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Zeros of functions in weighted Dirichlet spaces
and Carleson type measure

Ruishen Qian, Songxiao Li* and Yanhua Zhang

Abstract. In this paper, we study the zeros of functions in weighted Dirichlet space
and a class of Carleson type measure.

MSC 2000: 30199, 30H99

Keywords: Zero, weighted Dirichlet space, Carleson measure.

1 Introduction

Let D denote the open unit disk in the complex plane C, 0D its boundary and H (D)
the space of all analytic functions in D. For a € D, let o, be the automorphism of
D exchanging 0 for a, namely 0,(2) = {5, z € D. Let H> denote the space of
bounded analytic function.

Throughout this paper, we assume that K : [0,00) — [0, c0) is a right-continuous
and nondecreasing function. An f € H(D) is said to belong to the weighted Dirichlet

space, denoted by Dy, if (see, e.g., [24])

11D, = [£(O)P +/ [f()PK (1= [2?) dA(2) < oo,
D

where dA(z) is the normalized Lebesgue measure on D. Clearly, D is a Hilbert
space. When K (t) = t°, 0 < s < oo, the space D gives the usual Dirichlet type
space Dg. In particular, if s = 0, this gives the classical Dirichlet space D. We
refer to [16, 19, 20] for the space D;. The space D has been extensively studied.
For example, under some conditions on K, Kerman and Sawyer [11] characterized
Carleson measures and multipliers of D in terms of a maximal operator. Aleman [1]
proved that each element of the space D can be written as a quotient of two bounded
functions in the same space. See [2, 3, 8, 14, 18, 24] for more results on weighted
Dirichlet spaces.

We say that Z = {z,} C D is a zero set of an analytic function space X defined
on D if there is a f € X that vanishes on Z and nowhere else. Describing the zero sets
for an analytic function space is a difficult problem. See [4, 5, 6, 13, 17, 21] for more
information about this topic.

Let v denote a positive Borel measure on . For a subarc I C 9D, let S(I) be the
Carleson box based on [ with

S(I)={zeD:1-|I|<|z| <1 and = € I}.

E
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If I =0D,let S(I) =D. Let 0 < s < co. We say that 4 is a (K, s)-Carleson measure

on D if (S(I))
7
sSup —————— < 0Q.
rean K(II]?

Here and henceforth sup; gy, indicates the supremum taken over all subarcs I of OD.
We say that y is a vanishing (K, s)-Carleson measure, if

NICI
[1—o K (|I)|I|*

If K(t)t° = t, then we get the classical Carleson measure and vanishing Carleson
measure, respectively. Carleson measure was firstly introduced in [4] by Carleson and it
has many applications, such as in the interpolating sequence, O-equations, composition
operators and integral operators. Hence Carleson measure is a very important tool
for the function theory, harmonic analysis and operator theory. For more results on
Carleson measure and its” generalization, we refer to [7, 10, 12, 22, 23, 25].

Recently, Pau and Peldez [13, Theorem 1] gave a nice characterization of zero sets
of Dirichlet spaces D, (0 < s < 1). Motivated by [13, Theorem 7], in this paper we
study the zero sets of the space Dg. Moreover, we will characterize (K, s)-Carleson
measure and vanishing (K, s)-Carleson measure. In particular, we will characterize
vanishing (K, s)-Carleson measure by functions in the space D.

Throughout this paper, we assume that X (0) = 0 such that

1
/ Pr(5) e o o )
0 S
and
/ “’KQ(S)ds < o0, )
1 S
where

vir(s) = sup K(st)/K(t), 0<s<o0.
0<t<1

In this paper, the symbol f ~ g means that f < g < f. We say that f < g if there
exists a constant C' such that f < Cg.

2 Zero sets

In order to study the zero sets of the D space, we define the space Sk, which consists
of those f € H(D) such that

K (1—|z?
|waﬂmwﬁwﬁﬁwﬂzpmw<m
e Jo K( az)

1-lal?
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We say that a positive Borel measure 1 on DD is a Carleson measure for Dy if there is
a positive constant C' such that

| rRaut) < il
forall f € Dg.
We also need the following results.

Lemma 1. [11] Let K be increasing, concave and lim,_,ox/K(x) = 0. Then, pis a
Carleson measure for D if and only if there exists a constant C > 0 such that

[, Rl < Ons ),

for all arcs I C OD. Here the supremum is taken over all closed arcs J C 1.

Remark 1. From [9, Lemma 2.3], we known that if K satisfy (1) and (2), there ex-
ists K3, such that K5 is increasing, concave, lim, ,ox/K3(z) = 0 and K3(t) =

K(t), 0 <t < oco. Asin[9], let c € (0,1) be a small constant such that tht) and ;;tc)
are nondecreasing functions when 0 < ¢ < 1, moreover

prc(s) $577° 521 3)
and

pr(s) s s<1. (G))

Lemma 2. Suppose that K satisfy (1) and (2). Then f € Sk if and only if

e K= ]2%)
Iscu(%)D/S(I) | (2)] KQI) dA(z) < 0. (5)

Proof. Assume that f € Sk. Forany I C 0D, letb = (1 — |I|)n € D, where 7 is the
center of 1. Then B
1—1|bl = [1=0bz|=|I|, z€S().

Thus,
[1—bz[*\ _
K<1—b|2) ~ K(|I]), z€S().
Therefore,
/ K(l — |Z‘2) / 2K(1 — ‘z|2)
PP = —dAR) S | 1f ()P — sy dA
J PP e aac) s [ 15 R
.2
o [P0 D 14 <
ach JD K ( T [al? )
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which implies the desired result.
Conversely, assume that (5) holds. Without loss of generality, we can assume |a| >
1/2. Let I be a subarc of 9D such that |I,,| = 2"|I|,n = 0,1,2..., N—1and Iy = 9D.

Then we have
1 —anf?

1= a2 ~ Hl, mel,

and

|1 —anl

1_|a|2 %22n‘1‘7 n617L+1/In, n=0,1,2...,N—1,

Since K satisfy (1) and (2) by Remark 1 we obtain

[ = afl'z; 4A(2)

1 la]?

F(2)PK(1 = |z|?)dA(z)
;K 22”|f| /9(2n+11)\5(2n1) PR =120

U o [P OPE A= 24AC)
sni R gy, VPR~ A + )
S i w + 9K (2)
< i g(l=n)e 4 gl—c o
Here cis deg:;d in Remark 1. Hence f € Sk. O

From Lemma 2, we can easily obtain the following corollary.
Corollary 1. Suppose that K satisfy the conditions (1) and (2). Then f € Sk if and
only if | f(2)|PK (1 — |2|?)dA(2) is (K, 0)-Carleson measure.
Let M (D) denote the space of multipliers of D, that is,
M(Dg)={9€ HD) : gf € Dk forall f € Dk }.

Theorem 1. Suppose that K satisfy the conditions (1) and (2). Then M (Dg), Sk N
H™>, Sk and Dk have the same zero sets.

Proof. Since M(Dg) C Dy, we have any zero sets in M (Dg) is zero sets in D.
Next we prove that any zero set in D is zero set in M (D).
Suppose that || f||p, = 1. Let {zx} be the zeros of f. Fix zy € D such that

f(z0) # 0. Setwy = # andw; =0 (j > 1), where

+Z z] 2" zeD, 57>0.
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From [3, Lemma 3.1], we know that R, (z) is the reproducing kernel of Dy space at
zj. Then, for each n > 1 and ao, a1, ..., a, € C, we have

Z Z a;a; (1 —wiw;)(Rz,, Rz;)

i=0 j=0

2

= Z%‘sz — laol?|f(20)/?
§=0

Dk
2 2

- <fvza'jRZj> 20
=0

n
= E Clijj
=0

Dk

Combine with Lemma 3.2 of [3], we know that Dy has Pick property. Thus, there
exists Fy, € M(Dp) with ||y, || a7,y < 1 such that

F,(20) = =) and F,(z,)=0 (j=1,..,n).
||RZOHDK

Then, for all n, we have || Fy,|[g~ < ||Fnlmpy) < 1. So {F,}n>1 is a normal
family, the limit function I is also a multiplier with || F'||a7(p,) < 1,

F(z) = M #0 and F(z;)=0 (j=1,..,n).
HRZOHDK

By f-property of Dy space (see [15]), we have every function f € Dp, there exist
F € M(Dg) with the same zero set. That is, Dx and M (D) have the same zero
sets.

Note that S N H>® C Sk C Dg. We only need to prove that M(Dg) C
Sk N H*. Suppose that f € M(Dg). From [3, Theorem 4.6], we known that
|f'(2)|?K (1 — |2|?)dA(z) is a Carleson measure for D. Let |I| = |J| in Lemma 1,
that is, if p is a Carleson measure for Dg, we can deduce that u(S(I)) < K3(|I]) =

K(|I]). Thus,
IF' () PE(1—|2*)dA(2) S K(|T)).
S(I)
Combine with Lemma 2, we deduce that f € Sk . Notice that M (Dy) C H (see [3,
Theorem 4.6]). That is, M (Dg) C Sk N H. O

3 Carleson type measure

In this section, we give a characterization for (K, s)-Carleson measure and vanishing
(K, s)-Carleson measure.

Theorem 2. Suppose that K satisfy the conditions (1) and (2). Let p be a positive
Borel measure on D, 0 < s < oo such that s + ¢ > 1. Then p is a (K, s)-Carleson
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measure if and only if

1

(1 —la]*)®

(6)

sup
a€D K

/

(1—1al?)

|1 —az|?s

du(z) < 0.

Proof. Suppose that (6) holds. For any I C 9D, letb = (1 — |I|)¢ € D, where ( is the
center of I. Then, for any z € S(I), we have

1—|b| =~ |1 —bz| ~|I|] and K(1—|b]*) ~ K(|I]).

Therefore,
n(S(1)) 1 / (1—1[o[*)*
< = du(z
K(INI* ~ K1 = [b]*) Jsuy |1 —bz|?s )
1 (1—bP)°
< = d
K- |b|2)/D 1o )
1 (1—a?)®
<su du(z) < oo,
< T J, [T )

which implies that p is a (K, s)-Carleson measure by the arbitrary of I.
Conversely, assume that  is a (K, s)-Carleson measure. Without loss of generality,

we assume |a| > 2.

Let I,, be the arc on JD such that

o

la] is the center of I,, and

|I,| = A1 (1 - |a|), where 1 < A < 25,n = 1,2,..., N, where N is the smallest
integer such that AXN=1)(1 — |a|) > 1. Since

(1 —la]*)®

1

<
|]_ 7EZ|28 ~ A2(n71)s(1 _ |a‘)s ~ AQns(]_ _

and

[In]® “1)s—
:A(n )s—mns <1
A1 Ja])

/

we obtain

1
K(1—laf?)

(1 —|a*)®
|1 —az|?s

Here we used the fact that s + ¢ > 1.

)

dp(z)

e # € ST\ S(Tns),

K (A1 — |a]))

< A(n—D)(1-0)
K(1 - lal?)

~

)

[ In|* K (| 1n])
Azes(1 — a])*K(1 = |af?)

] =

IN

n=1

K (A"~ (1 — |a]))

A

N
Z ns _ 2
= AWK(1—lal?)
- N p(n=1)(1-c) > An(l1—c)
<00.
U
6
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Theorem 3. Suppose that K satisfy the conditions (1) and (2). Let p be a positive
Borel measure on D, 0 < s < oo such that s + ¢ > 1. Then i is a vanishing (K, s)-
Carleson measure if and only if

: 1 (1 —a*)® _
o K1 JaP) /D T azpr 2 =0 @

Proof. First we assume that p is a vanishing (K, s)-Carleson measure. For any € > 0,
there is a 7 > 0 such that for all arcs 7 C 9D with |I| < n, such that

S(I
M)
K(|I])[1]:
Assume a = re'’ and r > 1 — 5. Let I,, € 9D such that ¢® is the center of I,, and
|I,| = n. Then
(1—a]*)®
- d =M M.
/D g Z) = M+ M,
where )
1—l|al®)®
M,y :5/ %dﬂ@)
p\s(,) |1 —az|
and

1—la 2\s
My ::/ %du(z).
s, |1 —az|

Suppose that % is also the center of {I,,}, |I,| = A" }(1 —|a]), A>1, n=
1,2,...,N — 1 and N is the smallest integer such that |Iy| > 7. Let Iy = ¢. Note that

-fa?)_ 1

|1 —62"23 ~ A2ns(1 _ |a|)s’

2 € S(In) \ S(In-1)-

We have

(1= la*)*
< RS had BV
M < Z/ |1 —az? dp(z)

— s \S(zn 1)

p(SU\SUn-1)) | p(SUy) \ SUn-1))
1 _ |a| Z A2ns + A2N5(1 _ |a‘)s

L - pS(I)
STl A

Note that ﬁ < eand [I,| = A" '(1 — |a|), using the fact that o () <
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t'=¢, t > 1, we deduce that

N
1 eK(|L])[1n®
M2 SJ s Z 2ns
(I—Ja) &= 4
N
eK (A" 1(1 —a]))
< K(1—
~ K(]. _ |(IDAn5+S ( |a’|)
n=1
N
< An 1 ( |a‘>
~ Z(‘DK Ans+ts
N
S ey ATNOmITeT K (] —a)) S eK (1 |a)). ®)
n=1

Now, we estimate M;. Since |1 —@z| > n, 2 € D\S(I,), and notice the fact that %
is a nondecreasing function when 0 < ¢ < 1, we obtain

p(D) (1~ la])’

K(t)

Mo S S K e
(1 —a)!—ctstte s
< K(1— |a]) K1 —lal) S —la))*™ K1 —[a]). (9

From (8) and (9) we see that (7) holds.
The proof for another side is similar to Theorem 2. Thus, we omit the details. [

Finally, we give another characterization of vanishing (K, s)-Carleson measure by
using functions in D .

Theorem 4. Suppose that K satisfy the conditions (1) and (2). Let p be a positive
Borel measure onD, 0 < s < oo such that s+ c > 1. Let {g,, } be a bounded sequence
in Dy such that g, — 0 uniformly on compact subset of D as n — oco. Then p is a
vanishing (K, s)-Carleson measure if and only if

lim sup/lgn p=lel = el dp(z) = 0. (10)

n—00 4ep az|2S

Proof. First we assume that y is a vanishing (X, s)-Carleson measure. Following the
proof of Theorem 3, for any given € > 0, we may find £ > 0 such that

1 / (1 —[af*)
sup ———du(z) < e,
asen\p; K(1—lal) Jp [T —azf*

where D, = {z € D : |z| < k}. Since

| (Z)‘ < ||g||DK

~ VET-)

) QEDK,
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we obtain

o [ fgn(@P T e

a€D\D, az|?s
(1 —a]*)®
< osup / du(z) < e. (11)
aen\;, K (1 —\al) p [1—az[*

Also, since g, — 0 uniformly on compact subsets of ID, we see that for n sufficiently
large,

_ 2\s
sup/lgn yp it =lal) T — L), ()Sesup/wd,u(z)ge. (12)

ach. CLZ|2§ ach_ /D |1 _ CLZ|23

From (11) and (12) we see that (10) holds.
Conversely, assume that (10) holds. For a € D, it is easy to check that
1 — |al

9(2) = T TR Tan < OF

For any I,, C 9D such that |1,,|1 as n — o0, let a,, = (1 — |I,,|)e?" € D, where e?»
is the center of I,,. It is easy to check that {g,, } is a bounded sequence in Dy and
9a,, — 0 uniformly on compact subsets of I as n — oo. By (10), we have

. a
lim sup/ |9a,, (= |2 = |az|2>5 u(z) = 0.

n—oo acD

Thus,

1
tim [ g, ()Pduz) =
n—oo || Jsr,) "
Notice the fact that |g,, (2)]? 2 m, we get
1(S(In))
K(| L) 1n]®

as desired. O

— 0, as n — o0,
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Smarandache fuzzy BC[-algebras

Sun Shin Ahn'! and Young Joo Seo*?

'Department of Mathematics Education, Dongguk University, Seoul 04620, Korea
2Research Institute for Natural Sciences, Department of Mathematics, Hanyang University,
Seoul, 04763, Korea

Abstract. The notions of a Smarandache fuzzy subalgebra (ideal) of a Smarandache BCI-algebra, a Smarandache
fuzzy clean(fresh) ideal of a Smarandache BCTI-algebra are introduced. Examples are given, and several related
properties are investigated.

1. Introduction

Generally, in any human field, a Smarandache structure on a set A means a weak structure W on A such that
there exists a proper subset B of A with a strong structure S which is embedded in A. In [4], R. Padilla showed
that Smarandache semigroups are very important for the study of congruences. Y. B. Jun ([1,2]) introduced the
notion of Smarandache BCI-algebras, Smarandache fresh and clean ideals of Smarandache BCI-algebras, and
obtained many interesting results about them.

In this paper, we discuss a Smarandache fuzzy structure on BC'I-algebras and introduce the notions of a
Smarandache fuzzy subalgebra (ideal) of a Smarandache BCT-algebra, a Smarandache fuzzy clean (fresh) ideal of

a Smarandache BC'I-algebra are introduced, and we investigate their properties.

2. Preliminaries

An algebra (X;*,0) of type (2,0) is called a BCI-algebra if it satisfies the following conditions:
@D (Va,y, 2 € X)(((z *y) = (x +2)) * (z+y) =0),
(D) (Vz,y € X)((z * (z * (zxy)) xy = 0),
(III) (Vo € X)((z*xz =0),
) (

(IV) (Vz,y € X)(xzxy =0 and y*z =0 imply x = y).

If a BCI-algebra X satisfies the following identity;
(V) (Ve € X)(0*x =0),
then X is said to be a BC'K-algebra. We can define a partial order “ <” on X by z < y if and only if z xy = 0.

Every BC1I-algebra X has the following properties:
(a1) (Vx € X)(zx0=x),
(a1) (Va,y,z € X)(x <yimplies xxz <yxz,z2xy < z*x).
A non-empty subset I of a BCI-algebra X is called an ideal of X if it satisfies the following conditions:
(i) 0 €I,
(ii) (Ve € X)(Vy € I)(xz xy € I implies x € I).
9% Correspondence: Tel: +82 10 9247 6575 (Y. J. Seo).
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Definition 2.1. ([1]) A Smarandache BCI-algebra is defined to be a BCI-algebra X in which there exists a
proper subset @ of X such that

(i) 0 €Qand |Q =2,

(ii) @ is a BCK-algebra under the same operation of X.

By a Smarandache positive implicative (resp. commutative and implicative) BCI-algebra, we mean a BCI-

algebra X which has a proper subset @@ of X such that
(i) 0 € Qand |Q[ = 2,

(ii) @ is a positive implicative (resp. commutative and implicative) BC K-algebra under the same operation
of X.

Let (X;*,0) be a Smarandache BCTI-algebra and H be a subset of X such that 0 € H and |H| > 2. Then H
is called a Smarandache subalgebra of X if (H;*,0) is a Smarandache BCI-algebra.
A non-empty subset I of X is called a Smarandache ideal of X related to @ if it satisfies:

(i) 0 €I,
(i) (Vz € Q)(Vy € I(zxy € I implies z € I),
where @ is a BC K-algebra contained in X. If I is a Smarandache ideal of X related to every BCK-algebra

contained in X, we simply say that [ is a Smarandache ideal of X.

In what follows, let X and @ denote a Smarandache BC'T-algebra and a BC K-algebra which is properly

contained in X, respectively.
Definition 2.2. ([2]) A non-empty subset I of X is called a Smarandache ideal of X related to @ (or briefly, a
Q-Smarandache ideal) of X if it satisfies:

(Cl) 0e I,

(co) (Ve Q)(Vy € I)(x*y €I implies z € ).

If I is a Smarandache ideal of X related to every BCK-algebra contained in X, we simply say that I is a

Smarandache ideal of X.

Definition 2.3. ([2]) A non-empty subset I of X is called a Smarandache fresh ideal of X related to @ (or briefly,
a Q-Smarandache fresh ideal of X) if it satisfies the conditions (¢;) and

(c3) (Vo,y,2€ Q)(((x*xy)*2) €l and y*z € I imply z*z € I).

Theorem 2.4. ([2]) Every Q-Smarandache fresh ideal which is contained in Q is a Q-Smarandache ideal.
The converse of Theorem 2.4 need not be true in general.

Theorem 2.5. ([2]) Let I and J be Q-Smarandache ideals of X and I C J. If I is a Q-Smarandache fresh ideal
of X, then so is J.

Definition 2.6. ([2]) A non-empty subset I of X is called a Smarandache clean ideal of X related to @ (or briefly,
a Q-Smarandache clean ideal of X) if it satisfies the conditions (¢1) and

(ca) (Vo,y € Q)(z € )((x*(y*x)) *2 € I implies x € I).
620 Sun Shin Ahn et al 619-627
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Theorem 2.7. ([2]) Every Q-Smarandache clean ideal of X is a Q-Smarandache ideal.
The converse of Theorem 2.7 need not be true in general.
Theorem 2.8. ([2]) Every Q-Smarandache clean ideal of X is a Q-Smarandache fresh ideal.

Theorem 2.9. ([2]) Let I and J be Q-Smarandache ideals of X and I C J. If I is a Q-Smarandache clean ideal
of X, then so is J.

A fuzzy set pin X is called a fuzzy subalgebra of a BCI-algebra X if p(z*y) > min{u(z), u(y)} for all z,y € X.
A fuzzy set p in X is called a fuzzy ideal of X if

(F1) p(0) > p(zx) for all z € X,
(F2) () > min{u(z *y), u(y)) for all 2,y € X

Let p be a fuzzy set in a set X. For t € [0,1], the set us := {x € X|u(x) > t} is called a level subset of p.

3. Smarandache fuzzy ideals

Definition 3.1. Let X be a Smarandache BCI-algebra. A map p: X — [0,1] is called a Smarandache fuzzy
subalgebra of X if it satisfies
(SF1) 1(0) > p(x) for all z € P,
(SF2) p(z s+ y) = min{u(r), p(y)} for all z,y € P,
where P C X, P is a BC'K-algebra with |P| > 2.
A map p: X — [0,1] is called a Smarandache fuzzy ideal of X if it satisfies (SFy) and
(SFy) wp(z) > min{u(z *y), u(y)} for all z,y € P,

where P C X, P is a BCK-algebra with |P| > 2. This Smarandache fuzzy subalgebra (ideal) is denoted by up,
ie., pup: P —[0,1] is a fuzzy subalgebra(ideal) of X.

Example 3.2. Let X :={0,1,2,3,4,5} be a Smarandache BCI-algebra ([1]) with the following Cayley table:

*|0 1 2 3 4 5
0j0 0 0 3 3 3
1110 1 3 3 3
212 2 0 3 3 3
313 3 3 0 0 O
414 3 41 0 0
515 3 5 1 1 0

Define a map p: X — [0, 1] by
{0.5 if 2 € {0,1,2,3},
p(w) == .
0.7 otherwise
Clearly p is a Samrandache fuzzy subalgebra of X. It is verified that u restricted to a subset {0,1,2,3} which is
a subalgebra of X is a fuzzy subalgebra of X, i.e., pf0,1,2.3) : {0,1,2,3} — [0, 1] is a fuzzy subalgebra of X. Thus
X — [0,1] is a Smarandache fuzzy subalgebra of X. Note that u : X — [0,1] is not a fuzzy subalgebra of X,
since (5 *4) = p(0) = 0.5 ¥ min{u(5), u(4)} = 0.7.
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Example 3.3. Let X :={0,1,2,3,4,5} be a Smarandache BCI-algebra ([1]) with the following Cayley table:

*x10 1 2 3 4 5
0j0 0 O 0 4 4
111 0 0 1 4 4
212 2 0 2 4 4
313 3 3 0 4 4
414 4 4 0 0

515 4 4 5 1 0

Define a map p: X — [0,1] by

() =

0.5 ifze{0,1,2}
{0.7 otherwise

Clearly u is a Samrandache fuzzy ideal of X. It is verified that u restricted to a subset {0, 1,2} which is an ideal of
X is a fuzzy ideal of X, i.e., 91,2 : {0,1,2} — [0,1] is a fuzzy ideal of X. Thus p: X — [0,1] is a Smarandache
fuzzy ideal of X. Note that 1 : X — [0, 1] is not a fuzzy ideal of X, since p(2) = 0.5 % min{u(2x4) = pu(4), u(4)} =

w(4) =0.7.
Lemma 3.4. Every Smarandache fuzzy ideal pup of a Smarandache BCI-algebra X is order reversing.

Proof. Let P be a BCK-algebra with P C X and |P| > 2. If z,y € P with « <y, then z xy = 0. Hence we have
() = min{p(z + y), u(y)} = min{p(0), u(y)} = p(y). O

Theorem 3.5. Any Smarandache fuzzy ideal pp of a Smarandache BCI-algebra X must be a Smarandache
fuzzy subalgebra of X.

Proof. Let P be a BC'K-algebra with P C X and |X| > 2. Since z xy < z for any z,y € P, it follows from
Lemma 3.4 that u(z) < p(z *y), so by (SF3) we obtain pu(x *y) > p(z) > min{u(z*xy), u(y)} > min{u(z), u(y)}.
This shows that p is a Smarandache fuzzy subalgebra of X, proving the theorem. O

Proposition 3.6. Let up be a Smarandache fuzzy ideal of a Smarandache BC'I-algebra X. If the inequality
xxy < z holds in P, then p(x) > min{u(z), u(z)} for all z,y,z € P.

Proof. Let P be a BCK-algebra with P C X and |P| > 2. If x xy < z in P, then (x xy) * z = 0. Hence we

have p(x * y) > min{p((z * y) * 2), u(2)} = min{p(0), u(2)} = p(z). It follows that p(z) > min{pu(z *y), u(y)} >
min{u(y), u(2)}- O

Theorem 3.7. Let X be a Smarandache BCI-algebra. A Smarandache fuzzy subalgebra up of X is a Smaran-
dache fuzzy ideal of X if and only if for all z,y € P, the inequality z * y < z implies p(x) > min{u(y), u(2)}.

Proof. Suppose that pup is a Smarandache fuzzy subalgebra of X satisfying the condition z * y < z implies
w(z) > min{u(y), u(z)}. Since z * (z xy) <y for all x,y € P, it follows that p(x) > min{u(x *y), u(y)}. Hence

wp is a Smarandache fuzzy ideal of X. The converse follows from Proposition 3.6. O
Definition 3.8. Let X be a Smarandache BCI-algebra. A map p: X — [0,1] is called a Smarandache fuzzy
clean ideal of X if it satisfies (SF1) and

(SF3) p(z) > min{u(z x (y*xz)) * 2), u(2)} for all z,y,z € P,
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where P C X and P is a BCK-algebra with |P| > 2. This Smarandache fuzzy clean ideal is denoted by pp, i.e.,
wup : P —[0,1] is a Smarandache fuzzy clean ideal of X.
Example 3.9. Let X :={0,1,2,3,4,5} be a Smarandache BCI-algebra ([2]) with the following Cayley table:

0 2 )

UL i W N = Of %
T W N = O
U = O O
T = O O O
UL i b = O O|W
T O O O O Ok
S Ov Ot Ot Ot Ot

Define a map p: X — [0,1] by

w(x) =

04 ifze{0,1,2,3}
0.8 otherwise

Clearly p is a Samrandache fuzzy clean ideal of X, but p is not a fuzzy clean ideal of X, since u(3) = 0.4 ¥
min{p((3 (0% 3)) * 5), u(5)} = min{u(5), u(5)} = u(5) = 0.8.

Theorem 3.10. Let X be a Smarandache BCI-algebra. Any Smarandache fuzzy clean ideal pp of X must be a
Smarandache fuzzy ideal of X .

Proof. Let X be a BCK-algebra with P C X and |P| > 2. Let up : P — [0,1] be a Smarndache fuzzy clean
ideal of X. If we let y := z in (SF3), then p(x) > min{u((x * (z *x x)) * 2), u(2)} = min{u((x % 0) x 2), u(2)} =
min{u(z * z), u(z)}, for all z,y,z € P. This shows that p satisfies (SF). Combining (SF), up is a Smarandache
fuzzy ideal of X, proving the theorem. O

Corollary 3.11. Every Smarandache fuzzy clean ideal up of a Smarndache BCI-algebra X must be a Smaran-
dache fuzzy subalgebra of X.

Proof. It follows from Theorem 3.5 and Theorem 3.10. O
The converse of Theorem 3.10 may not be true as shown in the following example.

Example 3.12. Let X :={0,1,2,3,4,5} be a Smarandache BCI-algebra with the following Cayley table:

*|10 1 2 3 4 5
0(0 0 0 O 0 5
1110 1 0 0 5
212 2 0 0 0 5
313 3 3 0 0 5
414 3 4 1 0 5
515 5 5 5 5 0

Let pp be a fuzzy set in P = {0,1,2,3,4} defined by 1(0) = p(2) = 0.8 and p(1) = u(3) = u(4) = 0.3. It is easy
to check that pp is a fuzzy ideal of X. Hence pu : X — [0,1] is a Smarandache fuzzy ideal of X. But it is not a
Smarandache fuzzy clean ideal of X since p(1) = 0.3 % min{u((1* (3% 1)) % 2), u(2)} = min{w(0), u(2)} = 0.8.

Theorem 3.13. Let X be a Smarandache implicative BC'I-algebra. Every Smarandache fuzzy ideal up of X is
a Smarandache fuzzy clean ideal of X.
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Proof. Let P be a BCK-algebra with P C X and |P| > 2. Since X is a Smarandache implicative BCI-algebra,
we have © = x * (y * z) for all ,y € P. Let up be a Smarandache fuzzy ideal of X. It follows from (SFy) that
w(z) > min{p(z * 2), u(z)} > min{u((z * (y * ) * 2), u(z)}, for all x,y,z € P. Hence pp is a Smarandache clean
ideal of X. The proof is complete. O

In what follows, we give characterizations of fuzzy implicative ideals.

Theorem 3.14. Let X be a Smarandache BCI-algebra. Suppose that pp is a Smarandache fuzzy ideal of X.

Then the following equivalent:

(i) pp is Smarandache fuzzy clean,

(ii) p(z) > p(x* (yxx)) for all z,y € P,

(i) p(x) = p(x* (y*x)) for all z,y € P.
Proof. (i) = (ii): Let up be a Smarandache fuzzy clean ideal of X. It follows from (SF3) that p(x) > min{u((x *
(y*x))*0),1(0)} = min{p(z* (y xx)), u(0)} = p(z * (y * z)), Vz,y € P. Hence the condition (ii) holds.
(ii) = (iii): Since X is a Smarnadache BCI-algebra, we have z x (y * z) < x for all z,y € P. It follows from
Lemma 3.4 that p(x) < p(x * (y*z)). By (ii), pu(x) > p(z * (y * x)). Thus the condition (iii) holds.
(iii) = (i): Suppose that the condition (iii) holds. Since pp is a Smarandache fuzzy ideal, by (SF»), we have
p(x* (y+x)) > min{p((z * (y * x)) * 2), u(z)}. Combining (iii), we obtain p(z) > min{u((x * (y * x)) * 2), u(2)}.
Hence p satisfies the condition (SF3). Obviously, u satisfies (SFy). Therefore p is a fuzzy clean ideal of X. Hence
the condition (i) holds. The proof is complete. (]

For any fuzzy sets u and v in X, we write p < v if and only if u(z) < v(z) for any x € X.

Definition 3.15. Let X be a Smarandache BCI-algebra and let up : P — [0,1] be a Smarandache fuzzy
BCT-algebra of X. For ¢t < 1(0), the set u; := {x € P|lu(x) >t} is called a level subset of pup.

Theorem 3.16. A fuzzy set p in P is a Smarandache fuzzy clean ideal of X if and only if, for all t € [0,1], u; is

either empty or a Smarandache clean ideal of X .

Proof. Suppose that pp is a Smarandache fuzzy clean ideal of X and p; # 0 for any ¢ € [0,1]. It is clear
that 0 € p; since p(0) > t. Let p((x x (y x x)) * z) > t and u(z) > t. It follows from (SF3) that u(z) >
min{p((z * (y * x)) * 2), u(z)} > t, namely, = € ;. This shows that u; is a Smarandache clean ideal of X.
Conversely, assume that for each t € [0, 1], p is either empty or a Smaranadche clean ideal of X. For any x € P,
let p(x) =t. Then x € py. Since uy(# ) is a Smarandache clean ideal of X, therefore 0 € u; and hence u(0) >
w(x) =t. Thus p(0) > u(x) for all z € P. Now we show that u satisfies (SF3). If not, then there exist 2’,y’, 2’ € P
such that p(a’) < min{ju((a’ * (y  2')) % /), u(')}. Taking to = L{u(z’) +min{p((z' 5 (4 % #)) # '), w2V} }, we
have p(z') < to < min{u((z’ * (¥’ * 2")) * 2"), u(z')}. Hence @’ ¢ py,, (' * (v x2')) *x 2 € pyy, and 2’ € py,, i€,
i, is not a Smaragndache clean of X, which is a contradiction. Therefore, up is a Smarnadche fuzzy clean ideal,

completing the proof. O

Theorem 3.17. ([2]) (Extension Property) Let X be a Smarandache BCI-algebra. Let I and J be Q-
Smarandache ideals of X and I C J C Q. If I is a Q-Smarandache clean ideal of X, then so is J.

Next we give the extension theorem of Smarandache fuzzy clean ideals.
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Theorem 3.18. Let X be a Smarandache BC'I-algebra. Let u and v be Smarandache fuzzy ideals of X such
that p < v and p(0) = v(0). If u is a Smarndache fuzzy clean ideal of X, then so is v.

Proof. Tt suffices to show that for any ¢ € [0,1], v; is either empty or a Smarandache clean ideal of X. If the level
subset v is non-empty, then p; # 0 and p; C vy In fact, if © € py, then ¢ < p(z); hence t < v(z), i.e, © € 1. So
e C vy By the hypothesis, since p is a Smarandache fuzzy clean ideal of X, y; is a Smarandache clean of X by
Theorem 3.16. It follows from Theorem 3.17 that v, is a Smarandache clean ideal of X. Hence v is a Smarandache

fuzzy clean of X. The proof is complete. O
Definition 3.19. Let X be a Smarandache BCI-algebra. A map pu: X — [0,1] is called a Smarandache fuzzy
fresh ideal of X if it satisfies (SF;) and

(SFy) p(z*z) > min{p((x*y) *2),u(y *x2)} for all x,y,z € P,
where P is a BCK-algebra with P C X and |P| > 2. This Smarandache fuzzy ideal is denoted by pp, i.e.,
wup : P —[0,1] is a Smarandache fuzzy fresh ideal of X.
Example 3.20. Let X :={0,1,2,3,4,5} be a Smarandache BCTI-algebra ([2]) with the following Cayley table:

0 2 3 4

UL W N = Of %
T = N O O+
S Ot Ot Ot Ot Ot Ot

T W N = O
UL W O+~ O
T O N O O
T O W o+~ O

Define a map p: X — [0, 1] by

(@) = {0.5 if 2 € {0,1,3},

0.9 otherwise

Clearly p is a Samrandache fuzzy fresh ideal of X. But it is not a fuzzy fresh ideal of X, since u(2 x4) = p(0) =
0.5 % min{p((2*5) x4), u(5+4)} = u(5) = 0.9.

Theorem 3.21. Any Smarandache fuzzy fresh ideal of a Smarandache BCI-algebra X must be a Smarandache
fuzzy ideal of X .

Proof. Taking z := 0 in (SF,) and = % 0 = z, we have u(x *0) > min{u((x * y) * 0), u(y * 0)}. Hence p(x) >
min{p(z * y), u(y)}. Thus (SF») holds. O

The converse of Theorem 3.21 may not be true as show in the following example.

Example 3.22. Let X :={0,1,2,3,4,5} be a Smarandache BCI-algebra ([2]) with the following Cayley table:

*0 1 2 3 4 5
0/0 0 0 0O 0 5
111 0 0 0 1 5
212 1 0 1 2 5
313 1.1 0 3 5
414 4 4 4 0 5
515 5 5 5 5 0
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Define a map p: X — [0, 1] by
05 ifz € {0,4},
p(x) = ,
0.4 otherwise
Clearly pu(x) is a Samrandache fuzzy ideal of X. But p(z) is not a Samrandache fuzzy fresh ideal of X, since
(2% 3) =p(l) =0.4 ¥ min{p((2+1) *3), (1% 3)} = min{p(l * 3), x(0)} = u(0) = 0.5.

Proposition 3.23. Let X be a Smarandache BCI-algebra. A Smarandache fuzzy ideal up of X is a Smarandache
fuzzy fresh ideal of X if and only if it satisfies the condition p(x xy) > u((z xy) xy) for all z,y € P.

Proof. Assume that pp is a Smarandache fuzzy fresh ideal of X. Putting z := y in (SFy), we have p(x xy) >

min{pu((z +y) *y), uly * y)} = min{p((z +y) x y), p(0)} = p((z x y) *y), Yo,y € P.
Conversely, let up be Smarandache fuzzy ideal of X such that pu(zxy) > u((x*y)=*y). Since, for all z,y, z € P,

((xxz)*x2)x(yx2) < (zx2)xy = (x*xy)* 2z, we have u((z *y) * z) < u(((z *

e 2) 2 (@ 2) + 2) > mingju(((2 % 2) % 2) % (g % 2)), ply * 2)} > mingpu((@ * y) * 2), pu(y * )} This completes

the proof. 0

z) % z) % (y * 2)). Hence

Since (z *y) *y < x *y, it follows from Lemma 3.4 that u(x * y) < pu((z *y) *x y). Thus we have the following

theorem.

Theorem 3.24. Let X be a Smarandache BCI-algebra. A Smarandache fuzzy ideal pp of X is a Smarandache
fuzzy fresh if and only if it satisfies the identity

plxxy) = pl(xxy) xy), textfor all z,y € X.

We give an equivalent condition for which a Smarandache fuzzy subalgebra of a Smarandache BCI-algebra to

be a Smarandache fuzzy clean ideal of X.

Theorem 3.25. A Smarandache fuzzy subalghebra pup of X is a Smarandache fuzzy clean ideal of X if and only

if it satisfies

(x* (y*xx))*z <wu implies p(x) > min{u(z), p(u)} for allx,y, z,u € P. (%)

Proof. Assume that pp is a Smarandache fuzzy clean ideal of X. Let x,y, z,u € P be such that (zx (y*z))*2z < u.
Since p is a Smarandache fuzzy ideal of X, we have p(zx (y*x)) > min{u(z), p(u)} by Theorem 3.7. By Theorem
3.14-(iii), we obtain p(z) > min{u(z), u(u)}.

Conversely, suppose that pp satisfies (x). Obviously, up satisfies (SFy), since (z* (y*x))* ((x* (y*x))*2) < z,
by (), we obtain pu(xz) > min{u((x * (y * x)) * 2), u(2)}, which shows that up satisfies (SF;). Hence up is a

Smarandache fuzzy clean ideal of X. The proof is complete. (I
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Abstract. In this paper, we introduce the notions of Fibonacci (co-)derivative of real-valued functions. We find
general solutions of the equations A(f(z)) = g(z) and (A + I)(f(z)) = g(x).

1. Introduction

The theory of Fibonacci-numbers has been studied in many different forms for centuries and the literature on the
subject is consequently incredibly vast. The most amazing qualities of these numbers is the variety of mathematical
models where they play some sort of role and where their properties are of importance in elucidating the ability of
the model under discussion to explain whatever implications are inherent in it. Atanassov et al. [1] and Dunlap [2]
provided general and fundamental surveys on the theory of Fibonacci numbers. Hyers-Ulam studied the stability
of Fibonacci functional equations [5]. Han et al. [3] discussed Fibonacci sequences in both several groupoids and
groups. The present authors [6] introduced the notion of generalized Fibonacci sequences over a groupoid, and
investigated these in particular for the case of a groupoid containing idempotents and pre-idempotents.

Han et al. [4] studied Fibonacci functions on the real numbers R, i.e., functions f : R — R such that for all
z€R, f(x+2) = f(x+ 1)+ f(z), and they developed the notion of Fibonacci functions using the concept of
f-even and f-odd functions. The present authors [7] studied Fibonacci functions using the (ultimately) periodicity
and also discussed the exponential Fibonacci functions. Especially, given a non-negative real-valued function, the

present authors obtained several exponential Fibonacci functions.
In this paper, we introduce the notions of Fibonacci (co-)derivative of real-valued functions. We find general

solutions of the equations A(f(z)) = g(x) and (A + I)(f(x)) = g(z).

2. Preliminaries
A function f defined on the real numbers is said to be a Fibonacci function ([4]) if it satisfies the formula
fle+2) = fle+1) + f(z)
for any « € R, where R (as usual) is the set of real numbers.

Example 2.1. ([4]) Let f(z) := a® be a Fibonacci function on R where a > 0. Then a*a® = f(z +2) =
f(x+1)+ f(z) = a®(a+1). Since a > 0, we have > = a+1 and a = HT‘E’ Hence f(x) = (%‘/g)"‘ is a Fibonacci
function, and the unique Fibonacci function of this type on R.

If we let ug = 0,u; = 1, then we consider the full Fibonacci sequence: --- ,5,—3,2,—1,1,0,1,1,2,3,5,---, i.e.,

u_p = (=1)"u,, for n > 0, and u,, = F,, the nth Fibonacci number.

9% Correspondence: Tel.: +82 33 248 2011, Fax: +82 33 256 2011 (K. S. So).
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Example 2.2. ([4]) Let {u,}>_ and {v,}32 _ . be full Fibonacci sequences. We define a function f(x)
by f(x) := Uz + Vgt where t = 2 — |2]| € (0,1). Then f(x +2) = Ulgy2| T V|zg2)t = U(|z]42) T V(|z]+2)t =
(U(|z)+1) T Uz)) + (V(z)+1) T V[2))t = f(x+1) + f(z) for any x € R. This proves that f is a Fibonacci function.

Note that if a Fibonacci function is differentiable on R, then its derivative is also a Fibonacci function.

Proposition 2.3. ([4]) Let f be a Fibonacci function. If we define g(x) := f(xz+t) wheret € R for any x € R,

then g is also a Fibonacci function.

For example, since f(z) = (%)x is a Fibonacci function, g(x) = (1+2‘/5)x+t = (1+2‘/g)tf(x) is also a Fibonacci

function where t € R.

3. Fibonacci derivatives

Let f: R — R be a real-valued function. We shall consider the expression

(Af) () = [z +2) = flz+1) - f(z)

to be the Fibonacci derivative of f(x). For example, if ® := 1+2‘/5, then f(z) = ®% yields (Af)(z) = ®*+2 —
OrHl — % = %(®2 — d — 1) = 0. If f is any Fibonacci function, then (Af)(z) = 0 for all z € R and conversely.

Note that if Af = Ag, then f — g is a Fibonacci function.

Example 3.1. If f(z) := ax + b, then
N(az+b) = [a(x+2)+0b]—[a(r+1)+b] — [ax + D]
= —azx+(a—0)
and A(b) = b, A(z) = —z + 1.
Simultaneously we shall also consider the Fibonacci co-derivative of f, denoted (A + I)(f), by the formula
(A+ D)) = Af) + ) = e +2) — flz +1)

Thus for example, if f(z) = ax + b, then (A + I)(ax + b) = [a(x 4+ 2) + b] — [a(x + 1) 4+ b] — [ax + b] = a, which

coincides with - (az +b).

We pose a question: what is the “anti-derivative” of a function f : R — R, i.e., given f : R — R, find
g : R — R such that Ag = f. For example, A(—z —1) =[-(x+2) — 1] = [-(z+ 1) — 1] — [~z — 1] = =. Hence

the Fibonacci anti-derivative of x is —z — 1 4+ ¢ where ¢ is a Fibonacci function.
Proposition 3.2. Fibonacci functions are fixed points for Fibonacci co-derivative operator A + I.

Proof. Let f(z) be a Fibonacci function. Then (Af)(z) = 0 and hence (A + I)(f)(z) = (Af)(z) + f(x) =
). O
Proposition 3.3. If (A + I)(f)(z) =0, then (A%f)(x) = f(z).

Proof. If (A + I)(f)(x) = 0, then (Af)(z) = —f(z). It follows that (A2f)(x) = A(—f(x)) = (—f)(z +2) —
(=M@ +1) = (=f)) ==(Af)(=@) = =(=f(2)) = f(2). 0
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Example 3.4. Suppose that Af = 22 and f(z) = az?+br+ec. Since A(2?) = —22+22+3 and A(z) = —z+1,

we obtain

2?2 = Aaz? +bx+c)
= al @) +bA (z)+ Ale)
= —ar’+ (2a—-b)x+(3a+b—c)

It follows that a = —1,b = —2 and ¢ = —5, i.e., A(—2% — 22 —5) = 22. Thus, the general Fibonacci anti-derivative

of 22 is —2? — 22 — 5+ ¢ where ¢ is a Fibonacci function.

Example 3.5. Suppose that Af = z® and f(z) = ax® + bz? + cx + d. Since A(z23) = —23 + 322 + 9z + 7, we
obtain A(—z3 — 322 — 152 — 31) = 2? as in Example 3.4.

Theorem 3.6. Let Af, = x™ and let fy, f1,--- , fa_1 be determined to yield particular solutions for A fj, = x*
(k=0,1,--- ;n—1). Then

n—1
fn—xwkg( . ) "~ 1fi+ o

where ¢ is a Fibonacci function.
Proof. Let Af, = ™ and let f,, = —a™ + Q,(z) where Q,(x) is a polynomial of = of degree n — 1. Then

" = Afa)
= A(=2" + Qn(2))
= —A@")+A(@Qu(2))
= —le+2)" =@+ 1" - 2"+ A(Qn(x))

It follows that A(Qn(x)) = (z+2)"—(x+1)" = ZZ;; ( Z ) [2n—F —1]z*. Assume fo, f1,- -, fn_1 are determined
to have a particular solutions for Afy = 2% (k=0,1,--- ,n —1). Then
n—1 n
8@ = ()t
k=0
n—1 n
= oz ()
k=0
It follows that Q,(z) = Y 1—, ( Z ) [27~k — 1] f. + ¢ for some Fibonacci function . Hence f, = —2" + Q,(z) =

i ( . ) 2" F —1)fi + . 0
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Example 3.7. In the above examples it was known that fo = -1+ ¢, fi = -2 — 14+, fo = =22 -2z -5+ ¢

and f3 = —3 — 322 — 152 — 31 + ¢ where ¢ is a Fibonacci function. We compute Q4(z) as follows:

o = (1 )ert-nnre

k=0
= 15fo+28f1 +18fa+4fs+ ¢

= 15(—1)+28(—x — 1) 4+ 18(—2* — 2z — 5)
+4(—2® — 32 — 152 — 31)
= —42% — 302 — 124z — 257 + ¢

This shows that fy = —2% + Q4(z) + ¢ = —a? — 423 — 3022 — 1242 — 257 + ¢ where ¢ is a Fibonacci function.

Theorem 3.8. Given a polynomial g(x) := ag+ a1x + - - - + a,a™, we have a particular solution for A(f(zx)) =
g(x) as f(z) = aofo +arfi + -+ + anfn, where Afy, = 2% (k = 0,1,--- ,n) and a general solution f(x) + ¢(z)
where A(p(x)) = 0.

Proof. It follows immediately from Theorem 3.6. O

4. Fibonacci co-derivatives

Let us consider the problem (A + I)E(f(x)) = ™. We have (A + I)(1) = A1) + I(1) = 0,(A + I)(z) =
Az) +I(z)(—z+1)+z =1and (A +I)(2?) = Ax?) + I(2?) = 2z + 3. Using Theorem 3.6, we obtain the
following proposition.

Proposition 4.1. The Fibonacci co-derivative of ™ is

n—1

A+ D) = ( Z ) [2n—k _ 1]gk

k=0

Proof. Using Theorem 3.6, we obtain

(A+I)(z")

Il
>
—
8
3
~—
_|_
~
—~
8
=

proving the proposition. ([l
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Example 4.2. If we let n := 4 in Proposition 4.1, then

A+ DY) = > < : > [24F — 1]zF

k=0

= (5 )@l (e -ne () ) e

+<§)(23—1)x3

= 42 +182% + 28z + 15
It follows that A(z*) = —2* + 42 + 1822 + 28x + 15.

Consider now (A +1)%(1) = (A+ DA+ 1)) =(A+1)(0)=0and (A+1)*(z) = (A+D[(A+I)(z?)] =
(A + 1)(2z + 3) = 2. Similarly we obtain (A + I)2(23) = (A + I)[32% + 92 + 7] = 62 + 18.

Using Proposition 4.1, we obtain the following formula.

Proposition 4.3. For any natural number n, we have

(A + 1)2(2") = Tilki ( i ) ( ’; ) (27 k 1)@k 1)

k=0 j=0

Proof. Using Proposition 4.1, we obtain the following.

(AN +1)2(z™) (A + 1)[2_: ( Z ) 2"k — 1)a*]

k=0
B (e (e o
- :;:§< Z ) ( ]; ) (2" F — 1)(2F 7 — 1)2?

Example 4.4. We compute (A + I)?(z?) as follows.

(A4 1) (zh) (A + I[4x® 4 1822 + 28z + 15)
= AA+I)(2®) +18(A +1)(z?) + 28(A + 1I)(z)
+15(A 4+ 1)(1)
= 1227 + 722 + 110
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Upon checking Proposition 4.3 when n = 4, we find that

(A+ D2 = Zk ( ! ) ( ' ) (21F _ 1)(2bT — 1y

- Zi:( ‘11 ) ( j )(23—1)(21—1—1)1:1'
C () ()
(

;1 ) < j’ ) (2! = 1)(25 — 1)

= 282° + 542° + 362 + 282° + 362 + 1222
= 12224+ 722+ 110

Next, we want to obtain an exact analog of Theorem 3.6 for the Fibonacci co-derivative A + I.

Example 4.5. Let fi(z) := az? + bz + ¢ be a polynomial satisfying (A + I)(f1(z)) = 2. Then z = (A +
I(az? + bz + ¢) = 2ax + 3a + b. It follows that 2a = 1,3a +b = 0, ie., a = %,b = f% and c¢ is arbitrary.
Hence (A + I)(32% — 3z + ¢) = = where c is a constant. Similarly, we may find a polynomial f(z) satisfying
(A+1)(fa(2) =22, ie., (A+1)(52° — 3% + 22+ d) = 2 where d is a constant. In this fashion, we obtain a
polynomial f,(z) = %_Hx”“‘l + @n+1(x) which can be determined so that (A + I)(fn(z)) = 2™ where g,41(x) is
a polynomial of degree n.

Theorem 4.6. Given a polynomial g(z) := ag+a12+- - -+a,x", a particular solution for (A+1)(f(z)) = g(x)

as f(z) = aofo +a1fi + -+ anfn is obtained, where f,(x) = %_Hx"“ + ¢n+1(x) where gn+1(z) is a polynomial

of degree n.

Proof. The proof is similar to the proof of Theorem 3.8. O

5. Solving the equation (A + I)"(f(x)) = q(x)

Consider (A + I)(f(z)) = (A +1)(g(x)). It means that (A + I)(f(z) —g(x)) =0, ie., (f—g)(x+2)—(f —
g)(x+1) =0 for all z € R. This shows that there exists a map ¢ : R = R with ¢p(x +2) =¢(z+1) forallz € R
such that f = g+1. If we let By := {¢|(A+ I)(¢(x)) = 0,Vz € R}, then B; consists of all functions ¢ : R - R
such that ¢ is periodic of period 1. This means that

peB = ¢x+1)—px)=0,VzeR
Hence general solution of (A +1)"(f(x)) = q(z) is {p(x) +¢(x) | A (p(2)) = q(z),P(z) € B1} = {p(x) +¢(z)| A

(p(z)) = q(z),¢(x + 1) = ¥(z), Vo € R}. Consider (A +1)%(f(x)) = q(x). Let p(x) be a polynomial in R[z] such
that (A+1)%(p(x)) = q(z). Then (A+1)%(p(z)) = (A+1)%(f(z)). It follows that (A+1)*(f(z)—p(z)) =0, ie.,
633 Hee Sik Kim et al 628-635



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

On Fibonacci derivative equations

there exists a polynomial ¥(x) € Rlz] such that f(z) — p(z) = ¥(x) and (A + I)?(¢)(x)) = 0. This means that
A+ DA +1)((x))] =0, ie, (A+T)(p(z)) € By. If welet By :={p(x) € Rlz]| (A + I)(¢(x)) € B}, then

¢(x) € B (A+I)(p(x)) € By
Jh(z) € Bisuch that p(z +2) —¢(z+1) = h(z)
h(z+1)—h(z) =0,0(x+2) —p(x+1) = h(z)

plx+2)—2¢p(x+1)+¢(x) =0

1117

Hence the set of all general solutions of (A + I)2(f(x)) = q(x) is {p(x) + ¥(z) | (A + I)*(p(z)) = q(x),¥(z) €
By} = {p(x) + ¢¥(2) | (A + I)2(p(x)) = q(x),¥(x + 2) — 2¢(x + 1) + ¥(z) = 0,Vz € R}. Similarly, if we let
B := {p(z) | (A + I)(¢(z)) € Bz}, then By = {p € Rlz]|p(z + 3) = 3p(x + 2) + 3p(x + 1) — p(z) = 0} We

generalize this fact as follows:

Lemma 5.1. Ifwe let B,, := {¢(x) | (A+I)(p(x)) € B,,_1}, then B,, = {p € R[z]| Y., ( :L ) plx+n—r) =
0,Vz € R}.

Theorem 5.2. Given a polynomial p(x) € R[z], there exists a polynomial q,(x) € Rlz| such that (A +
I™(gn(x)) = p(x), and its general solution f(x) is of the form q,(x) + ¢(x) where o(z) € B,,.

Proof. Tt follows from Theorem 4.6 and Lemma 5.1. (]

6. Concluding remark

Given Theorem 3.6 and the fact the ¢(x) = 0 is a Fibonacci function, a particular solution to the Fibonacci

derivative equation Af,, = x™, is given iteratively by the formula:

n—1
fu= —m”+k§_jo( . ) 2" F =11

where if we set fy = 1, we obtain a sequence of polynomials of degree n for f,, n = 0,1,2,---. From the
structure of the formula we may surmise the existence of many combinatorial properties of the sequence. Also

upon rewriting:
n
fn = ZAln(Elu App = -1,
1=0

the coefficients A;,, thought of as analogs of binomial numbers, should illustrate a great number of combinatorial

relations among themselves as well as with other families, including the binomial numbers (coefficients). Since
(A+1)(am) = Z;é < Z ) [2n—k — 1]a* exhibits a “similar” form, we expect there to be confirmation of the

claim made above in a multitude of ways, above and beyond what has already been illustrated.
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7. Future works

Given what has been done in this paper, it is clear that very much remains to be done. Thus, a much more
detailed study of functions of the F(x) type, as described above, remains to be done. Furthermore, as pointed
out in the concluding remarks, there is much to be done still in completing the combinatorial grammar which is
associated with the solution of a particular kind to the equation A™f,,,, = =™, of which some cases have been
looked at above, but for which very significant gaps still remain to be explored. Also, as usual in this type of
research, the law of natural growth of problems prevails, i.e., as one problem is successfully resolved, novel gaps
noted present themselves for consideration and no finality is in sight (nor expected) for the area of study touched
upon in this case as well, to the benefit of those engaged in furthering knowledge of this (as well as any other)

subject.
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A NOTE ON SYMMETRIC IDENTITIES FOR TWISTED
DAEHEE POLYNOMIALS

JONGKYUM KWON! AND JIN-WOO PARK?*

ABSTRACT. In this paper, we consider the twisted Daehee numbers and poly-
nomials. We investigate some new and explicit symmetric identities for the
twisted Daehee polynomials arising from p-adic invariant integral on Z.

1. INTRODUCTION

Throughout this paper, Z,, Q,, and C, will respectively denote the ring of p-
adic rational integers, the field of p-adic rational numbers and the completions of
algebraic closure of Q,. The p-adic norm is defined |p|, = %.

Let f(z) be a uniformly differentiable function on Z,. Then the p-adic invariant
integral on 7, is defined by

N

p—1
[ #@dna(o) = Jim S s o+ 92,
’ SR (1.1)
1 P&
= v 2 @)
Thus, by (1.1), we get
[, )~ [ s = 110 (12)
where fi(x) = f(z + 1) (see [1, 4, 9]).
From (1.2), we can derive
n—1
i fn(@)duo(z) — g f(@)dug(x) =Y f'(1), (n€N), (1.3)
P P =0

where f,(x) = f(z +n) (see [1, 5, 6]).
As is well known, the Bernoulli polynomials are defined by the generating func-

tion to be
t xt __ - tn
(et_1>e =2 Bue)y (see (1,2, 4), (1.4)

When 2 =0, B,, = B,(0) are called the Bernoulli numbers.

2010 Mathematics Subject Classification. 11B68, 11540, 11S80.

Key words and phrases. Daehee polynomials, twisted Daehee polynomials, twisted A-Daehee
polynomials.

* corresponding author.

636 JONGKYUM KWON et al 636-643



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

2 JONGKYUM KWON! AND JIN-WOO PARK?*

For n € N, let T}, be the p-adic locally constant space defined by
T, = UC’n_thp7

n—o0

where Cpn = {w|w”" = 1} is the cyclic group of order p™.
It is well known that for £ € T}, the twisted Bernoulli polynomials are defined
as

(fet—1> ZBHE *7 (see [1, 2]). (1.5)

When z =0, By, ¢ = By ¢(0) are called the twisted Bernoulli numbers.

For t € C, with [t|, < p7ﬁ7 the Daehee polynomials are defined by the gener-
ating function to be

log(1 +t)
log1+4) 1 | pye ZD 77 (see [1, 2, 4 - 14, 16,17]). (1.6)

When = =0, D,, = D,(0) are called the Daehee numbers.
From (1.4) and (1.6), we can derive the following equation:

ZBH( ZD (et —1)™
n=0
_Z<ZD Sgnm)>l:'7

where S3(n,m) is the Stirling number of the second kind which is given by the
generating function to be

(1.7)

%(et —-1)" = Z Sa(n, m)g, (see [3, 15]).

n=m

By (1.7), we get
B, (z) = Z D, (z)S2(n,m), (n > 0). (1.8)

From (1.4), we have

an(x)g = Bl log(l +1)™
n=0 :

tn
( Sl n m)) a,
n=0

where Sp(n,m) is the Stirling number of the first kind which is defined by falling
factorials as follows:

(1.9)

tqu

()o=1, (@)p=a(x—1)---(x—n+1) ZSlnl , (n eN),
Thus, by (1.9), we get

Z B (2)S1(n,m), (n>0). (1.10)

m=0
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From (1.2), we derive Witt’s formula for Daehee polynomials as follows:

/ (1+ )" dug(y) = f(l + )"
- . i (1.11)
= an(x)a.
n=0
Thus, by (1.11), we get
[ @+ i) = Do), (0> 0 (see [3) (1.12)

P

Now, we consider the twisted Daehee polynomials defined by the generating
function to be

1 1 t ) e tn
Og(&j—g)(l + &) = nZ:ODn’g(x)a7 (see [5, 13, 14])). (1.13)

When z =0, D,, ¢ = D,, £(0) are called the twisted Dachee numbers.
In [5], authers define twisted A-Daehee polynomials which are given by the p-adic
invariant integral on Z, to be

(2+1) ~ Alog(1+&t) N
/z (1 + ) T dpg(y) = Arep—1 1(1 + &)

P

o " (1.14)
=Y Duaela)—.
"—0 n.

In the special case, A = 1, = 1, we note that D, 1 1(x) = Dp(z). When = = 0,
then D, x ¢ = Dy x¢(0) are called twisted X - Daehee numbers.

Recently, several authors have researched twisted Daehee polynomials in the
several areas (see [5, 13, 14]). In this paper, we investigate some explicit and new
symmetric identities for the twisted Daehee polynomials which are derived from
the p-adic invariant integral on Z,.
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2. Symmetric identities for the twisted Daehee polynomials

Let t € C,, with [t], < pfp%l. Now, we consider the following p-adic integral on
Z,. From (1.3), we easily get

1 e - Tdug(z
log(1 + &t) (/Zp“*fﬂ duo() /Z<1+5t> dug >>

P

1 n—1 l
SR 1
s T &0 ;(Hft) og(1+¢t)
n—1
- 2(1 + &t)! (2.1)
ii()l o] n—1 ngn
1=0 n=0 \m=0
0o n n—1 gntn
- (Z sl(n,m)sz> ,
n=0 \m=0 i=0 "

Then, by (2.1), we get

log(1 + &) </Zp(1+§t) o dug () /Zp(1+gt) duo( ))

£ (S tmin )
n=0 \m=0 :

where for given positive integer k, Sp(n) = 0F + 1% +2F 4 ... 4 nF.
From (1.2) and (1.3), we have

1 n+x _ T un(z
log(1 + €t) </Zp(1+§t) T dug () /Zp(1+§t) dug ))

o fy, (14 &) dug(v)
T, (L € e dug(a) 23)

e k f”tk
:Z (Z S1(k,m)Sk(n — 1)) o
k=0 \m=0 '

We recall that Cauchy numbers are defined by the generating function to be

(2.2)

t & tn
log(1+1t) nZ:o C”H‘ (24)

By (2.3) and (2.4), we get

) k k
> (Z (Do) = D) Cico )) L

PR " (2.5)
:Z (Z Si(k—1,m)Sk_1(n — 1)) %k'
k=0 \m=0 !
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From (2.5), we have

1< k
i Z(Dm,ﬁ(k) - Dm,&)ck—m m
s (2.6)
:ZSl —1,m)Sk_1(n—1), (ke N,n e N).
=0
Therefore, by (2.6), we obtain the following theorem.
Theorem 2.1. For k,n € N, we have
L[ F I k—1
- (Z:O(Dm,g(k:) — Dpe)Chm (m>> = Z:OSl(k —1,m)Sk_1(n—1). (2.7

Now, we consider symmetric identities for the twisted Daehee polynomials. Let
w1y, ws € N. Then, we easily see that

wi1T]+wex wi log(14+E€t) wo log(1+&t
pr fZP(lJrft) 121+ wW222 oy (1 ) dug (22) _ ((11+§;)(w1§1)) ((12+£)(wz§1))

wWiwax w1 ws log(14£t)
Ja, (14 &t rarduo () -1 (2.8)

_ log(1 + &t)((1 + &t)wrwz — 1)
(A+&)wr = (A + &)z =1

We consider the following double p-adic invariant integral on Z,, as follows:

Iz, Jz, (L o) rmtremtin ety (zy )dpug (ws)

= . (0 €0y (n) 9
:1og(1 + &) (1 4 &)W (1 + &)Wz — 1)
(L&) = (A +Et)v= — 1)
From (1.2) and (1.3), we have

wy [, (1+&t) dug(z) =l

O 2 1
N z L (2.10)

=y <Z S1(1,m) S (wy — 1)) %t

1=0 \m=0

From (2.10), we get

1 w1 f 1+ ft w”?d,uo l‘2
I = </ (1 + gt)wl(m1+wgm)dﬂo(m1)) ( Zyp
Z

wn Ty, (L €tyonwadyug ()

i L k
u}l (Z Dz ,wi,& 'LUQI)Z'> <Z (Z Wy Sl k m)Sm(wl — 1)) k')
=0

k=0 \m=0
1 o n n—1 . ) é’niltn
:wi Z (2_ ( ) i 11)175(1021;) mzzowz S1(n —1i,m) Sy, (w; — 1)) o
(2.11)

640 JONGKYUM KWON et al 636-643



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

6 JONGKYUM KWON! AND JIN-WOO PARK?*

On the other hand, by (2.10), we get

I = <1/Z (1 +§t)“’2(£2+’w1w)duo(x2)> <w2 pr(l +€ﬁ)wlxlduo(xl>>

ws T, (Ut &) zedpg )

1 gktk
w2 (;Dz wz,£ ’UJLIT ) (Z Z wy Sl k, m (w2 — 1))]€l>

k=0 m=0

wj Z (Z ( ) i, € (W17) Z wy m)Sm (wa — 1)) gn;tn_

(2.12)

Therefore, by (2.9), (2.11) and (2.12), we obtain the following theorem.

Theorem 2.2. For wy,ws € N and n € NU {0}, we have

EZ ( ) B,w1,E UJ2CC §" g Z Woy Sl m)Sm(wl — 1)

m=0
1 n
ZUTQZ . Dy e (wr) ZwlSl n—i,m)Smy (wy — 1).
1=0 m=0

Remark. By replacing ¢ by % (et — 1) in (1.14), we get

5 BN =3 Duneto) (1 - 1)
n=0 n=0

(2.13)
-5 (S s mbns) &
m=0
Thus, by (2.13), we have
N'Bp(x) = Y & "Sa(n,m) Dy xe(), (n>0). (2.14)
m=0
By replacing t by log (t + %) in (1.5), we have
iD (x)ﬁ—io:B(alc)l lo t—|—1 '
T T A U3
:ZBH(I)Zsl(z,n)(i% (2.15)
_Z<€nZB Slnm)>fﬂ.
Thus, by (2.15), we get
§ " Dpe(x) =Y Bm(x)Si(n,m), (n>0). (2.16)
m=0
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From (2.9), we note that

I = (1 + gt)wuuzw é (1 + ft)wlaud'uo(xl)) (

w1

wy Jy, (14 &§8)"2 2 dpo (22)
» pr(l +§t)w1w2wd,u/0($)

_ (“*iiw“’/z (1+§t)““”duo<x1)> <Z_f <1+£t>“’21>

4 =0

wi—1
(1+ 5t)w1xduo(ﬂc1)> ( >+ ft)wl(wzz+w2;l>

=0

1 w171 wilxT WX 22
= / (14 &) D dpg ()

w4V,
o _
1 ngn
= E i E Dn e (Wax + l)) § -
w1 nl
n=0 1=0

(2.17)

On the other hand, we obtain the following equation by the symmetric property
of p-adic invariant integral on Z, as follows:

[y
I( o |

= (1;/% (1+§t)w”2du0(gc2)> (i (1+§t)wll> (1 + &tymrwes

=0

1 waz—1 w
wo X2 walw1r® Tll
= (wz/z (1+&t) duo(@)) < E (1+ &) (waot )>

=0

W2 wll’ld 1
(1+£t)w2md,uo(x2)> ( fzp(l-l-gt) /1'0( ))

Jo (Lt &) dpg (x)

’LU21

Z / (1+ &) D g ()

wz—1 gntn
:Z ( Z Dn Jwa,€ wlx—l— l)) n' .

n=0 =0

(2.18)

Therefore, by comparing the coefficients on the both sides of (2.17) and (2.18),
we obtain the following theorem.

Theorem 2.3. For wi,ws € N and n > 0, we have

1 w1—1 U}2 1 wo — 1
. Z Dy ¢ (ng + wl) — Z Dy e <w1x + l)
1 1

w2 15

1=

Corollary 2.4. For wy,ws € N and n > 0, we have

wi—1 n
Z Z w’ln_le (ng + le) S1(n,m)
wq

=0 m=0

we—1 n
= Z Z wé”lem (wlm + wll) S1(n,m).
w2

=0 m=0
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ABSTRACT
The main objective of this paper is to study the local and the global stability of the solutions, the periodic
character and the boundedness of the difference equation
Q + CTp_2

T =ax, +bry_1+ ,
n+1 n n—1 B+dxn_2

where the parameters 5, «, a, b, ¢ and d are positive real numbers and the initial conditions x_s, z_; and
To are positive real numbers. Some numerical examples will be given to illustrate our results.

Keywords: Difference equations, Stability, Boundedness, Periodic solutions.
Mathematics Subject Classification: 39A10

1. INTRODUCTION

Difference equations or discrete dynamical systems are diverse field which impact almost every branch of pure and
applied mathematics. Every dynamical system x,.; = f(x,) determines a difference equation and vice versa.
Recently, there has been great interest in studying difference equations systems. One of the reasons for this is
a necessity for some techniques which can be used in investigating equations arising in mathematical models
describing real life situations in many applied sciences. The theory of discrete dynamical systems and difference
equations developed greatly during the last twenty-five years of the twentieth century. Applications of discrete
dynamical systems and difference equations have appeared recently in many areas. The theory of difference
equations occupies a central position in applicable analysis. There is no doubt that the theory of difference
equations will continue to play an important role in mathematics as a whole. Nonlinear difference equations of
order greater than one are of paramount importance in applications. Such equations also appear naturally as
discrete analogues and as numerical solutions of differential and delay differential equations which model various
diverse phenomena in biology, physiology, ecology, engineering, physics, economics, genetics, probability theory,
psychology and resource management. It is very interesting to investigate the behavior of solutions of a system
of higher-order rational difference equations and to discuss the local asymptotic stability of their equilibrium
points. Systems of rational difference equations have been studied by several authors. Especially there has been
a great interest in the study of the attractivity of the solutions of such systems [1-33].

Many research have been done to study the global attractivity, boundedness character, periodicity and the
solution form of nonlinear difference equations. For example, Agarwal et al. [2] looked at the global stability,
periodicity character and found the solution form of some special cases of the difference equation

_ ATy 1Tn—k _
Tpy1 = a+ So=tinsk n=0,1, ..,

b—cTp_s
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where a, b, ¢, d and the initial conditions x_,, £_,4+1, ..., T_1, xo are positive real numbers, while x; # b/c
fori=—r, —r+1, ..., 0 where r = max{l, k, s}.

Hamza and Morsy in [3] investigated the global behavior of the difference equation

Tn—1
xn+1:a+ k) TL:O, 17 )

where the parameters «, k € (0,00) and the initial values x_; and xy are arbitrary positive real numbers.

Elsayed et al. [4] studied the global stability character and the periodicity of solutions of the difference
equation

btecz, 1
Tpi1 = 0Tn + gro— s n=20,1, ..,

where the parameters a, b, ¢, d and e are positive real numbers and the initial conditions z_; and x( are positive
real numbers.

Zayed et al. [5] studied the behavior of the following rational recursive sequence

xn+l - k ) n= 07 1 27 9
§ Bi Tn—i
=0
where the coefficients A, «;, 8, and the initial conditions x_x, _g41, ..., T_1, To are positive real numbers,

while k is a positive integer number.
Also, in [6] Zayed et al. obtained the global behavior of the difference equation

k

g Q Tp—g

=0
Tn+l = — 5 > n= 07 17 27 ey
B+ E B; Tn—i
=0
where the coeflicients B, «;, 5, and the initial conditions x_j, _g4+1, ..., -1, To are arbitrary positive real

numbers, while £ is a positive integer number.

In [7] El-Moneam investigated the periodicity, the boundedness and the global stability of the positive solu-
tions of nonlinear difference equation

Tnt1 = Avp + Bap_g + Oy + Dy + g2t — n=0,1,2, ..,

_k—€eTp 1’
where the coefficients A, B,C, D,b,d, e € (0,00), while k,! and s are positive integers and the initial conditions
Tgy weey T_]yeny T—k,y..., T_1, T are arbitrary positive real numbers such that k < < s.

Yalginkaya [8] investigated the global behaviour of the difference equation
Tpp1 = o 4 5 n=0, 1, ..,

where the parametere o, k € (0,00) and the initial values are arbitrary positive real numbers.

Elabbasy et al. [9] studied the dynamics, the global stability, periodicity character and the solution of special
case of the recursive sequence
an:axn—%—fgﬁ&:, n:O, 1, ceny

where the initial conditions z_;, xg are arbitrary real numbers and a, b, ¢, d are positive constants.

El-Owaidy et al. [10] investigated local stability, oscillation and boundedness character of the difference

equation
x

v
Tpt1 =+ ";7711 n=20, 1, ..,

x )
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under specified conditions.

Elsayed [11] studied some qualitative behavior of the solutions of the difference equation

_ bx _
Tpyr = ATy + o, n=0,1, ..,

where the initial conditions x_, zo are arbitrary real numbers and a, b, ¢, d are positive constants with
Cxgy — dSC_l ?é 0.

Elsayed and El-Dessoky [12] investigated the global convergence, boundedness, and periodicity of solutions
of the difference equation
xn+1:axn—s+%7 n=0,1, ..,
where the parameters a, b, ¢, d and e are positive real numbers and the initial conditions x_;, x_441, ..., T—1, To
are positive real numbers where ¢ = max{s, I, k}.

This paper aims to study the global stability character and the periodicity of solutions of the difference

equation
a+ CTp_2

B + dSCn_Q ’

where the parameters a, b, ¢, d, «a and 8 are positive real numbers and the initial conditions x_o, z_; and xg
are positive real numbers.

Tn41 =%y +bTp_1 + n:0717"'5 (1)

2. SOME BASIC PROPERTIES AND DEFINITIONS

In this section, we state some basic definitions and theorems that we need in this paper.

Let I be some interval of real numbers and let
F:I3 -1,

be a continuously differentiable function. Then for every set of initial conditions x_s, x_1, ¢ € I, the difference
equation
xn—&-l - F(xny Tn—1, » xn—2)7 (2)

has a unique solution {z, }5° .
Definition 1. (Equilibrium Point)
A point T € I is called an equilibrium point of Eq.(2) if

T=F(T, T, , 7).

That is, z,, =T for n > 0, is a solution of Eq.(2), or equivalently, T is a fixed point of F.

DEFINITION 2.1. (Stability)
(i) The equilibrium point T of Eq.(2) is locally stable if for every e > 0, there exists § > 0 such that for all
T_o, T_1, g € I with

|ZE_2 *ZT| + |SC_1 *§| + |$0 *ZT| < 6,

we have
|xn — | <€ forall n>—k.

(ii) The equilibrium point T of Eq.(2) is locally asymptotically stable if T is locally stable solution of Eq.(2) and
there exists v > 0, such that for all x_o, x_1, xg € I with

|x—o —Z| + |x_1 —Z| + |xo — T <7,

we have
lim z, ==.

n—oo
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(i5i) The equilibrium point T of Eq.(2) is global attractor if for all x_o, x_1, xo € I, we have

lim =z, =7=.

(iv) The equilibrium point T of Eq.(2) is globally asymptotically stable if T is locally stable, and T is also a global
attractor of Eq.(2).

(v) The equilibrium point T of Eq.(2) is unstable if T is not locally stable.

DEFINITION 2.2. (Boundedness)

A sequence {x,}5° 5 is said to be bounded and persists if there exist posiyive constants m and M such that

m<x, <M foralln>-2.

DEFINITION 2.3. (Periodicity)
A sequence {x,}5° _, is said to be periodic with period p if Xpi, = x, for alln > —1. A sequence {x,}7> _, is
said to be periodic with prime period p if p is the smallest positive integer having this property.

The linearized equation of Eq.(2) about the equilibrium % is the linear difference equation

OF(Z, T, , T) N OF (T, T, , T) N OF(Z, T, , T)

n - n n— n—2- 3
Y+ Oz, 0xy_1 ! 0tn s 2 ®)
Now, assume that the characteristic equation associated with (3) is
p(A) = poX* +pid+p2 =0, (4)
e OF(@. 7. .7) _OF(@. T, .7 0F(z. 7. . 7)
z,T,,T z,T,,T z,T,,T
p=——F —— hh=—7f7 ———adp=—"1—".
axn axn—l axn—Q

Theorem A [18]: Assume that p; € R, i =1, 2, 3. Then

Ip1| + |p2| + |ps| < 1,

is a sufficient condition for the asymptotic stability of the difference equation
Tn+3 + P1Tnt2 + P2Tni1 + p3Tn = 0.

Theorem B [19]: Let g : [a,b]® — [a,b], be a continuous function, where 3 is a positive integer, and [a, b] is an
interval of real numbers and consider the difference equation
Tn41 = Q(SUm Tn—1, xn—2)- (5)
Suppose that g satisfies the following conditions:
(i) For every integer ¢ with 1 < ¢ < 3, the function g(z1, 29, z3) is weakly monotonic in z;, for fixed 21, 22, 23.
(ii) If m, M is a solution of the system
m = g(ml, mao, 7713) and M = g(Ml, MQ, Mg),
then m = M, where for each i =1, 2, 3, we set
m  if g is non-decreasing in z;
M  if g is non-increasing in z;

and
M — M  if g is non-decreasing in z;
v m  if g is non-increasing in z;
Then, there exists exactly one equilibrium point T of the difference equation (5), and every solution of (5)
converges to .
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3. LOCAL STABILITY OF THE EQUILIBRIUM POINT OF EQ.(1)

In his section, we study the local stability character of the equilibrium point of Eq.(1).
Eq.(1) has equilibrium point and is given by

or
d(1—a—0b)z*+ (8 — Pa—Bb—c)T —a =0.

Then if a + b < 1, the only positive equilibrium point of Eq.(1) is given by

(Ba+ Bb+c—B) +/(Ba+Bb+c— B)? +4ad(l—a—b)
2d(1 —a —b)

T =

THEOREM 3.1. The equilibrium T of Eq. (1) is locally asymptotically stable if and only if

B — da

(B +dz)?* > 1 b

Proof: Let f: (0,00)®> — (0,00) be a continuous function defined by

o+ cw
flu,v,w) = au+ bv+ Bt dw’
Therefore,
af(u,'U,'UJ) _ 3f(u,v,w) _ 3f(u,v,w) _ (Cﬁ 7 dOé)
ou - v - ow (B4 dw)?’
So, we can write
af(iaiai) _ _ af(iaiaf) R af(§7i7§) _ (CB B dOé) _
ou —eT by v =b=r ow - (B +dz)? — b

Then the linearized equation of Eq.(1) about Z is
Yn+1 = P1Yn—1 — P2Yn — P3Yn—2 = 0,
It follows by Theorem A that, Eq.(1) is asymptotically stable if and only if

Ip1| + |p2| + |ps| < 1.

Thus,
|a|+‘% bl <1,
and so
% < 1-b-a
|8 —dal < (B+dz)*(1-b—a),
or
7&65 bdfﬂ) < (8 +da)”.

The proof is complete.
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Example 1. The solution of the difference equation (1) is global stability if a = 0.55, b=0.3, ¢=0.8, d =
0.5, a =7 and 8 = 2 and the initial conditions z_5 =4, x_; =9 and 2y = 0.3 (See Fig. 1).

x(n+1)=ax(n)+bx(n-1)+(alfa+cx(n-2))/(beta+dx(n-2))
14 T T T T

12 - -

10 - —

x(n)

0 I I I I I I I
0 10 20 30 40 50 60 70 80

n

Figure 1. Plot the behavior of the solution of equation (1).

4. EXISTENCE OF BOUNDED AND UNBOUNDED SOLUTIONS OF EQ.(1)

Here we look at the boundedness nature of solutions of Eq.(1).
THEOREM 4.1. FEvery solution of Eq.(1) is bounded if a +b < 1.
Proof: Let {z,}22 _, be a solution of Eq.(1). It follows from Eq.(1) that

Tnt+1 =
' QF Onaz _ azy, + br,_1 + a 4 En=2
B =+ dxn—2 B " nt B =+ dxn—Q B =+ dxn—2 '

Tptl = ATy +brp_1 +

Then

a  CTy_ a c
Tpt1 < axyp +bxrp,_1 + E + dxz_z =ax, +br,_1 + E + p forall n>0.

By using a comparison, the right hand side can be written as follows

=ay, +0b +2 45
Yn4+1 = Yp Yn—1 B d7

and this equation is locally asymptotically stable if a + b < 1, and converges to the equilibrium point §j =
ad+ cf

Bd(l —a—0b)

Therefore
. ad + cf
lim supz,,

n—oo Sﬁd(l—a—b)'
Hence, the solution is bounded.
THEOREM 4.2. Every solution of Eq.(1) is unbounded if a > 1 or b > 1.
Proof: Let {z,}22_, be a solution of Eq.(1). Then from Eq.(1) we see that

o+ CTy—
Tp41 = ATy +bTp—1 + — T2 axr, forall n>0.
B+ dxn—Q

The right hand side can be written as follows

Yn+1 = QYn = Yn = any07
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and this equation is unbounded because a > 1, and lim y, = oco. Then by using ratio test {z,}3>_, is
n—oo
unbounded from above.

Similarly from Equation (1) we see that

o+ CTy—
Tpt1 = Ty +bxp_1 + — T2 bx,—1 forall n>0.
B + dxn—Q

We see that the right hand side can be written as follows
Ynt1 =byn—1 = Yan—1 = b"y_1 and ya, = b"yp,

and this equation is unbounded because b > 1, and lim ys,-1 = lim ys, = oo. Then by using ratio test
n—oo n—oo
{2 }52 _5 is unbounded from above.

Example 2. Figure (2) shows that behavior of the solution of the difference equation (1) is boundedness if
we take a = 0.3, b =0.1, ¢ = 0.8, d = 0.5, @« = 7 and § = 2 and the initial conditions x_s =4, z_3 =9
and zg = 0.3.

x(n+1)=ax(n)+bx(n-1)+(alfa+cx(n-2))/(beta+dx(n-2))
9 T T T T

x(n)

Figure 2. Show the boundedness of the solution of equation (1).

Example 3. Figure (3) shows the behavior of the solution of the difference equation (1) is undounded when
we put @ = 1.5, b =08, ¢ =2, d =3, a =6 and § = 5 and the initial conditions x_s = 0.4, x_; = 0.9
and zo = 0.3.

x10 2 x(n+1)=ax(n)+bx(n-1)+(alfa+cx(n-2))/(beta+dx(n-2))
3 T T T T T

25

CETES E
x

05 - *

0 . . . . . . . . 1
0 5 10 15 20 25 30 35 40 45 50

n

Figure 3. Show the unboundedness of the solution of equation (1).
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5. GLOBAL ATTRACTIVITY OF THE EQUILIBRIUM POINT OF EQ.(1)
In this section, the global asymptotic stability of Eq.(1) is studied.
THEOREM 5.1. The equilibrium point T is a global attractor of Eq.(1) if a+b < 1.
Proof: Suppose that ¢ and 7 are real numbers and assume that g : [, 7]®> — [(,n] is a function defined by

( )*au+bv+a+cw
g(u,v,w) = P dw
Then
3g(u,v,w) —a 3g(u,v,w) —p ag(u,v,w) _ (Cﬁ 7da)
ou - v 7 ow (B +dw)?’

Now, two cases must be considered :

Case (1): Let ¢8 — da < 0, then we can easily see that the function g(u,v,w) increasing in u, v and
decreasing in v.

Let (m, M) be a solution of the system M = g(M, M, m) and m = g(m,m, M). Then from Eq.(1), we see

that
a+cm a+cM

M =aM + bM + m=am + bm +

B+ dm’ B+ dM’
or
a-+cm a+cM
M(1l—a-0)= l1—a—-0)=
(I—a=b) = ml-a=b =50
then

Bl—a—-bM+d(l—a—-—bMm=a+cm, f(1—a—-bm+d(l —a—bmM = o+ cM.
Subtracting we obtain
(M —m){B(1 —a—b) +c} =0,
under the condition a + b < 1, we see that
M =m.
It follows by Theorem B that T is a global attractor of Eq.(1). This completes the proof of the theorem.

Case (2): Assume that ¢ — da > 0 is true, then we can easily see that the function g(u, v, w) increasing in
u, v, w and decreasing in v.

Let (m, M) be a solution of the system M = g(M, M, M) and m = g(m, m,m). Then from Eq.(1), we see
that

a+cM a+cm
M—aM+bM+B+dM, mfam+bM+B+dm,
or
a+cM a+cm
Ml—-a—-0b)=——7— l—a—-0b)=
Wma=b=ap ™= g
then
B(l—a—bM+d(l—a—-bM?* = a+cM,
B(l—a—bm+d(l—a—-bm*> = a+cm.
Subtracting we obtain
B(l—a—b)(M—m)+d1—a—b(M*—m?) = c(M—m)

(M—m){dl-—a—-b(M+m)+8(1l—a—->b)—c} = 0,
under the condition a +b < 1 and f(1 —a — b) > ¢ we see that
M =m.

It follows by Theorem B that T is a global attractor of Eq.(1).
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6. EXISTENCE OF PERIODIC SOLUTIONS

In this section we investigate the existence of periodic solutions of Eq.(1). The following theorem states the
necessary and sufficient conditions that this equation has periodic solutions of prime period two.

THEOREM 6.1. Eq.(1) has positive prime period two solutions if and only if

(i) B(b—1) = (Ba+ ) (b—a—1)+4a{B(1 —b)[3(b—1) — (Ba+ ¢)] + cad} > 0.

Proof: Firstly, suppose that there exists a prime period two solution

""p, q,p, q, R
of Eq.(1). We will show that Condition (i) holds.
From Eq.(1), we get
a+cq
=aq+bp+ ,
p q /4 3+ dg
and a+cep
=ap+bg+ .
q = ap q B dp
Therefore,
Bp + dpq = aBq + adq® + Bbp + bdpq + o + cq, (9)
and
Bq + dpg = aBp + adp® + Bbq + bdpq + a + cp. (10)

Subtracting (10) from (9) gives

B(p —q) + ad(p* — ¢*) = Bb(p — q) — Balp — q) — c(p — q).

Since p # q, it follows that

Bb—a—-1)—c
== - J - 11
p+q o (11)
Again, adding (9) and (10) yields
Blp+4q)+2dpg = (af+Bb)(p+q) + ad(p” + ¢°) + 2bdpg + 22 + c(p + q),
ad(p” +¢*) = Blp+q) +2dpg — (af + Bb)(p + q) — 2bdpg — 20 — ¢(p + q)
ad(p® + ¢*) = (B — af — Bb— ¢)(p + q) + 2dpq — 2bdpq — 2a. (12)
By using (11), (12) and the relation
PP+ =(p+q°—2pq forall p,qeR,
we obtain
ad((p+q)* —2pq) = (B—aB —Bb—c)(p+q)+2dpg — 2bdpq — 2cx
K—Hb_ﬁzgﬁ_c c 2adpq = (ﬁ_aﬁ_ﬁb_cigﬁb_ﬁa_ﬁ_c) + 2dpq — 2bdpq — 2
Then,
Bb—1D[Bb—-1)— (Ba+ )] + aad
v B DIBE 1) = (ot )] + aad "

ad*>(b—a—1)
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Now it is obvious from Eq.(11) and Eq.(13) that p and ¢ are the two distinct roots of the quadratic equation
Blb—a-1)—c, Bb-1[Fb-1) - (fa+d)]+oad _
ad ad?(b—a —1) N

5 Bb—1[B(b—-1) = (Ba+c)]+aad
ad t* — (Bb— fa—p —c)t — db—a—1) =

2 — 0,

0, (14)

and so
4a{B(b—1)[B(b—1) — (Ba+ ¢)] + cad} .

Bl—1) = (Ba+* + a1

0,
or
[B(b—1) — (Ba+c)]* (b—a—1) +4a{B(b—1)[B(b— 1) — (Ba + ¢)] + aad} > 0.
for a + 1 < b then the inequalities (i) holds.
Conversely, suppose that inequality (i) is true. We will prove that Eq.(1) has a prime period two solution.

Suppose that

A+
P="00d
and A¢
1= 90d

where ¢ — \/A2  4alBAO—V)toad], g 4 — G(h— 1) — (Ba + c).

(b—a—1)

We see from the inequality (i) that
A%(b—a—1)+4a[BA(b—1) + aad] > 0,

which equivalents to
4a [BA(b — 1) + cad)

A2
N (b—a-1)

> 0.

Therefore p and ¢ are distinct real numbers.
Set
T_9=p, v_1 =qand xy = p.
We would like to show that
T1=T_9=¢q and zy=x_1 =Dp.

It follows from Eq.(1) that

xlzap+bq+gif£ a(

A
A+CY (A= +a+0(%§">
2ad 2ad '

Dividing the denominator and numerator by 2ad we get

_ (A+C A—¢ 2ada + c(A+ )
xla( 2ad )”( 2ad >+2adﬁ+d(A+C)'

Multiplying the denominator and numerator of the right side by 2adf8+ d (A — ¢) and by computation we obtain
1 =4(q.

Similarly as before, it is easy to show that
To = P.
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Then by induction we get
Top =p and 1z, =¢q forall n>-2

Thus Eq.(1) has the prime period two solution

"'7p’Q’p’Q""7

where p and ¢ are the distinct roots of the quadratic equation (14) and the proof is complete.
Example 4. Figure (4) shows the period two solution of equation (1) when a =0.2, b=5, c=04, d=5, a =
0.7 and 8 = 0.2 and the initial conditions x_s = p, x_1 = ¢ and xg = p since p and ¢ as in the previous theorem.

x(n+1)=ax(n)+bx(n-1)+(alfa+cx(n-2))/(beta+dx(n-2))
05 T T T

04 - -

03 *

x(n)

01

02 I I I I I
0 5 10 15 20 25 30

n

Figure 4. Plot the periodicity of the solution of equation (1).
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Abstract
We generalize the tensor product for operators to the Tracy-Singh
product for operator matrices acting on the direct sum of Hilbert spaces.
This kind of operator product is compatible with algebraic operations and
order relations for operators. It follows that this product preserves many
structure properties of operators.

Keywords: tensor product, Tracy-Singh product, operator matrix, Moore-
Penrose inverse
Mathematics Subject Classifications 2010: 15A69, 47A05, 47A80.

1 Introduction

In scientific computing, we consider a matrix to be a two-dimensional array
for stacking data. A processing of such data can be performed using matrix
products. One of extremely useful matrix products is the Kronecker product.
For any complex matrices A € M,, ,(C) and B € M, ,(C), the Kronecker
product of A and B is given by the block matrix

A®B = [a’ijB]z’j € Minp,ng(C).
Equivalently, A& B is the unique complex matrix of order mp x nq satisfying
(A®B)(z®y) = Az ® By (1)

for all z € C™ and y € C?. This matrix product has wide applications in math-
ematics, computer science, statistics, physics, system theory, signal processing,
and related fields. See [2, 5, 6, 12] for more information.

*Corresponding author. Email: pattrawut.ch@kmitl.ac.th
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Kronecker product was generalized to the Tracy-Singh product of partitioned
matrices by Tracy and Singh [10]. Let A = [A;;] € M, »,(C) be a partitioned
matrix with A;; of order m; x n; as the (4, j)th submatrix where >, m; = m
and »;n; =n. Let B = [By] € M, 4(C) be a partitioned matrix with By of
order py X ¢ as the (k,I)th submatrix where ), pr = p and >, ¢, = ¢q. The
Tracy-Singh product of A and B is defined by

where each block A;; ® By is of order m;pi x n;q;. This kind of matrix prod-
uct has several attractive properties in algebraic, order, and analytic points of
views; see, e.g., [3, 8, 9, 10]. The Tracy-Singh product can be applied widely in
statistics, econometrics and related fields; see, e.g., [9, 10].

As a natural generalization of a complex matrix, we consider a bounded
linear operator between complex Hilbert spaces. The tensor product of Hilbert
space operators can be viewed as an extension of the Kronecker product of com-
plex matrices. Using the universal mapping property in the monoidal category
of Hilbert spaces, the tensor product of A € B(H,H’) and B € B(K,K’) is the
unique bounded linear operator from H ® K into H' ® K’ such that for all x € H
and y € IC,

(A® B)(r®y) = Az ® By. (2)
A fundamental property of tensor product is the mixed product property:
(A® B)(C® D) = AC® BD. (3)

The theory of tensor product of operators has been continuously developed in
the literature; see, e.g., [4, 11].

From the previous discussion, it is natural to extend the notion of tensor
product for operators to the “Tracy-Singh product”of operators. We shall pro-
pose a natural definition of such operator product. It turns out that this product
is compatible with algebraic operations and order relations for operators. One
of the most attractive properties, the mixed product property, also holds for
Tracy-Singh products. It follows that this product preserves attractive prop-
erties of operators, such as being invertible, Hermitian, unitary, positive, and
normal. Our results generalize the results known so far in the literature for both
Tracy-Singh products of matrices and tensor products of operators.

This paper is organized as follows. In section 2, we introduce the Tracy-
Singh product for operator matrices and deduce its algebraic properties. In
section 3, we show that the Tracy-Singh product is compatible with various
kinds of operator inverses. We investigate the relationship between Tracy-Singh
products and operator orderings in Section 4.
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2 Tracy-Singh products and algebraic operations
for operators

In this section, we introduce the Tracy-Singh product of operators on a Hilbert
space. Then we will show that this product is compatible with addition, scalar
multiplication, adjoint operation, usual multiplication, power, and direct sum
of operator inverses.

Throughout this paper, let H, H’, K and K’ be complex Hilbert spaces.
When X and ) are Hilbert spaces, denote by B(X,)) the Banach space of
bounded linear operators from X into Y, and abbreviate B(X, X) to B(X).

The projection theorem for Hilbert spaces allows us to decompose

m

n q p
Hn=PHn, H-=FpH, £=K, K=K
j=1 i=1 =1 k=1

where each #H;,H}, K, KC), are Hilbert spaces. Such decompositions are fixed
throughout the paper. For each j = 1,...,n, let E; be the canonical embedding
from H; into H, defined by

T — (0,...,0,.%]'70,...70).
Similarly, let F; be the canonical embedding from KC; into K foreach I =1,...,q.
Foreachi=1,...,mand k=1,...,p, let P/ : H' — H} and Q}, : K' = K}, be

the orthogonal projections. Thus, each operator A € B(H,H') and B € B(K,K')
can be expressed uniquely as operator matrices

A = [A4]752, and B = [Bulpi,

where A;; = P/AE; and By = Q) BF; for each i, j,k, L.
Definition 1. Let A = [A;]i"}", € B(H,H') and B = [Bul}{_, € B(K,K')

be operator matrices defined as above. We define the Tracy-Singh product of A
and B to be the operator matriz

AX B = [[A” X Bkl}kl] ij (4)

n q m p
which is a bounded linear operator from @ @ H; @K to @ @H; ® K.
j=11=1 i=1 k=1

Note that if both A and B are 1 x 1 block operator matrices i.e. m =n =
p = q = 1, then their Tracy-Singh product A X B is just the tensor product
A®B.

Next, we shall show that the Tracy-Singh product of two linear maps induced
by two matrices is just the linear map induced by the Tracy-Singh product of
these matrices. Recall that for each A € M,, ,(C) and B € M, ,(C), the induced
maps

Ly:C"—-C™, z— Az and Lp:C?!— CP, y— By
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are bounded linear operators. Using the universal mapping property, we identify
C" @ C? with C"? = M, ,(C) together with the canonical bilinear map (z,y) —
r®y for each (z,y) € C" x CY. It is similar for C™ @ CP.

Lemma 2. For each A € My, »,(C) and B € M, ,(C), we have
La®Lp :LA®B' (5)

Proof. For any z @y € C" @ CY, we obtain from the mixed product property of
the Kronecker product (1) that

(La®Lp)(z®y) = La(x)® Lp(y) = La(z)® Lp(y)
= Ar®By = (A®B)(z®y)
= (A®B)(z®y) = Lygplr®y).
Thus, by the uniqueness of tensor product, La ® Lp = L ¢ p- O

Proposition 3. For any complex matrices A = [A;;] and B = [By;] partitioned
in block-matrixz forms, we have

LaX¥Lp = L,gg- (6)
Proof. Recall that the (7, j)th block of the matrix representation of L4 is the

matrix A;;. It follows from Lemma 2 that

LyWLp = H:LA’ij®LBklj|kJij = HLAU@B’”}MLJ* = LA@B'

The next proposition shows that the Tracy-Singh product is compatible with
the addition, the scalar multiplication and the adjoint operation of operators.

Proposition 4. Let A € B(H,H') and B,C € B(K,K’) be operator matrices,
and let o € C. Then

(0tA)® B = a(AKB) = AX (aB), (7)
(AR B)* = A* KB, (8)
AR (B+C) = ARB+ AKC, 9)
(B+C)XA =BXA+CKA. (10)

Proof. Since each (7, j)th block of aA is given by (ad);; = ad;;, we get
(@A) KB = [[(ady) ® Bkl}kl]ij = [la(4; ® Bkl)]kl]ij = (AN B).

Similarly, A X (aB) = a(AX B). Since A* = [A
1,7, k,l, we obtain

]ij and B* = [Bl*k:]kl for all

*
7t

(AR B)" = [[Aji @ Buly,],; = [[AZ‘ ®Bl*l~c]kz]ij - ATRE
The proofs of (9) and (10) are done by using the fact that (B+C); = Bgi+ Cri

for all &, together with the left/right distributivity of the tensor product over
the addition. O
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Properties (7), (9) and (10) say that the map (A4, B) — AKX B is bilinear.

Proposition 5. Let A = [A;;] € B(H,H') and let B € B(K,K') be operator
matrices. Then

Ay ®B -+ A,XB

AmlleB Amn|X|B

That is, the (i, j)th block of AR B is just A;; X B, regardless of how to partition
B.

Proof. Tt follows directly from the definition of the Tracy-Singh product. O
Remark 6. It is not true in general that the (k,1)th block of AR B is AX By;.

When H = H1 @ He and K = K1 & Ko, the direct sum of A; € B(H1, K1)
and A € B(Ho, Kso) is defined to be the operator

A O

A @A = {0 A,

} € B(H,K).

The next result gives a relation between the direct sum and the Tracy-Singh
product.

Proposition 7. The Tracy-Singh product is right distributive over the direct
sum of operators. That is, for any operator matrices A, B and C, we have

(A8B)RC = (ARC)& (BRC). (11)

Proof. 1t follows from Proposition 5 that

(A@mgc::F@C O@C]:[A&C 0}

0KC BRC 0 BNC
= (ARC)a (BRO). O

It is not true in general that the Tracy-Singh product is left distributive over
the direct sum of operators.

The next theorem shows that the Tracy-Singh product is compatible with
the ordinary product of operators. This fundamental property, called the mized
product property, will be used many times in later discussions.

Theorem 8. Let H,H',H",KC,K" and K" be complex Hilbert spaces. Let A =
[AilisZy € B, "), C = [Cy]i iy € B(H,H'), B = [Bulpi_, € B(K',K")
and D = [Dy]{j_, € B(K,K') be operator matrices partitioned so that they are
compatible with the decompositions of the corresponding Hilbert spaces. Then

(AR B)(CK D) = AC K BD. (12)
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Proof. Using block multiplication of operators and the mixed product property
of the tensor product (3), we have

(ARB)(CKRD) = [[4; ® Bkl]klhj [[Ci; ® Dkl]kl}”

S
= 33 (A ® Big) (€ © D)
L La=1 A=t kid 45
S
= Z Z(Aiacaj & BkﬁDﬁl)
L L=t p=1 kid 5
o .
= ZAmcaj X ZBkﬁDm
La=1 ij p=1 Kl
= ACKX BD. O

Corollary 9. For any operator matrices A € B(H) and B € B(K), we have
(AKB)" = ATK B" (13)
for any r € N.

In the rest of section, we investigate structure properties of operators under
taking Tracy-Singh products. Recall that an operator T € B(#) is said to
be involutary if T? = I, idempotent if T? = T, an isometry if T*T = I, a
partial isometry if the restriction of T' to a closed subspace is an isometry, or
equivalently, TT*T =T.

Corollary 10. Let A € B(H) and B € B(K). If both A and B satisfy one of the
following properties, then the same property holds for AXB: Hermitian, unitary,
isometry, co-isometry, partial isometry, idempotent, involutary, projection.

Proof. Applying Theorem 8 and Proposition 4, we get the results. O

If A and B are skew-Hermitian operators, then A X B is Hermitian. Recall
that an operator T' € B(H) is said to be nilpotent if there is a positive integer k
such that T% = 0. The smallest such integer k is called the degree of nilpotency
of T. If A € B(H) and B € B(K) are nilpotent operators with degrees of
nilpotency r and s, respectively, then A X B is also nilpotent with degree of
nilpotency not exceed min{r, s}.

3 Tracy-Singh products and operator inverses

Next, we discuss the invertibility of the Tracy-Singh product of operators. Recall
that an operator A € B(H,K) is said to be regular if there is an operator
A~ € B(K,H) such that AA~A = A. The operator A~ is called an inner
inverse of A. An operator X € B(KC,H) is said to be an outer inverse of A if
XAX = X.
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Proposition 11. Let A € B(H,H') and B € B(K,K’).

(i) If A and B are left invertible with left inverses A and B respectively, then
AKX B is left invertible and AX B is its left inverse.

(ii) If A and B are right invertible with right inverses A and B respectively,
then AX B is right invertible and AX B 1is its right inverse.

(ii) If A and B are regular with inner inverses A~ and B~ respectively, then
AR B is reqgular with A~ X B~ as its inner inverse.

(iv) If A and B have A~ and B~ as their outer inverses respectively, then
AN B has A~ X B~ as its outer inverse.

Proof. It follows from Theorem 8 and the facts that Iy X Iy = Iygy for any
Hilbert spaces X and ). O

As a consequence of (i) and (ii) in Proposition 11, we obtain the following
result.

Corollary 12. Let A € B(H) and B € B(K). If A and B are invertible, then
AKX B is invertible and

(ARB)™ = A7'R B (14)

Next, we consider a kind of operator inverse, called Moore-Penrose inverse.
Recall that a Moore-Penrose inverse of A € B(H,K) is an operator AT €

B(K, H) satisfying the following Penrose conditions ([7])
(i) A" is an inner inverse of A ;

(ii) A is an outer inverse of A ;

(iii) AAT is Hermitian ;

(iv) ATA is Hermitian.

It is well known that the following statements are equivalent for A € B(H, K)
(see e.g. [1]):

(i) a Moore-Penrose inverse of A exists ;
(ii) a Moore-Penrose inverse of A is unique ;
(iii) the range of A is closed.

Theorem 13. Let A € B(H,H') and B € B(K,K'). If A and B have closed
ranges, then

1. the range of AR B is closed ;
2. (AR B)I = AT X BT,
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Proof. Since the ranges of A and B are closed, the Moore-Penrose inverses Af
and B' exist and are unique. Making use of Theorem 8 and Proposition 4, we
can verify that AT X BT satisfies the following Penrose equations:

(i) (ANB)(AT®B') (AKX B)= AKX B

(i) (A'X BT (AX B)(ATX B') = AT X Bt
(iii) (AR B)(A'®R BY))" = (AR B)(Af ¥ Bf)
(iv) (A'®BT)(ARB))" = (A" X B")(AK B).

Hence, a Moore-Penrose inverse of A X B exists and it is uniquely determined
by AT X Bf. It follows that AX B has a closed range. O

The results in this section indicate that the Tracy-Singh product is compat-
ible with various kinds of operator inverses.

4 Tracy-Singh products and operator orderings
Now, we focus on order properties of Tracy-Singh products related to algebraic
properties.
Theorem 14. Let A € B(H) and B € B(K).

(i) If A,B >0, then AKB > 0.

(i) If A;B >0, then AK B > 0.
Proof. Assume A, B > 0. Using Theorem 8 and property (8), we obtain

AXB = A’ A’ R BB} = (A% XB%) (A% gB%)
= (A%&B%>*(A%&B%) > 0.

Consider the case A, B > 0. We have immediately by (i) that AX B > 0. By
Corollary 12, AKX B is invertible. This implies that A X B > 0. O

The next result provides the monotonicity of Tracy-Singh product.

Corollary 15. Let A, Ay € B(H) and B1, By € B(K).

(i) If Ay > Ay >0 and By 2 By >0, then A; X By > A X Bs.

(ii) If Ay > As >0 and By > By > 0, then A; X B; > A X Bs.
Proof. Suppose that A; > As > 0 and B; > By > 0. Applying Proposition 4
and Theorem 14 yields

AR B — A3 X By, = Ai1XB; — A3 X B + As X By — A3 X By

(A1 — A2) X By + Ay X (By — Bo)
> 0.

The proof of (ii) is similar to that of (i). O
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Abstract

We show that the Tracy-Singh product of Hilbert space operators is
continuous with respect to the operator-norm topology. The Tracy-Singh
product of two nonzero operators is compact if and only if both factors
are compact. We provide upper and lower bounds for certain Schatten
p-norms of the Tracy-Singh product of operators. It turns out that this
product is continuous with respect to the topologies on norm ideals of
compact operators, trace class operators, and Hilbert-Schmidt class oper-
ators. Thus the Tracy-Singh product preserves such classes of operators.

Keywords: tensor product, Tracy-Singh product, operator matrix, compact
operator, Schatten p-class operator
Mathematics Subject Classifications 2010: 47A80, 47A30, 47B10.

1 Introduction

In matrix theory, one of useful matrix products is the Kronecker product. Recall
that the Kronecker product of two complex matrices A € M, ,(C) and B €
M, ,(C) is given by the block matrix

A®B = [aijB]ij S Mmp,nq(c)'

This matrix product was generalized to the Tracy-Singh product by Tracy and
Singh [3]. Let A = [A;;] € M,,»(C) be a partitioned matrix with A;; as the
(4,7)th submatrix. Let B = [By] € M, 4(C) be a partitioned matrix with By
as the (k,1)th submatrix. The Tracy-Singh product of A and B is defined by

AXB = HAZ‘]‘QA@Bkl]lej € Minp,ng(C).

*Corresponding author. Email: pattrawut.ch@kmitl.ac.th
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This kind of matrix product has several attractive properties and can be applied
widely in statistics, econometrics and related fields; see e.g., [3, 5, 7, 8, 9.

The tensor product of Hilbert space operators is a natural extension of the
Kronecker product to infinite-dimensional setting. Theory of Hilbert tensor
product has been continuously investigated in the literature; see, e.g., [2, 4, 10].
It is well known that the tensor product is continuous with respect to the
operator-norm topology. Moreover, on the norm ideals of compact operators
generated by Schatten p-norm for p = 1,2, 00, the tensor product are also
continuous. Recently, the tensor product for operators was generalized to the
Tracy-Singh product for operator matrices acting on the direct sum of Hilbert
spaces in [6]. This kind of operator product satisfies certain pleasing algebraic
and order properties.

In this paper, we discuss continuity, convergence, and compactness of the
Tracy-Singh product for operators in the operator-norm topology. Then we ob-
tain relations between Tracy-Singh product and certain analytic functions. We
also investigate the Tracy-Singh product on norm ideals of compact operators
generated by certain Schatten p-norms. In fact, this product is continuous with
respect to the Schatten p-norm for p = 1,2, 0c0. Estimations by such norms for
Tracy-Singh products are provided. It follows that trace class operators and
Hilbert-Schmidt class operators are preserved under this product.

This paper is organized as follows. In section 2, we give preliminaries on
Tracy-Singh products for operators on a Hilbert space. In section 3, we establish
analytic properties of the Tracy-Singh product in the operator-norm topology.
We investigate the Tracy-Singh product on the norm ideals of compact operators
generated by certain Schatten p-norms in Section 4.

2 Preliminaries on Tracy-Singh products for op-
erator matrices

Throughout, let H, H', K and K’ be complex Hilbert spaces . When X and
Y are Hilbert spaces, denote by B(X,Y") the Banach space of bounded linear
operators from X into Y, and abbreviate B(X, X) to B(X).

In order to define the Tracy-Singh product, we have to fix the decompositions
of Hilbert spaces, namely,

n m q p
H=EPH, " =PHn, K=dK K =K
j=1 i=1 =1 k=1

where each H;, M}, K;, K}, are Hilbert spaces. For each j = 1,...,n and | =
1,...,q, let E; : H; — H and F} : K; — K be the canonical embeddings. For
eachi=1,...,mand k=1,...,p, let P/ and @}, be the orthogonal projections.
Thus, each operator A € B(H,H') and B in B(K,K’) can be expressed uniquely
as operator matrices

A= [Ay]J%, and B = [Bulpi,

4,5=1 )
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where A;; = P/AE; : H; — M and By = Q},BF; : K; — Kj, for each 4,75, k, L.
We define the Tracy-Singh product of A and B to be a bounded linear operator
from @?le Hj @K to @)%, Hj® K, represented in the block-matrix form
as follows:

AX B = [[AZJ ® Bkl]kl] i

When m =n = p = g = 1, the Tracy-Singh product A X B becomes the tensor
product A ® B.

Lemma 1 ([6]). Fundamental properties of the Tracy-Singh product for opera-
tors are listed below (provided that each term is well-defined):

1. The map (A, B) — AKX B is bilinear-

2. Compatibility with adjoints: (AX B)* = A* K B*.

3. Mized-product property: (AKX B)(C X D) = ACX BD.

4. Compatibility with powers: (AKX B)" = A" X B" for any r € N.
5

. Compatibility with inverses: if A and B are invertible, then A X B is
invertible with (AKX B)™! = A"1X B~L.

D

. Positivity: if A>0 and B >0, then AKX B > 0.
7. Strictly positivity: if A >0 and B > 0, then AKX B > 0.

8. If A and B are partial isometries, then so is AXB. Recall that an operator
T is a partial isometry if and only if the restriction of T to a closed
subspace is an isometry.

3 Analytic properties of the Tracy-Singh prod-
uct

In this section, we establish some analytic properties of the Tracy-Singh product
involving operator norms. These properties involve continuity, convergence,
norm estimates, and certain analytic functions. We denote the operator norm
by ||+ c.

In order to discuss the continuity of the Tracy-Singh product, recall the
following bounds for the operator norm of operator matrices.

Lemma 2 ([1]). Let A= [Ay];"", € B(H) be an operator matriz. Then

Y lAG1E < AR < Y 14515 (1)

i,j=1 i,5=1
Lemma 3. Let A = [Ay]L, € B(H) be an operator matriz and let (A)72,
be a sequence in B(H) where A, = [AZ(-;)]T-L’-" for each v € N. Then A, — A if

7,7=1
and only if Al(»;) — Ay forall i,j=1,...,n.
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Proof. 1t is a direct consequence of Lemma 2. O

The next theorem explains that the Tracy-Singh product is (jointly) contin-
uous with respect to the topology induced by the operator norm.

Theorem 4. Let A = [A;;] € B(H) and B = [By] € B(K) be operator matrices,
and let (A,))2, and (B,),2, be sequences in B(H) and B(K), respectively. If
A, —> A and B, — B, then A, X B, - AX B.

Proof. Suppose that A, — A and B, — B. By Lemma 3, we have A(-;) — Ajj

and B,(J) — By, for each i, 7, k,l. Since the tensor product is continuous, we
have
AD @B — Ay ® By

for each i, j, k,[. It follows that A, X B, - AKX B by Lemma 3. O

The next theorem provides upper/lower bounds for the operator norm of the
Tracy-Singh product.

Theorem 5. For any operator matrices A = [Azj]zljnzl € B(H) and B =
[Aw]iio, € B(K), we have

1
Fq||A||m||B||w < [AR Blloo < ngllAllso | Bloo- (2)

Proof. Tt follows from Lemma 2 that

AR BIZ, < > > 1A @ Bl = D0 1A% 1Bl

k,l 1,3 k,l 1,5

= (14l ) (IBul%) < () A% 1B
,J k,l

We also have

AR B[Z, > (ng) > > [14i; ® BulZe = (ng) "> > 11Ai 11211 Brll%

k,l i3 k, 4,J
= (n0) (Y145l ) (D IBulZ) > (na) 2 Al B
ij Kl
Hence, we obtain the bound (2). O

Theorem 6. Let A € B(H).

(i) If f is an analytic function on a region containing the spectra of A and
IX A, then
JUBA) = IR f(A). 3)

(i1) If f is an analytic function on a region containing the spectra of A and
AKX I, then
J(ARI) = f(AKI. (4)
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Proof. (i) Since f is analytic on spectra of A and I X A, we have the Taylor
series expansion

~Sa
r=0
It follows that

f(A ZQTAT and f(IRA) ZarlﬁA

r=0

Making use of the bilinearity of Tracy-Singh product and Theorem 4 yields

oo (o)
fURA) =) 0, (IRA") = Y (IKa,A")
r=0 r=0
= IR o, A" = IR f(A).
r=0
Similarly, we obtain the assertion (ii). O

Theorem 7. Let A € B(H) and B € B(K) be positive operators. For any o > 0,
we have
(AR B)® = A°K B°. (5)

Proof. First, note that AKX B is positive by property (6) of Lemma 1. It follows
from the property (4) in Lemma 1 that for any r, s € N|

(Angf)s = A"XB" = (AKB)",

and thus (AX B)s = A% X B. Now, for a > 0, there is a sequence (g,) of
positive rational numbers such that g, — a. It follows from the previous claim
and the continuity of Tracy-Singh product (Theorem 4) that

(AR B)* = lim (AR B)%* = lim A% K B

n—00 n—00
= lim A" X lim B™ = A*X B“. O
n—00 n—00

Corollary 8. Let A € B(H) and B € B(K) be strictly positive operators. For
any real number o, we have

(AR B)* = A*K B°. (6)

Proof. Note that AKX B is strictly positive by property (7) of Lemma 1. For
a < 0, it follows from Theorem 7 and the property (5) in Lemma 1 that

(AR B)* = [(ARB)™ 1|7 = (A"'rR B~ 1)~
= (AH™R(BH™™ = AKX B°. O
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Corollary 9. Let A€ B(H,H') and B € B(K,K'). Then
AR B| = |A|X|B]. (7)
Proof. Applying Lemma 1 and property (5), we get

(AR B)"(ARB)]* = [(A"XB")(AK B)]>
= (A*ARB*B)? = (A*A)? K(B*B)? = |A|X|B|. O

AR B|

Recall the polar decomposition theorem: for any A € B(H, K), there exists a
partial isometry U such that A = U|A|. The next result is a polar decomposition
for the Tracy-Singh product of operators.

Corollary 10. Let A € B(H,H') and B € B(K,K'). If A= U|A| and B = V|B|
are polar decompositions of A and B, respectively, then a polar decomposition
of AR B is given by

AXB = (URV)|AX B|. (8)

Proof. Let U and V be partial isometries such that A = U|A| and B = V|B].
It follows from Lemma 1(3) and Corollary 9 that

ARB = UJA|RV|B| = (URV)(JA|R|B|) = (URV)|AR B|.

Note that UKV is also a partial isometry, according to property (8) in Lemma
1. Hence, the decomposition (8) is a polar one. O

4 Tracy-Singh products on norm ideals of com-
pact operators

In this section, we investigate the Tracy-Singh product on norm ideals of B(H).
Recall that any proper ideal of B(#) is contained in the ideal So, of compact
operators. For any compact operator A € B(H), let (s,(A))$2, be the sequence
of decreasingly-ordered singular values of A (i.e. eigenvalues of |A|). For each
1 < p < oo, the Schatten p-norm of A is defined by

o 1/Z)
w%—<2£w>.
=1

If ||A]|, is finite, we say that A is a Schatten p-class operator. The Schatten
oo-norm is just the operator norm. For each 1 < p < o0, let S, be the Schatten
p-class operators . In particular, §; and Sy are the trace class and the Hilbert-
Schmidt class, respectively. Each Schatten p-norm induces a norm ideal of B(#)
and this ideal is closed under the topology generated by this norm.

Lemma 11. Let A = [A;;] € B(H) be an operator matriz. Then A is compact
if and only if A;; is compact for all i,j.
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Proof. If A is compact, then A;; = P/AE; is also compact for each 4, j due to
the fact that S is an ideal of B(H). Conversely, suppose that A;; is compact for
all 4, 7. Recall that a bounded linear operator is compact if and only if it maps a
bounded sequence into a sequence having a convergent subsequence. Let (z,)22
be a bounded sequence in H = 69?:1 H;. Write z, = [x&l) x£~2) x&”)]T IS
@._, H; for each r € N. Consider

A o Ay 2 Az 4+ A
Ave= |0 ] = s
For each | = 1,2,...,n, since (:cg))f’;l is bounded, the sequence (Aij:cgl))f,il
has a convergent subsequence, namely, (Aijxﬁﬁ?),g“;l. Hence,
Az + -+ Al
is a desired convergent subsequence of (Ax,)%2 ;. O
Lemma 12 ([1]). Let A = [Ay];", be an operator matriz in the Schatten
0=
p-class.
(i) For 1< p <2, we have
Do IAlE < Al < o772 Y Ayl (9)
i,j=1 ,j=1
(ii) For 2 < p < oo, we have
n n
nPEN Al < AN < Y 1Ayl (10)
ij=1 i,j=1

Lemma 13. Let 1 < p < oco. An operator matric A = [A;j] € B(H) is a
Schatten p-class operator if and only if A;; is a Schatten p-class operator for all
i,]-

Proof. This is a direct consequence of the norm estimations in Lemma 12. [

Lemma 14. Let 1 < p < oo. Let A = [Ay]]jL, be an operator matriz in

the class S, and let (A,);—, be a sequence in S, where A, = [Agg)rn . for
1,)=

each v € N. Then A, — A in S, if and only if AZ(-;) — Ai; in S, for all
,j=1,...,n.
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Proof. Lemma 13 assures that A;; and AE;-) belong to S, for any 4,5 =1,...,n
and r € N. Consider the case 1 < p < 2. Suppose that A, — A in S,. For any
fixed 4,7 € {1,...,n}, we have from the estimation (9) that

1AL — Ayl < ST IAD - Ayl < 1A - A2

ij=1

Hence, AE;) — A;; in Sp. Conversely, suppose AZ(-;) — A;; in S, for each i, 7.
Lemma 12 implies that

1A, — AJ2 < o772 37 A0 — a2,

4,j=1

Hence, A, -+ A in S,. The case 2 < p < oo and the case p = co are done by
using the norm estimations (10) and (1), respectively. O

Next, we discuss compactness of Tracy-Singh product of operators.

Lemma 15 ([10]). Let A € B(H) and B € B(K) be nonzero operators. Then
A ® B is compact if and only if both A and B are compact.

Theorem 16. Let A € B(H) and B € B(K) be nonzero operator matrices.
Then AX B is compact if and only if both A and B are compact.

Proof. Write A = [A;;] and B = [By,]. For sufficiency, suppose that A and B
are compact. By Lemma 11, we deduce that A;; and By, are compact for all
i,7,k,1. It follows from Lemma 15 that A;; ® By is compact for all 4,5, k,[.
Lemma 11 ensures the compactness of A X B. For necessity part, reverse the
previous procedure. O

The following theorem supplies bounds for Schatten 1-norm of the Tracy-
Singh product of operators.

Theorem 17. For any nonzero compact operator A = [A;];7L, € B(H) and
B = [Apl{i, € B(K), we have

1

g1 AlIBI < AR Bl < nall Al [ Bl (11)

Hence, AX B is trace-class if and only if both A and B are trace-class.

Proof. Suppose that both A and B are nonzero and compact. Then the operator
AX B is compact by Theorem 16. It follows from the norm bound (9) that

AR B[} < (ng)* ) 14 @ Bull? = (n@)* > IIAs117 1 Bull?

k,l i, kil i

= () (1143 12) (UBul3) < () AIIBIE.
i.j Kl
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We also have

IARBIF > D> Ay @ Buli = > 1Al I1Buli

kl i,j k,l iy
= (SC14B) (0Bul) > () 2 ARIBIE.
i k,l
Hence, we obtain the bound (11). O

Theorem 18. For any nonzero compact operator matrices A € B(H) and B €
B(K), we have

AR Bllz = [[All2 B2 (12)

Hence, AX B is a Hilbert-Schmidt operator if and only if both A and B are
Hilbert-Schmidt operators.

Proof. Since both A and B are nonzero and compact, the operator A X B is
compact by Theorem 16. Write A = [A;;] and B = [By]. Then by Lemma
12(ii), we have

AR B[ = > > 145 @Bullz = > 114513 1 Bull3
ki, k,l i,
= (3 14503) (X 1Bul3) = 1413 1813
ij k.l
Hence, we get the multiplicative property (12). O

The final result asserts that the Tracy-Singh product is continuous with
respect to the topology induced by the Schatten p-norm for each p € {1,2, c0}.

Theorem 19. Let p € {1,2,00}. If a sequence (A,)32, converges to A and a
sequence (B,)22, converges to B in the norm ideal S, then A, K B, converges
to AX B in S,.

Proof. Write A = [A;;] and B = [By;]. In the viewpoint of Lemma 14, it suffices
to show that AZ(-;) ® B,(J) — A;; @ By in S, for all 4, j, k,l. Since A, — A and
B, — B in §,, we have by Lemma 14 that AE;) — A;; and B,g) — By, for all
1,7, k, 1. Tt follows that

HA(T ® By, — Ay ® Bull, HA(T ® B — Al(-;) @ By + AE;-) ® B — Aij ® Brallp
< 1AY @ (B = Bu)lly + (A5 — Aij) ® Bull,
= A1, 1B = Buallp + 1A — Allp 1Bl
— [[Aijllp -0+ 0 || Brill, = 0.

Hence, A\’ ® B\ — A;; ® Bjy in S, for all i, j, k, L. O
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ON THE RADIAL DISTRIBUTION OF JULIA SET OF
SOLUTIONS OF "+ Af + Bf =0

JIANREN LONG

ABSTRACT. The paper is devoted to study the dynamical properties of
solutions of f” + A(z)f' + B(z)f = 0, where A(z) is nontrivial solution
of w’+ P(z)w = 0, P(z) is a polynomial, B(z) is a transcendental entire
function of lower order less than % The lower bound of the size of the
radial distribution of Julia sets of infinite order solutions of the equation
are obtained. Another proof of the result in [9] is discussed in which the
modified Phragmén-Lindelof principle is needed.

1. INTRODUCTION AND MAIN RESULTS

For a function meromorphic f in the complex plane C, the order of
growth, lower order of growth and the convergence exponent of zero-sequence

of f are given respectively by

logt T
o(f) = limsup 28 L2 S)
r—00 logr
log" T'(r, f)

g
p(f) = limin Tog

and . 1
A(f) = limsup —log NG ?).
o0 log r
In what follows, we assume that the reader is familiar with standard notation
and basic results in Nevanlinna theory of meromorphic functions, such as
T(r, f), m(r, f) and N(r, f), see [10, 12, 23] for more details.
We define the nth iterate of meromorphic function f as follows:

P =22 =f(2),....["(z) = f(f""'(2)), neEN, n>2

The Fatou set F(f) of transcendental meromorphic function f is the sub-
set of C where the iterates {f™(2)}22, of f form a normal family, and its
complement J(f) = C\F(f) is called the Julia set of f. It is well known
that F'(f) is open and completely invariant under f, and J(f) is closed and

2010 Mathematics Subject Classification. 34M10; 37F10; 30D35.
Key words and phrases. Complex differential equation, Entire function, Infinite order,
Radial distribution, Julia set.
1
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non-empty, see [4]. We also need the following notations and definitions. For
a < fand r € (0,00), set
S(a, ) ={z:a<argz < f},
S(a, B,r) ={z:|z| <rja<argz < B},
S(r, e, 8) ={
Let F' denotes the closure of F' C C. Given 6 € [0,27), if S(§—¢,0+)NJ(f)

is unbounded for any small € > 0, then the ray arg z = 6 from the origin is
called the radial distribution of J(f). Define

z: |zl >ra<argz < B}

A(f) =160 €0,27) : arg z = 0 is the radial distribution of J(f)}.

Obviously, A(f) is closed and so measurable. Let m(A(f)) denotes the
linear measure of A(f). What can we say according to m(A(f)) of any
meromorphic function f in C? It is interesting topic, many results have been
obtained by several authors. Baker [1] considered the radial distribution of
the Julia set and constructed an entire function with infinite lower order
whose Julia set lies in a horizontal trip. Qiao [16] proved that if f is a
transcendental entire function of finite lower order, then
= 2m, u(f) <1/2,
m(alh) { > n/u(f), nlh) = 1/2.

Later, some observations on radial distribution of the Julia sets of transcen-
dental meromorphic functions with finite lower order were made; see, for
example, [25] and [17]. It seems that there are few work done on the case
of meromorphic functions of infinite order. Recently, Huang-Wang [8, 9]
studied the radial distribution of the Julia sets of entire functions of in-
finite lower order by using the tool of differential equations, i.e., for any
nontrivial solutions f of (1.2) below, a lower bound of m(A(f)) is obtained.
Zhang-Wang-Yang [24] also studied the radial distribution of the Julia sets
of entire soutions f of (1.2), a lower bound of m(A(f)) is obtained when
the coefficient A(z) and B(z) satisfy different conditions with [8, 9]. Our
idea of this paper comes from [24], a new lower bound of m(A(f)) is found
when A(z) and B(z) satisfy new conditions which are different with the
conditions of [24].

Our starting point is a result which is related to the growth of solutions

of (1.2).
Theorem 1.1 ([14]). Let A(z) be a nontrivial solution of the equation

(1.1) w” + P(z)w =0,
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where P(z) = apz" + -+ + ag,a, # 0, and let N(A) < p(A). Let B(z)
be a transcendental entire function with u(B) < % Then every nontrivial

solution of the equation
(1.2) "+ A@)f"+ B(2)f =0
is of infinite order.

The following result shows that m(A(f)) has a lower bound when A(z)
and B(z) satisfy the conditions of Theorem 1.1.

Theorem 1.2. Let A(z) and B(z) be given as in Theorem 1.1. Then every

nontrivial solution f of (1.2) satisfies m(A(f)) > f—j:z

To state the following results, the definition of accumulation lines of
zero-sequence is needed, which can be found in [13, 18, 21, 22].

Definition 1.3. Let f be a meromorphic function in C, and let argz = 6§ €
[0,27) be a ray from the origin. We denote, for each € > 0, the convergence
exponent of zero-sequence of f in the region S(6 —¢,0+¢,r) by Ag.(f) and
by Xo(f) = lim Ag.(f). That is,

e—0t

1 + —E& 1 ) O?
Mo(f) = lim limsup 08" No—cpye(r, 0, f)
e=0t  ro0o logr

9

where ng_g4.(r,0, f) is the number of zeros of f, counting multiplicity in
SO —¢e,0+¢e,1).

The ray argz = 6 is called an accumulation line of the zero-sequence
of fif Ng(f) = p(f). By Lemma 2.1 below, we know that the number of
accumulation lines of zero-sequence of nontrivial solutions of (1.1) less than
or equal to n + 2 and the set of the accumulation lines of zero-sequence of

nontrivial solutions of (1.1) is the subset of {argz = 6;,0 < j < n + 1},
2jm—arg(an)
n+2

a,z2" 4+ - -+ ag is a polynomial of degree n > 1, let p(w) denotes the number

where 0; = . Let w be a nontrivial solution of (1.1), where P(z) =
of the rays argz = 0;, j = 0,1,...,n 4+ 1, which are not accumulation lines

of zero-sequence of w.

Remark 1.4. It follows from Lemma 2.1 that p(w) must be an even number
for every nontrivial solution w of (1.1).

Theorem 1.5. Let A(z) be a nontrivial solution of (1.1), and the number of
accumulation lines of zero-sequence of A(z) strictly less than n+2. Let B(z)

be a transcendental entire function with u(B) < % Then every nontrivial
solution f of (1.2) satisfies p(f) = oo and m(A(f)) > 2=

— n+42°
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Furthermore, we study the radial distribution of Julia set of the deriva-

tives of nontrivial solutions of (1.2).

Theorem 1.6. Let A(z) and B(z) be given as in Theorem 1.1. Then every
nontrivial solution f of (1.2) satisfies m (A(f) N A(f®)) > 21, where
k > 1 is an integer.

By using similar reasoning in proving Theorems 1.5 and 1.6, we have the

following result.

Theorem 1.7. Let A(z) and B(z) be given as in Theorem 1.5. Then every
nontrivial solution f of (1.2) satisfies m (A(f) NA(f®))) > n2—j_r2, where
k > 1 1s an integer.

Applying Theorems 1.6 and 1.7, we immediately obtain the following

corollaries.

Corollary 1.8. Let A(z) and B(z) be given as in Theorem 1.6. Then
m (A(f®)) > nz—jz for every nontrivial solution f of (1.2), where k > 1
18 an integer.

Corollary 1.9. Let A(z) and B(z) be given as in Theorem 1.7. Then
m(A(f(k))) > nQ—j:Q for every nontrivial solution f of (1.2), where k > 1
1S an integer.

Obviously, we can obtain Theorems 1.2 and 1.5 from Theorems 1.6 and
1.7, however, we need the results of Theorems 1.2 and 1.5 in proving The-
orems 1.6 and 1.7. So we will give the proofs of Theorems 1.2 and 1.5 in

Sections 3 and 4, respectively.

2. AUXILIARY RESULTS

In this section, we will give some auxiliary results for proving our theo-
rems. To this end, we introduce following notations. Let f be an entire func-
tion of order p(f) € (0, 00). For simplicity, set p(f) = p and S = S(a, 8). If
for any 6 € (a, ),

. loglog|f(re”)|
lim =p
r—o0 log r

Y

then we say that f blows up exponentially in S. If for any 6 € (o, 3),

. loglog|f(re
lim
=00 log r

i9>|—1
=P

then we say that f decays to zero exponentially in S.
The following lemma, originally due to Hille [11, Chapter 7.4], which also

be found in [6, 19], plays an important role in proving our results.
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Lemma 2.1. Let w be a nontrivial solution of (1.1), where P(z) = a,2™ +
-+ ag, a, # 0. Set 0; = W;a—jgz(a") and S; = S(0,0;11), where j =
0,1,2,....n+4+1 and 0,.9 = 0y + 2m. Then w has the following properties.
(i) In each sector S;, w either blows up or decays to zero exponentially.
(ii) If, for some j, w decays to zero in S;, then it must blow up in S;_;
and S;y1. However, it is possible for w to blow up in many adjacent
sectors.
(iii) If w decays to zero in S;, then w has at most finitely many zeros in
any closed subsector within S;_1 U S; U Sji;.
(iv) If w blows up in S;_1 and S;, then for each € > 0, w has infinitely
many zeros in each sector S(0; — €,0; + €), and furthermore, as

r — 00,

Y

S — 2/aa| nt2
n(S(0; —e,0;+¢e,7),0,w) = (1+ qmmr

where n(S(0;—¢,0;+¢,r),0,w) is the number of zeros of w, counting

multiplicity in S(0; —e,0; +&,1).

Before stating the next lemma, for E C [0, 00), we define the Lebesgue
linear measure of £ by m(E) = [,dt, and the logarithmic measure of
F C [1,00) is m(F) = [, %. The upper and lower logarithmic density of
F C [1,00) are given by

- Fnll
log dens(F') = lim sup m(FN[Lr])
r—00 log r
and
Fnll
log dens(F') = lim inf m(FN L)
—_— r—00 log r
respectively.

The following result is due to Barry [3].
Lemma 2.2. Let f be an entire function with 0 < u(f) < 1, and denote
m(r) = |i|nf log|f(2)| and M(r) = suplog|f(z)|. Then, for every a €
z|=r |2|=r
(u(f),1),
pf)

logdens ({r € [1,00) : m(r) > M(r)cosma}) > 1— =

We say that an open set is hyperbolic if it has at least three boundary
points in C = C U {oo}. Let W be a hyperbolic open set in C. For an
a € C\WV, define

Cw(a) =inf{\w(2)|z —a| : z € W},
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where Ay (2) is the hyperbolic density on W. We know that if every compo-
nent of W is simply connected, then Cy (a) > % The following result was
proved in [25, Lemma 2.2].

Lemma 2.3. Let f be an analytic in S(ro,01,02), let U be a hyperbolic
domain and f : S(rg,01,02) — U. If there exists a point a € OU\{oo} such
that Cy(a) > 0, then there exists a constant | > 0 such that, for sufficiently
small e > 0, one has

[F(2)| = O(2]"), 2 €8S(ro,01 +¢,6, —¢), |2] = 0.

The following lemma is related to the Nevanlinna theory in an angular
domain. To the end, we recall some notations and properties of Nevanlinna
theory in an angular domain, see [5] for more details. Let f be meromorphic
in S(a, 3), where 0 < a < 8 < 2r. Then we have

w [ 1 @ , oy dt
Al ) =2 [ (5 = S log™ (2] + g™ [F2) 1}
T ) T r t
Boslri 1) = 22 [ log* | 169)] sinw(ip — )
Cap(r, f) =2 Z ( ! —|b”‘w)sinw(0 —a)
B\’ by, | r2w " ’
1<|bn|<r
where w = 77~ and b, = |bn|e? are poles of f in S(a, 3) appearing accord-
ing to their multiplicities. The sectorial Nevanlinna characteristic is defined

by

Soz,/ﬁ(ra f) = Aa,,ﬁ’(ra f) + Ba,ﬁ(r> f) + Coa,ﬁ(rv f)

We denote the order of f in an angular domain S(«, ) by
log™ S,
7a.5(f) = lim sup 8 Cep il logﬁr nf)
The definition of an R—set is needed, which can be found in [12]. Set

B(zp,mn) = {2 : |z—2n] <10} Iern < o0 and z, — 00, then UB(zn,rn)

n=1 n=1

is called an R—set. Clearly, the {|z| : z € U B(zp, 1)} is of finite linear

n=1
measure.

The next lemma shows an estimation for the logarithmic derivative of
analytic functions in an angular domain. It is a combination of results in
[15, 21] and [8, Lemma 7], which can be found in [9, Lemma 2.2].

Lemma 2.4. Let z =71, ro+1 <7, and a <1 < B, where 0 < B —a <
2. Suppose that n > 2 is an integer and that [ is analytic in S(rg,, 3)
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with o 5(f) < 00. Choose v < oy < By < B. Then, for everye; € (0, /%_Ta]),

j=1,2....n—1, outside a set of linear measure zero with

j—1 j—1
Oéj:Oé+Z€S, ﬁj:ﬁ_zgsa j:2737"‘7n_17
s=1 s=1

there exist K > 0 and M > 0 only depending on f,e1,...,e,1 and S(a,_1,
Bn-1), and not depending on z, such that

J;C((j)) < KrM (sin k() — )
and
() n-1 -
‘ff(fj)Z) < KrM (sin k(Y — «) ]1:[1 sin k., (¢ — aj)>
for all z € S(ay,_1, Bn_1) outside an R—set H, where k = yir and k., =

m,jzl,Q,...,n—l.

3. PROOF OF THEOREM 1.2

Set d = f—j:g Suppose on the contrary to the assertion that there exists a
nontrivial solution f of (1.2) with m(A(f)) < d. We aim for a contradiction.
Set n =d — m(A(f)). Since A(f) is closed, then S = [0,27)\A(f) consists
of at most countable many open intervals. Therefore, we choose finite many
open intervals I; = («ay, 5;), i = 1,2,...,m, which satisfy [a;, 5;] C S and
m(S\ U, I;) < %. For the sector domain S(a;, 3;), and for sufficiently large

r;, we have

(az7ﬁz)ﬂA<f) :(Z)v S(Tivaivﬁi>m*](f) :(Z)'

This shows that, for each ¢ = 1,2,---  m, there exist the corresponding r;
and unbounded Fatou component U; of F(f), such that S(r;, «;, 5;) C U;
(see [2]). In boundary of U;, we take an unbounded and connected section
v; C OU;, then the mapping f : S(r;, a;, 5;) — C\y; is analytic. According
to the choose of 7;, we know that C\~; is simply connected, thus for any
a € 1 \{o0}, Cevy(a) > % In every S(r;, oy, f;), applying Lemma 2.3 to f,
there exists a positive constant [; such that
[F(2)] = O(2["), 2z € UL S(ri,as +e,8; —¢), 2] = oo,

where 0 < &€ < min{— ’B;O‘}, i=1,2,...,m. Hence we immediately get

16m’ 8

Saiepe(r f)=0(1), i=12....m,
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and then o,,4.5,(f) is finite. Applying Lemma 2.4, there exist two con-
stants M > 0 and K > 0 such that

' F9(z)

(3.1) <KrM k=12,

f(z)
for all z € U™, S(r;, oy + 2, B; — 2¢), outside a R—set H.

Set 6; :W and S; ={z:0; <argz<6;,1},7=0,1,2,...,n+
1, if j=n+1,set ;41 = 0y + 27. Since A(A) < p(A), by Lemma 2.1, there

exists at least one sector of the n + 2 sectors, such that A(z) decays to zero

exponentially, say S;, = {2 : 0;, < argz < 6,041}, 0 < jo < n + 1. This
implies that for any 6 € (0, +¢,0,41 — €),
loglog femy  n + 2

3.2 li =
(32) roroo log r 2

Set S = {0 € [0,2n) : re” € Sj,(e)}, where Sj,(¢) = {z: 0;, + ¢ < argz <
Ojo+1 — €}, then m(S% ) = 0,11 — e — (0, +€) > d— F. Thus

(S, 1.8) = m (S,\(5}, N A1) 2 m(S),) —m(A) > = >0,

So,
m (S, N (U, L)) = m(S), NS) —m(S), N(S\Um, L))
> I (s\ Uy 1)

n
> = > (.
2

Thus, there exists an open interval I;, = (a, 3) C U I; C S, such that

(3.3) m (), N L) > 5> 0.
By equation (1.2), we get
(3.4 B <| L2 +1ae1| 25

We divide into two cases to B(z) for finishing the proof.

Case 1. 0 < p(B) < 5. By Lemma 2.2, there exists a set Ef C [1,00)
with log dens(E;) > 1— ( , where ap = (B)+2 By ={rel,00) : m(r) >
M (r)cosmag}, m(r) = 1nf log|B( )|, M(r ) = sup log |B(z)|. Hence there

|2l=r |z|=r
exists a constant Ry > 1, such that

(3.5) |B(2)| > exp(r“(B)’E)
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for all |z2| = r € Ey = Ef\[0, Ry). Then there exists a sequence of points
{r.e”} outside H, 0 € I;,, r, € E; satisfying r, — 0o as s — oo, such that
(3.1), (3.5) hold for z = r.e  and

log log m n+2

3.6 li =
(36) v log 7 2

It follows from (3.1), (3.4), (3.5) and (3.6) that
exp(r*® =2y < KrM(1 4+ o(1))

for sufficiently large s. Obviously, this is a contradiction.
Case 2. u(B) = 0. By Lemma 2.2, there exists a set Fy C [1,00) with
logdens(Es) = 1, such that for all z satisfying |z| = r € Es, we have

(3.7) log |B(2)| > ?logM(r,B),

where M(r, B) = r|n|ax |B(2)|. It follows from (3.3) and (3.7), there exists a

sequence of points {Tsew} outside H, 0 € I;,, rs € E, satisfying r, — oo as
s — 00, such that (3.1), (3.6) and (3.7) hold for z = .. We deduce from
(3.1), (3.4), (3.6) and (3.7) that

(3.8) M(r,, B)% < KrM(1+o(1))
for sufficiently large s. However B(z) is a transcendental entire function, we
have
log M (r, B
(3.9) lim inf log M(r, B) = 00
r—00 10g T

We get a contradiction from (3.8) and (3.9). This completes the proof.

4. PROOF OF THEOREM 1.5

We begin by recalling a lemma on logarithmic derivative due to Gun-
dersen plays an important role in proving Theorem 1.5, it can be found in
[7].

Lemma 4.1. Let f be a transcendental meromorphic function of finite order
p(f). Let € > 0 be a given real constant, and let k and j be integers such
that k > j > 0. Then there exists a set Ey C [0,27) of linear measure zero,
such that if ¥y € [0,2m)\ E1, then there is a constant Ry = Ro(1o) > 1 such
that for all z satisfying arg z = vy and |z| > Ry, we have

f9(2)

O 2)

< [2| =)ot -14)
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Firstly, we prove that every nontrivial solution of (1.2) is of infinite
order. To the end, suppose on the contrary to the assertion that there exists
a nontrivial solution f of (1.2) with p(f) < co. We aim for a contradiction.

Set 6; —W#andkg ={z:0; <argz<6;1},7=0,1,2,... ., n+1,

if j =n+1, set 641 = 0y + 2m. Since p(A) > 2, by Lemma 2.1, there
exists at least one sector of the n + 2 sectors, such that A(z) decays to zero
exponentially, say Sj, = {2z : 0,, < argz < 8,41}, 0 < jo < n+ 1. That is,
for any 6 € (0,,6;,+1), we have (3.2) holds.

Jo»
In the following, we divide into two cases to B(z).

Case 1. 0 < u(B) < % By using the similar reasoning as in the case 1
of proof of Theorem 1.2, we have (3.5) holds for all |z| = r € Ej, where

T ve &
logdens(Fy) > 1 — %ﬁ”)’ ap = 1( 2)+2.

Applying Lemma 4.1, there exists a set Fy C [0,27) of linear measure
zero, such that if ¢ € [0, 27)\ B9, then there is a constant Ry = Ry(1)g) > 1
such that for all z satisfying arg z = ¢y and |z| > Ry,

Lo F=12

Y

(4.1)

< |z|?¥)

Thus, there exists a sequence of points z, = rye? with r, — 0o as s — o0,
rs € Ey and 6 € (0),,0j,+1)\E2, such that (3.2), (3.5) and (4.1) hold. It

Jo>

follows from (1.2), (3.2), (3.5) and (4.1) that

exp(rt®)7%) < | B(rye”)|
[ (rse”)
— | f(ree?)
(42) < D1 + o(1))

+|Ars ]‘f

Ts 626

for sufficiently large s. Obviously, this is a contradiction for arbitrary small
e. Hence we have p(f) = oo for every nontrivial solutions f of (1.2).

Case 2. u(B) = 0. By Lemma 2.2, there exists a set F3 C [0, 00) with
log dens(F3) = 1, such that for all z satisfying |z| = r € E3, we have (3.7)
holds. Thus, there exists a sequence of points z, = r.e? with r, — oo as
s — 00, s € B3 and 0 € (0;,,0,+1)\Es, such that (3.2), (3.7) and (4.1)

hold. Therefore, we deduce from (1.2), (3.2), (3.7) and (4.1) that
(43) M(r, BYY <r¥D(1+0(1))

for sufficiently large s. But B(z) is a transcendental entire function, we have
(3.9) holds. We obtain a contradiction from (3.9) and (4.3). So, p(f) = o
for every nontrivial solutions f of (1.2).

Secondly, we can prove m(A(f)) > by using the similar reasoning

— n+2
in proving Theorem 1.2, we omit the details. This completes the proof.
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5. PROOF OF THEOREM 1.6

Set d = nQ—j:Q Suppose on the contrary to the assertion that there exists
a nontrivial solution f of (1.2) with m(A(f) N A(f*®)) < d. We aim for
a contradiction. Set n = d — m(A(f) N A(f®)). By using the idea as in
proving Theorem 1.2, in order to finish the proof, we need find an open

interval I = (o, 8) € A(f®)°, 0 < B — a < d, such that
(5.1) m (A(f)NnS;,NI) >0,

where A(f®)e = [0,2m)\A(f®)), S} is defined as in the proof of Theo-
rem 1.2. First, we claim that

(5.2) m (S5 \A(f)) = 0.
If it is not true, then there exist ¢pg € A(f)° and ¢ > 0 satisfying
(5.3) m (60 — €, 60+ 0) N (S \A(F) > 0.

Since arg z = ¢y is not the radial distribution of J(f), there exists a constant
ro > 0 such that

S<T07¢0 - C7¢0+C) ﬂJ(f) = (Z)

It follows that there exists an unbounded component U of Fatou set F(f),
such that S(ro, po—C, po+¢) C U. In boundary of U, we take an unbounded
and connected set 7y C 9U, then the mapping f : S(ro, 00 — (, 0 + () —
C\ is analytic. Since C\7y is simply connected, then, for any a € v\{oo},
we get Cpyy(a) > % For any 0 < £ < %, applying Lemma 2.3 to f in
S(ro, ¢o — €, o + (), we get

(54) |f(Z)| :O(|Z|l1>’ ZES(T07¢0_C+€7¢O+C_§)7 |Z| — 00,

where [; is a positive constant. Hence we get

Sso—ctevotc—e(r, ) = O(1),
and then o4, _ciepo+c—e(f) is finite. Applying Lemma 2.4, there exist two
constants M > 0 and K > 0 such that (3.1) holds for all z € S(rg, p9 — ¢ +
28, g + ¢ — 2), outside a R—set H. Since ¢ is arbitrary small, from (5.3),

we have

m ((¢o — ¢ +2¢, 6o + ¢ — 26) N S}) > 0.

By the similar reasoning as in the cases 1 and 2 of the proof of Theorem 1.2,
then there exists a sequence of points {r,e®}, where ¢ € (¢pg — ¢ + 2&, ¢ +
¢ —2¢) and ry — 00 as s — oo, such that (3.5), (3.6) and (3.7) hold for z =
rse'®. Combining (1.2), (3.1), (3.5), (3.6) and (3.7), we get a contradiction.
Therefore, (5.2) is valid.
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We know that m(A(f)) > d from Theorem 1.2. It follows from the
definition of S and Lemma 2.1 that m(S% ) > d — 2¢ for any small £ > 0.
From this and (5.2), we have

(5.5) m(A(F)NS,) =d—7.

Since A(f®) is closed, then A(f®))¢ consists of at most countable many

open intervals. We can choose finite many open intervals I; such that

I € A(f®)e, ( \U> g i=1,2,...,m.

Since
m(A(f) NS5, N (U L)) +m(A(f) NS5, N A(S))
' k " Ui
—m (A(f) NS, N (AF*)u (H Ii))) >d -,
then

Thus, there exists an open interval [;, = (a, ) C UIZ' c A(f®)°, such
that B
Ui

Thus (5 1) is valid. From (5.1), we know that there are ¢y and ¢ > 0, such
that (o — C, do + ) C I;,, and m(AEf) NS, N (<b0 ¢, 90+ ¢)) > 0. Then
there exists 7o > 0, such that S(r, ¢o — C, do + C) N J(f )) = . By using
similar reasoning as in proving (5.4), for any 0 < £<¢ 6, we have

(5.6) S () =0(2"), z€ 8,00 —C+Edo+C—8), 2] = o0,

where [y is a positive constant.
Fix r.e'**, where r, > 7 and ¢* (g;o Z+€,$O + Z— E), and for any
2z = re? ¢ S(To,gbo C—i—§ do + C — €). Take a simple Jordan arc 7, in
(ro,qﬁo — C —1—5 ¢0 +C 5) which connects r.e'® to r.e’ along |z| = 7.

and connects r,e to re® along arg z = ¢. It follows from (5.6) and Cauchy

686 JIANREN LONG 675-691



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

RADIAL DISTRIBUTION SOLUTIONS OF DIFFERENTIAL EQUATIONS 13

integral formula that
Iﬂ””@ﬂﬁ/wﬂ“@mW%H%SOWW“% 2] = oo
Similarly, h
FE2 ()] < / [fED@)de] + et < O(J2242), 2] = oo
By induction, we haxjez

IF()] < / [f'()lldz] + er < O(l2]**),  |2] = oo,

where ¢;, 1 = 1,2,..., k, are positive constants. Therefore,
Sa-triamregn ) =00Q),
and then 0%—Z+5%+5§(f2< 00 Applying Lemma 2.3, we know that (3.1)

holds for all z € S(rg, po—C(+2€, q;()+5—25), outside a R—set H. By applying
similar reasoning as in the cases 1 and 2 of the proof of Theorem 1.2, we

can get a contradiction. Therefore, we have
m (A(f) NA(fP)) > d.
This completes the proof.

6. ANNEX REMARKS

In [9], Huang and Wang proved the following result by using the spread
relation and Pélya peaks of meromorphic functions.

Theorem 6.1. Suppose that A;(z), i =0,1,...,k—1, are entire functions
satisfying p(A;) < p(Ap) < oo, j =1,2,...,k — 1. Then every nontrivial

solution f of the equation
(6.1) FE 4+ A1 (2) fE D 4 Ag(2)f =0
satisfies m(A(f)) > min{ 2, ﬁ}

In this section, we will give a simple proof of Theorem 6.1 than origi-
nal way which is given in [9], which rely heavily on the following modified
Phragmén-Lindelof principle.

Lemma 6.2 ([20]). Let f be an entire function of lower order p(f) € [3,00).
Then there exists a sector domain S(a, ) = {z : a < argz < [} with

b —a > -2~ where 0 < a < B < 2w, such that

u(f)’
. loglog | f(re”)|
lim sup
r—00 log r

for all the ray argz = 0 € (o, 3).

> u(f)
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Another proof of Theorem 6.1. We divide into two cases to finish our
proof.

Case 1. u(Ag) > 3. We need prove that m(A(f)) > Tty for every
nontrivial solution f of (6.1). To the end, suppose on the contrary to the
assertion that there exists a nontrivial solution f of (6.1) with m(A(f)) <
—7—. Set S = (0,27)\A(f). By Lemma 6.2 to Ay(z), there exists a sector

p(Ao) "
domain S(«, ) with f —a > ﬁ, such that
log log | Ag(re®
(6.2) lim sup og 10g [Ao(re”)| > u(Ay)
r—00 log r

for any 0 € (a, B).

Since m(A(f)) < iy and f —a > 7, then there exists a sector
domain S(«/, f'), such that a < o/ < ' < g and (¢/, ') C S. Then for any
o' < 0 < ', we have (6.2) holds. For the sector domain S(o/, '), it is easy

to see that

@, B)NA(f) =0, S(r,a,8)NJ(f) =0

for sufficiently large r. This implies that there exists rq > 0 and unbounded
Fatou component U of F(f) such that S(rg,a/,3) C U. We take a un-
bounded and connected section 7y of OU, then the mapping f : S(rg, o, ') —
C\y is analytic. Since we have chosen « such that C\~ is simply connected,
for any a € v\{oo}, we have Cgc\,(a) > 1. Applying Lemma 2.3 to f, there
exists a positive constant [ such that

(6.3) [f(2)] = O(zl), 2 €8S(ro.o/ +e,8 —¢), [2] = o0,

where 0 < € < Blga/. Thus we immediately obtain Sy4. g_(r, f) = O(1),

and then o4 gr—c(f) < co. Applying Lemma 2.4, there exist two constants
M >0 and K > 0, such that

< KrM

@) (2
(64) ‘fﬂi))

Y j:1727"'7k7

for all z € S(a/ + 2¢, 5" — 2¢), outside a R—set H.
Let | Inax 1{p(Aj)} =mn,and 0 € (n+ ¢, u(Ao) — 2¢) be a constant. Since
i<k

p(4;) <7,uZA0), j=1,2,...,k—1, then there exists a constant r, > ¢, such
that for any |z| = r > 7, we have

(6.5) 14;(2)] <exp(r’), j=1,2,....k—1.

Thus there exists a sequence of points z, = r,e? outside H, r,, — oo as
n — 00, o/ < 60 < [, such that (6.2), (6.4) and (6.5) hold. It follows from
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(6.1), (6.2), (6.4) and (6.5) that

exp(ry“177%) < [Ag(rae”)]

F® (rpet?) ioy( | £/ (rne”)
<[ Fneay |-+ e[ 255
(6.:6) < KrM(k — 1) exp(r?).

Obviously, this is a contradiction for sufficiently large n.

Case 2. ju(Ap) < 3. We need prove that m(A(f)) = 2 for every nontriv-
ial solution f of (6.1). Suppose on the contrary to the assertion that there
exists a nontrivial solution f of (6.1) with m(A(f)) < 27. Then, by similar
reasoning as in case 1 above, there exist («, 5) C [0,27)\A(f) and constant
ro > 1 such that S(ro, o, ) C F(f), and (6.3) holds for z € S(r,a+¢, f—¢).
Hence we have S,ics-c(r, f) = O(1), and then o44cp--(f) < 0o. Applying
Lemma 2.4, we see that (6.4) holds for all z € S(r,a + 2¢, § — 2¢) outside
a R—set H.

Since p(Ao) < 3, applying Lemma 2.2 to Ag(z), there exists a set E} C
[1,00) with log dens(E7) > 1—%’2‘)), where oy = %, Ef={re|l,o00):
m(r) > M(r)cosmag}, m(r) = li?:fr log |Ag(2)[, and M (r) = sup log |Ao(z)].

|2|=r

Thus, there exists a constant Ry > 1 such that
(6.7) |Ag(2)] > exp(r#40)—¢)

for all |z| = r € Ey = E}\[0, Ro]. Thus, there exists a sequence of points
2, = rpet? outside H, r, — 0o as n — 00, a < 0 < 3, such that (6.4), (6.5)
and (6.7) hold. It follows from (6.1), (6.4), (6.5) and (6.7) that

exp(r497%) < Kl (k — 1) exp(ry).

Obviously, this is a contradiction for sufficiently large n. This completes the

proof.
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Common Fixed Point Results for the Family of Multivalued
Mappings Satisfying Contractions on a Sequence in Hausdorff
Fuzzy Metric Space
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Abstract: The aim of this paper is to establish common fixed point results
on a sequence contained in a closed ball for family of multivalued mapping in
complete fuzzy metric space. Simple and different technique has been used.
Example has been constructed to demonstrate the novelty of our results. Our
results unify, extend and generalize several results in the existing literature.

2010 Mathematics Subject Classification: 46540; 47TH10; 54H25.
Keywords and Phrases: common fixed point; complete fuzzy metric space; closed
ball; family of multivalued mappings; Hausdorff fuzzy metric space.

1 Introduction and Preliminaries

The notion of fuzzy sets was first introduced by Zadeh [5]. Kramosil et al. [10]
introduced the concept of fuzzy metric space and obtained many fixed point
results. Later on many authors [7, 8, 9, 11] used this concept and prove many
fixed point results using the different contractive conditions. Lopez et al. [11]
discuss the method for constructing a Hausdorff fuzzy metric on nonempty com-
pact subsets of a given fuzzy metric space.

Sometimes, it happens that the fixed point of a mapping exists, but the con-
traction does not hold. Recently, Shoaib et al. [1, 2, 3, 4, 6, 13] obtained the
necessary and sufficient conditions for the existence of a fixed point of such
self mapping. In this paper, we prove the existence of a common fixed point
of a family of such multivalued mappings which are contractive on a sequence
contained in a closed ball instead of the whole space, by using the concept of
Hausdorff fuzzy metric space. We also present an example to support our re-
sults.

Definition 1.1 [7] A binary operation = : [0,1] x [0,1] — [0, 1] is said to be a
continuous t-norm if it is satisfies the following conditions:

i) * is associative and commutative;

ii) * is continuous;

iii) ax 1 = a for all a € [0,1];

iv) a*x b < ¢ x d whenever a < ¢ and b < d for each a,b,c,d € [0, 1].

Definition 1.2 [10] The 3-tuple (X, M, «) is said to be a fuzzy metric space
if X is an arbitrary set, % is a continuous t-norm, and F is a fuzzy set on
X2 % [0, 00), satisfying the following conditions for all z,y,2 € X and t,s > 0:
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F1) F(z,y,0) = 0;

F2) F(z,y,t) =1 if and only if z = y;
F3) F(x,y,t) = F(z-hxvt);

F4) F(x,z,t+ s) > F(x,y,t) *« F(y, 2, 8);

F5) F(z,y,.): (0,00) — [0, 1] is left-continuous.
Example 1.3 [7] Let (X, d) be a metric space. Define a * b = ab and

ktn

Flo,y,t) = —0
(@,9:1) ktr +md(z,y)’

for all 2,y € X and k,m,n € RT. Then (X, F, *) is a fuzzy metric space.
Definition 1.4 [9] Let (X, F, *) be a fuzzy metric space. Then, we have

i) A sequence {z,} in X is said to be convergent to a point x € X denoted
Tp — T, if JiﬂgoF(xn,x,t) =1 for each ¢t > 0.

ii) A sequence {x, } in X is said to be a Cauchy sequence, if TLZLWSOF(J:H, Tygp,t) =
1 for each t > 0, p > 0.

iii) A fuzzy metric space (X, F, %) in which every Cauchy sequence is convergent
is called a complete fuzzy metric space.

Definition 1.5 [11] Let (X, F, %) be a fuzzy metric space. Define a function
Hppr on éo(X) X éo(X) X (0,00) by

Hpp (A, Byt) = min {;IelgF(a,B,t),gggF(A,b, t)} ,

for all A, B € Co(X) and t > 0, where Cy(X) is the collection of all nonempty
compact subsets of X.
Definition 1.6 [7] Let (X, F, *) be a fuzzy metric space. Then,

Bp(z,r,t)={ye X : F(z,y,t) > 1 —r}

and
Bp(z,rt)={y € X : F(z,y,t) >1—r}

are called open and closed balls respectively, with centre € X and radius r for
O<r<l1,t>0.

Lemma 1.7 [11] Let (X, F,*) be a complete fuzzy metric space. Then, for
each a € X, B € Cy(X) and for all t > 0 there is b, € B such that

F(a,b,,t) = F(a, B,t).

Lemma 1.8 [12] Let (X, F, %) be a complete fuzzy metric space. (Co(X), Hpaz, %)
is a hausdorff fuzzy metric space on C'O(X ). Then, for all A,B € C’O(X ), for
each a € A and for all ¢ > 0 there exists b, € B, satisfies F(a, B,t) = F(a, by, t),
then

HFM(A, B,t) S F(a, ba,t).
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2 Main Results

Let (X, F, *) be a fuzzy metric space, o € X and let {S3 : 8 € Q} be a family
of multivalued mappings from X to C'O(X ). Then, there exists z1 € S,z
for some a € Q, such that F(xg, Sqxo,t) = F(zg,21,t), for all ¢ > 0. Let
x2 € Spx1 be such that F(x1, Spaq,t) = F(x1,x2,t). Continuing this process, we
construct a sequence x,, of points in X such that z,41 € Syxn, F(2,, Syxn,t) =
F(2y,Tpt1,t), for all ¢ > 0. We denote this iterative sequence {X Sg(x,,) : 8 €
Q} and say that {X Sz(z,) : § € Q} is a sequence in X generated by .
Theorem 2.1 Let (X, F,*) be a complete fuzzy metric space, where * be a
continuous ¢-norm, defined as axa > a or axb = min{a, b}. Let (Co(X), Hpar, %)
be a Hausdorff fuzzy metric space on Co(X), {Ss : B € Q} be a family of
multivalued mappings from X to Co(X) and {X Ss(z,) : f € Q} be a sequence
in X generated by zo. Assume that, for some 0 < a;; < k < 1, for all ¢ > 0,
zo € X, for all z,y € Bp(zo,r,t) N {XSs(zy) : B € Q}, with  # y and for all
i,j € Q with i # j, we have

HFM(Sil’,Sjy,OZi,jt) 2 F(:Evyvt) (21)

and, for some ¢t > 0

F(zg,z1,(1 —k)t)) > 1—r. (2.2)
Then, {XSs(z,) : € Q} is a sequence in Bp(zo,7,t) and {XSg(z,) : B €
O} — z € Bp(zg,r,t). Also, if (2.1) holds for z, then there exists a common
fixed point for the family of multivalued mappings {Ss : 8 € Q} in Bp(zo,7,1).
Proof: Let {XS3(x,) : B € Q} be a sequence in X generated by z¢. If g = 21,
then xg is a common fixed point of S, for all a € Q. Let zy # z1 and by Lemma

1.8, we have
F(z1,22,t) > Hpam(Sao, Spx1, t).

By induction, we have by Lemma 1.8, we have
F(xn, Tnt1,t) > Hpar(Sitn—1, 82, t). (2.3)
First, we will show that z,, € Bp(xo,7,t). By (2.2), we get

F(zg,z1,t) = F(xo,S.20,t) > F(zg,21,(L—k)t) >1—r
F(zg,x1,t) > 1—r.
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This shows that z1 € Bp(zo,7,t). Let o, ,x; € Bp(zo,7,t). Now, we have
t
F(zj,xj4,t) = Hpu(Sszj-1, Sywjit) > Fzj-1, 5, K)
n
t
> Hpm(S,xj_2,Sstj—1, a—) (by Lemma 1.8)
5,m
t
> F(zj_o,miq1,—
o ( Jm2 il Qpm, A§n
t t
> F(zj_g,xj_1, ﬁ) > ... > F(xo, 21, kj)
t
F($j,$j+1,t) Z F(Il?o, Zq, k;J) (24)
Now,
F(zo,zj41,t) > F(wo, 2541, (1 - KTt
> F(xo,z1, (1 —k)t) * F(21,22, (1 — k)kt) *
*F(.’L‘j, Tj41, (1 — k‘)k‘Jt>
> F(xo,z1,(1 — k)t) * F(xg,z1, (1 — k)t) * ...
“F(zo, 1, (1 k)t)  (by (2.4))
> 1l—rxl—rx.xl—r=1-—r
F($0,$j+1,f) > 11—

This implies that z,;4+1 € Br(zo,7,t). Now, inequality (2.4) can be written as

t
)

Let n,m € N with m > n. Assume that m = n + p, we have

F(xpn,xpe1,t) > Fxo, 21, (2.5)

F(:rn,xn+p,t) > F($n7xn+la ( k)t) * F(x7l+1>$n+p7 kt)
> F(xn, opyr1, (1= k)t) * Heag(Sjon, Sktnyp—1, kt)
kt
> F(mna Tn41, (1 k)t) * F(x'ru Tntp—1, 7)
Qj
> F(xn,Tnt1, (1 = k)t) « F(Tpn, Tnip—1,1)
> F(xp,Tpt1, (1 —k)t) « F(z,, 2pe1, (1 — k)t)
*F(zn+1axn+p 1, (1 —k)t)
> F(xn, Tnt1, (1 — k)t) % F(an, Tpi1, (1 — k)E)
*Hpar (Sjn, Sitnqp—2, kt)
> F(xp,Tpt1, (1 —k)t) « F(z,, 2pe1, (1 — k)t)
kt
F nytn —2
*F(Tn, Tnyp—2 aj,l)
F(zn, Tnip,t) > F(zn, zny1, (1 — k) * Fan, 2nyr, (1 — k)t)

*F(Zp, Trap—2,t).
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Using the above, we have

F(an, Tnip,t) > F(op, g1, (1 —k)t) * F(zyn, Ty, (1 — k)t) * ... %

(
F(zp,Tny1,t)
F(zp, Tntp,t) > F(zp,Tny1, (1 —Ek)t) * Fxy, Ty, (1 — k)t) ... x
F(zpn, Tni1, (1 —k)t)
> F(zo,z1, u ;nk) ) * F(zg, 21, %) * L.k
1—-k)t
Flao,a, T by (25))
1—-k)t
F(xnaxn-kpat) 2 F(il?o,.%‘l, kn ) )

As, we have
tlim F(z,y,t) =1 forall z,y€ X.
In particular

F(.’E(),.Th
By using above, we get
F(zp,Zm,t) =1 asn — oco.

Hence, {XSp(z,)} is a Cauchy sequence in Bp(xg,r,t). As every closed ball in
a complete fuzzy metric space is complete. So, Bp(zg,r,t) is complete. Then,
there exists z € Bp(zo,r,t), such that z,, — z as n — co. Now, for some ¢ € ),
we have

F(z,8.z,t) > F(z,2p, (1 — k)t) * F(2y, Syz, kt).

By Lemma 1.8, we have

F(z,542,t) > F(z,2n,(1 —k)t) * Hppr(Spxn—1, Sqz, kt)
kt
> F(zaxna(l7k)t)*F(mn—1,Zai)
7,
> F(z,2n, (1 = k)t) * F(zp-1, 2,1).

Letting n — oo, we have
F(z,54z,t) > 1%x1=1.

This implies that z € S;z. Hence, z € ﬂQqu. This completes the proof.
qe

Let (X, F,*) be a fuzzy metric space, g € X and let S be a multivalued map-
ping from X to Cy(X). Then, there exists z1 € Sxg, such that F(xo, Szo,t) =
F(xzg,x1,t), for all ¢ > 0. Let 25 € Sz be such that F(x1, Sx1,t) = F(x1,za,t).
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Continuing this process, we construct a sequence x, of points in X such that
Tnt1 € STy, F(Xp, STp,t) = F(Zpn, Tni1,t), for all t > 0. We denote this itera-
tive sequence {X S(z,)} and say that {XS(x,)} is a sequence in X generated
by xg.

Corollary 2.2 Let (X, F,*) be a complete fuzzy metric space, where * be a
continuous t-norm, defined as axa > a or axa = min{a, b}. Let (Co(X), Hpar, *)
is Hausdorff fuzzy metric space on Co(X), zo € X, S : X — Cy(X) be a mul-
tivalued mapping and {XS(x,)} be a sequence in X generated by z,. Assume
that for some k € (0,1) ¢ > 0, and z, € X, we have

Hpp(Sz, Sy, kt) > F(x,y,t) for all z,y € Bp(zg,r,t) N{XS(z,)}  (2.6)

and
F(xzo,Szo, (1 —Kk)t)) >1—r

Then, {XS(z,)} is a sequence in Br(zo,r,t) and {XS(z,)} — z € Bp(xo,7,t).
Also, if (2.6) holds for z, then there exists a fixed point for S in Bp(zg,r,t).
Proof: By using the similar steps as we have used in Theorem 2.1, it can be
proved easily.

Corollary 2.3 Let (X, F,*) be a complete fuzzy metric space, where % be a
continuous ¢-norm, defined as a * a > a or a * a = min{a, b}. Let 2o € X and
S : X — X be a self mapping. Assume that for some k € (0,1), ¢ > 0 and
z, € X, we have

F(Sxz, Sy, kt) > F(x,y,t) for all x,y € Bp(zg,r,t)
and
F(.%'(), S.’Eo, (1 — k)t)) > 1—r.

Then S has a fixed point in Bp(zo,7,t).
Example 2.4 Let X = [0,5] and d : X x X — R be a complete metric space
defined by,

d(z,y) =z —y| forall z,y € X
Denote axb = ab or axb = min{a, b} for all a,b € [0,1] and F(z,y,t) = m
for all x;y € X and t > 0. Then, we can find that (X, F,*) is a complete

fuzzy metric space. Consider the multivalued mappings Sg : X — C‘O(X ) where
6=a,1,2,3, - . defined as,

Spx = , wheren=1,2,---,
[2nz, 3na] if z € (%,5]

and

[22,3z] ifz € (%,5]
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Considering, zg = 1 and r = 3. then, Bp(zo,7,t) = [0, %} Now,

11 15
(€0, Sao, 1) (27Sa27t) (2724775)
5 5 5 5

F(xy,S1m1,t) = F(24 81— o 1) _F(ﬂ’@’t)

So, we obtain a sequence {XSs(z,)}

_q1
2
zo. Now, forx =4, y=5 k=01, = % and t =1, we have

5 . S5, . 5
Hra (514, 545, 6) = min {aéré€4F(a Sab, )7 bé%ESF(S’A, b, 6)} =0.22
1 1
F4,5,1) = ——=-=05
(4,5:1) 1+4-5] 2

So, we have
Hpp (514, 8, 5 }_4 F(4

So, the contractive condition does not hold on X. Now, for all z,y € Bg(xq,r,t)N
{XSs(xn)}, we have

Hpp (Spz, Sqy, kt) = mln{ inf F(a,S.y,kt), mf F(Snx,b,kt)}

a€ESpT

= min

inf Fo,[2, 24, 5t) inf F-S, 2 , 24
a€S,x 3 12776 beSLyY 37’L 2n 6

x5y 5 x Yy b

1276 (&fy6)}

(5/6)t (5/6)t }
(5/6)t + |z/3 —y/3|" (5/6)t + |y/3 — x/3|
(5/6)t t

= > =
eSS0 M) = G es =yl = i je gl T O

= min

{a
-
{

So, the contractive condition holds on Bg(zo,7,t)N{XSs(x,)}. Also, for t =1,
we have

1 1
Flao,o, (1K) = F(3,20 )
_ A
TR
Hence, all the conditions of above theorem are satisfied. Now, we have {X Sz(z,)}
is a sequence in Bp(zo,7,t), and {XSs(zn)} — 0 € Bp(xg,7,t). Moreover,
{Sg:B=a,1,2---} has a common fixed point 0.
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ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITIES IN
NON-ARCHIMEDEAN BANACH SPACES

CHOONKIL PARK!, JUNG RYE LEE?, AND DONG YUN SHIN3*

ABSTRACT. Let
Mif(zy): = Sf@+y) -1~z -y)

+3@ =9+ -2~ [@) - f(),

Mofay): = 2f () 4 (F) 41 (N50) - 1@ - fw).

2 2 2
We solve the additive-quadratic p-functional inequalities
My f(z, 9)|| < [lpMaf(z, )|, (0.1)
where p is a fixed non-Archimedean number with |p| < 1, and
Mo f(z, y)|| < [lpM1f(z, )|, (0.2)

where p is a fixed non-Archimedean number with |p| < |2|.
Furthermore, we prove the Hyers-Ulam stability of the additive-quadratic p-functional inequalities
(0.1) and (0.2) in non-Archimedean Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

A wvaluation is a function | - | from a field K into [0, c0) such that 0 is the unique element having
the 0 valuation, |rs| = |r| - |s| and the triangle inequality holds, i.e.,
Ir =+ s| < |r| +]s], Vr,s € K.

A field K is called a valued field if K carries a valuation. The usual absolute values of R and C are
examples of valuations.

Let us consider a valuation which satisfies a stronger condition than the triangle inequality. If
the triangle inequality is replaced by

|7+ s| < max{|r],|s|}, Vr,s € K,
then the function | - | is called a non-Archimedean valuation, and the field is called a non-
Archimedean field. Clearly |1| = | — 1] = 1 and |n| < 1 for all n € N. A trivial example of a
non-Archimedean valuation is the function | - | taking everything except for 0 into 1 and |0| = 0.

Throughout this paper, we assume that the base field is a non-Archimedean field, hence call it
simply a field.

Definition 1.1. ([8]) Let X be a vector space over a field K with a non-Archimedean valuation
| - |. A function || - || : X — [0,00) is said to be a non-Archimedean norm if it satisfies the following
conditions:

2010 Mathematics Subject Classification. Primary 46510, 39B62, 39B52, 47510, 12J25.

Key words and phrases. Hyers-Ulam stability; non-Archimedean normed space; additive-quadratic p-functional
inequality.
*Corresponding author: Dong Yun Shin (email: dyshin@uos.ac.kr).
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(i) ||z|| = 0 if and only if x = 0;
(i) [lrzl] = |rfllell (r e K,z e X);
(iii) the strong triangle inequality

[z +yl < max{|[z[|, [y},  Ve,yeX
holds. Then (X,|| - ||) is called a non-Archimedean normed space.

Definition 1.2. (i) Let {z,,} be a sequence in a non-Archimedean normed space X. Then the
sequence {x,} is called Cauchy if for a given € > 0 there is a positive integer N such that

|20 — zm| <€

for all n,m > N.
(ii) Let {z,,} be a sequence in a non-Archimedean normed space X. Then the sequence {x,} is
called convergent if for a given € > 0 there are a positive integer NV and an x € X such that

[en — || <e

for all n > N. Then we call x € X a limit of the sequence {z,}, and denote by lim,, o ©,, = .
(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed space X is
called a non-Archimedean Banach space.

The stability problem of functional equations originated from a question of Ulam [19] concerning
the stability of group homomorphisms. The functional equation f(z + y) = f(x) + f(y) is called
the Cauchy equation. In particular, every solution of the Cauchy equation is said to be an additive
mapping. Hyers [7] gave a first affirmative partial answer to the question of Ulam for Banach spaces.
Hyers’ Theorem was generalized by Aoki [2] for additive mappings and by Rassias [12] for linear
mappings by considering an unbounded Cauchy difference. A generalization of the Rassias theorem
was obtained by Gavruta [6] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Rassias’ approach. The functional equation f (xTer) = % flx) + % f(y) is
called the Jensen equation.

The functional equation f(z +y) + f(z —y) = 2f(x) + 2f(y) is called the quadratic functional
equation. In particular, every solution of the quadratic functional equation is said to be a quadratic
mapping. The stability of quadratic functional equation was proved by Skof [18] for mappings
f : E1 — Es, where E; is a normed space and Es is a Banach space. Cholewa [5] noticed that
the theorem of Skof is still true if the relevant domain Fj is replaced by an Abelian group. The
functional equation 2 f (zﬂ) +2 (%) = f(x)+f(y) is called a Jensen type quadratic equation. The
stability problems of various functional equations have been extensively investigated by a number
of authors (see [1, 3, 4, 10, 11, 13, 14, 15, 16, 17, 20, 21]).

In Section 2, we solve the additive-quadratic p-functional inequality (0.1) and prove the Hyers-
Ulam stability of the additive-quadratic p-functional inequality (0.1) in non-Archimedean Banach
spaces.

In Section 3, we solve the additive-quadratic p-functional inequality (0.2) and prove the Hyers-
Ulam stability of the additive-quadratic p-functional inequality (0.2) in non-Archimedean Banach
spaces.

Throughout this paper, assume that X is a non-Archimedean normed space and that Y is a
non-Archimedean Banach space. Let |2| # 1.
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2. ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITY (0.1) IN NON-ARCHIMEDEAN NORMED
SPACES

Throughout this section, assume that p is a fixed non-Archimedean number with |p| < 1.
In this section, we solve the additive-quadratic p-functional inequality (0.1) in non-Archimedean
normed spaces.

Lemma 2.1.
(i) If an odd mapping f : X —'Y satisfies

My f (@, y)|| < llpMaf (2, y) (2.1)

forall z,y € X, then f: X =Y is additive.
(ii) If an even mapping f: X — 'Y satisfies (2.1), then f: X — Y is quadratic.

Proof. (i) Assume that f: X — Y satisfies (2.1).
Since f is an odd mapping, f(0) = 0.
Letting y = x in (2.1), we get

1f(22) = 2f(x)[| <0
and so f(2x) = 2f(x) for all x € X. Thus
f (;) = %f(x) (2.2)

for all x € X.
It follows from (2.1) and (2.2) that

£ +0) - @) = s < o (27 (552) - @) - 1)
= plllf( ) — f@) ~ )
and so

flx+y) = fx)+ f(y)

for all z,y € X.
(ii) Assume that f: X — Y satisfies (2.1).
Letting x =y = 0 in (2.1), we get
LA O < 1120f O = 12] - [pl - 17 (O)]]-

So f(0) = 0.
Letting y = x in (2.1), we get

|5#@0) ~27)| <0
and so f(2x) =4f(x) for all z € X. Thus
£(3) = 31@ (23)

for all z € X.
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It follows from (2.1) and (2.3) that

|2+ 0)+ 11 )~ 1@ - )

<[lo (27 (552) + 27 (55Y) - 5@ - 1)

— ol |37+ )+ 5@~ ) - £la) - 1)

and so

fle+y)+ flz—y) =2f(z) +2f(y)
for all z,y € X.

0
We prove the Hyers-Ulam stability of the additive-quadratic p-functional inequality (2.1) in non-
Archimedean Banach spaces for an odd mapping case.

Theorem 2.2. Letr < 1 and 8 be nonnegative real numbers and let f : X — 'Y be an odd mapping
such that

My f(z, )l <

oMz f(x,y)ll + Ol )" + [[ylI") (2.4)
for all x,y € X. Then there exists a unique additive mapping A : X — Y such that
20 ,
1f(z) = Alz)]| < ’2|T||JfH (2.5)
forallz e X.

Proof. Since f is an odd mapping, f(0) = 0.
Letting y = x in (2.4), we get
1f(2z) = 2f (2)|| < 26|z

(2.6)
< ﬁeﬂxw for all x € X. Hence

1 (3) -2 (5]

21 (5) 2 ()| [ () 20 ()
=max {2 (5) 21 (g8 - o (o) 2 ()

12[' 2™ 2
< max{ P g 2]rim D)7 20|z||" = WHJE”T

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (2.7) that the

sequence {2" f (5 )} is a Cauchy sequence for all z € X. Since Y is complete, the sequence {2" f(57) }
converges. S0 one can define the mapping A : X — Y by

for all z € X. So ||f(z) — 2f (

yr

Az) == lim 2”f(2%)

n—o0

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.7), we get (2.5).
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It follows from (2.4) that

Al = i 2o (2, 2)H
< lim |2]"|o] | M 2|+ 1in 25
< Jim bl s (e 20)| + Bl + ol

Il | M2 Az, y)|| = H,OMz (@, 9)|l
for all z,y € X. So
My A(z, y)l| < [[pMa Az, y) ||

for all z,y € X. By Lemma 2.1, the mapping A : X — Y is additive .
Now, let T': X — Y be another additive mapping satisfying (2.5). Then we have

_ —llogg (2 _gap (2
|A(z) = T(x)|| = ||274 <2q> 21T <2q>H
<max {204 () —oaf (L gar (2} — 94y LH I,
- 24 24 )|’ 249 2 2| Datr
which tends to zero as ¢ — oo for all z € X. So we can conclude that A(z) = T'(x) for all x € X.

This proves the uniqueness of A. Thus the mapping A : X — Y is a unique additive mapping
satisfying (2.5). O

Theorem 2.3. Let v > 1 and 0 be nonnegative real numbers and let f : X — 'Y be an odd mapping
satisfying (2.4). Then there exists a unique additive mapping A : X —'Y such that

1f(z) — Az)]| < |2|H90||T (2.8)
forallx € X.
Proof. 1t follows from (2.6) that
|#@ 50| < ot
for all z € X. Hence
1 l 1 m
|34 (22) = g 272)
Lo I+1 1 m—1 L . om
Smax{‘%f@x) 21+1f(2 ) o 2m_1f<2 :1:)—2—mf(2 x)
_ 1 l 1 I+1 1 m—1 1 m
_max{ml f(2x)—§f(2 x) 7...”2|ﬁ f(2 $)—§f(2 )
2pr ey A
Smax{’2‘l+1,... , ‘2|(m—1)+1 29”.’1)” = WHQZ‘H

for all nonnegative integers m and [ with m > [ and all z € X.
The rest of the proof is similar to the proof of Theorem 2.2. O

Now, we prove the Hyers-Ulam stability of the additive-quadratic p-functional inequality (2.1) in
non-Archimedean Banach spaces for an even mapping case.
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Theorem 2.4. Let r < 2 and 0 be nonnegative real numbers and let f : X — Y be an even mapping
satisfying (2.4). Then there exists a unique quadratic mapping Q : X — 'Y such that

2| r
1f () = Q)] < ,2‘729”33” (2.9)

forallx € X.

Proof. Letting x =y = 0 in (2.4), we get || f(0)]| < |pll|2£(0)]|. So f(0) =
Letting y = x in (2.4), we get

|5 #n) - 24@)

for all z € X. So || f(z) —4f (3)|| < |‘2||T20HxH’" for all z € X. Hence

() (2]

< 20||z|" (2.10)

l L +1 z m—1 m z
<mac{li (5) =401 ()| o (=) =200 () )
x x — x x
= {laf | (1) =41 (7)1 1f(2m—1)—4f(2m)H}
A Rl 2
< _
‘max{m”’ ore [ i 21 = e g1

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (2.11) that the
sequence {4" f (57 )} is a Cauchy sequence for all z € X. Since Y is complete, the sequence {4" f(57)}
converges. So one can define the mapping @ : X — Y by
e, T
Q(z) := lim 4"f ()
for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.11), we get (2.9).
It follows from (2.4) that

HMIQ(xvy)H = hm |4|n Mf(zn 2n>H
Y 4]0 T T
<t 4ol o (2 ) |+t el + i)
= ol M@ )

for all z,y € X. So
1M1Q(z,y)|| < lpMaQ(z, y)|
for all x,y € X. By Lemma 2.1, the mapping h : X — Y is quadratic.
Now, let T': X — Y be another quadratic mapping satisfying (2.9). Then we have

_ g (2 g9 (2
@) - 1@ =@ (5) -7 ()
an (EN _agaf (X q _ 4 L r
Smax{ 4@(2q) 4f(2q) 4T(2q> 4f(2q>H} iz 2l
which tends to zero as ¢ — oo for all z € X. So we can conclude that Q(x) = T'(z) for all z € X.
This proves the uniqueness of ). Thus the mapping @@ : X — Y is a unique quadratic mapping
satisfying (2.9). O
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Theorem 2.5. Let r > 2 and 0 be positive real numbers, and let f : X — Y be an even mapping
satisfying (2.4). Then there exists a unique quadmtio mappz'ng Q: X —Y such that

1f(z) — Q)| < lelr
|2\
forallz e X.
Proof. 1t follows from (2.10) that
0
f(z (235) < Spllell”
H 2]
for all x € X.
The rest of the proof is similar to the proof of Theorem 2.4. O

3. ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITY (0.2)

Throughout this section, assume that p is a fixed non-Archimedean number with |p| < |2|.
In this section, we solve the additive-quadratic p-functional inequality (0.2) in non-Archimedean
normed spaces.

Lemma 3.1.
(i) If an odd mapping f : X — Y satisfies

1Mo f (z, y) || < oMy f (2, y) (3.1)

forall z,y € X, then f: X =Y is additive.
(i) If an even mapping f : X — 'Y satisfies f(0) =0 and (3.1), then f : X — Y is quadratic.

Proof. (i) Assume that f: X — Y satisfies (3.1).

Letting y = 0 in (3.1), we get

27 (3) - 7@

and so f (%) = 1 f(z) for all z € X
It follows from (3.1) and (3.2) that

I +9) = ) = 5wl = |2 () - s H
< plllf(z+y) - f()—

<0 (3.2)

and so

flx+y) = fx)+ f(y)

for all x,y € X.
(ii) Assume that f: X — Y satisfies (3.1).

Letting y = 0 in (3.1), we get
()1

<0 (3.3)

and so f (%) = 1 f(z) for all z € X
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It follows from (3.1) and (3.3) that

H;f(x+y)+1f(a:—y)—f(:z)—f(?/)H

= s (5Y) +2 (55Y) - #@) - 1)
< 1ol |3+ ) + 37w = 9) - f@) - 1)
e fle+y)+ flz—y)=2f(z) +2f(y)
for all z,y € X. O

We prove the Hyers-Ulam stability of the additive-quadratic p-functional inequality (3.1) in non-
Archimedean Banach spaces for an odd mapping case.

Theorem 3.2. Let r < 1 and 6 be nonnegative real numbers, and let f : X — Y be an odd mapping
such that

[ Mo f (2, y)|| < oM f(z, y)ll + 0" + [lyl") (3.4)
for all x,y € X. Then there exists a unique additive mapping A : X — Y such that

1f(z) — A(2)|| < 0f|[]" (3.5)
forallx € X.

Proof. Since f is an odd mapping, f(0) = 0.

Letting y = 0 in (3.4), we get
x
27 (3) - 1@
for all x € X. So

(3)-ri(2)
<max{ |27 (51) =245 (g )| |2 (o) 20 ()|}
= max {21 |1 () =21 (g )1 () 27 G )|}
SmaX{ 20 }enxw S
2] 2|7 (m=1) 2| D)L

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.7) that the
sequence {2" f (57 )} is a Cauchy sequence for all z € X. Since Y is complete, the sequence {2" f(57)}
converges. S0 one can define the mapping A : X — Y by

A(z) := lim 2" f( —)

n—o0

< 0||z|]" (3.6)

‘2|m—1

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.7), we get (3.5).
The rest of the proof is similar to the proof of Theorem 2.2. O

707 CHOONKIL PARK et al 700-710



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITIES

Theorem 3.3. Let r > 1 and 0 be positive real numbers, and let f : X — Y be an odd mapping
satisfying (3.4). Then there exists a unique additive mapping A : X —'Y such that

Hﬂ@—A@W_|m (3-8)
forallx € X.
Proof. 1t follows from (3.6) that
1 1210, »
1@ = 51e2)] < S5 el
for all z € X. Hence
1 1
|12 - 2mf(?” z) (39)
< 9l 1 9l+1 1 gm—1 1 om
_ 1 l 1 +1 1 m—1 1 m
ot e Y e
Smax{|2‘l+1"" o m=D+T 28z = |2|(= rl+1H ||

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.9) that the
sequence {2% f(2"z)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{55 f(2"z)} converges. So one can define the mapping 4 : X — Y by

A(z) := lim f(2” )

n—oo 1

for all z € X. Moreover, letting | = 0 and passing the limit m — oo in (3.9), we get (3.8).
The rest of the proof is similar to the proofs of Theorems 2.2 and 3.2. O

Now, we prove the Hyers-Ulam stability of the additive-quadratic p-functional inequality (3.1) in
non-Archimedean Banach spaces for an even mapping case.

Theorem 3.4. Letr < 2 and 0 be nonnegative real numbers, and let f : X — Y be an even mapping
satisfying (3.4). Then there exists a unique quadratic mapping Q : X —'Y such that

1f(z) — Q)] < 6l]=[]" (3.10)
forallx € X.

Proof. Letting x =y = 0 in (3.4), we get ||2£(0)]| < |p|l|f(0)|. So f(0) =
Letting y = 0 in (3.4), we get
47 (3) - 1@

< G||z|]" (3.11)
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for all x € X. So

o(5)- (2
<max{|r (5) -4 (55| s () - 40 (50|
(i () = () b [ () -9 (35

4t 4 6
< max T Tolrm=1) Ollx||" = WHQ?”T
12| 12| 12|

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.12) that the
sequence {4" f(57)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence {4" f(57)}
converges. So one can define the mapping @ : X — Y by

Qa) = lim 4"f(5)

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.12), we get (3.10).
The rest of the proof is similar to the proof of Theorem 2.2. O

"4|m71

Theorem 3.5. Let r > 2 and 0 be positive real numbers, and let f : X — Y be an even mapping
satisfying (3.4). Then there ezists a unique quadratic mapping Q : X — 'Y such that

1) - @)l < el (3.13)

forallz e X.

Proof. 1t follows from (3.11) that

1@ - 30 < BEE ol

for all x € X. Hence

] ) — ) (3.14)

1 1 1 I+1 1 m—1 1 m
< ax{‘zﬂf(Qx)—Wf@er) R Wf(Z a:)—4fmf(2 )
_ 1 l 1 I+1 1 m—1 1 m
_max{w f(Qx)—Zf(Z x) ’.”’W f(2 x)—Zf(Q x)

N T O
< max{wm,"' aw 2]"0]|z|]" = |2‘ (2— T,)l+2|| ||

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.14) that the
sequence {4% f(2"z)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{4 f(2"2)} converges. So one can define the mapping @ : X — Y by

Q(z) := lim *f (2"z)

n—)oo

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.14), we get (3.13).
The rest of the proof is similar to the proofs of Theorems 2.2 and 3.4. O
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Differential equations associated with the generalized Euler
polynomials of the second kind
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Abstract : In this paper, we study linear differential equations arising from the generating functions
of the generalized Euler polynomials of the second kind. We give explicit identities for the second

kind Euler polynomials.

Key words : linear differential equations, the second kind Euler numbers, generalized Euler poly-

nomials of the second kind.
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1. Introduction

Recently, many mathematicians have studied in the area of the Bernoulli numbers, Euler num-
bers, Genocchi numbers, and the second kind Euler numbers(see [1, 2, 3, 4, 6, 7]). The generalized
Euler polynomials &,(z)(n > 0) of the second kind, were introduced by Ryoo(see [5, 6]). The

generalized Euler polynomials &, (x) of the second kind are defined by the generating function:

2!\ & "
F=F(tx) = <62t+1> :ngoen(x)a. (1.1)
We recall that the classical Stirling numbers of the first kind S;(n, k) and Sa(n, k) are defined by
the relations(see [8])
(@)n = _ Si(n, k)" and 2" =" Sy(n, k) (@), (1.2)
k=0 k=0
respectively. Here (z), = x(x —1)--- (x —n+ 1) denotes the falling factorial polynomial of order n.

The numbers Sy(n,m) also admit a representation in terms of a generating function

0 tn (et o 1)m
z:: Sa(nm) — = . (1.3)
We also have
> t"  (log(1+41t))™

If x is a variable, we use the following notation:

oo
<rsp=al@+1) - (z+k-1), (i) - (‘% 1+ =Y (i)tk. (1.5)

k=0
Nonlinear differential equations arising from the generating functions of special polynomials are
studied by many authors in order to give explicit identities for special polynomials(see [3, 4]).
In this paper, we study linear differential equations arising from the generating functions of the
generalized FEuler polynomials of the second kind. We give explicit identities for the generalized

Euler polynomials of the second kind.
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2. Differential equations associated with the generalized Euler polynomials of the

second kind

In this section, we study linear differential equations arising from the generating functions of

the generalized Euler polynomials &, (z) of the second kind.

Let . -
2e
F=F(t =l .
(7x) <€2t+1>

Then, by (2.1), we have

d d [ 2t \" 2t \"' [ 2t 2t \?
FO = ZFta)=—(——) =2 — - ¢
dt () dt \e2t +1 T e +1 e2t +1 e2t +1 €

=zF(t,r) —xF(t,z + 1)e,

F® = %F(l) =2F(t,x)Y —2FO(t, x4+ 1)e! — zF(t,x + 1)et
=gz (xF(t,x) — aF(t,x + 1)e")
—z((@+1)F(t,x+1)— (x+ 1)F(t,z +2)e") e — aF(t,x + 1)e’,
= 2?F(t,x) — (22° + 22)F(t,x + 1)e’ + 2z(x + 1)F(t, z + 2)e*,
and
FO®) = %F@) = 22 FW(t,2) — (222 4+ 22) FV (2 4 1)et — (22% 4 22)(t, z + 1)e’
+a(z 4+ D)FD (2 +2)e? + 2u(x + 1) F(t,x + 2)e
=23F(t,x) — (323 + 622 + 4z)F(t,x + 1)et
— (32% + 92 4 62)F(t,x + 2)e®* — (2® + 32% 4 22)F(t,z + 3)e>".

Continuing this process, we can guess that

N
FN) = (d> F(t,x)
- \dt ’

N
- Zal—(N, )F(t,x +i)e’, (N=0,1,2,...).
=0

Taking the derivative with respect to t in (2.4), we have

vy _ AF
dt
N . N .
= Z a;(N,z)ie" F(t,o +1) + Z ai(N,z)e FW (t, 2 + 1)
i=0 1=0

N+1

N
= Zai(N, z)(x + 20) e F(t,x +1) — Z ai_1(N,z)(x +i— 1) F(t,x +1).
i=0

i=1

On the other hand, by replacing N by N + 1 in (2.4), we get

N+1
FNFD — Z a;(N 4 1,2)e F(t,z + 1)
=0
By (2.5) and (2.6), we have
N , N+1 .
Z a;(N,z)(z + 2i)e F(t,x +1i) — Z a;i_1(N,z)(x+1i—1)e"F(t, +1)
=0 i=1
N+1 _
= Z a;(N +1,2)e F(t,z +1).
=0

(2.1)

(2.6)

2.7)
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Comparing the coefficients on both sides of (2.7), we obtain
ag(N +1,2) = zag(N,z), ani1(N+1,2) = —(x+ N)any(N,z), (2.8)

and
a;(N +1,2) = (x + 2i)a;(N,z) — (x +i—1)a;—1(N,z), (1 <i < N). (2.9)

In addition, by (2.2) and (2.4), we get
FO = FO(t 2) = ap(0,2) = F(t,z). (2.10)

Thus, by (2.10), we obtain
ap(0,x) = 1. (2.11)

It is not difficult to show that

1
vF(t,z) — xF(t,x + 1)’ Zallx e F(t,x +1)
=0

(2.12)
=ao(l,2)F(t,r) +ay(1,2)F(t,z + 1)e
Thus, by (2.12), we also get
ap(l,z) =2z, a1(l,z) = —ux. (2.13)
From (2.8), we note that
ao(N +1,2) = zag(N,z) = - - - = 2V ao(0,2) = 2NV,
and
a N+1,z)=—(x+ N)an(N,x) =
N ) =—( Jan (N, x) (2.14)
=(=D)"Yz+ N)(@+N—-1)(z+ 1)z
For i = 1,2,3 in (2.9), we get
N
a (N +1,2) = —xe—I—Q Dfag(N — k, z),
k=0
N-1
as(N+1,2)=—(z+1) (z+2-2)ka (N — k,z),
k=0
and
N—2
as(N+1,2) = —(z +2) (x+2-3) as(N — k,z).
k=0
Continuing this process, we can deduce that, for 1 <i < N,
N+1—i
a;(N+1,2)=—(z+i—1) Y (z+2-i)fa_1(N - k). (2.15)
k=0

Here, we note that the matrix a;(j, )o<i, j<n is given by

1 T x? x3 N

0 (—1) < x>

0 0 (—1)2 < T >9

0 0 0 (—1)3 < x >3

0 0 0 0 (—1)N<9c>N
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Now, we give explicit expressions for a;(N + 1,2). By (2.14) and (2.15), we get

a1 (N +1,2)

a2(N + 1755)

(-1

and
as(N +1)

x(x +1)(x—|—2)
—2 N—ks
P

Continuing this process, we have

(1)

—2N—k3z—ko—

2,

k1

N
—x Z (z+2)"ag(N — kp, x)

2

—(z+1) Z (x4 2-2)*2a; (N — ko, x)
Fa0

N-1
p(x+1) Y (z+2-2)" (@ +2)FaNhehm
kzIO

N—
—(z+2) Z (z +4)*ay(N — k3, x)

2
(x+2- 3)k3(x—|—2 2)k2(x_|_2)k1 N—ks—ka—k1—2

N—i+l N—kj—it1  Ne—kj—-—ky—it+1 i (2.16)
( < X >Z Z Z Z H x_’_2l k?l:L.N k _kz 1—"'—162 k:l Z+1 .
L 1= =0 kl 0
Therefore, by (2.16), we obtain the following theorem.
Theorem 1. For N =0,1,2,..., the linear functional equations
N 26t 1\
FN) = (Nyz) ( — ) ' | F
Yoo () -
have a solution "
F=F(tz) 2"\
— T) = -
i th + 1 i
where
ao(N,z) =z,
an(N,z) = (-1 <z >y,
N—i N*k‘ifi N— 7~~~7k2 T 1
GV = (i <z Y 3 > [sapat it
ki=0 k;_1=0 1=0 =
(I1<i<N-1).
From (1.1), we note that
N d N o] tk
RO _ <dt> F(tyr) =Y Eupn(a) (217)
k=0
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From Theorem 1 and (2.17), we can derive the following equation:

25k+N(l‘)E:F( )
k=0

N 9t T+
— it
_;az(N,x)e e2t+1>
N o\ [ . (2.18)
= Zal(N,x) (sz!> (ng(x +Z)k'>
i=0 k=0 k=0
S N k k k
-3 (T3 (Devrt-aero)
k=0 \i=0 (=0
By comparing the coeflicients on both sides of (2.18), we obtain the following theorem.
Theorem 2. For k. =0,1,...,and N =0,1,2,..., we have
N ko
Eryn(z) = (l)ai(N, x)i* L (x4 ), (1.19)
i=0 1=0
ag(N,z) = 2™,
an(N,z) = (-1 <z >y,
' N—i N—ki—i  N—kj—-—ka—i i _
a;(N)=(-1)" <z >; Z Z Z H(z + 2l)k’foki*ki*r”'fkrklﬂ,
ki=0 k;_1=0 k1=0 =1

(1<i<N-1).

Let us take & = 0 in (2.19). Then, we have the following corollary.

Corollary 3. For N =0,1,2,..., we have

&o(z) =1,

&i1(x) =0, 82(36) = —uz,

E(2) =0, &i(x) =22+ 322,

E(2) =0, &s(r) = —16x — 302% — 1523,

Er(z) =0, Es(z) =272 + 588z + 4202° + 1052,

E(2) =0, &) = —79362 — 189602% — 163802° — 63002 — 9452°.
For N =0,1,2,..., the linear functional equations

N 2€t i )
F(N) = (Z a/i(Na .T) <€2t—§—1) e”) F
=0

F=F(z) = ( 2! )95

€2t+1

have a solution
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Figure 1: The surface for the solution F'(t,x)

Here is a plot of the surface for this solution. In Figure 1(left), we plot of the surface for this solution.
In Figure 1(right), we shows a higher-resolution density plot of the solution.

The author has no doubt that investigations along this line will lead to a new approach em-
ploying numerical method in the research field of the generalized Euler polynomials of the second

kind to appear in mathematics and physics(see [5, 6, 7]).
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Chlodowsky Variant of Bernstein-Schurer Operators Based on
(p,q)-Integers

Eser Gemikonakli - Tuba Vedi-Dilek

Abstract In this paper, we introduce the Chlodowsky variant of Bernstein-Schurer opera-
tors based on (p, g)-integers. By obtaining first few moments of these operators, we prove
well-known Korovkin-type approximation theorems in different function spaces. We also
compute the error of approximation by using modulus of continuity and Lipschitz-type
functionals. Moreover, we study the generalization of the Chlodowsky variant of Bernstein-
Schurer operators based on (p, g)-integers and investigate their approximations. Finally, nu-
merical results are presented in detail.

Keywords (p,q)-integers, g-Bernstein operators, q-Bernstein-Schurer operators.
1 Introduction

The classical Bernstein-Chlodowsky operators were defined by Chlodowsky [4] as

o5 () () (-2)

where the function f is defined on [0,0) and (b,) is a positive increasing sequence with
bl‘l
b, —ooand — — 0 asn — oo,
n
In 2008, Karsh and Gupta [9] defined g-analogue of Chlodowsky operators as follows:

Cn(f;q;X)—an%)f (g:bn) [ZL(;;)M]j)I <1—q‘;7), 0<x<bh,

§

where (b, ) has the same properties of Bernstein-Chlodowsky operators.
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In 1987, Lupas [11] defined the ¢g-based Bernstein operators and obtained the Korovkin-
type approximation theorem. Over the past several years, there has been a considerable
amount of research on the g-based operators (see [2], [3], [7], [12], [13],[16],[17], [20], [21],
[22], [24]). To date, the focus of published work has been largely on (p,q) based operators.

In 2015, (p, g)-analogue of Bernstein operators were introduced by Mursaleen et al [14]

as
1 LU k(k ) N k—1 [k}
Bupg (f3%) = iy 2 {k} x H P =0 f| = nfn? - xel0d
p 7 k=0 pq I3
(1.1)
For 0 < g < p < 1, the (p,q)-numbers are given as [6]
=22
Pt p—q

For each k € Ny the (p,q)-factorial is represented by

kllk—1]...[1], k=1,2,3
gt = { W11 b= 2

and (p,g)-binomial coefficients are defined as

V} Iy
k P4 [nfk]p,q![k}pq!

where n > k > 0. Note that, as it is introduced in [18], the operators are reduced to the
g-Bernstein operators for p = 1 in Eq.(1.1).

Recently, the (p,q)-analogue of Berntein-Schurer operators have been introduced by
Sidharth and Agrawal [1] as

NS 1) (enis-l) [t Lk K],
Bys(f:p,4:x) Zp I [ N } K(=xp T (pr
Pq

7,4

where f € C[0,1+35],s € Npandn € N.

Corollary 1 If we use the properties of (p,q) integers, we have

[n}p,q = pnil [n]q/p

n _ k(n—k) |1
H
2] q/p

This paper is structured in the following ways;

The next section introduces the Chlodowsky variant of Bernstein-Schurer operators based

n (p,q)-integers and investigate the moments of the operator. Section 3 discusses sev-
eral Korovkin-type theorems in different function spaces. In section 4, we obtain the order
of convergence of the Chlodowsky variant of Bernstein-Schurer operators based on (p,q)-
integers by means of Lipschitz class functions and the first modulus of continuity. Section 5
provides the generalization of the Chlodowsky variant of Bernstein-Schurer operators based
on (p,q)-integers and investigate their approximations. Finally, in section 6, numerical re-
sults to illustrate the contribution of the Chlodowsky Variant of Bernstein-Schurer Operators
based on (p; q)-integers are presented.

and
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2 Construction of the Operators

We construct the Chlodowsky variant of Bernstein-Schurer operators based on (p, ¢)-integers
as

Cos (f1p,q:%) 2.1)

nis ] k(k=1)  (nts—1)(n+s n+s x knd-s—k—1 ) X
Zf( qu> 7 7f|: ] (7> H (pf—qf—>,
[ ] k 12U by j=0 by

wheren, s € N,0 <x< b, and 0 < g < p < 1. Note that, in case p=1 in Eq.(2.1), Chlodowsky
variant of Bernstein-Schurer reduces to the Chlodowsky variant of g-Bernstein-Schurer op-
erators.

First of all, we obtained the following lemma and used it throughout the paper.

Lemma 1 Let C,(f;p,q;x) be given in Eq.(2.1). Then we get,
(l) Cn,s (1;P,q;x) = 17

- n+s
(i) G (1:p, ) = — P,

pl’zsq[n-!—s—l][,_’q[n+s]pﬁqx2 P Hnts)
2

[7]4 [7].4

(iv)Cos (1 —x) 3 p,q5%) = ([Zj{:]]” - 1) X,
p.q

(iii) Cu (tz;p,q;x) =

P bnx7

_ 1-2s n+s—1 n—+s n—+s n—s—1 n—+s
(v)Cns((t )2; , ;) 4 q[ }ﬂ-ﬂ[ ]pyq 2[ ]P,q 1 2 P [ }P,q!n'
' [n}z [”]
Pq rq

Proof Applying the Corollary 1, we have

n+s - (nts=D)(nt+s) [ p+§ X k o
Cns ] P, qx Zp 2 2 [ k :| (;) (] *x);?; k
pq N

_fp@—(niwpk(w—k) {"H} (x)k(l X>Wk
k=0 k- gsp \bn o atr

when0<g§1.

p
Using the linearity of the operators and Corollary 1 with some basic calculations, we
can obtain the assertions (ii), (iii). Then, from (i) and (ii), we have

Cos (1 =x):p,q:x) = Cp (t;p,q3%) — xCrs (13 p, G5 X)
n—+s
— [sﬂ —1|x
p*lnl,,
It is known that

Cn,s ((t *X)Z§P7q§x) = C_'M(xz;p,q;x) - 2xC_'n,x(x;p7q;x) +x26_'n7s(l;p,q;x).

Hence, the result proposed is acquired.
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Lemma 2 For the second central moment we obtain the following estimate

sup Cos (1 — %)% p,q5x)
OSXSbn
1-2 !
< (p ‘qlnts gl tsly g+ p" Int sl _2[H+S]M+l> by

["Eq [n]p,q

3 Korovkin Type Approximation Theorem

In this section, we give Korovkin-type approximation theorem for the Chlodowsky variant
of Bernstein-Schurer operators based on (p, ¢)-integers. Let us denote C, as the space of all
continuous functions f, which satisfies the following condition.

If () <Mpp(x), —o0 < x < oo,

Therefore, C, is a linear normed space with the norm

f ()l
= sup ——=.
1fllp = sup o 0)
Theorem 1 (See [10] ) There exists a sequence of positive linear operators Q,, acting from
Cp to Cp, satisfying the conditions.

lim (|0, (1:x) = 1|, =0 (3.1)
lim (|0, (¢:x) = 0], =0 (3.2)
lim [|Q, (9%:x) —9°[|, =0 (3.3)

where ¢ (x) is continuous and increasing function on (—eo,e0) such that liril @ (x) = too
X—rtoo

and p (x) = 1+ ¢ and there exists a function f* € C, for which @"Qﬂf* —f*llp, >0.

The following theorem has been given in [10] and can be used in the investigation of ap-
proximation properties of Cy s (f;¢;x) in weighted spaces.

Theorem 2 ( See [10] ) The conditions Egs.(3.1),(3.2) and (3.3) imply r}l_r}lolo ||Q,,f—f|\p =0

for any function f belonging to the subset Cg of Cp for which

A
o0 P (%)

exists finitely.
Particularly, choosing p (x) = 1 +x? and performing Theorem 2 to the operators

(fspygsx) if 0<x<b,

Cn.s
Qn(f;pyq;x)={ Cf() i x@[0,bs

we can state the following theorem.
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Theorem 3 Forall f € C?JFXQ we have

sy 19200 1]

n%°0<x<hy I+x

provided that q := (qn), p := (pn) with 0 < g, < py <1, liﬁm qn =1, liﬁm pn =1 and
n 00 n oo

b
lim — =0as n — oo,
v o]

Proof In view of Theorem 2, by using Lemma 1 (i), (ii) and (iii) we get the following
inequalities, respectively,

([n+s]p_q _ 1) N
sup |On (t;pmqnz;X)—X\ < sup Plpg :
0<x<bn 1+x o<x<p,  (1+x%)
n+s
< [Sﬂ—l -0
P,
and
|Qn (fz;l’m%;x) —X2|
sup 5
0<x<by I+x
[rtslpg )2 A 1[”+5]11q
'( [n]p‘q + [n]pq bnx
< sup 3
0<x<by (1+x2)
2 s
([Vl-ﬁ*s}pg B 1) +pl s [n+s]p,qb 0
2 n
[n]qu [n]p,q

. . . . . b
is satisfied since lim ¢, = 1, lim p, = 1 and == — 0 as n — oo,
n—soo n—soo [n]
Lemma 3 Let B be a positive real number independent of n and f be a continuous function
which vanishes on [B,)|. Assume that q := (q,), p = (pn) with0 < g, < p, < 1, lgn P =
n—oo
2

b
N < oo, llmq”—K<ooand lim —% = 0. Then we have
]

lim sup ‘Cny(f Pnyqn; X ) f(x)‘ =0.

=2 0<x<b,

Proof From the hypothesis on f, one can write |f(x)| <M (M > 0). For arbitrary small

€ >0, we have
K ’
Wpg,
<8+ 52 (p H b, > ,

’f(p” "H” b) f(x)
Pq

where x € [0,b,] and 8 = & (&) are independent of n. With the help of the following equality

2
n+s (e nes—1) (s knt+s—k—1 ) )
Z Mb —X pk(szl)*iw L {n:s} (i> ' SI_I (Pj—qji>
= Cus (fip,q5x )
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we get by Theorem 3 and Lemma 1 that
sup |Gy (f3p,43%) — f ()]

0<x<b,
<p12sq [nJrS* l]p,q [n+s]p~q s [nJr ]pq N 1) b2 pnfsfl [n+s}p7q e

2M
<&+
["];q [n]pﬁq

52
2
Since —% — 0 as n — oo, we have the desired result.

]

4 Order of Convergence

In this section, we compute the rate of convergence of the operators in terms of the elements
of Lipschitz classes and the modulus of continuity of the function. Now, we give the rate of
convergence of the operators C, ; in terms of the Lipschitz class Lipy (), for 0 < y < 1.
Let C[0,0) denotes the space of bounded continuous functions on [0,e0). A function f €
Cg[0,0) belongs to Lipy (y) if

fO)—fl<Mlt—x[" (t,x€[0,0))
is satisfied.

Theorem 4 Let f € Lipy(y)
Cos (f39,@3%) — F(x)] < M (A (x))7

=gy s—1 n+s n+s i
where A, 4 (x) = (p al 5 }p’q[ ]p’q —2[ ]p'q +1 x2+—p [2 L”qbnx
[I’l} Pq [n][’sq [I’l} P.q

Proof Considering the monotonicity and the linearity of the operators, and taking into ac-

count that f € Lipp(y)
knts—k—1
)T ()
< Z

|Cos (s 5% )*f(X)\
K1) (ks 1)) |:I1+S:| (X )k"H ( j x)
2 2 7 B
[ P4 b bn
nts (k]

nts Kk=1) _ (nts—1)(nts) [ -+ s
—IZ(f"" b pgpt s e (
g
<MY |ty M) (s Jots) {n+s] (X>k 1:17 ( )
< )4 ; —X|'p . P —61
k=0 [l’l] X ! k p.q bn j=0 bn

@“x

[ L,,q

n+s

n)_f(x) p

2
Using Holder’s inequality with p = 77 and g = , we get by the statement (Lemma 2)

2_y
‘Cn,s (fsip,q3x) — f(x)]

nts _ [k] k(k=1)  (nts—D(n+s) | n + s X Knts—k—1 . X Y
oot ) (T )
k=0 n P4 n n

[ LM[ J=0

knts—k—1
k(k=1) (nts—l)(nts) | p—+§ X H : S X 2y
. [p i i |: :| <7> <pj_qj7)] ’
k P bn Jj=0 bn
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n+s }

k n+s—k—1
k(k=1) _(nts—(nts) [ n+§ X . . X v
<M{{Z st ] ()T (e
k=0 Psq n j=0 n
nts k k(k=1) _ (nts— 1 Jnts) | n+s§ X Knts—k—1 . . X 2-y
Ayl ]G T (e
pa N1 j=0 "

= M[C,, ((z —x)* ;p,q;X)]
< M(ln,q (x))%l

IR

Now we give the rate of convergence of the operators by means of the modulus of
continuity which is denoted by w(f;98). Let f € Cg[0,0) and x > 0. Then the definition of
the modulus of continuity of f is given by

of:8) = max, |f(e) /(). @)

t,x€[0,00)

It is following that for any 8 > O the following inequality
XYy
100l < 0(r8) (F52 1) @2)

is satisfied ([5]).
Theorem 5 [f f € Cg[0,00), we have

|Cos (fip,q:%) = f (¥)] <200 (f Anp.q (x ))

where @ (f;-) is modulus of continuity of f which is defined in Eq.(4.1) and A, 4 (x) be the
same as in Theorem 4.

Proof By triangular inequality, we get
‘C_'n s f-p q-x) _f(x)‘
n+s k(k=1) (nts—D(nt+s) | p+§ X Knts—k—1 . . X
Zf k| ba)p 7 2 { . ] (;) (p’*q’b*)*f(x)
P.q n n

H,,q

=0
v K, Kk=1) _ (ns=D(nts) [+ x \Fntsk=t /oy
N L el ()T ().
k=0 pg \n =0 n

and Holder inequality, we can write

kn+s—k—1
k D (nts— l)n+s n+s X . . X
St ot LG ()
g N j= "

S k1) (rs-Dvs) [n4s o \Kknbszk=1 0
o(f;7) ZP —z 7 [ L } <;> H <pf—q’b—)
Pq n n

=0
o(f0) " K, Kk=1) _ (bs—1)(n+s) [n+s:| (x )"”“"‘“ < ; »x>
P “by—x|p 7 2 = p—q -
A k;) ["}pﬁq k P4 b ]I;!) b
7

723 Eser Gemikonakli et al 717-727



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

o(f;1)

2
f/l) ”“( K, q > Kk=1) _ (nbs=1)(n+s) [nJrs} (x)"”““( ' <x)
p b —x| p 2 2 - P —q -
k=0 k P.q by E) by
o(f;1) 1/2
o(ra)+ 2 (e, waﬁm¢§ .

Now, choosing A, 4(x) same as in Theorem 4, then we have

gk

Cos (fsp,q5%) — £ (0)] <20 (f; Anp.q (X)> :

5 Generalization of the Chlodowsky Variant of g-Bernstein-Schurer-Stancu
Operators

In this section, we introduce generalization of Chlodowsky variant of Bernstein-Schurer
operators based on (p,q)-integers and this provides us to obtain approximate continuous
functions on more general weighted spaces. For x > 0, consider any continuous function
o (x) > 1 and define

Let us consider the generalization of the C,, ; (f; p,¢;x) as follows

Ly (f;p7q;X)
k nts—k—
rf e k[k]qu W‘ ) (7!4»\27714»\) [n—i—s} (i) ”+ﬁ ]<qujx)’
l+x2 ]pq k i bn j:0 bn

where 0 < x < b, and (b,) has the same properties of Chlodowsky variant of g-Bernstein-
Schurer-Stancu operators.

Theorem 6 For the continuous functions satisfying

tim L% g <
o (x)
we have
L . . _
hm Sup | n (f’p7q7x) f('x)| — 0
N )<y <p, o (x)

Proof Clearly,

Ly (fspq:%) — f (%)
_ 0@ (o (il g ks (xy
T 142 (,;)Gf (p [n], bu | p ko], \bn

T -eo)
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thus
wp [ ipa) = f @] |Gos (Grip i) = Gr ()]
0<x<by o (x) 0<x<b, 1+x

By using | f (x)| < M;® (x) and continuity of the function f, we get that ]Gf (x) ’ <My (1+x?)
for x > 0 and G (x) is continuous function on [0, ). Thus, from the Theorem 1 we get the
result.

Finally note that, the operators L, (f; p,q;x) reduces to Cs (Gy;p,q;x) by taking @(x) =
142

6 Numerical Results and Discussions

In order to show the effectiveness and accuracy of C_'”_y s (f3 p,q;x) to f(x) with different values
of parameters, numerical results are presented in this section. Sensitivity analysis is carried
out to minimise the error of approximation of G, (f;p,¢;x) to the function f(x) = 1—
cos (4¢*) for minimum 7 and s values by taken into account different p and ¢ values.

In Figure 1, C_'n,s (f3p,q;x) results are given as a function of x for different n values. To
minimise the error of the approximation of G, (f; p,¢;x) to f(x), two different sequences

n n*+4

§ pria) =g,
Cn,s(f; p;q;x) converges to f(x) for both sequences as the value of ¢ and p approaches to-

) for Gy (f; p,¢;x) rather than

b, = 1+1log( are considered respectively. It is evident that the

s 1, while s = 2. H . usi =1+log(——
wards 1, while s owever, using b, +0g(n+12

2
4
= Z-}-;lg results better approximation results. Therefore, the effect of increasing n
n n
further than 20 is less evident for x < 0.5 for the convergence of C, s (f; p,¢;x) to the func-
tion f(x). On the other hand, it is required to increase the value of n further than 50 for
x > 0.5 in order to have more accurate results for each sequences. Comparative results are
given in Table 1 and Table 2, for the errors of the approximation of C, s (f; p,g;x) to f(x),

considering each sequences for different n values.

x @ |[f@=Coa(fir.ax)|  |f®) =Croa(firgix)| | f(x)—Cso2(fipaix)| | f(x)—Cso2 (fip %)

0.1 1.2876 0.0460 0.0310 0.0190 0.0125
0.2 0.8276 0.0720 0.0432 0.0207 0.0090
0.3  0.3657 0.0543 0.0200 0.0049 0.0172
0.4  0.0494 0.0180 0.0411 0.0544 0.0595
0.5 0.0482 0.1369 0.1224 0.1050 0.0933
0.6 0.4642 0.2913 0.1998 0.1280 0.0898
0.7 1.1997 0.4942 0.2723 0.1210 0.0489
0.8  1.8665 0.7628 0.3627 0.1242 0.0224
0.9 19157 0.9275 0.3925 0.1406 0.0521
NP n*+4
Table 1 Errors of approximation C,, s (f; p,¢;x) to f(x) <s =2.b, = m,p =1l,q= 0.98)

Figure 2 demonstrates the convergence of C’n,s (fsp,q;x) to f(x) but this time consid-

ering different p and ¢ values, when n = 50 for bn = 1+ log(ﬁ). In Figures 2(a), and
n

2(b), as g values are increased, the errors of the approximation of C, s (f;p,q;x) to f(x) is
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& polg =098
25! |- ba=1 E Iog(_k:'12),n=20,s=2 | . Pl e 098
22 | == b= n=208=2 | ' = b=l +log(-2;)n=30=2
=3 = fix)=1 — cos(4e™) 2 3
= f - ne 44
= 5 = o= g N=30,5=2
w4l gl.s - f{x)=1 — cos(4e™)
05 =
2
% 02 04 08 08 1 i
0.5
% 0z o4 . 06 08 1
(b) n=30
2e 2s p =1, q =098 )
. - . - = — "y n=80,s=
br=1+ Iog(”nz},n-so.s-z
2 2 24
. — - b.—=N—:'T;. n=80,5=2
W - : = "
£15 = f(x)=1— cos(4e”) 515 fix)=1 — cos(4e™)
& 2 LX) l
CRa) = 4}
1 w5
as = as
% 0z os . 08 08 1 % 02 os . 06 08 1
(c) n=50 (d) n=280

Fig. 1 Convergence of C, 5 (f; p,q;x)for different n values

x o f®) f@-Co2(fir.ax)|  |f®)—Co2(firaix)|  |f @) =Cso2(fip,aix)|  |f (%) —Croz (f3p,93%)

0.1 1.2876 0.0459 0.0317 0.0196 0.0130
0.2 0.8276 0.0721 0.0427 0.0204 0.0089
0.3  0.3657 0.0546 0.0156 0.0088 0.0198
04  0.0494 0.0173 0.0520 0.0644 0.0663
0.5 0.0482 0.1358 0.1390 0.1203 0.1040
0.6 0.4642 0.2903 0.2187 0.1412 0.0993
0.7 1.1997 0.4947 0.2650 0.1157 0.0461
0.8  1.8665 0.7665 0.3110 0.0825 0.0045
09 19157 0.9361 0.2897 0.0640 0.0038
Table 2 Errors of approximation C,, s (f; p,q;x) to f(x) (s =2.b,=1 +10g(ﬁl112)’p =1l,9= 0.98)

minimised for x < 0.5 and x > 0.8 for any given p values. On the other hand, the results show
that decreasing ¢ values has an effect on the convergence of C_’,,,s (f;p,q;x) which provide
better approximate results for x > 0.6 and x < 0.8 (See Table 2).

£=2,n=50,b.=1 + Ing{-;;”;;] s=2,n=50b.=1 4 Ing{"—'"-J-i]
3 .
= pe19-08 ’ = p=08q=063
8 = p=1,q=0.85 el 2 = p=0.8,g=0.65 '//
. = 5=1,=0.9 — | == p=0.8g=0.75
= = -40=098 o - =0.8,q=0.78
S - i x = < x
e fix)=1 — cos(4e™) o 18 = f{x)=1 — cos(4e*)
3 6y
wE 1 iy
L] wd
as g 05
% ©t ©2 03 o4 05 06 07 08 09 % ©i 0z 03 o4 g5 06 0 08 08
(@ p=1 (b) p=038

Fig. 2 Convergence of C_‘,,rs (f3 p,q;x) for different p and q values

10
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Abstract

This paper study the dynamical behavior of a general HIV-1 infection model under the effect of Highly
active antiretroviral therapies (HAART). The model includes three types of infected cells (i) long-lived
productively infected cells which live for long time and creat small amount of HIV-1 particles, (ii) latently
infected cells which do not creat HIV-1 until they have been activated (iii) short-lived productively infected
cells which live for long time and creat large amount of HIV-1. The model incorporates humoral immune
response and general nonlinear forms for the incidence rate of infection, the generation and removal rates
of all compartments. The nonnegativity and boundedness of the solutions of the model as well as global
stability of the steady states are studied. The global stability are established using Lyapunov method. Using

MATLAB we conduct some numerical simulations to confirm our results.

Keywords: HIV-1 infection; HAART; global stability; humoral immune response; latency; viral reservoirs

1 Introduction

Human immunodeficiency virus type 1 (HIV-1) infects the CD4" T cells which play the central role in the
immune system of the human body. HIV-1 causes gradual depletion in the concentration of the uninfected CD4+
T cells which decreases the efficiency of the immune system against other infections. During the last decades,
substantial efforts have been paid to propose treatment strategies for HIV-1 [1], [2]. Highly active antiretroviral
therapies (HAART) which combines two classes of antiviral drugs, reverse transcriptase inhibitor (RTI) and
protease inhibitor (PI), can rapidly decrease the concentration of the HIV-1 and increase the concentration of
the healthy CD4™ T cells in the plasma. However, HAART can not eradicate the HIV-1 completely due to the
presence of viral reservoirs such as latently infected cells. Mathematical modeling and analysis of the dynamics
of HIV-1 are helpful in understanding the virus dynamics and improving diagnosis and treatment strategies
[3]-[23]. Modeling the HIV-1 dynamics with latent infection has been studied by several researchers [24]-[29].
The HIV-1 dynamics model with latently infected cells consists of four compartments: uninfected CD4™ T cells,
latently infected cells, actively infected cells and free HIV-1 particles [24].

t=p—dr—(1—e.)Bzv, (1)
w=h(l—¢,)Bzv — (a1 + 61)w, (2)
y=1-h)(1—-¢er)Bzv+a1w — oy, (3)
¥ = Ny — 640, (4)

where z, w, y, v represent the concentrations of the uninfected CD41 T cells, latently infected cells, actively
infected cells and free HIV-1 particles, respectively. p > 0 is the replenished rate of uninfected CD4* T cells from
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body’s sources such as bone marrow and thymus. The parameters d, 61, d2 and d4 are the death rate constants
of the uninfected CD4™ T cells, latently infected cells, actively infected cells and HIV-1 particles, respectively.
The uninfected CD41 T cells become infected by viruses with infectivity 8. The efficacy of the RTI drugs is
given by ¢,, where €, € [0,1]. The latently infected cells are activated at rate ajw. The parameter N is the
average number of HIV-1 particles generated in the lifetime of the actively infected. A fraction h € (0,1) of
infection events result in latent infection. The global stability analysis of model (1)-(4) has been studied by
Wang et al. in [26].

As reported in [24], [2] and [30] three are two types of productively infected cells, the first is short-lived
productively infected cells which live for short time and produce hight numbers of HIV-1 particles, and the
second is the long-lived productively infected cells which live for long time and produce small numbers of HIV-
1 particles. Long-lived productively infected cells can be seen as another reservoirs which a major obstacle
to eliminate the HIV-1 completely by HAART. Model (1)-(4) has been modified by including: (i) mitotic
proliferation of the uninfected CD4% T cells, (ii) three types of infected cells, latently infected cells (w), short-
lived productively infected cells (y), and long-lived productively infected cells () [30].

xmax

T =p—dr+pzx (1 — ) - (1- 87-)(61 +BQ +Bg)3w> (5)

W= (1—¢e.)Brzv — (a1 + 61)w, (6)
§=(1—¢&)B2zv + a1w — day, (7)
= (1—e¢.)B3zv — d3u, (8)
v =(1—¢,)Ny+ (1 —p)Mb3u — dqv. (9)

Uninfected CD4% T cells can be produced by proliferation of existing healthy cells in the body. The parameter
p > 0 is the maximum proliferation rate of uninfected cells. The parameter xp,x > 0 is the maximum level
of uninfected cell concentration in the body. If the concentration arrives at Tpyax, it should decreases. The
parameters Jo and J3 are the death rate constants of the short-lived productively infected cells and long-lived
productively infected cells, respectively. The uninfected CD4T T cells become infected by viruses with infectivity
By + B + Bs. The efficacy of the PI drugs is given by €p, where ¢, € [0,1]. The parameter M is the average
number of HIV-1 particles generated in the lifetime of the long-lived productively infected cells.

In model (5)-(9) we note the following (i) the infection rate is given by bilinear incidence which may not
describe the virus dynamics accurately, (ii) the death rate of all compartments, the production rate of viruses
and the latent-to-active transmission rate are given by linear functions, however, these rates are generally not
known, (iii) the effect of immune response has been neglecting. The aim of this paper is to propose an HIV-
1 infection model which improves model (5)-(9) by taking into account the humoral immune response and
by assuming that the intrinsic growth rate of uninfected CD4% T cells as well as the death rate of HIV-1 and
infected cells are given by general nonlinear functions. We study the qualitative behavior of the proposed model.
The existence and global stability of all the steady states of the model is established. Lyapunov functionals and

LaSalle’s invariance principle are used to prove the global stability of the model.
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2 Mathematical HIV-1 dynamics model

Based on the above discussion we formulate a general nonlinear HIV dynamics model with humoral immunity.

The model can be considered as a generalization of several existing HIV-1 models.

& =m(z) = (1 —&.)(By + By + B3)(x, v), (10)
W = (1—¢,)B:&(x,v) = (a1 + 61)g1(w), (11)

= (1 = &) B2 (2, v) + a191 (w) — d292(y), (12)
i = (1—e,)B5¢(x,v) — 6393 (), (13)
o= (1—e,)Nb2ga(y) + (1 — ) MIzgz(u) — d4g4(v) — qga(v)gs(2), (14)
2 =rg4(v)gs5(2) — 0595(2), (15)

where z represents the concentration of the B cells. Function m(x) represents the intrinsic growth rate of
uninfected CD4™ T cells accounting for both production and natular mortality. The viruses are neutralized at
rate qgs5(z)g4(v) and die at rate d4g4(v), where ¢ and d4 are positive constants. The B cells are activated at rate
rgs(2)gs(v) and die at rate §5g5(z). All the parameters are positive. Let us define 3; = (1 —¢,)5,, i = 1,2,3,
N =(1-¢,)N and M = (1 —¢,)M. Functions , &, ¢;, i = 1,...,5 are continuously differentiable, moreover,
they satisfy some hypotheses:

(H1). (i) there exists zg such that w(z¢) =0, m(x) > 0 for z € [0, zo),

(ii) 7'(x) < 0 for = € (0, c0),

(iii) there are b > 0 and b > 0 such that 7(x) < b — bz for x € [0, 00).

(H2). (i) &(x,v) > 0 and £(0,v) = £(x,0) =0 for x,v € (0,00),

(i) 2w) 5 0, 20 g and 280 5 0 for all z,v € (0, 00),

(iii) (agg:m /

(H3). (i) gj(n) > 0 for n € (0,00), g;(0)=0,j=1,..,5
(ii) g5(n) > 0 for n € (0,00), j = 1,2,3,5, gi(n) > 0, for n € [0,00),
(iii) there are a; > 0, j = 1,...,5 such that g;(n) > a;n for n € [0, 00).

(H4). 2 (ij{;?) <0 for v € (0,00).

> 0 for z € (0, 00).

3 Basic properties

In this section we study the basic properties of model (10)-(15). The non-negativity and boundedness of the
solutions of the model will be established in the next theorem:
Theorem 1. Let Hypotheses (H1)-(H3) be hold true, then there exist a set

A: {(wiay7u7v7z) GRgO:0§x5w7y7u§’41170§v§H270§ZSH3}

which is positively invariant with respect to system (10)-(15), where k1, k2 and k3 are positive numbers.
Proof. First, we show that RS is positively invariant for system (10)-(15) as:

& Joo= 1(0) > 0,

W |w=o= B1&(x,v) >0 for z,v€[0,00),
U ly=0= B2&(x,v) + a1g1(w) >0 for x,w,v € [0,00),
i o= Ba€(,0) 2 0 for .0 € [0,00).

U ly=0= Nd2g2(y) + Mdsgs(u) >0 for y,u € [0, 00),

% |amo=0.
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Hence, all the state variables of system (10)-(15) are non-negative.

Let Ty (t) = x(t) + w(t) + y(t) + u(t), then

T1 = m(x) — d1g1(w) — d292(y) — d393(u)
<b—bx — Soiw — daay — S303U.

<b-oci(z+wt+y+u)=b—01T1,

- b
where o1 = min{b, 11, daaa, 033 }. Hence, T (t) < k1, if T1(0) < k1, where k; = —. The non-negativity of
01
x(t), w(t), y(t) and u(t) implies 0 < x(¢), w(t), y(t), u(t) < K1, if 0 < 2(0)+w(0)+y(0)+u(0) < k1. Moreover,
we let Th(t) = v(t) + 2z(t). Then

0
= Noaga(y) + Méags(u) - 819a(v) = T2 g5(2)

1)
< Né2ga (k1) + Md3gs(k1) — dacqv — 11750452
< Néaga(r1) + Mdzgs(k1) — 02T,

N Mo
where 09 = min{dsay, dsas}. Hence, To(t) < kg if T5(0) < ko, where ko = 202(f1) + 393(&1). The
02
non-negativity of v(t) and z(t) implies 0 < v(t) < k2 and 0 < 2(t) < w3 if 0 < v(0) + £2(0) < Ka, where
()
Ky = —.

Thgorem 2. Suppose that Hypotheses (H1)-(H4) are valid, then there exist two bifurcation parameters R
and R; with Rg > R1 > 0 such that

(i) if Rg < 1, then the system has only one positive steady state Sp € A,

(ii) if Ry <1 < Ry, then the system has only two positive steady states Sp € A and Sy € A,

(iii) if Rq > 1, then the system has three positive steady states Sy € A, S; € A and Ss € 5

Proof. Let S(z,w,y,u,v, z) be any steady state of (10)-(15) satisfying the following equations:

0=m(z)— (B + By + B3)¢(x,v), (16)
0= B1&(z,v) — (a1 + d1)g1(w), (17)
0 = By¢(x,v) + arg1(w) — d292(y), (18)
0 = B3&(z,v) — d3g3(u) (19)
0= Nd2ga2(y) + Mdsgs (U) — 0494(v) — qg4(v)g5(2), (20)
0 =7g4(v)gs(2) — d595(2). (21)

From Eq. (21) we have two possible solutions, g5(z) = 0 and g4(v) = d5/r. Let us consider the case g5(z) = 0,
then from Hypothese (H3) we get z = 0. Hypothese (H3) implies that g;l, 1 =1,...,5 exist, strictly increasing
and g; ' (0) = 0. Let us define

o) =1 (gagym@)). vl =gt (AL IR,

) =g (7)) o) =7 (3. (22)

where 8 =1 + 82 + 83 and v = N(’“ﬁlH“l(;é(z)lﬁjg:“)M*BB(aﬁél). It follows from Egs. (16)-(21) that:

w=0(x), y=v¢(), uw=p(x), v==L) (23)

Obviousely, 0(x), ¥ (x), u(z),€(xz) > 0 for € [0,29) and 0(xg) = Y(x0) = u(xo) = €(x) = 0. From Egs. (16),
(22) and (23) we obtain
V(@ (x)) — ga(£(x)) = 0. (24)
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Eq. (24) admits a solution = = xo which gives the infection-free steady state Sy(zo,0,0,0,0,0). Let

Uy (z) = (2, £(x)) — ga(£(x)) = 0.
It is clear from Hypotheses (H1) and (H2) that, ¥1(0) = —g4(¢(0)) < 0 and ¥y (zg) = 0. Moreover,

o) = | 2600 ) 200 g 0 ).

We note from Hypothese (H2) that W = 0. Then,

¥, (20) = £ a)gh0) (75 500 1))

From Eq. (22), we get

, Y, v 0&(x0,0)
V1 (@0) = 5 (o) <ga<o> B T 1) ‘

Therefore, from Hypothese (H1), we have 7'(zo) < 0. Therefore, if 5 35(;3’0) > 1, then ¥/ (x¢) < 0 and there
4

exists x1 € (0,z0) such that Uy(z1) = 0. Hypotheses (H1)-(H3) imply that

wy =0(x1) >0, y1=v(x1) >0, ug=p(r) >0 vy=2~x1)>0. (25)
It means that, a humoral-inactivated infection steady state Si(x1, w1, y1,u1,v1,0) exists when g,'(yo) W > 1.
4
Let us define
Ro = Y 8&(‘1‘070)
0T g0 v

] ]
The other solution of Eq. (21) is g4(ve) = 75 which yields vy = g; ! (: > 0. Substituting v = vy in Eq. (16)

and letting Uq(x) = w(z) — BE(x,v2) = 0. According to Hypotheses (H1) and (H2), ¥ is strictly decreasing,
U5(0) = 7(0) > 0 and Uy(zo) = —BE(z0,v2) < 0. Thus, there exists a unique z2 € (0, zg) such that ¥y(zs) = 0.
It follows from Eqs. (20) and (23) that,

1[0
Wo = 9($2) >0, yo = ¢($2) >0, us = M(l‘z) >0, vo = gy ! <5> > 0,

e (1055 1)

Thus, 22 > 0 when 'yggza’)z;) > 1. Now we define the paramater R as:

5(3627 112)

R = .
L= 94(’02)

If Ri > 1, then 2z, = 95—1 (%(Rl — 1)) > 0 and exists a humoral-activated infection steady state
So (w2, wa, Y2, Uz, V2, 22)-

Now we show that Sy € A, S; € A and Sy € g Clearly, Sg € A. Now we show that S; € A. We have
x1 € (0,0), then from Hypothese (H1) we obtain

0= m(z0) < m(x1) < b— bry.

It follows that

b b
O<.’L‘1<:§i:ﬁ)1.
b o1
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From Hypothese (H3) and Eqs. (22)-(23), we get the following:

_ B b1 frb
onwr < gi(wn) = B(ar + 51)7T($1) = B(a -i-(51)7T 0)< B(ar + 1)
B:1b p1b

=>0<w <

< < < K1,
Baq(ar + 1)  Paids  aidr !

a8, + (a1 + 51)52 a3y + (al + 51)ﬁ2
d28(ar + 61) m(@) < d28(a1 + 1)

< (@B + (a1 +01)8)b _ (ar+61)(By +B,)b _ b

7(0)

ayr < g2(y1) =

- d28(ar + 61) 028(a1 + 1) 2
b
=0<y < a0a < K,
b b
azuy < g3(up) = ﬁﬂ(m) < %W(O) < 5[33% < 5
=>0<u; < L < K1,
OZ3(53

Eq. (20) implies that

dg0qv1 < 0494(v1) = Nd2ga(y1) + Mdzgs(u1) < Ndaga(k1) + Mzgs(k1)

Ndaga(k1) + Mdzgs(ki)

s0<v <
(540(4

< Ko

We have z; = 0 then, S; € A.
It is clear that 0 < x2, wa, Y2, us < k1. Next we show that 0 < vy < kg and 0 < 23 < k3 when Ry > 1. From
the steady state conditions of Sy we have,

0494(v2) + qga(v2)gs(22) = No2ga(y2) + Mzgs(uz).

Then if Ry > 1 we get

0494(v2) < No2ga(y2) + Mdzgs(us)
= dg0uve < No2ga(k1) + Mdsgs(k1)
Noaga(r1) + Mdzgs(ki)
540[4

=20< vy < < Ka,

and

q94(v2)g5(22) < Nb2ga(y2) + Mdsgs(uz)
1)
= qT504522 < Ndaga(k1) + Mzgs(k1)

r [N(Sggg(,‘il) + M5393("i1)] < k3
0505 B

=>0<29<

Then, S € A. Clearly from Hypotheses (H2) and (H4), we have

o g S22 v OE(@2,0) g O(20,0) _ g

ga(v2) T "woot ga(v) g,(0)  Ov g,(0)  Ov

4 Global properties

In this section, we established the global stability of the three steady states by of system (10)-(15) by constructing

suitable Lyapunov functions.
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Theorem 3. Suppose that Hypotheses (H1)-(H4) are valid and Ry < 1, then Sy is globally asymptotically
stable in A.
Proof. Define

x

Wo = — 20 — / lim SC0 ) g by + ks By + ks, (26)
v—0F 5(7%”)
xo
where
B1k1 + Boka + B3ks = B, (a1 4 61)k1 = arks,
kg = Nk‘4, k3 = Mk‘4, qk4 = Tk’5. (27)

The solution of Eqgs. (27) is given by

a1 Np kg = Nﬁ ks _M75’ k4:£ ks = qﬁ. (28)

b= ,
! 754(&1 + 51) ’}/54 ’}/64 ’}/54 ’I“’}/(S4

We evaluate “%2 along the solutions of (10)-(15) as

% - (1 a vli%l+ Z(éco,’vv))> (ﬂ—(ﬁ) - ﬁf(;v,v))

+ k1 (B1€(w,v) — (a1 + 01)g1(w)) + k2 (B28(,v) + a1g1(w) — d292(y))
+ k3 (B38(x,v) — 6393(u)) + ka (Nd2g2(y) + Mdzgs(u) — daga(v) — qg4(v)gs(2))
+ k5(rga(v)gs(2) — d595(2))- (29)

Collecting terms of Eq. (29) and using m(x¢) = 0, we obtian

AWy §(x0,v) pe(x,v) . &(wo,0)
@ ) o) (1= i g ) )+ (ot O ) o)~ s
< (m(@) = ml@o)) | 1= v~>0+ xo, ) <'u—.>0+ 524:(3 ;}) vLOJr i((mxo”;))) - k454> 94(v) = k50595 (2)

—_

0¢(x0,0)/0v

L= 0¢(x,0)/0v

= (m(x) — 7(zg)

'
)

= (m(x) — (o) < %ia;o’o //88;) + k4dy (k464g4( )85(;2,0) - 1> 9a(v) — k50595 (2)
( ) + k164(Ro — 1)ga(v) — k58595 (2). (30)
(

From Hypotheses (H1) and (H2), we have

(n(x) - m(20)) <1_ W) 0

0¢(x,0,0)/0v

Therefore, if R < 1, then 492 < 0 for 2, v,z € (0,00). Mo = 0 if and only if z(t) = zg, v(t) =0

and z(t) = 0 for all ¢t. It easy to show that, the largest invariant set I'o C T = {(x,w,y, Uu,v,2) dW“ = 0} is

the singlton {Sp} [31]. LaSalle’s invariance principle provide that S is globally asymptotically stable. O
Lemma 1. Let Ry > 1 and Hypotheses (H1)-(H4) are satisfied, then

sgn(R1 — 1) = sgn(vy — v2) = sgn(ze — x1).
Proof. Using Hypotheses (H1) and (H2), that for z1, z2,v1,v2 > 0, we get
(w1 — x2) (w(22) — m(21)) > 0, (31)

(w2 — 21)(§(w2, v2) — €21, 02)) > 0, (32)
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(v2 = v1) (§(21,v2) — &(w1,v1)) > 0, (33)
and from Hypothese (H4), we obtain
oy [(Ez1v2)  E(@1,01)
(’Ul 2) ( gg(vg) 92(01) ) > 0. (34)

First, we show that sgn(vi — v2) = sgn(ze — x1). Suppose that sgn(vs —v1) = sgn(z2 — x1). Using the steady

states conditions of S7; and S; we obtain

m(w2) — w(w1) = B[§(w2,v2) — &(21,01)] = B[(€(w2,v2) — &(21,v2)) + (§(21,v2) — (71, 01))] -

Therefore, from inequalities (31)-(33) we obtain sgn (z2 — x1) = sgn (z1 — x2), which is a contradiction, hence,
sgn (v1 — v2) = sgn (x2 — x1) . Using Eq. (25) and the definition of Ry we get
To, v 1,V 1 1,V 1,V
Ri—1=v <§( 2,02) - G 1)) =7 [g4(v2) (€(w2,v2) — &(z1,v2)) + Sla1, va) - fan, o)

ga(v2) ga(v1) ga(v2) ga(v1)

Thus, from Egs. (32) and (34) we obtain sgn(R1 — 1) = sgn(v; — v2).
Theorem 4. Suppose that Hypotheses (H1)-(H4) are satisfied and R; < 1 < Ry, then S; is globally
asymptotically stable in A.

Proof. We introduce Lyapunov function

—x—x — zM w_w_wgl(wl) o ygg(yl)
Mz /S(n,v1)dn+kl( G d”)*’” (y n /gz(ﬁ)dn)

w1 1

[ g3(u1) f 94(711)
+ k3 (u—ul—/ ) dn) + ky (v—vl—/ ) dn) + k52,

uy v1

and evaluate d?t/l along the trajectories of (10)-(15):

v _ (1 - M) (m(x) — BE(x,v)) + ki (1 — gl(wl)) (B18(z,v) — (a1 + 61)g1(w))

dt &(z,v1) g1(w)
. 92(91) 2.0 a w) — _ gs(u1) x,v) — U
e (1= 20 (30004 angn () = B20a) + b (1= 2500 ) (30) = gt
h (1 - 954‘(”;))) (NGaga(y) + Mbsgs(s) — 8aga(v) — aga(v)gs (=)
+ ks (rga(v)gs(2) — 0595(2)) - (35)

Collecting terms of Eq. (35) and applying m(z1) = 8E(x1,v1) we get

W = o) (o) (1= 820 o) (1 L)
(@1, v1)

o) k1ﬁ1§($»v)521<501)) + ki(ar + 61)g1(wr) — k2f26(x,v) 5()
- k2a192(2;12)(gy1)(w> + k20292 (y1) — k3f3€(, U)?B(:;)) + k303g3(u1) — kalNd292(y)
— k4 Mb3g93(u) 9944((12)) — k40494 (v) + k40494(v1) + kaqga(v1)gs(z) — ks0595(2). (36)

Utilizing conditions of the steady state S, we obtain

+ B¢(x,v)

(a1 4 01)g1(w1) = Bré(x1,v1),  kadaga(y1) = (k1B + k2B3)E(21,v1),
03g93(u1) = B3&(w1,v1), kadaga(vi) = BE(z1,v1),
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then, we have

dWy — (n(z) — 7z _6(1'171]1) o _g(xlavl)
2 = (rto) e (1= S ) (1 - S1))
(z,v) _ g4(v) £(z,v)g1(w1)

T B, m) < ) kB (e, ) T B

f(x Ul) ga(v1) §(z1,v1)g1(w)

oron(y ~ P v) ZIES + (B + ko), )
(

§(z, ) 3(u1) 92(y)ga(v1)
( 1, ) g u) + k3ﬂ3§(m17v1) - (klﬂl + k252)£($1’vl)gg(y1)g4(v)

U1
(1)1 (01) AV
B+ et on) + o (a(0) = 2 ) as(). (37)

- k2ﬂ2§(951,111)
— k3f3&(x1,v1)
- k3/83§(1'1,'l)1)

Equation (37) can be simplified as:

WL _ () — (1) (1 B 5(93171)1)) BE(x1, v1)ga(v )) (f(l’»v) §(x, v1)

(€(z, v) = &(x, 01))

@ o)) F e ogeo) Vo)~ oo
R R - e Rk oy s e iz
k(o) 1= Gt - 5&’,3)19)29(5/(1)) - %)%((1; ]
sl G- Y S )
+ s (ga(vr) = 9a(e2)) g5(2). (38)

Hypotheses (H1), (H2), (H4), Lemma 1 and the condition Ry < 1 imply that

(r(o) = ) (1- £ ) <o

&(z,v1)
Ewo)  Em)
( ga(v)  ga(v1) ) (§(z,v) = &(x,v1)) <0,

ga(v1) — ga(v2) < 0.

It is known that the arithmetical mean is greater than or equal to the geometrical mean. It follows that for all
dgt/l < 0. Clearly, the largest invariant set I'oc C ' = {(m,w,y,u,v,z) dW1 = O} is the
singlton {S7}. By LaSalle’s invariance principle, S is globally asymptotically stable. (I

Theorem 5. Let Ry > 1 and Hypotheses (H1)-(H4) are satisfied, then S is globally asymptotically stable
in A.

Proof. Define a Lyapunov functional

=T —x9— wé(m’w) W — Wo — ww o y92(y2)
e = ? /5(77,”2) dn+k1( ? /91(77) dn)+k2 (y v /92(77) dn)

x,y,v,z > 0 we have

w2

f 93(U2) f 94(U2) / 95(22)
s (“‘“2‘/ o) d”) h (”‘“2‘/ e d”) s (Z‘ZQ‘/ 95(1) d”) |

U2 V2
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dWs
dt

dWy - _6(362,02) (2 — v _gl(wz) z.0) — (a w
o= (1= ) o) - e+ 1 (1= 202 (51, 0) — o + 1))

Calculating along the solutions of model (10)-(15), we get

ks (1 _ 9;2%’;))) (Bot(,v) + arga (w) — G2g2(y)) + ks (1 _ ij’gﬁf}) (Byt(,0) — Baga(u))
+ ks (1 - gg‘:(g’j))) (NS2g2(y) + Msgs(u) — 6494(v) — qga(v)gs(2))
s (1 - ij’jjf) (rga(0)g5(2) — B595()) (39)

Collecting terms of Eq. (39) and applying m(xs) = BE(xa, v2) we get

dawy (w2, v9) (2, v2)
= o) aton) (1= ) sen o) (1- G2
5(562’ UQ) 1(

£z, 02) — k15é(x,v) 1 (w) + k1(a1 + 61)g1(w2)

— kof2&(z,v) g;;(y;)) ~ hga, 22002091 () 92(y2 (w)

Q
NS

+ B&(z,v)

g3(uz)
g3(u)

— k40494(v) + kadaga(v2)

+ k20292 (y2) — k3B3€(z,v)

+ k30393(u2) — kaNd2ga(y) 94( o) ?4((11))

+ k1qga(v2)g5(2) — k50595(2) — ksrgs(22)ga(v) + k50595 (22)

y)

— kaM3g3(u)

Using the following steady state conditions for Si:

(a1 +61)g1(w2) = B1€(x2,v2),  kadaga(y2) = (k1B + k232)E(22, v2),
0393(u2) = B3&(x2,v2),  kadaga(ve) = BE(x2,v2) — kaqgs(22)ga(v2),

we obtain

dWs
dt

(o, v2)
£z, v2)
£(z,v)g1 (w2)
(2, v2) 91 (w)

M + (k181 + k29)E (22, v2)

_ (n(e) — 7(z2)) (1 B i((l";;;f))) + B&(x2,v2) (1 _

(z,v)  ga(v)
E(w.va)  ga(vs)

{(z,v)g2(y2) o v 22
Eanv)galy) ) o )

2(
§(z,v)gs3(us2)
€(z2,v2)g5 (1) + k3B38 (w2, va2)

+ BE(w2,v2) < ) — k181€(w2,v2) + k1B1€ (22, v2)

— ko fBab(w2,v2)
— k3B3&(x2,v2)

— (k18 + kzﬁz)f(xz,v2)g2gi‘)q4(( ; — k3 B3 (22, U2)gz(zzg49(vi) + BE(w2,v2). (40)

Equation (40) can be simplified as:

5(3327”2)) 4 B(wa,v2)ga(v )) (5 T,v) 5(95’?12))
4

= o —rte) (1= R )+ e B () - S

(5(1'7 U) - g(xaUQ))
L fa)  E@0)n()  pl)aw)  eo0)ea) 6, e)
+Hhprtlen ) 5= G — e S e artus) o) g4<v2>£<x,v>]
[ B  pWealvy) g, v)

T halat @2 v |4 Y T S in)aa(y)  92(um)aa()  ga(n)€ () J
§(wo,v2)  &(x,v)g3(u2)  g3(w)ga(v2) (0)é(z,vz2)

T haPab e, va) |4 = S T o v)gs () ga(un)galv)  ga(o)el, v)]' 4D

Accordlng to Hypotheses (H1), (H2) and (H4) and the relation between the geometrical and arithmetical means
d the largest invariant set g C ' = {(w,w,y,u,v,z) : dW2 = O} is the singlton {S>}.
By LaSalle s invariance principle S5 is globally asymptotically stable. O

f(xz, 112) f(% U)gz(yz) g2 y) 4(1)2 g4V
2 g4
_ 9a\v

we get
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5 Numerical simulations

We now perform some computer simulations on the following application:

. T (1—¢,)Bxv
t=p—dr+pxr|l— — , 42
P b ( xmax) L+max +nv (42)
(1 —¢,)B1zv
R 1)
(1 —&,)Bazv
=" - — 0 44
Yy 1+ M + nov +aw 2Y, ( )
1—¢,)p
0= (A —er)Bsav Sau, (45)
1+ ma+nv
0= (1—e,)Ndoy + (1 — p) Mdsu — §4v — quz, (46)
Z=rvz — d52. (47)

We assume that p < d. In this application, we consider the following specific forms of the general functions:

v

9 ) = 5 io :9, :1,,5
). G = s a®) =0,

W(m):p—daj—i—px(l—

xmax

First we verify Hypotheses (H1)-(H4) for the chosen forms, then we solve the system using MATLAB. Clearly,
m(0) = p > 0 and 7w(xg) = 0, where

max 4
2o = — <p—d+ (p—d)2—|—pp>.

2p Lmax
We have 5
7(z) = —d+p— 22 <0 (48)
xlnax
Clearly, m(x) > 0, for z € [0,z0) and
22
m(z)=p—(d—p)z—p <p—(d—p

max

Then Hypothese (H1) is satisfied. We also have &(x,v) > 0, £(0,v) = &(x,0) = 0 for z,v € (0,00), and
0&(xz,v)  w(l4dv) 0&(xz,v)  x(l+mx) 0¢(x,0) x

ox  (1+mz+nw)®’ v (14ma+no)’ v 14ma

Then, 35(6“;”) > 0, 65(82’“) > 0 and w > 0 for x,v € (0,00). Therefore, Hypothese (H1) is satisfied. In
addition

€)= v < _ U@f(w,O)’
l+max+mnv ~ 1+me ov
& (z,0)\’ 1
= for all .
< E® (1+77133)2>0 orallz >0

It follows that, (H2) is satisfied. Clearly Hypothese (H3) holds true. Moreover,

0 <£(x,v)) B —1)2x
— = <0
v \ ga(v) (14 ma +n2v)
Therefore, Hypothese (H4) hold true and Theorems 3-5 are applicable. The parameters Ry and R; for this

application are given by:

(1—er)(1 —ep) {N(a1By + (a1 + 61)By) + MPBs(ar +61)} o

Ro =

da(ar + 01) 1+mao’
Ry = (1 —er)(1 —&p) {N(a1By + (a1 + 61)By) + MBs(ar + 61) } T2
! d4(ar + 61) L+ maxs + nove
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Now we are ready to perform some numerical simulations for system (42)-(47). The data of system (42)-(47)
are provided in Table 1.

e Effect of the drug efficacy on the stability of the steady states

Now we verify our theoretical results given in Theorems 3-5 by numerical simulation. To discuss our global
results we choose three different initial conditions:

IC1: (2(0),w(0),y(0),u(0),v(0), 2(0)) = (900, 10,12, 60, 40, 1.6).

IC2: (2(0),w(0),y(0),u(0),v(0),2(0)) = (700, 7,8, 30,25,1.0).

IC3: (2(0),w(0),y(0),u(0),v(0),2(0)) = (500,4,5,10,15,0.6).

Let us address three scenarios for three different groups of the parameters ¢,, €, and 7.

Scenario (I): In this case we choose €, = 0.6, ¢, = 0.6 and r = 0.001 which gives Ry = 0.4941 < 1 and
R1 = 0.4430 < 1. Therefore, based on Theorems 2 and 3, the system has unique steady state, that is Sy and it
is globally asymptotically stable. As we can see from Figures 1-6 that the concentration of the uninfected CD4*
T cells is increased and approached its normal value before infection that is ¢ = 1083.9, while concentrations
of the other compartments converge to zero for all the three initial conditions. This case corresponds to the
uninfected state where the HIV-1 is removed from the plasma.

Scenario (II): By taking €, = 0.2, ¢, = 0.5 and r = 0.001. With such choice we get, R; = 0.9351 <
1 < Ry = 1.2352. Consequently, based on Theorems 2 and 4, the humoral-inactivated infection steady state
S1 is positive and is globally asymptotically stable. Figures 1-6 confirm that the numerical results support
the theoretical results presented in Theorem 4. It can be observed that, the variables of the model eventually
converge to S; = (309.165, 13.2492, 15.4574,94.0263, 72.0754,0.0) for all the three initial conditions. This case
corresponds to a chronic HIV-1 infection in the absense of immune response.

Scenario (III): ¢, = 0.2, ¢, = 0.5 and r = 0.003. Then, we calculate Ry = 1.2352 > 1 and
R1 = 1.19604 > 1. According to Lemma 1 and Theorem 3, the humoral-activated infection steady state S
is positive and is globally asymptotically stable. We can see from Figures 1-6 that, there is a consistency
between the numerical results and theoretical results of Theorem 5. The states of the system converge to
Sy = {820.603,5.8629, 6.8401, 41.6079, 26.6667,1.1762) for all the three initial conditions, in the same time
frame. In this case the humoral immune response is activated and can control the disease.

¢ Effect of the HAART on the basic reproduction number:

Let us define the overall HAART effect as e, = ¢, + &, — &,6p [9]. If e = 0, then the HAART has no effect,
if e, = 1, the HIV-1 growth is completely halted. Consequently, the parameter Ry is given by

(1 —ee) {N(a18; + (a1 + 61)By) + MBs(a1 + 1)} g

Role.) = .
o(ee) da(ar + 01) 1+ mzo

We note that, the value of Ry(e.) does not depend on the values of the parameters g, r and Jd5. This means
that, humoral immune response can play a significant role in reducing the infection progress but do not play a
role in clearing the HIV-1 from the body. Since the goal is to clear the HIV-1 from the body, then we have to
determine the drug efficacies that make Ro(e.) < 1 for system (42)-(47). Now, we calculate the critical overall

crit
e

infection-free steady state). Let Ro(e.) < 1, then

treatment effect ¢ (i.e, the minimum overall treatment effect required to stabilize the system around the

e < e, <1, e =max<0
(& ) e )

Ro(0) — 1 }
Ro(0) ’

Figure 15 shows the effect of the HAART on the basic reproduction number Ro(¢). We note that, if & < e, <
1, then Ro(g.) < 1 and Sy is globally asymptotically stable. Moreover, if 0 < e, < €™, then Sy is unstable.
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Table 1: The values of the parameters of example (42)-(47).

Parameter | Value || Parameter | Value Parameter | Value Parameter | Value
p 10 51 0.02 By 0.0625 m 0.08
d 0.01 0o 0.36 33 0.0625 N 62
p 0.008 03 0.031 ai 0.2 M 30
Trmax 1200 04 3.0 M 1 Ery Ep Varied
q 0.5 B4 0.0625 72 1 r Varied
1100 : 20
Scenario (1)
1000 18
000 . | 16l , ',,»:': .
P Scenario (I11) IAN \‘e:\ )
5 o] S— ERUI YA NS . L L
+ Ry E L
g 700F"F g
o €
g 600 / é _ i
€ 500 2 Scenario (111)
400} .
_____ Scenario (I1)
3000 e R . - - ————
Scenario (1)
2005 100 200 300 400 500 600 300 400 500 600
Time Time

Figure 1: The concentration of uninfected CD4 T
cells for system (42)-(47).

Figure 2: The concentration of latently infected
cells for system (42)-(47).

120
P
© © ,1,1 / :::s\ X
3 . Scenario (I1) 3 100f o) N Scenario (11)
o e N ra r r — — — ] 5 G S e m arr——————— =
=] ko] ’
3 3
£ £
> >
3 3
S S
o . o .
s Scenario (I11) 1§ 5 Scenario (111)
3 L VS - T TR R R R R R RN TR
£ 2
L L
=
o c
2 3
Scenario (1) Scenario (I)
300 400 500 600 0 100 200 300 400 500 600
Time Time

Figure 4: The concentration of long-lived produc-
tively infected cells for system (42)-(47).

Figure 3: The concentration of short-lived produc-
tively infected cells for system (42)-(47).
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Scenario (I1)

Free virus particles

Scenario (I11)

Scenario (1)
300 400 500 600
Time
Figure 5: The concentration of free virus particles Figure 6: The concentration of B cells for system
for system (42)-(47). (42)-(47).
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Figure 7: The basic reproduction number as a function of the overall treatment effect €, of system (42)-(47).
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Ideal theory of pre-logics based on the theory of falling shadows

Young Bae Jun! and Sun Shin Ahn?*
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Abstract. Based on the theory of a falling shadow which was first formulated by Wang [8], a theoretical approach
of the ideal structure in pre-logics is established. The notions of a falling subalgebra, a falling and a positive
implicative falling ideal of a pre-logic are introduced. Some fundamental properties are investigated. Relations
among a falling subalgebra, a falling ideal and a positive implicative falling ideal are stated. Characterizations of

falling deals and positive implicative falling ideals are discussed.

1. Introduction

In the study of a unified treatment of uncertainty modelled by means of combining probability
and fuzzy set theory, Goodman [3] pointed out the equivalence of a fuzzy set and a class of random
sets. Wang and Sanchez [7] introduced the theory of falling shadows which directly relates
probability concepts to the membership function of fuzzy sets. Falling shadow representation
theory shows us a method of selection relied on the joint degree distributions. It is a reasonable
and convenient approach for the theoretical development and the practical applications of fuzzy
sets and fuzzy logics. The mathematical structure of the theory of falling shadows is formulated
in [8]. Y. B. Jun and C. H. Park [5] discussed the notion of a falling fuzzy subalgebra/ideal
of a BCK/BCI-algebra. Y. B. Jun and M. S. Kang [4] established a theoretical approach
for defining a fuzzy positive implicative ideal in a BC' K-algebra based on the theory of falling
shadows. I. Chajda and R. Halas [2] introduced the concept of a pre-logic which is an algebra
weaker than a Hilbert algebra (an algebraic counterpart of intuitionistic logic) but strong enough
to have deductive systems. Y. B. Jun and S. S. Ahn [1] defined the notion of pseudo-valuations
(valuation) on pre-logics and induced a pseudo-metric by using a pseudo-valuation on pre-logics.

In this paper, we introduce the notions of a falling subalgebra, a falling ideal and a positive
implicative falling ideal of a pre-logic. We investigate some fundamental properties. Also we give
relations among a falling subalgebra, a falling ideal and a positive implicative falling ideal. We
establish characterizations of falling ideals and positive implicative falling ideals.

2. Preliminaries

92010 Mathematics Subject Classification: 06F35; 03G25; 08A72.

YKeywords: falling shadow; falling subalgebra; falling ideal; positive implicative falling ideal.
* The corresponding author. Tel: +82 2 2260 3410, Fax: +82 2 2266 3409

YE-mail: skywine@gmail.com (Y. B. Jun); sunshine@dongguk.edu (S. S. Ahn)
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Young Bae Jun and Sun Shin Ahn

We recall some definitions and results (see [1, 2, 6]).
Definition 2.1. ([2]) By a pre-logic, we mean a triple (X;*, 1) where X is a non-empty set, * is
a binary operation on X and 1 € X is a constant such that the following identities hold:

(P1) (V2 € X) (z#x=1),

(P2) (Vx € X) (1xz =ux),

(P3) (Vx e X) (z*(yx2) = (z*xy)*(xx2)),

(P4) (Va,y,2 € X) (v (yx2) = yx* (z*2)).

In what follows, let X denote a pre-logic unless otherwise specified.

Lemma 2.2. ([2]) Let X be a pre-logic. Then the following hold:
(a) Vz e X) (zx1=1),
(b) (Va,y € X) (w* (y xx) = 1);
(c) an order relation < on X defined by
(Vz,y € X) (z <y ifand only if z xy = 1)

is a quasiorder on X (i.e., a reflexive and transitive order relation on X);
(d) 1 <z for all x € X implies x = 1.

Remark 2.3. ([2]) The quasiorder < of Lemma 2.2(c) is called the induced quasiorder of a
pre-logic X.

Lemma 2.4. ([2]) Let < be the induced quasiorder of a pre-logic X and let x,y,z € X. If v < y,
then zxx < zxy and yxz < T * 2.

Definition 2.5. ([2]) Let X = (X;%,1) be a pre-logic. A non-empty subset D of X is called a
deductive system of X if the following conditions hold:

(d1) 1€ D,
(d2) if x € D and zxy € D, then y € D.

Definition 2.6. ([2]) Let X be a pre-logic. A non-empty subset I of X is called an ideal of X if
the following conditions are satisfied:

(I1) x € X and y € [ imply z *xy € I;

(I12) z € X and y1,y2 € I imply (y2 * (y1 *xx)) *xx € I.

Lemma 2.7. ([2]) Let X be a pre-logic and < its induced quasiorder. The the following hold:

(a) (Vo,y € X) (zx ((z*y)*xy)=1),
(b) (Vz,y,z € X) ((y*2) * ((xxy) x (xx2)) =1),
(c) if D is a deductive system of X, a € D, and a < b, then b € D.
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Theorem 2.8. ([1]) A non-empty subset I of a pre-logic X is an ideal of X if and only if it
satisfies the following two conditions:

(I1") (1 € I);

(12)) (Vx,ze X)(Vyel) (x*x(y*x2) el =axxzel).

Definition 2.9. ([6]) A non-empty subset I of a pre-logic X is a positive implicative ideal of X
if it satisfies (I1") and

(13) Vy,ze X)(Vx e l) (xx((yx2)xy) el =y e ).
Theorem 2.10. ([6]) Every positive implicative ideal of a pre-logic X is an ideal of X .

We now display the basic theory on falling shadows. We refer the reader to the papers [3, 4,
5, 7, 8] for further information regarding the theory of falling shadows.
Given a universe of discourse U, let &?(U) denote the power set of U. For each u € U, let

t:={F|ue€ FEand ECU}, (2.1)

and for each F € Z(U), let

E:={i|ueE}. (2.2)
An ordered pair (Z(U), #) is said to be a hyper-measurable structure on U if £ is a o-field
in Z(U) and U C . Given a probability space (€,.27, P) and a hyper-measurable structure

(2(U), %) on U, a random set on U is defined to be a mapping £ : @ — Z(U) which is «7/-%#
measurable, that is,

(VC € B) (6HC)={w|weNand £(w) € O} € ). (2.3)

Suppose that ¢ is a random set on U. Let H(u) := P(w | u € £(w)) for each u € U. Then H is a
kind of fuzzy set in U. We call H a falling shadow of the random set &, and ¢ is called a cloud of
H.

For example, (2, <7, P) = ([0, 1], <7, m), where < is a Borel field on [0, 1] and m is the usual

Lebesgue measure. Let H be a fuzzy set in U and H, := {u € U | H(u) >t} be a t-cut of H.

Then ¢ : [0,1] — P(U), t — H, is a random set and ¢ is a cloud of H. We shall call ¢ defined
above as the cut-cloud of H (see [3]).

3. Falling subalgebras and falling ideals

Definition 3.1. Let (2, o7, P) be a probability space, and let £ : Q@ — Z(X) be a random set,
where X is a pre-logic. If £(w) is a subalgebra (resp. ideal) of X for any w € Q with {(w) # (),
then the falling shadow H of the random set &, i.e., H(z) = P(w | € &(w)) is called a falling
subalgebra (resp. falling ideal) of X.

In what follows, let H denote a falling shadow of the random set & : Q — 2(X).
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Example 3.2. (1) Let X := {1,a,b,c,d} be a set with the following Cayley table:

* ‘ 1 a b ¢ d
111 a b ¢ d
all 1 b ¢ d
bl 1 a 1 ¢ ¢
cl1 1 b 1 b
di1 1 1 1 1

Then (X;*,1) is a pre-logic (see [6]). Let (2,47, P) = ([0,1], ¢/, m) and define a random set
€:Q — P(X) as follows:
{1,a,b} ifw€[0,0.6)
E(w):=<10 if we [0.6,0.7),
X if we[0.7,1].

Then the falling shadow H of € is both a falling subalgebra of X and a falling ideal of X.
Define a random set 7 : Q — Z(X) as follows:

0 it we[0,0.3),
n(w) := < {1,b,c} ifwe[0.3,0.8),
X it we [0.8,1].

Then n(w) is a subalgebra of X for all w € Q with n(w) # 0, but not an ideal of X, since
(bx(a%a))xa=(bx1)xa=1%xa=a¢ {1,bc} Hence the falling shadow H of £ is a falling
subalgebra of X, but not a falling ideal of X.

For a probability space (2,27, P) and any element x of a BC'C-algebra X, let
Qa:€) = {we Q| x € (W)} (3.1)
Then Q(z;¢) € .
Lemma 3.3. If H is a falling subalgebra of a pre-logic X, then (Vz € X) (Q(x;€) C Q(1;€)).

Proof. Tf Q(z;€) = (), then it is clear. Assume that Q(z;€) # 0 and let w € Q be such that
w € Qx;€). Then z € &(w), and so 1 = z xx € {(w) since {(w) is a subalgebra of X. Hence
w € Q(1;¢), and therefore Q(x; &) C Q(1;¢) for all z € X. O

Proposition 3.4. Every falling ideal of a pre-logic X is a falling subalgebra of X.

Proof. Let H be a falling ideal of X. Then &(w) is an ideal of X for any w € Q with &(w) # 0.
Let z,y € £(w). Using (I1), we have z xy € {(w). Hence &(w) is a subalgebra of X. Thus Hisa
falling subalgebra of X. O
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The converse of Proposition 3.4 is not true in general (see Example 3.2). We provide a char-
acterization of a falling ideal.

Theorem 3.5. Let X be a pre-logic. Then H is a falling ideal of X if and only if the following
conditions are valid:

(1) (Va,y € X) (Qz = (y * 2);8) N Qy; §) S Qx + 2;6))

(if) (Vo € X) (Qz;¢) € QL))

Proof. Assume that H is a falling ideal of X. For any z,y,z € X, if w € Q(z* (y *2); £) NQ(y; €),
then z  (y* 2) € {(w) and y € &(w). It follows from (I2') that z * z € {(w) since {(w) is an ideal
of X. Hence w € Q(z % z;&). Therefore Q(zx (y*2);£)NQy; &) C Qx*z;€), for any z,y,z € X.
Thus (i) is valid. The second condition (ii) follows from Lemma 3.3 and Proposition 3.4.
Conversely, suppose that two conditions (i) and (ii) are valid. Let z,y,z € X and w € Q be
such that z  (y * 2) € {(w) and y € {(w). Then w € Qx * (y * 2);§) and w € Q(y; &). If follows
from (i) that w € Q(z * 2;£). Hence x x z € £(w). Now, assume that x € {(w) for every z € X
and for all w € Q. Then w € Q(x;&) C Q(1;¢) and so 1 € {(w) for all w € Q. Therefore &(w) is
an ideal of X for all w € Q with &(w) # 0. Hence H is a falling ideal of X. O

Theorem 3.6. Let X be a pre-logic. Then H is a falling ideal of X if and only if the following
conditions are valid:

(i) (Vo,y € X) (y; &) € Uz xy;8),
(i) (Vz,y,2 € X) (Qx;6) NQy; ) S Q(z * (y * 2)) x 2;€)) -

Proof. Assume H satisfies two conditions (i) and (ii). Let 2,y € X and w € Q such that y € &(w).
Then w € Q(y; ). Using (i), we have w € Q(x x y;£). Hence x xy € {(w). Now, let x,y,z € X
and w € Q such that x,y € {(w). Then w € Q(z;¢) and w € Q(y; &) and so w € Q(z;£) N Q(y; &).
It follows from (ii) that w € Q((z * (y * 2)) * 2;£). Hence (z x (y * 2)) * z € {(w) and so &(w) is
an ideal of X. Therefore H is a falling ideal of X.

Conversely, suppose that H is a falling ideal of X. Let z,y € X and w € Q be such that
w € Qu;€). Then y € &(w). Since {(w) is an ideal of X, we have z xy € {(w). Hence
w € Qx xy;&). Therefore (i) is valid. For any z,y,z € X, if w € Q(z;&) N Q(y; ), then
x € £(w) and y € {(w). Since {(w) is an ideal of X, we get (x * (y * 2)) * z € {(w). Therefore
we€ Q(x*(yx*2))*zE). Thus (ii) is true. O

Proposition 3.7. Every falling ideal of a pre-logic satisfies the following assertions:
(i) (Vo e X) (Qx;€) € Q(1;€)),

(i) (Vz,y € X) (Qx;8) € Q(zxy) *y;6))
(i) (Vo,y € X)(z <y = Qx;§) € Uy §)).

Proof. (i) Using (P1) and Theorem 3.6(i), we have Q(z; &) C (1;€).
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(ii) Taking = := x,y := 1, and 2z := y in Theorem 3.6(ii) and using (P2) and (i), we get
Q;8) = Qa; ) NQLE) € (2 * (1xy)) *y; ) = Q(w * y) * y;6).

(iii) Let =,y € X be such that z < y. Then z *y = 1. Using (P2), we have Q(z;§) C
Q(zxy) *xy;€) = UL xy; ) = Qy; €). 0
Lemma 3.8. Every falling ideal of H of a pre-logic X satisfies the following property:

(Va,y € X)(Qz xy; ) Nz €) € Qy:€)). (3.2)

Proof. Using (P1), (P2), and Theorem 3.6(ii), we have Q(z x ;&) N Q(z;€) C Q(((z * y) * (x *
y) *y;:8) = QLxy; ) = Qy; €) for all 7,y € X. O
Corollary 3.9. Let X be a pre-logic. Then H is a falling ideal of X if and only if it satisfies the
condition (3.2) and
(i) (Vo € X) (Qx;€) € Q1))

Proof. Assume that H is a falling ideal of X. Using Proposition 3.7, (i) holds. By Lemma 3.8,
the condition (3.2) holds.

Conversely, suppose that H satisfies two conditions (3.2) and (i). Using (3.2), we have Q(y *
(xx2);E)NQy; &) C Qz*2;€). Using (P4), we have Q(z x (y* 2); ) NQy; &) C Q(x x 2;£). By
Theorem 3.5, H is a falling ideal of X. 0

Lemma 3.10. For any falling ideal H of a pre-logic X, the following are equivalent:
(i) (Vo,y € X) (Uz +y;§) N Q3 &) € Qy;€)) -
(i) (Vz,y,2 € X) (Qa = (y x 2); ) Nz * ;) € Qz x 2;8)).-
Proof. Assume that H satisfies (i). For any z,y,z € X, using (P3), we have Q(z * (y * 2);€) N
Qe xy; &) =Q(zxy)x (x%2);) NQzxy;€)) C Qx * 2;€). Thus (ii) is valid.
Conversely, suppose that H satisfies (ii). Putting 2 := 1 in (ii) and using (P2), we have
Qy* 2 Ny &) = QL+ (y*2)); ) NQL*y;§)) C QL *2;6) = Q(2;€). Thus (i) is true. O

Proposition 3.11. Let X be a pre-logic. Then H is a falling ideal of X if and only if the
following conditions are valid:

(i) (vo € X) (Qa:€) € Q1;)).
(i) (Var,y, 2 € X) (Qa % (y# 2)€) N Qx5 €) € Qo x ).

Proof. Tt follows from Corollary 3.9 and Lemma 3.10. U

Corollary 3.12. Every falling ideal H of a pre-logic X satisfies the following property:
(Va,y € X)(Qz * (zxy);§) € Qz xy;6)).
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Proof. Putting x := z,z := y and y := x in Proposition 3.11(ii), we have Q(x % (z x y);§) =
Qe (x*xy); ) NQALE) = Qr*x (zxy); &) Nz *xx;8) C Qxxy;E), for all z,y € X. O

4. Positive implicative falling ideals

Definition 4.1. Let (2, o7, P) be a probability space, and let £ : Q@ — Z(X) be a random set,
where X is a pre-logic. If £(w) is a positive implicative ideal of X for any w € Q with &(w) # 0,
then the falling shadow H of the random set &, i.e., H(z) = P(w | 2 € £(w)) is called a positive
implicative falling ideal of X.

Example 4.2. Let X = {1,a,b,¢,d} be a pre-logic as in Example 3.2.

(1) Consider a random set & as in Example 3.2. Then the falling shadow H of € is a positive
implicative falling ideal of X, since {1, a,b} is a positive implicative ideal of X.

(2) Define a random set 7 : Q@ — Z(X) as follows:

0 it we[0,0.3),
n(w) := ¢ {1,b} ifw € [0.3,0.7),
X ifwelor1]

Note that J := {1, b} is an ideal of X but not a positive implicative ideal of X since bx((axd)*a) =
bx(dxa) =bx1=1¢ Jandbe Jbuta¢ J. Hence H is a falling ideal of X, but not a positive
implicative falling ideal of X.

Proposition 4.3. Every positive implicative falling ideal of a pre-logic X is a falling ideal of X.
Proof. Straightforward by Definition 4.1 and Theorem 2.10. U
The converse of Proposition 4.3 is not true in general (see Example 4.2(2)).

Theorem 4.4. Let X be a pre-logic. Then H is a positive implicative falling ideal of X if and
only if H satisfies the following two conditions:

(i) (Vo € X)(Q(z;§) € Q(1;€)),

(i) (Vz,y, 2 € X)(Qz * ((y * 2) *y); ) N Qx;€) € Qy;€))-

Proof. Assume that H satisfies two conditions (i) and (ii). Let = € &(w) for every # € X and for
all w € Q. Then w € Qz;¢) C Q(1;¢) and so 1 € {(w). Let z,y,z € X be such that z € {(w)
and x x ((y* 2) xy) € (w). Then w € Q(z;€) and w € Q(z * ((y * 2) *xy); £). Using (ii), we have
w € Qy; ). Hence y € £(w) and so &(w) is a positive implicative ideal of X. Therefore H is a
positive implicative falling ideal of X.

Conversely, suppose that H is a positive implicative falling ideal of X. The first condition (i)
follows from Proposition 3.7(i) and Proposition 4.3. For any z,y,2z € X, if w € Q(x * ((y * 2) *
Y); &) NQz; &), then xx ((y*2)xy) € {(w) and = € (w). Since {(w) is a positive implicative ideal
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of X, we have w € Q(y; £). Therefore Q(z* ((y*2)*y);§) NQ(z;:€) C Qy; &) for any x,y, 2 € X.
Thus (ii) holds. 0

Theorem 4.5. Let H be a falling ideal of a pre-logic X. Then the following are equivalent:

(i) H is a positive implicative falling ideal of X.
(i) (Va,y € X)(Q(x xy) * 2;8) € Q).

Proof. Assume that H is a positive implicative ideal of X. Putting z := 1,y := z, and z := y in
Theorem 4.4(ii), we have Q(1x((xxy)*x); ) NQ(L;€) = Q((zxy)*x; ) NQL;€) = Q((zxy)*xx; &) C
Q(x; ). Hence (ii) holds.

Conversely, suppose that a falling ideal H satisfies (ii). By Lemma 3.8, for any z,y,z € X, we
have Q(z % ((y % 2) % y); €) NQ(x; &) T Q(y * 2) *y: €) C Qy; €). By Theorem 4.4, H is a positive
implicative falling ideal of X. Thus (i) is true. O

Corollary 4.6. Any positive implicative falling ideal of a pre-logic X satisfies the following
property:
(Vz,y € X)(Q(z xy) xy;§) € Q(y * 2) x 7;€)).

Proof. Since x < (y*x)*x for all x,y € X, it follows from Lemma 2.4 that ((y*z)*z)*y < x*y.

Then (zxy) xy < (y+x)* ((x+y) xx) = (wxy)« ((y x 2) ¥ 2) < (((¢y *2) * 2) xy) * ((y * 7) * 2).
By Proposition 3.7(iii) and Proposition 4.5, we have Q((z *y) *xy;&) C Q((((yxx) xx) *y) * ((y *
x)xx);€) CQ(y*x)*x;€), for any x,y € X. This completes the proof. O

REFERENCES

[1] S. S. Ahn and Y. B. Jun, Pseudo-valuations on pre-logics, Acta Math. Hungar., 134(2012), 499-510.

[2] 1. Chajada and R. Halas, Algebraic properties of pre-logics, Math. Slovaca, 52(2002), 157-751.

[3] I. R. Goodman, Fuzzy sets as equivalence classes of random sets, in: R. Yager(Ed.), Recent Ddevelopments
in Fuzzy Sets and Possibility Theory, Pergamon, New York, 1982.

[4] Y. B. Jun and M. S. Kang, Fuzzy positive implicative ideals of BCK-algebras based on the theory of falling
shadows, Comput. Math. Appl., 61 (2011), 62-67.

[5] Y. B. Jun and C. H. Park, Falling shadows applied to subalgebras and ideals of BCK/BCI-algebras, Chaos
Solutions Fractals, (submitted for publication).

[6] Y. H. Kim and S. S. Ahn, Ideal theory of pre-logics based on N-structures, Honam Math. J., 33 (2011),
535-546.

[7] P. Z. Wang and E. Sanchez, Treating a fuzzy subset as a projectable random set, in: M. M. Gupta, E.
Sanchez, Eds., “Fuzzy Information and Decision” (Pergamon, New York, 1982), 212-219.

[8] P. Z. Wang, Fuzzy Sets and Falling Shadows of Random Sets, Beijing Normal Univ. Press, People’s Republic
of China, 1985 [In Chinese].

751 Young Bae Jun et al 744-751



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

QUADRATIC p-FUNCTIONAL EQUATIONS IN
NON-ARCHIMEDEAN BANACH SPACES

CHOONKIL PARK, GANG LU, YINHUA CUI, AND MING FANG*

ABSTRACT. In this paper, we solve the quadratic p-functional equations

ot + 5o =) - 20 - 200) = (17 (52) + £ o =) - 26(0) - 270) ) (01)

where p is a fixed non-Archimedean number with |p| < |2, and

1f ( : y) 1 (@ =y) = 20(2) = 2/ () = p(f (2 + ) + f@ = y) = 2/ () = 2/ (1)) (0.2)

2

where p is a fixed non-Archimedean number with |p| < |2].
Furthermore, we prove the Hyers-Ulam stability of the quadratic p-functional
equations (0.1) and (0.2) in non-Archimedean Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

A waluation is a function | - | from a field K into [0, 00) such that 0 is the unique
element having the 0 valuation, |rs| = |r| - |s| and the triangle inequality holds, i.e.,
|+ s| < |r|+|s]|, Vr, s € K.

A field K is called a valued field if K carries a valuation. The usual absolute values of
R and C are examples of valuations.

Let us consider a valuation which satisfies a stronger condition than the triangle
inequality. If the triangle inequality is replaced by

7 + s| < max{|r|,]|s|}, Vr,s € K,

then the function | - | is called a non-Archimedean valuation, and the field is called
a non-Archimedean field. Clearly |1| = | —1| =1 and |n| <1 for all n € N. A trivial
example of a non-Archimedean valuation is the function | - | taking everything except
for 0 into 1 and |0| = 0.

Throughout this paper, we assume that the base field is a non-Archimedean field,
hence call it simply a field.

Definition 1.1. ([8]) Let X be a vector space over a field K with a non-Archimedean
valuation | - |. A function || - || : X — [0,00) is said to be a non-Archimedean norm
if it satisfies the following conditions:

2010 Mathematics Subject Classification. Primary 46510, 39B62, 39B52, 47510, 12J25.

Key words and phrases. Hyers-Ulam stability; non-Archimedean normed space; quadratic p-
functional equation.
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(i) ||z|]| = 0 if and only if = = 0;
(i) [Jrz)l = |rlllzl] — (r€ K,z e X);
(iii) the strong triangle inequality

[z +yll <max{|lz],[lyll},  VryeX
holds. Then (X, || - ||) is called a non-Archimedean normed space.

Definition 1.2. (i) Let {z,} be a sequence in a non-Archimedean normed space X.
Then the sequence {z,} is called Cauchy if for a given € > 0 there is a positive integer
N such that

|20 — zm| < €
for all n,m > N.

(ii) Let {x,} be a sequence in a non-Archimedean normed space X. Then the
sequence {x,} is called convergent if for a given £ > 0 there are a positive integer N
and an x € X such that

[en —zf| < e
for all n > N. Then we call x € X a limit of the sequence {z,}, and denote by
lim,, oo T,, = .

(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed

space X is called a non-Archimedean Banach space.

The stability problem of functional equations originated from a question of U-
lam [18] concerning the stability of group homomorphisms. The functional equation
flz+y) = f(z)+ f(y) is called the Cauchy equation. In particular, every solution of
the Cauchy equation is said to be an additive mapping. Hyers [7] gave a first affirma-
tive partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was
generalized by Aoki [2] for additive mappings and by Rassias [11] for linear mappings
by considering an unbounded Cauchy difference. A generalization of the Rassias the-
orem was obtained by Gavruta [6] by replacing the unbounded Cauchy difference by
a general control function in the spirit of Rassias’ approach.

The functional equation f(x+y)+ f(z —y) = 2f(z) +2f(y) is called the quadratic
functional equation. In particular, every solution of the quadratic functional equation
is said to be a quadratic mapping. The stability of quadratic functional equation was
proved by Skof [17] for mappings f : E; — E,, where E; is a normed space and
E, is a Banach space. Cholewa [5] noticed that the theorem of Skof is still true if
the relevant domain F; is replaced by an Abelian group. The functional equation
4f (%) + (x—y) = f(zx) + f(y) is called a Jensen type quadratic equation. The
stability problems of various functional equations have been extensively investigated
by a number of authors (see [1, 3, 4, 9, 10, 12, 13, 14, 15, 16, 19, 20]).

In Section 2, we solve the quadratic p-functional equation (0.1) and prove the Hyers-
Ulam stability of the quadratic p-functional equation (0.1) in non-Archimedean Banach
spaces.

In Section 3, we solve the quadratic p-functional equation (0.2) and prove the Hyers-
Ulam stability of the quadratic p-functional equation (0.2) in non-Archimedean Banach
spaces.
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Throughout this paper, assume that X is a non-Archimedean normed space and
that Y is a non-Archimedean Banach space. Let |2| # 1.

2. QUADRATIC p-FUNCTIONAL EQUATION (0.1) IN NON-ARCHIMEDEAN NORMED
SPACES

Throughout this section, assume that p is a fixed non-Archimedean number with
ol <12[.

In this section, we solve the quadratic p-functional equation (0.1) in non-Archimedean
normed spaces.

Lemma 2.1. If a mapping f: G — Y satisfies f(0) =0 and
fle+y) + fl@—y) —2f(x) - 2f(y) (2.1)
— (4 (552) + £ e —9) - 24(0) - 26 ()
forall x,y € G, then f: G —Y s quadratic.

Proof. Assume that f: G — Y satisfies (2.1).
Letting y = x in (2.1), we get f(2x) —4f(z) =0 for all € G. Thus

1(5)=1/@ (22)

for all z € G.
It follows from (2.1) and (2.2) that

flx+y)+ flx—y)—2f(x) —2f(y)
= (4f (”T;“y) +fr—y)—2f(x) - 2f(y))
=p(flr+y)+ flx —y) —2f(x) —2f(y))
and so

flx+y)+ flx—y) =2f(x) +2f(y)
for all z,y € G. O

Now, we prove the Hyers-Ulam stability of the quadratic p-functional equation (2.1)
in non-Archimedean Banach spaces.

Theorem 2.2. Let r < 2 and 6 be nonnegative real numbers and let f : X —'Y be a
mapping satisfying

T+
[r+ )+ 1@ =g —20@) ~2) = p (4 (5 2) + £ 0= p) — 2 () ~ 20y )H
< O(lzl1" + [lyl")
for all z,y € X. Then there exists a unique quadmtic mapping @ : X =Y such that

If(z) = Q)] <

|2| (2.4)

forallx € X.
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Proof. Letting 2 = y = 0 in (2.3), we get —2(0) = pf(0). Since |p| < [2|, f(0) =
Letting y = x in (2.3), we get

1 (2x) = 4f ()] < 20]|=[]" (2.5)
for all z € X. So Hf(m) —4f (%)

2.0||z||" for all z € X. Hence

B
1 () - (5] .
< max{ Ay (21) — 4y (;H) ’ 4m1f( x— >_4mf (;’l)H}
(e () v e ) o )
14" 4|1 20
Smax{w”” e } o T e |2| e

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (2.6)
that the sequence {4" f(57)} is a Cauchy sequence for all 2 € X. Since Y is complete,
the sequence {4" f(57)} converges. So one can define the mapping @ : X — Y by

Q(x) := hm4"f( w)

n—o0

for all z € X. Moreover, letting | = 0 and passing the limit m — oo in (2.6), we get
(2.4).
It follows from (2.3) that

Q@+ 1)+ Q- ) —20() — 20) - (12 (5 2) + QUa — ) — 20(@) — 20(0) |
o)1 () () - <2)

o1 () 1 (552~ () ()] = e B8 o
for all x,y € X. So

Qla+9)+Qla—y) ~2Q(@) ~20() = p (4Q (*2) + Qe —y) ~ 20(x) - 20»))

for all x,y € X. By Lemma 2.1, the mapping h : X — Y is quadratic.
Now, let T': X — Y be another quadratic mapping satisfying (2.4). Then we have

Q@) ~T(@)l = |1 (5;) 4T (5 )|

T €T T x 2 T
wol2)- s (G G- s G <

which tends to zero as ¢ — oo for all z € X. So we can conclude that Q(z) = T'(z)
for all x € X. This proves the uniqueness of (). Thus the mapping @) : X — Y is a
unique quadratic mapping satisfying (2.4). O

Tr+vy

= lim [4|"||f
n—oo

< max{
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Theorem 2.3. Let r > 2 and 0 be positive real numbers, and let f : X — Y be a
mapping satisfying (2.3). Then there exists a unique quadratic mapping @ : X — Y
such that

20, .
1f(z) — Q)] < meH
forall x € X.
Proof. 1t follows from (2.5) that

1 260
— o < el
@) = 32| < el
for all z € X.
The rest of the proof is similar to the proof of Theorem 2.2. O

3. QUADRATIC p-FUNCTIONAL EQUATION (0.2)

Throughout this section, assume that p is a fixed non-Archimedean number with
ol < [2].

In this section, we solve the quadratic p-functional equation (0.2) in non-Archimedean
normed spaces.

Lemma 3.1. If a mapping f: G — Y satisfies f(0) =0 and

1f (5) + 1 @—y) -2 @) -2 w) (3.)

=p(fz+y)+ flz—y) —2f(x) - 2f(y))
forallz,y € G, then f: G — Y 1is quadratic.

Proof. Assume that f: G — Y satisfies (3.1).
Letting y = 0 in (3.1), we get

1 (3) = @) (3.2)

for all z € G.
It follows from (3.1) and (3.2) that

fle+y)+ fle—y) —2f(z) = 2f(y)
4t (x;y) +f (x —y) - 2f(2) - 2f(y)
=p(fz+y)+ flz—y) = 2f(x) — 2f(y))

and so
flx+y)+ flx —y)=2f(x) +2f(y)
for all z,y € G. O

Now, we prove the Hyers-Ulam stability of the quadratic p-functional equation (3.1)
in non-Archimedean Banach spaces.
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Theorem 3.2. Let r < 2 and 6 be nonnegative real numbers, and let f : X —Y be a
mapping satisfying

17 (552) + £ @ = ) = 2£(0) = 20) = plf (o +9) + Sl — y) = 24 (@) — 26 (9)|

< O(ll=l]" + llyll") (3.3)
for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that
1f(z) = Q)] < 0|[]" (3.4)
forallz € X.

Proof. Letting x =y = 0 in (3.3), we get f(0) = 2pf(0). Since |p| < [2], f(0) =
Letting y = 0 in (3.3), we get

o(5)-se
for all x € X. So

4(2) s (2) o
<o {41 (2) 1 () e () s ()
o 2) Gl e )9 )

<max] A0 BT g~ lall
max —_—
— |2|rl’ |2|r(m 1) |2| 2)1

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.6)
that the sequence {4" f(57)} is a Cauchy sequence for all 2 € X. Since Y is complete,
the sequence {4" f(5%)} converges. So one can define the mapping @ : X — Y by

Q(x) := hm4"f( w)

n—o0

< Oz (3.5)

for all z € X. Moreover, letting | = 0 and passing the limit m — oo in (3.6), we get
(3.4).
The rest of the proof is similar to the proof of Theorem 2.2. 0

Theorem 3.3. Let r > 2 and 6 be positive real numbers, and let f : X — Y be an even
mapping satisfying (3.3). Then there exists a unique quadratic mapping @ : X — Y
such that

2
1) - Q@ < EL el (3.7)
forallx € X.
Proof. 1t follows from (3.5) that
1 1276
J#@) = gren) | < el
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for all x € X. Hence

| 5@ - grema) 3:5)

1 1 ]. 1+1 1 m—1 1 m
1 1 1 I+1 1 m—1 1 m
:max{wl f(2x)—1f<2 $>"’WM f<2 :B)_Zf@ )
2] 2 PN P .
< max{wl“’... ’W ’2‘ Qqu = WHmH

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.8)
that the sequence {2 f(2"z)} is a Cauchy sequence for all z € X. Since Y is complete,
the sequence {4% f(2"z)} converges. So one can define the mapping @ : X — Y by

Q) = Jim - f(2)

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.8), we get
(3.7).
The rest of the proof is similar to the proofs of Theorems 2.2 and 3.2. 0J
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AX = B*
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Abstract

To reduce the computational cost and storage requirement of global general-
ized minimal error(GLGMERR) method, in this paper, we propose a truncated
version of GLGMERR method, which is termed as incomplete global generalized
minimal error method. The proposed approach uses only a few rather than all of
the prior computed matrices in recurrences to generate the next matrix. More-
over a quasi-minimum error solution is obtained as well. Finally, we present the
numerical results by comparing with the traditional global GMERR method in
CPU time and storage requirements to show the effectiveness and advantages of
our method.

Key words:matrix equation; incomplete global generalized minimal error.

AMSC(2000): 65F10, 49M15, 65H10, 15A24

1 Introduction
Consider the following problem:

Ar® =p® =12 ..., (1.1)
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where A is a n X n unsymmetric matrix, z®, 5@ are all n x 1 real vectors, s < n. In our
daily life, sometimes we have to solve this problem. Therefore, it is of importance that
researchers are interested in the study of the numerical solutions, algorithms design
and software development for solving problem (1.1).

Krylov subspace method, as one of the effective method for solving Ax = b, can be
used to solve s linear systems one by one. However, when the order of A is large, it is
not enough to use this method to solve this problem. Therefore, we have to find the
other new method to solve it. It should be noticed that when all 5 do impact on the
whole system, the problem (1.1) can be rewritten as

AX = B, (1.2)

where X = [x(l), z®), ...x(s)]T7 B = [b(l), b?, ...b(s)]T_

In the past decades, some related works have been achieved to solve the problem
(1.2). In 1999, Jbilou [1] et al proposed the global Arnoldi method and moreover, they
proposed global FOM and GMRES methods based on global Arnoldi method, which
extended the Krylov subspace method. Among all Krylov subspace methods, GMERR
method is one of the most effective methods, because it can minimize the error norm
of this method on Krylov subspace. The literature [2] presented the global GMRES
method for solving unsymmetric linear systems, which maps the initial residual matrix
to the Krylov subspace. In some sense, global GMERR and global GMERS [1] methods
have similar structures.

The global generalized minimal error(GMERR) algorithm is an effective Krylov
subspace method to solve the linear equations with multiple right-hand sides. As the
global GMERR method and the GMERR method have the long recurrence, which
result in the dramatic increase of the calculation and storage along with the increase
of the step numbers. At present, there are many truncation strategies. For example,
Young [3] presented the truncated forms of the orthogonal direction method and the
orthogonal residual method. In [4,5], a truncated forms of FOM method has been
given. The truncated forms of IGMRES method or QGMRES method are presented
in [6-10]. In this paper, we use the truncation strategy to improve the global GMERR
algorithm, and propose a incomplete global GMERR algorithm, which use a few of the
previously generated matrix to construct the new basis matrix, and we also give the
quasi global minimum error solution on the Krylov subspace.

The remainder of this paper is organized as follows. In Section 2, we present the
incomplete global GMERR algorithm. Section 3 and 4 give some numerical experiments
to test the effectiveness of the incomplete global GMERR algorithm and conclusions,
respectively
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2 Incomplete global GMERR algorithm

The incomplete global GMERR algorithm, which is based on the incomplete orthogo-
nality of the Krylov subspace matrix, is to seek the quasi global minimum error solution.
The basis matrices {V;}(i = 1,2, ..., m) of the Krylov subspace K,,(AT, Ry) can be ob-
tained through the incomplete orthogonal process. ATV;(i = 1,2, ...,m) is carried out in
the orthogonal process with the first ¢(¢ < m) matrices V;,, ...V;(io = maz{1l,i—q+1}),
The incomplete global GMERR algorithm is to seek the approximate solution X,, =
Xo+ Zp, Zm € ATK,, (AT, Ry). Moreover R,, = B — AX,, L K,,(AT, Ry), i.e.,

Ro— AZ,, L K,,(AT, Ry). (2.1)
Note that U,, = [V, Vs, ..., Vil let Z,, = ATU,, * y,,,, then we can have
X = Xo+ AU, %y, Ry = Ry — AATU,, x y,,.

Since Ry — AZ,, is orthogonal to K,,(A”, Ry) from equation (2.1). Therefore, for
1=1,2,...,m, we can obtain

< Vi, Ry >=< Vi, AATU,, %y, > . (2.2)

Let Vi = Ry/ || Ro ||F, then for the formula (2.2), when i = 1, it means tr(V;' Ry) =
tr(VFAATU,, * yp), i.e.,

| Ry ||p= (tr(V;"AA" V), tr(Vi" AA™V3), ot (ViD AAT V) Vs
when i = ¢+ 2,...,m, (tr(V;TAATVY), tr(VTAATV,), . tr(VEAATV,,) ) ym = 0;
when i =2, ....,q+ 1, tr(VI'Ry) = (tr (VI AATV)), tr(VT AATV,), . tr(VEAATV,)) Y-

Therefore, through the above discussion, we can obtain y,, by solving the following
linear system:

| Ro ||r
0
tr(VIAATVY) tr(VTAATV,) - tr(VTAATV,) .
tT(VQTAATVl) tT(VQTAATVQ) . tT(VQTAATVQ) O
: : ' : Ym =
: : ) : tr(VL,R
tr(VIAATVY) tr(VIAATV,) - tr(VIAATV,) ( 2 0)
tr(V, Ro)

(2.3)
To sum up, we obtain the following restarting incomplete GMERR Algorithm.
Algorithm 1 (The restarting in complete GMERR Algorithm)
Step 1. Choose the restarting step number m, let 2 < q < m, set the precision
tol and initial estimation n x s moment Xy. Then calculate Ry = B — AXy, Let

Vi=Ry/ || Ro ||r;
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Step 2. Fori=1,2,....m , do the following incomplete orthogonal process
2.1 W = ATV,
2.2 For j = max(1,i—q+1),...,1, calculate

by = (VT ATV, W =W

2.3 hivri =| W l|p, Vigr = W/hiyau;

Step 3. Solve the linear system (2.3) to get Ym;

Step 4. Calculate X, = Xo + ATU,, * Y ;

Step 5. If | Ry, ||r=|| B — AXy ||[r< tol, stop; otherwise, let X,, = Xy, calculate
Ry=B— AXy, Vi =R/ || Ro ||r, go to step 2.

It is not difficult to find that the matrices and Hessenberg matrix H,, produced by
the above incomplete orthogonal process satisfy the following theorem.
Theorem 1 If the incomplete global GMERR algorithm doesnt interrupt before the mth
step, i.e., hiy1; #0, (i =1,2,--- ,m), then {V;}(i = 1,2,--- ,m), which are produced
by the incomplete orthogonal process, constitute a basis of the Krylov subspace. In
addition, we have

ATUm = Um * Hm + Sm—i—la

tr(VIV) =06 #£4,li—jl<q), tr(VV) =1, (4,j=1,2,---,m),
where Spmi1 = hmt1.m[Onxs, Onxs---Vit1]-

By analyzing the above theorem, we can achieve H,, and B,, = (tr(V;'V;))msxm,
(1,7 =1,2,--- ,m) in detail

tr(ViFAVL) - tr(VFAV)
0
tr(V;EFAVY)
Hm — ’
tT(an;—q-i-lAvm)
0 :
tr(VIAV,, 1) tr(VITAV,,)
1 0 0
*
0 1
Bm == O )
0 .
0
* 0 - 0 1
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Now, let us state some results which are indispensable for our subsequent discus-
sions.

Lemma 1 For inner product < X,Y >, we have < XY ><|| X ||r|| Y ||r, where
X, Y € Zyxs, Znxs TEPTESENLS the N X s matriz space over R

Proof. Obviously, < XY >= tr(X1Y) =

NE

S

xi;¥ij, By Cauchy-Schwarz in-

i=1j=1
equality, we have
1 1
n S n S 2 S 2
2 2
>3 |(5) ()
i=1 j=1 i=1 j=1 j=1
1 1
n S 2 n S 2
2 2
i=1 j=1 i=1 j=1
=l X el Y lr-
Hence, the proof of the theorem is completed. [J
min{i—q—1,j+1}
Lemma 2 If j +2 <i <m+1, then tr(V;' ATV}) = 3 by jtr (VI VL.
k=j—q+1

Proof. By analyzing the algorithm and components of H,,, we have ATV, =
m+1

> hi;Vi, where j = 1,2,---  m. Multiplying V7' left to the two sides of the above
k=1

min{i—q—1,j+1}
formula, we have VATV, = by VIV
k=1
Taking the trace, we can have
i—q—1 m+1
tT(‘/Z-TATVj) = Z hk,jtT(ViT‘/]ﬁ) + hm’ + Z hhjt’r’(ViTVk)
k=1 k=i+q+1
i—q—1 Jj+1
= Z thtT(‘/;T‘/k;) + h@j + Z hhjt’r’(‘/;TVk) (]{3 > 1, hk,j == 0)
k=1 k=i+q+1

min{i—q—1,j+1}

= D> VW)
k=1
min{i—q—1,j+1}

= Y htr(ViV)

k=j—q+1
If k <0, let tr(VIV;), we have hy; = 0. O
Theorem 2 Suppose ¢ > 2,9 < m+1 and i —j > q+ 1, if the incomplete global
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GMERR algorithm doesnt interrupt before the step, we have
| tr(VIVi) IS e | AT = Allp [hiiea, (2.4)

where ¢;41 = Max Vi1,
1<j<i—¢q ’

min{i—q—1,j+1}

Vit1,j =1+ ¢ Z | B || Jhiio1 + ( Z ck | P |> Jhi k-1

k=j—q+1 k=j+q+1

and if k <0, then vi41; = 1.

Proof. Let Uy = [Vi,Va, ..., Vin1], Bug1 = (tr(VEV))) ma1)x(mt1). From Al-
gorithm 1 and Lemma 2, when : +1 < m+1and i +1— 35 > ¢+ 1, we obtain
that

hivVipn = A"V = hiiVi, (2:5)
k=ig

Left-multiplying VjT to both sides of equation (2.5) and taking trace, we can get

tT(VjTViHhiH,i) =tr (VJT <ATV2 — Z hlmvk>)
k=io
min{i—q—1,j+1} i
=tr (V/ (AT =) Vi) + > hugtr(VIV) =) atr(VIWR),
k=j—q+1 k=ig

(2.6)

where ig = max{1,i — ¢ + 1}. In the following part, the inductive method is used to
prove our theorem.
Wheni+1=¢+2<m+1, j =1, from equation (2.2) and Lemma 2, we can
obtain
hgragritr(Vi Vo) = tr (Vi (AT = A) Viya) -

Assume that the incomplete global GMERR algorithm doesnt interrupt, and then
we can have

|tr(Vi Viga)| = [tr (VT (AT = A) Vi) | /hgragn
= ‘< vir, (AT —A) Vg >‘ [hgt2,q+1
< Vi llell AT = ANl Vo le /hgr2gm
=|| AT — A||p /hgs2,q+1,

which shows that it satisfies formula (2.5), where ¢,1o = 1.

765 Yu-Hui Zheng et al 760-772



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Yu-Hui Zheng etal: The incomplete global GMERR, algorithm to Solve AX = B

Assume the first ¢ columns in the upper right corner of matrix B, satisfy equation
(2.5). In the following we process the (i+1)th column, where 1 < j < j—gq, i.e. i—j > q.
For formula (2.6), we can separately get the following inequations

min{i—q—1,j+1} min{i—q—1,j+1}

o htr(ViV)| < > |y jtr(VEV;)

k=j—q+1 k=j—q+1
min{i—q—1,j+1}

<a oY gl AT = Alle Jhige,

k=j—q+1
and
Z hk’itr(‘/;TVk) < Z ‘hkvitr(VjTVk” - Z ‘hk,itr(v}TVkﬂ
w0 k=to k=j+q+1
< S alhud I AT = Allp /b,
k=j+q+1

Then, we can conclude that

min{i—q—1,j+1} i
Vi Izl AT = Allell Vi Nl + > hagtr(VIVI)| + | 30 huatr (Vi Vi) )
k=j—q+1 k=i
}tT(V]T%+1>‘ S J—q 0
hit1
[ min{i—g—1,j+1} i .
L+ (¢ > gl | fhig—+ | 22 ek lbwgl /hwp—r | | | A7 = Allp
<L k=j—q+1 k=j+q+1
o Piy1
=vis1y | AT = Allp [hisag,
where ¢;41 = max 7;41;. The proof the theorem is completed. [

1<j<i—q

Theorem 3 Any singular value 0(By) of B, = (tr(VI'V;)), satisfies
maz {0,1— (m—q—1)c || A" —A||p} <o(Bn) <1+ (m—q—1)c|| A" — Allr
where ¢ 1s a function generated by H,,.

Proof. By Gerschgorin Circular disc Theorem and Theorem 1, for any singular
value o(B,,) of B,,, there must exist i, satisfying

o(Bn) =1 <Y _ltr(VIV)I = D0 lr(VIV))L.

J# li—jl=q+1
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Therefore, we can get that
L= > VIVl <oBa) <1+ Y (V).
li—jl>q+1 li—jl>g+1

By analying the algorithm and the structure of B,,, we have

i—q—1 m
S VIV = Y0 VIV Y (VT
li—j|>q+1 j=1 Jj=itq+1

i—q—1
Ifi<q+1, > |tr(VIV;)| =0, then
j=1

(V)< (m—i—q)  max_ |tr(V;'V})]

- i+g+1<j<m
li—jl=g+1
< —qg—1 Ty/.
<(m—gq-1) max [tr(V;V;)l
<(m—gq-1cll A" - Allp,
here ¢ = i
where ¢ q+r2n§>§mc]/hm 1
Ifi>m—gq, Y, [tr(VIV;)|=0, then
j=itq+l

Yo VIVl <G—q=1) _max |tr(V]'V))

1<j<i—g—1
li—j|>q+1
<(m-—q-— v,
<(m-—gq—-1) max [|tr(V; Vi)l
<(m—g—1c| A" = Alp,
where c = max  ¢;/h; ;1.
m—q<i<m

Ifg+2<i<m-—q—1, based on Lemma 2, we have

Y [ (VV)I < (i —q—1) _max Nt (VIV)I+ (m—i—q)  max_[tr(V;Vj)]

i i>gt1 1<j<i—q— i+g+1<j<m
) — JE— T J— . ..
<(-g¢-DIA =Allr  amax - ci/hii

. T
+m—i—q) | AT = Allr | max_c;/hj;

<(m-2¢—1c| A" = Allp< (m—q—1c | AT = Allp,

where ¢ = max max ¢i/hii—1, max ¢;/hj;—1 p. Based the above disscus-
q+2<i<m—q—1 ’ i+q+1<j<m ’

sion, the proof the theorem is completed. [
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Theorem 3 presents that the orthogonal degree of basis matrices is determined
by the symmetry degree of the coefficient matrix. By the above theorems, we can
obtain the conclusion on the algorithm convergence. If the algorithm is interrupted,
which means hyy;; = 0(1 < i < m) at ith step, the invariant subspace of AT could
be generated, moreover the approximate solution X; generated by incomplete global
GMERR algorithm is the exact solution of AX = B. Meanwhile, the error R; = 0.

During the incomplete orthogonal process, the generated basis matrix may lose
the orthogonality to some extent. From theorem 2 and theorem 3, we can find that
the incomplete global GMERR algorithm can not control the orthogonal degree of the
generated basis matrix when the coefficient matrix is far away from the symmetric
property. And so, the algorithm may not converge.

3 Numerical experiments

In this section, we give numerical experiments to test the effectiveness of the incomplete
global GMERR algorithm. Moreover we compare it with the global GMERR algorithm
and find that our proposed method is more effective than the traditional method when
they are set in the same accuracy.

Example Consider the two-dimension Convection-Diffusion Equation which is de-
fined on the domain Q = [0, 1] x [0, 1]

0
— Aufz,y) + azu(e,y) = f(2,y),
u(z,y) = 0.

In this paper, we use the central difference method with grid length h = 1/(1 4 1)
to discrete the above equation, and then we obtain the n = [? order non-symmetric
matrix A(a)

B(a) —I
Ay =| ! ,
—I
—1 B(a)
4 a
where B(a) = ’ is [ order matrix, a = —1 + —2(111)’ b= —1— —2(1??1)7
.a
b 4

I is [ order identity matrix, parameter v control the A(«) and deviation of symmetry.
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Table 1: The incomplete global GMERR(m) algorithm with n = 2500, a = 0.25, || A(0.25)7 —
A(0.25) || p= 0.3431

m | q | CPU | ratio | IT | ||R|F
2 | 43.8590 | 0.7221 | 28 | 9.2951e-7
5 | 45.7030 | 0.7725 | 28 | 9.2951e-7
40 10 | 50.7810 | 0.8361 | 28 | 9.2951e-7

20 | 55.6400 | 0.9161 | 28 | 9.2951e-7
30 | 57.4530 | 0.9459 | 28 | 9.2951e-7
40 | 60.7350 1 28 | 9.2951e-7
2 | 34.4850 | 0.6876 | 15 | 7.3342e-7
5 | 37.0470 | 0.7386 | 15 | 7.3342e-7
10 | 39.9530 | 0.7966 | 15 | 7.3342e-7
o0 | 20 | 43.9370 | 0.8760 | 15 | 7.3342e-7
30 | 47.7030 | 0.9511 | 15 | 7.3342e-7
40 | 49.4220 | 0.9854 | 15 | 7.3342e-7
50 | 50.1560 1 15 | 7.3342e-7

Table 2: The incomplete global GMERR(m) algorithm with n = 2500, a = 2.5, || A(2.5)T —
A(2.5) || p= 3.4314

m | q | CPU | ratio | IT | ||R|F
2 | 44.6410 | 0.7431 | 24 | 9.1938e-7
5 | 47.2960 | 0.7872 | 24 | 9.1938e-7
40 10 | 48.1100 | 0.8008 | 24 | 9.1938e-7

20 | 58.7340 | 0.9778 | 24 | 9.1938e-7
30 | 59.6250 | 0.9812 | 24 | 9.1938e-7
40 | 60.0780 1 24 | 9.1938e-7
2 | 34.4690 | 0.7204 | 13 | 6.5037e-7
5 | 33.4690 | 0.6995 | 13 | 6.5037e-7
10 | 38.4060 | 0.8027 | 13 | 6.5037e-7
20 | 20 | 39.2660 | 0.8207 | 13 | 6.5037e-7
30 | 42.0780 | 0.8795 | 13 | 6.5037e-7
40 | 44.0630 | 0.9209 | 13 | 6.5037e-7
o0 | 47.8440 1 13 | 6.5037e-7
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Table 3: The incomplete global GMERR(m) algorithm with n = 2500, a = 25, || A(25)7 —
A(25) || p= 34.3137

m | q CPU ratio | IT | || R||F
2 | 393.7810 | 0.7567 | 208 | 8.2432e-7
5 | 381.4370 | 0.7330 | 208 | 9.6001e-7
40 10 | 420.1400 | 0.8074 | 208 | 8.4919e-7

20 | 461.5940 | 0.8871 | 208 | 9.3441e-7
30 | 489.7580 | 0.9412 | 208 | 9.6380e-7
40 | 520.3590 1 209 | 8.2174e-7
2 | 431.6090 | 0.8871 | 192 | 7.7878e-7
5 | 324.9540 | 0.6679 | 137 | 8.8358e-7
10 | 352.1880 | 0.7238 | 137 | 8.4919e-7
50 | 20 | 392.1410 | 0.8059 | 137 | 9.1390e-7
30 | 427.0160 | 0.8776 | 137 | 9.0901e-7
40 | 442.0160 | 0.9084 | 136 | 9.7113e-7
50 | 486.5620 1 136 | 9.1955e-7

Table 4: The incomplete global GMERR(m) algorithm with n = 2500, a = 2500, || A(a)? —
A(a) ||p= 3.4314e + 3

m | q CPU ratio | IT | || R |r
2 | 153.0620 | 0.7777 | 90 | 9.6087e-7
5 | 145.2810 | 0.7382 | 92 | 9.8770e-7
40 10 | 162.4370 | 0.8253 | 92 | 9.8773e-7

20 | 180.1560 | 0.9154 | 92 | 9.8773e-7
30 | 191.8900 | 0.9750 | 92 | 9.8773e-7
40 | 196.8130 1 92 | 9.8773e-7
2 | 196.8280 | 0.7695 | 71 | 9.5397e-7
5 | 183.8900 | 0.7189 | 71 | 9.3412e-7
10 | 205.8750 | 0.8049 | 71 | 9.5319e-7
50 | 20 | 228.0320 | 0.8915 | 71 | 9.5319e-7
30 | 256.4370 | 1.0026 | 71 | 9.5319e-7
40 | 244.1870 | 0.9547 | 71 | 9.5319e-7
50 | 255.7810 1 71 | 9.5319e-7
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The purpose of this section is to demonstrate that, with the same accuracy, the
incomplete global GMERR algorithm is more effective than the global GMERR algo-
rithm when we solve the large linear equations with multiple right-hand sides. With-
out loss of generality, we set s = 2, which means the two right-hand sides. Assuming
B = rand(n,s), Xy = 0,1 = 50,n = 2500,tol = 107%, we test the incomplete global
GMERR algorithm for numerical analysis for m = 40, 50, Moreover, we find that the
incomplete global GMERR algorithm degenerate to global GMERR algorithm when
q = m, Table 1-4 show us the numerical results, where CPU is denoted as the algorithm
running time (in seconds), IT represents the iterate times, Ratio means the running
time ratio of the incomplete global GMERR algorithm to the GMERR algorithm with
the same accuracy requirements.

For a = 0.25, A(«) is approximatly symmetric. Thus, the loss of the orthogonality
of the basis matrices is not serious. The CPU time of incomplete global GMERR
algorithm is shorter than the global GMERR algorithm, which shows effective of our
proposed method.

For a = 2.5, we can see the incomplete global GMERR algorithm is more effective
than the global GMERR algorithm from table 2 and table 3. For o = 2500, although
A(a) is far away from the symmetric property and the loss of the orthogonality of the
basis matrices is serious, we can find that the incomplete global GMERR algorithm is
still effective than the global GMERR algorithm from table 4.

The experimental results show that, with the same accuracy, the incomplete global
GMERR algorithm is more effective than the global GMERR algorithm. With the
same computational cost, operation time and storage of our method is less than these
of traditional method.

4 Conclusion

The incomplete global GMERR algorithm can overcome the long recurrence of the
global GMERR algorithm by truncation strategy, which can save the computation
and storage requirements effectively. In this paper, we present the incomplete global
GMERR algorithm theoretically. Finally, the experimental results show effectiveness
of the incomplete global GMERR algorithm by comparing with the traditional global
GMERR algorithm.
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DOUBLE DIFFERENCE SPACES OF ALMOST NULL AND ALMOST
CONVERGENT SEQUENCES FOR ORLICZ FUNCTION

KULDIP RAJ AND RENU ANAND

ABSTRACT. The objective of this paper is to introduce and study some double differ-
ence spaces of almost null and almost convergent sequences defined by a Musielak-
Orlicz function. We prove that these spaces are Banach, Barreled and Bornological
spaces. An attempt is also made to prove that these spaces are BDK spaces and prove
some interrelationship between these spaces.

1. INTRODUCTION AND PRELIMINARIES

The initial work on double sequences is found in Bromwich [4]. Later on, it was studied
by Hardy [10], Méricz [15], Mdricz and Rhoades [16], Tripathy (][27],[28]), Basarir and
Sonalcan [2] and many others. Hardy [10] introduced the notion of regular convergence
for double sequences. Quite recently, Zeltser [30] in her Ph.D thesis has essentially stud-
ied both the theory of topological double sequence spaces and the theory of summability
of double sequences. Mursaleen and Edely [17] have recently introduced the statistical
convergence and Cauchy convergence for double sequences and given the relation between
statistical convergent and strongly Cesaro summable double sequences. Next, Mursaleen
[21] and Mursaleen and Edely [18] have defined the almost strong regularity of matrices
for double sequences and applied these matrices to establish a core theorem and intro-
duced the M-core for double sequences and determined those four dimensional matrices
transforming every bounded double sequences x = (xj;) into one whose core is a subset
of the M-core of x. The set of all complex valued double sequences is a vector space with
coordinatewise addition and scalar multiplication which is denoted by €.

By the convergence of a double sequence we mean the convergence in the Pringsheim
sense i.e. a double sequence x = (xg;) has Pringsheim limit L (denoted by P —limx = L)
provided that given € > 0 there exists ng € N such that |zx — L| < € whenever k,1 > nyg.
We shall write more briefly as P-convergent. The space of all convergent double sequences
in Pringsheim’s sense is denoted by C).

A double sequence x = (zy;) of complex numbers is said to be bounded if ||z||c =

sup |z < oo, where N = {0,1,2,...}. The space of all bounded double sequences is
k,leN

denoted by M, , which is a Banach space with the norm ||.||co.

It is well known that there are such sequences in the space C}, but not in the space M,,.

Indeed, if we define the sequence x = (zx;) by

k, keN
Tpl = l, leN
0, k,l€N\ {0},

2010 Mathematics Subject Classification. 46A45, 40C05.
Key words and phrases. Orlicz function, Musielak-Orlicz function, sequence space, double sequence,
P-convergent, almost convergence.
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for all k,1 € N, then, it is trivial that z € C'p\ M,,, since Pfkllim xg = 0 but ||z]]e = o0.
J1—00

Therefore, we can consider the space Cy, of the double sequences that are both convergent
in Pringsheim’s sense and bounded which we write Cpp, = Cp, N M,,.

A sequence in the space C}, is said to be regularly convergent if it is a single convergent
sequence with respect to each index and denote the space of all such sequences by C,.. Also
by Cypo and Cig, we denote the spaces of all double sequences converging to 0 contained
in the sequence spaces Cy, and C,, respectively. Moricz [15] proved that Cyp, Cppo, Cr and
Co are Banach spaces with the norm ||.||co.

The concept of almost convergence for single sequences was introduced by Lorentz [13]
and for double sequences by Mdricz and Rhoades [16]. A double sequence x = (xy;) of
complex numbers is said to be almost convergent to a generalized limit « if

1 s+q t+r
P— lim sup |——— Tp — « ‘:O. see [29
ar—=00 s 150l (g +1)(r + 1) ; lz:;( ) (see [29])
Here, « is called the fs- limit of z. The space of all almost convergent double sequences
is denoted by Cy. A P— convergent double sequence need not to be almost convergent.
However, every bounded convergent double sequence is almost convergent and every almost
convergent double sequence is also bounded.

Definition 1.1. [6] A bounded double sequence x = () of real numbers is said to o—
convergent to a limit L if

P —lim7y,5(z) = L uniformly in s,¢t € N,
q,r

where

1 ~
o) = T 2 oo

k=0 1=0
In this case, we write 0o — limx = L. The set of all bounded o— convergent double
sequences is denoted by V2. Clearly, Cy, C V2.

Definition 1.2. [26] A topological vector space A over R or C is called locally convex
if it is a Hausdorff space such that every neighbourhood of any x € A contains a convex
neighbourhood of z.

Definition 1.3. [30] A locally convex double sequence space A is called a DK — space
if all of the seminorms rg; : A = R,z = (z;) — |zk| for all k,1 € N are continuous. A
DK — space with a Frechet topology is called an FFDK — space. A normed FFDK — space
is called a BD K — space.

Definition 1.4. [26] Let A be a vector space over the field C and let A, B be subsets of
A. Then A absorbs B if there exists ay € C such that B C oA whenever |a| > |ag|. A
subset C' of A is circled if aC' C C whenever |a| < 1.

Definition 1.5. [26] A locally convex space A is bornological if every circled, convex
subset A C X that absorbs every bounded set in A is a neighbourhood of 0 in .

Definition 1.6. [5] Let A be a locally convex space. Then a subset is called barrel if it
is absolutely convex, absorbing and closed in A. Moreover, A is called a barreled space if
each barrel is a neighbourhood of zero.

Lemma 1.7. [26] Every Banach space and every Fréchet space is a barreled space.
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Lemma 1.8. [26] Every Fréchet space and hence every Banach space is a bornological.

Lemma 1.9. [5] Let (X,p) be a seminormed space and q be a seminorm on X. Then the
following are equivalent:

(a) q is continuous.

(b) q is continuous at zero.

(c¢) There exists M > 0 such that q(x) < Mp(zx) for all x € X.

Altay and Basar [1] introduced the space BS of bounded series as follows:

m,n
BS = {:U = (zp) € Q:||z||ps = sup ‘ Z mkl‘ < oo}.
m,neN k=0
The space is also a Banach space with the norm ||.||ps.
One can refer to Mursaleen and Mohiuddine [19] for relevant terminology and required
details on the spaces of double sequences and related topics.

The notion of difference sequence spaces was introduced by Kizmaz [11], who studied
the difference sequence spaces lo(A), ¢(A) and ¢o(A). The notion was further general-
ized by Et and Colak [7] by introducing the spaces loo (A™), ¢(A™) and c¢o(A™). Later
the concept have been studied by Bektag et al. [3] and Et et al. [8]. Another type of
generalization of the difference sequence spaces is due to Tripathy and Esi [27] who stud-
ied the spaces loo(Ay), ¢(A,) and cg(A,) where m,v are non-negative integers. Now, for
Z = ¢, cq and [, we have sequence spaces

Z(A™) ={zx = (z1) € Q: (ATzy) € Z},

where Az = (A™xy) = (A™ 2y — A™ o) and A%z, = x4, for all £ € N, which is
equivalent to the following binomial representation

A"y, = i(—m ( ’;’j ) Thto.

v=0
Taking m = 1, we get the spaces studied by Et and Colak [7].

An Orlicz function M is a function, which is continuous, non-decreasing and convex with
M(0) =0, M(z) >0 for z >0 and M(z) — oo as x — 0.

Lindenstrauss and Tzafriri [12] used the idea of Orlicz function to define the following
sequence space. Let w be the space of all real or complex sequences x = (xy), then

o0
EM:{wa:ZM<M) < 00, for some p>0}
p
k=1
which is called as an Orlicz sequence space. The space £, is a Banach space with the

norm o
\|z|| = inf{p >0: ZM('Z’“') < 1}.
k=1

It is shown in [12] that every Orlicz sequence space £); contains a subspace isomorphic to
Ly(p > 1). The Ay—condition is equivalent to M (Lz) < kLM (z) for all values of z > 0
and for L > 1. For more details about sequence spaces (see [9], [20], [23], [24], [25]) and
references therein .

A sequence M = (Mj) of Orlicz functions is called a Musielak-Orlicz function (see
[14],[22]). A sequence N = (Nj) is defined by

Ni(v) =sup{|v|ju — (M) :u >0}, k=1,2,---
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is called the complementary function of a Musielak-Orlicz function M. For a given
Musielak-Orlicz function M, the Musielak-Orlicz sequence space tyq and its subspace
ha are defined as follows:

tM:{$€w:IM(cx)<oo for some c>0},

hpm = {wa:IM(cm) < oo for all c>0}7
where I is a convex modular defined by

Im(x) =Y My(ar),@ = (24) € tar-
k=1

We consider tpq equipped with the Luxemburg norm

||| —mf{k >0: IM<k) < 1}

or equipped with the Orlicz norm

]|© = inf{%(l t Iu(ke)) k> 0}

Let M = (My;) be Musielak-Orlicz function, p = (pg;) be a bounded sequence of pos-
itive real numbers and u = (ug;) be a double sequence of strictly positive real numbers.
In the present paper we define the following classes of sequences:

Cy(M,u, A™, p) =
. 1 e U Az —
{x = () €Q:P— lim sup |———— Zszl(i)

a;r—00 5150 | (g +1)(r+ 1) k—s I—t ©

Pkt

b

for some o > O} and

C'fo (M,U, Amap) =

r

q m
U A Ty 144
S 3 iy (LA T
k:O =0 9

Pk
r = (x e Q: P— lim su
{ ( kl) q,r—>oos_’t>po (q+1 7"+1

0, for some o > 0}.

Remark 1.10. Let us consider a few special cases of the above sequence spaces:
(1) If we take M(z) = x, then the above classes of sequences reduces to following sequence
spaces:

Cf (u, Am,p) =
s+q t+r

' _ 1 ug A"y —
{x: (xg1) €Q: P— lim sup mzz (#)

q,r—00
) 5,1>0 h—s I—t

Pkl

9

for some ¢ > O} and
Cfo (’U,,Am,p) =

1 1 Ut A Tt 14+
r=(x)€N:P— lim sup |———— (—)
{ (1) g, r—00 S’t>I)0 (g+1)(r+1) kZ:O — 0

Pkl

)

for some p > O}.

(ii) If we take p = (pg;) = 1, then the above sequence space becomes

776 KULDIP RAJ et al 773-783



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

DOUBLE DIFFERENCE SPACES OF ALMOST NULL AND ALMOST CONVERGENT SEQUENCES 5

Cr(M,u, A™) =
s+q t+r

. U ATy — o
z= (k) €Q:P— lim su g g M( >’:O,
{ ( kl) WHOO&DPO (q+1 r+1 kl 0

for some p > O} and

Ofo (M, u, Am) =

T

zq: My, (umAmstJH)‘ —0,

{x =(zp) €Q:P— lim sup
) ioi= e

4,700 5 150 (q —+ 1 T‘ + 1

for some p > 0}.

(iii) If we take M(z) =z, p= (pu) =1, u = (ukl) =1m =0 and p = 1, then we have
s+q t+r

C :{x: ) €EQ:P— lim su (az —a)‘—Oand
f (k1) qn"—><>os,t>po (q+1 1) ;; ki

Cro={o=(am) €Q: P— Tim sup | (whtsise) | = 0}
o= = (o) a0 im0 | (g + 1)(7" +1) kzzog htsbt
which were introduced and studied by Yesilkayagiil and Basar [29].

The main purpose of the present paper is to show that the sequence spaces C'r (M, u, A™, p)
and Cy (M, u, A™,p) are BDK-spaces, Barreled and Bornological. Furthermore, we also
studied some inclusion relations between these spaces.

2. MAIN RESULTS

Theorem 2.1. Let M = (My;) be Musielak-Orlicz function, p = (pri) be a bounded
sequence of positive real numbers and u = (ux;) be a double sequence of strictly positive real
numbers. Then the sequence spaces Cy(M,u, A™,p) and Cy,(M,u, A™,p) are Banach
spaces with the supremum norm.

Proof. We are going to prove this for the space C¢(M,u, A™, p) and the other can be

proved in the similar way. Define norm |.|| on Cy(M,u, A™,p) as:
1 & U A" Pkl
Mu,A™ p kl k+s,l+t
x = sup |———— Mkl(—> :
Il = e e 22 z

k=0 1=0
Clearly, Cf(M,u, A™,p) is a normed linear space by the above defined norm. Now, we
have to prove that Cy(M,u, A™, p) is complete. For this, let (A™z®) be a Cauchy
sequence in Cf(M,u, A™,p). Then (Amxg;)) is a Cauchy sequence in C, for each k,l.
Therefore, Amxgz) — A™zy (say). Put A™z = (A™xy;). For given e, there exists an
integer N(e) = N (say) such that for each b,n > N

|Amz® — Amg™]| < g

Hence,

sup |7grat(A™z® — AM2(M)] < <
q,r,s,t 2
Then, for each ¢,r,s,t and b,n > N, we have

(2.1) Irgrst (A2 ) — Az (M) < %

Now, for fixed b, the above inequality holds. Since for fixed b, A"z e Cy(M,u, A™,p),
we get
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lim Tqrst(Amlb(b)) =1I,

q,r—00
uniformly in s, t.
For given € > 0, there exists positive integers qg, rg such that
(2.2) Tarst(A™2 ™)~ L] < 2
for ¢ > qo,r > ro and for all s,t. Here qg, 7o are independent of s,t but depend upon e.
Now, by using (2.1) and (2.2), we obtain

|Tqrst(Amx) - L= |Tqrst(Amx) - Tqrst(Amx(b)) + Tqrst(Amx(b)) — L]
< rgrat (A7) = T4t (A2 O)| + |7t (A7) — L

< £.€
AT
2 2 ’

for ¢ > qo,r > ro and for all s, 1.
Hence, A"z = (A™zy) € Cr(M,u,A™,p) and so Cy(M,u, A™,p) is complete. This
completes the proof. O

Corollary 2.2. Let M = (My;) be Musielak-Orlicz function, p = (pr1) be a bounded
sequence of positive real numbers and u = (up;) be a double sequence of strictly positive real
numbers. Then the sequence spaces Cy(M,u, A™,p) and Cr,(M,u, A™,p) are barreled
spaces.

Proof. Since C¢(M,u, A™,p) and Cy, (M, u, A™, p) are Banach spaces with the supremum
norm and every Banach space is a barreled space, it follows that C¢(M,u, A™,p) and
Cy,(M,u, A™, p) are also barreled spaces. O

Corollary 2.3. Let M = (My;) be Musielak-Orlicz function, p = (pr) be a bounded
sequence of positive real numbers and u = (uy;) be a double sequence of strictly posi-
tive real numbers. Then the sequence spaces Cy(M,u, A™, p) and Cp,(M,u, A™, p) are
bornological spaces.

Proof. By the same arguement given in the above corollary, the above spaces are bornolog-
ical spaces. O

Theorem 2.4. Let M = (Mjy;) be Musielak-Orlicz function, p = (pgi) be a bounded se-
quence of positive real numbers and u = (ug;) be a double sequence of strictly positive real
numbers. Then the sequence spaces Cy(M,u, A™,p) and Cy,(M,u, A™,p) are BDK—
spaces with the norm defined as:

[Py S o} YN (ARG Y
@ grsten ! (@ +1)(r+1) &= = 0

Pri

Proof. We will prove it for the space C'r(M,u, A™,p) and rest can be proved in a similar
way. Since every normed space is a seminormed space, it follows that Cp(M,u, A™, p)
is also a seminormed space with respect to the given norm. Now for © = (x) in
Cy(M,u, A™, p), we define some new seminorm 7g; : Cp(M,u, A™,p) = R as ry(ag) =
|xgi| for all k,1 € N. We have to show that the each one is continuous. By Lemma (1.9),
there exists 7' > 0 for all z € C¢y(M, u, A™, p) such that

r(z) = |zr| < T\|w||g;’"’Am”’ YV k,l€N.
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So, the seminorm is continuous. Therefore, Cy(M,u, A™, p) is a DK — space and so is Ba-
nach space, it follows that Cy(M, u, A™, p) has Frechet topology. Thus, it is BDK —space
with the above given norm. Hence, the proof is complete. O

Theorem 2.5. Let M = (My;) be Musielak-Orlicz function, p = (pr;) be a bounded

sequence of positive real numbers and u = (ug;) be a double sequence of strictly positive real

numbers. Suppose that § = lim THW) o, Then, Cy,(u, A™,p) = Cy, (M, u, A™, p).
w—00 w

Proof. In order to prove that Cy (u, A™,p) = Cy, (M, u, A™,p), it is sufficient to show

that Cp, (M, u, A™,p) C Cy,(u, A™,p). Now, let 5 > 0. By definition of 3, we have

w < %Mkl(w), V w>0.Let z = (2) € Cp,(M,u, A™,p). Thus, we have

1 & A™ Pkl
lim sup | ———————= )" (M) .
ar=o0 g0l (g + 1)(r+1) £ = 0
1 1 L A™ Pkt
< = lim sup |————— Z MM(M)
B ar—oosisol(g+1)(r+1) — 0
which implies that z = (z11) € Cy, (u, A™, p). 0

Theorem 2.6. Let M = (My,;) be Musielak-Orlicz function and u = (ug;) be a double
sequence of strictly positive real numbers. If p = (pri) and v = (vk;) are bounded sequences
of positive real numbers with 0 < pg; < vy < 00 V k,l; then

Cpy(M,u, A™ p) C Cp, (M, u, A™, v).
Proof. Let x = (z11) € Cy,(M,u, A™, p). Then
1 g U A Thgs, 144
- M ]
o e 2 M ()

5,t>0 k=0 1=0
This implies that

Ut A" Tpoqs 14+
[ (24250

creasing and py; < vkl, we have

Pkt
—0 as ¢q,r — oo.

P
. < 1, for sufficiently large values of k and [. Since (My;) is in-

1 Ukt AT Tpeps 141 | |VR
sup | ————~ My, (—)
st>01 (@ +1)(r+1) z%lzg 0
1 uklAmkars 14t [P
© | S g (M st
= a0 (q+1)(r+1),§; . 0
Thus, ¢ = () € Cp, (M, u, A™,v). This completes the proof. O

Theorem 2.7. Let M = (My;) be Musielak-Orlicz function, p = (pr) be a bounded
sequence of positive real numbers and u = (ug;) be a double sequence of strictly positive
real numbers. Then the following inclusions hold:

(1) If 0 < infpy; < pr < 1 then Cp, (M, u, A™,p) C Cpy (M, u, A™);

(1) If 1 < pry < suppr < oo then Cpy(M,u, A™) C Cp, (M, u, A™,p).

Proof. (i) Let z = (zx1) € Cf, (M, u, A™,p). Then, since 0 < inf py; < pr; < 1, we obtain

the fOHOWiIlg
up A™x s,
2 :2 :n[k:l( kl k+ l+t>’

lim sup
4750 4150 <q+1 - 0
1 K u A™x Pkt
< lim sup 72 Mkl(w)
ar—eo >0l (g +1)(r+1) = = 0
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Thus, v = (v1;) € Cy, (M, u, A™).
(ii) Let p = (pri) > 1 for each k and ! and suppy < co. Let @ = (zx1) € Cfy (M, u, A™).
Then for each 0 < € < 1, there exists a positive integer N such that

1 q r uklAm$k+> I+t
S T Mkl(—m)’ge<1Vq,er.
ar—00 550 1 (g +1)(r + 1) kZ:o; ¢

This implies that

q r
AMTp s
e DR CE S
q

4,730 5 t>0 01
. 1 Ut A™ T gy 144
S LR o oSV e ]
e S (2
Therefore, x = (zx1) € Cy, (M, u, A™,p). This concludes the proof. O

Theorem 2.8. Let M = (My;) and M’ = (M};) be two Musielak-Orlicz functions, p =
(pri) be a bounded sequence of positive real numbers and u = (ug;) be a double sequence of
strictly positive real numbers. Then,

CfO(M7u’ Am7p) m CfU(M/7u7 Am7p) C CfO(M +M/7u’ Am7p)'
Proof. Let x = (z11) € Cy,(M,u, A™, p) N Cy, (M, u, A™, p). Then

1 1< URI A Tt 144
w | o o M (F )
e <q+1><r+1>,§§ K 0

5,t>0

Pkl

Pkl
—0 as ¢q,r = o0

and

q r ,
U A™x
sup Z ( kl k:+s,l+t)
5,t>0 (Q+1 T+1k0l0 0

Then, we have

Pkl
— 0 as ¢q,r — oo.

q T
URLA™ Tjop 5,141\ [PH
. (M 4 M (PA" st
S50 (q+1 )(r+1) z=:z=0 M i) 0
¢ r
U A" Tpps 144\ PR
< K o o M ()
5,t>0 (q+1 )(r+1) kzzog 0
q T
Ut AT Thy s 144 [P
+ K{su ’ M’(—) }—>Oas , T — 00.
o430 (q+1 )(r+1) kZ:Ol: Kl 0 e
Thus, sup ;ZZ (M + M| )(W) PG s o 0o
QA IPESV PP ’“ . ’
Therefore, x = (x;) € Cpy (M + M, u, A™, p). This completes the proof. O

Theorem 2.9. Let M = (My;) and M’ = (M};) be two Musielak-Orlicz functions, p =
(pki) be a bounded sequence of positive real numbers and u = (ug;) be a double sequence of
strictly positive real numbers. Then,

Cfo (Mlv u, A™,p) C Cfo (Mo M/, u, A™ p).
Proof. Let x = (x11) € Cy,(M',u, A™, p). Then, we have

1 I Ut A Tgs 144\ |PEL
i |35 g (A s
4r 300 4430 (q+1)(r+1)]§; M 0

Let € > 0 and choose § > 0 with 0 < § < 1 such that My;(n) < e for 0 <n <.
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: A"y .
Write yi; = [M,;l (W)} and consider

1 S
su — M
o g+ D +1) k%o wa(ye1)

1
20 | 2 Mt

Pkl

Pkl

Pkl 1
+sup |———— M
s,t>po (g+1)(r+1) ; ki (Ykt)

where the first summation is over yi; < 0 and second summation is over yx; > d. Since
My, is continuous, we have

(2.3) sup - ZMkl(ykl) ™ <e€
st>01 (g +1)(r+1) 1
where H = sup py; and for yz; > 6, we use the fact that
Yt < % <1+ %
By the definition, we have for yx; > 6, My (yr) < 2Mp(1)%L. Hence,
1 Pkl
S | T 1 & M)
_1I\H 1 il Pkt
(2.4) < max (1, (2F(1)5 ") i T k,;o Uit
Therefore, from equations (2.3) and (2.4), we have
Cro(M',u, A™, p) C Cry (Mo M u, A™, p).
This completes the proof. O

Theorem 2.10. Let BS be the space of bounded series of double sequences and Cy, (M, u, A™, p)
be the space of all almost null double sequences. Then the inclusion relation BS C

Cy(M,u, A™,p) holds.

s,t
Proof. Let x = (zy;) € BS. Then T = sup Z xkl‘ < 00.
stEN T 1200
Therefore, for all ¢,7,s,t € N, we have
s+q t+r s+q t+r s—1 t+r s+q t—1
DI)ILTEE) 3 SETES 3) SETES 3) it
k=s =t k=0 1=0 k=0 1=0 k=s =0
s+q t+r s+q t+r s+q t—1
< ||| 2| | o
k=0 1=0 k=s 1=0 k=s 1=0
s+q t—1
<Y Y
k=s 1=0
s+q t—1 s t—1
S 1) 3) SETES 3) pih
k=0 1=0 k=0 1=0
s+q t—1 s t—1
< | | [ Y| <
k=0 1=0 k=0 1=0
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which implies that

s+q t+r s+q t+r

S <y S

Further, if we take supremum over s,t € N in the above relatlon and also apply the P-limit
as ¢, — 00, then, we have

Pkl

s+q t+r ’UzklAmxkl Pi
P— lim su M, ( ) =0,
S T ) 2 2 M
therefore, x € Cy, (M, u, A™, p). Hence, the result holds. a
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ADDITIVE p-FUNCTIONAL INEQUALITIES

HARIN LEE, JAE YOUNG CHA, MIN WOO CHO, MYUNGJUN KWON AND CHOONKIL
PARK*

ABSTRACT. In this paper, we solve the additive p-functional inequalities

1f2z —y) + fly —2) = f@)]| < llp(f(z +y) = &) = FW)I, (0.1)
where p is a fixed complex number with |p| < 1, and
1f(x+y) = flz) = I < llp(f 2z —y) + fly —2) = f(@))]], (0.2)

where p is a fixed complex number with |p| < 3.
Furthermore, we prove the Hyers-Ulam stability of the additive p-functional in-
equalities (0.1) and (0.2) in complex Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [17]
concerning the stability of group homomorphisms.

The functional equation f(x +y) = f(x) + f(y) is called the Cauchy equation. In
particular, every solution of the Cauchy equation is said to be an additive mapping.
Hyers [6] gave a first affirmative partial answer to the question of Ulam for Banach
spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and by
Rassias [10] for linear mappings by considering an unbounded Cauchy difference. A
generalization of the Rassias theorem was obtained by Gavruta [5] by replacing the
unbounded Cauchy difference by a general control function in the spirit of Rassias’
approach.

The stability of quadratic functional equation was proved by Skof [16] for mappings
f : Ey — E,, where E; is a normed space and FE, is a Banach space. Cholewa [3]
noticed that the theorem of Skof is still true if the relevant domain F; is replaced by
an Abelian group. See [2, 4, 7, 8, 9, 11, 12, 13, 14, 15, 18] for more information on the
stability problems of functional equations.

In Section 2, we solve the additive p-functional inequality (0.1) and prove the Hyers-
Ulam stability of the additive p-functional inequality (0.1) in complex Banach spaces.

In Section 3, we solve the additive p-functional inequality (0.2) and prove the Hyers-
Ulam stability of the additive p-functional inequality (0.2) in complex Banach spaces.

2010 Mathematics Subject Classification. Primary 39B62, 39B72, 39B52.
Key words and phrases. Hyers-Ulam stability; additive p-functional inequality.
*Corresponding author.
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Throughout this paper, let GG be a 2-divisible abelian group. Assume that X is a real
or complex normed space with norm || - || and that Y is a complex Banach space with
norm || - ||.

2. ADDITIVE p-FUNCTIONAL INEQUALITY (0.1)

Throughout this section, assume that p is a fixed complex number with [p| < 1.
In this section, we solve and investigate the additive p-functional inequality (0.1) in
complex Banach spaces.

Lemma 2.1. If a mapping f : G — Y satisfies

1f 2z —y) + fly —x) = f)| < lp (fz+y) = flz) = fW)]] (2.1)
for all x,y € G, then f: G —Y is additive.

Proof. Assume that f: G — Y satisfies (2.1).
Letting z = 0 and y = 0 in (2.1), we get || f(0)]| < ||p (f(0))| and so f(0) = 0 with
| < 1.
Letting x = 0 in (2.1), we get || f(—y) + f(y)|| <0 and so f is an odd mapping.
Letting x = z and y = z — w in (2.1), we get

1f(z+w) = f(z) = f(w)] < lp(f(22 —w) + flw = 2) = f(2))] (2.2)

for all z,w € G.
It follows from (2.1) and (2.2) that

1f2r —y) + fly —x) — f(2)] o (f(z+y) — flz) = f(y)ll

<

< IpPllf2r —y) + fly —2) — f(2)]]

and so f(2x —y) + fly —x) = f(z) for all z,y € G. Tt is easy to show that [ is
additive. ]

We prove the Hyers-Ulam stability of the additive p-functional inequality (2.1) in
complex Banach spaces.

Theorem 2.2. Let r > 1 and 0 be nonnegative real numbers, and let f: X — Y be a
mapping such that

1F (22 = y) + [y —2) = f(2)]] (2.3)
<llp(flz+y) = fl@) = f)I + 0=+ [lyl")

for all z,y € X. Then there exists a unique additive mapping h : X — 'Y such that

20
2r —2

1f(2) = h(z)] < 1" (2.4)

forallz € X.
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Proof. Letting x =y =0, in (2.3), we get || f(0)]| <0. So f(0) =
Letting y = 0 in (2.3), we get

1f(22) + f(==z) = f(=)]| <Ol (2.5)
for all x € X.
Letting x = 0 in (2.3), we get
1 () + f (=)l < Ollyll" (2.6)
for all y € X.

From (2.5) and (2.6), we get

1f(22) = 2f ()] 1f(22) + f(=2) = f(@)]| + [ f(2) + f(=2)]|

20| z||" (2.7)
7@ =21 (3)] < 00
for all x € X. Hence

1(5)-1 () < 5

<

<
<

for all x € X. So,

2 Ol (2.8

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (2.8)
that the sequence {2"f(57)} is a Cauchy sequence for all z € X. Since Y is complete,
the sequence {2" f(57)} converges. So one can define the mapping h: X — Y by

h(z) ;= lim 2" f ( —)

n—oo

for all x € X. Moreover, letting | = 0 and passing the limit m — oo in (2.8), we get

(2.4).
It follows from (2.3) that
(22~ y) + Ay — ) ~ h(z)]
= f(2x2;y> +f<y2nx> _f<2l;)H
< tm 2ol |7 (T )~ ()~ £ (L) + Sl + )
H

= lplllh(z +y) — h(zx) = h(y)
for all x,y € X. So

1122 — y) + h(y — =) — k()| < |plllA(z +y) — h(z) — h(y)]
for all z,y € X. By Lemma 2.1, the mapping h : X — Y is additive.
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Now, let T': X — Y be another additive mapping satisfying (2.4). Then we have

Ih(z) = T(z)| = 2" h<;>_T(;>H
R CNERICRED
< @ — 2 0| (|",

which tends to zero as n — oo for all z € X. So we can conclude that h(z) = T'(x) for
all x € X. This proves the uniqueness of h. Thus the mapping h : X — Y is a unique
additive mapping satisfying (2.4). O

Theorem 2.3. Let r < 1 and 0 be positive real numbers, and let f : X — Y be a
mapping satisfying f(0) = 0 and (2.3). Then there exists a unique additive mapping
h:X —Y such that

20

1f(x) = h(@)]| < S—; [l=]I" (2.9)
2—-2
forallz € X.
Proof. Tt follows from (2.7) that
1
7@ - 5rCa)| < ollalr
for all x € X. Hence
1 l 1 m S j+1
7f(2x>_271f(2 )| < ﬁf@ z)
Jj=
< Z 9||93|| (2.10)

for all nonnegative integers m and [ with m > [ and all € X. It follows from (2.10)
that the sequence {2% f(2™z)} is a Cauchy sequence for all z € X. Since Y is complete,
the sequence {5 f(2"xz)} converges. So one can define the mapping h: X — Y by

h(z) := lim if(2” )

n—oo 9N

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.10), we get
(2.9).
The rest of the proof is similar to the proof of Theorem 2.2. OJ

Remark 2.4. If p is a real number such that —1 < p < 1 and Y is a real Banach space,
then all the assertions in this section remain valid.
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3. ADDITIVE p-FUNCTIONAL INEQUALITY (0.2)

Throughout this section, assume that p is a fixed complex number with |p| < %
In this section, we solve and investigate the additive p-functional inequality (0.2) in
complex Banach spaces.

Lemma 3.1. If a mapping f: G — Y satisfies

1f(z+y) = @) = fFW < Nlp(f 2z —y) + fly —z) = f(2))] (3.1)
for all x,y € G, then f: G —Y s additive.
Proof. Assume that f: G — Y satisfies (3.1).
Letting z = y = 0 in (3.1), we get || f(0)|| < 0. So f(0) = 0.
Letting y = x in (3.1), we get || f(22) — 2f(x)|| < 0 and so

2f(x) = f(2) (32)
for all z € G.
Letting y = 2z in (3.1), we get || f(3z) — f(z) — f(22)|| < 0 and from (3.2),
3f(x) = f(3x) (3.3)
for all z € G.

Letting y = —z in (3.1), we get || f(z) + f(—=)| < [lp(f(3z)+ f(—2x) — f(x))]. From
(3:2) and (3.3), f(3z) + f(—22) — f(z) = 2f(2) +2f (=), so || f(z) + f(—=2)[| < 0, and
we get

f@)+ f(=2x) =0 (3.4)
for all z € G. So f is an odd mapping.

Letting x = 2,y = z — w in (3.1), we get

1f (22 —w) = f(z) = f(z —w)[| < [[p(f(z +w) + f(—w) = f(2))]
and from (3.4),
1f (22 —w) + flw—2) = ) < [lp(f(z +w) = f(z) = F(w))]] (3.5)

for all z,w € G.
It follows from (3.1) and (3.5) that

If(z+y) = fl@) =W < lp(f2z —y) + fly —z) — f(2))]
< pPlf(z+y) = f@) = fW)I
and so f(z +y) = f(x)+ f(y) for all z,y € G. So f is additive. O

We prove the Hyers-Ulam stability of the additive p-functional inequality (3.1) in
complex Banach spaces.

Theorem 3.2. Let r > 1 and 0 be positive real numbers, and let f : X — Y be a
mapping such that

If (x+y) = f(z)= )] (3.6)
<|lp(f 2z —y) + fly —x) = f) | + O] + llyl")
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for all x,y € X. Then there exists a unique additive mapping h : X — Y such that

1/ (2) = h(z)]] <

1" (3.7)
forallz € X.

Proof. Letting x =y = 0 in (3.4), we get || f(0)|| < 0. So f(0) =
Letting y = x in (3.4), we get

I (22) = 2f@)] < 26l 55)
for all x € X. So
0(5) =i ()l = Tler () -2 ()l
< 5 5 ol (39)

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.9)
that the sequence {2"f(57)} is a Cauchy sequence for all 2 € X. Since Y is complete,
the sequence {2" f(57)} converges. So one can define the mapping h: X — Y by

h(z) := lim 2”f(2£n)

n—oo

for all x € X. Moreover, letting | = 0 and passing the limit m — oo in (3.9), we get
(3.7).
It follows from (3.6) that

|h(z+y) —h (@1— h(y)ll

-t 21 (55) =1 (7) =4 ()]

<2 o (7 (552) 41 (%)~ 4 ()] + o et 1)
= [lp(h(2z —y) + h(y — ) — h(z))]|

for all z,y € X. So

17 (z +y) = h(x) = h()ll < [lp(h(2z —y) + Wy — =) — h(x))]|

for all ,y € X. By Lemma 3.1, the mapping h : X — Y is additive.
Now, let T': X — Y be another additive mapping satisfying (3.7). Then we have

() -7 (Gl

[h(z) =T ()| = 2"

< 2"2(11; (:) —f(éi>H+HT (&)~ Gl)
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which tends to zero as n — oo for all z € X. So we can conclude that h(z) = T'(x) for
all x € X. This proves the uniqueness of h. Thus the mapping h : X — Y is a unique
additive mapping satisfying (3.7). OJ

Theorem 3.3. Let r < 1 and 0 be positive real numbers, and let f : X — Y be a
mapping satisfying (3.4). Then there ezists a unique additive mapping h : X —'Y such
that

20 .

1F (@) = h@)l] < 5 ll=] (3.10)
forallz € X.
Proof. 1t follows from (3.8) that

1
|7(@) = 5s@a)| < 0l
for all z € X. Hence
1, T, T 1 i1
| 5/@) - sopema)| < Y |5/ - gt @)
m—1 orj
< Y el (3.11)

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.11)
that the sequence {% f(2"x)} is a Cauchy sequence for all z € X. Since Y is complete,
the sequence {2% f(2"z)} converges. So one can define the mapping h: X — Y by
1
h(z) :== lim — f(2"x)

n—oo 9N

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.11), we get
(3.10).
The rest of the proof is similar to the proof of Theorem 3.2. 0J

Remark 3.4. If p is a real number such that —% <p< %
space, then all the assertions in this section remain valid.

and Y is a real Banach
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