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On generalized Fibonacci k-sequences and Fibonacci k-numbers

Hee Sik Kim, J. Neggers and Choonkil Park*

ABSTRACT. In this paper analogs of Fibonacci sequences and Fibonacci num-
bers as well as Fibonacci functions (the case n = 2) for cases n = 3,4,---

are introduced. It is shown that these analogs are related to each other in a

Fri1
Fy,

then o1 = Lo = 255 < o3 < - < < - < limn—yoo on = 2. Many

regular manner and that if lim,— oo = ¢y, for a Fibonacci k-sequence,
identities of types similar to those which hold for the case n = 2 (i.e., the Fi-
bonacci case) are also established, indicating the existence of a larger theory

of which the Fibonacci case is an integrated part.

1. INTRODUCTION

Fibonacci-numbers have been studied in many different forms for centuries and the litera-
ture on the subject is consequently incredibly vast (see [1, 3, 4, 9]). Han et al. [5] considered
several properties of Fibonacci sequences in arbitrary groupoids. Kim et al. [7] introduced the
notion of generalized Fibonacci sequences over a groupoid and discussed these in particular
for the case where the groupoid contains idempotents and pre-idempotents.

In [6], Han et al. discussed Fibonacci functions on the real numbers R, i.e., functions
f:R — R such that for all z € R, f(x +2) = f(x + 1) + f(z), and developed the notion of
Fibonacci functions using the concept of f-even and f-odd functions. Moreover, they showed

that if f is a Fibonacci function then lim,_, f Sf”(;)l) = 1+2\/5.

Kim et al. [7] discussed Fibonacci functions using the (ultimately) periodicity and they also
discussed the exponential Fibonacci functions. Especially, given a non-negative real-valued
function, they obtained examples of several classes of exponential Fibonacci functions.

In this paper we introduce the family of Fibonacci k-sequences, where {F,}¥_, is a Fi-
bonacci k-sequence provided F(n+k) = F(n+k—1)4---+ F(n) foralln € N ={1,2,---}.
Thus, if k£ = 2, then F(n+2) = F(n+ 1)+ F(n) and {F(n)}*_, is an ordinary Fibonacci se-
quence. Similarly, for k£ = 3, we obtain the formula F'(n+3) = F(n+2)+F(n+1)+F(n), where
F(0), F(1), F(2) may be taken as arbitrary elements of an abelian group A, usually taken to
be the group of integers, rationals, real or complex numbers. If F'(0) = F(1) = F(2) = 1,
then we will consider this special case, i.e., {1,1,1,3,5,9,17,31,---} the sequence of Fi-
bonacci 3-numbers. The properties of this sequence can be expected to be analogous to
those of the sequence {1,1,2,3,5,8,---} of Fibonacci (i.e., Fibonacci 2-) numbers. Thus, e.g.,

lim,,— o0 F%:l = p3(= 1.839) is an analogue of py = %, the golden section. What this
number 3 may mean in other settings is itself a question of interest as is the question of

2010 Mathematics Subject Classification: 11B39, 39A10.
Key words and phrases: ((«, 3,7)-)Fibonacci (k-)function, ((«, 3,~)-)Fibonacci k-sequence.
*Correspondence: +82 2 2220 0892(phone), +82 2 2290 0019(fax) (C. Park).
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whether and where this number can be observed in nature. It turns out that the correspond-

ing sequence ¢1 = 1, = # <y < s <o < ee < limyp e (o, = 2 s itself a sequence
of interest as we hope to show below as well.

From Fibonacci sequences to go to Fibonacci functions in a natural way has proven to be
interesting and it has yields a theory of such functions [6, 8]. The second part of this paper
is concerned with the introduction of Fibonacci k-functions, where a real-valued function
f:R — R is a Fibonacci k-function if f(x + k) = f(z+k—-1)+ f(z +k—2)+ -+ f(z).
Again, in analogy with the class of Fibonacci 2-functions (i.e., Fibonacci functions), we are
able to construct many examples of such functions for k = 3,4,5,--- etc., indicating that
there is a great deal of material which has yet to be uncovered in this area. Nevertheless, it
is clear that there is much work to be done, some of which we will discuss below in further
detail.

2. PRELIMINARIES

A function f defined on the real numbers is said to be a Fibonacci function ([5]) if it satisfies
the formula

(1) flx+2) = flz+1)+ f(z)
for any = € R, where R (as usual) is the set of real numbers.

Example 2.1. ([6]) Let f(z) := a® be a Fibonacci function on R where a > 0. Then
a*a’? = f(z+2) = f(x+1)+ f(z) = a®*(a+1). Since a > 0, we have > = a+1 and a = 1+—2‘/5

Hence f(z) = (1+2\/5)a: is a Fibonacci function, and the unique Fibonacci function of this type
on R.

Example 2.2. ([8]) (a). A function f(z) = (z — LxJ)(H'T‘/g)I is a Fibonacci function.
(b). A function f(x) defined by

Fa) = {(x— ) (55 ifweq
—(z — ij)(l‘g\/g)x otherwise

is a Fibonacci function.
(c). A function f(x) = sm(mv)(@)“c is a Fibonacci function.

Proposition 2.3. ([5]) If f(z) is a Fibonacci function, then
. flz+1) 1445
lim =

wooe f() 2
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3. HIGHER FIBONACCI k-SEQUENCES

Let a, 3,7 be non-zero integers. A sequence {F,} is said to be an («,f3)-Fibonacci 2-
sequence if F1 = a, Fy = B and Fy 49 = Fy1 + F, forn =1,2,3,---. A sequence {F),} is said
to be an («, B, 7)-Fibonacci 3-sequence if F1 = a, Fy = §, F3 =y and F13 = Fypo+Fpi1+F,
forn =1,2,3,---. Especially, if « = =1 or a = 8 =~ = 1, then we say {F,} a Fibonacci
2-sequence or a Fibonacci 3-sequence respectively.

Example 3.1. (a). It is well known that {1,1,2,3,5,8,13, - } is the Fibonacci 2-sequence.
(b). {1,1,1,3,5,9,17,31,57,105, 193, 355,653, - - - } is the Fibonacci 3-sequence.

We give some formulas for the Fibonacci 3-sequence as follows.

Proposition 3.2. If {F,} is the Fibonacci 3-sequence, then

(1) Fn:%[(Fn-i-fﬂ_Fn-&-l)_(Fn+2_Fn)]‘

Proof. Since Fy3 = Fy42 + Ft1 + Fy, we obtain F43 — Fy11 = Frqo + F,,. It follows
that

2F, = (Foq2+ Fy) — (Fog2 — Fp)
= (Fn+3_Fn+1)_(Fn+2_Fn)
so that we obtain the equality (1). O

Proposition 3.3. If {F,,} is the Fibonacci 3-sequence, then

2) Fre = 5[(Fars = Fat) + (Farz — Fo)].

Proof. Since F,i13 = Fpyo + Fhi1 + F, we obtain F43 — Fop1 = Fhpo + Fiy. 1t follows
that

(Fngs = Fpg1) + (Fo2 — F) = (Fago + Fo) + (Fug2 — Fr)
= 2l
so that we obtain the equality (2). g
Proposition 3.4. If {F,} is the Fibonacci 3-sequence, then

(3) FuFus = 1[(Favs = Fa1)? = (Fass = Fa)’).
Proof. 1t follows that
AF Fnyo = Fi o+ 2F,Fuio+F2—F2 4+ 2F,Fy 90— F2
(Fn+2 + Fn)2 - (Fn+2 - Fn)2
= (Fhts — Fn+1)2 — (Fay2 — Fn)2
so that we obtain the equality (3). O
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Proposition 3.5. If {F,,} is the Fibonacci 3-sequence, then
Fois=2(F1+F+---+F,)+ Foq

where Fy = —1.
Proof. Since F,13 = Fyyo + Fri1 + F,, we obtain Fy — Fy, = Fy + Fy, Fy — F3 = F» +
Fy, - Foys — Fuio = Fup1 + F,, which proves the proposition. O

4. SOLUTIONS OF A FIBONACCI POLYNOMIAL &, (z).

Given a natural number n, we define a polynomial &, (z) by
bn(x) =2 —a" -2 - — 1.

We call such a polynomial &, (z) a Fibonacci polynomial. Let ¢,, be the largest real root of the
equation &, (x) = 0. Then &,(2) = 2"—(2" 142" 24.. .424+1) = L and &, (1) = 1-n < 0 when
n>1. Letx >2 Thena"—1= (z—1)(z" 1 +2" 2+ 4z+1) > 2" 1 +2" 24+ 4o +1.
It follows that &,(z) = 2" — (2" 14+ 2" 2+ .-+ 2+ 1) > 1 = ,(2). Hence we obtain
1< e, <2foralln € N. If n =1, then & (z) = 2 — 1 and ¢ = 1, and if n = 2, then

52(x):x2—x—1and902:1+—2‘/5.

Proposition 4.1. Let {¢,} be the sequence of the largest roots of &,(x) = 0. Then it is
increasing, i.e., pn < @np41 for alln € N and lim, o o, < 2.

Proof. Since ¢, is the largest real root of &,(x) = 0 for all n € N, &,—1(pp—1) = 0. It
follows that

(4) Pn1=Cpiten it et L
If we let = := ¢, in &,(x) = 0, then by (4) we have
Enlpn-1) = na— (PR i+en i+ T ona+1

= 802—1 - 2902:%
"N pn-1—2)
< 0.

Since ¢, is the largest real root of &,(z) = 0, we obtain ¢,_; < ¢, for all n € Z with n > 2.
Since {p,} is an increasing sequence and it is bounded above, we have lim,,_, ¢, < 2. O

Given a Fibonacci 3-sequence {F}, }, we consider the following sequence {FZ’;—?}

F,
{?“} ={1,1,3,1.667, 1.8, 1.889, 1.832, 1.839, 1.842, 1.838,1.839, 1.839, - - - }

Thus we expect that the limit lim,, oo F}f is approximately 1.839.

Note that lim,,— o0 F}}—:l = 1+72\/5 for the Fibonacci 2-sequence.

A quick computation yields £3(1.839) = (1.839)% — (1.839)? — 1.839 — 1 = 0.002, i.e.,
F3(1.839) = 0.002 = 0.
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Since (3 is the largest real root of &3(x) = 0, we obtain &3(z) = (x — ¢3)(2? + ax + j3) for
some «, 5 € R. It follows that

&(z) = 2% + (o — p3)2® + (B — aps)z — 93

It follows that @ — p3 = —1,8 — aps = —1 and —p3B = —1. Hence f = aps — 1 =
(p3— 13 —1=p3—p3—1and a® —48 = —3p3 +2p3+5 = —1.468 < 0 if we let 3 = 1.839.
This means that 2% + ax 4+ 8 = 0 has imaginary roots. Let p1, p2 be roots of 2 + ax + 8 = 0.

Then p; = —% +iy/8— +a2 and |p;|| = \/% < 1. If we let 7 := arg(—% +iy/B — 1a?),

then p; = \/% exp’” and py = \1ﬁ exp~ 7. If we let @3 = 1.839, then 3 = 3.382 and hence
B=p3—p3—1=0.543 and @ = 0.839. Hence 2° —2?—x—1 = (z—1.839)(2%+0.8392+0.543)
and p; = —0.420 % 0.606i.

2

Now, we may assume the polynomial 23 — 22 — 2 — 1 = 0 is the characteristic equation of
"

the linear operator &,, the Fibonacci 3-sequence (as in a linear differential equation: y"”" —

y"”" —y' —y = 0) which means that the roots ¢3, \/%e”', \/%e*ﬂ provide the expression:
1 ; 1 ;
5 F — A n + B nen‘rl + C nefnT’L
for some A, B,C € R.
Theorem 4.2. If F,, is of the form (5), then
1.1 A o 1 1. . A
A:Z[?(e%'z_e 27@) + @3\/7( 7)(6 T’L_eT’L)]’
3
_ 1 (270 _ 270 1 1 sz LTI
where A = SDg(e e ) + \/@—3(14—%%)( e™).
Proof. If we take n = 1,2,3 in (5) respectively, then we have
1= Fl T’L 1 —T1
\/<P3 \/903
A 1 .
1=F = A +B 2627'1 +O(— 26—272’
3 + B( \/@) ( m)
1 , 1 .
1=F;= A(p% + B(@f)efﬂﬂ + C(?)Be—&m.
Using Cramer’s rule we obtain
©3 %e‘ri %6777:
A— 90;27, (%)26271 (%)267271
@% (%)36371 (\/%)36—371
which becomes
1, 1 1
A= 7(6 T 727'1) + 7( + 7)( —Ti Tl)
3 Ves ¢y
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by simple computations. To obtain A, we change the first column into 1’s in A.

1 _L i L i
A:l 1 (i‘;%zn‘ (iy’)zeﬁn‘
A ° 33 8m (Y103 —3ri
L (7)™ ()7
which becomes
1.1 . ) 1 1 )
A= ] — 627'1 _ 6—271 + 14+ — —Ti et ’
N s0§( ) > \/973( ( ), |
by simple computations. This proves the theorem. O
Note that we can obtain the coefficients B, C, but it is not necessary to find those. Since
\/% = \/114_7, we obtain that limn%oo(\/%)” = 0 and hmnﬁoo(r) [Be™ + Ce™™™] =
0. Hence lim,_ oo 5—%{ = A. Thus lim, 5;};1 = lim,—oo % = 1. It follows that
n n 3
hInn—>c>o Fn+1 = ©3-

Example 4.3. To approximate A we may take an expression A = % for a “sufficiently large

n and a sufficiently accurate value of 3”. Thus, if n =5, then F5 = 9 and (1.839)% = 21.033

and hence A = 0.428. If n = 7, then Fy = 31,¢" = 71.132 and hence A = i; = 0.436. If
P3
n = 12, then Fio = 653, (1.836)12 = 1496.145 and hence A = @ 839)12 = 0.436.

5. HiIGHER FIBONACCI k-FUNCTIONS

Let k£ > 2 be an integer. A function f defined on the real numbers is said to be a Fibonacci
k-function if it satisfies the formula

(2) fle+k)=fle+k-1)+flz+k—-2)+ -+ f(z+1)+ f(2)
for any € R, where R (as usual) is the set of real numbers.

Example 5.1. Let f(z) := ¢%. Then f(z +3) = ¢35 = <p3<,03 and f(z+2)+ f(x + 1)+
F(x) = 057 + 95 + 0§ = p§[pf + 93 + 1]. Since @3 = ¢3+ @5 +1, f(x) = ¢§ is a Fibonacci
3-function.

In a similar manner, we know that g(z) = ¢¥ is a Fibonacci 2-function where 2 = 1+—2‘/5

Similarly, h(z) = ¢ defines a Fibonacci k-function.
Example 5.2. Let ¢, := wh and f(z) := Aw!®)#* where A € R. Then we have
Flatk) = Awlethlgeth
= Awl®lgrulor
= Aul®lgT(1 4wl + -+ PR
_ Awlelgr 4 Aplerigett Lo g letko1] gek
= fl@)+ fle+1)+--+ flz+k-1).
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Hence f(x) = Aw!®)#® is a Fibonacci k-function.

Note that the collection of all Fibonacci k-functions over the real numbers forms a vector
space over R.

Proposition 5.3. Let f(x) be a Fibonacci k-function. If we define g(x) := f(x +t) where
t € R for any x € R, then g(x) is also a Fibonacci k-function.

Proof. Since f(x) is a Fibonacci k-function, we have

glx+k) = flz+k+1t)
= fartt+k—10)+flr+t+k—2)+ -+ flz+1)
= glz+k—-1)4+g(z+k—-2)+---+g(x+1)+g(x),
proving that g(x) is also a Fibonacci k-function. O

):1:+t

For example, a function ¢g(z) := (3 is a Fibonacci 3-function.

Theorem 5.4. Let oy, be the largest real root of Fy(x) = 0 and let pp = w161 = waby =
-+ =wnOy, where w;,0; € R. If we define F(x) := Z,fil Aiw}gﬁJ 67, then F(z) is a Fibonacci
k-function, where A; € R.

Proof. Given x € R, we have

N
Fla+k) = > Awl gtk
=1
N
= 3 Awloruler
=1
N
= Z Ai‘*’z‘w 07 o}
=1

N
= > Awlor A 4wl + -+

i=1
- Ed - lz+1] > |z+k—1]
_ ZAZWZ:E Gf +ZAiwi:E+1 07:;54»1 44 ZA1WZm+ -1 G;t+k71
i=1 i=1 i=1
= Fle)+Fla+1)+---+Fla+k-1),
proving that F'(z) is a Fibonacci k-function. O
Example 5.5. In Example 5.2, if we let A := 1 and w := n a natural number, then
©r = nf. Assume f(x) := nl®1¢*. Then f(z) = nl®¢* = nm(%)m = nlel=2 ()%, If we let

x = 2.5, then |2.5] = 2. Hence f(2.5) = nl25/=25(y;)25 = in((pk)Q, /or. If we let n =8,
since {yx} goes to 2, we obtain f(2.5) = %22\5 =2
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Proposition 5.6. Let f(x) be a Fibonacci k-function and differentiable (integrable, resp.).
Then its derivative(integration, resp.) is also a Fibonacci k-function.

Example 5.7. Consider a Fibonacci k-function f(z) := ¢%. Then f(z) = e*!"¥* and
hence f/(z) = (e®M¥k)" = Inpe® ™% = ¥ Inp, = f(z)lng,. Hence f'(z) is a Fibonacci
k-function. Similarly, if we define g(z) := [ e“™ ¥k du, then g(z) = 1n1wk [of — 1] and ¢'(z) =
lniok [or Inpy, — 0] = ¢f. Hence g(x) is also a Fibonacci k-function.

Example 5.8. In Example 5.2, if o) = wé, then f(z) := Aw l2]9 is a Fibonacci k-function.
Since L8t — (Awlet]ge+l) /(Awl=)97) = wh = ¢y, we obtain lim,_. L850 = o)

/(@) (z)
Conjecture. If f(z) is a Fibonacci k-function, then
L fle+1)
o fa)
It is known that if f(z) is a Fibonacci 2-function, then limg_,o % = 2 [5].

6. FIBONACCI k-SEQUENCES AND FIBONACCI k-NUMBERS

Proposition 6.1. Let f(x) be a Fibonacci 3-function, then
flx+n+2)=anf(z+2)+ Buf(z+ 1)+ f(z)

for all natural numbers n, where {a,} is an (1, 2,4)-Fibonacci 3-sequence, {3} is an (1,2, 3)-
Fibonacci 3-sequence and {~,} is an (1,1, 2)-Fibonacci 3-sequence.

Proof. Let f(x) be a Fibonacci 3-function. Then f(z +3) = f(z +2) + f(x + 1) + f(z),
and f(z+4)=2f(x+2)+2f(x+ 1) + f(x) for all z € R. In this fashion we obtain

fla+5)=4f(x+2)+2f(x+ 1)+ 2f(x),
flea+6)=7f(x+2)+6f(x+1)+4f(z),
flea+7)=13f(x+2)+11f(z+ 1)+ 7f(x),
flx+8)=24f(x+2)+20f(x+ 1)+ 13f(z).
The sequence {ay,} of coefficients of f(x + 2) is 1,2,4,7,13,24, - - -, the sequence {5, } of the
coefficients of f(z + 1) is 1,2,3,6,11,20,--- and the sequence {7,} of coefficients of f(z)
is 1,1,2,4,7,13,---. This shows that {«a,} is the (1,2,4)-Fibonacci 3-sequence, {3} is the
(1,2, 3)-Fibonacci 3-sequence and {v,} is the (1, 1,2)-Fibonacci 3-sequence. This shows that
fle+n+2)=a,f(x+2)+ Byf(x+ 1)+ v, f(x), proving the theorem. O

Corollary 6.2. Given a natural number n, we have

907?}_‘_2 = an@% + /Bn(P?: + Y

where {a,, } is the (1,2, 4)-Fibonacci 3-sequence, {5, } is the (1,2, 3)-Fibonacci 3-sequence and
{n} Is the (1, 1,2)-Fibonacci 3-sequence.

Proof. f(x) = ¢% is a Fibonacci 3-function. O
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Theorem 6.3. Let a, b, ¢ be non-zero integers. If we define f(x+3) :=af(x+2)+bf(x+
1) + cf(z) for all x € R, then

fle+n+2)=anf(z+2)+ fnf(z+1) +mf(2)

for all z € R and n > 4, where {ay,} is a (a,a® + b, a® + 2ab + ¢)-Fibonacci 3-sequence, {,}
is a (b,ab + ¢, a?b + ac + b*)-Fibonacci 3-sequence and {v,} is a (c, ac, a’c + bc)-Fibonacci
3-sequence.

Proof. Since f(zx + 3) := af(z +2) +bf(x + 1) + cf(x), we let (aq,51,71) = (a,b,c).
flz+4)=af(x+3)+bf(x+2)+cf(z+1) = alaf(x+2)+bf(x+1)+cf ()] = (a®> +b) f(z+
2)+(ab+c) f(x+1)+acf(x) leads to (az, B2, 72) = (a®+b, ab+c,ac). By simple computations,
we obtain f(z +5) = (a® + 2ab+ ) f(x +2) + (a®b + ac + b?) f(x + 1) + (ac + be) f(x). Let
(as, B3,73) := (@ + 2ab + ¢, a®b + ac + b?, a*c + be). We compute f(z + 6) as follows:

flx+6) = af(x+5)+bf(x+4)+cf(x+3)
= alazf(r+2)+ Baf(z+1) +73f(2)]

blaaf(z +2) + Bof(z + 1) + 72 f (2)]

clarf(r +2) + Bif(z +1) +1f(z)]

= (aaz +baz +con)f(z +2) + (aBs + bB2 + cf1) f(x + 1)

+  (ay3 +by2 4+ en) f(x),

ie., ag = aag + bas + cay,Bs = afs + bPs + ¢f1 and v4 = ays + by + ¢y If we let
Qp = a1 + bay o + can_3, B, = aBn_1 +bBn—2+ cBy3 and v, = ayp—1 + b2+ cyn-3
for n > 4, then {a,} is an (a,a® + b,a® + 2ab + ¢)-Fibonacci 3-sequence, {8,} is a (b, ab +
c,a’b + ac + b%)-Fibonacci 3-sequence and {v,} is a (c,ac,a?c + be)-Fibonacci 3-sequence.
Hence f(x +n+2) = anf(x +2) + Bnf(z + 1) + 4 f(x) for all n > 4. This proves the
theorem. O

+
_|_

Note that Proposition 6.1 is a special case of Theorem 6.3 if we let a =b=c=1.
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CONVERGENCE OF SP ITERATIVE SCHEME FOR THREE
MULTIVALUED MAPPINGS IN HYPERBOLIC SPACE

BIROL GUNDUZ AND IBRAHIM KARAHAN

ABSTRACT. The present paper aims to deal with multivalued version of SP
iterative scheme to approximate a common fixed point of three multivalued
nonexpansive mappings in a uniformly convex hyperbolic space and obtain
strong and A-convergence theorems for the SP process. Our results extend
some existing results in the contemporary literature.

1. INTRODUCTION

Fixed point theory is one of the most important area of nonlinear analysis and
it has applications in different disciplines of science such as in economics, biology,
chemistry, engineering and technology, game theory and physics. It has become
attractive to many scientists because it directly affects our daily lives. Iterative
methods play an important role in calculating the fixed point of nonlinear mappings
(see [16, 17, 18, 19]). The oldest known iterative method is Picard iteration which
is the pioneer of iterative approximation of fixed point of different class of nonlinear
mappings.

W.R. Mann [1], S. Ishikawa [2], M. A. Noor [3] introduced the Mann, Ishikawa,
Noor iteration process respectively for a single valued map T defined on nonempty
subset of a normed space. Metric space versions of these iterations are following:

(Mann) Up4+1 = w (u’ru Tunv a’ﬂ) )

. Unp+1 = (Una Tv,, a7l)
(Ishlkawa) Uy = (un’ Tunﬂn) ’

Upy1 = (Un, TVn, tp)
(NOOI‘) Un = (unaTwn76n) 5
Wy = (U, Tn, )
where {a,, }, {8,,} and {v,,} are sequences of real numbers in [0, 1].
In 2008, Thianwan [4] introduced a new two steps iteration. Gunduz et al. [20]
modified this iteration process as following and used for computing fixed point of
nonexpansive mappings in hyperbolic spaces.

Up4+1 = (’Un,T'Un,Oén)
Up = (Un7Tun>6n) ’

where {ay,,} and {3,,} are sequences in [0, 1].

(Thianwan)

2000 Mathematics Subject Classification. 4TH10, 54H25.
Key words and phrases. fixed point; hyperbolic space; multivalued map; A-convergence.
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In 2011, Phuengrattana and Suantai [5] gave the SP iteration which defined in
metric spaces as follows:

Un+1 = (Un; T’Un, an)
(SP) Un = (wanwnyﬁn) s
Wy = (U7u Tup, "Yn)

where {a, }, {8,,} and {v,,} are sequences of real numbers in [0, 1].

They also showed that SP-iteration is a generalized version of Mann, Ishikawa,
Noor iterations and converges faster than all of others for the class of non-decreasing
and continuous functions and they supported their analytical results by numerical
examples. Chugh and Kumar [6] showed that the SP iterative scheme converges
faster than the new two step iterative schemes of Thianwan [4] for increasing func-
tions and decreasing functions.

On the other hand, it is well known that the theory of multivalued maps is more
complex than according to the theory of single valued maps. Now we discourse on
multivalued maps.

Let FE be a metric space and D be a nonempty subset of E. If there exists an
element k£ € D such that

d(z, k) = inf{d(x,y) : y € D} = d(z, D)

for each = € F, then the set D is called proximinal. We shall denote the compact
subsets, proximinal bounded subsets, and closed and bounded subsets of K by
C(D), P(D), and CB(D), respectively. A Hausdorff metric H induced by the
metric d of F is defined by
H(A, B) = max{sup d(z, B), sup d(y, A)}
z€A yeB

for every A, B € CB(FE). A multivalued mapping T : D — P(D) is said to be a
contraction if there exists a constant k € [0, 1) such that for any =,y € D,

H(Tz,Ty) < kd(z,y),
and T is said to be nonexpansive if
H(Tz,Ty) < d(z,y)

for all x,y € D. A point p € D is called a fixed point of T if p € T'p. Denote the
set of all fixed points of T by F(T).

By using the Hausdorff metric, Markin [7, 8] studied the fixed points of multi-
valued nonexpansive mappings and contractions. Moreover, Lim [33] proved the
existence of fixed points for multivalued nonexpansive mappings under suitable
conditions in uniformly convex Banach spaces. Later on, since the fixed point
theory for this kind of mappings has a lot of application areas such as convex opti-
mization problem, control problem and differential inclusion problem (see, [9] and
references cited therein), an interesting fixed point theory was developed. From
then on different authors have studied on the convergence of fixed points for this
class of mappings in convex metric spaces. For instance, Shimizu and Takahashi
[25] generalized the results of Lim [33] to the convex metric spaces. The study of
multivalued maps is a rapidly growing area of research (see, [10, 11, 12, 13, 14, 15]).

Shahzad and Zegeye [13] studied strong convergenge of Ishikawa iterative process
for quasi-nonexpansive multivalued maps in uniformly convex Banach spaces. They
defined Ishikawa iteration as follows:
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Let T: D — P(D) and Pr(z) ={y € Tz : d(z,y) = d(x,Tz)}. The sequence of
Ishikawa iteration is defined by zg € D,

Yn = (1 - bn)mn + bnzny
Tpy1 = (1 —an)xn + anz;b,

where z, € T, z, € Ty, and {a,}, {b,} are sequences of real numbers in [0, 1].

In this paper, we first give multivalued version of the SP iteration scheme in
Kohlenbach hyperbolic spaces and then use this scheme to approximate a common
fixed point of three multivalued nonexpansive mappings. Our results improve and
extend current results in recently literature by via faster, more general iteration
and more general space.

2. HYPERBOLIC SPACES AND LEMMAS

There are different definitions for hyperbolic space in mathematics. We will
study in the hyperbolic space defined by Kohlenbach [22]. We review hyperbolic
space and it’s features in this section.

Definition 1. [22] A metric space (E,d) is said to be hyperbolic space if there exists
a map W : E? x [0,1] — E satisfying:

Wi, d(u, W (z,y,a)) < (1 —a)d(u,z) + ad (u,y)

W2. d(W(.’E,y,Oz) 7W($7yaﬁ)) = |a_ﬂ|d($’y)

W3. W (z,y,a) =W (y,z, (1 — a))

W4 d(W (z,z,0) , W (y,w, ) < (1 —a)d(z,y) + ad (z,w)

for all x,y,z,w € E and «, 3 € [0,1].

A metric space (F,d) is called a convex metric space introduced by Takahashi
[23] if it satisfies only W1. Every normed space (and Banach space) is a special
convex metric space, but the converse of this statement is not true, in general (see
[16]). The class of hyperbolic spaces includes normed spaces, the Hilbert ball (see
[24] for a book treatment) and CAT (0)-spaces. The readers can found detailed
discussion in [21].

Definition 2. [25] A hyperbolic space (E,d, W) is said to be uniformly convex if
for all u,z,y € E, r >0 and € € (0,2], there exists a 6 € (0,1] such that

(E)i S s a(w(end) ) <a-or

A map 71 : (0,00) x (0,2] — (0,1] which provides such a § = n(r,e) for given
r >0 and € € (0,2], is called modulus of uniform convexity. We call n monotone if
it decreases with 7 (for a fixed €). A subset D of a hyperbolic space E is convex if
W(z,y,a) € D for all z,y € D and « € [0, 1].

Now, we give definition of A-convergence which coined by Lim [26] in general
metric spaces. To give the definition of A-convergence, we first recall the notions
of asymptotic radius and asymptotic center. Let {z,,} be a bounded sequence in a
metric space E. For x € E, define a continuous functional r (., {z,}) : E — [0, 00)
by r (z,{z,}) = limsup,, ., d(z,z,). Then the asymptotic radius p = r ({z,})
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of {z,} is given by p = inf {r (z,{z,}) : © € E} and the asymptotic center of a
bounded sequence {z,,} with respect to a subset D of E is defined as follows:

Ap ({zn}) ={x € E:r(z,{zn}) <7 (y,{z,}) for any y € D}.

The set of all asymptotic centers of {z,} is denoted by A({z,}).

It has been shown in [29] that bounded sequences have unique asymptotic center
with respect to closed convex subsets in a complete and uniformly convex hyperbolic
space with monotone modulus of uniform convexity.

A sequence {z,,} in F is said to A-converge to z € E if x is the unique asymptotic
center of {u,} for every subsequence {u,} of {z,} [27]. In this case, we write A
-lim, z,, = =.

We want to point out that A—convergence coincides with weak convergence in
Banach spaces with Opial’s property [30].

Kirk and Panyanak [27] specialized this concept to CAT(0) spaces and showed
that many Banach space results involving weak convergence have precise analogs
in this setting. Dhompongsa and Panyanak [28] continued to work in this direction
and studied the A-convergence of Picard, Mann and Ishikawa iterates in CAT(0)
spaces. Khan et al. [31] was studied this concept in hyperbolic spaces and they
gave a couple of helpful lemma as follows.

Lemma 1. [31] Let (E,d, W) be a uniformly convex hyperbolic space with monotone
modulus of uniform convexityn. Let x € E and {a,} be a sequence in [b,c] for some
b,c€ (0,1). If {zn} and {yn} are sequences in E such that limsup,,_, . d(z,,z) <
r,limsup,, . d(Yn,z) <7 and lim,— oo d(W (2, Yn, ) ,x) =1 for some r > 0,
then lim,, o d (2, yn) = 0.

Lemma 2. [31] Let D be a nonempty closed convex subset of a uniformly convex
hyperbolic space and {x,,} be a bounded sequence in D such that A ({z,}) = {y} and
r({zn}) = p. If {ym} is another sequence in D such that lim,,—.co 7 (Ym, {zn}) = p,
then limy, oo Ym = Y.

The following useful first lemma can be found in [14] gives some properties of
Pr in metric (and hence hyperbolic) spaces and second can be found in [8].

Lemma 3. [14] Let T : D — P(D) be a multivalued mapping and Pr(z) =
{y € Tx : d(z,y) = d(z,Tx)}.Then the following are equivalent.

(1) z € F(T), that is, x € Tz,

(2) Pr(z) = {z}, that is, x =y for each y € Pr(x),

(3) x € F(Pr), that is, x € Pr(z).

Moreover, F(T) = F(Pr).

Lemma 4. Let A, B € CB(E) and a € A. If n > 0, then there exists b € B such
that d (a,b) < H (A, B) + .

3. STRONG AND A-CONVERGENCE THEOREMS

Before giving our main results, we give the multivalued version of the SP iter-
ation scheme (SP) in hyperbolic spaces. Let E be a hyperbolic space and D be a
nonempty convex subset of E. Let T, S, R : D — P(D) be three multivalued maps
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and Pr(z) = {y € Tz : d(z,y) = d(x,Tz)}. Choose zg € D and define {z,} as

Tn+1 = w (uru Yn, an)
(31) Yn = W('Unv Zn7ﬂn) )
Z’ﬂ = W(w’ﬂd xn?r)/n)

where u, € Pr(yn), vn € Ps(zn),w, € Pr(z,) and {an}, {8,},{y,} are real
sequences such that 0 < a < ay, 5,,,7, < b < 1forall n € N. The iterative sequence
(3.1) is called the modified SP iterative process for a multivalued nonexpansive
mapping in a Kohlenbach hyperbolic space.

Lemma 5. Let D be a nonempty closed convex subset of a hyperbolic space X and
let S;T,R: D — P (D) be three multivalued mappings such that Pr, Ps and Pr are
nonexpansive mappings with a nonempty common fized point set F'. Then for the
modified SP iterative process {xy} in (8.1), lim,—. d (xn,p) exists for eachp € F.

Proof. Let p € F. Then p € Pr(p) = {p}, p € Ps (p) = {p} and p € P (p) = {p}.
Using (3.1), we have

d(anrlvp) = d<W (u'ruynaan) 7p)

< (I —an)d(un,p) + and (yn,p)
< (1= an)d(un, Pr(p) + and (yn, p)
< (I—an)H(Pr(yn),Pr(p)) + and(yn,p)
< (1—an)d(Yn,p) + and (yn, p)
= d(yn,p) =d(W (vn,2n,5,),p)
< (1-5,)d(vn,p)+ B,d(z4,p)
< (1-3,)d(vn, Ps(p)) + B,d (zn,p)
< (1-8,)H(Ps(zn), Ps (p)) + and (21, p)
< (1-5,)d(zn,p) + and(z4,p)
= d(zn,p) =d(W (wn,Tn,7,),D)
< (=7, d(wn,p) +7,d (20, p)
< (1 —=9,)d(wn, Pr(p)) +v,d (zn,p)
< (1=7,) H (Pr(zn), Pr(p) + 7nd (zn,p)
< (1 =9,)d(@n,p) +7,d (20, p)
(32) = d(zn,p)
That is,
d(xpt1,p) < d(zn,Dp).
Hence lim,,_ o d (2, p) exists. O

Lemma 6. Let D be a nonempty closed convex subset of a uniformly convex
hyperbolic space X and let S,T,R : D — P (D) be three multivalued mappings
such that Pr, Ps and Pgr are monexpansive mappings with a nonempty common
fized point set F. Then for modified SP iterative process {x,} in (3.1), we have
limy, 00 d (zp, Pr (yn)) = limy,— 00 d (Xn, Ps (21)) = limp— 00 d (20, Pr (2,)) = 0.
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Proof. By Lemma 5, lim,, o, d (z,, p) exists for each p € F. Assume that lim d(z,,p) =

¢ for some ¢ > 0. For ¢ = 0, the result is trivial. Suppose ¢ > 0.
Now lim,,_,c d (€ +1,p) = ¢ can be rewritten as

(3.3) lim d(W (un, Yn,n) ,p) = c.

Since Pr is nonexpansive, we have

d(un,p) = d(un, Pr(p))
< H(Pr(y.),Pr(p)
< d(yn,p) = d(W (0n, 20, 8,,) , P)
< (1-3,)d(vn,p)+ B,d(zu,p)
< (1=58,)H(Ps(zn),Ps (p)) + B,d(zn,p)
< (1-58,)d(zn,p) + B,d(2n,p)
= d(zn,p) = d(W (wn,2n,7,),P)
< (1-7,)d(wn,p) +7,d(Tn,p)
< (1=7,) H (Pr(xn), Pr(p) + vnd (%n,p)
< (1 =70) d(@n, p) + 70 d (2n, p)
< d(xn,p).
Hence
(3.4) limsup d (u,,p) < ¢ limsupd (z,,p) < ¢, limsupd (y,,p) < c.
Next
d(vn,p) = d(vn, Ps(p))
< H(Ps(zn),Ps(p))
< d(zn,p)
and so
(3.5) limsupd (v, p) < c.
Further
d(wn,p) = d(wy, Pr(p))
< H(Pg(zn),Pr(p)
< d(zn,p)
and so
(3.6) lim sup d (wy, p) < c.

On the other hand, since
d(W (Wn, Tn,7y) s ) = d(2n,p) < d(Tn,p),

we have

(3.7 limsup d (W (wp, Tn,7,) ,p) < c.

From (3.2), we have

(3.8) ¢ < liminfd (W (wp, Tny ¥, )
n—oo
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So, it follows from (3.7) and (3.8) that

(3.9) lim d(W (wy, 2n,7,,),p) = lim d(z,,p) = c.

Since we assume that lim, o d (x,,p) = ¢, we can write

(3.10) limsupd (z,,p) < c.

By using the inequalities (3.6), (3.9) and (3.10) and Lemma 1, we obtain that
(3.11) lim d(zy,,w,) = 0.

On the other hand, it follows from (3.3), (3.4) and Lemma 1 that
lim d (up,yn) =0.

n—oo

Nothing that

d(zns1,p) = d(W (un,Yn,an),p)
< (1 —an)d(un,p) + and (Yn,p)
< (1 —an)d(yn, un) + d(un,p)
which yields that
(3.12) ¢ < liminfd (up,p).

n—oo

Then from (3.4) and (3.12), we have
c= lim d(up,p).

n—oo

Since d (zp41,p) < d(yn,p), this implies that
c < lim d(yn,P) = lim d(W (’Unazn;ﬂn)ap)

< lim |(1-3,)limsupd (v,,p)+ B, limsupd (z,,p)
= c

Hence, we get
(3.13) ¢= lim d(yn,p) = lim d(W (vn,2n,5,),p)-
So, it follows from Lemma 1, (3.4), (3.5) and (3.13) that

lim d(zp,v,) =0

n—oo

and

d(ymp) = d(W (’Unaznvﬁn)ap)
(1= 8,)d(vn,p) + B,d(2n,p)
ﬂnd (Znavn) +d(vn,p)

IAIA

this yields that
¢ <liminfd (v,,p),

so (3.5) gives that
c¢c= lim d(v,,p).

n—0o0
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On the other hand, since

lim d(zn,2,) = lim d(W (wn, Zn,7,),%n)
< lim {(1 — ) limsupd (x,, z,) + 7, limsupd(wn,mn)] ,
n— oo n—oo n—o0
and
lim d(yn,z,) = lim d(W (vn,2n,B,,) s 2n)
< lim {(1 — B,) limsupd (2, z,) + 8, limsup d (v, zn)]
we have
lim d(zp,2,) =0
and
lim d(yn,2,) =0.
Also,
d(unvmn) < d(unayn) + d(ynv zn) + d(znvmn) y
then
lim d (up,2,) =0.
n—oo
Also,
d (v, 2n) < d(Un, 2n) +d(2n, Tn),
that is,
lim d(vp,z,) =0.
Since
d(z,Pr(x)) = inf d(z,z2),
(@ Pa@) = _int _d(z,2)
therefore
d(zy, Pr (z,)) < d(zn,w,) — 0 as n — oo.
Similarly
d(Tn, Pr (yn)) < d(vp,un) — 0
and
d(xyn, Ps (z,)) < d(zp,v,) — 0
as n — oo. O

Firstly, we prove that modified SP iterative process defined in (3.1) A-converges
a common fixed point of S,T and R.

Theorem 1. Let D be a nonempty closed and convex subset of a complete uniformly
convex hyperbolic space E with monotone modulus of uniform convexity n. Let
S, T, R, Pg, Pr, Pr and F be as in Lemma 6. Then the modified SP iterative process
{zn} A-converges to a p in F.
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Proof. Letp € F(T) = F(Pr). By the Lemma 5, {z,,} is bounded and so lim d(z,,p)

n—oo

exists. This gives that {z,} has a unique asymptotic center. In other words, we have
A({zn}) = {z}. Let {v,} be any subsequence of {z,} such that A({v,}) = {v}.
From Lemma 6, we have lim,,_,o, (z,, Ps (z,)) = 0. We claim that v is a fixed
point of Pg.

To prove this, take another sequence {z,,} in Pg(v). Then

T(Z’rru {Un}) = lim sup d(Zm, Un)
nlggo sup {d(zma Pg (Un)) + d(PS (vn) avn)}
lim sup H(Ps(?)), Ps (vn))

ININ

IN

lim supd (v, v,)

r (v, {vn}).

This gives |r(zm,{vn} — 7 (v,{vn})] — 0 (m — o0). From Lemma 2, we have
limy, 00 2m = v. Note that Sv € P(K) being proximinal is closed, hence Ps(v)
is closed. Moreover, Pg(v) is bounded. Consequently lim,, oo 2 = v € Ps(v).
Similarly, v € Pr(v) and v € Pgr(v). Hence v € F. From the uniqueness of
asymptotic center, we have

lim supd(v,,v) < lim supd(vy,2)

n—oo n—oo
< lim supd
= lim supd

and this is a contradiction. Hence & = u. Therefore A({v,}) = {v} for every
subsequence {v,} of {z,}. Hence {z,} A-converges to a p in F. O

We now prove a strong convergence theorem. Then we will apply following
theorem to obtain new theorem in a complete and uniformly convex hyperbolic
space.

Theorem 2. Let D be a nonempty closed and convex subset of a hyperbolic space
E and, S,T,R, Ps, Pr,Pr and F be as in Lemma 6. Let {x,} be the modified SP
iterative process defined in (3.1), then {x,} converges strongly to a p in F if and
only if liminf,, . d(z,, F) = 0.

Proof. The necessity is obvious. Conversely, suppose that lim inf,, . d(z,, F) = 0.
By similar methot in Lemma 5, we get

d(@n+1,p) < d(@n,p),
which implies

d(xpy1, F) < d(zp, F).
This gives that lim d(z,,F) exists and so by the hypothesis of our theorem,
linniigf d(xp, F) :naoffherefore we must have nh—{%o d(xn, F) = 0.

We now prove that {z,} is a Cauchy sequence in D. Let m,n € N and assume
m > n. Then it follows (along the lines similar to Lemma 5) that

d(xy,p) < d(xn,p)
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for all p € F. Thus we have
d (xm; In) < d(xmyp) + d(p, zn) <2d (zn,p) :

Taking inf on the set F', we have d (@, z,) < d(zn, F). We show that {z,} is
a Cauchy sequence in D by taking limit as m — 0o, n — oo in the inequality
d(xm,zn) < d(2p, F). Thus, it converges to a ¢ € D. Now it is left to show that
q € F(S). Indeed, by d (z,, F' (Ps)) = inf,cp(pg) d (2n,y) . So for each ¢ > 0, there

exists pgf) € F (Pgs) such that,

€
d <xnap1(1€)> < d(ZL'n,F(Ps)) + 5

This implies lim,, o d (asn,pgf)) < 5. Fromd (psf), q) <d (mn,p,(f)) +d(zn,q) it
follows that

Jmd (v7.0) < 5
Finally,
d(Ps(q),q) < d (q,pﬁf)) +d (pﬁf)7 Ps (q))
< d (q,pSS)) +H (Ps (pf)) , Ps (q))
<

2d (pﬁf) , q)

shows d (Ps (q),q) < €. Therefore d(Ps(q),q) = 0. In a similar way, we get
d(Pr(q),q) =0and d(Pgr(q),q) =0. Since F is closed, therefore q € F. O

As appropriate our aim, we give definition of multivalued version of condition
(I) of Senter and Dotson [32] for three maps and definition of semi-compact map.

Definition 3. The multivalued nonexpansive mappings S,T,R : D — CB(D)
where D a subset of E, are said to satisfy condition (I) if there exists a nondecreas-
ing function f : [0,00) — [0,00) with f(0) =0, f(r) > 0 for all r € (0,00) such
that & [d(z, Sz) + d(z, Tx) + d(z, Rz)] > f(d(z, F)) for allz € D.

Definition 4. A map T : D — P(D) is called semi-compact if any bounded se-
quence {xn} satisfying d(z,, Tx,) — 0 as n — oo has a convergent subsequence.

We now give applications of above theorem.

Theorem 3. Let D be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space E with monotone modulus of uniform convexity n and,
S, T, R, Pg, Pr, P and F be as in Lemma 6. Suppose that Ps, Pr and Pg satisfy
condition (I), then the modified SP iterative process {x,} defined in (3.1) converges
strongly top € F.

Proof. For all p € F, lim,,_,o d (z,, p) exists from Lemma 5. We call it ¢ for some
c>0.

If ¢ = 0, there is nothing to prove. Assume ¢ > 0. Now d (z,4+1,p) < d(xn,D)
gives that

i f d n ) S i f d ns I
ponf d(@ni,p) < b d(@n,p)
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which means that d(x,11,F) < d(x,, F).Hence lim d(z,,F) exists. By using

n—oo

condition (I) and Lemma 6,we get
1
lim f(d(z,, F)) < lim 3 [d(x,Sz) + d(z, Tx) + d(x, Rz)] = 0.
and so

n—oo

lim f(d(z,, F))=0.
By the properties of f, we obtain that lim d(z,, F') = 0. Finally applying Theorem

n—oo

2, we get the result. (I

Since the proof of following theorem is similar to proof of theorem proved in
Banach spaces by various authors, we omit.

Theorem 4. Let D be a nonempty closed convexr subset of a complete uniformly
convex hyperbolic space E with monotone modulus of uniform convexity m and,
S,T,R, Ps, Pr,Pr and F be as in Lemma 6. Suppose that one of Ps, Pr,Pg is
semi-compact, then the modified SP iterative process {x,} defined in (3.1) converges
strongly to p € F.

As a corollary of Theorem 2, we have the following theorem which is new in the
literature.

Theorem 5. Let D be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X and let T : D — P (D) be a multivalued mapping such
that Pr is nonexpansive mapping with a nonempty fixed point set F. Let {x,}
defined as

xn+1 = W(Umynyan)

Yn = W(vnazn,ﬁn) P

Zn = W(wnaxnv'yn)
where u, € Pr(yn), vn € Pr(zn),w, € Pr(z,). Let {an},{B8,},{v.} be real
sequences such that 0 < a < an,B,,7, < b <1 for alln € N. Then {z,} A-
converges to a fized point of T.

Remark 1. (1) Since SP iterative process converges faster than Mann and Ishikawa
iterative processes, our theorems are better than results of Fukhar-ud-din et al. [34].
(2) Since CAT(0)-spaces are uniformly convex hyperbolic spaces with a ’nice’

monotone modulus of uniform convexity n(r,e) = %, then our results valid in
CAT(0) spaces besides Banach spaces.
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ADDITIVE-QUADRATIC p-FUNCTIONAL EQUATIONS IN
NON-ARCHIMEDEAN BANACH SPACES

CHOONKIL PARK!, JUNG RYE LEE?, AND DONG YUN SHIN3*

ABSTRACT. Let

M f(z,y): = 2f(w+y)—if(—w—y)
+3@ =9+ 16— 2) ~ 1) - (),

Moty = 20 () 4 (F) 41 (N50) - 1@ - fw).

2 2 2
We solve the additive-quadratic p-functional equations
My f(x,y) = pMaf(z,y), (0.1)
where p is a fixed non-Archimedean number with |p| < 1, and
MQf(xay) = lef(xay)7 (02)

where p is a fixed non-Archimedean number with |p| < |2].
Furthermore, we prove the Hyers-Ulam stability of the additive-quadratic p-functional equations
(0.1) and (0.2) in non-Archimedean Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

A wvaluation is a function | - | from a field K into [0, 00) such that 0 is the unique element having
the 0 valuation, |rs| = |r| - |s| and the triangle inequality holds, i.e.,
Ir+s| < |r|+]sl, Vr,s € K.

A field K is called a valued field if K carries a valuation. The usual absolute values of R and C are
examples of valuations.

Let us consider a valuation which satisfies a stronger condition than the triangle inequality. If
the triangle inequality is replaced by

|r + s| < max{|r|, |s|}, Vr,s € K,
then the function | - | is called a non-Archimedean valuation, and the field is called a non-
Archimedean field. Clearly |1I| = | — 1] = 1 and |n|] < 1 for all n € N. A trivial example of a
non-Archimedean valuation is the function | - | taking everything except for 0 into 1 and |0| = 0.

Throughout this paper, we assume that the base field is a non-Archimedean field, hence call it
simply a field.

2010 Mathematics Subject Classification. Primary 46510, 39B62, 39B52, 47510, 12J25.

Key words and phrases. Hyers-Ulam stability; non-Archimedean normed space; additive-quadratic p-functional
equation.
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Dong Yun Shin was supported by the 2017 Research Fund of the University of Seoul.

828 CHOONKIL PARK et al 828-838



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

C. PARK, J. LEE, AND D. SHIN

Definition 1.1. ([8]) Let X be a vector space over a field K with a non-Archimedean valuation
| - |. A function || - || : X — [0,00) is said to be a non-Archimedean norm if it satisfies the following
conditions:

(i) ||z|| = 0 if and only if x = 0;

(i) frel = [r(llzll  (re K zeX);

(iii) the strong triangle inequality

[z +yll < max{|[z[ [y},  Vz,yeX

holds. Then (X, || - ||) is called a non-Archimedean normed space.

Definition 1.2. (i) Let {z,} be a sequence in a non-Archimedean normed space X. Then the
sequence {x,} is called Cauchy if for a given € > 0 there is a positive integer N such that

|Zn — 2| < e

for all n,m > N.
(ii) Let {z,} be a sequence in a non-Archimedean normed space X. Then the sequence {z,} is
called convergent if for a given £ > 0 there are a positive integer N and an x € X such that

[z — l| < e

for all n > N. Then we call x € X a limit of the sequence {z,}, and denote by lim,, o =, = .
(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed space X is
called a non-Archimedean Banach space.

The stability problem of functional equations originated from a question of Ulam [19] concerning
the stability of group homomorphisms. The functional equation f(z + y) = f(x) + f(y) is called
the Cauchy equation. In particular, every solution of the Cauchy equation is said to be an additive
mapping. Hyers [7] gave a first affirmative partial answer to the question of Ulam for Banach spaces.
Hyers’ Theorem was generalized by Aoki [2] for additive mappings and by Rassias [12] for linear
mappings by considering an unbounded Cauchy difference. A generalization of the Rassias theorem
was obtained by Gavruta [6] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Rassias’ approach. The functional equation f <wT+y) = % fz) + % f(y) is
called the Jensen equation.

The functional equation f(x +y) + f(z —y) = 2f(z) + 2f(y) is called the quadratic functional
equation. In particular, every solution of the quadratic functional equation is said to be a quadratic
mapping. The stability of quadratic functional equation was proved by Skof [18] for mappings
f : E1 — Es, where E; is a normed space and Es is a Banach space. Cholewa [5] noticed that
the theorem of Skof is still true if the relevant domain Fj is replaced by an Abelian group. The
functional equation 2 f (%ﬂ) +2 (Lgy> = f(z)+f(y) is called a Jensen type quadratic equation. The
stability problems of various functional equations have been extensively investigated by a number
of authors (see [1, 3, 4, 10, 11, 13, 14, 15, 16, 17, 20, 21]).

In Section 2, we solve the additive-quadratic p-functional equation (0.1) and prove the Hyers-
Ulam stability of the additive-quadratic p-functional equation (0.1) in non-Archimedean Banach
spaces.

In Section 3, we solve the additive-quadratic p-functional equation (0.2) and prove the Hyers-
Ulam stability of the additive-quadratic p-functional equation (0.2) in non-Archimedean Banach
spaces.
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Throughout this paper, assume that X is a non-Archimedean normed space and that Y is a
non-Archimedean Banach space. Let |2] # 1.

2. ADDITIVE-QUADRATIC p-FUNCTIONAL EQUATION (0.1) IN NON-ARCHIMEDEAN NORMED
SPACES

Throughout this section, assume that p is a fixed non-Archimedean number with |p| < 1.
In this section, we solve the additive-quadratic p-functional equation (0.1) in non-Archimedean
normed spaces.

Lemma 2.1.
(i) If an odd mapping f : X — Y satisfies

le(li,y) = pMQf(xvy) (21)

forallx,y € X, then f: X =Y is additive.
(i) If an even mapping f : X — Y satisfies (2.1), then f: X — Y is quadratic.

Proof. (i) Assume that f: X — Y satisfies (2.1).
Since f is an odd mapping, f(0) = 0.
Letting y = x in (2.1), we get

F(22) — 2/(x) = 0
and so f(2x) = 2f(x) for all x € X. Thus
1(3) =@ (22)

for all z € X.
It follows from (2.1) and (2.2) that

far -~ f@ - o) = p(2f (L) - @) - 1)
/

and so

fl@+y)=fz)+ fy)
for all z,y € X.
(ii) Assume that f: X — Y satisfies (2.1).
Letting x =y = 0 in (2.1), we get

—£(0) = 20£(0).

So f(0) =0.
Letting y = x in (2.1), we get

S F(20) ~ 27(x) = 0

and so f(2x) = 4f(x) for all x € X. Thus

for all z € X.
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It follows from (2.1) and (2.3) that

%f(a:—i—y) + %f(x—y) = f(@) = f(y)
—p (2f (x;“y> 2f <$ 5 y) - f(=) —f(y)>
—p (;f(ery) + %f(w —y)— fz) - f(y))
and so
fla+y)+ flz—y) =2f(z) +2f(y)
for all z,y € X. -

We prove the Hyers-Ulam stability of the additive-quadratic p-functional equation (2.1) in non-
Archimedean Banach spaces for an odd mapping case.

Theorem 2.2. Letr < 1 and 0 be nonnegative real numbers and let f : X — Y be an odd mapping
such that

1M f(z,y) — pMaf(z,y)|| < 0([z]" + [[y[I") (2.4)
for all x,y € X. Then there exists a unique additive mapping A : X — Y such that
If(z) — Az)| < ,2|r||wllr (2.5)

forallx € X.

Proof. Since f is an odd mapping, f(0) = 0.
Letting y = x in (2.4), we get

1f(22) = 2f ()| < 20]|=[]" (2.6)

for all z € X. So | f(z) —2f (3)] < m,ﬁ”xH'” for all z € X. Hence

41(3)- 1)
( .

T 1+1 m—1 € m x
)l ) )
-1 x x
12| 2|1 . 20 ”
< max{ Pl P 20||x||" = WHJUH

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (2.7) that the
sequence {2" f (5 )} is a Cauchy sequence for all z € X. Since Y is complete, the sequence {2" f(57)}
converges. S0 one can define the mapping A : X — Y by

A(z) := lim 2"f( )

n—o0

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.7), we get (2.5).
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It follows from (2.4) that

|MiA(r.y) — pMaA(ry)|| = lim [2]"

T Yy xr Yy
mﬁf(Qn,zn) pM&f(Qn,2n)H

S b r
lim (Nl +[lyl") = 0

n—00 ‘2’"7”

IN

for all z,y € X. So
MiA(z,y) = pMaA(w,y)
for all x,y € X. By Lemma 2.1, the mapping A : X — Y is additive .
Now, let T': X — Y be another additive mapping satisfying (2.5). Then we have

a(5)-r(3)
er(z)-r(3)

aqg( 2 _gup (L 20
24 () 21 () f< e 41

which tends to zero as ¢ — oo for all z € X. So we can conclude that A(x) = T'(z) for all z € X.
This proves the uniqueness of A. Thus the mapping A : X — Y is a unique additive mapping
satisfying (2.5). O

[A(z) = T(x)]| =

)

gmax{‘

Theorem 2.3. Letr > 1 and 0 be nonnegative real numbers and let f : X — Y be an odd mapping
satisfying (2.4). Then there exists a unique additive mapping A : X —'Y such that

20

[f(z) = A()|| < 3] =" (2.8)
forallx € X.
Proof. Tt follows from (2.6) that
1 2
N < — r
@)= 510 < rolal
for all x € X. Hence
1 1
‘ o (2') — o rma)
< ma lf (QZa;) — Lf (2l+1x) e L f (Qm_lx) — if (2™x)
— X 2l 2l+1 ) || gm—1 om
_ 1 ! 1 +1 1 m—1 1 m
207 ppriny N
< max{|2|l+17... e 20||z||" = Wﬂx\\

for all nonnegative integers m and [ with m > [ and all z € X.
The rest of the proof is similar to the proof of Theorem 2.2. O

Now, we prove the Hyers-Ulam stability of the additive-quadratic p-functional equation (2.1) in
non-Archimedean Banach spaces for an even mapping case.

Theorem 2.4. Letr < 2 and 6 be nonnegative real numbers and let f : X — Y be an even mapping
satisfying (2.4). Then there exists a unique quadratic mapping Q : X — 'Y such that

2|
1f(z) = Q)] < o]

20| z||" (2.9)
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forallx € X.

Proof. Letting =y = 0in (2.4), we get —f(0) = 2pf(0). So f(0) =
Letting y = x in (2.4), we get
|5#0) ~27(@)| < 2]l (2.10)

for all z € X. So || f(z) —4f (3)|| < |‘22||T20HxH7" for all z € X. Hence

4ty < ) 4m f m)H (2.11)

€
o er () (e () - ()]
o5 3) -1 G 1 o)~ (2]
A Rl 2
: max{ 2/ |2v<m—l>} o 1 = g g 11

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (2.11) that the
sequence {4" f(5x)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence {4" f(57) }

converges. S0 one can define the mapping @ : X — Y by
— Tm A £
Q(z) := lim 4"f(7)
for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.11), we get (2.9).

It follows from (2.4) that
x
IM6QG )~ el = i o 36 (o, )~ ontof (2 2 )
0 T T
(=" + 1yl =

4"
|2‘m"

IN

h

for all z,y € X. So
MiQ(z,y) = pM2Q(z,y)
for all x,y € X. By Lemma 2.1, the mapping h : X — Y is quadratic.
Now, let T': X — Y be another quadratic mapping satisfying (2.9). Then we have

_ — a0 (E) —gap (Z
Q@) - 7@l = |10 (5 ) - 47 (5 )
ao (X _gar (2 ap (2 _ 44 L r
Smax{ 4Q<2q> 4f<2q> , 4T<2q> 4f(2q>H} gz 2l
which tends to zero as ¢ — oo for all z € X. So we can conclude that Q(z) = T'(x) for all x € X.
This proves the uniqueness of ). Thus the mapping @) : X — Y is a unique quadratic mapping
satisfying (2.9). O

Theorem 2.5. Let r > 2 and 0 be positive real numbers, and let f : X — Y be an even mapping
satisfying (2.4). Then there exists a unique quadmtz’c mapping Q: X —Y such that

1f () = Q)] <

el
|2\

forallx € X.
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Proof. Tt follows from (2.10) that

1 20
— o) < Zzl
|f@) - o) < Sl
for all x € X.
The rest of the proof is similar to the proof of Theorem 2.4. O

3. ADDITIVE-QUADRATIC p-FUNCTIONAL EQUATION (0.2)

Throughout this section, assume that p is a fixed non-Archimedean number with |p| < |2].
In this section, we solve the additive-quadratic p-functional equation (0.2) in non-Archimedean
normed spaces.

Lemma 3.1.
(i) If an odd mapping f : X — 'Y satisfies

My f(z,y) = pM1f(z,y) (3.1)

forall z,y € X, then f: X =Y is additive.
(ii) If an even mapping f: X — 'Y satisfies f(0) =0 and (3.1), then f: X — Y is quadratic.

Proof. (i) Assume that f: X — Y satisfies (3.1).
Letting y = 0 in (3.1), we get

2/ (3) - #a) =0 (3.2)

and so f (%) = 4 f(z) for all z € X
It follows from (3.1) and (3.2) that

fa+y) - f@) - fy) = 2f(“y) — f(@) — f()

and so

fl@+y) = flx)+ fy)

for all z,y € X.

(ii) Assume that f: X — Y satisfies (3.1).

Letting y = 0 in (3.1), we get

1 (5) - f@) =0 (3.3)

for all z € X.
) and (3.3) that
@)+ 5 f )~ f(@) - f()

2
—2f () +2f () - @) - 1)

and so f (%) = 1f(

)
It follows from (3.1

— p(%f(l“Fy) + %f(:c —y) = f(z) = f(y))

and so

flx+y)+ flxz—y)=2f(x) +2f(y)
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for all x,y € X. O

We prove the Hyers-Ulam stability of the additive-quadratic p-functional equation (3.1) in non-
Archimedean Banach spaces for an odd mapping case.

Theorem 3.2. Letr < 1 and 6 be nonnegative real numbers, and let f : X — Y be an odd mapping
such that

[Maf(z,y) = pMif(z,y)ll < Oz + [ly]") (3.4)
for all x,y € X. Then there exists a unique additive mapping A : X — 'Y such that
1f(z) — Az)|| < 0]||]" (3.5)

forallx € X.

Proof. Since f is an odd mapping, f(0) = 0.

Letting y = 0 in (3.4), we get
27 (3) - @
for all x € X. So

21 (5) -2t ()| 7
< max{ (2 ) — oty (21+1> 2 <2$—l> -2 (;”> H}
_max{ f( ) <2l+1> f(Z"Qj‘l) — 2 <2:f”)H}

12[f 2™t _ 9
< HlaX{ 27 o) Ollz|I" = WHJCHT

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.7) that the
sequence {2" f(57)} is a Cauchy sequence for all 2 € X. Since Y is complete, the sequence {2" f(5%)}
converges. So one can define the mapping A: X — Y by

< 0zf|" (3.6)

"2’m71

A(z) := lim Q”f( )

n—o0

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.7), we get (3.5).
The rest of the proof is similar to the proof of Theorem 2.2. O

Theorem 3.3. Let r > 1 and 0 be positive real numbers, and let f : X — Y be an odd mapping
satisfying (3.4). Then there exists a unique additive mapping A : X — Y such that

ore,
@) - Al < T el (38)
forallx € X.
Proof. 1t follows from (3.6) that
1 20,
@)= 50| < el
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for all x € X. Hence

1 1
|51(2) = szma) (39)
< 1 2l 1 2l+1 1 2m—1 1 om
_ 1 ! L (o141 1 m—1 1o om
_max{w f<2x)—§f(2 x) ’...,W f(2 a;)—§f(2 x)
2" 207D g 270
< { Bl el = Gl e

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.9) that the
sequence {2% f(2"z)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{55 f(2"z)} converges. So one can define the mapping 4 : X — Y by

A(z) = HILIgO %f(Q"z)

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.9), we get (3.8).
The rest of the proof is similar to the proofs of Theorems 2.2 and 3.2. O

Now, we prove the Hyers-Ulam stability of the additive-quadratic p-functional equation (3.1) in
non-Archimedean Banach spaces for an even mapping case.

Theorem 3.4. Letr < 2 and 0 be nonnegative real numbers, and let f : X — Y be an even mapping
satisfying (3.4). Then there exists a unique quadratic mapping Q : X —'Y such that

1f (@) = Q@)[| < 8= (3.10)
forallx € X.

Proof. Letting x =y = 0 in (3.4), we get 2f(0) = pf(0). So f(0) =

Letting y = 0 in (3.4), we get
x
17 (3) - @
forall z € X. So

() (2)]
oo (2 s () ()
st} () ) ) -1 ()

4t 4 6
< max T Tolrm=1) Ollz||" = WH&JH’"
2| 12| 12|

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.12) that the
sequence {4" f(57)} is a Cauchy sequence for all 2 € X. Since Y is complete, the sequence {4" f(5%)}

converges. So one can define the mapping @ : X — Y by
Y npeo L
Q) = lim 4" /()

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.12), we get (3.10).

< 0||z|" (3.11)

"4|m—1
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The rest of the proof is similar to the proof of Theorem 2.2. O

Theorem 3.5. Let r > 2 and 6 be positive real numbers, and let f : X — Y be an even mapping
satisfying (3.4). Then there exists a unique quadratic mapping Q : X — 'Y such that

2r,
1f(z) = Q(z)] < WH@’II (3.13)
forallx € X.
Proof. 1t follows from (3.11) that
1 2|70
— 2ol < EL
1@ - oo < el
for all z € X. Hence
1 1
|52 = rzna) (3.14)
1/ 1 i 1 . 1
§max{‘4[f(2x) ﬁf@ CL‘) , s <2m x>—4—m (2™ x)
_ 1 l 1 +1 1 m—1 1 m
_max{w f<2x)—1f(2 x) "“’W f(2 x)—zf(2 x)
2" 217D gy — 12170 "
< maX{MVH,“' » Jajm= D+ 270" = W||$||

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.14) that the
sequence {Z f(2"z)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{4 f(2"z)} converges. So one can define the mapping Q : X — Y by

Q(z) := lim i]”(2”915)

n—o00 4N

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.14), we get (3.13).
The rest of the proof is similar to the proofs of Theorems 2.2 and 3.4. U
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Complete asymptotic expansions for the genuiune
Bernstein-Durrmeyer operator !
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Abstract In this paper, we discuss properties of asymptotic approximation of
the genuiune Bernstein-Durrmeyer operator, for which establish a complete asymp-
totic expansion formula of approximation and present the saturation theorems as an
application.

Key words The genuiune Bernstein-Durrmeyer operator, Jacobi weight, Com-

plete asymptotic expansion, Approximation, Saturation.

1. INTRODUCTION

The Bernstein-Durrmeyer operator with weights, which is one of the objects
of interest in approximation theory of operators and play as an important role in

learning theory, is defined as follows

W/ L. _ - (f7 bn,k)w
Mn (f7 l‘) - ];) (607 bn,k)w bn,k(x)

where e} = eg(z) = ¥ k=0,1,---, Bernstein basis functions
bn,k(‘%‘): (Z)wk(l_x)n_k TE [071]7k:0a17"'7n

and inner product weighted w defined by

(f,9)w = /01 f(@®)g(t)w(t)dt.

'Foundation item: Supported by the Natural Science Foundation of China ( 11371253,
11671271 ) and by Beijing Municipal Education Commission science and technology plan projects
( KM201510028003 )
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A popular case is that the weight w is taken as the Jacobi weight w(t) = t*(1 —
)%, «a,B > —1, at this time we denote this operator MY (f) by M,(La’ﬁ)(f). Because
when o = —1, f = —1, the inner products (eg, by, 1), are no definition at k£ = 0 and
n, W. Chen ( [1] 1987), T.N.T. Goodman and A. Sharma ([2] 1987) independently

modified the operator into

n—1
My(f;x) = Lf +(n—=1)> (f = Lf,by—sk—1)bkn()
k=1
where
Lf(z)=(1-x)f(0)+zf(1)
and

= [ 1@tz
0

The operator M f is also called as the genuiune Bernstein-Durrmeyer opera-
tor(see [3] or [4]) and can be rewritten into the following form

n—1

My (fiz) = f0)(1 = 2)" + fF(1)2" + (n = 1) D (f, bu—24-1)bn,(2),

k=1
which is a particular case of those operators introduced by D. Cardenas-Morales and
V. Gupta in [5]

k
na,ﬁfa ank (TL—Oé—l—l)

k€l
n—a+0

Z /f bn—ak—p(t)dt by k()

where [,, C {0,1,---,n}. Obviously when a = 2,3 =1 and l,, = {0,n}, M, o 5(f) is
M (f), for which there has been extensive research (see [3,4] and [6-10]).

In the next sect, we will establish a complete asymptotic expansion formula for
the operator M(f), and in the section 3, we will present the saturation theorems

of approximation as a application of the asymptotic expansion formula.

2. Complete Asymptotic expansions
From [5], one can find that

M (eoiw) = Mii(L,2) = 1; M(ex;2) = Mi(t;2) = @
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M (eg;x) = M} (1%, 2) = 2> + 1
For higher order moments of the operator M (f), we have the following result.

Lemma 2.1 For any natural numbers n,m, there holds that

M (em;x) = z(1 — x) Z <7:>

k=0

)

% {xm_l(l — x)k_l} *)

n

where the up factorial is defined by

nf=nn+1)---(n+k-1), n®=1

and the fall factorial, which to be used in the following proof, done by

nf=nn-1)...(n—k+1), n2=1.

Proof Since when n,m < 1, the conclusion is true obviously, we only need to
consider the case n,m > 2. At this moment, we have

n—1
Mi(emi) = (n—1) 3 (", by o 1)bui(x) + 2"
=1
. (n—1)! ”—1(m+i—1)! n\ ; o .
_(m+n—1)!; (i—1)! <Z>$(1—:L‘) +x
(n_l)! am =l N\ mai-1 n—i n
R

(n—1! .
N (m+n—1)!dx™ [a: 1(:1:+y) ]yzl—z

n—1)! Zfm\(m—-1)! ., n! .
:M[Z<v>(<v_1))ﬁ” 1 @4y

= (n—o)! y=1-z
1
= (m) (m —1)2=nle".

- am
nm =\ v

Using the Vandermonde formula we get

nt = XU: (Z) (n —(1- m))k(l —m)=k,

k=0

and notice that when v =0, (m — 1)2=% = 0, therefore it follows that

My (em; )
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— 1 i (T) (m —1)2=" XU: (Z) (n —(1- m))k(l — m)v_k

k=0
k

L 1 1 ym! (k+m—v—2)k=v _
= —_— (—1)]’“ v— (m—1)%™™".
kz:%(m—k)!nkvz:% vl (k—wv)!
Again using the Vandermonde formula we have
k+m—uv—2)Fv ) LA p— ; »
( = ) (m—1>:<m—1>Z<i_v><m—1—v><k—1>k,
hence the second sum in the previous equation can be turned into
k k i k—i
_,ml o (m—1)%(k—1)"=
-1 k—v " m—v
;0( T § i—v)! (ki)
k i k—i 1 .
(m—1)t(k—1)= o [ _
— | . -1 v m—uv
m; i (k—i) 1;)( A
k 7 k—1i
_ (m—1)t(k—1)= k—i_ m—i i
=m) A

k i k—i
_ m! k) d' 1 mo1) d k—1
=a(l-a)p; ZO <Z> e [z ] e [(1—2)F1]
_ MIT e k—1])
—x(l—x)ﬁ[:c (1—x) } .
That completes the proof of Lemma 2.1.
If denoting 93 (t) = (t — x)®, then we have the following assertion.

Lemma 2.2 For arbitrary natural number s and z € [0, 1], there holds

S —_—
b5

Proof On account of

M*( ;7$) = flf(l — ."L‘) (;) (—;U)S_m . Z (7;) % [."L‘m_l(l . m)k_l} (k)
s (s L mjgk 1 k=0 "
=z(l—x) Z (k]zdd[ T_n )(_l.)s—k—mym—1+k(1 B y)k_l] 'yzx
k?o ZS) ;Jk m=0
=z(l— {L‘) ];) ﬁ@ [ykfl(l _ y)kfl(y z)* k} ‘y:x’
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and recall that

dk k—1 k—1 s—k
W[?/ ( y)" (y— ) L/=x
k d2k—s
N | k—1 1 k—1 <9
) k) <3_k>dyzk—s[«y -yt os<2k
07 S>2k

The proof is completed.

Remark By Lemma 2.2, we immediately obtain

s+1

My (30) = O(n157)).

For arbitrary natural number ¢ and = € I, let f € KJq; x] denote the class of
functions f € B(I) ( space of bounded functions on I) which ¢ times differentiable
at z, then we have the following theorems of approximation.

Lemma 2.3 "] Let ¢ be arbitrary natural number, z € I and A, : B(I) —
C(I)(space of continuous functions on I) be a sequence of positive linear operators
such that

Ap( S'x):O(n_[2}) (n—o00) (s=0,1,---,2¢+2),

T

then for arbitrary f € K|[2q;x], there holds

An(z; o) +o(n™7)  (n — 00).

In particular, if f(2¢+2)(z) exists, then the o(n~9) can be replaced by O(n=7"1)
Theorem 2.1 For arbitrary natural number ¢, z € [0.1] and f € K[2q; z], there
holds that

q

M (f;z) = Z'

)= 9 @) Y o

nk

Proof By Lemma 2.2 and Lemma 2.3, we have

29 p(s)
> —2)
s=0
5 S! 1 k k—1 k—1 (2k—5) _
—— 2" (1 —x) +o(n™9).
3 el |
)
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Interchanging the two sums and substituting s + k into s, it is followed by

* . J— & 1
(Mn(fa i’) - :L'(l - SL’) = m
k
Z (i) f(s+k)($) [mk—l(l _ )k_l}(k 5) +o(n™%)
s=0

With the Leibniz formula, it becomes

q

My(fiz)=a(l—z)) —

o T = ) O @) 4 o).
k=0 "v*

That is the proof of Theorem 2.1.
Remark 1 If taking ¢ = 1, then we can get so-call the Vonorovskaja type

asymptotic expansion formula by Theorem 2.1 as below

Mim n(M(fiz) = f(2) = 2(1 - ) f"(2)

Remark 2 Theorem 2.1 shows that the complete asymptotic expansion formula
of the operator M(f) coincides with which of the operator M,S‘”’ﬁ) (flata=—-1,8=
—1. This seems to be one of reasons why M (f) is called as the genuiune Bernstein-

Durrmeyer operator.

3. Saturations of Approximation

As an application of the asymptotic formula, in this section we will present
the saturation theorems of approximation for the operator M) f. Along with those
denotations and signs in [12], denote the space of all continuous functions on [0, 1] by
C0, 1], for v(x),w(x) € C[0, 1] and strictly positive, that is v(z),w(xz) > 0,z € (0, 1),
let

pla) = [Toat, v = [ wityar
o) = [ wopitat

For a function f € C0, 1], we define that

Dfe) = DuD,s0) = -5 (L)
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where

Dgof(t) =

Suppose that L, : C[0,1] — C]0,1] is a sequence of positive linear operators,
{An} is a sequence of positive numbers such as \,, —o (n —x) and p(x) € C[0,1] is
strictly positive. We say that {L, } satisfy with the Voronovskaya condition if and
only if for Df(z),{\.} and p(x) as above, there holds

lim A {Lo(f12) — f(2)} = pl)Df(x), =€ [0,1]

Lemma 3.1[12

Suppose that L, : C[0.1] — C]0.1] is a sequence of positive
linear operators and satisfy the Voronovskaya condition and G € C0,1]. If for all
z € (0,1)

M| Ln(Gr2) = G(w)| < Mp(x) + 0,(1),

for some positive constant M, than there exists D, G(x) € C[0,1] and

D,Gy) — DoG(a)| < Mib(y) — $(x)| 2,y € [0,1],

and vice versa.
Remark 1 of Theorem 2.1 shows that the operator M, f satisfies the Voronovskaya
condition and
v(z) =wx)=1,px)=2(1—2),\, =n

Df(z) = DyDyf(z) = f"(2),

thus from Lemma 3.1 we can get the following pointwise saturation theorem without
any difficult.

Theorem 3.1 (1) Let f € C]0,1], then for all z € [0, 1], nhin“n{M;(f,x) -
f(z)} =0 if and only if f(z) = A+ Buz;

(2) Let f € C[0,1], than for all z € [0, 1]

n| My (f3) = f(2)| < Mp() + 0s(1)

if and only if for any x,y € [0, 1],

F'y) = f'@)| < My —af.
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For the operator M (f), we also establish the following saturation theorem in
Lp. Since it is the same as the approach taken for the Kantorovich operator in [13]
and [14], here the process is omitted.

Let f € Lpy[0,1],(p > 1) denote |f|P Lebesgue integrable on [0, 1],

- { {hlh € L,[0,1], h(0) = h(1) =0 & I’ € L,[0,1]}, p>1
"1 {hlh € Ly[0,1],h(0) = h(1) =0 & h € BV[0,1]}, p= 1.
and
Sy = {f\ f € L,[0,1],3h € Uy, & € (0,1)and constants c,d such as
f@) = c+de+ [F( (i Gyde)du}.
Theorem 3.2 Suppose f € L,[0,1](p > 1), then

) I M5 (f) = f I, = O(3), if and only if f € Sp(p > 1)
(i) [ My(f)—f1ll,= = o(2), if and only if f(z) is a linear function.
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IMPULSIVE PERIODIC SOLUTIONS FOR A SINGULAR
DAMPED DIFFERENTIAL EQUATION VIA VARIATIONAL
METHODS

SHENGJUN LI 12 XIANHUA TANG 2, HUXIAO LUO 2

ABSTRACT. In this paper, we study impulsive periodic solutions for second
order non-autonomous singular damped differential equations. The proof of
the main result relies on a variational approach on mountain pass theorem,
together with a truncation technique.

1. INTRODUCTION

In this work, we are concerned with the existence of periodic solutions for the
following second order non-autonomous singular damped problems

{ u + a(t)’ — 2 = g(1), ae. t € (0,7),

ue

u(0) =u(T), '(0) =v/(T),
under the impulse conditions

(12 A(t) = (t)) () = L(u(ty), 5 =1,2,....p— 1,

(1.1)

where w/(tf) = lim w/(t), a > 1, a,g € C(R/TZ,R) with [ a(t)dt = 0, and

t—t
be C(R/TZ,(0,00)), t; for j =1,2,...,p— 1, are the instants when the impulses
occurand 0 =ty < t1 <te < ...<tp1 <t,=T,1; : R—->R({=12,...,p—1)
are continuous.

Impulsive effects occur widely in many evolution processes in which their states
are changed abruptly at certain moments of time. In recent years, second-order
differential boundary value problems with impulses have been studied extensively
in the literature [1, 3, 11, 12, 14, 15, 16, 17, 18]. In [18], Tian and Ge studied the

existence of solutions for impulsive differential equations:

—(p)dp(u' (1)) + () pp(ult)) = f(t, u(t)), t #t; ae. t € [a,b],
—A(p(t)op(u'(t5))" = Li(ulty)), G=1,2,....1,
av'(a) + Bu(a) = A, yu(b) + o/ (b) = B,

by using a variational method. Later, Nieto and O’Regan [12] further developed the
variational framework for impulsive problems and established existence results for
the following impulsive differential equations with Dirichlet boundary conditions:

—u" + ult) = f(t,ut), t £ t; ae. t € (0,T),

A (t) = Li(u(ty), 5 =1,2,...,1,
u(0) =u(T) =0,

2010 Mathematics Subject Classification. 34C25.
Key words and phrases. Periodic solution; Impulse; Singular differential equation; Mountain
pass theorem.
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2 SHENGJUN LI, XIANHUA TANG AND HUXIAO LUO

From then on, the variational method has been a powerful tool in the study of
impulsive differential equations.

On the other hand, singular problems without impulse effects have been investi-
gated extensively in the literature. Usually, in the literature, the proof is based on
variational methods [10], or topological methods[2, 4, 6, 7, 8, 9], which were started
with the pioneering paper of Lazer and Solimini [5].

In 1987, Lazer and Solimini [5] considered a the second order singular problem

(1.3) W (8) — u%(t) —e(t), te(0,T)

By using the method of upper and lower solutions, they obtained a famous sufficient
and necessary condition on positive T-periodic solution for Problem (1.3) as follows
Theorem 1.1[5] Assume that e € L*([0,7],R) is T-periodic. Then Problem

(1.3) has a positive T-periodic weak solution if and only if fOT e(t)dt < 0.
Motivated by the above fact, in the present paper we shall consider Problem
(1.1) with impulsive effects, In general cases, it is impossible to apply variational

methods to Eq.(1.1) when fOT a(t)dt > 0. In this paper, using a variant of the

mountain pass theorem, we consider the case fOT a(t)dt = 0, on an appropriate

Sobolev space, we establish the corresponding variational framework of periodic

solutions to guarantee the existence of at least one nontrivial solution of Eq.(1.1).
In order to state our main result, we need the following assumptions:

(Hi) a € C(R/TZ) with [, a(t)dt = 0;

(Hg) b€ C(R/TZ,(0,00)) is T—periodic and ¥ (t) > 0 for all ¢ € [0, T];
(Hs) g € L*([0,T),R) is T—periodic and fOTg(t)dt < 0;

(H4) There exist two constants m, M such that for any ¢ € R,

where m <0 and 0 < M < — 25 fOTg(t)dt;
(Hs) For any ¢t € R,

t
/ Ii(s)ds >0, j=1,2,...,p—1.
0

Theorem 1.1 Assume that (H;) — (Hs) are satisfied. Then problem (1.1)-(1.2) has
at least one solution.

The rest of this paper is organized as follows. In Section 2, some preliminary
results will be given. In Section 3, by the use of variational method, we will state
and prove the main results.

2. PRELIMINARIES

In this section, we present some results which will be applied in Sections 3.
Let

H} = {u:[0,T] — R | uis absolutely continuous, u(0) = u(T) and u’ € L*([0,T],R)}

with the inner product

(u,v):/o u(t)v(t)dt—i—/o o' ()0 (t)dt, Vu,v € Hyp.
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The corresponding norm is defined by

T T %
||uH;</ fu(t)|2dt + / |u'<t>2dt>>  Vu € Hb.
0 0

Then H{ is a Banach space.

If u € HL, then u is absolutely continuous and v’ € L?([0,T],R). In this case,
Av'(t) = ' (tT) — 4/ (t7) = 0 is not necessarily valid for every ¢t € (0,7) and the
derivative v’ may exist some discontinuities. It may lead to impulse effects.

From (1.1), we get

(2.1) — A0 )] 4 eA® [bf) n g(tﬂ —0,

where A(t fo s)ds. Following the ideas of [12], take v € H% and multiply the
two 51des of (2.1) by v and integrate from 0 to T, so we have

(2.2) /0 T [eA@)u’(t)}'v(t)dt + /0 ’ A [lﬁ? - g(t)] v(t)dt =0

Note that, since u'(0) = «'(T'), one has

/0 ! [ Ou ) oyt

p—1 tiv
= Z/J+ [eA(t)u’(t)}/U(t)dt
j—o L
b= tit1
- Zef‘“” ()0 (t5 ) — (ol )] — / A0 (1) (1)t
i=0"1
p—1 T
=AMy (T)o(T) — e O/ ( eAD A (t)u(t;) — / A0/ (1) (t)dt
J=0 0

= eﬂﬂifj(u(tj))v(tj) - /0 ' A0y ()0 (t)dt.

Combining with (2.2), we get

/0 et [u’(t)v’(t) + %v(t)dt + g(t)v(t)] dt + e ilj(u(tj))v(tj) =0.

As a result we introduce the following concept of a weak solution for problem (1.1)-
(1.2).
Definition 2.1 We say that a function u € H} is a weak solution of problem

(1.1)-(1.2) if
p—1
/OT QA [u/(t)vl(t) + %v(t)dt - g(t)v(t)] dt + e Z I (u(ty))o(t;) =0

holds for any v € Hk.
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Define the functional ® : H}. — R by

T P—1 au(ty)
D(u) = / eA®) dt + eA® Z/ Ii(s)ds
0 =iJo

for every u € H1.. Under the conditions of Theorem 1.2, it is easy to verify that ® is
well defined on H}., continuously differentiable and weakly lower semi-continuous.
Moreover, the critical points of ® are the weak solutions of problem (1.1)-(1.2).

In next section, the following version of the mountain pass theorem will be used
in our argument.

Theorem 2.2 [13] Let X be a Banach space and let ¢ € C(X,R). Assume
that there exist xg,z; € X and a bounded open neighborhood €2 of xy such that

u(t)
FOF +0) [ st

r1 € X/Q and
max{p(zo), @la1)} < inf o(a)
Let
I={heC(0,1],X) : h(0) = zo,h(1) = 21}
and

= inf h(s)).
© g )

If ¢ satisfies the (PS)-condition, i.e., a sequence {u,} in X satisfying ¢(u,) is
bounded and ¢'(u,) — 0 as n — oo has a convergent subsequence, then c is a
critical value of ¢ and ¢ > max{p(x0), p(z1)}.

3. MAIN RESULTS

In order to study problem (1.1)-(1.2), for any A € (0,1) we consider the following
modified problem

u + a(t)u’ + b(E) f(u(t))

(3.1) Ad'(ty) = Ij(u(ty), j =1
u(0) = w(T), '(0) =u(T),
where fy : [0,7] x R — R is defined by
1S
o ={ 5 uzy
Let Fy(u) = [{" fA(s)ds
®y:HF —R

defined by
T 1 p—1 u(ty)
D) (u) == /0 e [2|u’(t)2 —b(t)F)\(u(t))dt + g(t)u(t)} dt + e Z/o I;(s)ds.

Clearly, @, is well defined on H%, continuously differentiable and weakly lower semi-
continuous. Moreover, the critical points of ®, are the weak solutions of problem
(3.1).

Proof. The proof will be divided into four steps.

Step 1. ®, satisfies the Palais-Smale condition.
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Let a sequence {u,} in Hi satisfy ®,(u,) is bounded and & (u,) — 0 as n —

+0o. That is, there exist a constant ¢; > 0 and a sequence {€,}neny C RT with
€n, — 0 as n — 400 such that, for all n,

T
(3.2) [ e [;u;(tw—b(t)FM(t))dt+g<t>un<t> it

p—1 un(t]-)
+e4® Z/ Ii(s)ds |< e,
j=1"0

and for every v € H1.,

T
(3-3) I/O AW [, ()0' (£) = b() fr (un(8))o(t) + g()o(t)] dt

+eA O Tiun(t)0(t) |< enllolluy.

j=1

Using a standard argument, it is suffices to show that {u,} is bounded when veri-
fying the (PS)-condition.
Taking v(t) = —1 in (3.3), one has

/OT A [b(t) fa(un(t)) — g(t)] dt — eA® Iilj (un(t;))| < €, VT for all n.

By (Hs), we have

T T p—1
/ eA(%(t)fA(un(t))’ < eVT+ / A0 g()dt+| +e*O D1 (un(t;))]
0 0 =
T
< e, VT + ellelic / g(t) —|—e”a”L1(p— DM = c,.
0

Note that for any ¢ € [0, T, b(t) fr(un(t)) < 0. Thus

SCQ.

/ AOBE) f (un ()

0

/T ’eA(t)b(t) Fa(tn (t))‘ di —
0

On the other hand, if we take, in (3.3), v(t) = w,(t) := u,(t) — @y, where 4, is the
average of u,, over the interval [0, T], we have

T p—1
csl|wl| gy, > / A [, (8)2 = b(£) S ( ()i (£) + g(D)w, (1)) dt + €O I (un (7)) (2)
j=1

ettt w2 — (e2 + el et g o) lwnl e + eIt (p = Tymlfw, | L

eIt w2 — (ca + el g pr — e7leler (p — 1ym) wy || L

(AVARIVARLV]

e el |l || z2 — eallwnl|ay .

where c3 and ¢4 are two positive constants. Consequently, using the Wirtinger
inequality for zero mean functions in the Sobolev space H%, there exists c¢5 > 0
such that

(3-4) [ 122 < llwnllgy, < es.
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Now, suppose that
wnll 2 — +o0 as n — +oo.
Since (3.4) holds, we have, passing to subsequence if necessary, that either

M, ;= maxu, — +00 asn — +00, or

My = minu, — —00 as n — +00,

(i) Assume that the first possibility occurs. By (Hs) and the fact that f) < 0, one
has

0

| bR n0) sl - 0T [ 1)
> / " A [ / ) fa(s)ds g(t)un(t)] dt — el (p — 1)M M,

T M, (t) M,,
— A s — e .
- /O Vl b(t) fr(s)d /un(t) b(t) fr(s)ds — g(t) "(t>1 dt

—elleler(p — 1) MM,

— / TeA(t)b(t)F,\(Mn)dt— /0 TeA(t)Mng(t)dt— /0 ' [ / " e®) (b(t) f,\(s)—g(t))ds] dt

0 n(t)
—elleler(p — 1) MM,

T T
> / AD [b(8) Fr(M,) — Mog(t)] dt + / AD (M, — un(£))g(t)dt — elole (p— 1) MM,
0 0

T
= / et [b(t) Fx(My,) — Myg(t)] dt — ellalls | My —unllllgllzr — ellalls (p — )M M,,.
0

Thus, using Sobolev and Poincare’s inequalities, one has

T
_ellallza <(p 1)M+/ eA(t)g(t)dt> M,
0

un (t5)

T p—1
<[ A 10 = 00— ) | s

T
+\/Tel\a”uHgHLlnu;Hp—FA(Mn)e”a“Ll/ b(t)dt
0

T Pty
eA®) u —g(t)u — A i(s)ds
< / b0 ()~ (00— 10 3 / 1;(s)d

T
el Jo b(t)dt 1 all 1
++vTellalle gl el re — OO[_1 T — 1) ellallzr

From (3.2),(3.4) and the fact that M‘l_l — 0 as n — 400, we see that the right
hand side of the above inequality is bounded, which is contradiction.
(ii) Assume the second possibility occurs, i.e., m, — —oco as n — +o0o. We

replace M,, by m, in the preceding arguments, and we also get a contradictions.
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Therefore, ®) satisfies the Palais-Smale condition. This completes the proof of
the claim.
Step 2. Let

Q=<{ue H: mi t)y>1p,
{u 7l té?lg]u( ) }
and
ol = {u € Hrl rr[loir%] u(t) > 1for allt € (0,T),3t, € (0,T) such that u(t,) =1
teo,
We show that there exists d > 0 such that inf,caq ®x(v) > —d whenever A € (0,1).
For any u € 99, there exists some t,, € (0,7’) such that min,ejo, 7 u(t) = u(t,) =
1. By (Hy) and extending the functions by T-periodicity, we obtain that

to+T 1 p=1 u(ty)
Py (u) = eA®) [2|u'(t)2 — b(t)Fy (u(t))dt + g(t)u(t)] dt + ey / I;(s)ds
Ty =170
1 [tut A 1 ty+T 1
> = O/ (t)%dt / AOp(t) (1 — ——— | dt
—2/tu AP+ [T e (1 o

v

2
By the Schwarz inequality and the fact that u/(¢) = (u(-) — 1)'(t), one has

1 [tetT tut+T tu+T
1 / e/ (1)2dt + / e Wg(t)(u(t) — 1)dt + / Mg t)dt.
t t t

u u u

e_HaHLl

®a(w) > ——|[(u() = 1)'ll2 — elletlg] 2 fu() = 1 2 — eIl g .

Applying Poincare’s inequality to u(-) — 1, we get

e_HaHLl

Dx(u) > I(u() = 1)lle = ellerr gl ellu| 2 — €It gl o,

- 2
where v = 7y(t,). The above inequality shows that

Oy (u) = +oo as ||u'||pz — +o0.
Since minsep,7yu(t) = 1, we have that [lu(-) — 1|1 — +oo is equivalent to
|lw'|| L2 — +oo. Hence
Px(u) = +oo  as [lullgy — +o0,Vu € 0L,

which shows that ®, is coercive. Thus it has a minimizing sequence. The weak
lower semi-continuity of ®, yields

ulenafs) D)\ (u) > —o0.
It follows that there exists d > 0 such that inafQ Dy (u) > —d for all A € (0,1).
ue

Step 3. We show that there exists A\g € (0,1) with the property that, for
every A € (0, \g), any solution u of problem (3.1) satisfying ®»(u) > —d such that
min, (o7 u(t) > Ao, and hence u is a solution of problem (1.1)-(1.2).

Assume on the contrary that there are sequence {\, }nen and {uy, }nen such that
(i) A < &

(ii) uy is a solution of (3.1) with A = A,;

854 SHENGUJUN LI et al 848-858



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

8 SHENGJUN LI, XIANHUA TANG AND HUXIAO LUO

(iii) @, (un) > —d;
(iv) mingejo,m ua(t) < £
Since fy, < 0 and

T
(3.5) / AOB(E) f, (un (1)) — g(t)]dt = 0.

0
one has

1eA®b(-) f, (wn ()|l < cg, for some constant cg > 0.
On the other hand, since u,,(0) = uy, (1), there exists 7, € (0,T) such that
u, (n) = 0.
Therefore, we obtain that

eV, (1) — ey, (7) :/ MO [fa(un(s)) — g(s)lds,

Tn

which, from (3.5), yields that

(3.6) |lul || < ¢7 for some constant c; > 0.

inf & —00.
uIEHBQ )\(U) Z T

From @ (u,) > —d, it follows that there must exist two constants R; and Ra,
with 0 < R; < Ry such that

max{u, (t);t € [0,T)} C [R1, Ra.

If not, u, would tend uniformly to 0 or +o00. In both cases, by (Hz) — (H3) and
(3.6), we have

D), (up) = —o0 asn — 400,

which contradicts @ (u,) > —d.
Let 71,72 be such that, for n large enough

n''n
1 1

Un(7,) = - <R = un(T,QL)

Multiplying the differential equation in (3.1) by u], and integrating the equation on
(73, 7], (or [72,7,]), we get
72 72 72
U= / wn (E)ul, (t)dt + / a(t)ul, (t)?(t)dt + / b(t) f, (un (t))u!, (t)dt
7—1

1 1
n T7L T‘VL

= [ st 0ae

1
Tn

It is easy to verify that

U =T, + % [u}b(TfL) —ul (7)] +/T a(t)u*(t)dt,

where
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From (Hs) and (3.6), it follows that ¥ is bounded, and consequently ¥; is bounded.
On the other hand, it is easy to see that

b(t) fx, (un (£))un, (1) = %[b(f)FAn (un ()] = U (£)Fx, (un(t)).

Thus, by (Hy) we have
W= H) R () =D, (1) = [ OR, o)

< b(TA)Fy, (Ry) — b(T})Fy, (i) -= i : /Tﬁ b (t) (R§1 — 1) dt.

1
T’I 3

From the fact that F, (1) — +oo0 as n — +o0, we obtain ¥; — —oo, i.e., ¥y is
unbounded. This is a contradiction.
Step 4. We prove that ®, has a mountain-pass geometry for A < Ag.

Fix A € (0, Ag], one has
0 1
ds = — d
| his == [ psas

_/0/\ a(s)ds — /: fa(s)ds

1
/\&1_1 —/\ fa(s)ds.

Fy(0)

This implies that

1 A
F5(0) > —[\ f>\(s)ds:/1 fa(s)ds = Fx()N).

Hence
T T
(3.7) ®5(0) = —F»(0) / eAWp(t)dt < —Fy(\) / eAOp(t)dt
0 0
S AWyt (1 .
- a—1 a1 '
Consider A € (0, o] such that
1 dla—1)
S 1+ """ " .
Jo eAWb(t)dt

Thus it follows from (3.7) that ®,(0) < —d.
Also, using (H3) we can choose R > 1 enough large such that

_ellall (M(p_ 4 /Tg(t)dt> R— ellallor [/ 1b(t)dt (1 3 Rall) >d.
0 @
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Thus,
p=1 R T T
®y\(R) = eA(t)Z/ Ij(s)ds—FA(R)/ AWb(tydt + R [ g(t)dt
=170 0 0
< e”a”LlM(p - 1R+ ! ellallzr (1 — ! /T b(t)dt
- o — 1 Ra—l 0
T
+Rellall1 / g(t)dt
0
T [T b(t)dt 1
— 0
= eHaHLl M(p — 1) +‘/0 g(t)dt R + e”allLl ﬁ (1 — Ral)
< —d.

Since € is a neighborhood of R,0 ¢ Q and
max{®,(0),P,(R)} < inan D) (u).
zTE

Step 1 and Step 2 imply that ®, has a critical point u) such taht

_ .
Al = L g A = T )

where
I' = {h € C([0,1], H}) : h(0) = 0, h(1) = R}.

Since inf,co0 Pa(ur) > —d, it follows from Step 3 that wy is a solution of problem
(1.1)-(1.2). The proof of the main result is complete. [
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Accelerated SNS and accelerated SSS itera-
tion methods for non-Hermitian linear sys-
tems

Min-Li Zeng and Guo-Feng Zhang

Abstract. Recently, Bai proposed the skew-normal splitting (SNS) and
skew-scaling splitting (SSS) iteration methods for large sparse non-
Hermitian positive definite systems. Compared with the Hermitian and
skew-Hermitian splitting (HSS) iteration method, both of the SNS and
SSS methods are making more use of the skew-Hermitian parts than the
HSS method. In this paper, we introduce an accelerated skew-normal
splitting (ASNS) iteration method and an accelerated skew-scaling s-
plitting (ASSS) iteration method for solving large sparse non-Hermitian
positive definite system of linear equations. We study the convergence
properties of the the new iteration methods and the quasi-optimal pa-
rameters. Moreover, the inexact forms of the new methods are proposed
by employing some subspace methods as the inner iteration processes
at each step of the outer iterations. Numerical experiments are given to
verify the correctness of the theoretical results and the effectiveness of
the new methods.

Mathematics Subject Classification (2010). 65F10; 65F50.

Keywords. HSS iteration method, skew-normal splitting, skew-scaling s-
plitting, quasi-optimal parameters, non-Hermitian positive definite sys-
tem.

1. Introduction

Consider the numerical solution of the large sparse system of linear equations
of the form

Ar=b, AeC"™ and =z,beC" (1.1)

This work was supported by the National Natural Science Foundation of China (11271174,
11511130015), the Natural Science Foundation of Fujian Province (2016J05016) and the
Scientific Research Project of Putian University (2015061, 2016021, 2016075).
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where A is a non-Hermitian positive definite matrix. The linear system (1.1)
arises from many scientific computing areas, such as diffuse optical tomog-
raphy [1], lattice quantum chromo dynamics [16], structural dynamics [15],
eddy current problems [11] and so on. See [2] and references therein for more
applications of the linear system of the form (1.1).

Based on the Hermitian and skew-Hermitian (HS) splitting of the coef-
ficient matrix A: A= H + S, with

H= %(/H—A*), S= %(A— A,

Bai, Golub and Ng [2] present and studied an efficient Hermitian and skew-
Hermitian splitting (HSS) iteration method. Because of the unconditionally
convergent property and effectiveness, the HSS iteration method has captured
a lot of researchers’ attention. A multitude of researchers focused on the
HSS method and proposed varieties of variants based on the Hermitian and
skew-Hermitian splitting, such as the HSS-like method [9], the modified HSS
method [10], the accelerated HSS method [5] and the preconditioned HSS
method [6, 3] and so on, see [12, 20, 22, 17, 4, 18]. As is shown in [7] that
the HSS method is more effective when S dominates H than vice versa.
Furthermore, when S is very small compared to H, the subsystem

(al + 8)a* ) = (ol — H)a*+2) +p

in the HSS method contributes little to convergence and the inner iterations
must be designed to terminate properly since

1 1 1
I-=8)"'=T+=-S+—=55+---.
! ! !
As is known that the iterative matrix of HSS
(al +8) Hal — H)(al + H) *al —5)
is similar to W(a)Q(«), where
1 1
=I—-—-H)({I+~-H) !
W(0) = (I~ ~H)(T + H)
is Hermitian, so forth ||W(a)||2 < 1, and
1 1
=({I-=5)I+-95""
Qla) = (1~ ~S)(I + -5)

is unitary for all a > 0. Therefore, according to [7], when S is small compared
to H, different iterations combing H and S*S are more naturally.
Suppose that S is invertible, then we can multiply (1.1) on the left by
—S to obtain the following equivalent form:
~SHz — S%x = —Sb, (1.2)
ie.,
~SHz =Sz - Sb or — S%z=SHx — Sb.
Adding aH to each side will lead to the following two fixed-point equations
(aH — SH)z = (ol — S)Hx = (aH + S?)z — Sb, (1.3)
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(aH — S?)x = (aH + SH)z — Sb = (ol + S)Hx — Sb. (1.4)
Based on the above fixed-point equations, Bai [7] established the skew-normal
splitting (SNS) methods as the following algorithm.

Algorithm 1.1. (SNS method) Given an initial approzimate solution ) for
k=0,1,2,--- until convergence, solve

(al — 8)a*+3) = (aH + 5%)2™ — Sb,
(aH — 522D = (af 4 §)z*+32) — Sp,
where a s a given positive constant.

Another way to use the skew-Hermitian matrix S is to employ it to scale
the linear system (1.1). By first adding and then subtracting éSzx to the
fixed-point equations

—Sr=Hx—b and Hx=-Sxz+b,

respectively, it follows,
P P L le
(I aS)( Sx)—(H—i—aS Jr—b and (H aS )1’—(I+a5)( Sx)+b.

In analogy to the SNS method, Bai further present the skew-scaling splitting
(SSS) method in [7] as the following algorithm.

Algorithm 1.2. (SSS method) Given an initial approzimate solution z(®, for
k=0,1,2,---, until convergence, solve

(al —S)z (k+3 = (aH + 5%)z® — ab,
(aH — SZ)x(kH) = (al + $)a*+3) 1 ab,
where « s a given positive constant.

For the SNS and SSS methods, it has been shown in [7] that when S
is small compared to H, the Corollary 2.3 in [2] makes clear how to choose
a good iterative parameter. When S dominates H, it is not clear. However,
the SNS and SSS methods give an exact way to choose the optimal iterative
parameter no matter S dominates H or not.

In this paper, we will first accelerate the SNS and SSS methods by
adding another parameter in the second iterate step of each iterations and
then we obtain two new methods, which are named as the ASNS method
and the ASSS method. The new methods can be seen as generalized forms
of the original SNS and SSS methods. Futher, the iterative parameters can
be chosen in a more extensive range.

The outline of this paper is arranged as follows. In Section 2, we present
the accelerated SNS (ASNS) and the accelerated SSS (ASSS) methods. Then
we analyze the convergence properties of both methods. In Section 3, we de-
termine the quasi-optimal parameters by minimizing the upper bound of the
spectral radius of the iteration matrix and then show the case about the new
methods superiority to the SNS and SSS methods. Section 4 is devoted to
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the inexact variant form of the new methods and the asymptotically conver-
gent rate property of the new methods. Numerical experiments are given in
Section 5 to illustrate the correctness of the theoretical results obtained in
this paper. Section 6 draws some conclusions and remarks to end this paper.

Throughout this paper, the skew-Hermitian part S of the coefficient
matrix A is assumed to be invertible and the Hermitian part H to be positive
definite. We use A ~ B to denote that the matrix A is similar to the matrix
B.

2. The ASNS and ASSS methods

In this section, we will propose the accelerated SNS (ASNS) and the ac-
celerated SSS (ASSS) methods. Firstly, we add aH to each side of the e-
quation —SHz = S%x — Sb and then add BH to each side of the equation
—S?x = SHa — Sb. Then we obtain the fixed-point equations

(aH — SH)x = (ol — S)Hz = (aH + S*)z — Sb (2.1)
and
(BH — S*)x = (BH + SH)x — Sb= (BI + S)Hz — Sb. (2.2)
Subsequent algorithm is the ASNS iteration method.

Algorithm 2.1. (ASNS method) Given an initial approximate solution 20,
for k=0,1,2,--- until convergence, solve

(al — $)zxFt3) = (aH + 5?)z® — b,
{ (BH — $%)2* 1) = (BI + §)z*+3) — 5b,
where o and B are given positive constants.
For the fixed-point equations
—Sr=Hx—b and Hx=-Sxz+b,

we first add éSQx and then subtract %Szx on both sides to obtain

(I — iS)(fo) = (H + éSQ)z —b

and

L
(H BS) (I+BS)(S)+b.

After rearranging these equations and choosing (?) wisely, we can straight-
forwardly get the accelerated skew-scaling splitting (ASSS) method as the
next algorithm.

Algorithm 2.2. (ASSS method) Given an initial approzimate solution x(%),
for k=0,1,2,---, until convergence, solve

(af — 8)z**3) = (aH + §%)2™® — apb,
(BH — $?)a*+D) = (I + S)ak+2) 4 b,

where o and B are given positive constants.
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Obviously, when a = 3, the ASNS method and the ASSS method reduce
to the SNS method and the SSS method, respectively. Comparing the ASSS
method with the ASNS method, we find that the coefficient matrices of the
ASNS and ASSS method are exactly the same. Therefore, they have the same
iteration matrix M («, ), where

M(a, B) := (BH — S*)"1(BI + S)(aI — S) ! (aH + 5?).

It can be seen that the ASSS method is much cheaper than the ASNS
method, because of the constant vector terms ab, $b instead of Sb.

It is seen that S~! is skew-Hermitian, then —S~1HS~! = (S~1)*HS~!
is Hermitian positive definite. Denote

Emax = max{|§]||1§j S)}, Emin = min{|;] |1£J S)}

Amax = max{\;|\; € o((S™")* HS™)}, Amin = min{X;|\; € 0 (S hY*HSTH,
the following theorem concentrates on the convergence property of the ASNS
method.

Theorem 2.1. Given a non-Hermitian matriz A € C"*". Let H = 1(A+ A*)
and S = %(A—A*). If H is positive definite , S is invertible, then the spectral
radius p(M(«, 8)) of the ASNS and ASSS iteration matriz is bounded by
0(a, B), where

B2+ &2 o, — 1
5 = = .
(@ 8) ig?é??g) a? + Ef- Akecr((Sr:r}?iiHS*l) |B>\k +1 |

Further, if a and B satisfy 6(a, B) < 1, then the ASNS method and the ASSS

method are convergent to the unique solution of the linear system (1.1).
Proof. As
M(a, B) = (BH — S*)"1(BI + S)(ad — S)"(aH + S?)
“HBI+S)(al —S) Y aH + S*)(BH — S*)7'S
= (BI+8)S Y (al —S)tS(=S7 1) (aH — §*S)S™1S(BH + S*S)~1(-S)
= (BI+S)(al —8) a(S™Y*HS™ —D)(B(S™)*HS™ +1)7*
= M (e, B),

(2.3)
then it follows
p(M(e, B))
< BI+S) (@l = 8)7H| - [[(a(S™H) HS™ = D)(B(S™) HS ™ +1)7!|

62 + sz Oé)\k -1
< max ——F5 " max | |
igjeo(S71) || & + & Aeo((9)*HS ) fAg + 1

= (e, B)
If 6(e, B) < 1, then p(M (e, 8)) < 0(a, 5) < 1, i.e., the ASNS and the ASSS
methods are convergent. ([l
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Theorem 2.2. The ASNS and ASSS iteration methods are convergent if either
of the followmg conditions holds:

(1) a > ﬁf ( min rnax - 1)0& - 2€max min < B( min mdx -1+ 2a/\111111) and
(/\r2nwx§max - 1) 2§m'1x max < B( maxﬁm'}x 1 + QQAmax)

(2) a < B’ ( min mm - 1)04 - 2€mm/\m1n < 6( min mln -1+ 20[)\mm) and
()‘rznax min 1)0[ - 2€m1n)‘maX < 5( max mm -1+ 2a)\max)

Proof. §(a, B) < 1 leads to

62+£]2' al, — 1

N T neo s Ba 71l < T
Or equivalently,
g — 1 in a?4&2
eo((B- D s-1) |6)\: +1 < i, ea(s) \| B2+ & (24)
(1) If « > B, then
Y Ll T L - Y
i€, 0(5) \/62 +& \/ﬂ2 + Shax
Since
Qg QAmin — a)\max -1
,\ke(;(( 1) HS- 1)|B)\k+1’_m {|ﬂ)\mm+1 ﬂ)\max+1|}
then (2.4) is equivalent to
aApin — 1 2 o o + &0 s
a1 4
(a)\max -1 )2 a? + €2,
Bhmax +17 B2+ €2,
After some simple computations, it follows
{ (@Amin = 1)*(8% + &) < (07 + €0 ) (BAmin +1)7, 25)
(@Amax = 1)* (8% + Ehax) < (0 + ) (BAmas + 1)%. '

Because a and 8 are positive constants, the first equation of (2.5) leads to

(/\1211111 max 1)0& - 2§r2na,x/\min < /8( mmgmax 1+ 204/\min)-
The second equation of (2.5) leads to

(>‘r2nax max 1)& - 2£max max < B( maxSmax 1+ 2a>\max)

(2) If a < B, then
N ot T Lo i
min 2. ¢2 2. ¢2 -
ic;ea(S) \| B +§j B +§min

Using the same strategy as a > 3, we can easily obtain

(Afnlngmln - ) 2gmln)‘mm < ﬁ( mlngmln 1 + 2a>\m1n)
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and

()‘Enaxgmln - ) 2é-m1n)‘maLX < ﬂ( maxgrmn -1+ 2a)\max)
U

Remark 2.3. If a = j3, from the result (1) of Theorem 2.2, we obtain that when

2+§mm > 0, the ASNS and ASSS iteration methods are convergent. Because
a? + €2, > 0 invariably holds, then we know the ASNS and ASSS iteration
methods are convergent unconditionally, which agrees with the results in [7].

3. The quasi-optimal iterative parameters

In this section, we will give the quasi-optimal parameters of the ASNS it-
eration method and the ASSS iteration method. Then we will analyze the
optimal parameters by minimizing the upper bound §(«, 3). According to
the analysis in the previous section, we have

62 + Emm . max {Ia)\min - 1| Amax — |}
a2 + é?mn ﬂ)\min + 1 ﬂ)‘max + 1

52 + gmax a)‘min -1 a)\max -1
A | ————— - ma N , o< p.
OéQ + gmax * {|/8>\min + 1 | |ﬂ>\max + 1 |} 5

We rewrite the matrix M (a, 8) in (2.3) as

a > G

d(a, B) =

M(a, B)
= (L4 ST =57 (T = (5T HS T (G + (57 HS )
N (%1 + (S_l)*HS‘l)_l(éf - (S‘l)*HS_l)(éI - 5-1)—1(%1 + 51

By making use of the same strategy of Theorem 4.2 in [19], we can obtain
the optimal iterative parameters and the corresponding upper bound in the
following theorem.

Theorem 3.1. Let A € C™*™ be a non-Hermitian matriz. If the ASNS and
ASSS iteration methods are convergent, then

(1) when v/ Amin Amax > £x1i 7 v/ Amin Amax <& , the quasi-optimal param-

eters are given by

V@ TR @ F X + A~ Amin s
(AI[laX + AIIlll’l)c2 ’
\/(CQ + A?nln)(c2 + A12nax) C2 + /\IninAmax
()\max + )\mln)c2 ,
and the corresponding optimal upper bound 6(a*, B*) of p(M(«, B)) is
2 )\2 2 /\2 2 )\min)\max
5o, 57) = YACH X)) (€ A0 = (€ 4 ).
()\max - Amin)c

oy =

ﬂ*:
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where the constant c is given by

= §max
gmin
(2) when . < \/ minAmax < g

are

=B, =

! ) Zf \/)\max)\ i !

min > ;
gmin

! ) Zf V Amax)\min < L

Emax

, the quasi-optimal parameters a, and B,

1

)\min>\max

and the corresponding optimal upper bound s

6(04*7 6*) -

Vv )\max -
Vv )\max + Vv )\min -

Vv )\min

Remark 3.2. When enin < vVAminAmax < €max, the optimal upper bound
0(a, B) of the ASNS and GSSS iteration methods reduces to the optimal bound
of the SNS and SSS iteration methods, respectively, i.e.,

04*:/8*:

and the corresponding optimal bound is

vV )\max -

1

>\min )\max

\% )\min

Vy = —F/—F—.
V )\max + v )\min

Theorem 3.3. When v Amin Amax > e

, then we have

\Y AHIIIIAIH&X < 5

0(us, Bx) < Vi, where 6(cu, By) and 1/* are deﬁned n Theorem 3.1 and Re-

mark 3.2, respectively.

Proof. We rewrite v, as

(\/ )\max -

V >\min)2

Then §(ax, Bx) < vy if and only if

()\1211111 )()‘rznax C( Vv >\min

Denote k1 = A\pax + )\min and ko
be simplified as

)\max -

)\min

\/ mln

m1n min + € )]2

= AmaxAmin, then the above inequality can

462k‘2 — 2(32]61\/ ko + cki1ks — 2c CS\/ — 2¢ckor/ko + ¢ kl > 0.

Or equivalently,

k1—2\/> \/>2—C > 0.

It follows

(\/Amax - \/)\min)2

Le., ( AminAmax 70)2 > 0. That is,

866

(\/)\min)\max -
)\min>\max > ﬁ

c)? >0,

or )\min>\max < %

max
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4. The inexact ASNS and ASSS methods

The two half-steps at each step of the ASNS and ASSS methods require
finding solutions with the coefficient matrices al — S and SH — S2. Because
BH — S? is Hermitian positive definite, then we may use the CG method to
solve the linear system with coefficient matrix 3H — S2. For solving the linear

system with coefficient matrix al — S, we may use some Krylov subspace
method [21]. The inexact ASNS (IASNS) method can be described as follows.

Algorithm 4.1. (IASNS method) Given an initial guess T, fork =0,1,2,---
until {2} converges, solve {2} approzimately from
(al — 8)z2*+32) = (aH + §?)z*) — Sb

by employing an inner iteration (e.g., some Krylov subspace method) with
%) as the initial guess, then solve T*+V) approzimately from

(BH — §2)z*+1) = (81 + 5)z*+32) — §b
by employing an inner iteration (e.g., the CG method) with z+2) as the
nitial guess, where o and 3 are given positive constants.

The inexact ASSS (IASSS) method can be described as follows.
Algorithm 4.2. (IASSS method) Given an initial guess T, fork = 0,1,2,
until {z*)} converges, solve {z(*+2)} approm'mately from

(ol — $)z*+2) = (aH + $%)2*) — ab

by employing an inner iteration (e.g., some Krylov subspace method) with
%) as the initial guess, then solve T V) approzimately from

(BH — $¥)z* D) = (I + $)z**32) + Bb

by employing an inner iteration (e.g., the CG method) with z*+2) a5 the
initial guess, where o and 3 are given positive constants.

Subsequently, we will concentrate on the TASNS iteration method. The
results about the TASSS iteration method can be obtained in the similar way.
To simplify numerical implementation and convergence analysis, the TASNS
iteration method can be rewritten as the following equivalent scheme.

Given an initial guess z(©), for k = 0,1,2, ---, compute Step 1 and Step
2 until z(®) converges:

Step 1. approximate the solution of

(aI —8)zW = — 570 (78 = p — A7)
by iterating until 2(¥) is such that the residual
p(k) — f(k) _ (a] _ S)Z(k)
satisfies
15 < exllF @],
and then compute z(#+2) = z(*) 4 z(k).
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Step 2. approximate the solution of
(BH — 52)5(k+%) = —Gpkta) (f(k+é) =b— Az(F+2))
by iterating until z(k+2) is such that the residual
g t2) = 5lht2) _ (BH — §%)z(hF3)
satisfies
Ip*H 2] < |2

and then compute 2*+1) = z(:+32) 4 z(-+3)_ Here || - || is a norm of a vector.

If the two inner systems are solved inexactly with corresponding quan-
tities {ex} and {n;}. Denote eyax = maxp{er} and Nmax = maxg{nk}. Let
Il [llar denote

X[l = [|MX MY

for all X € C™*™. Then the following theorem concentrates on the convergent
results of the TASNS and TASSS iteration methods. According to Theorem
3.1 in [8] and by specializing the splitting as

(=S)A = M; — N, := (aH — SH) — (aH + 5?)
=M, — Ny := (BH — S?) — (BH + SH),
we can immediately obtain the following theorem.

Theorem 4.1. Let A € C™*™ be a non-Hermitian positive definite matrix.
H = (A+ A*) and S = 3(A — A*) be its Hermitian and skew-Hermitian
parts, and let « and B be positive constants. If S is invertible, {a’c(k)} s an
iterative sequence generated by the IASNS iteration method and x* € C™ is
the exact solution of the linear system (1.1), then it holds that

25+ — 2|l ar,
< (o(a, B) + pla, B)0(B)er + 0(B) (p(ex, B) + 0(B)v (e, B)er) k)
Y = 27| ass.
where

(e, ) = (B + S)(al — )" (aH + S*)(BH — $*)71,
pla, B) = ||(BH — S*)H ™ (al — S)"(aH + S*)(BH — §*) 71|,
(e, B) = (BT + S)(al — 8)71,
0(8) = ||(-=SA)(BH — $*)],
v(a, ) = |(BH — SH)H *(al — S)|.
In particularly, if
(e, B) + pla, B)0(B)emax + 0(8)(p(ev, B) + 0(B)v(t; B)emax) Tmax < 1,

then the iterative sequence {Z¥)} converges to x* € C™, where

Emax = mgx{gk} and  TNmax = m]?x{nk}.
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Theorem 4.2. Let the assumption in Theorem 4.1 be satisfied. Suppose that
both {r1(k)} and {12(k)} are nondecreasing and positive sequences satisfying
71(k) > 1 and 7o(k) > 1, and

lim sup7i(k) = lim sup72(k) = +oo,
k—o0 k—o0
and that both 01 and 03 are real constants in the interval [0, 1] satisfying
er < 0151'1(16) and 1 < 02(5T2(k)
fork=0,1,2---, where ¢c; and cy are nonnegative constants. Then we have
Nz = [l < (Vola, B) +wla, B)0(8)0™)? - [[17%) — 2| ar,,
where k =0,1,2,---, 7(k) = min{r (k), =2(k)}, 0 = max{dy,d2} and

1
w = max{\/ccav(a, B), W(Clﬂ(a’ﬂ) + c2p(a, B))}-

In particular, we have
H |f(k+1) _r

*
hm sup ——= s =o(a, B),
ko0 1123 — 2*]|[az

e., the convergence rate of the IASNS method is asymptotically the same as
that of the exact two-step iterative scheme ASNS.

5. Numerical results

In this section, we will consider the three-dimensional convection-diffusion
equation

_(uxa:+uyy +uzz) +Q(ux+uy +uz) = f(xaya Z) (51)
on the unit cube Q = [0,1] x [0,1] x [0, 1], with constant coefficient ¢ and
subject to Dirichlet-type boundary conditions. When the seven-point finite
difference discretization, for example, the centered differences to diffusive
terms, and the centered differences or the first order upwind approximations
to the convective terms are applied to the above model convection-diffusion
equation, we get the system of linear equations (1.1) with the coefficient
matrix

A=T,II+IT,I+111T,,

where the equidistant step-size h = % is used in the distretization on all
of the three directions and the natural lexicographic ordering is employed to
the unknowns. In addition, ® denotes the Kronecker product, and T, T,

and T, are tri-diagonal matrices given by
T, = tridiag(ts, t1,t3), T, = tridiag(t2,0,t3), T. = tridiag(ts,0,t3),
with
t1=6,ta=—-1—rt3=—-14r
if the first order derivatives are approximated by the centered difference

scheme and with
t1=6+6rto =—1—2r,t3 =—1
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if the first order derivatives are approximated by the upwind difference scheme.
Here r = 7h is the mesh Reynolds number. For details, we refer to [13, 14, 2].

Figure 1 plots p(M(a, 8)) and 6(«, 8) for the centered difference scheme
with n = 8 and ¢ = 1,10 when « varies in [0,1]. When « is fixed, according

to [19], we can compute [ as

1- a)\min _ a)\max -1
BAmin + 1 B ﬁ)‘max + 1 ’

That is,

O‘()\max + )\min) -2
= . .2
B >\max + )\min - 2O[)\max)\min (5 )

Besides, Figure 2 plots p(M («, 3)) and §(«, 3) for the upwind difference
scheme with n = 8 and ¢ = 1,10 when « varies in [0,1]. 8 is also computed
according to (5.2).

From Figures 1-2, we find that, when $ is chosen according to (5.2) and
let @ vary in [0, 1], the point such that the value of p(M(«, 8)) reaches the
minimum is extremely close to the point such that the value of §(«, 8) reaches
the minimum. Therefore, the theoretical optimal parameters in Theorem 3.1
would be intensely close to the real optimal parameters of the methods.

In Figure 3 and Figure 4, we plot the distributions of the eigenvalues of
the iterative matrices. Here, we choose the experimental optimal parameters
a=0= % in the SNS method and we plot the eigenvalues distribution in
Figure 3. We replace a in the ASNS method by % and we plot the eigenvalues
distributions in Figure 4.

It can be seen from Figures 3-4 that the eigenvalues of the ASNS it-
erative matrix are more cluster around 0 than the eigenvalues of the SNS
iterative matrix when the iterative parameters are chosen appropriately. Fur-
ther, if we can find a cheaper way to choose the optimal parameters, the
accelerated methods would be more efficient, which will be our next work.

2

° ° °
© I 2
< 8 8 -

p(M(a,3)) and &(a.B)

°
©
8

°
°
&

°
©
2

FIGURE 1. The comparison between p(M(a, §)) and 6(c, 5)
when ¢ =1 (left) and ¢ = 10 (right) (centered).
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6. Conclusions

For solving the non-Hermitian positive definite with invertible skew-Hermitian
parts, we proposed an accelerated SNS and an accelerated SSS iteration

method in this paper. Comparied with the HS
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methods not only concentrate more on the balance between the Hermitian
parts and the skew-Hermitian parts, but also accelerate the original SNS and
SSS methods. The convergence properties and the quasi-optimal parameter-
s are analyzed. In actual implementations, we give the inexact forms of the
new methods. Numerical results demonstrate that the point such that (c«, 8)
reaches the minimum is exact the same as the point such that p(M(«, 5))
reaches the minimum. Therefore, the theoretical results obtained in this paper
is correct. Meanwhile, by choosing appropriate parameters, the new methods
are more efficient than the SNS and SSS methods.

References

[1] S.R. Arridge, Optical tomography in medical imaging, Inverse Probl. 15, R41
(1999).
[2] Z.-Z. Bai, G.-H. Golub, and M.K. Ng, Hermitian and skew-Hermitian splitting

methods for non-Hermitian positive definite linear systems, STAM J. Matrix
Anal. Appl. 24, 603-626 (2003).

[3] Z.-Z. Bai, G.H. Golub, and J.-Y. Pan, Preconditioned Hermitian and skew-
Hermitian splitting methods for non-Hermitian positive semidefinite linear sys-
tems, Numer. Math. 98, 1-32 (2004).

[4] Z.-Z. Bai, G.H. Golub, and L.-Z. Lu, Block triangular and skew-Hermitian
splitting methods for positive-definite linear systems, SIAM J. Sci. Comput.
26, 844-863 (2005).

[5] Z.-Z. Bai, and G.H. Golub, Accelerated Hermitian and skew-Hermitian split-
ting iteration methods for saddle-point problems, IMA J. Numer. Anal. 27,
1-23 (2007).

[6] Z.-Z. Bai, G.H. Golub, and C.-K. Li, Convergence properties of preconditioned

Hermitian and skew-Hermitian splitting methods for non-Hermitian positive
semidefinite matrices, Math. Comp. 76, 287-298 (2007).

[7] Z.-Z. Bai, Several splittings for non-Hermitian linear systems, Sci. China Ser.
A 51, 1339-1348 (2008).
[8] Z.-Z. Bai, G.H. Golub, and M.K. Ng, On inexact Hermitian and skew-

Hermitian splitting methods for non-Hermitian positive definite linear systems,
Linear Algebra Appl. 428, 413-440 (2008).

[9] Z.-Z. Bai, Optimal parameters in the HSS-like methods for saddle-point prob-
lems. Numer. Linear Algebra Appl. 16, 447-479 (2009).

[10] Z.-Z. Bai, M. Benzi, and F. Chen, Modified HSS iteration methods for a class
of complex symmetric linear systems, Computing 87, 93-111 (2010).

[11] Z.-Z. Bai, Block alternating splitting implicit iteration methods for saddle-point
problems from time-harmonic eddy current models, Numer. Linear Algebra
Appl. 19, 914-936 (2012).

[12] Z.-Z. Bai, and M. Rozloznik, On the numerical behavior of matrix splitting
iteration methods for solving linear systems, SIAM J. Numer. Anal. 53, 1716—
1737 (2015).

872 Min-Li Zeng et al 859-873



J. COMPUTATIONAL ANA AND APPLICATIONS, VOL. 24, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC
ASNS and ASSS iteration methods for non-Hermitian linear systems 15

[13] C. Greif, and J. Varah, Iterative solution of cyclically reduced systems aris-
ing from discretization of the three-dimensional convection-diffusion equation,
SIAM J. Sci. Comput. 19, 1918-1940 (1998).

[14] C. Greif, and J. Varah, Block stationary methods for nonsymmetric cyclically
reduced systems arising from three-dimensional elliptic equations, STAM J.
Matrix Anal. Appl. 20, 1038-1059 (1999).

[15] A. Feriani, F. Perotti, and V. Simoncini, Iterative system solvers for the fre-
quency analysis of linear mechanical systems, Comput. Methods Appl. Mech.
Engrg. 190, 1719-1739 (2000).

[16] A. Frommer, T. Lippert, B. Medeke, and K. Schilling, Numerical challenges in
lattice quantum chromodynamics, Lecture notes in computational science and
engineering, Springer, Heidelberg, 15 (2000).

[17] C.-X. Li, and S.-L. Wu, A modified GHSS method for non-Hermitian positive
definite linear systems, Jpn. J. Ind. Appl. Math. 29, 253-268 (2012).

[18] C.-X. Li, and S.-L. Wu, A single-step HSS method for non-Hermitian positive
definite linear systems, Appl. Math. Lett. 44, 26-29 (2015).

[19] W. Li, Y.-P. Liu, and X.-F. Peng, The generalized HSS method for solving
singular linear systems, J. Comput. Appl. Math. 236, 2338-2353 (2012).

[20] H.N. Pour, and H.S. Goughery, New Hermitian and skew-Hermitian splitting
methods for non-Hermitian positive-definite linear systems, Numer. Algorithms
69, 207225 (2015).

[21] Y. Saad, Iterative Methods for Sparse Linear Systems, STAM, 2003.

[22] Y.-J. Wu, X. Li, and J.-Y. Yuan, A non-alternating preconditioned HSS itera-
tion method for non-Hermitian positive definite linear systems, Comput. Appl.
Math. DOI: 10.1007/s40314-015-0231-6 (2015).

Min-Li Zeng
School of Mathematics, Putian University, Putian 351100, P.R. China
e-mail: zengml112@1zu.edu.cn

Guo-Feng Zhang
School of Mathematics and Statistics, Lanzhou University, Lanzhou 730000, P.R.
China

873 Min-Li Zeng et al 859-873



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Aggregating of Interval-valued Intuitionistic Uncertain
Linguistic Variables based on Archimedean t-norm and It
Applications in Group Decision Makings'

Juan Li%*, Xiao-Lei Zhang?, Zeng-Tai Gong®
@ Department of Mathematics, Baoji University of Arts and Sciences, Baoji, Shaanxi, 721013, P.R. China
bGroup of Mathematics, Dongfanghong Middle School of Dingxi, Dingxi, Gansu 743000, China
bCollege of Mathematics and Statistics, Northwest Normal University, Lanzhou, Gansu 730070 China

Abstract With respect to multiple attribute group decision making (MAGDM) problems in which the
attribute weights and the expert weights take the form of real numbers and the attribute values take
the form of interval-valued intuitionistic uncertain linguistic variable, we propose group decision making
methods of interval-valued intuitionistic uncertain linguistic variable based on Archimedean t-norm and
Choquet integral. First, we introduce some concepts of fuzzy measure and interval-valued intuitionistic
uncertain lingistic variables based on Archimedean t-norm. Then, interval-valued intuitionistic uncer-
tain linguistic weighted average(geometric) and interval-valued intuitionistic uncertain lingistic ordered
weighted average operator based on Archimedean t-norm are developed. Furthermore, some desirable
properties of these operators, such as commutativity, idempotency and monotonicity have been studied,
and interval-valued intuitionistic uncertain linguistic hybrid average operator based on Archimedean t-
norm are developed. Based on these operators, two methods for multiple attribute group decision making
problems with intuitionistic uncertain linguistic information have been proposed. Finally, an illustrative
example is given to verify the developed approaches and demonstrate their practicality and effectiveness.
Keywords: Interval-valued intuitionistic fuzzy sets; aggregation operators; Archimedean t-norm; group
decision making.

1. Introduction

Multiple attribute decision making (MADM) problems are an important research topic in decision
theory. Because the objects are fuzzy and uncertain, the attributes involved in decision problems are
not always expressed as real numbers, and some better suited to be denoted by fuzzy numbers, such as
interval numbers, triangular fuzzy numbers, trapezoidal fuzzy numbers, linguistic numbers on uncertain
linguistic variables, and intuitionistic fuzzy numbers. Because Zadeh initially proposed the basic model
of fuzzy decision making based on the theory of fuzzy mathematics, fuzzy MADM has been receiving
more and more attention. The fuzzy set (FS) theory proposed by Zadeh [1] was a very good tool to
research the fuzzy MADM problems, the fuzzy set is used to character the fuzziness just by membership
degree. Different from fuzzy set,there is another parameter: non-membership degree in intuitionistic fuzzy
set (IFS) which is proposed by Atanassov [2,3]. Clearly, the IFS can describe and character the fuzzy
essence of the objective world more accurately [2] than the fuzzy set, and has received more and more
attention since its appearance. Later, Atanassov and Gargov [4,5] further introduced the interval-valued
intuitionistic fuzzy set (IVIFS), which is a generalization of the IFS. The fundamental characteristic
of the IVIFS is that the values of its membership function and non-membership function are interval
numbers rather real numbers.

On the other hand, in the real decision-making, there are many qualitative attributes which are
difficult to give attribute values by quantitative measurement. While, they are easy to give linguistic
assessment values. However, for a linguistic assessment value, it is usually implied that the membership

"Supported by the National Natural Scientific Foundation of China (11461062) and the Scientific Research Project of
Education Department of Shaanxi Gansu Provincial Government (16JK1047).
*Corresponding Author: Juan Li. Tel.: +8613992795738. Email Address: lijuanbjasu@163.com
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degree is one, and the non-membership degree and hesitation degree of decision makers cannot be ex-
pressed. On the basis of the intuitionistic fuzzy set and the linguistic assessment set, Wang and Li [6]
proposed the concept of intuitionistic linguistic set, the intuitionistic linguistic number, the intuitionistic
two-semantic and the Hamming distance between two intuitionistic two-semantics and ranked the alter-
natives by calculating the comprehensive membership degree to the ideal solution for each alternative.

As an aggregation function, the Choquet integral [7] with respect to fuzzy measures has performed
successfully in multicriteria decision making (MCDM). There are many works on the Choquet integral of
single-valued functions. It is of interest to combine the Choquet integral and the IFS theory or MCDM
under intuitionistic fuzzy environment, because, by doing this, we cannot only deals with the imprecise
and uncertain decision information but also efficiently take into account the various interactions among
the decision criteria.

Base on Archimedean t-conorm and t-norm [8-11], and the aggregation functions for the classical
fuzzy sets (F'Ss), Beliakov et al. gave some operations about intuitionistic fuzzy sets, proposed two
general concepts for constructing other types of aggregation operators for intuitionistic fuzzy sets (IFSs)
extending the existing methods and showed that the operators obtained by using the Lukasiewicz t-norm
are consistent with the ones on ordinary FSs. We can find above aggregation operators are all based
on different relationships of the aggregated arguments, which can provide more choices for the decision
makers.

In summary, based on intuitionistic linguistic set proposed by Wang and Li [6] , combining interval-
valued uncertain linguistic variables, Archimedean t-norm and Choquet integral, in this paper, we pro-
pose the interval-valued uncertain linguistic variables based on Archimedean t-norm and investigate the
MAGDM problems. First, we introduced some concepts of fuzzy measure and interval-valued intuition-
istic uncertain linguistic variables based on Archimedean t-norm. Then, interval-valued intuitionistic
uncertain linguistic weighted average(geometric) operator based on Archimedean t-norm ,interval-valued
intuitionistic uncertain linguistic ordered weighted average(geometric) operator based on Archimedean
t-norm are developed. Furthermore, some desirable properties of these operators, such as commutativity,
idempotency and monotonicity have been studied, and an intuitionistic uncertain linguistic hybrid av-
erage(geometric) operator based on Archimedean t-norm was developed. Based on these operators, two
methods for multiple attribute group decision making problems with intuitionistic uncertain linguistic
information have been proposed.

1. Preliminaries

A function T : [0,1] x [0,1] — [0, 1] is called a t-norm if it satisfies the following four conditions (ref.
to [8,9]):
1) T(1,z) = z, for all .
2) T(xz,y) = T(y,x), for all x and y.
3) T(x, ( )) T(T(x,y), )forallmyandz.
4) z < ',y <y implies T(x y) <T(y), =y, ,y €[0,1].

A functlon : [0,1] x [0,1] — [0,1] is called a t-conorm if it satisfies the following four conditions
(ref. to [8,9]):

1) S(0,z) = x, for all .

2) S(z,y) = S(y, ), for all z and y.

3) S(zx, S(y, z)) = S(S(z,y), z), for all z,y and z.

4) x <2,y <y implies S(z,y) < S(z',y), z,y,2',y €[0,1].

A t-norm function T'(x,y) is called Archimedean t-norm if it is continuous and T'(z,z) < x for
all x € [0,1]. An Archimedean t-norm is called strictly Archimedean t-norm if it is strictly increasing in
each variable for z,y € (0,1), (ref. to [8,9]).

A t-conorm function S(z,y) is called Archimedean t-conorm if it is continuous and S(x,z) > x for
all z € [0,1]. An Archimedean t-conorm is called strictly Archimedean t-conorm if it is strictly increasing
in each variable for x,y € (0, 1), (ref. to [8,9]).

A mapping N : [0,1] — [0, 1] is called negation operator, if N is decreasing and N(0) =1, N(1) =0.

Suppose that S = (sg, $1,...,5-1) is a finite and fully ordered discrete term set, where [ is an odd
number. In real situations, [ would be equal to 3,5,7,9,etc. For example, when [ = 7, a set S can be given
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as follows:
S = (so, 1, 2, S3, S4, S5, S¢) = {very poor, poor, slightly poor, fair, slightly good, good,very good}.

For any linguistic set S = (sg, s1, ..., 1), the relationship between the element s; and its subscript ¢
is strictly monotonically increasing [12,13,14], so the function can be defined as follows: f :s; = f(7).
Clearly, the function f() is a strictly monotonically increasing function about a subscript i. To preserve
all of the given information, the discrete linguistic label S = (sq, s1, ..., 8;_1) is extended to a continuous
linguistic label S = {s, | @ € R}, which satisfies the above characteristics.

Suppose 5 = [s4, 5], Sa,80 € S and a < b, s, and s;, are the lower limit and the upper limit of 3,
respectively. Then, s is called an uncertain linguistic variable [15].

For each z, 4 (x) and v4(x) are closed intervals and their lower and upper end points are, respectively,
denoted by pk(z), uY(x),v5(z),/Y (x). We can denote by

A = {(ellso(0), 7)), A (@), i ()], VA (2), v3 (@)]]) ] € X},

where sy, S7(z) € S, 0 < pl(x) + 04 (2) <1, z € X, pli(x) > 0 and vi(z) > 0.
For each element x, we can compute its hesitation interval of x to uncertain linguistic variable
[50(33)a 57—(1)] as

ma(x) = [mh(2), 75 (2)] = [1 = v (2) — pa(x), 1 - vi(z) — pi()).

Definition 1.1. Let A = {(z[[sg(x), 57(x)), (14 (@), 15 (@)], [V (), V] (z)]])|x € X} be IVIULS, 6-
Tuple < [Sg(z), S7(a)) (15 (@), 5 (@)], [V (), V5 ()] > is called an interval-valued intuitionistic uncertain
linguistic number (IVIULN), and A can also be viewed as a collection of the interval—valued intuitionistic

uncertain linguistic variables. So it can also be expressed as A = {([sg(x), S7(x)), [14 L(z), uY (2)], [V (),

vi (@)])]x € X}
2. Interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm

Definition 2.1. Let & = ([Sp(a;)» Sr(an)]: 17 (), u¥ (00)], [v* (), v¥ (q)]) (i = 1,2) be two interval-
valued intuitionistic uncertain linguistic variables based on Archimedean t-norm and A > 0, we can define
the operational rules about a; and as as follows

(1) ar®ay = <[59(a1)+9(a2) T(O¢1)+T(a )]s S (), " (a2)), S(Y (), n¥ (a2))],
[T (v"(a1), v (02)), T(VY (1), v (04 D))
= ([56(a1)+6(a2) T(a1)+7(a2)] [t (k" (ea)) + A" (a2))), it (Y (1)) + h(p" (a2)))],
g~ (g(v" (1)) + g(v*(a2))), 97 (g(W¥ (1)) + g (1Y (a2)))]):

(2) a1 ® a2 = ([sp(a1)x(az); Sr(al)xf(ag)H pH(an), u(a2)), T(p" (an), p¥ (a2))];
[S((an), V¥ (a2)), S (1), v (a2))])
= <[89(a1)x9(o¢2)7 S’T(Ocl)XT(OéQ)]? [ 1(9 ML(al)) + g(lUJL(OQ)))
[t (V" (o)) + h(VL(az)))a h_l(h(VU(Oé )+ h(V (a2)

(B)Aar = ([saxa(a1)s Saxr(an); [h‘ (Ma(p* (1)), k= (A (@), [ “T(Ag(vh (1)), g7 (g (Y (@)
(4) @ = {[Sp0an Srtany]s [ g (@1))), g g (1 (@), (B (AR (@), b= (b (a1))).
Theorem 2.1. For any two mterval—valued intuitionistic uncertain linguistic numbers based on
Archimedean t-norm a; = ([Sg(a;), S+(ay))s [h(ay), p¥ ()], [v"(w), vV (aw)]) (i = 1,2), it can be proved
the calculation rules shown as follows:
a) a; @ ag = ag B ag;
b) a1 ® qp = a2 ® a;
c) Map @ az) = Aay @ Aag, A > 0;
d) A1 D Ao = (/\1 + )\2)&1, A1, Ao > 0;
e) ' @ay? = (a DN g > 0
(f) a a1 ®oz2 (1 ® @), A > 0.
Definition 2.2 [16]. Let a1 = ([Sg(a)> Sr(an)]: " (o), u¥ (o)), [v*(c1), vY (a1)]) be an interval-
valued intuitionistic uncertain linguistic number based on Archimedean t-norm, an expected value E(aq)
of a; can be represented as follows

/\/‘\/‘\/\/‘\
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~ 1 pH(ar) + pY (o vE(ar) +vY (oq
E(an) = 5 < ( 5 U 3 @) S(0(a1)+7(a1)) /2
= 5((0(ar)+1(a1)) x (nE (ar)+pY (a1)+2-vE(a1)—vY (a1)) /8
Definition 2.3 [16]. Let a3 = ([sa(al),sT(al)],[uL(al),uU(al)},[Z/L(oq),uU(oq)]} be an interval-
valued intuitionistic uncertain linguistic number based on Archimedean t-norm, an accuracy function
H(aq) can be represented as follows

~ L U« vE(a e
H(ay) = (,U (1) ;M (@) + (@) —; < 1)) X S(0(ar)+7(0n))/2
= 5((0(ar)+7(a1) x (uE (a1)+pY (1) +vE (1) +0V (1)) /4-
Definition 2.4 [16]. If & = ([Sg(as)s Sr(as)) 07 (), pY ()], [VF (i), vV (as)]) (i = 1,2) are any two
interval-valued intuitionistic uncertain linguistic numbers based on Archimedean t-norm, then

(1) If E(&l) > E(&Q), then o > ao.
(2) If E(a1) = E(ag), then:

If H(Oq) > H(O@) then aq = ao.

If H(Ozl) ( ), then a; = ao.

3. Aggregating of the interval-valued intuitionistic uncertain linguistic variables based on
Archimedean t-norm aggregating operator and fuzzy measure

A fuzzy measure on X is a set function p: P(X) — [0, 1] such that

(1) p(0) =0, u(X) =15

(i) A,B C X, AC B implies p(A4) < p(B).

Let A,B € P(X),AN B = @. If fuzzy measure g satisfies the following conditions:

g(AUB) = g(A) + g(B) + A\g(A)g(B)

and A € (—1,00).

If A = 0, then ¢ is an additive measure, which means there is no interaction between coalition-
s Aand B .

If A > 0, then ¢ is called a supperadditive measure, which reflects there exists complementary
interaction between coalitions A and B.

If -1 < A < 0, then g is said to be a subadditive measure, which shows there exists redundancy
interaction between coalitions A and B.

Let X = {1,292, ...z, } be a attribute index set, if 4,5 = 1,2, ...,n and i # j,x;Nx; = &, U,z = X,

then Lin
9(X) = { AT [+ Ag(a)] = 1) A#0,
> i1 9(xi) A =0,
where x;, g(z;) is called a fuzzy measure function, and it indicates the importance degree of x;.

From ¢(X) =1, we know X is determined by A +1 = [, (1 4+ Ag(x;)).

Based on the the above operational rules, we propose weighted average (geometric) operator, or-
dered weighted average (geometric) operator and hybrid average (geometric) operator for interval-valued
intuitionistic uncertain linguistic variables based on Archimedean t-norm in this part.

Definition 3.1. Let & = ([Sg(a)» Sr(an))> (W5 (), n¥ ()], [VF (), Y (ai)]) (i = 1,2,...,n) be a
collection of interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm,
and ATS — IVIULW A(or ATS — IVIULWGA) : Q" — Q, if

ATS — IVIULW Ay(@, @, - ., Gn) = Y 15005,

(or ATS — IVIULWGA,(a1,ds, . . = []@)»,
7=1
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where (2 is the set of all interval-valued intuitionistic uncertain linguistic variables based on Archimedean
t-norm, and pr = (1, p2, . .., pn)? is the weighted vector of a;(j = 1,2,...,n), p is a fuzzy measure on X
with Hi € [0, 1], i = ,LL(A(])) — M(A(j+1))> and Z?:l i = 1, A(]) = (], .,n) with A(n+1) = (b, then
ATS —IVIULWA (ATS — IVIULWGA) is called the interval-valued intuitionistic uncertain linguistic
weighted average (Welghted geometric average) operator based on Archimedean t-norm.

Specifically, if 4 = (%, 1 ...,%), then ATS — IVIULW A operator is interval-valued intuitionistic

n’n’
uncertain linguistic arithmetic average operator based on Archimedean t-norm (ATS — IVIULAA):

- ~ 1. -
ATS — IVIULAA(ay,as, .. .,ap) = E(al Das®...PHAy).

Theorem 3.1. Let &; = ([Sp(as)> Sr(an)]s 5 (), u¥ ()], [v*(cu), v (ai)]) (i = 1,2,...,n) be a
collection of interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm,
then, the result aggregated by Definition 3.1 is still an interval-valued intuitionistic uncertain linguistic
variable based on Archimedean t-norm, and

ATS = IVIULW A, (@1, 82, .. 8n) = S5, g1y xttes): ST5 (st
[ (5= sy (), (2 b ()]s Lo~ (Z] 119 (), g7 (250 g (v (ag))])-
(07' ATS — IVIULWGAM(al, &2, e ) <[ a])) i)s Snjzl((T(aj))Mj)]

g7 (X g (™ (ay)), g (=1 g (Y ()], [h‘l(ZFl pih( (), = (2T k(Y (),
where p = (1, p2, ..., fin) is a fuzzy measure on X with p; € [0,1], p; = u(Ag)) — (A(JH)) and
Z?:l pj = 1, the parentheses used for indices represent a permutation on X such that oy < ap <--- <
Qn, A(]) = (], ...7n)7A(n+1) =
Theorem 3.1 can be proven by mathematical induction. The steps in the proof are shown as follows:
Proof. We only prove the case of AT'S — IVIULW A, (0, aa, ..., ap).
(1) When n = 1, obviously, it is right.
(2) When n = 2,
p1a = ([Sulxe(al)a Sul><7'(a1)] [h_l(:u h L(al)))v h_l(ulh(NU(al)))]ﬂ
g™ (g (™ (1)), g~ (n19(
,U2a2 = <[5u2><6(a2)7 2 X7 (a2) (ILLL(OQ)))?h_l(:UZh(:U’U(OQ)))]’
(

(97 (p2g(vE (), g~ Hrag(v
ATS — IVIULW A, (i, ) =

1
= <[3u1><0(oz1)73u1><7'(a1)] [hil(l[’blh(ll’l‘ (al) )ahil(ﬂlh(/‘U(al)))]a
lg7 (g (™ (1)), g~ (r1g(W¥ (an)))])
D[Sz x0(asz)> Sz xr(az)]> [h_l(ﬂ2h(ﬂL(a2)))7h_l(uzh(HU(az)))]»
[97 (29(v"(a2))), g~ (29 (V¥ (@2)))])
= <[3u1 x6(a1)+u2x0(az2)s Sui ><7'(0¢1)+8M2><T(a2)]7
[ (R(h™ (b (1)) 4 h(h ™ (p2h (i (a2))))),
pih{p (aq p2n{ = (g )
A= (h(h (pah(pY (1)) + (R~ (p2h(pY (a2)))))]
[97 (9(g™ (rg(v"(an)))) + g(g7 (n29(v*(2)))))
971 (9(g™ g (¥ (a1)))) + 99" (k29 (v (@2))))]) ,
= <[325:1(ijo(aj))7 Szgzl(ujxf(aj))]a [ (252 (™ (), R (52 mih (Y ()],
97 (25 g (a)))), 7 (2 g (1Y (a)))])-
Therefore, when n = 2, the conclusion is right.
(3) Suppose when n = k, the conclusion is right, i.e.

~ o~ ~ — k
ATS = IVIULW Ay (@, @, -, @) = (S5 (0 x0(0)) S5t MX,(%))] [ (30 (™ (),
)

W (08 h (U ()], 97 (252 g (v (), g7 (20 i g (WY ().
Then, when n =k + 1,
ATS — IVIULW Ay (ay, ag, . .., Ok, Q1) = <[SZ§:1(MX9(%))’ Szle(quT(aj))L [h_l(Z?ﬂ Njh(ML(Olj)))v
R (28 k(o)) g7 (g g (vE (), g7 L (2h_y g (Y ()
DS 1411 %0 1) Spepr xr(ang))s P (et h(pH (1)), B (gt h (1Y (k1)
lg (19 (k1)) 97 (19 (WY (ar11))])
= (IS5 (0 x00ag) i1 <0 ) S8 (g (@)t X))

)
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[ (R (25 i () + A (e h (B (041))))),
Rt (h(h= (25 mih(uY (@))) + h(h™ (1 h (1Y (k1))
97 (g(g™ (s g (W (a)))) + 99~ (19 (W (@41))))),
9 g9~ (5, 1ig (WY () + (g™ (t19(wY (@)
:<[ SRy x0(ay)) SZ’““(MXT(%))] [h (E;Hll oy h(p ( j)))yh’l(Zfﬂl ,ujh(,uU(ozj)))],

] 1

97 (2550 mig (v (), g~ (255 g (WY ().

So, when n =k + 1, the conclus10n is right, too.
According to steps (1), (2) and (3), we can conclude the conclusion is right for all n.

)
)
)

Example 3.1. If N(z) =1 — =z, g(t) = —logt, and Algebraic t-conorm and t-norm [11] defined by
TAz,y) =2y, S4z,y)=x+y— zy, then
IVIULWA,(an, @z, . 0n) = ([S50 (4 x0(a)) S0 (g xr (o)
[1=TI7=s (1 = (e, 1 =TT (1 = u¥(ay))H],
Ty (™ (), Ty (VY () ]),
which is the interval-valued intuitionistic uncertain linguistic weighted average(IVIULWA) operator.
Example 3.2. If N(z) =1 -z, g(t) =log(%), and Einstein t-conorm and t-norm [11] defined by

TE(%Z/) = W ) SE(QC,Z/) = fi:;yya then

EIVIULWAM(OQ, a9, ... ,Oén) = <[52j=1(ﬂj><9(04j))’ Szj 1(M]><7'(04J))]
[ T (b ()M —TT7oy (A= () Ty (MY ()" =TTy (1=pY (o ))“’]
H?:1(1+ML(aj))”j+H?:1(1*uL(Olj))”j = (Y (%))“J HI— (1=nY (@ aNFTD
[ 2H3 1(1’ ()" 2H] (v (O‘J)) D
1_[9 12— B () T+ (vE ()"0 TTT—y (2—vY ()" T+ Ty (WY ()" /7
which is called the Elnsteln interval-valued intuitionistic uncertain linguistic weighted average(EIVIUL
WA) operator.

Example 3.3. If N(z) =1—=z, g(t) = log(M) , 7> 0, and Hamacher t-conorm and t-norm
[11] defined by T (z,y) = T 0 7> 0 S (z,y) = ety—ey=(-%)2y 5 () then

1=(1-7)zy
HIVIULW A, (@1, Gn) = {5535 (1yx0(a2y))» S35 g xrie ) )

[ H;L (=Dt (o) Ty (1) o 1D () TB, (=i o)
O D (@) T+ (D T A () T, (D (@) + (- D) T (AU (a; )77

: ATy () YT, (VY () i

T, (I (- D= E(a)) T+ (- D I @)V * T A (=D A—27 (a)) T+ (- D T (07 (@)

which is called the Hammer interval-valued intuitionistic uncertain linguistic weighted average(HIVIUL
WA) operator.

Especially, if v = 1, then the HIVIULW A operator reduces to the IVIULW A operator; if v = 2,
then the HIV IU LW A operator reduces to the EIVIULW A operator.

Example 3.4. If N(z) =1—=z, g(t) = log(%) , 7 > 1, and Frank t-conorm and t-norm [11]

x __ y_ l—x__ 1—y__

defined by Tf(a:,y) = log, (1 + %) , 7> 1 Sf(x,y) =1-—log,(1+ Gl ?—(1 ! 1)) , Yy > 1,
then

FIVIULW A, (G, Go, 5 an) = (S5 (uy x0(a))> Sz;=1<ujxr<5j>>]»

[1—1log,(1+ H}LlL(vl’“ (@) —1)17),1 - log,, (1 + [T () —1ym)],

log, (1 + [Tj—; (v @) — 1)#),log, (1 + TTj—, (v (@9) — 1)4)]),
which is called the Frank interval-valued intuitionistic uncertain linguistic weighted average(FIVIULWA)
operator.

Especially, if v — 1, then the FIVIULW A operator reduces to the IVIULW A operator.

Example 3.5. If N(z) =1 — 22, g(t) = —logt, and Algebraic t-conorm and t-norm [11] defined by
T3 (v, y) = 2y , S§(x,y) = /1 — (1 —22)(1 — y2), then

IVIULW Au(an, @, -5 6n) = ([0 (uyx0(a,)) S50 (1 x () )

/T~ T (0 — ()2, 1= Ty (1= (7 (07))2)),

[Ty (" (), Ty (VY () )),

which is the interval-valued intuitionistic uncertain linguistic weighted average(IVIULWA) operator.
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Example 3.6. If N(x ) =1-—22, g(t) =log(%), and Einstein t-conorm and t-norm [11] defined by

x 22102
EIVIULW A (OJLOQ;... 7Cln) <[Sz;l 1(NjX9(O‘j))’Szyzl(linT(Oéj))]’

[ Ty (I (ph (o)D) Ty (= (uE () 2)" }L:1(1+(MU(aj))2)“j—H}Lzl(l—(uU(aj)V)“j]
T (L (b (o)D) + Ty (1= (P ()25 T (T (Y ()" +T 1= (= (Y (a5))2)"
[ 2115, (" ()" 21151 (WY ()" 1)
17— =25 ()" +T Ty (v ()77 7 TTT =y 2=V ()" +T Ty (W9 ()79 277
which is called the Einstein interval-valued intuitionistic uncertain linguistic weighted average(EIVIUL
WA) operator.

Example 3.7. If N(z) =1 —2?%, g(t) = log(M) , v > 0, and Hamacher t-conorm and t-norm

2 2_ 2,2 _(1_— 2,,2
defined by Tg(x,y) = 57 )(szry 0 7> 0, SQI{/(ac,y) = \/x ty l_ﬁly_w)iéyl)"” Y~ 4 >0, then

HIVIULIW A (@1, 0, 2 0n) = {557 (45 x60(0)) S5y xr(a))
[\/ T (=D (@) T, (1= (e (0,))2) \/ T (10D (7 (0,))) T, (1= ()"

T (=D (h ()" +(v=D) T A= (a;))2)" 7\ TTZ A+(y=1) (1Y (2))2)" +(v=1) [T} A= (1Y (e))2)"

[ VI (v L(ag))“f YT}, (WY ()" 1)

[T A+ (=) A=vE ()" +(y=1) TT =1 (vE ()" TT7— A+ (=1 (1=vY ()" +(v=1) [Tj=y (v¥ (a))" /7
which is called the Hammer mterval-valued intuitionistic uncertain linguistic Welghted average(HIVIUL
WA) operator.

Especially, if v = 1, then the HIVIULW A operator reduces to the IV IULW A operator; if v = 2,
then the HIVIULW A operator reduces to the EIVIULWA operator.

Example 3.8. If N(z) =1 — 22, g(t) = log( ) ~v > 1, and Frank t-conorm and t-norm defined

by T4, (e, ) = log, (1+ T=200=2) 5 > 1, S (a.) \/1 —log, (1+ _?_(Yl “), 4> 1, then
FIVIULW A (041,042, . Oén) = <[SZ] 1(MJ><9(04]))’SZ] 1(,uj><‘r(a]))]

\/1—log7 (14 Ty (=B (@a)* — 1)ma) \/l—log,y(l—i—Hj (A @) 1y

llog, (1 + [T7=y (v — 1)), log, (1 + 7y (v (%) — 1)),
which is called the Frank interval-valued intuitionistic uncertain linguistic weighted average(FIVIULWA)
operator.
Especially, if v — 1, then the FIVIULW A operator reduces to the IVIULW A operator.
The ATS — IVIULW A operator has the following properties, such as idempotency, monotonicity,
bounded, and so on.
In the following section, we propose the interval-valued intuitionistic uncertain linguistic ordered
weighted average operator based on Archimedean t-norm.
Definition 3.2. Let &; = ([Sg(a;)> Sr(an))s (5 (), p¥ ()], [v5 (), v¥ ()]} (i = 1,2,...,n) be a
collection of interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm,
and ATS — IVIULOW A (ATS — IVIULOWG) : Q" — Q, if

ATS — IVIULOW Ay (a1, @, . .., 0n) = Y _ wjdiy,,

(or ATS — IVIULOW Gy (@1, o, . . H ao?,)

where (2 is the set of all interval-valued intuitionistic uncertain hngulstlc variables based on Archimedean
t-norm, and w = (wy, ws,...,wy,)’ is an associated weighted vector with AT'S — IVIULOW A (ATS —
IVIULOWG) and w; € [0, 1], 2?21 wj = 1. If (01,09,...,0,) is any permutation of (1,2,...,n), such
that a,,_, = a,; for all j = 1,2,...,n, then AT'S — IVIULOW A (AT'S — IVIULOW G) operator is
called the interval-valued intuitionistic uncertain linguistic ordered weighted average (weighted geometric)
operator based on Archimedean t-norm. wj is decided only by the jth position in the aggregation process.
Therefore, w can also be called the position-weighted vector.

The position-weighted vector w can be determined according to actual needs, or it can be determined
based on the fuzzy semantic quantitative operator[17] or the combination number[18].
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Theorem 3.2. Let & = ([Sp(a;)> Sr(ay))s (15 (), p ()], W5 (o), v (a0)]) (i = 1,2,...,n) be a
collection of interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm,
the result aggregated from the Definition 3.2 is still an interval-valued intuitionistic uncertain linguistic
variable based on Archimedean t-norm, and

ATS — [VIULOWAw(&l, Qg,...,0n ) = <[SZ L (W x0(ag ) Z n (,uJXT(Oto]))]? [h_1(2?21 wjh(uL

(o)), (32— wih(u (o, D)), L9~ (07— wig(vH(ae,))) g7 (25— wig(v (%)))D
(O’I" ATS—IVIULOWGM(&l,&Q, Oén) = <{8Hn ((9( )) ) SH ((T(a(y ] [g (Z?:l w]g(uL

(a0;))), 9 (g wig(n¥ (o)), (R (22 wih(v™ (a,))), (2T, wyh(VU(aaj)))]%)
where w = (w1, ws,...,w,)T is an associated weighted vector with ATS — IVIULOW A (ATS —
IVIULOWG) and w; € [0,1], E?:l w;j = 1. (01,09,...,0y,) is any permutation of (1,2,...,n), such
that a,,_, = ag, forall j=1,2,...,n

In a similar way to the proof of Theorem 3.1, Theorem 3.2 can be proven by mathematical induction,
and the proof steps are therefore omitted.

The ATS — IVIULOW A operator has some similar properties to the AT'S — IVIULW A operator,
such as idempotency, monotonicity, bounded, commutativity and so on.).

Definition 3.3. Let a; = <[59(ai),37(ai)],[uL(ai),uU(ai)],[VL(ai),VU(ozi)D (i =1,2,...,n) be a
collection of interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm,

and ATS —IVIULHA : Q" — Q, if

ATS — IVIULH A, (81,8, ..., 8n) = Y w5y,

(or ATS — IVIULHG,, (81,8, .., an) = [[(8-,)"")
j=1

where € is the set of all interval-valued intuitionistic uncertain linguistic variables based on Archimedean
t-norm, and w = (wy,ws, ..., w,)" is an associated weighted vector with ATS — IVIULHA (ATS —
IVIULHG) and w; € [0,1], Y77, wj = 1. If By, is the jth the largest of the interval-valued intuitionistic
uncertain linguistic weighted argument Bk(gk = nurdp, k = 1,2,....n), p = (1, 2, ..., pn)’ is the
weighted vector of a;(j = 1,2,...,n), p is a fuzzy measure on X with p; € [0,1], p; = u(Ay)) —
(A1), Z?Zl pj =1, Ay = (J,...,n) with A1) = 0 and n is the balancing coefficient, then
ATS — IVIULHA (ATS — IVIULHG) is called the interval-valued intuitionistic uncertain linguistic
hybrid average (hybrid geometric) operator based on Archimedean t-norm.

Theorem 3.3. Let &; = ([Sp(as)> Sr(an]s 5 (), u¥ ()], [v* (i), v (ai)]) (i = 1,2,...,n) be a
collection of interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm,
then, the result aggregated from Definition 3.3 is still an interval-valued intuitionistic uncertain linguistic
variable based on Archimedean t-norm, and
ATS — IVIULHAu,w(alva% . -aan) = <[SZ?:1(wj><9(,ng)) SZ] 1 wJXT(,Bg ]7 [h 1(2 -1 Wj (ML(BU]')))a
h=H (21 wih(u” (Bo,))], Lo (T wig(Wh (Bo,)))s 97 (3271 wig (WY (Bs,)))))-

(or ATS — IVIULHG (01,62, - &) = (ST, ((0(8,,))3) ST, (80, )y ) (97 (22 wig (" (Bo
D)8 (i wig 0 (B, )] I (g il (B, ), (S w0 (50, )

where w = (w1, ws, ..., w,)7 is an associated weighted vector with ATS—IVIULHA (ATS—IVIULHG)
and w; € [0,1], Z] qw; = 1. If ﬁg is the jth the largest of the interval-valued intuitionistic uncertain
linguistic weighted argument ﬁk(ﬁk = nupag, k = 1,2,....n), p = (p1, 2, ..., pn)? is the weighted
vector of a;(j = 1,2,...,n), p is a fuzzy measure on X With pi € [0,1], py = p(Agy) — w(Ag4n),
2?21 pi =1, Ay = (j,...,n) with A1) = 0 and n is the balancing coefficient.

4. Aggregating of the interval-valued intuitionistic uncertain linguistic variables in group
decision making based on Archimedean t-norm

Consider a multiple attribute group decision making problem with intuitionistic linguistic infor-
mation. Let A = {A;, As,..., Ay} be a discrete set of alternatives and C' = {C1,Cy,...,C,} be the
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set of attributes. p = (pu1,p2,...,un)T is the weighting vector of the attribute C;(j = 1,2,...,n),
where p; > 0 (j = 1,2,....n), Z;-lzl pj = 1. Let D = {D1,Ds,...,Dp,} be the set of decision mak-
ers and A = (A1, A2,---,Ap)T be the weighted vector of the decision makers, where \;, > 0 (k =
1,2,... ) > h_1 Ak = 1. Suppose that RF =7 ”]an is the decision matrix, where
'fzkj = ([ s gk], [,uijk(al),uijk(a,)], [v ijk( a;), v gk( a;)]) takes the form of the intuitionistic uncertain lin-
guistic Variable given by the decision maker Dk for an alternative A; with respect to an attribute Cj,
and 0 < /L e S 1,0 < I/ i S u”k < ,u”k, ”k < yljk,,u”k +v ”k <1 oz”k, Zk € S. Then, the ranking
of alternatives is required

In the following section, we will apply the above operators to solve multiple group decision making
problems based on intuitionistic uncertain linguistic information. There are two methods, which are as
follows:

4.1 The method of aggregating the attribute values first

Step 1. We can utilize the AT'S — IVIULW A operator( or ATS — IVIULWGA operator)
to aggregate the attribute values (75,7%,...,75 ) given by each decision maker with respect to each
alternative into a comprehensive attribute value rf,

= ATS — IVIULW A, (78, 7%, ... ,7%) ZMJ

where i = 1,2,...,m; k = 1,2,...,p, 0 = (p1, 2, ..., pn)T, pj = w(Ag)) — m(Agsny) € [0,1] is the
attribute weight vector, A¢jy = (j,...,n) with Ag, 1) = 0.

Step 2. We can utilize the AT'S — IVIULH A operator( or AT'S — IVIULHG operator) operator
to aggregate the information (7},77,..., ) of each decision maker into a collective value 7; for each

727"
alternative,

7i = ATS — IVIULH Ay, (71,72, ..., 7) Zwkb"k

i =1,2,...,m, where w = (w1, ws,...,wy)T is an associated weighted vector with AT'S — IVIULHA
(or ATS IVIULHG) and wy € [0, 1] S _jwp =1 bakis the kth the largest of the interval-valued
intuitionistic uncertain linguistic weighted argument bl(bl = p)\lr or bl = 4p Al J=1,2,...,p), A =
(A1, A2, ..., Ap)T is the weighted vector of the decision makers, \; € [0, 1] Zkzl A =1 and p is the
balancing coefficient.

Step 3. By Definition 2.2, we can calculate the expected value E(7;)(i = 1,2,...,m) of the
collective value 7;(i = 1,2,...,m), rank all of the alternatives A;(i = 1,2,...,m) and then select the
best one(s). If there is no difference between two expected values E(7;) and E(7;), then by Definition 2.3,
we must calculate the accuracy degrees H(7;) and H(7;) of the collective overall preference values 7; and
7, respectively, and then rank the alternatives A; and A; in accordance with the accuracy function
values H(7;) and H(7}).

Step 4. Rank all of the alternatives A;(i = 1,2,...,m) and select the best one(s) in accordance
with E(r;) and H(r;) (i =1,2,...,m).

4.2 The method of first aggregating the information from different decision makers

Step 1. We can utilize the AT'S — IVIULW A operator( or AT'S — IVIULWGA operator) to
aggregate all of the decision matrices Rk(k =1,2,...,p) into a collective decision matrix R= (T35 mxn,

p
Fij = ATS — IVIULW AN(FL, 72, 78 = Y A

i=1,2,...,m; j=1,2,...,n where A = (A, Aa, ..., \,)T is the weighted vector of the decision makers.
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Step 2. We can utilize the AT'S — IVIULH A operator( or AT'S — IVIULHG operator) to derive
the collective overall preference value 7;(i =1,2,...,m) of the alternative A;,

n
7= ATS — IVIULH Ay = (Pt Fia, - Fin) = »_ wjbio,
j=1

i=1,2,...,m, where w = (w1, ws,...,w,)T is an associated weighted vector with AT'S — IVIULHA
(or ATS — IVIULHG) and w; € [0,1], 7%, w; = 1. gigj is the jth the largest of the interval-valued
intuitionistic uncertain linguistic weighted argument Zik (glk = N7 Or Ezk = ()™ k=1,2,...,n),
p= (1, 2, .., pn)T is the weight vector of 7;(j = 1,2,...,n),u; € [0,1], Z?:l pj =1, and n is the
balancing coefficient.

Step 3. By Definition 2.2, we can calculate the expected value E(7;)(i = 1,2,...,m) of the
collective value 7;(i = 1,2,...,m), rank all of the alternatives A;(i = 1,2,...,m) and then select the
best one(s). If there is no difference between two expected values E(7;) and E(7;), then by Definition 2.3,
we must calculate the accuracy degrees H(7;) and H(7;) of the collective overall preference values 7; and
7, respectively, and then rank the alternatives A; and A; in accordance with the accuracy function
values H (7;) and H(75).

Step 4. Rank all of the alternatives A;(i = 1,2,...,m) and select the best one(s) in accordance
with E(r;) and H(r;) (i = 1,2,...,m).

5. An application example

Let us consider an investment company that wants to invest a sum of money in the best option.
There is a panel with four possible alternatives in which to invest the money:
(1) Ay is a car company.
(2) Az is a computer company.
(3) A3 is a TV company.
(4) Ay is a food company.
The investment company must make a decision according to the following four attributes:
1) C4 is the risk index.
2) Cy is the growth index.
3) Cj is the social-political impact index.
4) Cy is the environment impact index.
The fuzzy measure of each attributes: g(z1) = 0.4, g(z2) = 0.25, g(x3) = 0.37, g(z4) = 0.2. Since

n

A+ 1=J]Q+Ag(x)), i =1,2,3,4,
=1

we have A\ = —0.44, then g(x1,x2) = 0.60, g(x1,x3) = 0.70, g(x1,24) = 0.56, g(x2,x3) = 0.68, g(x2,x4)
=0.43, g(x3,74) = 0.54, g(x1,22,24) = 0.88, g(x2,23,24) = 0.75, g(x1,23,24) = 0.73, g(x1, 2,23, 74)
=1.

The four possible alternatives A, As, Az, A4 are evaluated by three decision makers Dy(k = 1,2, 3)
(whose weight vector is A = (0.4,0.32,0.28)7) using the linguistic term set S = (sq, 51, 52, 53, 54, 55, 56)
about the interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm 7% =

<[O‘1ija agk], [,ufjk, ,u%k], [Viij, I/gk]» under the above four attributes. The decision matrices R* = [;’;@]4><4

(k=1,2,3)) are listed in Tables 1-3.
To obtain the best alternative(s), we can use the two methods introduced to obtain the selection
results. .
—~)t . —
Let N(z)=1—=z, g(t) = log(w) , v =2, ie. g(t) =log(3L).

5.1 The method of aggregating the attribute values first

Step 1.  We can utilize the ATS — IVIULWGA operator to aggregate the attribute values
(¥, 7% 7% 7)) into a comprehensive attribute value 7, we can obtain the aggregating results shown in

Table 4.
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Step 2. We can utilize the AT'S — IVIULHG operator to aggregate the information ( 11, ?‘;-2, 17?) of
each decision maker into a collective value 7; for each alternative.

Suppose the position weight is w = (0.25,0.5,0.25)”. We can obtain

’Fl == <[53.97, 84,85], [073, 078], [012, 016]), ?2 == <[54.12, 55.03], {061, 075], [017, 014]>,

773 = <[S4_28, 84.40], [0.72, 0.75], [0.10, 0.18]), 774 = <[$3.28, 83.97], [0.63, 0.70], [0.16, 0.22]>.

Step 3. We can calculate the expected value E(7;)(i = 1,2,3,4) of the collective interval-valued
intuitionistic uncertain linguistic variables values based on Archimedean t-norm 7;(i = 1,2,3,4) as

E(r1) = s3976,  E(r2) = 53701,  E(73) = 83499,  E(T4) = 52.984.

Step 4. By definition 4.2, we can rank all of the alternatives (A1, Aa, A3, A4) in accordance with
the expected values (E(r1), E(r2), E(r3), E(74)) of the collective interval-valued intuitionistic uncertain
linguistic variables values based on Archimedean t-norm (771, 72,73,74). We can obtain A; = Ay > Az >
Ay, and thus, the most desirable alternatives is Aj.

5.2 The method of first aggregating the information from different decision makers

Step 1. We can utilize the AT'S — IVIULW GA operator to aggregate all of the decision matri-
ces R¥(k = 1,2,3) into a collective decision matrix R = [r;;]axs. We can obtain the aggregation result
shown in Table 5.

Step 2. We can utilize

ri =ATS —IVIULHG ;. = (Ti1,Ti2, - - -1 Ti4) = Y (i=1,2,3,4)

H:»

to derive the collective overall values 7; of alterative A;, where b io; 18 the jth the largest of the interval-

valued intuitionistic uncertain linguistic Welghted argument bzk(blk = (Tix)**, k =1,2,3,4). Suppose the
position weight is w = (0.15,022.,0.35,0.28)7. We can obtain

771 = <[84.65, 85.11], [(0.72, 0.78], [0.10, 0-15]>a 772 = <[S4.74, 8517], [(0.63, 0.70], [0.15, 0.20]),

’Fg = <[S4.34, 84,45], [(070, 076], [011, 017]>, ?4 — <[83,71, 84.08], [(066, 073], [013, 023]>

Step 3. We can calculate the expected value E(7;)(i = 1,2,3,4) of the collective interval-valued
intuitionistic uncertain linguistic variables values based on Archimedean t-norm 7;(i = 1,2,3,4) as

E(r1) = s3971, E(r2) = s3604, E(73) = 53494, E(74) = 52.950.

Step 4. By definition 4.2, we can rank all of the alternatives (A, Aa, Az, A4) in accordance with the
expected values (E(r1), E(r2), E(73), E(74)) of the collective interval-valued intuitionistic uncertain lin-
guistic variables values based on Archimedean t-norm (71, 72,73,74). We can obtain A; > Ag > Az > Ay,
and thus, the most desirable alternatives is Aj.

Table 1: Decision matrix R!

Cl 02 C C4
A1 <[S4755]7[O7708]7[O1a02]> <[55755]7[0'670'6]7[0 1703]> <[55756}7[0 87038]7[0 170 1]> <[54754L[0'870'8}7[0'170 1}>
Ay {[ss, 2], 06,06, [0.1,0.2])  {[ss.sa]. [0.7,0.7].[0.2.0.2])  {[ss. s5].[0.5.0.6].[0.2,0.3]) {[sa,55].[0.5,0.6].[0.1,0.3])
Ay {[55.52.[0.7,0.71,[02,02])  {[s1. 5] [0.7,0.8], [0.1,0.2])  {[s5. 5] [0.7,0.7],[0.1,0.2])  {[ss, se].[0.7,0.8].[0.1,0.3])
Ay <[537 54]7 [067 07]7 [O2v 0 3]> <[537 53]7 [057 06]7 [027 0 3]> <[547 54}7 [O 6, 07]7 [O 2,0 3]> <[537 54}7 [077 07}7 [027 0 2}>
Table 2: Decision matrix R?
Cl CQ Cg C4
A (55,56, 0.6,0.7,0.1,01]) {[55, 5], [0.7,0.7, [0.1,01])  ([5a,55],10.7,0.9],[0.2,0.1]) _{[55, 53], [0.7,0.8], [0.1,0.2])
Ay {[s9,55]. 105,07, [0.2,0.2]) ([, s3], [0.6,0.7].[0.2.0.2])  {[s5.84].[0.7,0.7].0.1,0.2])  {[se,sc].[0.6,0.7],[0.1,0.1])
As {55, 5:].0.6.0.7].[0.0,02])  {[sa. 5], [0.8.0.9] [0.1.0.1])  {[ss.54].[0.6.0.6].[0.2.0.2]) {[sa.54].[0.7.0.7].[0.2.0.2])
Ar (55,5, [0.7,0.8],[0.1,0.2])  {[s4, 5], [0.5,0.6],[0.2,0.3])  ([ss, 3], [0.9,0.9],[0.0,0.1]) {[s5, 4], [0.8,0.8], [0.1,0.2])
Table 3: Decision matrix R3
Cl C2 Cg C4
Al <[857S5]7 [07708]7 [01701]> <[55755]7 [08709]7 [01701]> <[55785}7 [08709]7 [01701]> <[s5786}7 [07708}7 [02702”
Ay <[S5756]7 [06707]a [01a02]> <[85756]7 [07707]7 [01702]> <[55755}7 [08708]7 [01701]> <[55755}7[09709}7 [01701}>
As {55, 55].0.8.0.8].[0.0,0.1]) {[ss. s3], [0.7,0.8]. [0.1,0.2])  {[s1.84].0.7.0.8].[0.1.0.2]) {[sa.54].[0.7,0.8].[0.1,0.1])
Ay {[s4,55),[0.8,0.9],[0.1,0.1])  {[s4,54],[0.8,0.8],[0.0,0.2))  ([s4,55],[0.8,0.8],[0.0,0.1]) ([s4, 5], [0.7,0.7],[0.1,0.2])
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Table 4: The comprehensive attribute value 7%

D D, D5
A1 <[84_077 54.89]7 [0.58, 067], [0.12, 016]> <[84_21, 84,97}7 [0.64, 0.80], [0.11, 018]> <[85,21, 85_43], [056, 073], [0.14, 019}>
AQ <[S4‘46, 85,10}7 [0.617 0.75], [0.1, 02]> <[84‘217 54.86}7 [0677 0.78], [0.13, 017]> <[S4.607 84,96], [0.68, 0.80], [0.137 020”
Az ([s3.82,54.19],[0.68,0.79],10.07,0.10])  ([s4.30, 54.81],[0.61,0.74],[0.12,0.22]) ([543, 54.62], [0.71,0.84],(0.11,0.23])
A4 <[84_37, 54,94], [072, 080], [010, 016]> <[S4_797 85,04}7 [061, 074], [008, 020]> <[S4.57, 85_08], [064, 076], [012, 019”
Table 5: The collective decision matrix R = (Cy, Cy, Cs, Cy).
C’l C12
A1 ([54.57,55.28], [0.67,0.77],[0.10,0.14])  ([s5.00, 55.00], [0-69, 0.71],]0.10, 0.19])
A2 <[S5,007 85,28], [057, 0.66], [0.13, 020]> <[34468, 55,68}7 [067, 070], [0.17, OQOD
A3 <[84‘577 84.57]7 [070, 073], [009, 017]> <[34.287 84.57}, [073, 083], [0107 017}>
Ay ([s3.81, 54.57),[0.69,0.79], [0.14,0.21])  ([s3.57, 53.57], [0.58,0.65],[0.14,0.27))
C3 C14
Al <[54.687 85,38], [0.83, 0.86], [007, 010]> <[S4‘57, 84,83}, [074, 0.80], [0.13, 016}>
A2 <[S4,577 54.68]7 [064, 069], [014, 021]> <[S4.83, 85_28}, [063, 071], [019, 019}>
A3 <[S4_37,S4,37]7 [067,070], [013,020]> <[S4.37,$4_37}7 [070,077], [013,017]>
A4 <[83,67, 83,92]7 [074, 079], [0.09, 019]> <[83‘50, 84,28}, [073, 073], [0.14, OQOD
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Non-integer variable order dynamic equations on time scales
involving Caputo-Fabrizio type differential operator

Dumitru Baleanu'* Mehdi Nategh?!

Abstract

This work deals with the conecept of a Caputo-Fabrizio type non-integer variable
order differential opertor on time scales that involves a non-singular kernel. A measure
theoretic discussion on the limit cases for the order of differentiation is presented. Then,
corresponding to the fractional derivative, we discuss on an integral for constant and vari-
able orders. Beside the obtaining solutions to some dynamic problems on time scales
involving the proposed derivative, a fractional folrmulation for the viscoelastic oscillation
problem is studied and its conversion into a third order dynamic equation is presented.

keywords: Time scales, Fractional calculus, Caputo-Fabrizio derivative, Non-integer vari-
able order derivative and integral , Dirac delta functional, Viscoelastic Oscillation.

MSC 2010: 34N05, 26A33.

1 Introduction

This work deals with two theories, namely non-integer order calculus (or as what it is
called, fractional calculus) and A-calculus (calculus on time scales). The first one, originally
is as old as the classical calculus in the sense of Leibnitz and the latter which was started by
an effort in 80’s, was aimed to unify the difference and the differential. For an overview on the
trends and achievements in A-calculus, see [5].

In the recent years, to propose a non-integer order counterpart of A-calculus, a number of
efforts have been made [I], 3]. One of the main challenges for such proposals was to overcome
the limitations caused by the nature of the time scales, since a typical cluster of points may
appear in a variety of scattered or dense patterns.

In view of the real world applications of the non-local fractional calculus, one presumption
is to find a suitable kernel for the purpose of the better description to a class of phenomena.

*1. Corresponding author. Department of Mathematics and Computer Sciences, Cankaya University, Ankara,
Turkey. E-mail: dumitru@cankaya.edu.tr, Tel: +903122331420, Fax: +903122331025.

2. Department of Mathematics, University of Mazandran, Babolsar, Iran. E-mail: m.nateghp@yahoo.com,
Tel: +989216246609, Fax: +981135302460.
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Recently, a Caputo-like non-integer order derivative with non-singular kernel is proposed by
Caputo and Fabrizio [7],

D) =

M(a) [t alt—T)
1o /a fi(T)exp [—H]dT, (1.1)
in which, M(«) is called, the normalization function and it satisfies M (0) = M (1) = 1. As
is is graphically illustrated in [7], this new definition of the non-integer order derivative seems
to be more appropriate in describing a process which is affected by its past. Indeed, compare
to Caputo derivative, the new derivative with an exponential kernel, shows rapid stabilization
with respect to the memory effect.

A substitution of the exponential kernel with Mittag-Leffler type, to define another non-
local derivative, is suggested by Atangana and Baleanu with an application to the non-integer
order heat transfer model [2].

Fractional integral of variable order with singular kernel first was introduced in 1993 by
Samko and Ross in [I4] using direct and Fourier based approaches. The direct appraoch
formulation for the derivative reads

alt) 1 d [t f(r)
P = M=y ), .

with the assumtion that R(«(t)) € (0,1). The corresponded integral was defined in a similar
manner. Having no idea about any prospect application at that time, it has been noticed by the
authors in the introduction that, ”the work is stimulated by intelectual curiosity”. However,
later on, the theory found its applicability in viscoelastic dynamics and anomalous diffusion as
well. (see [13] for a variable order model of a harmonically forced oscillator with viscoelastic
damping).

Lorenzo & Hartley [11], in 2002, proposed the following formulation for the integral

- t(p — r)altr) (1= (da(r)/dr) -1
od; 1V £ (1) = / (t-7) (), (1.3)
o (gt 7)1 - =g7))

then a simplified version of ([1.3)), that is

tp— q(t,r))—1

is considered. A slightly different approach is introduced by Coimbra non-integer variable
order derivative (6] [13]) which is defined by

D f(t) = 11@@){ / [dj;(:)] (t— i)a(ﬂ i f(o)ta(t)'}' o

From the definition, it is clear that, (1.3) and (1.5) are of the Riemann-Liouville and
Caputo type. However, according to the other well-known singular non-integer (constant)
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order integrals and derivatives, the variable order counterparts are reported (see [16], section
1.1.5, and [12] for a comprehensive list of singular and non-singular fractional derivatives).

All the above mentioned works was dealt with the continuous time rather than considering
lattices or in its more general form the time scales approach. The appearance of variable
order fractional differnce operator of Caputo type, i.e., constant pace time scale of the form
(hN)q, = {ao, a0 + h, ...}, was in [I5], in which, the order a(t) involved a chaos,

CAOF e+ (1= a(V = 1)n] =
N—

1
I'(l-a(N-1)) =

1=

—_

T(N —i — a(i))
['(n —i)ho®

,Af(ag + th), (1.6)

where

a(i) = B+w(0.5— X(i)),
X() = AX()(1— X)), i=12.... (1.7)

In this work, relaxing the order « to be a function of a time domain, we propose the non-
integer and non-singular (in the sense of Caputo-Fabrizio) variable order differential operator
which is based on the calculus on time scales.

Definition 1.1. Suppose Ty C [0,+00) is a time scale with 0 € T and let a : Ty — [0, 1] be
such that p(t) # 1;28” (=2 € R). Let M : [0,1] — R be a function which satisfies M(0) =
M(1) = 1. The non-integer derivative of f at t of order a(s), denoted by the operational
notation D{f}(t,s), is defined by

a(s) _ M(a(s)) ! A
©0+ f(t) = 1—705(8) . f (T)eelffj()s) (t,U(T))AT CES T() (18)

An specific case, which is defined in [I1] as a variable order derivative is t = s, i.e., pertaining
to the values of ©{f} on the diagonal line in Ty x Tp.

Remark 1.1. Interpreting the order a as the rate of anomalousity of a diffusion process, a
suitable plausible candidate for a may be regarded below

alt) = a;xa;(t), (1.9)

jEN

where Y senaj =1 (aj >0), Ujey 45 = To and Aj can be voided for infinitely many j € N.
Indeed, is pertaining to a process for which, the order of proportionality between average
of displacement and time is subject to a sudden change caused by some external forces or an
unknown mechanism. The special case t = s reflects a synchronization between the process and
its anomalousity variable order.
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2 An Investigation on the Limit Cases

One of the aims of this section is to clarify that, in the original CF definition, the denom-
inator, i.e., 1= will be restrictive (in the case o — 17) when we extend the theory (with

loyalty) to include the time scales. However, not being confined by the original CF, it will be
M(c)
-«

possible to modify the multiplier in such a way that, it complies with the expectations
in the sense of limit cases.

It is noticeable that, the limit case o — 0T gives f(¢) — f(0). The limit is understood in
the sense of existing a sequence in Ty for which, «(t) tends to 0 for a subsequence. In this
section, we put aside variable order and only the constant order will be considered.

Investigating the other limit case, namley o — 17, in the case t is right dense, demands
some time sclae type measure theoretical background (see [9] for measure theory on time
scales).

To this end, let ¢y be right-scattered. The (Hilger) Dirac delta function dy, is defined by
ﬁ if t =tp and 0 if t # tg. We define Ly, € (C°(Tp,R))* by ([8], section 3)

[ 8, f()AT, u(to) > 0
o= e N oo, oy 2o 21

where h : To — R has the property fooo h(7)AT = 1. Tt can be observed that, for a function f
with f7 € C2°(Ty,R), we have [8]:

<Lt07 f> = f(tO)‘ (2'2)

For the time scale version of the exponential funation to be taken into account and be
substitited with h, wee need to modify the above mentioned theory in this manner:

Let t € Ty be a left scattered then, the corresponding Hilger Dirac delta function is defined
by

5i(7) = { Ou(pl(t))’ tﬂ(;); T (2.3)

Now supose t € Ty is left dense and define

, t—e<o(r)<t

1
we infer that (1)
‘ _J too, t=ol(r
61_15(1)1 g(evtaa—(’]—)) - { 0. t 7& O'(T) (25)

The definition (2.1)) with a slight change based on the left density property (instead of right
density property) is

[ o) o)A, u(p(t)) > 0
(Lo f) = { o [ g(e, b o(r) f(D)AT. p(p(t)) = 0 (2:6)
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To obtain the expected result, i.e., (L, f) = f(t), first we assume that p(¢) < ¢t and we observe
@) = [ s
0
t

= 6u(7)f (o (7)) AT
p(t)

= ). (2.7)
For the case p(t) = t, we have

(L, f) = lim gle t,o(T))f(T)AT

e—01 Ji_¢
1 t
= lim - f(r)AT

e—0t € t—e

= F2(t) = f(t), (2.8)

where F(t) = [! f(T)AT (a € Ty).
Now suppose {€,}, be such that é € R(Ty) (for n € N) and let €, — 0. Since in the case
p(s) >0, we have 1 © éu(s) € [0,1] for s € T, then,

. 1 | 400, o(r)=t
nll}l—iI-loo ;eei(t,a(ﬂ) B { 0, o(t) <t (2.9)
and in fact )
lim g(e,t,0(7)) = Hm —e_ 1 (t,0(7)). (2.10)

e—0t+ n—+00 €, en

Suppose {an}n C (0,1) be such that «,, — 1~ and satisfying -22— € R(Ty). Making use

1—ap
of the auxillary variable €, = %, we have 1\1/[_(70:;) = %, where N(e,) = (1 + en)M(ﬁEn)
For €, small enough, we have

t t
L (to(r)Ar = /t L (tho(rar=1, (2.11)

0 €n €n —€n €n €n
and we infer that
t
lim D% f(1) = lim N(e) [ —eqn (H0(r)fA(T)AT

a—1— n—-+00 0 €n €n

— lim N(en)/t L (o) A () A

n—-+0o —en €n en

~ fim N(en)/o glemt, o () FA(F)Ar

n——+00

= (L, f2) = fA). (2.12)
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In the right scattered case, i.e., p(t) < ¢, the continuation may gives rise to a divergence.
Let To = No. Since eg_o_(t,0(7)) = (1 - a)t=?(7) then

p(t)

T [ e totar = 203 A - ay o0
7=0

1—«a —a

(t)
= M) A -y
=0

p2(t)
= M) Y PAE)( -y
7=0

A
t
+ M@ 2PW) (2.13)
1l -«
and in the case f2(p(t) # 0, 1) gives rise to lim,_,;- Df, f(t) = co. Assuming Ty arbi-
traryily and a left scattered ¢t € Ty, we obtain

lim D% /(1) = lim (€n)

a—1~ n—+00 €y

. N (e, !
~ lm ()/,) et (t,0(r) A () AT

n——4oo Gn (t) €n

| eon tonrrmar

= (POmto) tim
_ [0 P20 #0
a {0, 2 (p(t)) = 0. (2.14)

The above discussion is summarized below:
Proposition 2.1. Let f: To — R be such that D77 f(t) ewists for an € (0,1). The

a) Fort € Ty, we have

i D5 £(1) = (1), (2.15)
b) If t € Ty is left dense then
lim D, f(t) = FA@). (2.16)

c) If t € Ty is left scattered, then

. o 00, fA(p(t) #0
woo- (T E0S e

Remark 2.1. As it is illustrated, the restriction in the limit case o — 1= for a left scattered
point, is originated from the definition 1.1. In the special case Ty = [0,+00), we have the

equality below
t

lim
a—17 Jo l1—«

f(T)eg e (t,0(7)) = f(?). (2.18)
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Unlike , in the time scale counterpart theory of the Dirac functional, generally, there is
no consistency between the formal definition of Ly and the exponential based one, i.e.,

t
. 1
lim f(T)eg o (t,0(T)) # (Lt, f). (2.19)
a—1 0 1l -« 1-a
An alternative multiplier based on the original CF definition, to overcome this pitfall, is pro-
posed below:
Suppose T : Ty x [0,1) — R satisfies the following asymptotic condintions:

limg, ;- T(ta a) =1, pt) <t
T(t,a)~ =, asa—1"  pt)=t (2.20)
lim,_,o+ T(t, Oé) = T(t, 0) =1. VteTy

It is clear that, for the CF derivative (with constant order) on time scales introduced by

Do+ f(t) =T(t, ) /t fA(T)eeﬁ(t, o(t))Ar, seTy (2.21)
0
we have
lim, o+ ©g+ f(t) = f(t) - f(O)a Vi € To
lim s D%, £(t) = FA(1), p(t) =t (2:22)

lim, o+ DF f(t) = f2(p(0)ulp(). p(t) =t
For the sake of loyalty to the Caputo and Fabrizio approach, in the rest of this paper, only the
Definition 1.1 will be considered.

3 Laplace Transform

Let Ty be as in the Definition 1.1. we need the following background for the Laplace
transform on time scales. For the details and more discussion, see [4].

Definition 3.1. Assume that f : Tog — R is requlated. Then the Laplace transform of f is
defined by

L) = /0 " F(t)ed. (1 0)AL (3.1)

forz € D(f), where D(f) consists of all complex numbers z € R for which the improper integral
exists.

As in the classical case, the time scale counterpart satisfies almost all expected properties.
However, one should be careful about the considering sufficient conditions for the convergence
issues. An important one, which will be needed in this sequel, is given below (see [4], Theorems
3.87 & 3.89)

Theorem 3.1. Supposez € C is regressive. 1) Assume f : Tg — R is such that, f* is
regulated. Then

L{f2}(2) = 2L{f}(z) — £(0), (3.2)
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provided
Jim {f(t)es.(t,0)} = 0. (3:3)
@) Suupose f satisfies the the limit condition
t

Jim {eez(t,O) /0 f(T)AT} =0, (3.4)
then
Remark 3.1. The limit condition (m 1s satisfied provided f is of exponentioal type II, i.e.,

£ ()] < ceey(t,0), (3.6)

for some positive constants c,co and R,,(z) > Ru(co) ([8], Theorem 1.1). Also, this is sufficient

to the convergence of [8].
Note that, the limit condition implies

hm{tf( Jee:(t,0)} = 0,
(t,0)} = 0. (3.7)

(Il s the mazimum norm.) The first limit is obvious by the definition of es, and for the
second limit we have

max{|f(7)|ec:(t,0)} < %g?{lf(T(t))leez(T(t)a0)} — 0, (3.8)

[0,¢]

as t — —|—oo In view of the estimation ‘fo AT) < t{julljo,q, we conclude that, gives
rise to

An special case of the convolution integral is defined here

Definition 3.2. For a regulated function f : To — R, and o € R, the convolution of f and
ea(t, ) is defined by

(ea * f)(t /f Jea(t,o(T))AT (3.9)

Likewise the classical case, the convolution theorem (see [4], Theorem 3.106) is stated:

Theorem 3.2. (Convolution Theorem) For a regulated function f: Ty — R, we have

Liea* f}(z) = 7ﬁ{f}( ); (3.10)

where Z% is L{eq(.,0)}(2).

«

In view of Remark 2.1, The statement below is immediate.

893 Dumitru Baleanu et al 886-899



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

4 NON-INTEGER ORDER INTEGRAL 9

Corollary 3.1. Let a(s) = a, i.e., equivalent to the case s € Ty is fized. Assume f: Ty — R
be such that, ©F, (f(t)) is regulated, continuous and satisfies (substituting f with D, ).
Then, one can simply observe the following relation

M()(1 = a+ ap){2L{F}z) - £(0)}

(1-a) [z(l —a+au(t)) + a}

{25 (1) }2) = (3.11)

4 Non-integer order integral

In this section, following the same method as in [I0] section 2, we tilize the Laplace
transform given in Definition 2.1, to obtain an associated integral for the derivative introduced
in definition 1.1.

Suppose a : Ty — R be as in definition 1.1. we assume two cases:

Case 1. Assume that « is constant, i.e., a(s) = « and consider

D0 (1) = ult), (4.1)

for some u : Top — R. Applying £ on the both sides of (4.1)) and in view of (3.11]), we solve the
equation for £{f}(z) to obtain

LUHE) = Jrs L) + et + 12 )
that is . a ) .
FO) = S0+ Sy [, A+ F0) (43)
In order to introduce an integral (which is denoted by Tja(t) f(t)), we expect that, it satisfies
DT £(8) = (0). (4.4)

In view of (4.3 that is the solution of (4.1, we arrive at the definition below.

Definition 4.1. The non-singular and constant non-integer order integral of a requlated func-
tion f : Tg — R is defined by

-« —a) ¢
Fe 00 = 7o O+ G s [ 19 (45)

Remark 4.1. Substituting ]\1/[_(2) in Definition 1.1 with (2 (O‘)Mg ), as Losada and Nieto did in

[10] to define CFD, the associated integral ©F' 3¢ (10/ Definition 1) takes the form

CII) = G 0+ s / f(s)ds. £20 (46)

In comparison with with the presence of the graininess functwn wu(t), the Losada & Nieto’s
integral introduced by @ is an espcial case of up to the multiplier, while assuming

% as the multiplier and p(t) =0 in , we obtain .
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4 NON-INTEGER ORDER INTEGRAL 10

Case 2. Suppose s = t. Let a be non-constant and A-differentiable. Further assume that,
a(Ty), (i-e., the image of «) is closed and M : a(Ty) — R is A-differentiable. Making use of
the properties of exponential function and considering (4.1]) as follows

_1—aft)
/ FA() 61“533t> (o(7),0)AT = Mol S0, (t,0).u(t), (4.7)
then A-differentiating, we obtain
A _o_a) 1—a(t)
R0 a (000 = T4 %520 &0 3tay) O
1—a(t)\A 1—alt)
e o (1 0).(m) u(t) + ¢ sty (0)- 3700 WA ). (4.8)

Multiplying the both sides by e_ et (o(t),0)
T—a(t)

£ = e (o) t).{ ( M(Zo(zt()t)) + (L}ﬂ%)A) alt) + m.uA(t)}, (4.9)
then A-Integrating , we get

1) = [ e e (00,0 (pr)u(r) + ar)u (7)) A7 + F(0) (4.10)

1—a(t)

where

alt At
p(t) = JIW(Q()))) + wremartemy ()M (@(t) — 2M(a(1)) ),

(4.11)
4() = 3rtaty

(t)

Denoting The corresponded integral to the variable order «(t) by Jng , the discussion
above, together with having the expectation similar to (4.4), is summarized in the definition
below

Definition 4.2. The non-singular and non-integer variable order integral of a A-differentiable
function f: Ty — R is introduced by

3010 = [ e wn (@0.0.(p0)1(7) + ar) () A, (112)

1—a(t)

where p and ¢ are defined by (4.11)).
Example 4.1. Suppose the dynamic problem below

D f() = Af(1), AER
(4.13)

f(0) = fo.

with constant o € [0, 1]. If we assume Ty = [0, 1] then, it will be easily observed that, the exact

solution 1s oM (@) ) ot }
MM —a) “PLM(@) - A1 - a))

F(t) = (4.14)
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With the same assumption on « and Ty, considering the IVP

O f(1) =alt)f(t), AER

f(0) = fo.

from (4.5)), it is obvious that, the differentiability of a(t) as asufficient condition, supposrts the
existence issue. Then, (4.15) is converted into the ODE

M(«a)a(t)

(4.15)

M(a) fo

/ = 4.1
PO+ =) - @ = 3a) a1 o)’ 19
which has a unique solution provided the denominator is non-vanishing.
Example 4.2. Suppose Ty = (hN)o N[0, 1]. Let a(t) =t, then
(o(0).1) /U(t) log(1 + p(7). © 1fg2t))AT
e aw (o(t),t) = ex
or2y ). ()
B a(t) -1
a(t)(1 — pu(t) -1
t—1
—_— m. (4.17)
and by e_o_(o(t),t) = W’ we have e_o_(o(t),t) = 1=tith
Assume M(«) =1 and consider the IVP
(4.18)
f(0) = fo.
In equation we have p(t) =t —2, q(t) =1—t, so
AM1—t+th t ¢
(AU :/O (r - 2)f(r)m+/0 (1—7)f2(n)Ar. (4.19)
If we A-differentiate of the both sides in , then we have
P = BOF (), (4.20)

where
B(t) = t(1 —t+th) — A1 —t)%(t — 2). (4.21)
(1 —t)[)\(l — )2 —th+t+1]
Therefore, the unique solution to the problem 18
f(t) = foegw)(t,0), (4.22)

provided € R. This condition holds true if the roots of the polynomial Q(t) (denoted by
t(A, h)) defined by

Q) = A1+ h)t® + (h* —4Ah —3A + 1)t2 + (AR +2h + 3\ — 2)t + 20\h — A+ 1, (4.23)
satisfy t(\, h) ¢ To. Indeed, a sufficient condition is t(A\, h) > 1.
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5 Dynamic Equations on Viscoelastic Oscillations

The governing equation of motion for the viscoelastic oscillator in a dimensionless form is
given by
(1) = Aa(t) + 2(1)), (5.1)

in which, z(®) means a fractional order derivative in any of the existing senses and X simplifies

the conastants such as mass, charactristic length and natural frequency. Note that, compare

to the classic form, the damping term appears as a fractional order derivative, rather than

first order, that is interpreted as a viscoelasticity. The variable order derivative in the sense of

Coimbra, (which involves non-singular kernel and continuous time) has been studied in [13].
Now consider the IVP

D0 a(t) = Ma(t) + 222(t)),
(5.2)

7(0) = 0.

where C‘Dgf) is the differential operator introduced by Definition 1.1. Let Ty be a time scale of

the desired type, that is introduced in Definition 1.1 with Ty C [0, 1]. Moreover, assume that
a: Ty — Ty. By (4.10), we obtain

e oty (0(t),8)a(t) = A /0 t {p(0) (2(7) +224(7)) + a(r) (a2 () + 2228 (7)) JAr. (5.3)

1—a(t)

A-differentiating gives rise to the third order dynamic equation on Tg

(2241 + Bz (1) + (M) — e o (0(0).1))22 (1)

1—af(t)

ot ., . (J(t),t))x(t):O. (5.4)

+ (W”—m o

If we further assume that M : Ty — Ty satisfies

a(t) M2 (a(t) = 2M (a(t)), (5.5)

then in (4.11)), we infer that p(t) = SS()t). Indeed, M(s) = ez (s, s0) (so € T1 = a(Tp)) is well

defined and satisfies 1) since % € R(Ty) for t € Ty. Thefore, 1) takes the form below

M(a(t)) (t)+M(a(t)) (t) + B(t) (t)+1_a(t)6(t) (t) = 0. (5.6)

in which

B(t) = . (5.7)
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6 Conclusion

In the present paper, having a look at the anomalous diffusion phenomena, by extending the
concept of fractional differential operator of Caputo-Fabrizio type, to include a class of variable
orders, a time-scale counterpart of the non-integer order differential operator is introduced.
Implementing the measure theory on time scales and introducing Dirac delta functional based
on the left density property of a given point, it has been deduced that, the both limit cases,
namely o — 17or 0T, give the well-known A-derivative and a shifted zeroth derivative, i.e.,
fA(t) and f(t) — f(0) respectively provided t is left dense. Moreover, through the discussion,
the inconsistency between the formal definition of Dirac delta functional and the exponential
based definition with the given multiplier in the original CF definition, is illustrated. By making
use of the Laplace transform and direct A-calculus based approach, the associated integral for
constant and variable orders are discussed. To illustrate the theory, some dynamic equations on
time scales are studied and a dynamic problem, which governs a class of viscoelastic oscillation
phenomena and involving the new introduced derivative is studied.
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FIXED POINT THEOREMS ON CONE METRIC SPACES WITH
c—DISTANCE

YOUNG-OH YANG* AND HONG JOON CHOI

ABSTRACT. In this paper, we obtain a new sufficient conditions for existence of
a unique coincidence point and a common fixed point for a pair of self mappings
satisfying the contractive condition in a cone metric space by using c—distance.

1. Introduction

Since Huang and Zhang([5]) introduced the cone metric space which is more general
than the concept of a metric space, many fixed point theorems have been proved in
normal or non-normal cone metric spaces by some authors ( [1], [3], [5], [6], [9] ,[12],
[3]). Note that Cho et al.([3]) introduced the c—distance in a cone metric space which
is a cone version of the w—distance of Kada et al.([7]).

In this paper, we obtain a new sufficient conditions for existence of a unique coinci-
dence point and a common fixed point for a pair of self mappings satisfying contractive
conditions in a cone metric space by using c—distance.

Let E be a real Banach space and 6 denote the zero element in E. A cone P is a
subset of E such that

(i) P is closed, nonempty and P # {6};

(i) a,b € R, a, b >0, z,y € P = azx+by € P;

(iii) PN (—=P) ={0} ie,z € P and —x € P imply = = 6.

For any cone P C FE, the partial ordering < with respect to P is defined by z <y
if and only if y —x € P. The notation of < stands for x < y but z # y. Also, we used
r < y to indicate that y — x € int P, where int P denotes the interior of P. A cone P
is called normal if there exists a number K such that for all z,y € F,

0 <z <y implies |z| < K]|y]- (1.1.1)
Equivalently, the cone P is normal if
Ty 2 Yp = zpand Jir{.loxn = nlljg() 2, = x imply T}Lr{goyn =x (1.1.2)
1991 Mathematics Subject Classification. 47TH10, 54H25.
Key words and phrases. cone metric space, normal cone, c—distance, common fixed point.

*The corresponding author: yangyo@jejunu.ac.kr (Young-Oh Yang).
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2 YANG AND CHOI

The least positive number K satisfying condition (1.1.1) is called the normal constant
of P.

Definition 1.1. Let X be a nonempty set and let E be a real Banach space equipped
with the partial ordering < with respect to the cone P C E. Suppose the mapping
d: X x X — F satisfies the following conditions:

(1) 0 < d(x,y) for all z,y € X and d(x,y) = 0 if and only if z =y ;

(2) d(z,y) = d(y,z) for all x,y € X ;

(3) d(x,y) = d(z,2) +d(z,y) for all z,y,z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Definition 1.2. Let (X, d) be a cone metric space. Let {z,} be a sequence in X and
reX.

(1) If for every ¢ € E with § < ¢, there exists a natural number N such that
d(x,,x) < c for all n > N, then {z,} is said to be convergent and {z,}
converges to x, and the point x is the limit of {x,}. We denote this by

lim x, =2 or x,—z (n— 00).

(2) If for all ¢ € E with § < ¢, there exists a positive integer N such that
d(xp, xm) < ¢ for all my,n > N, then {z,} is called a Cauchy sequence in
X.

(3) A cone metric space (X, d) is said to be complete if every Cauchy sequence in
X is convergent.

Lemma 1.3. ([10]) Let E be a real Banach space with a cone P. Then

(1) Ifa< b and b < ¢, then a < c.
(2) Ifa = b and b < ¢, then a < c.

Lemma 1.4. ([10]) Let E be a real Banach space with cone P. Then
(1) If 0 < c, then there exists § > 0 such that ||b|| < § implies b < c.

(2) If {an},{b,} are sequences in E such that a,, — a,b, — b and a,, < b, for all
n>1, then a < b.

Lemma 1.5. ([5]) Let (X,d) be a cone metric space, P a normal cone, x € X and
{z,} a sequence in X. Then

(1) {z,} converges to x if and only if d(z,,z) — 0.

2

(2) The limit point of every sequence is unique.

(3) Ewvery convergent sequence is a Cauchy sequence.
(4)

(5)

4) {x,} is a Cauchy sequence if and only if d(x,, xmy) — 0 as n,m — oo.
5) If x,, — x and y, — y then d(x,,y,) — d(x,y) as n — co.
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Definition 1.6. Let (X, d) be a cone metric space. Then a mapping ¢: X x X — E
is called a c—distance on X if the following are satisfied :

(ql) 0 < q(z,y) for all z,y € X.
(a2) q(z,2) 2 q(z,y) +q(y,2) for all z,y, 2 € X.
(q3) for all z € X and all n > 1, if ¢(z,y,) < u for some u = u, € P , then
q(z,y) = u whenever {y,} is a sequence in X converging to a point y € X.
(q4) for all ¢ € E with § < ¢, there exists e € E with § < e such that
q(z,7) < e and ¢(z,y) < e imply d(z,y) < c.

Example 1.7. ([3]) Let (X, d) be a cone metric space and let P be a normal cone.
Put ¢(x,y) = d(z,y) for all z,y € X. Then ¢ is a c—distance.

Example 1.8. ([3]) Let (X, d) be a cone metric space and let P be a normal cone. Put
q(z,y) = d(u,y) for all x,y € X, where u € X is constant. Then ¢ is a c—distance.

Example 1.9. ([3]) Let E=R and P={z € E:x > 0}. Let X = [0, 00) and define
a mapping d: X X X — FE by d(z,y) = |x —y| for all x,y € X. Then (X, d) is a cone
metric space. Define a mapping ¢ : X x X — FE by ¢q(z,y) =y for all z,y € X. Then
q is a c—distance.

Remark 1.10. (1) ¢(z,y) = q(y, z) does not necessarily hold for all z,y € X.
(2) q(x,y) = 0 is not necessarily equivalent to z =y for all z,y € X.

Lemma 1.11. ([3]) Let (X, d)be a cone metric space and let q be a c-distance on X.
Let {z,} and {y,}be sequences in X and z,y,z € X. Suppose that {u,} is a sequence
wn P converging to 6. Then the following facts hold:

(1) If q(zp,y) 2 up, and q(x,, z) X uy,, then y = z.

(2) If (@0, yn) = upand q(z,, 2) < uy,, then {y,} converges to z.

(3) If (@, ) =X uy for m > n, then {x,} is a Cauchy sequence in X.

(4) If q(y, ) = uy, then {x,}is a Cauchy sequence in X.

Definition 1.12. Let T" and S be self mappings of a set X.

(1) If y = Tx = Sz for some x € X, then x is called a coincidence point of T and
S and y is called a point of coincidence of T and S.
(2) T,S : X — X are weakly compatible if for every z € X, the following holds:

T(Sx) = S(Tx) whenever Sz =Tuz.

(2) T : X — X is continuous if lim,,_.., x,, = x implies that lim,, .., Tz, = Tz.
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2. Main results

In [12], Wang and Guo proved some common fixed point theorem of two mappings
(in a normal cone metric space) satisfying the contractive condition (2.2.1). We state
Theorem 2.1 in [12] as follows.

Theorem 2.1. ([12]) Let (X,d) be a cone metric space. Let P be a normal cone with
normal constant K and let q be a c—distance on X. Let a; € [0,1) (i = 1,2,3,4) be
constants with a; + as + az +2a4 < 1 and f,g : X — X be two mappings satisfying
the condition

q(fx, fy) 2 arq(gr, gy) + azq(gz, fx) + asq(gy, fy) + asq(gz, fy) (2.2.1)
for all z,y € X. Suppose that f(X) C g(X) and g(X) is a complete subset of X. If f
and g satisfy

inf{{[q(gz, y)|| + la(fz, 9l + [l¢(gz, fr)] : 2 € X} >0

forally € X with y # fy ory # gy, then f and g have a common fized point in X .

In a normal cone metric space we prove a new common fixed point theorem of two
mappings satisfying the contractive condition independent of the condition (2.2.1).

Theorem 2.2. Let (X,d) be a cone metric space, P be a normal cone with normal
constant K and q be a c—distance on X. Let a; € [0,1) (i = 1,2,3,4,5) be constants
with a; + 2as + 2a3 + 3a4 + a5 < 1 and f,g: X — X be two mappings satisfying the
condition

q(fz, fy) = arq(9z, gy) + a2q(gz, fr) + asq(gy, fy) + asq(gz, fy) + asq(gy, fr)

for all z,y € X. Suppose that f(X) C g(X) and g(X) be a complete subset of X. If f
and g satisfy

inf{{lq(gz, y)|| + llg(fz. y)|| + [la(gz, f2)[| + € X} >0

for ally € X with y # fy ory # gy, then f and g have a unique point of coincidence
in X. Moreover if f and g are weakly compatible then f and g have a unique common
fixed point in X.
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Proof. Let zg,z1 € X. Using the fact that f(X) C ¢g(X), construct {za,}, {Tons1}
such that gxs, = fro,—2 and greni1 = fron—1  (n € N). Then we have

q(gTon, 9Tont1) =

Q(fl‘%—z, f$2n—1)

= a19(gTon—2, gTon—1) + a2q(gTon—2, fTon—2) + a3q(9Ton—1, fT2n—1)

+  a4q(9Ton—2, fron—1) + a5q(9Tan—1, fTon—2)

= a1q(922n—2, §Ton—1) + a2q(9T2n—2, GT2n)

+  a3q(9Tan—1, 9T2n11) + 41q(9T2n—2, 9Tans1) + a59(9T2n—1, gT2n)

= alq(gxzn_a, 9Tan—1) + a2{q(gTan—2, gTon—1) + q(gTan—1, 9720)}

+  az{q(9z2n-1, 9720) + ¢(9220, gT2011)}

+  ad{q(gr2n—2, gr20-1) + q(9T2n-1, 9T2n) + (9220, 9T20+1) }

+  a5q(92an—1, 9T2m).
Hence

4(920, gTons1) =< le 28 T 05 (g1, gTan)
— a3 — a4
+ M(J(Q,ﬂfgn_g, 9Tan_1)- (2.2.2)

Similarly,

q(9x2n—17 95(7271) j

as + as + a4 + as
C](9$2n—2, g$2n—1)

1—a3—a4
ay + ag + ay
M0 T M o s, Gons). 2.2.3
T—— q(9%2n-3, gTan—2) (2.2.3)
Clear1y0<w<land0<m<l Set
az—ay l1—a
+ag + ag + +a+
blza:a2 @ T A4 T 95 and clzﬁzw.
1 —as—ay l—as—aq

Applying (2.2.2) and (2.2.3) and putting by = ¢ + aby = 3+ aby, ¢ = Bby,

q(9T2n, 9Tont1) = b1q(gTan—1, gTan) + c19(9T2n—2, gT2n—1)
=

b2q(9Tan—2, gTan—1) + c2q(9T2n—3, gTan—2)

(2.2.4)
= bon-1q(g71, 972) + c2n-19(970, 971),
where by,—1 = (Bboyp_3 + abey—o and cop,—1 = Bbay,—o. Similarly
q(972n-1, 9T2) = b2n—2q(971, 972) + Can—2q(90, 91) (2.2.5)

where bgn,Q = ﬁb2n74 + Oébgnfg and Cop—2 — ﬁbgnfg. From (224) and (225),

q<gxn+lagxn+2> = bng(gxlagx2> + qu(gl'o,gl'l)
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where b,, = (b,_» + ab,_1 and ¢, = (5b,_1.
Consider

boto = abyi1 + 6b, (0 < ,8 <1,b1,b >0).

Then b, > 0 for all n € N. Its characteristic equation is that t> —at — 3 = 0. If
l—a—0F>0and 1+ a— >0 then it has two roots ¢, ¢, such that —1 <t; <0 <
to < 1. Also the hypothesis a; + 2as + 2a3 + 3a4 + a5 < 1 implies 1 —a — 3 > 0 and
1+ a—fF>0. For such tq,ts, b, = k1(t1)™ + ka(t2)" for some ki, ks € R.

Let m > n > 1. It follows that

q<gxm gxm) = Q(gajna ganrl) + q(ga:nH, ganrQ) +oeee Q(gwmfla gxm)
= (bpo1+ by + -+ by2)q(gr, gT2) + (Cpe1 + o + -+ + C_2)q(g0, gT1)
< k(T T Rt 1) (g2, g2o)
+ B{E (R T F k(2 4 1) (g0, g71)
n—1 n—1 n—2 n—2
< (P P Yalgrgma) + B + 2 alga. 9o
— 0

as n — oo. Therefore {gz,} is a Cauchy sequence in ¢g(X) by Lemma 1.11 (3). Since
g(X) is complete, there exists 2’ € g(X) such that gz, — 2’ as m — oo. By definition
1.6(g3)

A
1—t;  1—t

k tn72 k tTL*Q
( 161 + 202
1—t  1—1y

Since P is a normal cone with normal constant K, we have

1q(920, g2m)|| < K||(-— + —22)q(ga1, g22) + B + ~=2)q(gzo, g1)
1—t,  1—1y -4  1—1

T kit ™2 koth 2
K

PN

q(gn, o) )a(gw1, gaa) + B( )a(gwo, g1)

< K(

)la(gzo, g1

as n — 0o. Also

kltnil thnfl
n / < K 1 2

Ft? ™t kgt
11—1751 12_2t2)|\q(gx1,9x2)!\+f(ﬁ(

Eitp™2 Koty 2
1—t,  1—t
Eity™2  koth?
1—t,  1—t

)a(gx1, gza) + B( )a(gzo, gz1)||

< K(

)lg(gzo, gz1)||

as n — OQ.
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Suppose that 2’ is not a point of coincidence of f and g. Then by assumption,
0 < inf{|[g(gz, 2)|| + llg(fz,2")| + la(gz, fz)l| : = € X}
< inf{llq(gzn, )| + lla(fn, )| + l¢(g2n, f2n)ll = n € N}
= nf{|l¢(gzs, 2')|| + la(9zn+a, )| + lg(920, gTnt2)|| = © € N}
=0

which is a contradiction. Therefore 2’ is a point of coincidence of f and g. So there
exists x € X such that fx = gr = /. If there exists w € X such that fy = gy = w
for some y € X,

Q(‘r/?x/) = Q(f‘rafx)
= aq(gz, 9r) + asq(gz, f) + azq(gz, fx) + asq(gz, fx) + asq(gz, fr)
= (a; +ay+az + as + as)q(a’, 2').

Hence
q(z’,2") = 0. (2.2.6)
Similarly
q(w,w) = 6. (2.2.7)
Now by (2.2.6) and (2.2.7)
q(z’,w) = q(fz, fy)
= a1q(gr, 9y) + axq(gz, fr) + asq(gy, [y) + asq(gz, fy) + asq(gy, fo)
= a1q(a’,w) + axq(2’, 2') + asq(w, ) + asq(a’, w) + asq(w, ')
= (a1 + as)q(z’,w) + asq(w, ).
Similarly ¢(w, z’) = (a1 + a4)q(w, 2’) + asq(2’, w). Thus
q(2',w) + q(w, ') =2 (a1 + as + as){g(2", w) + q(w, ') }.
Therefore (2, w) 4+ q(w, 2") = 6 which implies
q(z',w) = q(w,z") = 6. (2.2.8)

By (2.2.7),(2.2.8) and Lemma 1.11(1), 2’ = w. Consequently z’ is a unique point of
coincidence of f and g.
Moreover if f and g are weakly compatible,

gz’ = ggx = gfx = fgr = fa'

which implies gz’ is a point of coincidence of f and g. By uniqueness of the point of
coincidence , fx’ = g’ = 2’. In other words, 2’ is the unique common fixed point of

f and g. 0
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Corollary 2.3. Let (X, d) be a complete cone metric space and let P be a normal cone
with normal constant K and q be a c-distance on X. Let a; € [0,1), i =1,2,3,4,5 be
constants with a; + 2as + 2a3 + 3a4 +a5 < 1 and f: X — X be a mapping satisfying
the condition

a(fz, fy) 2 arq(z,y) + azq(z, fr) + asq(y, fy) + asq(z, fy) + asq(y, f)
forall x,y € X. If f satisfies the condition

inf{{lq(z, y)|| + la(fz, Il + gz, fo)l| - 2 € X} >0
if fy# vy, then f has a unique fixed point in X .

Proof. Take g = I in the above theorem. 0

Corollary 2.4. Let (X, d) be a complete cone metric space and let P be a normal
cone with normal constant K and q be a c-distance on X. Let a; € [0,1),i=1,2,3,4
be constants with ay + 2as + 2a3 + 3a4 < 1. If f : X — X is a continuous mapping
satisfying the condition

q(fz, fy) 2 arq(@,y) + axq(z, f2) + azq(y, fy) + asq(z, fy),

then f has a unique fixed point in X.
Proof. Assume there exists y € X such that fy # y and
inf{[lq(z, y)|| + lla(fz, I + lq(z, fo)]| : v € X} =0.

Then we can construct {x,} in X such that

inf{{lq(zn, Yl + lla(fzn, )| + lg(@n, frn)ll - n € N} = 0.

Hence
4(zn,y) =0, q(frny) =0, qlag, fo,) — 6.

By Lemma 1.11(2), fz, — y. By the contractive condition, we have

Q(fn, fPrn) = ar1q(wn, frn) + asq(wn, frn) +asq(fon, fPe) + asq(zn, fP,)

= a1q(xn, frn) + a2q(n, f2n) + asq(f2n, [P2n)
+ asq(xn, fr,) + asq(frn, fP2,).

Therefore q(fz,, f2x,) < “E2toag(y fr,). Hence

l—asz—ayq

q(n, fP20) =2 (@0, f2n) + q(fn, fP2,)

a; +as +a
j Q(xmfxn)_’_M

ny n 0
1—a3—a4Q($ fan) —

as n — oo. This implies ¢(z,, f%x,) — 6. Consequently, f?z, — y by Lemma 1.11(2)
. Since f is continuous, we have

n—oo
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which is a contradiction. Therefore if fy # y, then

inf{{|g(z, y)I| + llg(fz, I + llg(z, fo)l] - 2 € X} >0.
By Corollary 2.3, the proof is complete. O
Example 2.5. Let X = {0,1,2,3}, E = Rand P = {x € R : x > 0}. Define

d: X xX — E by d(z,y) = |r —y|. Then (X,d) is a complete cone metric space.
Define ¢ : X x X — FE by the following :

q(0,0) = 0, ¢(0,1)=1, ¢(0,2)=1.1, ¢(0,3)=0.5,
q(1,0) = 1, ¢(1,1)=0, ¢(1,2)=0.1, ¢(1,3)=0.5,
q(2,0) = 1, q(2,1)=1, ¢(2,2)=0, q(2,3) = 0.5,
q(3,0) = 1, ¢q(3,1)=0.5, ¢(3,2) =0.6, ¢(3,3)=0

Then ¢ is a c—distance. In fact, Definition 1.6 (q1),(q3) are obvious. If we put e = 0.01,
(q4) is also clear. From the direct calculation, (q2) is satisfied.

Define f : X — X by fO=1,f1=2,f2=2 f3 =2 and define g : X — X by
gr = x. Then f(X) C ¢g(X) and g(X) is complete. If we take v = 2,y = 0, then
a(f2, 10) = ¢(2,1) = 1 and

a19(92,90) + a2q(92, f2) + asq(g0, f0) + asq(g2, f0)
= a19(2,0) + a2q(2,2) + azq(0,1) + asq(2,1)
= aptazt+as<a;+as+2as <1

for any real numbers a; € [0,1) (i = 1,2,3,4) with a1 + as + a3 + 2a4 < 1. Hence the
contractive condition (2.2.1) of Theorem 2.1 is not satisfied and so Theorem 2.1 can
not be applied to this example.

But Theorem 2.2 can be applied to this example. In fact we take a; = 0.14, a5 =
a3 = a4 = 0 and a5 = 0.85. Then for any =,y € X, the contractive condition of
Theorem 2.2 is satisfied. Also

inf{llq(9z, v)|| + lla(fz, )| + lla(gz, fx)|| : x € X} >0

for y = 0,1,3. Hence the hypotheses are satisfied and so by Theorem 2.2 f and g
have a unique point of coincidence. Since f2 = 2 and ¢2 = 2, 2 is a unique point of
coincidence. Since 2 = gf2 = fg2, f and g are weakly compatible. Hence 2 is the
unique common fixed point of f and g.
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Abstract. We investigate L-fuzzy closure operators and L-(fuzzy) topologies in a complete residuated lattice. Also,
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examples.
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1. INTRODUCTION

H4jek [6] introduced a complete residuated lattice which is an algebraic structure for many val-
ued logic. Bélohldvek [2] investigated information systems and decision rules in complete residuated
lattices. Hohle [7,8]introduced L-fuzzy topological structure with algebraic structure L(cqm, quan-
tales, MV-algebra). Uniformities in fuzzy sets, have the following approach of Lowen [14] based
on powersets of the form LX*X as a viewpoint of the enourage approach, the uniform covering
approach of Kotzé [12], the uniform operator approach of Rodabaugh [20] as a generalization of Hut-
ton [9] based on powersets of the form (L¥)&™) the unification approach of Gutiérrez Garcia[3).
Many researchers studied the different approach as powerset [12] or the uniform covering [9].

We investigate L-fuzzy closure operators and L-(fuzzy) topologies in a complete residuated
lattice. Also, we study the relationship among L-fuzzy closure operator and L-fuzzy quasi-uniform

space. Finally, we give their examples.

2. PRELIMINARIES

Definition 2.1. [2,6] An algebra (L, A,V,®,—, L, T) is called a complete residuated lattice if

it satisfies the following conditions:

* Corresponding author
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(L1) (L, <,V,A, L, T) is a complete lattice with the greatest element T and the least element
1

(L2) (L,®, T) is a commutative monoid,;

(W) zoy<zifz<y— zforz,y,z € L.

In this paper, we assume that L = (L,V,A,®,—, L, T) be a complete residuated lattice with

with an order reversing involution * which is defined by z @y = (z* @ y*)*, 2* =z — 0.
Lemma 2.2. [2,6] For each z,y, z, z;, y;, w € L, we have the following properties.
l1—-2z=2,00z=0and z — 0 =2a™,

2)Ufy<zthenzoOy<zoOz,z2@y<zdz,z—y<zr—zand z >z <y —x.

B)zoy<zAy<zVy<zdy,

@) (Aswi)™ =Vius Viw)™ = Nwis

(5) 2O (Asyi) < Nilz © 4i),

(6) @ (A\;jwi) = Nilz @), 2® (V,13) = Vi(z @ wi),

(1) x = (A;yi) = N\i(& = vi),

®) (Vizi) =y = Ni(zi = y),

9) v = (Vi) = V(& — i),

(10) (A;zi) =y = V(2 — ),

() (zoy) —mz=2—=(y—2)=y—(z— 2),

(12)z0(xr—y)<yandz —y < (y—2) = (z = 2),

( O @ ey <y,

(14) (z = y)©(z 2 w) < (zO2) = (yOw),

(15) (= y) O (z mw) < (z©2) = (y B w),

( y<(xoz2) = (yoz)and (z—-y) Oy —z) <z — 2z

( OEdw) < (@02)e (you).

For a € L, A € L*, we denote (a — \), (¢ ® N),ax € LX as (o — N)(z) = a — Az), (o ®
A)(z) =a6 Az), ax(z) = .

Definition 2.3.[2,4] Let X be a set. A mapping R: X x X — L is called an L-partial order if
it satisfies the following conditions:

(E1) reflexive if R(x,x) =T for all x € X,

(E2) transitive if R(z,y) © R(y,2) < R(x,2), for all z,y,z € X,

(E3) antisymmetric if R(x,y) = R(y,z) = T, then x = y.
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Lemma 2.4. [2,4] For a given set X, define a binary mapping S : LX x LX — L by
S = N\ (@) = p(a)).
zeX

Then, for each \, i1, p,v € LX, and a € L, the following properties hold.

(1) S is an L-partial order on LX.
DAL pif S\ pu) >T,
3) If A < p, then S(p, ) < S(p, ) and S(A, p) > S(u, p),
S\ p) @S, p) <SAGv,uep)and S\, 1) © S(v,p) < SA\SB v, udp),
5) S(u, p) < S(A, p) — S(A, p) and S(u, p) < S(p, A) — S, A),
6) Vyerx (S p) © S(A, 1)) = S(A, p).
7)If ¢ : X — Y is a map, then for \,u € LX and p,v € LY,

(2)
(3)
(4)
(5)
(6)
(7)

S\ ) <S(97(N), 07 (1)),

S(p,v) < S(9™(p), ¢~ (v)),

and the equalities hold if ¢ is bijective.

Definition 2.5. [8,22] A map 7 : LX — L is called an L-fuzzy topology on X if it satisfies the
following conditions:

(T1) T(1x)=T(Tx)=T,

(T2) TAOu) 2T\ OT (), VA pue L™,

(T3) T(V; M) > A T(N), ¥ {Nidier © LY.

The pair (X,7) is called an L-fuzzy topological space. An L-fuzzy topological space is called
enriched if

(R) T(a®A) >T(A\) forall A€ LX and a€ L.

Let (X,77) and (Y, 73) be two L-fuzzy topological spaces. A mapping ¢ : X — Y is said to be
L-fuzzy continuous iff for each A € LY, T5(\) < T (¢ (N)).

Remark 2.6. A set 7 C L¥ is called an L-topology on X if (t1) Lx, Tx €7, (t2) (A®Opu) € T,
for each A\, € 7, (t3) \/; A € 7, for all \; € 7. An L-topology 7 is called enriched if a ® X € 7,

forall A€ 7 and o € L.

Definition 2.7. [11] A map U : LX*X — L is called an L-fuzzy quasi-uniformity on X iff the
following conditions hold.

(QU1) There exists u € LX*X such that U(u) = T.

(QU2) If v < u, then U(v) < U(u).
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(QU3) For every u,v € LX*X U(u ®v) > U(u) ©U(v).
(QU4) If U(u) # L then T < u where
T, ifx=y

Talz,y) =
1, ifz#y,

(QU5B) U(u) < V{U(W) | vov <u}, Vue LX*X, where
vou(x,y) = \/ v(z,2) Ov(z,y), Vz,y € X.

zeX
An L-fuzzy quasi-uniformity &/ on X is said to be stratified if
R) U@ u) > a0U(u), Vue LX*X .
The pair (X,U) is called an L-fuzzy quasi-uniform space.
Let (X,U) and (Y,V) be L-fuzzy quasi-uniform spaces, and ¢ : X — Y be a mapping.

Then ¢ is said to be L-fuzzy uniformly continuous if

V() <U((¢ x ¢)~(v)), for every v € LYY,

Remark 2.8. Let (X,U) be an L-fuzzy quasi- uniform space. By (QU1) and (QU2), we have

U(Txxx) =T because u < Txxx for all u € LX*X,

3. L-FUZZY CLOSURE SPACES AND L-FUZZY TOPOLOGICAL SPACES

Definition 3.1. A map C : LX — L¥X is called an L-fuzzy closure operator if it satisfies the
following conditions:

(C1) C(Lx) = Lx,

(C2) for A € LX, X < C(N),
(C3)if A < p, C(N) < C(p),
(C4) for all \,u € LX, C(A@ ) <C(\) @ C(u).

The pair (X,C) is called an L-fuzzy closure space.

An L-fuzzy closure space is called stratified if

(R) Cla—=A)<a—C(\) forall A € LX and ac L.

Let (X,C1) and (Y,Cs) be two L-fuzzy closure spaces. A mapping ¢ : X — Y is said to be
C-map if ¢~ (C1(N)) < Ca(¢(N)) for each A € LX.

Lemma 3.2. Let C : LX — LX a map. The following statement are equivalent.

(1) For all A\, € LX, S(\, i) < S(C(N),C(1))-

(2) If X < pu, then C(A) < C(p) and C(a®p) > a®C(p) forall A € L¥ and o€ L.
(3) If A < g, then C(\) < C(u) and C(a — p) < a—C(p) forall X € LX and « € L.
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Proof. (1) (=) (2). If A < p, then T = S(\, 1) < S(C(A),C(u)). Hence C(\) < C(y). Put
f=a®A Then a < S\ a®\) < S(CA),Cla®N). Hence a ® C(A) < C(a® ).

(2) (=) (3). Since & ® C(a — A) < C(a® (. — A)) < C(N), Cla — A) < a — C(A).

(3) (=) (1). Since S(A, ) OA < piff A < S(A, ) — p, C(A) < C(S(A, 1) — p) < S(A, ) — C(p).

Hence S(\, p) < S(C(N),C(w)).

Theorem 3.3. Let (X,7) be an L-fuzzy topological space. Define a map Cr : LX — L¥ a

follows:

cr) = N (T(w) = (SOp*) = 1))

neLX

Then (X,Cr) is a stratified L-fuzzy closure space.

Proof. (C1) C7(Lx) = A,epx(T(p) = (S(Lx,p") = ") = (V(T () © p))* =

(C2), we have Cr()\) > A for each A € LX from:

S(her(N) = N\ (M) = Cr(M)(z))

reX

= A ()\(x)—> N (T() = (SO ) —w*(m))))
reX peLX

=A A ( GSAM)Q/\(I))HH*(SC)))
reX pelX

=N\ A ( )OS\, p*) — (M) —>u*(9€)))
z€X peLX

= A ((T(u) ©S\ ) — N\ (M) — u*(x)))
wELX reX

= A\ (Twesom)—sop)=T.
HELX

914
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(C3) and, by Lemma 3.2, C7 is stratified from

SECr(N).Cr(w) = N\ Cr(N)(z) = Cr(u)(x))

zeX
= A (A @T@ostr) —p@) = A T0)oSwy)—v@)
zeX peLX velLX
> A\ A (T0) 0S5O0 = 5" @) = (T(p) ® Sl p) = p*(2))
z€X peLX
> A A (T0) @S0 = (T() © S, p")) (by Lemma 2.2 (16) )
z€X peLX

> A A (Se) = SOp7) 2 SO p)-(by Lemma 2.4(5) )

(@) b®d)* =(a®b") o (ced)

& (@a0c) = (b®d)=(a—b)®(c—d),

Cr(\) @ Cr(p)
= N\ (T = (S\p)—=pNe N\ (Tw) — (S(ur)—v))

pelX veLX

(by Lemma 2.2(6) )

= A A (TS0 =9 e (Tw) e Sur) =)

peELX veLX

= A (TWeTw) oSt e s (' ev)
p,veLX

A (T(p Ov) O SA@ (" ®v*)) — (0" © u*))
p,veLX

(by Lemma 2.4(4) )

> Cr(A & p).

Remark 3.4. Let (X, 7) be an L-topological space. Define a map C, : LX — LX as follows:
C-:N) = N\pelX [ x<pp er}

Then (X,C;) is an L-fuzzy closure space. Moreover, if (X, 7) is enriched, (X,C;) is stratified.
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Theorem 3.5. Let (X,C) be an L-fuzzy closure space. Define a map 7¢c : LX — L by:

Te(N) = S(C(X%),\").

Then, 7¢ is an L-fuzzy topology on X. If C is stratified, then 7¢ is an enriched L-fuzzy topology.
Proof. (T1)

Te(Llx)= N\ (C(L%) = Lx@) = A\ (Tx(x) » Tx(@) =T.

zeX rzeX

(T2) By Lemma 2.2(12), we havre

Te(Aop) = /\ C(AOw7) () = (Ao pn(x))

rzeX

reX
> N\ CO) @) = X (@) o N Cu) (@) — p'(@)
reX z€X

(T3) By Lemma 2.2(8),we have

T\ 2 = A €V 2@ = (VA @)
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(R) By Lemma 2.2 (12), we have

Te(a®@N) = N (€((a®@N))(@) = (a0 N (@)

rzeX
= A\ (Cla = X)) = (@ = X (x))
rzeX
= A\ (0= e (@) = (@ = X (2)))
zeX
= N\ €O (@) = N (@) = Te().
zeX

Remark 3.6. Let (X,C) be an L-fuzzy closure space. Define a subset 7c C L¥ by:
e ={Ae L¥ | C(\*) = ")

Then, 7¢ is an L-topology on X. If C is stratified, then 7¢ is an enriched L-topology.

Theorem 3.7. (1) If C is an L-fuzzy closure operator on X, then Cz, > C and C,, > C.
(2) If T is an L-fuzzy topology on X, then 7o, > T and 7¢, = {\ € LX | T, (\*) = T}.
Proof. (1)

CM(@) = N\ (Te(w) = (SO 1*) = 1’ (2)))

pneLX

A (Te(w) © SO 1)) = 1 (2)))

peLX

> N (SC), ") © S(CA), (C(17)) = 1" ()

neLX

=S(CA), 1) = p' (@) =2 (CN)(2) = p*(2)) — p"(2) = C(A)(2).
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(2)

T, ={NELX |Cr(N) =X} ={Ne LX | Te,(\) =T

Theorem 3.8 Let (X, 7x) and (Y, 7y) be L-fuzzy topological spaces and ¢ : X — Y be a map.

Then
(1) For each A € L,

N (T (v) = (Tx (6~ (v)) < S(¢7 (Crc (). Cry (67 (N)))

veLY

(2) If a mapping ¢ : (X, 7Tx) — (Y, Ty) is continuous, then ¢ : (X,Cr,) — (Y,Cr,) is a C-map.

Proof. (1)
S(¢7(C1xc (V). Cry (67 (N)))
= N\ (07 (Cr (W) (y) = Cx,. (67 (N))(y))
= /\ (07 (Cry (M) (9(2)) = C1y (97 (N))(¢()))
= /\ Cz(N)(z) = C1,. (67 (V) (¢()))

= N (A (Tx(p) @ S(\, p*) — p*(2))

rzeX pELX

= N\ (Ty () © S(@~ (V),v") = v"(9(2)))))

= A CA (Tx(@~ ) 0S¢~ (@)") = ¢~ ()" (2))

zeX velY

= N (Ty (@) © 5@~ (N),v") — v ((x)))))

veLY

918
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= ACA ((Tx(df(V))@S(%W(V)*) — ¢~ (1) ()

zeX velY
= ((Ty () @ S(6~ V), 1) = v* (9(2))) )
= ACA ((B@) 056~ 0)0") = (Txle~ 1) © SO 6~ (1))

zeX velY

= N\ (v (v) = Tx (¢~ ()

veLY

(2) Since Ty (v) < Tx (6™ (v)), by (1), ¢7 (Czx (V) < Cr, (67 (N))-

Theorem 3.9 Let (X,Cx) and (Y, Cy) be fuzzy closure spaces and ¢ : X — Y be a map. Then
(1) S(Cx (6~ (X)), ¢~ (Cy(A))) < Tey (A) — Tex (¢ (V) for each A € LY.
(2) If a mapping ¢ : (X,Cx) — (Y,Cy) is an C-map, then ¢ : (X, 7c, ) — (Y, 7¢, ) is continuous.

Proof. (1) By Lemma 2.2, we have

Toy (A) = Tex (67 (N))

= A (&0 =2 m) = A (Cx™ 0@ 6= (0))

yey zeX

> A\ (67 ()@ = o~ @) = A (ex(@~(0N@) = 6~ @))

zeX

A (Cx (6= ())(@) = 67 (Cr(W))()

Y

(2) Let 97 (Cx (X)) < Cy(¢7(A)). Then, put A = ¢~ (u),
Cx (07 (1) < o™ (o7 (Cx(¢7 (1) < ¢~ (Cy (¢ (67 (1)) < ¢~ (Cy (w)-

Thus, by (1), if Cx (6™ (1) < 6™ (Cy(\)), then Te, (A) < Tey (67 (V).

Example 3.10. Let (L = [0, 1], ®, —) be a complete residuated lattice defined by
rQy=(x+y—1)V0, s -y=(1—-z+y) AL

zdy=(x+y) Al z"-=1—-=zx.

Let X = {z,y, 2} be aset and p, p® p € LX such that
p(z) =0.1,p(y) = 0.8,p(2) = 0.7,

p@p(x)=0,p0p(y) =0.6,p O p(z) =0.4.
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(1) We define an L-fuzzy topology 7 : LX — L as follows
1, ifA=1x, A=0x,
0.6, if A=p,

0.3, ifA=p®p,

0, otherwise.
From Theorem 3.3, we obtain an L-fuzzy closure operator C7 : LX — LX as follows
Cr0) = Apess (T(0) = (SO p7) — 7))
= (S(A\,0x) = 0x) A (0.6 = (S(A, p*) — p*)) A (0.3 = (S(A, p* © p*) — p* © p")).
For A\ = (0.9, 0.4,0.2) and Ay = (1, 0, O),
Cr(M) = (9N, 0x) — 0x) A (0.6 = (S(A, p*) — p*))

N0.3 — (SN, p* @ p*) — p* @ p*)) = (0.9,0.8,0.9)
Cr(hy) =0.6— (0.7 — p*) = (1,0.7,0.8),

S(Cr(M), M) = 03> T(\) =0
%T()\;) = S(CT<)\2)7 )‘2) =0= T()‘;)

(2) We define an L-fuzzy closure operator C : LX — L¥ as follows

Ox,  if\=0x,

, if 0x # X\ < p,

co) = p X # p
p&p, HpZA<p®p,
1x, otherwise.

C is not stratified because
C(0.9 — p) =C((0.2,0.9,0.8)) = (1,1,1) £ 0.9 — C(p) = (0.2,0.9,0.8).

From Theorem 3.5, we obtain an L-fuzzy topology 7¢ : LX — L as follows

1, it =1y,

o0\ = S(p, A"), if A > p*,
S(p@p,A), ifp" LAZpT©p,
S(1x, \%), otherwise.

Moreover,
Cre(N) = (S(A\, 0x) — 0x) A (Auzp=S(p, ") — (S(A, p*) — p*)
AN gpzpr0pS(p @ ps p”) = (SN, p7) — 1")
ANotherwiseS(1x, 1*) — (S(A, 1*) — p*)
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C1e (A1) = (S(A1,0x) — 0x) A (S(p,p) = (S(A, p) — p)
NS(p@p,p®p) = (SN p@®p) — p&p)

ANS(x,p®p) = (SN, p®p) — p&p)

=(0.9,0.9,0.9) A (0.9,1,1) A (0.9,1,1) A (1,1,1) = (0.9,0.9,0.9)
<c(\)=(1,1,1).

Cr.(X2) = (1,0.9,0.9) < C(A\2) = (1,1,1).

4. L-FUZZY UNIFORMITIES INDUCED BY L-FUZZY CLOSURE SPACES

Lemma 4.1. For every p € LX, we define Up, U p cLXXX L L by
up(z,y) = p(z) — p(y)

uy H(x,y) = up(y, ).
then we have the following statements
) Ixxx = oy = U1y,

2) 1a < uy,

LX><X

3) For every u, € , Up O Up = Up.

5) Up, O Upy < Upieps

6

u = Up*

(1

(2)

(3)

(4) wp, © Upy < Up, oy,
()

(6)

(7

) P1®P2 = UPT@Pg
Proof.

(1) Since ug, (z,y) = 0x(z) — 0x(y) =1 and u1, (z,y) = 1x(z) — 1x(y) = 1, we have
Ixxx =uox = u1y.

(2) Since up(z,z) = p(x) — p(x) =1, then 1a < u,.
(3)
up 0 up(@,2) = Ve x (up(a,y) © up(y, 2))
= p(y) © (p(y) — p(2)))

(4) Since (p(x) — p1(y) © (pa(x) — pa(y) < (pa(a) © pal) — pay) © paly)), we have

Up, O Up, < UprGOps-
(5) Since (p1(z) — p1(y)) © (p2(z) — p2(y)) = (Pi(y) — pi(x)) © (p3(y) — p3(z)) < (pi(y) ©
p3(y) — pi(x) © p3(z)) = (pi(x) © p3())* — (pi(y) © p3(y))*, we have u,y, © up, < Upiap,-
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(6) u, M (z,y) = p(y) — plx) = p*(z) = *(y) = up-(2,9).
(7) o, (,9) = (p1 © p2)(y) = (p1 © p2)(x) = (p1 © p2)*(x) = (p1 @ p2)* (¥) = Upraps-

In the following theorem, we obtain an L-fuzzy quasi-uniform structure from an L-fuzzy closure

operator.

Theorem 4.2 Let (X,C) be an L-fuzzy closure space. Define Uc : LX*X — L by

w) = V{1V oL )@) | Oy, < ul,

reX
where \/ is taken over every finite family {uy, | ¢ = 1,2,3,....,n}. Then U is an L-fuzzy quasi-

uniformity on X.

Proof. (QU1) Since C(0x) = Oy, there exists 1xxx = ug, € LX*¥ such that Ue(1xxx) = 1.
(QU2) It is trivial from the definition of Ue.

(QU3) Suppose there exist u,v € LX*X such that
L{c(u © U) 7 UC(U) @Z/lc(’u).
There exist two finite families {\; € L* | ©f%,ux, < u} and {p; € L* | ©)_,u,, < v} such that

uov) 2 \ (@R N)(2) 0\ (@F=1C" (i) (@)).

reX reX

On the other hand, since u ® v > (OL uy,) © (OF_ u,, ), we have

Ue(u©w) = \[ (OF,C7(N)(2) © \/ (0F-1C7(pi)(2)).

zeX rzeX
It is a contradiction.

(QU4) Let Uc(u) # 0. Then there exists a finite family {\; € LX | ® uy, < u} such that

Ue(w) = \/ (©F,C" (N} (@) #0.

zeX

Since uy; > T a from Lemma 4.1(2),
Ta <O2uy, <u.
(QU5) Suppose there exists u € LX*X such that
\/{Uc(v) |vov <wu}l 2 Ue(u).
There exists a finite family {p; € LX** | ® ju,, < u} such that

\VA{the(w) [vov<u} 2 \/ (OFL,C*(pi) ().

zeX
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On the other hand, since u,, o u,, = u,, for each i € {1,...,m} from Lemma 4.1(3), we have

(O up,) o (O up,) < O u,, from

Vyex (021w, (2,9)) © (O 1up, (Y, 2)))

= Vyex (@1 (pi(x) = pi(y)) © (O (pi(y) — pi(2))))
= Vyex (021 (pi(x) = pi(y)) © (pi(y) — pi(2))))

<O (pi(@) = pi(2))-

Put v = ®}%,u,,. Since ®;2 u,, <v,vov < u and

V{lle(w) [wow <up > Ue(v) = Ve x (OFL1C(pi)(2))-

It is a contradiction. Thus \/{Uc(v) | vov < u} > U (u). Hence Ue is an L-fuzzy quasi-uniformity
on X.

Theorem 4.3. Let (X,Cx) and (Y,Cy) be L-fuzzy closure spaces. Let ¢ : X — Y be a
surjective map. Then the following properties hold.

(1) Uey (v) = Uex ((¢ x )7 (v) = AMOTLLIS(Cx (7 (p:)), ¢ (Cy (pi)) | ©iLyvp, < v} for each
v e LXXX,

(2) Let ¢: (X,Cx) — (Y,Cy) be a surjective C-map. Then ¢ : (X,Uc, ) — (Y,Uc, ) is fuzzy

uniformly continuous.

Proof. Since v(¢(x),d(y)) = (¢ x ¢) 7 (v)(z,y) and (¢ x ¢)~ (va)(z,y) = vg—(r)(z,y), we have

Uey (v) = Uex (¢ X ¢)™(v))
= V{01 Vyey G5 (pi)(y) | ©7L10p, < v}
— V{®j21 Vaoex Cx (i) (@) | ©F—yup; < (6% ¢)7 (v)}
> V{01 Vaex G5 (0i)(0(2)) | ©Z1v,, < 0}
= V{OL1 Viex Cx (07 (i) () | ©F=1(¢ x @)™ (i) < (& x ¢)7 (v)}
> V{01 Vaex G (pi)(0(2)) | ©Z1v,, < 0}
= V{01 Vaex Cx (07 (00) (2) | OF—1vp— (o) < (¢ X )7 (v)}
> MO Vaex G (p)(0(2)) = O Viyex Cx (97 (0i))(2) | ©Ly0p, < v}
> MOZ1 Neex (G (i) (9(2)) = Cx (¢7 (i) (@) | ©FL1vp, < v}
= MOZ1 Aaex (Cx (97 (pi))(x) = Cy (pi)(¢(x)) | ©FL1vp, < 0}
= MOZSCx (7 (pi): 07 (Cy (p2) | ©L1vp, < v}
(2) Since Cx (67 (pi)) < ¢ (Cy (pi)), by (1), Uey (v) < Uy (¢ % §)7 (v)).
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Theorem 4.4 Let (X,U) be an L-fuzzy quasi-uniform space. Define C : LX — LX by

@) = N\ (U = \/ (ule,y) © Aw).

yeX

Then Cpy is a stratified L-fuzzy closure operator on X.

Proof. (C1)

z€X yeX

= AN (0@ ouw) — \/ () 0 2w)))
zeX yeX

> A\ A (@) 0 w) - (u(w,2) @A)

> /\ (Z/I(u) — u(x x)) =T
zeX

That is, Cys(A) > A for each A € LX.
(C3) and, by Lemma 3.2, Gy, is stratified from

S(Cu(\ = A W) (@) = Culp)(x)
zeX
= A (/\ (U(u) -\ (u(z,y) @A(y))) A\ (u(u) —\/ (u(z,y) ®u(y)))
reX yeX yeX
>/\/\/\( u(z,y) © Ay au(x»y)@ﬂ(y))
reX yeX
> N\ ) = n(y) = S p)
yeX
(C4), Since

(a®c)Obdd)* =(a®b) o (cod)

S(a0c)— (bdd)=(a—b)®(c—d),
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Cu(N)(z) ® Cu(p)(z)
—/\< =\ (u(z,y) © Ay ) /\( - \/( (%y)@u(y)))

yeXx yeX

= /\(u<u>@ 0=\ (w,y) ©Aw) &\ (@) © u)

yeX yeX

_/\( wov) =\ (@ov)y) o (o ny)

yeX

> Cu(A @ p).

Theorem 4.5. Let (X,Ux) and (Y,Uy) be L-fuzzy quasi-uniform spaces andt ¢: X — Y be

a surjective map. Then we have the following properties.

(1) A (1 (0) = Use((6 % )~ (0))) < S(Cu (5 (). 6ty (9)).
(2) If ¢: (X, Ux) — (Y,Uy) is fuzzy uniformly continuous, then ¢ : (X,Cyy ) — (Y,Cyy) is a

C-map.

Proof. (1)
S(Cux (67 (p)), o™ (Curr- ()

= Auex (Cux (67 (0)) (@) = 6™ (Cuty (0))(@))
= Avex (A (txw) — M( u(e z> © 6= (p)(2)))

= A (U (0) = V ey (0 pw))
>/\xex(/\(ux<<¢x¢> (v) - vzex (6 % &)~ (V)(,2) © 6 (p)(2)) )
= A (U (0) = V ey (0 pw))

> Nvex Ao (U <(¢x¢> <>> \/ ex((9 % )~ ()(@,2) © 67 (p)(2))
= (U (v) = V.ex (v(6(@), 6(2)) © p(6(2))) )
= Aty (v) = Ux (6 x 6)~ ().

(2) Let Uy (v) < Ux (6 x @)~ (1) for v € LXXX. By (1), Cu (6~ (p)) < 6 (Cuy (p)) for all

peLY.

Example 4.6. Let (L = [0,1],®, —) be a complete residuated lattice as in Example 3.10. Let
X ={x,y,2} be aset and p,p ® p € LX such that

p(z) =04, p(y) = 0.6, p(z) = 0.7,

p®p(x)=08,p&p(y) =1,p®p(z) =1
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We define an L-fuzzy closure operator C : LX — LX as follows

Ox, if A =0x,

o = P, if0x # A <p,
pdp, pZA<pdp,
1x, otherwise.

From Lemma 4.1, we obtain
1 1 1 1 1 1
Uup=1 08 1 1 |uUpap 08 1 1
0.7 09 1 08 1 1
1 1 1
upQup= 1| 06 1 1
04 08 1

From Theorem 4.2, we obtain an L-fuzzy quasi-uniformity Ue : LX*X — L as follows

1, ifu=1xxx, A=0x,
0.67 ifupgu;él)(xx,
0.2, ifupe, <uZu,

0, otherwise.

Moreover, from Theorem 4.4, we obtain a stratified L-fuzzy closure operator Gy, : LX — L¥ as

follows

Cue (N)(@) = (Vyex AMy)) 2) VA(y) V A2)))

CucMN(y) = Vyex A®)) ((0.8@ A(@)) v Aly) Vv A(2)))
A02 = ((0-6 © A(x)) V Aly) V A(2)))

Cu: N (2) = Vyex AY) A 0.6 — ((0.70 A(z))

AN0.2 = ((0.40 A(z)) V (0.8@ A(y)) V

V(090 A() v A(2)
A(2)))-
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Abstract. In this paper, we introduce soft L-neighborhood spaces and investigate the topological properties of soft
L-fuzzy quasi-uniformity in complete residuated lattices. We obtain soft L-fuzzy topologies and soft L-neighborhood
spaces induced by soft L-fuzzy quasi-uniformity. Moreover, we study the relations among soft L-fuzzy topology, soft

L-neighborhood system and soft L-fuzzy quasi-uniformity.

Keywords: Complete residuated lattice, soft L-neighborhood systems, soft L-fuzzy topologies, soft L-fuzzy quasi-

uniformities, (uniformly) continuous soft maps

2000 AMS Subject Classification: 54A40; 03E72; 03G10; 06A15

1. INTRODUCTION

Molodtsov [19] introduced the soft set as a mathematical tool for dealing information as the un-
certainty of data in engineering, physics, computer sciences and many other diverse field. Presently,
the soft set theory is making progress rapidly [1,3,6,11,15,16,28]. Pawlak’s rough set [20,21] can
be viewed as a special case of soft rough sets [6]. The topological structures of soft sets have been
developed by many researchers [3,25,26,30,31].

On the other hand, Héjek [7] introduced a complete residuated lattice which is an algebraic
structure for many valued logic. It is an important mathematical tool for algebraic structure of
fuzzy contexts [2,8,12-14,23,24,27].

Kim [13,14] introduced a fuzzy soft F' : A — LU as an extension as the soft F' : A — P(U)
where L is a complete residuated lattice. He introduced soft L-fuzzy topologies, soft L-fuzzy
quasi-uniformities and soft L-fuzzy topogenous orders in complete residuated lattices.

In this paper, we introduce soft L-neighborhood spaces and investigate the topological properties
of soft L-fuzzy quasi-uniformity in complete residuated lattices. We obtain soft L-fuzzy topologies

and soft L-neighborhood spaces induced by soft L-fuzzy quasi-uniformity. Moreover, we study

* Corresponding author
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the relations among soft L-fuzzy topology, soft L-neighborhood system and soft L-fuzzy quasi-

uniformity. We give their examples.

2. PRELIMINARIES

Definition 2.1. [2,8,9,30] An algebra (L, A,V,®,—,0,1) is called a complete residuated lattice if
it satisfies the following conditions:

(C1) L =(L,<,V,A,1,0) is a complete lattice with the greatest element 1 and the least element
0;

(C2) (L,®,1) is a commutative monoid,;

(C3)zoy<ziffe <y— zforz,y,zeL.

In this paper, we assume that (L, <,®,—,®,* ) is a complete residuated lattice with an order
reversing involution x* = x — 0 which is defined by z ® y = (z* ® y*)* unless otherwise specified

and we denote Lo = L — {0}.

Lemma 2.2. [2,8,9,30] For each z,v, z, x;, y;,w € L, we have the following properties.
H1l—-z=2,00z=0,

2)Ify<zthenzoy<zoOz,z2dy<zd®z,z—oy<z—zandz—oz<y—uz,

B)roy<zAy<zVy<azdy,

4) (Nswi)™ = Viui, (Viw)™ = Aiwis

) 2o (Viyi) = Vil ©w),

(6) z& (A;wi) = Ni(z © 32),

(1) = (Aiwi) = Ni(z = i),

®) (Vizi) =y = Ni(@i —y),

9) z = (Viw) = Vi@ — ),

(

(

(

(

(

(

(

(

10) (A;zi) =y = V(@i — ),

1) (zoy) mz=z—(y—2)=y— (z—2),

2z (xz—y)<yandz -y < (y—2)— (z— 2),
1B)(z—=y)okz—-w < (r02) = (yow),

1) (z—y)o(z—w) < (z02) = (ydw),

1)z —y<(z0z) = (yoz)and (r > y) O (y —2) <z — 2,
16) (z@®2) Oy <z (y© 2),

17 ¢ —-y=y*—z*
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Definition 2.3. [13,14] Let X be an initial universe of objects and E the set of parameters
(attributes) in X. A pair (F, A) is called a fuzzy soft set over X, where A C E and F : A — LX

is a mapping. We denote S(X, A) as the family of all fuzzy soft sets under the parameter A.

Definition 2.4. [13,14] Let (F, A) and (G, A) be two fuzzy soft sets over a common universe X.
(1) (F, A) is a fuzzy soft subset of (G, A), denoted by (F, A) < (G, A) if F(a) < G(a), for each

(2) (F,A)N(G,A) = (FANG,A) if (FAG)(a) =F(a) AG(a) for each a € A.

(3) (F,A) VvV (G,A) = (FVG,A)if (FVG)(a) = F(a)V G(a) for each a € A.

(4) (F,A)© (G,A)=(FoG,A)if (F®G)(a) = F(a) ®© G(a) for each a € A.

(5) (F,A)* = (F*, A) if F*(a) = (F(a))* for each a € A.

6) (F,A) @ (G,A) = (FoG,A)if (F®G)(a) = (F*(a) © G*(a))* for each a € A.
(7) @ ® (F, A) = (a ® F, A) for each a € L.

Definition 2.5. [13,14] Let S(X, A) and S(Y, B) be the families of all fuzzy soft sets over X and
Y, respectively. The mapping f, : S(X,A) — S(Y, B) is a soft mapping where f : X — Y and
¢ : A — B are mappings.

(1) The image of (F, A) € S(X, A) under the mapping f, is denoted by f,((F, A)) = (f4(F), B)

where
Vaco-1op [ (F(@) (), it o~ ({b}) #0,

Lo(BYB) () = { |
0, otherwise.
(2) The inverse image of (G, B) € S(Y, B) under the mapping f, is denoted by f,'((G, B)) =
(£;1(G), A) where
f31(G)(a)(z) = f(G(¢(a)(z), Va € A,z € X.
(3) The soft mapping fy : S(X, A) — S(Y, B) is called injective (resp. surjective, bijective) if f

and ¢ are both injective (resp. surjective, bijective).

Lemma 2.6. [13,14] Let fy : S(X,A) — S(Y, B) be a soft mapping. Then we have the following
properties. For (F, A), (F;, A) € S(X,A) and (G, B),(G;,B) € S(Y, B),

(1) (G, B) = f4(f; ' (G, B))) with equality if f is surjective,

(2) (F, A) < f51(f5((F, A))) with equality if f is injective,

(3) £;1((G, B)") = (£, (G, B)))",

4) f5'(Vier(Gi, B)) = Vi, £ (G, B)),

(5) f5 (Nie1(Gi, B) = Nier £5((Gi, B)),

(6) f6(Vier(Fiy A) = Ve fo((Fi A)),

(7) fs(Nicr(Fis A)) < Nier fo((Fi, A)) with equality if £ is injective,
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= f;'((G1.B) @ f; (G2, B)),
— J71(G B)) @ £1(Gay BY),
(F1,A)) © fo((F2, A)) with equality if f is injective,
(F1,A)) @ fo((Fa, A)) with equality if f is injective.

Definition 2.7. [13,14] A map 7 : S(X,A) — L is called a soft L-fuzzy topology on X if it
satisfies the following conditions.

(ST1) 7((0x,A)) =T ((1x,A)) =1, where Ox(a)(z) =0,1x(a)(x) =1foralla € A,z € X,

(ST2) T((F,A)® (G, A)) > T((F, A)) 0 T((F, A4)),

(ST3) T(Vyes(Fiy ) = Ay T((Fi, A)).

The triple (X, A, 7) is called a soft L-fuzzy topological space.

A soft L-fuzzy topology is called enriched if 7(a ® (F,A)) > T((F,A)) for all & € L and
(F,A) € S(X, A).

Let (X,A,77) and (X, A,72) be soft L-fuzzy topological spaces. Then 77 is finer than 7 if
T((F,A)) < T1((F, A)), for all (F,A) € S(X, A).

Let (X, A,7Tx) and (Y, B,7y) be soft L-fuzzy topological spaces and fy : S(X,A) — S(Y, B)

be a soft map. Then fg is called a continuous soft map if
Ty (G, B)) < Tx(f; (G, B)), V(G, B) € S(Y, B).

Definition 2.8. [13,14] A mapping U : S(X x X, A) — L is called a soft L-fuzzy quasi-uniformity
on X iff it satisfies the properties.

(SU1) There exists (U, A) € S(X x X, A) such that U((U,A)) =1,

(SU2) If (V. A) < (U, A), then U((V, A)) < U((U, A),

(SU3) For every (U, A),(V,A) € S(X x X, A),

U(U,A) © (U, A) 2U((U,A) oU((V, A))

(SU4) If U((U,A)) # 0, then (15, A) < (U, A), where, for all a € A,
1 ifx=y
0 ifx#y,

(SUB) V{U((V, 4)) | (V, A) o (V, A) < (U, A)} = U((U, A))

La(a)(z,y) = {

(V;A) o (V; A))(a)(z,y) = (V(a) o V(a))(z,y)
=V.cx(V(a)(z,2) ©V(a)(z,y)), V 2,y € X,a € A
The triple (X, A,U) is called a soft L-fuzzy quasi-uniform space.
A soft L-fuzzy quasi-uniformity U is called stratified if U(a @ (U, A)) > a @ U((U, A)) for all
ac€Land (U A)eS(X x X,A).
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Let (X, A,U;) and (Y, B,Us) be soft L-fuzzy quasi-uniform spaces and (f x f)4 be a soft map.
Then (f x f)e is called an uniformly continuous soft map if, for all (V,B) € S(Y x Y, B),

U((V, B)) <UL ((f x f), (V. B))).

Definition 2.9. [14] Let X be a set. A function ex : X x X — L is called:
(E1) reflexive if ex(z,z) =1 for all z € X,
(E2) transitive if ex (z,y) ® ex(y,2) < ex(z,z), for all z,y,z € X,
(E3) if ex(z,y) = ex(y,z) =1, then x = y.
If ex satisfies (E1) and (E2), ex is a fuzzy preorder on X. If ex satisfies (E1), (E2) and (E3),

ex is a fuzzy partially order on X.
Lemma 2.10. [14] For a given set X, define a binary mapping ex : S(X, A) x S(X,A) — L by
ex((F,A),(G.A) = N\ N\ (Fla) (@) = Gla)(x)).
acAzeX
Then, for each (F,A),(G,A),(H,A),(K,A) € S(X,A) and « € L the following properties hold.
(2) ex is a fuzzy partially order on S(X, A),
(3) If (F,A) < (G, A), then

eX((H’ A)v (Fv A)) < eX((Ha A)v (G’ A))a
€X((F, A)v (Ha A)) > GX((G, A)v (Ha A))

(4) eX((FaA)v(GaA))®6X((K7A)7( )) ((F,A)@(K,A),(G,A)@(H,A))

(5) ex((F, A), (G, A)) © ex((K, A), (H, A)) < ex((F, A) & (K, A), (G, A) & (H, A)).

(6) ex((F,A),aa — (G,A)) = eX(on (F,A),(G,A) = a — ex((F,A),(G,A)) and a0
)«

o (G, 4)).
,(F,A)) < (F,A) and (G, A) <
(F,A), (G, A (F,A), (
), (H, A)) = ex((F, A), (
), (G, 4)) = ex((G, A)*, (F, A)7).
Let fy : (X, A) — (Y, B) be a soft map. Then for (F, A), (G, A) € S(X,A) and (H, A), (K, A) €

eX((G’ )a (F’A)) - (Fv A)

)) — ex

A
( H,A)).

3

IJ>IJ>

eX((F7 A)? (GvA)) < eY(f¢((F7 A)),f¢((G, A)))a

Gy((H, A)v (Kv A)) < EX(fqﬁ_l((Hv A))’fda_l((K’ A)))a

and the equalities hold if fy is bijective.
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Definition 3.1. [13,14] A map N : X — L%(%4) ig called a soft L-neighborhood system on X if
N ={N, = N(z) | € X} satisfies the following conditions

(SN1) Ny ((1x, 4)) = 1 and No((0x, 4)) = 0,

(SN2) N,((F,A) ® (G,A)) > N,((F,A)) ® N;((G, A)) for each (F, A), (G, A) € S(X, A),

(SN3) If (F, A) < (G, A), then N,((F,A)) < N,((G, A)),

(SN4) N, ((F, A)) < (F, A)(x) for all (F,A) € S(X,A) where (F, A)(z) = F(—)(z).

A soft L-neighborhood system is called stratified if

(S) Ny(a® (FyA)) >a® N, ((F,A)) forall (F,A) € S(X,A) and a€ L.

The triple (X, A, N) is called a soft L-neighborhood space.

Let (X,A,N) and (Y, B, M) be soft L-neighborhood spaces. A mapping fs : (X,A,N) —
(Y, B, M) is said to be a continuous soft map iff M, ((G,B)) < Nm(f(;l((G,B))) for each = €
X,(G,B) e S(Y,B).

Theorem 3.2. Let (X, A,U) be a soft L-fuzzy quasi-uniform space. Define a map rNY : X —
L3XA) py v (F,A) € S(X,A), z € X,

rNS((F,A)) = \V U((U, A)) © ex((Ul], A), (F, A)),
(U,A)E€S(X x X, A)

where (Ulz], A)(y) = U(=)(y,z). Then the following properties hold.

(1) (X, A,rNY) is a soft L-neighborhood space.
(2) If U is stratified, then rNY is also stratified.

Proof. (1) (SN1) For U((U,A)) # 0, by (SU4), (1a,A) < (U, A). Then

rNY((0x, A)) = \/(U,A)GS(XXX,A) U((U, 4)) © ex((U[z], 4), (0x, A))
< \/(U,A)eS(XxX,A) (Z/{((U, A)© /\aeA,meX<U<a)(x’x) - O(a)(x)))
=V w.ayesxxx,.a) UU,A) © (1a(a)(z,x) — 0)) = 0.

Hence rNY((0x,A)) =0. Also, rN¥((1x,A)) = 1, because

rNY((1x, A) 2 U((Ixxx, A) © NN (xxx (@) (2, y) — 1x(a)(y) = 1.

acAyeX
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(SN2) By Lemma 2.4 (4) , we have

FNY((F, A)) @ rNY (G, 4) = (Vi aesixn.n (U A) © ex (UL, A), (F, 4))
O(Vw.aesxxx.a UV, A) ©ex((V]z], A), (G, A)))
= Vw.a),v.aesxxx.aU(U,A) OUV, A)
Oex ((Ulz], A), (F, A)) @ ex((V]z], A), (G, A))(by Lemma 2.2 (13))
< Vw,a),vaesxxx,aU(U V), A) 0ex (U V)], A),(F,A) © (G, A))
< Voarmescoen U, A) @ ex (e, 4), (F, 4) © (G, A))
=rNY((F,A) © (G, A)).
(SN3) It follows from the definition of rN¥ and Lemma 2.10(3).
(SN4) For U((U, A)) #0, 1o <U.

rNA(FA)) =V aesxx,n U A) © Nges Ayex (Ula)(y, x) — Fla)(y))
<V aesaxxx,a {UUA) 0 (U(=)(z,2) — (F,A)(2))} < (F,A)().
Hence (X, A,7N¥) is a soft L-neighborhood space.

(2)

aOrNY((F,A)) = a0V aesxxx.aU(UA) © ex((Ula], A), (F, A))
=V w.ayes(xxx,4) @ OU(U, A)) © ex(a,a) © ex((Ulz], ), (F, A))
<Vwaesixxx,aUl@o (U A4)) ©ex(ao (Ulz], A),a © (F, A))
<rNY(a ® (F, A)).

Corollary 3.3. Let (X, A,U) be a soft L-fuzzy quasi-uniform space. Define a map INY : X —
L3XA) by v (F,A) € S(X,A), z € X,

INZ((F,A)) =V (y,ayesxxx.a) UU; A) © ex ((U[[]], A), (F, A)),

where (U[[z]], A)(y) = U(=)(x,y). Then the following properties hold.
(1) (X, A, INY) is a soft L-neighborhood space.
(2) If U is stratified, then INY is also stratified.

Theorem 3.4. (1) The soft L-neighborhood system rNY = {rNY | z € X} can be constructed
from the cuts {(U, A) € S(X x X, A) |U((U, A)) > a} as follows:

rNY((F,A) = \/ a@rNY((F, A),a),
a€L

where

rNY((F,A),a) =V {ex (U], A), (F, 4)) | U(U, A)) = a}.
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(2)
rNY((F,A)) < Vv mesiosoxa V(G A) | (G A)(2) < rNY((F,A) UV, A)) S

Proof. (1) For F € LX with F(y) > a, we have F(y) ® G(y) > a ® G(y) and

V{F(z) ©G(z) | F(z) 2 a} 2 V{a©G(y) | F(z) = a}.
Suppose

VI{F(@@) 0 G@) |z e X} £V, V{0 G(2) | Fz) > o}
There exists zg € X such that
Fag) © Glwo) 2 \/ /1o ®Glx) | F(z) > a}.

It is a contradiction. Hence

V{F(z) ©G(x) | v € X} = Ve V{a© G(2) | Fz) 2 a}.
By the above equality, we obtain

rNA((F,A) = Vwaesx«x.a)UU, A) © ex (U], A), (F, A)))
= Vaer V{a @ ex((Ulz], A), (F, 4)) [ U((U, A)) = a}
= Vaerta © V{iex((Ulz], 4), (F, A)) | U((U, A)) = a}}
= Vaer{a © rNI((F, A),a)}.

(2) For (U, A) € S(X x X, A) and (F,A) € S(X,A), we have

rNY((F,A) = Vv, ayesxxx,4U(U, A) © ex((Ulz], A), (F, A))

=V w.aesxxx.a) (UIUA) © Ao Ayex (Ula)(y, x) — Fla)(y))} (by SU(5))

< Vvmesxxx.a) UV, A) © Npea Nyex (Vo V)(a)(y,z) — Fla)(y)) }

V,A4) © Auea Nyex(V.ex V(a)(z,2) ©V(a)(y, 2)) — Fa)(y))}

V,A) © Ngea Nyex Neex (V(a)(z,2) © V(a)(y, 2)) — Fla)(y)) }
(a

)y, z) — (F, A)(y))}

- \/(VA)eS(XxX A) {Z’l

= \/(VA YES(X x X, A) {Z/{

= V(v,a)es(xxx,4) {uwv, 4 ) © Aaea Nyex Noex(Via)(z,2) = (V
(by Lemma 2.2 (12))

=Vwaesxxx.a iUV, A) © Ayea Noex (V(a)(z,2) = Nyex (V(a)(y, 2) — (F, A)(y))}.

Put (G, A)(2) = Naca Nyex (V(@)(y, 2) — (F, A)(y)). Then

((
((
(
(

rNI((F, A), UV, A) = Vv ayesxxx, o lex (Ul A), (F, A)) [U(U, A)) = UV, A)}
> ex((V[z], A), (F, A) = Naea Nyex (V(a)(y, 2) — (F A)(y)) = (G, A)(2).
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Thus,

TN ((F, A)) < \/(V,A)eS(XxX,A) {U(V7 A) © Npea Noex(V(a)(z,2) — (G, A)(2))
| (G, A)(2) < rNY((F, A),U(V, A))}

< Vaesxx.a IrNL (G A) | (G A)(z) < rNY((F, A), UV, A)) -

Theorem 3.5. If fy : (X, AU) — (Y,B,V) is a uniformly continuous soft map, then f, :
(X, A,rNY) — (Y, B,rNY) and fs : (X, A, INY) — (Y, B,INY) are continuous soft maps.

Proof. First we show that f;l((V[f(x)},B)) =((f x f);l(V)[a:],A) from

£ ((VIF@MN(a)(z) = f~(VIf(@))(9(a))(2) = V(e(a))[f ()](f(2))
= V(¢(a)(f(2), f() = (f x )5 (V)(a)(z,2) = (f x )5 (V)[z](a) (2).

Thus, by Lemma 2.10(11), we have

ey (VIf(x)], B),(F,B)) < ex(f3 (V[f(2)]), 4), f5 ' ((F, B)))
= ex(((f x )z (V)lz], A), £ ((F, B))).

fs: (X, A,rN") — (Y,B,rNY) is a continuous soft map from:

TZV}}(I)((F,B)) =Vw,mesxxx,a) YIV:A) @ ey (V[f(2)], B), (F, B))

<V wayesxxx.a YV A) ©ex (((f x £, (V)] A), £, ((F, B)))

<V mesxx.an U X DV A) @ ex (((F x £, 1 (V)[z], A), £, ((F, B)))
< rNY(f;((F, B))).

Similarly, fs : (X, A,INY) — (Y, B,INVY) is a continuous soft map.

Theorem 3.6. Let f, : (X, A) — (Y, B) be a soft mapping and (Y, B, M) be a soft L-neighborhood
space. We define N : X — L3(X54) gs follows

No((F, A)) = V{Mw) (G, B)) | £57((G, B)) < (F, A)}.

Then (X, A, N) is the coarsest soft L-neighborhood space for which fo : (X, A,N) — (Y,B,N) be

a continuous soft map. Moreover, if M is stratified, then N is also stratified.

Proof. (SN1) and (SN3) are clearly true.
(SN2) Let (Fy,A), (F2,A) € S(X,A), (G1,B),(G2,B) € S(Y,B) and z € X, then we have
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= \/{Mf(x)((le B)) | f;'((G1, B)) < (F1, A)} © V{M(2) (G2, B)) | 5 (G2, B)) < (F2, A)}
VM) ((G1, B)) © My() (G2, B)) | 57 ((G1, B)) < (F1, A), f' (G2, B)) < (Fz, A)}

< V{M;)((G1, B) © (G2, B)) | 5 ((G1, B) © f5((Ga, ))S(F17A)®(F27A)}

= V{M;) (G, B)) | f; (G, B)) < (F1,A) © (Fz, A)}

= No((F1,4) © (F2, 4))

(SN4) For any (F,A) € S(X,A),(G,B) € S(Y,B) and z € X, we have

N.((F,A)) = V{Ms) (G, B)) | f31((G, B)) < (F,A)} < V{(G, B)(f(x)) | [;((G,B)) < (F. A)}
= V{7, (G, B)(@) | f;1((G,B)) < (F, A)} < (F, A)(x).
The a map £, : (X, N) — (Y, M) is a continuous soft map because, z € X, (G, B) € S(Y, B),
N.(f51((G, B))) = V{M;() ((F, B)) | f5((F,B)) < f; (G, B))}
> V{M@)((F,B)) | (F,B) < (G,B)} = My, ((G,B)).
Let £, : (X, N') — (Y, M) be a continuous soft map. Suppose there exists = € X, (F, A) € S(X, A)
such that

N ((F, A)) £ N, ((F, A)).
By the definition of N, there exists (G, B) € S(Y, B) with f;l((G, B)) < (F, A) such that

My ) ((G,B)) £ N'((F, A)).
On the other hand,
My ((G,B)) < N'(f;((G, B))) < N'((F, A)).
It is a contradiction. Hence N < N.

Finally, if M is stratified, then N is also stratified. In fact, for any o € L and (F, A) € S(X, A),

we have
aQNw<(F7A)) = aQV{Mf(m)((G7B)> | f;l((GaB)) < (F’A)}
<V{a® Myw)((G,B)) | a® f;1((G, B)) < a® (F,A)}
< V{Mf(l)(QQ (GﬂB)) | f(p_l(QQ (GvB)) <a® (F7A)} = Nz(a © (Fa A))

Theorem 3.7. Let (X, A, N) be a soft L-neighborhood space. Define a map Tn : S(X,A) — L

by

)= N\ A Fla) (@) = Na((F, 4))).

a€AzeX
Then (1) Tn is a soft L-fuzzy topology on X,

(2) If N, is stratified, then Ty is an enriched soft L-fuzzy topology.
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Proof. (1) (ST1)

In((1x,4) = Naea Aaex (Ix(a)(z) = No((1x, 4)) = 1,
In((0x,4)) = Naea Neex (0x(a)(2) = No((0x, A))) = 0.

(ST2)

In((F,A) © (G, A)
= Naca Naex (F(a)(z) © Gla)z) — No((F, A) © (G, 4)))
Z Naea Neex (F(a)(z) © Gla)z) — (N2 ((F, A)) © No((G, A))))
(by Lemma 2.2 (12))
Z Naea Noex (Fa)(@) = No((F, 4))) © Ngea Naex (Gla)(z) = No((G, A)))
=Tn((F, 4) ©In((G, A)).

(ST3)

In(Vi(Fis A) = Naea Noex (Vi Fi(a)(z) — No(V;(Fi; A))
> Naea Neex ((Vi(Fi(a)(z) = V; No((F;, A)) - (by Lemma 2.2 (8))
2 Ni Naea Noex ((Fila)(x) — No((Fi, A)) = N\; In ((F3, A).

(2) By Lemma 2.2 (12), we have

In(@ O (F,4) = Npex (@ © (F, A)(2) = No(a © (F, 4)))
> Neex (@O (F, A))(2) — (o © Ny ((F A))))
> Noex (F,A)(2) — No((F, A))) = In((F, A)).

Corollary 3.8. Let Let (X,U) be a soft L-fuzzy quasi-uniform space, {rN¥ | z € X} and
{INY | x € X} be soft L-neighorhood systems on X. Define maps T,nu, Tijyu : S(X,A) — L by

Tovu((F,A)) =\ (F.A)(2) — rNL((F, A))),

zeX

Tinu((F,A)) = N\ ((F, A)(x) — INY((F, A))).
zeX
Then,

(1) T, nu and Tiyu are soft L-fuzzy topologies on X,

(2) If rNY (resp. rNY ) is stratified, then T, yu (resp. Tynu ) is an enriched soft L-fuzzy topology.

Theorem 3.9. Let (X, A,U) and (Y,B,V) be soft L-fuzzy quasi-uniform spaces. If a map fy :
(X, AU) — (Y,B,V) is an uniformly continuous soft map, then maps fy : (X, A, Tryu) —
(Y,B,T.nv) and fo : (X, A, Tiyu) — (Y, B, T;nv) are continuous soft maps.
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Proof.

Toxv((G, B)) = Tovw (5 1((G, B))

= Nies Aoy (CO)W) = TNY(G.B)) = Awea Avex (£ (G)(@) @) = PN (£, (G, B))))
> Nuea Muex (G(O@)(f(2)) = VY, (G, B)

= Naca Noex (GO(@)(F() — rNE(S5 (G, B)))

> Nuea Auex (GO@)(f(2) = NY, (G, B)

— (G(O(@) (@) = rNL(f;1((G, B)))) (by Lemma 22 (8))

> Nwex ("N} (G, B)) = rNE(£;((G, B)))) (by Lemma 2.2 (10)).

(G, B)) < rNY(f7'((G, B))), then T, ((G, B)) < Tu(f; (G, B))). So, fy is a

-~

: v
Thus, if er(m)

continuous soft map.
Example 3.10. Let H = {h; | ¢ = {1,...,6}} with h;=house and EF = {e,b,w,c,i} with
e=expensive,b= beautiful, w=wooden, c= creative, i=in the green surroundings.

Define a binary operation @ on [0, 1] by

x@y=max{0,x+y—1}, z >y =min{l —z 4+ y,1}

r@y=min{l,z+y}, z*=1-z

Then ([0,1],®,—,0,1) is a complete residuated lattice (ref.[2,8,27]). Let A = {b,¢} C F and
X = {h', h* h®}. Put a fuzzy soft set (U, A) as follow:

b h' R* RS c h' Rt RS
Rt 1 06 0.7 R 1 03 06
(U {b}) = (U{e}) =
R* 01 1 05 R* 0.1 1 06
RS 04 06 1 RS 0.7 05 1
Then we obtain (U ® U, A) as

b ht A AP c k' m* AP

L1 02 04 Y10 02
UoU{b}) = (UoUA{d)=

Rt 0 1 0 Rt 0 1 0.2

R 0 02 1 R® 04 0 1

Define U : S(X x X, A) — L as follows

L if(V,4) = (Ixxx, 4),

UV, A)) = 0.6, if (U,A) < (V,A4) # (1xxx,4),
0.3, if (U, A) 0 (U,4) < (V,4) £ (U, 4),
0, otherwise.
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TNfZ;ll((Fﬂ A)) = V(U,A)ES(XXX,A)U((Uv A)) QGX((U[x]vA)v (F, A))v v (Fv A) € S(Xv A), reX,
(1)

PG ((FA) = Vg ayesxox,a YU A) © ex((Ulz], A
= (F(0)(h
(0.6 4 F(b)

), (F, A))

A A PE)(h) v (060 (FO)(E) A 0.9+ FB)(h)A
) V036 (FO)(0)) V (F)(BY) A F(e)(h) A F(e) (%)

V(060 (0.7+ FO(R) AFO(RY) A 0.5+ F(e)(%)

V0.3 (F(e)(h") A (0.6 + F(e)(h*))

0
(

rNFE((F, A) = V(ayesxxx,a) UU A) © ex ((Ulz], A), (F, A))

= (F(0)(h') AF(b)(h*) A F(D)(R°)) V (05@ ((0.4+ F(b)(h*)) A F(D)(h*) A (04+F(b)(h5))))
V(0.3® (0.8 + F(b)(h')) A F(b)(R*) A (08+F(b)( °) V (F(c)(h ) ( )(h4) A F(c)(h?))

\/(O.G@ ((0.7 + F(c) (A1) A F(c)(h) A (0.5 + F(c) )) V030 (F

TN ((F,A)) =V wayes( XxXA)u(( A)) © ex((Ulz], A) (F, A4))

= (FO)(hY) A FO) (W) A FE)(h%) v (0.6 0 (0.3 + FO)(hH) A (0.5 + FB)(h1) A F(b)(h)))
V036 ((0.6+ F(b)(h B)) v (F(e)(B) A F(e (h4)AF(c)(h5))

V(0.6 (044 F(c)(h) A (04 + F(c)(h)) A F(e) (%))

V0.3© ((0.8+ F(e)(hY)) A (0.8 + F(e)(h*)) A F(e)(h®))

Put (F, A) be a fuzzy soft set as follow:

(F,A) h' Wt
b 05 06 02
c 09 05 03

Since rNY ((F, A)) = 0.2,rNY, ((F, A)) = 0.2,rN*% ((F, A)) =

Tn((F,A) = Aues Avex (F(a)(@) = rNo((F, A))
— (F)(h') — rNp (B, A))) A (FB) (1) — rNys (B, A))) A (F(B)(R®) — rNys ((F, A))
AF(E)(BY) = PNy ((F, A) A (F(@)(h) = rNus(F, A)) A (F(@)(h) — rNys ((F, 4))) = 0.3.

(2)
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INFA((F, A)) = V (0 ayesxcx.a U, A) © ex (Ul[l], A), (F, A))

= (FO)(h') A F(b)(h*) A F(b)(h? )V(06®( (b)(h*) A (0.4 + F(b)(h*))
A3+ F()(h))) v 0.30 (F(B)(A1) A (08 + F(b)(Y))
/\(0-6+F(b)(h5))) vV (F(e)(h') A F(e)(h*) A F(c)(h?))

V(0.6 (F(e)(h!) A (0.7 + P(e)(h4) A (0.4 + F()(h)))

V0.3® (F(e)(h) A (0.8 + F(c)(h*)))

)
)

INE((F, A)) = (F(B) (W) A F0) (W) A F(B)(B))
V(0.6 0.9+ F()(h) A FB)(R4) A (05 + F()(h°) )
V(030 F(B)(H) V (F(e)(hY) A F()(h) A F()(h2))
v(0.6 © (0.9 + F(c)(hY) A F(c)(hY) A (0.4 + F(c))(h5))
V0.3 ® (F(c)(h*) A (0.8 + F(¢)(h%)))

IN((F, A) = (F(0)(h) A FB)(h%) A F(b)(h))

V(0.6 (0.6 + F(b)(hY)) A (0.4 + F(b)(h)) A FB)(1) )

V.30 ((0.8+ F()(h) A FB)(B®)) V (F(e)(h) A F(e) (h*) A F()(h®))
V(0.6® (0.3 + F(c) (1) A (0.5 + F(c) (h)) A F(e) (%))

( (1)) A
V030 ((06-+ F(e)(h1) A F(e)(h))

For a fuzzy soft set (F, A) in (1), since

INY ((F, A)) = 0.3, INH((F, A)) = 0.2, INH ((F, A)) =

2,

we have

(F, A
(FLA))) A (F(c)(h') — INpa ((F, A)))
(F, A
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Existence of pseudo almost periodic mild
solutions to impulsive partial stochastic
differential equations in Hilbert spaces
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Abstract: In this paper, we introduce the concept of p-mean piecewise
pseudo almost periodic for a stochastic process. Also it establish a new com-
position theorem for such processes. With this new composition theorem and
by virtue of the theory of operator semigroups, the stochastic analysis tech-
niques and Leray-Schauder nonlinear alternative, we investigate the existence
of p-mean piecewise pseudo almost periodic mild solutions for a class of impul-
sive partial stochastic differential equations. Finally, an example of impulsive
stochastic heat equation is also provided to illustrate our results.

2000 MR Subject Classification: 34A37; 60H10; 35B15; 34F05

Keywords: Impulsive partial stochastic differential equations; P-mean piece-
wise pseudo almost periodic functions; Composition theorem; Pseudo almost
periodic solutions; Fixed point

1 Introduction

The study of almost periodic type functions constitutes one of the most attrac-
tive topics in qualitative theory of differential equations since their applications.
Among them, pseudo almost periodic function was introduced by Zhang as a
natural generalization of almost periodic function in [1]. Some contributions
on pseudo almost periodic type solutions to abstract differential equations have
recently been made [2-7] and the references therein. Recently, there has been an
increasing interest in extending certain classical deterministic results to stochas-
tic differential equations. This is due to the fact that most problems in a real
life situation to which mathematical models are applicable are basically stochas-
tic rather than deterministic. The existence of almost periodic, asymptotically
almost periodic, and pseudo almost periodic solutions to some stochastic dif-
ferential equations has been considered in many publications such as [8-17] and
references therein. In particular, Bezandry and Diagana [18,19] introduced the
concepts of p-mean pseudo pseudo almost periodicity, and studied the existence
of p-mean pseudo almost periodic mild solutions to partial stochastic differential
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equations. Diop et al. [20] obtained the existence, uniqueness and global attrac-
tiveness of an p-mean pseudo almost periodic solution for stochastic evolution
equation driven by a fractional Brownian motion.

The theory of impulsive differential equations is an important branch of dif-
ferential equations, which has an extensively physical background [21]. There-
fore, it seems interesting to study the various types of impulsive differential
equations. The asymptotic properties of solutions of impulsive differential equa-
tions have been considered by many authors. For example, Henriquez et al. [22],
Liu and Zhang [23], Stamov et al. [24-26] discussed the piecewise almost pe-
riodic solutions of impulsive differential equations. Liu and Zhang [27], Chérif
[28] established the existence and stability of piecewise pseudo almost peri-
odic solutions to abstract impulsive differential equations. Bainov et al. [29]
concerned with the asymptotic equivalence of impulsive differential equations.
However, besides impulse effects and delays, stochastic effects likewise exist in
real systems. In recent years, several interesting results on impulsive partial
stochastic systems have been reported in [30-32] and the references therein.
Further, Zhang [33] obtained the existence and uniqueness of almost periodic
solutions for a class of impulsive stochastic differential equations with delay by
mean of the Banach contraction principle. In [34], the authors investigated the
existence and stability of square-mean piecewise almost periodic solutions for
nonlinear impulsive stochastic differential equations by using Schauder’s fixed
point theorem.

In this paper, we study the existence of p-mean piecewise pseudo almost
periodic mild solutions to the following impulsive partial stochastic differential
equations:

dz(t) = [Az(t) + g(t, x(t)]dt + f(t,z(£))dW(t), teRt#ticZ, (1)

Az(ti) = a(t) —2(t7) = Li(x(t), i€Z (2)

where A is the infinitesimal generator of a Cy-semigroup {T'(t)}+>0 on LP(P, H)
and W (¢) is a two-sided standard one-dimensional Brownian motion defined on
the filtered probability space (Q, F, P, F;), where Fy = o{W (u) — W (v);u,v <
t}. g, f, I;, t; satisfy suitable conditions which will be established later. The
notations x(¢;"), z(¢; ) represent the right-hand side and the left-hand side limits
of z(-) at t;, respectively.

To the best of our knowledge, the existence of p-mean piecewise pseudo
almost periodic mild solutions for for nonlinear impulsive stochastic system (1)-
(2) is an untreated original topic, which in fact is the main motivation of the
present paper. In the paper, we will introduce the notion of p-mean piecewise
pseudo almost periodic for stochastic processes, which, in turn generalizes all
the above-mentioned concepts, in particular, the notion of piecewise almost
periodic. Then we will establish a new composition theorem for p-mean pseudo
almost periodic functions under non-Lipschitz conditions. As an application, we
study and obtain the existence of p-mean piecewise pseudo almost periodic mild
solutions to system (1)-(2) by using Leray-Schauder nonlinear alternative. Such
a result generalizes most of known results on the existence of almost periodic
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solutions of type system (1)-(2). It includes some results of almost periodic and
pseudo almost periodic solutions to stochastic differential equations without
impulse. Moreover, the results are also new for deterministic systems with
impulse.

The paper is organized as follows. In Section 2, we introduce some notations
and necessary preliminaries. In Section 3, we give the existence of p-mean
piecewise pseudo almost periodic solutions for linear and nonlinear impulsive
stochastic differential equations, respectively. In Section 4, an example is given
to illustrate our results.

2 Preliminaries

Throughout the paper, N, Z, R and R' stand for the set of natural numbers,
integers, real numbers, positive real numbers, respectively. We assume that
(H,|| - 1), (K, || - ||lx) are real separable Hilbert spaces and (2, F, P) is sup-
posed to be a filtered complete probability space. Define LP(P, H), for p > 1
to be the space of all H-valued random variables V such that E || V [[P= [, ||
V ||P dP < oo. Then LP(P,H) is a Banach space when it is equipped with
its natural norm || - ||, defined by || V [,= ([, E || V || dP)'/? < oo for
each V € LP(P,H). Let C(R,LP(P,H)), BC(R, L?(P, H)) stand for the collec-
tion of all continuous functions from R into LP(P, H), the Banach space of all
bounded continuous functions from R into LP(P, H), equipped with the sup
norm, respectively. We let L(K, H) be the space of all linear bounded operators
from K into H, equipped with the usual operator norm || - ||z(x,#); in par-
ticular, this is simply denoted by L(H) when K = H. Furthermore, L3(K, H)
denotes the space of all @-Hilbert-Schmidt operators from K to H with the
norm || ¢ H%g: Tr(yQy™*) < oo for any ¢ € L(K, H).

Definition 2.1 ([18]). A stochastic process x : R — LP(P, H) is said to be
continuous provided that for any s € R,

}im E || z(t) —z(s) [[P= 0.

Definition 2.2 ([18]). A stochastic process x : R — LP(P, H) is said to be
stochastically bounded provided that

lim limsup P{|| z(¢) ||> n} = 0.

Let T be the set consisting of all real sequences {t;};cz such that o =
infieZ(tz‘+1 — ti) > 0, lim; o t; = 00, and lim;_,_ . t; = —o0. For {ti}ieZ eT,
let PC(R, LP(P, H)) be the space consisting of all stochastically bounded piece-
wise continuous functions f : R — LP(P, H) such that f(-) is stochastically
continuous at t for any t ¢ {ti}icz and f(t;) = f(¢t;) for all i € Z; let
PC(R x LP(P,K), LP(P, H)) be the space formed by all stochastically piece-
wise continuous functions f : R x LP(P,K) — LP(P,H) such that for any
x € LP(P,K), f(-,x) € PC(R,LP(P,H)) and for any t € R, f(t,-) is stochasti-
cally continuous at z € LP(P, K).
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Definition 2.3 ([18]). A function f € C(R,LP(P,H)) is said to be p-mean
almost periodic if for each € > 0, there exists an I(g) > 0, such that every
interval J of length I(¢) contains a number 7 with the property that F || f(¢t +
7) — f(t) ||’< € for all ¢ € R. Denote by AP(R,L*(P,H)) the set of such
functions.
Definition 2.4 (Compare with [21]). A sequence {x,} is called p-mean almost
periodic if for any € > 0, there exists a relatively dense set of its e-periods, i.e.,
there exists a natural number | = [(¢), such that for k € Z, there is at least one
number ¢ in [k, k + [], for which inequality F || 14 — 2 ||P< € holds for all
n € N. Denote by AP(Z, LP(P, H))) the set of such sequences.

Define 1°(Z, LP (P, H)) = {a : Z — LP(P,H) :|| @ = sup,cz(E || 2(n) |
)P < o0}, and

-PAI%(ZaLpualfn

1 n
= *(Z,LP(P,H)): lim — E Pdt=0,.
{eer@rmm: i oo Y e P a—o}

j=-n

Definition 2.5. A sequence {x,}n,c, € [°°(Z,H) is called p-mean pseudo
almost periodic if z,, = z. + 22, where 2 € AP(Z,LP(P,H)),z2 € PAPy(Z,
LP(P,H)). Denote by PAP(Z,LP(P, H)) the set of such sequences.
Definition 2.6 (Compare with [21]). For {t;}icz € T, the function f €
PC(R, LP(P,H)) is said to be p-mean piecewise almost periodic if the following
conditions are fulfilled:

(i) {tf =ty —ti},J € Z, is equipotentially almost periodic, that is, for any
€ > 0, there exists a relatively dense set Q. of R such that for each 7 € Q.
there is an integer ¢ € Z such that [t;1q —t; — 7| < e for all i € Z.

(ii) For any e > 0, there exists a positive number 6 = d(¢) such that if the
points ¢’ and ¢ belong to a same interval of continuity of ¢ and [t/ —¢"| < ¢,
then E || f(t') — f(t") [P<e.

(iii) For every e > 0, there exists a relatively dense set Q(e) in R such that if
7 € Q(e), then
E|ft+7)—f@)[IP<e

for all t € R satisfying the condition |t — ¢;| > €, € Z. The number 7 is
called e-translation number of f.

We denote by APr(R, LP(P, H)) the collection of all the p-mean piecewise
almost periodic functions. Obviously, the space APr(R,LP(P,H)) endowed
with the sup norm defined by || f ||co= supcr(E || f(t) ||P)'/? for any f €
APr(R,LP(P,H)) is a Banach space. Let UPC(R, LP(P, H)) be the space of
all stochastic functions f € PC(R, LP(P, H)) such that f satisfies the condition
(ii) in Definition 2.6.

Definition 2.7. The function f € PC(R x LP(P,K),L?(P, H)) is said to be
p-mean piecewise almost periodic in ¢ € R uniform in z € LP(P, K) if for every
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compact subset K C LP(P,K), {f(-,x) : © € K} is uniformly bounded, and
given € > 0, there exists a relatively dense subset 2. such that

Elft+ma)—ftz)[P<e

for all z € K,7 € Q., and t € R satisfying |t — ;| > . Denote by APp(R X
L?P(P,K),LP(P, H)) the set of all such functions.

Similarly as the proof of [21, Lemma 35], one has
Lemma 2.1. Assume that f € APp(R,LP(P, H)), the sequence {z;}icz €
AP(Z,L?(P,H)), and {t!},j € Z are equipotentially almost periodic. Then,
for each ¢ > 0, there exist relatively dense sets (2. of R and (). of Z such that

i) E| ft+71)—f@)||P<eforallte R |t —1t;)| >e, 7€ Q. and i€ Z.
(ii) E| 2igq —xi |[P<cforall g e Q. andie Z.
(iii) E || zf — 7 ||P<eforall ¢, 7 € Q. and i € Z.

Denote

PCY.(R,LP(P,H)) = {f € PC(R,LP(P,H)) : lim E || f(t) ||P= o},

PAPY(R,L*(P,H))

~{rercwmpem: i o [ 10 P a=ol,

PAPY(R x LP(P,K), L*(P, H))
— {f € PC(R x LP(P,K),L”(P,H)) :

T

1 )
lim o E | f(t,z) ||’ dt = 0 uniformly with respect to
r—oo 2r J_,.

x € K,where K is an arbitrary compact subset of LP(P, K )}

Definition 2.8. A function f € PC(R, LP(P, H)) is said to be p-mean piecewise
pseudo almost periodic if it can be decomposed as f = h + ¢, where h €
APp(R,LP(P,H)) and o € PAPY(R, L(P, H)).

Denoted by PAPr(R,LP(P,H)) the set of all such functions. PAPr(R,
L?(P, H)) is a Banach space with the sup norm || - ||o -

Similar to [1,27], one has
Remark 2.1. (i) PAPY(R,LP(P, H)) is a translation invariant set of PC(R,
LP(P H))). (ii) PCY%(R,LP(P,H)) C PAPX(R, L*(P, H)).
Lemma 2.2. Let {f,}nen C PAPX(R,LP(P, H)) be a sequence of functions.
If f, converges uniformly to f, then f € PAPY(R, LP(P, H)).
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One can refer to Lemma 2.5 in [5] for the proof of Lemma 2.2.
Definition 2.9. A function f € PC(R x LP(P,K),LP(P,H)) is said to be
p-mean piecewise pseudo almost periodic if it can be decomposed as f = h+ @,
where h € APpr(RxLP(P,K),LP(P,H)) and ¢ € PAPY(RxLP(P,K),LP(P,H)).

Denoted by PAPr(R x LP(P,K), L?(P, H)) the set of all such functions.

We need the following composition of p-mean pseudo almost periodic pro-
cesses.
Lemma 2.3. Assume f € PAPr(Rx LP(P, K), LP(P, H)). Suppose that f (¢, z)
satisfies

E | f(ta) - fty) [P< AE |2 —y | 3)

for all t € R,z,y € LP(P,K), where A is a concave and continuous nonde-
creasing function from R* to R such that A(0) = 0,A(s) > 0 for s > 0
and [, % = +o00. Here, the symbol [, stands for lim._o f;oo. If ¢(-) €
PAPr(R,L?(P,K)) then f(-,¢(-)) € PAPr(R,LP(P, H)).

Proof. Assume that f = f1 + fo, ¢ = ¢1 + ¢2, where f; € APr(R x LP(P, K),
LP(P,H)), f € PAP(R x L?(P,K), LP(P, H)), ¢, € APp(R, LP(P, H)), and
¢2 € PAPY(R, LP(P, H)). Consider the decomposition

f0(1) = fr(t, 61(2) + [f (2, (1)) — f(£,¢1(2))] + f2(t, ¢1(2)).

Since fi1(-,¢1(:)) € APr(R, LP(P, H)), it remains to prove that both [f(-, ¢(:)) —
f(G,01(-)] and fa(, ¢1()) belong to PAPY(R, LP(P, H)). Indeed, using (3), it
follows that

% j E || f(t,6(t)) — F(t, 6u (1)) |7 dt
< 21 _T ACE || $(t) — b1 (t) [7)dt
Z% " AE || da0) ),

-
noting that A is concave, continuous and A(0) = 0, we deduce that

o [ AE 1 6a(0) [P

-r

1 s
SA(%/ E||¢2(t)|pdt>—>0 as r — 0o,

which implies that [f(-,¢(-)) — f(-,$1(-))] € PAPX(R, LP(P, H)).

Since ¢1(R) is relatively compact in LP(P, K) and f; is uniformly continuous
on sets of the form R x K where K ¢ LP(P,K) is compact subset, for ¢ > 0
there exists £ € (0,¢) such that

E ” fl(taz) - fl(tvg) ”pg & Za'g € ¢1(R)
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with [2—Z| < € Now, fix 21, ..., 2z, € ¢1(R) such that ¢1(R) C Uj_, Be(z;, LP(P, K)).
Obviously, the sets D; = ¢, *(Be(z;)) form an open covering of R, and there-
fore using the sets By = Dy, Bo = D3\D; and B; = Dj\ Ui;ll D), one obtains

a covering of R by disjoint open sets. For t € B;, ¢1(t) € Be(z;),

E | fat,0:(1)) [IP
S3TIE | f(to1(t) — f(t,25) [P
F3TE || = fut, 1(t) + fr(t, ) [P 37 E || fa(t, 2) |
<BTINE || ¢1(t) — 25 [IP) + 3P Te + 3P LE || falt, 25) ||
<3PIA(e) + 3P e + 3PTLE || falt, 2) || -

Now using the previous inequality it follows that

% _TE | fi(t, d1(2)) ||P dt
1 n
- — e g
2r ;‘/Bjm[’r‘,r] | f1(t, d1()) ||P dt
svg S [ IS s I
B 2r j=1 Bjm[*r,r]

p— 1y P
3 QZ/B[ E | filt.1(0) — fult ) P dt

—r,r]

1<
WS [ B ) P
"=/ Binl

—r,r]

1 ~1 [
§3”‘1§/ AE) +eldt+377 ) 5 | Bl falt.z) |17t
j=1

-Tr -r

In view of the above it is clear that fa(-, ¢1(+)) belongs to PAPX(R, LP(P, H)).
This completes the proof.

Lemma 2.4. Assume the sequence of vector-valued functions {I;};cz is pseudo
almost periodic, and there is a concave nondecreasing function from R* to RT

such that A;(0) = 0,A;(s) > 0 for > 0 and [, Af(ss) = Foo,

E | Li(x) = Li(y) [P< Ai(E || 2 =y [|7)

for all z,y € L?(P,K),i € Z. It $ € PAPp(R,LP(P,H))NUPC(R, LP(P,H))
such that R(¢) C LP(P, K), then I;(¢(¢;)) is pseudo almost periodic.

Proof. Assume that ¢ = ¢1 + ¢2, where ¢1 € APr(R,LP(P,H)), ¢2 €
PAPY(R,L*(P,H)). Fix ¢ € PAPr(R,LP(P,H)) N UPC(R, LP(P, H)), first
we show ¢(t;) is pseudo almost periodic. One can refer to Lemma 37 in
[21] that the sequence ¢(t;) is almost periodic. Next we need to show that
¢(ti) € PAPy(Z, LP(P, H)). By the hypothesis, ¢,¢; € UPC(R, L?(P, H)), so
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¢2 € UPC(R,LP(P,H)). Let 0 < & < 1, there exists 0 < { < min{1,v} such
that for t € (t; — &, t;),1 € Z, we have

E| 20t) IP< (L —e)E || g2(ts) [I”, i€ Z
Since t{, i € Z,5 = 0,1,... are equipotentially almost periodic, {tll} is an

almost periodic sequence. Here we assume a bound of {t}} is M; and [t;| > |[t_,|;
therefore,

I
N p
iz |, E o) " de

> L Z/ B | oa(t) P dt

]*7z+1

> o Z EL—o)E | da(ty) |IP

ti Jj=—1+1
(l-e) 1 ¢
> — E AP .
>SS e 2 Elleat) |
j=—i+1

Since ¢o € PAPY(R, LP(P, H)), it follows from the inequality above that ¢ (t;) €
PAPy(Z,LP(P, H)). Hence, ¢(t;) is pseudo almost periodic.
Now, we show I;(¢(t;)) is pseudo almost periodic. Let

It,x) = (t—n)l,(x), n<t<n+1l,ne’Z,

Ht) =t —n)pp(tn), n<t<n+lneZ
Since I, ¢(t,) are two pseudo almost periodic sequences, Refer to Lemma
1.7.12. in [36], we get that I € PAP(R x LP(P,K),LP(P,H)), 9 € PAP(R
L?(P,K)). For every t € R, there exists a number n € Z such that [t —n| <1,
we have for 1,29 € LP(P, K),

B I(t,x1) = I(t,22) [P
< B[ In(z1) = In(w2) [P
< An(E H Ty — &y ||p)

Similar to the proof of Lemma 2.4, I(-,9(:)) € PAP(R,LP(P, H)). Again, sim-
ilarly as the proof of Lemma 1.7.12 in [36], we have that I(i,9(¢)) is a pseudo
almost periodic sequence, that is, I;(¢(t;)) is pseudo almost periodic. This
completes the proof.
Next, we introduce a useful compactness criterion on PC(R, L?(P, H)).
Let h : R — R" be a continuous function such that h(t) > 1 for all t € R
and h(t) — oo as |t| — co. Define

PCY(R, LP(P, H)) = {f € PO(R.L(P.H)) s lim E”hf(g)”p _ 0}
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endowed with the norm || f ||,= sup,cp W, it is a Banach space.

Lemma 2.5. A set B C PCJ)(R, LP(P, H)) is relatively compact if and only if
it verifies the following conditions:

(i) lim W = 0 uniformly for f € B.

|t]— o0
(ii) B(t) ={f(t): f € B} is relatively compact in LP(P, H) for every t € R.
(iii) The set B is equicontinuous on each interval (¢;,%,41)(i € Z).

One can refer to Lemma 4.1 in [27] for the proof of Lemma
Lemma 2.6 (Leray-Schauder nonlinear alternative [35]). Let X be a Banach
space with D C X closed and convex. Assume U is a relatively open subset of
D with 0 € U and ¥ : U — D is a compact map, then either

(i) ¥ has a fixed point in U, or

(ii) there is a point 2 € U and X € (0,1) with x € AU (x).

3 Main results

In this section, we investigate the existence of p-mean piecewise pseudo almost
periodic mild solution for system (1)-(2). To do this, we first consider the exis-
tence of p-mean piecewise pseudo almost periodic mild solutions to the following
linear stochastic differential equation

do(t) = [Az(t) + g(O)]dt + F(O)AW (t), te€ R t+tic Z, (4)

Ax(ty) = x(t]) —a(t;7) =, i€Z, (5)

where A is the infinitesimal generator of a Co-semigroup {T'(¢)};>0 on LP(P, H)
such that for all t > 0,| T(t) ||< Me% with M,5 > 0. W (t) is a two-sided
standard one-dimensional Brownian motion defined on the filtered probability
space (Q, F, P, F;), where Fy = o{W(u) — W(v);u,v < t}. Furthermore, g :
R — LP(P,H), f : R — LP(P, LY) are two stochastic processes, 7; is an p-mean
pseudo almost periodic sequence.

Definition 3.1. An F; -progressively measurable process {x(t)}:cr is called a
mild solution of system (4)-(5) if for any ¢t € R, t > 0,0 # t;,i € Z,

t

z(t) =Tt —o)x(o) + / T(t— s)g(s)ds

o

+ / T(t—5)f(s)dW(s)+ 3 T(t—tm (6)

o<t;<t

Theorem 3.1. Assume g € PAPr(R,LP(P,H)), f € PAPr(R,LP(P, L)), {vi,
i € Z} is an p-mean pseudo almost periodic sequence, then system (4)-(5) has
a mild solution x € PAPr(R, LP(P, H)).
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Proof. Consider for each i € Z, the integrals

(t) = / T(t — s)g(s)ds

— 00

+ / T(t— 5)f(s)dW (s) + 3" Tt — o) (7)

- t; <t

for each t € R. Next we aim to prove (7) is an p-mean piecewise pseudo almost
periodic mild solution of system (4)-(5).

Since ¢ € PAPr(R,LP(P,H)), f € PAPpr(R,LP(P,LY)), vi € PAP(Z,
LP(P, H)), there exist g1 € APr(R,LP(P,H)), fi € APr(R,LP(P,LY)), 11 €
AP(Z,LP(P,H)) and go € PAPY(R, LP(P,H)), fo € PAPX(R,L*(P,LY)),
Yo,i € PAPy(Z, LP(P, H)), such that g = g1 + g2, f = f1 + fo,vi = 716 + V24
Hence,

=0
= [ 1=l + molds+ [Tt 9)hils) + (o)W ()

— 00 — 00

+ 3T = )+ 92

t, <t

=[[ 1w+ [ 10 9neane)

— 00

+ ) T(t— ti)%,i]
t; <t

+LK;Tu_Smﬂg@+:[;T@—sﬂx$ﬂV®)
+ Z Tt — ti)%,z’]

t; <t

=: F(t) + (1)

In order to prove (7) is an p-mean pseudo almost periodic mild solution, we only
need to verify F(t) € APr(R,LP(P, H)) and ®(t) € PAPY(R, LP(P, H)). Thus,
the following verification procedure is divided into three steps.

Step 1. F € UPC(R,LP(P,H)).

Let ¢/, t" € (t;,tiy1),1 € Z,t" < t'. By {T(t)}+>0 is a Cp-semigroup and
| T(t) ||< Me=®t > 0, for any € > 0, there exists 0 < & < min{(ﬁ)l/”,
(ﬁ)z(pfl)/p} such that 0 < ¢ — " < &, we have for p > 2,

T —t") -1

SWCA Lo SIS
- 5g1 5f1 ’ 91

10
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where ¢;

=6""'M? || g1 |%. fu

=67 1MPC || fl ||oo771

BPTEMP | v 1% -

Using Holder’s inequality and the Ito mtegral [37], we have

E||F(E) -

+3r7 1R

<61E H /_ : T — $)T( — ") — 1g1(s)ds

+6P1E

+6P71E

+6"7'E

+3r- 1R

<6 tMP || T

F(t") I

< 3P 1E‘/

> T —tiyi—

t;<t’

; T(t — $)gi(s)ds

J
|

t,/
"~ 8)g1(s )dsf/

+3P1EH [ T(t = 5) fi(s)dW (s) - /

p
T(t" — 8)g1(s)ds
"’ P
1@
ST~ ti)m
ti<t!

P

p

Tt —s)[Tt —t") = I]f1(s)dW (s)
/ Tt — 5)fi(s)dW (s)
ST )T —t") = Iy ’

ti<t!

t// p_l
oy -1 ( [ e _S)ds)

t//
([ o) 1 as)
—o0

’

¢ p—1 t’
7 t

tll
+6p—1MPCpE[ / e 2 =) | (¢!
+6p1M”CpE{ / e
t//

+327 MP | T

’

—25(t' —s)

) —I"

( 3 eI |y P

ti<t”

<6PTIMP || T(

953

" P
t”) 7 Hp </ 676(t s)ds>

p/2
) =111 A 2y ]

p/2
I 566 Iy ]

( —§(t”—tv))p1
D e
i<t

)

sup E || g1(s) ||
SER

11
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4 P
+67"1M”( / ool —s>ds) sup E || gu(s) P
t SER

p—2

p

t//
+6PEMPC, | T(# —t") — 1 ||P </ e padt _S)ds>

t//
y ( / oot %) sup || fi(s) |,
—co SER 2

’ p=2

t P
+6P-1MPC, (/ ezf'ﬁ‘s(t'”ds)
t//

t/
><< / - Bt —s>ds> sup || f(s) |17,
1 sER 2

p
T =) =117 (X ) sup |
1€Z

ty <t
e (Y s P
<o ol ([ et as)
591 —o0
c 1/pqp
A | gy |12 [( ) }
5g1

(25 )(P=2)/ppSe ¢ Y =
+67 MGy | fr 1% p_22</ e _s)d5>

5f1
t// .
x(/ e 20t S)ds>

LG, | fu [

c )p/2(p1)] 2(p—2)/p

(1 — e 9)Pe

+3P 7 MP -
oM

p
) s
by <t!
€, € € € €
<5+5+5+5+5—6.

Consequently, F' € UPC(R, L?(P, H)).

Step 2. F € APp(R, LP(P, H)).

Let t; <t <t;y1. For e > 0, let €. be a relatively dense set of R formed by
e-periods of F. For 7 € €, and 0 < n < min{e, a/2}, we have

E|Ft+7)-F@) "

< 3EH / ; Tt~ 5)lgr(s +7) — g1 (s))ds

P

p

| [ ; T(t — 9){fu(s +7) — fuls))dW (s)

12
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Z Tt+7—t)n,:— Z T(t—t) V1

t;<t+T1 ti<t

+3°~'E

3
=Y I
k=1

Using Hoder’s inequality, it follows that

t p—1
< 3p_1Mp(/ 6_5(t_s)ds>

t
y ( [ e E st ) o) 1P ds)

t p—1
< 3P1MP( / e5<ts)ds>

i—1 tjiv1—m
D e PYC RS

j=—o00 5t+m
i—1 ti+mn
s [ (s ) s
t

j=—oco’ti

Ji

it i1
+ D / eIE || gi(s +7) — gi(s) |7 ds
j=—o00 Y ti+1 71

t
+/ e VE | g1 (s +7) — g1(s) [P ds|.

t;
Since g1 € APr(R, LP(P, H)), one has
Efgt+7)—gu(t)[[P<e

forallt € [t;+n,tjy1 —nl, j€ Z,j<i,andt—s>t—t;+t; — (tjp1 —1n) >
t—t;+a(i —1—j)+n. Then,
i1

tj+1—n
/ S | gi(s 1) — gu(s) P
t

j=—o00 Y titn

e
+n

tj+1—n
< Z / —3(t-5) g
j=—o00’ti

1—1

= 8

~
|

e~ 0(t—tj114n)

IN
Sl ™

— 00

<.
Il

~.
—

p—dali—j—1)

IN
S| ™

oo

<.
Il
|
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«__°
~ 51— e%a)’

Z / e PIE | gi(s+7) — gu(s) |IP ds

j=—o00
< 2P 1supEH q1(s) || Z / e 0= s
j=—o00
i—1
< gy g e Y e
j=—00

-
e Y [ A e R S
j=—o0

2 | gy [, e/

- 1 — e da

Similarly, one has

> / eSIE || gi(s +7) — g1(s) ||” ds < Me,
j+1—"N

j=—00

/ SE=IE || g1(s+7) — g1(s) ||P ds < Moe,
t;

where My, M, are some positive constants. Therefore, we get that J; < Nie for
a positive constant N;. Using Holder’s inequality and the Ito integral, we have
for p > 2,

Jo
p/2

t
<¥iGE| [ 1T 9 P A7) - A0 Iy as]

t
< 3”_1CpM”E[ /

— 00

p/2
o~ 20(t—5) Il fi(s+7)— fi(s) H%g ds}

p—

¢ e
<3r-lc Mp(/ e_PS‘S(t_S)ds>

j——az

j+1—7 »
/ e ECIE | fuls +7) — fu(s) g ds
=

BB fils +1) = fu(s) I ds

/ e BB | fils +7) = fi(s) |Ihg ds

j=—00 tit1—n

14

956 Zuomao Yan et al 943-975



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

t
+/ eTBEIE | fi(s+7) — fi(s) 170 ds|-
t 2

i

Since f1 € APr(R, LP(P, LY)), one has
E | At +7) - f1(8) [By< e

for all t € [t; +n,tj41 —n] and j € Z,j < 1. Then,

1—1 tit1—n vy
S [ e EIE fls ) - A ds
j=—00 ti+n 2
1—1 tiv1—n
<eg / e~ 20(t=5)gg
j;oo tj+n
5 il
- —Bo(t—tjr1+m)
< 5p Z e 2 J+
j=—o0
2 4
2 —Zsali—j-1)
<5 2 <’
j=—o00
< 2e
~ Ip(1 — e%a)’
L ptim
/ e BB | fi(s+7) ~ fals) [y ds
j=—oc0 "t
i1 tivitn
<2 B A6 I S [ e B
SER 2.7-:_00 tj

i—1
< 2P Lsup E || fi(s) |2y 2200t e~ z0a(i=])
sup B £1(5) 1% >

j=—o00
i1
<2 lsup B || fi(s) 170 ce20me=50(t—t:) Z e~ z0ali=j)
SER 2 JR—
2 e
- 1—e g0
Similarly, one has
izl L+t N
S [ eI fils 1) - 7o) Iy ds < e,
j=—oo tit1—N 2

t
/ e BB | fi(s+7) — fu(s) ]2, ds < Mae,
’ 2

i
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where Mg, M4 are some positive constants. Therefore, we get that Jy < Nae for
a positive constant N,. For p = 2, we have

Jo
t
< 3M2E/ e 2= || fi(s+7) — fi(s) ||2Lg ds

i—1 tjit1—m
ssMQ[ / e BEIE | fils+7) — fi(s) |12 ds
Jj=—00 tjt+n ’
izl it
n Z / e BB | fi(s+ 1) = fi(s) ”%3 ds
j=—o00"ti
i—1 ]
B (s _ 2
w3 [T IR i) - A Iy ds
j=—o00 tjir1—m

t
+/ e PUE | fils+7) = fi(s) ||2L3 ds|.
t

i

Similarly, we get that J, < Nae for a positive constant N3. For any £ > 0, by
Lemma 2.1, there exists relative dense sets of real numbers 2. and integers Q.,
for every 7 € )., there exists at least one number ¢ € Q. such that [t — 7| <
1€ Z and E || Yi,itq — V1, ||p< €,q € Qc,1 € Z. Then,

J3
P
<3rlg { Z 7@ =) Ml 1,i4q — 71 ]
t; <t
p—1
ool (Z ) (£ )
ti<t ti<t
P
< 3P1MP<Z e‘s(ttl)) E | vi4q =i I
t; <t

3Pt MPe

ot

Hence, F' € APp(R,LP(P, H)).
Step 3. ® € PAPX(R, LP(P,H)).
In fact, for r > 0, one has

1 T
o | B2 " dt

2r J_,
1 ” t
§3p—127/ EH/ T(t — s)ga(s)ds
rJ—r —00

+3”_121r/_:EH /_;T(t—s)fz(s)dW(s)

p

dt

P
dt

16
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s

1
3Pl E
+ 2r

p

dt.

Z T(t — ti)’YQ,i

t;<t

-

Then, by Hélder’s inequality, we obtains that

3P~ 1— H/ T(t — s)ga(s)ds

_31)1

dt

p

dt

$)ga(t — s)ds

—r

1 p—1 o)
S LV / (/ 55d5> / e O E || golt — 5) ||P dsdt
2r J_r \Jo 0

[eS) p—1 ey 1
:thﬂ</ eﬁmﬁ /‘e%”%; E | ga(t —s) |I" at
0 0 -r

By Holder’s inequality and the Ito integral, we have for p > 2,

3P 1 H/ T(t — ) fo(s)dW (s) t

p

Pll H/ (8) f2(t — s)dW (s)|| dt

p/2
<3 ic 7/ E[/ 2| fa(t = s) |30 ds} dt
—r 0 2

p=2
§3P*1Mpcp%/ </ e—pﬁzasds> '
—r 0

oo
x/ EB | fult — 8) |1 dsdt
0

p—2
-1 T ez T[T s
=3 MPC, e » %ds e 2%ds

0 0

1 T
— | E — ) |P
xor | BN falt ) Iy dr.

—-Tr

For p = 2, we have

e [ 1 snmave |

1 r o0
<32 / / 2B | folt — s) |20 dsdt
2r —rJ0 2

oo 1 T
= SMQ(/ e‘25sds)2r E | fo(t — ||p dt.
0

Since go € PAPY(R, LP(P,H)), fo € PAPX(R, LP(P, LY)), it follows that go(- —
s) € PAPY(R, LP(P,H)), fof- —s) € PAPY(R, L?(P,L3)) for each s € R by

17
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Remark 2.1, hence

T

1 t
RL EH / T(t — s)ga(s)ds
2r J_, —oo

P
dt — 0 asr — oo,

T

o E‘ | ; T(t — 5 ()W (s)

for all s € R.

For a given i € Z, define the function v(t) by v(¢) = T(t—t;)v2,4, ti <t < tit1,
then

p
dt -0 asr— oo

tlim E | v(t)||P

= lim E || T(t — t;)y2, |P< lim MPe P sup B || 9, ||P= 0.
t—o0 t—oo icZ

Thus v € PCY(R, LP(P,H)) C PAPY(R,LP(P, H)). Define v; : R — LP(P,H)
by

vi(t) =T(t — ti—j)v2,i—j, ti <t<tiy1,j €N.
So v; € PAPY(R, L (P, H)). Moreover,
E v (#) |7
=E || Tt —timj)v2,—5 I

< Mpefpé(tfti—j) sup F || V2,i HP
i€z

< MPe Pt e P sup B || g, ||P
1€EZ

Therefore, the series Z;io v; is uniformly convergent on R. By Lemma 2.2, one

has -
STt~ ti)yei =Y vi(t) € PAPY(R,LP(P, H)),
t;<t =0

that is
P

dt - 0 asr — oo.

1 T
gr—1 % / E Z T(t — ti)’YQJ'
-r t; <t

Using Lebesgue’s dominated convergence theorem, we have ® € PAPX(R,
LP(P,H)).

Finally, to prove that x satisfies (6) for all t > s, all s € R. Fix 0,0 # t;,i €
Z, we have

18
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Since {T'(t) : t > 0} is a Cy-semigroup, we have for all t € R
a(t)
t t
= / T(t —s)g(s)ds + / T(t—s)f(s)dW(s)+ Z T(t — ;)

—o00 —00 t <t

= /U T(t— s)g(s)ds + /g T(t—s)f(s)dW (s) + Z T(t—t;)v

—|—/ T(t —s)g(s)ds + / T(t—s)f(s)dW(s) + Z T(t —t;)y;
=Tt —o)z(o) + / T(t—s)g(s)ds + / T(t—s)f(s)dW(s)

Hence © € PAPr(R, LP(P, H)) is an p-mean piecewise pseudo almost periodic
mild solution to system (4)-(5). This completes the proof.

Now, we establish the existence theorem of p-mean piecewise pseudo almost
periodic mild solutions to partial impulsive stochastic differential equation (1)-
(2). For that, we make the following hypotheses:

H1) A is the infinitesimal generator of an exponentially stable Cy-semigroup
g g
{T'(t) : t > 0}. Moreover, T'(t) is compact for ¢ > 0.

(H2) The functions g € PAPr(R x LP(P,K),LP(P,H)), f € PAPpr(R x LP(P,
K),LP(P,LY)), and for each t € R, 11,15 € LP(P, K),

E | g(t,90) = g(t,v2) [IP +E (| £(2:901) = f(E,02) o< AE || 1 =42 [I7),

where A is a concave and continuous nondecreasing function from RT to
R* such that A(0) = 0,A(s) > 0 for s >0 and [, % = +00.

(H3) For any 8 > 0, there exist a constant ¢ > 0 and nondecreasing continuous
function © : Rt — R™ such that, for all ¢t € R, and z € LP(P, K) with
E z[[P> p,

Ellg(t,z) [P +E || f(t,2) [I7o< BOE || 2 [I7).

(H4) The functions I; € PAP(Z,L?(P,H)), and for each t € R, ¥1,¢s €
LP(P,H),i€ Z,

E | L) — L) [P< M(E || 1 — 2 |I7),

where A; are concave and continuous nondecreasing functions from R* to

R* such that A;(0) = 0,A,(s) > 0 for s > 0 and Jo+ Afii&ss) = +o00.
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(H5) For any B > 0, there exist a constant ¢ > 0 and nondecreasing continuous
function ©; : Rt — R*,i € Z, such that, for all t € R, and z € LP(P, H)
with E || z ||P> p,

E || Li(2) [P< B6:(E || = |I7).

Definition 3.2. An F; -progressively measurable process {z(t)}:cr is called a
mild solution of system (1)-(2) if for any t € R,t > 0,0 # t;,i € Z,

t

z(t) =Tt —o)x(o) + / T(t—s)g(s,z(s))ds

g

+ [ 1= fea@)aW ) + 3 Ttk ©

o<t;<t

Theorem 3.2. Assume that assumptions (H1)-(H5) are satisfied. Then system
(1)-(2) has a mild solution x € PAPr(R,L?(P, H)).

Proof. Consider the operator ¥ : PAPr(R, L?(P,H))NUPC(R,L?(P,H)) —
PC(R,LP(P,H)) defined by

(wa)(t) = [ 7t~ 9)g(s.a(s)ds

— 00

+/ T(t—s)f(s,x(s)dW(s)+ Y _T(t—t);(z(t;)), teR.

- t; <t

We next show that ¥ has a fixed point in PAPr(R, LP(P, H)) NUPC(R, L?(P,
H)) and divide the proof into several steps.

Step 1. For every x € PAPp(R,LP(P,H)) N UPC(R,LP(P,H)), Yz €
PAPp(R,L?(P, H)) N UPC(R, L”(P, H)).

Let z(-) € PAPp(R,LP(P, H)) N UPC(R, LP(P,H)), by (H2), (H4) and
Lemmas 2.3, 2.4, we deduce that g(-,z(-)), f(-,z(-)) € PAPr(R,L?(P, H)) and
Ii(z(t;)) € PAP(Z,LP(P, H)) Similarly as the proof of Theorem 3.1, one has
Uz € PAPr(R, LP(P, H)) N\UPC(R, L(P, H)).

Step 2. ¥ maps bounded sets into bounded sets in PAPp(LP(P,H)) N
UPC(R, LP(P, H)).

Indeed, let 7* > 0 and € B« = {x € PAPp(R,L?(P,H))NUPC(R, L?(P,
H)): E || z ||P< r*}. Tt is enough to show that there exists a positive constant
L such that for each x € B,» one has E || Pz ||P< L. Let 5 > 0 be fixed. By
(H3) and (H5) it follows that there exist a positive constant u such that, for all
te€ Rand x € LP(P,H) with E || = ||P> p,

Egt,a) [P +E | f(t,2) [79< BO(E || 2 [7),

E| Ii(z) |P< BO(E | z ||P),i € Z.
Let
V= ng{E gt ) |7 E | f(E2) g E Il @ [P< p},
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sup {E | Li(z) |”: E'[| = [|P< u}.
teER,iEZ

Thus, for all t € R and x € LP(P, H),
Ellg(tz) [IP+E | f(t,2) [I7o< BOE || = [I7) + v

(9)

E|| L) [P< BO:(E | @ |?) + m.i € Z. (10)

Note that, for g sufficiently small, we can choose M* > 0 such that for p > 2

M*
§ > 1, (11)
Ni[BO(M*) 4+ v] + Na[Bsup;cz ©i(M*) + v1]
where Ny = 3P~ MP[4 + C\ (B2 5 )pP =], No = 3P~ lMp(ffm)p For the case
Ofp:2 takeN1—3M2[ %] N2—3Mm
(H1), (9), (10), Holder’s inequality and the Ito

Let x € B,«, and t € R. By
integral, we have for p > 2,

E| ()@ [P

<g-1p H /_:o T(t — s)g(s, 2(s))ds

ey H /_; Tt — 5)f (s, 2(5))dW (s)

p

p

Z T(t — tZ)IZ(x(tz))
S || gs,2(s)) P ds)

t p—1
§3P1MP</ e5<f8>ds> </

t p/2
s ([ e | o) 13y as)
— 00

+3p1MpE[<Zeé(t“)>p_l<§ 0 | BGate) IP)

t, <t

p—173rp 1 ' —d(t—s) P
3P M W(/_we [BO(E || z(s) || )+1/]ds>

+3r7 1R

p—=

t P
+3P~1MPC, (/ eppz‘s(”%ls)

<[ ; BIGO(E | a(s) ) +11ds )

g (BB | alt) 1)+ )

3p—1pp
+ (1 _ efﬁa)pfl

t; <t
2 = 2
< g 1Mp _[BO(r) + 1] + 37 7IMPC, (pa> —51900") +1]
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1 -
+3p71Mp7(1 — oy [ﬂSgIZ) O;(r*) + 1] = L;.

For p = 2, we have

E || (Wa)(t) [|?
< BM2L[90(r") + ] + 8M2L[3O(") + 4]
+3M2 ! [Bsup (:)Z(T‘*) + 1] = Lo.

(1—e%)2 ez

Take £ = max{L, L2}. Then for each x € B,~, we have E || Uz ||P< L.

Step 3. W : PAPr(LP(P,H)) N UPC(R, LP(P,H)) — PAPr(LP(P,H)) N
UPC(R,L?(P, H)) is continuous.

Let {z(™} C B, with (™ — x(n — oo) in PAPp(LP(P,H)) N UPC(R,
LP(P, H)), then there exists a bounded subset K C LP(P, K) such that R(z) C
K, R(z™) C K,n € N. By the assumption (H2) and (H4), for any € > 0, there
exists £ > 0 such that z,y € K and F ||  — y ||P< & implies that

E || g(s,x(s)) — gs,y(s)) I’< & for all ¢ € R,

E || f(s,2(5)) — f(s,5(s)) Hig< ¢ forallteR,

and
E || Li(z) — L(y) ||P<e forallie Z,

For the above ¢ there exists ng such that E || (" () — 2(t) ||P< e for n > ng
and t € R, then for n > ng, we have

E | g(s,2™(s)) — g(s,z(s)) |[P< e forallt € R,
E | f(5,2(5)) — f(s,(5)) y< & forall t € R,

and
E | Li(z™) - Ii(z) |P<e forallie Z.

Then, by (H2), (H4) and Holder’s inequality, we have that for p > 2,
E || (@a™)(t) — (Wa)(1) |7

<o [ Tl 9o, 20(6)) — s, ()l

p

p

+78 | [ 1= 91506.09) ~ St )

p

+3P B DT — )L™ (1) — L (1))
< 3”1Mp</t 65(t5)d5>p1
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<(f I gl ()~ gl a(5) i)

p/2

+3plcpMp(/t e 20(t=9) I f(s,x(")(s)) — f(s,z(s)) H%g ds)

p—1
3 LMPE [( 3 e—é(t—m)

t; <t

. (Z“) | 1 0) = e ) )

t p
< 3p1Mp</ eé(ts)ds> €
) t =2 t
+3p_1CpM”(/ ezﬂpz‘s(ts)ds> (/ e‘gé(t_s)ds>5

-1 —0(t—t;
M e (e )e

t;<t

2\ T 2 1
< gr-lpgp p— il .
M [WC ( P ) p5+(l_6_5a),,}s

For p = 2, we have

E || (wz™)(t) = (Wa)(t) ||

(11 1
=3M {52 Tt as eM)JE'
Thus ¥ is continuous.
Step 4. ¥ maps bounded sets into equicontinuous sets of PAPr(LP (P, H))N
UPC(R,LP(P,H)).
Let 71,72 € (ti,tiy1),% € Z,71 < T2, and x € B,~. Then, by (H1), (9), (10),
Holder’s inequality and the Ito integral, we have for p > 2,

E | (Wa)(r2) — (W) (1) [|”

=3 EH/ (r2 = S)gls.a()ds — [ Tl = s)glss)ds

— 00

p

+3p1EH /m T(rs — 8)f (5, 2(s))dW (s)

_ [ "l — ) (s 2(s))dW ()
Y T(r -t = > T(r—ti)i(a(t:))

ti<T2 ;<71

<eE H / w T(ri — )[T(rs — 1) — Tg(s, 2(s))ds

p

+3r71E

p
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467 1B /T T(rs — 8)g(s, 2(s))ds ||

+6P'E /_T; T(ri = s)[T(r2 — 1) — 1] f(s,2(s))dW (s) !
+6r ' / T(rs — 5)f(s,2(5)aW (5) ||

+377'E T(r = t)[T (2 — m1) — I1;(x(t:)) '

A

i <ST1

T1 p—l
<GPTIMP || T(rp —m) — 1| (/ ea(TlS)ds)

([ IE gt 17 ds)

T p—1
+6p1Mp< / 2 65<T25>ds)
T1

([T IE gt 17 as)

T1

T1
+6”—1MPOPEU e ) || Try —71) — 1|7

—00

) p/2
< S 2(0) 1y ]
T2 p/2
+6p—1MpCpE{/ e—20(r2—s) Il f(s,2(s)) H%g d8:|
T1

p—1
+3PIMP || T(re — 7)) — I |IP ( > e‘s(nti)>

t;<T1

x( Z e TR | Iia(t)) ||p>

t;<T1
T1 p—l
<6IMP | T(rp—m) = T |P (/ ea(TlS)ds)

— 00

< [ e e | ate) 17) + vias)

T p—1
+6P—1MP</ 2 e—‘“ﬁ—S)ds)
T1

</ eI | o) ) + Vs

+6" " MPC, || T(ra — 1) — I || (/ e—p”25<ﬂ—5>d5> ’
— 00
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<[ B0 | ats) 17) + vias)

p—2

+6PMPC, < /72 6_1)525(72_5)ds> N
T1

<[ e seoigee oo 1)+ ias)

-1
+3PIMP (| T(re =) = I |IP ( D erdme t>>

ti<T1

(Z e M=t 30,(E || a(t >||p>+m)

ti<T1

<M T(ry ) ~ T [P S [30(*) + 1]

T2 P
—|—6p_1Mp(/ e_é(TQ_S)ds) [BO(r*) 4+ V]

_ p— 2 % 2 *
+6p lMpCp || T(TQ - Tl) -1 ||p (p(s) ﬁ[ﬁ@(’r ) + l/]

p—2

_|_6P—1MPCP ( /T2 e,,pgé(‘rzs)ds> v
T2 » !
X (/ 625(725)515) [BO(r*) + V]
1

1

m[ﬁéi(r*) + .

3P | Try — 1)~ I[P

For p = 2, we have
E || (Yz)(r2) — (¥z)(11)) |7
< 6M | T(rs— 1) — I |2 6%[5@@*) 4]

T 2
+6M* (/ 65(725)d5> [BO(r*) + V]
F6M? || T(r, ) — T | 2[30(*) +1]

+6M2( / s ) [50() + 1

1 a *
m[ﬁei(r ) + vl
The right-hand side of the above inequality is independent of = € B,- and
tends to zero as 7o — 71, since the compactness of T'(t) for ¢ > 0 implies imply
the continuity in the uniform operator topology. Thus, ¥ maps B,« into an
equicontinuous family of functions.

+3M? | T(ry — 1) =1 |2
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Step 5. V(t) = {(Yx)(t) : © € B,+} is relatively compact in LP(P, H) for
each t € R.

For each t € R, and let € be a real number satisfying 0 < € < 1. For x € B,
we define

(Wez)(t)
=T(e) [/_ T(t—e—s)g(s,x(s)ds
+/__€T(t—a—s)f(s,sc(s)dW(s)+ S Tt e — t)(a(t:))
=T (e)[(Yz)(t —¢)].
Since T(t)(t > 0) is compact, then the set V.(t) = {(V.z)(t) : © € By} is

relatively compact in LP(P, H) for each ¢t € R. Moreover, for every x € B, we
have for p > 2,

E | (2)(t) — (Vez)(@) |IP

< 3P—1EH /t;T(t — $)g(s, 2(s))ds

p

p

v | Tt — 5)f(5,2())dV (s)

p

| T L)

t—e<t; <t

t p—1 t
< 3”1M”(/ e‘s(ts)ds> </ e PR || g(s,z(s)) |IP ds)
t—e t—e

¢ p/2
+3p—ICpMpE(/t\ e—25(t—8) H f(S,l'(S)) ||ig dS)
—

+3P" 1 MPE K > e“”i))

t—e<t; <t

S <25<> [ ialt) )]

t p—1
< 3”_1M”(/ e_‘s(t_s)ds>
t—e

<[ e | a1+ vias

-1

p—

t
+3P—1CpMP(/ e—zﬁ25<t—s)ds> ’
t—e

([ e menipo e | ats) 17) +olas)

t—e
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p—1
+3p_1Mp( > e—5<f—“>>

t—e<t; <t

X( > e EBOE | wilts) 1) + Vl])
t—e<t; <t

t p
< 3P—1Mp(/ e—5(t—s)d8) (BO(r*) + 1]
t—e

ya

t P
+37-tC, MP (/ e‘pié(t—@ds)
t—e

X </t; eg‘;(ts)ds) [BO(r*) + ]

P
+3P1Mp( Z e‘s(tti)> [Bsup ©; (r*) 4 v1].

t—e<t;<t i€z
For p = 2, we have

E | (Tz)(t) — (Tea)(t) |

t 2
<3M2< / 65<t8>ds) [BO(r*) + V]
t—e
t
+3M2< / e26(ts)ds> [BO(r*) + V]
t—e

2
—|—3M2< Z e_‘s(t_t"’)) [Bsup O;(r*) 4 v1].

t—e<t;<t €7

Therefore, letting e — 0, it follows that there are relatively compact sets V()
arbitrarily close to V' (t) and hence V (t) is also relatively compact in LP(P, H)
for each t € R. Since {Vz : z € B,+} C PCY(R, LP(P, H)), then {Vx : x € B,~}
is a relatively compact set by Lemma 2.5, then ¥ is a compact operator.

Step 6. We now show that there exists an open set U C PAPp(LP(P,H))N
UPC(R,LP(P,H)) with z ¢ Wz for A € (0,1) and = € OU.

Let A € (0,1) and let « € LP(P, H) be a possible solution of z = A\¥(z) for
some 0 < A\ < 1. Thus, for each t € R,

(t) = A(Wz)(t)

= )\/_ T(t—s)g(s,z(s)ds + )\/_ T(t—s)f(s,z(s)dW(s)
AN T — ) T (t).

t; <t
Then, by (H1), (9), (10), Holder’s inequality and the Ito integral, we have for
p>2,
E | =(t) [|”
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<37 1M” [ﬂ@(supE [ z(s) I”) + v]

_9 722
+3p_1CMp(p) —[BO(sup E || z(s) ||?) +v
o (B2) T Zisetsup B o) 1) + )

1

3p71Mp
i (1= e oo

[BO:(E || x(ti) |IP) + w].

For p = 2, we have
E | () |?
1
< 3M?S[BO(sup E || x(s) [|?) + ]
0 seER

F3M? (00 (sup B | a(s) [[2) + 7]
sER

M s 9U(E | alt) ) +

Taking the supremum over ¢, we have for p > 2,

sup E || 2(¢) |7
teER

<3 lMp [ﬁG(SHPE I(s) IP) +v]

. p—2\"7 2
e () 7 Zigetun b () 1)+

1

3p=1pp
* eyl

BO:i(sup E || z(s) ) + v1).
sER

For p = 2, we have

sup B || 2(t) ||
teER
1
<302 L (p0sup B || 2(s) ) + 1]
1) SER

F3M?[30(sup B | a(s) ) + 1]
sER

1 -
2 2
Therefore, we have for p > 2,
I . -
N[BO(|| @ [[B) + ] + Na[Bsup;e, Oi([| @ %) + 1] ~

p—2

where Ny = 3P~ MP[+4 + C. (;S)T p%] Ny =3r71 Mpfaa)p For the case

of p =2, take Ny = 3M?[5 + o], No = 3M? m Then, by (11), there
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exists M* such that || x ||E,# M*. Set
U= {x € PAPp(R, LP(P, H)) N\UPC(R, LP(P, H)) :| « |[2,) < M*}.

As a consequence of Steps 1-6, it suffices to show that ¥ : U — PAPr(R, LP(P,
H))NUPC(R, LP(P, H)) is a compact map. From the choice of U, there is no
x € OU such that x € AUz for A € (0,1). By Lemma 2.6, we deduce that ¥ has
a fixed point 2 € U. The proof is complete.

4 An example

Consider following partial stochastic differential equations of the form

2

dz(t,x) = %z(t7 x)dt + w1 (t, z(t, x))dt

+owo(t, z(t,x))dW (t),t € Ryt #t;, i€ Z,x€[0,7], (12)

AZ(tZ,ZE) = ﬂZZ(tZ,I), i€ va € [0,71'], (13)
2(1,0) = 2(t,m) =0, teR, (14)

where W(t) is a two-sided standard one-dimensional Brownian motion defined
on the filtered probability space (2, F, P, ;). In this system, 3; € PAP(Z, R),
ti =1+ %| sini 4 sin v/2i|, {t!},i € Z,j € Z are equipotentially almost periodic
and o = inf;cz(t;41 — t;) > 0, one can see [21] for more details.

Let H = L?([0, nr]) with the norm || - || and define the operators A : A(D) C
H — H by Av = v” with the domain D(A) := {v € H : v € H,v(0) =
v(m) = 0}. It is well known that A is the infinitesimal generator of an analytic
compact semigroup 7'(t) on H and || T(t) ||[< e for ¢ > 0 with M = § = 1.
Furthermore, A has a discrete spectrum with eigenvalues of the form —n?,n € N
and normalized eigenfunctions given by v, (§) := (%)% sin(n€). In addition, the
following properties hold:

(a) The set of functions {v, : n € N} is an orthonormal basis for H;

(b) For v € H, T(t)v = > 7, exp(—n?t) (v, v,)v,, and Av = 302 n*(v,v,)
Un, v € D(A).

Taking

and
Then, the above equation (12)-(14) can be written in the abstract form as the
system (1)-(2).
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From Theorem 3.2, it follows that the following proposition holds.
Proposition 4.1. Let i, ws satisfy (H2)-(H5), then system (12)-(14) has an
p-mean piecewise pseudo almost periodic mild solution on R.

In the above example, we can take

wi(t, 2(t, ) = kifsint + sin V2t + 1(t)]2(t, ),

wi(t, 2(t,-)) = kaofsint + sin V2t + 1(t)]2(t, ),

and
Biz(ti,-) = &[sini + sinv2i + 1()]2(ts, ), i€ Z,
where l;j >0,7=1,2,3,and ¢; > 0,i € Z, | € UPC(R, R) defined by

l(t)—{ 0, for t <0,

e~t, fort>0.

From [3], sint + sin v/2t is almost periodic. On the other hand,

11—
\ )|Pdt = 7/‘1 )Pdt = 7/ e Pt = <.

1 T
lim 27/ li(t)|Pdt = 0.

T—00 T —r

Consequently

Then, all conditions in Theorem 3.2 are satisfied. Hence, the system (12)-(14)
has an p-mean piecewise pseudo almost periodic mild solution.
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Eventual periodicity of a max-type difference equation system

Taixiang Sun'?  Yaru Zhou?* Guangwang Su' Bin Qin!
LCollege of Information and Statistics, Guangxi Univresity of Finance and Economics
Nanning, Guangxi 530003, P.R. China
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Nanning, Guangxi 530004, P.R. China

Abstract In this paper, we investigate the eventual periodicity of the following

max-type system of difference equations

1 : a
T :max{—,mm 1, }},
n ynl—m Inﬁ—r} n = O, 1,2, e

=max<{——, mins1
yn {xn—s’ ? Yn—t

where «o,8 € (0,400), m,s,r,t € {1,2,---} with » # m and t #
S. We show that every solution of this system with the initial values
TdyYeds Tdi1,Y—dils s T—1,Y—1 € (0,400) is eventually periodic with period
m + s, where d = max{m, s, r,t}.

Keywords: System of difference equations; Solution; Eventual periodicity
Mathematics Subject Classification: 39A10; 39A11.

1. Introduction

Recently, there has been a great interest in studying difference equations and systems. A
class of difference equations that has attracted recent attention is the class of, so called, max-
type difference equations and and systems(see, e.g., [1-14,17,21-24]). On the other hand, some
concrete classes of nonlinear systems of difference equations have also attracted some recent
attention (see, e.g., [15,16,18-20, 25]).

In 2012, Stevié [15] obtained the general solution of the following max-type system of differ-
ence equations

x”H:maX{%’%Z}’ neNy=1{0,1,2,--}, (1.1)
Yn+1 = INax {ia %}7
where o € Ry = (0, +00) and the initial values z, yo € [a, +00) and yo/zo > max{a,1/a}.

In 2015, Yazlik et al. [25] studied the following max-type system of difference equations

* Project Supported by NNSF of China (11461003) and NSF of Guangxi (2014GXNSFBA118003)
x Corresponding author: E-mail address: 12928w@163.com
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1 : a
Tp+1 = Max§ —— mln{l,—}}
! o mld n e N, (1.2)
Yn+1 = Max yj,ﬂliﬂ{l,%}},

where o € Ry and the initial values xg,yo € R, and obtained in an elegant way the general
solution of (1.2).

Motivated by aforementioned papers, in this paper, we investigate the eventual periodicity

of the following system of difference equations

1 : a
xn:max{ ,min {1, — }},
e o n € Ny (1.3)
Yn = Max q ;——, min 1, i ([

where o, 8 € Ry, m, s,r,t € Nwith r # m and ¢t # s and the initial values z_q4, y_q, *—g+1, Y—d+1,
-, x-1,y—1 € Ry with d = max{m, s, r,t}. The main result of this paper is the following the-

orem.

Theorem 1.1 Let o > 0 and § > 0. Then every solution {(zn,yn)}n>_q with the initial
values T_g,Y—d, g1, Y—dr1, " s¥—-1,Yy—1 € Ry of system (1.3) is eventually periodic with

period m + s.

2. Proof of Theorem 1.1

In this section, we will discuss the periodicity of solutions of system (1.3). Let {(zpn,¥Yn)}n>—d

be a solution of (1.3) with the initial values z_4,y_gq, *_g+1,Y—ds1, - ,X—-1,Yy—1 € R4. Write

An:min{l, a } Bn:min{l, b }
Tpn—r Yn—t

It is easy to see that A, < 1 and B, < 1 for any n € Ny. The main result of this paper is

established through the following lemmas.
Lemma 2.1 The following statements are true.

(1) ZpYn—m > 1 (resp. ypzp—s > 1) for all n € Ny.

(2) xn, < max{Tp_m—s, An} (resp. yn < max{y,—m—s, Bn}) for all n > d.

(3) If ¢y, = 1/ypn—m (resp. yn = 1/x,_s) for some n > d, then x, < xy_m_s(resp. y, <
Yn—m—s)- If ©n = Ap > 1/yn—m (resp. yn = Bp > 1/x,_s) for some n > d, then z, >
Tr—m—s(T€SP. Yn > Yn—m—s)-

Proof (1) It follows from x,, > 1/yp—_p, (resp. yn > 1/xy_s) that zpyn—m > 1 (resp. ypTp_s >
1) for all n € Ny .
(2) Since Yp—mTn—m—s > 1 (n > m), one know that for all n > d,

Tn—m—s
T, = max {—, Ap b <max{z,_m-s, Ap}.
Yn—mITn—m—s

The other case is treated similarly, which detail is omitted.
(3) If z, = Ay, > 1/yp—m for some n > d, then combining (1.3) with A, <1 and B,_,, <1
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one know that

Tn
I <zpyYn-m = max {77ann—m}
Tn—m—s
Tn

= max { ,Aan,m}

Tn—m—s
T,

)
xn—m—s

which implies z,, > zp_p—s. If 2, = 1/yp_p, for some n > d, then by yp—mTp—m-s > 1 (n >m)

one know that

The other case is treated similarly, which detail is omitted also. This completes the proof of
Lemma 2.1.
Lemma 2.2 Let N,k,l € N (I > 2) such that the following statements hold.

(D) TNt (mts)u = ANt (mis)u > VYNt (mrs)u—m for every p € {k, k +1}.

(2) TNrmrs)n = V/YN+(mts)u—m for every pe {k+1,--- k+1—1}.
Then TN+(m+s)k = TN+(m+s)(k+1) = " = TN+ (m+s)(k+1—1) < TN+(m+s)(k+l)-
Proof Combining the conditions (1) and (2) with Lemma 2.1 (3), one know that & x (m+s)(ut1) <
TN (ms)u for every p € {k,--- k+1—2} and Tny(mis)u > TN4(ms)(u—1) fOr every u €
{k,k+1}.

Assume on the contrary that = x (m4s)(u+1) < TN+ (mss)u fOr some k < p < k+1—2. Then

by AN+(m+s)kBN+(m+s)(u+1)—m < 1 one know that

ENt(mts)k = ANtmisk = TN+ (mis)u

> TN+t (m+s)(ut1)
1

YN+ (m+s)(p+1)—m
1

max { ma BN+(m+s)(u+1)—m}
1
1
IN+(m+ts)p
= TN+(m+s)u-

A contradiction. This completes the proof of Lemma 2.2.

In a similar fashion as in the proof of Lemma 2.2, we can obtain the following Lemma 2.3.
Lemma 2.3 Let N,k,l € N (I > 2) such that the following statements hold.

(1) YN+(mts)n = BNa(mts)n > VTN 4 (mts)u—s for every p € {k,k+1}.

(2) Yn+(mts)n = L/ TN4mts)u—s for every p e {k+1,---  k+1—1}.
Then yn i (mis)k = YN+ (mts)(k+1) = = YN+(mts)(kl—1) < YN+ (m-+s)(k+1)-

By Lemma 2.2 and Lemma 2.3 and Lemma 2.1 (3) one obtain the following Lemma 2.4.
Lemma 2.4 Let K,L € N.
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(1) T2y mrs)n = L/Ykt+mts)u—m (1P Yk t(m+s)u = L/TN4(mts)u—s) for all u > L, then
TN (mts)u (T€SP- YN (ms)) 15 nonincreasing eventually. If (1 >) x4 (mts)n = ANtmts)n >
1/yN+(m+s)u—m (resp. (1 >) Ynt(mts)p = BN+(mrs)p > 1/'7:N+(m+s)ufs) for all p > L, then
TN4(m+s)u (T6SD- YNt (m+s)u) 1S increasing eventually .

(2) If Tn4(mts)n (T€SP- YNy (mts)u) I8 NONincreasing eventually and @y (mis), < 1 (resp.
YN+(mts)p < 1) for all p > L, then znx (s, (TSP Yny(mts)u) IS @ constant sequence
eventually.

(3) If there are two sequences of positive integers {p,} and {g,} with 1 <p; < q1 < p2 <
g2 < -+ < pp < gn < --- such that for every p, < k < ¢,

1 1
TN+ (m+s)k = AN+(m+s)k D T — (resp. YN+ (m+s)k = BN+(m+s)k > 7)
YN+(m+s)k—m TN+ (m+s)k—s
and for every p, < k < gna1,
1 1
TNA-(m+s)k = ————(resp. YN+ (m+s)k = —),
YN+ (m+s)k—m LN+ (m+s)k—s

then Tny(mts)y (T€SP.  YNi(ms)u) 18 nondecreasing eventually and Zny(mis), < 1 (resp.
YN+(m+s)u < 1) eventually.
Proof (1) It follows from Lemma 2.1 (3).

(2) Noting that 1/2ny(mis)u > 1 2 BNy (mts)uts €ventually, we have

1
YN+ (m+s)ut+s = max{iv BN—}—(m-l—s);H—s} =
TN+(m+s)u TN+(m+s)u

eventually. Thus Yy (m+s)u+s 15 nondecreasing eventually. On the other hand, we know from (1)
that yny (mys)uts 18 nonincreasing eventually. Thus Yn i (mqs)uts a0 TN (ms), are constant
sequences eventually. The other case is treated similarly.

(3) Combining Lemma 2.1 (3) with Lemma 2.2 one know that &y (ms)(k=1) < TN+ (m+s)k
for every p, < k < ¢n and TNy (mis)(k—1) = TN4(mts)k fOF every ¢, < k < ppi1. Thus
{z N+(m+s)u}u2p1 is nondecreasing and &y (m1s), < 1 eventually. The other case is treated

similarly, which detail is omitted also. This completes the proof of Lemma 2.4.
Now we give the proof of Theorem 1.1.

Proof of Theorem 1.1 It need only to show that {z(m1s)ktite>1 a0d {Ymiys)ktith>1 are
constant sequences eventually for every i € {0,1,--- ,m+ s — 1}.

Assume on the contrary that there is some ¢ € {0,1,--- ,m+s—1} such that {Z (4 k10 e>1
( resp. {y(erS)kJrg}kZl) is not a constant sequence eventually. Then by Lemma 2.4 we know
that (p4s)k+6 ( 1€SD. Y(mts)k+e) 13 monotone eventually.

We claim that (4440 1 nondecreasing eventually. Indeed, if z(;,44)x4¢ IS nonincreasing

eventually, then x4 5k > 1 eventually and

1

Y(m+s)k+0—m

1
,A(m+s)k+9} = ——— eventually.

L(m+s)k+0 = max{
Y(m+s)k+0—m
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Thus Y(ms)k+6—m 18 nondecreasing eventually and y(,4s)k+6—m < 1 eventually. According to
Lemma 2.4, there is a sequence of positive integers k11 < k1o < -+ < k1, < --- such that
1

x(m—l—s)lﬁn—‘r@—m—s

Yim+s)kin+0—m — max{ aB(m+s)k1n+6—m}

- B(m+s)k1n+97m
p
y(m+s)k1n+9—m—t
1

L(m+s)kin+0—m—s

From which we see that y(nis)k16—m—¢ I8 nonincreasing eventually and Y(mis)k49-m—t > 1
eventually and
1

L(m+s)k+0—m—t—s

1
7B(m+s)k+0—m—t} = eventually.
L(m4-s)k+0—m—t—s

Y(m+s)k+0—m—t = maX{

Thus Z (4 6)k+6—m—t—s 18 nondecreasing eventually and (4 )k4+9—m—t—s < 1 eventually. Again

according to Lemma 2.4, there is a sequence of positive integers A1 < Ao < +++ < Ay < -+ -
such that
1
T(m4s)Ain+0—m—t—s — maX{ 7A(m+s)/\1n+9—m—t—s}
y(m+s))\1n+9—m—t—s—m

- A(m+s))\1n+97m7t75
(@

T(m+s)Aip+0—m—t—s—r
1

y(m+s))\1n+9—m—t—s—m

Therefore (4 6)x,,, +6—m—t—s—r 18 nONINcreasing eventually and T, 1)1, 40—m—t—s—r > 1 even-
tually. Write w = m + s + r +t. By induction, we may obtain that

(1) For every 0 < pp < m + 8 — 1, T(rmis)ht0-—pw = 1/Y(m+s)k+6—pw—m 1S NONincreasing
eventually and Z (4 k40— > 1 eventually, and Y4 o)\k10—pw—m—t = 1/$(m+s)k+9,uw,m,t,s
is nonincreasing eventually and Y4 s)k40—pw—m—¢ > 1 eventually

(2) For every 1 < p < m + 8, Y(ms)k+0—(u—1)w—m 15 NOndecreasing eventually and
Y(m+s)k+0—(u—1)w—m < 1 eventually, and there is a sequence of positive integers k,1 < ku2 <

-+ < kyp < -+ - such that

Y(m+s)kun+0—(p—1)w—m
1

= maX{
L(m+s)kun+0—(p—1)w—m—s

) B(m—l—s)k#n—i-@—(,u—l)w—m}

- B(m—i—s)kﬂn +0—(p—1)w—m
B

Y(m+s)kpun+0—(p—1)w—m—t
1

L(m+s)kyun+0—(p—1)w—m—s

(3) For every 1 < p < m + s, T(mts)k+6—(u—1)w—m—t—s 1S nondecreasing eventually and

T (mt-s)k+6—(u—1)w—m—t—s < 1 eventually, and there is a sequence of positive integers A1 < A2 <
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+ < Aun < --- such that

L(m+s)Aun+0—(p—1)w—m—t—s
1

Y(m+s)Apn+0—(p—1)w—m—t—s—m

= ax { 7A(m+s)/\un+97(ufl)w7mftfs}

- A(m+s))\un+07(,ufl)wfmftfs
(0]

L(mA4-8)Apn+0—(p—1)w—w
1

Y(m4-8)A\pun+0—(p—1)w—m—t—s—m

We may assume without loss of generality that k., > Aun > Kkup1n > Aug1,n for any

1 < pu<m+ s— 1. Furthermore, we can assume that

1
An, = maX{k < kin ¢ L(m+s)k+0—m—t—s = A(m+s)k+0—m—t—s > }
Y(m+s)k+0—m—t—s—m

and for 2 < pu <m+ s,

kun = max{k < )\ufl,n FY(mt-s)k4+0—(u—1)w—m

1
=B m+8)k+0—(u—Dw—m = }
(mte)kto—{a=1) L(m+s)k+0—(p—1)w—m—s

and

Aun = maX{k < kun: T(m+s)k+0—(u—1)w—m—t—s
1

= A m—s —(pu—1)w—m—t—s > ’
(m+s)k+0—(pu—1) t y(m+s)k+9—(ﬂ—1)“’_m_t_s—m}

Then it follows from Lemma 2.2 and Lemma 2.3 that

L(m+s)k1n+6
1 1 i y(m+s)k1n+97mft

y(m+s)k1n+0—m B(m+s)k1n+9—m ﬂ
1 . 1 _ Tmt+s)Ant+0-—w
ﬁx(m+s)k1n+97m7tfs /Bx(m+s))\1n+97mftfs af
. 1 . 1 _ y(m—i—s)kgn—‘re—w—m—t
aﬁy(m—l-s))\ln—o—@—w—m O‘ﬁy(m—i-s)kgn—l—Q—w—m ﬂQO‘
1 1 _ T(mA+8)Aan+0—2w

ﬁ2a$(m+s)k2n+9—w—m—t—s 62a$(m+s))\2n+9—w—m—t—s 0[262

I(m+s))\m+s,n+9—(m+s)w

(ag)mts

Let limg— 0o T(ms)k+6 = . Then ® > 1. By taking the limit in the following relationship.

_ T(m+8)Amssnti—(m+ts)w
T(m+s)kin+0 — (Oéﬁ)m+s

as n — oo, we have ® = ®/(a3)"™"5. Therefore af = 1 and

L(m+s)kin+0 = T(m+s8)Amts,n+0—(m+s)w > T(m+s)(kin—1)+0 = T(m+s)kin+6-

981 Taixiang Sun et al 976-983



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

A contradiction.

By the above claim we see that z(,;,4)k+6 15 nondecreasing eventually. Then z(,,4 g9 < 1

eventually and there is a sequence of positive integers A\; < Ay < --- < A, < --- such that
1
T(m4s)Ap+6 — Max {—’ A(m+s))\n+9}
Y(m+s)An+0—m
«o 1
= A(m+s))\n+9 = >

T(m4-s)Ap+0—r1 Y(m+s)Ap+0—m

Thus Z(;,4.5)1,46—r 18 nONincreasing eventually and (,;, 4 5)x,+0—r > 1 eventually. This contra-
dicts to the above claim.

Therefore, for every i € {0,1,--- ,m+5—1}, {Z(nqs)k+ifh>1 I @ constant sequence eventu-
ally. In a similar fashion, also we can show that for every i € {0,1,- -+ ,m~+s—1}, {Y(mts)htifr>1

is a constant sequence eventually. This completes the proof of Theorem 2.5.
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On uni-soft implicative filters of BFE-algebras
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Abstract. The notion of uni-soft implicative filters of a BFE-algebra is introduced, and related properties are
investigated. The problem of classifying uni-soft implicative by their v-exclusive filter is solved. Also, as a gener-
alization of uni-soft implicative filters, the foldness of uni-soft implicative filters are considered. Characterizations

of uni-soft (n-fold) implicative filters are discussed.

1. Introduction

Kim and Kim [6] introduced the notion of a BFE-algebra, and investigated several properties.
In [2], Ahn and So introduced the notion of ideals in B E-algebras. They gave several descriptions
of ideals in B FE-algebras.

Various problems in system identification involve characteristics which are essentially non-
probabilistic in nature [11]. In response to this situation Zadeh [12] introduced fuzzy set theory
as an alternative to probability theory. Uncertainty is an attribute of information. In order to
suggest a more general framework, the approach to uncertainty is outlined by Zadeh [13]. To
solve complicated problem in economics, engineering, and environment, we can’t successfully use
classical methods because of various uncertainties typical for those problems. There are three
theories: theory of probability, theory of fuzzy sets, and the interval mathematics which we
can consider as mathematical tools for dealing with uncertainties. But all these theories have
their own difficulties. Uncertainties can’t be handled using traditional mathematical tools but
may be dealt with using a wide range of existing theories such as probability theory, theory of
(intuitionistic) fuzzy sets, theory of vague sets, theory of interval mathematics, and theory of
rough sets. However, all of these theories have their own difficulties which are pointed out in [9].
Maji et al. [8] and Molodtsov [9] suggested that one reason for these difficulties may be due to the
inadequacy of the parametrization tool of the theory. To overcome these difficulties, Molodtsov
[9] introduced the concept of soft set as a new mathematical tool for dealing with uncertainties
that is free from the difficulties that have troubled the usual theoretical approaches. Molodtsov
pointed out several directions for the applications of soft sets. At present, works on the soft set
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theory are progressing rapidly. Maji et al. [8] described the application of soft set theory to a
decision making problem. Maji et al. [7] also studied several operations on the theory of soft
sets.

Ahn et al. [1] introduced the notion of an implicative vague filter in BFE-algebras, and inves-
tigated some properties of it. Jun et al. [4] introduced the notion of int-soft implicative filter of
a BF-algebra, and studied their properties.

In this paper, we introduce the notion of a uni-soft implicative filter of a BF-algebra, and
investigate their properties. We solve the problem of classifying uni-soft implicative by their
~v-exclusive filter. Also, as a generalization of uni-soft implicative filters, the foldness of uni-soft
implicative filters are considered and discuss characterizations of uni-soft (n-fold) implicative
filters.

2. Preliminaries

We recall some definitions and results discussed in [6].

An algebra (X;*,1) of type (2, 0) is called a BE-algebra if
(BE1l) zxx =1 for all x € X;

(BE2) zx1 =1 for all z € X

(BE3) 1xx =z for all x € X;

(BE4) zx (y*xz2) =yx* (v x*2) for all x,y,z € X (exchange)

We introduce a relation “<” on a BFE-algebra X by x < y if and only if z *y = 1. A non-empty
subset S of a BFE-algebra X is said to be a subalgebra of X if it is closed under the operation
“x7. Noticing that x * x = 1 for all x € X, it is clear that 1 € S. A BFE-algebra (X;x, 1) is said
to be self distributive if x % (y* z) = (zxy) * (x x z) for all z,y,z € X.

Definition 2.1. Let (X;x*,1) be a BE-algebra and let F' be a non-empty subset of X. Then F
is called a filter of X if

(F1) 1 € F;

(F2) zxy € Fand x € F imply y € F for all z,y € X.

Definition 2.2. Let (X;x*,1) be a BE-algebra and let F' be a non-empty subset of X. Then F
is called an implicative filter of X if

(F1) 1 € F;
(F2) % (y*xz) € Fand x xy € F imply z %z € F for all z,y,z € X.

Proposition 2.3. Let (X;x,1) be a BE-algebra and let F be a filter of X. If t <y and z € F
for any y € X, then y € F.
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Proposition 2.4. Let (X;x*,1) be a self distributive BE-algebra. Then following hold: for any
x,y,z € X,
(i) ifx <y, then zxx < zxy and y* 2z < x * 2.
(i) y* 2z < (z*z)* (y * 2).
(iil) y* 2z < (zxy) * (x * 2).
A BE-algebra (X;x*,1) is said to be transitive if it satisfies Proposition 2.4(iii).

A soft set theory is introduced by Molodtsov [9]. In what follows, let U be an initial universe
set and X be a set of parameters. Let Z2(U) denotes the power set of U and A, B,C,--- C X.

Definition 2.5. A soft set (f, A) of X over U is defined to be the set of ordered pairs
(f, A) =A{(z, f(z)) :z € X, f(x) € Z(U)},
where f: X — Z2(U) such that f(z) =0 if z ¢ A.

For a soft set (f, A) of X and a subset vy of U, the vy-exclusive set of (f, A), denoted by e4 (f;7),
is defined to be the set e4 (f;7) :={x € A| f(x) C~}.
For any soft sets (f, X) and (g, X) of X, we call (f,X) a soft subset of (g, X), denoted by

(f,X) C(g,X), if f(z) C g(zx) for all x € X. The soft union of (f, X) and (g, X), denoted by
(f,X) U (g,X), is defined to be the soft set (fUg, X) of X over U in which fUg is defined by

(fUg) (x) = f(x)Ug(x) for all z € X.

The soft intersection of (f, X) and (g, X), denoted by (f, X) N (g, X), is defined to be the soft
set (fNg, M) of X over U in which fNg is defined by

(fNg)(x) = f(x)Ng(x) for all z € M.

3. Uni-soft implicative filters

In what follows, we take a BFE-algebra X, as a set of parameters unless specified.

Definition 3.1.([5]) A soft set (f, X) of X over U is called a union-soft filter (briefly, uni-soft
filter) of X if it satisfies:

(US1) (Vo e X) (f(1) € f(z)),

(US2) (Vo,y € X) (f(y) € flz*y)U f(z)).

Proposition 3.2.([5]) Every uni-soft filter (f, X) of X over U satisfies the following properties:
(Vo,y € X)(x <y = f(y) € f(2)).

Definition 3.3. A soft set (f, X) of X over U is called a union-soft implicative filter (briefly,
uni-soft implicative filter) of X if it satisfies (US1) and
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(US3) (Va,y,z € X) (f(wx2) C fzx(y*2)) U f(zxy)).

Example 3.4. Let E = X be the set of parameters where X := {1,a,b,¢,d,0} is a BFE-algebra
([6]) with the following Cayley table:

*|1 a b ¢ d 0
111 a b ¢ d 0
all 1 a ¢ ¢ d
b1 1 1 ¢ ¢ c
c|ll a b1 a b
dil 1 a1 1 a
01 11111

Let (f, X) be a soft set of X over U defined as follows:

R IS Pt

It is easy to check that (f, X) is a uni-soft implicative filter of X.

Proposition 3.5. Every uni-soft implicative filter of a BFE-algebra X is a uni-soft filter of X.
Proof. Let (f, X) be a uni-soft implicative filter of X. Using (US3) and (BE4), we have

flrxz) Cf(zx(y*2)) U f(zxy)

3.1

=flyx(zx2) U fzxy) &y

for any z,y,z € X. Putting x := 1 in (3.1), we get f(2) = f(1*x2) C fyx(1x2))U f(1*y) =
f(y*2z)U f(y). Hence (US2) holds. Therefore (f, X) is a uni-soft filter of X. O

The converse of Proposition 3.5 is not true in general as seen in the following example.

Example 3.6. Let E = X be the set of parameters where X := {1, a,b, ¢} is a BFE-algebra ([6])
with the following Cayley table:

— Q oo

1
1
1
1

Q@ Q@ oo

QO Q| ¥
Q@ = = Q|2

1 a 1
Let (f, X) be a soft set of X over U := Z defined as follows:

3N ifz e {1,c}

f:X = 2(U), IH{ 3Z if x € {a,b}.

It is easy to check that (f, X) is a uni-soft filter of X. But it is not a uni-soft implicative filter
of X, since f(bxc)= f(a) =3Z ¢ f(bx(axc))U f(bxa)= f(1) =3N.
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We provide conditions for a uni-soft filter to be a uni-soft implicative filter.
Proposition 3.7. Let X be a self distributive BE-algebra. Let (f, X) be a soft filter over U
satisfying
(Va,y,2 € X)(f(y+2) C fax(y*(y*2)) U f(y*z)). (3.2)
Then (f, X) is a uni-soft implicative filter over U.

Proof. Since x x (yx2) =yx(xx2) < (z*xy)* (x*x(r*x2))=xx(yx(xx2)) =yx(xx*(x*2))
for all x,y € X, we have f(z* (y*2)) 2 f(y* (x* (x * 2))) by Proposition 3.2. Using (3.2), we
have f(z%2) C f(y* (2 (z%2)) U f(z %) C f(z * (g 2)) U f(z #y). Thus (£, X) is & uni-soft
implicative filter over U. (l

Theorem 3.8. Let X be a self distributive BFE-algebra. Then the soft set (f, X) over U is a
uni-soft implicative filter of X over U if and only if it is a uni-soft filter of X over U.

Proof. By Proposition 3.5, every uni-soft implicative filter over U is a uni-soft filter over U.

Conversely, assume that (f, X) is a uni-soft filter of X. For any z,y,z € X, using (US2) we
have f(xx2) C f((z*y)* (z*2))U f(xxy) = f(z*(y*2))U f(z*y). Hence (f, X) is a uni-soft
implicative filter of X.

For any element x and y of a BFE-algebra X and positive integer n, let 2" * y denote x * (- - - *
(z* (z xy))---) in which z occurs n times, and z° * y = 1.

Definition 3.9. A soft set (f, X) of a BE-algebra X over U is called a uni-soft n-fold implicative
filter of X if it satisfies (US1) and

(US4) (Va,y,z € X) (f(a" x 2) C f(a" x (y+ 2)) U f(z" xy))).

Note that a uni-soft 1-fold implicative filter of a BFE-algebra X is a uni-soft implicative filter
of X.

Example 3.10. Let £ = X be the set of parameters where X := {1,a,b,c,d,0} is a transitive
BE-algebra ([10]) with the following Cayley table:

x|1 a b ¢c d 0
11 a b ¢ d O
all 1 b ¢c b c
b1l a 1 b a d
cll a1 1 a a
dil 1 1 b 10
01 11111

Let (f, X) be a soft set of X over U defined as follows:

v ifze{l,bc}

[+ X = 20U), 2~ { v, if z € {a,d,0},
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where 1 and 7y, are subsets of U with v; C 7. It is easy to check that (f, X) is a uni-soft n-fold
implicative filter over U.

Theorem 3.11. Every uni-soft n-fold implicative filter of a BFE-algebra X is a uni-soft filter of
X.

Proof. Taking x := 1 in (US4) and using (BE3), we have f(z) C f(y*2) U f(y). Hence (f, X) is
a uni-soft filter over U. O

The converse of Theorem 3.10 is not true in general as seen the following example.

Example 3.12. Let £ = X be the set of parameters where X := {1,a,b,¢,d,0} is a BFE-algebra
as in Example 3.10. Let (f, X) be a soft set of X over U defined as follows:
v ifx=1
v2 if x € {a,b,c,d,0},
where 71 and 7, are subsets of U with 71 C 7s. It is easy to check that (f, X) is a uni-soft filter
of X. But it is not a uni-soft 1-fold implicative filter over U, since f(d*c) = f(b) =12 € 11 =
f(1) = f(d*(bxc))U f(d=D).
Theorem 3.13. Let X be a transitive BFE-algebra. For any uni-soft filter (f, X) of a BE-algebra
X, the following are equivalent:
(i) (f,X) is a uni-soft n-fold implicative filter,
(i) (Vo,y € X) (f(a" xy) C fa" *y)),
(iil) (V,y, 2 € X) (f((z" xy) * (2" % 2)) C (2" * (y x 2))).

Proof. (i)=-(ii) Assume that (f, X) is a uni-soft n-fold implicative filter of X. Putting z := y,y :=
z in (US4), we have f(z" xy) C f(z" * (x xy)) U f(a" x x) = fa"T xy) U f(1) = f(a™ xy).
Hence (ii) holds.

(il)=-(iii) Suppose that (ii) holds. Since 2" * (y* z) < a™* ((x™xy)* (2" *2)), we have f(z"* ((z"*
y)* (z" % 2))) © [z (y * 2)). Since 2™ (a7 (27 xy) * 2)) = 2" x (2" * (2" xy) x 2))) =
" x (2" xy) % (" * 2)) and using (ii), we have

Fl@™ o (@2 (2" xy) % 2)) =f (2" (2" # ((a" % y) * 2))

f:X—L@(U),:c»—){

It follows form (ii) and (3.3) that
F@™ o (2" (2" xy) % 2))) =f (2" * (2" 72 % (2" x y) * 2)))
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Repeating this process, we conclude that
F((@" 5 y) * (2" % 2)) =f (2" * (2" y) * 2))
Cfa™* (y* 2)).
(iii)=(i) Let z,y, 2z € X. Using (iii), we have
J@@"xz) CF((a" xy) o« (2" % 2)) O f(2" * y)
CH((a" + (y* 2)) N f(2" xy).
Hence (f, X) is a uni-soft n-fold implicative filter 0

Definition 3.14. Let n be a positive integer. A BFE-algebra X is said to be n-fold implicative

n+1

if it satisfies the equality 2" xy = 2" x y for all z,y € X.

Corollary 3.15. In an n-fold implicative B E-algebra, the notion of uni-soft filters and uni-soft
n-fold implicative filters coincide.

Proof. Straightforward. 0

Theorem 3.16. Let X be a BE-algebra. A soft set (f, X) over U is a uni-soft n-fold implicative
filter of a BE-algebra X if and only if it satisfies (US1) and

(US5) (Va,y,2z € X) (f(y" x2) C fla*(y"" =2)) U f(2)).

Proof. Suppose that a soft set (f, X) over U is a uni-soft n-fold implicative filter. By Theorems
3.13, 3.11 and (US2), we have f(y"*z) C f(y" ™' *2) C f(zx(y" ™ *2))U f(x) for any z,y,z € X.
Hence (US5) holds.

Conversely, assume that (f, X) satisfies (US1) and (US5). Using (BE3), we obtain f(y) =
f(1"xy) C fax (1" xy))U f(z) = f(zxy)U f(x). Hence (US2) holds and so (f, X) is a uni-soft
filter over U. By (US5), (US1) and (BE3), we get f(z"*y) C f(1x (2" xy))Uf(1) = f(a"Txy).
By Theorem 3.13, (f, X) is a uni-soft n-fold implicative filter of X. O

Theorem 3.17. Every implicative filter of a BE-algebra can be represented as a ~y-exclusive set
of a uni-soft implicative filter, i.e., given an implicative filter F' a BFE-algebra X, there exists a
uni-soft implicative filter (f,X) of X over U such that F' is the y-exclusive set of (f, X) for a
non-empty subset v of U.

Proof. Let F' be an implicative filter of a BF-algebra X. For a subset v of U, define a soft set
(f,X) over U by

' v ifx € F,
f.X—>L@(U),x»—>{U if2dF.

Obviously, F' = ex(f;~). We now prove that (f, X) is a uni-soft implicative filter of X. Since
le F=ex(f;v), wehave f(1) =~ C f(z) forallz € X. Let z,y,2 € X. f % (yx2),xxy € F,
then xxz € F because F is an implicative filter of X. Hence f(zx(yx2)) = f(zxxy) = f(zxz) =7,
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and so f(z*(y*x2))U f(x*xy) D f(r*xz). fx*x(y*xz) € Fand zxy & F, then f(zx (y*2)) =1~
and f(z*y) = U which imply that f(zx* (y*2))U f(zxy) =vUU =U D f(x*z). Similarly, if
xx(y*xz) ¢ Fand xxy € F, then f(x*x(y*2))U f(zxy) D f(z*z). Obviously, if v x (y*xz) ¢ F
and x*y ¢ F, then f(x* (y*x2))U f(xxy) D f(x * z). Therefore (f, X) is a uni-soft implicative
filter of X. O

For any elements a and b of X, consider a soft set (fx(ap),X) over U where

7 if 2 € X(a,b),
~v9 otherwise,

Ix(ap : X = 2(U), v {

where 1 and v, are subsets of U with v; € 75 and X (a,b) := {z € X|a < bxz}. In the following
example, we know that there exist a,b € X such that (fx(p),X) is not a uni-soft implicative
filter of X.

Example 3.18. Consider the BFE-algebra X = {1, a,b, ¢} which is given in Example 3.6. Then
(fx(ce)» X) is not a uni-soft implicative filter of X over U since fx(c)(b* (a*c)))U fx(ce(bxa) =

71 ;_b .]c.)(((:,(:)(l)>‘< C) = 2.

Now we provide a condition for the soft set (fx(ap),X) to be a uni-soft implicative filter of X
over U for all a,b € X.

Theorem 3.19. If X is a self distributive BE-algebra, then the soft set (fx(a),X) is a uni-soft
implicative filter of X over U for all a,b € X.

Proof. Let a,b € X. Obviously, fxwu(1) € fx(p(x) for all z € X. Let x,y,2z € X be such
that ax (b* (zx(y*2))) # 1 or ax(bx(xxy)) # 1. Then fx(pn(r*(y*2)) = Y2 o fx(ap(T*y) = 72.
Hence fx(ap) (@ (y*2))U fx@p(@*y) =72 2 fx(ap (@ *2). Assume that a* (bx (z* (y*x2))) =1
and a * (bx (z*y)) = 1. Then

l=ax(bx(zx(yx*z)))

=ax(bx((x*xy)* (z*2)))
=ax((bx(xxy))*(bx(rx*2)))
=(ax*x(bx(x*xy)))*(ax(bx*(zrx2)))

=1x(ax(bx(xzxz)))

=ax* (bx*(xx*2)),

and 50 fx(ap) (T * (Y * 2)) U fx(ap (T *y) =71 = fx@p) (@ * 2). Therefore (fx(qp),X) is a uni-soft
implicative filter of X over U for all a,b € X. O

Theorem 3.20. If (f, X) and (g, X) are uni-soft implicative filters of a BE-algebra X, then the
soft union (f, X) U (g, X) of (f,X) and (g, X) is a uni-soft implicative filter of X.
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Proof. For any z € X, we have (fUg)(1) = f(1)Ug(l) C f(z)Ug(x) = (fUg)(x). Let
x,y,2 € X. Then

(fOg)(xxz) = flz*z)Ug(zxz)

C(flzx(y*x2)U flzxy))U(glrx(yx*2))Ug(zxy))
= (flex(y*x2)Uglr*(y*2))U(f(xxy)Uglr*y))
= (fUg)(z*(y*2))U(fUg)(x*xy).

Hence (f, X) U (g, X) is an int-soft implicative filter of X. O

The following example shows that the soft intersection of uni-soft implicative filters of X may
not be a uni-soft implicative filter of X.

Example 3.21. Let £ = X be the set of parameters and U = X be the initial universe set,
where X = {1, a,b,c,d} is a BE-algebra with the following Cayley table ([6]):

d

QU O 2 %
e e
— = = QR
—_ o = o O o
= = 0 O OO0
— S0 QL

Let (f, X) and (g, X) be soft sets of X over U defined, respectively, as follows:
f.X—><@(U),xr—>{ﬁy3 if 2 € {a, c,d}

and

' v ifze{l,a,c}
g: X = 2(U), x»—>{74 it2 e {bd)

where 71, 72, 73, and 74 are subsets of U with 3 C 72 € 73 € 4. It is easy to check that (f, X)
and (g, X) are uni-soft implicative filters of X over U. But (f, X) N (¢, X) = (fNg, X) is not a
uni-soft implicative filter of X over U, since
(fNg) (L (exd)U(fNg)(Lxc) = (fNg)b)U(fNg)(c)
= (f(6) N g(0)) U (f(c) Ng(c))
=nUn=%2m=73Nn%
= f(1xd)Ng(1l=*d)
= (fNg)(1=d).
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Let (f, X) be a soft set of X. For any a,b € X and k € N, consider the set
fla®; b :={z e X | f(a"* (bxz)) = f(1)}

where f(a* * x) = f(a* (a* (---* (a* (a x x))---))) in which a appears k-times. Note that
a,b,1 € fla*;b] for all a,b € X and k € N.

There exists a soft set (f, X) of X, a,b € X and k € N such that f[a*;b] is not an implicative
filter of X (see Example 3.22).

Example 3.22. Let £ = X be the set of parameters and U = X be the initial universe set
where X = {1,a,b,c} is a BE-algebra as in Example 3.6. Let (f, X) be a soft set of X over U
defined as follows:

[ X = 20), v { 72 ifw € {a,b,c},

where v, and 7y, are subsets of U with 7; C 9. Then it is a soft set of X over U. But f[1;¢] =
{z e X|f(1*(cxx)) = f(1)} ={1,c} is not an implicative filter, since b x (axc) = 1 € f[1;],
bxa=1¢€ f[l;c] and bxc=a ¢ f[1;c|.

We provide conditions for a set f[a*;b] to be an implicative filter.

Theorem 3.23. Let X be a self distributive BE-algebra. Let (f, X) be a soft set of X over U
satisfying the condition (US1) and

(Vo,y € X) (flzxy) = f(x) U f(y)). (3.4)
Then f[a*;b] is an implicative filter of X for all a,b € X and k € N.

Proof. Let a,b € X and k € N. Obviously, 1 € f[a*;b]. Let z,y,2 € X be such that x * (y * 2) €
fla®;b] and zxy € fla*;b]. Then f (a* (b= (z *y))) = f(1), which implies from (3.4) and (US1)
that

F(1) = f(a"x (bx (2% (y* 2))))
= f(a" ™ (ax (b (2% (y * 2)))))
= f(a" s (ax (b (v %)) * (b* (x % 2)))))

(a" % (b (z % y))) * (a" * (b * (% 2))))
a* % (bx (2% y))) U fa® = (b* (z%2)))
DU f(a"* (b* (z % 2)))

a® x (bx (x* 2))).
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Hence x * z € f[a”;b] and therefore f[a*;b] is an implicative filter of X for all a,b € X and
k€ N. O
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