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New types of hesitant fuzzy ideals in
pck-algebras

N. O. Alshehri®and H. A. Alshehri®
“Departement of Mathematics, Faculty of Science, King Abdulaziz University,
Al-Faisaliah Campus, Jeddah, Saudi Arabia
bDepartement of Natural and Engineeeing Sciences, Faculty Applied Studies
and Community Service, King Saud University, Riyadh, Saudi Arabia

Abstract

The aim of this paper is to intrduoce the new types of ideals of BC'K —algebras.
We define and discuss the hesitant fuzzy ( implicative, positive implicative and
commutative) ideals in BCK —algebras and then we study some of thier pro-
prties.

Key words: BCK —algebras, (implicative, positive implicative and commu-
tative) ideals in BC' K —algebras,fuzzy sets, hesitant fuzzy sets, heaitant fuzzy
(subalgebras and ideals), hesitant fuzzy (implicative , positive implicative and
commutative) ideals in BC' K —algebras.

1 Introduction

A BCK-algebra is an important class of logical algebras introduced by Iséki
(see [2,3]) and was extensively investigated by several researchers. The concept
of fuzzy sets was introduced by Zadeh in [4]. Since then ideas have been ap-
plied to other algebraic structures such as semigroups, groups rings, modules,
vector spaces and topologies. In 1991, Xi [6] applied the concept of fuzzy sets to
BC K-algebra, and he got some results. Further, Jun and Roh [8] , Jun et al. [9]
studied fuzzy commutative ideals and fuzzy positive implicative ideals, respec-
tively. Meng [1] introduced the concept of implicative ideals in BC K-algebras
and investigated the relationship of it with the concepts of positive implica-
tive ideals and commutative ideals. Torra [7] introduced the notion of hesitant
fuzzy sets which ara a very useful to express people hesitancy in daily life. The
hesitant fuzzy set is a very uesful tool to deal with uncertainty, which can be
accurately and perfectly described in terms of the opinions of decision makers.
In 2011, Xi and Xu [5] introduced hesitant fuzzy information aggregation tech-
niques and their applications for decision making. In 2016, Jun and Ahn [10]
interoduced the notions of hesitsnt fuzzy subalgebras and hesitant fuzzy ideals of
BCK/BCI—algebras. In this paper, we introduce the notions of hesitant fuzzy
implicative ideals, hesitant fuzzy positive implicative ideals and hesitant fuzzy
commutative ideals of BC'K-algebras, and discuss some properties of them.
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2 Preliminaries

An algebra (X;#,0) of type (2,0) is said to be a BC'K-algebra if it satisfies the
axioms: for all z,y,z € X

(BCK —1) ((zxy)*(xx2))*(2*xy) =0,

(BCK —2) (zx(xxy))xy =0,

(BCK —3) z*xxz =0,

(BCK —4) 0xa =0,

(BCK —5)zxy=0and y*z =0 imply z = y.

Define a binary relation < on X by letting < y if and only if txy =0 .
Then (X; <) is a partially ordered set with the least element 0. In any BCK-
algebra X, the following hold :

(1) (zxy)xz=(xx2)x*y,

S
*
=)
I

zx (zx (zry)) =y,
r<yimpliesz*xz<yxzand zxy < zxx, for all z,y,z € X.
A non-empty subset I of X is called an ideal of X if (I) 0 € I,(Iz) zxy €I

(3)
(4) (z*2)x (y*2) <z *y,
(5)
(6)

and y € I imply = € I. A non-empty subset I of is called an implicative ideal
if it is satisfies (I1) and (I3) = € I whenever (z* (y*z)) %2z € I and z € I.
A commutative ideal if it satisfies (I7) and (I4) @ * (y * (y *x)) € I whenever
(x+y)xz e Iand z € I; a positive implicative ideal if it satisfies (I1) and (I5)
xxz €I whenever (z*xy)xz €l and y*xz € I.

A BCK-algebra X is said to be implicative if it satisfies: Vz,y € X

x=xx* (y*z).

A BCK-algebra X is said to be positive implicative if it satisfies:Vz,y,z € X

(x*x2)*x(y*z)=(x*y)* 2.

A BCK-algebra X is said to be commutative if it satisfies:Vx,y € X

Definition 2.1: [4]
Let S be a set. A fuzzy set in S is a function p: S — [0,1].

Definition 2.2: [6]
A fuzzy set in X is said to be a fuzzy subalgebra of X if

p(xxy) > min{u(z), u(y)}

for all x,y € X.

Every fuzzy subalgebra p of X satisfies the inequality p(0) > p(z) for all
r e X.
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Definition 2.3: [7]

Let E be a reference set. A hesitant fuzzy set on F is defined in terms of a
funcation that when applied to E returns a subset of [0, 1] which can be viewed
as the following mathematical representation :

Hg :={(e,hg(e)) | e € E}
where hg : E — p([0,1])

Definition 2.4 : [10]
Given a non-empty subset A of X , a hesitant fuzzy set Hy := {(z, hx () |
x € X} on X satisfying the following condition:

hx(z)=0forall z ¢ A

is called a hesitant fuzzy set related to A (brielfly , A—hesitant fuzzy set )
on X,and is represented by Ha := {(x,ha(x)) | x € X}, where h, is a maping
from X to p([0,1]) with hs =0 for all = ¢ A.

Definition 2.5: [10]

Given a non-empty subset (subalgebra as much as possible) A of X | let
Hy = {(z,ha(z)) | x € X} be an A—hesitant fuzzy set on X. Then Hy :=
{(z,ha(z)) | x € X} is called a hesitant fuzzy subalgebra of X related to A
(brielfly , A—hesitant fuzzy subalgebra of X) if it satisfies the following condi-
tion:

(Va,y € A) (ha(z xy) 2 ha(z) N ha(y)).

An A—hesitant fuzzy subalgebra of X with A = X is called a hesitant fuzzy
subalgebra of X.

Definition 2.6: [10]

Given a non-empty subset (subalgebra as much as possible) A of X | an
A—hesitnat fuzzy set Ha = {(z,ha(z)) | x € X} on X is called a hesitant
fuzzy ideal of X related to A (brielfly , A—hesitant fuzzy ideal of X) if it satisfies:

(Vz,y € A) (ha(zxy)Nha(y) C ha(z) C ha(0))

An A—hesitant fuzzy ideal of X with A = X is called a hesitant fuzzy ideal
of X.

Proposition 2.7: [10]

Let Hy :={(xz,ha(z)) | x € X} be an A—hesitant fuzzy ideal of X where A
is a subalgebra of X . Then the following assertions ar valid.

(1) (Vz,y € A) (2 <y = ha(z) 2 ha(y)).

(2) (Vo,y € A) (w*y <2z = ha(z) 2 ha(y) Nha(2))
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Theorem 2.8: [10]
For a subalgebra A of a BC' K-algebra X , every A-hesitant fuzzy ideal is an
A-hesitant fuzzy subalgebra.

Proposition 2.9: [1]
In a BCK-algebra X the following hold: for all z,y,z € X
(#id) (zx (y* (y*x)))* (y* (zx (y* (y*x)))) <z*y.

3 Hesitant fuzzy implicative ideals

Definition 3.1:

Given a non-empty subset (subalgebra as much as possible) A of X, an
A—hesitnat fuzzy set Hy := {(x,ha(z)) | x € X} on X is called a hesitant
fuzzy implicative ideal of X related to A (brielfly, A—hesitant fuzzy implicative
ideal of X) if it satisfies:

(Hy) ha(0) D ha(x) for all x € A

(Ha) ha(@) 2 hal(z 5 (y + 2)) + 2)  ha(2), for all a,y, 2 € A

An A—hesitant fuzzy implicative ideal of X with A = X is called a hesitant
fuzzy implicative ideal of X.

Theorem 3.2:

Any A—hesitant fuzzy implicative ideal of X must be A—hesitant fuzzy ideal
of X.

Proof:

Let Hy = {(x,ha(z)) | z € X} is an A—hesitant fuzzy implicative ideal of
X. subsitiuting x for y in (Hz) we obtain :

ha(z) 2 ha((z*(zxx))*2)Nha(z)
= ha((x*0)xz)Nha(z)
= ha(z*xz)Nha(z)
Hence Hy := {(z,ha(z)) | z € X} is an A—hesitant fuzzy ideal of X . O
Corollary 3.3:

Every A—hesitant fuzzy implicative ideal of X must be A—hesitant fuzzy
subalgebra of X .

Remark 3.4:
The converse of Theorem (3.2)may not be true as shown in the following
example.

Example 3.5:
Let X = {0, a,b,c} be a BCK-algebra with the following Cayley table:
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Q||| *
QS| OO
QOO
[ev] Nen) Newl en] No)

(Sl ] Nenl Nanl] i)

For a subalgebra A = {0,a,b} of X, let Ha = {(x,ha(x)) | v € X} be a
hesitant fuzzy set on X defined by

HA = {(07 [%’ %])7 (a’ (%’ %)’ (b7 [%’ %))7 (C’ @)}

Then Hy = {(z,ha(z)) | * € X} is an A—hesitant fuzzy ideal of X, but
it is not an A—hesitant fuzzy implicative ideal of X because ha(a) = (1,3) 2
ha((ax(bxa))*0)Nha(0) = [1,2]

In the following theorem, we can see that the converse of theorem (3.2)also
holds if X is an implicative BC K-algebra.

Theorem 3.6:

If X is an implicative BC K-algebra, then every A—hesitant fuzzy ideal of
X is an A—hesitant fuzzy implicative ideal of X.

proof:

Let X is an implicative BC' K-algebra, it follows that x = xx(y*z),Va,y € X.

Let Ha = {(z,ha(x)) | x € X} be an A—hesitant fuzzy ideal of X, then

for all z,y,,z € A. Hence H,4 is an A—hesitant fuzzy implicative ideal of X.
The proof is complete . [

Theorem 3.7:

Let Hy := {(z,ha(z)) | z € X} be A—hesitant fuzzy set on X, where A is
non-empty subset (subalgebra as much as possible) of X is a A—hesitant fuzzy
implicative ideal of X if and only if, for any ¢ € p([0,1]),the set Ha(e) : {z €
X | ha(z) D e} is either empty or an implicative ideal of X.

The set Ha(e) : {z € X | ha(z) D ¢} is called a A—hesitant fuzzy e—level
set of Hp :={(z,ha(z)) |z € X}.

proof:

suppose that Hg := {(z,ha(x)) | z € X} is an A—hesitant fuzzy implicative
ideal of X and Ha(e): {z € X | ha(z) D e} # () for any € € p([0, 1]). It is clear
that 0 € Hy(e) since ha(0) De. Let (xx (yxx))*x 2z € Ha(e) and z € Hy(e),
then ha((z* (y*z))* 2z ) De and ha(z) D e. It follows from (Hs) that :

ha(z) D ha((zx(y*xx))*z )Nha(z) D e = x € Ha(z). This show that
H ,(e) is an implicative ideal of X.

conversely, suoppse that for each ¢ € p([0,1]), Ha(e) is either empty or an
implicative ideal of X. For any x € A , let ha(x) = €. Then x € Hy(e).
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Since H4(e)(# 0) is an implicative ideal of X, therefore 0 € H4(e) and hence
ha(0) D& =hy(x) for all z € A.

Now we only need to show that H4 satisfies (Hs). If not , then there exist
a',y' 2 € A such that ha(z') C ha((2' * (v x2')) * 2") N ha(2'). Taking

g0 = 2{ha(z’)+ (ha(z'*(y' *2'))*2")Nha(2'))}; then we have that ha(z') C
g0 C {ha(@ = (y xa'))*2")Nha(z')}. Hence 2’ ¢ Ha(eo), ((2'* (v x2")) x2') €
Ha(eo) and 2’ € Hy(eg). i.e, Ha(gp) is not an implicative ideal of X, which
is contradiction. Therefore, H 4 is an A—hesitant fuzzy implicative ideal of X,
completing the proof of the theorem. [J

Now we give characterizations of hesitant fuzzy implicative ideals.

Theorem 3.8 :

suppose that Hy := {(x,ha(x)) | x € X} is an A—hesitant fuzzy ideal of X.
Then the following are equivalent:

(i) Ha is an A—hesitant fuzzy implicative ideal of X.

(ii) ha(z) D ha(z*x (y*x)) for all z,y € A.

(iii) ha(z) = ha(z * (y x 2)) for all z,y € A.

proof:

(i) = (ii) Let Ha := {(z,ha(z)) | * € X} be A—hesitant fuzzy implicative
ideal of X. Then, by (Hs) we have

ha(z) 2 ha((z*(y*z))*0)Nha(0)
ha((z = (y*z)) Nha(0)
ha((@ * (y * x))

for all z,y € A. Hence the condition (ii) holds.

(ii) = (iii) Observe that in BCK —algebra X, z * (y * ) < z. Applying
proposition 2.7(1) we have ha(x) C ha(x * (y * x))

It follows from (ii) that h(x) = ha(x * (y x z)). Hence the condition (iii)
holds.

(iii) = (i) Suppose the condition (iii) holds. Since H, is an A—hesitant
fuzzy ideal , by definition 2.6 we have

ha(xx(y*xxz)) Dha((x*(y*xx))*2)Nha(z)

combining (iii) we obtain: ha(z) 2 ha((z * (y*x)) * z) N ha(z). Thus Ha
satisfies (Hy). Obviously, H,4 satisfies (Hy).

Therefore, H, is an A—hesitant fuzzy implicative ideal of X. Hence, the
condition (i) holds. The proof is complete. [J

Now, we give an equivalent condition for which a hesitant fuzzy subalgebra
of X is to be a hesitant fuzzy implicative ideal of X.

Theorem 3.9:

A hesitant fuzzy subalgebra H4 of X is a hesitant fuzzy implicative ideal if
and only if it satisfies (Hs)(z * (y * z)) * 2 < w implies ha(z) D ha(z) Nha(u)
for all z,y, z,u € X.
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proof:

Assume that H4 is a hesitant fuzzy implicative ideal of X and let z,y, z,u €
X be such that (z * (y*x)) x 2 < u. Since H4 is also hesitant fuzzy ideal of X
by theorem 3.2 it follows from proposition 2.7 that:

ha(z*x (y*2)) D ha(z) Nha(u)

Making use of the theorem 3.8 (iii) we obtain ha(z) D ha(z) Nha(u).
Conversely, suppose that H,4 satisfies (Hs). Obviously, H,4 satisfies (Hy)
since (z * (y*x)) * ((z* (y xx)) * 2) < z. It follows from (H3) that:

ha(x) D ha((z* (yxx))*2) N ha(2)

which shows that H4 satisfies (Hs) and so H4 is a A-hesitant fuzzy implica-
tive ideal of X. The proof is complete. [J

4 Hesitant fuzzy positive implicative ideals

Definition 4.1:

Given a non-empty subset (subalgebra as much as possible) A of X, an
A—hesitnat fuzzy set Hy = {(x,ha(z)) | © € X} on X is called a hesitant
fuzzy positive implicative ideal of X related to A (brielfly, A—hesitant fuzzy
positive implicative ideal of X) if it satisfies:

(Hy) ha(0) D ha(z) forallz e A

(Hy) ha(zx2) Dha((zxy)*x2z)Nha(y*z), for all z,y,z € A

An A—hesitant fuzzy positive implicative ideal of X with A = X is called a
hesitant fuzzy positive implicative ideal of X.

Theorem 4.2:

Every A—hesitant fuzzy positive implicative ideal of X is A—hesitant fuzzy
ideal of X.

Proof:

Assume that Hy := {(z,ha(z)) | z € X} is an A—hesitant fuzzy positive
implicative ideal of X . Putting z = 0 in (H,) we obtain:

ha(xx0) 2O ha((z*xy)*0)Nha(y*0)
ha(z) 2O ha(zxy)Nha(y).
So, H,4 is an A—hesitant fuzzy ideal of X. O
Remark 4.3:

The converse of Theorem (4.2) may not be true as shown in the following
example.

Example 4.4:

Let X be a BCK-algebra as in Example (3.5) It is easy to check that H 4
is an A—hesitant fuzzy ideal of X , but it is not an A—hesitant fuzzy positive
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implicative ideal of X because ha(ax0) = (1,3) 2 [3
hA(b * O))

7%) = (ha((a*b)*0)N

Proposition 4.5:
If X is positive implicative, then an A—hesitant fuzzy ideal of X is an
A—hesitant fuzzy positive implicative ideal of X if and only if satisfies:

ha(xxy) =ha((xxy) xy) for all z,y € A.

Proof:
Suppose that the heaitant fuzzy ideal Hy := {(z,ha(x)) | z € X} of X is
an A—hesitant fuzzy positive implicative ideal of X. So by (Hy)

ha(xx2) Dha((z*y)*2)Nhaly*z2)
subiting z = y in (Hy) we have :

ha(zxy) 2 ha((
= ha((z*y) *xy) N ha(0)
= ha((xz*y)*y)

On other hand, since (z *xy) *y < z x y, it follows from Propsition 2.7(1)
that ha((z *y) *y) 2 ha(x *y). Thus we have ha(z xy) = ha((z xy) xy) for
all z,y € A.

Conversely, assume that ha(zxy) = ha((x*xy) xy) for all z,y € A. we want
to prove that an A—hesitant fuzzy ideal Hg := {(z,ha(x)) |z € X} of X is an
A—hesitant fuzzy positive implicative ideal of X. It is clear that, h4(0) D ha(x)
for all x € A. Since H, is A-hesitant fuzzy ideal, and X is positive implicative
then

ha(xxz) = ha((zx2)x2) Dha((z*2)*(y*2))Nha(y*2)
ha(@sz) 2 ha((@#y) =) Nhaly )

Therefore, Hy := {(z,ha(x)) |z € X} of X is an A—hesitant fuzzy positive
implicative ideal of X. The proof is complete. [J

5 Hesitant fuzzy Commutative ideals

Definition 5.1:

Given a non-empty subset (subalgebra as much as possible) A of X, an
A—hesitnat fuzzy set Hyq := {(z,ha(z)) | £ € X} on X is called a hesitant fuzzy
commutative ideal of X related to A (brielfly, A—hesitant fuzzy commutative
ideal of X) if it satisfies:

(Hy) ha(0) D ha(z) forallz e A

(Ho) ha(w + (y  (y+2)) 2 ha((@ ) * 2) N ha(2), for all 2,3,z € A

An A—hesitant fuzzy commutative ideal of X with A = X is called a hesitant
fuzzy commutative ideal of X.
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Example 5.2:
Let X = {0,a,b,c} be a BCK-algebra with the following Cayley table:

QS| O] *
Q|| OO
oo O
ol | oo

PR RSN Ee=] Ran] BS]

Let Hyx := {(z,hx(z)) | * € X} be a hesitant fuzzy set on X defined by
Ha = {(0,]0,1]), (a,0.2,0.7], (b, (0.2,0.3]), (¢, [0.6,0.7))}. It is routine to verify
that Hx := {(z,hx(z)) | z € X} is hesitant fuzzy commutative ideal of X.

Theorem 5.3:

Any heaitant fuzzy commuatative ideal of BC K-algebra X is hesitant fuzzy
ideal of X.

Proof:

Let Hx := {(z,hx(x)) | x € X} be a hesitant fuzzy commutative ideal of a
BCK-algebra X. For any z,y, z, € X, we have

h(z*z)Nh(z) = h((x*0)*z2)Nh(z)
C h(z*x(0x(0xx)))
- o)

i.e. Hx is hesitant fuzzy ideal of X. O

Remark 5.4:

A hesitant fuzzy ideal of a BCK- algebra X, may not be hesitant fuzzy
commutative ideal. For instance, Let X = {0, a, b, ¢, d} be a BC K-algebra with
the following Cayley table:

Qoo |oO| *
Qoo |o|lo
Qlo|los|o|lole
Qoo |olc
(e E==)] Nenl Nen] Nen) N
OO OO O &

Let So, S1, 52 € P (]0,1]) be such that Sy = [0,1) D 51 =[0.2,0.7] 2 53 =
[0.4,0.5]. Define a mapping h : X — P([0,1]) by h(0) = [0,1), h(a) = [0.2,0.7]
and h(b) = h(c) = h(d) = [0.4,0.5). Routine calculations give that h is a
hesitant fuzzy ideal of X. But it is not a hesitant fuzzy commutative ideal of
X because h(bx* (cx (cxb))) 2 h((bxc)*0) N h(0).
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Theorem 5.5:

Let Hx := {(z,hx(z)) | © € X} be a hesitant fuzzy ideal of a BC' K-algebra
X. Then Hx is hesitant fuzzy commutative ideal of X if and only if satisfies
the condition

W+ (y* (y+2)) 2 b y) for all 2,y € X (L1)

proof:
Assume that Hx := {(z,hx(x)) | + € X} is hesitant fuzzy commutative
ideal. Taking z = 0 in (H¢) and using (H;). Also, we use z %0 = z.

hzx(y*(y*2))) D h((z*y)*0)Nh(0)=h(z=*y).

Conversely, suppose that Hx := {(x, hx(z)) | x € X} satisfies the condition
(1.1) as Hy is a hesitant fuzzy ideal. Hence

h(zxy) D h((zxy) *z) Nh(z) (1.2)

for all z,y, z € X. combining (1.2) and(1.1) then we obtain (H¢). The proof
is complete. [

Observing z *xy < x * (y * (y * x)) and using propoition (2.7) we have h(x *
(y* (y*x))) C h(z *y). Hence, theorem (5.5) can be improved as follows:

Theorem 5.6:

A hesitant fuzzy ideal Hx of a BC K-algebra X is hesitant fuzzy commuta-
tive ideal of X if and only if satisfies the identity h(z*y) = h(z*(y=* (y*x))) for
all z,y € X.

Theorem 5.7:

In a commutative BC K-algebra X. Every hesitant fuzzy ideal is a hesitant
fuzzy commutative ideal.

Proof:

Let Hx be a hesitant fuzzy ideal of BC K —algebra X. It is sufficient to show
that Hx satisfies condition (H¢). Let x,y,z € X.Then

(z*(yx(y*z))*(z*xy)*2)*2

((z*(y*(y*w))*2)*((xxy)*2)
< (zx(yx(y*x))*(y*x)

(@ (yxy))* (y*(y*z)) =

that is ,

(@ (yx (yxx)) *(xxy)*2) < 2

It follows from propostion (2.7)

h(@ * (y * (y * x))) 2 h((z *y) * 2) N h(z)

10
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Thus (H¢) holds, and the proof is complete. O

Theorem 5.8:

Let X be a BC'K-algebra and let H4 be A-hesitant fuzzy set in X. Then H 4
is a A-hesitant fuzzy commutative ideal of X if and only if H4(¢) is commutative
ideal of X for all ¢ € P([0,1]), H4(0) D€ .

Proof:

Suppose H4 is a A-hesitant fuzzy commutative ideal of X. For any fixed
e € P([0,1]), if ha(0) D e then 0 € Ha(e). Hence Ha(e) satisfie (H1). Let
(xxy)xz € Hy(e) and z € Hy(e). It follows that ha((z *y) * z) 2 ¢ and
ha(z) 2 e. By (H¢e) we have :

ha(@*(y*(yxx))) Dha((z*xy)*x2z)Nha(z) De

namely (z * (yx (y xx))) € Ha(e) , so Ha(e) satisfies condition (C). Thus,
H 4 (e) is commutative ideal of X.

Conversely, assume that H 4 (¢) is commutative ideal of X for all € € p([0, 1]),
ha(0) D e. Let ha((z *y) *x2z) = e1 and ha(z) = ey for z,y,2z € A. Then
(xxy)*xz € Ha(er) and z € Hy(e2) . Without loss of generality,we may assume
that €1 C 9. Then Ha( e2) € Ha( e1) and so z € Ha(e1). Since Ha(ey) is
commutative ideal of X by hypothesis we obtain that z x (yx (y*z)) € Ha(e1).
Thus ha(z * (y * (y *xx))) 2 €1 = ha((z *xy) * 2) N ha(z). It is clear that
ha(0) D ha(z) for all x € A. Therefore H4 is a A-hesitant fuzzy commutative
ideal of X. I

Definition 5.9:

Let Hx := {(z,hx(x)) | x € X} be a hesitant fuzzy commutative ideal of a
BCK-algebra X. The commutative ideals Hx( €),e € p([0,1]) and Hx(0) D ¢
are called hesitant e—level commutative ideals of Hx.

Theorem 5.10:

Any commutative idael of BC K-algebra X can be realized as hesitant e—level
commutative ideal of some hesitant fuzzy commutative ideal of X.

Proof:

Suppose C' is a commutative ideal of BC'K-algebra X and let H4 be a
hesitant fuzzy set in X defined by

e ifzxelC
HA_{ 0 ifzg¢C

where ¢ is a fixed interval in p([0, 1]). Let z,y, z € A. We will divide into the
following cases to verify that H 4 is A—hesitant fuzzy commutative ideal of X.
(i) If (zxy)*2z) € C and z € C, then (z * (y* (y*xx))) € C. Thus

ha((z*y) *z) = ha(z) = ha(z * (y* (y*z))) =€
and so

ha(z * (y* (y x2))) 2 ha((zxy) * 2) N ha(z)

11
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(17) If (x+xy)*2) ¢ C and z ¢ C,then ha((x*y) * z) = ha(z) = 0. Hence

ha(z* (y* (y x2))) 2 ha((z xy) * 2) N ha(z)

(7i) If exactly one of (z * y) * z and z belongs to C then exactly one of
ha((x *y) *z) and ha(z) is equal to 0. So

ha(z s (y+ (y*2))) 2 ha((z *y) *2) N ha(z)

The results above show hu(x * (y * (y x 2))) 2 ha((z *xy) * 2z) N ha(z), for
all x,y,z € A. Tt is clear that hs(0) 2D ha(z) for all x € A. Hence Hy is
A—hesitant fuzzy commutative ideal of X and obviously H4(e) = C. The proof
is completed. I

Theorem 5.11:

Suppose Hy := {(z,ha(z)) | x € X} is a A—hesitant fuzzy commuta-
tive ideal of BC'K-algebra X. Then two hesitant level commutative ideals
Hy(e1), Ha(g2) with (g1 C e3) of Ha are equal if and only if there is no x € X
such that e; C ha(x) C es.

Proof:

Suppose ¢1 C ey and Ha(e1) = Ha(ea). If there exists © € X such that
€1 C ha(x) C &g, then Hy(es) is proper subset of H(e1). This is impossible.

Conversely, suppose that there is no = € X, such that 1 C ha(z) C ea.
Note that, €1 C ey implies Ha(ez) C Ha(er). If © € Ha(ey), then ha(x) D g
and so ha(z) D &9

because ha(x) € 5. Hence x € H4(g2) which says that Ha(e1) C Ha(ez).
Thus, Ha(e1) = Ha(ez). This completes the proof. O

Let h4 be a A-hesitant fuzzy set in X and let Im(hy4) denote the image of
ha.

Theorem 5.12:

Let X be a BCK-algebra and h4 a A-hesitant fuzzy commutative ideal of
X. If Im(ha) = {e1,62,....,en} where e C g2 C ... C &, then the family
of commutative ideals Ha(g;)(i = 1,2,...,n) consitiutes all the hesitant level
commutative ideals of h4.

Proof :

Let € € p([0,1]) and ¢ ¢ Im(hya). If € C &1, then ha(e1) € ha(e). Since
ha(e1) = X, we have ha(e) = X and ha(e) = ha(eq).

If e; Ce Ceir1 (1<i<n-—1), then there is no z € X such that ¢ C
ha(z) C g;41. From above theorem(5.10) it follows that ha(e) = ha(gi41). This
shows that for any € € p([0, 1]) with h4(0) D €, the hesitant level commutative
ideal ha(e) isin {ha(e;): 1 <i<n}.0

Lemma 5.13:
Let X be a finite BCK —algebra and Hy4 a A—hesitant fuzzy commutative
ideal of X. If & and 8 belong to Im(h 4) such that ha(a) = ha(8), then a = .

12
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Proof:

Suppose a # 3, say a < f3, then there is € X such that hy(z) = a <
and so x € ha(a) and x ¢ ha(B). Thus ha(a) # ha(8) which is contradiction .
The proof is complete. [

Theorem 5.14:

A hesitant fuzzy ideal H4 of X is hestiant fuzzy implicative ideal if and
only if H4 is both hestiant fuzzy commutative ideal and hestiant fuzzy positive
implicative ideal.

Proof:

Suppose H 4 is hestiant fuzzy implicative ideal of X. For all z,y,z € A we
have

hal(xxy)*2)Nha(lyxz) C ha((x*2z)*z), [by proposition(2.9)(i)and (2.7)]
ha((x*2) % (z* (x*2)), [by proposition(2.9)(ii)]
ha(x % z), [by theorem(3.8)(iii)]

So H 4 is hesitant fuzzy positive implicative ideal of X. By proposition (2.7),
(2.9)(4i1) and theorem (3.8)(4i%)

ha(z*y) Cha(zx(yx(y*z)))* (yx (v (yx*(y*z))) =ha(zx(y*(y*2))

It follows from proposition (5.5) that H 4 is hesitant fuzzy commutative ideal
of X.

Conversely, suppose that H 4 is both hesitant fuzzy positive implicative and
hesitant fuzzy commutative ideal of X. Since (y* (y*x)) * (y*x) < z * (y * ).
Tt follows from proposition (2.7) that ha(zx (y*2)) C ha( (y*(y=x))* (y*x)).
Using theorm (4.5)we have ha( (y* (y*z)) * (y*xx)) = ha(y * (y xx)) and so

ha(z* (y*x)) Cha(y = (y*x)) (*)

On the other hand, since z*y < z*(y*z) implies ha(x*(y*z)) C ha( T*y).
Since H 4 is hesitant fuzzy commutative by theorem (5.6) we have ha(z xy) =
ha(z* (y* (y*z))), hence ha(z * (y*z)) C ha(x * (y* (y xx))). Combinging
(*) we obtain

ha(zx (y*x)) Cha(z* (y*(y*x))) NVhaly* (y*x)) C ha(z)

So H 4 is a hesitant fuzzy implicative ideal of X by theorem (3.8) . The proof
is complete. [
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uated lattices. As main results, we investigate the L-fuzzy (K, F)- soft topologies in-
duced by L-fuzzy (K, E)- soft uniformities. Moreover, we study the L-fuzzy (K, E)-
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1 Introduction

Molodtsov [18] introduced a completely new concept called soft set theory to model
uncertainty, which associates a set with a set of parameters. Pei and Miao [19] showed
that soft sets are a class of special information systems. Later, Maji et al. [15] in-
troduced the concept of a fuzzy soft set which combines a fuzzy set and a soft set.
Presently, the soft set theory is making progress rapidly [1,2,6,15-19,26,28,31,32].
The topological structures of soft sets have been developed by many researchers
3,5,8,23,27,29,30,33].

Héjek [9] introduced a complete residuated lattice which is an algebraic structure
for many valued logic. Bélohldvek [4] investigated information systems and deci-

sion rules in complete residuated lattices. Hohle [10] introduced L-fuzzy topologies
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with algebraic structure L(cqm, quantales, MV -algebra). Uniformities in fuzzy sets,
have the following approach of Lowen [14] based on powersets of the form LX**X
as a viewpoint of the enourage approach, the uniform covering approach of Kotzé
[13], the uniform operator approach of Rodabaugh [25] as a generalization of Hutton
[11] based on powersets of the form (L¥)™), the unification approach of Gutiérrez
Garcia [7]. Recently, Gutiérrez Garcia introduced L-valued Hutton uniformity where
a quadruple (L, <,®, %) is defined by a G L-monoid (L, *) as an extension of a com-
pletely distrbutive lattice L. Kim [12] introduced the notion of L-fuzzy uniformities
as an extension of Lowen in a strictly two-sided, commutative quantale. Moreover, he
investigated the relations between L- fuzzy topological spaces and L- fuzzy uniform
spaces. Ramadan et.al [23] introduced the notion of L-fuzzy (K, E)- soft topogenous
orders and L-fuzzy (K, F)- soft quasi uniformities in complete residuated lattices.
The goal of this paper is to focus on the relationships between L-fuzzy (K, E)-
soft quasi uniformities and L-fuzzy (K, F)- soft topologies in complete residuated
lattices. As main results, we investigate the L-fuzzy (K, E)- soft topologies induced
by L-fuzzy (K, E)- soft uniformities. Moreover, we study the L-fuzzy (K, E)- soft
quasi uniformities induced by L-fuzzy (K, E)- soft topologies. We give their examples.

2 Preliminaries

Let L = (L,<,V,A,0,1) be a completely distributive lattice with the least element 0
and the greatest element 1 in L.

Definition 2.1. [4,9,11] An algebra (L, A,V,®,—,0,1) is called a complete resid-
uated lattice if it satisfies the following conditions:

(C1) L = (L,<,V,A,1,0) is a complete lattice with the greatest element 1 and
the least element 0;

(C2) (L,®,1) is a commutative monoid;

(CHhroy<zifx<y— zforx,yze€lL.

Remark 2.2. Every completely distributive lattice (L, <, A, V,*) with order re-

versing involution * is a complete residuated lattice (L, <, ®, ®," ) with a strong nega-
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tion * where ©® = A , & =V and

o 1, ifz<y,
TTY= y, otherwise.

In this paper, we assume that (L, <, ®,—,®,") is a complete residuated lattice
with an order reversing involution #* =  — 0 which is defined by z @y = (z* © y*)*.

Lemma 2.3. [4,9,11] For each z,y, z, z;, y;,w € L, we have the following proper-

~~

Nivi) =V, vl (Vo) = Ny
= (N\ivi) = Nilz = wi),
(Vizi) =y =Nz —y)
v — (Viu:) 2 Vi(z — i),
(Nizi) =y 2> Vi(xi —y)
(z

Oy) —mz=r—(y—z)=y— (r—2),

I

Y

10)z0y=(r—y ) andzdy=1a"—y,

) (z—-y)o(z—w <(z02)—(yow),

12)r —y<(z0z2) = (yoz)and (z - y) O (y = 2) <z — 2
4)r —-y=y"—z*

15) (zVy)® (z\/w) (xVz)Vyow) < (zdz)V(yoOw).

)
)
)
B)(rz—=yo(z—w) <(rdz)— (ydw).
)
)
16) Vier i = Vier i = Nier (@i — vi) and A\jcp @i — Nicr i = Nier (@ — i),

Throughout this paper, X refers to an initial universe, F' and K are the sets of all
parameters for X, and L¥X is the set of all L-fuzzy sets on X.

Definition 2.4. [3,5,23] A map f is called an L- fuzzy soft set on X, where f is
a mapping from E into L, i.e., f. := f(e) is an L- fuzzy set on X, for each e € E.
The family of all L- fuzzy soft sets on X is denoted by (LX)%. Let f and g be two L-

fuzzy soft sets on X.
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(1) f is an L-fuzzy soft subset of g and we write f C g if f. < g., for each e € E.
f and g are equal if f C g and g C f.

(2) The intersection of f and g is an L- fuzzy soft set h = fMg, where he = f. A ge,
for each e € F.

(3) The union of f and g is an L- fuzzy soft set h = f Ll g, where h, = f. V g, for
each e € I.

(4) An L- fuzzy soft set h = f ® g is defined as h, = f. ® g, for each e € F.

(5) An L- fuzzy soft set h = f @ g is defined as h, = f. ® g., for each e € F.

(6) The complement of an L- fuzzy soft sets on X is denoted by f*, where f* :
E — L¥ is a mapping given by f* = (f.)*, for each e € E.

(7) f is called a null L- fuzzy soft set and is denoted by Ox , if f.(x) = 0, for each
eck,xeX.

(8) f is called an absolute L- fuzzy soft set and is denoted by 1x , if fo(x) = 1,
foreachee F , z € X.

Definition 2.5. [3,5] A mapping 7 : K — L& (where Tp, := T(k) : (LX)? — L
is a mapping for each k € K) is called an L-fuzzy (K, E)-soft topology on X if it
satisfies the following conditions for each k € K.

(SO1) Ti(0x) = Ti(1x) = 1,

(802) Tu(f©g) =2 Ti(f) © Tulg) V f.g € (LF)",
(SO3) Tu(L; fi) = Nic Te(fi) ¥V fie (LN)F i e 1.
The pair (X, 7) is called an L-fuzzy (K, E)-soft topological space.

Definition 2.6. [3,5] A mapping F : K — LED" is called an L-fuzzy (K, E)-soft
cotopology on X if it satisfies the following conditions for each e € E.

(SF1) Fi(0x) = Fi(lx) =1,

(SF2) Fi(f @ g) = Fiu(f) © Fil9), ¥ f.g€ (LY)",

(SF3) Fi(Mierfi) = N\, Fi(fi), ¥ fi € (L¥)P, i € 1.

The pair (X, F) is called an L-fuzzy (K, E)-soft cotopological space.

Definition 2.7. [23] An L- fuzzy (K, E)-soft quasi uniformity is a mapping U :
K — LED" which satisfies the following conditions .

(SU1) There exists u € (L**X)F such that U, (u) = 1.
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(SU2) If v C u, then Ui (v) < Uy(u).
(SU3) For every u,v € (LX*)E U (u © v) > Up(u) © Uy (v).
(SU4) If Ux(u) # 0 then T Ao C u where, for each e € E,

(Ta)elz.y) = { 0 e
(SU5) Uy(u) < V{Uk(v) | vov C u}, where

Ue O V(T 2) = \/ Ue(Z,y) © Ve(y, 2).
yex
The pair (X,U) is called an L-fuzzy (K, F)-soft quasi-uniform space.
An L-fuzzy (K, E)-soft quasi-uniform space (X, ) is said to be an L-fuzzy (K, E)-
soft uniform space if

(U) Up(u) < Up(u™t), where (u™)e(z,y) = ue(y,z) for each k € K and u €
(LX*X)E,

An L-fuzzy (K, E)-soft quasi-uniformity & on X is said to be an (L, ®)-fuzzy
principle quasi-uniformity if

(P) uk</\i€F ul) = /\iEF Uk(ul) for all u; € (LXXX)E.

Remark 2.8. Let (X,U) be an L-fuzzy (K, E)-soft uniform space.

(1) By (SU1) and (SU2), we have Ux(lxxx) = 1 because u C 1y, x for all u €
(LX*X)E

(2) Since Uy, (u) < Up(u™') <Up((u™)71) = Up(u), then Uy (u) = Uy (u™1).

3 L-fuzzy (K, F)-soft topologies induced by L-fuzzy (K, E)-
soft uniformities

Lemma 3.1. For every f € (L*)¥, we define (uy), (u;l) € (LX*X)E by:

(uf)6<xay) = fe(x> - fe(y) Ve € E,

(up)e(,y) = (up)e(y, @) ,

then Vf, g € (L*)F we have the following statements

5
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1

Ixxx = Uoy = Uiy,

(LXXX)E‘

2) For every uy € , we have uyous C uy,

3) ur ©ug & upegy,

(1)

(2)

(3)

(4) uy © ug C usag, up ® ug C usay,
(5)Uf = Up~,

(6)uf®g = Ufpg*s

(7)

7 uf®g = Ufrg*,

Proof. (1) (Lyxx)e(z,y) = T = (uoy)e(#,y) = (Ox)e(x) = (0x)e(y) = (1x)e(z) —
(1X)e(y) = (ulx)e(x>y)'

(2)
((ug)e o (up)e)(@, 2) = Vyex ((ug)e(z,y) © (uf)e(y, 2))
= Vyex(fe(@) = fe(v) © (fe(y) — fe(2)))
< (felz) = fe(y) © (fely) — fe(2))
< fe(@) = fe
Hence (ufouys) < uy.
(3)
(ur © ug)e(x, y) = (ug)e(r,y) © (ug)e(,y)
< (felz) = fe(y) © (9( )—>ge(y))
< fe(®) © ge(x) — fe(y) © ge(y)
= (usog)e(,y).
(4)
(ug © ug)(z, y) = ug(z,y) © uy(z,y)
< (ful@) = L) © (9.(r) = g.(1))
< Jfe(@) @ ge(@) — fe(y) D ge(y)
= uf@g(xay>'
(5)
up)e(w,y) = (up)e(ys x) = fely) — fe(z) = f2(2) — fi(y)
= (ug+)e (fL‘ Y)-
(6)
(u;ég)e = (u(f®g)*)e = (Upr@g)e-
(7)

(Urgg)e = (U(rog))e = (Upeage)e-

Theorem 3.2. Let (X,U) be an L-fuzzy (K, E)-soft principle quasi-uniform
space. Define the mapping T4 : K — LI by:

6
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(1 if f=0
%M(f) - { Z/{k(Uf), if f 7'é Oi

Then, 7Y is an L-fuzzy (K, E)-soft topology on X.
Proof. (SOl) 776“(())() =1 and 7;“(1)() :L{k(ulx) = uk<1xxx) = 1.

(SO2) Since uy ® uy C uyse, , for each f,g € (L*)F, by (SU3), we have Uy(u; ©

tg) < Up(Ujog).
Hence, T (f © g) = Ur(usog) > Ur(up @ ug) > Uy(us) © Uy (ug) = TH(f) © TH(g)-

(SO3) Let {f:}ier be a family of fuzzy soft sets in X. Then, by Lemma 2.3(8),we

have

(UVier £0)e(@,y) = Vier fi)e(@) = (Vier fi)e(y)
= Ni((fi)e(z) = (fi)e(y))
= Ni(uyg,)e(z, y).
Then Tk“(V,-er fi) = uk(“(\/iep fi) ) > U (/\iEF uf,) = /\iEF Uy (uy,) = /\ieF %u(fz)v

for every ¢ € T'.

Theorem 3.3. Let (X,U) be a L-fuzzy (K, E)-soft principle quasi-uniform
space. Define the mapping F¥ : K — LEH* by:

1 i F =1y
U o )
Filf) = { Up(u7h), i f £ 1y
Then, F¥ is an L- fuzzy (K, E)-soft cotopology on X.

Proof. (SFl) fg(lx) =1 and IZZ/{(OX) Uk(uox) L{(ulx) Z/{k<1X><X) =1.

(SF2) Since up © ugr T upggr = u;ég , for each f,g € (LX)E, by (U3), we
have Z/lk(u]71 ©u,') < Up(upg,). Hence, F(f @ g) = Uk(u;ég) = Up(uprpg) >

Uy (g © uge) = Up(up) ©Ulug) = F(f) © Fil(g)-
(SE3) Let {f;}ier be a family of fuzzy sets in X. Then, by Lemma 2.3(8),we have

(User 12))e(T, )
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Then flz;l(/\ler fl) - Z/{k (u(/\lier fl)) - uk(u(vzel“ fz*)) Z uk(/\iEF uf:) = /\iGF uk(uf:) =
Nier FH(f3), for every i € T

Theorem 3.4 Let (X,U) be an L-fuzzy (K, E)-soft quasi-uniform space. Define
the mapping 7% : K — LEY" by

=N AU@V V thw)
ulz]Ef

ecFE xeX

where (u[z])e(y) = ue(y, z). Then, TH is an L-fuzzy (K, E)-soft topology on X.

Proof (SO1) It is easily checked.
(SO2) Suppose that

\/Uk @(\/Uk(v)ﬁ \/ U (w

u[z]Cf v[z]Cg wlz]EfOg

For each i € {1,2}, there exists u; with u;[x] C f; such that

wlz]EfOg

It implies (u1 ® ug)[x] E f © g such that

\  Un(w) > Un(uy © un) > Up(ur) © Us(us).
wlz]Cf10f2

It is a contradiction.

TH(f) © TH ()
= (Aver Naex L@V Vo U@} © (Aves Ayex {02V Vo, Un(0)})

)
< Aver Avex (120 V Ve Ue)} © {02 (2) V Ve, Uel0)})
(by Lemma 2.3 )

< Aver Avex (2 @)V (Vo Ue() © (V e, Uelv)))

< Aves Avex (7 @ 0@V (Vyoupaic oy Ut © v) )
<TH(f©9)
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(SO3)
%u(\/je] fi) = Neer /\xEX{(v]‘eJ fi)e(@) v \/u[x}gvjfj Ulu)}

(since L is a completely distributive lattice)
— e Mo AUV Vi, U}
NilA\cer Naex 1@V Vopoy, ,, UW) 1}
/\j{/\eGE Naex{(fj)e(x) v Vu[x]gfj Ulu)}}
N T (S5)-

v

Corollary 3.5. Let (X,U) be an L-fuzzy (K, E)-soft quasi-uniform space. Define
the mapping F¥ : K — LEH" by

FH =N\ N{@v \ th@}.

ecE zeX ulx]Cf*

Then, FY is an L-fuzzy (K, E)-soft cotopology on X.

4 [L-fuzzy (K, F)-soft quasi-uniformities induced by L-fuzzy
(K, F)-soft topologies

Theorem 4.1. Let (X,7) be an L-fuzzy (K, E)-soft topological space. Define the

mapping U7 : K — LEHE by

U (u) = \{OL Tu(f) | ©fyuy, Cu, f; # Ox},

where \/ is taken over finite family {uy, | i = 1,2,...,n}. Then U7 is an L-fuzzy
(K, E)-soft quasi -uniformity on X.

Proof.(1) Put 7° = {f € (LX)F | Tu(f) # 0}

(SU1) Since u;, C 1xyx, we have
U(lxxx) > Ti(lx) = 1.

(SU2) If uy C uy, uy,up € (LXX)E then
Up(ur) = V{0 T(fi) | Opug, Eu, fi # Ox}

<SVH{OL T(fi) | Ofyuy, E ug, fi # Ox }
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(SU3) Let f,g € (LX)F and uw e (L**X)E then u; ®u, C use, and

U (u) © U (w)

= \/{Q?:I%(fz) | ®n 1uf [ u, fz 7& OX}

O V{OIL1T(g)) | ®] Sit, £, g # Ox}

< V{OL Tu(fi) © ©7L Ti(g;) |

O 1Ufz O O uy; EU@UJ fi #0x,9; # 0x}
<U(u© w)

(SU4) If Up(u) # 0, then there exists f € (LX)F with Zp.(f) # 0 such that u; C u.
Hence, 1ao C uy C u.

(SU5) Suppose there exists u € (LX**)E such that

\/{Uk |UOUEU}zUk()

There exists a finite family {g; € 7° | ©" u,, < u}. such that

VAU () [vov T u} # OF, Ti(g).

On the other hand, since u,, o ug, T u,,, for each i € {1,...,m} , we have

(On 1“91) (Qy;lugi) = O, (ug, o Ugi)
C O ug,.

Put v = ©%,u,,. Then vov C u and

\/{Uk ) [vov Eu} > Ul (v) > O T(g:)-

It is a contradiction. Thus \/{UZ (v) | vov C u} > U7 (u).

Corollary 4.2. Let (X, F) be an L-fuzzy (K, E)-soft cotopological space. Define
the mapping U7 : K — LEE by

uk \/{®z lfk(gz) | ®’L 1Ug; E U, gi 7é OX}

where the first \/ is taken over every finite family {ug, | i = 1,...,n}. Then U7 is an

L-fuzzy (K, FE)-soft quasi-uniformity on X.
Example 4.3. Let (L = [0,1],®,—) be a complete residuated lattice (ref.
[4,9,11]) defined by
rOy=(x+y—1)V0, r—y=(1—-x+y) Al
10
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r@y=(x+y Al z¥=1-—uzx.

Let X = {z,y} beaset, K = E = {ej,e;} and f, g € (L*)F such that

for(2) = 0.6, f., (y) = 0.5,
fCQ(x) = 0.3, fe, (y) = 0.6.
Ge, () = 0.2, g, (y) = 0.5,
Gey () = 0.4, ge, (y) = 0.3.

(f®f)61(‘73) = 0.2, (f® f)e1(y =0,
(fO fe(x) =0, (fO fles(y) =0.2.
fo(x) =04, fr(y)=05,
fo(x) =0.7, fi(y) =04
gzl (l‘) = 0.8, g; <y> = 0.5,

g:,(x) = 0.6, g& (y)=0.7.

(f"® [ er(x) =08, (f* D f)e,(y) =1,
(f* @ fes(@) =1, (f* D f*)en(y) = 0.8.

1, ifhE{lx,Ox}

) 06, ifh=Ff,
T.(h)=9 03 it hefof
0, otherwise,

1, ifhE{lx,Ox}
7;2<h) = 0.4, ifh=y,

0, otherwise.
Since 0.3 =7, (f© f) > T.,(f) ©7T.,(f) = 0.2, T is an L-fuzzy (E, E)-soft topology
on X.

(2) From (1), we obtain an L-fuzzy (E, E)-soft cotopology F : E — L) with
Fe.(f) =T, (f*) as follows

1, ith{lx,Ox}

) 06, ifth=f",
Falh) =9 03 s hefer
0, otherwise,

1, if h e {1)(,0)(}
Fey(h) =< 04, ifh=g",

0, otherwise,

11
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(3) We obtain ug, u,, uses as

From Theorem 4.1, we obtain an L-fuzzy (E, E)-soft quasi-uniformity 47 : £ —

LEFXLOE a5 follows
1, ifu= 1X><X
0.6, ifoEu#lxxx,
U)o, (u) = 0.3, if uper Cu D uy,

0.2, if Uf@Uf EUEUf@f,

0, otherwise,
1, ifu= 1X><X

U)oy (u) =< 04, ifu, Culxyx,

0, otherwise.

Theorem 4.4. Let 7 be an L- fuzzy (K, E)-soft topology on X and U7 the L-
fuzzy (K, E)-soft principle quasi-uniformity. Then

(1) T4 >T,

2)u™ <u.

Proof. (1) T (f) = U] (up) = VIO T(f) | ©yuy, < uy, fi # 0x} = Tul(f).
(2) Suppose that there exists u € (L*X*X)%¥ such that

UT (1) £ Uy(w).

There exists a family {uy, | OF, uy, Cu} such that @7 TH(f;) £ Uy(u). For each
i=1,2,...,m, by the definition of T, there exists uy, € (L**¥)¥ such that

O U (ug,) £ Up(u).
On the other hand,
U(u) = Un (O uy,) > O Ui(uy,) = O, T (fi)-
It is a contradiction.

12
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Example 4.5. Let X = {h; | i = {1,2,3}} with h;=house and E = {e, b} with

e=expensive, b= beautiful. Define a binary operation ® on [0, 1] by
rOy=max{0,z+y—1}, r - y=min{l —x +y, 1}

r@y=min{l,z+y}, 2" =1—2z

Then ([0, 1], ®,—,0,1) is a complete residuated lattice.
(1) Put v,v ® v,w € ([0,1]**X)F as

1 06 05 1 05 03
ve=103 1 05 |v,=1 07 1 05
04 06 1 06 06 1
1 02 0 1 0 O
(v O V), 0 1 0 |(wouvy=|(04 1 0
0 02 1 02 02 1
1 04 05 1 05 03
we=1| 04 1 05 Juy=| 03 1 05
04 06 1 02 03 1
We define U : E — [0, 1] a5 follows:
17 if u = ]-YXY
. 06, if v E u 7é 1y><y,
Ue(u) = 0.3, fveovCuldow,
0, otherwise.
1, if u = 1y><y
Upy(u) =< 0.5, ifwCu##lyyy,
0, otherwise.

Since vov =v, wow =w and (vOv)o (vOV) = (vOWV), U is a [0, 1]-fuzzy (E, E)-
soft principle quasi-uniformity on X. From Theorem 3.2, we obtain a [0, 1]-fuzzy

soft (E, E)-topology T : E — [0,1]1U")" such that T¥(v[f]) = 0.6 because, for
€c {e7b}7 f 7£ OX:

—~

De(y,2) = v[fle(y) = v[fle(2)
2ex(Ve(2,Y) © fe(2)) = Vyex(ve(z,2) O [e(2))
E Y) O fe(w)) = (ve(2,2) © fe(2)))

y) = ve(, 2))

uv[

e >><s
\_/ ~——~8 8
m

> =

x?
ve(z
x

VIV IV I
NA
\."@/—\@“

@m

Since (U1XXX[aX])e(ya 1X><X[04X] (y> - 1X><X[05X]e(z) = (1X><X)e(ya 2)7 we have

TH(1xxx[ax]) = TH(ax) = 1. Moreover, T (v ® v[f]) = 0.3 and T (w[f]) = 0.5.

13
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Hence
1, if g = ax,
w, ) 06, ifg=uf],
TN =1 03 it = (voo)f
0, otherwise,

1, if g = Qx,
T/(9) =4 05, ifg=wlf],
0, otherwise,

From Theorem 4.1, we obtain 47" : E — [0, 1] as follows:

1, ifu= 1X><X
0.6 if u Cu 7é 1Y Y
M'TM uw) = ’ : v[f] = XY
e () 0.3, if Uy & u B g,
0, otherwise.
y 1, ifu= 1X><X
Z/{I;T (U) = 05, if uvm E Uu 7& 1Y><y7
0, otherwise.

Since

vex (Ve(2,Y) © fe(2)) = V,ex (ve(z,2) © fe(2))
Naex ((ve(@,y) © fe(2)) = (ve(, 2) © fe(z))
/\xeX(UG(xay) - Ue(fL‘,Z)) Z ve(y,z),

Uy]f) C v and U(vew)[f] C v. Hence UTU <U.

VIV <]

References

[1] H. Aktas, N. Cagman, Soft sets and soft groups, Inf. Sci., 177(13)(2007),2726-
2735.

[2] A. Aygiinoglu, H. Aygiin, Introduction to fuzzy soft groups, Computers and
Mathematics with Appl., 58(2009), 1279-1286.

[3] A. Aygiinoglu, V. Cetkin, H. Aygiin, An introduction to fuzzy soft topological
spaces, Hacettepe Journal of Math. and Stat., 43(2)(2014), 193-204.

[4] R. Beélohldvek, Fuzzy Relational Systems, Kluwer Academic Publishers, New York
, 2002.

[5] V. Cetkin , H. Aygiin , On fuzzy soft topogenous structure, J. Intell. Fuzzy Syst.
, 27(2014), 247-255.

14

1034 A.A.Ramadan et al 1021-1037



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

[6] F. Feng, C. Li, B. Davvaz, M. Arfan Ali, Soft sets combined with fuzzy sets and
rough sets: a tentative approach , Soft Comput. 14(9)(2010), 899-911.

[7] J.Gutiérrez Garcia , M. A. de Prade Vicente, Sostak A. P., A unified approach
to the concept of fuzzy L-uniform spaces, Chapter 3 in [15], 81-114.

[8] D.N. Georgiou, A.C. Megaritis, V.I. Petropoulos, On soft topological spaces,
Appl. Math. Inf. Sci., 7(5)(2013), 1889-1901.

[9] P. Hajek, Metamathematices of Fuzzy Logic, Kluwer Academic Publishers, Dor-
drecht (1998).

[10] U. Hohle, S.E. Rodabaugh, Mathematics of Fuzzy Sets: Logic, Topology, and
Measure Theory, The Handbooks of Fuzzy Sets Series 3, Kluwer Academic Pub-
lishers, Boston, 1999.

[11] B. Hutton, Uniformities in fuzzy topological spaces, J. Math. Anal. Appl., 58
(1977), 74-79.

[12] Y.C. Kim, A.A. Ramadan, M. A. Usama, L-fuzzy Uniform Spaces, The Journal
of Fuzzy Mathematics, 14 (2006), 821-850.

[13] W. Kotzé , Uniform spaces, in: Hohle U., Rodabaugh S. E.(Eds.), Mathematics
of Fuzzy Sets: Logic, Topology and Measure Theory, Handbook Series, Chapter
8, Vol. 3, Kluwer Academic Publishers, Boston, Dordrecht, London, 1999, 553-
580.

[14] R. Lowen, Fuzzy uniform spaces, J. Math. Anal. Appl., 82 (1981), 370-385, doi:
10.1016/0022-247x(81)90202-x.

[15] P.K. Maji, R. Biswas, A.R. Roy, Fuzzy soft sets, Journal of Fuzzy Mathematics,
9(3)(2001), 589-602.

[16] P.K. Maji, R. Biswas, A.R. Roy, Soft set theory, Computers Mathematics with
Appl., 45(2003), 555-562.

[17] P. Majumdar, S.K. Samanta, Generalized fuzzy soft sets, Computers Mathemat-
ics with Appl., 59(2010), 1425-1432.

15

1035 A.A.Ramadan et al 1021-1037



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

[18] D. Molodtsov, Soft set theory, Computers Mathematics with Appl., 37(1999),
19-31.

[19] D. Pei, D. Miao, From soft sets to information systems, Granular Comput-

ing,2005 IEEE, International Conferences on (2)(2005),617-621.

[20] A.A. Ramadan,Y.C. Kim, M.K. El-Gayyar, On fuzzy uniform spaces, The Jour-
nal of Fuzzy Mathematics, 11 (2003), 279-299.

[21] A.A. Ramadan, E.H. Elkordy and Yong Chan Kim, Relationships between L-
fuzzy quasi-uniform structures and L-fuzzy topologies, Journal of Intelligent and

Fuzzy Systems, 28 (2015), 2319-2327.

[22] A.A. Ramadan, E.H. Elkordy, Y.C. Kim , Perfect L-fuzzy topogenous space, L-
fuzzy quasi-proximities and L-fuzzy quasi-uniform spaces, Journal of Intelligent

and Fuzzy Systems, 28(6)(2015), 2591-2604.

(23] A.A. Ramadan, Yong Chan Kim , On L-fuzzy (K, E)- soft topogenous orders and
L-fuzzy (K, E)- soft topologies, Journal of Intelligent and Fuzzy Systems,(2016)
submitted.

[24] S.E. Rodabaugh, Categorical foundations of variable-basis fuzzy topology, in:
Hohle U., Rodabaugh S. E.(Eds.), Mathematics of Fuzzy Sets: Logic, Topology
and Measure Theory, Handbook Series , Chapter 4, Kluwer Academic Publishers,
1999.

[25] S.E. Rodabaugh, E.P. Klement, Topological and Algebraic Structures In Fuzzy
Sets, The Handbook of Recent Developments in the Mathematics of Fuzzy Sets,
Kluwer Academic Publishers, Boston, Dordrecht, London, 2003.

[26] A.R. Roy, P.K. Maji, A fuzzy soft set theoretic approach to decision making prob-
lems, International of Computational and Applied Mathematics, 203(2007),412-
418.

[27] M. Shabir, M. Naz, On soft topological spaces, Computers and Mathematics with
Appl., 61(2011), 1786-1799.

16

1036 A.A.Ramadan et al 1021-1037



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

[28] S.A. Solovyov, Lattice-valued soft algebras, Soft Comput. 17(10)(2013),1751-
1766.

[29] B. Tanay, M.B. Kandemir, Topological structures of fuzzy soft sets, Computers
and Mathematics with Appl., 61(2011),412-418.

[30] B.P. Varol, H. Aygiin , Fuzzy soft topology, Hacet J. Math. Stat. 41(3)(2012),
407-419.

[31] G. Xuechang, L. Yongming, F. Feng, A new order relation on fuzzy soft sets and
its application, Soft Comput., 17(1)(2013),63-70.

[32] J. Zhan, Y.B. Jun, Soft BL-algebras based on fuzzy sets, Comput Math. Appl.
59(6)(2010), 2037-2046.

[33] L. Zhaowen, X. Tusheng, The relationship among soft sets, soft rough sets and
topologies, Soft Comput. , 18(4)(2014),717-728.

E-mail: aramadanb58@hotmail.com

E-mail: yck@Qgwnu.ac.kr

17

1037 A.A.Ramadan et al 1021-1037



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

A FIXED POINT APPROACH TO STABILITY OF ADDITIVE MAPPINGS
IN MODULAR SPACES WITHOUT A,-CONDITIONS

CHOONKIL PARK, ABASALT BODAGHI, AND SANG OG KIM*

ABSTRACT. In this article, we prove the generalized Hyers-Ulam-Rassias stability of the fol-
lowing equivalent functional equations

flx+y) = flx)+ fy),

) <1 (552 - s

via fixed point method. We obtain the result in the framework of modular spaces without
As-conditions.

1. Introduction and preliminaries
We recall some basic facts concerning modular spaces.

Definition 1.1. Let X be a vector space over a field K (R or C). A generalized function
p: X — [0,00] is called a modular if it satisfies for all a, 8 € K, z,y € X
(i) p(z) =0 if and only if z = 0,
(i1) p(ax) = p(x) for every scalar a with |a] =1,
(iii) p(ax + By) < p(z) + p(y) f a+ B =1and o, > 0.
If we replace (iii) by
(ili") plaz + By) < ap(x) + Bp(y) if a+ B=1and a,8 >0
then we say that p is a convexr modular.

A modular p defines a corresponding modular space, denoted by X,, given by
X, ={x e X | p(Az) = 0as A — 0}.
X, is a vector subspace of X.

Definition 1.2. Let X, be a modular space and {z,} be a sequence in X,,.
(1) {xn} p-converges to x € X, if p(x, —x) = 0 as n — oo. The point z is called the
p-limit of the sequence {x,}, which is denoted by z, > z.
(2) {zn} is a p-Cauchy sequence if p(xy, — xy,) — 0 as m,n — oo.
(3) A subset S C X is called p-complete if every p-Cauchy sequence in S is p-convergent to
an element of S.

Remark 1.3. Note that for a fixed z € X, the valuation A € K — p(Az) is increasing. In
case the modular p is convex, one has p(z) < dp (%x) for all x € X, provided 0 < ¢ < 1. In

2010 Mathematics Subject Classification. Primary 39B52, 39B82, 47HO09.

Key words and phrases. generalized Ulam-Hyers-Rassias stability, additive mapping, modular space, fixed
point.
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particular, p(z) < 5p(2"z) for all z € X, and n € N. Let {an}, {bn}, {cn}, {dn} be sequences

in X, that p-converge to a, b, c,d, respectively. It is easy to show that

1

) <i(an _a)+ i(bn )+ len—o)+ %(dn - d)>

1
< Z(P(an —a) + p(bn — b) + plen — ) + p(dn — d))
Unlike a norm, a modular need not be continuous. The convergence of a sequence {z}
does not imply that of {cxz,} for a scalar c. In order to avoid such difficulties, some additional
conditions are imposed on the modular so that the multiple of {z,} converges naturally. One

of such conditions is the so-called As-condition. A modular p is said to satisfy the As-condition
if there exists k > 0 such that p(2z) < kp(zx) for all z € X,.

Example 1.4. A convex function ¢(t) defined on [0, 00), nondecreasing and continuous for
t > 0 and such that ¢(0) = 0,¢(¢t) > 0 for t > 0, and ¢(t) — oo as t — o0, is called an Orlicz
function. Let (€2, %, ) be a measure space. Let L°(u) be the set of all measurable real-valued
(or complex-valued) functions on Q. Define for f € LO(u),

polf) = /Q o

Then py is a modular and the associated modular function space is called an Orlicz space and
denoted by

L? = {f € L°(u) | ps(\f) = 0 as A — O}

It is known that L? is py-complete. Moreover, (L%, | - |, ,) is a Banach space, where the
Luxemburg norm || - [[,,is defined as follows;

1 £1l e =inf{)\>0 ’ /ng<|{\’> du < 1}.

Note that if p is the Lebesgue measure on R and ¢(t) = e’ — 1, then p, does not satisfy the
As-condition.

The notion of modulars on linear spaces and the corresponding theory of modular spaces, as
a generalization of metric spaces, were initiated by Nakano [15] in connection with the theory
of ordered spaces. Further and the most complete development of the theories are due to
Luxemburg, Musielak, Orlicz, Mazur [11, 12, 13, 14] and their collaborators. In the present
time, the theory of modular and modular spaces are extensively applied, in particular, in the
theory of various Orlicz spaces and interpolation theory, which have broad applications. For
a review of Musielak-Orlicz space and modular spaces, the reader is referred to the book of
Musielak and Orlicz [13].

The stability problem of functional equations originated from a question of Ulam [23] in 1940,
concerning the stability of group homomorphisms. In 1941, Hyers [7] gave the first affirmative
answer to the problem of Ulam for Banach spaces. Hyers’ result was generalized by Aoki [1]
for additive mappings and by Rassias [16] for linear mappings by considering an unbounded
Cauchy difference. Generalizations of the Rassias’ theorem were obtained by Forti [4] and
Gavruta [5] who permitted the Cauchy difference to become arbitrary unbounded. Since then
a wide spectrum of stability problems has been investigated for a variety of functional equations
and spaces. A large list of references concerning the stability of various functional equations can
be found e.g., in [2, 3, 8,9, 18, 19, 20, 21, 22]. Recently, Sadeghi [17] showed a fixed point method
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to prove the stabilities of the Cauchy and Jensen functional equations on modular spaces with
the Ag-conditions. Wongkum et al. [24] obtained a stability result of the quadratic functional
equation without the Ag-conditions. Also, Eshaghi Gordji et al. [6] proved a generalized Ulam-
Hyers-Rassias stability of Cauchy mappings in modular spaces endowed with a partial order
without the As-condition.

Motivated by the ideas and results of [6], [17] and [24], we prove the generalized Ulam-Hyers-
Rassias stability of additive functional equations in the framework of modular spaces via fixed
point theory. It is very important to note that we dropped the As-condition. The results are
interesting and many results on the stability of additive functional equations in normed spaces
can be reformulated. Note that the functional equations we are considering in Theorems 2.2
and 3.1 are equivalent, but in the stability of those functional equations the control functions
are different.

2. Stability of the functional equation f(x +y) = f(x) + f(y)

Let X, be a modular space, C' C X,, and T': C' — C be a mapping. The orbit of T at x € C
is the set
O(z) = {z, Tz, T?x,...}.
The quantity §,(x) = sup{p(T"(x) — T™(x)) | n,m € N} is called the p-diameter of T at .
We start with a known fixed point theorem in modular spaces.

Theorem 2.1. ([10]) Let X, be a modular space whose induced modular is lower semicontinuous
and let C C X, be a p-complete subset. If T : C' — C' is a p-contraction, that is, there is a
constant k € [0,1) such that

p(Tz —Ty) < kp(z —y), x,y€eC,
and 6,(xg) < 0o for xg € C, then the sequence {T"(xg)} is p-convergent to a point w € C. If
p(w—T(w)) < oo and p(zo — T(w)) < oo, then w is a fived point of T

Theorem 2.2. Let V be a linear space, X, be a p-complete modular space where p is lower
semicontinuous and convez, and f :V — X, be a mapping with f(0) =0. Let 0 < L <1 be a
constant and suppose that

where ¢ : V XV — [0,00) is a nonnegative real-valued function with the following properties;

n n
i P22 _

¢(2z,2z) < 2Lp(z,z), zyeV.
Then there exists a unique additive mapping w : V — X, such that
1
plu(e) = () < T pyelea) (2.3)
forallz e V.
Proof. Let

M=A{glg:V —X,, g(0)=0}.
Then by a standard argument as in [24, Lemma 10] or [17, Theorem 2.1], M is a linear space,
and the generalized function p: M — [0, 00| defined by

Plg) = inf{e > 0 | p(g(x)) < cpla.x), € V)
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is a convex modular on M. Moreover the corresponding modular space My is the whole space
M and is p-complete. Also p is lower semicontinuous.

Define T : Mﬁ — Mﬁ by
1
T(9)(z) = 59(2x), ge& My zcV.

We first show that T is a p-contraction. Let x € V, g,h € M; and c be an arbitrary constant
with p(g — h) < c¢. Then we have

p(g(Q:U) - h(2x)) < cp(2x, 2x),
so that by (2.2)

) <9(§x) B h(;x)> ;( (22) — h(22)) < g (2z,2x) < Lep(z, ).

Hence we have p(T'g — Th) < Lp(g — h), from which T is a p-contraction.
Next, we show that T" has a bounded orbit at f. For that, we first show by induction on
neN

p (fz(znl) —2f(x )) > %gp (272,27 2), eV (2.4)
=1
In fact, for n = 1, letting = y in (2.1), we have
p(F(22) 21 (@) < p(2f(20) ~ 4f(x)) <

Assume that (2.4) holds for n — 1. Then, for all z € V,
f(2"x

<L (f SEUS 2f(2w)) + 2o(2f(21) - 4 (a)

1
2% o(z, x).

2
1 1 1
§§ZZZSD ‘z,2'z) +§SO(33,55)

n

=Y e (272,

i=1
from which it follows that (2.4) holds for every n € N. Hence we deduce that

o (Tt - 21) £ 3 et 2

=1

< o, 0oL

< —p(z,x) Z L1
i=1
< m@(%x)

forallz e V.
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Now for m,n € N, we have by (2.5)

) (f(2”$) f(2m$)>

271 2m
<ip (2f SN 2f<m>) + 3 (2f S 2f<x>) oo
2.6
2
< m‘ﬂ(@“a@
= 2(11_11)90(1'7*%)
for all z € V. We also have
2z 1 2 1
P <f(2n ) - f(x)) < bl <2f(2n ) - 2f(w)> < m‘ﬁ(%x) (2.7)
for all z € V. Hence it follows by (2.6) that for m,n € N,
AT =T ) € g <o

and hence, the p-diameter of T" at f is finite, i.e., 05(f) < oo.

By Theorem 2.1, there exists an element w € M5 such that T" f L w. By the p-contractivity
of T', one has

p(Tw — T ) < Lp(w — T" ). (2.8)
Letting n — oo in (2.8) and applying the lower semicontinuity of p, we have
p(Tw — w) < liminf p(Tw — T f)
n—oo
<liminf Lp(w —T"f)
n—oo
=0,

so that w is a fixed point of T, i.e., w(2x) = 2w(zx) for all x € V.
Replacing (z,y) by (2"z,2"y) in (2.1), we have

p(2/(2"(x +)) - 2£(2"0) = 2/(2"y) ) < p(2"2,2").
Then by using Remark 1.3 and (2.2), we have
) (f(Q”(x +ty) _ f(2"2) f(2”y)>

on on on
<) (2f(2"(x +y)  2f(@2"z) 2f(2"y)>
= on on on

(2.9)

< 2iﬂp(zf(w(:z +y)) —2f(2"x) — 2f(2”y))

1
< 2790(2”30,2"@ —0
as n — o0o.
Applying the lower semicontinuity of p, Remark 1.3 and (2.9), we deduce that

w(z +y) = w(x) + w(y)
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for all x,y € V, that is, w is additive. Moreover, by (2.7), it follows that
1
P(w(f’f) - f(m)) < m‘ﬂ(l‘aﬂ?)

for all x € V. Hence the inequality (2.3) is proved.
Finally, we show the uniqueness of the additive mapping w. Assume that w, w2 are additive
mappings that satisfy (2.3). Then we deduce that

(@) wale)
| ey 2?@) [@'z)  wa(2a)
( ‘ )

2n+1 2n+1 2n+1 2n+1

1 w1(2"x)  f(2"x)  f(2"x)  wa(2"x)
S271”(12 B I >

= 2% (;P(wl(ﬂx) — f(2"x)) + %p(f(Q"a:) - w2(2"aj))>

1 2
< . 2n 2TL
= ot 41— L)‘p( z,2"z)
11 .
Sonz 1oL (2L)"p(x, )

—0asn — o0
for all x € V, from which it follows that w; = wo. This completes the proof. O
If the control function ¢ is replaced by a constant, we obtain the following result.

Corollary 2.3. Let V be a linear space, X, be a p-complete modular space where p is lower
semicontinuous and convez, and f : V — X, be a mapping with f(0) = 0. If there exists a
constant § > 0 such that

p(2f(x +y) —2f(2) = 2f(y)) <6, z,y€eV,
then there ewists a unique additive mapping w : V — X, such that

0
plw() ~ (@) < 3
forallx e V.
Proof. It is easy to see that we can take L = % in Theorem 2.2 if p(x,y) = forallz,y € V. O

It is known that every normed space is a modular space with p(x) = ||z||. Applying Theorem
2.2, we have the following result.

Corollary 2.4. Let V be a linear space, (X,|| -||) be a Banach space and f : V — X be a
mapping with f(0) =0. Let 0 < L < 1 be a constant and suppose that

Hf(x-l-y)—f(x)—f(y)H Scp(x,y), m,yEV,

where ¢ : VXV — [0,00) is a nonnegative real-valued function with the following properties;

2", 2"
lim 2202
n—00 n

¢(2x,2z) < 2Lp(z,2), x,y€V.
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Then there exists a unique additive mapping w : V. — X such that

1
lw(z) = f(2)]| < m‘ﬁ(ﬂfvﬂ”)
forallx e V.

Example 2.5. Let ¢ be an Orlicz function and L? be the Orlicz space. Let f : V — L? be a
mapping with f(0) = 0. Let 0 < L < 1 be a constant and suppose that

/Q 6 (12/(x + ) — 2/(2) — 2/ ())) di < @), Ty €V,

where ¢ : V x V — [0, 00) is a nonnegative real-valued function with the following properties;

2%, 2"
lim PEE2W)
n—00 on

$(20,22) < 2Lg(x,7), @,y € V.

Then there exists a unique additive mapping w : V' — L? such that
1
_ dy < ———
[ #ui@) ~ @D dn < gmpele.a)
for all x € V.

3. Stability of the functional equation f (X3¥) +f (X5¥) = f(x)

Theorem 3.1. Let V' be a linear space, X, be a p-complete modular space where p is lower
semicontinuous and convex, and f :V — X, be a mapping with f(0) =0. Let 0 < L <1 be a
constant and suppose that

r+y r—y
p<2f< 5 >+2f< 5 )—2f(m)> <¢(@,y), zyeV, (3.1)
where ¢ : V. x V — [0,00) is a nonnegative real-valued function with the following properties;
(2, 2My)
i = =0 (3.2)

¢(22,0) < 2Ly(x,0), z,y€V.
Then there exists a unique additive mapping w : V — X, such that

pw(@) - f(2)) <

< m@(% 0) (3.3)

forallx e V.
Proof. Let
M=A{glg:V —X,, g(0)=0}.

Then as in the proof of Theorem 2.2, M is a linear space, and the generalized function p: M —
[0, c0] defined by

plg) = inf{c > 0] p(g(z)) < cp(,0), z € V}
is a convex modular on M. Moreover the corresponding modular space My is the whole space
M and is p-complete. Also p is lower semicontinuous. Define T': Mz — M by

T(9)(x) = 5o(22), g€ My x V.
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We first show that T is a p-contraction. Let x € V, g,h € M and c be an arbitrary constant
with p(g — h) < ¢. Then we have

p(9(2z) — h(22)) < cp(22,0),
so that by (3.2)

2 h(2 1
(157 - ME) < Jplot2a) - n(2e) < §e20,0) < Loplz, ).
Hence we have p(T'g — Th) < Lp(g — h), from which it follows that 7" is a p-contraction.

Next, we show that T has a bounded orbit at f. For that, we first show by induction on
n €N

P (féfi:f) - 2f(m)> <(L"+...4 L*+L)p(z,0), z€eV. (3.4)

In fact, for n = 1, letting y = 0 in (3.1), we have
p(47(5) —2f@) < o(@,0), zeV.

Then we have
p(4f(z) — 2f(2z)) < p(22,0) < 2Lp(z,0), =z €V,
and hence
p(f(2x) —2f(x)) < %p(‘lf(-%‘) —2f(22)) < Lp(x,0), zeV.
Assume that (3.4) holds for n — 1. Then, for all z € V,

(122 o)
< 50 (125 —opn)) + Lo(2sen) - 1) 55
< %(L"_1 + ...+ L? 4 L)p(2z,0) + % - 2Lp(x,0)

<(L"+... 4+ L + L)p(x,0),

from which it follows that (3.4) holds for every n € N.
Now for m,n € N, we get by (3.5)

) (f(Q”l‘) f(2m$)>

on om
< %p <2f %Z” - 2f(a:)> + %p (2"0(;2@ —2f (rc)) 56
1 (L(1— L") L(1— L™ '
—2( - ' 1-1 >‘p($’0)
<L p@0)
for all x € V.. We also have by (3.5)
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for all x € V. Hence it follows by (3.6) that for m,n € N,

L
o(T"f —TMf) < ——

which implies that the p-diameter of T at f is finite, i.e., 65(f) < co. By Theorem 2.1, there
exists an element w € M5 such that T™ f % w. By the p-contractivity of T', one has
P(Tw — T f) < Lp(w — T ). (3.8)
Letting n — oo in (3.8) and applying the lower semicontinuity of p, we have
p(Tw —w) < liminf p(Tw — T f)
n—oo
<liminf Lp(w —T"f)
n—oo
=0,

so that w is a fixed point of T', i.e., w(2z) = 2w(z) for all z € V.
Replacing (x,y) by (27" 1z, 2" 1y) in (3.1), we have

Then by using Remark 1.3 and (3.2), we get

, <2f(2” r4y) | 2@ -y) 2f(2“+1x)>

on+1 on+1 on+1
< Gurp (2@ +9) +2F (2 — ) — 2£(2) (3.9)
S ﬁ(p (2n+1x, 2n+ly)

— 0 asn — co.

Since w(2z) = 2w(x), applying the lower semicontinuity of p, Remark 1.3 and (3.9), we deduce
that

w(z+y) +w(r —y) =2w(x) (3.10)

for all z,y € V. Since w(0) = 0, letting x = 0 in (3.10), it follows that
w(—y) = —w(y)

for all y € V. Replacing (z,y) by (y,x) in (3.10), we have

w(x +y)+w(y —z) =2w(y) (3.11)
for all 2,y € V. From (3.10) and (3.11), we obtain that w is additive, that is,

w(z +y) = w(z) +w(y)

for all x,y € V.. Moreover, by (3.7), it follows that

plw(e) = () < g gyel@.0)

for all z € V. Hence the inequality (3.3) is proved. Finally, we show the uniqueness of the
additive mapping w. Assume that w;,wy are additive mappings that satisfy (3.3). Then we
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deduce that

2n+1 2n+1 2n+1 2n+1

(BT 1, ) i)

1 w1(2"x)  f(2"z)  f(2"x)  we(2"x)
= on < 12 > T2 22 )

< o (3ol — 507) 4 (7)) )

on \ 2
1 2L
< : 2. )
= ontl 2(1—L)‘p( z,0)
1 L

—0asn— o0
for all x € V, from which it follows that w; = ws. This completes the proof. O

Remark 3.2. It is curious that the multiple of 2 in the inequalities (2.1) and (3.1) appears. It
is an interesting question whether the constant 2 in (2.1) and (3.1) can be dropped.
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FUZZY STABILITY OF ADDITIVE-QUADRATIC
p-FUNCTIONAL INEQUALITIES

CHANG IL KIM AND GILJUN HAN*

ABSTRACT. In this paper, we prove the generalized Hyers-Ulam stability of
the following additive-quadratic p-functional inequalities

N(f(@+y) + fla—y) = 2f(2) = f) — F(), — [4f(“y)+4f( Y) - 34@)
) =10 - 1)) 1) 2 e (071

and

N(af(ZEY) 4 ar(T5Y) = 85@) + £(-2) — £w) ~ F(9) ~ Pl + ) + F(z — )
= 2f(x) = f) = [(-w)].t) >

in fuzzy Banach spaces.

t
T N 07172
t+¢(z,y) s :

1. INTRODUCTION AND PRELIMINARIES

The concept of a fuzzy norm on a linear space was introduced by Katsaras [12]
in 1984. Later, Cheng and Mordeson [3] gave a new definition of a fuzzy norm in
such a manner that the corresponding fuzzy metric is of Kramosil and Michalek
type [14].

Definition 1.1. Let X be a real vector space. A function N : X x R — [0, 1] is
called a fuzzy norm on X if for all x,y € X and all ¢,s,t € R,
(N1) N(z, t) =0 for all t <0;
(N )x—OlfandonlylfN(x t) =1 for all t > 0;
(N3) N(cx, t) = N(z T, 76 |) if ¢ £ 0;
(N4) N(z+y, s+1t)>min{N(z,s), N(y,t)};
(N5) N(z,-) is a nondecreasing function on R and lim;_,o, N(z, t) = 1;
(N6) for any x # 0, N(z,-) is continuous on R.
In this case, the pair (X, N) is called a fuzzy mormed space.

Let (X, N) be a fuzzy normed space. A sequence {z,} in X is said to be con-
vergent in (X, N) if there exists an @ € X such that lim,_,c N(z, — 2,t) = 1 for
all ¢ > 0. In this case, x is called the limit of the sequence {x,} in X and one
denotes it by N — lim,, 0 &, = . A sequence {z,} in X is said to be Cauchy in
(X, N) if for any € > 0, t > 0, there is an m € N such that for any n > m and any
positive integer p, N(Zp1p — n,t) > 1 — e for all t > 0. It is well known that every
convergent sequence in a fuzzy normed space is Cauchy. A fuzzy normed space

2010 Mathematics Subject Classification. 39B62, 39B72, 54A40, 47H10.

Key words and phrases. Hyers-Ulam stability, additive-quadratic p-functional inequality, fuzzy
normed space, fixed point theorem.
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is said to be complete if each Cauchy sequence in it is convergent and a complete
fuzzy normed space is called a fuzzy Banach space.

In 1940, Ulam proposed the following stability problem (cf. [24]):

“Let GG be a group and G5 a metric group with the metric d. Given a constant
0 > 0, does there exist a constant ¢ > 0 such that if a mapping f : G; —
Go satisfies d(f(zy), f(x)f(y)) < c for all z,y € G4, then there exists a unique
homomorphism h : Gy — Gy with d(f(z), h(x)) < § for all x € G17”

In the next year, Hyers [11] gave a partial solution of Ulam’s problem for the
case of approximate additive mappings. Subsequently, his result was generalized
by Aoki ([1]) for additive mappings, and by Rassias [23] for linear mappings, to
consider the stability problem with unbounded Cauchy differences. A generalization
of the Rassias theorem was obtained by Gavruta [9] by replacing the unbounded
Cauchy difference by a general control function in the spirit of the Rassias’ approach.
During the last decades, the stability problems of functional equations have been
extensively investigated by a number of mathematicians ([4], [5], [6], [17]).

In 2008, for the first time, Mirmostaface and Moslehian [15], [16] used the defini-
tion of a fuzzy norm in [2] to obtain a fuzzy version of the stability for the Cauchy
functional equation

(1.1) fla+y)=flx)+ f(y)
and the quadratic functional equation
(1.2) fl@+y)+ fle—y) =2f(z) + 2f(y).

Glényi [10] and Fechner [8] proved the Hyers-Ulam stability of the following
functional inequality

12f(x) +2f(y) = Flz =yl < [If(z+y)ll

Park, Cho, and Han [22] proved the generalized Hyers-Ulam stability of the follow-
ing functional inequalities associated with the following Cauchy additive functional
inequality:

1 (@) + F) + f <[l f(z+y+ 2.

and the following Cauchy-Jesen additive functional inequality:
r+y

17 () + f(y) + F)l < 12 (—;

Park [19, 20, 21] defined additive p-functional inequalities and proved the Hyers-
Ulam stability of the additive p-functional inequalities.
Now, we consider the following fixed point theorem on generalized metric spaces.

Theorem 1.2. [7] Let (X,d) be a complete generalized metric space and let J :
X — X be a strictly contractive mapping with some Lipschitz constant L with
0 < L < 1. Then for each given element x € X, either d(J"x, J" tx) = co for all
nonnegative integers n or there exists a positive integer ng such that

(1) d(J"z, J"z) < 00 for alln > ng ;

(2) the sequence {J™x} converges to a fized point y* of J ;

(3) y* is the unique fized point of J in the set Y ={y € X | d(J™x,y) < oo} and
(4)

y
1
4) dy,y") < 7= d(y. Jy) forally €Y.
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In this paper, we investigate the solution of following additive-quadratic p-
functional inequalities

N(f@+y) + fz—y) = 2f(2) = F) = F(~y)
as)  —o[r(E) 4 (5E) - 3f@ + f0) - F) - 1w 1)

> ey 0#15):

N(a£ () +4f () = 3@) + S~ ) - £(-)

2 2
(1.4) —plf@ )+ Sz —y) 2 (@) = f) - F(-p)] )
t
Z m (p7é 0,172)a

and prove the generalized Hyers-Ulam stability for them in fuzzy Banach spaces.
Throughout this paper, we assume that (X, || - ||) is a linear space and (Y, N) is
a fuzzy Banach space.

2. SOLUTIONS AND STABILITY OF (1.3) AND (1.4)

In this section, we investigate the solution and prove the generalized Hyers-Ulam
stability of the p-functional inequalities (1.3) and (1.4) in fuzzy Banach spaces. For
any mapping f: X — Y, let

f(x) — f(=x)
2

f(@) + f(=x)

fo(x) = ) fe(x) = 9 ,

Dif(z,y) = fx+y)+ f(x—y) = 2f(x) — f(y) — f(~v)

—plar(55Y) + 41 () — 87 @) + S (=) = 1) — 1 (=)

and

Daf(e,y) = 4f (T3 2) + 47 (F52) = 3£@) + f(=2) — f(w) - F(=)

— plf(a+y) + flz —y) = 2f(@) = F) = F(-v)].
Lemma 2.1. Let p # 1,5(p # 0,1,2, resp.) A mapping f : X — Y saisfies

f(0) =0 and D1 f(z,y) =0 (Da2f (x,y) =0, resp.) if and only if f is an additive-
quadratic mapping.

Proof. Suppose that f satisfies f(0) = 0 and D; f(z,y) = 0. Setting y = = in
D1 f(x,y) =0, we have

f(2x) = 3f(x) = f(—=)

for all x € X and so we get
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for all z € X. Hence we have
Flaty)+ J @ =) = 20(@) = 5) ~ f(y)
= plar(F5) + s (552) - 35@) + 1(=2) - 1) — F(-)]
= o[ F )+ 5 Fo =) — S f =) — S fy— 2) ~ 3f(@) + F(~2) ~ F) - f(-)]

for all x € X and thus

(1 =2p)[fo(z +y) + folz —y) — 2fo(z)] = 0,
and
(L =p)lfe(@ +y) + fe(z —y) — 2fe(x) — 2fe(y)] = 0.
Since p # 1, %, fo 1s additive and f. is quadratic and thus f = f, + f. is additive-

quadratic. The converse is trivial.
The proof for Dy f(x,y) = 0 is similar to that for Dy f(z,y) = 0. O

Now, we will prove the generalized Hyers-Ulam stability for (1.3) in fuzzy normed
spaces.

Theorem 2.2. Assume that ¢ : X> — Z is a function such that

L
for all x,y and some L with 0 < L < 1. Let f : X — Y be a mapping such that
f(0) =0 and
t
2.2 N(D JY),t) > ——

for all z,y € X and all t > 0. Suppose that p # 1, % Then there exists a unique
additive-quadratic mapping F': X — Y such that

Lt Lt }
Lt+4(1 — L)p(x,z)” Lt +4(1 — L)p(—z, —x)
for allz € X and allt > 0. Moreover

(2.4) Fo(z) = N — lim 2"f0(23n), F.(z) =N — lim 22”fe<2%)

n—oo n—oo

(2.3) N(f(z) — F(z),t) > mm{

forallx € X.

Proof. Consider the set S ={g | ¢g: X — Y} and the generalized metric d on S
defined by

d(g,h) =inf{c € [0,00) | N(g(z) — h(x), ct)

t t
> mi .
_mm{t—i—(b(x,x)’t—i—(b(—x,—x)}’ Vo e X, Vt >0}

Then (5, d) is a complete metric space(see [18]). Define a mapping J : S — S by

1 =(3) ()
forallz € X and all g € S.
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Let g,h € S and d(g,h) < ¢ for some ¢ € [0,00). Then by (2.1), we have

N(Jg(z) — Jh(x),cLt) = N(3g<g) +9( - g) - 3h<§) ~n( - g>7th>

i (9(o(2) H(3). ) (o) (). Jr)

Lt Lt

Zmin{?+¢4(;)§)’?+¢(4— ,—;”)}

2
> min{ ¢ t }
- t+ ¢z, x) t+ ¢(—z, —2)
for all € X. Hence we have d(Jg,Jh) < Ld(g,h) for any g,h € S and so J is a

strictly contractive mapping.
Putting y = z in (2.2), we get

(2.5) N(f(22) = 3f(@) = f(=2),8) 2 =

for all x € X, ¢ > 0 and hence

T T it
N(f(x)*?)f(g) ’f(’§)’t> = t+¢é§,§) - %HLdé(m,w)

for all x € X and all ¢ > 0. Thus we have

V(560 =110, 31) 2 gy 2 i (e T

for all z € X, t > 0 and so we have d(f, Jf) < % < oo. By Theorem 1.2, there
exists a mapping F' : X — Y which is a fixed point of J such that d(J"f, F) — 0
as n — o0o. By induction, we have
W 2020 1) w2720 — 1) @
T@) = — f(zin)+ 2 f( *)
for all x € X and all n € N. Hence we have
224 1) L w2020 — 1) @
0 N-tin | =5 () =5 (-] -
(26) T et Fle)
for all z € X and so we get (2.4). Replacing z, y, and ¢ by 2%, &, and 54 in (2.2),
respectively, by (2.2), (N3), and (N4), we have

N(QQ”Dl fe(£ ﬂ),?"t)

on’ gn
i (N 001 (G ) ) N0 (- 5 )0}

ey )

t+¢(%,2%) t+¢
for all z,y € X and all n € N. Hence

(2.7) N<22nD1fe (2% 2%) : t) 2 min { t+ L”tqﬁ(:c, y) t+ L”qbffx, —Y) }

for all z,y € X, all t > 0, and all n € N. Letting n — oo in (2.7), by (2.4),
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DlFe (.’13, y) =0
for all x,y € X. Similarly, we have

DlFo(x7y) =0
for all z,y € X. Hence

DlF(xvy) =0
for all z,y € X and by Lemma 2.1, F' is an additive-quadratic mapping. Since
d(f,Jf) < £, by Theorem 1.2, we have (2.3).

Now, we show the uniqueness of F. Let G be an additive-quadratic mapping
with (2.3). Then clearly, G is a fixed point of J and
L
(2.8) d(JfaG):d(wa]G)SLd(faG)Sm<00
and hence by (3) in Theorem 1.2, F' = G. O

As examples of ¢(x,y) in Theorem 2.2, we can take ¢(z,y) = €(||2[|?” + ||y||*" +
lz|I”|ly||P). Then we can formulate the following corollary

Corollary 2.3. Let € > 0 and p be a real number with 1 < p. Let f : X — Y be
a mapping such that f(0) =0 and

N(Dyf(z.9).1) !

>
t+e(llzl1?? + [lyl1*? + [l=[7[ly[7)

for all z,y € X and all t > 0. Suppose that p # 1, % Then there exists a unique
additive-quadratic mapping F' : X — Y such that

t
N — F(x),t) >
(f(IE) (1?)7 ) = t+ 36(22p _ 4)||$H2p
for allx € X and allt > 0. Moreover
_ R n i _ o 2n i
Fy(z)=N n11_>1202 f0<2n)’ F.(z) =N — lim 2 fe<2n)

n—o0
forallx € X.

Related with Theorem 2.2, we can also have the following theorem. And the
proof is similar to that of Theorem 2.2.

Theorem 2.4. Assume that ¢ : X3 — Z is a function such that

Ty
. < i
(2.9) é(x,y) < 2L8(3. 5)
for all x,y and some L with 0 < L < 1. Let f: X — Y be a mapping such that
£(0) =0 and
t
2.10 N(Dy f(z,y),6) > ————
(210) (D)) 2 s

for all z,y € X and all t > 0. Suppose that p # 1, % Then there exists a unique
additive-quadratic mapping F': X — Y such that

. t ¢
(2.11) - N{(f(z) = F(z),?) 2 min { t+2(1—L)p(z,x) t+2(1 — L)p(—a, —a) }
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forallx € X and allt > 0. Moreover

Fy(z) = N — lim %fo@"x), F.(z) =N — lim %fe(Q”x)

n— oo n—oo

forallx € X.

Proof. Consider the set S = {g | g : X — Y} and the generalized metric d on S
defined by

d(g,h) =inf{c € [0,00) | N(g(z) — h(x), ct)

t t
> mi .
_mm{t—i—(b(x,x)’t—i—(b(—x,—ac)}’ Vo € X, Vt >0}

Then (5, d) is a complete metric space(see [18]). Define a mapping J : S — S by

3

To(e) = 2g(22) - 2o(-20)

forallz € X and all g € S. Let g,h € S and d(g,h) < ¢ for some ¢ € [0,00). Then
by (2.9), we have

. 2Lt 2Lt
> min { }

2Lt + ¢(2z,2x) 2Lt + ¢p(—2z, —2x)

> mi t t
- mm{t—|—gf)(z,x)7 t+ ¢(—x, —x)}

for all x € X. Hence we have d(Jg,Jh) < Ld(g,h) for any g,h € S and so J is a
strictly contractive mapping. By (2.5), we have

N (7@~ 5, 5)

= V(3 [£2n) - 37() — f-o)] — 5[ F(-20) - 38-2) — F@)] 1)
> min{N(f(22) 3 () ~ f(~2),1), N(f(~22) - 3 (=) ~ f(2).1)}

> min{ ! ! }
- t+¢(z,x) t+ ¢(—x, —x)

for all x € X, t > 0 and so we have d(f,Jf) < % < 00. By Theorem 1.2, there
exists a mapping F : X — Y which is a fixed point of J such that d(J"f, F) — 0
as n — 00. The rest of the proof is similar to that of Theorem 2.2. ([

As examples of ¢(x,y) in Theorem 2.4, we can take ¢(z,y) = €(||z[|?” + ||y||*” +
[l2]|”]ly]|P?). Then we can formulate the following corollary

Corollary 2.5. Let € > 0 and p be a real number with 0 < p < % Letf: X —Y
be a mapping such that f(0) =0 and
t

N(le(xvy)at) >
t+ e[l ]1?P + [y 1P + [[=]|7]ly]|P)
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for all z,y € X and all t > 0. Suppose that p # 1, % Then there exists a unique
additive-quadratic mapping F: X — Y such that

t

N(f@) = F@)1) 2 3 — o)l

for allx € X and allt > 0. Moreover

Fy(x) =N — lim ifo(2”:z:)7 F.(x) =N — lim ifP(Q”x)

n—oo 27 n—oo 221

forallx € X.

Now, we will prove the stability of the functional inequality (1.4) in fuzzy Banach
spaces.

Theorem 2.6. Assume that ¢ : X3 — Z is a function such that

L
for all x,y and some L with 0 < L < 1. Let f : X — Y be a mapping such that
f(0) =0 and
(2.13) N(D2f(z,y),t)

= t+é(z,y)

for all x,y € X and all t > 0. Suppose that p # 0,1,2. Then there exists a unique
additive-quadratic mapping F : X — Y such that
(2.14)

N(f(x) fF(x),t> > min{

Lt Lt
Lt +4p(1 — L)¢(z,x)" Lt + 4p(1 — L)p(—z, —x) }

for allx € X and allt > 0. Moreover

F,(z) = N — lim 2"fo<£)’ F,(z)=N — lim 22”][6(2%)

n— o0 n n—oo

forallz € X.

Proof. Consider the set S = {g | g : X — Y} and the generalized metric d on S
defined by

d(g,h) =inf{c € [0,00) | N(g(x) — h(x), ct)
t t
t+o(z,z) t+ ¢(—x,—x)

Zmin{ }, Vo e X, Vt > 0}.

Then (S, d) is a complete metric space(see [18]). Define a mapping J : S — S by

oo =0(3) ()
forallz € X and all g € S.
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Let g,h € S and d(g,h) < ¢ for some ¢ € [0,00). Then by (2.12), we have

N(Jg(x) = Jh(z),cLt) = N(39(5) +9( - 3 ) - 3h<§) —n(=2).cLt)

2 2 2
> min (¥ (a(5) - #(3). gebt) ¥ (o(-5) ~4( - 3). 3e24)}
Lt Lt
: 4 4
o) Fro(5g)
. t t
= mm{t—kqb(m,a:y t+ ¢(—x, —x)}

for all z € X. Hence we have d(Jg,Jh) < Ld(g, h) for any g,h € S and so J is a
strictly contractive mapping.
Putting y = « in (2.13), we get

(2.15) N(plf(2x) = 3f(x) — f(=2)],t) =
for all x € X, ¢ > 0 and hence

N(f(z) — Jf(z), - LS

p) > t+¢(%,%) T t+Lo(x, )

for all x € X and all ¢ > 0. Thus we have

V(s =110, 320) 2 gy 2 i (T )

for all x € X, ¢ > 0 and so we have d(f, Jf) < ﬁ < 00. The rest of the proof is
similar to that of Theorem 2.2. O

As examples of ¢(z,y) in Theorem 2.6, we can take ¢(z,y) = €(||z||*” + ||ly||** +
lz|I”|ly||P). Then we can formulate the following corollary

Corollary 2.7. Let € > 0 and p be a real number with 1 < p. Let f : X — Y be
a mapping such that f(0) =0 and

t
>
t+e(llzl1?2 + [ly[1>? + [l=[7[ly[17)

forall x,y € X and all t > 0. Suppose that p # 0,1,2. Then there exists a unique
additive-quadratic mapping F' : X — Y such that

t
N - F >

(@) = F@).0) > g

forallx € X and allt > 0. Moreover

Fy(w) = N = lim 2"f,(5-), Fu(2) = N = lim 2" £, (2

N(Dgf(l‘,y), t)

n—o0 n—00
forallx € X.
Theorem 2.8. Assume that ¢ : X3 — Z is a function such that
(2.16) ow,y) <2L6(3, 4)
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for all x,y and some L with 0 < L < 1. Let f: X — Y be a mapping such that
f(0) =0 and

2.17 N(D2f(z,y),t) > —7—
for all x,y € X and all t > 0. Suppose that p # 0,1,2. Then there exists a unique
additive-quadratic mapping F': X — Y such that

. t t
(218) N(f(x) - F(l‘),t) 2 mln{t + 2p(1 _ L)qﬁ(x,x) Tt 4 2p(1 - L)¢(—IE7 _x) }

forallx € X and allt > 0. Moreover

Fy(z) = N — lim 2iﬂﬁ,@”aj), F.(z) = N — lim %fe(Q”x)

n— oo n— oo

forallx € X.

Proof. Consider the set S ={g | g: X — Y} and the generalized metric d on S
defined by

d(g,h) =inf{c € [0,00) | N(g(x) — h(x), ct)

t t
> mi X .
_mln{t+q§(9:,x)’t+¢(—x,fx)}7 Ve e X, Vt > 0}

Then (S, d) is a complete metric space(see [18]). Define a mapping J : S — S by
3 1
Jg(w) = g9(22) - 29(=22)

forallz € X and all g € S.
Let g,h € S and d(g, h) < ¢ for some ¢ € [0,00). Then by (2.16), we have

N(Jg(z) — Jh(z), cLt) = N(gg@x) - ég(—Qw) - gh(Zx) + éh(—m, th)

> min {N<§ [g(?m) + h(23:)] , cht) , N(é [g(—?m) + h(—2x)} , ith)}

> mi { 2Lt 2Lt }
min
- 2Lt + ¢(2z,2x) 2Lt + ¢p(—2z, —2x)

> i { t t }
=T g, a) o~ —a)

for all z € X. Hence we have d(Jg,Jh) < Ld(g,h) for any g,h € S and so J is a
strictly contractive mapping. By (2.15), we have

N(plf (@) = (@) 5)
= N(Zp[f(2r) ~37@) — 1(-0)] ~ go[s(-22) ~ 3f(2) ~ f(@)], 2)

for all z € X, t > 0 and so we have d(f,Jf) < % < 0o0. By Theorem 1.2, there
exists a mapping F : X — Y which is a fixed point of J such that d(J"f, F) — 0
as n — 00. The rest of the proof is similar to that of Theorem 2.2. ([

As examples of ¢(z,y) in Theorem 2.6, we can take ¢(z,y) = €(||z[|?? + ||y||*" +
lz|I”|ly||P). Then we can formulate the following corollary
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Corollary 2.9. Let € > 0 and p be a real number with 0 < p < % Let f : X — Y
be a mapping such that f(0) =0 and
t
N(Da2f(z,y),t) =
t+ el )P + [[yl1P + [[=]1*]ly]|P)

for all x,y € X and all t > 0. Suppose that p # 0,1,2. Then there exists a unique
additive-quadratic mapping F: X — Y such that

N(f(z) = F(x),t)

for all x € X and all t > 0. Moreover

t
>
Tt 3ep(2 - 2%0) %P

Fy(z) = N — lim %fo@"x), F.(z) =N — lim %fe(Q”x)

n— o0 n—00
forallx € X.
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1. Introduction

Euler numbers and polynomials possess many interesting properties and arising in many areas
of mathematics, mathematical physics and statistical physics. Many mathematicians have studied
in the area of the ¢- extension of Euler numbers and polynomials(see [1, 2, 3, 5, 6, 7, 8, 9, 11,
13]). Recently, D. Kim et al.[4] derived some identities of symmetry for (h, ¢)-extension of higher-
order Euler numbers and polynomials. D. V. Dolgy et al.[2] derived some identities of symmetry
for higher-order generalized g-Fuler polynomials. Y. He studied several identities of symmetry for
Carlitz’s ¢-Bernoulli numbers and polynomials in complex field(see [3]). In this paper, we establish
some interesting symmetric identities for generalized twisted g-Euler polynomials of higher order in
complex field.

The purpose of this paper is to present a systemic study of the generalized twisted g-Euler
numbers and polynomials of higher-order by using the multiple g-Euler zeta function. Throughout
this paper, the notations N, Z, R, and C denote the sets of positive integers, integers, real numbers,
and complex numbers, respectively, and Z;, := N U {0}. We assume that ¢ € C with |¢|] < 1.

Throughout this paper we use the notation:

1—-4q"
[x], = - (cf. 1,2, 3, 5]) .
Note that lim,_,1[z] = «. Let x be a Dirichlet character with conductor d € N with d =1 (mod 2)
and ¢ be the p"-th root of unity(see [10, 12, 13]).

In [5], T. Kim introduced the multiple ¢-Euler zeta function which interpolates higher-order

g-Euler polynomials at negative integers as follows:

s (_1)25-:17";'6]2;:1 m;
Crlsm) =125 D2 [mi + -+ m, + x5’
T q

mi,-- ,m=0

where s € C and z € R, with x #0,—-1,-2,....

Recently, D. V. Dolgy et al.[2] considered some symmetric identities for higher-order generalized

(1)

g-Euler polynomials. The generalized Euler polynomials of order » € N attached to x are also defined

by the generating function:
d-1 L+t 2 m
x()(=1)'e _ ) (2L
(3 ACU) -5 e o ®

=0 m=0
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When z =0, E,(f;( = Ey(f;((O) are called the generalized Euler numbers E(T) attached to x(see [2, 4]).
For h € Z,a,k € N, and n € Z,, we introduced the higher order twisted g-Euler polynomials

with weight o as follows(see [7]):

alx

B (hk " g -
moq.e (b klz) = n; (l) (1 + eqolFh) - (1 + eqol+h—F+1)

In the special case, z = 0, ES) w(h, k|0) = ES%) w(h, k) are called the higher-order twisted g-Euler
numbers with weight a.
We consider the higher order generalized g-Euler polynomials of order r attached to x twisted

by ramified roots of unity as follows(see [10]):

= r tn r - A m. s x A m.;
S ED ) =2 Y~ J(onm)) el e il
n=0 mi,...,m,=0 i=1

In the special case x = 0, the sequence E7(L 3( c q(O) Efl ; ¢.q AT€ called the n-th generalized g-Euler
numbers of order r attached to x twisted by ramified roots of unity.

As is well known, the higher-order generalized twisted g-Euler polynomials Ef:f))(,q,g(x) attached
to x are defined by the following generating function to be

(o'} k
F(]::q), ( ) _ [2]’; Z (_1)m1+~~+mkEm1+“‘+mk H X(mj) elmit+mitalgt
my,-- ,mEp=0 Jj=1 (3)

Z By (@)

where k € N. When z = 0, E(}?klft)z,s = E,(Lk,)(7q7 (0) are called the higher-order generalized twisted

g-Euler numbers EY >)<$q,g attached to x. Observe that if ¢ = 1,6 — 1, then E(O)(,q,E — E,(Lki and

k k
Eiae(@) = i ().
By using (3) and Cauchy product, we have

n

P ete) = 32 () B8 oy
=
= ("B - + [2])",

with the usual convention about replacing (E,%E)” by E,(ff(yq,s.
By using complex integral and (3), we can also obtain the Dirichlet-type multiple twisted g-I-

function as follows:
1 -
elon) = 5 | Pty
0

k m; kE m; 5
o (—1)Zam (H§:1X(mj)> chmy (5)
[m1++mk+$]2 )

my, ,mp=0

where s € C and z € R, with x #0,-1,-2,...
By using Cauchy residue theorem, the value of Dirichlet-type multiple twisted g-I-function at

negative integers is given explicitly by the following theorem:
Theorem 1. Let k € N and n € Z,. We obtain

1% (—n,z) = E(]f) ().

X>9,€
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The purpose of this paper is to obtain some interesting identities of the power sums and the
higher-order generalized twisted g-Euler polynomials E( ’;,q, (z) attached to x using the symmetric
properties for Dirichlet-type multiple twisted g-I-function. In this paper, if we take x* = 1,¢ = 1,
then [4] is the special case of this paper. If we take e = 1 in all equations of this article, then [2] are

the special case of our results.
2. Symmetry identities for multiple twisted ¢-I-function

In this section, we investigate some symmetric identities for higher-order generalized twisted
g-Euler polynomials ET(L’C))(qs(x) attached to x using the symmetric properties for Dirichlet-type
multiple twisted ¢-I-function. We assume that x is a Dirichlet character with conductor d € N with
d =1 (mod 2) and € be the pV-th root of unity. Let wi,ws € N with w; = 1 (mod 2), wy = 1
(mod 2). For k € N and n € Z,, we obtain certain symmetry identities for Dirichlet-type multiple
twisted g-I-function.

Observe that [zyl, = [z],,[y]q for any z,y € C. In (5), we derive next result by substitute

w
wox + —Q(jl + .-+ + ji) for z in and replace ¢ and € by ¢** and £**, respectively.
w1

) wa . .
[2]1(;“]1 X>qW1,e®1 (s, waw + E(]l + 4 k)
k_ my k wi(mi+---+m
o (= (T1 x(my)) et
- w2, . .
b mme=0 [m e wam = )]G
1
= (=)= (T, x(m,) ) v mm)
- my .Z;w:o [wl(ml + o my) + wiwer + wa (i £ - +jk)r
o (6)
= [w] Z dwil (—1)s=1m (Hj:1X(mj)>5 1(matbme)
' th ©ymp =011, ix=0 [wl(ml T +mk) + wiwyr +w2(j1 BRI +]k)]2
d’u)g 1 & k
= [wl] Z Z J lmJ( Ej:l 15 HX(Z])
- omp=0141,--,i=0 j=1

X 6d'l,U1w2 Zj:l m; gwl Zj:l Z]

X ([wiwa(z 4+ dmy + -+ + dmy) +wi(in + - + i) + w2 (i +"'+jk)]2)_l

Thus, from (6), we can derive the following equation.

S dwlfl

k
[[z}i]" S (S (qul)) gt
g1 =1

Jisee5Je=0

k w2 . .
g(al)lwl,swl (s, wow + wfl(th + o+ k)

x 1

de 1 dw1 1

; : (7)
= [wy]3[w 2] Z Z Z Ez L Giritma) (HX(]i)) <Hx(il)>
=1

ymp=01%1,,1x=0J1, ,jr= 0 =1
X gdw1w2 Zl:l my W1 Zl:l “5“’2 Zl:l Ji

X ([wiwa(z + dmy + -+ +dmy) + wi(in + - +ip) +wa(jo + -+ 4x)l5)

By using the same method as (7), we have
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s dwa—1

k
[[2};]q Z (_1)Zf:1jl (HX(]Z)) €w2(j1+--~+jk)
=1

92 i, k=0

k wy . .
X l;’;wz’guﬂ (87w1x + ;2(]1 + .- +jk))

d’wz 1 dw1 1

k k 0
SIS SR S SR St (me) (me)

my, ,mEp=0 g1, ,Jx=0141,",ir=0 =1

€dw1’lU2 Z;‘;l mi gws Z;;l ilel Z;C=1 Ji
X ([wywo(z + dmy + -+ dmy) + wi (1 + -+ 4 jr) + w2lin + -+ +ix)]])

Therefore, by (7) and (8), we have the following theorem.

Theorem 2. Let wy,wy € N with wy =1 (mod 2), we =1 (mod 2). For k € N, we have

dw1—1

k
fwaljl2lges 3 (-DE (me)) gualit 4
=1

Jis5Jk=0

w . )
X l;’ft)l'w175,w1 (S,U}2I‘ + w72(j1 + .. +jk))
1

dw271

k
il D ()T (Hwn) vt
=1

Ji, k=0

k wy , . )
X 1 s s (s,wlx + w—;(yl o +]k))

By (9) and Theorem 1, we obtain the following theorem.

Theorem 3. Let wy,wy € N with wy =1 (mod 2), wy =1 (mod 2). For k € Nand n € Z,,

we obtain
dw1 —1

k
[w2]2[2]5w2 Z (_1)ZL1 Ji <HX(]Z)> cwa (i +ix)
=1

Jis 5 Jk=0

w . .
Effi o <w2x + w—2(31 4o +]k))
' (10)

d’u}g—l

k
S D SR C (me) )
=1

Jise k=0

k wy . .
X Er(l >)( qwz,ew2 <w117 + wfz(Jl +o +]k)) .

From (4), we note that

EF) (@+y)=(""EF),  + [z +yl)"

_ Z( ) #EY

with the usual convention about replacing (E&,gg)" by E,gf))(,q,s.

By (11), we have

(11)
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dwlfl k
Z (_1)2?:1 Ji (HX<]1)> Ew2(j1+"‘+jk)E(k)

w2, . .
n,x,q%1,e%1 woX + wil(jl + - +.7k)
Ji, k=0

=1
dwy,—1 . n w n—i
= Z (_1>EL:1 Ji HX(]Z) w2 (gt +ik) Z ( )El(’;) . (wo) [2(j1 N ]k):|
Jiyee,jk=0 =1 i=0 i wy qu1
dwi—1 R k n w 3
; , 21t k 2, .
= Y (ER (me) st 430 3 () B, e ) | 2G4 )
1,5 Jk=0 =1 =0 qw1

Hence we have the following theorem.

Theorem 4. Let wy,ws € N with w; =1 (mod 2), wy =1 (mod 2). For k e Nand n € Z,

we obtain
dwi—1 . k w
© . w k 2, . .
Y (mnEi (Hx(m)) ) (“’29” w, U1 +"'+Jk)> =
J1s k=0 =1

dwi—1 k
k . wo (j14-47j . Y]
—§ ( )wz Wil B, | gor o (w2) Y (—1)Zi (Hx(m))s 2O IR [y s
1=1

Ji, k=0
For each integer n > 0, let

w—1
Smivac®) = D2 ()@ (Hx Ji ) (bt Gy
Ji, k=0
The above sum Sn i, .(w) is called the alternating generalized g-power sums.
By Theorem 4, we have
dwy—1 . k
2o funly D (~)Zi= (H X(ﬁ)) gw2(ite+ie)
Jiy5dk=0 =1
w2 , . .
ET(Lki gL e (ng + w—i(]l + ... +]k)> (12)
" /n i k
=205 3 () ol B g e () g s )
i=0
By using the same method as in (12), we have
dw271 & k
A lwaly D0 ()T (H x(jn) o)
Jiye5dk=0 =1
wy , . .
Eg:)( quz ew2 (wlff + wfl(;h + - +]k)> (13)
2

=25 3 () ol B g s (012)S g e )

n,0,x,q" e
i=0
Therefore, by (12), (13), and Theorem 3, we have the following theorem

Theorem 5. Let wy,wy € N with w; =1 (mod 2), wy =1 (mod 2). For k € Nand n € Z,
we obtain

[2]2“’2zn: ?)[wﬂf;[ g~ okl (ng)S(k)

n—i,x,q*1,e%1 n,i,X,qV 2,62 (dwl)

- n n—1 k
= 2050 3 (7)ol ol By g s (0120 e s ).

1,9,X,q

1065 Ryoo 1061-1066



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

twis

By Theorem 5, we obtain the interesting symmetric identity for the higher-order generalized
ted g-Euler numbers Eff,)oqﬁ in complex field.

Corollary 6. Let wy,ws € N with w; =1 (mod 2), wy =1 (mod 2). For k € Nand n € Z,

we obtain B
n i n—i o(k k
[2]5;‘“2 Z (’L) [wﬂq[wl]q S’fL,B,x,qw2,gw2 (dwl)E'SL—)i,X7qw1,EW1
i=0
— (n i n—i o(k k
= [2]];w1 Z <Z) [wi]g[w]g 57(1,27x,q“’17€“’1 (de)ET(Lf)Lx,q“’?ﬁw?'
i=0
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ON A ¢-ANALOGUE OF DEGENERATE M»-CHANGHEE
POLYNOMIALS

SANG JO YUN!, SANG-KI LEEZ, AND JIN-WOO PARK3:*

ABSTRACT. In this paper, we derive the g-analog of degenerate A-Changhee
polynomials, and found some new and interesting identities and properties of
those numbers and polynomials.

1. INTRODUCTION

Let d be a fixed positive integer and let p be a fixed odd prime number. Through-
out this paper, Z,, Qp, and C, will respectively denote the ring of p-adic rational
integers, the field of p-adic rational numbers and the completions of algebraic clo-
sure of Q. the p-adic norm is defined |p|, = 1%

When one talks of g-extension, ¢ is various considered as an indeterminate, a

complex ¢ € C, or p-adic number ¢ € C,. If ¢ € C, one normally assumes that
lg| < 1. If ¢ € Cp, then we assume that |¢ — 1|, < piﬁ so that ¢* = exp(zlog q)
for each z € Zy,.

Let UD(Z,) be the space of uniformly differentiable functions on Z,. For f €
UD(Z,), the p-adic fermionic integral on Z, is defined by Kim as follows :

pN -1
o) = [ Fe)dneyle) = Jim e 37 f@))” (e .9, 10). (11
P 9 z—0

If we put fi(z) = f(z + 1), then, by (1.1), we can get the following well-known
integral identity
q—q(f1) +1-4(f) = [2]4/(0), (1.2)
where f/(0) = %\ﬁzo.
It is well known that the g-Fuler polynomials of order k are defined by the
generating function to be

< g > et = ZEn’q(:c)E, (see [1, 5, 8, 9, 15, 18]).

1+ get

n=0
In the special case © =0, E,, , = E, 4(0) are called the n-th g-Euler numbers.
Recently, D. S. Kim et. al introduced the Changhee polynomials as follows :

Cho(2) :/Z (2 + Y)ndi_1 (), (n > 0), (see [6, 13, 17]).

P

2010 Mathematics Subject Classification. 11B68, 11540, 11S80.

Key words and phrases. degenerate, g-Changhee polynomials, g-analogue of A-Changhee
polynomials.

* corresponding author.
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When z = 0, Ch,, = Ch,(0) are called the Changhee numbers. In [12], authors
defined the g-Changhee polynomials as follows.

1+¢
—— (1 +t)" Chyq(
q(1+t)+1 + Z al

The Stirling number of the first kind is defined by
@ =a(x—1)(z-—n+1) =Y S(nDa', (n>0), (1.3)

and the Stirling numbers of the second kind is defined by

o0 l
(e — 1) :n!ZSQ(Ln)%, (1.4)
l=n ’
(see [3, 16]). Note that
(log(x + 1)) = n! ZSl(l,n)ﬁ, (n>0), (1.5)
l=n :

(see [3, 4, 6, 11-14]).
In [2], L. Carlitz consider the degenerate Bernoulli polynomials which are given
by the generating function to be

t

(14 AR w(alh) = 1.6
TSR Zﬁ (@A) (1.6)

When z = 0, 8,()\) = 8,(0|\) are called the degenerate Bernoulli numbers. Note
that limy_o Bn(\) = B.
It is well known that

et = lim (14 ut)*, (see [2, 5, 7]).
u—0

The function (1 + ut)% is called the degenerate function of et. Thus, for ¢ = log ef,
we have log(1 + ut)w as the degenerate function.

Recently, Changhee numbers and polynomials are introduced by Kim et. al.,
and found interesting identities by many researchers(see [6, 12, 13, 14, 17]).

In this paper, we derive the g-analog of degenerate A-Changhee polynomials and
found some new and interesting identities and properties of those numbers and
polynomials.

2. )\—q—CHANGHEE POLYNOMIALS OF THE FIRST KIND

In this section, we assume that u,t € C, with |ut|, < p_ﬁ and A € Z,.
Now, as a generalization of Changhee polynomials, we consider the degenerate
A-q-Changhee polynomials :

1+g¢q
- 5 (1 + —log (1 + ut) ) ZChn Ag x|u (2.1)
1+q(1+alog(1+ut)) n=0

When z = 0, Chy » q(u) = Chypx4(0lu) are called the degenerate A-qg-Changhee
numbers. It is easy to check that lim,_,o Chy » q(z|u) = Chy oz q(z) and Ch,, 4 =
Chy.1,4(0).
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Let us take f(z) = (1+ 2 log(1+ ut))m. From (1.2), we have

1 A 1+gq
/ <1 + —log(1+ ut)> du_q(x) = 5 (2.2)
Zp U 1+q(1+ log(1+ ut))

By (2.1) and (2.2), we have

Chn ,q 33 u 1, §
Z el 1+q(1+1log(1+ut)) <1+u0g(1+ t)) s
Ay+x .
:/ (Hulog(““t)) dpi—q(y),
ZT—’
and? by (15)7
1 Ay+z
/Zp ( . —log (1 +ut)> dpi_q(y)
_ s Ay + @ u" (lo o
_;::O/Z< n ) (log(1 + ut))™ du_,(y)
— >0 Ay +x\ | o < uktkd (2.4)
_RZ_O/Z,,( N )u n; 1( 7n)T 1y (y)
:Z (Z u"" ™S (n, m)/ (\y +$)mduq(y)> g
n=0 \m=0 Zp I

Thus, by (2.3) and (2.4), we obtain the following theorem.
Theorem 2.1. Forn >0, we have

n

Chapglelu) = 3 un=™8y (n, m) / (A + @) mdii_q (9).

m=0 Zp
By replacing ¢ by + (¢“* — 1) in (2.1), we get
o0

1+(] 1 l ut !
ot Z Fin gl .<u(e 1))

Z (Z Chpm oz q(z|u)u " S2(n, m)) %T:
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On the other hands, by replacing ¢ by 1 (e“(et_l) - 1) in (2.1), we have
1+ q ;1; u(e"—1 "
1+qe"t ZChn)\q x|u)— ( ( (e'=1) _ 1)>
Z Chp.x (;v|u)—u_”n! i So(l n)ul (et _ 1)l
n=0 o n! I=n Sl

unfm n

= Z Z C’hmyA,q(x|u)Sg(n,m)7' (et — 1)

n=0 m=0 n
m tn
Z <Z ZChLA,q(ﬂu)umlSQ(m,l)Sg(mm)) =,
n=0 \m=0 [=0 "
and
l+q . 1+44¢g A(2) _ - t
1+qe’\te 71+qe’\t6 ’ nZoA E"q(/\) n! (2.7)

By (1.3) and Theorem 2.1,

M:

Chp s g(alu) =3 w5y (n, k) / (g + 2)dii_g(y)

Zp

i
o

-

k
u" kS (n, k) > Si(k, l)/\l/

> 5 (v+3)dual)  @8)

£
I
=

k
lz:u" XSy (n, ) Sy (B, 1) By (A)

pHS

E
I
<

0
Therefore, by (2.4), (2.5), (2.6) and (2.8), we obtain the following theorem.

Theorem 2.2. Forn >0, we have

Chpq(z Z Chpa,q(zlu)u =" S (n, m),

m=0

and
k

Chupg(zlu) = 3 S u LSy (n, k)S1 (k. 1) Erg (A)
k=0 1=0

In addition,

Chyq(zlu)u™™ ng(m 1)Sa(n, m).

NE

v (5) = 2

m=01

Il
=]

Let us consider the degenerate A-q-Changhee polynomials of the first kind with
order k(€ N) as follows:

n

Chif) J(wlu) = Zu"—lsl(mz)/ / Ayr+ -+ Aypta)idp—q(z1) - - dp—g (k).
1=0 Zp »
(2.9)
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From (2.9), we can derive the generating function of ch®)

n,\,q
Z C’hflkg\ q a:|u

(z) as follows:

—Zzu" LS ( nl/ / (Ayr + -+ Ayp + 2 )idp—q(y1) - - - dp—q(yr)

n=0 1=0

— (Ut)
—Zu Ay + -+ Ay + @)idp—q(y1) - - - dp—q(yk l,l' 251 m, 1)

m=l
/ / Z (Ayl a + e x) ! (log(1 + ut)' du—q(y1) - dpi—q ()
Pl 0
1 Ay1 4+ Ayt
[ (1+ulog<1+ut>) dit—gin) -~ gl
o (2.10)

Note that by (1.3),
ch) (alu)

=3 sin) [ [ Oun A ) dia )

=0

Zu”—lsmz/ /Zslzs YL+ -+ Ay +2) dpig(91) - dii_ ()

l Zp s=0

Il
<

M-
MN

x S
u"‘lsl(n,l)Sl(l,s)As/ / (y1+~--+yk+f> dp—q(y1) -~ dpi—q(yx)
z Z, A

N
Il
<

s=0

~ 1

-

T
" S1(n, DS (1 s ER) (S).-

1=0 s=0
(2.11)
From (2.6) and (2.10), we have
1+q \F 1 (1 ( et "
(1+qe>‘t> _ZCh xu'<u (e _1)
(2.12)
(k) m—1 ¢
_Z (Z ZChl \g x|u Sg(m Z)Sg(n m)) E
n=0 \m=0 (=0 '
and i
1+¢q At(ﬁ)_C>O no(k) (Z) 1"
<1+qe’\t> “ _nZ:O)\ Ena (/\) n!’ (2.13)

Thus, by (2.11), (2.12) and (2.13), we obtain the following theorem.

Theorem 2.3. Forn >0, k € N, we have

m

XEE (5) = 20 D Chi @y Sa(m. ) Sz (. m),

m=0 [=0
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n l
C’hfj; g (zlu) = Z Zu"_lSl(n, 1Sy (1, s))\sng“q) (;)

l s m
u”+7”_l_’")\_80h£i€;\’q(m|u)5’1 (n,1)S1(1, 8)S2(s,m)Sa(m,r).
1=0 s=0 m=0r=0

3. A-g-CHANGHEE POLYNOMIALS OF THE SECOND KIND

For n > 0, the rising factorial sequence is defined by
=z(z+1)--(z+n—1)=(-1)"(-2)n

(-1 )”_lSl (n, l)xl (8:1)

1=

o

Let us define the degenerate \-q-Changhee polynomials of the second kind as follows:

o P tn 1 + q T
E :C’hn’,\,q(:ﬂu)—' = N — 1+ - log(l +ut) ] . (3.2)
g (14 Llog(1+ut)) ~+1

When A = 1, 6‘71”71,(1(93@) = é?znyq(ﬂu) are called the degenerate g-Changhee
polynomials of the second kind. In particular, if x = 0, then Chy x4(0ju) =
Chpxq(u) are called the degenerate A-q-Changhee numbers of the second kind,

and é?zn,17q(0|u) = @zn,q(u) are called the degenerate q-Changhee numbers of the
second kind.
Let us take f(z) = (1 +¢)~**. Then, by (1.2), we have

1 A 1+gq
/ (1 + —log (14 ut)) du_q(x) = o — (3.3)
Z, U q(1+Llog(14ut)) " +1
and so
1 —Ay+z
/ <1 + —log (1 + ut)) dpg(y)
Zy u
1 1 ’
+4q (1 + =log (1 + ut)) (3.4)
( Llog (1+ ut)) +1 u

n

> t
:Z nA,q m|u n

By (3.4), we get

ZChnAq ;U|u Z Z u" ™S (n m)/Z (=\y+x),, d,u,q(y)ﬁ. (3.5)

n!
n=0 n=0m=0
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By (3.3) and (3.5), we get

u" ™S (n, m)/ (=\y+x),, du_q(y)

NE

Chp g (x|u) =

m=0 Ly
n m l
_ "t (— 1 nom m B f )
_mZ:O; (=A)'S1(n, m)Si( ,l)/Zp (y )\) du—q(y)  (3.6)

u" ™ (= A)LS) (ny m) Sy (m, 1) By g (%) .

I
NE
NE

3
I
o
T
=)

By (3.4), we get

qg+1 ulet—1) "
P v +1 ZC’hn Ag(Tlu)— <u 1

(3.7)
o0 /\ - gm
- (Z G g o)™ S n>> ~
m=0 \n=0
and
a+1l o g+l (Cz)a
ge= M + 1€ e M+ 1€
(3.8)

S ()

Therefore, by (3.6), (3.7) and (3.8), we obtain the following theorem.

Theorem 3.1. For m > 0, we have

Chm Aglxlu) = ZZum ™( Sl(m n)Si(n,1)E; 4 (fg) ,

n=0 [=0

m ok
_Z(ZZUM k Sl(n k)Sl(k: l)SQ(m n)El)q( %)

n=0 k=0 (=0

By the Theorem 3.1, we obtain the following corollary.

Corollary 3.2. For n > 0, we have

m n

Chn )\,q E § u™” n Sl(m7n)‘sl(n’l)Elaq7
n=0 [=0
and

Epg=(=X\)"" Z 6’71”,,\7q(u)um_"5’2(m, n)
m n k

=3 w0 S (0, k) S (k, 1) Sa(m, n) By .

n=0 k=0 I=0
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As the special case of the Corollary 3.2, A =1 and v = 1, we have

l
1 (m,m) S (n, O 1

n=0 (=0

and

g =(=1)7" " Chyy g Sa(m, n)

n=0

—ZZZ )'S1(n, k) St (K, 1)S2(m, n)Eyq.

n=0 k=0 [=0

For k € N, we define the degenerate A-q-Changhee polynomials of the second kind
with order k:

Chnlq x|u Z ( mSl TL m / / )\xlf *)\’I‘kﬁﬂlf) d,LLq(:I}l) dlu‘q(xk)

m=0
(3.9)
From (3.9), we can derive the generating function of

k
ZCh( ) gc|u t

n)\q
—Z/ / —Ary = = Az + 2)pdpp_g(w1) - dp (mk)%

—Ax]— - — AT+
:/ / (1+ —log (1 +ut)) dpp—g(x1) - dp—g(xy)
Zyp Zy u

k
1+ 1 ¢
= - q — (1+10g(1+ut)) )
q(1+ Llog(1+ut)) ~+1 u

Replacing ¢ by 1 (e* —1) in (3.10), we get

q+1 * o
(i) o
(e )"

n!

iCn/\’q x|u n'ZSzln Ut

l=n

(3.10)

)
= Z Chn A q(x|u)
" (3.11)

n

Z (Z Chm Aq xu)u”msg(n,m)> %
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DEGENERATE \-¢-CHANGHEE POLYNOMIALS

On the other hands, by replacing ¢ by 1 (e“(et_l) - 1) in (3.10), we have

q+1 i tx
ge= ™M +1 €

:iéﬁg@l’q(x|u)% (i (eu(etfl) . 1))71

n=0
— = (k) 1 = u! !
:ZChn,A,q(ﬂu)au ﬂlzsz(hn)ﬂ (e =1) (3.12)
n=0 l=n
0o n (k) . et 1 n
=3 3 Gyl ) 1
n=0m=0 :
oo n m (k) . m
=D (D0 Chyy g (xlu)u™ Sy (m, 1) Sa(n, m) —
n=0 \m=0 [=0 :
and
a1 \' o (_arl \' e
ge M +1 ge= M +1
oo - (3.13)
=S (—AE® (22
;( A E""’( /\) n!
By (1.1) and (3.9), we get
— (k)
Chn A q(xlu)
= Z u"~"S1(n,m / / Az — = ATk 4+ @) dp—g(x1) - dp—g(zk)
m=0
=33 WSy (n,m) Sy (m, 1) (— ) B (‘X)'
m=0 1=0
(3.14)

Hence, by (3.11), (3.12), (3.13) and (3.14), we obtain the following theorem.

Theorem 3.3. Forn >0, we have

— (k) .
Chn)\q (z|u) = Z Zun 81 (n,m)S1(m,1)(=\) El(,]f;) (_X> :
m=0 1=0
and
k n—m
Chit )y o ZChmq 2l (n, m).

In addition,

(k)

Chy o (@|u)u™ " So(m, 1)S2(n, m)

3
Il
<}
-~
I
=
5

=0 s=0
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10 SANG JO YUN?, SANG-KI LEE2?, AND JIN-WOO PARK?®"*

As the special case of Theorem 3.3, if we put x =0, A =1 and v = 1, then

P (k?) n m
Chyg = > > Si(n,m)S1(m,1)(~N)' B,
m=0 [=0

and

En’?; :(71)71 Z ZChl,A,qSQ(mvl)SQ(n7m>

n m l
=3 S ST S0, 8) ol S, ) (1) B,
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Abstract

In this paper, we study the existence of solution for fuzzy initial valued
problems of fuzzy impulsive retarded differential equations in the setting
of a generalized Hukuhara derivative and by using the Strong Lusin Con-
dition of fuzzy Henstock integrable functions.

Keywords: Fuzzy number; Strong Lusin Condition; Discontinuous im-
pulsive retarded differential equations; Fuzzy Henstock integrals.

1 INTRODUCTION

It is known that the theory of retarded functional differential equations has been
well known when the right side function is continuous, hence Riemann integral.
Hale [11] prove that the results still hold true when continuity of right function
is weakened to satisfaction of a Carathéodory condition. The further step of
generalisation was done in [3] and [22] which applies the Henstock integrals to
the study of retarded functional differential equations with finite delays and
unbounded delays. By using generalized differential equation theory [16], M.
Federson and P. Téboas [6] proved that a local flow can be constructed for a

*The authors would like to thank National Natural Science Foundation of China
(No0.11161041, 61472056, 61262022)and Basic and Advanced Research Projects in Chongqing
(No.cstc2015jcyjA00015) and the PhD Research Startup Foundation of Chongqing University
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general class of non-autonomous retarded functional differential equations. On
the other hand, it is meaningful to study the fuzzy retarded function differen-
tial. In [19], Lupulescu applied a successive approximation method to discuss
the fuzzy differential equations with distributed delays. Guo et al. [10] discussed
the oscillation properties of a class of fuzzy delay differential equation of second
order and provided an oscillation criterion. In [15], Kloeden and Lorenz removed
the assumption of fuzzy convexity of fuzzy differential equations and discussed
the fuzzy delay differential equations in this perspective. In [14], Khastan et al.
provided sufficient conditions for the global existence of a unique (ii)-solution
to an initial value problem for fuzzy functional differential equations using gen-
eralized derivative and were of broader applicability than those using Hukuhara
derivative.

However, there are discontinuous systems in which the right-hand side func-
tions f : [a,b] x E™ — E™ are not integrable in the sense of Kaleva [13] on certain
intervals and their solutions are not absolute continuous functions. Recently,
Wu and Gong [25, 26] have combined the fuzzy set theory [28] and nonabsolute
integration theory [12], and discussed the fuzzy Henstock integrals of fuzzy-
number-valued functions which extended Kaleva[l3] integration. In order to
complete the theory of fuzzy calculus and to meet the solving need of trans-
ferring a fuzzy differential equation into a fuzzy integral equation, Gong and
Shao [7, 8] have defined the strong fuzzy Henstock integrals and discussed some
of their properties and the controlled convergence theorem. So, in [20, 23, 24],
the authors used the strong fuzzy Henstock integrals [8], and deal with the
Cauchy problem of discontinuous fuzzy systems. In this paper, we use the fuzzy
Henstock integral to establish the existence of generalized solutions as well as
continuous dependence on the interval conditions of fuzzy impulsive retarded
differential equations

.I‘/(t) = f(t7xt)7 t 7é tk,
A x(tk) - Ik(z(tk))a k=12, , T, (1)

‘rto = ¢) x(to) = o

where f : IXFH([-7,0],Rx) = Rz, and I : Rx — R are give fuzzy mapping,
¢ € FH([-r,0],Rz) and zy € Rr.

To make our analysis possible, in section 2, we will first recall some basic
results of fuzzy numbers and given the definition of Strong Lusin Condition
of fuzzy-number-valued functions. Under this notion, we give another look at
the fundamental theorem of calculus of fuzzy Henstock integrals. In section
3, we deal with the Cauchy problem of discontinuous fuzzy impulsive retarded
differential equations. And in section 4, we present some concluding remarks.

2 PRELIMINARIES

Let Py(R™) denote the family of all nonempty compact convex subset of R™
and define the addition and scalar multiplication in Py (R™) as usual. Let A and
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B be two nonempty bounded subset of R". The distance between A and B is
defined by the Hausdorff metric [5]:

du(A,B) = max{ilelg inf la—b], Sup inf [[b—all}.

Denote E™ = {u : R™ — [0, 1]|u satisfies (1)-(4) below} is a fuzzy number
space. where

(1)u is normal, i.e. there exists an zo € R™ such that u(xg) = 1,

(2)u is fuzzy convex, i.e. u(Az+(1—A)y) > min{u(x),u(y)} for any =,y € R™
and 0 <\ <1,

(3)u is upper semi-continuous,

(4)[u]® = cl{z € R™|u(x) > 0} is compact.

For 0 < o < 1, denote [u]® = {z € R™|u(x) > a}. Then from above (1)-(4),
it follows that the a-level set [u]® € P,(R™) for all 0 < o < 1.

According to Zadeh’s extension principle, we have addition and scalar mul-
tiplication in fuzzy number space E™ as follows [5]:

[u+ o] = [u]* + o], [ku]” = K[u]?,

where u,v € E" and 0 < a < 1.
Define D : E™ x E™ — [0, 00)

D(u,v) = sup{dg([u]®, [v]Y) : « € [0,1]},

where d is the Hausdorff metric defined in P(R™). Then it is easy see that D
is a metric in E™. Using the results [4], we know that

(1) (E™, D) is a complete metric space,

(2) D(u+ w,v+ w) = D(u,v) for all u,v,w € E™,

(3)D(Au, Av) = |A|D(u,v) for all u,v,w € E™ and A € R.

A fuzzy-number-valued function f : [a,b] — E™ is said to satisfy the con-
dition (H) on [a,b], if for any 1 < x2 € [a,b] there exists u € E™ such that
f(z2) = f(z1) + u. We call u is the H-difference of f(x3) and f(x1), denoted
F(w2) —n (1) ([13)).

For brevity, we always assume that it satisfies the condition (H) when dealing
with the operation of subtraction of fuzzy numbers throughout this paper.

In this paper we consider a more general definition of a derivative for fuzzy-
number-valued functions enlarging the class of differentiable fuzzy-number-valued
functions, which has been introduced in [1] and [2].

Definition 1 ([1]) Let f : (a,b) — E™ and 2o € (a,b). We say that [ is
differentiable at xq, if there exists an element f’(tg € E™, such that

(1) for all h > 0 sufficiently small, there exists f(xo+h) —m f(z0), f(x0) —n
f(xo — h) and the limits (in the metric D)

lig L@+ —n flzo) _ . f(zo) —u flzo — h)
h—0 h h—0 h

= f'(w0)

or
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(2) for all h > 0 sufficiently small, there exists f(zo) =g flzo+h), fzo —
h) —m f(zo) and the limits

lim fl@o) —u flwo+h) lim fl@o = h) —u f(=o)
h—0 —h T hs0 —h

= f'(x0)

1

(h and —h at denominators mean % and —5 -, respectively).

Definition 2 ([18]) Let 6(&) be a positive real function on a closed set [a,b].
A division P = {(&;, [xi—1,24])} is said to be 0-fine, if the following conditions
are satisfied:

(1)a=21 <z < +++ <y =b;

(2) & € [rim1, 2] C (& — (&), & + (&)

Definition 3 ([25, 26]) A fuzzy-number-valued function f is said to be Hen-
stock integrable on [a, b] if there exists a fuzzy number A such that for everye > 0
there is a function 6(§) > 0 such that for any §-fine division P = {[u,v],&} of

[a,b], we have
D(Zf(&)(vw,fl) <e
We write (FH) fab f(z)dz = A and f € FHJa,b].

Remark 1 If the fuzzy-number-valued function f and fuzzy number A are re-
placed by a real valued function and real number, respectively, then the real valued
function f is said to be Henstock integrable on [a,b] and we write f € Hla,b].

Remark 2 When the function § : [a,b] — RT is constant, then we obtain the
Riemann integrability for fuzzy-number-valued functions. In this case, A € Rx

is called the Riemann integral of f on [a,b], beingdenoted by (FR) f: f(z)de.
Consequently, the fuzzy Riemann integrability is a particular case of the fuzzy
Henstock integrability.

Definition 4 A fuzzy-number-valued function f: [a,b] = Rz is said to satisfy
Strong Lusin Condition, that is, f € SL([a,b],Rz), if for every e > 0 and
E C [a,b] with |E| =0, there exists a 0—fine division of [a,b] with I; = [t;—1, 1]
and & € E such that

> Dt f(tim)) <.

Remark 3 If AC([a,b],Rx) denotes the space of all absolutely continuous func-
tions, the inclusions AC([a,b],Rx) C SL([a,b],Rx) C C([a,b],Rx) hold.

Theorem 1 ([9]) Let f € AC([a,b],Rx) be a fuzzy-number-valued function.
Then there exists a absolutely Henstock integrable (i.e. Kaleva integrable) fuzzy-
number-valued function f such that

Fa) = () [ " f(tydt + Fla)

for any x € [a, b)].
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Now, by Theorem 1 and Definition 4 (Strong Lusin Condition), we give the
fundamental theorem of calculus of fuzzy Henstock integrals.

Theorem 2 For any f € SL([a,b),Rx) (GH)—differentiable a.e., and F' = f
a.e. Then f € FH([a,b],RF) and

Flz) = (FH) / " F)dt + Fla)

or

Fa) = (F) [ " f(hat o (-1)- Fla)

for any x € [a,b]. ~
_ Conversely, if f € FH([a,b],Rx), then f € SL([a,b],Rx) and there exists
F' = f for almost every t € [a,b].

Theorem 3 If f € FH([a,b],Rx), then there exists a sequence of closed sets
X; C X;41 C [a,b], for everyi € N and UX; = [a,b] such that f € K([a,b],Rx),
and

lim (K)/Xﬁ[ }f(t)dt: (FH) / f(t)dt

17— 00
uniformly for x € [a,b].

By the definition of improper fuzzy Riemann integral in [27], we can also
give the proposition of the improper fuzzy Henstock integral.

Proposition 1 If f € FH([a,c),RF) for everyc € [a,b), then f € FH([a,b],Rx)
and

b e
/f(t)dt=lig}) f(t)at.

3 MAIN RESULTS

We start this section by defining some basic concept. Given a fuzzy-number-
valued function x : [tg,to + a] = Rz, let A z(t;) denote the jump of x(t) at
t=tyfork=1,2,------ ,m, where tg <t; < ------ < tpeeee- <tm <ty+a,
that is A z(tx) = x(tg+) O5 x(ty—) = Ix(x(ty)) is the (H)—difference, and
Ii(z(tr)) : RF = R

Definition 5 Denote C, is the set of all functions x : [tg,tg + a] = Rr such

that

(C1) x is continuous at t # tg, k=1,2,------ ,m;

(C2) x is left continuous at t =ty k=1,2,-+---- ,m;

(C3) there exists the right limit x(tp+) for k=1,2,------ ,m.
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The same as above, let SL;, (respectively ACY,) be the set of all functions
x: [to — 1 to + a] = Ry such that x € SL([I,Rx]) (resp. « € Rx) for every
close interval I C (t;,tx+1) and such (C1) and (C3) holds.

Let 7 > 0,29 € Ry and ¢ € FH([—7,0],Rz). We consider the set:

Coeo = {2 : [to — 1, t0 + a] = Rr|x(to) = w05 24y = &5 2[[tg,t04a] € Cto}
SL¢>,IU = {(E € Cﬁﬁ@o : 1"[t0,t0+a] € SLto}
ACy 2y = {2 € Cy a0 : @|jtg,t9+a) € ACt, }

Definition 6 Consider a function x(t) = x(t,tg, xo, ) and the following con-
ditions:

(i) x € Cyay;
(ii) (t,xt) € [to,to +a] x FH([-r,0],Rzr), a.e.;

(iii) x(t) = +f f(o,2,)do for every tj_1 < s <t <ty and t, <s<t<
t0+ak—12 ce,my;

(iv) z(t) = z(s) © ft (0,25)do) for every ty—1 < s <t <t and t,,

S

s<t<t0+ak—1,2 S Lmy
(v) Ik)(x(tp)) = x(tp+) ©g x(te), k= 1,2--- ,m

If x satisfies conditions (i)-(iii) and (v), we say that it is called to be a generalized
(i)-solution of problem (5) through (to,zo, ). If x satisfies conditions (i), (i)
(iv) and (v), we say that it is called to be a generalized (ii)-solution of problem
(5) through (to,zo, P).

Lemma 1 If x is a generalized (i)-solution of problem (5), then x satisfies the
following integral equation

{ w(t) = wo+ [p (s, w5)ds + ) <Zt:<t[$(tk+) On x(tr)], @
to = ¢, x(to) = xo,
where t € [to, to + al.

Proof. Let k € {0,1,2,--- ,m} and t}, < s <u < tpy1. By Theorem 53, x(u) =
s)+ [ f(t,mt)dt By Definition 57, we have 2/(t) = f(t, x¢) for t), <t < tgy1.
Hence z(u) = z(s) + f“ '(t)dt. By Proposition 55, for t; < t < tg41, there
exists fti x’(a)do = Slirglk f; "(o)do = z(t) ©g z(tx+). Thus, for t € (to,to +al,
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there exists k € {0,1,2,--- ,m} such that ¢, <t <ty and we have
t t1 k—1 tit1
/ 2 (o)do = / 7' (o)do + Z/ 2’ (o)do
to to i=1 Yl
t
+/ 2 (o)do
ty
k—

= z(t1) ©n [xo + Z tiv1) Om (ti+))] + [2(t) Om 2 (tp+)]

k-1
= t) On xo—i—z (ti+) O z(t;))].
=1
Therefore, we have

o(t) = xo+/ oo+ 3 (@ltet) o a(t))

to<tp<t

— 2o+ f(a zo)do+ Y (a(tet) On x(ty).

to<tp <t

Since 2/(t) = f(t,2), for tj, <t < tgy1 and k € {0,1,2,--- ,m}, and due to
Theorem 2.8 in [26]. The proof is complete.

Lemma 2 If z is a generalized (ii)-solution of problem (5), then x satisfies the
following integral equation

{ x(t) = o Op ( fto s, s)ds) S [w(tk+) O x(tr)],

t0<tk<t (3)
Tty = (Z)a x(to) = To,
where t € [to, to + al.
Proof. The proof of this result is analogous to that of Lemma 1.

Lemma 3 If x is a generalized (i)-solution of the problem (6), the x is a gen-
eralized (i)-solution of the problem (5) and x € SLg 4, .

Proof. Given € > 0 then

tr+e
£t +€) = a(ty) + / Fls,z)ds + Tu(x(t)

t

which tend to Ip(x(t )) as € — 0. By hypothesis, given € Cy 2, and the fuzzy
Henstock integral ft o (0,2,)do exists, for every t € [to, to + al. By Theorem
53, we have [, f(t,2,)dt € SL([[to, ] Ry) and z/( d/dtft (0,2,)do =
f(t,z) a.e. on [to,a]. That is, 2(t) = —|—f f(o,x,)d
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Now, we shall prove that x(t;11) = 2(s) —l—fstk“ f(o,24)do for s € (ty, tp1].
By Proposition 55, we have

[ tesaie = [ teraie = tm DGl a(0)

t—tri1 t—tgi1

= 2(tk+1—) Om 2(s) = 2(te+1) Sm x(s)
This completed the proof.

Lemma 4 If x is a generalized (ii)-solution of the problem (7), the xz is a
generalized (ii)-solution of the problem (5) and x € SLy 4, .

Theorem 4 Let T be the operator given by

Tx(t) = zo + f(s zg)ds + Z z(te+) O =(ty)]

to<tp <t
fort € [to.tg +a]. Then T maps Cy 5, into Cy 4.

Proof. Let x : [tg —r,to +a] = Rx be such that € Cp »,. Then Tz(ty) = xo.
Given € > 0, we have T'z(t) is continuous for ¢ € [to—7, to+a|\{t1,t2, - JEm )
On the other hand, we have

E11_r>r(1J Tx(ty —€)

tk_5~
= lim [mo—l— / fls,z)ds+ Y [a(ti+) Om x(t)]
=0 to to<t;<tp—e
tr

o + f(s,z5)ds + Z [x(ti+) ©m x(t;)]

to to<t; <tp

= Ta?(tk).

Hence, Txz(ty) is left continuous for k = 1,2,--- ,m. Finally, we consider

lim Tx(ty + ¢€)
e—0

tk+5~
= lim [m0+ / fls,z)ds+ Y [a(ti+) O a(t)]
= to to<t;<tpte
tr

o + f(s,zs5)ds + Z [z(ti+) O x(t;)]

to to<ti<tp

= Tz(tg) + [z(ts+) €1 x(t)].

and hence there exists Tz(tx+) for k =1,2,--- ,m.

Theorem 5 Suppose that f(t,xt) s fuzzy Henstock integrable for any x €
Cs.z,- If there exist positive number M and ai,asz,- - , Gy such that
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(i) D(f(t, 1), (? ®2))

< M - D(p1,p2) for every t € [to,to + a] and every
QO]_,QOQEFH( aO]R )
D(u,

(ii) D(Ix(u), I (v)) < v) for every u,v € Rx and k € {1,2,--- ,m};
(iii) a® - M+ >0 ap < 1;
then there exist two generalized solutions x(t) = x(t, xo, @) of problem (1),x(-, zo, p) €

SLgy z, depending continously on each variable.

Proof. Let r,a >0 and F = {y € Cy : y(0) = 0}. For ', y?> € F, we define
the distence

H(Yj 200 Ypao) = e D(Y401 Ypz0)-
,a

For any y € Fyzg € Ry and ¢ € FH([-r,0],Rx) we define an auxiliary

fuzzy-number-valued function yy 4, : [-7,a] = Rx by
_ L@, te[0,d]
1020 ={ S e, 5l r0)

Then, (Ypu)t € FH([—7,0],Rz) for all ¢ € [0,a] and (Yp.u0)i(0) = Ypuo(t +
0),0 € [—r,0].
We consider the family

Ur = {Ud,)g;o : ¢ € F‘If([—’l“7 O],R]:),.’L‘o S R]:}
of operators from F' to Cy given by
t+to -
U¢,zoy(t> = / f(87 (yqﬁ,zo)sfto + l'o)dS + Z Ik(y(tk - t()))
to to<tk<t+to

for all t € [0, a].
Firstly, we prove that Up is a contraction operators. In fact, by using hy-
pothesis (i) and (i)

H(Us,00y" (8), Up,ayy*(t) = sup D(Us ey’ (t), Upao*(t))

t€(0,a]
t+to _ t+to _
—  sup D( / F(52 (0 2 Vomto + 20)ds, / F(52 (0200 eto + 70)dls)
tE[O,CL] to to
+ > Ly (te — to) Sm Tn(y? (te — to))
to<tr<t+to
t+to ~ t+to _
< sup D( / F(5, (0 2 )aro)ds, / F(5, (420 )aro)ds)
te(0,a] to to
atto 1 2 1 2
< M-((I) / D((ghon)stor B)sto)ds) 3 axD(yhy?).

to to<tp<t+to
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In addition, since (y§ , )s—to, (U5 4,)s—to € FH([=7,0],RF), we have

D(yé,zo )S—to’ (yz,mo)s—to)

—v

= s D / (5 ) et (6)d6, / (1200 ato (6)d6).
—ve(—r, —-r —r
Thus, we have

o([ )00, [ (2 )emr (0)d6)

T —-T

= D(/ yt(s —to + e)de,/ y?(s — to + 6)do)
t to—s

0—S

IN

—v+s—tg
(L) / D(y!(w), y?(u))du

0
< (—v+s—t)Dy"y*) <aD(y',y?).

This implies that Ug is a contraction operators.

Next, we shall prove Up is a continuous at xy and ¢. Given € > 0, let
01,02 € FH([-r,0],Rz) and 0 < 6 < £/2 be such that D(¢1,¢2) < 6. Then,
by hypothesis (¢), we have

H(Ttﬁl,moy(t)v T¢2,m0y(t)) = tSEp : D(T¢17moy(t)7 T¢2,moy(t))
€|0,a

t

t ~ ~
D(/ +t0f(57 (y¢1,mo)s—to + xO)d‘Sa/ +t0f(57 (yd)z,mo)s—to + $0)d$)

to tO

< M-(L) / 10D (Upr 20 )t (Um0 )t ).

to

Therefore, we get

DU )o@, [ )y 0000

-r T

to—s to—s
= D(/ ¢1(s —to + 0)do, P2(s — to + 0)do)

-r -

= D( / ’ é1(u)du, / i $2(u)du)

—r—to+s —r—to+s

0 0 —r—to+s —r—to+s
< D([ ér(wyidu, | do(u)du) + D( / o1 (u)du, / o () )

—v -

< 2. sup D( ¢1(u)du, ¢p2(u)du) < e.

—v€E[—7,0] —r -

At last, since FH([—7,0],Rx) X Rz is a complete space and by using Lemma
3, we conclude that z(-,x0,$) € SLy z, and it is a generalized solutions z(t) =
x(t, xo, @) of problem (1).

10
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4 CONCLUSIONS

In this paper, we study the Cauchy problem of discontinuous fuzzy impulsive
retarded differential equations involving the fuzzy Henstock integral in fuzzy
number space. The function governing the equations is supposed to be discon-
tinuous with respect to some variables and satisfy nonabsolute fuzzy integrablil-
ity. Our result improves the result given in Ref. [14] and [17] (where uniform
continuity was required), as well as those referred therein.
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PRODUCT-TYPE SYSTEM OF DIFFERENCE
EQUATIONS WITH MULTIPLICATIVE COEFFICIENTS
SOLVABLE IN CLOSED FORM

STEVO STEVIC*, BRATISLAV IRICANIN, AND ZDENEK SMARDA

ABSTRACT. Solvability of the following system of difference equa-
tions
Zn1 = @zlwl |, wppr = Pwizl |, n €N,

where a,b,¢,d € Z, a, 8 € C, z_1, 29, w_1,wy € C\ {0}, is studied.

1. INTRODUCTION

Numerous concrete nonlinear difference equations and systems have
attracted some recent attention (see, e.g., [1]-[6], [8], [9], [13]-[49]).
There has been also a renewed interest in the problem of their solvabil-
ity (see, e.g., [1]-[4], [6], [17], [20], [21], [25]-[41], [43]-[49]), especially
after the publication of [20] where S. Stevi¢ used a nice change of vari-
ables for explaining and extending the formula for solutions to the
second-order difference equation in [6]. This motivated several authors
to develop the idea and apply it for the case of some extensions of the
equation, as well as some other equations and systems (see, e.g., [1], [3],
[4], [17], [21], [25]-[30], [32]-[36], [39], [41], [43]-[47], [49]). Some classi-
cal methods for solving difference equations and systems can be found,
e.g., in [7], [10]-[12]. On the other hand, there has been some recent
interest in close to symmetric systems of difference equations (see, e.g.,
of the above mentioned classes of difference equations and systems are
obtained from the product-type ones by the translation or max-type
operators (see, e.g., [16], [22]-[24], [42]). Some max-type systems are
even solvable ([31]).

Product-type equations are solvable if the initial values and coef-
ficients are positive, which is not the case in general. This suggests
investigation of product-type equations and systems for the case when

2000 Mathematics Subject Classification. Primary 39A10; 39A20.

Key words and phrases. System of difference equations, product-type system,
solvable system.
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the coefficients and initial values are not positive. The problem was
studied for the first time in [40] (an extension of the system in [40] was
later studied in [38]), but with methods not so close to those in [20] (or
in [26], [30] etc.). They are, in fact, more related to the ones in [22],
(23] and [42]. In [48] was investigated the problem of solvability of the
system

Zngl = S, Wpyl = %, n € No, (1)

b
Wy Zn—1

N

where a, 13, ¢, deZ (the condition is posed to avoid multi-valued solu-
tions) and z_y, zo, w_1, wy € C\{0}. Soon after that, in [37], was shown
that for the case of another product-type system some coefficients can
be included to get again a solvable system.

Here we show that the same holds for the next natural extension of
system (1)

a, b c . d
Zn+1 = aznwnfla wn+1 == Bwnznf]J n e N07 (2)

where a,b,c,d € Z, o, B € C and z_1, zg, w_1,wy € C. Since the cases
a =0 and § = 0 are trivial, we will assume that «, 5 € C\ {0}.

Note that the domain of undefinable solutions ([32]) to system (2) is
a subset of

U={(2_1,20,w_1,wp) EC*:2_; =0 or 20=0 or w_; =0 or wy=0}.

This is why we will also assume that z_1, 2o, w_1,wg € C\ {0}.

2. MAIN RESULT

The problem of solvability of system (2) is studied in this section.

Theorem 1. Assume thata,b,c,d € Z, a, f € C\{0} and z_1, zp, w_1, wy €
C\ {0}. Then system (2) is solvable in closed form.
Proof. Case b= 0. Since b = 0 system (2) is
Znp1 = Q2% wp = Pzl |, n €N (3)

The first equation in (3) yields

n—1

2, = Q2=i=0 ajzg", n € N. (4)

Hence, if a # 1 we have
zn:a%z(‘)‘n, n €N, (5)
while if @ = 1 we have

Zn =azg, mn €N, (6)
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PRODUCT-TYPE SYSTEM OF DIFFERENCE EQUATIONS 3

Using (4) in the second equation in (3) we have

—3 _
wy, = BaSi= ¥ A (7)

for n > 3.
From (7) we get

_ ﬁadzyj al da"*2 (ﬁadng;gl a’ Z(c)la"*?’wc_2)c

ﬂH_C 3" aJdecZ:n_Sl a’ Zga” 2+dca”*3w7c:_2’ (8)
for n > 4.
Equalities (7) and (8) suggest that for a k € N
-1 -1 i n—i—3 j k=1 i n—i—2
p = B0 ¢ A Tine ¢ i o) o TRk (9)

for n > k 4+ 2. Assume that (9) holds for some & € N and every
n>k+2.
Applying (7) with n — n — k in (9), it follows that

k—1 delcl ",13(130{200“"12 d"k?’a]dankzc ck
w,, = Bi=0 €adLizo ¢ Xj=o : (Bat 2 Wy k1)

k i k i n—i=3 j ’?7 clgn—1—2 k+1
= /821:00 ade:OC ZJ:O @ ZO Z’—O wa*k*l? (10)

forn >k + 3.

Equalities (7), (10) along with the induction show that (9) holds for
all natural numbers k£ and n such that 1 <k <n — 2.

For k = n — 2 equality (9) becomes

2 )

n—3 g5 wn—i—3 j ( ’(L:3Cian7i72 n—2
ﬁzz 0 C de:O ¢ Z]ZO @ ZO ZZ—O wc (11)

for n > 3.
From (11) and since
ﬁwlzo = 5(5w82i1) Zo = ez < Z(C)lwo )
we have

n—3 . "13Jd ctqn 2 =2
62100 dZi Zfo a Zzo (61+c ch(c)lwo)

i n=3 iy n—i=3 j gy " ctgn—i—2 n—1 n
_ 52 o C* dzz:o c Z]:O a 2y ZZ,O Zd_cl wg 7 (12)

for n > 3. A direct verification shows that (12) also holds for n = 2.
Case a # c. In this case from (12) we get

c

-1
n—1 i n— 7. 3 J d% n—1
w, = X0 “q ATy ¢ i z, ¢ 2w, n>2. (13)

Subcase a # 1 # c. In this case we have
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1—c™ ne3 g1 gn—i=2 ga"TlocnTl .
wy =BT QI T e ey
1—en=2  gn—2_m-2) gatTlocntto
—/6 - Oél CL( 1—c a a—c )ZO a—c dcl wg
1—c™ d(a—c+(1—a)cn71+(c—1)a”71) dw 1 "
= oM T g 2 (1
Subcase a # 1 = c¢. In this case we have
n— 3% da" =1
Bn dy iz oz a—1 Zilw()

n—1
L( o an72_1 de _—1
:Bnal—a n — )ZO a—l Zd_le

d(an_lf(nfl)a+n72) a1

=p"a (a-1)2 2z 8 2% we, n>2. (15)

Subcase a = 1 # c. In this case we have

1icn—1

1— 7 _ d ¢ n—1 n
w,, :B = ale o c'(n—i 2)20 1 Zd_cl w(c)
n—27 1—(n—2)c"~ 3+(n 3)c" T 2 dlfcn_1 . "
= o2 =0 )zo LA
n—1 n—1
1-c" gn= 2—(n—1)ct+c di=c""" (‘ " n
=BT« (1—c)2 zg '7° zd_cl wy , n>2. (16)
Case a = c. In this case from (12) we get
n— 7. 5 n—2 _
ct ct (n—1)dc den—1  cn
BZZ 0 ¢ iy ¢ T ZO 2% wg (17)
for n > 2.
Subcase a = ¢ # 1. In this case we have
il—c" 1)den— 2 n—1 n
w, = dzl o c 77 ((]n )dc Zd_cl ws
n n—2 _
:ﬁ ll_—cc alic(l_lc—c _("_Q)Cnﬁ) z(n_l)dcn 2chn71wcn
0 —1 0
1—en  d1—(n=1)c""24(n—2)c" 1) CDden-2 g1 m
— 3T (o2 AP AT e > 2. (18)
Subcase a =c=1. In this case we have
n d n—i—2) (n=1)d _d
(n=2)(n=1) 1d
—pmat T e, > 2, (19)
Case d = 0. Since d = 0 system (2) is
b
Zntl = QZpW, 1, Wpy1 = Pw,, n € Ny (20)
Second equation in (20) yields
J cn
= pXinw", neN, (21)
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PRODUCT-TYPE SYSTEM OF DIFFERENCE EQUATIONS 5

from which it follows that

w, = BT wS, neN, (22)
if ¢ # 1, while if ¢ = 1, then
wy, = B wy, n € N. (23)
Using (21) in the first equation in (20) we have
= aB"E T (24)
for n > 3.
From (24) we get
= afP Xm0l G 0 w2 ,)"
1+aﬁbz o I ba T e wgcn*%bacn*ifzzz_%

for n > 4.
Assume that for a k£ € N we have proved

3. bZ Laien=i=2 &
(1 (1 a
Zn = O ) i ) =0

S “n—ks (25)
forn > k + 2.
Applying (24) with n — n — k in (25), it follows that

n
J

o a — azzn i— 3 bZ Oacn i— bzn k— 3 bcn7k72 a a
Zn 0421 0 @b Eiso (aﬁ wo Zp—k—1)

al b at i3 bZ:,LOaLC"Z2 ak+1!
=0 B ZZ 0 Z Zn—k—17 (26)

= aX
forn >k + 3.
Equalities (24), (26) along with the induction show that (25) holds
for all natural numbers k£ and n such that 1 <k <n — 2.
For k = n — 2 equality (25) becomes
Z —a n 3a/8bzn_ zzn i— 3 Z?O ac" i— 2Zan—2 (27)

2 )
for n > 3.
From (27) and since

2 = azfwd = a(aziw’ ) wh = o w2

we have

n 3 i n— z 3 cJ b CLC" i—2 n_o
Zp = Oé =0 @ 5b21 0@ Z Zz =0 (al-l-awablwgzg )a

— QTS I o S e T T e, (28)
for n > 3. A direct verification shows that (28) also holds for n = 2.
Case a # c. In this case from (28) we get

—1_.n—1

n— i n— z 3 bE—< — n—1 n
z — azz 0 @ ﬁbzl 0@ Z C wo a-c wl:(ll Z((]l y n Z 2 (29)
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) i W vV
Subcase a # 1 # c. In this case we have
_i—9 qn—1_.n—1
b 3gil=c’ 77 b - ba™~ 1 _am"
zn :a /6 Zz 0 1—c wo a—c 1 ZO
1— 1_aqn—2 n—2_ _n—2 banfl—cnfl _
= 1 aa Bl c( 1a—a —c a—g )wo a—c Iialn 1Zgn
1—a®  bla—ct(—a)c"li(e-panl) patTloentl o
—q1-a =0 (A=c)(a—c) wy “° lial 25, n>2. (30)
=c. i W AY
Subcase a # 1 = c¢. In this case we have
1oa® p5n3 i _j—9) n(:_ll L oban—l_gn
Zn = l1—a /B =0 w w 21 ZO
-2 n—3 n—2 1_
1-a" p((n-2 1—a” _1-(n—2)a +(n—3)a a 1 "
—q T ﬁ (( ) 1—a (1—a)? )wO a—1 Iial ZS‘
1_al bn—2—(n—1)a+an71 a~l el m
—q 1-a (1—a)2 wy a-l1 lial Z(C)L , n Z 2 (31)
ubcase a = c. In thi W Y
Sub 1 In this case we have
—1
n— 3 1M —1—2 blfcn
2, = nﬁbz R Ea w, i—c wb_lzo
cn— 2 lfcnfl
bi
2 -
”ﬁl C((n )— cl )wo 1—c wlilzo
bn—2—(n—1)c+cn71 pl=c” — ol b
=a" (1-9? wy 7 wlizg, n>2. (32)
Case a = c. In this case from (28) we get
n—1 i n— Z 3 b(n—1 n—2 n—1 n
Z—azzoaﬁ Zan w(n )a lial Zg, (33)
for n > 2.
Subcase a = ¢ # 1. In this case we have
n—i—2
o Zn 3 7, —a b(nfl)an—Q ba"’l a™
Zn —Oé ﬁ I=e Wy -1 0
1—a™ b 17a"_2 ( n—2 n—2
o 2 L~ —(n—2)a b(n—1)a ba" "1 _a™
_Oélfaﬁl a( 1—a )wo ] ZO
—1
pi=(n= Da”~ +(n 2)a"" ) b(n—l)a"*2 ba"—! aqn
= 170‘ /B a- a) 'LUO -1 ZO B (34)
for n > 2.
Subcase a = ¢ = 1. In this case we have
n=3(n i b(n—1
2 =" B0 2i=0 (P Q)wo(n )wlilzo
b(n 2)(n 1) b(n—l) b
a"B wy w’ 4 2o, (35)

for n > 2.
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Case bd # 0. Since z_1, zg, w_1,wy € C\ {0}, it easily follows that
zn # 0 # w, for every n > —1. Hence, from the first equation in (2),
we have

Zn+1

a
n

s n e No. (36)

wfz—l =

Taking both sides of the second equation in (2) to the b-th power we
get

wb = Brwlilt . neN,. (37)

From (36) and (37) it follows that

Zn+3 z¢
n 2
a = b cnjl_c Zd_17 n G NO,
AZpto O Znt1
that is,
_ l1—cpb_atc _—ac bd
Znpz = °f3 Znt2fnt1én-10 N E No, (38)

which is a fourth order product-type difference equation.
We also have

n=azw’, and 2 ='Wl (39)
Let v := a'=¢A3°,
ai=a+c, b =-ac, ¢ =0, dy=bd, x;=1. (40)
Using (40), equation (38) can be written as
i3 =V 2phazeb 2 2y, € No. (41)

Using (41) with n — n — 1 into (41) it follows that

dy

by dy )al by 1
n—17

— AT1 ai Cc1
Zn4+3 =7 (’7Zn+1zn Zn—1”n—2 1

_ ~x1tar jarai+by Jbrai+cr ciai+dr diay
=7 ZnJrl Zn anl Zn72

_ AT202 by c2  _do
=7 Zn+1zn anlzn727 (42)

C1
zZ'z

for n € N, where

as = a1a1 + bl, bg = blel + cq, Cy = cCi1ay + dl, dg = dlal, (43)

To =11+ ay. (44)
Assume that for some 2 < k < n, we have proved that
b d
Znt3 = V2 s ke kK Pk (45)

for n > k — 1, and that
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ar = a1ap—1 + bp_1, b = biag—1 + Cr—1,
Cr = C1ap—1 + dj—1, dy = dyag_1, (46)
T '= Tg—1 + Ap—1. (47)

Then by using (41) with n — n — k into (45) we have
J— b ar d
Znt3 = V™ (V2nh ok Zng1—kZne kzn k) Zn+2 K-k

_ _xptay o1ag+by brag+cy crap+di diag
=7 “n42—k “ntl-k “n—k  “n—1-k

Ty SO0kl bRt Crt1 _dk41
=0 Ao kRntl—kPn—k Fn—1—k> (48)

for n > k, where

Ap41 © = a1ay + by, b1 := bray + ¢,
Cry1 = C1a; + dy, dpy1 = dyag, (49)
Tpt1 ‘= T “+ ag. (50)

Equalities (48)-(50) along with (42)-(44) and the method of induction
show that (45)-(47) hold for 2 < k <n+1 ((45) also holds for k = 1).
Hence, for k = n + 1, (45) becomes

Xyt Ont1 bni1l _cCny1 _dni1
Zng3 =Y 20" 2

= (@l B (@ ) (st 2 2

o (1fc)xn+1+(1+a)an+1+bn+1 bxn+1 a2an+1+abn+l+cn+1
=« 6] 2

dni1 b b bb
AR T T n € No. (51)

9

From (46) we easily see that (ay)r>4 is a solution to the linear dif-
ference equation

ar = a1ai_1 + brag_o + crap_3 + diag_4. (52)

This and the relations b,_1 = ap — a1ax_1, ck—1 = b — brap_1 and
dp = diag_1 show that (by)ren, (ck)ren and (dg)ren are also solutions
to equation (52).

On the other hand, from (47) and since 27 = 1, we have that

k—1
7j=1

From (46) and (47) with & =1 we get
a; = arag + by, by =biag+cy, c1 = crag+ do,
dl = dl&o, T1 = Xg + ag. (54)
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Since bd = dy # 0, from the fourth equation in (54) we get ay = 1.
Using this fact in the other equalities in (54) we get by = ¢y = dy = 0
and zg = 0 (since z; = 1).

From this and by (46) and (47) with k£ = 0 we get

1:a0:a1a_1+b_1, OZbozbla_1+C_1,

0= Co =Cia_1 + d_l, 0= do = dl(l_l, 0= Tog=2T_1+a_i. (55)
Since dy # 0, from the fourth equation in (55) we get a_; = 0. Using
this fact in the other equalities in (55) we get b_y =1, c1 =d_1 =0
and z_; = 0.

From this and by (46) and (47) with k£ = —1 we get

0= a_1 = a10_2 + b,Q, 1= b,1 = bla,g + c_2,

0= C_1=cCa_9+ d_g, 0= d_1 = dla_Q, 0= T_1=T_9+a_s. (56)
Since d; # 0, from the fourth equation in (56) we get a_y = 0. Using
this fact in the other equalities in (56) we get b_y = 0, c_o = 1 and
d_s=0and x_5 = 0.

From this and by (46) and (47) with k = —2 we get

0= G_o = a1G0_3 + b_3, 0= b_g = bla_g + C_3,

1= C_o =C1a_3 + dfg, 0= d,Q = dla,g, 0= T_9=T_3+ a_s. (57)
Since dy # 0, from the fourth equation in (57) we get a_3 = 0. Using
this fact in the other equalities in (57) we get b_5 = 0, c_3 = 0 and
d_s=1and z_3 = 0.

Hence, sequences (ag)k>—3, (bg)k>—3, (ck)r>—3 and (dy)g>—_3 are so-
lutions to linear difference equation (52) satisfying the next (shifted)
initial conditions

a3=0, as=0, a1=0 ag=1;
b_3 = 0, b_g = O, b_1 = 1, bo = 07
c.3=0, co=1c¢1=0, ¢ =0; (58)
d,3 - 1, d,Q - 0, d,1 - 0, d[) - O,

respectively, while (xy)g>_3 is given by (53) and satisfies the conditions
T 3= 9=0_1=a290=0 and z;=1. (59)

Since difference equation (52) is solvable, it follows that closed form
formulas for (ax)r>—3, (bk)k>—3, (Ck)r>—3 and (di)r>—3, can be found.
From this, (53), (59) and by using some known sums, (zg)r>_3 can
also be calculated. From this fact and (51) we see that equation (38)
is solvable too.
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The second equation in (2) yields

Wn+1
22 = B " € Np. (60)
Since d # 0, from the first equation in (2) we have
z = a%2l ) neN,. (61)

From (60) and (61) we obtain

a
Wny3 ol Wni2 b

= w n € Ny
c ac n—1> )
BwnJrZ ﬁawn+1
which can be written as
_ dpl—a,, atc,, —ac , bd
Wy = o f wpiow, fw,”y, € N, (62)

which differs from equation (38) only by the coefficient a?3'~¢. Beside
this, sequence (wy,),>_1 satisfies the following initial conditions

wy = Puwizl,  and  wy = BCwS 228 (63)
Let 6 := o?B'*. Then the above procedure can be repeated and
obtained that for 1 <k <n+1
) b d
Wity = 6w 5w, Wiy Wity (64)

where (ag)gen, (b)ren, (Ck)ren and (di)ren satisfy recurrent relations
(46) with initial conditions (40), while (zx)ren is given by (53) and
(59).

From (64) with £ = n + 1 and by using (63) we get

_sz ant1, bny1, Cni1, dnti
Whts =0"" 1wy " wy" T wy

_(~dal—a\Tni1( Qldc,, c? _cd _d\ant1 ¢ d \bnt1,,Cn+1,, dnt1
=(aB) (B w25 20) " (Bwgzly ) wy"  wy
— dTnt1 /3(1—&)%+1+(1+0)an+1+bn+1wggan+1+cbn+1+0n+1

x it pdontt edingitdbngy (65)
for n € Ny.

As above the solvability of equation (52) shows that closed form
formulas for (ag)g>—3, (bk)rk>—3, (ck)r>—3 and (dy)r>_3, can be found.
From this, (53), (59) and by using some known sums, (xx)r>_3 can also
be calculated. This facts along with (65) imply that equation (62) is
solvable too. Direct calculation shows that formulas (51) and (65) are
really solutions to system (2), finishing the proof. [

Remark 1. Since linear difference equation (52) is of the fourth order
it is not only theoretically solvable, but also practically.

The following corollary is a consequence of Theorem 1.
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Corollary 1. Consider system (2) with a,b,c,d € Z, o, 5 € Z \ {0}.
Assume that z_y, zo,w_1,wy € C\ {0}. Then the following statements
are true.

(a) If b =0 and a # 1 # ¢, then the general solution to system (2) is
given by (5) and (14).

(b) If b =0 and a # 1 = ¢, then the general solution to system (2) is
given by (5) and (15).

(c) If b =0 and a = 1 # ¢, then the general solution to system (2) is
given by (6) and (16).

(d) If b =0 and a = ¢ # 1, then the general solution to system (2) is
given by (5) and (18).

(e) If b =0 and a = ¢ = 1, then the general solution to system (2) is
given by (6) and (19).

(f) If d = 0 and a # 1 # ¢, then the general solution to system (2) is
given by (22) and (30).

(9) If d =0 and a # 1 = ¢, then the general solution to system (2) is
given by (23) and (31).

(h) If d =0 and a = 1 # ¢, then the general solution to system (2) is
given by (22) and (32).

(1) If d =0 and a = ¢ # 1, then the general solution to system (2) is
given by (22) and (34).

(j) If d =0 and a = ¢ = 1, then the general solution to system (2) is
given by (23) and (35).

(k) If bd # 0, then the general solution to system (2) is given by (51)
and (65), where (ag)k>—3, (bk)k>—3, (ck)rk>—3 and (dg)k>—3 are solu-
tions to equation (52) satisfying the conditions (58), while (xx)k>—3
is given by (53) and (59).

Remark 2. The formulas appearing in the proof of Theorem 1 can be
used in studying of the behavior of solutions to system (2). We leave
it to the reader as some exercises.
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ON SOME RESULTS IN METRIC SPACES USING
AUXILIARY SIMULATION FUNCTIONS VIA NEW
FUNCTIONS

XIAO-LAN LIU*, ARSLAN HOJAT ANSARI, SUMIT CHANDOK, STOJAN
RADENOVIC

ABSTRACT. In this paper, we investigate the existence and uniqueness of
coincidence points for two nonlinear operators by generalizing the notion
of simulation function introduced by F. Khojasteh et al. [F. Khojasteh,
S. Shukla and S. Radenovié, Filomat 29 (6), 1189-1194 (2015)]. Our
results improve, extend, complement and generalize several existing re-
sults in the literature. Also, some examples are provided to illustrate
the usability of our results.

1. INTRODUCTION AND PRELIMINARIES

There are many disciplines in which various authors are working, but due
to the possible applications, two of them, fixed point theory and equilib-
rium theory have received major attention from the last few decades. Both
of them have many ways to face, from a theoretical point of view, to various
problems which arise from real-world contexts. Fixed point theory has been
applied in various topics, convex minimization and split feasibility, construc-
tion and structure of fixed points, as well as for finding zeros of contractive
operators (see [1, 2, 3] and [1]). It also has lots of applications; in partic-
ular, in image recovery and signal processing, and in transition operators
for initial valued problems of differential inclusions. The mixed equilibrium
problems include fixed point problems, optimization problems, variational
inequality problems and Nash equilibrium problems as special cases. For
other important questions in the fixed point theory with various approach
see [7]-[25].

Recently, Khojasteh et al. [5] introduced the notion of simulation function
in order to express different contractivity conditions in a unified way, and
they obtained some fixed point results. In this paper, we generalized the
simulation function using a class of C-function and investigate the existence
and uniqueness of coincidence points for two operators in the setting of

Date: Received: xxxxxx; Revised: yyyyyy; Accepted: zzzzzz.
* Corresponding author.
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Key words and phrases. Fixed point; coincidence point; new function; simulation
function,.C-class functions.
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metric spaces. Some examples are also provided to illustrate the importance
of the results obtained.

To begin with, we give some basic notions and definitions.

In the sequel, let X be a nonempty set and T, g : X — X be two mappings.
For simplicity, we denote T'(x) by T'z. A mapping g is injective on A C X if
we can deduce that a = b for all a,b € A such that ga = gb. We denote the
nth iterate of T by T" , that is, 7' = T and 7" = T o T™ for all n € N.

Definition 1. A point x € X is called a
(1) fized point of the operator T if Tx = x.
(2) coincidence point of T and g if Tz = gx.
(3) common fixed point of T and g if Tx = gx = x.

Definition 2. Let T,g : X — X be mappings on a metric space(X,d).
We say that T and g are compatible if lim, oo d(T'gzp, gTx,) = 0 for all
sequence {x,} C X such that the sequences {gzy} and {Tx,} are convergent
and have the same limit.

Remark 3. If T and g are commuting (that is, Tgx = gT'x for all x € X ),
then T and g are compatible.

Definition 4. Given two self-mappings T,g : X — X and a sequence
{zn}tn>0 C X, we say that {x,} is a Picard-Jungck sequence of the pair
(T, g) (based on xo) if gxny1 = Txy, for alln > 0.

We say that X wverifies the CLR (T, g)-property at a point xg € X if there
exists on X a Picard-Jungck sequence of (T, g) based on x.

Remark 5. 1. It is well known that if T and g are two self-mappings such
that T(X) C g(X), then there exists a Picard-Jungck sequence of (T, g) based
on any point xo € X. In other words, if T(X) C g(X), then X wverifies the
CLR (T, g)-property at each point x € X.

2. If g = Ix is the identity mapping on X, then there exists a unique
Picard sequence of (T, Ix) based at each xy € X, which is given by Tp41 =
Tz, for allm > 0. Therefore, X satisfies the CLR (T, Ix) -property at every
point, whatever the mapping T .

Definition 6. (see [(]) A mapping F : [0,00)% — R is called C-class func-
tion if it is continuous and satisfies following conditions:

(1) F(s,t) <s;

(2) F(s,t) = s implies that either s =0 ort = 0; for all s,t € [0, 00).

Note that for some F we have that F(0,0) = 0. We denote C-class
functions as C.

Also special case of C-class functions can be found in [7]. For examples
of C-class function see [0], [3].

Definition 7. [9] An altering distance function is a continuous, non-decreasing
mapping ¢ : [0,00) — [0,00) such that p~*({0}) = {0}.
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2. C-CLASS SIMULATION FUNCTION

In this section, we generalized the simulation function introduced by Kho-
jasteh et al. [5] using the function of C-class as follows:

Definition 8. A mapping F : [0,00)2 — R has property Cr, if there exists
an Cr > 0 such that

(1) F(s,t) > Cp = s > t;

(2) F(t,t) < Cp, for allt € [0,00).
Example 9. The following functions F : [0,00)?> — R are elements of C

that have property Cp, for all s,t € [0,00):
(1) F(s, t)—s—t Cp=r, rel0,00)

(2) F( ) 1+t)r7 ( )CF =1
(3)F(s,t):1+kt,k>1Cp—lj;k,r€[2oo)
(4)F(s,t):(s+l)1+T—ll>1CF—Ol
(5) F(s,t) = s — (34)t; Cp = 0,
(6)F(s,t):1+t,0<k<1cp_k1

(7) F(s,t) = $225:0 < k,Cp = 51

(8) Fls,t) = ££3;0 < k,Cp = 1,2

Definition 10. A simulation function is a mapping ¢ : [0,00) x [0,00) — R
satisfying the following axioms:

(1) ¢(0,0) = 0;

(C2) C(t,s) < F(s,t) for all t,s > 0, here function F : [0,00)2 — R is
element of C;

(C3) if {tn}, {sn} are sequences in (0, 00) such that lim, o t, = limy, s sy >
0, then limsup((t,, s,) < 0.

n—oo

The third condition is symmetric in both arguments of ¢ but, in proofs,
this property is not necessary. In fact, in practice, the arguments of { have
different meanings and they play different roles. Then, we slightly modify
the previous definition in order to highlight this difference and to enlarge
the family of all simulation functions.

Definition 11. A Cr—simulation function is a mapping ¢ : [0, 00) x[0,00) —
R satisfying the following conditions:

(Ca) €(0,0) = 0;

(Cy) C(t,8) < F(s,t) for all t,s > 0; here function F : [0,00)? — R is
element of C which has property C'r

(Cc) if {tn}, {sn} are sequences in (0, 00) such that lim, . t, = lim, . sy, >
0, and t, < sp, then limsup((t,, s,) < CF.

n—oo

Let Zp be the family of all Cr—simulation functions  : [0, c0) X [0, c0) —
R. Every simulation function as in Definition 10 is also a C'r—simulation
function as in Definition 11, but the converse is not true, for this see Example
3.3 in [10] using C-class function F(s,t) = s —t.
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Example 12. Let k € R be such that k < 1 and let ¢ : [0,00) x [0,00) — R
be the function defined by ((t,s) = kF(s,t) —t, here Cp = 0. Note that
C(t,s) = kF(s,t) —t < kF(s,t) < F(s,t) < s and ((t,t) = kF(t,t) —t <
kt —t <.

It is easy to verify that ¢ verifies (C,), and ((p).

If {tp}, {sn} are sequences in (0,00) such that lim, oo t, = lim, oo Sy =
d >0 andt, < sy for alln € N, then limsup((ty, s,) = limsup(kF (sp,tn)—

tn) < (k—1)0 <0.

Also, if F(s,t) = ms, m < 1, then of ((t,s) = kF(s,t) —t, we have
C(t,s) = kms —t, or {(t,s) = As—t, A € (0,1).

Therefore ¢ is an Cp—simulation function as in Definition 11.

Example 13. Let k € R be such that k <1 and ¢ : [0,00) x [0,00) — R be
the function defined by ((t,s) = kF(s,t), here take Cp = 1. Here, ((t,s) =
kF(s,t) < ks <s and ((t,t) = kF(t,t) < 1.

it is easy to verify, ¢ verifies ((,), and ().

If {tn}, {sn} are sequences in (0,00) such that lim, o t, = lim, oo Sy =
d > 0andt, < s, foralln € N, then limsup((t,, $n) = limsup(kF (sp,t,)) <

KF(5,6) < 1. - B

Therefore ¢ is an Cp—simulation function as in Definition 11.
Also, if take F(s,t) = {33, ¢ is an Cp—simulation function.

Example 14. Let F : [0,00)? — R be C-class, F(1(s), o(t))—t < F(s,t),%(t) <
t,and let ¢ : [0,00) x [0,00) — R be the function defined by ((t,s) =
F((s),@(t)) —t, here Crp = 0, note that ((0,0) = F(¢(0),¢(0)) — 0 =0,
and C(t7t) = F(lﬁ(t),@(t)) —t< F(tat) —t<t—-t=0

Clearly, ¢ verifies (C1), and (C2) follows from the following:

If {tp}, {sn} are sequences in (0,00) such that lim, .o t, = lim, o S, =
d >0 andt, < s, foralln € N, then limsup((t,, $,) = limsup(F (¢ (sp) , ¢ (tn))—

n—oo

t) < H(8) — 5 < 0. o

3. A COINCIDENCE POINT THEOREM FOR (Z, g)-CONTRACTIONS

In this section we establish some results on the existence and uniqueness
of coincidence point by using simulation functions on metric spaces.

Definition 15. Let (X,d) be a metric space and T,g : X — X be self-
mappings. A mapping T is called a (ZF, g)-contraction if there exists ( € Zp
such that

C(d(Tz, Ty),d(gx, gy)) > Cr (1)
for all x,y € X such that gx # gy.

For clarity, we use the term (Zp 4, g)-contraction when we want to high-
light that T is a (Zp, g)-contraction on a metric space involving the metric
d. In such a case, we say that T is a (Zp 4, g)-contraction with respect to .
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If g is the identity mapping on X, T'is a Z 4-contraction with respect to
C.

Remark 16. 1. By axiom ((), it is clear that a simulation function must
verify ((r,r) < Cg for all r > 0.

2. Furthermore, if T is a (Zpq,g)— contraction with respect to ( € Zp,

then
d(Tz,Ty) < d(gz, gy), (2)
for all x,y € X such that gx # gy.

To prove it, assume that gx # gy. Then d(gx,gy) > 0. If Tx = Ty,
then d(Txz,Ty) = 0 < d(gz,gy). On the contrary case, if Tx # Ty, then
d(Tx,Ty) > 0, and applying (¢») and (1), we have that

Cr < ((d(Tz,Ty),d(gz, gy)) < F(d(gx, gy),d(Tx, Ty)), so (2) holds.

Next, we observe some useful properties of (Zf 4, g)-contractions in the
context of metric spaces.

Lemma 17. If T is a (ZFg4,g)-contraction in a metric space (X,d) and
x,y € X are coincidence points of Tand g, then Tx = gx = gy = Ty. In
particular, the following properties hold.

1. If g (or T) is injective on the set of all coincidence points of T and
g (or, simply, injective), then Tand g have, at most, a unique coincidence
point.

2. If T and g have a common fized point, then it is unique.

Proof. We will show that gr = gy reasoning by contradiction. Suppose, on
the contrary, that gz # gy. Then d(gx,gy) > 0. By (1), we have Cp <
C(d(Tx, Ty), d(gz, gy)) = ¢(d(gz, gy),d(gx, gy)), which is a contradiction
due to item 1 of Remark 16. Therefore, if x and y are coincidence points of
T and g, then Tx = gz = gy = T'y. Hence the result. O

Theorem 18. Let T' be a (ZF q4,9)-contraction in a metric space (X, d) and
suppose that there exists a Picard-Jungck sequence {xy}n>0 of (T,g). Also
assume that, at least, one of the following conditions hold.

(a) (9(X),d) (or (T'(X),d)) is complete.

(b) (X,d) is complete and T and g are continuous and compatible.

(c) (X,d) is complete and T and g are continuous and commuting.

Then T and g have, at least, a coincidence point. Furthermore, either the
sequence {gzy} contains a coincidence point of T and g or, at least, one of
the following properties holds.

In case (a), the sequence {gx,} converges to u € g(X) and any point
v € Xsuch that gv = u is a coincidence point of T and g.

In cases (b) and (c), the sequence {gx,} converges to a coincidence point
of T and g.

In addition to this, if x,y € X are coincidence points of T and g, then
Tz =gx =gy ="Ty. Andifg (orT ) is injective on the set of all coincidence
points of T and g (or, simply, it is injective), then T and g have a unique
coincidence point.
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Proof. 1If {z,,} contains a coincidence point of 7" and g, the proof is finished.
Assume that {z,,}does not contain any coincidence point of 7" and g, that
is,

9n # Tn = gTpyi1, (3)
for all n > 0. In such a case,

d(gl'n,gl‘an) >0, (4)
for all n > 0. We divide the proof in three steps.
Step 1. We claim that
lim d(gxn, gxny1) = 0. (5)

n—oo

Using ({p) and (1), for all n > 0,

CF S C(d(T"En,Tiﬂn+1),d(gl’n,gl’n+1))
= C(d(gﬂcn+1,gmn+2),d(gxn,gxn+1))
< F(d(ggjnagwn-ﬁ-l)ud(gajn-ﬁ-l)gmn-ﬁ-Q))? (6)

which means that 0 < d(gz,.,,9%,.,) < d(92n,gz,.,) for all n > 0. Then
{d(9zn,9rn+1)} is a non-increasing sequence of nonnegative real numbers,
so it is convergent.

Let r = limy— 00 d(gZp, gTnt1). We prove that » = 0 reasoning by con-
tradiction. Assume that » > 0. Applying the axiom ({.) to the sequences
{tn, = d(9xn+1,9Tn+2)} and {s, = d(gxn,gxn+1)} (which have the same
limit 7 > 0 and verify t,, < s, for all n), it follows that

lim sup C(d(gxn+lagxn+2)7d(gxnangIrF].)) = nh—{go supC(tn,sn) < CF,

n—oo

which contradicts with (6) because ((d(9xn+1, 9Tn+2), d(9Tn, 9Tni1)) >
Cp for all n > 0. This contradiction prove that limy,_.od(gTn, gTn+1) =
r =0, that is, (5) holds.

Step 2. Now, we claim that the sequence {gz,} is a Cauchy in (X,d). On
the contrary, we assume that {gz,} is not a Cauchy sequence in (X, d). In
this case, there exists €9 > 0 such that, for all N € N, there exist m,n € N
verifying m > n > N and d(gxm, gz,) > €. Using (5), there exists ng € N
such that

d(gxn+1agxn) < €o, (7)
for all n > ny.

Taking successive values for n, we can find two partial subsequences
{9Zmwy} and {gzpg} of {gzn} such that

no < n(k) <m(k) <n(k+1) and d(gZm,(k), 9Tnk)) > €0 (8)

for all k € N.
If we choose m(k) as the least natural number m € {n(k),n(k)+1,n(k)+
2,...} such that (8) holds, then we also have that

A(GZm(k) -1, 9Tn(k)) < €0, (9)
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for all k € N.
Notice that m(k) > n(k) + 1 for all £ € N. Indeed, joining (7) and
(8), we deduce that the case m(k) = n(k) + 1 is impossible. Therefore,
m(k) > n(k)+ 2 for all k € N. It follows that
n(k)+1<m(k) <m(k)+1forall ke N.
Taking into account (8) and (9), we deduce that
€0 < d(9Zm(k)s 9Tn(k)) < AITm(k) 9Tm(k)—1)FAITmE)—15 9Tn(k)) < AGTm(k)s 9Tm(r)—1)+
€0
for all k. Using (5), we have that

Jm (9T (k> 9Tn(k)) = €0- (10)

Moreover, by

(9T m(k)> 9Tn(k)) < AITm(k)» ITmk)+1) TAITmk)+15 9T n(k)+1) +A(9Tn (k) 415 9Tn(k))
and

A(9T (k) +15 ITn(k)+1) < AITm(k)+1> 9Tm(k) ) TAITm(k)> 9Tn (k) FA(IT (k) ITr(k)+1)
for all k, and also using (5), it follows that

Jm d(gm k)15 9Tn(k)11) = €o- (11)

In particular, there exists n; € N such that

(9T (k) 9Tnk)) > 5 >0

and

d(9T (k)15 9Tn(k)+1) > 5 > 0 for all k > ny.

Using the fact that T is a (Zp 4, g)-contraction with respect to ¢ and the
axiom ((p), we deduce that

Cr < d(Tzmy, TTn(k)), A9Tm(k)> 9Zn(x))) = C(AITm) 11, 9Tn(k)+1)s AITm (k) 9Tn(k))

< F(d(gxm(k)agxn(k))?d(gxm(k)+17g$n(k)+1))> for all £ > ny. In particu-
lar,

0 < d(9Zm(k)+1: 9Tnk)+1) < AITm(k) 9Tn(r)) for all k > ny

Employing the sequences {t;. = d(9Zn(k)+1, 9Tn(k)+1)} a0d {sk. = d(9Zm(k)> 9Tn(k)) }
(which have the same positive limit by (10) and (11) and verify t; < s for
all k) in axiom ((.), we conclude that which is a contradiction. Therefore,
we must admit that the sequence {gz,} is Cauchy in (X, d). Hence, Step 2
holds.

Step 3. Now, we prove that T and g have a coincidence point by taking
the assumptions (a), or (b), or (c).

Case (a): Assume that (g(X),d) (or (T'(X),d)) is complete. In this case,
notice that gzrp41 = Tz, € T(X) C g(X) for all n > 0,which means that
the sequence {gz,+1} is included in T(X) C ¢(X). Taking into account
that g(X) (or T (X)) is d-complete,then there exists u € g(X) such that
{gzn} — u, that is,

lim d(gx,,u) =0. (12)

n—oo

Since Tz, = gxypq for all n, we also have that
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lim d(Tzy,,u) = 0. (13)
n—oo

Let v € X be any point such that gv = u. We will show that v is a
coincidence point of T" and g. On the contrary, we assume that v is not
a coincidence point of T and g, that is, u = gv # Tw. In such a case,
§ =d(Twv,gv) > 0. Using(13), let ng € N be such that d(gzy, gv) < J for all
n > ng. This means that

d(gzy, gv) < § = d(Tv, gv) for all n > ng.

In particular, gz, # Tv for all n > ng, that is,

d(Txp, Tv) = d(gxni1,Tv) > 0, (14)

for all n > ny.
On the other hand, by (4), it is impossible the condition
dni € N such that gz, = gv for all n > n;.
Therefore, there exists a partial subsequence {gzs(,)} of {gzn} such that

9Ts(ny 7 gv Vn (15)

Now, let ng € N be such that d(ng) > ng. Therefore, by (14) and (15),

d(gz5(n), gv) > 0 and d(Tz5(,, Tv) > 0 for all n > n2.

Using (),

Cr < C(d(T$5(n) ) TU)? d(gx(S(n) ) gv)) < F(d(g‘ré(n) ) g’U), d(Tmé(n) ) TU))

for all n > ngy, which means that

0 < d(Twsny, Tv) < d(925(n), gv) = d(g25(n), ),

for all n > ny. In particular, by (12), {Tzs4)} — Tv. However,
{Tz50m)} = {9%s5(m)+1} is a partial subsequence of {gx,}, which converges
to gv. By the unicity of the limit, we conclude that gv = Twv, which is
a contradiction with the fact that we have supposed that gv # Twv. This
contradiction yields v is a coincidence point of 7" and g.

Case (b): Assume that (X,d) is complete and T and g are continu-
ous and compatible. In this case, the sequence {gz,} is a Cauchy se-
quence in the complete metric space (X, d) , so there exists u € Xsuch
that {gz,} — u. Since T and g are continuous,it follows that {ggz,} —
gu and {Tgx,} — Tu. Moreover, as T and g are compatible and the
sequences{T'z, = grp+1}and {gz,} have the same limit, we deduce that

limp—ood(Tgxyn, gTxz,) = 0. It follows that

d(Tu, gu) = limp—ood(T9Tn, ggTn+1) = limp—ood(Tgxn, gTzy) = 0.

Therefore, Tu = gu and we conclude that u is a coincidence point of T’
and g.

Case (c): Assume that (X, d) is complete and T" and g are continuous and
commuting. It follows from case (b) taking into account Remark 16. Last
statement follows from Lemma 17. U

Now if let F(s,t) = s — t, we have the following result of [10].
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Corollary 19. Let T be a (Zqg)-contraction in a metric space (X,d) and
suppose that there exists a Picard-Jungck sequence {xy}n>0 of (T,g). Also
assume that, at least, one of the following conditions holds.

(a) (9(X),d) (or (T'(X),d)) is complete.

(b) (X,d) is complete and T and g are continuous and compatible.

(c) (X,d) is complete and T and g are continuous and commuting.

Then T and g have, at least, a coincidence point. Furthermore, either the
sequence {gx,} contains a coincidence point of T and g or, at least, one of
the following properties holds.

In case (a), the sequence {gx,} converges to u € g(X) and any point
v € X such that gv = u is a coincidence point of T and g.

In cases (b) and (c), the sequence {gx,} converges to a coincidence point
of T and g.

In addition to this, if x,y € X are coincidence points of T and g, then
Tr =gx =gy ="Ty. Andif g (orT ) is injective on the set of all coincidence
points of T and g (or, simply, it is injective), then T and g have a unique
coincidence point.

In the following example, we describe how to use our main result in order
to guarantee existence and uniqueness of a solution for nonlinear equations.

Example 20. Let X = [0, 00) provided with the Euclidean metric d(x,y) =
|x —y| for all z,y € X, and consider the operators T,g: X — X given, for
allx € X, by

Tr=x+2, gr =4z + €

It is clear that T is not a contraction in the classical Banach sense (in
fact, it is an isometry). In order to solve the nonlinear equation

T+ 2 =4z + ¥, (16)

Theorem 18 can be applied using the simulation function ((t,s) = $5[1(s)—
2
(D) (1)),
where 1 and ¢ are the altering distance functions given by ¥(t) = t and

o(t) =t for allt >0 and Cp =0, F(s,t) = s — (%—i’;)t, now we have that

((d(Tx, Ty), d(g, gy))
— gl ~ ST (T )
= %[d(gw,gy) - (%)d(h, Ty))
= gl =g+ (@ =) - =l -
> 0.
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Therefore T' is a (Zy, g)-contraction with respect to (1. As all conditions
of Theorem 4.8 are satisfied (for instance, T'(X) = [2,00) C [1,00) = g(X)
and g(X) is complete), it is ensured that T and g have a unique coincidence
point, which is the only solution of equation (16). O
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Abstract

The purpose of this paper is to study some uniqueness problem of meromorphic functions
sharing two sets and three sets with finite weight. Our results are improvement and comple-
ment of some results given by Zhang-Xu, Fang-Xu, Lahiri-Banerjee.

Key words: Meromorphic function; Weighted sharing; Uniqueness.
Mathematical Subject Classification (2000): 30D 30, 30D 35.

1 Introduction and main results

This purpose of this paper is to study some uniqueness problem of meromorphic functions sharing
two sets and three sets with finite weight. The fundamental theorems and the standard notations
of the Nevanlinna value distribution theory of meromorphic functions will be used (see Hayman
[6] and Yi and Yang [12]). Let f be a nonconstant meromorphic function and a € CU {co} and S
be a subset of C = C U {oc0}. Define

E(S, f) = U {z: f(z) —a =0, counting multiplicity},
acS

E(S, f) = U {z: f(z) —a =0, ignoring multiplicity}.
a€s

If E(S, f) = E(S,g) we say that f and g share the set S CM. On the other hand, if E(S, f) =
E(S,g), we say that f and g share the set S IM. Especially, let S = {a}, we say f and g
share the value a CM. If E(S, f) = E(S,g), and we say that f and g share the value a IM if
E(S, f) = E(S,g) (see [5]).

Let m be a nonnegative integer, we denote by FE,,)(a; f) the set of all a-points of f with
multiplicities not exceeding m, where an a-point is counted according to its multiplicity. Also we
denote by E,,)(a; f) the set of distinct a-points of f with multiplicities not greater than m. If for

*The authors were supported by the NSF of China( 11561031, 11561033) and the Natural Science Foundation of
Jiangxi Province in China (20151BAB201008,20161BAB201020).
fCorresponding author.
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some a € CU{oo}, Exy(a; f) = Ex)(a; g) we say that f, g share the value a CM. For any positive
integer m, we define
m) S f U Em) , and Em) S f U Em)
a€sS a€esS

In 1977, Gross [4] proved that there exist three finite sets S;(j = 1,2,3), such that any two
entire functions f and g satisfying E(S;, f) = E(S;,g) for j =1,2,3 must be identical, and posed
the following question:

Question A Does there exist a finite set S such that, for any pair of nonconstant entire
functions f and g, E(S, f) = E(S, g) implies f = g?

If the answer of this question is affirmative, a natural question is the following:
Question B What is the smallest cardinal of S?
In 1995, Yi [11] first proved that such that a set exist. In fact, Yi proved the following theorem

Theorem A [11]. There exists a set S with 7 elements such that E(S, f) = E(S,g) implies
f =g, for any pair of nonconstant entire functions f and g.

For meromorphic functions, the present best answer to Question B was obtained by Frank and
Reinders [3].

Theorem B [3]. There exists a set S with 11 elements such that E(S, f) = E(S,g) implies
f = g for any pair of nonconstant meromorphic functions f and g.

A natural problem arises: What can we say if nonconstant meromorphic functions f and g
have ”few” poles?

Lahiri and Banerjee [8] investigated the situation for ©(oco; f) < 1 and ©(c0; g) < 3 in Theorem
C and proved the following result.

Theorem C [8]. Let S1 = {z: 2" +az""! +b=0},5 = {0} and S35 = {oo}, where a,b are
nonzero constants such that 2™ + az"~' 4+ b = 0 has no repeated root and n(> 4) is an integer.
Suppose that f,g are two nonconstant meromorphic functions satisfying ©(oco; f) + O(oco; g) > 0.
If E(S;, f) = E(S;,g) for j =1,2,3, then f = g.

Recently, Zhang and Xu [13] proved the following result:

Theorem D [13]. Let S = {z: 27 — 2% = 1}. Suppose that f, g are two nonconstant meromor-
phic functions satisfying ©(oo; f) + ©(oc0;9) > 1. If E(S, f) = E(S,g) and E(co, f) = E(c0, g),
then f =g.

Now considering all the above theorems it is natural to ask the following question:

Question 1.1 Is it possible in any way to further relax the nature of sharing the set S1, 52,55 in
Theorem C?

In the present paper we shall investigate this problem and obtain two results which will improve
all the previous theorems mentioned earlier. Also we shall provide an answer to the question of
Gross in a more compact and convenient way than the previous authors have given.

Now we state the following theorems which are the main results of this paper.

Theorem 1.1 Let S1,535 be as in Theorem C. Suppose that f,g are monconstant meromorphic
functions satisfying Ev)(Sv, f) = Ex)(S1,9) » By (S1, f) = Emy(S1,9), m = 3, E(Ss, f) = E(Ss,9)
and satisfy one of the following conditions

(i) n = 8 and O(c0; g) + O(c0;g) > 2

(i1) n =9 and ©(o0; f) + O(c0; g) >
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(iii) n > 10 and ©(co; f) + ©(00;g) > =25, n is a positive integer.
Then f =g.

Theorem 1.2 Let 51,535 be as in Theorem C. Suppose that f,g are monconstant meromorphic
Junctions satisfying Es)(Sv, ) = Es)(S1,9) + B (St f) = Emy(S1,9), m > 4, E(Ss, f) = E(Sa, g)
and satisfy one of two conditions:

(i) n="T and ©(c0; f) + O(c0;g) > 1;

(i) n > 8 and O(oc; f) + O(oc0; g) > %, n s a positive integer.
Then f = g.

Remark 1.1 When n =7, it obviously that Theorem 1.2 is an improvement of Theorem D.

Theorem 1.3 Let S1,S3 be as in Theorem C. Suppose that f,g are monconstant meromorphic
functions satisfying E1y(S1, f) = E1)(S1,9) , Em)(S1,f) = En(S1,9), m > 3, E(S2, f) =
E(S2,9),E(Ss, f) = E(Ss,9) and satisfy one of the conditions:

(i) n =6 and ©(oc0; g) + O(o0;9) > 3;

(it) n =7 and ©(oo; f) + O(00; g) > 2;

(i1i) n > 8 and ©(o0; f) + O(00;g) > ﬁ, n s a positive integer.
Then f =g.

Theorem 1.4 Let 51,553,535 be as in Theorem C. Suppose that f,g are monconstant meromor-
phic functions satisfying Es)(Sy, f) = Es)(S1,9) » Buy(S1. f) = Epy(S1,9), m > 4, E(Sa, f) =
E(S2,9), E(Ss, f) = E(S3,9) and satisfy one of the conditions:

(i) n=>5 and ©(o0; f) + O(c0;g) > 1;

(i1) n > 6 and ©(o0; f) + ©(00; g) > 0.
Then f =g.

Though the standard definitions and notations of the value distribution theory are available in
[6], we explain some definitions and notations which are used in the paper.

Definition 1.1 (see [1]). Let k and r be two positive integers such that 1 < r < k —1 and for
a € C, Ey(a, f) = Eya,9), By (a, f) = Eyy(a,g). Let zo be a zero of f —a of multiplicity p and a

zero of g — a of multiplicity q. We denote by Nr(r,a; f)(Nr(r,a;g)) the reduced counting function

of those a-points of f and g for whichp >q>r+1(¢g>p>r+1), by Wg“(r, a; ) the reduced

counting function of those a-points of f and g for which p = q > r+1, by Ny>p41(r,a; flg #

a)(Ng>k+1(r,a; g|f # a)) the reduced counting functions of those a-points of f and g for which
p>k+1landq=0(q>k+1andp=0).

Definition 1.2 (see [1]). If r = 0 in definition 1.1 then we use the same notations as in definition
1.1 except by NB (r,a; f) we mean the common simple a-points of f and g and by Ng(r,a; f) we
mean the reduced counting functions of those a-points of f and g for which p = q > 2.

Definition 1.3 (see [9]). Let a,b € CU{oc0}, We denote by N(r,a; f|lg = b) the counting function
of those a—points of f, counted according to multiplicity, which are b-points of g; by N(r,a; f|g # b)
the counting function of those a-points of f, counted according to multiplicity, which are not the
b-points of g.

2 Some Lemmas

In this section we shall denote by H and V the following two functions
F// 2Fl G// 2G/
FF-1 "G G-1

where F, G are two nonconstant meromorphic functions.

H=( )
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Lemma 2.1 (see [12]). Let f be a nonconstant meromorphic function and let
R(f) = arf*) > bif?
k=0 j=0

be an irreducible rational function in f with coefficients {ar} and {b;}, where a,, # 0 and b, # 0.
Then

T(r,R(f)) = dT(r, )+ 5(r, f),

where d = max{n, m}.

Lemma 2.2 (see [14]). Let F,G be two nonconstant meromorphic functions such that Eyy(1; F') =
Ey(1; F) and H #0. Then

Np (r,1; F) < N(r,00; H) + S(r, F) + S(r, G).
Lemma 2.3 (see [8, Lemma 9]). Let f,g be two nonconstant meromorphic functions. Let

P fnflgj;_’_a)

n—1
, and G:%‘qb—ka). (1)

If F = G and O(co; f) + ©(00; g) > —2-, where n > 4, then f = g.

n—1’

Lemma 2.4 (see [8, Lemma 3]). Let f,g be two nonconstant meromorphic functions sharing
(0,00) and O(co; f) +O(00;g9) > 0. Then f*~1(f+a) = g" (g +a) implies f = g, where n(> 2)
is an integer and a is a nonzero finite constant.

Lemma 2.5 (see [7, Lemma 5]). If two nonconstant meromorphic functions f, g share (c0,0) then
forn > 2,

N +a)g" g +a) £ V7,
where a,b are finite nonzero constants.

Lemma 2.6 (see [1, Lemma 2.2]). Let Em)(l,F) = Em)(l,G),El)(LF) = E)(1,G) and H #0,
where m > 3. Then

N(r,o0; H)

< N(r,0;F| > 2)+ N(r,0;G| > 2) + N (r,00; F) + N (r, 00; G)
+EL(T7]-;F) +NL(T7 17G) iNFvaLl(Tv ]LF|G 7& 1)
+NGZW+1(Ta 13G|F 7é 1) + No(T,O;F/) + NO(T7O; G/)a

where No(r, O;E’) 1s the reduced counting function of those zeros of F' which are not the zeros of
F(F —1) and No(r,0; G") is similarly defined.

From Lemma 2.6, we can get the following lemmas easily.

Lemma 2.7 Let E,,)(1,F) = E,,)(1,G), E1)(1, F) = E1y(1,G), E(co, F) = E(c0,G) and H # 0,
where m > 3. Then

N(r,o0; H) <N(r,0; F| > 2) + N(r,0;G| > 2) + Np(r,1; F) + N.(r,1;G)
+ Nesmi1(r, 1 FIG # 1) + Naoma1 (1, ;GIF #1)
+ No(T,O;F/) +N0(T,O; G/)v

where No(r,0; F') and No(r,0;G’) is stated as in Lemma 2.6.
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Lemma 2.8 Let E,,)(1,F) = E,.,)(1,G), Ey)(1, F) = Ey(1,G), E(00; F) = E(00; G), E(0,F) =
E(0,G) and H # 0, where m > 3. Then
N(r,00;H) <N1(r,1;F) + Np(r,1;G) + Npsm1(r, 1 FIG # 1)
+ Ngsm1(r, 1;G|F # 1) + No(r,0; F') + No(r,0; G'),

where No(r,0; F') and No(r,0; G') is stated as in Lemma 2.6.

Lemma 2.9 (see [1, Lemma 2.6]). Let E,,y(1,F) = E,,y(1,G), Ey(1,F) = Eqy(1,G) and H # 0,
where m > 3. Then

ONL(r,1;F) + 2N (r,1;G) + No(r, 1; F)
+ MmN Gm+1(r, 1;G|F #1) — Npso(r, 1;G)

<N(r,1;G) — N(r, 1; G).

Lemma 2.10 (see [10]). If N(r,0; f®)|f # 0) denotes the counting function of those zeros of f*)
which are not the zeros of f, where a zero of f*) is counted according to its multiplicity then

N(r,0; f®|f #0) < kN(r,00; f) + N(r,0; f| < k) + kN (r,0; f| > k) + S(r, f).

Lemma 2.11 (see [1, Lemma 2.9]). Let E,,)(1,F) = E,,)(1,G), E1y(1,F) = Ey)(1,G), where
m > 3. Then

2Npso(r,1;G) + 2N pomi1 (1, 1; F|G # 1)

2 2 2
§§N(T,O;F) + §N(r,oo;F) — gNo(r,O;F’) +S(r, F).

Lemma 2.12 Let E,,y(1,F) = E,,,y(1,G), Ey(1,F) = E1)(1,G) and E(, f) = E(c0,g), where
m >3 and H # 0, then

T(r,F) <Ny(r,0; F) + gﬁ(r, 00; F) + No(r,0; G) + %N(T,O;F) +S(r, F) + S(r,G). (2)

Proof: From the condition of Lemma 2.12, and by Lemma 2.7, we have

N(r,1;F)+ N(r,1;G)

N(r,1;F|=1)+Np(r,1;F)+ N1(r, 1;G) —&—Wg(r, LF)+ Npsmi1(r,; FIG # 1)+ N(r, 1;G)
N(r,0;F| >2)+ N(r,0;G| >2) + Np(r,1; F) + Np(r,1;G)

+NF2m+1(T, L FIG#1) +NG2m+1(T, L;G|F #1) -‘rNL(ﬁ 1; F) +NL(’I", 1;G)
ANZ( 1 F) 4 Npsmar (1, FIG £1) + T(r,G) — m(r,1;G)

+O(1) = 2N (r 1: F) — 2N (1, 1;G) — No(r,1; F)

~mMNGm+1(r, L G|F # 1) + Npsa(r, 1;G) + No(r, 0; F')

+No(r,0;G") + S(r, F) + S(r,G)

N(r,0;F| >2)+ N(r,0;G| > 2) + T(r,G) — m(r,1;G) + 2N p>m1(r, 1; F|G # 1)
+§F>2(T, L;G) — (m —1)Ngs>m+1(r,1;G|F # 1) + No(r,0; F”)

+No(r,0;G") + S(r, F) + S(r,G).

ININA

IN

By Lemma 2.11, it follows that
N(r,1;F)+ N(r,1;G) <N(r,0; F| > 2) + N(r,0;G| > 2) + T'(r,G) — m(r, 1;G) (3)
+ %N(T,O;F) + gﬁ(r,oo;F) —(m = 1)Ngs>ms1(r, ;G|F £ 1)
+ No(r,0; F') + No(r,0;G') + S(r, F) + S(r, G).
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By the second fundamental theorem, we have
T(r,F) < N(r,o0; F) + N(r,0; F) + N(r, 1; F) — No(r,0; F") + S(r, F), (4)
T(r,G) < N(r,00;G) + N(r,0;G) + N(r,1;G) — No(r,0; G') + S(r, G). (5)
Adding (4) and (5) and from (3), it follows
T(r,F)+T(r,G) <N(r,00; F) + N(r,0; F) + N(r,00;G) + N(r,0;G) + N(r, 1; F) (6)
+ N(r,1;G) — No(r,0; F') — No(r,0;G') + S(r, F) + S(r, Q)
<Ny(r,0; F) + gﬁ(r, 00; F) + No(r,0;G) + T(r,G) — m(r, 1;G)
2 _
+ gN(r,O;F) —(m—=1)Ngs>m+1(r,1;G|F #1)+ S(r, F) + S(r,G).
Thus, we can get (2) from (6) easily. a
Similar to the above argument and by Lemma 2.8, we can get the following lemma.
Lemma 2.13 Let E,,y(1,F) = E,,)(1,G), E1)(1, F) = E1y(1,G), E(c0, f) = E(c0,g) and E(0, F)
= FE(0,Q), where m > 3 and H # 0, then
8— 88—
T(r,F) < gN(r,O;F) + gN(’I”,OO;F) +S(r, F)+ S(r,G). (7)

Lemma 2.14 If E,,)(1,F) = E,,)(1,G), E2)(1, F) = E5(1,G) and E(co, F) = E(c0,G), where
m >4 and H #Z 0, then

T(r,F)+T(r,G) <2Ny(r,0; F) + 2N3(r,0; G) + 4N (r,00; F) + S(r, F) + S(r, G). (8)
Proof: From (4), (5) and by Lemma 2.7, we have
T(r,F)+T(r,G) <N(r,00; F) + N(r,0; F) + N(r,00; G) + N(r,0; G) + N(r, 1; F) (9)
+ N(r,1;G) — No(r,0; F') — No(r,0; G') + S(r, F) + S(r,G)
<N(r,00; F) + N(r,0; F) 4+ N(r,00;G) + N(r,0;G) + N(r,1; F| = 1)
+N(r,1;F| >2)+ N(r,1;G) — No(r,0; F') — No(r,0; G")
+S(r, F)+ S(r,G)
<N(r,00; F) + N(r,00; G) + Na(r,0; F) + Na(r,0; G) + N(r, 1; G)
+N(r1;F|>2)+ Np(r,1;G) + Np(r,1; F) + Np>pi1(r, 1, FIG # 1)
+ NGgsmi1(r, ;G|F # 1) + S(r, F) + S(r,G).

Since
N Fl=m;Gl=m—-1)+---+N(r,1; F|=m;G| =3) < N(r,1; F| = m);

and
N(r,1;Gl=m;Fl=m—1)+---+ N(r,1;G| =m; F| =3) < N(r,1;G| = m),
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we see that

Ni(r,LF) + Np(r,1,G) + Npspia (1,1, FIG # 1)
+Ngsm+1(r, ;G|F #1) + N(r,1; F| > 2) + N(r, 1;G)

—~

< N(rLFl=m;Gl=m—1)+---+ N(r,1; F| =m; G| = 3)
+N(r,;F| >m+2)+ N(r, ;G =m;Fl=m—1)+---
+N(r, ;G| =m; F|=3)+ N(r,1;G| > m +2)
N(rlG\>m+2) W(T1F|>m+1)

FN(r 1G] > m+ 1)+ N(r, 1, F| = 2) +
SN F| = m) + N(m 15 F) > m 4 1) + N, 1,6 = 1) (10)
+-+ N(r1;G| = )+N(7“,1,G|>m+1)

< %N( LF=1)+N(r1;F|=2)+---+2N(r,1; F| = m)
+2 (r,1;F|zm+1)+N(r,1;F\zm+2)+§N(r,1;G\:1)
+N(r,1;G=2)+---+2N(r,1;G|=m) +2N(r, ;G| > m+1)
+N(r,1;G| > m+2)

< 3[N(LF)+ N(r,1;G)]

< 1o, p+10,6)

From (9) and (10), we can get (8) easily.
Thus, this completes the proof of Lemma 2.14. O
Similar to the argument as in Lemma 2.14, and by Lemma 2.8, we can get the following lemma

Lemma 2.15 If E,,y(1,F) = E,,)(1,G), E5)(1,F) = E5(1,G), E(0,F) = E(0,G) and E(co, F)
= E(00,G), where m >4 and H # 0, then

T(r,F)+T(r,G) <2N(r,00; F) + 2N (r,00; G) + 2N (r,0; F) + 2N (r,0; G) + S(r, F) + S(r, G).

3 Proofs of the Theorems

3.1 Proof of Theorem 1.1

Proof: Let F,G be stated as in (1). Suppose that H # 0. From the condition of Theorem 1.1, we
have E,y(1, F) = Ep)(1,G), Ey)(1, F) = Ey(1,G) and E(co, f) = E(00, g), where m > 3.
From the definitions of F, G, it follows that

Na(r, 0; F) (r,0; f) + N(r,0: f + a) + S(r, f); (11)
Na(r,0; G) (r,059) + N(r,0;9 + a) + S(r, 9);

(r,0; F) = N(r,0; f) + N(r,0; f + a);

(r,0;G) = N(r,0;g) + N(r,0;9 + a);

N(r,00; F) = N(r,00; f), N(r,00;G) = N(r,00;g);

T(r,F)=nT(r,f)+S(r, f), T(r,G)=nT(r,g)+ S(r,g).

< 2N
< 2N

N
N

It follows from (11) and Lemma 2.12 that

(n = GIT(r 1) < 3T(.9) + 5N (.00 )+ S(r. 1) + S(r.9). (12)
Similarly, we have
(n— Lf)T(r, g) <3T(r, )+ %Wm 00;9) +S(r, f) + S(r,9)- (13)
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Combining (12) and (13), we have
{n - 10+ %[@(oo, f)+6(c0,9) — 25]} T(r) < S(r), (14)

where T'(r) = max{T(r, f),T(r,g)} and S(r) = o(T(r)) as r — 0.

If n = 8 and O(o0, f) + O(c0,g) > 2, we can take any real number (0 < 2¢ < O(o0, f) +
O(00,g) — 3). Thus, we can get a contradiction from (14).

If n =9 and O(o0, f) + O(c0,g) > 2, we can take any real number (0 < 2e < (o0, f) +
©(00, g) — 3). Thus, we can get a contradiction from (14).

If n > 10 and ©(c0, f) + O(c0,g) > —1;, we can take any real number e(> 0), we also get a
contradiction from (14).

Thus, it follows H = 0, that is

o F-1 G G-1
By a simple calculate, we have either F'-G =1 or F =G.
If F-G =1, that is f"1(f +a)g" (g + a) #Z b>. By Lemma 2.6, we can get a contradiction.
If F =G, that is f"~*(f +a) = ¢g" (g + a). From the condition of Theorem 1.1 and Lemma
2.3, we can get f =g.
Thus, we complete the proof of Theorem 1.1. O

3.2 The proof of Theorem 1.2

Proof: From the condition of Theorem 1.2, we have E,,)(1, F) = E,,,)(1,G), Eq)(1,F) = E5(1,G)
and E(oo, F) = E(co,G),where m > 4. Let H = 0. Then it follows from (11) and Lemma 2.14
that

(n— 6)[T(r, f) + T(r, g)] < 2N(r, 00 f) + 2N(r, 003 9) + S(r, f) + S(r, ),

that is,
{n =84 6(c0; f) + O(c03g) — 2e} T'(r) < S(r), (15)

where T'(r) = max{T'(r, f),T(r,9)} and S(r) = o(T(r)) as r — cc.

If n = 7 and O(o0, f) + O(00,g) > 1, we can take any real number £(0 < 2¢ < O(oo, f) +
O(00,g) — 1). Thus, we can get a contradiction from (15).

If n > 8 and O(o0, f) + O(00,9) > % > 0, we can take any real number £(0 < 2¢ <
O(00, f) + O(00, g)). Thus, we can get a contradiction from (15).

Suppose that H = 0, by using the same argument as in Theorem 1.1, we can get the conclusion
of Theorem 1.2 easily.

Thus, we complete the proof of Theorem 1.2. O

3.3 The proof of Theorem 1.3

Proof: From the condition of Theorem 1.3, we have Em)(l, F) = Em)(l, G), Ey(1,F) = Ey(1,G),
E(o0, F) = E(00,G) and E(0, F) = E(0,G), where m > 3.
Suppose that H # 0. From (11) and Lemma 2.13, it follows

(n = )T 1) < SN (003 1) + (1, /) + 5(r,9),
that is,
(n 84 200t ) + O(ocig) - 2s>) T(r) < S(). (16)
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If n = 6 and ©(oc0, f) + O(c0,g) > 2, we can take any real number (0 < 2¢ < (o0, f) +
O(00, g) — 2). Thus, we can get a contradiction from (16).

If n =7 and O(c0, f) + O(c0,g) > 3, we can take any real number £(0 < 2 < ©(oco, f) +
O(00,g) — 2). Thus, we can get a contradiction from (16).

If n > 8 and ©(oo, f) + O(c0,g) > 0, we can take any real number (> 0), we also get a
contradiction from (16).

Let H = 0,that is
F"  2F _ G 2
Frr F-1 G G-1
By a simple calculate, we have either F'- G =1 or F = G.
If F-G=1,that is f* '(f +a)g" (g + a) # b>. By Lemma 2.5, we can get a contradiction.
If F =G, that is f*71(f +a) = g" (g + a). Since E(0; f) = E(0,g), from the condition of
Theorem 1.3 and Lemma 2.4, we can get f = g.
Thus, we complete the proof of Theorem 1.3. O

3.4 The proof of Theorem 1.4

Proof: From the condition of Theorem 1.4, we have E,,,) (1, F) = E,;,y(1,G), Eoy (1, F) = E5)(1,G),
E(o0,F) = E(00,G) and E(0, F) = E(0,G), where m > 4.
Suppose that H #Z 0. From (11) and Lemma 2.15, it follows

(n—[T(r, f) + T(r,9)] < 2N(r,00; f) + 2N (r,00; g) + S(r, f) + S(r, g),

that is,
(n—6+0(co; f) +O(c0;9) —2e)T(r) < S(r). (17)

If n =5 and ©(o0, f) + O(00,g) > 1, we can take any real number £(0 < 2¢ < O(c0, f) +
O(00,g) — 1). Thus, we can get a contradiction from (17).

If n > 6 and O(o0, f) + B(c0,g) > 0, we can take any real number (0 < 2¢ < ©(o0, f) +
O(o0, g)). Thus, we can get a contradiction from (17).

Suppose that H = 0, by using the same argument as in Theorem 1.3, we can get the conclusion
of Theorem 1.4 easily.

Thus, we complete the proof of Theorem 1.4. O
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Abstract

In this paper, global dynamics of a kind of nonlinear difference equation was investigat-
ed, which had only one positive equilibrium. Every positive solution of the equation either
converges to its positive equilibrium if it is locally asymptotically stable or nonhyperbolic
or oscillates about its positive equilibrium if it is a saddle point. For the latter case, the
length of positive or negative semicycles is no more than four.

Key words: Difference equations; Stable; Semicycles
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1 Introduction

In this paper, we focus on the nonlinear difference equation of third order
Tppr = A+ — n=0,1,---, (1.1)
Tpn—-1Tn—2
with the parameter A and initial conditions z_5, x_1, x¢ being positive. We will investigate
its global dynamics and present the following results:
If A > 1/+/2, then every positive solution of (1.1) converges to = (A + v/ AZ +4) /2.
If 0 < A < 1/4/2, then every positive solution of (1.1) oscillates about Z.

Equation (1.1) can be regarded as a variation of the following equation

D
Tpi1 = Ag —n n=0,1,2,... (1.2)

Tp—1

' )
Tp_2
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In 2009, Iricanin and Stevié [1] studied the boundedness character of positive solutions of (1.2)
when all parameters A, p,q and r are positive.

It can be also regarded as a variation of the following systems of difference equations.

In 2015, Zhang et al.[2] investigated the following system

x
zn+1:A+7na yn+1:A+¢a n:071a25"'7 (13)
Yn—1Yn—2 Tp—1Tn-2
where A is a positive constant and initial conditions z_;, y_; € (0,00) for i = 0, —1, —2.
The equilibria of system (1.3) satisfy the following system of equations:

_ T _ ]

CU:A+?7 iU:A‘i‘?’ (1.4)
By eliminating y from (1.4), we obtain

(A2 = 1)zt — A3z 4282 —1=0. (1.5)

Denote ¢ = (A ++/A%2+4)/2,a=2/(A — /4 —3A2) and b= 2/(A + 4 — 3A2).

If A > 0, then system (1.3) always has the positive equilibrium (e, ¢).

If 1 < A < 2/v/3, then system (1.3) has two additional positive equilibrium (a, b), (b, a).
The main results[2] are listed in the following:
1) If A > 1, every positive solution of system (1.3) is bounded.

)

2) If A > 2/V/3, (c, c) is locally asymptotically stable.

3) If A > /3, every positive solution of system (1.3) approaches (c, c).
)

(A.
(A.
(A.
(A4) If1 < A <2/V/3, (a,b) and (b, a) are locally asymptotically stable.
In 2005, Yang[3] studied the global behavior of the following system

gp=Ap LA Tl o2, (1.6)

In—p Yn—q Tn—r Yn—s

where p,q,7,s > 2, A is a positive constant and initial conditions are positive real numbers.
System (1.6) has the unique positive equilibrium (¢, ¢). He obtained the following results:

(B.1) If A > 1, every positive solution of system (1.6) is bounded.
(B.2) If A >2//3, (¢, c) is locally asymptotically stable.
(B.3) If A > +/2, every positive solution of system (1.6) approaches (c, c).

For these two systems, they gave the same condition A > 2/4/3 to obtain the local asymp-
totical stability of (¢, ¢) by the same method. Other related articles see[4]-[8]. Other methods
include Routh-Hurwitz criterion[9] and Rouche’s Theorem[10]. Other types of equation and
boundedness nature and so on see [11]-[18].
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2  Local Stability

First of all, we obtain the local stability of Z of (1.1).

As for the definition of stability and the method of linearized stability, see [17],[18] and
related papers[2-10].

As is known, T of (1.1) satisfies Z = A + 1/Z and & = ¢ is positive, which is unique.

The linearized equation of (1.1) about & = ¢ is

-2 -2 -2
Tpal =C Ty — € “Tp_1 —C “Tp_o (2.2)

and its characteristic polynomial is

FO) =2 —c 22N e 2 (2.3)
from which we have
f0)=c"? >0, (2.4)
f(y=c2+1>0, (2.5)
f(-05) = 5 (2= ), (2.6)
f(=1)=—c?-1<0, (2.7)

which lead to the existence of a solution Ag of f(A\) = 0 in the interval (—1, 0).
On the other hand,
') =3\ =22 A+ ¢ 2>0 (2.8)

because A = 4e™* —12¢72 = 4¢74(1 — 3¢?) < 0 for A > 0 and ¢ > 1. Hence, we claim that
f(X) =0 has a pair of conjugate complex roots Ay 2.
Let f(\) be factorize as the following

FO) = M2t
= A=X)(A+ar+b)
= X+ (a— )N 4 (b — aXo)A — bAo, (2.9)
from which we have
a—X=-c? b-a=c?  —by=c2

Thus, we have the modulus of the complex roots A1 2
MoP=b=M—c 2\ +c 2 (2.10)

We claim that |\ o] < 1if A > 1/v/2.
In fact, we have that

A, 2] <1l<=b<1l<=h(N\) <0 (2.11)

with h(z) = 22 —c 2z +c 2 =1 for \g € (=1, 0). As is known, h(x) = 0 has two distinct roots:
1 =1 and o = 2¢72 — 2. Further, h(—0.5) = 3(2 — ¢?)/(4c?).

If A > 1/v/2, then we have that ¢> > 2 and Ao € (—0.5, 0), from which |\ o] < 1.

If A=1/V2, then ¢ = v/2 and \g = —0.5, thus |\; o] = 1.

If A< 1/V/2, then ¢ < /2 and \g € (—1, —0.5), thus [\ 2| > 1.
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A nonhyperbolic equilibrium point of difference equations or system of difference equations
is called non-hyperbolic point of stable type (resp. of unstable type) if the other characteristic
value of the Jacobian matrix about it is in interval (-1, 1) (resp. outside of interval [-1, 1]).

We generalize the above into the following theorem.

Theorem 2.1. Assume that T = c is the positive equilibrium of (1.1).
1. If A>1/V/2, then T = c is locally asymptotically stable.
2. If A=1/V/2, then T = c is nonhyperbolic of stable type.

3. If0< A<1/V2, then T = c is a saddle point .

3  Global Dynamics

In this section, we present the main results by investigating the global dynamics of (1.1),
which has only one positive equilibrium — being locally asymptotically stable or nonhyperbolic
of stable type or a saddle point depending on the parameter A .

First, we show the boundedness of positive solutions of (1.1).

By Theorem 3[1], if p?> < 3¢, then every positive solution of (1.2) is bounded. Thus, every
positive solution of (1.1) is bounded and z,,41 < A+ 1/A + 1/A3 for n > 4.

Second, we show the semicycles of solutions of (1.1).

From (1.1), we obtain

. . Tn 1 z ( T, Tpn-1 Tp-2 ) (3.1)
11— =" " == ma— = = :
nt Typ—1Tp—g T  Tp1Tp_2 \ T T T
and
x 1 A 1
Tnpo = A+ —2FH  — A4 +— (3.2)
LTy Tp—1 LTp Tp—1 Th_1Tn-2

Then the following statements are true:

1. If for some N >0, zy_2, ny—1 < T and zy > T, then zy41 > T.
2. If for some N >0, xn_2, xn—1 > T and 2y < T, then x4 < 7.
3. If for some N >0, xn_92, TN_1, TN > T, then zy42 < T.

4. If for some N >0, zny_2, TN-1, TN < T, then zy42 > T.

From the above, we obtain that every positive solution of (1.1) is bounded and converges to
Z or oscillates about Z.
Now, we try to analyze the global dynamics of (1.1) for three cases.

3.1 Case A>1/V2

In this case, the positive equilibrium Z = ¢ of (1.1) is locally asymptotically stable. We will
show that it is an attractor and is globally asymptotically stable.

Theorem 3.1. Assume that T = c is the positive equilibrium of (1.1).
If A>1//2, then T = c is globally asymptotically stable.
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Proof.
Let (m, M) € [A, A+1/A+1/A3)? be a solution of the system
m M
From (3.3), we could derive
m3 M3
o s v B (3.4)

As is known, the function k(x) = 23/(2% — 1) is strictly increasing for x > /3 and is strictly
decreasing for 0 < 2 < 1 and 1 < 2 < /3. Therefore, (3.4) holds only for A < m = M.

By Theorem A.0.5 [17], every positive solution of (1.1) converges to # = ¢ for A > 1/1/2,
that is, T is a global attractor. Hence, we obtain the result. O

It is worth pointing out that under the condition A > 1/v/2, # = ¢ of (1.1) is locally
asymptotically stable which implies that it is globally asymptotically stable, that is, locally
asymptotically stable = globally asymptotically stable.

3.2 Case A=1/ V2
In this case, the positive equilibrium Z = /2 of (1.1) is nonhyperbolic of stable type.
Theorem 3.2. If A =1/\/2, then every positive solution of (1.1) converges to Z.

Proof.
Let {z,} be a positive solution of (1.1). We assume that m = liminf, ,. z, and M =
limsup,, , . Tn, then A <m < M < co. From (1.1), we obtain

m M
from which we get
AM? M
> 2< : .
S Ve L Y (3.6)

It follows that

(A2 —1)M* — A3M3 +2M?* -1 <0. (3.7)
Similarly, we obtain

(A% — )m* — A3m> 4+ 2m?* — 1 >0, (3.8)

As is known, for A = 1/v/2, the equation (42 — 1)z* — A32® 4 222 — 1 = 0, which is (1.5),
has exactly one root ¢ = v/2 greater than A, which implies that lim z, = ¢ = V2

n—o0

O

3.3 Case 0<A<1/V2

In this case, the positive equilibrium Z = ¢ of (1.1) is a saddle point.

Theorem 3.3. Suppose that 0 < A < 1/v/2 and let {x,} be a nontrivial solution of (1.1).
Then the solution oscillates about T with semicycles of length no more than four.
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4  Numerical Results

Some numerical simulations are given to support our theoretical analysis with Matlab7.0.

Examl For A = 0.8 > 1/v/2 and (r_o, x_1, xo) = (2.2, 2.3, 2), the solution of (1.1)
converges to T = 1.4770 by Theorem 3.1. See Figure 1.

Exam?2 For A =1/v/2 and (zv_o, x_1, z0) = (0.2, 1.8, 0.5), the solution of (1.1) converges
to & = 1.4142 by Theorem 3.2. See Figure 2.

Exam3 For A = 0.5 < 1/v2 and (v_2, 2_1, 29) = (1.5, 1.6, 2.5), the solution of (1.1)
oscillates about £ = 1.2808 by Theorem 3.3. See Figure 3. The length of positive or negative

semicycles is no more than four.
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Figure 2: The solution of (1.1) converges to T = 1.4142.

5 Conclusion

Difference equation appeals more and more attention in recent years. It is of great interest to
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Figure 3: The solution of (1.1) oscillates about = = 1.2808.

investigate of the monotonicity, periodicity, boundedness nature and global dynamics of kinds

of difference equations and system of difference equations.
It is known that the techniques in the investigation of the behavior of difference equations can

be used in investigating equations arising in mathematical models describing real life situations

in biology, economics, physics, sociology, control theory and vice versa.

Here, we consider the local stability of the positive equilibrium of such a system by in-
vestigating the distribution of roots of the corresponding characteristic polynomial with order
three. For the global dynamics, we analyze three cases according to the positive equilibrium,
especially we consider the the distribution of roots of an auxiliary equation of order four which
arises naturally in the proof. In one word, we consider the distribution of roots of two particular
polynomial of higher order. The popular methods including the Schur-Cohn criterion, Rouché

Theorem, Routh-Hurwitz criterion and Jury criterion and so on.
The complex dynamics of such a equation we considered should play an important role on
the dynamics of systems such as (1.3) and (1.6) and so on. We believe that they should be paid

more attention on the global dynamics.
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Abstract. The notion of regular hesitant fuzzy filters, Boolean hesitant fuzzy filters and
MV -hesitant fuzzy filters are introduced, and related properties are investigated. Char-
acterizations of regular hesitant fuzzy filters, Boolean hesitant fuzzy filters and MV-
hesitant fuzzy filters are considered, relations between regular hesitant fuzzy filters and
MV -hesitant fuzzy filters are discussed. Extension property for Boolean hesitant fuzzy

filters (resp. MV -hesitant fuzzy filters) is established.

1. INTRODUCTION

Since the original definition of fuzzy sets by Zadeh in 1965, several extensions have been
proposed for fuzzy sets, for example, type 2 fuzzy sets, intuitionistic fuzzy sets, interval-
valued fuzzy sets and fuzzy multisets etc. Another extension of fuzzy sets, so called
hesitant fuzzy sets, has been proposed in [7]. The motivation for introducing hesitant
fuzzy sets is that it is sometimes difficult to determine the membership of an element into
a set and in some circumstances this difficulty is caused by a doubt between a few different
values. As a non-classical logic system, residuated lattices are a formal and useful tool
for computer science to deal with uncertain and fuzzy information. Using the notion of
hesitant fuzzy sets, Jun and Song [4] have studied filter theory in MT L-algebras. Also,
Muhiuddin [5] have discussed filter theory in residuated lattices.

In this paper, we introduce the notion of regular hesitant fuzzy filters, Boolean hesitant
fuzzy filters and MV -hesitant fuzzy filters, and investigate related properties. We consider
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characterizations of regular hesitant fuzzy filters, Boolean hesitant fuzzy filters and MV-
hesitant fuzzy filters. We discuss relations between regular hesitant fuzzy filters and
MV -hesitant fuzzy filters. We establish extension property for Boolean hesitant fuzzy
filters (resp. MV -hesitant fuzzy filters).

2. PRELIMINARIES

Definition 2.1 ([1, 2, 3]). A residuated lattice is an algebra £ := (L,V,A,®,—,0,1) of
type (2,2,2,2,0,0) such that

(1) (L,Vv,A,0,1) is a bounded lattice.
(2) (L,®,1) is a commutative monoid.
(3) ® and — form an adjoint pair, that is,

(Ve,y,zeL)(x<y—z & 20y <z).

A regular residuated lattice is a residuated lattice £ satisfying the following regularity
equation:

(2.1) VxeLl)((z—0)—=>0=x).
A residuated lattice L is called an MT L-algebra if it satisfies:
(2.2) Vz,ye L) ((r = y)V(y—x)=1).
A residuated lattice L is called a BL-algebra if it satisfies the condition (2.2) and

(2.3) Vr,ye L) (zANy=20 (x —y)).

In a residuated lattice L, the ordering < is defined as follows:
Ver,ye L)(z<y & zANy=z < zVy=y < z—y=1)

and 2’ will be reserved for x — 0, and 2" = (2')’, etc. for all x € L.
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Proposition 2.2 ([1, 2, 3, 8, 9]). In a residuated lattice L, the following properties are

valid.

(2.4) lsz=x,2—-1l=lLz—2=10—z=1, 22— (y—z)=1
(2.5) r—=>y—=2)=@0y) »>z2=y— (x— 2).

(2.6) 1<y = z2—orx<z—oy, y—z<r—=2

(2.7) zoy<(zr—2)—=(r—y), z22y<(y—z)— (2 =)

(2.8) ¥=a" x<2",1=0 0=1

(2.9) ANy =(xVy).

(2.10) rVa'=1= zAa' =0.

Definition 2.3 ([6]). A nonempty subset F of a residuated lattice £ is called a filter of
L if it satisfies the conditions:

(2.11) (Vz,ye L) (z,ye F = z0yel).
(2.12) (Ve,ye L)(z € F, x<y = yeF).

Proposition 2.4 ([6]). A nonempty subset F' of a residuated lattice L is a filter of L if
and only if it satisfies:

(2.13) 1eF.
(2.14) Vee F)WVyel)(r—yelF = yeF).

Definition 2.5 ([6]). A nonempty subset F' of L is called a Boolean filter of a residuated
lattice £ if it is a filter of £ that satisfies the following condition:

(2.15) Ve eL)(xva eF).

Zhu and Xu [10] introduced the notion of a regular filter in a residuated lattice.

Definition 2.6 ([10]). A filter F' of L is said to be regular if it satisfies the following
condition:

(2.16) (Vze L) (" —aeF).

Lemma 2.7 ([10]). Let F be a filter of L. Then the following assertions are equivalent:

(1) F is regular.
(2) Voz,ye L)(2' »yeF = y sz eF).
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Definition 2.8 ([10]). A subset F' of L is called an MV -filter of £ if it is a filter of £
that satisfies:

(2.17) Vr,ye L)(y—wx€F = (t—y) —y) —»zelF).

Lemma 2.9 ([10]). A filter F' of L is an MV -filter of L if and only if it satisfies the
condition:

(2.18) Ve,ye L) (((x = y) =y — ((y—>xz) > z) €F).

3. REGULAR HESITANT FUZZY FILTERS

Let E be a reference set. A hesitant fuzzy set on E (see [7]) is defined in terms of a
function H that when applied to E returns a subset of [0, 1], that is, # : E — ([0, 1]).

In what follows, we take a residuated lattice £ as a reference set. For a hesitant fuzzy
set H on £ and 7 € £([0,1]), we consider a set

H, ={xeL|mCH(z)}
which is called the 7-hesitant level set on L.

Definition 3.1 ([5]). A hesitant fuzzy set H on L is called a hesitant fuzzy filter of £ if
the 7-hesitant level set 7, on L is a filter of £ for all 7 € ([0, 1]) with #H, # 0.

Lemma 3.2 ([5]). A hesitant fuzzy set H on L is a hesitant fuzzy filter of L if and only
if the following assertions are valid.

(3.1) (Vo,ye L) (z <y = H(x) S H(y)),
(3.2) (Va,y € L) (H(z) N H(y) S H(z O y)) .

Lemma 3.3 ([5]). A hesitant fuzzy set H on L is a hesitant fuzzy filter of L if and only
if it satisfies

(3.3) (Vz € L) (H(x) CH(1)).

(3.4) (Vz,y € L) (H(x) N H(x — y) T H(y)).

Definition 3.4. A hesitant fuzzy filter H of L is said to be regular if it satisfies:
(3.5) (Vz e L) (H(z" — z) =H(1)).

Note that the notion of regular hesitant fuzzy filters coincides with the notion of hesitant
fuzzy filters in a regular residuated lattice.

Theorem 3.5. For a hesitant fuzzy filter H of L, the following assertions are equivalent:

(1) H is regular.
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(2) (Va,y € L) (H(2' = ¢) S H(y = x)).
(3) (Vo,y € L) (H(2' = y) SH(Y — ).

Proof. Assume that H is a regular hesitant fuzzy filter of £ and let z,y € L. Using (2.6)
and (2.8), we have

¥y <y =2 <y— a2

It follows from (2.7) and (2.6) that
o< (y—12") = (y— 1)
<(a'—=y) = (y— )

Hence, by (3.3), (3.5) and (3.4), we have

H(' =) =H( — o) NH(D)

N
X x X

(' =y )NH(" — 2)

(' =y )NH({(2 = y) = (y = 2))

N

(y = ),
and so the second assertion holds. Since 2’ — y <y’ — 2", we have
o<W o)W o)< (@ =y =W —2)
by (2.7) and (2.6). It follows from (3.3), (3.5) and (3.4) that
H(z" — y) =H(' — y) NH(D)

=H(x —y)NH(2" — x)

(
(
(
(

N

Hx' = y) NH((2 = y) — (Y = )
H

N

y — ).

Hence the third condition is valid. Next, suppose that the second condition holds. The
second condition together with the condition (2.8) induces

H(1) =H(z' — 2") CH(2" — 2)

for all x € L, and so H(z” — x) = H(1). Hence H is regular. Finally, assume that the
third condition is valid. Since 2’ — 2’ = 1 for all z € L, it follows from the third condition
that H(1) = H(z' — 2') C H(2" — x), and that H(z” — x) = H(1) by (3.3). Therefore
H is regular. O
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Theorem 3.6. A hesitant fuzzy set H on L is a reqular hesitant fuzzy filter of L if and
only if it satisfies the condition (3.3) and

(3.6) (Vo,y,z€ L) (H(z) NH(z = (2’ = y)) CHEY — ).

Proof. Assume that H is a regular hesitant fuzzy filter of £. Clearly the condition (3.3)
is true. If we use the condition (3.4) and Theorem 3.5(3), then get

HE)NH(z = (' = y) CHE —y) CHEY — )

for all z,y,z € L.
Conversely, suppose that #H satisfies two conditions (3.3) and (3.6). Let z,y € L. Since

r—oy=zcz—>1-y =x— (0 -y
and
y'=1=y"=1- (@ —0),
it follows from (2.4), (3.3) and (3.6) that

H(z) N H(z — y) = H(z) N H(z = (0" = y))
CH(y —0)
=H(y")
=H1)NH(1 = (¥ —0))
CH(O —y)
=H(1 = y)=H(y).

Therefore H is a hesitant fuzzy filter of £ by Lemma 3.3. If we take z := 1 in (3.6) and
use (2.4) and (3.3), then

Hy —x) DHA)NHI — (2 — 1))
=H(1 = (' = y) =H(@ —y).
Hence H is regular by Theorem 3.5. 0J

Theorem 3.7. A hesitant fuzzy set H on L is a reqular hesitant fuzzy filter of L if and
only if it satisfies the condition (3.3) and

(3.7) (Vz,y,z€ L) (H(z) NH(z = (' =) CH(y — x)).

Proof. The proof is similar to the proof of Theorem 3.6. O
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Theorem 3.8. A hesitant fuzzy set H on L is a reqular hesitant fuzzy filter of L if and
only if the T-hesitant level set H, on L is a reqular filter of L for all T € Z([0,1]) with
H, £ 0,

Proof. Assume that H is a regular hesitant fuzzy filter of £. Let 7 € 22([0,1]) be such
that H, # (0. Then H, is a filter of £L. Let x,y € L be such that 2’ — y € H,. Then
7 C H(2 — y) € H(y — z) by Theorem 3.5, and so ¢ — = € H,. Hence H, is regular
by Lemma 2.7.

Conversely, suppose that H, is a regular filter of £ for all 7 € 22([0,1]) with H, # 0.
Then H, is a filter of £, and thus H is a hesitant fuzzy filter of £. For any x,y € L, let
H(x' — y) = 6. Then 2/ — y € Hs which implies from Lemma 2.7 that ¢ — = € Hs.
Hence H(z' — y) =0 C H(y' — ), and so H is regular by Theorem 3.5. O

Theorem 3.9. Every reqular filter of L can be represented as a T-hesitant level set H.
on L for some 7 € 2([0,1]) \ {0} and a regular hesitant fuzzy filter H of L.

Proof. Let F' be a regular filter of £ and let ‘H be a hesitant fuzzy set on £ defined by

T if x €F,
H:L— 2(0,1]), -

() otherwise,
where 7 € 22([0,1]) \ {0}. Since 1 € F, we have H(z) C 7 = H(1) for all z € L.
Let z,y,z € L. If z € F and z — (2’ — y) € F, then ¥ — x € F by Proposition
2.4 and Lemma 2.7. Hence H(z) N H(z — (¢’ — y)) = 7 = H(y — x). Suppose
that 2 ¢ For z — (@' — y) ¢ F. Then H(z) = 0 or H(z' — y) = 0, and so
Hz)NH(z = (@ = y)) =0 C H(y — x). It follows from by Theorem 3.6 that H
is a regular hesitant fuzzy filter of £, and it is obvious that F' = H,. This completes the
proof. O

4. MYV -HESITANT FUZZY FILTERS

Definition 4.1. A hesitant fuzzy set H on L is called an MV-hesitant fuzzy filter of £
if the T-hesitant level set H, on L is an MV -filter of L for all 7 € £2([0,1]) with H, # 0.

Theorem 4.2. A hesitant fuzzy set H on L is an MV -hesitant fuzzy filter of L if it is a
hesitant fuzzy filter of L with the following additional condition:

(4.1) (Vz,y € L) (H(y = 2) CH((z = y) = y) = ).

Proof. If H is an MV -hesitant fuzzy filter of £, then H, is an MV -filter of L for all
7€ 2([0,1]) with H, # (. Hence it is filter of £, and so H is a hesitant fuzzy filter of L.
For any =,y € L, let H(y — ) = 9. Then y — x € Hs, and so ((r = y) = y) = x € H;
since Hs is an MV-filter of £. Thus H(y — x) =0 C H(((x = y) = y) = ).
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Conversely, suppose that H is a hesitant fuzzy filter of £ which satisfies the condition
(4.1). Let 7 € 22([0,1]) be such that H, # 0. Then H. is a filter of L. Let x,y € L be
such that y — x € H,. Using the condition (4.1), we have

TCHy —z) CH((zx = y) = y) =)

which implies that ((r — y) — y) — = € H,. Therefore H, is an MV -filter of £, and
thus H is an MV -hesitant fuzzy filter of L. OJ

Theorem 4.3. A hesitant fuzzy set H on L is an MV -hesitant fuzzy filter of L if and
only if it satisfies the condition (3.3) and

(4.2) (Ve,y,z € L)(Hz)NH(z = (y = 2) CH((z = y) = y) = x)).
Proof. Assume that H is an MV -hesitant fuzzy filter of £. Using (3.4) and (4.1), we have
H(z)NH(z = (y = ) CHy = 2) SH(((x = y) = y) = )

for all z,y € L.

Conversely, let H be a hesitant fuzzy set on £ which satisfies two conditions (3.3) and
(4.2). Taking y := 1 in (4.2) and using (2.4) induces the condition (3.4). Hence H is a
hesitant fuzzy filter of £ by Lemma 3.3. If we take z := 1 in (4.2) and use (2.4) and (3.3),
then we know that #H satisfies the condition (4.1). Therefore H is an MV -hesitant fuzzy
filter of L. 0

Theorem 4.4. Let ‘H be a hesitant fuzzy filter of L. Then H is an MV -hesitant fuzzy
filter of L if and only if the following assertion is valid:

(4.3) (Vo,y € L) (H(((z = y) = y) = (y = ) = x)) = H(1)).

Proof. Assume that H is an MV -hesitant fuzzy filter of £. Then H is a hesitant fuzzy
filter of £, and so H, is a filter of £ for all 7 € Z([0,1]) with H, # (. In particular,
Hyq) is a filter of £. Let x,y € L be such that y — x € Hy1). Then

H(1) CH(y = z) CH(((z = y) = y) = ),
and so ((x — y) = y) = « € Hyqa). Therefore Hyy 1y is an MV -filter of £, and thus
(z—=y) =y = (y—=2) =) € Huyn

by Lemma 2.9. Hence H(1) C H(((z — y) = y) = ((y — x) — x)), which implies from
(3.3) that H(((z = y) = y) = ((y = x) = z)) = H(1).
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Conversely, let H be a hesitant fuzzy filter of £ that satisfies the condition (4.3). Using
(3.3), (4.3), (2.5) and (3.4), we obtain

H(y — z) =H(y — z) NH(L)

(
(= 2)NH({((z = y) = y) = (y = ) = 7))
(

H
H(y = z)NH((y = 2) = (z = y) = y) = 2))
H

N

(((z = y) = y) = ).
Therefore ‘H is an MV-hesitant fuzzy filter of L. 0
Theorem 4.5. Fvery MV -hesitant fuzzy filter is a regular hesitant fuzzy filter.

Proof. Let ‘H be an MV -hesitant fuzzy filter of L. If we take y := 0 in (4.1) and use (2.4),
then

H(1)=H(O0 —2) CH(((zx = 0) = 0) > z) =H(z" = 2)
and so H(z" — x) = H(1) by (3.1). Therefore H is a regular hesitant fuzzy filter of
L. O

The converse of Theorem 4.5 is not true in general as seen in the following example.
Example 4.6. Let £ := [0, 1] (unit interval). For any a,b € L, define
aV b= max{a,b}, a Ab=min{a,b},

1 if a<b, 0 ifatb<i,
a—b= and a ®b =
(1 —a)Vb otherwise, aANb otherwise.

Then £ := (L,V,\,®,—,0,1) is a residuated lattice (see [10]). Let H be a hesitant fuzzy
set on L defined by

H:L— 2(0,1), z— (x,1] if z €]0.5,1],

0 otherwise,
Then H is a regular hesitant fuzzy filter of £. Let F' := (¢, 1] for any ¢ € L. Note that if
c € [0.5,1] then F is a regular filter of £. But, if ¢ € (0.7, 1] then F' is not an MV -filter of
L since 0.4 - 0.7=1¢€ F, but ((0.7— 0.4) — 0.4) — 0.7 = 0.7 ¢ F. Hence the hesitant

fuzzy set H on L which is given as follows:

U if xeF,
H:L— 2(01)]), -
() otherwise,
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is a hesitant fuzzy filter of £ which is regular. But, since H(0.4 — 0.7) = H(1) = U and
H(((0.7 — 04) = 0.4) — 0.7) = H(0.7) = (. Therefore H is not an MV -hesitant fuzzy
filter of L.

The following theorem shows that the converse of Theorem 4.5 is true in BL-algebras.

Theorem 4.7. In a BL-algebra L, the notion of an MV -hesitant fuzzy filter coincides
with the notion of a reqular hesitant fuzzy filter.

Proof. Based on Theorem 4.5, it is sufficient to show that every regular hesitant fuzzy
filter is an MV -hesitant fuzzy filter. Let H be a regular hesitant fuzzy filter of a BL-
algebra £ and let x,y € L. Then H(z' — ¢') € H(y — x) by Theorem 3.5. Since
y—x <12 —vy, wehave H(y — x) C H(z’ — ') by (3.1). Hence

Hiy = 2) =H(@ =) =H(@ — (2" =)
=H(' = (Y O (¥ —2'))
=H(' = (Y ©(z—y"))
=H(Y © (@ —=y") — )
=H((z = y") = (/ = 0)) > 2)
=H(((z = y") = y") = 2)
and
H) =H(Y =) =HEY" =)
CH((@—=y") = (z =)
CH(((z = y) =y") = ((z = y") = y")
CH((z = y") = y") = 2) = (x> y) = y') = ).
It follows that
H(y — x) =H(y — =) NH(1)

CH(((z =y") =y") =)
NH((((x = y") = y") =) = ((z = y) = y") = 2))
CH(((z =y) = ¢") = 2))

CH((z = y) = y) — ).
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Therefore ‘H is an MV-hesitant fuzzy filter of L. OJ

Definition 4.8. A hesitant fuzzy set H on L is called a Boolean hesitant fuzzy filter of
L if it is a hesitant fuzzy filter of £ that satisfies the following condition:

(4.4) (Vz e L) (H(z Vv ') =H(1)).

Theorem 4.9. A hesitant fuzzy set H on L is a Boolean hesitant fuzzy filter of L if and
only if the T-hesitant level set H, on L is a Boolean filter of L for all T € Z([0,1]) with
H, # 0.

Proof. Suppose that H is a Boolean hesitant fuzzy filter of £ and let 7 € £(|0, 1]) with
H, # 0. Then H, is a filter of £, and so 1 € H,, that is, 7 C H(1). It follows from (4.4)
that 7 C H(1) = H(z VvV 2') for all z € L. Hence x V 2’ € H, for all x € L, and therefore
‘H., is a Boolean filter of L.

Conversely assume that #, is a Boolean filter of £ for all 7 € £([0,1]) with #H, # 0.
Then M is a filter of £, and so H is a hesitant fuzzy filter of L. Note that 1 € Hy(1). Since
H (1) is a Boolean filter of £, we have xVa' € Hy) for all z € L. Hence H(xzVa') = H(1),
and therefore H is a Boolean hesitant fuzzy filter of L. OJ

Theorem 4.10. (Extension property) Let H and G be hesitant fuzzy filters of L satisfying
two conditions:

(1) H(1) = G(1),

(2) (Ve e L) (H(x) € G()).
If H is an MV -hesitant fuzzy filter (resp., a Boolean hesitant fuzzy filter) of L, then so
15 G.
Proof. Assume that H is a Boolean hesitant fuzzy filter of £. Then H(x V 2’) = H(1) for
all x € L. Using two conditions, we have

(4.5) Glava)DH(xVL)=H(1)=G(1)

for all x € L. Combining (3.3) and (4.5) implies that G(x V 2’) = G(1). Therefore G is a
Boolean hesitant fuzzy filter of L.
Now suppose that H is an MV -hesitant fuzzy filter of £. Using Theorem 4.4, we have

g(1) = H(1)
=H(((z = y) = y) = ((y = 2) = 2))
Co(((x—=y) =y = ((y =) =)

and so G(((zr = y) = y) = (y = ) = x)) = G(1) for all x,y € L. It follows from
Theorem 4.4 that G is an MV-hesitant fuzzy filter of L. |
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Abstract

In the paper, we introduce a notion of a non-Archimedean metric space endowed with the
non-Archimedean Pompeiu-Hausdorff metric. Using the direct and fixed point methods, we
study the Hyers-Ulam stability of set-valued AQ-functional equations in the framework of com-
plete non-Archimedean metric spaces. We indeed present an interdisciplinary relations between
the theory of set-valued mappings, the theory of non-Archimedean spaces and the stability

theory of functional equations.

Keywords: Hyers-Ulam stability, non-Archimedean Pompeiu-Hausdorff metric, AQ-functional

equation, non-Archimedean metric space, fixed point theorem

1 Introduction

The stability of functional equations was originally raised by Ulam in 1940 in a talk given at
Wisconsin University [1]. The first answer to Ulam’s question was given by Hyers in 1941 in the
case of Banach spaces in [2]. Thereafter, this type of stability is called the Hyers—Ulam stability. In
1978, Rassias [3] provided a remarkable generalization of the Hyers—Ulam stability of mappings by
considering variables. The concept of stability for a functional equation arises when we replace the
functional equation by an inequality which acts as a perturbation of the equation. Considerable
attention has been given to the study of the Ulam-Hyers and Ulam-Hyers-Rassias stability of
all kinds of functional equations [4, 5, 6]. Bota-Boriceanu and Petrusel [7], Shen [§8], Popa [9],
Xu [10, 11], and Rus [12, 13] discussed the Hyers—Ulam stability for operatorial equations and
inclusions. Castro and Ramos [14], and Jung [15] considered the Hyers-Ulam-Rassias stability for
a class of Volterra integral equations.

In 1897, Hensel discovered the p-adic numbers as a number theoretical analogue of power
series in complex analysis. The most important examples of non-Archimedean spaces are p-adic

numbers. A key property of p-adic numbers is that they do not satisfy the Archimedean axiom:

*Corresponding author. Email:  yzhp1980@163.com(Z. Yang), wiecas@sina.com(H. Wang), sunx-
ian@mail.ie.ac.cn(X. Sun), wjren2011@mail.ie.ac.cn(W. Ren), gluanxu@mail.ie.ac.cn(G. Xu), fukun@mail.ie.ac.cn(K.
Fu).
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for all x,y > 0, there exists an integer n such that x < ny. It turned out that non-Archimedean
spaces have many nice applications [16]. During the last three decades, theory of non-Archimedean
spaces has gained the interest of physicists for their research in particular in problems coming from
quantum physics, p-adic strings and superstrings [17]. In [18], Huy obtained some Hyers-Ulam
stability results concerning fixed point equations in non-Archimedean cone metric spaces. Using a
fixed point approach, Brzdek proved the Hyers-Ulam stability of a quite wide class of functional
equations in a single variable [19]. Mirmostafaee gave some stability results of the Cauchy equation
in the context of non-Archimedean fuzzy spaces [20].

Set-valued functions in Banach spaces have been developed in the last decades. The pioneering
papers by Aumann [21] and Debreu [22] were inspired by problems arising in control theory and
mathematical economics. We can refer to the papers by Arrow [23] and McKenzie [24]. In partic-
ular, the stability of set-valued functional equations has been considered by many scholars. Chu
proved the Hyers-Ulam stability of the generalized cubic set-valued functional equations in Banach
spaces [25]. Stability of two types of cubic fuzzy set-valued functional equations was considered
in [26]. Lee studied additive set-valued and quadratic set-valued functional equations in Banach
spaces [27]. Notice that, the spaces discussed above are all Banach spaces. So far as we know, the
work related with the stability of set-valued functions equation in non-Archimedean spaces needs
to study.

We introduce a notion of a complete non-Archimedean metric space endowed with the non-
Archimedean Pompeiu-Hausdorff distance, which is following [19] and modifying the definition of
a complete metric space endowed with the Hausdorff distance [27]. Although many results in
the classic normed space theory have corresponding non-Archimedean counterparts, our proofs of
the results on the complete non-Archimedean metric space are different and require a new kind
of intuition. In Section 3 and Section 4, we prove the stability of the set-valued AQ-functional

equations in the framework of complete non-Archimedean metric spaces.

2 Preliminaries

We will give some definitions which will be used in this paper. Let N denote the set of positive
integers and we put Ng := NU {0} and R} := [0,00). In a non-Archimedean metric space (X, d)

the triangle inequality holds in the stronger form as follows
d(p,v) < max{d(p,w),d(w,v)}, p,v,we X. (2.1)

The non-Archimedean space theory has many applications in the filed of superstrings, p-adic strings
and quantum physics. A typical example of non-Archimedean metric spaces is the non-Archimedean

normed space that can be described below.

Definition 1. A mapping | -|: K — Ry in the field K is called a non-Archimedean valuation if it

satisfies the following conditions
(i) |u| =0 if and only if p=0;
() [pv] = [pllv], p,v e K;
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(i) |+ v| < max{lul, ]}, uv € K.

The condition (iii) is called the strong triangle inequality. By (ii), it is easy to verify that | - |
is a homomorphism of groups. In addition, we will always suppose that | - | is nontrivial, i.e., there
exists an o € K such that |po| # 0, 1.

It is easy to show that [n-1| <1 for n € N. If |u| # |v| for some p,v € K, then (iii) can be
sharpened into the equality |+ v| = max{|u|, |v|}. Set d(p,v) := | — v|. And the space (K, d) is
a metric space. Denote the closed ball in K by N(u) :=={v € K: |v — p| <€} for p € K and € > 0.

Then they form a fundamental system of neighbourhoods of .

Definition 2. A space (X,]|-|) is non-Archimedean if it is equipped with a non-Archimedean
valuation | - | such that the corresponding metric space X is complete (i.e., every Cauchy sequence

in X converges).

Let X be a non-Archimedean space. We need the following definitions:
2% the set of subsets of X;
Cy(X): the set of closed bounded subsets of X’;
C.(X): the set of closed convex subsets of X’;
Cep(X): the set of closed convex bounded subsets of X

Definition 3. For any two nonempty subsets A, B € X, the (Minkowski) addition is defined as
A+B={weX |w=pu+v,u€ Ave B} and the scalar multiplication as NA ={w € X | w =
A, pp € A} for X € R. Moreover, for A,B € C.(X), A® B := A+ B.

By Definition 3, we can obtain the following two properties:
(DA +AB = XA+ B), (2)(A+ p)A CAA+ pA;
if A is convex, then (A + p)A = AA + pA for all Ap > 0.

Definition 4. Let (X,d) (d(u,v) := |u — v|) be a non-Archimedean metric space. A gap function
in 2% is defined as

Dg:2% x2¥ 5 Ry, D4(A,B) =inf{d(p,v) | p € A,v € B}.
In particular, Dg(p, B) := Da({u}, B) for p € X.
Definition 5. The non-Archimedean Pompeiu-Hausdorff distance Hy on 2% is defined as

Hy: 2% x2¥ 5 R, U {400}, Hy(A, B) = max{sup Dy(u, B),sup Dg(v, A)}.
HeEA veEB

By using Definition 5, we have the following properties of the non-Archimedean Pompeiu-

Hausdorff distance.

Proposition 1. For A, A}, B, By € C(X) and A > 0, the following properties hold
(i) Hy(A® A1, B® By) <max{Hy(A, B),Hq4(A1,B1)};

(ii) Hg(AA,A\B) = AHy(A, B);

(iii) Hq(A, A1) = Hy(A® B, A1 @ B).
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Then, (Cu(X),Hg) is a complete non-Archimedean metric semigroup. Using the method
given by Debreu [22], one can prove that (Ce(X'), Hy) can be isometrically embedded in a non-
Archimedean normed space.

Now we consider that a set-valued function f : X — Cg(Y) satisfies the following additive-

quadratic (AQ) set-valued functional equation,

flkr+y)@ f(kx —y) = flz+y) @ flz —y) @ (k-D[(k+2)f(z) @ kf(-2)],  (2.2)

for a fixed integer with k£ > 2. Eskandani et al. [32] and Xu et al. [31] have established the general
solution and investigated the generalized Hyers-Ulam stability of (2.2) in quasi-S-normed spaces
and non-Archimedean normed spaces.

The main purpose in our paper is to prove the generalized Hyers-Ulam stability of the set-
valued AQ-functional equation (2.2) in complete non-Archimedean normed spaces using the direct

and fixed point methods.

3 Stability of the Set-Valued Functional Equation: a Direct Method

Throughout this paper, we always suppose that X is a linear space over Q or a non-Archimedean
field of characteristic different from 2 and k (i.e. |2| # 0, |k| # 0), and that ) is a complete non-
Archimedean normed space over a non-Archimedean field of characteristic different from 2,3 and
k ( a fixed integer k > 2).

For convenience, we use the following abbreviation for a given function f : X — Cy()) :

Lf(x,y) = Ha(f(kz+y)&® flkx—y), flz+y)& fz—y) & (k—-1)[(k+2)f(z) B kf(-2)]). (3.1)
Theorem 1. Assume that ¢ : X x X — [0,00) is a mapping satisfying

kg, kn
i o(k"x, k™y)

=0, z,y e X. (3.2)

And suppose that for each x € X the limit

lim max
n—oo

:O§j<n}, (33)
denoted by @o(x), exists. If f: X — Cup(Y) is an odd mapping such that

Lf(x,y) <o(z,y), ©,y € X, (3.4)

then there exists an additive mapping A : X — Cw(Y) such that

Ha(f(2), Ax)) < ‘21]{’@(95), — (3.5)

Moreover, if

lim lim max
1—00 N—00

{gp(ij, 0)
k|7

then A is the unique additive mapping satisfying (3.5).

:i§j<n+i}:0, (3.6)
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Proof. Setting y = 0 in (3.4), we get

Hy(J (k). b 2) < Grl.0). € 2. (37)
Replacing x by k" 'z in (3.7), we get
n n—1
H, <f(:n$)’ f(]]zn_ll')) < |2 .1]{”‘ (k‘n 1y ) reX. (3.8)

(3.8) and (3.2) imply that {%} is a Cauchy sequence. Since ) is complete, we conclude that

the sequence {%} is convergent. Let A(z) = li_)m 2 f(k"z). Using induction one can show
that ,
K"z 1 kI

Hd<f( ),f( )>_‘2k’max{¢(’k‘a;’o):0§j<n},x€X,n€N. (3.9)

Letting n — oo and using (3.3) we can get (3.5). (3.2) and (3.4) imply that
1
LA(z,y) = lim —Ef( ", k"y) < hm —(k"x,k"y) = 0,2,y € X.
n—voo |k[" oo [k["

Therefore, the mapping A : X — Cg()) satisfies (2.2). By Lemma 2.2 in [32], we get that the
mapping A is additive. To prove the uniqueness property of A, let A’ be another additive mapping
satisfying (3.5). Then

/

Hy(Ax), A'(2)) < lim —— Hy(A(k'z), A'(kK'x))

1—>00 ‘k|
< lim Wmax{l%( (k'z), f(k'z)), Ho(A'(K'z), f(K'z))}  (3.10)
1 p(k,0) . _ :
S ngglonlgrlgomax{w 1 S] <n-+z1
for all z € X. If '
J
lim lim max{M:i§j<n+é}:0, (3.11)
i—00 N—00 k|7
then A = A'. O

Corollary 1. Assume that the function B : [0,00) — [0,00) satisfies

(i) B(KIE) < BAKDB(E) for allt > 0;

(i) B(]) < [k

Let § > 0. Assume that X is a normed space and that f : X — Cu(Y) is an odd mapping such
that

Lf(z,y) < 6[B(|=]) + B(ly])]
for all z,y € X. Then there exists a unique additive mapping A : X — Cxp()) such that

Ha(f(x), A(2)) < ——08(jal),a € X.

1
|2K]
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Proof. If we set ¥(x,y) = §[B(|z]) + B(|y|)] for all z,y € X, then we have

(ke kty) o (BORD "
RSt R VA FATY —
Jim WS Jim ] Y(z,y) =0 (z,y € X),
~ kz,0
Falir) = nliﬂgomaX{W <)< n} — 4(,0),
j i i
lim lim max Y(k7z, 0) > 0) i<j<n+4ip=lim vk, Ky) x,.k: y) =0.
i—00 N—00 |k| i—00 |k
By Theorem 1, we can get the corollary. O

Remark 1. The classical example of the function /5 is the mapping 3(t) = t" for all ¢ > 0, where
r > 1 with the further assumption that |k| < 1. The assumption |k| < 1 cannot be omitted.

Remark 2. A similar result can be formulated as Theorem 1 if we define the sequence A(z) :=

lim k" f(;%) under suitable conditions on the function v (z).
n—oo

Theorem 2. Assume that a mapping ¢ : X x X — [0,00) satisfies

o(k"z, k"y)

nlggo ez =0,z,y € X. (3.12)
And suppose that for x € X the limit
: p(k'z,0) .
—=:0< .
nh_)rglomax{ e 0<j<nyg, (3.13)

denoted by ¢4(x), exists. If an even mapping f : X — Cu(Y) satisfies the following condition

Lf(x,y) < o(x,y) (3.14)

for all x,y € X, then there exists a quadratic mapping Q : X — Ce(Y) such that

1
Hy(f(z),Q(z)) < m%(x)ax €X. (3.15)
Moreover, if '
L
lim Ji_glomax{w:igj<n+i}:0, (3.16)

then the quadratic mapping Q is unique.

Proof. Setting y = 0 in (3.14), we have

1
Hy(f(kz), k* f(x)) < @80(9670) (3.17)
for all x € X. Replacing = by k" 'z in (3.17), we get
f(kmz) f(k"'2) 1 n-1
Hd < ]{22" ) k?(n—l) S ’2 . ]C2n| g@(k $70) (318)
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for all x € X. (3.18) and (3.12) imply that {f(k%x)} is a Cauchy sequence. Since ) is complete,

we can obtain that {f (:Qn )} is convergent. Let Q(z) = limy 00 k% f(k™z). Using induction one
can show that Fem) (K2,0)
g 1 p(k?x, 0 )
H, (k%,f(m)> < 252 max{ e 0<j< n} (3.19)

for z € X and n € N. By taking n to approach infinity in (3.19) and using (3.13) one can obtain
(3.15). By (3.12) and (3.14), we get

1 1 n in
LQ(z,y) = hm L T Lf(k"z, k"y) < hm L TP ——p(k"x,k"y) =0

for all x,y € X. Therefore, the mapping ) satisfies (2.2). By [[32], Lemma 2.1] we get that the

mapping () is quadratic. Let now

lim lim max
1—00 N—00

{@WW

R :z§j<n+z}:0.

Assume that Q" is another quadratic mapping satisfying (3.15). Then

Hy(Q(2).Q'(2)) < lim ‘,j Ha(Q(k'x), Q (k)
< Jim o mac Q). f(K). Ha(@ (F0). S(Fa)} (3.20)
o(kiz,0) L A
< |2k:2\ ZETOJLH;OmaX{W 1< <n+z} =0

for all z € X. Hence Q = Q. O

Corollary 2. Suppose that the function 8 : [0,00) — [0,00) satisfies the following conditions
B(IkIt) < BURDA(E) for any t > O;
(ii) B(|E) < |&[>.
Let X be a normed space and 6 > 0. If the even mapping f : X — Cy()) satisfies

1L (2, y)| < 6[B(|=]) + B(ly])]

for x,y € X, then there exists a unique quadratic mapping Q : X — Cu(Y) such that

Hq(f(z),Q(z)) < 65(|x[)

L
25
forx e X.

Proof. Setting ¢(z,y) = §[8(|z|) + B(|y|)] for all z,y € X, we can obtain

(ke kry) o (B(RD "
JLII;OW th_{glo BE p(r,y) =0 (z,y € X),

~ ki, 0 .
Pq(x) = lim max{(p(m.) 0<j< n} = ¢(z,0),

n—00 |k’2j
o o(kiz,0) ‘ _o(k'z, ky)
—= 1 < = - = 0.
Zlirgogl_)rgomax{ e 1<j<n+i Zlggo P 0
The corollary can be deduced by Theorem 2. O
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Theorem 3. Assume that the function p : X x X — [0,00) satisfies

HIL%W =0,z,y € X.
Suppose that for each x € X the limit
lim max{w:0§j<n},
n—00 |k|
denoted by po(z), and .
Ji_glomax{W:OSj<n},

denoted by ¢q(x), both exist. Let f : X — Cu(Y) be a mapping satisfying Lf(x,y) < o(x,y) for all
x,y € X. If f can be decomposed into an even and odd part, then there exist an additive mapping
A: X = Cup(Y) and a quadratic mapping Q : X — Cep()) such that

Hy(f(2), Az) ® Q(x)) < 1max{max{saa(x),@a(—x)},‘;max{saq(x),@q(—x)}} (3.21)

|4K|
forallx € X.
Moreover, if A
klx,0
lim lim max o > ) i<j<n+i
i—00 N—00 \k|7 (3.22)
S p(k2,0) : '
= lim lim maxq ———:i1<j<n+1i, =0,
i—$00 N—00 k|2

then A and Q are both unique.

Proof. Assume that f(z) = fe(z) ® fo(x). We have for all z,y € X

Lh (@) < —

2l max{¢ (7, y), p(—z, —y)},

Cho(a.y) < 1| max{p(, ), o(~, ~y)}.

|2
By Theorems 1 and 2, there exist an additive mapping A : X — C()) and a quadratic mapping
Q: X — Cy(Y) satisfying

Hy(fo(z), A(z)) < max{Pq(z), Pa(—2)},

1
[4K|
Ha(fe(x), Q(x)) < |4k2,max{90q( ), Pq(—)}

for all x € X . Therefore

Hy(f(2), A(z) ® Q(x)) < max{Ha(fo(z), A(2)), Ha(fe(), Q(2))}

1

- - 1 - -
Mmax{max{w),%(—z)}, MmaX{wq(x),sﬂq(—w)}}

(3.23)

for all z € X.
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4 Stability of the Set-Valued Functional Equation: a Fixed Point
Method

In this section, we establish the generalized Hyers-Ulam stability results for the mixed set-valued
AQ-functional equation (2.2) in non-Archimedean Banach spaces by using the fixed point method
introduced by Radu in [28].

Let © be a set. A mapping D : Q x Q — [0, 00] is called a generalized metric on 2 if D satisfies
the following three conditions:

(i) D(p,v) =0 if only if p = v;

(ii) D(p,v) = D(v, p), v, p € €%

(iii) D(v, ) < D(v,w) + D(w, p), v, p, w € Q.

For explicitly later use, we recall the following lemma proposed by Diaz and Margolis in [30].

Lemma 1 ([30]). Assume that (2, D) is a complete generalized metric space, and that T : Q@ —

s a strictly contractive mapping with Lipschitz constant L < 1, that is
D(Txz,Ty) < LD(z,y),x,y € Q.
Then, for each given x € §, either
D(T"z, T x) = 0o,n > 0,

or there exists a non-negative integer ng such that
(1) D(T"x, T 2) < oo for all n > ng;

(2) the sequence {T™(x)} is converges to a fized point y*;
(3) y* is the unique fized point of T in the set Q* ={y € Q | D(T™z,y) < oo};
(4) D(y.y*) < 12Dy, Ty) for all y € Q*.

Theorem 4. Let ¢ : X x X — [0,00) be a mapping such that there exists an 0 < L < 1 with
o(kx, ky) < [k|Lo(z,y) (4.1)
for all x,y € X. If the odd mapping f : X — Cu(Y) satisfies
Lf(z,y) < p(z,y), zy€ed, (4.2)

then there exists a unique additive mapping A : X — Cp(Y) such that
1

Hq(f(z),A(z)) < m‘ﬁ(%o) (4.3)
forallxz € X.
Proof. In (4.2) setting y = 0, we have
Hy(f (k). k (w) < Gre(a.0) (1.4)
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forallz e X. Set Q:={g | g: X = Cx(Y), g(0) = {0}}, and we then introduce the generalized
metric on :

D(g,h) = inf{C € (0,00) | Hyq(g(z), h(z)) < Cp(x,0),Vz € X}. (4.5)

It is easy to show that (£2,D) is a complete generalized metric space. We now define a mapping
T:Q2—Qas .
(Tg)(x) = pg(ka), geQzel. (4.6)

Let g,h € Q and C € [0, 00] be an arbitrary constant with D(g,h) < C. The definition of D implies
Hy(g(z),h(z)) < Cp(x,0), x€X. (4.7)

By the last inequality, we can obtain

1 1
Hy <kg(kzx), kh(ka:)) < CLy(z,0), VzelX. (4.8)
Hence, D(Tg,Th) < LD(g,h). It follows from (4.4) that D(T f, f) < ﬁ < o0. Therefore, by
Lemma 1, the operator 7 has a unique fixed point A : X — Cg4()) in the set Q* = {g €
Q| D(f,g) < oo} such that
1
A(z) := lim (T"f)(z) = lim k—nf(k:"af) (4.9)

n—oo n—oo

and A(kx) = kA(x) for all z € X. Also,

1

1

(4.10)

Then (4.3) holds for all x € X.
Now we will prove that A is additive. By (4.1), (4.2) and (4.9), we have

1
p(k"z, kMy) < lim Lp(z,y) =0

. 1 —_— .

for all x,y € X. Therefore, it follows form [[32], Lemma 2.2] that A is an additive mapping. O

Corollary 3. Let 6 >0, r> 1, |k| < 1. If f : X — Cx(Y) is an odd mapping and satisfies the
following condition
Lf(x,y) <o(lzl"+y["), =zyed,

then there exists a unique additive mapping A : X — Cp(Y) such that

Hy(f(x), A(z)) <

< ———fz|", zeX.
12[(lk| — [k[")

Proof. Set (z,y) = 0(|x|" + |y|") for all z,y € X. Then we can get the corollary by Theorem 4 by
L=|k"t<1. O

The following example is a modification of the example of [31] and it shows that the assumption

|k| < 1 cannot be omitted in Corollary 3.
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Example 1. For a prime number p > 2 if the set-valued mapping f : Q, — Cg(Q,) satisfies
f(x) = 10,23, then for § = 1 and r = 3

Lf(z,y) <max{|z]}, [y]3} <[22+ [y]2, 2,y € Qp.

However, for k = 2 we have |k|, = 2|, =1 and

1 1
Hq <2nf(2nx)’ ont1 f(2n+1$)> = ’22n‘p’3|p‘$|g = ‘3‘p|x’§

for all x € Q, and n € N. Hence {Q%f(Q”m)} is not a Cauchy sequence for each nonzero x € Q,.
Similar to Theorem 4, we have the following theorem.

Theorem 5. Assume that ¢ : X x X — [0,00) is a function such that there exists an 0 < L < 1
with I
ple,y) < ek, ky) (4.11)

for x,y € X. If the odd mapping f : X — Cu()) satisfies

Lf(x,y) <o(z,y), z,y€AX, (4.12)

then there exists a unique additive mapping A : X — C(Y) such that

Hy(f(z), A(x)) o(z,0), zelX. (4.13)

R —
~ 2k|(1 - L)
Corollary 4. Let 6 >0, 0 <r < 1, and |k| < 1. If the odd set-valued mapping f : X — Cup(Y)

satisfies

Lf(z,y) < o(x["+ [yl"),

for all z,y € X, then there exists a unique additive mapping A : X — Cep()) such that

1 r

Proof. Set ¢(x,y) = o0(|z|" + |y|") for z,y € X. The corollary can be obtained by using Theorem 5
with L = |[k|'7" < 1. O

We then give an example to show that the assumption |k| < 1 cannot be omitted in Corollary
4.

Example 2. For a prime number p > 2 if the set-valued function f : Q, — C(Q)) satisfies
flz) = [O,:L‘%], then for § = 1 and r = %,
Lf(x,y) <max{[z|, [yl} < |zl + |yl 2,y € Qp.

However, for k = 2 we have |k|, = 2|, =1 and
1 1 2n 2 1 2 1
Ha (21 (350 2 (i) ) = 25 1 = 28 pfalf =11 28l
for all € Q, and n € N. Hence {2" f (2%50)} is not a Cauchy sequence for each nonzero x € Q.
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Theorem 6. Assume that ¢ : X x X — [0,00) is a function such that there exists an 0 < L < 1
with
plka, ky) < [k[*Lo(z,y). (4.14)

for all xz,y € X. If the even set-valued function f: X — Cu()) satisfies

Lf(z,y) <e(r,y), =ycd, (4.15)

then there exists a unique quadratic mapping @ : X — Cu(Y) such that

Hq(f(z),Q(x)) < m@(%o)a reX. (4.16)
Proof. Setting y = 0 in (4.15), we get
Hy(f (k). () < (0,0, we X. (.17

2]

Let Q:={g | g: X = Cy(Y)}, and we then introduce a generalized metric on €
D(g,h) = inf{C € (0,00) | Hq(g(z),h(z)) < Cp(x,0), Vo € X'}. (4.18)

It is easy to show that Q :={g | g: X — Cx())} is a complete generalized metric space. Define
an operator T : 2 — Q as

(Tg)(x) = ng(kx) VgeQzeX. (4.19)

Let g,h € Q and C € [0,00] be an arbitrary constant with D(g,h) < C. By the definition of
the metric D, we can get
Ha(g(x), h(x)) < C(2,0), € . (4.20)

By the given hypothesis and the last inequality, we get

, (;g(m) Wh(kx)) < CLo(,0), ¥z € X. (4.21)

Hence, D(Tg,Th) < LD(g,h). (4.17) implies that D(T f, f) < |2k2
T has a unique fixed point @ : X — C()) in the set Q* = {g € Q| D(f,g) < oo} such that

P < oo Therefore, by Lemma 1,

Qx) == lim (T"f)(x) = lim L), (4.22)

n—oo

and Q(kz) = k2Q(x) for all z € X. Also,

1 1
_ 4.23
D(Q.f) < 7= PTF.1) < = (1.23)
Then, (4.16) holds. By (4.14), (4.15) and (4.22) we obtain
1 1
for all z,y € X. So by Lemma 2.1 in [32], we get that the mapping @ is quadratic. O
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Corollary 5. Let 6 > 0, r > 2, |k| < 1. If f : X — Cu(Y) is an even set-valued mapping
satisfying
Lf(z,y) <o(lz]" +1yl"), wyed,

then there exists a unique quadratic mapping @ : X — Ce(Y) such that

1 v

Proof. Set p(x,y) = §(|z|" + |y|") for all z,y € X. By Theorem 6 with L = |k|"~2 < 1, we can get
the corollary. 0

Example 3. For a prime number p > 2 if a set-valued mapping f : Q, — Cu(Q)) satisfies
f(x) =[0,2%], then for § = 1 and r = 4,

Lf(z,y) < max{|z]}, [y[s} < |23+ ylp, 2,y € Qp

However, for k = 2 we have |k|, = 2|, =1 and

1 n 1 n+1 2n 4 4
Hq <22nf(2 z), 22(n+1)f(2 az)) = [2 |P’3|P‘$|p = |3‘p|$’p-

for all x € Q, and n € N. Hence {22% f(2"z)} is not a Cauchy sequence for each nonzero x € Q.
Similarly, we can obtain the following theorem.
Theorem 7. Let ¢ : X x X — [0,00) be a mapping such that there exists an 0 < L < 1 with
o(r,y) < ’é?go (%, %) ,x,y € X. (4.24)
If the even set-valued mapping f : X — Cu()) satisfies
Lf(z,y) <e(z,y), zyedX, (4.25)
then there exists a unique quadratic set-valued mapping Q : X — Cp()Y) such that
Half(2),Q(x)) < m¢<z,o>, TeX. (4.26)
Corollary 6. Let 6 >0, 0 <r <2 and |k| < 1. If the even mapping f : X — Cu(Y') satisfies
Lf(z,y) <o(lz]"+1yl"), =zyed,
then there exists a unique quadratic mapping @ : X — Ce(Y) such that
dz|", zeX.

1
Hy(f(z),Q(z)) < W

In Corollary 6 the assumption |k| < 1 cannot be omitted .
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Example 4. For a prime number p > 2 if f: Q, — Cx(Q,) is defined as f(z) = [0,|2,], then for
0=1,k=2and r =0,
Ef(xay) = |12|P S 1=4¢ (:Uay S Qp)

Note that if p > 2, then |2"|, = 1 for each integer n, we have
H, (an(Q_n$>, 2n+1f(2—(n+1)$)> _ |2n+1|p - 1.
for all x € Q, and n € N. Hence {2"f(27"x)} is not a Cauchy sequence for z € Q.

Theorem 8. Assume that ¢ : X x X — [0,00) is a function such that there exists an 0 < L < 1
with
o(kz, ky) < |k]*Lo(z,y), 2,y € X. (4.27)

Suppose that f: X — Cu(Y) is a set-valued mapping such that

Lf(z,y) <o(r,y), =ycl. (4.28)

If f can be decomposed into an even and odd part, then there exist a unique additive mapping
A: X — Cup(Y) and a unique quadratic mapping Q : X — Ce(Y) such that

Hy(f(2), A(z) © Q(x)) max{¢(z,0),(-2,0)}, =€, (4.29)

1
< -
~ |4k?|(1 - L)

Proof. Assume that f(z) = fe(x) & fo(z). Let ¥(x,y) = ﬁmax{gp(m,y),gp(—x, —y)}, then by
(4.27) and (4.28), we have

Uk, ky) < |k[?L(x,y) < [k|Lv(z,y),

Lfo(r,y) <P(z,y), Lfe(x,y) < P(z,9).

Hence by Theorems 4 and 6, there exist a unique additive mapping A : X — C()) and a unique
quadratic mapping @ : X — C¢()) such that

(o). Aw) € (2. 0)
1
Hd(fe(x)vQ($)) < |2k2‘(1 — L)?ﬂ(%o)

for all x € X. Therefore

Hy(f(2), A(z) ® Q()) < max{Ha(fo(z), A(2)), Ha(fe(2), Q(2))}

1 1
< max {\2/{](1—L)¢(x’ 0), mw(% 0)} (4.30)
1
é m maX{SO(:Ea 0)? (p(—l’, 0)}
for all x € X. O
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Corollary 7. Let 6 >0, 2 <7, |k| <1 and f: X — Cy(Y) be a set-valued mapping for which
Lf(z,y) <6(l=]"+1yl"), =zyed.

If f can be decomposed into an even and odd part, then there exist a unique additive mapping
A: X — Cup(Y) and a unique quadratic mapping Q : X — Ce(Y) such that

1

< Saff, zeRX
|4](|%[* — [K]")

Hy(f(x), Q(x) & A(x))
Similar to Theorem 8, one can obtain the following theorem.

Theorem 9. Let ¢ : X x X — [0,00) be a function such that there exists an 0 < L < 1 with
L
forallx,y € X. Let f: X — Cu(Y) be a mapping such that

Lf(xz,y) <eo(x,y), xycX. (4.32)

If f can be decomposed into an even and odd part, then there exist a unique additive mapping

A: X — Cup(Y) and a unique quadratic mapping Q : X — Cg(Y) such that

Ho(f(x), A(x) @ Q(x)) < m max{p(z,0), p(—2,0)}, € X. (4.33)

Corollary 8. Let § >0, 0<r <1, |k|<land f: X — Cyx(Y)
Lf(z,y) <o(lz]"+1yl"), z,yed.

If f can be decomposed into an even and odd part, then there exist a unique additive mapping

A: X = Cup(Y) and a unique quadratic mapping @Q : X — Ce(Y) such that

1

Ha(f(2),Q(z) & A=) < trme =

S|z, z € X
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Abstract: In this paper, we establish the general solution and stability of the following nonic
functional equation:

flz+5y) —9f(z+4y) +36f(z + 3y) — 84f(x +2y) + 126 f(z + y) — 126 f(x)
+84f(z —y) —36f(z —2y) +9f(z — 3y) — f(z — 4y) = I f(y),

where 9! = 362880 in non-Archimedean normed spaces.
1. Introduction and Preliminaries

The stability problem of functional equations originated from a question of Ulam [26] concerning
the stability of group homomorphisms. The first affirmative partial answer to Ulam’s question was
given by Hyers [11]. The result of Hyers by obtaining a unique linear mapping near an approximate
additive mapping was generalized by Rassias [22]. The paper of Rassias has provided a lot of
influence in the development of what we called the generalized Hyers-Ulam-Rassias stability of
functional equations. In 1994, Gavruta then generalized the Rassias’ result in [8] for unbounded
Cauchy difference by a general control function. In 2003, Radu [20] proposed a new method for
obtaining the existence of exact solutions and error estimations, based on the fixed point alternative.
Cadariu and Radu [5] proposed a novel method for studying the stability of the Cauchy functional
equation based on a fixed point result in generalized metric spaces. A great number of papers
(see [2, 6, 9, 12, 13, 21, 24, 25, 28] and references therein for more detailed information) on the
subject has been published, generalizing Ulam’s problem and Hyer’s theorem in various functional
equations.

In 1897, Hensel [10] discovered the p-adic numbers as a number theoretical analogue of power
series in complex analysis and introduced a normed space which does not have the Archimedean
property. Let p be a prime number. For any nonzero rational number x € Q, there exists a unique
integer n, € Z such that x = 7p"=, where a, b are integers divisible by p. Then the p-adic absolute
value |z|, = p~"* is a non-Archimedean norm on Q. The completion of Q with respect to the

92010 Mathematics Subject Classification: 39B52, 39B82, 46550, 47B48

YKeywords: Generalized Hyers-Ulam stability; Nonic mappings; Non-Archimedean normed
spaces
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2 Solution and stability of nonic functional equations

metric d(z,y) = |z — y|, is denoted by Q, which is called the p-adic number field. Note that if
p > 2, then [2"|, = 1 for each integer n € Z; however, |2|5 < 1.

Let us recall some basic definitions and facts concerning non-Archimedean normed spaces [14].

By a non-Archimedean field we mean a field K equipped with a function (valuation) |- | from K
into [0, 00) such that |r| = 0 if and only if r = 0,|rs| = |r||s|, and |r + s| < max{|r|,|s|} for all
r,s € K. Clearly, |1| =| — 1] =1 and |n| < 1 for all n € N. In the rest of the paper, let |2| # 1.

In any field K the function | - | : K — [0, 00) defined by

= 0, zelX;
"1 1, otherwise

is a valuation which is called trivial, but the most important examples of non-Archimedean fields
are p-adic numbers which have gained the interest of physicists for their research in some problems
coming from quantum physics, p-adic strings and superstrings [27].

Let X be a vector space over a scalar field K with a non-Archimedean nontrivial valuation |-|. A
function ||-]| : X — R is a non-Archimedean norm (valuation) if it satisfies the following conditions:
(NA1) ||z|| = 0 if and only if z = 0;

)
(NA2) |lrz| = |r|||z| for all r € K,z € X;
(NA3) ||z + y|| < max{||z||, ||y||} for all z,y € X (: the strong triangle inequality).
Then (X, | ) is called a non-Archimedean normed space. It follows from (NA3) that

lzn — 2| < max{||z;41 — x| :m <j<n-—1} for m>m

and so a sequence {x,} is Cauchy in X if and only if {z,+1 — x,} converges to zero in a non-
Archimedean normed space. If every Cauchy sequence is convergent, the non-Archimedean normed
space is said to be complete and called a non-Archimedean Banach space.

In 2005, Arriola and Beyer [1] investigated stability of approximate additive mappings f : Q, —
R. They showed that if f : Q, — R is a continuous mapping for which there exists a fixed € such
that |f(z +y) — f(z) — f(y)| < e for all 2,y € Q,, then there exists a unique additive mapping
T : Qp — R such that [f(z) — T'(x)| < € for all z € Q,. In 2007, Moslehian and Rassias [18]
proved the Hyers-Ulam stability of functional equations in complete non-Archimedean normed
spaces. Then a lot of papers on the stability of other many equations have been published in
non-Archimedean normed spaces ([3, 4, 16, 17, 19, 23]).

Now, we consider the following nonic functional equation

flz+5y) —9f(z+4y) +36f(z + 3y) — 84f(x +2y) + 126 f(z + y) — 126 f(x)

84— ) — 36 (x — 29) + 9F(x — 3y) — F(z — 4y) = 9 F (1) (-0

Then the function f(x) = 2 is a solution of the functional equation (1.1). Thus, the functional
equation (1.1) is called the nonic functional equation and every solution of the nonic functional
equation is said to be a nonic mapping.

In this paper, using the direct and fixed point methods, we prove the generalized Hyers-Ulam
stability of (1.1) in non-Archimedean normed spaces.
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2. Properties of the nonic functional equation (1.1)

In this section, we investigate the properties and the general solution of the nonic functional
equation (1.1).

Theorem 2.1. Let X andY be linear spaces. The nonic functional equation (1.1) has the following
properties:

(i) f(0) = 0.

(ii) f(—z) = —f(x).

(iii) f(2z) = 2° f ().
Proof. (i) Replacing z =0,y = 0 in (1.1), we get f(0) = 0.

(ii) Replacing z = 0,y = « and x = x,y = —z in (1.1) and adding the two resulting equations,

we gt f(—z) = —f(z).
(iii) Replacing (z,y) with (0,2x) and (5z,z) in (1.1), respectively, we get

F(10z) — 8f(8x) + 27 (6z) — 48 (4x) — 362838 f(2x) = 0. (2.1)
F(102) — 9f(92) + 36 (8x) — 84f(7x) + 126 f(6x) — 126 f (5z)

+ 84 f(4z) — 36 f(3x) + 9f(2z) — 362881 f(x) = 0. (22)
Subtracting the equations (2.1) and (2.2), we find
0f(9x) — 44 (8z) + 84f(Tz) — 99f(6z) + 126 (52) — 132 (4x)
+ 36 (3xz) — 362847 f(2x) + 362881 f(x) = 0. (23)
Replacing (x,y) with (42, ) in (1.1) and multiplying the resulting equation by 9, we get
9f(9z) — 81f(8x) + 324f(7z) — 756 (6z) + 1134f (5z) — 1134f (4z)
+ 756 f(3x) — 324 f(2x) — 3265839 f(z) = 0. (24)
Subtracting the equations (2.3) and (2.4), we get
37f(8x) — 240 f(7x) + 657 f(62) — 1008 f (5x) + 1002 f (4x)
—720f(3x) — 362523 f(2x) + 3628720 (z) = 0. (25)
Replacing (z,y) with (3z,2) in (1.1) and multiplying the resulting equation by 37, we find
37f(8x) — 333 f(7Tx) + 1332f(6x) — 3108 f(5x) + 4662 f (4x)
— 4662 (3x) + 3108 f(2z) — 13427855 (z) = 0. 26)
Subtracting the equations (2.5) and (2.6), we arrive at
93f(7x) — 675f(6x) + 2100f(5z) — 3660 (4x)
+ 3942 f(3z) — 365631 f(2x) 4+ 17056575 f (x) = 0. 27)
Replacing (x,y) with (2z,2) in (1.1) and multiplying the resulting equation by 93, we get
93f(7x) — 837 (6) + 3348 f(5z) — T812f(4x) + 11718 f(3x)
— 11625 f(2x) — 33740865 f(x) = 0. (28)
Subtracting the equations (2.7) and (2.8) and then dividing by 2, we obtain
81f(6x) — 6241 (5z) + 2076f (4z) — 3888 f(3x) 29)

— 177003 f(22) + 25398720 f () = 0.
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4 Solution and stability of nonic functional equations
Replacing (z,y) with (x,z) in (1.1) and multiplying the resulting equation by 81, we get

81f(6x) — 729f(5x) + 2916 f (4z) — 6723 f(3x)

+ 9477 f(2x) — 29400570 f (x) = 0. (2.10)
Subtracting the equations (2.9) and (2.10), we arrive at
105f(5x) — 840 f (4x) + 2835 f (3x) — 186480 f(2z) + 54799290 f (x) = 0. (2.11)
Replacing (z,y) with (0,z) in (1.1) and multiplying the resulting equation by 105, we get
105f(5z) — 840 (4z) + 2835 f(3z) — 5040f(2z) — 38097990 f (z) = 0. (2.12)
Subtracting the equations (2.11) and (2.12), we can obtain
—181440f(2z) + 92897280 f (x) = 0,
which gives
f(2z) =22 f(x). (2.13)
This completes the proof. O

A function A : X — X is said to be additive if A(x +y) = A(x) + A(y) for all z,y € X. Let
n € Z*t. A function A4, : X"® — Y is called n-additive if it is additive in each of its variables.
A function A, is called symmetric if A,(z1,...,7n) = An(Tr(1), -+ Tr(n)) for every permutation
{r(1),...m(n)} of 1,...,n. If A,,(21,...,25) is an n-additive symmetric map, then A, (x1,...z,), its
diagonal is the function A, (z, ..., z) for z € X and denoted by A™(z). Evidently, A™(rz) = r" A" (z)
whenever x € X and r € Q. Further the resulting function after substitution z; = --- =x; ==
and x;41 = - =z, =y in A,(x1,...,2,) will be denoted by A""~!(z, y).

A function p : X — Y is called a generalized polynomial function of degree n provided that there
exist A"(z) = A® € Y and i-additive symmetric function 4; : X — Y (1 <i < n) such that

p(x) =) Al(z)
i=0
for all x € X and A™ # 0. Let f : X — Y. The difference operator Aj, defined as follows:
Apf(z) = flz+h) = f(z)

for € X. In fact, a difference operator can be extended to an n-order difference operator in the
usual composition way by induction. For each h € X and n € Z* U {0}, define

At f(z) = Ap o A f(z)

with the convention AY f(z) = f(z) and A} f(x) = Ay, f(z). Furthermore, a more general difference
operator which was used in the Fréchet functional equation, can be defined as

Ah1 ,,,,, hn+1f(1.) = AnJrl 0---0 Ah1f($)»
where z,hy, ..., hn41 € X.
Lemma 2.2 (see [29]). Let G be a commutative semigroup with identity, S be a symmetric group
and n be a non-negative integer. Assume that the multiplication by n! is bijective on S, that is, for

every b € G, the equation nla = b has a unique solution in S. Then the function f : G — S is a
solution of Fréchet functional equation

Aml ..... Tpt1 f(l'o) =0
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for all xg,z1,...,xn11 € G if and only if f is a polynomial of degree at most n.

Theorem 2.3. A function f: X — Y is a solution of the functional equation (1.1) if and only if f
is of the form f(z) = A%(x) for all x € X, where A°(x) is the diagonal of the 9-additive symmetric
map A% : X° - Y.

Proof. We can rewrite the functional equation (1.1) in the form

£(0) = o3 [ +50) = f(o — 4y)] — 35 17+ 49) — (o~ 3y)]

2+ 30) — f@ = 29)] = 3 [f+29) — flz —y)] + fw +y) 29805 (y).

It follows from Lemma 2.2 that f is a generalized polynomial function of degree at most 9 and so
f is of the form

(2.14)

fl@)=> A™(x) (2.15)

for all x € X, where A%(z) = A° is an arbitrary element of Y and A"(z) is the diagonal of the
n-additive symmetric map A" : X” — Y forn =1,2,...,9. Since f(0) = 0 and f is odd, we have
A%z) = 0 and A?%(z) = A%(x) = A%(x) = A8(x) = 0. Thus, the expression (2.15) can be

f(x) = A%(x) + AT(z) + A%(2) + A®(2) + A'(2)
for all # € X. Since f(2x) = 2°f(x) and A" (rz) = r" A" (x) whenever x € X and r € Q, we obtain
29 (A"(z) + A%(z) + A%(z) + A'(z)) = 27 A"(2) + 2°A%(z) + 2°A%(2) + 24 (2).

Hence, we get A'(z) = — 52 (19247 (z) + 240A°(x) + 252A3(x)) and so A"(z) = A%(z) = A%(x) =
Al(z) = 0 for all z € X. Therefore, we obtain that f(z) = A%(x) for all z € X.

Conversely, assume that f(z) = A%(z) for all x € X, where A%(x) is the diagonal of the 9-
additive symmetric map A% : X? — Y. According to the definition of additive function, we get
nn—1)

2
A™(rz) = r"A"(z) for all n = 1,2,...,9 and A%!(z,ry) = rt A% (z,y) (s,t =1,2,...,8,s+t=09)
whenever z,y € X and r € Q. Letting the above equalities into (2.14), f satisfies the functional
equation (1.1). This completes the proof of Theorem 2.3. O

Az +y) = A"(x) + A™(y) + nA" Pz, y) + A2 (2 y) + -+ nAY T (3, y),

3. Stability of nonic functional equations

In this section, we prove the generalized Hyers-Ulam stability of the nonic functional equation
(1.1) in non-Archimedean normed spaces using the direct and fixed point methods. Throughout
this section, we define the difference operator

Af(z,y) =f(x+5y) — 9f(x + 4y) + 36 f(xz + 3y) — 84f(z + 2y) + 126 f(x +y) — 126 f ()
+84f(x —y) — 36f(z — 2y) + 9f(z — 3y) — f(z — 4y) — 9 f(y).

3.1. Direct method
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Theorem 3.1. Let X be an additive semigroup and Y be a non-Archimedean Banach space. Let
p: X x X —[0,00) be a mapping such that

2Mq, 2"
Tim_ W —0 (3.1)
for all x,y € X, and the limit
~ c p(27
Pa(x) o Jim max { (’0|<29|f) 0<j< n} (3.2)
exists for all x € X, where
- 1
olx) = o7 max{(0,2z), p(5x, x),|9|¢(4x, x),|37|¢(3z, x),

193 (2, ), [162[p(z, 2), [210]¢(0, z) }
for all x € X. Suppose that a mapping f : X — 'Y with f(0) = 0 satisfies

[Af(z,y)| < (z,y) (3.3)
for all z,y € G. Then there exists a nonic mapping N : X — Y such that
1
[1f(z) = N(2)]| < @@d(x) (34)
for all x € X. Moreover, if
1
lim lim max{ ——@(2%z): j<k<n4jp =0 (3.5)
j—00 n—0o0 |29|k

for all x € X, then N is the unique nonic mapping satisfying (3.4).
Proof. Replacing (x,y) with (0,2z) in (3.3), we get
[If(10x) — 8f(8x) + 27f(6x) — 48 f(4x) — 362838 (2z)|| < ¢(0, 2x) (3.6)
Replacing (x,y) with (5z,x) in (3.3), we have
If(10z) — 9f(9z) + 36 f(8x) — 84 f(Tx) + 126 f (6x) — 126 f (5x)
+ 84f(4z) — 36f(3x) + 9f(2x) — 362881 f(2)| < (52, x)
for all z € X. Subtracting (3.6) and (3.7), then
19£(9z) — 44.f(8z) + 84F(Tz) — 99f(63) + 126 (5z) — 132f (4z)
+ 36f(3x) — 362847 f(2x) + 362881 f(x)|| (3.8)
< max{(0, 2z), p(5z, )}

(3.7)

for all x € X. Replacing (z,y) with (42, z) in (3.3), we get
19£(9z) — 81f(8x) + 324f(Tz) — 756 (6) + 1134 (5z) — 1134 f(4x)
+ 756 f (3x) — 324 f(2x) — 3265839 f (x)| < |9|¢(4x, x)
for all x € X. Subtracting (3.8) and (3.9), we get
137F(82) — 240f(Tx) + 657 F(62) — 1008f(52) + 1002f (4z)
— 720f(3z) — 362523 (2z) + 3628720f (z)| (3.10)
< max{p(0, 2z), p(5z, ), |9 (42, 2)}
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for all x € X. Replacing (z,y) with (3z,z) in (3.3), we have
137 (8x) — 333 f(7x) + 1332f(6x) — 3108 f (5x) + 4662 f (4x)

3.11
— 4662f(3x) + 3108 (2z) — 13427855 (z)|| < |37|¢0(3z, 2) (3:11)
for all z € X. Subtracting (3.10) and (3.11), we find

193 (7x) — 675f(62) + 2100 (52) — 3660 () + 3942 (3z) — 365631 f(22) + 17056575 f (z)||

< max{p(0, 2z), ¢(5z, ), |9 (4z, x), |37|@(3z, )}

for all x € X. Replacing (z,y) with (2z,2) in (3.3), we get .
193f(72) — 837f(6) + 3348f (52) — T812f(4x) + 11718 (3x)
— 11625f(2x) — 33740865 (z)|| < |93| (2, x) (8.13)
for all x € X. Subtracting (3.12) and (3.13), we obtain
I8Lf(62) — 6241 (5z) + 2076 f (4z) — 3888 (3x) — 177003 f(2z) + 25398720 f ()|
< ﬁmax {cp(O, 2z), p(5z, ), |9|¢(4dx, ), |37|¢(3z, ), |93|¢(2z, x)} (3:14)
for all x € X. Replacing (z,y) with (z,z) in (3.3), we get
ISLf(62) — T29f(52) + 2916f (4z) — 6723 (3x)
+ 9477 £(22) — 29400570 (z)|| < [81]p(z, z) (8.15)
for all x € X. Subtracting (3.14) and (3.15), we find
1105.f (5) — 840 f(4x) + 2835 f (3z) — 186480 f(2x) + 54799290 f ()|
(3.16)

1
< g e {0(0,20), (50, 2), 9lg(4a2), [37)¢ (3,2), 193/ (22, 2), 1621, ) }

for all z € X. Replacing (z,y) with (0,z) in (3.16), we get
|1105f (5x) — 840 f (4x) + 2835 f(3z) — 5040 (2x) — 38097990 f (z)|| < |105|¢(0, ) (3.17)
for all x € X. Subtracting (3.16) and (3.17), we get
181440 f (2x) — 9289280 f (z)||
< ﬁ max {@(0, 2z), 9(52, x)), |9p (42, ), [37|0 (3, ), [93]p(22, x), [162|p (2, ), [210[¢ (0, 1‘)}
for all x € X. Thus, we deduce that
1£(22) — 2°f ()|

1
< o max {(0,22), ¢(52,2), 9] (4, 2), 137|o(32, 2), 193] (22, ),

19!

(3.18)
1162[i(z, 2),1210[5(0, 2) }
def _
= #(z)
for all x € X. Tt follows from (3.18), we have
f2x 1 .

|55 - 1) < o) (319)
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for all z € X. Replacing x by 2"z in (3.19), then we get

f 2n+1 2n N
H 29(n+1) H = |29|n+190(2 z)

(3.20)

for all z € X. From (3.20) and (3.1) the sequence {fzgn } is a Cauchy sequence. Since X is a non-

Archimedean Banach space, {f 229773)} is convergent. So, we can define the mapping N': X — Y

by N(z) = lim,—e0{ f(;gf)} for all z € X. By induction, we can show that

re it f(2in)
H 29n —J H - H Z 20G+1) 29 H
(3.21)
1 o(2x) .
< |29| max{ 129]7 :0<5< n}
for all z € X and n € N. By taking n — oo in (3.21) and using (3.2), we obtain the desired
inequality (3.4).
It follows from (3.1) and (3.3) that

JAf@ e, 2%)] < lim PE2:2")

A < 1 = 4=
AN @) < Jim o < Jim S

for all z,y € X. Then the mapping N : X — Y satisfies (1.1), that is, A is the nonic mapping.
To prove the uniqueness property of ./\f let N’ be another nonic mapping satisfying (3.4). Then

W (z) =N (@)]| = lim IV (272) = N'(272))

\29P

< lim ‘2;‘ max{[\N(2'z) — f(22)|. || f(2x) — N'(2) [}

! 1 1
< oy fm Jim, o {

for all x € X. It follows from

~/ok
lim lim max{¢(2 z)

Jj—00 n—00 |29|k

for all z € X that A/ = A’. This completes the proof.

:j§k<n+j}:0

Corollary 3.2. Let p: [0,00) — [0,00) be a mapping satisfying

p(I21t) < p(12D)p(8),  p(2]) <2/
forallt > 0. Let 8 > 0 be real number and f : X — Y be a mapping with f(0) = 0 satisfying

1Af (2, y)ll < 0(p(|z]) + p(ly]))
for all z,y € X. Then there exists a unique nonic mapping N : X — 'Y such that

1£(@) - Na)] < |§g|¢d<x> (3.22)

for all x € X, where

ax { p(121), (p(151) + 1), 91(p(14]) + 1),

371(p([31) + 1), [93(p([2]) + 1), [324], |210|}~
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Proof. If a mapping ¢ : X x X — [0,00) is defined by ¢(z,y) = 0(p(|z]) + p(|y])), then we would
have

i P22%) (p(IQI))"SD(x’y):O

n— oo |29|” n— oo |29‘

for all z,y € X since p(|2|) < |2|%, and

Fale) = Jim max{ o) e o} =

n—oo |29|j
exists for all x € X, where

p(lz])

o) =Ly

max {p(l2l), (p(I5]) + 1), [91(p([4]) + 1),

871(p(131) + 1), 193](p(121) + 1), 324|210/ }

for all x € X. Also, we get

1 _
lim ——3(27z) =0

00 nms0o T oo |2]%

1
lim lim max{pgkgp@kw) :j§k<n+j}

for all x € X. By applying Theorem 3.1, we obtain the desired result. This completes the proof. [

3.2. Fixed point method

Next, we investigate the generalized Hyers-Ulam stability of the nonic functional equation (1.1)
in non-Archimedean normed spaces using fixed point method. We recall the following fixed point
theorem which was proved by Diaz and Margolis.

Theorem 3.3. [7] Let (2,d) be a complete generalized metric space and T : Q — Q be a strictly
contractive mapping with Lipshitz constant L. Then, for any x € Q, either d(T"z, T" 'z) = oo
for all nonnegative integers n > 0 or other exists a natural number n, such that

(i) d(T"z, T" x) < oo for all n > n,;

(i) the sequence {T"x} is convergent to a fized point yx of T;

(#i) yx is the unique fized point of T in the set 1 = {y € Q: d(T"°x,y) < o0};

(i) d(y,yx) < ﬁd(y,Ty) for all y € Q.

Theorem 3.4. Assume that X is a non-Archimedean normed space and Y is a a non-Archimedean
Banach space. Let ¢ : X x X — [0,00) be a mapping such that there exists a constant 0 < L < 1
with

p(2x,2y) < 2°|Leo(a, y) (3.23)
and lim, . 537 0(2"%,2"y) = 0 for all z,y € X. If f : X — Y is a mapping with f(0) = 0
satisfying

[Af (@, y)]l < o(z,y) (3.24)
for all z,y € X, then there exists a unique nonic mapping N : X — Y such that
1 ~
— < 2
@) = N@)| € 77— 8) (3.25)
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for all x € X, where

~ 1
Pla) = roq max {900, 20), 0(52,2). 194 2), ¥Tl(3 ),

193/p(22, 2), [162|(w, ), |210[0(0, ) }.
Proof. From (3.18) we obtain
1
| £i) - 3 #(@) (3.26)

for all z € X. Let Q be a set of all mappings from X into Y and a generalized metric d on 2 as
follows:

d(g, h) = inf{ar € [0,00) : [lg(z) — h(z)| < ap(x), Vo € X},
where, as usual, inf ¢ = +00. It is easy to show that (2, d) is a generalized complete metric space.
Now, we consider the linear mapping T : ) — Q defined by
Tg(x) = 220
for all z € X. Let f,g € Q and a € [0,00) be an arbitrary constant with d(f,g) < a. Then
If(z) —g(z)|| < ap(x) for all z € X and so

for all z € X. Thus, d(f, g) < « implies that d(T'f,Tg) < L. This means that
d(Tf,Tg) < Ld(f,9)
for all f,g € Q. It follows from (3.18) that d(T'f, f) < |29 for all z € X. From the conditions (2)

and (3) of Theorem 3.3, there exists a mapping A/ : X — Y, which is a unique fixed point of T" in
the set 1 = {g € Q:d(f,g) < oo}, such that

—0(22) < aLp(x)

N(z) = lim Lf(Q"x)

for all z € X since lim, o d(T™f,N') = 0. Again, from the condition (4) of Theorem 3.3, we

obtain
1 1

A N) < 7oA S =gy

which implies the inequality (3.25).
If we replace = by 2"z and y by 2"y in (3.3), then we obtain
Af(2"z, 2"y
A 2n
| A1) < 1A @2 < e
for all z,y € X. Taking as the limit n — oo in (3.27), we deduce that AN (z,y) = 0 for all
z,y € X. That is, the function N': X — Y is nonic, as desired. This completes the proof. O

w2z, 2"y) (3.27)

Corollary 3.5. Let X be a non-Archimedean normed space over K and Y be a non-Archimedean
Banach space. Let @ > 0 be real number and f : X — Y be a mapping with f(0) =0 satisfying

[Af(z,y)|l <0
for all z,y € X. Then there exists a unique nonic mapping N : X — 'Y such that

0
@) - N < e

(3.28)
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Corollary 3.6. Let 8,p > 0 be real numbers with 0 < p <9 and f : X — Y be a mapping with
f(0) = 0 satisfying

1Af ()l < O ]” + lyl”)

for all z,y € X. Then there exists a unique nonic mapping N : X — 'Y such that

17(2) =N @) < vt (329)

| = [27]

for all x € X, where

1
My = g mane {127, 517 1, 010417 + 1), 1371817 + 1) 1931127 +1), 3241, 210/}

Corollary 3.7. Let 0,p,q > 0 be real numbers with p+q <9 and f: X — Y be a mapping with
f(0) = 0 satisfying

1Af @z, )l < Oll]Pllyll?

for all z,y € X. Then there exists a unique nonic mapping N : X — 'Y such that

oM,
[f(z) = N(z)| < Wllwllp“ (3.30)
for all x € X, where
1
My = rog s {317 91140 371307, 931217, 11621 }

Remark. Let X be a normed space and Y be a Banach space in Theorem 3.5. Let ¢ : X x X —
[0,00) be a mapping such that there exists a constant 0 < L < 1 with

o(2z,2y) < 2°Lo(x,y)

for all z,y € X. Suppose that f : X — Y be a mapping with f(0) = 0 satisfying ||Af(z,y)] <
o(x,y) for all x,y € X. Using the fixed point method, we can show that there exists a unique
nonic mapping A : X — Y satisfying (3.24) and

@) = N @) < 5= p55(@) (331)

where
N 1
B() = 57 ((0,20) + (52, 2) + 9 (42, 2)
+ 370 (3z, ) + 930(27, ) + 1620(x, ) + 210(0, x))

for all z € X (see [15]).

It is easy to show that the approximation in non-Archimedean normed space (see (3.25)) is
better than the approximation in (Archimedean) normed space (see (3.31)).
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