm 3.1
and {t,} € (0,1) satisfying {t,} € [0,1 —5]. Then

(1) limy—eo [lon—1 — 0nll = 0,

(if) limp oo || 2255F2n — T (22t || = 0.

Proof. According to Lemma 2.3,

p
low — o°|I7 = |[(1 = ¢,) 2=t @0 |y pn(CuiFln)
2 2

oo (= on () )

p

p p
S (1 _ tn) On—1 + On % + tn Tn On—1 + On o Q*
2 2
. wp(tn)g (‘ Qn—12+ On ™ (Qn—12+ Qn> H)
On—1 + On * P On—1 + On * P
< (1= ty) 22T gl gy | SO
2 2
. wp(tn)g (‘ Qn—12+ On ™ (Qn—12+ Qn> H)

Qn—1+9n * P
B e—

5 —

= (1 —t, + tok?)

. wp(tn)g (‘ Qn—12+ On _m (Qn—12+ Qn> H) :
where
On—1 1 On * P . 1 * 1 * P
' 5 0 —H2(Qn—1 Q)+2(Qn 0")
<[ P Lgw— |
Y 5 llon — 0
1 N 1 "
< 5llen-1—e 17+ 5 llen—o [
Thus

low = 17 < (1=t 00k2) (5 hewr = 2717+ 5 lew = 1P

(e (7))

which implies that

%(1 —tn + tnkifl)
U= (1t + tokh)

wp(tn) (‘

1= Lty kD)

|on—1 — o*||

On—1 1 On _qm On—1 1 On
2 2 ’

|on — 0|7 <
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Let us assume that

s(L—ty+takp) to(kh — 1)
1—L1(1—t, +tukh) +1—%(1—tn—|—tnk£)
14 2t (kh — 1)
1—t,(kh —1)

By >0 (kh — 1) < oo, there exists ng € N such that for all n > ng, ki, —1 < 1, and
1 _tn(kfz - 1) > 57

which implies that

1 1
- - @ <z
1—t,(kh—1) = &
Also 1 1
= L1tk - 1))
2
1
< 90
-2
which yields that
1
> 2
1- %(1 —1n +tnk£) N
Hence 5
low =P < (14202502 - 1)) lws — 1
45p+1g On—1 + On _m On—1 + On
2 2 '
For M > 0,
* * 5
llon = "I < llon—1 = "I + 2MP (k7 — 1)

— 4¢Pty (I

On—1+ 0On _m On—1 1 On
2 2 ’

which implies that

457;-1-19 On—1 1 On _Tn(Qn—1+Qn)
2 2
*||P *||P P 5 p
< llen-1 = &*I° = llon — &"[I" +2MP (k7 = 1).

Thus
Qn 1+ 0n o Tn(Qn—12+ Qn)

L (e )

= * * 5
< (e = 217 = g - 1P+ 227 2502 - ).

J=1

10
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Hence o
Zg (I Qn—12+ On Tn(Qn—l + Qn)
j=1
It implies that
lim On—1 + On _ Tn (
n—00 2
From this, it can be easily see that
lim HQn—l - Qn“ =0.
n—oo

This completes the proof.

O

Lemma 3.10. Let E and T as in Lemma 3.9. Let {o,} be the sequence generated by
Algorithm 3.1, where {t,} € (0,1) satisfying {t,} € [0,1 —d]. Then lim, 0 ||0n —Ton| =

0.

Theorem 3.11. Let E and T as in Lemma 3.9. For arbitrary o9 € K, generate the
sequence {on} by the Algorithm 3.1. If T is completely continuos, then {o,} converges

strongly to some fized point of T in E.
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Abstract. The notion of hesitant fuzzy filters in lattice implication algebras is introduced, and several properties

are investigated. Characterizations of hesitant fuzzy filters are discussed.

1. Introduction

In the field of many-valued logic, lattice-valued logic plays an important role for two aspects:
One is that it extends the chain-type truth-value field of some well-known presented logic [1]
to some relatively general lattices. The other is that the incompletely comparable property of
truth value characterized by general lattice can more efficiently reflect the uncertainty of people’s
thinking, judging and decision. Hence, lattice-valued logic is becoming a research field which
strongly influences the development of Algebraic Logic, Computer Science and Artificial Intelli-
gence Technology. Therefore Goguen, Novak and Pavelka researched on this lattice-valued logic
formal systems (see [2, 10, 11]). In order to research the logical system whose propositional value
is given in a lattice, Xu [12] proposed the concept of lattice implication algebras, and discussed
their some properties. For the general development of lattice implication algebras, filter theory
and its fuzzification play an important role. Xu and Qin [14] introduced the notion of (implica-
tive) filters in a lattice implication algebra, and investigated their properties. Jun (together with
Xu and Qin) [3, 9] discussed positive implicative and associative filters of a lattice implication
algebra, and Jun [4] considered the fuzzification of positive implicative and associative filters of
a lattice implication algebra. In [13], Xu and Qin considered the fuzzification of (implicative)
filters.

Torra [16] introduced the hesitant fuzzy set which is a useful generalization of the fuzzy set
that is designed for situations in which it is difficult to determine the membership of an element
to a set owing to ambiguity between a few different values. The hesitant fuzzy set permits the
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membership degree of an element to a set to be represented by a set of possible values between
0 and 1 (see [16] and [17]). Jun et al. applied the notion of hesitant fuzzy sets to semigroups,
MTL-algebras and EQ-algebras (see [5, 6, 7, 8]).

In this paper, we apply the notion of hesitant fuzzy sets to the filter theory in lattice implication
algebras. We introduce the concept of hesitant fuzzy filters in lattice implication algebras, and
investigate several properties. We discuss characterizations of hesitant fuzzy filters.

2. Preliminaries

By a lattice implication algebra we mean a bounded lattice L := (L,V,A,0,1) with order-

13 7
/

reversing involution and a binary operation “ — 7 satisfying the following axioms:

M) z—(y—=2)=y—(x—2),
r—x=1,
r—oy=y —>a,

(xVy —z=(x—=2)A(y — 2),
(L2) (zAy) = z=(z— 2)V(y = 2),
for all z,y, 2 € L. We define a relation < on a lattice implication algebra L by x < y if and only
ife —y=1.
In a lattice implication algebra L, the following hold (see [12]):
(al) 0 »z=1,1—worx=zandx — 1= 1.
(a2) v -y <(y—z) = (z = 2).
(a3) z <yimpliessy - z2<zr—zand 2z >z <z > y.
(ad) 2/ =2 — 0.
(a5)
(a6) ((y—>x)—>y) =zhy=((z=y) =)
a7) z<(r—=y) =y
where z < y means z — y = 1.
A subset F of a lattice implication algebra L is called a filter of L (see [14]) if it satisfies:
(F1) 1 e F,
(F2) ze Fand z — y € F imply y € F

Q

for all z,y € L.
Let L be a reference set. Then we define hesitant fuzzy set on L in terms of a function H that
when applied to X returns a subset of [0, 1] (see [16]).
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For a hesitant fuzzy set H on L and z,y,z € L, we use the notations H, = H(z), HY =
H(z) N H(y), He(e) := H(z) Ne and HY(e) := H(z) N H(y) Ne where ¢ € £([0,1]). It is clear
that HY = H;, HY(e) € Ha(e) and

H,=H, & H, CH,, H, CH,
for all xz,y € L.
For a hesitant fuzzy set H on L and a subset ¢ of [0, 1], the set

L(H;e) ={x € L|eCH,},
is called the hesitant level set of H.

3. Hesitant fuzzy filters

In what follows, we take a lattice implication algebra L as a reference set unless otherwise
specified.
Definition 3.1. A hesitant fuzzy set H on L is a hesitant fuzzy filter of L if it satisfies the
following assertions.

(Vo € L) (Hy D Ha), (3.1)
(Ve,y e L) (M, 2 HI,,)) - (3.2)

Example 3.2. Let L = {0,a,b,¢,d, 1} be a set with the following Hasse diagram and Cayley
tables:

1 x| a =10 a b ¢ d 1
0|1 0|1 1 1111
b a al c alc 1 b c b1
c b|d bld al b a 'l
d cla cla a1l 1 a1
0 d| b dlb 1 1 b 11
10 110 a b ¢ d 1
[

Then L is a lattice implication algebra (see [15]). Let H be a hesitant fuzzy set on L which is
given as follows:

0.2,0.8] if z € {a,1},

H:L—2(0,1]), v~ { 0.3,0.7] otherwise.

Then H is a hesitant fuzzy filter of L.

Theorem 3.3. A hesitant fuzzy set H on L is a hesitant fuzzy filter of L if and only if the
hesitant level set L(H;e) of H is a filter of L for all e € Z([0,1]) with L(H;e) # 0.
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Proof. Assume that H is a hesitant fuzzy filter of L. Let ¢ € £([0, 1]) be such that L(H;e) # 0.
Then there exists a € L(H;¢e), and so H, 2 . It follows from (3.1) that H; 2 H, 2 € and so
that 1 € L(H;e). Let x,y € L be such that x € L(#H;¢e) and x — y € L(H;¢). Then ¢ C H, and
€ C Hysy. Using (3.2), we get H, D H7 , D e. Thus y € L(H;¢e), and hence L(H;¢) is a filter
of L for all e € 22([0,1]) with L(H;e) # 0.

Conversely, suppose that the nonempty hesitant level set L(H;e) of H is a filter of L for all
e e 2(0,1]). Forany z € L, let H, = &,. Then = € L(H;e,), and so L(H;e,) # 0. Hence
1 € L(H;e,), and thus Hy 2 e, = H, for all x € L. For any z,y € L, let H7 , = 6. Then
H, 2 6 and H,yy D 9, that is, v € L(H;6) and  — y € L(H; ). It follows from (F2) that
y € L(H;0) and so that H, 2 6 = H;_,, for all z,y € L. Therefore H is a hesitant fuzzy filter of

L. U

Proposition 3.4. Every hesitant fuzzy filter H of L satisfies:
(Ve,yeL)(z <y = H, CH,). (3.3)

Proof. Let x,y € L satisty x <y. Then x — y =1, and so
Hy D H,,, =Hi =Hs

T—Y

by (3.2) and (3.1). O

Theorem 3.5. A hesitant fuzzy set H on L is a hesitant fuzzy filter of L if and only if it satisfies
(3.1) and

(Va,y, 2 € L) (Moo 2 HIZY) . (3.4)

Yy—=z

Proof. Assume that # is a hesitant fuzzy filter of L. Since v — y < (y — 2) — (& — 2) for all
r,y,z € L, it follows from (3.3) that H,—y, € H(y—2) (=) and so from (3.2) that

Hoe DU o 2HIT

(y—=2)—>(xz—2 Ty

for all x,y,z € L.
Conversely, let H satisfy (3.1) and (3.4). Taking # = 1 in (3.4) and using (al), we have
Hz = Hl%z ) H;:Z = sz/—)z

for all y, z € L. Therefore H is a hesitant fuzzy filter of L. O

Theorem 3.6. For any hesitant fuzzy set H on L, the following assertions are equivalent.

(1) H is a hesitant fuzzy filter of L.
(2) (Vo,y,zel)(e<y—z = H.DH:).
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Proof. Suppose that H is a hesitant fuzzy filter of L. Let z,y,2 € L satisfy x < y — 2. Using
(3.2) and (3.3) implies that H, D HY ,, D HY.

y—z =
Assume that the second condition is valid. Since x <z — 1 for all z € L, we have H; 2 HZ =

H, for all z € L. Note that y < (y — x) — x for all z,y € L. Hence H, D HY_,, for all z,y € L.

Yy—x

Therefore ‘H is a hesitant fuzzy filter of L. 0

Theorem 3.7. A hesitant fuzzy set H on L is a hesitant fuzzy filter of L if and only if it satisfies
(3.1), (3.3) and

(Vz,y € L) (Hamyy 2 Hj) - (3.5)

Proof. Assume that H is a hesitant fuzzy filter of L. Then the conditions (3.1) and (3.3) are valid
by Definition 3.1 and Proposition 3.4. Using (3.1), (3.2) and (I2), we have
H(x—)y/)/ 2 %z%(x_)y,)/ 2 Hg({f — (y — (.ZU — y/)/>>
=Hi((z =) = (z =)
=H,(1)=H,
for all x,y € L. Hence (3.5) is valid.
Conversely, let H satisfy conditions (3.1), (3.3) and (3.5). Note that

(= (z—=y)) <y
for all x,y € L. It follows from (3.3) and (3.5) that
Hy 2 H(wﬁ(w%y)’)/ 2 Hi—w
for all x,y € L. Therefore H is a hesitant fuzzy filter of L by Theorem 3.3. U

Theorem 3.8. A hesitant fuzzy set H on L is a hesitant fuzzy filter of L if and only if it satisfies
(3.1) and

(Va,y,2 € L) (Hanw 2HY 0 ) (3.6)

(z—y)—x

Proof. Suppose that H is a hesitant fuzzy filter of L. Let z,y,z € L. Since x < z — x and
y < z — y, we have

(z—=y < (z—>y = (z—z)<y—(z—>2).
It follows from (3.2) and (3.3) that
How O HY O H

)
y—(z—z) = (z—y)—a”

Hence (3.6) is valid.
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Conversely, let H satisfy conditions (3.1) and (3.6). If we take z = 1 in (3.6) and use (al),
then

ch = Hl—m 2 H:E/1—>y)—>z = Hg—m
for all x,y € L. Therefore H is a hesitant fuzzy filter of L. O

Let H be a hesitant fuzzy set on L and a € L. We consider the set
H ={xeL|H, CH,}.

Obviously, a € H;”. If H is a hesitant fuzzy filter of L , then 1 € H_’ since H; O H, for all z € L.
Let #H satisfy the condition (3.1). Then there exists a € L such that H,’ is not a filter of L as
seen in the following example.

Example 3.9. Consider the set L = {a; |i=1,2,--- ,n}. For any 1 < j, k < n, define
aj V ag = Gmax{jk}
aj N\ Qg = Qmin{jk}
(a;)" = an—ji1,
aj — Gk = Qmin{n—j+kn}-

Then (L,V,A,,—) is a lattice implication algebra which is called the Lukasiewicz implication
algebra (of order n) (see [15]). The Lukasiewicz implication algebra L = {0,a,b, ¢, 1} of order 5
is represented by

\

1 x| =10 a b ¢ 1

. 01 01 1 1 11

al c alc 1 1 1 1

b bl b blbc1 11

a cla cla b c 1 1

0 110 110 a b ¢ 1

Let H be a hesitant fuzzy set on L defined by

((0.2,0.3) U (0.6,0.8] if z € {0,c},

‘ [0.1,0.3) U (0.5,0.9) if 2 = a,

L= 2000, w29 105 08)0(06,09) if 2= b,

[0.1,0.3] U[0.5,0.9] ifz=1.

Then H;” = {a,b, 1} is not a filter of L since a - c=1€ H,” and a € H;”, but ¢ ¢ H;".
We provide conditions for the set H_” to be a filter of L for a € L.

Theorem 3.10. Let a € L. If H s a hesitant fuzzy filter of L , then H,” s a filter of L.
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Proof. Obviously 1 € H,” by (3.1). Let x,y € L satisfy v — y € H,” and x € H,’. Then
Hoosy 2 Ho and H, O H,. It follows from (3.2) that

My DM, D H,

il

Thus y € H,” and H,” is a filter of L. O

Theorem 3.11. For any a € L and a hesitant fuzzy set H on L, we have the following assertions:
(1) If H? is a filter of L, then H satisfies the following implication.

(Vo,y € L) (Ho CHL,, = Ha CH,y). (3.7)
(2) If H satisfies (3.1) and (3.7), then H, is a filter of L.
Proof. (1) Assume that H,” is a filter of L for a € L. Let z,y € L be such that
Ha CH;

Then v — y € H;” and x € H,’. Since H,” is a filter of L, it follows that y € H_’, that is,
Ho, C H,y.

(2) Suppose that H satisfies (3.1) and (3.7). Let z,y € L be such that  — y € H,” and
v €H,. Then H, C H,, and H, C H,, which implies that H, C H7_, . It follows from (3.7)
that H, C H,, i.e., y € H,’. Since H satisfies (3.1), we have 1 € H,’. Therefore H,’ is a filter of
L. O

For a fixed element a € L and a hesitant fuzzy set H on L, let [aH] be a hesitant fuzzy set on
L given as follows:

laH] : L — 2(]0,1]), xr—){ g1 ifa<u,

€9 otherwise

where 1,69 € ([0, 1]) with 1 2 es.
Let L = {0, a,b,c,1} be the lattice implication algebra in Example 3.9. For b € L, the hesitant
fuzzy set [bH] on L which is given by

0.2,07] ifb<z,
[0.3,0.6] otherwise
is not a hesitant fuzzy filter of L since [bH], = [0.3,0.6] 2 [0.2,0.7] = [bH]°_,,.

Given a € L, we provide conditions for the hesitant fuzzy set [aH] to be a hesitant fuzzy filter
of L.

WH] : L — 2([0,1]), x> {

Theorem 3.12. Given a € L, the hesitant fuzzy set [aH] is a hesitant fuzzy filter of L if and
only if the following assertion is valid.

Ve,ye L) (a<y—z, a<y = a<uz). (3.8)
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Proof. Suppose that [aH] is a hesitant fuzzy filter of L and let z,y € L satisfy a < y — x and
a <y. Then [aH],,, = &1 = [aH],, and so [aH], 2 [aH])_,, = 1. Thus a < z, which satisfies
the condition (3.8).

Conversely, assume that the condition (3.8) is valid. Note that

L if € g €2,
L(laH];e) =< {x € L]a<z} ifey CeCey,
0 otherwise

For the case of g5 C ¢ C &y, obviously 1 € L([aH];€). Let x,y € L be such that = € L([aH]; )
and x — y € L([aH];e). Then a < z and a < x — y, which imply from the hypothesis that
a <y, that is, y € L([aH]; ). Hence L([aH];¢) is a filter of L whenever it is nonempty. Therefore
[aH] is a hesitant fuzzy filter of L. O

Theorem 3.13. For a subset J of L, let G be a hesitant fuzzy set on L given as follows:

g ifxed,
€9 otherwise

G:L— 2(0,1)), :L‘r—>{

where 1,69 € P([0,1]) with &1 2 e3. Then G is a hesitant fuzzy filter of L if and only if the

=

following assertion is valid.

Ve,ye J)(Vze L) (x,ye J, y<x—2z = z€J). (3.9)
Proof. Note that
L if&?gc‘?z,
L(G;e) =< J ifey CeCey,

) otherwise

Assume that G is a hesitant fuzzy filter of L. Then J = L(G;¢) for e5 C e C ey, and J is a filter
of L. Let z,y,z € L be such that z,y € Jand y <z — 2. Theny — (x — 2) =1 € J, and so
z e J.

Conversely, let G be a hesitant fuzzy set on L and suppose that (3.9) is valid. Since y < 1 =
x — 1forall z,y € L, we have 1 € J by (3.9), and so 1 € L(G;¢) fores C e Cey. Let x,y € L
be such that y € J = L(G;¢) and y —» = € J = L(G;¢) for e C e Cgy. Since y < (y — z) — «x,
it follows from (3.9) that x € J = L(G;¢). Hence L(G;¢) is a filter of L for all € € £(|0, 1]) with
L(G;e) # 0. Therefore G is a hesitant fuzzy filter of L. O
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3D Green’s Function and Its Finite Element
Error Estimates

Jinghong Liu*and Yinsuo Jia

In our previous article, we introduced the definition of the 3D Green’s func-
tion, and gave some estimates for this function. In this article, we will give the
finite element approximation to the 3D Green’s function. Moreover, some error
estimates between 3D Green’s function and its finite element approximation are
derived, which will be used to the local superconvergence analysis.

1 Introduction

Superconvergence study is still an important topic in the finite element method,
and the Green’s function plays very important roles in the study of the su-
perconvergence (especially, pointwise superconvergence) of the finite element
method (see [1-9]). As for the global superconvergence, we know that the dis-
crete Green’s function and the discrete derivative Green’s function are usually
used. However, as for the local superconvergence, we need to use the Green’s
function which is independent of the mesh-size h. In our recent articles, we
have introduced the definition of the 3D Green’s function and its some esti-
mates. This article will focus on the finite element approximation to the 3D
Green’s function.

we shall use the symbol C' to denote a generic constant, which is independent
of the mesh-size h and which may not be the same in each occurrence and also
use the standard notations for the Sobolev spaces and their norms.

In this article, we consider the following Poisson equation:

Lu=—Au=f in, u=0 on N,

where Q C R? is a bounded polytopic domain. The weak formulation of the
above equation reads,

Find u € H}(Q) satisfying (1.1)
a(u, v) = (f,v) for all v € HZ (), '

*School of Information Science and Engineering, Ningbo Institute of Technology, Zhejiang
University, Ningbo 315100, China, email: jhliul129@sina.com

TSchool of Mathematics and Computer Science, Shangrao Normal University, Shangrao
334001, China, email: jiayinsuo2002@sohu.com
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LIU, JIA: ERROR ESTIMATES FOR THE 3D GREEN’S FUNCTION

where
a(u,v)= | Vu-VovdX, (f,v)z/fvdX.
Q Q

Let {7"} be a regular family of partitions of 0. Denote by S(£2) a contin-
uous finite elements space of degree m(m > 1) regarding this kind of partitions
and let SZ(Q) = S"(Q) N HL(Q).

For every Z € €, we define the discrete § function 8% € SP(Q2), the dis-
crete derivative functlon Dz.00% € Sh(Q), the regularlzed Green’s function
Gy € H?*(Q) N H(Q), the regularized derivative Green’s function dz,G% €
H?(Q) N H (), the discrete Green’s function G% € S}(Q2), the discrete deriva-
tive Green’s function dz,G% € SPH(2), and the L%-projection P,u € S§ () such
that (see [9])

(v, %) =v(Z) Yov e SH), (1.2)

(v, 9z,0%) = Ov(Z) Vv € Si(), (1.3)
a(Gy, v) = (6%, v) Vv e HL(R), (1.4)
a(072,G%, v) = (0z,0%, v) Yv e H(Q), (1.5)
a(G%, v) =v(Z) Yve SHHQ), (1.6)
a(Dz,4Gh, v) = dv(Z) Yv € SH(Q), (1.7)
8)

(u — Ppu, v) =0 Yv € SHQ). (1.

Here, for any direction £ € R3, [(| = 1, 07,40%, 07,G"%, and dpv(Z) stand for
the following onesided directional derivatives, respectively.

h }ZLJrAZ - 6% h G%JrAZ B CTV}ZL
Oze0z = JMm ——iazr 92402 = M — Az
L w(Z+AZ)—u(Z)

o (Z) = \Aléﬂo A7 = |AZ|L.

As for Gy, 02.G%, G%, and 074G, we have obtained some optimal estimates
(see [4-6]), which will be used in next section. From (1.4)-(1.7), we easily
find G% and 9z ,GY are the finite element approximations to G and 9z,G?%,
respectively.
For the L?-projection operator P, we have (see [4])

Lemma 1.1. For P,w the L?-projection of w € LP(Q), we have the following
stability estimate:

1Puwllo.p.2 < C*llwlo.p.ar (1.9)

wheret:‘l—%‘, and 1 < p < o0.
Further, by Lemma 1.1, we easily obtain the following result:

= Pawllo.pe < (1+CY) inf fw—vlo .0, (1.10)
veShQ

0
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where 1 < p < co. Using the result (1.10), we easily obtain
|1 Prwl1,p, 0 < Cllwl1,p,a, for 3 <p < oo. (1.11)

In addition, we also assume the following a priori estimate holds.
Lemma 1.2. For the true solution u of (1.1), there exists a qo(l < qo < 00)
such that for every 1 < q < qo,

[ull2.q.0 < C(@)[[Lullo,q. 0- (1.12)

2 Regularized Green’s Function and Its Finite
Element Approximation

We introduce two weight functions defined by
_3 _
p=(X—-2ZP+6* 2 and7=|X-Z|? VX €Q,

where Z € Q is a fixed point, § = vh, and v € [3, +00) is a suitable real number.
They will be used in this section and next section.

In [4], we derived the following Lemma 2.1 (see (2.62) and (2.63) in [4]).
Lemma 2.1. Suppose qo > 3. For G% and G% defined by (1.4) and (1.6),
respectively, we have

|Gy — G’;le < Ch|V?Gy

1 < Chnhs . (2.1)

Lemma 2.2. For G and GY defined by (1.4) and (1.6), respectively, we have

N h V1<oz<§—3when3<q0<67
67 = 68l < @ 1 2021 Va2 22
Proof. Similar to the proof of the result (2.43) in [4], we have
1G = GLII; - < CR2|IV2GY | +C |Gy = Ghlo vz (23)

We easily obtain

|Gy = G5 -ars = (67 H(Gy - GY), Gy — G
a(v, G — G) = a(v — v, G — G%)

< |Gy - GY| ou v —1IV] 4
% h 12 2 (24)
S €|GZ_GZ‘17¢—Q +C(E) |U_HU|1,¢O‘
< e|Gy—Gh[L .+ Cen? | VRl
’ 2
IR LS

73

where Lo = ¢~F3 (G — Gb).
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2

Note that the result |V?2 < CH? ’V((ﬁ“"‘*‘%(G*Z - Gh)) ot in (2.4)
3

should satisfy one of the following two conditions: (1) 1 < @ < 3 — 2 when

q0
3<qgp<6;(2)1l<ax< % when ¢g > 6. In addition,

2
V] 4o

2 2
Veriey -ap)|,
Q
¢ [ o8 (VoI PIGy — G + (67 PIV(G; — GYR) ax

* 2 * 2
c (’GZ - G%|1,¢w +Gz - G%an*“%) :

Combining (2.4) and the above result, we have

2 2 2
(G - Gy + o7 V(G - G| ax

IN

IN

|67 = G4ll5-es < cloz—GHL
+CEm0 (|G = LI, + 116 = Gh|[5-ars)

= €|G*— h!fd)a
+CEe (6% = G4I} o + 167 = G503 -

(2.5)
Choosing 7 € [3, +00) in (2.5) such that 0 < C(e)y~2 < min(e, 3), we have

G = GBI} ors <de|Gy - GY5 , - (2.6)
Taking a suitable € € (0, +00), from (2.3) and (2.6), we obtain
|G = GYl, 4-o < Ch|V2GZ (2.7)
We can prove
V2674 < C %] 40 +CIGEI, —arg < +ONGZl -arg - (2:8)
¢ ¢ @ @

Further, from (1.4), (1.8), (1.9), (1.12), and the Sobolev Embedding Theorem
[10], we have

1G% H¢-+4‘*(Gz,¢ “t5Gy) = a(Gy,w)

oA s
Puw(2) < | Patwllg o < C 0l < C w0l < € 07436

4 % (3-)p
= C (/ ¢(3—a)p|G}|de> <C (/ T
Q Q

Here we choose p such that
to prove

0,p

4 .
¢7F8

22—717
dX) e

3 Oc)p

< 1. It is easy

/ oI 4x < O(a).
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Thus we have

1GZ]] 4-arg < Cl). (2.9)

o 3

From (2.7)—(2.9), the result (2.2) is obtained.
Lemma 2.3. For 07,G% and 97,G"% defined by (1.5) and (1.7), respectively,

we have

102,6G% — 824G%]|, 4o < cn (2.10)
wherel<a<§—ql0 when3<q0<6and1<a<§whenq026.
Proof. Similar to the result (2.7), we have

||8Z’5GZ D7.4GY ||1 o S ChHV2BZ’4G*ZH¢,Q. (2.11)
In addition

IV202:G% |- < CllOzed%]], . +C 102.6GH |l a4 2.12)
3a 5 .
< Ch7z + 002467 -art -

Further, from (1.5), (1.8), (1.11), (1.12), the inverse inequality, the Sobolev
Embedding Theorem [10], and the Hélder inequality, we have

102.6G%I7 v = (024G, &~V 3024G%) = a02.0%, w) = dzePrw(Z)

IN

|Prwly o < Ch™4 |Pyw|, , < Ch™ 4 |, , < Ch™4 ||,

Laaz,gezHo —Ch™4 ( / ¢><§“>S|az,er|8dX>
,8 Q

_3 (F-o)s = .
on ([ 0" ax) T oGl iy
Q

_ _6 1_1_1 i
Here we choose s = =—5- and i~ s 3 Obviously,

(A) 3 <5< 32 and 3 < g < gy when 3 < gy <6,
(B)2<S<Zand3<q<6Whenq0>6.

In the meantime, we have (32%*) = 1. By the result (2.14) in [4], we then
get
(éf = 4-3
< o ) < Ol

||3Z,EG}||¢7Q+4 <C

Ch™4

IN

IN

Thus we have

(2.13)

(a 1)

From (2.11)~(2.13), [|02,G% — 02.G% ||, ,-. < Ch
of the result (2.10) is completed.
Lemma 2.4. For G and GY defined by (1.4) and (1.6), respectively, we have

[In h\ . The proof

ez — 6%

p 3
I g{ ChF" |lnh| l<p<? (2.14)
p

C’h|lnh| , p=1
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Proof. When p = 1, the result can be seen in [4]. Thus we only need to prove
the case of 1 < p < % By the Holder inequality, we have

1G% =G5, < (/ﬂdﬂfp dX) Cley -6yl (215)

From (2.13) in [4],

6—6p
-p

/ ¢TF dX < Ch= (2.16)
Q

3

Combining (2.1), (2.15), and (2.16) yields |Gy — G}, < Ch™7" [nh| . The
proof of the result (2.14) is completed.

3 Finite Element Approximation to the 3D Green’s
Function

In this section, we discuss the 3D Green’s function and its finite element ap-
proximation. We call Gz Green’s function which satisfies the following Theorem
3.1.

Theorem 3.1. There exists a unique Gz € Wy P(Q) (1 <p < 3) such that

/ 1 1
a(Gz,v) =v(Z) Yve WP (Q), St = 1. (3.1)

Proof. We first prove the uniqueness of Gz. Suppose there exists another
Green’s function G, € W'*(Q) satisfying (3.1). Set Ey = Gz — G, thus
a(Ez,v) =0 Vuve Wol’p/(ﬂ). (3.2)

5, for each ¢ € L¥'(Q), there exists a w € W2 N Wol’p,(Q)
such that Lw = ¢. Obviously, sgnEz|Ez|P~! € LP(Q), thus we can find
w e WP N W, (Q) such that Lw = v. Then we have

When 1 < p < 3

||EZ||8,;D = (EZ7SgnEZ|EZ|p_1) = a(EZ’w)’ (33>

From (3.2) and (3.3), ||EZ||07p =0, i.e., Gz = G%. Similarly, when p = 1, we
can also prove Gz = G';. Thus we have completed the proof of the uniqueness.

Next, we prove the existence of Gz. We give a series of finite element spaces
Spi(Q), i =0,1,2, - satisfying St (Q) C ng (©) when i < j, where hg = h and
%hi,l <h; < %hi,l. Let G},i be the regularized Green’s function for the finite
element space Si7 (), and G}Z” the discrete Green’s function. Their definitions
can be seen in Section 1. Obviously, we have a(G7,; ; — G% . v) =0 Vo €
S5 (Q). Similar to the proof of the result (2.14), we have for 1 < p < 3

3—2p
P

hi T 1
|Gt %, <on mnge
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which combined with (2.14), we get

3-2p N
||G*Z,’L+1 - *Z*iHLp S Chl P |1n hl‘ﬁ . (3.4)

Thus

oo oo 721’ h é

3-2p 1

Z |GZ.is1 — Hlp Z ( > n?’ <Ch» |lnh|®. (3.5)

=0 =0
Set

Gz =Gy + Z( Zi+1 — G74)-

=0

Thus we have Gz € W, *(Q). From (3.5),

|Gz — ||1p < Ch's |1nh| (3.6)
Similarly, when p = 1, we have
1Gz = GZll1, < Chmhl>. (3.7)

Therefore, for 1 < p < 3, we have G}, ; — Gz inW'?(Q) wheni — oco. Using
(1.10) and the interpolation error estimate, we obtain

_3
lv = Pyollo, o, < Cllv = Tvllo, 00,0 < OB 7 [[0]l1 47, 0, (3.8)
/ 1,p’

where 3 < p’ < oo. Thus, for every v € Wy (), we have by (3.6)—(3.8)

a(Gz,v) = hm a(G%;,v) = lim Ppv(Z) =v(Z).
— 00 71— 00
The proof of Theorem 3.1 is completed. Now we show Gz is independent of h.
Suppose there ex1sts a Green’s function Gz for the mesh- 51ze h. In addition,
JLZ 1< h; < hZ 1 and ho = h. Thus, for every f € i (), we choose v €
w2y (~Q)DWO”’ (Q) such that Lv = f. Then we get (Gz, ) = a(Gz,v) = v(Z)
and (GZaf) = a(GZ~>U) = U(Z) Thus, (GZ,f) = (GZaf), i~e'a (GZ - GZ»f) =
0. So we get Gz = Gz. Namely, Gz is independent of h.
In addition, we find

a(Gz, v) =v(Z) Yve SHQ) c w7 (Q). (3.9)

Combining (1.6) and (3.9), we have a(Gz — G%, v) = 0 Vv € S}(Q). Thus G%
is the finite element approximation to Gz. Further, we have the following error
estimates.

Theorem 3.2. For Gz and G% defined by (3.1) and (1.6), respectively, we have

ot |1nh| l<p<?2,
Gy - Gh < 2 3.10
|| Z ZHL;D_{ Ch|lnh| ’p_L ( )
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where C is independent of h and Z.

Proof. From (2.14), (3.6), (3.7), and the triangular inequality, we immediately
obtain the result (3.10).

Theorem 3.3. Suppose qo = oo, for Gz and G% defined by (5.1) and (1.6),
respectively, we have

Gz — G|, < Ch* |, (3.11)

where C' is independent of h and Z.
Proof. For every ¢ € L>®(1), there exists a unique v € W2°°(Q) N H () such
that Lv = ¢ and

(Gz - G%, p) =a(Gz — G}éav) =a(Gz,v —wvp) =v(Z) —vn(Z), (3.12)
where vy, is the finite element approximation to v. From (1.10),
0(2) = Puo(2)| < |[v = Puvlly oo < Cllv =TIl o < CR74 [0y, (3.13)

where 1 < ¢ < ¢o. In addition, by (2.14), the Holder inequality, and the
interpolation error estimate, we have

|Pav(Z) = on(2)] = la(v = vr, G)| = |a(v — v, G — G)]
= la(v—Tv, Gy, = GY)| < C|Gy = G|, , o = Tivll, (3.14)
Ch?~% [nh|? [lu]l,,, -

IN

From (3.12)—(3.14), and the triangular inequality,

_3 2
(Gz = Gl 0)| = 0(Z) — vn(Z2)| < CR*" % |3 o]y, -

From (1.12),
Gz = Glo)l < C@h*™ 7 bl el (3.15)
Because of ¢y = oo, we can take ¢ = |Inh| < go in (3.15), and we have C(q) <
Cq. Thus, )
(Gz = G 0)| < CR* bl [|p]lg o - (3.16)

From (3.16), we know the result (3.11) holds. So, the proof of the result (3.11)
is completed.
Theorem 3.4. For Gz and G defined by (3.1) and (1.6), respectively, we have

IGz = GY|, .. < ChlmA|s, (3.17)
Vi<a<2—2 when3 <qy <6
_h < 3 qo 0 ’ 1
67 -G8l < @r{ (1202 L me @19
where C is independent of h and Z.
Proof. Obviously, 77% < =% when k > 0. Thus from (2.1) and (2.2),
|Gy = G4, < ChlmA|® (3.19)
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Vi<a<
Vi<a<

—q% when 3 < ¢y < 6,

2
when ¢o > 6, (3.20)

6~ Gl . = Clen {

SN [S)]

Similar to the arguments of Theorem 3.1, we can obtain the results (3.17) and
(3.18). Obviously,

4—3a
)

< CR*r |Inh|

(3.21)
Where1<a<§fq%when3<q0<6and1<a<%WheanZG. Adopting
the techniques in the proof of Theorem 3.1, we can derive by (3.21)

02.6G% — 02,G, < |02,6G% — 02,.G,

Hl,-r*u - H17¢—a

e N . 3(a—1) 4-3a
Y 020G i1 = 020G7ll, o <Ch™ T [Inh| .
1=0

Set

[ee]
F= 8Z,€G*Z + Z(aZ,ZG*Zﬂ‘-H - 6Z,€G*Z,i)'
1=0

: G —Gy.
Here, ||F'[|17-« <00 and 9z,G7%; = limjaz|—o %, AZ = |AZ|L. By

the arguments of Theorem 3.1,

o0
j— * * *
Gzynz = Gziaz+ Z(GZ+AZ,¢+1 = Goaz4)
i=0
o0
_ * * *
Gz = Gz+ Z( Zi+1— Gz4)-
i=0
_1 Gzinz—Gz _
Thus we have F' = limjaz| 0 A = 0z,Gz. Namely,

6272(;2 = aZ7gG} + Z(aZfG},i+l - 8272G27i), ||8Z7[GZH1’7—70¢ < 0. (3.22)
=0

We write Ws() = {v : tlon = 0, [[ollrs < oo} From (3.22), 07,Gy €
W_o(9). Further, we can obtain the following Theorem 3.5.
Theorem 3.5. There exists a unique 0z,Gz € W_4(Q2) such that

a(0z,0Gz,v) = 0v(Z) Yv € Wo(Q) NCF(Q), (3.23)

wh@rel<oz<gfql0 when3<q0<6and1<a<%wheanZG.
Proof. From (3.22),

3(a—1) 4-3a

HaZ’zGZ - aZ,fG*Z”LT—& <Ch™ =2 |1nh| 6 (324)

Namely, 0z,G%y — 07,Gz inW_,(Q2) whenh — 0. Then we have by (1.3),
(1.5), and (1.8)

a(az’ng,U) = }ILILHO a(azng},’U) = }ILILI}) (%th(Z). (3.25)
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From (1.11), |lv = Pyvl; o < Clv —1Iv||, o < Chllvll,, - That is

|[v = Ppoll; oo — 0 whenh — 0. (3.26)
Combining (3.25) and (3.26) yields
a(0z,0Gz,v) = Opv(Z). (3.27)

The uniqueness of Jz Gz satisfying (3.27) can be similarly proved as that of
Gz in (3.1).

By (3.21), (3.24), and the triangular inequality, we immediately obtain the
following result (3.28).
Theorem 3.6. For 0z ,Gz and 87,GY% defined by (3.23) and (1.7), respectively,
we have

3(a—1)

102.6Gz — 024G, . < CR™T" lnh| =, (3.28)

wherel<a<g—q30 when3<q0<6and1<a<§whenq026.
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Abstract
In the paper, by establishing a Riemann—Liouville fractional integral identity involving an
n-times differentiable function, the authors present some Hermite-Hadamard type inequalities
involving Riemann—Liouville fractional integrals for s-convex functions.
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1 Introduction

Throughout this paper, let R = (—o0,00) and Ry = [0,00), use I C R and I° to denote an interval
and the interior of I respectively, and utilize N to denote the set of all positive integers.
The following definition is well known in the literature.

Definition 1.1. A function f: I C R — R is said to be convex if
fOz 4+ (1 =Ny) <Af(z) + (1 =N f(y)
holds for z,y € I and A € [0, 1]. If this inequality reverses, then f is said to be concave on I.

The most important inequality in the theory of convex functions, Hermite-Hadamard’s inequal-
ity, may be stated as follows. If f is a convex function on [a, b], then
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If f is concave on [a,b], then the inequality (1.1) is reversed. See [6], for example.
The inequality (1.1) has been generalized in many articles. Some of them may be recited as
follows.

Theorem 1.1 ([2, Theorem 2.2]). Let f : I° C R — R be a differentiable mapping on I° and
a,b e I° witha <b. If |f'(x)| is convez on [a,b], then

‘f ) + f(b) —a/f

Theorem 1.2 ([7, Theorem 1]). If f is differentiable on [a,b] such that |f'(z)|? is a convex function
on [a,b] for ¢ > 1, then

‘f(a);f _a/ fa ‘ <|f< >|q;f’<b>|q>”‘{

Theorem 1.3 ([5, Theorem 2.3]). Let f : I — R be differentiable on I°, a,b € I° with a < b, and
p> 1. If |[f'(x)[P/®=D) is convex on [a,b], then

a+b 1 b b—a 4 /p
()it [ el 5 ()

AU @ D431 D] 81 @) OO ) D)

(b —a)(| (@) [+ (O))
8

For more information, please refer to [2, 5, 6, 7] and references therein.
In addition to the classical convex functions, the class of functions which are s-convex has been
introduced in [4] as follows.

Definition 1.2 ([4, p. 100]). A function f : Ry — R is said to be s-convex for some fixed s € (0, 1]
if fitz+ (1 —t)y) <t5f(x)+ (1 —1)*f(y) holds for all z,y € Ry and ¢ € [0, 1].

It is obvious that when s = 1, the so-called s-convexity reduces to the ordinary convexity of
functions defined on Ry.
Some inequalities of Hermite—-Hadamard type for s-convex functions may be narrated as follows.

Theorem 1.4 ([3]). Suppose that f : Ry — Ry is a s-convex function for s € (0,1) and let a,b € Ry
and a <b. If f' € L1([a,b]), then

23—1f<a;b>§

The constant — is the best possible in the right hand side inequality in (1.2).

_ f@)+ )
- s+1

(1.2)

Theorem 1.5 ([ D Let f: I TRy — R be a differentiable mapping on I° such that f' € L1([a,b]),
where a,b € I and a <b. If |f'|? is s-convex on [a,b] for some fized s € (0,1], ¢ > 1, and p = qzl7
and if |f'(x)|< M, then

/abf(“dt‘g <1+Ai>1/p<si1>1/q[(x_aif§b—“2 )

@) - 52
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For more results about s-convex functions, one can see [1, 3, 4, 8] and references therein.

Definition 1.3 ([9]). Let f € Li([a,b]). The Riemann-Liouville integrals J¢, f and J;* f of order
a > 0 with b > a > 0 are defined by

x b
T f@) = g [ @0 awd @) = s [ oo

for x € (a,b) respectively, where I is the classical Euler gamma function defined for Pe(z) > 0 by
= [, e “u*~ !t du. Moreover, define J{_ f(z) = J°. f(z) = f(x).

In the case o = 1, the fractional integral reduces to the classical and usual integral.
Very recently, Hermite-Hadamard’s inequality was extended in [9] to the case of Riemann—
Liouville fractional integrals.

Theorem 1.6 ([9, Theorem 2]). Let f : [a,b] — R be a positive function with 0 < a < b and
x € [a,b]. If f is a convex function on [a,b], then

f(a -; b) < 2F((ba_+a;l (T8 F(b) + i f(a)] < M e

Theorem 1.7 ([9, Theorem 3]). Let f : [a,b] — R be a differentiable mapping on (a,b) and a < b.
If |f'| is convex on [a,b], then

fla)+f(b) _ Tle+1)
2(b—a)>
Theorem 1.8 ([10, Theorem 7]). Let f : [a,b] C Ry — R be a differentiable mapping on (a,b) with

a < b such that f' € Li([a,b]). If |f'| is s-convex on [a,b] for some fized s € (0,1] and |f'(z)|< M,
then

e 10+ 35 @) < 5 (1 56 ) IF@HT O] a0

el R o) - G 1)+ 2 £(0)
M I(a+1)(s+ 1)} (x —a)*™ 4 (b — x)ot!

< 1
“b—a + MNa+s+1) a+s+1

, a>0, z€lab].

For recent development on fractional calculus, one can see the monographs [9, 10, 11] and the
references therein.

Motivated by the above results, we establish a Riemann—Liouville fractional integral identity
involving a n-times differentiable mapping and give some new Hermite-Hadamard type inequalities
involving Riemann-Liouville fractional integrals for s-convex functions.

2 A lemma

In order to obtain our main results, we need the following lemma.

Lemma 2.1. Forn € N and a < b, let f : [a,b] C Ry — R be an n-times differentiable mapping
on (a,b) and o > 0. If f) € Ly([a,b]), then
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I'a+n an )b—a
Qéj@iuﬁﬂ + I f ;% a+k+ ;U“N@+cﬁﬁﬂ“wﬂ
(b—a)

5 /0 (=D)L =)ottt =1 f ) (4 4 (1 — t)b) d .

Proof. When n = 1, by integrating by part in the right-hand side of (2.1), we have

b;aé[u—¢w—wﬂf@w+ﬂ—ﬂwdt

:ﬂw;ﬂ@_gAﬁa_@wkquﬂm+u—wmm,@w

where

! «o brg—a\*! o
a/o (1= )" f(ta + (1 — )b)dt = bia/a (b > f@)dz = uJb fa) (22)

—a

and

v .« brb—a\ ~ Tla+1)
a/o t* f(ta + (1 — t)b)dt = b_a/a <b_a> flx)dz = WJa+f() (2.3)

Substituting (2.2) and (2.3) into (2.1) yields the identity (2.1) for n = 1.
When n = m — 1 and m > 2, suppose that the identity (2.1) is valid. When n = m, by the
hypothesis, we have

(b—a)™
2

_ (b - C;)m— {[f(m—l)(a) + (_1)m—1f(m—1)(b)]

/1 [(—=1)m= (1 — gy>tm=t —godm=1] p(m) (3q 4 (1 — 1)) d ¢t
0

+(a4+m-—1) /01 [(_1)m—2(1 _ t)a+m—2 _ toz+m—2] f(m_l)(ta +(1—t)b) dt}

_ (b - ;)m— [f(m—l)(a) + (_1)m—1f(m—1)(b)]
(a+m—1)(b—

2
(£ a) + (=)D ()]
(@+m—1DT(a+m—1)(b—a)
kZ:o 2l (a+ k+1)
~(a+m-—DI(a+m—
2(b - a)*

D(a+ m)( b—a) D(a+m), ., N
ﬂa+k+m[ﬂW@+vwWWw»@@_WJ@J@+%JMn

a)m 1 /01 [(_1)m—2(1 _ t)oz-l—m—Z _ ta+m—2] f(m—l)(ta + (1 _ t)b) dt

(b-

a)mfl
2
-2

+ [f® (@) + (=1)" ()]

Y e £0) + I f(a)]

m—1

k=0
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Therefore, when n = m, the identity (2.1) holds. By induction, the proof of Lemma 2.1 is
complete. ]

Remark 2.1. When n =1in (2.1), we obtain the identity

a a —a [!
f( );f(b) _ ;(E) _‘tl;i [J2 f(b) + J2- f(a)]= b 5 /O (1 =) =] f'(ta+ (1 — t)b) dt,

which is the identity established in [9].

3 Hermite-Hadamard type inequalities involving Riemann—
Liouville fractional integrals

Now we start out to establish some new Hermite-Hadamard type inequalities involving Riemann—
Liouville fractional integrals for s-convex functions.

Theorem 3.1. Forn € N and a,b € Ry with a < b, let f : Ry — R be an n-times differentiable
function on Ry such that f € Ly([a,b]). If |f™|9 is s-convex on [a,b] for ¢ > 1 and some fized
€ (0,1], then

Hatn) o o S Tletn)b—a)t g 1)k )
2(b — a)® [Ja+f(b)+Jb—f(a)] kX:;) ot E T D) [f B (a) + (—1)kfk (b)]
b—a)” q 1 N q 1/q
B 2(oz(+n)1)1/q{[3(3+1’0‘+”)|f(")(a)’ +m’f( (b)) }

1/q
+ {@‘f(n)(a)‘q—i—B(s—&—1,oz+n)|f(")(b)’q] },

where o > 0 and B is the classical Beta function which may be defined for Re(x) > 0 and Re(y) > 0
by Bla,y) = [, t*~1(1 —t)r~1dt.

Proof. By Lemma 2.1, s-convexity of |f(™)[9, and Holder’s inequality, we obtain

Pla+n) ., o (e +n)(b—a)k
2o —aye IO+ I F@] =2 Sy TR @ <—1>’“f“f><b>]\
—a)" 1 1
< % |:/0 (1— t)a+"71|f(n)(ta +(1— t)b)|dt+[) ta+n71|f(n)(ta +(1- t)b)}dt:|

< _2(1)“ { Uol(l —t)etnt dt} o [/01(1 =)t fM (e + (1 - t)b)\th} v

1 1-1/ap r1 1/q
+[/ t“+"_1dt] [/ t@+"—1\f<">(ta+(1—t)b)|th] }
0 0

(b—a)"
~ 2(a+n)t-1a

1/q

(L[ 0-rrigonsapeigooral
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1 1/q
+ |:/ (ta+n+sfl |f(n ’ _|_toz+n 1 |f n) | ) ] }
0

= (b_a)n{ [B(s +La+n)|f"(a)]"+

1/q
2(a+n)t-1/a ’f(n)( )| ]

a+n—+s

1/q
+ [a+n+s‘f(n) )’q—i-B(s—l—1,a+n)’f(")(b)|q] }

Theorem 3.1 is proved. O

Corollary 3.1.1. Under the assumptions of Theorem 3.1,

1. when s =1, we have

a+n n_l a+n )k
MWJ( AESICIEDY F2FJ;+k+1)) £ @) + (_Dkf(k)(b)]‘

k=0
(b—

(")
~ 2(a+n)( a+n+1 1/‘1{“‘70

Oé + n)|f(n)(b)‘q:| 1/q

v [<a+n>|f("><a>|q RIS

2. when n =1, we have

- 72 f) + I fa)] | < =2

‘f(a) + /() T(a+1)
2 2(b —a)> ~ 2(a+ 1)1/

{[B(3+17a+1)|f’(a)’q

1 q Ha 1 q q Ha
+m|f/(b)‘ :| + [(MUI(G)’ +B(8+1va+1)|f/(b)| :| }5

3. when q =1, we have

Mla+n) - n_lfaJrn —a)k
W[Jmf( )+ L f 2:(:) Fa+k+1) [f(k)(a)+(1)kf(k)(b)]|
< (b- [B (s+1, a+n)+a+;+8} {|f(”)(a)]+|f(”)(b)ﬂ;
4. when s =n =q =1, we have
a b INa b— ,
’ﬂ I8 e [Jg+f<b>+J;“f(a>]‘< st @+ 17O

Theorem 3.2. Forn € N and a,b € Ry with a < b, let f : Ry — R be an n-times differentiable
function on Ry such that f € Li([a,b]). If |f(™|? is s-convex on [a,b] for ¢ > 1 and some fized
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€ (0,1], then

I'(a+n)
2(b—a)>

(a+n)(b—a)k
2l (a+ k+1)

O st oo o]

[f® (@) + (=1)*F P (b)]

7% F0) + T f@)] ~ 3
k=0

1/q
- L+S+1\f(") )| +B(s+1,r+1)‘f(")(b)‘q} }

fora>0and0<r<qla+n-1).
Proof. From Lemma 2.1, s-convexity of | f(™ |7, and the Holder’s inequality, it follows that

I'(a+n)
2(b—a)>

—a n 1 !
< (b 5 ) UO (1ft)“+”*1|f(”)(ta+(17t)b)|dt+/0 ta+”1|f(”’(ta+(1t>b)!dt}

(b _ a)n 1 1-1/q 1/q
< {[/ (1—t)[q(““"_l)_’"]/(q_l)dt} [/ 1—8)"|f™ (ta+ (1 - ]th}
0

0

+ Uol latetn=b=rl/la= dt] o [/01 £| £ (ta + (1 — t)b)\th} Uq}
<05 {q(a +qn;_1 — 1] H/q{ [/01 (- vrel @]+ - t)r+s|f<n>(b)lq)dt] "
[ oy

R

(a+n)b—a)
2l (a4 k+1)

72 F) + T f@)] - 3 [0 (a) + (~1)* 79 ()]

k=0

1/q
r—|—3—|—1|f(n) ‘ }

1/q
a
+ [3(1,r+s+1)yf(”>(a)| - r+s+1|f(n) )| ] }
Theorem 3.2 is proved. O

Corollary 3.2.1. Under the assumptions of Theorem 3.2,
1. if s=1, then

g Ve 0+ 10)] = X0 BB e + (1)

(b—a) g1 }“M
2((r + 1)(r +2)) "/ Lala+n) —r =1

. { (172 @["+ -+ D@+ [+ D] @) + ,fm)(b)‘q]l/q};

<

7
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2. if n=1, then

fla)+f() Tla+1) ., o b—a g—1 1-1/q
3 gy L FO) T T )] < 7 [<a+)_r_1]

1/q
o]

1/q
|f/(@)|*+B(s+1,r+ 1)|f’(b){q} };

X {{B(s+1,7‘+1)|f/(a)’q r—|—3—|—1

* {7‘—1-34—1

3. 1ss=n=1, then

b—a
2[(r + 1)(r+2)]1/q

X[ﬂaﬁzﬁr1r4m{U”@V+“*”U“WﬂU“{Q+UU%M%waWTM}

Corollary 3.2.2. Under the assumptions of Theorem 3.2,

(T2 f(b) + T f(a)]|<

‘ﬂm+fwy_Na+n
2 2(b —a)>

1. when r =0, we have

F(a+n) o nilra-i-’n b—a) | |
W[J(ﬁf( + Sy f Z Mo+ k1) [f(k)(a) + (—1)kf(k)(b)]

(b—a)” g—1 e B

N CEST [q(a—l—n)—l} [’f( '(@)]" + £ 0)] } ;

2. when r =0 and s =n =1, we have

[Ja F(0) + T~ f(a)]

R AR FHOIESVIOIN
<0Gt ) [ ; 7

‘ﬂw+fwx_ma+n
2(b—a)>

3. when r = q, we have

Fla+n) [, "_1F a)* )
30— ar SO+ IS ;; Fa+k+n (8 (@) + (~1)*£9 ()
(b—a)" q—1 1 1/ n . 1/q
=T [q(a—i—n—l—l {{Bs+lq+1f()( )‘+q+3+1|f()()|}
1/q
@ s ses s o] |
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4. when r =q and s =n =1, we have

‘f(a) —; fb) ;(g)afa;i (T2, f(b) + T2 f(a)]

b—a qg—1 1-1/q
<
‘2nq+1xq+mfm<qa—1>

X{Uf“”q*@+UU“®VTM+Uq+nuan+U%erm}

5. when r = q(a+n—1), we have

n—1

Ma+n),
2(b _ a)a [JaJrf( + Jb Z

=0

I'(a+n)(b—a)"

a+k+n (1P (@) + (1) )]

(b—a)"

<
- 2

q 1 q 1/q
{{B(Sﬂ’q(ajw_1)+1)|f(n)(a)| +C](a+n—1)+s+1|f(n)(b)|}

1 q n q 1/q
+ {q(a+n—1)+s+1|f(n)(a)‘ +B(s+1,q(a+n—1)+1)|f™(b)] } };

6. whenr=q(a+n—1) and s =n =1, we have

(T3 £(0) + T3 f(a)]

<

ECESCBIER! b
2 2(b —a)~ 2[(qa + 1)(qa + 2)]

X“W@V”W+WﬂWT@%w+mﬂmﬂw%Wr?.

1/q

Theorem 3.3. Forn € N and a,b € Ry with a < b, let f : Ry — R be an n-times differentiable
function on Ry such that f™ € Ly([a,b]). If |f™|2 is s-concave on [a,b] for ¢ > 1 and some fized
€ (0,1], then

n—1

I'a+n) — Fa+n )(b—a)* kg (k)
26— aya S IO+ TS Z% arran Y@+ C0EOw)]
(b—a)” g—1 1-1/q (my[a+b
< .
- 2(1_5)/¢1 q(a + n) _ f 2 ’ a>0
Proof. Using Lemma 2.1 and the well-known Hélder’s inequality yields
I(a+n) ~Tla+n)(b—a) o)
- -1 b
20— aye i 1O + T fla gj ot i @+ D)
(b—a)"

<

! _ pat+n—1| g(n) a _ a+n—1] £(n) a o
5 [/0 (1—1) |f™ (ta+ (1 t)b)|dt+/0t |fM (ta+ (1 t)b)}dt]

(b—a)" 1 wtn1)/(a 1-1/q 1 - 1/q
< {UO (1 —tyaletn=1)/(q ”dt} [/0 Fi (ta+(1—t)b)\th}

9
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1 1-1/q 1 1/q
+ [/ t‘Z(‘”"l)/(qut] U |F™ (ta + (1 —t)b)|th] }
0 0
qg—1 1=lar el 1/q
=(b—a)" [} [/ | f (ta + (1 —t)b)fth} .
11( -1 0

a+n)
w (et 2\|*
()

Combining the above two inequalities yields (3.3). The proof of Theorem 3.3 is complete. O

Since |f(™)]4 is s-concave, we have

1
/ |f™M(ta+ (1 —t)b)|"dt < 257
0

Corollary 3.3.1. Under the assumptions of Theorem 3.3,
1. if s=1, then

35— a2 S0+ 1 @)] = 32 S [ + (00 |
n q_l 1-1/e n a+b .
O P I A e |
2. ifn=1, then
fl@+f) T+, o b—a [ q-1 17V, la+b)]
’ 9 _2(b_a)a[Ja+f(b)+‘]b—f(a)]‘§ 2(1-3)/q [q(a+1)_1:| f< 2 >7

3. if s=n=1, then

) b X B 1-1/q
‘f( ) : o) 2F(<b _Si [T £(0) + g f(a)] ’S (b—a) [qqurl)l—l]
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Abstract. In this paper, an uncountable infinite family of nonlinear mappings
are investigated. Strong convergence theorems of common solutions are estab-
lished in a strictly convex and uniformly smooth Banach space which also has
the Kadec-Klee property. The results obtained in this paper unify and improve
many corresponding results announced recently.
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1 Introduction

Recently, common solution problems have been intensively investigated based
on iterative methods. The so called common solution problems which capture
lots of applications in multi-disciplines such as image restoration, and radiation
therapy treatment planning are to find a special point in the intersection of a
family of convex sets, which are usually considered as solution sets of nonlinear
problems; see [1]-[15] and the references therein. Mean-valued iterative pro-
cesses, in particular, Mann iterative process and Ishikawa iterative process, are
efficient and powerful for studying fixed points of Lipschitz continuous nonlin-

ear operators. However, in the framework of infinite-dimensional Hilbert spaces,

*Corresponding author.
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they are only weakly convergent; see [16], [17] and the references therein. In
many modern disciplines, including image recovery, economics, control theory,
and quantum physics, problems arises in the framework of infinite dimension
spaces. In such nonlinear problems, strong convergence is often much more
desirable than the weak convergence; see [18] and the references therein. To
guarantee the strong convergence of mean-valued iteration processes, many au-
thors use different regularization methods. The projection method which was
first introduced by Haugazeau [19] has been considered for the approximation
of fixed points of nonexpansive mappings. The advantage of projection meth-
ods is that strong convergence of iterative sequences can be guaranteed without
compact restrictions imposed on operators.

In this paper, we study a common solution problem via projection methods.
Strong convergence theorems of common solutions are established with the aid
of a generalized projection in a Banach space. The results obtained in this paper

mainly unify and improve the corresponding results in [20]-[30].

2 Preliminaries

Let E be a real Banach space and let E* be the dual space of E. Let Bg be
the unit sphere of E. Recall that F is said to be a strictly convex space if for
all z,y € Bg and z # y, ||z + y|| < 2. It is said to be uniformly convex if for
any € € (0,2] there exists 6 > 0 such that for any =,y € Bg,

|z —y|| > ¢ implies |[z+y| <2—26.

It is known that a uniformly convex Banach space is reflexive and strictly convex;
see [31] and the references therein.

Recall that E is said to have a Gateaux differentiable norm if for all =,y €
Bg. limyo(||§ +yll = [| 7). In this case, we also say that E is a smooth space.
FE is said to have a uniformly Gateaux differentiable norm if for each y € Bp,
the limit is attained uniformly for all z € Bg. FE is also said to have a uniformly
Fréchet differentiable norm if the above limit is attained uniformly for =,y € Bg.
In this case, we say that F is uniformly smooth. It is known that a uniformly
smooth Banach space is reflexive and smooth.

Recall that normalized duality mapping J from E to 28" is defined by

Jo={y € E": l2l* = (z,y) = ylI*}-

It is known if E is uniformly smooth, then J is uniformly norm-to-norm contin-

uous on every bounded subset of F; if F is a strictly convex Banach space, then
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J is strictly monotone; if E is a smooth Banach space, then J is single-valued
and demicontinuous, i.e.,continuous from the strong topology of F to the weak
star topology of E; if F is a reflexive and strictly convex Banach space with a
strictly convex dual E* and J* : E* — FE is the normalized duality mapping
in E*, then J~! = J*; if F is a smooth, strictly convex and reflexive Banach
space, then J is single-valued, one-to-one and onto.

Recall that E has the Kadec-Klee Property (KKP) if lim;, o0 ||2m — || = 0,
for any sequence {z,,} C E, and © € F with {z,} converges weakly to x, and
{||zn||} converges strongly to ||z|. It is known that every uniformly convex
Banach space has the KKP; see [31] and the references therein.

Let C be a nonempty closed and convex subset of £ and let B: C x C' = R
be a function. Recall that the following equilibrium problem in the terminology
of Blum and Oettli [32]. Find # € C such that B(zy) > 0, Vy € C. We
use Sol(B) to denote the solution set of the equilibrium problem. That is,
Sol(B) ={x € C: B(z,y) > 0,Yy € C}.

The following restrictions are essential for solving the equilibrium problem

in this paper.

(R-1) B(a,a) =0,Ya € C;

(R-2) B(b,a)+ B(a,b) <0,Va,b e C;

(R-3) B(a,b) > limsup, o B(tc+ (1 — t)a,b), Va,b,c € C;

(R-4) b+~ B(a,b) is convex and weakly lower semi-continuous, Va € C.

Let T be a self mapping on C. T is said to be closed if for any sequence
{zn} C C such that lim, . 2, = Z and lim,;, o T, = §, then § = TZ. Let B
be a bounded subset of C. Recall that T is said to be uniformly asymptotically
regular on C' if and only if limsup,,_, . sup,c g{||7"z —T"'z||} = 0. From now
on, we use — and — to stand for the strong convergence and weak convergence,
respectively. and use Fiz(T') to denote the fixed point set of mapping T'.

Recall that a point p is said to be an asymptotic fixed point of mapping T if
and only if subset C' contains a sequence {z,, } which converges weakly to p such
that lim, oo |[TTm — Tm|| = 0. We use F/TZE(T) to stand for the asymptotic
fixed point set in this paper.

Next, we assume that E is a smooth Banach space which means duality
mapping J is single-valued. Study the functional

¢(x’y) = ||3:H2+Hy||2—2<x, Jy>a Va,y € E.
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In [33], Alber studied a generalized projection Projc : E — C, which is a
mapping assigning to an arbitrary point € F the minimum point of ¢(z,y),
which implies from the definition of ¢ ¢(z, y)+2||z||||lyl| > ||=|*+]|y||?, Vz,y € E.

T is said to be relatively nonexpansive iff

$(p,z) > ¢(p.Tx), Vx € C,Vp € Fiz(T) = Fiz(T) # .
T is said to be relatively asymptotically nonexpansive iff
9(p,2) + £ad(p,2) 2 $(p, T ), Va € C,¥p € Fia(T) = Fi(T) #0,%n 2 1,

where {£,} C [0,00) is a sequence such that u, — 0 as n — co.

Remark 2.1. The class of relatively asymptotically nonexpansive mappings,
which was first considered in [34], covers the class of relatively nonexpansive

mappings [35].

T is said to be quasi-¢-nonexpansive iff
o(p,z) > ¢(p,Tx), VYxeC,Vpe Fix(T) # 0.

T is said to be asymptotically quasi-¢-nonexpansive if and only if there exists

a sequence {&,} C [0,00) with p, — 0 as n — oo such that
o(p,x) + &nd(p, 2) = ¢(p, T"x), Vax € C,Vp € Fiz(T) #0,Yn > 1.

Remark 2.2. The class of quasi-¢-nonexpansive mappings [26] and the class
of asymptotically quasi-¢-nonexpansive mappings [27] cover the class of rela-
tively nonexpansive mappings and the class of relatively asymptotically nonex-
pansive mappings. Quasi-¢-nonexpansive mappings and asymptotically quasi-
¢-nonexpansive mappings do not require the strong restriction that the fixed

point set equals the asymptotic fixed point set.

Remark 2.3. The class of quasi-¢-nonexpansive mappings and the class of
asymptotically quasi-¢-nonexpansive mappings are generalizations of the class of
quasi-nonexpansive mappings and the class of asymptotically quasi-nonexpansive
mappings in Banach spaces because of \/¢(z,y) = ||z — y||.

The following lemmas also play an important role in this paper.

Lemma 2.4. [33] Let E be a strictly convex, reflexive, and smooth Banach
space and let C' be a nonempty, closed, and convex subset of E. Let x € E.
Then

(ZS(y,Hc.T) < d)(y,x) - ¢(Hc$,$), Vy € Ca

1138 Xiaoying Gong et al 1135-1149



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

(y — zo, Jo — Jxg) <0, Vy € C if and only if xg = Uex.

Lemma 2.5. ([26], [32]) Let E be a strictly convex, smooth, and reflexive
Banach space and let C be a closed convex subset of E. Let B be a function
with the restrictions (R-1), (R-2), (R-3) and (R-4), from CxC toR. Letx € E
and let v > 0. Then there exists z € C such that rB(z,y)+ (z—y, Jz — Jx) <0,
Yy € C Define a mapping KB by

KBTe ={2€C:rB(z,y)+ (y — 2,Jz— Jz) >0, VYyecC}.
The following conclusions hold:
(1) KB" is single-valued quasi-¢-nonexpansive;
(2) Sol(B) = Fiz(KP?") is closed and conver.
Lemma 2.6 [36] Let E be a strictly convex and uniformly smooth Banach space

which also has the KKP. Let C' be a convex and closed subset of E and let T be

an asymptotically quasi-¢-nonexpansive mapping on C. Fix(T) is convex.

Lemma 2.7 [37] Let r be a positive real number and let E be uniformly convex.
Then there exists a convex, strictly increasing and continuous function cof :

[0,2r] — R such that cof(0) =0 and
al + (1 — OB > (1 — b+ tal + (1 — )eof (b — al])

for allt €[0,1] and a,b e B" :={a € E: |a|| < r}.

3 Main results

Theorem 3.1. Let E be a strictly convex and uniformly smooth Banach space
which also has the KKP. Let C be a convex and closed subset of E and let A be
an arbitrary index set. Let B; be a bifunction with (R-1), (R-2), (R-3) and (R-
4). Let T; be an asymptotically quasi-¢-nonexpansive mapping on C for every
1 € A. Assume that T; is uniformly asymptotically reqular and closed for every
i€ A and N;eaSol(B;) N NieaFiz(T;) is nonempty and bounded. Let {x;} be a
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sequence generated by

xg € E chosen arbitrarily,

Cay = C,Vi € A,

C1 = NienC iy, x1 = Projc, o,

Ty = aad T e + (1= ag) Jug.,

Cirrn =12 € Oy 1 0(2,9G.0) — ¢(2.25) < agnéin Dot

Cjt1 = NieaClit1,4), Tj+1 = Proje, 21,

where ;) is such that vy Bi(ugay, pn) > (ugay — wJugqy — Jog), Yo €
Cj, Dy = sup{o(z,x5) : 2 € NieaFix(T;) (N NieaSol(B;)}, {a,} is a real
sequence in (0,1) such that iminf; o a4 (1 —ag,)) > 0 and {r¢ .} C [r,00)
is a real sequence, where r is some positive real number. Then {x;} converges

strongly to Projn, ., Fia(T;) (| Nica Sol(B:)T1-

Proof. First, we prove N;eaSol(B;) (| Niea Fix(T;) is convex and closed. Using
Lemma 2.5 and 2.6, we find that Sol(B;) is convex and closed and Fiz(T;) is
convex for every i € A. Since T; is closed, we find that Fiz(T;) is also closed.
S0, Projn,.,Sol(B:) N Niea Fiz(T;) T 18 well defined, for any element x in E.

Next, we prove that Cj; is convex and closed. It is obvious that C(; ;) =
C' is convex and closed. Assume that C,, ;) is convex and closed for some
m > 1. Let p1,p2 € Cipqi1,4). It follows that p = sp1 + (1 — s)p2 € Cpm iy,
where s € (0,1). Notice that ¢(p1, Y(m,i)) — ¢(P1; Tm) < Am,i)E(m,i) D(m.i), and
A(D2, Y(m.,i)) — P(D2; Tm) < Apm,iyE(m,i) D (m,i)- Hence, one has

2(p1, T2 — JY(miy) — |1Zml> + 1Ymi 17 < @om,iEmiy Dimiys

and
2p2: Jxm = TY(miy) — [Tml® + 19m,oI* < m,iyEem,i) Diom.iy-
Using the above two inequalities, one has ¢(p, Y(m,i)) —=P(P, Tm) < Am,i)E(m.i) D(m,i)-
This shows that C',, 41,4 is closed and convex. Hence, C; = N;enCy; 4 is a con-
vex and closed set. This proves that Projc,,,z1 is well defined.
On the other hand, we find that N;cpSol(B;) (NieaFiz(T;) € C, = C
is clear. Suppose that N;caSol(B;) (NieaFiz(T;) C Cpq) for some positive
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integer m. For any w € NijcaSol(B;) (| Niea Fiz(T;) C Cim ), We see that

D2, Y(m.iy) = 121”4 iy JT 2+ (1 = i) Tt |12
= 22, Aty T + (1= Qi) Tt )
< 217 + @ 1T 2m 1 + (1 = m,i) 1ugm,i 1
= 20(m,i) (2, ST Tm) — 2(1 = Qi) (2, JU(m,i))
< (2, 2m) + m,i)€(m,i) D,y

where D, 5 = sup{¢(z,2m) : 2 € NieaFix(T;) ([ NieaSol(B;)}. This shows
that z € C(m+1,i)' This lmphes that mieASOl(Bi) ﬂ ﬂleAF'L.'I}(E) C mieAC(]‘J‘) =
C;. Using Lemma 2.4, one has (z —x;, Jz1 —Jz;) <0, for any z € C;. It follows
that

<Z — l‘j,JJ)l — Jl‘]> <0, Vz € ﬁiEASOZ(Bi) ﬂﬂieAFix(Ti) - Cj. (31)
Using Lemma 2.4 yields that

(x5, 71) < Q(Projn,cFia(T:) (NicaSol(Bi)T15 T1)

— O(Projn,cpFie(T:) \NieaSol(B1) L1, Tj),

which shows that {¢(x;, z1)} is bounded. Hence, {z;} is also bounded. Without
loss of generality, we assume z; — Z € C;. Hence ¢(xj,z1) < ¢(Z,x1). This
implies that

(2, z1) < liminf(||lz;||> + [|=1]* — 2(x;, Jo1)) = limsup ¢(x;, 71) < ¢(F, 71).
Jj—0o0 j—o0
It follows that lim;_, o ¢(xj,x1) = ¢(Z, x1). Hence, we have lim;_, . ||z;|| = ||Z]|-
Using the KKP, one obtains that {z;} converges strongly to z as j — oo.
On the other hand, we find that ¢(zj41,21) > ¢(z;,21), which shows that
{¢(z;,21)} is nondecreasing. It follows that lim;_,o ¢(z;,21) exists. Since
o(zjt1,21) — P(xj,x1) > ()41, 2;), one has lim;_, o ¢(x 41,2;) = 0. Since
w41 € Cjy1, one sees that ¢(zj11,Y(j.)) — ¢(Tj11,75) < €. D It fol-
lows that lim; o ¢(2541,%(;,:)) = 0. Hence, one has lim; oo (|y¢j,0) | = [|7;411]) =
0. This implies that lim; o [|[Jyg¢)l = limj e [|yg.0ll = [|Z]] = ||Jz|. This
implies that {Jy(; )} is bounded. Without loss of generality, we assume that
{Jy¢.i)} converges weakly to y*1 € E*. In view of the reflexivity of E, we see
that J(E) = E*. This shows that there exists an element y* € E such that Jy' =
y9) Tt follows that ¢(zj41,Y(.0) +2(xj11, JyG.0) = 1212+ Ty, 1> Tak-
ing lim inf; e, one has 0 > 22 - 2(z,y*0) + [y¢O|2 = 2] + Iy —
2(z, Jy') = ¢(Z,y") > 0. That is, Z = y*, which in turn implies that Jz = y(*?).
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Hence, Jy(;;) — JZ € E*. Since E* is uniformly convex. Hence, it has the
KKP, we obtain lim;_, Jyi,a = JzT. Since J~! : E* — E is demi-continuous
and E has the KKP, one gets that y; ;) — Z, as j — o0o. Using the fact

Az, 25) — d(2,9G.40) < U251+ lyG.a IDIYG.e — 25l + 202, Ty, — J25),

we find
lim (¢(z,2;) — ¢(2,9(,))) = 0. (3.2)

j—oo
On the other hand, one sees from Lemma 2.7
3(2,yG.a) = 1201 + llag JTY 25 + (1 = aga) Tuga |
—2(z, a(j)i)z]Tijl‘j + (1 =g Jug,)
<=2l + agp 1T 25017 + (1 = aga)llug.qll?
— agi (1= aga)eof (| Tug.i — JT z5])
— 205,52, JTijxj> —2(1 — i) (2, Juga)
< 6(z,25) + b Dia — g (1= aga)eof (| Tug.q — JT ;).
This implies
(i (1= agi)eof (|| Tugi — JT ;)
< 9z, 25) = (2. 96.0) + G060 Dia-

Using the restriction imposed on the sequence {c; ;) } and (3.2), one has
li o = JT || = 0.
jggo‘H‘]u(],z) J zx]” 0

It follows that JTijxj — JZ as j — oo. Since J~! : E* — F is demi-continuous,

one has Tfz; — . Using the fact [|[Tiz; | — &l = [|JT ;] — 12l <
|JT}x; — Jz||, one has ||T} z;|| — ||Z|| as j — oo. Since E has the KKP, one
has lim;_, |||Z — zjJH = 0. Since T; is also uniformly asymptotically regular,

one has lim; ., |7 — T/ " '2,|| = 0. That is, T;(T7z,) — Z. Using the closedness
of T;, we find T;& = Z. This proves & € Fiz(T;), that is, T € Nea Fiz(T3).
Next, we show that & € N;cpSol(B;). Since B; is monotone, we find that

G Bilps ugn) < ke —ugallllTug,y — Jz4.
Therefore, one sees B;(u,Z) < 0. For 0 < ¢; < 1, define puq 5 = (1 — ;)T + ;0.

This implies that 0 > B;(p,i), 7). Hence, we have 0 = B;(pi(,i), i) <

tiBi(pi(t,i), ). It follows that B;(Z,u) > 0, Yu € C. This implies that = €
Sol(B;) for every i € A.
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Finally, we prove T = Projn,_, (Fiz(T;)nSoi(B,))T1- Using (3.1), one has (Z —
z,Jxy — JT) > 0 z € Niea(Fiz(T;) N Sol(B;)). Using Lemma 2.4, we find that
T = Projn,c,(Fiz(T:)nSol(B;))1- This completes the proof.

For the class of quasi-¢-nonexpansive mappings, the boundedness of the

common solution set is not required. Indeed, we have the following result.

Corollary 3.2. Let E be a strictly convex and uniformly smooth Banach space
which also has the KKP. Let C be a convex and closed subset of E and let A
be an arbitrary index set. Let B; be a bifunction with (R-1), (R-2), (R-3) and
(R-4). Let T; be a quasi-¢-nonexpansive mapping on C for everyi € A. Assume
that T; is closed for every i € A and NieaSol(B;) (| NieaFix(T;) is nonempty.
Let {x;} be a sequence generated by

xo € E chosen arbitrarily,

Cay = C,Vi € A,

C1 = MieaCl14), r1 = Projc, xo,

Ty = agad Tieg + (1= agi)Jug,
Clivri = {2 € Cliy (2, y(.0) < o2, 7))}

Cj+1 = NieaCit1,0), Tj+1 = Proje, , x1,

where w;;y is such that v Bi(ugay, p) > (e — wsJugqy — Jog), Yo €
Cj, Dy = sup{o(z,75) : 2 € NieaFiw(T;) (N NieaSol(B;)}, {a,i} is a real
sequence in (0,1) such that iminf;_, a ;) (1 =) > 0 and {r¢,} C [r,00)
is a real sequence, where 1 is some positive real number. Then {z;} converges
strongly to Projn, ., Fiz(T;) \NicaSol(B;)T1-

From Theorem 3.1, we also have the following result.

Corollary 3.3. Let E be a strictly convexr and uniformly smooth Banach space
which also has the KKP. Let C' be a conver and closed subset of E and let B
be a bifunction with (R-1), (R-2), (R-3) and (R-4). Let T be an asymptotically
quasi-¢-nonerpansive mapping on C'. Assume that T is uniformly asymptotically
regular and closed and Sol(B) N Fix(T) is nonempty and bounded. Let {x;} be
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a sequence generated by

xg € E chosen arbitrarily,

C1 =C, 21 = Projc, xo,

Jy; = a;JTz; + (1 — o) Juy,

Cit1 ={z € Cj : ¢(2,4;) — d(z,25) < o;§;D;},

zj+1 = Projc,,, 71,

where wj is such that r;B(uj,u) > (u; — p, Ju; — Ja;), Yu € C;, D; =
sup{¢(z,z;) : z € Fix(T) N Sol(B)}, {a;} is a real sequence in (0,1) such that
liminf; o (1 =0y ) >0 and {r;} C [r,00) is a real sequence, where r is some

positive real number. Then {x;} converges strongly to Projpiz(r)nsol(B)Z1-

4 Applications

In this section, we consider common solutions of a family of variational inequal-
ities in the framework Banach spaces. we give some deduced results of our main
results in the framework of Hilbert spaces.

Let A: C — E* be a single valued monotone operator which is continuous
along each line segment in C' with respect to the weak* topology of E* (hemicon-
tinuous). Recall the the following variational inequality. Finding a point z € C'
such that (x —y, Az) <0, Vy € C. The symbol N¢(x) stand for the normal cone
for C' at a point « € C; that is, Ne(z) = {z* € E* : (x —y,2*) > 0, Yy € C}.
From now on, we use VI(C, A) to denote the solution set of the variational
inequality.

Theorem 4.1. Let E be a strictly convex and uniformly smooth Banach space
which also has the KKP. Let C' be a convex and closed subset of E. Let A be an
index set and let A; : C — E* be a single valued, monotone and hemicontinuous
operator. Let B; be a bifunction with (R-1), (R-2), (R-3) and (R-4). Assume
that NieaAVI(C, A;) is not empty. Let {z,} be a sequence generated in the

10
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following process.

xo € E chosen arbitrarily,

Cu,iy =C,Vi €A,

C1 = NieaC1,4), 1 = Projc, xo,

Un,iy = VI(C, Ai + - (J Jx,)),

Ty, = oz + ( = agp)Jug,
Ciiriy) = {2 € Cay : 0(2,y3,0) < o2, 25)},

Cjr1 = NieaClit1,0), Tjp1 = Projo,,, 1

where {ov; )} is a real sequence in (0,1) such that lim infjHOO agy(l—agy) >

0. Then {x;} converges strongly to Projn,_,vi(c,a,)®1-

Proof. Define a new operator M; by M;xz = Ajz+ Ne(z),z € C, Miz =0,z ¢
C. Hence, M; is maximal monotone and M; '(0) = VI(C, A;), where M, '(0)
stand for the zero point set of M;. For each r; > 0, and x € E, we see that
there exists a unique z,, in the domain of M; such that Jz € Ja.., + r; M;(x,,),
where x,, = (J + r;M;)~"Jx. Notice that u;; = VI(C, (] — Ja;) + Ay),
which is equivalent to (u;; —y, Aiz;; + F,»(JZM' —Jzj)) < O, Yy € C, that is,
r%_(]xj — Juj,l-) € Nc(uj;) + Aiz; ;. This implies that u;; = (J + riMi)_lej.
From [26], we find that (J + r;M;)~1J is closed quasi-¢-nonexpansive with
Fiz((J 4+ r:M;)~*J) = M, '(0). Using Theorem 3.1, we find the desired con-

clusion immediately.

Theorem 4.2. Let E be a Hilbert. Let C be a convex and closed subset of
and let A be an arbitrary index set. Let B; be a function with (R-1), (R-2),
(R-8) and (R-4). Let T; be an asymptotically quasi-nonexpansive mapping on C
for every i € A. Assume that T; is uniformly asymptotically reqular and closed
for every i € A and NjeaSol(B;) (NieaFix(T;) is nonempty and bounded. Let

{z;} be a sequence generated by

xo € E chosen arbitrarily,

Ca,iy = C,Vi € A,

C1 = NienC1,4), 11 = Pe, zo,

Y = aga T2+ (1= aga)uga,

Ciri = {2 € Cy 12 =y I? = Iz = 2l* < eGP b

Cj+1 = NieaCli11,0), Tj+1 = Po 71

where u(; ;) is such that v Bi(ujq, p ) (ugjiy — s ugay — xj), Yu € Cj,
Dy = sup{|z — x| 2 € OLEAsz( DN LeASol( )} {ag,} s a real

11
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sequence in (0,1) such that liminf;_, o o) (1= q)) > 0 and {r¢y} C [r,00)
is a real sequence, where r is some positive real number. Then {x;} converges

strongly to P, _\ Fie(T,) N nicaSol(B;)T1-

Proof. In the framework of Hilbert spaces, we see that \/¢(z,y) = ||z — y|,
Vz,y € E. The generalized projection is reduced to the metric projection and
the asymptotically-¢-nonexpansive mapping is reduced to the asymptotically
quasi-nonexpansive mapping. Using Theorem 3.1, we find the desired conclusion

immediately.
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Inner-outer factorization on Besov-type spaces

Ruishen Qian and Songxiao Li*

Abstract. In this paper, motivated by some results of Dyakonov, we give
an inner-outer factorization on Besov-type spaces.

MSC 2000: 30H25, 30J05.

Keywords: Inner function, outer function, BMOA space, Besov-type s-
paces.

1 Introduction

We denote the unit disc {z € C: |z| < 1} by D and its boundary by dD. Let
H(D) be the space of all analytic functions in D. For 0 < p < oo, the Hardy
space HP is the set of f € H(D) for which

2

1 i
Hf”%pzoiu%% ; |f(re?)|Pdf < oco.

As usual, H* is the set of f € H(D) with || f|jcc = sup,cp |f(2)] < oo (see [5]).
For 0 < p,q < oo and 0 < s < 1, the Besov-type space, denoted by B, , is
the set of functions f € LP(9D) such that

/°° wy(t, f)idt
0

e =

where

wp(t, f)P = sup / F(e¢) — FOPdm(C), 0<t<n
oD

—t<h<t

and
wp(t, f) =wp(m, f) when m<t<oo0.

Here dm is the normalized Lebesgue measure on dD.
The analytic Besov space, denoted by AB; = B, N HP, is the space of
functions f € HP such that

[a=ne=om ([ ireoran) i < oo
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We refer the reader to [2], [3], [4] and [10]. For the simplicity of notation, we
denote By, and AB;, by B; and AB;, respectively.

Let 0 < p,s <00, —2 < g < o0. An f € H(D) is said to belong to F(p,q,s)
if (see [24])

191800 =500 [ IF P = [2)79°(a)dA ) < o,
a€D JD

where g(z,a) = log m, z,a € D,z # a, po(z) = dA(z) = Ldady.
F(p,q,s) is called general function space because it can get many function
spaces if it takes special parameters of p,q,s. For example, when s > 1,
F(p,q,s) = quj, which is called the Bloch-type space; F(2,0,s) = Qs (see
[23]); F(2,0,1) = BMOA, the space of analytic functions in the Hardy s-
pace H'(D) whose boundary functions have bounded mean oscillation (see
[13, 14, 19]). It is easy to see that F'(p,p—2,s) is a Mobius invariant Besov-type
space. In fact, from [17], we know that f € F(p,p — 2, s) if and only if

1 az7

sup [|fopa = fla)| 1-: < o0
a€D AB,?

when 0 < p,s < oo and F(p,p—2,5) C BMOAwhen1 <p<oocand0 < s < 1.
For a sequence {z,} in D with >"°° (1 — |2,|) < oo, the Blaschke product

is defined by
H —Zn 2 —
l2nl 1— 220

If for every bounded sequence of complex numbers {a,, }, there exists an f € H>
such that f(z,) = a, for every n, then both the sequence {z,} and the Blaschke
product B are called interpolating. A Blaschke product B is called Carleson-
Newman if B is a product of finitely many interpolating Blaschke products.
Products of finitely many interpolating Blaschke products is an important tool
in the study of H>, see [13].

An f € H(D) is called an inner function if it is bounded and has boundary
values of modulus 1 almost everywhere on dD. It is obvious that every Blaschke
product is an inner function. For an inner function 6 and € € (0, 1), define the
level set of order € of 6 as

Q0,e) ={z€D:|0(2)] < €}.
We refer to [1, 12, 15, 16, 20] for more information about inner function.

A function g € H(D) is said to be an outer function if there exists a positive
function h with logh € L'(dD) and a complex number C' with |C| = 1 such

that ) )
1 T N
= — log h(e® dt
o) = e (5 [ oS ).

Moreover, for almost all ¢ € dD, h(¢) = |g(¢)]-
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It is well known that each f € HP has a unique factorization 0g, where 6 is
an inner function and g is an outer function. Hence if we fix a function f € HP?,
there must have some relationship between 6 and g. Dyakonov obtained many
results on inner-outer factorization and characterized the moduli of analytic
functions in D whose boundary values belong to certain smoothness classes. For
many nice results about this topic, we refer to [6, 7, 9, 11, 22]. The following
result can be found in [7, Theorem 1].

Theorem A. If f € BMOA and 0 is an inner function, then the following
conditions are equivalent:

(1) f6 € BMOA;

(2) sup,ep £(2)2(1 = 10(:)]2) < o0;

(8) sup.eqqo, o If(2)| < oo, for every e, 0 <e<1;
(4) sup.cqqo, ¢ |f(2)] < o0, for somee, 0 <e<1.

In this paper, we extend Theorem A from BMOA to a more general spaces
F(p,p— 2,s) and give the similar theorem as Theorem A.

Theorem 1. Let 1 <p < oo and0 < s < 1. If f € F(p,p—2,s) and 0 €
F(p,p—2,5) is an inner function, then the following statements are equivalent:

(1) f0 € F(p,p—2,s);
(2) sup.ep |f(2)[2(1 = |0(2)[?) < oo;
(3) sup.cqq, ¢ If(2)] < oo, for everye, 0 <e < 1;
(4) sup.cqq, ¢ |7 (2)] < o0, for some e, 0 < e < 1.
For more general Besov space, we have the following result.

Theorem 2. Suppose that 2 < p < 00, 0 < ¢ < 0 and 0 < s < % If

f € AB;, N BMOA and 6 € AB,, is an inner function, then the following
statements are equivalent:

(1) f0 € AB,,NBMOA;

(2) sup.ep | f(2)|*(1 = |0(2)[*) < oo;

(8) sup.cqqo, o If(2)| < oo, for every e, 0 <e<1;

(4) sup.cqqo, o |f(2)| < oo, for somee, 0 <e<1.

Throughout this paper, for two functions f and g, f =< g means that g < f <
g, that is, there are positive constants C; and Cs, such that Cig < f < Cag.
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2 Proof of main results

In this section, we will give the proof of main results in this paper. To prove
Theorem 1, we need the following lemmas.

Lemma 1. ([21, Theorem 1.4]) Let 0 < s < 1. Then an inner function belongs
to the Mébius invariant Besov-type space F(p,p—2,s) for all p > max{s,1 — s}
if and only if it is the Blaschke product associated with a sequence {ay}7° | which
satisfies

(oo}
sup Y (1 —|pa(ar)[*)* < oo.
acD 1

Lemma 2. ([18, Lemma 21]) Let {ax};>, be a sequence inD. Then the measure
dta, = > ey (1 = |ag|*)dq, is a Carleson measure, i.e.

(oo}
sup Y (1 — |ga(ar)]?) < oo,
aeDk:l

if and only if {ar}32, is a finite union of uniformly separated sequences.

Lemma 3. Let1 < p < 00,0 < s <1, f € F(pp—2,8) and B be a
Carleson-Newman Blaschke product with a sequence of zeros {ar}i>,. Then
fB € F(p,p—2,s) if and only if

sup 3 [F(an)P (1 palar))* < oo,

a€D 1

Proof. Necessity. The proof is similar to the proof of [17, Lemma 2.6].

Sufficiency. Let B be a Carleson-Newman Blaschke products with zeros
{ar}72,. Suppose that B =[]\, B;, B is an interpolating Blaschke products
with zeros {a; x}72, and

n

{an}iz. = U {aiktizs-

i=1

It is easy to see that

sup » | F(air)P(1 = |alair)?)® < sup > [ fa)lP(1 = |pa(ar)?)® < oo

a€D b1 a€D 1

Since f € F(p,p — 2,5), p(w,2) = p(pa(w), a(2)), Bio @, is an interpolat-
ing Blachke products with zeros {p,(a;x)}%>;. By [8, Theorem 8] and its
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remark (1), we have

sup || P- ((fowa) B; O%)IIP 1. Ssup Y 17 © #a(alaik )l

a€D B,”  a€D (1 — |pq(a, k)|2)%p—1
—supz |f(ai )P (1= |pa(ain)*) .
ach

Combine with [20, Theorem 5], we get

sggllfwa —f@lf . +Sup\|(fBi) °¢a = f(a)Bi(a)|” 1.

AB, " AB,?
~sup || f o e — fa)ll” 1. +sup||(fB)°sﬁa—f( )Bi(a)[l” 1.
ach B,* B, P

~sup |f o pu — F@I” oo +sup 1P (0 00) - Broa) I o
a€D B,? aeD Bp?

Ssup [[f opa — fla)]” oo +supZ|f ai)[P(1 = |@alain)*)®
a€D BPP aE]D)k 1

%Sggﬂfowa fla )Hp - +supZ|f (@i i) P(1 = |palain)*).

ac k=1
Thus,
sup I(fBi) o pa — fla)Bi(a)|[” 1_.
€D AB,?
Ssu |fa P(1— |pa(aip)?)® +sup | fopa = f(@)I" ..
p ’Lk? Pa i,k p Pa 1—s
a€ly aeh AB,?

Since f € F(p,p — 2, s), by Lemma 2.1 in [17], we have
fB; € F(p,p—2,8), i=1,...,n.

By inductive, we have

n n n

(/B)(2) =S (fB)'(z) [ Bilz) = (n—1)f'(z) [[ Bi(2)-
J=1 i=1,i#] i=1
Hence,
EI D+ (n-1)If (), zeD.

Notice that f € F(p,p—Q, s), fB; € F(p,p—2,s), combine with p-inequality, we
obtain fB € F(p,p —2,s). The proof is complete.
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Proof of Theorem 1. (1) = (3) = (4) = (2). Since f € F(p,p —2,s) C
BMOA, f6 € F(p,p—2,5) € BMOA. From Theorem A, we easily get our
result.

(2) = (1). Assume that (2) holds. Since § € F(p,p —2,s), by Lemma 1, we
see that 6 is a Blaschke product with zeros {a;}72 ,, and

sule—|<,0aa;C N <oo, 0<s<l,
a€h

which implies that

Supz 1 — |@a(ar)|?) < oco.

ae]D)

From Lemma 2, we get that 0 is a Carleson-Newman Blaschke product. Since
f € F(p,p—2,5) C BMOA, by the assumption that sup,p, | f(2)]|?(1—]0(2)[?) <
oo and Theorem A, we see that f0 € BMOA. Theorem A gives

sup |f(z)] <00, O0<e<]l,
z€Q(0, €)

which implies that supy, | f(ax)| < co. Thus,

supz Fa)P(L ~ Ipalar) )’

a€D k=1
< Sup|f(ak: \psupz (1 = |palar)*)* < oo.
aeb ;=

Applying Lemma 3, we see that f0 € F(p,p —2,s). The proof is complete.
Proof of Theorem 2. (1) = (3) = (4) = (2). The proof is similar to
Theorem 1 and hence we omit the details

(2) = (1). Suppose that f € AB, N BMOA and 6 € AB,,. Since 0 is

bounded, if we want to prove f6 € Aqu, we only need to prove

[ a=non ([ 11w eoran) F <o

Using the well known Schwarz’s Lemma, we have

- )P

/
<
|(9 (Z)| = 1- |Z‘2

Therefore

/01(1 — p)(1=9)a-1 (/BD f(rg)g/(rmpdm(g)) b i

< [a=noom ([ ieor 29 o) o
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From [10, Theorem 3.2], we known that 6 € AB;_ if and only if

q

/ 1 ([ a=meapian©) o= <.

Thus, combine with the assumption that sup,cp |f(2)|*(1 — [0(2)[*) < oo, we
deduce that

1 :
Jra=ntom ([ 100 eopin©) ar <.
0 oD
which implies that f0 € AB;,. In addition, by Theorem A, we see that f6 €

BMOA. Hence f € AB,;, N BMOA. The proof is complete.

Acknowledgement. This work was supported by NSF of China (No.11471143).

References

[1] P. Ahern, The mean modulus of derivative of an inner function, Indiana
Univ. Math. J. 28 (1979), 311-347.

[2] N. Arcozzi, D. Blasi and J. Pau, Interpolating sequences on analytic
Besov type spaces, Indiana Univ. Math. J. 58 (2009), 1281-1318.

[3] D. Blasi and J. Pau, A characterization of Besov type spaces and ap-
plications to Hankel type operators, Michigan Math. J. 56 (2008),
401-417.

[4] B. Boe, A norm on the holomorphic Besov space, Proc. Amer. Math.
Soc. 131 (2003), 235-241.

[5] P. Duren, Theory of HP Spaces, Academic Press, New York, 1970.

[6] K. Dyakonov, Multiplicative structure in weighted BMOA spaces, Anal.
Math. 75 (1987), 85-103.

[7] K. Dyakonov, Division and multiplication by inner functions and em-
bedding theorems for star-invariant subspaces, Amer. J. Math. 115
(1993), 881-902.

[8] K. Dyakonov, Smooth functions in the range of a Hankel operator,
Indiana Univ. Math. J. 43 (1994), 805-838.

[9] K. Dyakonov, Equivalent norms on Lipschitz-type spaces of holomor-
phic functions, Acta Math. 178 (1997), 143-167.

[10] K. Dyakonov, Besov spaces and outer functions, Michigan Math. J. 45
(1998), 143-157.

1156 Ruishen Qian et al 1150-1157



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

[11] K. Dyakonov, Holomorphic functions and quasiconformal mappings
with smooth moduli, Adv. Math. 187 (2004), 146-172.

[12] K. Dyakonov, Self-improving behaviour of inner functions as multipliers,
J. Funct. Anal. 240 (2006), 429-444.

[13] J. Garnett, Bounded Analytic Functions, Academic Press, New York,
1981.

[14] D. Girela, Analytic functions of bounded mean oscillation, Complex
Function Spaces (Mekrijéarvi, 1999), 61-170, Univ. Joensuu Dept. Math.
Rep. Ser. 4, Univ. Joensuu, Joensuu, 2001.

[15] A. Gluchoff, On inner functions with derivative in Bergman spaces,
Lllinois J. Math. 31 (1987), 518-527.

[16] H. Kim, Derivatives of Blaschke products, Pacific. J. Math. 114 (1984),
175-190.

[17] Z. Lou and R. Qian, Inner functions as improving multipliers and zero
sets of Besov-type spaces, J. Ineq. Appl. 2014, 2014:312.

[18] G. McDonald and C. Sundberg, Toeplitz operators on the disc, Indiana
Univ. J. Math. 28 (1979), 595-611.

[19] J. Ortega and J. Fabrega, Pointwise multipliers and Corona type decom-
position in BMOA, Ann. Inst. Fourier (Grenoble) 46 (1996), 111-137.

[20] J. Peldez, Inner functions as improving multipliers, J. Funct. Anal. 255
(2008), 1403-1418.

[21] F. Pérez-Gonzélez and J. Réittyd, Inner functions in the Mébius invari-
ant Besov-type spaces, Proc. Edinb. Math. Soc. 52 (2009), 751-770.

[22] R. Qian and S. Li, Inner-outer factorization on @, spaces, Ann. Funct.
Anal. 6 (2015), 1-7.

[23] J. Xiao, Holomorphic Q Classes, Springer, LNM 1767, Berlin, 2001.

[24] R. Zhao, On a general family of function spaces, Ann Acad Sci Fenn
Diss. 105 (1996).
Ruishen Qian: School of Mathematics and Computation Science, Lingnan normal University,
Zhanjiang 524048, Guangdong, P. R. China.

Email: gianruishen@sina.cn

Songxiao Li: Department of Mathematics, Jiaying University, Meizhou 514015, China.
Email: jyulsx@163.com

+Corresponding author: Songxiao Li

1157 Ruishen Qian et al 1150-1157



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

GENERALIZED RATIONAL CONTRACTIONS ENDOWED WITH
A GRAPH AND AN APPLICATION TO A SYSTEM OF
INTEGRAL EQUATIONS

HUSEYIN ISIKT, NAWAB HUSSAIN, AND MARWAN A. KUTBI

ABSTRACT. In the present paper, we introduce the notion of generalized ratio-
nal contraction including admissible mappings and establish coincidence point
and common fixed point results for this class of mappings defined on ordinary
as well as ordered metric spaces. Our results extend, generalize and unify com-
parable results in the existing literature. Applying these results, we deduce
fixed point results on metric spaces endowed with graph. An example and
application to obtain the existence of common solution for a system of integral
equations are also given in order to illustrate the effectiveness of the offered
results.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is one of the most powerful and effective tools in mathematics
which has enormous applications within as well as outside mathematics. One of
the most fundamental fixed point theorems is the Banach contraction principle [g]
which gives an answer on the existence and uniqueness of a solution of an operator
equation Fx = x. Since then, there is a great number of generalizations of this
fundamental principle (for example, see [1]-[7], [9]-[29]).

Recently, Samet et al. [28] first introduced a-admissible mappings and then a-
1-contractive type mappings to obtain some interesting generalizations of Banach
contraction principle. For more results in this direction, we refer to [3, 5, 6, 11, 15,

, 21,23, 25, 27, 22] and references mentioned therein.

Definition 1 ([238]). Let X be a nonempty set and o : X x X — [0,400). A
self-mapping T on X is called a-admissible mapping if
z,y € X, a(z,y) > 1 implies a (Tx, Ty) > 1.
Afterward, Patel et al. [25] extended the definition of a-admissible mapping to

a pair of two mappings to obtain common fixed point results as follows:

Definition 2 ([25]). Let f,g,S and T be four self-mappings of a non-empty set X,

and let a: S(X)UT(X) x S(X)UT(X) — [0,+00). Then the pair (f,g) is called

a-admissible with respect to S and T (in short, cgr-admissible) if for all z,y € X,
a(Sz, Ty) > 1 or a(Tz,Sy) > 1= a(fz,gy) >1 and algz, fy) > 1.

If we take S = T = Ix (identity mapping on X) in above definition, then we
have:

2000 Mathematics Subject Classification. Primary 47H10, Secondary 54H25.

Key words and phrases. Point of coincidence, common fixed point, admissible mappings, ra-
tional contractions, weakly compatible mappings, integral equations.
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2 HUSEYIN ISIK!, NAWAB HUSSAIN, AND MARWAN A. KUTBI

Definition 3 ([3]). Let f and g be self-mappings of a non-empty set X and « :
X x X — [0,400). Then the pair (f,g) is called a-admissible if for all z,y € X,

a(z,y) > 1= a(fr,gy) > 1 and afgz, fy) > 1.

Definition 4 ([19]). A pair (f,T) of self-mappings on a set X is said to be weakly
compatible if f and T commute at their coincidence point (i.e. fTx =Tfx, v € X
whenever fx =Tx).

A point y € X is called a point of coincidence of two self-mappings f and T on
X if there exists a point € X such that y = fo = Tx. Also, z € X is called a
common fized point of mappings f and T if v = fz = Tx.

The notations F(f,T) and C (f,T) stand for the set of all common fixed point
and the set of all coincidence points of f and T', respectively. In the sequel, we will
indicate the set of all real numbers, the set of all non-negative real numbers and
the set of all natural numbers by the letters R, RT and N, respectively.

On the other side, Khan et al. [20] introduced and employed the notion of
altering distance function to obtain some interesting fixed point results in metric
spaces. Note that altering distance functions are continuous whereas Su [29] defined
generalized altering distance function, not necessarily continuous, as follows:

Definition 5 ([29]). A mapping ) : RT — R™T is called generalized altering distance
function if

(a) ¥ is non-decreasing,

() ¥ (t) =0 iff t =0.

We set ¥ = {¢) : Rt — R* : ¢ is a generalized altering distance function} and
® = {p:R" — R" : ¢ is a nondecreasing and right upper semi-continuous function
and we have ¢(t) > ¢(t) for all ¢ > 0 where ¢ € U}.

We now introduce generalized rational contraction mappings as follows:

Definition 6. Let f,g,S and T be selfmaps of a metric space (X,d), and (f,g) be
an agr-admissible pair. We say that (f,g) is a generalized (a,w,ga)(s’T)—mtional
contraction if

a(Sz,Ty) = 1 implies ¢ (d (fz, gy)) < ¢ (M (2,y)) (L.1)

forall z,y € X, where v € ¥, p € & and

Ma) = mox (d(Sa,Ty) d(Se.f2) d (Ty.gp) ST,
d(Ty,gy) [1 +d(Sz, fz)] d(fz,Ty) [l +d(Sz, gy)}>
1+d(Sz,Ty) ’ 1+d(Sz,Ty) '

In this paper, we prove some common fixed point results of generalized («, v, ) (S.1)
rational contractions for a quadruple of self-mappings defined on ordinary as well as
ordered metric spaces. Our results extend, generalize and unify comparable results
in the existing literature. Applying these results, we deduce fixed point results on
metric spaces endowed with graph. An example is presented to support the results
obtained herein. As an application of offered results, the existence of the common
solution for a system of integral equations are also investigated.
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GENERALIZED RATIONAL CONTRACTIONS ENDOWED WITH A GRAPH 3

2. MAIN RESULTS

We start with the following first result.

Theorem 1. Let f,g,S and T be selfmaps of a complete metric space (X, d) with
f(X) € T(X), g(X) € S(X) and (f,g) be a generalized (v, v, @) g 1)-rational
contraction pair. Suppose that:

(a) there exists xo € X such that a (Szo, fzo) > 1;

(b) a(Szp, Trpi1) > 1 for all n even implies that o (Sx,, Tx;) > 1 for all n
even and j > n odd;

(¢) a(Sxn,Txny1) > 1 for all n even and, Sz, and Tx,y1 converge to an
z € X as n — oo implies that a (Szp,x) > 1 and a(x,Txpy1) > 1 for all
n even.

Then the pairs (f,S) and (g,T) have a point of coincidence in X. Moreover, if

(¢) {f,S} and {g,T} are weakly compatible,
(1) a(Su,Tv) > 1 whenever u € C(f,S) andv €C(g,T).

Then f,g,5 and T have a common fized point.

Proof. Let xp € X such that « (Szg, fzp) > 1. Since fX C TX, there exists an
x1 € X such that fzg = T'z;. Again since gX C SX, there exists an x5 € X such
that gz1 = Txs. Continuing this process, we can construct the sequences {z,} and
{yn} in X defined by

Yon = fTon = TTon41,  Yont1 = gTont1 = STant2, 0 € Ny, (2.1)

where Ny = NU {0}. As (f,g) is an agr-admissible pair and « (Szg, fzg) =
a(Szg,Tz1) > 1, we have a(fxo,gz1) > 1 and a(gxo, fr1) > 1 which implies
that « (Tx1, Sxe) > 1. Again, since o (T'z1, Sxo) > 1, we have « (fz1, gze) > 1 and
a(gz1, fze) > 1 which gives that « (Sxzq, Tzs) > 1. Continuing this way, we obtain

a(Sxon, Txopt1) > 1 and o (Tzont1,STont2) > 1 for all n € No. (2.2)
Suppose that yo,, # yon+1 for all n € Ny. Now we show that

lim d(yn, Ynt1) = 0. (2.3)

n—oo

Putting © = 2, and y = x2,,41 in (1.1) and using (2.1) and (2.2), we get

l[J(d (y2nvy2n+1)) = ’(/}(d (fx2n7g$2n+l))
< (M (z2n, T2nt1)) s (2.4)
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where
M (z2pn, Tan41) = max <d(szmezn+1),d(szn,fﬂczn),d(Tﬂczn+1,gmzn+1),

d (Szan, gon+1) + d(fxon, TTony1)
2 )
d (T$2n+1a g$2n+1) [1 +d (S$27za f-rQn)]
1 +d(S£L’2n,T.’E2n+1) ’
d(fron, TTont1) [1 + d(STon, 9Ton+1)] )
1+ d(Szon, Tont1)

= max <d (y2n—1’ an) ) d (y2n—1a y2n) ) d (y2n7 y2n+1) )

d (Yon—1,Y2n+1) + d (Y2n, Yon)
2 )
d (Yan, Yon+1) [1 + d (Y2n—1,Y2n)]
1+d (yZn—la y2n)
d (an7 an) [1 + d (y2n—17 y2n+1)] )
1 + d (y2n717 an)

i

d (Y2n—1,Y2n) + d (Y2n, y2n+1)>
2

< max (d (Y2n—1,Y2n) » d (Y2n, Y2n+1) ,

= max (d (y2n—1,Y2n) , d (Y2n, Y2n+1)) -
If d (y2n—1,Y2n) < d (Y2, Y2n+1) for some n € N, then by (2.4), we have

1/) (d (anv y2n+1)) S 2 (d (ana y2n+1)) )

a contradiction to the fact that yo,, # y2n+1. So for alln € N, we have d (yap, Yan+1) <
d (y2n717 yZn) .
From (2.4), we also obtain

Y (d (Y2n, Yon+1)) < @ (d (Y2n—1,Y2n)) - (2.5)

Again, putting © = z5,_1 and y = 23, in (1.1) and following arguing similar to
those given above, we get

Y (d (Y2n—1,Y2n)) < @ (d(Y2n—2,Y2n-1)) - (2.6)
From (2.5) and (2.6), we conclude
’Lﬂ(d (ynyyn+l>) < @(d (ynflayn))' (27)

It follows that the sequence {d (yn,yn+1)} is decreasing and bounded below.
Hence, there exists r > 0 such that lim, o d (ypn, yns1) = r. If » > 0, then taking
limit as n — oo on both sides of (2.7), we have

P(r) < nlgrolO¢ (d (YnsYns1))
< nILHOlOQO (d(Yn-1,9n)) <@ (1),

a contradiction and hence r = 0, that is, the equation (2.3) holds.

Now, we prove that {y,} is a Cauchy sequence. To this end, it is sufficient to
verify that {ys,} is a Cauchy sequence. Suppose, to the contrary, that {ys,} is
not a Cauchy sequence. Then, there exists an € > 0 for which we can find two
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subsequences {y2,,, } and {y2,, } of {y2n} such that my is the smallest index for
which my > n, > k and

d (y2mk ) ank) Z £ and d (y2mk717 y2nk) < E. (28)
Using the triangular inequality and (2.8), we have

e < d(Yomyr Y2nr) < A (Yome, Yome—1) + A (Y2mp—1, Y2ns )
< d(mekamek—l)+5~

Taking k£ — oo on both sides of above inequality and using (2.3), we obtain
kli{lgod (ykavyan) =E&. (29)
Again, using the triangular inequality, we get

|d (ank ) y2mk+1) - d (ank ) mek )‘ S d (mek ) mek"rl) .

Letting k — oo in the above inequality and using (2.3) and (2.9), we have
khjgod (Y2ny,> Y2my+1) = €. (2.10)
Similarly, one can easily show that
khjgod (Yonp—1,Y2my) = klifgod (Yonp—1:Y2my+1) = €. (2.11)

Since a (Sxan, , TTam,+1) > 1 from (2.2) and the hypothesis (b), putting « =
Zon, and y = Tom, 11 in (1.1), we get

w(d (ank7y2mk+1)) = w(d (f$2nk,g$2mk+1))
< @(M (220, T2my+1)) (2.12)
where
M (22n,, Tam,+1) = max (d(sznk,szmkH) ,d (Sz2n, s fTan,,) s d (TTam,+1, 9T2mp+1) 5

d (Sx2nk ) gx2mk+1) +d (fo"k ) Tl’ka+1)

2 )
d(Tx2m, 11, 9T2m,+1) [1 + d (STan, , fT2n, )]
1 -+ d (SI‘an 5 Tx?mk—i-l)

d (f$2nk ) Tl‘ka-i-l) [1 + d (53327“6 ? g$2mk+1)] )
1+d (SZEan 3 Tx2mk+1)

)

= max (d (Y2ne—15Y2mi ) » & (Y2ne—1:Y2ns ) > & (Y2mp s Y2me+1) »

d (ankflv y2mk+1) + d (yan 9 mek)
9 )
d (Y2 s Y2my+1) [1+ d (Y2n,—1, Y2n,)]
1+ d (ankfla mek)
d (ank ) mek) [1 + d (y2nk—1a mek"rl)] )
1 + d (y2nkfla mek)

)
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Now, from the properties of 1 and ¢ and using (2.3), (2.9), (2.10) and (2.11) as
k — oo in (2.12), we obtain

¢ (E) < kllngow (d (ank ) y2mk+1))
S hm "2 (M (.Tan ) x27nk+1))
k—oo
< ¢ (max(£,0,0,¢,0,¢)) = ¢ (e),

which implies that e = 0, a contradiction with ¢ > 0. Thus {y2,} is a Cauchy
sequence in X and hence {y,} is a Cauchy sequence. From the completeness of
(X,d), there exists z € X such that

lim y, = 2. (2.13)
n—oo

From (2.1) and (2.13), we get

fron — 2z, Txont1 — 2, JTont1 — 2, Stopta — 2z asn —oo. (2.14)

Now we shall prove that z is a common fixed point of f, g, S and T

Since g(X) C S(X), we can choose a point u in X such that z = Su. Suppose
that d(z, fu) # 0.

By (2.2), (2.14) and the condition (c), we have « (Su, T#2,41) > 1. Then, sub-
stituting © = v and y = xa,41 in (1.1), we deduce

¥ (d(fu,g220+1)) < @ (M (u,T2041)) (2.15)
where
M (u,Ton41) = max <d(SU, Txon11),d(Su, fu),d(Txanyi1, 9Tons1) s
d(Su, gront1) +d (fu, TTon41)
2 b

d(Txant1, 9T2n+1) [1 4+ d(Su, fu)]
1 +d(Su,T£U2n+1) ’
d(fu,Txoni1) [1 4 d (Su, gTon41)]
1+ d(Su,Tzon+1) .

Letting k — oo in (2.15), we have
)

rl/}(d (fua Z) < nh—>néo¢ (d (fuagx?n-i-l))

< lim o (M (u, 22041))
< v (max (0,d<z, fu).0, W,Qd(fu,Z)))

= ¢(d(fu,2)),

a contradiction and hence d (fu,z) =0, that is fu = z, and so u € C (f,S).

Similarly, since f(X) C T(X), we can choose a point v in X such that z = Tw.
Suppose that d(z, gv) # 0.

By (2.2), (2.14) and the condition (c¢), we have o (Sx2,,Tv) > 1. Then, putting
& = X9, and y = v in (1.1), we obtain

¥ (d(fran, gv)) < o (M (220, 0)) (2.16)
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where
M (zo,,v) = max <d (Szapn, Tv) ,d (Szon, fre,),d(Tv, gv),

d (STan, gv) + d (fr20, TV)
2 b
d(Tv,gv) [1 4+ d (Szan, fro,)]
1+ d(Szapn, Tv) ’
d(fxon, Tv)[1 4+ d(Szap, gv)]
14+ d(Sxan, Tv) ’

Taking limit on (2.16), we get
< lim ¢ (M (zon,v))

o (o (0.2, 2594 .o

2
= ¢(d(zgv),

a contradiction and hence d (z,gv) = 0, that is z = gv, and so v € C (¢, 7).

Thus, z = fu = Su = gv = Tw. By the weak compatibility of the pairs (f,S)
and (g,T), we deduce that fz = Sz and gz = Tz.

Since z € C(f,S) and v € C(g,T), by (i7), we have o (Sz,Tv) > 1 and so, from

IN

(1.1)
U (d(fz,2)) =¥ (d(fz gv)) < o (M (2,v)), (2.17)
where
M (z,v) = max (d(Sz,Tv) ,d(Sz, fz),d(Tv, gv),
d(Sz,9v) +d(fz,Tv) d(Tv,gv)[1+d(Sz, f2)]
2 ’ 1+d(Sz,Tv) ’
d(fzTv)[1 —I—d(Sz,gv)])
1+d(Sz,Tv)

By (2.17), we get
Y(d(fz,2) <p(d(fz,2),
which implies that z = fz, and so z = fz = Sz. Similarly, it can be shown that

z = gz = T'z. This completes the proof. O

Corollary 1. Let f,g,S and T be selfmaps of a complete metric space (X,d) with
f(X) CcT(X), g(X) C S(X) and (f,g) be an agp-admissible pair such that

a(Sz, Ty) v (d(fz,9y)) < ¢ (M (z,y)), (2.18)

forall z,y € X, where vy € ¥ and ¢ € ®. Assume that the following conditions are
satisfied:

(a) there exists xg € X such that o (Sxo, fzo) > 1;
(b) a(Szp,Txpt1) > 1 for all n even implies that o (Sx,,, Tx;) > 1 for alln
even and j > n odd;
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(¢) a(Szp, Txpt1) > 1 for all n even and, Sz, and Tx,11 converge to an
z € X as n — oo implies that a (Szp,x) > 1 and a(x, Txpy1) > 1 for all
n even.

Then the pairs (f,S) and (g,T) have a point of coincidence in X. Moreover, if

(2) {f,S} and {g,T} are weakly compatible,
(i7) a(Su,Tv) > 1 whenever u € C(f,S) andv € C(g,T).

Then f,g,S and T have a common fized point.
Proof. Let a(Sz,Ty) > 1 for z,y € X. Then by (2.18), we have

Y (d(fz,gy)) <o (M(z,y)).

This implies that the inequality (1.1) holds. Therefore, the proof follows from
Theorem 1. g

If we take a (Sz,Ty) = 1 in Corollary 1, we have a generalized version of Theo-
rem 2.3 in [29]:

Theorem 2. Let f,g,S and T be selfmaps of a complete metric space (X, d) with
f(X) CcT(X) and g(X) C S(X). Suppose that
Y (d(fr,gy)) < @ (M (2,y)), (2.19)

for all x,y € X, where ¢ € U and ¢ € ®. Then the pairs (f,S) and (g,T) have a
point of coincidence in X. Moreover, if {f,S} and {g,T} are weakly compatible,
then f,g,S and T have a common fixed point.

If we take 1 (t) = t in Corollary 1, we have a generalized version of Theorem 2.2
in [28]:

Theorem 3. Let f,g,S and T be selfmaps of a complete metric space (X,d) with
f(X) CcT(X), g(X) C S(X) and (f,g) be an agr-admissible pair such that

a(Sz, Ty)d(fz,gy) < ¢ (M (z,9)), (2.20)
for all x,y € X, where p € ®. Assume that the following conditions are satisfied:

(a) there exists xg € X such that a (Sxo, fzg) > 1;
(b) a(Szp,Trpt1) > 1 for all n even implies that o (Sxy,, Tx;) > 1 for alln
even and j > n odd;
(¢) a(Szy, Txpt1) > 1 for all n even and, Sz, and Tx,11 converge to an
x € X asn — oo implies that a (Sxp,z) > 1 and o (x,Tep41) > 1 for all
n even.
Then the pairs (f,S) and (g,T) have a point of coincidence in X. Moreover, if
(¢) {f,S} and {g,T} are weakly compatible,
(1) a(Su,Tv) > 1 whenever u € C(f,S) andv €C(g,T).

Then f,q,S and T have a common fized point.
If we take ¢ (t) = ¢ (t) — ¢ (¢) in Corollary 1, we have the following result.

Corollary 2. Let f,g,S and T be selfmaps of a complete metric space (X,d) with
f(X) CcT(X), g(X)CS(X) and (f,g) be an asr-admissible pair such that

for all z,y € X, where ¢ € ¥ and ¢ € &. Assume that the following conditions
are satisfied:
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(a) there exists xg € X such that « (Sxo, fzg) > 1;

(b) a(Szp,Txnt1) > 1 for all n even implies that o (Sx,,, Tx;) > 1 for alln
even and j > n odd;

(¢) a(Sxp,Txpny1) > 1 for all n even and, Sz, and Tx,y1 converge to an
x € X asn — oo implies that « (Sxp,xz) > 1 and o (x,Txpi1) > 1 for all
n even.

Then the pairs (f,S) and (g,T) have a point of coincidence in X. Moreover, if

(2) {f,S} and {g,T} are weakly compatible,
(#4) a(Su,Tv) > 1 whenever u € C(f,S) andv € C(g,T).

Then f,g,S and T have a common fized point.

Let us give the following hypothesis for the uniqueness of the common fixed point
in Theorem 1.

(H) For all z,y € F(f,9,5,T), we have o (Sz, Ty) > 1.

Theorem 4. Adding condition (H) to the hypotheses of Theorem 1, we obtain the
uniqueness of the common fized point of f,g,S and T.

Proof. Suppose that z = fo = g = Sz =Tz and y = fy = gy = Sy = T'y. Then,
from (H), we have a (Sz,Ty) > 1. Then, applying (1.1), we obtain
¥ (d(z,y) =9 (d(fz,gy)) < o (M (2,9)), (2.22)
where

M (z,y) = max (d(Sx,Ty) ,d(Sz, fx),d(Ty, gy),
d(Sz,gy) +d(fz,Ty) d(Ty,gy)[1+d(Sz, fz)]
2 ’ 1+d(Sz,Ty) ’
d(fz,Ty)[1+d (Sw,gy)]>
14+ d(Sz,Ty)
= max(d(z,y),0,0,d(z,y),0,d(z,y)) =d(z,y).
From (2.22), we have

Y (d (SE, y)) < p(d(z,y)),
which implies that d (z,y) = 0, that is, x = y. O

Remark 1. Adding condition (H) to the hypotheses of Corollaries 1 and 2, we
obtain the uniqueness of the common fixed point.

If we choose S =T = Ix in Corollary 1, we have the following corollary.

Corollary 3. Let f and g be selfmaps of a complete metric space (X, d) and (f, g)
be an a-admissible pair such that

a(z,y) ¢ (d(fz,g9y) < o (Mg (2,9)), (2.23)
forall x,y € X, where y € ¥, o € ® and
My (o) = max (do) o fo) ) 2R,
d(y,gy) 1 +d(z, fr)] d(fz,y)[1+d (I,gy)]>
1+d(z,y) ’ L+d(z,y) '

Assume that the following conditions are satisfied:
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(a) there exists xg € X such that « (zq, fzg) > 1;

(b) a(zn,xny1) > 1 for all n implies that o (xy,,x;) > 1 for all j > n;

(¢) a(xp,xni1) > 1 for all n and, z, — v € X as n — oo implies that
a(zn,z) > 1 for alln.

Then f and g have a common fixed point. Moreover, if a(x,y) > 1 whenever
z,y € F(f,g), then f and g have a unique common fized point.

Now, we furnish the following example which illustrates Theorem 1 as well as
Theorem 4.

Example 1. Let X = Rt with the usual metric d (z,y) = |z —y| for all z,y € X
and ¥, : RT — R be defined by ¢ (t) =t and ¢ (t) = L. Define the mappings
f,9,8 and T on X by

z ] 1 z ] 1
fr=146 Z‘f:ce[07]7 and  gr—141 l.fxe[O,],
3z if x> 1, 6 ifz > 1,
SR llfxe[O,l], and To—d3 z.fxe[(),l],
3z ifx>1, 20 ifx > 1.
Note that f(X) C T(X) and g(X) C S(X), {f,S} and {g,T} are weakly com-

patible.
Also, we define the mapping o : S(X)UT(X) x S(X)UT(X) — R* by

oag) = {1 ifz,y € [0,3],

0 otherwise.

Now, letx,y € X such that o (Sz,Ty) > 1. Then Sx, Ty € [O, %] and this implies
that x,y € [0,1]. By the definitions of f,g and «, we have fz,gy € [0, %] and
gz, fy € [0, 3] which implies that a (fz,gy) > 1 and a(gz, fy) > 1.

In case of a(Tx,Sy) > 1, analogously to the above proof, one can easily obtain
that o (fz,gy) > 1 and o (gz, fy) > 1.

Then (f,g) is asr-admissible. Moreover, the condition « (Sxq, fzg) > 1 is sat-
isfied with xo = 0.

Let {x,} be a sequence in X such that a (Sxy, Txny1) > 1 for all n even. Then,
by the definition of o, we get x,, € [0,1] for all n even. Thus, x; € [0,1] for all
j >n odd, and so a(Szy,,Tx;) > 1.

Similarly, if {z,} is any sequence in X such that a (Sxy, Txny1) > 1 for all
n even and, Sx, and Tx,11 converge to an x € X as n — oo, then by the definition
of a, we have Sx, € [O, %] and Txpqq € [O, %} for all n even and so x € [0, %]
which implies that o (Sxy,z) > 1 and o (z, Txpe1) > 1.

Now, we prove that (f, g) is a generalized (c, 1), cp)(S,T)—mtz'onal contraction. Let
a(Sz,Ty) > 1. Then, z,y € [0,1], and so

v(d(fz,gy)) = |fz—gyl= %_%
z 1
< M) = ¢ (M(2.)).
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Obviously, assumption (ii) of Theorem 1 and condition (H) are satisfied. Con-
sequently, by Theorems 1 and 4, f,g,S and T have a unique common fixed point
which is 0.

3. FIXED POINT RESULTS ON PARTIALLY ORDERED METRIC SPACES

The existence of fixed points of nonlinear contraction mappings in metric spaces
endowed with a partial ordering has been considered recently by Ran and Reurings
[26] in order to obtain a solution of a matrix equation in 2004. Nieto and Lopez [24]
extended the results in [26] by removing the continuity condition of the mapping.
They applied their result to get a solution of a boundary value problem (see also
[4, 13, 141] and references mentioned therein).

Let X be a non-empty set. If d is a complete metric on X and =< is a partial
order on the set X, then (X, d, <) is called complete partially ordered metric space.
Let (X, =) be a partially ordered set and f,g,S and T be self-mappings on X.
Then, (f,g) is called a (S,T)-nondecreasing mapping pair if fz < gy and gz < fy
whenever Sx < Ty or Tx =< Sy for all z,y € X.

From Theorem 1, in the setting of complete partially ordered metric spaces, we
obtain the following theorem.

Theorem 5. Let (X,d, =) be a complete partially ordered metric space and let
fy9,S and T be self-mappings on X such that f(X) C T(X), g(X) C S(X). Let
(f,g) be a (S,T)-nondecreasing pair such that

Y (d(fzr,g9y)) <o (M (2,y)), (3.1)

forall x,y € X such that Sx X Ty, where ¢ € ¢ and p € ®.
Assume that the following conditions are satisfied:

(a) there exists xog € X such that Sxg < fxo;

(b) Sz, = Txpyr for all n even implies that Sz, =< Tx; for all n even and
Jj>mn odd;

(¢) Szy, X Txpiq for alln even and, Sz, and Tx,1+1 converge to an x € X as
n — oo implies that Sz, = and x <X Tx,41 for all n even.

Then the pairs (f,S) and (g,T) have point of coincidence in X. Moreover, if

(1) {f,S} and {9, T} are weakly compatible,
(1) Su <X Tv whenever u € C(f,S) andv € C(g,T).

Then f,g,S and T have common fixed point. Moreover, if Sx < Ty whenever
x,y € F(f,g9,5,T), then f,g,S and T have a unique common fized point.

Proof. Define the function o : X x X — R* by

(2.1) 1 ifz <y,
a(z,y) = .
4 0 otherwise.

Let o (Sz,Ty) > 1. Then
Sz < Ty. (3.2)
From (3.1), we obtain that
Y (d(fz,99)) < ¢ (M (2,9)).

Also, since (f, g) is (S, T')-nondecreasing, by (3.2) we have fx < gy and gz < fy,
which gives us that a(fz, gy) > 1 and a(gz, fy) > 1. Then (f, g) is agr-admissible.
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On the other hand, one can easily show that the hypotheses (a), (b), (¢) and (i)
imply the conditions (a), (b), (¢) and (ii) of Theorem 1.

Now, let =,y € F(f,g,5,T). Then, Sx < T'y and so « (Sz,Ty) > 1. Therefore,
the uniqueness of the common fixed point follows from condition (H). O

If we take ¢ (t) = ¢ (t) — 1 (t) in Theorem 5, we have the following result.

Corollary 4. Let (X,d, =) be a complete partially ordered metric space and let
f,9,S and T be self-mappings on X such that f(X) C T(X), g(X) C S(X). Let
(f,g) be a (S,T)-nondecreasing pair such that

¥ (d(fz,g9y)) <o (M (2,y)) —n (M (z,y)), (3-3)

for all x,y € X such that Sz <X Ty, where ) € ¥ and ¢ € P.
Assume that the following conditions are satisfied:

(a) there exists xog € X such that Sxg < fxo;

(b) Sz, = Txpyr for all n even implies that Sz, =< Tx; for all n even and
Jj>mn odd;

(¢) Szy, X Txpiq for alln even and, Sz, and Tx,11 converge to an x € X as
n — oo implies that Sz, = and x <X Tx,41 for all n even.

Then the pairs (f,S) and (g, T) have point of coincidence in X. Moreover, if

(¢) {f,S} and {g,T} are weakly compatible,
(1) Su <X Tv whenever u € C(f,S) andv € C(g,T).

Then f,g,S and T have common fixed point. Moreover, if Sx < Ty whenever
x,y € F(f, 9,5, T), then f,g,S and T have a unique common fized point.

If we take ¢ (t) =t and n(t) = (1 — k)¢ in Corollary 4, we have the following
result.

Corollary 5. Let (X,d, =) be a complete partially ordered metric space and let
fy9,S and T be self-mappings on X such that f(X) C T(X), g(X) C S(X). Let
(f,g) be a (S,T)-nondecreasing pair such that

d(fx,gy) < kM (z,y), (3.4)

for all z,y € X such that Sx < Ty, where k € [0,1).
Assume that the following conditions are satisfied:

(a) there exists xg € X such that Szo =X fxo;

(b) Szy, = Txpq for all n even implies that Sz, = Tx; for all n even and
Jj>mn odd;

(¢) Sz, X Txpiq for all n even and, Sz, and Tx,+1 converge to an x € X as
n — oo implies that Sz, = and x <X Tx,11 for all n even.

Then the pairs (f,S) and (g, T) have point of coincidence in X. Moreover, if

(¢) {f,S} and {g,T} are weakly compatible,
(i7) Su = Tv whenever u € C(f,S) andv € C(g,T).

Then f,g,S and T have common fized point. Moreover, if Sz < Ty whenever
x,y € F(f, 9,5 T), then f,g,S and T have a unique common fized point.
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4. SOME RESULTS FOR GRAPHIC CONTRACTIONS

Consistent with Jachymski [18], let (X,d) be a metric space and let A :=
{(z,z) : € X} be a diagonal of the Cartesian product X x X. Consider a graph
G such that the set V (G) of its vertices coincides with X and the set E (G) of its
edges contains all loops; that is, E (G) 2 A. We assume G has no parallel edges,
so we can identify G with the pair (V (G), E (G)). Moreover, we may treat G as a
weighted graph by assigning to each edge the distance between its vertices. If x and
y are vertices in a graph G, then a path in G from z to y of length N (N € N) is a
sequence {zi}il\io of N +1 vertices such that 29 = z, zxy = y and (z;_1,2;) € E(G)
fori =1,...,N. A graph G is connected if there is a path between any two vertices.
G is weakly connected if G is connected (see for more details [2, 9, 10]).

In this section, we give the existence and uniqueness of fixed point theorems
on a metric space endowed with graph. Before presenting our results, we give the
following notions and definitions.

Definition 7 ([18]). Let (X,d) be a metric space endowed with a graph G and
T:X — X be a mapping. One says that T preserves edges of G if

vVa,y € X, (z,y) € E(G) = (Tz,Ty) € E(GQ). (4.1)

Definition 8. Let f,g,S and T be selfmaps of a metric space (X,d) endowed with
a graph G. One says that (f,g) preserves edges of G with respect to (S,T) if for
all x,y € X,

(Sz,Ty) € E(G) = (fz,gy) € E(G) and (gz, fy) € E(G). (4.2)

Definition 9. Let (X,d) be a metric space endowed with a graph G and f,g,S and
T be selfmaps on X such that (f, g) preserves edges of G with respect to (S,T). We
say that (f,g) is a generalized (v, 1, go)(S’T) -graphic contraction involving rational
expressions if

Y (d(fz,9y) < ¢ (M(z,y)), (4.3)
for all x,y € X for which (Sz,Ty) € E(G), where v € ¥, p € D and

M (z,y) = max (d (Sz,Ty),d(Sz, fx),d(Ty,gy), d(5z,9y) —lQ-d(fx,Ty),
d(Ty,gy) [1 +d(Sz, fz)] d(fz,Ty)[1+d(Sz, gy)])
1+d(Sz, Ty) ’ 1+d(Sz,Ty) '

Theorem 6. Let f,g,S and T be selfmaps of a metric space (X, d) endowed with a
graph G, and f(X) C T(X), g(X) C S(X) and (f,g) be a generalized (a, v, ¢) (1)~
graphic contraction involving rational expressions. Assume that the following con-
ditions are satisfied:
(a) there exists xg € X such that (Sxo, fzo) € FE (G);
(0) (Szp,Txpt1) € E(G) for all n even implies that (Sz,,Tx;) € E(G) for
all n even and j > n odd;
(¢) (Sxn,Txny1) € E(G) for all n even and, Sz, and Tx, 1 converge to an
x € X as n — oo implies that (Sxn,z) € E(G) and (v,Trp41) € E(GQ)
for all n even.
Then the pairs (f,S) and (g,T) have a point of coincidence in X. Moreover, if

(2) {f,S} and {9, T} are weakly compatible,
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(1) (Su,Tv) € E(GQ) whenever u € C(f,S) andv e C(g,T).
Then f,g,S and T have common fized point. Moreover, if (Sxz,Ty) € E(G)
whenever z,y € F(f,g,S,T), then f,g,S and T have a unique common fized point.

Proof. Define the function a: X x X — R™T by

o (o y) = 1 if (z,y) € E(G),
W= 0 otherwise.

Let a (Sz,Ty) > 1. Then
(Sz,Ty) € E(G). (4.4)
From (4.3), we obtain that

U (d(fz,g9y)) < (M (z,y)) .

Also, since (f,g) preserves edges of G with respect to (S,T), by (4.4) we have
(fz,gy) € E(G) and (gz, fy) € E(G), which gives us that a(fz,gy) > 1 and
algz, fy) > 1. Then (f,g) is agr-admissible.

On the other hand, it is easy to see that the hypotheses (a),(b),(c) and (i)
imply the conditions (a), (b), (¢) and (i¢) of Theorem 1.

Now, let z,y € F(f,g,5,T). Then, (Sz,Ty) € E(G) and so «(Sz,Ty) > 1.
Therefore, the uniqueness of the common fixed point follows from condition (H).

(]

If we take ¢ (t) = ¢ (t) — ¢ (t) in Theorem 6, we have the following result.

Corollary 6. Let f,g,S and T be selfmaps of a metric space (X,d) endowed with
a graph G, and f(X) C T(X), g(X) C S(X). Assume that (f,g) preserves edges
of G with respect to (S,T) such that

v (d(fz,gy)) < v (M (z,y)) — ¢ (M (z,y)), (4.5)
for all z,y € X for which (Sz,Ty) € E(G), where ¢ € ¥ and ¢ € ®.
Suppose also that the following conditions are satisfied:

(a) there exists xg € X such that (Sxo, frg) € E(G);

(b) (Szp,Txny1) € E(G) for all n even implies that (Sxzp,Tx;) € E(G) for
all n even and j > n odd;

(¢) (Sxn,Txpy1) € E(G) for all n even and, Sx,, and Tx, 1 converge to an
x € X as n — oo implies that (Sxn,z) € E(G) and (x,Trn41) € E (GQ)
for all n even.

Then the pairs (f,S) and (g,T) have a point of coincidence in X. Moreover, if

(2) {f,S} and {g,T} are weakly compatible and,

(1) (Su,Tv) € E(G) whenever u € C(f,S) andv € C(g,T).

Then f,g,S and T have common fized point. Moreover, if (Sx,Ty) € E(G)
whenever z,y € F(f,g,S,T), then f,g,S and T have a unique common fized point.

If we take ¥ (t) = t and ¢ (t) = (1 — k)¢ in Corollary 6, we have the following
result.

Corollary 7. Let f,g,S and T be selfmaps of a metric space (X,d) endowed with
a graph G, and f(X) C T(X), g(X) C S(X). Assume that (f,g) preserves edges
of G with respect to (S,T) such that

d(fx,gy) < kM (z,y), (4.6)
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for all x,y € X for which (Sx,Ty) € E(G), where v € ¥ and ¢ € .
Suppose also that the following conditions are satisfied:

(a) there exists xog € X such that (Sxo, fzo) € E(G);

(b) (Szp,Txnt1) € E(G) for all n even implies that (Sxzp,Tx;) € E(G) for
all n even and j > n odd;

(¢) (Sxn,Txpi1) € E(G) for all n even and, Sx,, and Tx, 1 converge to an
x € X as n — oo implies that (Sxn,z) € E(G) and (x,Trn41) € E(GQ)
for all n even.

Then the pairs (f,S) and (g,T) have a point of coincidence in X. Moreover, if

(2) {f,S} and {g,T} are weakly compatible and,
(1) (Su,Tv) € E(G) whenever u € C(f,S) andv e C(g,T).

Then f,g,S and T have common fized point. Moreover, if (Sz,Ty) € E (G)
whenever z,y € F(f,g,5,T), then f,g,S and T have a unique common fixed point.
5. AN APPLICATION

Consider the following integral equations:

b
z(s) = / H,y (s,r, (1) dr, (5.1)
and

b
x(s):/ Hy (s,r,x(r))dr, (5.2)
where s,r € I =[a,b], H,Hy: I x I xR—Rand b>a>0.

In this section, we present an existence and uniqueness theorem for a common
solution to (5.1) and (5.2) that belongs to X := C(I,R) (the set of continuous
functions defined on I) by using the obtained result in Corollary 3.

We consider the operators f,g: X — X given by for all x € X

b
fa(s) = / Hy (s,r,2 () dr, s€l,

and

gx(s) :/ Hy (s,r,x(r))dr, sel.

Then the existence of a common solution to (5.1) and (5.2) are equivalent to the
existence of a common fixed point of f and g.
Meanwhile, X endowed with the metric d defined by

d(z,y) = Sup |z (s) —y(s)]

for all z,y € X, is a complete metric space.
Suppose that the following conditions hold.

(A1) Hy,Hy: I x I xR — R are continuous;
(A2) there exist & : X x X — R such that if £ (z,y) > 0 for all z,y € X, then for
every s, € I, we have

|Hy (sy,ryx(r)) — Hy (s,7r,y (7“))|2 <~v(s,r)In (1 +lz(r)—y (r)|2)
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where v : I x I — R" is a continuous function satisfying sup,¢; ff ~v(s,7) <

1/ (b= a);
(A3) for every s € I there exist 2o € X such that & (zo (s), fzo (s)) > 0;
(A4) for all s € I and z,y € X,

§(x(s),y(s)) >0 = &(fx(s),gy(s)) > 0 and & (g (s), fy(s)) >0

(A5) &(2n (8),@nt1(s)) > 0for all n and s € I implies that & (zy, (s),z; (s)) >0
for all j > n;

(A6) & (2 (), Znt1(s)) > 0 for all m and s € I and, z, — z € X as n — o©
implies that £ (x,, (s),z (s)) > 0 for all n.

Theorem 7. Assume that the conditions (A1) — (A6) are satisfied. Then, integral
equations (5.1) and (5.2) have a common solution in X.

Proof. Let x,y € X such that £ (x,y) > 0. Then, by (A2), for all s, € I, we deduce
2
|m®—wwwzs</uﬁsrx> m@rm»da

(r) = He (s,7,y (r))|” dr

AN
T~
;&m
S~
E
:
B

< w—wlv@mm0+mvwwvaﬁ
< - [ (1rd?) @

— (b—a) (/ab’y(s,r)dr> In (1 +d(z,y)2>

< W (1+d@y)?) < (14 My, (2,9)?),

where

Myg (x,y) = maX(d(x(S)7y(8))7d($(8),fﬂs(5)),d(y($),gy(S)%

d(z(s),9y(s)) +d(fz(s),y(s))
5 :
d(y(s),g9y(s)) [L+d(z(s), fr(s))]
L+ d(z(s),y(s)) 7
d(fxz(s),y(s ))[1+d(93(5)7gy(8))]>
L+d(z(s),y(s)) '

Therefore, we obtain

(s 172w (9} <1 (14 M, 0

sel

Now, define o : X x X — R* by

o (o y) = 1 if £(z,y) > 0 where z,y € X,
"7 10 otherwise.
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Also, define 9, : Rt — RT by ¢ (t) = t* and ¢ (t) = In (1 + ¢?) . Therefore,
using the last inequality, we have

a(z,y) v (d(fr,gy) < o (Mg (2,y)).

It easily shows that all the hypotheses of Corollary 3 are satisfied. Therefore f
and g have a common fixed point, that is, integral equations (5.1) and (5.2) have a
common solution. (]
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