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A novel approach for solving fully fuzzy linear
programming problem with LR flat fuzzy numbers'

Zeng-Tai Gong®*, Wen-Cui Zhao®?
@(College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China
b Group of Mathematics, YiFu Experiment Middle School of Tianshui, Tianshui 741200, China

Abstract: The fuzzy linear programming problem with triangular fuzzy numbers in its objective func-
tions or constraints has been discussed by many scholars based on using Zadeh’s decomposition theorem
of fuzzy numbers and transforming it into some crisp linear programming problems. However, existed
methods and results are limited if the fuzzy linear programming problem with generalized fuzzy num-
bers in its objective functions and constraints. In this paper, we discuss fully fuzzy linear programming
(FFLP) problems of which all parameters are LR flat fuzzy numbers and a simple but practical method
is developed to solve it. In this method, the approximate representation of fully fuzzy constraints is
investigated by means of the arithmetic operations on LR flat fuzzy numbers space firstly. Meanwhile,
we constructed a auxiliary multi-objective programming to solve the FFLP problems. After that, three
approaches are proposed to solve the constructed auxiliary multi-objective programming, including opti-
mistic approach, pessimistic approach and linear sum approach based on membership function. Finally,
the obtained results are compared with the existing works and numerical example is given to illustrate
the effectiveness of the proposed method.

Keywords: LR flat fuzzy number; multi-objective linear programming; fully fuzzy linear programming

1. Introduction

Linear programming (LP) is an essential mathematical tool in science and technology. Although, it
has been investigated and expanded for more than six decades by many researchers from various point of
views, it is still useful to develop new approaches in order to better fit the real world problems within the
framework of linear programming. In conventional approach, parameters of linear programming models
must be well defined and precise. However, in real world environment, this is not a realistic assumption.
Usually, most of information is not deterministic and in this situation human has a capability to make
a rational decision based on this uncertainty. This is hard challenge for decision makers to design an
intelligent system which make a decision the same as the human. In fact, some of parameters of the
system may be represented by fuzzy quantities rather than crisp ones in practice. Hence, it is necessary to
develop mathematical theory and numerical schemes to handle fuzzy linear programming (FLP) problems.
Bellman and Zadeh [1] proposed the concept of decision making in fuzzy environments. Since then, a
number of researchers have exhibited their interest to various types of the FLP problems and proposed
several approaches for solving these problems [2-11]. FLP model with triangular fuzzy numbers (TFNs)
[6]. Lai and Hwang [6] developed a new approach to some possibilistic linear programming problems
with TFNs, they transformed the fuzzy linear programming into a multi-objective linear programming
model, involving three objective functions: minimizing the low loss, maximizing the most possible value
and maximizing the upper the profit. FLP model with trapezoidal fuzzy numbers (TrFNs) [7 - 11].
For example, Ganesan [7] and Ebrahimnejad [8] studied the fuzzy linear programs with TrFNs, but the
constructed fuzzy linear programming models are only suitable for the symmetrical TrFNs. Mahadavi-
Amiri [9] and Campos [10] utilized the ranking function to solve the fuzzy linear programming models
with TrFNs. Wan [11] developed a method which taken advantage of multi-objective linear programming
model to solve FLP problems with TrFNs. However, in all of the above mentioned works, those cases of

tThis work is supported by the National Natural Science Foundations of China (11461062, 61262022).
*Corresponding Author: Zeng-Tai Gong. Tel.:+86 09317971430.
E-mail addresses: gongzt@nwnu.edu.cn, zt-gong@163.com(Zeng-Tai Gong).
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FLP problems have been studied in which not all parts of the problem were assumed to be fuzzy, e.g.,
only the right hand side or the objective function coefficients were fuzzy but the variables were not fuzzy.
The FLP problems in which all the parameters as well as the variables are represented by fuzzy numbers
are known as fully fuzzy linear programming (FFLP) problems. Many authors [12-14] have proposed
different methods for solving FFLP problems.

Lotfi [12] proposed a novel method to obtain the approximate solution of FFLP problems by using the
concept of the symmetric triangular fuzzy numbers and introduce an approach to defuzzify a general fuzzy
quantity. In Kumar’s article [13], an exact optimal solution is achieved using a linear ranking function.
In this method, the linear ranking function has been used to convert the fuzzy objective function to a
crisp objective function. The shortcoming exists of it is that the fuzziness of objective function has been
neglected by the linear ranking function. Ezzati [14] proposed a new algorithm to solve FFLP problems
with TFNs. To the best of our knowledge, till now there is no method in the literature to obtain the exact
solution of FFLP problems in which all the parameters as well as the variables are represented by LR flat
fuzzy numbers. The LR flat fuzzy number and its operations were first introduced by Dubois [15]. We
know that triangular fuzzy numbers are just specious cases of LR flat fuzzy numbers. In 2006, Dehgham
[16] discussed the computational methods for fully fuzzy linear systems whose coefficient matrix and the
right-hand side vector are denoted by LR fuzzy numbers. In this paper, the ‘approximate representation
of fully fuzzy constraints (max(min) ¢! ®%, s.t. A& = b, Z > 0, where ¢’ , A, b and ¢ are fuzzy matrixs
which consist of LR flat fuzzy numbers) is investigated by means of the arlthmetlc operations on LR flat
fuzzy numbers space firstly. Meanwhile, we constructed a auxiliary multi-objective programming to solve
the FFLP problems. After that, three approaches are proposed to solve the constructed auxiliary multi-
objective programming, including optimistic approach, pessimistic approach and linear sum approach
based on membership function. Finally, the results obtained are compared with the existing works and
numerical example is given to illustrate the effectiveness of the proposed method.

The structure of this paper is organized as follows. In Section 2, we review some basic concepts and
introduce the interval objective programming. In Section 3, the approximate representation of fully fuzzy
constraints is given. The method for solving the FFLP problem is discussed in Section 4. In Section 5, the
numerical example is solved and the obtained results are compared with the existing works. Conclusion
is drawn in Section 6.

2. Preliminaries
2.1 Basic definitions and arithmetic operations

In this section, some basic definitions and arithmetic operations of LR flat fuzzy numbers are pre-
sented. _ B

Definition 2.1.171 A fuzzy number A, defined on universal set of real numbers R, denoted as A =
(m,n, o, B)LR, is said to be an LR flat fuzzy number if its membership function p 3(x) is given by

L(™>%) xr<m, a>0,
uz(x) = R(%) z>n, 8>0,
1 m< TN,

where the closed interval [m,n] is the mode of ﬁ, « and (3 are the left and right spreads, respectively.
The function L(-), which is called the left shape function satisfying:

(1) L(z) = L{~a);

(2) L(0) =1 and L(1) =

(3) L(z) is non—lncreasmg on [0, 4+00).

The definition of the right shape function R(-) is usually similar to that of L(-).

Usually, we could define the predetermined left spreads shape functions L(-) and right spreads shape
functions R(-) as follows according to the need of mathematical modeling:

(1) L(z) = max{0, 1 — ||} (p > 0);

(2) Lix) = max{0, 2y (e ~ 1)}y > 0)

(3) Llx) = max{0, 25 — 1}(p > 0),
and similarly to R(-).

12 Zeng-Tai Gong et al 11-22
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Definition 2.2.'8 An LR flat fuzzy number A= (m,n,a, B)Lr is said to be non-negative LR flat
fuzzy number if m — a > 0 and is said to be non-positive LR flat fuzzy number if n + 8 < 0.

Definition 2.3.17) LR flat fuzzy numbers A; = (my,n1,a1,51)Lr and Ay = (mg, ne, g, B2) LR are
said to be equal, i.e. A1 A2 if and only if m; = ma, N1 = no, a1 = as, B1 = Po.

Remark 2.1. If m = n, then an LR flat fuzzy number (m,n,a, 8)rr is said to be an LR fuzzy
number and is denoted as (m, a, 8)Lr or (n,a, B)LR.

Remark 2.2. If m # n and L(z) = R(x) = max{0,1 — |z|}, then an LR flat fuzzy number
(m,n,a, B) R is said to be a trapezoidal fuzzy number and is denoted as (m,n, «, [3).

Remark 2.3. If m = n and L(z) = R(z) = max{0,1 — |z|}, then an LR flat fuzzy number
(m,n,a, B) g is said to be a triangular fuzzy number and is denoted as (m, «, ).

The arithmetic operations between two LR flat fuzzy numbers are defined by the extension principle
as follow/simz . .

Let A1 = (my,n1,a1,B1)Lr, A2 = (ma,ne,az,B2)Lr be any LR flat fuzzy numbers and Az =
(ms,n3, a3, B3)rr be any RL flat fuzzy number. Then,

(i) 4\1/@ 4\2/2 (m1 + mo,n1 +ng, a1 + s, B1 + ,BQ)LR.

(i) A1 © Az = (m1 — ng,ny — mg3, a1 + B3, a3 + B1) Lk

(iii) If A1 and A, are non-negative, then

A ® A2 (mima, ning, miag + maaa, n1 B2 + n2f1) LR

(iv) If A1 is non-positive and A, is non-negative, then

A1 ® Ag = (myng, nima, a1ng — m1Ba, mafy — nioo) k.

- (Amq, Ani, Aa1, \B1)Lr, A =0,

(V> )\®A1 - ()\nl,)\ml,—/\ﬁl,—)\al)RL, A <O.

Definition 2.4. A matrix A = (@ij)mxn (i=1,2,---m,j=1,2,---n) is said to be a fuzzy matrix if
cach element of A is a fuzzy number. If for every element ai; = 0 (or a;; < 0), then A is said to be a
non-negative (or non-positive) fuzzy matrix, denoted by A > 0 (or A < 0).

Let all element of A = (@ij)mxn (1 =1,2,---m,j =1,2,---n) are LR flat fuzzy numbers, i.e., a;; =

(mij, nij, a4, Bij) Lr- Then we can represent m x n fuzzy matrix A with new notation A= (A,B,M,N),
where A = (my;), B = (n;j), M = (ay;) and N = (f;;) are four m x n matrices.

For brevity, a crisp matrix consisting of real numbers is written as a matrix directly throughout this
paper, similar to linear systems, linear equations, matrix equations, and so on.

Definition 2.5.116:19] et A = (@ij)mxn and B= (bw)nxp Then

A® B =D = (dij)mxp,
where

~ @ ~
= Z Ak @ byj.
k=1, n

2.2 Interval objective programming

Ishibuchi and Tanaka [20] gave the definitions of the maximization and minimization problems with
the interval objective functions, which are introduced in Definitions 2.6 and 2.7 as follows.
Definition 2.6.2%) Let @ = [a;,a,] be an interval. The maximization problem with the interval
objective function is described as follow:
max {a},
s.t. a €,

which is equivalent to the following bi-objective mathematical programming problem:

1
max {ay, i(al +ay)},

s.t. a €,
13 Zeng-Tai Gong et al 11-22



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Zeng-Tai Gong and Wen-Cui Zhao: A novel approach for solving fully fuzzy linear programming...

where () is a set of constraints in which the variable @ should satisfy according to requirements in real
situations.

Definition 2.7.%°) Let @ = [a;,a,] be an interval. The minimization problem with the interval
objective function is described as follow:

min {a},
s.t. a €,

which is equivalent to the following bi-objective mathematical programming problem:

. 1
min  {ay, i(al +ay)},

s.t. ac Q.

3. Fully fuzzy linear programming problem

Linear programming is one of the most frequently applied operations research technique. In the
conventional approach, the value of the parameters and variables of linear programming models must
be well defined and precise. However, this is not a realistic assumption in the real world environment.
There may exists uncertainty about the parameters and variables in the real life problems. So, the fuzzy
numbers and fuzzy variables should be used in the LP problem. Therefore, we encounter with the FFLP
problems.

Consider the standard form of FFLP problem which with m constraints and n variables as follows:

max(min)Z = ¢ ® %,
st.  A®z=b, (0.1)

x is non-negative fuzzy number vector,

where Z = (Eij)mxn, ET = (Ej)an, T = (Ej)nxla E = (gz‘)mxla and aij >0 (OI‘ ’dz-j < 0), E} >0 (OI‘ Ej <
0), gi, z; are LR flat fuzzy numbers.

It should be noted that ;1~ QT < ZJ and ;i QT = E~can be transformed to the standard form by
introducing a vector variable T = (t1,t,- -+ ,ty), where t; (j =1,2,--- ,m) are LR flat fuzzy numbers,
as Az® T=band Az T= 3, respectively.

Definition 3.1. The fuzzy exact optimal solution of FFLP problem (1) will be a fuzzy number vector
" if it satisfies the following characteristics:

(1) " = (£;")nx1 = 0, where 7;%(j = 1,2,--- ,n) are LR flat fuzzy numbers;

(2) AT = b;

(3)Forany € S={z|A®Z=0b, == (Zj)nx1 = 0, where z; are LR flat fuzzy numbers}, we have
'@ > ¢ @ (in case of maximization problem), ¢ @ # < ¢ ® % (in case of minimization problem).

Remark 3.1. Let Z* be an exact optimal solution of FFLP problem (1). If there exists an @ € S
such that ¢ @ & = ¢ ® ¥, then ¥ is also an exact optimal solution of FFLP problem (1) and is called
an alternative exact optimal solution.

Note that the elements ( a;;) in coefficient matrix A of the FFLP problem (1) have two forms,

ie., (1) a;; >0, (2) a;; < 0. So we define the coefficient matrix A as follows:

~ iy i >0
A )i — i) Yig Z Y
( 1)” { 0, Qi < 0;

(Az)ij = { dy, @y <0,
0, ajj > 0,
where 1 <1< m,1 <7< n.
Obviously, _
A=A A,
14 Zeng-Tai Gong et al 11-22
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ApT=A4,020 4,07
Similarly, we define the coefficient matrix (€") of objective function of FFLP problem (1) as follows:

~TN\ _ Ela Ej>0’
(Cl)]_{ O, ’c"j<0;

T\ El’ ¢; <0,
(62 )] { 07 ’é’] > 07
where 1 < j < n.
Obviously,

= adl,
dor=0 0100 o
In the FFLP problems (1), let ¢ = (¢,d, p, ¢)r = €1 @ ¢2 (where ¢; = (e1,d1,p1,q)Lr = 0,¢0 =
(e2,d2, Py, @)Lr < 0), x= (x,y, s,t)r. Then, according to the operations of the LR flat fuzzy numbers,
we have

ET @ T= E,{ ® Fi@zg ® T = (Cly dlvpla ql)LR X (m’ Yy, s, t)LR ® (CZa d27p2’ qZ)LR b2y (.’B, Y, s, t)LR
= (e, diy, cis+ prx, dit+ qy)Lr ® (c2y, dox, poy — cot, @ — dos) LR
= (c1z+ c2y, dyy + dom, c15 — cat + pr T+ Poy, o+ quy + dit — das)R.

For brevity, we substitute (Z,, Z,, Za, Z3) g for (ci1z+ coy, diy+ dax, c18 — cot+ pyx+ poy, ox +
q,y+ dit — dps) g throughout this paper.
Theorem 3.1. (Approximate representation of fully fuzzy constraints) Let A = (A, B, M, N).r =

;4\/1 2] ;4\/27 Z = (bagu h’aﬁLRu T = (may)'g? t)LR > 07 where 2{1 = (AlaBlaMluNl)LR P 07 A2 =
(Ag, By, M, No)rr < 0. Then A ® = b can be represented approximately as follows:

Az + Ay = b,

Biy+ Byx =g,

Mix+ Msy+ Ays— Ast = h,
Nox+ Niy+ Bit— Bys=F.

(0.2)

Proof. Since A = (A, B, M, N) p = A, ® As, A; = (Ay, B, My, N1) g > 0, Ay = (Az, Bo, My,
N2)LR <0, = (:13, Y, S, t)LR > 0, we have
ARz= (z1@z2)®§= ARTO A QT
= (Ay,B1, M, N1)[r® (2, 9,5, t)Lr ® (A2, By, Mo, No) L r @ (2,9, 8, t) LR
(Ai1z, Biy, A1s+ Myx, Bit + N1y) g ® (A2y, Box, Moy — Ast, Nox — Bss)rr
= (Al.’l?—F Asy, Biy+ Box, A1s— Ast+ Mix+ My, Nox+ N1y + Bt — BQS)LR
:AI;: (ba g, haf)LR-

According to Definition 2.3, we have

1

Aiz+ Asy=b,  Biy+ Byz=g,
Mixz+ Moy+ A1s— Ast=h, Nox+ Niy+ Bit— Bss=f.

Hence, A ®7Z=bcan be represented approximately as (2).
4. Proposed method to find the fuzzy exact optimal solution of FFLP problem

In this section, in order to find an effective fuzzy solution of the type of Eq. (1) problem, we are going
to introduce a method based on the definition of the interval objective programming and the arithmetic
operations of LR flat fuzzy numbers.
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We consider the case of maximizing fuzzy objective function at first.

In Eq. (1), the fuzzy objective Z = dor= (c1z+ 2y, diy+ dox, 18— cot+ P+ Poy, G+ qy+
dit— ds8)Lr = (Zm, Zn, Za, Zg) LR is an LR flat fuzzy number. This fuzzy objective is fully defined by
four corner points (Z, 1), (Zn,1), (Zm — Za,0) and (Z, + Z3,0), geometrically. Thus, maximizing the
fuzzy objective can be obtained by pushing these four critical points in the direction of the right-hand
side. Fortunately, the vertical coordinates of the critical points are fixed at either 1 or 0. The only
considerations then are the four horizontal coordinates. Therefore, our problem is to solve

max {Zm — Za, Zm, Zn, Zn + 23},
st. AQT=Db, (0.3)
> 0.

However, the above four objectives (Z,, — Za), Zm, Zy and (Z, + Zg) should always preserve the
form of the LR flat fuzzy number (Z,,, Z,,, Z, Zg) Lr during the optimization process. Thus, in order to
keep the LR flat fuzzy number shape (normal and convex) of the possibility distribution, it is necessary
to make a little change.

For the mode of LR flat fuzzy number (Z,,, Z,,, Zo, Z3) LR, since the objective function of Eq. (1) is
to maximize Z, it is natural to maximize the interval [Zm, Zy] for this objective function. According to
Definition 2.6, in order to maximize the interval [Z,,, Z,], we need maximize the left endpoint Z,, and
maximize the middle point %(Zm + Z,,) of this interval simultaneously. For the lower and upper limits of
LR flat fuzzy number (Z,,, Z,, Zo, Z3) Lr, We minimize Z, and maximize Zg instead of maximizing the
lower Z,, — Z, and the upper Z, + Zg, respectively.

Therefore, combining Theorem 3.1, Eq. (3) can be transformed into the following multi-objective
programming model:

min 2y = Zg,,

max Jo = Ly,

1
max J3= §(Zm + Zy),

max JZy = Zg,
_ (0.4)
s.t. Ajxz+ Asy= b,
Biy+ Bz =g,

Myx+ Moy+ A1s— Ast=h,
Nox+ Ni1y+ Bit— Bys=f,
y—x=>0 x—s5>0 s=0, t=0.

Although Eq. (4) is also a multi-objective linear programming model, it can effectively keep the LR flat

fuzzy number shape of objective function Z. To solve Eq. (4), we may use any MOLP technique [21]
such as utility theory, goal programming fuzzy programming or interactive approaches. In this paper,
we propose three kinds of approaches to solve this multi-objective linear programming model. Since the
objective function Z; is the function of the decision variable vector & = (z, y, s, t)Lr, simply denote by
Zi=Zj(®) (i =1,2,3,4). Let Zin, Zmax (j = 2.3 4) and &' (i = 1,2, 3,4) respectively be the minimum
objective, maximum objective value and the optimal solution for the following single objective linear
programming model:

min 7 = Z1(z),

s.t. Ajxz+ Asy= b,
By + Byxz = g,
Mixz+ Msy+ A1s— Ast=h,
Nox+ Niy+ Bit— Bys=f,
y—x=>0 x—s=>0 >0, t= 0,
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and
max Z; = Zij(x), (i =2,3,4)
st. Ajz+ Ayy=0b,
Biy+ Byx =g,
Mix+ Moy+ A1s— Ast=h,
Nox+ Niy+ Bit— Bys = f,
y—x=>0 x—s5>0 s>0, t= 0.

(0.6)

Then, set Z"* = max{Z1 (%), Z1(%2'), Z1(&3), Z1(2")}, Z™™ = min{Z;(&1), Zi(%), Zi(#3'), Zi(21)}
(1 = 2,3,4). The linear membership function of the objective function Z; can be calculated as follows:

1 if 7, < zmin,
~ Zmax_z . i
e (@) = | Zpe—gmw if 2P < 20 < 2
0 if 7y > Zpax,

The linear membership function of the objective function Z;(i = 2,3,4) can be calculated as follows:

0 if Z; < zmn,
~ Zl__Z’L_rnin . .
fhz; (®) = Zmax_ g it Zj" < Zy < 277,
1 it Z; > Z"*.

Thus, Eq. (4) can be solved by the following linear programming model:

max [,

4
St A, (B) + Y pz () > 8 (i =1,2,3,4),
=1

Ajz+ Asy=b, (0.7)
Biy+ Bsx = g,

Mix+ Msy+ Ays— Ast = h,

N2£B+N1y+B1t—B2,S:f,

y—z=20,z—5>20, s> 0, t=> 0,

or
max i,
4
st Az (@) + ) ps(B) < 8p (i =1,2,3,4),
i=1
Ajxz+ Asy=b, (08)
Biy+ Byx= g,
Miz+ Msy+ A1s— Ast = h,
Nox+ le—l—Blt—BQS:f,
y—xz2>20, —5>20, s> 0, t> 0,
or

max Witz (i) + wallz, (Fi) + W3y (fi) + W4tz (53)’
st. Ajz+ Ary=b,
Biy+ Byx= g,
Mix+ Moy+ A1s— Aot = h,
Nox+ N1y+ Bit— Bys = f,
y—x2>20 —s5>20, s> 0, t> 0,
17 Zeng-Tai Gong et al 11-22
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where w = (w1, wa, w3, ws)” is the weight vector of objective Z; (i = 1,2,3,4), satisfies that w; > 0 (i =

1,2,3,4) and Z?:l w; = 1. Eq. (7) is a kind of pessimistic approach which shows that the decision maker
(DM) is very conservative, whereas Eq. (8) is a kind of optimistic approach which shows that the (DM)
is very aggressive. Eq. (9) is the linear sum approach based on membership function.

Analogously, for the case of minimization fuzzy objective function programming, using Definition 2.7,
it can be transformed into the following multi-objective programming model:

max /1= Zg,,
min s = Zp,
1

min Z3 = i(Zm + Zn),
min 24 = Zg,
s.t. Ajx+ Asy=b,
Biy+ Bz =g,

Mix+ Moy+ A1s— Ast = h,

Nox+ Ni1y+ Bit— Bys=f,

y—x=>20 z—s5=>20 =0, t>

(0.10)

0,

which can be solved by using a similar approach (as previously described).

5. Examples

In this section, we will demonstrate efficiency and superiority of the proposed method using numerical
examples. At the same time, the shortcomings of the existing methods [11-14] for solving FFLP problems

with equality constraints are pointed out.
Example 5.1. Let L(z) = max{0,1 — |z|}, R(z) = max{0
FFLP:

’e—1

(61—.7,‘2

—1)}. Consider the following

max Z = (2,3,1,3) @z & (—3,-2,2,1) ® T2 & (0,1,0,0) ® z3,

st. (2,2,1,0) @716 (—2,—-1,2,1) @72 (—2,—-1,1,0) ® T3 =
(-3, -1,1,1)®@z:1 4 (2,2,1,1) @72 (—2,—-1,0,1) ® T3 =

51>0a §2>Oy '%320

(2,9,16,4),

0.11
(-13,2,11,12), (0-11)

Let 1 = (x1,y1, S1,t1) LR, T2 = (T2,Y2,82,t2) LR, T3 = (23,¥3,53,t3)Lr. Then

& =((2,3,1,3),(-3,-2,2,1),(0,1,0,0)), b =((2,

~ (2,2,1,0)  (=2,-1,2,1)
A= < (— 1 2

1,0,0 _ ;2,1 _({ 0,0,
M, = 0,1,0 )’ M2_< ,0,0 ) Ny = 0,1,
CT = (27 _370)7 dT - (37 _27 1)7 pT = (13270)7
C? = (27 70)7 Cg = (O’ _370)7 d{ = (3,0, 1),
0

18

9,16,4),

~13,2,11,12)),

)

q =(3,1,0),
d; = (0,-2,0),
g = (0,1,0),
ff=04,12)
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By Eq.(4), Eq. (11) can be solved by the auxiliary MOLP model as follows:
min Z; = x1 + 2y + 251 + 3o,

max Zs = 2x1 — 3Y2,
max Zs = x1 — 22 + 1.5y1 — 1.5y2 4+ 0.5y3,
max Z4 = x2 + 3y1 + 3t1 +t3 + 252,
s.t. 201 — 2y0 — 2y3 = 2,
2x9 — 3y1 — 2y3 = —13,
2y1 — w9 —x3 =19, (0.12)
2y — 1 — 23 = 2,
1 + 2ys + y3 + 251 + 29 + 2t3 = 16,
To + y1 + 289 + 3t + 2t3 = 11,
To + 2t1 + s9 + s3 =4,
r1+ T3+ yo + 81+ s3+ 2ty = 12,
yi—x; =20, z;—8 >0, s, 20, t; 20 (: =1,2,3,4).
Using Eq. (5,6), it follows that
Z1M =17.20, Z3™ =-0.40, Z3"™ =6.10, Z;"* = 23.86,
Z\n = 16.35,  Z3n = —0.85, Z¥n =593, ZP" = 22.60.

Then, we can get

1 if Zy < 16.35,
fz (L) = ¢ 1B20220if 16.35 < Z; < 17.20,
0 if Zy > 17.20;
1 if Zp > —0.40,
fop (T) = {22080 i (.85 < Zo < —0.40,
if Zp < —0.85;
1 if Z3 > 6.10,
fiz (T) = {23393 if 5,03 < Z3 < 6.10,
0 if Z3 < 5.93;
1 if Z, > 23.86,
pz, (®) = o 272280 i 92,60 < Zy < 23.86,
0 if Zy < 22.60.

Next, we use three approach (i.e., Egs. (7)-(9)) to solving MOLP (12), respectively.
First, according to Eq. (7) (i.e., pessimistic approach), we can obtain the optimal solution of the
MOLP (12) as follows:

ot =528, ) = 2.96, 25 = 0.15, y} = 6.06, v} = 3.72, 5 = 0.38,
st =0.00, s;=0.88, s5=0.15, t% =0.00, t; = 1.35, t; = 0.11.
Therefore, the optimal solution of the FFLP (11) is:

(5.28,6.06,0.00,0.00) 1.
T = | (2.96,3.72,0.88,1.35) .5
(0.15,0.38,0.15,0.11) 1.

Substituted the above optimal solution into the objective function of FFLP (11), the optimal objective
value is obtained as (—0.60,12.64,16.77,23.01),z. Namely, the most likely value of the objective is be-
tween -0.60 and 12.64, the upper and lower limits of the objective value are -17.37 and 35.65, respectively.
Its membership function is given by

L(Z280-1) ¢+ < —0.60,

16.77
uz(t) =4 1 —0.60 < t < 12.64,
R(L3204) ¢ > 12.64.
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That is
1+ 0004 —17.37 <t < —0.60,
@ 1 —0.60 < t < 12.64,
uz(t) = (t—12.64)2
d (e mar —1) 1264 <t < 35.65,
0 others.

)

Second, solving the MOLP (12) by using Eq. (8) (i.e., optimistic approach), we obtain the optimal
solution as follows:

ot =4.00, 23 = 1.14, 2% = 0.01, y = 5.08, y} = 3.05, 3 = 0.02,
s1=0.72, s53 =0.54, s5 =0.00, t] = 1.16, t5 = 2.07, t5 =0.11.
Therefore, the optimal solution of the FFLP (11) is:

(4.09,5.08,0.72,1.16) .
7 = (1.14,3.05,0.54,2.07) .r
(0.01,0.02,0.00,0.11) .5

Substituted the above optimal solution into the objective function of FFLP (11), the optimal objective
value is obtained as (—0.97,12.98,17.84,21.05),z. Namely, the most likely value of the objective is be-
tween -0.97 and 12.98, the upper and lower limits of the objective value are -18.81 and 34.03, respectively.
Its membership function is given by

L(Z92T=8) t < —0.97,

17.84
uz(t)=¢ 1 —0.97 <t < 12.98,
R(5128) > 12.98,
That is
1+ 097 —18.81 < t < —0.97,
1 —0.97 <t < 12.98,
uZ(t) = 1 (t=12.98)2

L(@ 21052 — 1) 12.98 < t < 34.03,

-1
, others.

Finally, solving the MOLP (12) by using Eq. (9) (i.e., linear sum approach based on membership
1
4>

O

function), we obtain the optimal solution for w = (%, 1, 1,$)7 as follows:

x] =5.32, x5 =284, 23 =0.05, y; =5.95, y; = 3.68, y3 = 0.42,
51 =0.00, s3 =1.11, s3 =0.05, t] = 0.00, t5 = 1.45, t3 = 0.00.
Therefore, the optimal solution of the FFLP (11) is:

(5.32,5.95,0.00,0.00) .5
F = | (2.84,3.68,1.11,1.45) .
(0.05,0.42,0.05,0.00) .

Substituted the above optimal solution into the objective function of FFLP (11), the optimal objective
value is obtained as (—0.40,12.59,17.03,22.91),z. Namely, the most likely value of the objective is be-
tween -0.40 and 12.59, the upper and lower limits of the objective value are -17.43 and 35.50, respectively.
Its membership function is given by

L(=9A9=1) ¢ < —0.40,

uz(ty={ 1 —0.40 < t < 12.59,
R(453%%9)  t > 12.59,
That is
1+ S0kt —17.43 < t < —0.40,
“ 1 —0.40 < t < 12.59,
uz(t) = (t—12.59)2
Z 6%1(617 2012 —1) 12.59 <t < 35.50,
0 others.

?
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To illustrate the influence of the weight vector w on the optimal value in this example, we use a
different weight vector w to solve the MOLP (12) according to Eq. (9). Generally speaking, we need
to consider some special cases. One is an average weight, i.e, w = (%, %, i, %)T. Secondly, the objective
functions Zs and Z3 are relative to the mode of the flat fuzzy number Z, which are the most possible values
of Z. Thus, more weights should be assigned to Z5 and Z3, i.e., w= (%, %, %, %)T. Thirdly, similar to the
Olympic games, which discarded a maximum point and a minimum point, we can set w = (0, %, %, 0.
Finally, w = (%, %, %, %)T emphasizes both ends and reduces the middle. All the computation results are

shown in Table 1.

Table 1: The optimal solution and optimal objective value for FFLP (11) with different approaches.

variable 1 X2 T3 Y1 Y2 Y3 S1 Sz S3 t1 ta i3 optimal valueZ
by Eq.(6) 5.28 2.96 0.15 6.06 3.72 0.38 0.00 0.88 0.15 0.00 1.35 0.11 (—0.60, 12.64, 16.77,23.01) .
by Eq.(7) 4.09 1.14 0.01 5.08 3.05 0.02 0.72 0.54 0.00 1.16 2.07 0.11 (—0.97,12.98,17.84,21.05) .

)

-

<
3!

No)

T'5.322.84 0.05 5.95 3.68 0.42 0.00 1.11 0.05 0.00 1.45 0.00
1'5.322.84 0.05 5.95 3.68 0.42 0.00 1.11 0.05 0.00 1.45 0.00
T5.20 2.60 0.00 5.80 3.60 0.40 0.00 1.00 0.00 0.20 1.60 0.00
T'5.45 3.55 0.36 6.45 3.91 0.36 0.00 0.45 0.00 0.00 1.14 0.05

—

~0.40,12.59,17.03, 22.91
—0.40,12.59,17.03, 22.91
—0.40, 12.60, 17.20, 22.60
—0.83,12.61, 16.69, 23.85

LR
LR
LR
LR

DI O Ol
(O] 00| O3 B [ =

9

8
1
3
ia
1
6

9

€ g €&
O O Ol | =
~— T —
A~~~
~— — — —

~~—~

Y

It can be seen from Table 1 that, the optimal solutions and optimal objective value of Z for w =

(%, %, %, %)T, w = (%, %, %, %)T and w = (0, %, %,O)T are completely identical. The optimal solution and
optimal objective value of Z for w = (%, %, %, %)T are not the same as that for the other weight vectors.

This signifies that the weight vector w does affect the optimal solutions and optimal objective value.

In addition, Table 1 shows that applying different approaches to solving the multi-objective program-
ming may result in different optimal solutions and optimal objective values. The DM can choose the
proper approach to solving the multi-objective programming according to his/her risk preference and
actual requirements.

Note that for a fully fuzzy linear programming problem, the fuzzy optimal solution Z* is more general
than the result which are calculated in Lotfi [12], Kumar [13] and Ezzati [14] when the left spreads
shape functions L(-) and right spreads shape functions R(-) are linear functions. Furthermore, even the
uncertain elements in a fuzzy linear programming problem were extended fuzzy numbers, we can construct
a corresponding auxiliary multi-objective programming problem and solve it by use of three approaches
(i.e., optimistic approach, pessimistic approach and linear sum approach based on membership function).

In Wan [11], the FLP problems with trapezoidal fuzzy numbers have been studied in which not all
parts of the problem were assumed to be fuzzy (the variables were not fuzzy). Lotfi [12] proposed a
novel method to find the optimal solution of FFLP problems, this method was obtained by using the
concept of the symmetric triangular fuzzy numbers and introduce an approach to defuzzify a general
fuzzy quantity. However, it can be applied only if the elements of the coefficient matrix are symmetric
fuzzy numbers. In Kumar’s article [13], the fuzzy optimal solution of FFLP problem can be obtained by
using the arithmetic operations of triangular fuzzy numbers and linear ranking function which is used
to convert the fuzzy objective function to the real objective function. Although the ranking function is
convenient for the specific numerical computation, the fuzziness of the objective function is neglected by
it. Ezzati [14] proposed a new algorithm to solve FFLP problems with TFNs. It can be applied only if
all the parameters as well as the variables are represented by TFNs which is the specious case of LR flat
fuzzy number, for the generalized fuzzy numbers, it is unsuitable.

6. Conclusion

In this paper, we propose a simple and practical method to solve a full fuzzy linear programming
problem. The corresponding auxiliary MOLP problem is constructed and we solve it by use of three
approaches. By numerical example, the obtained results of proposed algorithm with Wan [11], Lotfi [12],
Kumar [13] and R. Ezzati [14] have been compared and shown the reliability and applicability of our
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algorithm.
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Abstract

In this paper, we presented some functional equations of the generalized Bateman’s
G—function Gj(z) and its relation with the hypergeometric series 3F5. We deduced an
asymptotic expansion of the function G, (z) and studied the completely monotonic property
of some functions involving it. Also, we presented some new bounds of the function G}, (x)
and the double inequality

h 2h h
In{l+—— G ——<In|1 0;0<h<?2
n< +x+5>< n(z) a?(x+h)<n< +x+a>, >0, 0<h<

are the best possible.

_ _ h
where the constants « =1 and 8 = ()

2010 Mathematics Subject Classification: 33B15, 26D15, 41A60, 65Q20.

Key Words: Psi function, Bateman’s G-function, functional equation, asymptotic formula,
Laplace transform, inequality, monotonicity, best possible bound.

1 Introduction.

The ordinary gamma function I'(x) is defined by [3]
[(z) = / t"te7tdt, x>0
0
and the Psi or digamma function ¢(x) is given by

V() = - logT(a).

The gamma function and its logarithmic derivatives 1) () are of the most widely used special
functions encountered in advanced mathematics . For more details about the properties of
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these functions and their bounds, please refer to [2], [3], [8], [9], [15]-[18], [23]-[27] and plenty of
references therein.
The Bateman’s G—function is defined by [7]

G(:E):@D(x;_l)—w(g), r£0,-1,-2, ... (1)

The function G(x) is very useful in estimating and summing certain numerical and algebraic
series. For more details about the properties, bounds and applications of the G(x), please refer
to [7], [12]-[14], [15], [19], [28] and the references therein.

The function G(x) satisfies the following relations [7]

— k+x
Gz +1)+G(x) =227, (3)
n—1
G(nx) =2n"1) (=1)*1y (.CE + E) : n=2,4,6,.. (4)
k=0
n—1 k’
Gnz)=n"1)» (-1)*G (I—Fﬁ) : n=173,5,.. (5)
k=0
0 ef:rt
G(x):2/0 S a0 (6)
Oe) = 20 Py (L 4 1;-1), (7)
where .
‘ L > (al)k...(ar)kx_
TFs(ab "'7ar7ﬁ17 "'7/6$7x) - g (Bl)k(ﬁs)k k}'

is the generalized hypergeometric series [3] defined for r,s € N, oy, 8; € C, 5; # 0,—1, -2, ...
and the Pochhammer or shifted symbol («),, is given by

r
(=1 and (@), = (?‘(—Z)m), m > 1.
Qiu and Vuorinen [28] presented the double inequality
4(3/2 — In4) L1
T<G($}—[B <2_$2’ x>05. (8)

Mahmoud and Agarwal [12] deduced the following asymptotic formula for Bateman’s G-function

> (92k _
G(z) ~ 271+ Z mx*%, T — 00 (9)
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and they presented the inequality

1 _ 1
2372—_i_15<G(£L')—$1<2—x2, x>0 (10)

8Ind—11°
Almuashi [13] proved the following double inequality of the Bateman’s G—function

which improved the lower bound of the inequality (8) for z > ,/2=61nd = Also. Mahmoud and

2m 2m—1
2" — 1)B,, 2" — 1)B,, _
E Q.T—Qn < G(l’) — .73_1 < Q.ﬁlﬁ 2”, m € N (11)
n n
n=1 n=1

with the best possible bounds, where B,,'s are the Bernoulli numbers [11].
Mortici [15] presented the double inequality

0<Y(x+ ) —lx) <PA)+v— A+ 171 r>1;0<A<1 (12)

where 7 is the Euler constant, which also improves the double inequality (8). Also, Alzer deduced
the inequality [2]

v =T\ 7)) —w(\z) <Y+ N) — () <zt =T\ ),

where x > 0,r=20,1,2,... ,0< A <1,

r—1
1 1
Thiaz)=(1-A) |— + 4 ,
i) =( ) Adr+l = (zt+i+1)(@+itA)
and (@+r)(1-N) (e+r+1)A
1 T - 1 T
() = 10g(.¢1:~|—7’) (x4+7r+1) ‘
T+r4+ A (x+ 74 A)zHr+A

Mahmoud, Talat and Moustafa [14] presented the following family of approximations of the
function G(x)

2
r(x+1)

1
M(,u,x)zln(1+ >+ x>0, 1<pu<2
T+ W

(z42)[(e?—4)z+4]
(z41)[(e2—4)z+e?]

asymptotically equivalent to G(z) as x — 0.

which is of an order of convergence of O <ln ) for x > 2 and pu € (1, ﬁ) and is

In this paper, we presented some functional equations of the generalized Bateman’s G—function

Gh(x)zw(x;h) —w(g), 0<h<2 o —2m,—2m—hfor m=0,1,2,... (13)

and its relation with the hypergeometric function 3F». We deduced an asymptotic expansion of
the function G (z) and studied the completely monotonic property of the function G,(z) — = for
different values of the parameter s, and h for z > 0. Also, some new bounds and best possible

bounds of the generalized Bateman’s G—function are given.

3
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2 Some relations of the function Gj(z).

Lemma 2.1. The function Gj,(x) satisfies the functional equation
Gz + 1)+ Gp(x) =2 (W(x + h) —Y(x)), x> 0. (14)

Proof. Using the integral representation [3]

e8] e—t _ e—tz
0
we get
Xl -
0
Also,

Yo+ h) —z) = / Tloe™ g

_ % Gulz+ 1) + Ga(2)].
L]

In case of h =1 and using the functional equation ¢ (z + 1) = 1 + ¢(z), we get the relation
(3).

Lemma 2.2. The function G(z) satisfies the functional equation

m—1
2
G n (:c+£), x>0; meN. (17)

Proof.

]

Remark 1. The following new functional equation of the ordinary function G(z) in terms of the
generalized function G, (x) can be obtained in case of h = 1.

4
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Corollary 2.3. The function G(x) satisfies the functional equation

1= 2
:—ZGl(x—i-—), x>0; meN.
mi= m
The following result relates the function G,(x) and the hypergeometric function 3F5.

Lemma 2.4. The function Gy(z) satisfies

h h+2 h+2
Gh<x>=$+h32(1,1, L e ;1), >0,

2 2
Proof. Using the integral representation [3]

1 _tzfl
W(z) = - + / i, R(z)>0
o 11—t

we get

t 2 —tHh : 1 z—2 z+h—2 >

Gh(x):/o 1——tdt:/0 <t2 — ) dotrldt, x>0
n=0
and then .
Z x>0
“— (z+ 2n)( :E+h—i—2n)
Using the relation
z(z+1),
r+n= ,
(T)n

we obtain

w(z+h) = ( *Z* ), (5,

2h r x+h x42 x+h+21 >0

clx+h) > P\"2 2 0 2 0 2 )

Now using the two-term Thomae transformation formula [30], [21]
L0)r'e — o)
F. 0,ml) = —%———L3F,(n— - :60,1m:1 0=90 - —
3 2(0475,0-, > 15 ) F(Q)F((S—O')g 2(77 a, /6707 , 15 )7 +77 « B

with +h Fh42 12

x x x x

a 27 /8 2 ) o Y 77 2 Y 2

we have

h 2 h+ 2 h+ 2 h+ 2

3F2 1J£7x+ 7x+ 7w+ i 71 :£3F2 1717 i 727x+ i al )
27 2 2 2 2 2 2

which complete the proof.
Remark 2. From the formulas (7) and (19) for h = 1, we can conclude that

3 2z + 1
3F2< 3/272,1:; ,1):@——”217’1(1,&:;:64—1;—1), x> 0.
xXr
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3 An asymptotic expansion of the function Gj(z).

li is well known that the Psi function has the asymptotic expansion [6]

¢<Z>Nlnz_2%i

k zk
k=1

and its generalization is given by

et l) mine -3 EVBO L

k zk
k=1

where By (1) are the Bernoulli polynomials defined by the generating function [11]

ez—l_

and the Bernoulli constants By, = By(0). Using the operations of the asymptotic expansions [5];

[20], we obtain
Y(z +1) ~ Z
=1

For more details about the general theory of the asymptotic expansion of the function f(z + t)
by the asymptotic expansion of the function f(z) using Appell polynomials, we refer to [4]. Now,
using the identity [11]

k+1

k(l) — Bk]l

we get

. o~ (DS oy s
UEEDEOEDY () B.1

k=1

Then we obtain the following result.

Lemma 3.1. The following asymptotic series holds:

= (—1)"ttan h 1
~ =) —B| —, . 22
0~ 0 (5) ]xn @
or

T — 00. (23)

(] n+1 n—1
Gu(x) ~ Z [Z )2"B,h""

n=1 r=0

Remark 3. As a special case at h = 1, we obtain

2L (—1)nHign 1 1
N_+Z {r(i)—Br]E, T — 00

6

28 Mansour Mahmoud et al 23-40



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

and using the identities [1]

B, (%) = (27" —1) B, n=0,1,2,..

and
B2n+1 :O, n = 1,2,...

then we get the asymptotic series (9).

Now we will study the completely monotonic property of the function G (x) — = for different
values of the parameters s, h and r for positive values of x.

Lemma 3.2. The functions
Xs1(x, h) = Gp(x) — g <h z2>0,0<h<?2, (24)
x

and
Xs’r(x,h):Gh(x)—i s<0;,x>0,0<h<2;,r=2234,.. (25)
:L-T

are strictly completely monotonic.

Proof. Using the relation (16) and the known formula

(r—1la™™= / V™ e dy, meN (26)
0
we get
oo " —axt
(=1)"x{ (2, h) :/ On,s (7, t)e;—ldt n=0123.. (27)
0 _
where B
ns(r, 1) =2 (¥ — e(2—h)t> st (62t ~1).
’ (r—1)!
Th
- 0 ok+14k
Pn,s(r;t) = Z Tph,s(T, t),
k=1 )
where

Puoi(rt)=1— L R S
R 2 2(r —1)1"

Firstly, if » = 1, we obtain

AN )
Ph,syk(l,t)zl— 1—— —=>0 iff

s
2 2 2
But 3
ey (12t 0<h<2 k=1,23,..
2 2
and thus, ¢, 4(1,¢) > 0 for all ¢ > 0 iff s < h. Secondly, when r = 2,3,4, ..., then P}, 4 x(r,1)

is increasing as a function of ¢t if s < 0 with P, sx(r,0) = 1 — (1 — g)k > (0 for 0 < h < 2 and
k=1,2,3,.... Thus ¢p(r,t) >0forall t >0,r=2,3,...iff s <0. m

7
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As a result of the strictly completely monotonicity of the function y,1(x, k) and the relation
(23), we obtain
Xsa(x,h) > lim (xs1(z,h)) =0, s<h.
T—r 00

Hence, we have the following result:

Corollary 3.3. The following inequality holds

h
Gp(z) > e 0; 0<h<2. (28)

4 Some Bounds of the function G (z).

Lemma 4.1. 2> h2-h)
Gh<l')<;+2—x2, ZL‘>0;0<h<2. (29)

Proof. By using the formulas (16) and (26), we get for = > 0 that

Ghp(z) — 2_ M _ /OOO <2 (€2t _ e(th)t) _9 (e2t B 1) B h(2 —h) (th B 1) t) et P

x 212 2

> _ h(2 — h) et
_ _ J@2=h)t\ _ 2t
= /0 <2 (1— e —5 (e* —1) t> Ll

< 0 forO< h<2.

Theorem 1. b h2—h)
Gh($) < E + 7,

Proof. Using the two formulas (16) and (26), we have

Gy~ 1 ME—h) / P

r>0; 1<h<2. (30)

T 22 et —1
where o
pu(t) =2 (e — oty (e 1) - PEER ey s
Then
p(t) = 2(h — 2)e® Q1)
with

Qu(t) =2 —h+e"(h—2+ht).

The function @Qp(t) is convex function with minimum value at ¢, = 3, which is non positive for
1 <h <2and Q,(0) =0. Hence Qp(t) > 0 for 1 < h < 2. Hence p,(t) is concave for 1 < h < 2
and its has maximum value at ¢t = 0. Then

1-h

pr(t) <0, 1<h<2;t>0.

8
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Then the function G (z) — % — % is strictly increasing function for 1 < h < 2 and = > 0 and

using the asymptotic expansion (23), we get

lim (Gh(oc) — g - M) =0,

r—00 21’2

which complete the proof. O]

Remark 4. In case of h = 1, the inequality (30) will prove the right-hand side of the inequality
(8).

To obtain our next result, we will apply the following monotone form of L'Hopital’s rule [10]
(see also [22] and [29] ).

Theorem 2. Let —o0 < a < < o0 and L,U : [a, ] — R be continuous on [a, ] and
differentiable on (o, B). Let U'(x) # 0 on (o, B). If L'(x)/U’'(x) is increasing (decreasing) on
(av, B), then so are

L(z) = L(@) L(z) — L(B)
— and —F———. 31
T -0@ " Tw-0p) o
If L'(x)/U'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.
Theorem 3. h 12 h
Gh(x)>—+g x>0;0<h<2. (32)

r  2(x%+3h%)

Proof. Using the two formulas (16) and (26) and the Laplace transformation of the sine function,

we get
G - — En(t dt
() Tz 2 3:2 + 3h2 / " ezt ) ’

where
En(t) = 6 (—2e* — (=2 4 h) + heM) + V3Be (=1 + €*) (=2 + h) sin (\/ght> :

Now consider the function

2¢/3e Mt (—262t — @2 1 h) + heht)
(—1+€2t) (2 —h)

(t) = t>0; 0<h<2.

The function

2\/5%( (2+h)t(_2+h) +h€ht))

(=2
di(( L4e*)(2—-h))

= 2V3e M (—1+ M)

is increasing function for ¢ > 0. Using the monotone form of L’Hopital’s rule, we get that the
function 73(t) is increasing. Similarly, the function

t
Hh(t):\T/hgh)t’ t>0,0<h<?2.
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is increasing function and

t—o0
Then
2V3e M (=2e* — e@TWN(—2 4 h) + he™) > ht (=1 +e*) (2 - h), t>0,0<h<2
and using Jordan’s inequality
2
—nginzﬁz, x € [0,7/2]
T
we have
2v3eM (—2e* — e (=2 + h) + he™) > ht (—1 + €*) (2—h) sin (\/ﬁht> : t>0;0<h<2.
Hence
En(t) >0, t>0;0<h<2.
Then the function G (z) — & — % is strictly decreasing function for 0 < h < 2 and = > 0.

Also, using the asymptotic expansion (23), we get

lim <Gh(:c) e M) o,

T—00 r  2(x?+ 3h?)
which complete the proof. m

Remark 5. In case of h = 1, the inequality (32) will prove the left-hand side of the inequality
(10).

Remark 6. Using the inequalities (29), (30) and (32) with the relation (20), we get the following
estimations

1+ 2—h <OO 1 <1+2_h >0 1<h<?2
R — R —_— x .
20 4(a*+3h%) = (z+2n)(z+h+2n) 2z da? T
and

1 2—h > 1 1 2—h

— < < — 4+ >0, 0<h<2.

20 4(2?+3h%) = (z+2n)(z+h+2n)  hr 42?

3

5 Sharp double inequality of the function G, (z).

Theorem 4. For x > 0, we have

h 2h h 2h
2 < < S I
lrl(1+m+2>+ Gh(x)_ln(1+x)+x(x+h) (33)

10
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Proof. Consider the following function for z > 0 and 0 < h < 2

oh
= >
A = T T t20

which is strictly decreasing since

d 0= — Ah(2z + h + 4t)
PR T w22 + h+ 20)2

The function A, ,(t) is continuous for ¢ > 0, then its lower Riemann sum L(A, ;(t), P) with
respect to the partition P = {0, 1,...,n} of the interval [0,n], n € N, satisfies

L(A%h(t), P) < /n Az,h(t)dt

Hence
(x + h)(z + 2n)
> & 2h (x + h)(z + 2n) 2h
2 (o4 h+ 2)(w + 20) <1“< 2z + h+2n) ) T

Then as n — oo, we get
2h

Ga(z) < In (1 + %) et

Also, the function A, ;(t + 1) is continuous for t > —1, then its upper Riemann sum U (A, 5 (t +
1), P) with respect to the partition P of the interval [0,n]|, n € N, satisfies

/ At + D)t < U(Ayn(t +1), P).
0

Hence

(z+h+2)(z+2+2n — . .
1 App(i+1) Az
n((x+2)(x+h+2+2n <; (i + ; ()

or

(x+h+2)(z+2+2n) 2h = 2h
i ) 2.

(t+2)@+h+2+2n)) " alwthe) L (@ +h+20)(e+20)

Then as n — oo, we get

h 2h
< .
i <1+:1c—|—2> +x(m—|—h) < Gil@)

[]

Our next step, will be the investigation of the best bounds of the double inequality (33). To
obtain this, we will deduce some auxiliary Lemmas.

11
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Lemma 5.1. The function

fu(z) = eCr@ et 1, r>0;0<h<2
satisfies
lim ( h —a:) =1
=0 \ fi(x) ’
lim ( ho_ x) S
z=0 \ fr(z) o te(s)’
lim = (L) 1
z=o dz \ fi(2) ’
and p "
i g () =90
where

AR e(4) (24 + h*m? — 6h*y' (2))
195 (ew+%+w(%> — 1)2

5(h) =

Proof. Using the expansion

fulz) = — — = +0(z7%),

we get

lim( h —:v) = lim h —x
w00 \ fi(2) Coeos \ B Ly O(a3)

The expansion

2h 2 h 2 2 1 a
Gh(l‘)—m:’y+ﬁ+¢(§)+(—ﬁ—ﬁ+§¢ <§)>$+O<£L‘2)

gives us that

h h
lim —z) = lim —
o (fh(x) ) w0 (e”+5+¢(’z’)+(-i2—’{§+éw’(’5))x+0<x2> 1 )

tite()

Now using the expansion (38) and the expansion

, oh(h+2x) b »
Gh(‘r) + $2($+h)2 - 2 +O(1,' )?

12
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we have

i (7t) = o (o [ droe] [vou)])

Also, using the expansions
eGh(x)fz(jiih) = 67"'%4‘#’(%) —+ O({L‘)

and oh(h+2x) —2 a1 h
, t2z) —2 7w 1 s
A T S T VR TR R (2) row)
we obtain
lim - ( h > = lim s [ 1 o)
z—0 dx fh<I> z—=0 |:€’Y+%+¢(%) — 1+ O(flf)i|
—2 72 1 / h
{ﬁ_ﬁ+§+w (5) +O(‘”)D
O
Lemma 5.2.
EH(3) (24 4 h2x? — b2y (B
sy = © e+ mm -6 () 1 g ihen (40)

12h (ew%w(%) - 1)2
Proof. Consider the two functions
2 h
Pi(h) = - —
1(h) =~ + ;T <2)

and ,
Py(h) = 24 + h*m? — 6h%)’ (5) :

Using the integral representation (15), we have

) —2 1 ,(h ot
Pl(h):ﬁ+§w (5) :/0 €2t_16 tdt

and then the function P;(h) is increasing and positive since

}ILIE)%PI(h) = 07

13
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where ) ) )
ny_ £, 2
w(2> Y h—|—12h+0(h).
Also,
Py(h) = hPs(h),
where

Psy(h) = 27% — 12¢/ (g) — 3hy” (g) :

Using the integral representation (15), we obtain

> 24e% (e® — 1+ t)

_ 2 —x
Py(h) = 2 —/O S Lt

24 (e* —1+1t), .
P;(h) :/ 1) te=®*dt > 0.
0

Hence the function P3(h) is strictly increasing and using the expansions

and then

2 h? 6
and " 6
(0 (5) =5 +4'(1) + O(h),
we get

lim Py(h) = 0.

Then Ps(h) > 0 and hence the function P(h) is strictly increasing and positive since

I
- o 2 2 a2 % T _
]1112(1]132@) —}lgr(l) (24+h 7w —6h (h2 + 5 —|—O(h)>) 0.

Now consider the two functions
Py(h) = 24(e — 1)2e1 (M Py (h)

and
Ps(h) = 288eh(e) — 1)2.

Using the properties of the two functions P;(h) and Py(h), we conclude that Py(h) and Ps(h) are
strictly increasing positive functions and

P,(0) = P5(0),  Py(2) = P5(2) = 576e(e — 1),
Py(1) = 12(e — 1)*(7* — 12)e* < Ps(1) = 18e(e* — 4)?,
where ¢ () = —y — In4 (see [3]). Then we get
Py(h) < P5(h), 0<h<?2

which complete the proof. O]

14
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Now, we are in position to prove the following result.
Theorem 5. For all x € (0,00) and a fized h € (0,2), we have

h 2h h

h
ev+%+w<%)_1

where the constants « = 1 and [ = are the best possible.

Proof. Using the inequality (33), we have

h
0< oI —r <2
eCr@) - zmrm _ 1
Let h
My(z) = —— — x, x>0 0<h<2.
(x) e

Using the relation
fi(a) = T (G2<x> -

and the integral representation

2h(h + 2z)
22(z + h)? )

© 1 _ —ht
Gh(z) = 2/ —ee_mtdt, x>0
0

1 —e 2
we have

G (z) + e "tdt < 0

2h(h +2z) /°° 2e~ht(eht — 1)t
22(x+h)? et —1
then fj(x) is strictly decreasing positive function. Hence #(x) is strictly increasing positive

function. Also, fj,(x) is strictly convex function since

2 o) —ht(  ht 2
G2 2h(h + 22) 2e7M(e™ - 1)t2 _,
}/L/(x) —e h (z+h) [(G;L(.f) + m + . @2t ] (& dt > 0.

From the relations (36) and (37) with the inequality (40), we conclude that the function % is

d h .. . .
convex and - <fh—($)> is increasing function. Thus we get

i(h><nmi(h)—1 >0
dz \ fn(z) z=o0 dx \ fr(z) ’ '
Then My (z) is strictly decreasing function for all > 0, where

d d h

—1<0.

Mo (z) = —
dx () dx frn(x)
Hence lim My (z) < Mp(x) < lim My (z) and using the limits (34) and (35), we have

T—00 z—0t

h

1 < M, < ——F
() ertite(s)

(42)
with best bounds. O

15
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Remark 7. Using the double inequality (41) with the relation (19) or the relation (20), we obtain
the following estimation

x+h h 2 h+2 _x+h+2
In(1 — 111 ;2 01
( h )H( +$+6>+$<3 2(7 ) 9 y 4y 9 3 )

h h 2
<<“"Z )1n(1+ )+; >0 0<h<?

or

1 h 1 - 1
—In(1
2h“( +x+ﬁ)+m+h>< (@ + 20) (e + I + 28)

1 h 1
< —1In{(1 , >0, 0<h<?2
2h n( +x+a)+m(a:—|—h) v
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Abstract — Under the context of quasi-metric, promoted the concept of interval-
valued fuzzy metric space, the main results are as follows :(1) topology induced by
quasi-metric is consistent with which induced via a standard interval-valued fuzzy quasi-
metric; (2) proved that every quasi-metrizable topological space admits a compatible
interval-valued fuzzy quasi-metric. On the contrary, topology generated by interval-
valued fuzzy quasi-metric is quasi-metrizable; (3) discussed some properties of interval-
valued fuzzy quasi-metric space which is bicompletion. proved that if an interval-valued
fuzzy quasi-metric space has bicompletion, then it is unique up to isometry. In addition,
we define a fuzzy contraction mapping of interval-valued fuzzy metric space, promote
the Banach and Edelstein fixed point theorem to interval fuzzy metric space.

Keywords —Interval-valued fuzzy quasi-metric spaces; Quasi-metric; Quasi-uniformity;

Bicompletion; Isometry
AMS classification 54A40

1 Introduction

In 1975, Kramosil and Michalek introduced the concept of fuzzy metric spaces which
is closely related with probabilistic metric spaces in [1], it is also known as generalized
Menger space. Currently, many mathematical workers use the concept of fuzzy sets
giving different fuzzy metric space ideas [1-5]. Among them, A.George and P.Veeramani
improved the concept of fuzzy metric space defined by Kramosil and Michalek in [2, 6],
proposed the concept of continuous t-norm, and they used fuzzy sets to represent the
uncertainty of the distance between two points in a fuzzy metric space, thus obtained

a stronger form of fuzzy metric which has a Hausdorff topology. It is clearly that

*This work was supported by the International Science and Technology Cooperation Foundation of
China (Grant No. 2012DFA11270), and the National Natural Science Foundation of China (Grant No.
11071151).

* Corresponding author. E-mail: luhanchuan2004@163.com (H.-C. Lu)
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the concept of fuzzy metric space is different with the paper [1, 3, 4, 5] definates.
In particular, every metric induces a fuzzy metric space which is under A.George and
P.Veeramani significance. Instead, each fuzzy metric space in A.George and P.Veeramani
significance generate a metrizable topology [7, 8]. As early as in 1975, Zadah has given
the concept of interval-valued fuzzy sets [9]. It characterizes fuzzy set by interval-valued
membership functions, which Is another generalize of fuzzy set. In 2012, based on the
concept of A.George and P.Veeramani’s fuzzy metric space, Shen [10] given a conception
of continuous interval value t- norm and interval-valued fuzzy metric space, and also
discussed some topological properties of such metric spaces. In addition, it is known
that quasi-metric space constitutes a very effective tool in discuss and resolve topology
algebraic, approximation theory, theory computational science and other aspects [11,18].
In the context of quasi-metric, this article generalized interval-valued fuzzy metric that
the paper [10] defined, proposed the concept of interval-valued fuzzy quasi-metric, as a
basis for the study. Structure of the article is divided into five parts. The first part is
to introduce the background knowledge; the second part is prior knowledge; the third
section discuss the quasi-metrizable of interval-valued fuzzy metric space; part IV discuss
the bicompletion of interval-valued fuzzy metric space; section V discuss the fixed point

theorem of interval-valued fuzzy metric space.

2 Preliminaries

Interval analysis (see http://www.cs.utep.edu/interval-comp/main.html) leaded by
interval numbers is an area of active research in mathematics, numerical analysis and
computer science began in the late 1950s. An interval number is a point (a7, a™) in
the 2-dimensional Euclidean space R? which satisfies a= < a*. The set of all interval
numbers is denoted by I(R) '. For any (a=,a™), (b=,b") € I(R) and each nonnegative
real number 7, define (a=,a™) & (b=,b") = (a= +b",a" +b"), (a",at) & (b~,b") =
(min{a™ —b7,a" —b"}, max{a” —b",aT —b"}), and r{a”,a") = (ra”,ra™). We write
(a”,a™) = a when a= = a™ = a, and I(J) = {(a",a™) € I(R) | a~,a™ € I} (where
I =0,1] is the ordinary closed unit interval). In this paper we only involve the notion

of interval-valued fuzzy set used generally to dispose uncertainness (for an overview of

! Unless confusion arise, we identify a real number a € R with an interval number a, and identify a
closed interval [a,b] of R and a point {(a,b) in R? since there exists a nature one-to-one correspondence
between the set of all closed intervals of R and I(R); we will also use a,b,c,--- to denote interval
numbers.
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interval analysis, its relationship to fuzzy set theory, and possible areas of further fruitful
research, please see [10,12,13,14,15,17,19]).

Definition 2.1 An interval-valued fuzzy set (resp., fuzzy set) on a set X is exactly
a mapping A : X — [(I) (resp., A: X — I). The set of all interval-valued fuzzy sets
on X is denoted by IVF(X).

Each A € IVF(X) induces two fuzzy sets A~ : X — [ and A" : X — [ whose
values are determined by A(x) = (A~ (z), A% (z)) (Vo € X). For A, B € IVF(X), the
infimum A A B € IVF(X) of A and B in IVF(X) is given by

(AAB)(z) = (min{A~(z), B~ (2)}, min{A" (z), B*(x)}) (Vz € X),
the suprmum AV B € IVF(X) of A and B in IVF(X) is given by
(AV B)(z) = (max{A~(z), B~ (2)}, max{A" (z), B (x)}) (Vz € X),
and the complement A’ € IVF(X) of A in IVF(X) is given by
Alz) = (1— AT (2),1— A (z)) (Vo€ X).

Definition 2.2['% An interval-valued t-norm is a binary operation  : 1(I)xI(I) —
I(I) which satisfies the following conditions:

(i)axb=bxa (Va,bell)).

(i) a*x (bxc)=(axb)xc (Va,b,cel(])).

(iii) a* b < a* ¢ whenever b < ¢.

(iv)axl=a (Vaecl(l)); (a,a™)*(0,1) =(0,a™) (V(a",a™) € I(1)).

Proposition 2.3'")  An interval-valued t-norm = has the following properties:

)0xa=ax0=0; (0,1) x (a",a™) = (0,a™); 1 xa = a.

(ii) a*xb < c+*d whenever a < ¢ and b < d.

(iii) 0 = ax0 < axb < axl =a,0 = ax0 < 0«b < 1xb =b,0 = ax0 < axb < aAb.

Definition 2.4 (1) Let a = (a~,a*) and a, = (a;,a) are in I(I) for each
n € N (the natural number set). {a,},en (briefly, {a,}) is said to be convergent to a
(write as nan;O a, = a) if nh_}rgo a, =a  and nh—>Holo al =at.

(2) An interval-valued t-norm * is said to be continuous in its first component if
Ji_)lgo(an xb) = (nh_{go an)*b =axb for all b € I(/) whenever 7}1—2}0 a, =a ({aptneny C

I(1), a € I(I)).

Proposition 2.5

The followings hold for a continuous interval-valued t-norm s:
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(i) For any a;, a9 € I(I) with a; > a9, there exists a ag € I(I) such that a; xaz > as.

(ii) For any ay € I([), there exists a a5 € I(/) such that as x a5 > ay.

Definition 2.6!!%  An interval-valued fuzzy metric space is a triple (X, M, *),
where * is a continuous t-norm and M (called an interval-valued fuzzy metric on X) is
an interval-valued fuzzy set on X2 x (0, oo) having the following properties (z,y,z € X):

(IV1) M(z,y,t) > 0.

2) M(x,y,t) =1 if and only if z = y.

IV3) M(z,y,t) = M(y,x,t).

IV4) M(x,y,t) « M(y,z,s) < M(x,z,t+s) for all t,s > 0.

IV5) M(x,y,-) : (0,00) — I(I) — {0} is continuous, i.e. both M~ (z,y,-) =
proM(z,y,-): (0,00) — (0,1] and M (z,y,-) = pao M(x,y,-) : (0,00) — (0, 1] are

(v
(
(
(

continuous, where p; : > — [ is the projective mapping (i = 1,2), and M~ (z,y,t) and
M™(z,y,t) denote the lower nearness and upper nearness degree between = and y with
respect to t, respectively.

(IV6) tlgr)lo M(x,y,t) =1.

Remark 2.7 (1) An interval-valued fuzzy metric space (X, M, ) will degenerate
into an ordinary fuzzy metric space if M~ (z,y,t) = M*(x,y,t) for all t > 0.

(2) Let (X, M, *) be an interval-valued fuzzy metric space.

(i) The set B(z,r,t) ={y € X | M(z,y,t) > 1S} is called a open ball with center
r € X, wheret >0 and r € I(I) — {0,1}.

i) Iy ={AC X |Vre AT, >0,3r, € I({) — {0,1}, B(z,1,,t,) C A} is a
topology on X, and {B(z,r,t) | x € X,r € [(I) — {0,1},¢ > 0} is a base of Jy.

(iii) For each (z,y,t,r) € X? x (0,+00) x (I(I) — {0,1}), there exists a t, € (0,t)
such that M (x,y,ty) > 1S r whenever M (z,y,t) >16r.

(iv) For a sequence {z,,} C X, hm z, = xin (X, Jy) if and only if nh_)ngo M(z,x,,t) =

(v) A sequence {z,} in (X, M,*) is called a Cauchy sequence if for all € > 0 and
t > 0, there exists an ng € N such that M(x,,x,,t) > 16 ¢ for all n,m > ny.

(vi) (X, M, x) is said to be complete if every Cauchy sequence in it is convergent.

Remark 2.81'1 (1) A quasi-pseudo-metric space is a pair (X, d), where X is a set
and d (called a quasi-pseudo-metric on X) is a mapping d : X — [0, +00) satisfying
the following conditions:

(i) d(z,z) =0 (Vx € X);
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(i) d(z,2) < d(z,y) +d(y,z) (Vz,y,z € X).

(2) A quasi-metric space is a pair (X, d), where X is a set and d (called a quasi-metric
on X) is a quasi-pseudo-metric on X satisfying the following condition:

(ili) z = y <= d(z,y) = d(y,z) = 0.

Each quasi-metric d on X induces a Ty topology J; on X which has as a base the
family of open balls {By(x,r) | « € X,r > 0}, where By(z,r) = {y € X | d(z,y) <
r} (x e X,r>0).

(3) A topological space (X, J) is said to be quasi-metrizable if there is a quasi-metric
d on X such that J; = J (in this case, we say that d is compatible with 7, and that
J is a quasi-metrizable topology on X)), where J; = (({ By(z,7) | = € X,r > 0})) (i.e.
Ja is the smallest topology on X containing {By(z,7) | x € X,r > 0}).

(4) If d is a quasi-pseudo-metric on X, then d~! (called the conjugate of d which is de-
fined by d~(z,y) = d(y,z) (Vz,y € X)) and d® (defined by d*(x,y) = max{d(x,y),d ' (z,
y)} (Vz,y € X)) are also quasi-pseudo-metrics on X. A quasi-metric space (X, d) is
said to be bicomplete if (X, d®) is a complete metric space. In this case we say that d is

a bicomplete quasi-metric on X.

3 Quasi-metrizable of interval-valued fuzzy quasi-
metric space

Definition 3.1 Let X be a set, * a continuous t-norm, and M an interval-valued
fuzzy set on X2 x (0, 00) having the following properties:

(IV1) M(z,y,t) >0 (x,y € X,t e (0,00)).

(IV2) M(z,z,t)=1 (x € X,t € (0,00)).

(IV3) M(x,y,t)* M(y,z,8) < M(z,z,t+s) (z,y,z € X,s,t € (0,00)).

(IV4) M(z,y,-) : (0,00) — I(I) — {0} is continuous (z,y € X).

(IV5) tlgg M(z,y,t) =1 (x,y € X).

(1) Such a triple (X, M, ) is called an interval-valued fuzzy quasi-pseudo-metric
space, and (M, *) is called an interval-valued fuzzy quasi-pseudo-metric on X.

(2) This triple (X, M, x) is called an interval-valued fuzzy quasi-metric space (and

(M, %) is called an interval-valued fuzzy quasi-metric on X)) if M satisfies the following

condition:

(IV1") z =y if and only if M(x,y,t) = M(y,z,t) =1 for all £ > 0.
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(3) This triple (X, M, %) is called a T7 interval-valued fuzzy quasi-metric space (and
(M, %) is called a T} interval-valued fuzzy quasi-metric on X) if M satisfies the following
condition:

(IV2") z =y if and only if M(x,y,t) =1 for all t > 0,

(4) This triple (X, M, %) is called an interval-valued fuzzy pseudo-metric space (and
(M, %) is called an interval-valued fuzzy pseudo-metric on X) if M satisfies the following
condition:

(IV6) M(x,y,t) = M(y,z,t)for all t > 0.

Definition 3.1° An interval-valued fuzzy (pseudo-) metric on X is a interval-valued
fuzzy quasi-(pseudo-)metric (M, x) on X such that for each z,y € X:

(IV6) M(x,y,t) = M(y,z,t)for all t > 0.

Remark 3.2 (1) There are many interval-valued fuzzy quasi-metric spaces which
are not interval-valued fuzzy metric space.

(2) There are many interval-valued fuzzy pseudo-metric spaces which are not interval-
valued fuzzy metric space.

Interval-valued fuzzy quasi-pseudo metric space is a weakened form of the interval
value fuzzy metric Spaces, which is a generalization of the interval-valued fuzzy metric
Spaces, will have a greater scope in the application.

Remark 3.4 It is clear that every interval-valued fuzzy metric is a T interval-valued
fuzzy quasi-metric; every T} interval-valued fuzzy quasi-metric is an interval-valued fuzzy
quasi-metric, and every interval-valued fuzzy quasi-metric is an interval-valued fuzzy
quasi-pseudo-metric.

Definition 3.5 An interval-valued fuzzy quasi-(pseudo-)metric space is a triple
(X, M, %) such that X is a (nonempty) set and (M, %) is an interval-valued fuzzy quasi-
(pseudo-)metric on X.

The notions of a T} interval-valued fuzzy quasi-metric space and of a interval-valued
fuzzy metric space are defined in the obvious manner.

Remark 3.6 If (M, x) is an interval-valued fuzzy quasi-(pseudo-)metric on a set
X, it is immediate to show that (M ™!, ) is also an interval-valued fuzzy quasi-(pseudo-
Jmetric on X, where M~ is the interval-valued fuzzy set in X x X x (0, 400) defined
by M~Y(z,y,t) = M(y,x,t). Moreover, if we denote M the interval-valued fuzzy set in
X x X x (0,400) given by M*(z,y,t) = min{M (z,y,t), M ' (x,y,t)}, then (M* %) is,

clearly, an interval-valued fuzzy (pseudo-)metric on X.
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Thus, conditions (IV1’) of the definition 3.2 above is equivalent to the following:

M(x,z,t) =1 for all x € X and ¢ > 0,and M*(x,y,t) <1 for all z # y and ¢ > 0.

Definition 3.7 Let (X, M,x*) be an interval-valued fuzzy quasi-pseudo-metric
space. We define open ball By (z,r,t) = {y € X|M(x,y,t) > 1 —r} for t > 0 with
center x € X and the interval number r, 0 <1 <1, ¢ > 0.

Similar to the [10], we get the following conclusion:

Proposition 3.8 Let (X, M, *) be an interval-valued fuzzy quasi-pseudo-metric
space. Then every open ball By (z,,t) is an open set.

Proof. Let By(x,r,t) is an open ball. For any y € By(z,r,t), we know that
M (z,y,t) > 1—r. Therefore, there exists a ty € (0,¢) such that M(z,y,to) >1—r. Set
ro = M(z,y,tp). Since ry > 1 — 1, there exists a s € I(I) such that rp >1 -8 >1—r.
Now for given ry and s with ryp > 1 —s, there exists a r; € I()such that ro*;r; > 1—s.
Consider the open ball By (y,1 —1r,t — tg), we will obtain that By (y,1 —ry,t —t9) C
By(z,1,t). In fact, for every z € By(y,1 — r1,t — to), we have M (y, z,t — ty) > 17.

Therefore,
M(x,z,t) > M(z,y,to) xf M(y,z,t —tg) >ro*x;r; >1—8>1—r

Thus z € By(z,1,t), and hence By(y,1 —1y1,t —ty) C By(z,1,t).
Similar to the [10], we get the following conclusion:
Theorem 3.9 Let (X, M, %) be an interval-valued fuzzy quasi-pseudo-metric space.

Define
™ ={ACX |VeeAdrel(l)—{0,1}, and ¢t > 0 such that By (z,r,t) C A}

Then 7, is a topology on X.

Proposition 3.10 A sequence {z,}, in an interval-valued fuzzy quasi-pseudo-
metric space (X, M, ) is said to be a Cauchy sequence if and only if lim,, M (2,4, Ty, t) =
1, for all p > 0,¢ > 0.

A sequence {x,}, in an interval-valued fuzzy quasi-pseudo-metric space (X, M, %) is
converging to x in X,denoted by z, — =, if and only if lim, M (x,z,,t) = 1 for all
t>0.

A interval-valued fuzzy quasi-pseudo-metric space (X, M, *) is said to be complete
if and only if every Cauchy sequence is convergent.

Proposition 3.11 Let (X, M,*) be an interval-valued fuzzy quasi-pseudo-metric

space. Then, for each x,y € X the function M (z,y, —) is nondecreasing.
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Proof. Let z,y € X and 0 <t < s. Then
M<x7y73) ZM(xaan—t)*M(%y,t) :1*M(xay7t) :M(x7yat)

Proposition 3.12 Let (X, M, %) be an interval-valued fuzzy quasi-metric space.

Then, for each ¢t > 0 the function
M(—7—,t) : (X X X,TMz‘ X TMi> — ]I(I) — {0}

is continuous.

Proof. Fitt > 0. Let z,y € X and let (2/,v.), be a sequence in X x X that
converges to (z,y) with respect to 7y X Tyi. Then, it will be sufficient to show that
M(z,y,t) = lim, M(x,,y,,t) for some subsequence (&, yn)n of (2!, Y. )n.

Indeed, since (M (2, y.,,t)) is sequence in I(1)—{0}, there is a subsequence (Zy,, Yn )n
of (2!, y!)n such that the sequence (M (x,,, yn,t)), converges to some € of I(). Fix d > 0
such that 20 < t. Then

M (2, Yn,t) > M (2, x,0) * M(z,y,t —20) * M(y, yn,9),
and
M(z,y,t +20) > M(x,x,,6) * M(Zp, Yn, t) * M(yn,y,0).

Since lim,, M(x, x,,0) = lim,, M*(y, y,,d) = 1, we deduce that

Finally, it follows from the continuity of M (z,y, —) that M(z,y,t) = lim,, M (z,, Yn, ).
This completes the proof.

Definition 3.13 Let (X,d) be a quasi-metric space. Define the interval-valued
t-norm

axb= (" Ab ,a" AND")
and interval-valued fuzzy quasi-metric

t t
t+1d(z,y) t + md(x,y)

My(z,y,t) = (M~ (x,y,t), M*(2,y,t)) = ( )

(Va,y € X,Vt,l,m € RT).
Then (X, My, ) is an interval-valued fuzzy quasi-metric space called the standard interval-

valued fuzzy quasi-metric space and (Mg, %) is the interval-valued fuzzy quasi-metric

induced by d.
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Furthermore, it is easy to check that (M)~ = My and (My)? = Mys, where
d~H(z,y) = d(y,x), d*(z,y) = max{d(z,y),d""(z,y)}.

In the paper [10], it is proved that every metric can induce an interval-valued fuzzy
metric. Moreover, if (X, d) is a metric space ,then the topology generated by d coincides
with the topology 7, generated by the interval-valued fuzzy metric. Finally, from
proposition 3.8, 3.10, 3.11 and definition 3.13, it follows that the topology 7,4, generated
by d, coincides with the topology 7, generated by the induced standard interval-valued
fuzzy quasi-metric (My, *).

Definition 3.14  We say that a topological space (X, 7) admits a compatible
interval-valued fuzzy quasi-metric if there is an interval-valued fuzzy quasi-metric (M, *)
on X such that 7 = 7yy.

It follows from definition 3.11 that every quasi-metrizable topological space admits a
compatible interval-valued fuzzy quasi-metric. Then, conversely, the topology generated
by an interval-valued fuzzy quasi-metric space is quasi-metrizable.

Lemma 3.15 Let (X, My, %) be an interval-valued fuzzy quasi-metric space. Then
{U, :n=2,3,---}is a base for a quasi-uniformity Uy, on X compatible with 7;, where
Up={(z,y) € X x X : M(x,y,1/n) > {1 —1/n,1)}, forn =23, ---.

Moreover the conjugate quasi-uniformity (uy;)~! coincides with uy;—1 and it is com-
patible with 73,-1. Form definition 3.11, Lemma 3.13 and the well-known result that
the topology generated by a quasi-uniformity with a countable base is quasi-pseudo-
metrizable, we immediately deduce the following.

Theorem 3.16 For a topological space (X, 1) the following are equivalent .

(i) (X,7) is quasi-metrizable.

(i) (X, 7) admits a compatible interval-valued fuzzy quasi-metric.

4 Bicomplete interval-valued fuzzy quasi-metric space

Definition 4.1 An interval-valued fuzzy quasi-metric space (X, M, *) is called
bicomplete if (X, M? *) is a complete interval-valued fuzzy metric space. In this case,
we say that (M, ) is a bicomplete interval-valued fuzzy quasi-metric on X.

Proposition 4.2

(1) Let (X, M, %) be a bicomplete interval-valued fuzzy quasi-metric space.Then

(X, 7ar) admits a compatible bicomplete quasi-metric space.
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(2)) Let (X, d) be a bicomplete quasi-metric space. Then (X, My, *) is a bicomplete
interval-valued fuzzy quasi-metric space.

Proof. (1) Let d be a quasi-metric on X inducing the quasi-uniformity ¢. Then d
is compatible with 7;. Now let (x,), be a Cauchy sequence in (X, d®). Clearly (x,,), is
a Cauchy sequence in the interval-valued fuzzy metric space (X, M*, *). So it converges
to a point y € X with respect to 7p;i. Hence (x,), converges to y with respect to 7ys.
Consequently d is bicomplete.

(2) This part is almost obvious because (My)' = Mys (see definition 3.11) and thus
each Cauchy sequence in (X, (My)*, *) is clearly a Cauchy sequence in (X, d®).

Definition 4.3 Let (X, M,*) and (Y, N,*;) be two interval-valued fuzzy quasi-
metric space.Then

(i) A mapping f from X to Y is called an isometry if for each x,y € X and each
t>0, M(z,y,t) = N(f(z), f(y), 1)

(i) (X, M,x*) and (Y, N, ) are called isometric if there is an isometry from X onto
Y.

Definition 4.4 Let (X, M, %) be an interval-valued fuzzy quasi-metric space. An
interval-valued fuzzy quasi-metric bicompletion of (X, M, %) is a bicomplete interval-
valued fuzzy quasi-metric space (Y, N, x;) such that (X, M, ) is isometric to a 7 —dense
subspace of Y.

Lemma 4.5 Let (X, M, ) be an interval-valued fuzzy quasi-metric space and
(Y, N, %) a bicomplete interval-valued fuzzy quasi-metric space.If there is a ;i —dense
subset A of X and an isometry f : (4, M,*) — (Y, N, *;), then there exists a unique
isometry F': (X, M, x) — (Y, N, ;) such that F|4 = f.

Proof. It is clear that f is a quasi-uniformly continuous mapping from the quasi-
uniform space (A,Up|A x A) to the quasi-uniform space (Y,Uy). By Theorem 3.29
of [16], f has a unique quasi-uniformly continuous extension F' : (X,Un) — (V,Uy).
We shall show that actually F' is an isometry from (X, M,*) to (Y, N,x;). Indeed,
let z,y € X and ¢t > 0. Then, there exist two sequences (x,), and (y,), in A such
that (z,), — = and (y,), — y with respect to 73;i. Thus F(z,) — F(x) and
F(y,) — F(y) with respect to 7yi.Choose € € I(I) — {0,1} with 0 < & < t. Therefore,

there is n. such that for n > n,,
M(z,xp,e/2) > 1 —e, M(yn,y,e/2) > 1 —¢,

N(F(z,), F(z),£/2) >1 -2, N(F(y), F(ya),£/2) > 1 —¢.
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Thus
M(z,y,t) M(z,xp,e/2) %« M(xp, yn,t — ) % M(yn,y,e/2)

(1 — &)« N(F(zn), F(yn),t —€) * (1 —¢)

(1 —e)x (A —e)* N(F(z), Fy),t —2¢) x; (1 —¢)) x (1 —¢)

By continuity of *and x; and by continuity of N (F'(z), F'(y), —), it follows that M (x,y,t) >

N(F(z),F(y),t). Similarly we can show that N(F(x), F(y),t) > M(z,y,t). Conse-

IV IV IV

quently F'is an isometry from (X, M, *) to (Y, N,*p).

Theorem 4.6 Suppose that (Y7, Ny, %7, ) and (Y3, No, %7,) are two interval-valued
fuzzy quasi-metric bicompletions of (X, M,*). Then (Y;, N1,*5,) and (Y5, Ny, x7,) are
isometric. Thus, if an interval-valued fuzzy quasi-metric space has an interval-valued
fuzzy quasi-metric bicompletion, it is unique in the mean of isometry.

Proof. Since (Ys, N, 1,) is an interval-valued fuzzy quasi-metric bicompletion of
(X, M, %), there is an isometry f from (X, M, *) onto a dense subspace of (Ya, No, %z, ).
By Lemma 4.5, f admits a (unique) extension F' to (Y7, Ny, %7, ) which is also an isometry.
So, it remains to see that F' is onto. But this fact follows from standard arguments.
Indeed, given y, € Y5, there is a sequence (x,), in X such that F(z,) — . Since
F' is an isometry, (z,), is a Cauchy sequence, so it converges to some point y; € Y.

Consequently F'(y;) = yo. The proof is complete.

5 Fixed point theorems in interval-valued fuzzy met-
ric spaces

We will discuss the interval-valued fuzzy metric space fixed point problem in this
section. Firstly, the definition of interval-valued fuzzy contraction mapping in interval-
valued fuzzy metric space, then a generalization of Banach and Edelstein fixed point
theorems is given.

In an interval-valued fuzzy metric space (X, M, ), whenever M (z,y,t) > 1 —1 for
all x;y € X,t > 0,r € I(I) — {0,1}, there exists a ty with 0 < ¢y < t such that
M(z,y,ty) >1—r.

Definition 5.1 Let (X, M,x*) be an interval-valued fuzzy metric space. We will
say the mapping f : X — X is t-uniformly continuous if for each ¢ € I(I), there exists a
r € (I) such that M(x,y,t) > 1 —r implies M (f(x), f(y),t) > 1 —¢, for each z,y € X
and t > 0.

Clearly if f is t-uniformly continuous it is uniformly continuous for the uniformity

generated by M, and then continuous for the topology deduced from M.
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Definition 5.2 Let (X, M, x*) be an interval-valued fuzzy metric space. We will
say the mapping f : X — X is fuzzy contractive if there exists a k € (0,1) such that
for each z,y € X, and t > 0,

M(:E7yat) * (1 - M(f(l’), f(y)7t> < k<1 - M(‘Tayvt)) * M(f(l’),f(y),t),

where k is called the contractive constant of f.

The above definition is justified by the next Proposition 5.4.

Proposition 5.3 Let (X, M,*) be an interval-valued fuzzy metric space. If f :
X — X is fuzzy contractive then f is t-uniformly continuous.

Proposition 5.4 Let (X,d) be a metric space. The mapping f : X — X is
contractive (a contraction) on the metric space (X,d) with contractive constant k if
and only if f is fuzzy contractive, with contractive constant k, on the standard interval-
valued fuzzy metric space (X, My, %), induced by d.

Recall that a sequence (x,,) in a metric space (X, d) is said to be contractive if there
exists a k € (0,1) such that d(z,41,Tpi2) < kd(xy, 2,41), for all n € N. Now, we give
the following definition (compare with Definition 5.2).

Definition 5.5 Let (X, M, *) be an interval-valued fuzzy metric space. We will
say that the sequence (x,) in X is fuzzy contractive if there exists k € (0, 1) such that
forallt > 0,n € N,

M(zp, Tpy1,t) * (L — M(2pi1, Tngo, t) < k(L — M(zp, Tpi1,t)) % M(Zp41, Tpio,t).

Proposition 5.6 Let (X, My, x) be the standard interval-valued fuzzy metric space
induced by the metric d on X. The sequence (z,) in X is contractive in (X, d) if and
only if (x,) is fuzzy contractive in (X, My, ).

Research of the fixed point theorem in fuzzy metric space has attracted the attention
of many scholars [20,23-29], below we will discuss the fuzzy metric space fixed point
theorems in interval-valued fuzzy metric space.

Definition 5.7 A sequence {z,} in an interval-valued fuzzy metric space (X, M, )
is a Cauchy sequence if and only if for each ¢ > 0 and each ¢ > 0 there exists a ng € N
such that M (x,, z,,,t) > 1 — ¢ for all n,m > ny.

Definition 5.8 An interval-valued fuzzy metric space (X, M, ) in which every
Cauchy sequence is convergent is called a complete fuzzy metric space.

Theorem 5.9 A sequence {x,} in an interval-valued fuzzy metric space (X, M, )

converges to z if and only if M(z,x,,t) — 1 as n — co.
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Result 5.10 The metric space (X,d) is complete if and only if the standard
interval-valued fuzzy metric space (X, My, *) is complete.

Proof may refer to A. George and P. Veeramani literature [5].

Next, we extend the Banach fixed point theorem to fuzzy contractive mappings of
interval-valued fuzzy metric spaces.

Theorem 5.11 (fuzzy Banach contraction theorem) Let (X, M, %) be an interval-
valued fuzzy metric space in which fuzzy contractive sequences are Cauchy. Let T :
X — X be a fuzzy contractive mapping being k the contractive constant. Then T has

a unique fixed point.

Proof. Fix z € X. Let x, = T"(x),n € N. We have for ¢t > 0,
M(x,2q,t) * (1 — M(T(x), T*(z),t)) < k(1 — M(z,2,t)) * M(T(z), T*(x),t),
and by induction, for any n € N,
M (2, Tpg1,t) % (1= M(Tns1, Tnya, 1) < k(1 — M(20, Tpi1,t) % M(Tng1, Tnga, t),

Then (z,) is a fuzzy contractive sequence, so it is a Cauchy sequence and, hence, (x,,)
converges to y, for some y € X . We will see y is a fixed point for T'. By Theorem 5.9,

we have
M(ya Ln, t) * (1 - M<T(y)’ T(.In),t)) < k(l - M(ywrmt)) * M(T<y)7T(xn)>t)) —0

asn — oo, then lim,, M(T'(y),T(x,),t)) = 1 for each t > 0, and, therefore, lim,, T'(z,) =
T(y), i.e., lim, z,11 = T(y) and then T(y) = y.

To show uniqueness, assume 7'(z) = z for some z € X. Then for ¢ > 0 we have

My, z,t) « (1 — M(y, z,t))
= M(y,z,t)« (1= M(T(y),T(2),1))
< K[M(T(y),T(2),t) * (1 — M(y,2,1))]
= k[M(y,zt)« (1 - M(T(y),T(2),1))]
< K[M(T(y), T(2),t)) * (1 — M(y, z,t))]
< ...
< K'M(T(y),T(2),t) * (1 — M(y, 2,1))]

then M(y, z,t) * (1 — M(y, z,t)) — 0 as n — oo.

Hence, M(y, z,t) =1 and theny = z.

Now suppose (X, My, *) is a complete standard interval-valued fuzzy metric space
induced by the metric d on X . From Result 5.10 (X, d) is complete, then if (z,,) is a fuzzy

contractive sequence, by Proposition 5.6 it is contractive in (X, d), hence convergent.
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So, from Theorem 5.11 we have the following corollary, which can be considered as
the fuzzy version of the classic Banach contraction theorem on complete interval-valued
metric spaces.

Corollary 5.12 Let (X, My, %) be a complete standard interval-valued fuzzy metric
space and let T': X — X a fuzzy contractive mapping. Then T has a unique fixed point.

Definition 5.13!%  An interval-valued fuzzy metric space (X, M, *) is compact
space if X is a compact set.

Lemma 5.14 Let (X, My, %) be an interval-valued fuzzy metric space. If lim, ey x,, =

x and lim,eny, =y, then for all t > 0 and 0 < € < %,
M(I,y,t - 6) < 111%M(xnaynut) < M(I,y,t—'—&')
ne
Proof. By Definition 3.1(IV3),

f)_

M@ ynst) = M (a2, 5) % Myt = ) % My, yn, 5

Thus,
lin&M(wn,yn,t) >1x M(z,y,t —e)x1=M(x,y,t—e).
ne

On the other hand,

M(z,y,t+¢) 2M(x,y,t—g)*M(mn,yn,t)*M(yn,y,%),

hence

M(z,y,t+¢) > liHI%M(xn, Y, 1).
ne

Corollary 5.15 Let (X, M, *) be an interval-valued fuzzy metric space. If lim, ey 2, =
x and lim,en ¥, = y, then lim,eny M (2, yn, t) = M(x,y,t) for all t > 0.

Theorem 5.16 (fuzzy Edelstein contraction theorem). Let (X, My, *) be a compact
interval-valued fuzzy metric space. Let T : X — X be a mapping satisfying for all = #£ y
and t > 0,

M(Tx,Ty,t) > M(x,y,t),

then T has a unique fixed point.
Proof. Let z € X and z,, = T"z(n € N). Assume z,, # x,,1 for each n (if not,

T(x,) = x,). Now, assume x,, # x,,(n # m). Otherwise we get
M (zp, Tpi1,t) = M (2, Tips1, t) > M(Tpo1, Tipg, t) > - > M(xp, 2p01, 1),
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where m > n, a contradiction. Since X is compact, {x,} has a convergent subsequence
{zn;}. Let y = limjenx,,. We also assume that y, Ty ¢ {x,, : n € N} (if not, choose a
subsequence with such a property). According to the above assumptions we may now

write

M(Tx,,, Ty, t) > M(zp,,y,t)

for all i € N and ¢ > 0. Since M (z,y, -) is continuous for all z,y € X by Corollary 5.15
we obtain

lim M(Tz,,, T > lim M(z, =
llél\]l ( xmu yut)—zlél\]l (xnﬂy?t) 1

for each t > 0, hence

lzlerlngxn — Ty’ ............ (1)
Similarly, we obtain
1 2 f— 2 ---------------
lim T, = T7y, (2),

since Ty # T'x,, for all . Now, observe that
M (2, Ty, t) < M(Tay,, Tal t) < - < M(xy,, T2y, t) < M(Txy,, T?x,,,t) <
v < My, Tgy,,, t) < M(Tay,,,, T2,
Thus {M(z,,,, Tz, t)} and {M(Tx,,, T?*x,,,t)} (t > 0) are convergent to a common
limit [¢f.[29]). So, by (1),(2) and Corollary 5.15 we get

s t) <o <1forallt>0.

M(y,Ty,t) = M(lim;z,,, T(lim; z,,),t)
lim; M (z,,,, Ty, t)

lim; M (T, T?x,,,, 1)

M (lim; Tz, lim; T?x,,,, t)
= M(Ty,T?y,t)

for all ¢ > 0. Suppose y # Ty. Then, by M(Tx,Ty,t) > M(x,y,t), M(y,Ty,t) >
M(Ty, T?y,t),(t > 0), a contradiction. Hence y = T'y, a fixed point. Uniqueness follows
at once from M (Tx,Ty,t) > M(x,y,t).

6 Concluding remarks

In this paper, the concept of interval-valued fuzzy metric space is defined, and it
is proved that the topology induced by quasi-metric is consistent with which induced
via a standard interval-valued fuzzy quasi-metric, every quasi-metrizable topological
space admits a compatible interval-valued fuzzy quasi-metric. On the contrary, topol-

ogy generated by interval-valued fuzzy quasi-metric is quasi-metrizable. Furthermore,
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some properties of interval-valued fuzzy quasi-metric space which is bicompletion are

discussed, and it is proved that if an interval-valued fuzzy quasi-metric space has bicom-

pletion, then it is unique in the mean of isometry. Finally, a fuzzy contraction mapping

of interval-valued fuzzy metric space is defined, and the Banach and Edelstein fixed

point theorem to interval fuzzy metric space are promoted.

References

[1] LKramosil, Michalek. Fuzzy metric and statistical metric spaces[J]. Kybernetika,
1975,11:326-334.

[2] A. George, P. Veeramani. On some results in fuzzy metric spaces[J]. Fuzzy Sets and
Systems 1994, 64(3): 395-399.

[3] Z.K.DENG. Fuzzy pseudo metric spaces|J]. Journal Of Mathematical Analysis And Ap-
plications, 1982, 86(1): 74-95.

[4] M.A.Erceg. Metric spaces in fuzzy set theory[J]. Journal Of Mathematical Analysis And
Applications, 1979, 69(1): 205-230.

[5] O. Kaleva, S. Seikkala. On fuzzy metric spaces|J]. Fuzzy Sets and Systems ,1984 ,12(3):
215-229.

[6] A.George, P. Veeramani. On some results of analysis for fuzzy metric spaces|J]. Fuzzy
Sets and Systems, 1997, 90(3): 365-368.

[7] A.George, P. Veeramani. Some theorems in fuzzy metric spaces|J]. Journal of Fuzzy Math-
ematics, 1995, 3: 933-940.

[8] V.Gregori, S.Romaguera. Some properties of fuzzy metric spaces[J]. Fuzzy Sets and Sys-
tems, 2000, 115(3): 485-489.

[9] L.A.Zadeh. The concept of a linguistic variable and its application to approximation
reasoning I[J]. Information Sciences, 1975, 8(3): 199-249.

[10] Y.H.Shen, H.F. Li, F. X. Wang . On Interval-Valued Fuzzy Metric Spaces[J]. International
Journal of Fuzzy Systems, 2012, 14(1): 35-44.

[11] H.P.A. Kiinzi. Nonsymmetric distances and their associated topologies:About the origins
of basic ideas in the area of asymmetric topology,in: Handbook of the history of general
topology[M]. Dordrecht: Kluwer,2001,3: 853-968.

[12] V. Gregori, S.Romaguera, Veeramani P. A note on intuitionistic fuzzy metric spaces|J].
Chaos, Solitons and Fractals, 2006, 28(4): 902-905.

[13] A. Mohamad. Fixed-point theorems in intuitionistic fuzzy metric spaces[J]. Chaos, Soli-
tons and Fractals, 2007, 34(5): 1689-1695 .

[14] D.H. Hong, S. Lee. Some algebraic properties and a distance measure for interval-valued
fuzzy numbers, Information Sciences[J]. 2002, 148(1-4): 1-10.

[15] G.J.Wang, X.P.Li. Correlation and information energy of interval-valued fuzzy num-
bers[J]. Fuzzy Sets and Systems, 1999,103(1): 169-175.

[16] P. Fletcher, W.F. Lindgren. Quasi-Uniform spaces|M].New York:Marcel Dekker, 1982.

[17] L.A.Zadeh, Fuzzy sets[J]. Inform. and Control, 1965, 8: 338-353.

56 Hanchuan Lu et al 41-57



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

[18]

[19]

[20]

[21]
[22]

23]

Z.K.Deng. Fuzzy pseudo metric spaces[J]. Journal Of Mathematical Analysis And Appli-
cations, 1982, 86(1): 74-95.

C. Li. Distances between interval-valued fuzzy sets. Proceedings of The 28th North Ameri-
can Fuzzy Information Processing Society Annual Conference (NAFIPS2009), Cincinnati,
USA, DOI: 10.1109/NAFIPS. 2009. 5156438, Jun. 2009.

M. Grabiec, Fixed points in fuzzy metric spaces[J]. Fuzzy Sets and Systems, 1989, 27:
385-389.

R.E.Moore, Interval Analysis|M]. Prentice Hall, New Jersey, 1996.

C.Chakraborty, D. Chakraborty, Y.Y.Li, A theoretical development on a fuzzy distance
measure for fuzzy numbers[J]. Mathematical and Computer Modelling, 2006, 43: 254-261.

G.Yun , S. Hwang, J. Chang. Fuzzy Lipschitz maps and fixed point theorems in fuzzy
metric spaces[J]. Fuzzy Sets and Systems, 2010, 161: 1117-1130.

R.Vasuki. A common fixed point theorem in a fuzzy metric space. Fuzzy Sets and Systems
97 (1998) 395-397.

S.Sharma. Common fixed point theorems in fuzzy metric spaces|[J]. Fuzzy Sets and Sys-
tems, 2002, 127: 345-352.

S.Sedghi, I. Altun, N. Shobe, Coupled fixed point theorems for contractions in fuzzy
metric spaces[J]. Nonlinear Analysis, 2010, 72: 1298-1304.

D. Mihe. A class of contractions in fuzzy metric spaces[J]. Fuzzy Sets and Systems, 2010,
161: 1131-1137.

M.Imdad, J. Ali. Some common fixed point theorems in fuzzy metric spaces[J]. Mathe-
matical Communications, 2006, 11: 153-163.

B.K.Ray, H.Chatterjee. Some results on fixed points in meteic and Banach spaces[J]. Bull.
Acad. Polon. Math, 1977, 25: 1243-1247.

57 Hanchuan Lu et al 41-57



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

BI-UNIVALENT FUNCTIONS OF COMPLEX ORDER
BASED ON QUASI-SUBORDINATE CONDITIONS
INVOLVING WRIGHT HYPERGEOMETRIC FUNCTIONS

N.E.CHO'* G. MURUGUSUNDARAMOORTHY? AND K.VIJAYA?

"Department of Applied Mathematics
Pukyong National University
Busan 608-737, Korea
E-mail: necho@pknu.ac.kr.

23School of Advanced Sciences, VIT University,
Vellore 632014, Tamilnadu, India
E-mail: gmsmoorthy@yahoo.com; kvijaya@vit.ac.in

*Corresponding Author

ABSTRACT. In the present paper, we introduce and investigate a new subclass of bi-
univalent functions of complex order defined in the open unit disk, which are associ-
ated with Wright hypergeometric functions and satisfying quasi-subordinate conditions.
Furthermore, we find estimates on the second and the third coefficients of the Taylor-
Maclaurin series for functions in the new subclass. Several special consequences of the
results are also pointed out.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let A denote the class of functions of the form:
f(2) :z+Zanz”, (1.1)

which are analytic in the open unit disk
U={z:2€C and |7 <1}.

Further, by § we shall denote the class of all functions in A which are univalent in U.
Some of the important and well-investigated subclasses of the univalent function class &
include (for example) the class 8*(«) of starlike functions of order v in U and the class
K(«) of convex functions of order o in U.
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The study of operators plays an important role in the geometric function theory and
its related fields. Many differential and integral operators can be written in terms of
convolution of certain analytic functions. It is observed that this formalism brings an
ease in further mathematical exploration and also helps to understand the geometric
properties of such operators better.

The convolution or Hadamard product of two functions f,h € A is denoted by f x h
and is defined as

(fxh)(z) =2+ ) anbn2", (1.2)

where f(z) is given by and h(z) =z + Y b,2".

Now we briefly recall the definitions of thens_gecial functions and operators used in this
paper.

For complex parameters aq, ..., q (j—j #£0,—1,...;5=1,2,...0) and (34, ..., Bm (g—fj +
0,—1,...57 =1,2,...m), Fox’s H-function ( for details, see [23]) we mean the Wright’s
generalized hypergeometric functions ;V,, with A;, B; > 0, give (rather general and typical
examples of H—functions, not reducible to G—functions):

o0

(an, Ay)y ooy (amy Ay) B F(ag +nAy) ... Ty +n4) 2"
lqlm( (ﬁlaBl)aa(ﬁmaBl) Z) _Z (51+nBl) (ﬁm+an) n!

{ | (1—a1,A1),...7(1—a;AZ) | } | (13)

o 1,1
Hl ;m—+1

1 0,1),(1= By, By),...,(1— B, B

m l
where 1+ > B, — > A, >0, (I,m € N={1,2,...}) and for suitably bounded values of
n=1

n=1
2.
We note that when A =--- = A, = B; =--- = B, = 1, they turn into the generalized
hypergeometric functions

(1, 1), (e, 1) _ j1;11r(aj) . .
Z‘Pm((ﬁl,l),...,(ﬁm,l) rz ) = fir) 1F(aq, .o oyoq: By B s 2) (1.4)

((<m+1; I,meNy=NU{0};z € U).

Now we state the linear operator due to Srivastava [23] (see [6]) and Wright [24] in
terms of the Hadamard product (or convolution) involving the generalized hypergeo-
metric function. Let [,m € N and suppose that the parameters aq, Ay ..., o, A; and
0By, B1 ..., Bm, By are also positive real numbers. Then, corresponding to a function

lq)m[(ajv )1la(ﬁj7 )1m7 ]
defined by

1Py, Aj)1is (B, Bi)ims 2l = Qu¥inl(ay, Aj1a(Bs, Bj)ims 2] (1.5)
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-1
l m

where Q = (H F(Oéj)) (H F(ﬁj)) , we consider a linear operator
i=1 j=1

Wi, Aj)ris (B, Bj)im) : A — A
defined by the following Hadamard product (or convolution)

Wl(aj, Aj)rs; (Bj, Bj)iml f(2) == 21 ®@m[(y, Aj)1as (85, Bi)ims 2] = f(2).
We observe that , for f(z) of the form(L.1]),we have

Wi, 415 (B Bimlf(2) = 2+ D pn anz" (1.6)

where
QT +Ai(n—1))...T'(q + A(n—1))
T = D)IP(B + Bi(n = 1)) .- - T(B + Bu(n— 1))
If, for convenience, we write
Wi f(2) = Wl(aw, Av), ..., (a1, A); (Br, Br), -, (B, Bl f (2)- (1.8)
We state the following remark due to Srivastava [23] (see [6]) and Wright [24].

Remark 1.1. Other interesting and useful special cases of the Fox-Wright generalized
hypergeometric function ;¥,, defined by include (for example) the generalized Bessel
function .
S ERYURE I I Ry T o R G —
’ T Yool Tnp+v+1)

For = 1, corresponds essentially to the classical Bessel function J”(z), and the general-
ized Mittag-Leffler function

UL 1) (o A)i2) = B =S —
1 1(( ) )a(:u7 )72) K HZ:OF(TL)\"‘M)
Remark 1.2. By setting A; =1(j = 1,...,1) and B, = 1(' 1,...,m) in , we are led
immediately to the genemlzzed hypergeometmc functzon 1Fon(z ) is defined by
= (a1)n ap), 2"
W Fu(2) =Y Fn (o, . ..ap B,y P 2) == Z (1) - () — (1.9)
= ( Un - (Br)n 0!
(<m+1; l,mENO::NU{O}, U),

where («),, is the Pochhammer symbol.

In view of the relationship , the linear operator includes the Dziok-Srivastava
operator (see [3]), so that it includes (as its special cases) various other linear operators
introduced and studied by Bernardi [3], Carlson and Shaffer [4], Libera [11], Livingston
[12], Ruscheweyh [19] and Srivastava and Owa [22].

It is well known that every function f € § has an inverse f~!, defined by

[FifR) =2 (2€0)
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and
st =w (lol <m0 min = 7).
where
gw) = fH(w) = w — ayw® + (2a35 — az)w® — (5a3 — Sagas + az)w* + - - - . (1.10)

A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are univalent
in U. Let ¥ denote the class of bi-univalent functions in U given by .

For some intriguing examples of functions and characterization of the class ¥, one could
refer Srivastava et al., [2I] and the references stated therein (see also, [9]). Recently there
has been triggering interest to study the bi-univalent function class ¥ (see [, 9], 13, [15]
17, 21]) and obtain non-sharp estimates on the first two Taylor-Maclaurin coefficients
las| and |as|. The coefficient estimate problem for each of the following Taylor-Maclaurin
coefficients |a,| for n € N\ {1, 2} is presumably still an open problem.

In 1970 Robertson[I§] introduced the concept of quasi-subordination. An analytic
function f(z) is quasi-subordinate to an analytic function ¢(z), in the open unit disk if
there exist analytic functions h(z) and w, with w(0) = 0 such that |h(z)] <1, |w(z)| <1
and f(z) = h(z)¢[w(z)]. Then we write f(z) <z ¢(2). If h(z) = 1, then the quasi-
subordination reduces to the subordination. Also,if w(z) = z then f(z) = h(2)¢(z) and
in this case we say that f(z) is majorized by ¢(z) and it is written as f(z) << ¢(2)
in U. Hence it is obvious that quasi-subordination is the generalization of subordination
as well as majorization. It is unfortunate that the concept quasi-subordination is so far
an underlying concept in the area of complex function theory although it deserves much
attention as it unifies the concept of both subordination and majorization.

Through out this paper it is assumed that ¢ is analytic in U with ¢(0) = 1 and let

gb(z) = 1+012+OQZ2+0323+"' (Ol >0) (111)
also let
W(z) = Dy + Dyz+ Doz + Dg2® + -+ (J(2) < 1]; z € V). (1.12)

Motivated by the earlier work of Deniz [7] (see [I, 17, 20]) in the present paper, we
introduce new subclass of the function class ¥ of complex order v € C\{0}, involving
Wright hypergeometric functions W! | and find estimates on the coefficients |as| and |as|
for functions in the new subclasses of function class Y. Several related classes are also
considered , and connection to earlier known results are made.

Definition 1.3. A function f € ¥ given by || is said to be in the class ng(fy, A, @) if
the following conditions are satisfied:

1 (Wi, f(2)) - i
v ((1 “ AW F(z) + Az(WE f(2)) 1) <7 (¢(z) — 1) (1.13)
and

1 w(Wi,g(w))’ - e

v ((1 WL g(w) + Az (WL g(w)Y 1) =g (6(w) —1), (1.14)

where v € C\{0}, 0 < A< 1, z € U and the function g is given by ((1.10)).
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Ezample 1. For A = 0 and v € C\{0}, a function f € X, given by (1.1)) is said to be in
the class 82" (7, ¢) if the following conditions are satisfied:

L (2(W,.f(2))
; ( Wi £(2) - 1) <7 (#(2) — 1) (1.15)
and
1 (w(W,g(w))'
; ( WL g(w) - 1) <g (p(w) — 1), (1.16)

where z,w € U and the function g is given by ([1.10)).

On specializing the parameters [,m one can state the various new subclasses of 3 (or
Slz’m(% A, ®) ), as illustrations, we present some examples for the case with A; =1 (j =
1,2,.,0); Bj=1(j=1,2,...,m).

Ezample 2. f Il <m+1, I,m € Ny := NU{0}, and v € C\{0}, then a function f € ¥,
given by |) is said to be in the class Slz’m (7, A, ¢) if the following conditions are satisfied:

1 (90, f(2)) N
v((—kxﬂhﬂ@%+M%hﬂ@Y 1><q@() b

and
1 w (3G, 9(w))’

§<ﬂ—kﬂﬁl()%+M

here 50, £(2) = (5 55 {aslote G2 ) 1(2) = Wl D (3l () 5wl
known Dziok-Srivastava operator [5], the function g is given by (|1.10) and z,w € U.

Example 3. If | =2 and m = 1 with oy = a(a > 0), aza = b,(b > 0) /1 = c¢(c > 0), and
v € C\{0}, a function f € X, given by (1.1 is said to be in the class 85°°(v, A, ¢), if the

following conditions are satisfied:

1 2920 f(2)

V(O—AXﬂv@»+Am%ﬂ@y

Hg(w)) 1> <7 (p(w) = 1), (0< A<,

1) <5 (00 - 1)

and
1

) AN »
v ((1—A)(3?’b (w))+>\(32"b () 1) <q(¢w)—1), (0<A<Lzwel)

where J%° f(2) := <z + Z (a - 1 Jne i ”) x f(z) = H3(a, b;c) f(2), is a well-known Hohlov
operator [I0] and the functlon g is given by (L.10).

Ezample 4. If | = 2 and m = 1 with g = a(a > 0), s = 1, f; = ¢(¢ > 0), and
v € C\{0}, a function f € X, given by ((1.1) is said to be in the class 8%°(v, A, ¢), if the

following conditions are satisfied:

L AL, 0)f(2) )
T \T=NE (@, A7) + A Ela, ) F ()

<z (0(2) = 1)
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and

1 ( w(L(a, c)g(w))"

7\ (L= M) (L(a, 0)g(w)) + A(L(a, c)g(w))

where L(a,c)f(z) == (z + > %z”) x f(2) = H3(a,1;¢) f(2), is a well-known Carlson-
n=2

Shaffer operator [4] and the function g is given by ((1.10)).

,—1) <7 (p(w)—1), (0<A<1z,wel),

Example 5. fl=2and m =1 witha; =0+1(0 > —1),as = 1, /1 = 1, and v € C\{0},
a function f € X, given by (1.1 is said to be in the class 84(v, A, ¢) if the following

conditions are satisfied:

1 2D°f(2))

5(@—Aﬂ®%@»+ﬂﬂvvw‘”><““”‘1>
and
1 w(Dig(w)) ) s -
3 (Tt oy ~1) @0 =D 03 <baweD)

where D? is called Ruscheweyh derivative[19] of order § (§ > —1) and D f(2) := o *
f(2) =H2(0 +1,1;1) f(2) and the function g is given by (1.10)).

Ezample 6. If | =2 and m = 1 with oy = 1, ap = 1, 1 = 1, and 7y € C\{0}, a function
f € %, given by (1.1)) is said to be in the class 8%(v, A, ¢) if the following conditions are

satisfied:
1 zf'(2)
e R RCCR
and
1 wg'(w)
; ((1 — Ng(w) + \g'(w) - 1) <7 (p(w) — 1),

where 0 < XA < 1, z,w € U and the function g is given by ([1.10]).

Ezample 7. If | =2 and m = 1 with a1 = 1, ap = 1, #; = 1, and A = 0;y € C\{0}, a
function f € X, given by (|1.1)) is said to be in the class 8% (v, ¢) if the following conditions
are satisfied:

TET
and
S 1) < o) - 1),

where 0 < A < 1, z,w € U and the function g is given by ([1.10]).

Remark 1.4. For A = 0 and v € C\{0}, a function f € 3, given by (L.1)), as in Example
1, one can state various analogous subclasses defined in Examples 2 to 4.
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Definition 1.5. A function f € ¥ given by 1} is said to be in the class Blz’m(’y, A, @) if
the following conditions are satisfied:

1 (Z”(Winf(Z))’
v\ WL ()]

~1) < (60 - ) (117

and

1 (w W) (o) —
~ ( WL g(w)]i—> 1> <z (p(w) — 1), (1.18)

where v € C\ {0}, A > 0,z,w € U and the function g is given by([1.10).

On specializing the parameters A one can define the various new subclasses of Y associ-
ated with Wright hypergeometric functions W! | as illustrated in the following examples.

Example 8. For A = 0 and a function f € X, given by 1D Blz’m(% 0,9) = SIE’m(% ®).

Example 9. For A = 1, a function f € ¥, given by 1} is said to be in the class leE’m(fy, o)
if the following conditions are satisfied:

= (W) = 1) <5 (6(2) = (1.19)
and
((Wh,g(w)) — 1) <q (6(w) — 1), (1.20)
where v € C\ {0}; z,w € U and the function g is given by(L.10).

2

It is of interest to note that for v = 1 the class Blz’m(% A, ¢) reduces to the following
new subclass BY™(\, ¢).

Ezample 10. A function f € ¥ given by (1.1) is said to be in the class BY™(\, ¢) if the

following conditions are satisfied:

(ZI‘A(W%J (=)'
(Wi f (2)]1

— 1) =g (o(2) — 1) (1.21)

and

@{%}Z‘Eﬁfﬁi)’ B 1) <z (d(w) — 1), (1.22)

where A > 0, z,w € U and the function g is given by (|1.10)).

Remark 1.6. On specializing the parameters [, m one can state the various new subclasses
of BL™ (7, X\, #) , as illustrated in Examples [1| to Examples , with 4; =1 (j=1,2,...,1);
B;=1((=12,..,m).

In the following section, we find estimates on the coefficients |ay| and |as| for functions
in the above-defined subclasses Slz’m(fy, A, ¢) and Blz’m(fy, A, @) of the function class 3.
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2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS G (7, )\, ¢)

In order to derive our main results, we shall need the following lemma.

Lemma 2.1. (see [16]) If h € P, then |cx| < 2 for each k, where P is the family of all
functions h, analytic in U, for which

R{h(2)} >0 (z € 1),
where
h(z) =1+cz+c2®+--- (z € U).

We begin by finding the estimates on the coefficients |as| and |as| for functions in the
class G¥ (7, A, ¢). Define the functions p(z) and ¢(z) by

14 u(z) 5
= -1 -
p(z) =1 s~ LTPEtRe
and
1+v(z) 2
Q(Z) 1 —U(Z) +QIZ+Q22 +
or, equivalently,
o) —-1 1 P\ o
u(z) = o)+ 1 =3 mz+ | p2 5 z° +
and
o q(z) — 1 1 Q% 2
v(z) = EE =3 ¢z + | @ 5 2+ .

Then p(z) and ¢(z) are analytic in U with p(0) = 1 = ¢(0). Since u,v : U — U, the
functions p(z) and ¢(z) have a positive real part in U, and |p;| < 2 and |¢]| < 2.

Theorem 2.2. Let the function f(z) given by (1.1) be in the class G (v, X, ¢). Then
7] [Do|Crv/Cy

|az| < = - - (2.1)
VI Do (A = 1)CF + (1 = A)*(C1 = Ca)¢3 + 29(1 = A) DoCops|
and
[vDol* C} [7Do| Ch 7Dy |Ch
= g AN T 20— e (22)
Proof. Tt follows from and that
1 (WL f(2))
(Tt oy ~Y) TeRE - e
and
1 w(Whug(w) ) wreatean
(o s — 1) =) <11 (24)
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where p(z) and ¢(w) in P and have the following forms:

1 1 1 2 DyC:
Y(2)[p(u(z)) — 1] = §D001p12 + |:_D1 Cip+ §D001 (pz - &) + LP%} 2

2 2 4
(2.5)
and
1 1 1 2 DyC
B(u)B(o(w) - 1) = ;OuCianw + 301 Cran+ 500G (= ) + 2%
(2.6)
respectively. Now, equating the coefficients in (2.3) and (2.4)), we get
1—A 1
( )902@2 = §D001p1, (2.7)
(>‘2 —1) , 5, 2(1-=X) 1 1 pf DyCs
R =-D, C —DyC' - = 2.8
5 Pra5 + 5 paaz = 51 1p1+2 e + L P (2.8)
1—A 1
I ) S DuCra (2.9)
and
A2 -1 2(1 — A 1 1 2\  D,C
( 5 )90§a§+ (T)%@a% —az) = §D1 Ciqa +§D001 (QQ — 51) + 31 ¢ (2.10)
From ([2.7) and ({2.9)), we find that
D _
= oCipr 71706'1(]17 (2.11)
2(1=Npa  2(1 =Ny
which implies
p1=—q (2.12)
and
8(1 — \)*p3a3 = v* D3CT(pi + q7). (2.13)

Adding (2.8)) and (2.10)), by using(2.12)and([2.13)) ,we obtain

4 ([’YDO()\z - 1)012 +(1— )\)2(01 - 02)]903 + 2’YD0(1 - )\)012903) ag = 72Dgcf(292 + ¢2).
(2.14)
Thus,

o = V*D3C (p2 + g2) ' (2.15)
4 ([yDo(A? = 1)CF + (1 = M)2(Cy — C2)]3 + 27Dy (1 — X)CTp3)
Applying Lemma for the coefficients py and g9, we immediately have
wf? < [ PIDof2C
© T Do = 1)CF + (1= N2(Cr — Co)lid + 2y Do (1 — \)Clis|

Since Cy > 0,the last inequality gives the desired estimate on |as| given in ({2.1)).

(2.16)
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Next, in order to find the bound on |as|, by subtracting (2.10)) from ([2.8]), we get
41— N) 41— N)

p3asz — —803(13
Y
D, C — DyC — Dy(Cy — C)(p? — ¢?
_ 4 1(p1— @) n 0C1(p2 — @) 1 0(Cs 1) (p? CI1). (2.17)
2 2 4
It follows from (2.11]), (2.12)) and (2.17)) that
ag = ’YQD(%C%(ZU% + Q%) YD1 Ci(p1 — q1)  YC1Do(p2 — ¢2)
8(1 = A)*¢3 8(1 = A)eps 8(1 = A)es
Applying Lemma once again for the coefficients py and ¢o, we readily get
as| [vDol? €T |vDo| Ci [vD:|Cy
3 < .
(1=A)%93  2(1=A)ps  2(1 = A)es
This completes the proof of Theorem [2.2] O

Putting A = 0 in Theorem we have the following corollary.
Corollary 2.3. Let the function f(z) given by 1) be in the class Slz’m(’y,gb). Then

B \/| Cy — — vDoCFls + 27 Do Cleps]
and
Dy|?C? Dy|C D |C
|CL3| < |/7 0| 1 + |/7 0| 1 ++|7 1| 1. (219>

©3 23 23

Now we state the following corollaries for the function classes 8%(7v, A, ¢) and 8%(7v, )
defined in Example 5 and Example 6, respectively.

Corollary 2.4. Let the function f(z) given by (1.1)) be in the class 85(v, A, ¢). Then

[7Do|C1v Ty 9.9
|as| < > (2.20)
\/| 01 02 +")/D00 |
and
0] < [VDo*CE | I7Do|Cy | YDAl Ch (2.21)
T (1=X)2 2(1=X)  2(1-)N) '
Corollary 2.5. Let the function f(z) given by (1.1)) be in the class 8&(v, ¢). Then
las| < |7D0|C1v01 (2.22)
~ VI(Cr = Co) + Do CE|
and
Dy|C D |C
jas] < [yDofrc? + 120 P DIICY (2.23)

2 2
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3. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS BY"(v, ), ¢)
Theorem 3.1. Let the function f(z) given by (1.1) be in the class B (v, N, ¢). Then
7] 1Do]Crv/2Ch

|a2\ S 5 3 55 (31)
VITDoCH(A = 1)(A + 2)¢3 + 2(A + 2) i3] — 2(Co — C1)(1 + )23
and
|7 Do|Cy )2 v Do|Cy |vD1|Ch
< [ ol . 3.9
as] < ((1 Ne) T e T A0t Ve (32)

Proof. Let [ € Blz’m(% A, ¢) and g = f~1. Then there are analytic functions u, v : A — A
with u(0) = 0 = v(0), satisfying

1 (2O, f(2) )
— m —1) =v92)|p(u(z)) — 1 3.3
(s () -1 83
and
1 (w2 W,,9(w))’ )
- “ — 1| =y (w)o(u(w)) —1]. 3.4
(e (w) 6 u(w)) - 1] (3.4)
In light of - (L11), from (2.5) and (2.6), it is evident that
A1 1 A—=1)(A+2
( )902@22 + 5 [()\ + 2)psas + ( )2( )cpga%} 2.
1 1 1 2 D,C:
= §D001p12 + {§D1 Cipr + 5D001 (pz - %) + %pﬂ 24
and
A1 1 A—1)(A+2
- )¢2a2w+; {—(A+2)<p3a3+ << )2( )90§+2(A+2)903) ag} w?
1 1 1 2 DyC:
= §D0C'1q1w + [§D1 Ciq1 + §DOCI (Q2 - %1) + 1 QQ%] W+ -
Now proceeding on lines similar to Theorem [2.2] we get the desired results. O

Choosing A = 0 and A\ = 1 we state the initial Taylor coefficients for the function classes
8" (7, ¢) and 35" (7, 9).

4. CONCLUDING REMARKS

For the class of strongly starlike functions, the function ¢ is given by

1 «
o(z) = <1+Z) =1+2az+2a%22+--- (0<a<l), (4.1)
—z

which gives
C,=2a and Cy =202

68 N.E.CHO et al 58-70



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

BI-UNIVALENT FUNCTIONS OF COMPLEX ORDER 12

On the other hand, for —1 < B < A < 1 if we take

_1—|—Az
14+ Bz

o(2) =1+(A-B)z—B(A-B)2*>+ B*(A—-B)z* +---, (4.2)

then we have
C,=(A-B), C;=—B(A-B).
By taking, A = (1 —28) where 0 < <1 and B = —1 in (4.2), we get

o(z) = 1+ (11:Z25)z
= 14+2(1-8)z+21-3)22+2(1 - p)2* +---. (4.3)

Hence, we have
C,=0Cy=2(1-0).
Further, by taking 8 = 0, in (4.3)), we get

1
P(z) = 1+Z—1+2z+222+223+~-- :
—Z

Hence,
C,=0,=2.

Various Choices of ¢ as mentioned above and suitably choosing the values of C; and
(5, we state some interesting results analogous to Theorem , Theorem and the
Corollaries 2.3 to 2.5 for various new subclasses of X.

Remark 4.1. Setting A; =1(j=1,...,))and B;=1(j=1,...,m)andif [ =2and m =1
with oy = p+1(p > —1), ap = 1, 1 = p+ 2, where J, is a Bernardi operator [3] defined
by

R 'U“+ 1 - pn—1 — 2 .

32 = Pt [ 0 = B 1 2) 1),

Note that the operator .J; was studied earlier by Libera [I1] and Livingston [12] and various
other interesting corollaries and consequences of our main results (which are asserted
by Theorem and Theorem above) can be derived similarly. Further, by setting
Ay =1(j=1,.,l])and B; =1 (j = 1,...,m) and suitably choosing [,m, A\, we can
state the various results for the new classes defined in Examples [I] to [L0, but the details
involved may be left as an exercise for the interested reader.

ACKNOWLEDGEMENT

This research was supported by the Basic Science Research Program through the Na-
tional Research Foundation of Korea (NRF) funded by the Ministry of Education, Science
and Technology (No. 2016R1D1A1A09916450).

69 N.E.CHO et al 58-70



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

BI-UNIVALENT FUNCTIONS OF COMPLEX ORDER 13

REFERENCES

[1] R. M. Ali, S. K. Lee, V. Ravichandran, S. Supramaniam, Coefficient estimates for bi-univalent Ma-
Minda star-like and convex functions, Appl. Math. Lett. 25 (2012) 344 -351.

[2] D. A. Brannan and T. S. Taha, On some classes of bi-univalent functions, Studia Univ. Babes-Bolyai
Math. 31 (2) (1986), 70-77.

[3] S. D. Bernardi, Convex and starlike univalent functions, Trans. Amer. Math. Soc. 135 (1969), 429—
446.

[4] B. C. Carlson and S. B. Shaffer, Starlike and prestarlike hypergeometric functions, STAM J. Math.
Anal. 15 (1984), 737-745.

[5] J.Dziok and H. M. Srivastava, Certain subclasses of analytic functions associated with the generalized
hypergeometric function, Intergral Transform Spec. Funct. 14 (2003), 7-18.

[6] J. Dziok and R. K. Raina, Families of analytic functions associated with the Wright generalized
hypergeometric function, Demonstratio Math. 37 (3) (2004), 533-542.

[7] E. Deniz, Certain subclasses of bi-univalent functions satisfying subordinate conditions, J. Classical
Anal. 2(1) (2013), 49-60.

[8] B. A. Frasin and M. K. Aouf, New subclasses of bi-univalent functions, Appl. Math. Lett. 24 (2011),
1569-1573.

[9] T. Hayami and S. Owa, Coefficient bounds for bi-univalent functions, Pan Amer. Math. J. 22 (4)
(2012), 15-26.

[10] Yu. E. Hohlov, Hadamard convolutions, hypergeometric functions and linear operators in the class
of univalent functions, Dokl. Akad. Nauk Ukrain. SSR Ser. A 1984 (7) (1984), 25-27.

[11] R. J. Libera, Some classes of regular univalent functions, Proc. Amer. Math. Soc. 16 (1965), 755~
758.

[12] A. E. Livingston, On the radius of univalence of certain analytic functions, Proc. Amer. Math. Soc.
17 (1966), 352—-357.

[13] X.-F. Li and A.-P. Wang, Two new subclasses of bi-univalent functions, Internat. Math. Forum 7
(2012), 1495-1504.

[14] W. C. Ma, D. Minda, A unified treatment of some special classes of functions, in: Proceedings of
the Conference on Complex Analysis, Tianjin, 1992, 157 - 169, Conf. Proc. Lecture Notes Anal. 1.
Int. Press, Cambridge, MA, 1994.

[15] G. Murugusundaramoorthy and T. Janani, Bi-starlike function of complex order associated with
hypergeometric functions, Miskole Math. Notes. 16 (1) (2015), 305-319 .

[16] C. Pommerenke, Univalent Functions, Vandenhoeck & Ruprecht, Gottingen, 1975.

[17] T. Panigarhi and G. Murugusundaramoorthy, Coefficient bounds for Bi-univalent functions analytic
functions associated with Hohlov operator, Proc. Jangjeon Math. Soc. 16 (1) (2013), 91-100.

[18] M. S. Robertson, Quasi-subordination and coefficient conjectures, Bulletin of the American Mathe-
matical Soceity, 76 (1970), 1-9.

[19] St. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math. Soc. 49 (1975), 109-115.

[20] H. M. Srivastava, G. Murugusundaramoorthy and N. Magesh, Certain subclasses of bi-univalent
functions associated with the Hohlov operator, Global J. Math. Anal. 2 (1) (2013), 67-73.

[21] H. M. Srivastava, A. K. Mishra and P. Gochhayat, Certain subclasses of analytic and bi-univalent
functions, Appl. Math. Lett. 23 (2010), 1188-1192.

[22] H. M. Srivastava and S. Owa, Some characterization and distortion theorems involving fractional
calculus, generalized hypergeometric functions, Hadamard products, linear operators and certain
subclasses of analytic functions, Nagoya Math. J. 106 (1987), 1-28.

[23] H. M. Srivastava, Some Fox’s-Wright generalized hypergeometric functions and associated families
of convolution operators, Appl. Anal. Discrete Math. 1 (2007), 56771.

[24] E. M. Wright, The asymptotic expansion of the generalized hypergeometric function, Proc. London.
Math. Soc. 46 (1946), 389-408.

70 N.E.CHO et al 58-70



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

On uni-soft mighty filters of BF-algebras
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Abstract. The notion of uni-soft mighty filters of a BFE-algebra is introduced, and related properties are in-
vestigated. The problem of classifying uni-soft mighty by their y-exclusive filter is solved. We construct a new

quotient structure of a transitive BE-algebra using a unit soft filter and consider some properties of it.

1. Introduction

Kim and Kim [7] introduced the notion of a BFE-algebra, and investigated several properties.
In [2], Ahn and So introduced the notion of ideals in B E-algebras. They gave several descriptions
of ideals in B FE-algebras.

Various problems in system identification involve characteristics which are essentially non-
probabilistic in nature [12]. In response to this situation Zadeh [13] introduced fuzzy set theory
as an alternative to probability theory. Uncertainty is an attribute of information. In order to
suggest a more general framework, the approach to uncertainty is outlined by Zadeh [14]. To
solve complicated problem in economics, engineering, and environment, we can’t successfully use
classical methods because of various uncertainties typical for those problems. There are three
theories: theory of probability, theory of fuzzy sets, and the interval mathematics which we
can consider as mathematical tools for dealing with uncertainties. But all these theories have
their own difficulties. Uncertainties can’t be handled using traditional mathematical tools but
may be dealt with using a wide range of existing theories such as probability theory, theory of
(intuitionistic) fuzzy sets, theory of vague sets, theory of interval mathematics, and theory of
rough sets. However, all of these theories have their own difficulties which are pointed out in
[10]. Maji et al. [9] and Molodtsov [10] suggested that one reason for these difficulties may be
due to the inadequacy of the parametrization tool of the theory. To overcome these difficulties,
Molodtsov [10] introduced the concept of soft set as a new mathematical tool for dealing with
uncertainties that is free from the difficulties that have troubled the usual theoretical approaches.
Molodtsov pointed out several directions for the applications of soft sets. At present, works on
the soft set theory are progressing rapidly. Maji et al. [9] described the application of soft set

92010 Mathematics Subject Classification: 06F35; 03G25; 06D72.
YKeywords: BFE-algebra; (mighty) filter; uni-soft (mighty) filter.
* The corresponding author. Tel: +82 2 2260 3410, Fax: +82 2 2266 3409
YE-mail: hanGhanyang.ac.kr (J. S. Han); sunshine@dongguk.edu (S. S. Ahn)
9This work was supported by the research fund of Hanyang University(HY-2016-G).
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theory to a decision making problem. Maji et al. [8] also studied several operations on the theory
of soft sets.

H. R. Lee and S. S. Ahn [6] introduced the notion of a mighty filter in BE-algebras, and
investigated some properties of it. Jun et al. [5] introduced the notion of a uni-soft filter of a
BFE-algebra, and studied their properties.

In this paper, we introduce the notion of a uni-soft mighty filter of a B F-algebra, and investigate
their properties. We solve the problem of classifying uni-soft mighty by their y-exclusive filter.
Also we construct a new quotient structure of a transitive B E-algebra using a unit soft filter and
study some properties of it.

2. PRELIMINARIES

We recall some definitions and results discussed in [7].

An algebra (X;*,1) of type (2, 0) is called a BE-algebra if
(BE1l) x *x =1 for all z € X
(BE2) zx1=1forall z € X;
(BE3) 1xx =z for all x € X;
(BE4)

BE4) x % (yxz) =y* (xxz) for all z,y,z € X (exchange)

We introduce a relation “<” on a BE-algebra X by x < y if and only if z *y = 1. A non-empty
subset S of a BFE-algebra X is said to be a subalgebra of X if it is closed under the operation
“x7. Noticing that x * x = 1 for all x € X, it is clear that 1 € S. A BFE-algebra (X, 1) is said
to be self distributive if x x (y* z) = (zxy) * (v * 2) for all z,y,z € X.

Definition 2.1. Let (X;x*,1) be a BE-algebra and let F' be a non-empty subset of X. Then F’
is called a filter of X if

(F1) 1 e F;

(F2) zxy € Fand x € F imply y € F for all z,y € X.
F'is a mighty filter [6] of X if it satisfies (F1) and

(F3) 2% (y*xx) € Fand z € Fimply ((rxy)*xy)xx € F for all z,y,z € X.

Proposition 2.2. Let (X;*,1) be a BE-algebra and let F be a filter of X. If t <y and v € F
for any y € X, then y € F.

Proposition 2.3. Let (X;x*,1) be a self distributive BE-algebra. Then following hold: for any
x,y,z € X,
(i) ifx <y, then zxx < zxy and y* z < T * z.
(i) y* 2z < (zxx)* (y * 2).
(iil) y* 2z < (zxy) * (x * 2).
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A BE-algebra (X;*,1) is said to be transitive if it satisfies Proposition 2.3(iii).
Theorem 2.4.([6]) A filter F' of a BE-algebra X is mighty if and only if

(2.1) Ve,ye X)(yxx e F= ((x*xy)*y)*xz € F).

A soft set theory is introduced by Molodtsov [10]. In what follows, let U be an initial universe
set and X be a set of parameters. Let &2(U) denote the power set of U and A, B,C,--- C X.

Definition 2.5. A soft set (f, A) of X over U is defined to be the set of ordered pairs
(f; A) = A(z, f(2)) - x € X, f(z) € Z(U)},
where f: X — Z(U) such that f(z) =0 if z ¢ A.

For a soft set (f, A) of X and a subset v of U, the vy-ezxclusive set of (f, A), denoted by e (f;7),
is defined to be the set

ea(fi7) ={r e Al f(z) S}
For any soft sets (f, X) and (g, X) of X, we call (f, X) a soft subset of (g, X), denoted by

(f,X) C (g9,X),if f(x) C g(z) for all x € X. The soft union of (f,X) and (g, X), denoted by
(f,X) U (g,X), is defined to be the soft set (fUg, X) of X over U in which fUg is defined by

(fUg) (x) = f(x)Ug(x) for all z € X.

The soft intersection of (f, X) and (g, X), denoted by (f, X) N (g, X), is defined to be the soft
set (fNg, M) of X over U in which fNg is defined by

(fNg)(z) = f(z)Ng(x) for all x € M.

3. UNI-SOFT MIGHTY FILTERS

In what follows, we take a BFE-algebra X, as a set of parameters unless specified.

Definition 3.1.([5]) A soft set (f, X) of X over U is called a union-soft filter (briefly, uni-soft
filter) of X if it satisfies:

(US1) (Vo e X) (f(1) € f(z)),

(US2) (Vo,y € X) (f(y) € flz*y)U f(z)).

Proposition 3.2.([5]) Every uni-soft filter (f, X') of X over U satisfies the following properties:

(i) (Vo,y € X)(z <y = f(y) C f(z))
(ii) (Vz,y,2 € X) (z <wxy = f(y) € f(z) U f(2)).

Definition 3.3. A soft set (f, X) of X over U is called a union-soft mighty filter (briefly, uni-soft
mighty filter) of X if it satisfies (US1) and

(US3) (Va,y,z € X) (f((zxy) xy) xx) C f(z* (y*x)) U f(2))).
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Example 3.4. Let E' = X be the set of parameters where X := {1,a,b,¢,d,0} is a BE-algebra
[7] with the following Cayley table:

x|1 a b ¢ d 0
11 a b ¢ d O
all 1 a ¢ ¢ d
bl 1 1 ¢ ¢ ¢
cll a b1 a b
d|l 1 a1 1 a
0/1 11111

Let (f, X) be a soft set of X over U := Z defined as follows:

N ifr € {1,a,b}
Z ifx € {cd,0}.

It is easy to check that (f, X) is a uni-soft mighty filter of X.

f:X—n@(U),xH{

Proposition 3.5. Every uni-soft mighty filter of a BE-algebra X is a uni-soft filter of X.

Proof. Let (f,X) be a uni-soft mighty filter of X. Setting y := 1 in (US3), we have f(z) =
(z*x1)*1)*x) C f(z*(1xx))U f(2) = f(z*2)U(2). Hence (US2) holds. Therefore (f, X) is
a uni-soft filter of X. 0

The converse of Proposition 3.5 is not true in general as seen in the following example.

Example 3.6. Let F = X be the set of parameters where X := {1, a,b,¢,d} is a BFE-algebra [7]
with the following Cayley table:

QU O QD ¥
— = = =
— Q = 9|2
—_ o = o O
— = a0 o oo
SO QL Q&

1 1
Let (f, X) be a soft set of X over U := Z defined as follows:
3N if x € {1}
f: X —=>20U), x—< 4N if z € {a}
3Z it x e {bc,d}.

It is easy to check that (f, X) is a uni-soft filter of X. But it is not a uni-soft mighty filter of X,
since f(((axc)*c)xa)= f(a) =4ANZ f(1x (cxa))U f(1) = f(1) = 3N.

We provide conditions for a uni-soft filter to be a uni-soft mighty filter.

Theorem 3.7. Any uni-soft filter of a BFE-algebra X is mighty if and only if it satisfies
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(3.1) (Vo,y € X)(f(((xxy) xy) xx)) € f(y* ).

Proof. Assume that a uni-soft filter (f, X)) of X is mighty. Putting z := 1 in (US3), we have

f(((xxy)xy)*xz) C f(1x(y*xz))U f(1) = f(y*x). Hence (3.1) holds.
Conversely, suppose that the uni-soft filter (f, X') of X satisfies the condition (3.1). Using (3.1)

and (US2), we have f(((zxy)*y)xx) C f(y*xz) C f(zx(y*xz))U f(2) for any z,y € X. Hence
(f,X) is an uni-soft mighty filter of X. O

Proposition 3.8. Let (f, X) be a uni-soft mighty filter of a BE-algebra X. Then X; := {z €
X|f(z) = f(1)} is a mighty filter of X.

Proof. Clearly, 1 € X;. Let z* (y*x),z € Xy. Then f(z* (y*2z)) = f(1) and f(2) = f(1).
It follows from (US3) that f(((zxy)*xy)*x2) C f(z* (y*xz)) U f(2) = f(1). By (US1), we get
f(((xxy)*y)*x) = f(1). Hence ((z *y) xy) *x € X;. Therefore X; is a mighty filter of X. O

Theorem 3.9. Let (f,X) and (g, X) be uni-soft filters of a transitive BE-algebra such that
(f,X)C(g,X) and f(1) = g(1). If (g, X) is mighty, then so is (f, X).

Proof. Let x,y € X. Note that y x ((y x z) xx) = (y:k x)* (y*x ) = 1. Since (g, X) is a uni-soft
mighty filter of a BFE-algebra X, by (3.1) and (f, X)C(g, X) we have g(1) = g(y* ((y*x)*x)) D
g(((yxx)xx)xy)wy)« ((yrx)xx)) 2 F(((((y+x) xx)xy) xy)* ((y*x)«x)). Since f(1 )29(1)
we get f((y* )« (((yx2) xx) xy) wy) x 7)) = f((((y *2) 2 2) 2 y) xy) * ((y # 2) x2)) = f(1). 1
follows from (US1) and (US2) that
flyxz) =f)U fly*x)
=f((yxx)* (((((y*xx)*xx)*xy)*y)*xx)) U f(y*x) (3.2)
2f (Y + ) * x) x y) x y) * ).

Since X is transitive, we get

[((((y * 2) % @)+ y) * ) * 2] (=

—~
A
\_/
*
<

+ ]
> ((1’ y)*y) (g 2) x 2) x y) *y)
> (((y x ) 2) xy) * (2% y)
> ((y*x)*x)
= (y*xx)* (zx2)
=(yxz)*x1=1.
It follows from Proposition 3.2 that f(((((y*x)*x)*y)xy)*x)Uf(1) = f(((((yxx)*z)*y)*y)*x) D

f(((zxy)=y)*x). Using (3.2), we have f(yxx) 2 f(((((y*z)xx)*y)*y)*x) 2 f(((x*xy)*y)*).
Therefore f(y *x) 2 f(((x *xy) *y) *x). By Theorem 3.7, (f, X) is a uni-soft mighty filter of

X. U
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Let (f, X) be a uni-soft filter of a transitive BE-algebra X. Define a binary relation “~/ " on
X by putting z ~f y if and only if f(z*y) = f(y*x) = f(1) for any z,y € X.

13

Lemma 3.10. The relation “ ~/ 7 is an equivalence relation on a transitive BE-algebra X.

Proof. For any x € X, v 2 = 1 by (BE1). So f(z *z) = f(1), hence x ~/ x, which ~/ is
reflexive. Suppose that # ~f gy for any z,y € X. Then f(z *y) = f(y*x) = f(1). Hence
~f is symmetric. Assume that x ~f y and y ~/ 2 for any x,y,z € X. Then f(x *y) =
flyxx) = f(1) and f(y*z2) = f(zxy) = f(1). By transitivity, (z*y) * [(y % 2) * (z* 2)] = 1 and
(z*y) * [(y*z) * (zxx)] = 1. By Proposition 3.2, we have f(z*2) C f(y*x2)U f(z*xy) = f(1)
and f(z*xx) C fyxx)U f(z*y) = f(1). Hence f(zxx) = f(zxx) = f(1), i.e., x ~/ 2. Thus
~7 is an equivalence relation on X. [l

43

Lemma 3.11. The relation “ ~f 7 is a congruence relation on a transitive BE-algebra X.

Proof. If v ~/ y and u ~/ v for any x,y,u,v € X, then f(z xy) = f(y*x) = f(1) and
f(uxv) = f(vsu) = f(1). By transitivity, (uxv)*[(xxu)*(z*v)] = 1 and (vxu)*[(z*xv)*(xxu)] = 1,
it follows from Proposition 3.2 that f(1) = f(u*xv) 2 f((z*u)* ((x*v)) and f(1) = f(vxu) D
f((x*v) % (x*u)). Hence f((x *u)* (xxv)) = f(1) and f((z *v)* (z*u)) = f(1). Therefore
rxu ~f zxv. By a similar way, we can prove that x xv ~7 y*v. Hence x *xu ~f y*v. Therefore
~/ is a congruence relation on X. U

X is decomposed by the congruence relation ~f. The class containing z is denoted by f,.
Denote X/f := {f.|]r € X}. We define a binary relation e on X/f by f, e f, := fu,. This

definition is well defined since ~7 is a congruence relation on X

Lemma 3.12. f; = X;.

Proof. fi ={zr € X[1 ~ 2} ={z € X|f(1*2) = f(z+1) = f(1)} = {z € X|f(2) = f(1)} =
Xy. O
Theorem 3.13. Let (X, f) be a uni-soft filter of a transitive BE-algebra X. Then (X/f;e, f1)
is a transitive B FE-algebra.

Proof. 1t is straightforward. U

Theorem 3.14. Let X be a transitive BE-algebra. If every filter of the quotient algebra X/ f
is mighty, then a uni-soft filter of X is mighty.

Proof. Suppose that every filter of the quotient algebra X/f is mighty and let z,y € X be
such that y * x € f;. Then f(y xx) = f(1) and so f, @ f, € fi. Since {fi} is a mighty
filter of X/ f, it follows from Theorem 2.4 that f((zsy)p)ee = ((fz ® fy) ® f,) ® fo € fi. Hence

F(((x y) +y)%) + ) = F(1). Therefore f(y+z) = f((x +y)+y)) +2). Thus (f, X) is a uni-soft
mighty filter by Theorem 3.7. U
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Theorem 3.15. A uni-soft set (X, f) of a BE-algebra X is a uni-soft mighty filter of X if and
only if the set ex (f;7) := {x € X|f(z) C ~} is a mighty filter of X for all v € £([0,1]) whenever
it is nonempty.

Proof. Suppose that (f, X) is a uni-soft mighty filter of X. Let x,y,z € X and v € £([0,1])
be such that z x (y * x) € ex(f;7) and z € ex(f;7). Then f(z* (y*x)) C v and f(2) C . It
follows from (US1) and (US3) that f(1) C fx(((z*y)*y)xx) C f(z* (y+x))U f(z) C ~. Hence
Le€ex(f;y) and ((x*xy) xy) xx € ex(f;7), and therefore ex(f;~) is a mighty filter of X.
Conversely, assume that ex(f;7) is a mighty filter of X for all v € £2([0, 1]) with ex(f;~) # 0.
For any x € X, let f(x) = 7. Then x € ex(f;7). Since ex(f;7) is a mighty filter of X, we
have 1 € ex(f;v) and so f(x) =~ 2 f(1). For any z,y,2 € X, let f(2* (y * 2)) = Vas(yra) and
f(2) = 7:. Let v := Yauqyea) U7z, Then zx (y*x 2) € ex(f;7) and z € ex(f;) which imply that
((zxy)*y) xx € ex(f;7). Hence f(((z % y) *y) ) S 7 = Yautyra) U7z = [(2 % (y ¥ 2)) U f(2).
Thus (f, X) is a uni-soft mighty filter of X. O
We call ex(f;7) a y-exclusive filter of a BE-algebra X.

Theorem 3.16. Every filter of a BFE-algebra can be represented as a y-exclusive set of a uni-soft
mighty filter, i.e., given a filter F' a BE-algebra X, there exists a uni-soft mighty filter (f, X) of
X over U such that F is the y-exclusive set of (f, X) for a non-empty subset v of U.

Proof. Let F be a filter of a BE-algebra X. For a subset 7 of U, define a soft set (f, X) over U
by
v ifxeF,
[: X —=20), ;1;.—>{ U ifzéF.
Obviously, F' = ex(f;v). We now prove that (f, X) is a uni-soft mighty filter of X. Since 1 €
F =ex(f;7), we have f(1) =~ C f(x) for all z € X. Let z,y,2 € X. If 2% (y *x), 2z € F, then
((xxy)xy)*xx € F because F' is a mighty filter of X. Hence f(zx(yxx)) = f(2) = f(((xxy)*y)*xx) =
v, and so f(2 (yx2)Uf(2) D F((w5y)y) ). T 2x(ya) € Fand = ¢ F, then f(+ (y)) =
and f(z) = U which imply that f(z*(y*x)))Uf(2) =vUU =U 2 f(((z*y)*y)*x). Similarly,
if zx(y*xx) ¢ Fand z € F, then f(zx* (y*xz))) U f(2) 2 f(((z *y) *y) * ). Obviously, if
zx(y*xx) ¢ Fand z ¢ F, then f(z* (yxx)) U f(2) 2 f(((z *xy) xy) *x x). Therefore (f, X) is a
uni-soft mighty filter of X. O

Any filter of a BFE-algebra X cannot be represented as a ~y-exclusive set of a uni-soft mighty
filter (f, X) of X over U (see Example 3.17).

Example 3.17. Let X = {1,a,b,¢,d,0} be the BE-algebra as in Example 3.4. Given U = X,
consider a soft set (f, X) over U which is defined by

‘ {c} ifx e {]_,Cl,b},
f: X —-20), l’H{ {1,¢} ifx € {c,d,0}.
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Then (f, X) is a uni-soft mighty filter of X. The ~-exclusive sets of (f, X) are described as
follows:

X if v 2 {1,c},
ex(fiv) = q{1,a,0} if{c} Sy C{l,c}
0 otherwise.

The filter {1} cannot be a ~y-exclusive set ex(f;7), since there is no v C U such that ex(f;v) =
{1}.

Proposition 3.18. Let (f, X) be a uni-soft filter of a transitive BE-algebra X. The mapping
v: X — X/f, given by v(x) := f,, is a surjective homomorphism, and Kervy = {z € X|y(z) =

iy =X
Proof. Let f, € X/f. Then there exists an element x € X such that v(x) = f,. Hence v is
surjective. For any z,y € X, we have

V@5 y) = fory = fo o fy =7(x) @ (y).
Thus 7 is a homomorphism. Moreover, Ker v = {z € X|y(z) = fi} = {z € X|z ~ 1} = {z €
X|f(z) = f(1)} = Xp. O

Example 3.19. Let £ = X be the set of parameters where X := {1,a,b,c,d,0} is a transitive
BE-algebra [6] with the following Cayley table:

O QU O S Q ¥
e e e e e R
— = = O O O
— = Q9 o Q| Q.
SR Q0 OO

=2 2 = Q|
_ = S0 OO0

1
Let (f, X) be a soft set of X over U defined as follows:

v ifze{l,bc}

[ X = 2(), QJH{ v, if x € {a,d,0},

where 1 and 7, are subsets of U with 71 C 9. Then (f, X) is a uni-soft mighty filter over U. By
Proposition 3.5, it is a uni-soft filter over U. Then Xy = {z € X|f(z) = f(1)} = {1,b, c}. Define
v~/ yifand only if f(xxy) = f(y*x) = f(1). Then f; = {z € X|z ~ 1} = {z € X|f(z*1) =
f(lxx)=f()} ={1,b,c}, fa={r € X|z ~ a} ={x € X|f(x xa) = flaxx) = f(1)} = {a},
fo={r € Xz~ d} ={z € X[f(zxd) = f(dxx) = f(1)} = {d}, and fo = {z € X|z ~ 0} =
{z € X|f(x%0) = f(0xx) = f(1)} = {0}. Hence X/f = {f1, fa, fa, fo}- Let ¢ : X — X/f be
a map defined by ¢(1) = ¢(b) = ¢(c) = fi1, p(a) = fa, ©(d) = fa, ¢(0) = fo. It is easy to check
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that ¢ is a homomorphism and Kerp = {z € X|p(x) = fi} = {z € X|z ~T 1} = {z € X|f(z) =
)} = Xy

Proposition 3.20. Let u: X — Y be an epimorphism of BE-algebras. If (f,Y) is a uni-soft
filter of Y, then (f o p, X) is a uni-soft filter of X.

Proof. For any x € X, we have (f o p)(z) = f(u(z)) 2 f(ly) = f(u(lx)) = (f o p)(1x) and
(fou)y) = f(u(y)) C fla*y u(y)) U f(a) for any a € Y. Let = be any preimage of a under pu.
Then

(f o p)(y) Sfaxy p(y)) U f(a)
= () #y ply)) U f ()
=f(p(zxxy)) U f(u(x))
=(fop)(z*xy)U(fop)(x).
Therefore (f o u, X) is a uni-soft filter of X. O

Proposition 3.21. Let (f, X) be a uni-soft filter of a transitive BE-algebra X. If J is a filter
of X, then J/f is a filter of X/ f.

Proof. Let (f, X) be a uni-soft filter of X and let J be a filter of X. For any =z x y,z € J, we
obtain y € J. Hence for any f, ® f, = fiuxy, fo € J/f, we have f, € J/f. Thus J/f is a filter of
X/f. 0

Theorem 3.22. Let (f, X) be a uni-soft filter of a transitive BE-algebra X. If J* is a filter
of a transitive BE-algebra X/ f, then there exists a filter J = {x € X|f, € J*} in X such that
I/ f = J*.

Proof. Since J* is a filter of X/f, so f, ® fy = fuuy, fx € J* imply f, € J* for any f,, f, € J*.
Therefore x xy,z € J imply y € J for any z,y € J. Therefore J is a filter of X. By Proposition
3.18, we have

J/f ={fili € J}
={f;13f. € J* such that j ~' x}
={f;|3f. € J* such that f, = f;}
={filfj e J}=J"

Theorem 3.23. Let (f, X) be a uni-soft filter of a transitive BE-algebra X. If J is a filter of

X/ o
X, then S = X/
Proof. Note that J//]J: {[felsflfe € X/f}. If we define ¢ : T/‘Jf — X/J by o([falsr) =

[z]; = {y € X|z ~7 y}, then it is well defined. In fact, suppose that [f.];/s = [fy]s/s- Then
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» ~IT o and S0 fuy = fo e f, € J/f. Hence x xy € J. Therefore z ~7 3, ie., [z];
y v y

I
=S
<

X
Given [fo]y/s, [fylo/r € T/JJ:’ we have

([ felasr o fylars) =l fa @ fyluss)
=[z*yl; = [z]s *[yls
=o([falarg) = o([fylass)-

Hence ¢ is a homomorphism.

Obviously, ¢ is onto. Finally, we show that ¢ is one-to-one. If ©([f.]1/r) = @([fy]s/r), then

2]y = [yls, ie., z ~7 y. If fo € [fulsy, then f, ~7/7 f, and hence fo., € J/f. It follows that

axx € J, ie., a~’ x. Since ~7 is an equivalence relation, a ~7 y and so J, = .J,. Hence
) ) ) a Y

axy € Jand 80 fu., € J/f. Therefore f, ~7/1 f,. Hence f, € Uylape Thus [folrr € [fyloyy
Similarly, we obtain [fy];/¢ C [fz]s/s. Therefore [fy]s/r = [fy]s/f- It is completes the proof. O
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INCLUSION RELATIONSHIPS FOR SOME SUBCLASSES OF
ANALYTIC FUNCTIONS ASSOCIATED WITH GENERALIZED
BESSEL FUNCTIONS

K.A. SELVAKUMARAN, H. A. AL-KHARSANI, D. BALEANU, S.D. PUROHIT, AND K.S. NISAR

ABSTRACT. This paper introduces new subclasses of analytic functions and investigate
the inclusion properties of these subclasses using the generalized Bessel functions of the
first kind. We also derive a variety of special cases and corollaries of the main results.

1. Introduction

Let i ={z:2€ C and |z| <1} be an open disk and let A be the class of functions
f of the form

f(z)= z+Zan+lz"+1, (1.1)
n=1

which are analytic in & and satisfy the following normalization condition:

f(0) = f(0) =1 =0.

Let S subclasses of A containing all functions which are univalent, C is the close-to-convex,
S*(«) starlike of order a and K(«) is the convex of order v in ¢. For functions f; € A
given by

FiE) =24 tnn,; 2", (j=1,2)
n=1

we state the Hadamard product of f; and fy by

(fr*f2)(2) =24 D ans11 anpr2 2 (2 €U),

n=1
f (2) is named subordinate to g (z) if 3 w(z) analytic in ¢/ in such a way that
w(0) =0, Jw(z)<1l (zeU) and f(z)=g(w(z)) (z e l).

and we write f(z) < g (z). Let M be the class of analytic functions ¢(z) in U with
©(0) = 1. We consider that S denote the subclasses of A containing all functions which
are univalent, C is the close-to-convex, S*(«) starlike of order o and () denote the
convex of order o in Y. Using the subordination between analytic functions, now we

2000 Mathematics Subject Classification. 30C45, 33C10, 30C80.
Key words and phrases. Analytic functions; Starlike functions; Convex functions; Close-to-convex
functions; Generalized Bessel functions.
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define the subclasses of A for 0 < a, < 1 and ¢, ¥ € N (cf., [4, 5, 9, 11]):
oo 1 (2f'(x)
S<a’(p)'_{f6A'1—a(f(z) a><g0(z),z€2/{},

K(a; ¢) = {feA: i (1+ Z;(iz)) —a) < o(2), zGU}

and

Cla, B; @, 0) := {f € A : for someg € §*(a; @) s.t.

() s

clearly
f(z) € K(as ) == 2f'(2) € S™(a; ¢).
The particular choices of ¢ and v yields the familier subclasses of A as:
. I+2Y) o I+2)\ Itz 1+2z\
S( 1= )S(a), IC( 1_z)lC(a) and 6(0,0,1_2,1_2>C.

Recently, Deniz et al. [7] gave the transformation ¢ .(z) of generalized Bessel function
of first kind of order [ (cf. [1]):

Wlbc(z): S (_C)k (z>2k+l (ZE(C, l,b,CGR). (1.2)
” — ET(l+ k + b;—l) 2
by
b+1 _ 1
¢lbc<z>=2lr(z+7> 02 ()
2 (—)k PR b+ 1 B
_Z+Z4IE ())k Kl ( _l+—¢zo =A{0, - 2,"'}>7
— !

where (A) represents the Pochhammer symbol given by
A=A XA+1D)A+2)---(A+k—-1) (keN:={1,2,3,---)} and ANo=1
Subsequently, by using ¢, .(z), Deniz [6] developed the operator BS as follows:

k+1
Bif(2) = dupel2) * f(z —z+§j 45 akak! (z € C). (1.3)
clearly from (1.3),
2 (B f(2)) = vBSf(2) — (v — 1B, (2), (1.4
where
v=I1+ b+—1 & 7.

Indeed, the operator B¢ given by (1.3) pr0v1des an elementary transform of the generalized
hypergeometric function,
c

Bof(z) = zoFy <_;V;_é_l z) * f(2)

and
c

Gu,c <_Z Z) =zoF1(—;v;2).
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In this article, we investigate several inclusion relationships for each of the following
subclasses of A, associated with W, .(2) (see also [15], [16] and [17] for inclusion rela-
tionships of various other function classes). Indeed, for c € C, v e R\ Z;,0< a, f <1
and ¢, 1 € N we define

Sola; o) :={f € A: B f(z) € §"(; ), z €U},
Kilas @) =={f € A: B} f(2) € K(a; ), z €U}
Cola, By p,0) =={f € A: By f(2) € Ca, B; p,¢), z €U}.
Also,
f(z) € Ki(a; @) <= 2f'(2) € S)(a; ¢). (1.5)

Particularly, we set

1+ A2\’
¢ <1l —-1< <
S( (1+Bz)) S;(a; A;B;0), (0<d<1; -1<B<A<LI)

and

ICC

v

1+ Az
c <1 _1< < .
( (1—|—Bz>) Ki(a; A, B; 6), (0<d<1; -1<B<A<]I)

We need the following results for the investigation of our inclusion properties.

Lemma 1. [8] Let ¢(z) be analytic and convex univalent in U with ¢(0) = 1 and
Re{ng(z) + 0} >0 (n,0 € C). If p(z) is analytic in U with p(0) = 1, then the subordi-
nation

G4 ew
implies that
p(z) < ¢(z) (2 €lU).

Lemma 2. [12] Let h(z) be conver in U with h(0) = 1. Let Q(z) be analytic in U with
Re{Q(2)} >0 (z€U). If q(2) is analytic in U such that q(0) = h(0), then we have

() + Q(2)zq'(2) < h(z) (2 €U)
which implies that
q(z) < h(z) (z el).
2. The Main Inclusion Relationships
Theorem 3. Let fe A,ce C,veR\Zy anda+v>1 (0<a<1). Then
feSia;v) = feS (a;9)

or equivalently,

Sylos o) €Sy 9) (P EN).
Proof. Let f € S(a; ¢) and set
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where ¢(z) is analytic in & with ¢(0) = 1. From (1.4) we get,
of(z)  2(Beaf(2)

e R o an U] 22
By using (2.1) and (2.2), we have
m—l[(l—a)q(z)—l—a—ku—l]. (2.3)

By f(2) v
Now, by applying logarithmic differentiation on (2.3), we get
(Bf) _ A(Bend() | ()
Bef()  Binf() (G- tarr—1
in view of (2.1), yields

1 (2(Bef(2) ) 2¢(2)
1_&<-&ﬂ@ a>_q“”%1—w«@+a+v—1

(zelU). (2.4)

Finally, by applying Lemma 1 and (2.4), we have ¢(z) < ¢(2), hence f € S¢, (o ¢). O
Theorem 4. Let fe A, ce C,v e R\ Zy anda+v>1 (0<a<1). Then
feki(a o) = fekl(ay)

or equivalently,
Kilas @) CKoplas ) (9 eN).
Proof. Using (1.5) and Theorem 3, we have
f(2) € Kj(a; @) <= B f(2) € K(o; ¢)
= 2(B)f(2)) € (s ¢)
= B)(2'(2)) € §™(e; ¢)
> 2f'(2) € §(a; )
= 2f'(2) € Spp (0 )
> B, (2f'(2) € S™(a; ¢)
= 2 (B f(2) € 8(a; 9)
= B, f(2) € K(o; )
— [(2) € K)pi(s ).

If we take

1+ Az\°
©(2) (1+Bz> (-1<B<A<1;0<6<1;z€lU)

in Theorems 3 and 4,then we obtain the corollaries as:
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Corollary 5. Let fe A, ce C,veR\Z; anda+v>1 (0<a<1). Then
S;(a; A, B; 0) C S;, (o A, B; 9) (-1<B<A<1;0<6<1)

and

Ki(o; A,B; ) C Ky, (o A, B; 6) (-1<B<A<1;0<0<1).
Theorem 6. Let fe A, ce C,v e R\Zy anda+v>1 (0<a<1). Then
feCla,B; p.0) = [ €Cliy(a,B; 0, ¢)

or equivalently,
Cola, B o 0) CC(e, B 0,9)  (0<a, B <L o9 €N).
Proof. Let f € C5(a, B3; ¢,v). Then 3 a function g € S5(«; ) 2

1 (z(Bﬁf(Z)) _ ﬁ> <YP(z), (0<B<1, z€l).

1-p\ Big(z)
Now let

I BC+19( )

where w(z) is analytic in ¢ with w(0) = 1. Making use of (1.4) we also have

(
2(Bif(2) _ By(f'(2)

) 16< 2(Benf(2) ﬁ>7 25)

Bgg(2) Bgg(2)
_ 2(Braaf'( ) + (v = 1)Bg (2(2))
2(Bgi19(2)) + (v — 1) B 9(2)
ABonGI @) | B GPE)] [2Buaee) ]
Byi19(2) * b BYi19(2) ] B} 19(2) " !
(2.6)
By Theorem 3,
g€ S)(a; 9) = g €Spp(a; 9),
therefore, we set
o 1 Z(B,‘jﬂg(z))/ —a
Be) = I -« ( B} .19(2) ) 7 27)

where R(?(z)) > 0 (z € U). Applying (2.5) and (2.7) into (2.6) we have
A(Bef(2) [F(BinGr )] [Biag@)] ™ + = DI = Bul=) + ]
Beg(z) (1—a)dz)+a+v—1
The logarithmic differentiation of (2.5) gives

2(BSy (2f(2)))
Bu+19( )

(2.8)

= (1= 0)2w/'(2) +[(1 = a)d(2) + o] - [(1 = Blw(z) + 5],
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which, in conjunction with (2.8), yields

1 (z(Bﬁf(z))’
1-p\ Bz

g
Since a + v > 1 and ¥(z) < ¢(2) in U,
R{(1-a)d(z)+a+v—-1}>0 (z€lU).

20'(2)
1-—a)dz)+a+v—1

—5) =w(z) +

Finally, by applying Lemma 2, we have w(z) < 9(2), so that f € CS,,(a, B; ,v). O

3. Inclusion Relationships Involving the Integral Operator F,

The generalized Bernardi-Libera-Livingston integral operator F, (o > —1) (cf. [3, 10,
13]) considered here and is defined by

FAf) =B =T [ eta (fediom-n. @)

ZO'

Theorem 7. Let f(z) € A,c € C,v e R\ Zy ando > 0. If f € S5(a; ) (0 < a<
1, peN), then F,(f) € S(a; p) (0<a<1;peN).

Proof. Let f € 8(a; ¢) and set

1 Z(B,erlf(Z)),

qlz) = . —al, 3.2
2 ( By (o) é2)
such that ¢(z) is analytic in &/ with ¢(0) = 1. Utilizing (3.1) we obtain,

Bif(2)  2(Bof(2)

VBﬁ+1f(Z) B B§+1f(z) " (V - 1>' (3‘3)
By using (3.2) and (3.3), we conclude that
M:l[(l—a)q(z)+a+u—l]. (3.4)

Bi i f(z) v

By applying logarithmic differentiation on (3.4), we get
z(B,ff(z))/ B z(Blfo(z))/ N (1—a)zd'(2)

Bef(-)  Bonf(z) | (I—alz)ta+v—1
in view of (3.2), yields
L (2Bof@) 2¢(2) )
1—a< Bef(z) a>_Q()+(1—a)q(2)+a+u—1 (z€t). (35)

Finally, by applying Lemma 1 and (3.5), we have ¢(z) < ¢(2), hence f € ¢, (o ¢). O

Theorem 8. Let f € A, c € C,v e R\Z; and o > 0. If f € Ki(a; ) (0 < a <
L eN), then F,(f) € Ki(as ¢) (0<a<lipeN).
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Proof. Using (1.5) along with Theorem 7, we see that
feki(a; @) <= 2['(2) € S)(e; )
— Fo(2f'(2)) € S(a; )
= 2(F(f)(2)) € Spas @)
= I (f)(z) € Ko ).

O
Following corollaries due to Theorem 7 and Theorem 8 given as:
Corollary 9. Let f(z) € A,ce€ C,v e R\ Z; and o > 0. If f € S(«; A,B; J) (0<
a<l;-1<B<A<1,0<0<1), then F,(f) € Si(a; A,B;0) (0<a<1;—-1<
B<A<1,0<0<1).
Corollary 10. Let f(z) € A, c€ C,v € R\Zy ando > 0. If f € K¢(a; A, B; ) (0<
a<l;-1<B<A<1L;0<d<1), then Fy(f) € Ki(a; A, B;6) (0<a<1; —1<

B<A<1;0<6<1).

Theorem 11. Let f(z) € A, c € C,v e R\ Zy, and o > 0. If f € C(w, 55 ¢,v), then
Fo(f) €Cle, By 0,0) (0<a,8<1L; 9,9 €N).

Proof. Let f € C(a, B; ¢,1). Then, 3 g € S5(a; )

1 (z(Bﬁf(Z))/ _ 6) <(z), (0<B8<1, zelU).

1-6\ Bz
Thus, we set
1 (ABENE)
A =1=73 ( BEGGE) ) | Y
where Q(z) is analytic in  and Q(0) = 1. The use of (3.3) results
2(Byf(2)) _ By(2/'(2))
Beg(2) Bgg(z)
_ 2(BiF(2/'(2)) + 0 BgF,(2f'(2))
2(BSF,(9)(2)) + 0BSF,(g)(2)
R + oS (3.7)

By Theorem 7,
g € S(a; ) = Fy(g) € S)(a; o),

1 (BRI
e = ( B;F1(9)(2) ‘“)’

so that we can set
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where Re(H(z)) > 0 (z € U). As parallel as the method used to prove the Theorem 6,
from (3.6) and (3.7), we have

L (=2(Bef) L) 2Q'(2)
1—5( Beg(z) ﬁ>_Q(2)+(1—a)H(2)+Oz+a'

Hence, by using Lemma 2, we notice that Q(z) < ¥(z), so F,(f) € Ci(a, B; ¢, ). O

4. Remarks and Observations

The study of inclusion relationships for some subclasses of analytic functions with
Wi b(z) permits the study of Bessel (J, (2)), modified Bessel (I, (z)) and spherical Bessel
functions (j, (2)) together. By specializing the parameters in the operator BS we obtain
the following new operators associated with J, (z) , I, (z) and j, () (see, [2] and [6]):

e Choosing b = ¢ = 1 in (1.3) we get the operator J;, : A — A associated with
Jy(z) as

T (=) = daa(2) + F(2) = [2T@+ )28 « 1 (2)

B - 1 ak+1zk+
—z+z FOTD, W

1 k

e Taking b =1 and ¢ = —1in (1.3) we have Z; : A — A associated with [; (2) as
Tf(2) = d11,1(2)  f(2) = [ﬂ(z + 1) ()]« £(2)

Skt
Ak+1
7 Z Fl+ 1), K
o Letting b=2 and c=11in (1.3) we get Q ; : A — A associated with j; (z) as
Q 1 (2) = duaa () % f(2) = [ 22120 (1 4 8/2)2 21 (24)] 5 £ (2)

_ i ak+1 2+
451 +3/2), k!~

k=1

Thus, our inclusion results (Theorems 3-6) can be applied with a view of deducing the
following corollaries.

Corollary 12. Let f e A, pe R\Z anda+p>0 (0<a<1). Then
feSpla;v) = feSula9) (peN)

or equivalently,
Jof(2) € 8*(a; @) then f(2) € Sppn(as ) (n €N\ {1} p € N).
Corollary 13. Let fe A, pe R\Z anda+p>0 (0<a<1). Then
fERplas 9) = fEK,5(a50) (pEN)

or equivalently,

Tpof(2) € K(a; @) then f(z )GIC},ML( ;) (neN\{1}; pe N).
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Corollary 14. Let f e A, pe R\Z anda+p>0 (0<a <1). Then
feCole,B; 0,0) = f € Cpola, B ,0) (0SB <1; 0,9 €N)

or equivalently,

Tof(z) € Cla, B; @, ¥) then f(2) € Cpyn (e, B 0,¢0) (neN\{1};0< B <1; 0,9 eN).

Finally, we remark that similar results can be obtained involving the operators Z,, and
Q, by specializing the parameter in Theorems 3-6. We also remark that several other
applications and corollaries of our main results (Theorems 3-6) can indeed be derived
similarly.
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1. Introduction

In recent years, more and more classical fixed point theorems for single-
valued nonexpansive mappings are extended by set-valued nonexpansive map-
pings. As a result, fixed point theory for set-valued nonexpansive mappings
get rapid development[see [6-10]].

In 2008, Suzuki [11] brought in a new kind of mappings which was called
satisfying the condition (C) in Banach spaces. In 2010, B. Nanjaras, B.
Panyanak and W. Phuengrattana [12] established fixed point theorems for
the mappings satisfying the condition (C) in CAT(0) spaces. In 2011, Abkar
and Eslamian [14] gave the definition of set-valued mappings for the condition
(C) and then they proved the existence of fixed point in uniformly convex
Banach spaces [13].

Let (X, d) be a metric space. A geodesic path joining x € X to 2’ € X is
a map c from a closed interval [0, h] C R to X such that ¢(0) = x, ¢(h) = 2’
and d(c(l),c(l")) = |l =U|, for all [, I" € [0, h]. In particular, ¢ is an isometry
and d(z,2’) = h. The image « of ¢ is called a geodesic (or metric) segment
joining x and 2’ denoted by [z, 2'] whenever it is unique. The space (X, d) is
said to be a geodesic space if every two points of X are joined by a geodesic,
and X is said to be uniquely geodesic if there is exactly one geodesic joining
x and 2’ for each z,2’ € X.

A geodesic space is said to be a CAT(0) space if the following CAT(0)
inequality

satisfies for all x1, x5, 2 € X. This is the (CN) inequality of Bruhat and Tits
[1](More details spaces see [2]).

Lemma 1.1. Let (X,d) be a CAT(0) space.
(1)[3, Lemma 2.1(iv)] For each x1, x5 € X and a € [0,1], there exists a
unique point y € [x1, x| such that

d(z1,y) = ad(xy,z2), d(ze,y) = (1 — a)d(z, x2).

Denote y = (1 — a)xy @ axy in the above equations conveniently.
(11)[3, Lemma 2.4] For each x1, xo, y € X and o € [0,1]. We have

d((1 — a)ry ® axe,y) < (1 — a)d(xy,y) + ad(xa,y). (1.1)
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Obviously, Lemma 1.1. shows the convexness of CAT(0) spaces.
Lemma 1.2. ([4, Lemma 2.5]) Let (X,d) be a CAT(0) space. Then
d((1 =)z @ ty,z)” < (1 —t)d(z, 2)* + td(y, 2)* — t(1 — t)d(z, )
for allt € [0,1] and z, y, z € X.

Let {x,} be a bounded sequence in a CAT(0) space X. For z € X, we
set
r(z,{z,}) = limsup d(z, z,).

n—oo

The asymptotic radius r({z,}) of {z,} is given by

r({z,}) = inf{r(z, {z,}): z € X}.

The asymptotic radius rp ({z,}) of {x,} with respect to D C X is given by
rp ({zn}) = inf {r(z,{z,}) : z € D}.
The asymptotic center A({x,}) of {z,} is the set

A{any) ={z € X2 r(z,{za}) = r({an})}

And the asymptotic center Ap({z,}) of {z,} with respect to D C X is the

set
Ap({zn}) ={z € D: r(z{zn}) = r({zn})}-

It follows from [5, Proposition 7]) that A({z,}) consists of exactly one
point in a CAT(0) space. In 1976, Lim [1] introduced the concept of A— con-
vergence in a general metric space. In 2008, Kirk and Panyanak [4] brought
in A—convergence to CAT(0) spaces and proved that there is an analogy
between A—convergence and weak convergence.

Definition 1.3. ([2]) A sequence {z,} in a CAT(0) space X is said to A-
converge to x € X if z is the unique asymptotic center of {u,} for every
subsequence {u,} of {x,}. In this case, we write A — lim,,_,o 2, = x and
call  the A-limit of {z,}.

Lemma 1.4. ([2]) If D is a closed convez subset of a complete CAT(0) space
and if {x,} is a bounded sequence in D, then the asymptotic centerasymptotic
center of {x,} is in D.
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Lemma 1.5. ([2]) Every bounded sequence in a complete CAT(0) space al-
ways has a A-convergent subsequence.

Lemma 1.6. ([4]) If {z,} is a bounded sequence in a complete CAT(0) space
with A({x,}) = {p}, {un} is a subsequence of {z,,} with A({u,}) = {u}, and
the sequence {d(z,,u)} converges, then p = u.

The purpose of this paper is to bring in the concept of Suzuki generalized
nonexpansive set-valued mappings in CAT(0) spaces. Then we shall prove
a common fixed point theorem for commuting pairs consisting of a single-
valued and a set-valued mapping both satisfying the condition (C) which is
analogous to the results in Banach spaces [13]. Furthermore, we also establish
A —convergence and strong convergence of Mann iteration in CAT(0) spaces.

2. Preliminaries

Let D be a nonempty subset of a CAT(0) space X. We denote by B(D)
the collection of all nonempty bounded closed subsets of D and C(D) the
collection of all nonempty compact subsets of D. Suppose H is the Hausdorff
metric with respect to d, that is,

H (U,V) := max {sup dist (u, V') ,sup dist (v, U)} , UV eB(X)
uelU veV

where dist (u, V') = inf,eyd (u,v) is the distance from the point u to the set
V.

Let T : X — 2% be a set-valued mapping. If an element z € X satisfies
x € Tx, then x is called a fixed point of T". The set of fixed points of T is
denoted by Fiz(T).

Definition 2.1. A set-valued mapping 7 : X — B (X) is
(1) nonexpansive provided

H Tz, Ty) <d(z,y), x,y€X;

(ii) quasi nonexpansive if Fiz (T) # () and
H(Tz,p) <d(z,p), z€X,

for all p € Fix (T).
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Definition 2.2. A set-valued mapping 7' : X — B (X) is called to satisfy
the condition (C) if

1
§dz’st (x,Tx) < d(x,y) implies H (Tx,Ty) <d(z,y)

for all z,y € X.

This kind of set-valued mappings satisfying the condition (C) can be called
Suzuki generalized nonexpansive as well.

Proposition 2.3. Suppose a set-valued mapping T : X — B (X) satisfies
the condition (C') with the nonempty fized point set. Then T is a quasi-
nonexpansive set-valued mapping.

Theorem 2.4. ([12, Theorem 4.1]) Suppose D is a nonempty bounded closed
convez subset of a complete CAT(0) space X and t : D — D is a mapping
which satisfies the condition (C). Then F(t) is nonempty in D.

Corollary 2.5. ([/12, Corollary 4.2]) Suppose D is a nonempty bounded
closed convex subset of a complete CAT(0) space X andt : D — D is a
mapping which satisfies the condition (C). Then F(t) is nonempty closed,
convex and hence contractible.

Definition 2.6. Suppose D is a nonempty bounded closed convex subset of
a CAT(0) space X. Let t : D — D and T : D — B(D) be a single-valued
mapping and a set-valued mapping respectively. Then ¢t and T are said to
be commuting mappings if for every x,y € D such that € Ty and ty € D,
we have tx € Tty.

Definition 2.7. A set-valued mapping 7' : X — B (X)) is said to satisfy the
condition (£,) provided that

dist (x,Ty) < pdist (z,Tx) +d(z,y), z,y€ X.

We say that T satisfies the condition (E) whenever 7" satisfies (E,,) for some
p=> 1

Proposition 2.8. Let T : X — B (X) be a set-valued mapping which satis-
fies the condition (C). Then T satisfies the condition (Es).
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PROOF. Given x € X. Since for any 2z € Tz,
dist(z, Tz) < d(z, 2) (2.1)

then

1
§dist(x,T:U) < —d(z,2) < d(z,2).

N —

From our assumption, we have
H(Tz,Tz) <d(z,z) (2.2)

for any € X and z € Tx. Then for z;y € X and z € Tx either
tdist(z, Tx) < d(z,y) or $H(Tz,Tz) < d(y,z) holds. On the contrary,
together with (2.1) and (2.2), we get

d(z,z) < d(z,y)+d(y,z)
1 1
< §dist(x, Tx) + éH(Tx, Tz)

1 1
< ad(x, z) + §d(x, z)
= d(z,z)

which is a contradiction.

Case I.  idist(z,Txz) < d(x,y)holds.

From the above hypothesis, we can obtain H(Txz,Ty) < d(z,y) by the
condition (C). Hence,

dist(x, Ty) < dist(z,Tz)+ H(Tz,Ty)
< dist(x, Tz) + d(z,y)
<

3dist(x, Tx) + d(z,y).

Case II.  SH(Tx,Tz) < d(y, z)holds. Then,

1
2

1 1
Edist(z,Tz) < = sup dist (u,Tz)

ueTx

1

< —max{sup dist (u,Tz), sup dist (v, Tx)}
2 u€T'x veT2
1

= §H(Tx, Tz)

< d(y,2).
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From the assumption, we have
H(Ty,Tz) < d(y,2). (2.3)
Together with (2.1), (2.2) and (2.3), we can obtain
dist(x, Tx) + H(Tx, Ty)
dist(x,Tx) + H(Tz,Tz) + H(Tz,Ty)
d(z,z) +d(x, 2) + d(y, 2)

2d(x, z) + d(x,y) + d(z, 2)
= 3d(z,z) + d(x,y).

dist(x, Ty)

VAN VAN VANRVAN

Because this is applied for any z € Tz, we get
dist(xz,Ty) < 3dist(z,Tx) + d(z,y).
By overall consideration, T satisfies the condition (E3). O

Lemma 2.9. ([12, Lemma 2.5]) Let {x,}, {yn} be bounded sequences in a
CAT(0) space X and let {c,} € [0,1) such that "> | a, = 00 and limsup,,a,
< 1. Suppose that x,1 = anyn & (1 — o)z, and d (Ypi1,Yn) < d(Tpi1, Tp)
for alln e N. Then

lim d(z,,y,) = 0.

n—o0

3. Fixed point properties of Suzuki generalized nonexpansive set-
valued mappings

In this section, we denote by D a nonempty bounded closed convex subset
of a complete CAT(0) space X. Firstly, we shall discuss the existence of a
common fixed point.

Theorem 3.1. Lett : D — D and T : D — C(D) be a single-valued
mapping and a set-valued mapping respectively. If both t and T satisfy the
condition (C') and in the meantime, they are commuting, then they have a
common fixed point, that is, there exists a point z € D such that z =tz € Tz.

PROOF. By Theorem 2.4 and Corollary 2.5, we know that the mapping ¢ has
a fixed point set Fiz(t) which is a nonempty closed convex subset of X. Let
p € Fix(t). Ast and T are commuting, we have tq € Ttp = Tp for each

7
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q € T'p. Therefore, T'p is invariant under ¢ for each p € Fix(t). Since Tp is
a bounded closed convex subset of X, we can obtain that ¢ has a fixed point
in Tp. Hence, Tp( Fiz(t) # 0 for p € Fixz(t).

Take z; € Fixz(t). Because Txq () Fiz(t) # (0, we are able to select
y1 € Txy (| Fiz(t). Define zp = 3(x1 4+ y1). Due to the fact that Fiz(t) is a
convex set, we have xo9 € Fiz(t). Let yo € Txy be selected as follows

d(yl, yg) = diSt(yl, TSL’Q)
Since %d(yl, ty1) = 0 < d(y1,y2), from the assumption, we know

d(y1, tye) = d(tyr, tya) < d(yr, y2)-

Note that ty, € Txs, hence, there comes a contradiction. Therefore, 1y €
Fiz(t). In such a way, we can find a sequence {x,} in Fiz(t) such that

1
Tnt1 = 5(Tn +yn), n21

where y,, € Tz, (| Fiz(t) and d(yn-1,Yyn) = dist(yn—1,Tx,). Therefore, by
Lemma 1.1.(i) we get

1
éd(l'm yn) = d(l’n, xn-i—l)

from which we can conclude
1 1
§dist(:z:n,Txn) < §d(xn,yn) =d(zp, Tpy1), n>1.

Hence,
H(Txy, Txpyr) < d(Tp, Tpyr), n>1

which implies
d(yna yn-l—l) - dZSt(y’m Txn-‘,—l) S H(T"L‘na Txn—i—l) S d(x’m xn—l—l)-
We now apply Lemma 2.9. to obtain that

lim d(z,,y,) =0

n—oo

where y,, € Tx,, i.e., we find an approximate fixed point sequence for 7" in

Fiz(t).
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Assume that z = A({z,}). By Lemma 1.4. we know that z € Fiz(t).
For each n > 1, we choose z, € Tz such that

A(Yn, 2n) = dist(y,, Tz).
Because lim, ood(Tn, yn) = 0, there exists ng such that
d(xp,yn) < d(zp,2), n > ng.

This implies that

1

§dist(xn, Tx,) < d(zp,2),
and hence,

H(Tz,,Tz) <d(x,,z), n>ng.
Therefore,
A(Yn, zn) < H(Tx,,Tz) < d(zp,2), n>ngp.

As %d(yn,Tyn) =0 < d(yn, 2,) for each n > 1, we get

A(Yn, t2n) = d(tyn, t2,) < d(Yn, 2n)-

Since z € Fix(t) and 2, € Tz, by the fact that the mappings ¢ and T are
commuting, we can obtain that tz, € T'tz, = Tz. Now by the uniqueness of
zp as the nearest point to y,, we get tz, = z, € Fix(t).

As T'z is compact, the sequence {z,} has a convergent subsequence {z,, }

with klim Zn, = 2% € Tz. Because z,, € Fix(t) for all n, and Fiz(t) is closed,
—00

we can obtain that z* € Fiz(t). Take the subsequence {z,, } of {z,} and
{ynk} Of {yn}, we have

d(zp,,2") < d(@ny, Yny,) + A Yny s 2ny) + d(20y, 27) (3.1)

and for all n, > ny,

Letting k — oo and taking superior limit on the both sides of (3.1), we have

lim supd(x,,,2") < lim supd(z,,, 2).
k—ro0 k—o0

By the uniqueness of asymptotic centers, this shows z = z* € Tz and hence
z=tzeTz U
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Corollary 3.2. Lett : D — D and T : D — C(D) be a single-valued
mapping and a set-valued mapping respectively. Assume that t and T are
commuting mappings. Then there exists a point z € D such that z =tz € Tz.

Corollary 3.3. Suppose T : D — C(D) is set-valued mapping which satis-
fies the condition (C). Then T has a fized point.

We will prove A—convergence and strong convergence theorems in the
following. Before that, we discuss some Lemmas which will be used in the
main proofs.

Lemma 3.4. SupposeT : D — C (D) is a set-valued mapping which satisfies
the condition (C). Define a sequence {x,} by xy € D and

1
Tpr1 = (1 —ap) xp ® anyn, o, C {5,1) ,n>1

where y, € Tz, such that d (yn,_1,yn) = dist (yp—1,Tx,). Then

lim dist (Tx,,x,) = 0.

n—oo

PROOF. It follows from Lemma 1.1.(i) that for every natural number n > 1
%dist (n, Tzy) < apdist (x,, Tx,) < and (Tn,Yn) = d (T, Tngt)
From our assumption, we get
H(Tx,, Txy1) < d(zp,Tpe1), n>1.
Hence
d (Yn, Yna1) = dist (Yp, Txpi1) < H(Txp, Tapy) < d(Tp, Tpe1), n>1

We can conclude that lim,, ,..d (2, y,) = 0 where y,, € Tz, by Lemma 2.9.,
ie., lim, ,oodist (Tx,,x,) < lim, ood(x,,y,) =0 O

Lemma 3.5. Suppose T' : D — C (D) is a set-valued mapping which sat-

isfies the condition (C). Define a sequence {x,} as in Lemma 3.4. Then
limy,—yo0d (2, p) exists for all p € Fiz (T).

10
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PROOF. By Theorem 3.1. F(T') is nonempty. Take p € Fixz(t), by Lemma
1.2. and Proposition 2.3. we have

d2 ($n+1,p) S (1 — Qp d2(mn,p) + andg(yna ) an<1 - an)d2(xm yn)

)
< (1= an)d* (20, p) + anH* (T2, Tp) — an(1 — a)d* (2, yn)
< (1 - Ozn)d2(:L‘n,p) + OzndQ(:En,p) (1 - an)dz(xm yn)
= (:En,p) ( an)dQ(mm yn)

This entails
d2 (1771—‘,-17 ) < d2 (‘rnap) :
Therefore, d(x,41,p) < d(z,,p) for all n > 1 which implies {d(z,,p)}, -, is

bounded and decreasing. Hence, lim,,_,.d (x,,p) exists for each p € Fix(T).
OJ

Lemma 3.6. Let T : D — C(D) be a set-valued mapping which satisfies the
condition (C). If {x,} is a sequence in D such that dist (T'x,,z,) — 0 and
A— converges to some w € X. Thenw € D and w € Tw.

PROOF. We first note that w € D by Lemma 1.4. For each n > 1, we
select w,, € Tw such that d(z,,w,) = dist(x,, Tw). By the compactness of
Tw, there exists a subsequence {wy,, } of {w,} such that {w,, } = w* € Tw.
Taking the subsequence {x,, } of {x,}, it follows from Proposition 2.8. that

dist(z,,, Tw) < 3dist(xy,, Try,) + d(2,,,w).
Note that

(@ w*) < d(Ty s Wy ) + d( Wiy w7)

<
< 3dist(xn,, Tan,) + d(T,,,w) + d(w,,, w").

Letting £ — oo and taking superior limit on the both sides of the above
inequation, we have

lim sup d(z,,,w") < lim supd(z,, ,w).

k—o0 k—o0

By the uniqueness of asymptotic centers, we have w = w* € Tw. [

Theorem 3.7. Let T : D — C(D) be a set-valued mapping which satisfies
the condition (C). Define a sequence {x,} as in Lemma 3.4. Then {x,}
A-converges to a fized point of T.

11
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PROOF. By Lemma 3.4., lim,,_,dist (T'x,,x,) = 0. Now we prove that

W(xy,) == A({pn}) C Fix (T) (3.2)

U
{un}c{an}

and W, (x,) consists of exactly one point.

In fact, let p € W, (x,), then there exists a sequence {u,} of {z,} such
that A({u,}) = {#}. By Lemma 1.4. and 1.5., there exists a subsequence
{vn} of {p, } such that A—lim,, ,.v, = v € D. Since lim,,_,dist (T, v,) =
0, then v € Fiz (T) by Lemma 3.6. and lim,_,.d (z,, V) exists by Lemma
3.5. By Lemma 1.6. p = v. This implies that W,,(z,) C Fiz (T).

Next we prove that W, (x,) consists of exactly one point. Let {u,} be a
subsequence of {z,,} with A({u,}) = {u} and let A({z,}) = {z}. Since u €
W, (z,) C Fiz (T), from Lemma 3.5. we know that {d (x,, )} is convergent.
In view of Lemma 1.6, x = . U

Finally, we shall give the strong convergence for Suzuki generalized non-
expansive set-valued mappings in complete CAT(0) spaces.

Theorem 3.8. Suppose D is a nonempty compact convex subset of a com-
plete CAT(0) space and T : D — C(D) is a set-valued mapping which satis-
fies the condition (C). Define a sequence {x,} as in Lemma 3.4. Then {x,}
converges strongly to a fized point of T'.

PROOF. By Lemma 3.4., lim, ,dist (T'z,,z,) = 0. Since D is compact,
there exists a subsequence {z,, } of {z,} such that z,, — z for some z € D.
By Proposition 2.8., we have

dist(z,Tz) d(z,xy, ) + dist(z,,, Tz)
d(z,xn, ) + 3dist(x,,, Tx,, ) + d(Ty, , 2)

2d(z, xp,,) + 3dist(zy,, Txy, ).

<
<

Letting k — oo, we have z € Fiz(T). Since {z,, } converges strongly to z
and lim,,_,..d (z,, z) exists, we can conclude that {z,, } converges strongly
toz. [
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WEIGHTED COMPOSITION FOLLOWED AND
PROCEEDED BY DIFFERENTIATION OPERATORS
FROM ZYGMUND SPACES TO BERS-TYPE SPACES

JIANREN LONG AND CONGLI YANG

ABSTRACT. In this paper, we investigate boundedness and compactness
of the weighted composition followed and proceeded by differentiation
operators from Zygmund spaces to Bers-type spaces and little Bers-type
spaces. Some sufficient and necessary conditions for the boundedness
and compactness of these operators are obtained.

1. INTRODUCTION

Let A = {z: |z| < 1} be the open unit disc in the complex plane C, and
let H(A) be the class of all analytic functions on A.
Assume that p is a positive continuous function on [0, 1), having the

property that there exist positive numbers s and ¢, 0 < s < ¢, and 6 € [0, 1),

such that
) is decreasing on [4, 1), lim (r) =0
(1—r)s T (1 =) ’
pu(r) .. : . p(r)
———— is increasing on [, 1), lim ——— = oo
(1—r)t r—1 (1 —r)t

Then p is called a normal function (see [6], [18]).
An analytic function f on A is said to belong to the Bers-type space,
denoted by H°, if

1l = ilelgu(IZI)lf(Z)l < o0,

and it is said to belong to the little Bers-type space H.j if
lim p(|2])|£(2)] = 0.

|z|]—1
It is clear that both H;® and H;j, are Banach spaces with the norm
| - | #rge, and HYG is a closed subspace of H;°. When p = 1, the space H:°
is just H*°, which is defined by

H™ = {f € H(A) ¢ | fll = sup| ()] < o}

2010 Mathematics Subject Classification. Primary 47B38; Secondary 30HO05.
Key words and phrases. Zygmund spaces, Bers-type spaces, Weighted composition
followed and proceeded by differentiation operators, Boundedness, Compactness.
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2 J. R. LONG AND C. L. YANG
See [25] for more about Bers-type space.

An fin H(A) is said to belong to the Zygmund space, denoted by Z, if

i(0+h) i(0—h)y _ i0
(€O) + (O) ~ 26| _
h

where the supremum is taken over all e € A and h > 0. By Theorem 5.3
in [2], we see that f € Z if and only if

1fllz = [f(O)] +1/(0)] +sup(l - [2[*)]f"(2)] < o0.

f
sup

It is easy to check that Z is a Banach space under the above norm. For
every f € Z, by using a result in [9], we have that

e
! <C In ——.
’f (Z)’ = ”fHZ n1_|2’2
Let Z, denote the subspace of Z consisting of those f € Z for which
lim (1 — [2[*)[f"(2)] = 0.
|z]—1

The space Z; is called the little Zygmund space.
Let ¢ be a nonconstant analytic self-map of A, and let ¢ be an analytic
function in A. For f € H(A), we define the linear operators

¢CoDf = o(f'op) = of (¢)

and

ODC,f = ¢(fop) = of (0)¢'.
They are called weighted composition followed and proceeded by differen-

tiation operators respectively, where C, and D are composition and dif-
ferentiation operators respectively. Associated with ¢ is the composition
operator Cy,f = f o ¢ and weighted composition operator ¢C,f = ¢f o ¢
for ¢ € H(A) and f € H(A). It is interesting to provide a function the-
oretic characterization for ¢ inducing a bounded or compact composition
operator, weighted composition operator and related ones on various spaces
(see, e.g., [1, 3, 10, 15, 17, 19-21, 23-24, 26]). For example, it is well known
that C, is bounded on the classical Hardy, Bloch and Bergman spaces. Op-
erators DC, and C,D as well as some other products of linear operators
were studied, for example, in [5, 7-8, 11, 13, 16, 22] (see also the references
therein). There has been some considerable recent interest in investigation
various type of operators from or to Zygmund type spaces (see, [4, 9-12,
217)).

In this paper, we investigate the operators ¢ DC, and ¢C,D from Zyg-
mund spaces to Bers-type spaces and little Bers-type spaces by using the
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WEIGHTED COMPOSITION BY DIFFERENTIATION OPERATORS 3

similar ways in [14]. Some sufficient and necessary conditions for the bound-
edness and compactness of these operators are given.

Throughout this paper, constants are denoted by C, they are positive
and may differ from one occurrence to the other. The notation A ~ B
means that there is a positive constant C such that g <A<CB.

2. MAIN RESULTS AND PROOFS

In this section, we state and prove our main results. In order to formulate
our main results, we quote several lemmas which will be used in the proofs
of the main results in this paper. The following lemma can be proved in a
standard way (see,e.g., Proposition 3.11 in [1]). Hence we omit the details.

Lemma 2.1. Let ¢ be an analytic self-map of A, ¢ be an analytic function
in A. Suppose that p is normal. Then ¢DC, (or ¢C,D):Z (or Zy)— H®
is compact if and only if 9DC, (or ¢C,D):Z (or Zy)—Hy° is bounded and
for any bounded sequence {fn}nen in Z (or Zy) which converges to zero
uniformly on compact subsets of A as n — oo, and ||¢DCy fy||ge— 0 (or
|¢0Co D follme— 0) as n — oo.

Lemma 2.2. A closed set K of HyY is compact if and only if it is bounded

and satisfies
(2.1) lim sup p(|z[)[ f(2)| = 0.
|z|=1 fek

Proof. First of all, we suppose that K is compact and let ¢ > 0. By the
definition of H;%, we can choose an §-net which center at f1, f2, -+, fu In K
respectively, and a positive number r ( 0 < r < 1), such that u(|z])|f;(2)] <
S, for 1 <i<mand [z >r If f €K, [f— fillux < 5 for some f;, so we

have

pU=DIF ] < = fill g + n(2DI ()] < e,

for |z| > r. This establishes (2.1).

On the other hand, if K is a closed bounded set which satisfies (2.1)
and {f,} is a sequence in K, then by the Montel's theorem, there is a
subsequence {f,, } which converges uniformly on compact subsets of A to
some analytic function f. According to (2.1), for every € > 0, there is an r,
0 < r < 1, such that for all g € K, u(]|z])[g(2)| < 5, if |2| > r. It follows that
w(|z)|f(2)] < §,if |z| > r. Since {f,, } converges uniformly to f on |z| <,
it follows that limy_, sup || fn, — fHHﬁo < e, ie limg o0 || fr, — fHHﬁo =0,
so that K is compact. O
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Theorem 2.3. Let ¢ be an analytic self-map of A, and ¢ be an analytic
function in A. Suppose that p is normal. Then the following statements are
equivalent.
(i) ¢DCy : Z — HX is bounded;
(ii) ¢DC, = 20 — H;® is bounded;
(iii)

(2.2) sup p(lz))le(2)¢' ()| In oo =%

Proof. (i)=-(ii). This implication is obvious.
(ii)=(iii). Assume that ¢DC,:Zy — H;° is bounded, i.e., there exists a
constant C' such that

[6DCy fllme < C| fllz

for all f € Z,. Taking the function f(z) = z € Z;, we get

23) sup I (2) ()] < oc.
Set

h(z) = (z = 1)[(1+1n 1i )? +1]
and
(2.4 bal) = 0 )

for a € A\ {0}. It is known that h, € Zy (see [9]). Since

Loty

2. Rl (z) = (1

for [¢(\)| > 3, we have

ClloDCollzgrze > 19DCohyn) e = p(IANIS(A) @' (A)| In #W'
Hence, we have that
1
(2.6) ‘igié n(IAD[G(A)¢"(A) [ In T=op =
On the other hand, from the inequality (2.3) we have that
(2.7)
w?;;'PS% PIADISN (M 5 SOUF = itelgu(lx\\)W(A)SO'(W hlg < oo.

Hence, from (2.3), (2.6) and (2.7), we obtain (2.2).

108 JIANREN LONG et al 105-115



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

WEIGHTED COMPOSITION BY DIFFERENTIATION OPERATORS 5
(iii)=-(i). Assume that (2.2) holds. Then, for every f € Z, we have

plzDI(@DCf)(2)] = u(l2D|e(2) @' (2).f (0 (2))]

(2.8) < Cﬂ(‘z|>’¢(z)90,(z>’IHWH]CHZ-

Taking the supremum in (2.8) for z € A, and employing (2.2), we deduce
that pDC, : Z — H° is bounded. The proof of Theorem 2.3 is completed.[]

Theorem 2.4. Let ¢ be an analytic self-map of A, and ¢ be an analytic
function in A. Suppose that p is normal. Then the following statements are
equivalent.

(i) ¢DC, : Z — H}? is compact;

(ii) ¢DC, = 20 — H;° is compact;

(iii) ¢DC, : Z — H[° is bounded, and

. e

(2.9) lim pu(]2])[6(2)¢"(2)| In -———5 = 0.

()1 1—lp(2)[?
Proof. (i)=-(ii). This implication is clear.

(ii)=(iii). Assume that ¢DC,:Zy — H° is compact. Then it is clear
that 9DCy: 2y — H° is bounded. By Theorem 2.3 we know that ¢DC:Z
— Hg is bounded. Let (z,)nen be a sequence in A such that [p(z,)] — 1
as n — oo and ¢(z,) # 0, n € N (if such a sequence does not exist then
(2.9) is vacuously satisfied). Set
LCCADINE

o(za) 1= le(zn)l?
Then from the proof of Theorem 2.3, we see that h,, € Z, for each n € N.
Moreover h,, — 0 uniformly on compact subsets of A as n — oo and
, 1
) =
Since ¢DCy: 2y — H® is compact, by Lemma 2.1, we have

(2.10) ho(2) = )", neN.

Hence,

. , 1
211) i ) o) () I T = 0
From (2.11) easily follows that lim,,_,o pt(|2n])|@(2n)¢’ (2n)| = 0, which alto-
gether imply (2.9).
(iii)=>(i). Suppose that ¢ DC,:Z — Hp° is bounded and that conditions
(2.9) holds. From Theorem 2.3, we know that

(2.12) C= igApu(|zl)|¢(2)s0’(Z)l < 0.
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By the assumption, for every € > 0, there is a § € (0, 1), such that
(2.13) u(lz)|e(2)¢'(2)| In

s <&,

e
1—p(2)|
whenever ¢ < |p(2)] < 1.

Assume that (fi)ren is a sequence in Z such that sup,cy || fillz < L
and f; converges to 0 uniformly on compact subsets of A as k — oo. Let
K ={z¢e A:|p(z)] <d}. Then by (2.12) and (2.13), we have that

sup (|26 DC fi) (2)] = sup pu([2)|6(2)¢' () fi(io(2))]
< sup f(|2])l(2) ¢ (2) fr(p(2)] + ESX{)Ku(!ZD\¢(2)90’(Z)f;2(<p(2))\

< sup u(|2])[6(2)#'(2) fr(p(2))]

zeK
e
+C su z 20 ()| In —M—
ZeA{)KMU DId(2)¢'(2)] = |¢(z)|2||fk||z
< C|Sl|1<p§ | fr(w)] + Cell fil 2,

i.e., we obtain

(2.14) [[9DCy fellmpe < C‘Sl‘lg |fi(@)] + Cell fillz + 160 fi(w(0))]]€ ()]

Since fr converges to 0 uniformly on compact subsets of A as k — oo,
Cauchy’s estimate gives that f, — 0 as k — oo on compact subsets of A.
Hence, letting & — oo in (2.14), and using the fact that ¢ is an arbitrary

positive number, we obtain
Jm |0 DCy fil| 115

Combining this with Lemma 2.1 the result easily follows. The proof of The-
orem 2.4 is completed. U

Theorem 2.5. Let p be an analytic self-map of A, and ¢ be an analytic
Junction in A. Suppose that p is normal. Then ¢DCy, 1 Zg — HJY is
bounded if and only if 9DCy, : Zo — H° is bounded and

(2.15) lim p(]2])]6(2)(2)] = 0.

|z]—1

Proof. Assume that ¢DC,:Zy — H;5 is bounded. Then, it is clear that
¢DC,: 2y — HP is bounded. Taking the test function f(z) = z, we obtain
(2.15).

Conversely, assume that ¢DC,: 2y — H;;° is bounded and (2.15) holds.
Then for each polynomial p, we have that

(2.16) (12D (@DCop)(2)| < pllz)o(2)¢ (2)p'((2))]-
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In view of the facts that

sup [p'(w)| < oo,
wEA

from (2.15) and (2.16), it follows that ¢DC,p € H;5,. Since the set of all
polynomials is dense in Z (see [11]), we have that for every f € Zj, there
is a sequence of polynomials (p,)nen such that ||f — p,||z — 0 as n — oc.
Hence

|0DCof = ¢DCopnllage < |0DCol 2w mpellf — Pullz =0

as n — oo. Since the operator ¢ DC,: 2y — H® is bounded, so ¢DC,(20) C

H Y, which implies the boundedness of ngDC’ 120 — HJ%

Theorem 2.6. Let ¢ be an analytic self-map of A, and ¢ be an analytic
function in A. Suppose that p s normal. Then the following statements are
equivalent.

(i) ¢DCy, : Z — HpX, is compact;
(i) ¢DC, : Zy — H 0 is compact;
(iii)

(2.17) ‘l}m pu(l2D0e(2)¢' (2 )HHW = 0.

Proof. (i)=-(ii). This implication is trivial.
(ii)=(iii). Assume that ¢DC, : Z, — Hy is compact. Then ¢DC,
Zy — Hp is bounded. From the proof of Theorem 2.5, we know that

(2.18) Jmn pu([2])lé(2) (2)] = 0.
Hence, if |||« < 1, from (2.18), we obtain that

. / € J—
i Io(2)¢' ) I 5 o < g B ()01 )] =,

from which the result follows in this case.

Now assume that ||¢|ls = 1. Let (zx)reny be a sequence such that
lp(2x)] — 1 as k — oo. Since ¢DC,, : 2y — H;° is compact, by Theo-
rem 2.4,

e
(2.19) " (hﬂl_}lﬂ(|z|)|¢( 2)¢'(2 )|1HW = 0.
From (2.18) and (2.19), we have that for every ¢ > 0, there exists an r €

(0,1) such that

p(lzD]o(2)¢' (2)| In ———
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when 7 < |¢(z)| < 1, and there exists a o € (0,1) such that
£

plzDle(2)¢' (2)] < ——

e
In T

when o < |z| < 1. Therefore, when o < |z| < 1 and r < |p(z)| < 1, we have
e

2.20 w(|z]]o(2)¢' (2) | In ———— < e.

(2.20) ([zDIé(2)¢'(2)[ In -— POk

On the other hand, if o < |z| < 1 and |¢(2)| < r, we obtain

(2:21)  (lzDlo(2)¢' ()| p - < w(lzDlo(=)e ()] n

Inequality (2.20) together with (2.21) gives the (2.17).
(iii)=-(i). Let f € Z. we have
e
p(l2DI@DCf)(2)] < Cpllz])]o(2)¢' ()] 1nwllf||2-
Taking the supremum in this inequality over all f € Z such that || f||z < 1,
then letting |z| — 1, and using (2.17), we obtain that
tim sup p(|2D(6DCLA)(2)] = 0.

l=1 1 2<1

e _
E.
1—1r2

Using Lemma 2.2 we obtain that the operator pDC:Z — HpY is compact.[]
Similarly to the proofs of Theorems 2.3-2.6, we can get the following
results, we omit the proof.

Theorem 2.7. Let ¢ be an analytic self-map of A, and ¢ be an analytic
function in A. Suppose that p is normal. Then the following statements are
equivalent.
(i) ¢C,D : Z — HX is bounded;
(ii) ¢CpD = Zo — H® is bounded;
(iii)

EEAPM(|Z|)|¢(Z)| hlw < oo.

Theorem 2.8. Let ¢ be an analytic self-map of A, and ¢ be an analytic
function in A. Suppose that p is normal. Then the following statements are
equivalent.
(i) ¢C,D : Z — HX is compact;
(ii) pCpD = 2o — H;° is compact;
(ii)) ¢C,D : Z — H® is bounded,

. ‘ -
i DI T =0
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Theorem 2.9. Let ¢ be an analytic self-map of A, and ¢ be an analytic
Junction in A. Suppose that p is normal. Then ¢C,D : Zy — HJY is
bounded if and only if C,D : Zo — HS° is bounded and ¢(z) € H.,.

Theorem 2.10. Let ¢ be an analytic self-map of A, and ¢ be an analytic
function in A. Suppose that u is normal. Then the following statements are
equivalent.
(i) ¢C,D : Z2 — Hp, is compact;
(ii) ¢C,D = 2o — H;5 is compact;
(i)

|£i‘gllﬂ(|z|)|¢(2)| lnw = 0.
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Abstract

There are relatively few theoretical papers to consider the positivity of solutions of discrete
time stochastic difference equations (DSDEs), compared to many publications on theoret-
ical analysis of solutions of deterministic difference equations and stochastic differential
equations. Additionally, no papers theoretically investigate the global stability of nontriv-
ial solutions of n-dimensional DSDEs. In this paper, we consider the Euler-Maruyama
scheme for n-dimensional stochastic difference equations that are a generalization of a
two-dimensional model of stochastic predator-prey interactions, and show the positivity
and the global stability of nontrivial solutions of the scheme by applying a new discretized
version of the Ito formula. Numerical simulations are introduced to support the results.

Key words: Euler-Maruyama scheme, Positivity, Global stability, Stochastic difference
equations.

1. Introduction

Stochastic differential equation (SDE) models have been increasingly used in a range
of application areas, including biology, chemistry, mechanics, economics, and finance. In
general, the exact solutions of SDEs are not known, so one has to numerically solve these
SDEs. This leads us to consider and analyze discrete time stochastic difference equations
(DSDESs), which can be also viewed as stochastically perturbed versions of deterministic
difference equations (DDEs). There are many publications on estimations of the difference
between solutions of SDEs and DSDEs. The global asymptotic stability of the trivial
solution of DSDEs has been also widely addressed (see [1], [2], [3] and references therein).
However, relatively few studies theoretically consider the positivity of solutions of DSDEs
that are scalar equations on a finite time interval (see [4] references therein). In particular,
to the best of our knowledge, there is no paper that theoretically deals with the global
stability of nontrivial solutions of DSDEs, except [5], in which two-dimensional DSDEs
are treated with a new discretized version of the Ito formula. Therefore, the aim of this
paper is to extend the method used in [5] for investigating the positivity and the global
stability of nontrivial solutions of n-dimensional DSDEs on an infinite time interval with
stochastic predator-prey models.

*Corresponding author
Email addresses: smchoo@ulsan.ac.kr (Sang-Mok Choo), yhkim@kw.ac.kr (Young-Hee Kim)
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We generalize the two dimensional predator-prey model in [6]
dz(t) = x(t){r1 — ap1x(t) — ar2y(t) }dt + ox(t)dWi (t),
dy(t) = y(t){—rs + anz(t) — agy(t)}dt + ooy (t)dWs(t),

to the n-dimensional stochastic differential equations
i—1 n
dz'(t) = 2'(t) (n +) agad(t) =) aijxﬂ'(w) dt + oz (£)dW(t), (2)
j=1 J=t
where W; are independent and real valued Wiener processes on a complete probability
space (2, F,P). Although all the parameters r;, a;; and o; in (1) are positive, we weaken
the conditions on the signs in (2) such that

T; GR,CL”‘ >O,CI,Z']' Z0,0’i >0 (1 SZ,]STL,Z%])

Consider the Euler-Maruyama scheme for (2)

i—1 n
), =}, {1 + At (m + Z a;;r;, — Z aijxi> + \/Eaif,iﬂ} : (3)
j=1 j=i
where 1 < i < n, k > 0, o), > 0, At = % for N € N, t, = kAt, and discrete
Wiener processes W (t1) — Wi(ty) are @g,@ +1 with a mutually independent and iden-
tically distributed sequence (&},--- &), of the standard normal random variables.
The solutions of (3) are defined with respect to a complete, filtered probability space
(U, Fry {F 1221, Pw), where {Fi}32 is the natural filtration generated by the stochas-
tic sequence (&}, -+, &M)%,.

The positivity of the solutions of continuous time SDEs (1) is obtained in the infinite
time interval [0, 00) without the assumption of boundedness of the noises W;(t) by using
the concept of explosion time (see [7] and [6]). However, for obtaining the positivity of
the solutions of discrete time DSDEs (3) in the infinite time interval, we restrict noises
to bounded noises, which means that & are assumed to be truncated standard normal
random variables with support [—¢, | for a positive constant ¢ that satisfies

B(g) =0, E[(&)"] =1 - (4)

The positive value n. = %ﬁ_g) can be assumed to be sufficiently close to 0, where ¢ and
® are the probability density and the cumulative distribution functions of the standard
normal random variable, respectively. For example, when ¢ = 20, we have 0 < 7, < 107%.

The paper is organized as follows. Section 2 gives the positivity and the boundedness
of the solutions of (3). In Section 3, we introduce the new discrete It6 formula developed
in [5] by using a known discrete Itd formula for stochastic difference equations (see [§]
[9] and [10]), which is the main tool for finding conditions for the global stability of the
solutions of (3). Section 4 introduces auxiliary equations, the solutions of which are used
for upper bounds of the solutions of (3). We show the global stability of the solutions of the
two-dimensional model (3) in Section 5. The properties of the solutions of the auxiliary
equations are used in Section 6 to find conditions for at least one of the solutions of (3)
to converge to zero. In addition, the approaches in Section 5 are extended into the n-
dimensional model (3) for finding conditions for the global stability the solutions of (3).
Section 7 gives simulation results to confirm the results obtained in this paper.
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2. Positivity and boundedness of solutions of DSDEs

In this section, we show the positivity and boundedness of solutions of the n-dimensional
model (3) by applying the approach used in the DDE model (3) with o3 = 09 = 0 (see
[11]). For simplicity, we use the notations for every constant a,

a=a-At, a=a-VAL
and
i o1 i1 i+l n
Xp = (Tg, - x) L, xap).

Then the n-dimensional discrete model (3) can be written as

IZ—H = Fx}'c (‘/E;c)v

where ' 4 , . :
Bylai) =i (1+7+ Y gl =) ayel + 5k (5)
For a vector ¢}, = (¢}, -+, ¢, ¢, -+, (F) of real numbers, define
. i—1 . n . o i
V(¢h) = (2a5) 7" (1 + 7+ Zj:1 aijCp — Zj:iﬂ ai Gy + Ui§k+1> : (6)
If V(¢,) > 0, then (5) gives
Fyi (2) is increasing on 0 <z < V(¢h). (7)
For 1 <1 < n, denote
_ a1 (s
Xi = ay; (rz + Zl<]< L Giix; + azg) (8)
and assume that
Xi < (2) <1 T Zi+1<]<n GijXj azg) ’ )
P+ ZKK i+ 0 < 1 (10)

The model (3) is also assumed to satisfy the initial condition

1 n )
(@l ah) € ngign(o,xz). (11)
Theorem 1. Let %, be the solutions of (3) and x; be defined in (8). Then
1 DI n .

(xlw axk) € ngign(O’XJ’ k> 0.

Proof. 1t follows from (11), (9) and (6) that for 1 <i <n
0< ZLJ(') <X < (2&”)_1 (]. + ’T’AZ — Zi-l-lﬁjﬁn &inj — &z§> < V(XB)

Then letting ¢}, = X}, in (7) gives the positivity

ay = Fy (25) > F(0) =0, 1 <i<n.

3
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Letwe Qu. If i+ S ayad(w) — 3 ayad(w) + 6:&i(w) <0, then

1<j<i-1 i<j<n
ri(w) = Fe () (w) < zj(w) < X3,

and otherwise, we have 0 < z{(w) < f(X})(w) with

f(x0 = EL_ (r, + ZK]Q ) a;;x) — Zi+1§j§n dijxg + crﬂ) )
Since 0 < f(x4) < V(i) by (10), using both (7) with ¢}, = X} and (8) with (11), we have
z1(w) = F () (w) < Fg (f(X)) (@) = f()(w) <xi 1< i<n.
Therefore if (zg,-- -, 25) € [T;<;<,(0, xi), then
(21, ,2%) € ngign(O7Xi)a
and hence applying mathematical induction, we can complete the proof. O]

Remark 1. Since (8) and (9) can be written as

_ 05, —1 (= QY s ,
= (At)ay (n + E L<jcio aijX; + 01§> ’
-1 )1 P E
Xi < (At) (261”) <1 + 7 it1<j<n ]X] N ) ’

the conditions (9) and (10) can be satisfied when taking small values of At. For example,
take n = 3 in (3). The definition (8) gives x1 = @i (71 + 015), X2 = Ggy (T2 + d21X1 + 026)
and y3 = ag; (T5 + @s1x1 + Gsex2 + 03¢). Let At =0.0001, ¢ =20, r; = a;; = 0; = 1 for
1 <4,j < 3. Then the conditions (9) and (10) are satisfied.

3. A new discretized version of the Ité6 formula

In order to find conditions for the stability of the solutions of (3), we need a discretized
form of the It6 formula. Although there are discretized versions of the It6 formula (see
[8], [9] and [10]), we developed a variant which is suitable for our purpose in [5]. For the
completeness of this paper, we include the proof of the new discretized version of the Ito
formula in Appendix below.

We write ¢1(h) = O(ga(h)) (or ¢1(h) = O(g2(h)) for b — 0 to be more precise) if there
exist positive constants C' and hg such that |g;(h)| < Clgz(h)| for all b with 0 < h < hy.
We make the following assumptions about the noise &:

(a) The noise ¢ satisfies that for some C' and p with 0 < p < 1

B =0, B(¢) =1-pn () <C(=1,3).

(b) The probability density function p exists and satisfies that for some C' and all suffi-
ciently large |z|

C

x|

|2*p(x) <
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The truncated Normal random variables satisfy both (a) and (b) with u = 7. in (4). By
C3(R), we denote the set of all functions defined on R that are continuously differentiable
up to the order 3.

Lemma 1. Consider functions ¢, ¢ : R — R satisfying for some § > 0,

(i) p=¢ on[1—46,1+4].
(ii) ¢ € C3(R) and |¢"(z)| < C for some C and all x € R.
(iii) fR lp(z) — ¢(z)|dr < 0.

Let £ be an F-independent random variable satisfying (a) and (b). Let f and g be F-
measurable random variables satisfying that for some positive constants € and C,

max{h|f|, Vh|g|} < Ch (12)

Then
E [qf) (14 hf + Vhge) H
= 0(1) + $/(DAS + 3¢ (Dha? - (L= ) + hFO () + hg? ().

Remark 2. For the solutions x% of (3), let f=r; + 2;;11 s — PR agry and g = o;

Then f and g satisfy (12) with e = 0.5 due to 0 < 2}, < x; = O(h™%%) for 1 < i < n and
k> 0.

Remark 3. In order to construct ¢ corresponding to the function

_ J nfz] (Jz[ >0)

we modify the function ¢ in [2]. Define the function ¢ as follows:

o) In|z| (EE

6 _1\3 —1\3 -
_%641‘4—1-62372—%‘*‘%@_6 D e (Jzf <eh)

Then ¢ satisfies all the conditions in Lemma 1.

Notation 1. For simplicity, we use the notations for 1 <i <n and k > 0,
—, 1 k—1 i
Blaj) =3 B (),
and for every constant a and 7. in (4)
a=a-{1+0MR*)}, ay=a-(1 =), rig =1 — 0.50377.

Remark 4. Since the solutions zj_, of (3) are positive, we can take logarithm of (3).
Then applying Lemma 1 with (¢,¢) in Remark 3, the Fj-independent and normally
truncated random variable &1 and (f, ¢) in Remark 2, we have

E[lnzi 4| F] = E[Inz| F] + E {¢ (1 +hf+ \/ngk-&-l)

Fk:|7
5}
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which gives
E(lnz,,,) = Inzj+hf+ %@2 (1 = neu) + hfO (h°%) + hg?O (h°?)
= Inal + h (ri — %O’?n + i az-jacf; — i aijxf;> ) (13)
j=1 j=i
Taking expectation of (13) and adding the result, we can obtain

E(lnzi) = E(lnal) + kh (rw + i ay B(x]) — Z al-jF(xi)> . (14)

i=1 j=i

4. Auxiliary equations

In order to find upper bounds of z%, we consider the auxiliary equations for 1 <i <n
and k>0

. . i—1 ‘ . . . .
7 o ~ ~ J A i ~ 1 i 4
21 = 2 (1 + 7 + g iy Qg% — iz + aika) . 2 = Xy (15)

Since (15) is the system (3) with a;; =0 for 1 <47 < j <n, Theorem 1 gives
1 DEIEY n .
(Zkv >Zk) € ngign(QXz)? k > 0. (16)
Let 3; be the solutions of the equations

Tic + Z a;j8; —ayfi =0, 1 <i<n. (17)

1<j<i—1

Note that (13) and (14) with a;; =0 (2 < j < n) become

E(lnz,,) = Inz + At (110 — annz) (18)
E (ln z,i) = F (ln zé) + kAt {Tlg —an FE (z;)}
. k—1
= F (ln zé) + kAtay, {61 — k7t Zs:o E (z;)} , (19)

due to B = rigay; in (17).
The proofs of Lemma 2 and 3 were given in [5]. For the completeness of this paper,
we write the proofs again.

Lemma 2. Let 2} and B3y be the solutions of (15) and (17), respectively.
If 1 > 0, then for every € > 0 and some integer N, > 0

k1 Z’j E (Z;) <pBi+e k>N,
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Proof. Suppose that the theorem is false, which means that there exist a constant ¢y > 0
and an infinite increasing sequence {k,,} satisfying both for all k,,

Kkm— 1
> ) >B1 + e, (20)

and for all k with k # k,,
k™ ZS, <B1 + €o. (21)
Combining (20) and (19), we have

lim,, oo (ln z,im) = —00. (22)

Substituting (22) and the boundedness of z} into (18) gives

lim lnzk = —00,a.S.
m—0o0
and then
lim,,—s o0 z,imfl =0, a.s. (23)

Thus the dominated convergence theorem with (16) leads to
lim, 00 E(24, _1) = 0. (24)

In order to obtain a contraction we show the following Claim 1 and 2.
Claim I: For all sufficiently large k

k™ Zs B ) >B1 + eo. (25)

Assume that there exists k = k,, — 1 satisfying (21). The system of (20) and (21) becomes

SUUBY) 2 k(2
S < (1) (Bt ),
which gives
E(2y,,-1) > b1 + <o (26)

Hence there exist finitely many k satisfying (21) due to (24) and (26).
Claim 2: As (20) implies (24), the equation (25) implies

lim E(z) =0,

k—o0

which is contradictive to (25) due to 8 + €9 > 0. This contradiction completes the
proof. n

Lemma 3. Let (2},27) and (B4, 52) be the solutions of (15) and (17), respectively.
(a) Ifriy <0 (i =1,2), then klim 2i=0(i=1,2),
—
(b) Assume ri, > 0. Then limg_,o k™ Zk VE(2)) = B
(i) If roo + agi B < 0, then limy o 22 = 0, a.s.

7
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(i1) If roy + a1 B > 0, then limy,_,o0 k1 Zf;é E (22) = Bs.
Proof. (a) Since ri, < 0 is equivalent to #; < 0, the equation (19) with the positivity of
zi gives that if 71, < 0, then lim; .o, F (Inz}) = —co and so we have klim zi =0, as.
—00
Hence the dominated convergence theorem yields klim E(z}) = 0, which implies
—00

lim E(z) = 0. (27)

k—oo

It remains to show that limy_, 27 = 0, a.s. Using (13) and (14) with ay; =0 (3 < j < n),
we have

FE (h’l le-i-l) = In le + Aot (7"20- + CLleé — aggzz) s (28)
E(lnz;) = E(lnz)+ kAt {ros + anE(z) — annE(7})}
= F (ln zg) + kAtag [a2_21 {ng + aglﬁ(z;)} — E(zz)} (29)

Combining (27) and (29) with ry, < 0 and the positivity of zZ, we have
limy_oo B (ln zg) = —00

Therefore, as (22) implies (23), we can obtain that if 5, < 0, then limy_,, 27 = 0, a.s.
(b) Assume 71, > 0, which gives 8] = ri,a;;" > 0.

Due to Lemma 2, it is enough to prove that for all ¢ > 0 there exists an integer N,
satisfying

i<k E() k2N (30)

Suppose that (30) is false, which means that there exist a constant g > 0 and an infinite
increasing sequence {k,,} such that

km—1

_ -1 1
B —eo >k, ZS:O E (2}).
Then the boundedness of z; and (19) imply that for all &,
oo >F (ln z,im) > F (ln zé) + k:mAOtalleo,

which is a contradiction. Therefore (30) is true and then Lemma 2 gives
limy oo k7Y E(2)) = 1. (31)
(b)-(i) Assume that ri, > 0 and 79, + a9 51 < 0.

Applying (31) to (29) with ry, + ag13; < 0 and the positivity of 22, we have

lim E(Inz) = —o0.
k—o0

Therefore, as (22) implies (23), we can obtain limy . 2z = 0, a.s..
(b)-(ii) Assume that 71, > 0 and 79, + a3, > 0 and then By = ayy (ro + ag151) > 0.
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Following the proof of Lemma 2, we can obtain that for every ¢ > 0 and some integer
N.>0

k™ Z_ 2) < Bate, k=N, (32)

by replacing z;, 81, (18) and (19) in Lemma 2 with 27, (2, (28) and (29), respectively,
and using (31).

On the other hand, following the proof of (30) with (29) instead of (19), we can obtain
that for all € > 0 there exists an integer N, satisfying

By —e <k~ Z , k> N.. (33)

Combining (32) and (33), we obtain limg_,o k= Zk VE(22) = Bo. O

The proofs of Remark 5 and 6 are given in Appendix below.

Remark 5. Using the idea in Lemma 3, we can find conditions under which the solution
23 of (15) converges. Let (3 = agy (13, + as1 1), which is equal to 33 when £, = 0.

(a) Assume that ri, > 0 and r9, + a9 < 0.
(i) If r3, + az1 By < 0, then lim z};’ =0, a.s.

(ii) If 73, + az1 By > 0, then hm ELSML R (23 = B,

(b) Assume that r, > 0 and 7, + aglﬁl > 0.
(i) If rg, + 23 1 a3;5; < 0, then lim 22 =0, a.s.

(ii) If 3, + 327y as;B; > 0, then hm U E (28 = B
Remark 6. Replacing (3) with (15), the equation (14) becomes
. . . -1 — .
E(lnz,) = E(ln z) + kAt {Tw + Z , ai; E(z) — a”E(Z}C)} : (34)
=
Substituting (17) to (34) yields
, . . i—1 . -
Binz}) = B(lnzg) + k&t | ay {B() = B} —ai {EG) - 8}], (35)
so that we can extend (b)-(ii) in both Lemma 3 and Remark 5 to the n-dimensional case:
If rip + 23;11 ai;jB; >0 (1 <i < n), then limy_,, E(21) = B; (1 <4 < n) and, as a result,

(35) yields

k—o0

1
lim kE(lnzk)—O 1<i<n. (36)
Lemma 4. Let xi and z be the solutions of (3) and (15), respectively. Then
O<ap <z, 1<i<n, k>0.

Proof. Let Of be the zero vector of n — 1 entries for & > 0. Since Xj > 0 and Fi(2) in
(5) is decreasing in (g, we have

) = Fa(w) < Foy (). (37)
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Using (6) and (9), we have
0<ap <25 <x1<V(0))

and then (7) yields

Foy(wp) < Foylz) = #1. (38)
Hence combining (37) and (38) gives
vy < 2. (39)
Note that for £k > 1
Xp >0, 2zt < x1 < V(0}) (40)

by Theorem 1, (16), (6), (9). Following the proof of (39), we can obtain
vy < 2, (k> 0)

by using mathematical induction with (40) and Of.

Similarly, letting 22 = (23,0, ,0) and using 0 < 22 < 22 < xo < V(22), we have
2 = Fea(rg) < Foa(x5) < Foa(23) = 21 (41)
Hence mathematical induction with (41) and 22_; = (z}_4,0,---,0) gives

3 < zi (k> 0).

Therefore, using mathematical induction with zi = (2}, --- ,z,i_l, 0,---,0), we can com-
plete the proof. O

Remark 7. If r;, + Z;;ll a;;8; >0 (1 < i <mn), then both Lemma 4 and (36) imply that
for every € > 0 there exists an integer N, such that

%E(lnxz) <e€ k>N, (42)

which will be used in Section 5 and 6 to show that all the solutions of (3) converge to
positive values.

5. Global stability of the n-dimensional DSDESs

In this section, we first find conditions under which at least one of the solutions of (3)
converges to zero, a.s. and then another conditions under which all E(z%) (1 < i < n)
converge to positive values. The extension of the approach used for the global stability
of the two-dimensional DSDEs can lead us to the global stability of the n-dimensional
DSDEs, so that we again treat the two-dimensional DSDEs in [5].

10
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5.1. Global stability of the two-dimensional DSDFEs

In this section, we consider the two-dimensional model (3) with n = 2

11 NP P S |
Tppr = (1 + 71 — anxy, — a1ty + 6184,1),

. . . N 43
Tpiy = Tp(L+ Py + ag12y, — ooy, + G26j ). (43)

Define A, and D} (i = 1,2) by

. a1; 12 "o\ D%
A2_(_a21 ) and (%>_A2 (D) (44)

Theorem 2. Let 2}, and f3; be the solutions of (43) and (17), respectively.

(a) If riy <0 (i =1,2), then limg_oo 2t =0 (i = 1,2),a.5
(b) If 114 > 0, 795 + a1 51 <0, then klim E(x}) = B and klim 2 =0, a.s.
—00 —00

(¢) If rig > Gy 19720 and 7oy + a1 By > 0, then limy_o E(2L) = D} (i = 1,2),
where D} is defined in (44).

Proof. (a) The proof is followed by applying Lemma 3-(a) and Lemma 4.
(b) From Lemma 3-(b)-(i) and Lemma 4, we have lim_,, 77 = 0, a.s.
which gives that for every € > 0, there exists an integer N, satisfying

0<a; <e k> N.. (45)

Consider the system

L

Ui = (L4710 — anuy — e + 61&44), ug = o,
voo_ U s U 4 = el U_ 1
Upyy = up (1+ 71— anuy + a2 + 616341), Uy = 7
Following the proofs of both Lemma 4 and (45), we can have
0<uy <z <uf for k>N,
and then due to (31), we can obtain
1& T — Q12 1 & T1o + Q126
lim =Y F(uf) = ==—2% lim - » E (W) =—""——%,
k—oo k go ( S) a1 k—o0 k —~ ( y ) a1

which gives the desired result.
(c) Let |As| be the determinant of As in (44), which is positive. Then

D% -1 ("o -1 [ Q22710 — Q12720

= A = |A 46
(Dg) 2 (7‘20 | 2| an (@151 + 7"20) ( )
and hence the conditions in (¢) imply D} > 0 for i = 1, 2.
Applying (44) to (14) with n = 2 gives

(o) - (B s (BEER).

11
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and multiplying the matrix |Ay|A5" to (47), we have

anpB(lnz}) — apE(nal) = C) + kAt|Ay| (D) — E (2})), (48)
an E(lnzp) +anE(lna) = Cy + kAt|Ay| (D} — E (23)) (49)
where C} = agpFE(Inx}) —ajpnE(Inz) and Cy = ay E(Inz}) + a1  E(In ).
Since |Ag] > 0, D} > 0 in (48), and —a;p E(Inz}) > —oo from Theorem 1, we can follow

the proof of Lemma 2 with (48) instead (19) and, as a result, obtain that for every e > 0
there exists an integer N such that

E(x;) < Dy+ e, k> N (50)
Substituting (42) into (49) gives that for every €5 > 0 there exists an integer Nz satisfying
E(x}) > Di— €, k> Ng. (51)

Applying (50) to the second equation in (47), we have for k¥ > Ny
E(lna}) < B(lna?) + kAtag {ay, aney + D3 — E(a?)} . (52)
Instead of (19) and (18), using (52) and (14) with n =7 = 2 and D3 > 0, and following

the proof of Lemma 2, we can obtain that for every € > 0 there exists an integer N2
such that

E(z}) <D+ €3, k> Ng. (53)
Hence (51) and (53) imply
lim E(z}) = Dj. (54)
k—o0
It remains to show lim E(x}) = D). Applying (54) to (49) with (42) yields
—00
li 1E(l 1) =l 1E(l Y =0
Jim B (ned) = Jim gE(nrd) =0
with which (48) gives the desired result. O

Remark 8. Assume 7, < 0. Then it follows from Lemma 3-(a) and Lemma 4 that
limg o 73 = 0, a.s. In addition, if 75, > 0, then we can have

limy_ oo E(xi) = U5y 20

by following the proof of Theorem 2-(b) with limy_,., 1 = 0, a.s., instead of limy_,, 7 =
0,a.s.

Remark 9. Since |Ay| > 0, the identity (46) gives that the two conditions in Theorem
2-(c) are equivalent to D} > 0 and D? > 0. This equivalence with |As| > 0 is used to find
conditions for the global stability of solutions of the n-dimensional model (3) in the next
section.

12
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5.2. Model reduction

Using Lemma 3, Remark 5 and Lemma 4, we can find conditions under which at least
one of the solutions of (3) converges to zero, a.s. For example, the three-dimensional
model (3) with n = 3 can be reduced to the two-dimensional model (3) and hence we can
apply Theorem 2 as follows.

Theorem 3. Let z, and B3; be the solutions of (3) and (17) with n = 3.

(a) If r1, <0, then limy_,o ;= 0, a.s.
(b) Assume ry, > 0.
(i) Letri;+anf; <0 (i =2,3). Then kll_)rilo 7 =0, a.s. (i = 2,3) andlimy_,, E(z}) =
B

(ii) Let ray + ag181 < 0 and r35 + az1 81 > 0. Then klim 2 =0, a.s.
— 00

Furthermore, if 11, > 33 G13734, then klim (E(xt), E(z})) = (D3, D3).
—00
2
(i) Let rop + a1 > 0 and r3, + > as;f; < 0. Then klim 3 =0, a.s.
i=1 —00
Furthermore, if 71, > a5y G197o4, then klim (E(z}), E(z})) = (D}, D3).
—00

Here (D}, D3) is equal to (D}, D3) in (44) when aiz, a1 and agy are replaced with ays, as
and azz, respectively.

Remark 10. Assume rj, < 0, which gives lim;_,,, z} = 0,a.s. by Lemma 3-(a) and
Lemma 4. Then the three-dimensional model (3) can be considered as the two-dimensional
model (3) with two state variables z%, 2} and ag; = ag; = 0. Therefore, we can apply
Theorem 2 and Remark 8.

Remark 11. Assume that r3 < 0 and az; > 0 in Theorem 3-(ii). Then r3, < 0 and hence
r3e + as11 = r3, + aglal_llrla > 0 gives 11, > 0 > a§31a13r3(,. Therefore Theorem 3-(ii) is
satisfied without using the condition rq, > a§31a137“30 if r3 < 0. Similarly, if 7o < 0 and
a1 > 0, then Theorem 3-(iii) is satisfied without the condition r1, > a5y a1279,-

5.3. Convergence of all state variables to nonzero values

Now, we find conditions under which E(z%) (1 < i < n) converge to positive values

D! . The conditions are extensions of the following three conditions used in the proof of
Theorem 2-(c):

a a
(A1) |As] = ‘ H 2 = ayya9 + apas > 0.

—Q21 Q22
(A2) Dy >0, i =1,2 (see Remark 9).
(A3) The system of equations (48) and (49) has the sign-pattern matrix

sgn az —aiz\ _ [+ —o 7
o1 G171 +o +

which means that the signs of ags, —a12, as1, and aq; are positive, non-positive, non-
negative, and positive, respectively.

13
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Define A,, and D!, extensions of (44), by

1
a1 a2 G1(p-1) Qin "o D,
2
—G@21 Q22 - A2(n-1) Q2n 20 Dy,
n
—Ap1 —Ap2 - —0pn-1) GOnn Tno Dn

with the assumptions corresponding to (A1) and (A2):

(A1) [A,] > 0.
(A2) Di >0for1<i<n.

Using (55), we can write (14) as

E(lnzi) = E(Inzl) + kAt { Z a;; (D} — E(x})) + Y ai; (D} — E(x})) } ,
j=i
which is corresponding to (47). Hence (48) and (49) are extended as

Zlgm CyBE(lnz)) = le CiB(nad) + kAt|A,| {D} — B(«})},  (56)

where cofactors C;; of A, satisfy the assumption corresponding to (A3):

C’11 e Onl . _0 . '0 '0

(A3)sgn | = -+ [={+ - — = =
-0 -0 . e + —0

Cln Cnn +0 +0 . +0 +

Remark 12. It follows from (17) and (55) that (A2") gives

j 1
allﬁl = "o = § 1<j<n aljD% > alan > 0,

1 j 2
axfs = T+ a2 > 126 +anD, = E 2<icn ag; DY > agnD,,.

Repeating this process, we can conclude that (A2') implies r;, + Z im1aiiB; >0 (1<i<
n), and then we can use (42) in the proof of the following theorem.

Now we can extend the proof of Theorem 2-(c) to the n-dimensional model (3).

Theorem 4. Let x be the solutions of (3) and D! be defined in (55). Assume that
(Al')-(A3') are satisfied. Then

k—1
lim D: , 1 <i<n.
kaoo/{;zso -

Proof. Instead of (48), using (56) for 1 <7 < n — 1 and following the proof of (50) with
(A1l’) and (A2'), we can obtain that for every €/, > 0 there exists an integer N, such that

E(x) <D, +e, 1<i<n—1, k> N,. (57)

14
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Substituting (42) into (56) with i = n yields that for every €' > 0 there exists an integer
Nen such that o
E(zy) > Dy — e, k> Nen. (58)

As in the proof of (53), we can have that for every € > 0 there exists an integer Nen
such that
E(zy) < Dy +er, k> Nen (59)

by replacing both (50) and the second equation in (47) with (57) and
n—1 '
Bllnag) = Blina) + kA {Zanj (B(+l) D) — au (Bl - Dz)} ,
j=1
respectively. Hence (58) and (59) give

lim E(x}) = DI (60)

k—o0

Now it remains to show limy ., E(2%) = D! (1 <1i < n — 1). Substituting (60) to (56)
with ¢ = n and using both C;, >0 (1 <i <n) in (A3’) and (42), we can obtain

1 .
lim EE(lnxﬁg) =0, 1<i<n-—1,

k—o0

with which (56) gives the desired result. O

Remark 13. Following the proof of Lemma 1 under the assumptions about the noise &,
we can obtain the new discretized It0 formula for the Milstein method

E [¢ (1 hF 4 VRgE+ The? - (€ - 1)) H
=o(1) +¢'(1) (hf - %hg%) + %cb”(l)th (1= p) + h(f + gH)O (h9),
which gives
E [m (1 + hf + Vhgé + 0.5hg* - (€% — 1)) H
=h{(f = 0.5¢6*) + (f + %O (h")} .
Therefore, replacing i, = r; — 0.50%, and VAto&}, with i, = r; — 0.507 and v/ Atoi&), +

0.5At02 {(£)? — 1} for 1 <4 < n, respectively, we can conclude that the solutions of the
Milstein scheme for (2) satisfy all the results in this paper.
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6. Numerical examples

In this section, we provide some simulations that illustrate our results in Theorem
3 and 4 for the three-dimensional model (3) with At = 0.001 and ¢ = 20 in (4). Let
r = 1.1,@11 = 2.1,&12 = 0.2,(1,13 = 0.1,0,21 = 0.5,&22 = 1.1,&23 = 0.1,(131 = 3.1,&32 =
5.1,a33 = 0.5 and 09 = 03 = 0.1 in the model (3) with n = 3. The model is simulated 1000
and 5000 times in Figure 1 and 2, respectively, for calculating the values of expectations.
Example 1. Figure 1-(a) denotes three plots in the first column of Figure 1. Each figure

in the ith row of Figure 1 is the sequence of the 1000 realizations of z (i = 1,2,3). In
Figure 1-(a), we let (—ry, —73) = (0.1,2.1) and 07 = 2. The values (—ry, —r3) in Figure
1-(b), (c) and (d) are (5.1,5.1), (5.1,1.1), (0.1, 5.1), respectively, with oy = 0.1. Then the
values of parameters in Figure 1-(a), (b), (c) and (d) satisfy the conditions in Theorems 3-
(a), (b)-(i), (ii) and (iii), respectively, and Figure 1 demonstrates Theorem 3: For example,
all i (: = 1,2,3) in Figure 1-(a) converge to zero. At k = 2-10°, which means time 2000,
the errors |E(x}) — ap'ris| in Figure 1-(b), |E(z}) — Di| (i = 1,3) in Figure 1-(c), and
|E(zi)— D3| (i = 1,2) in Figure 1-(d) are 0.00012, 0.000075, 0.0019, 0.000038 and 0.00068,

respectively.

@ gt (b) ©
. ‘ 0.3

-8 -8
10 1.0 =10

o o o
4 -8
1.0 310 1.0 510 1.5 .
3 !
& 1 W
o o 0.2 o

Figure 1: All the z-axes denote time kAt from 0 to 100. The curves in each figure are 1000 realizations

of one of the solutions z, (1 <4 < 3) of DSDEs. The solutions zi (1 <i <3)in (a), 2} (i =2,3) in (b),

z2 in (c), 23 in (d) are all convergent to zero.

Example 2. Let r5 = —0.1,7r3 = —2.1 and o7 = 0.1. Then all the conditions in
Theorem 4 are satisfied. Consequently, the solutions z% (1 < i < 3) are positive, which
is demonstrated in Figure 2-(a), and E(z%) are convergent to positive values D}, which
is demonstrated in Figure 2-(b). At k& =5-10° which means time 5000, the error vector
(|E(xt) — Di|, |E(2%) — D?|,|E(x}) — Dj|) is marked with the larger star in Figure 2-(b)
and equal to (0.000028, 0.00011, 0.0018).

7. Conclusion

In this paper, dealing with the n-dimensional stochastic difference model, we have
extended the new approach to obtain the global stability of the fixed point of the two-
dimensional stochastic and discrete predator-prey system. As in the two-dimensional
model, we have found the conditions under which at least one discrete solution converges to

16
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(o)

a3
— 1.0
0.14 |E .
2.0 0. & 1.5
2.0 1.5
1.0 0.5 g
0.12 : . o) 0
2 |E(a2) — D2 |E(2t) — D

Figure 2: The start and the final points of each curve are denoted by the circle and the star symbols,
respectively. Two thicker curves in (a) and (b) show one realization of (x},2%,z3) (0 < k < 10°) and
error vectors (|E(z}) — D3|, [E(2%) — D3|, |E(x}) — Dj|) (0 < k < 5-10°), respectively. Each of the other
curves is the projection of one of the thicker curves onto one plane: The two planes in Figure 2-(a) are
r! =2 and 2% = 2.

zero by using a model reduction method. Additionally, we have also found the conditions
under which all expectations of solutions globally converge to non-zero fixed values. While
proving the global stability of solutions of the two- and n-dimensional stochastic difference
models, we have used our new discretized form of the Ito formula and therefore found the
possibility that the new discrete Ito formula will be applied to other stochastic difference
models.

Appendix

A.1. The proof of Lemma 1
By Taylor expansion,

e(1+z)=pl)+ 1)z + @”2(1)x2 + gp/lgg)x?’

with 6 lying between 1 and z. We substitute z = hf 4+ vhgé and take expectations. Since
¢ is F-independent with E(§) = 0 and F(£%) = 1 —pu, and f, g are F-measurable, we have

E (x| F) = hf, E(2*|F) = (hf)* + hg* - (1 — p).
Note that

’E<80 (0)x3
6

F)| < SE(1#] 17) = nrow) + o

by expanding z® and using F (|¢]) < oo (i = 1,2,3) and (12). Therefore
E(p(1+x)|F) (61)
= 1) + S hf + TN ng (1 ) 4 hFO )+ RO (). (62

Now it is enough to show
E(¢(1+hf+¢ﬁgg) —¢(1+hf+¢ﬁgg) )f) — 1g?0 (i) .

17
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Since f, g are F-measurable and £ is F -independent, letting ¢; = 1 + Af, ¢2 = Vhg and
Us =[1— 0,1+ 6] gives

E<¢(1+hf+\/ﬁg£) —90(1+hf+\/ﬁgf) ‘f)
- /R{¢(01 + cox) — @ (c1 + o)} p(x) do

-[. e -pln () & (63)

Co |CQ|

where p is the probabilty density function of &.

Note that
s—a0 ds
[, 1w e (20 &
ds s—0c 1
<{ oo tom {r (5) 2
< C - e’ sup {p (S _ Cl) %}
s¢Us Co |C2|

= C - hg* sup p<8_1_hf> L 30
s¢Us \/Eg )\/ﬁg‘

Here letting y = %, we have

. p(s—l—hf> 1 s p )|y’
s¢Us \/EQ ‘\/ﬁg‘g s¢us | |s—1— hf|3

For all s ¢ Us, there exists some &y such that for all sufficiently small A > 0

ls—1—"hf|>|s—1—=h|f| >0 —Ch®>dy >0 (64)

and then we have
s =1 —hf] S do

Yyl = =z . 65
] VAP o) (65)
Hence it follows from (64), (65) and the assumption (b) that
3
I TR G
s¢Us | |s—1—hf|
which gives
s—c ds
[ we-eens () S = mtow), (66)
R—Us C2 (e

Therefore using (61), (63) and (66), we obtain the desired result.

18
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A.2. The proof of Remark 5
Using (13) and (14) with az; =0 (4 < j < n), we have
E(lnzi,,) = Inz+ At (rso + asiz + asozp — asszy) (67)
E(lnz)) = E(lnz))+ kAtass lazs {rso + a1 E(z) + as2E(z}) } — E(2})] . (68)

A.2.1. The proof of Remark 5-(a)-(1)
Assume that

o >0, Tog + a2/ <0, r3, +az b <0.
Lemma 3-(b) and (b)-(i) give that
limy o0 E(24) = B (69)

and
limy, 00 27 = 0, (70)

respectively. Applying the dominated convergence theorem with (70), we have
lim E(2}) =0
k—o0

and then B
limy, o0 E(27) = 0. (71)

Substituting (69) and (71) into (68) and using the positivity of z}, we obtain
limj_, E (In 2}) = 0. (72)
Therefore combining (72) and (67) with the boundedness of 2} (i = 1,2,3) in (16), we

can obtain the desired result: lim z} =0, a.s.
k—o0

A.2.2. The proof of Remark 5-(a)-(ii)
Assume that
"o > 0, roe + a2 <0, r3, +az 1 >0

and then
limk_mo E(Zé) = 617 limk_mo E(Zz) = O, Bg = ag3l (7"30 + aglﬁl) > 0. (73)
Following the proof of Lemma 2, we can obtain that for every ¢ > 0 and some N, > 0
k1 5 -
< >
K1Y B <Bite k2N, (74)

by replacing z}, £1,(18) and (19) in Lemma 2 with 23, (s, (67) and (68), respectively and
using (73). Hence it remains to show that for every ¢ > 0 and some N, > 0

s k1 5
By—e<k™'Y  E(:), k>N (75)
Following the proof of (30) with (68) instead of (31), we can obtain (75), which gives the
desired result : klim kSN E(23) = B,
—00
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A.2.3. The proof of Remark 5-(b)-(i)
Assume that

2
T1e > 0, 795 +ag1 51 >0, 135 + ijl azjB; <0

and then )
klggo E(lec) = Bz (Z = 17 2)7 /83 = a?:‘il (T3U + Zj:l a3j/6j> < 07 (76)

due to Lemma 3-(b) and (b)-(ii).
Combining (76) and (68) with the positivity of z}, we can have

limy_,oo F (ln 22) = —00.

Therefore, as (22) implies (23), we can obtain the desired result: klim 22 =0, a.s.
— 00

A.3. The proofs of Remark 5-(b)-(ii) and Remark 6

Using mathematical induction, we prove that
if rie + 23;11 aijfB; >0 (1 <i<n), then limy o E(21) = 8; (1 <i < n).
Lemma 3-(a) gives that

if 1, > 0, then limy_,, E(z}) = S1.

Assume that for some ¢ € {2,--- n}
i—1
Tig + ;awﬁj >0 (1<i</¥) and I}LI&E(Z,C) G (1<i</l-1) (77)

Using (15) with ¢ = ¢ instead of (3), the equations (13) and (14) become

o -1 .
Blnz,) = Wi+ A&t (ro+ Y.~ ays —ausf), (78)
J:
o -1 P —
E(lnzf) = E(lnzé)—i—kAtaa{a[Elz‘ 1aejE(z;)—E(z,£)}. (79)
j:

Following the proof of Lemma 2, we can obtain that for every ¢ > 0 and some N, > 0

lim E(z,) < Br+e, k>N, (80)

k—o0

by replacing 2}, f1,(18) and (19) in Lemma 2 with 2f, 3, (78) and (79), respectively and
using (77). Hence it remains to show that for every e > 0 and some N, > 0

Be—e < lim E(z), k> N.. (81)
—00
Following the proof of (30) with (79) instead of (31), we can obtain (81), which gives
lim E(zf) = f,.
k—o0

Therefore the desired result is obtained.
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Entire solutions of certain type of nonlinear differential

equations and differential-difference equations *

Min Feng Chenfand Zong Sheng Gao
LMIB and School of Mathematics and Systems Science, Beihang University,
Beijing, 100191, P. R. China

Abstract. In this paper, we investigate the transcendental entire solutions of finite
order of the differential equations or differential-difference equations

F2(2) + P(f) = pre™ + pae?,

where p1, pa, a1, ag are nonzero constants with ay # s, and P(f) denotes a differ-
ential polynomial or differential-difference polynomial in f(z) with degree 1. And
we partially answer a question proposed by Li [10] (P. Li, Entire solutions of certain
type of differential equations II, J. Math. Anal. Appl. 375(2011), 310 — 319).
Mathematics Subject Classification (2010). 39B32, 34M05, 30D35.
Keywords. Entire solutions, Differential equations, Differential-difference equa-
tions, finite order.

1 Introduction and Results

In this paper, we assume that the reader is familiar with standard symbols and fundamental
results of Nevanlinna theory [1,2]. In addition, we denote by S(r, f) any quantify satisfying
S(r, f) = o(T(r, f)), as r — oo, outside of a possible exceptional set of finite logarithmic
measure.

Recently, a number of papers (including [3 — 12]) have focused on solvability and exis-
tence of meromorphic solutions of differential equations, difference equations or differential-

difference equations in complex plane. Specifically, it shows in [4] that the equation 4f2 +

3f" = —sin 3z has exactly three nonconstant entire solutions, namely f1(z) =sinz, fa(z) =
@ cos z — %sinz and f3(z) = —@ cosz — %sin z. The following two Theorems obtained

more general results.
Theorem A. (See [5]) Let n > 2 be an integer, P(f) be a differential polynomial in f(z)
of degree at most n—2, and A, p1, p2 be three nonzero constants. If f(z) is an entire solution
of the following equation
f"(2) + P(f) = p1e?* + poe™?, (1.1)
*This research was supported by the National Natural Science Foundation of China (No: 11171013,

11371225).
TCorresponding author. E-mail: chenminfeng198710@126.com.
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then
fz)= c1eM™ 4 ege M

where ¢1 and cy are constants and ¢? = p;,i = 1,2.

Theorem B. (See [10]) Let n > 2 be an integer, P(f) be a differential polynomial in f(z)
of degree at most n — 2, and p1,p2, a1, be nonzero constants and oy # ag. If f(z) is a

transcendental meromorphic solution of the following equation
[7(2) + P(f) = p1e™* + pae??, (1.2)

and satisfying N(r, f) = S(r, f), then one of the following holds:
(i) £(2) = co(2) + crem/n;

(i) f(2) = col(z) + coe®2/™;

(ii) f(z) = c1€X2/M 4 cre®2?/™ gnd g + ap = 0,

where co(z) is a small function of f(z) and c1,ca are constants satisfying c? = p;,i = 1,2.

For further study, Li [10] proposed the following question.
Question. How to find the solutions of (1.2) under the condition deg P(f) = n — 17
In this paper, we study this question and partially answer this question, and obtain the
following result.

Theorem 1.1.  Let pi1,pe, 1,2 be nonzero constants such that oy # s, a(z) be a
nonzero polynomial. If f(z) is a transcendental entire solution of finite order of the differ-
ential equation

F2(2) + a(2) f'(2) = pre™? + ppe??, (1.3)
and satisfying N (r, %) = S(r, f), then a(z) must be a constant, and one of the following
holds:
(i) f(z) = c1e®*/2, aciaq = 2ps, a1 = 2as;
(ii) f(z) = c2€®2*/2 acoty = 2p1, s = 204 ;

where c1,co are constants satisfying c? =p;, t=1,2.

Remark 1.1. We conjecture that the condition N (7", %) = S(r, f) in Theorem 1.1 can be

omitted using another method although we have not found a suitable one yet.

In [11], Wang and Li investigated the existence of entire solutions of differential-difference
equation
M2 +a(z) P (z + ¢) = ae™ + de™ "7, (1.4)

and obtained the following Theorem.

Theorem C. (See [11]) For two integers n > 3, k > 0 and a nonlinear differential-
difference equation (1.4), where q(z) is a polynomial and a,b,c,d are constants such that
la| +|d| # 0, bc # 0.

(i) Let n = 3. If q(z) is nonconstant, then the equation (1.4) does not admit entire solu-
tions of finite order. If q := q(2) is a constant, then equation (1.4) admits three distinct

transcendental entire solutions of finite order, provided that

-\ 3k
be=3mn (m#0, if ¢#0), ¢ =(-1)"*! (3;) 27ad,
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when k is an even, or

3m _ 3 . m 3t ok
bc=?+3mﬂ' (if ¢#£0), ¢ =1i(-1) 0 27ad,

when k is an odd, for an integer m.
(ii) Let n > 3. If ad # 0, then the equation (1.4) does not admit entire solutions of finite
order. If ad = 0, then equation (1.4) admits n distinct transcendental entire solutions of

finite order, provided that q := q(z) = 0.

In this paper, we shall tackle differential-difference equations in the form (1.4) with n = 2,

and obtain the following result.

Theorem 1.2.  Let p1,p2, A\, ¢ be nonzero constants, k > 0 be an integer and a(z) be
a nonzero polynomial. If f(2) is a transcendental entire solution of finite order of the

differential-difference equation
F2(2) + a(2) f P (2 + ) = pre + pae™™, (1.5)

then a(z) must be a constant, and satisfying one of the following relations:

(i) f(z) = £ia(3)F + c1e/2 + cpe™ /2 X = —1, when k is an odd;

(ii) f(2) = £1a(3)F + c1e*/2 + cpe7**/2, €A =1, when k is an even and k > 0,
where a, c1,co are constants with 6%1(14(%)4’“ =pip2 and ¢? =p;, i =1,2;

(iii) f(z) = i%a + Cle)\Z/Z + 6267)\2/27 ere — 1, when k =0,

14 9 4 _ 2 i
where a, c1,ca are constants with gza® = pipe or gza® = pip2 and ¢; = p;, i =1,2.

Example 1.1. f(z) = e” is a transcendental entire solution of finite order of the differential
equation
)+ f'(z) = € + e

Example 1.2. The differential-difference equation

has ezxactly two entire solutions, namely f1(z) = % + %eQZ — e %% and fy(z) = % — %622« +
§€72z
i .

Example 1.3. The differential-difference equation

fQ(Z) - f/(z + 7TZ/2) = 1622 + ie—Qz-

4 16
has exactly two entire solutions, namely fi(z) = ++3e*+1e™% and fo(z) = 1 —Le*—1e72.
Example 1.4. The differential-difference equation
1
f2(2) = 2f"(z 4+ i) = Zegz e,
has exactly two entire solutions, namely f1(z) = —1—|—%ez —e % and fo(z) = —1— %ez—l—e*z’.
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2 Lemmas for the Proof of Theorems

Lemma 2.1. (Clunie’s Theorem)(See [2,13]) Let f(z) be a transcendental meromorphic

solution of
[M"(2)P(z f) = Q(z, f),

where P(z, f) and Q(z, f) are polynomials in f(z) and its derivatives with meromorphic
coefficients, say {ax|\ € I}, such that m(r,ay) = S(r, f) for all X\ € I. If the total degree of

Q(z, f) as a polynomial in f(z) and its derivatives is < n, then

m(r, P(z, f)) = S(r, f). (2.1)

Lemma 2.2. (See [14]) Let f(z) be a nonconstant finite order meromorphic solution of

where P(z, f) and Q(z, f) are polynomials in f(z) and its shifts with small meromorphic
coefficients, and let ¢ € C, § < 1. If the total degree of Q(z, f) as a polynomial in f(z) and
its shifts is < n, then

T(r+lel, f)

m(r,P(z, f)) =o ( 5 ) +o(T(r, f)) (2.2)

r

for all v outside of a possible exceptional set with finite logarithmic measure.

Remark 2.1.  In Lemma 2.2, if f(z) is transcendental with finite order, and P(z, f), Q(z, f)
are differential-difference polynomials in f(z), then by using a similar method as in the proof
of Lemma 2.1, we see that a similar conclusion of Lemma 2.2 holds. Moreover, we know
that if the coefficients of P(z, f) and Q(z, f) are polynomials aj(z), j=1,...,k, then (2.2)

can be replaced by
k
m(r,P(z, ) =S(r, f)+ O Zm(r, a;(2)) |, (2.3)
j=1

where r is sufficiently large.

Lemma 2.3. (See [1,2]) Let f(z) be a transcendental meromorphic function and k > 1 be

m <r, ! ;k()z()z )> = S(r, f). (2.4)

Lemma 2.4.  Let « be a nonzero constant, and H(z) be a nonvanishing polynomial. Then

an integer. Then

the differential equation
af(z) —2f'(z) = H(z) (2.5)

has a special solution co(z) which is a nonzero polynomial.

Proof. Similarly to the proof of [Lemma 2.3, 8. If H(z) is a nonzero constant, then

co(2) = # is a special solution of (2.5). Now suppose that

H(2) = an2" +ap_12""* + -+ a1z + ag,
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where n > 1 is an integer, a,, # 0,a,_1,...,0a1,ag are constants.

We use the method of undetermined coefficients to derive the polynomial solution cq(2)
satisfying (2.5) by «, an,an-1,...,a1,a9. By (2.5), we see that degco(z) = deg H(z). For
n =1, equation (2.5) has a polynomial solution cy(z) = La1z + L (ag + 2ay).

In a general case, for n > 2, (2.5) has a polynomial solution

co(z):bnz"+~--+bjzj—|—---+b1,z—|—b0,

where . ) 20 +1)
bn:—am bj:—aj—&-jibjﬂ,j:n—l,...,O.
(0} « [0}

Therefore, (2.5) has a nonzero polynomial solution cy(z).

Lemma 2.5. (See [8]) Let A\ be a nonzero constant, and H(z) be a nonvanishing polyno-
mial. Then the differential equation

Af"(2) = N f(2) = H(2) (2.6)
has a special solution cy(z) which is a nonzero polynomial.

Lemma 2.6. (See [15]) Suppose that f1(z), f2(2), ..., fa(2)(n > 2) are meromorphic func-
tions and g1(z),92(2),...,9n(2) are entire functions satisfying the following conditions,

(1) 327 fi(2)ess ) = 0

(2) gi(z) — gx(2) are not constants for 1 < j <k <n;

(8) For 1 <j<mn,1<h<k<n,T(r fjz)) = o(T(r,e9 =9 (r — co,r ¢ E), where
E C [1,00) is finite linear measure or finite logarithmic measure.

Then fi(z) =0 (j=1,...,n).

Lemma 2.7. Let P(z) be a nonzero polynomial, A, B, ¢ be nonzero constants and A # 1. If
P%(z) = AP(2)P(z +¢) + B, (2.7)
then P(z) must be a constant, P(z) := p(constant).
Proof. If P(z) is a nonconstant polynomial, then deg P(z) > 1. Now suppose that
P(2) = ap2" + an_12""' 4+ + ay,
where n > 1 is an integer, a,, # 0,a,_1,...,a are constants, then
Plz+c)=an(z4+ )" +an_1(z+c)" 1+ +ap,

PQ(Z) = aizﬂn + 20%(1”_122”71 + -,
2. 2n 2 2n—1
P(z)P(z+c) = a;z"" + (na,c+ 2ana,-1)2 Foeey
P%(2) = AP(2)P(z+c¢) = (1 — A)a2 2> +--- .

From A # 1, we see that deg[P?(z) — AP(2)P(z + ¢)] = 2n > 2, it contradicts with (2.7).
Thus P(z) must be a nonzero constant, set P(z) := p(# 0).
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3 Proof of Theorems

Proof of Theorem 1.1
Denote P = a(z)f'(z). Suppose that f(z) is a transcendental entire solution of finite order
of equation (1.3). By differentiating (1.3), we have

2ff + P’ = a1p1e®® + agpoe®”. (3.1)
Eliminating €%, e*2# from (1.3) and (3.1), respectively, we have
arf2=2ff +a1P— P = (a1 — ag)pae®??, (3.2)

aof? —2ff +asP — P = (ay — a1)pre™=. (3.3)

Differentiating (3.3) yields
2a0f f' = 2(f')? = 2f " + aaP' = P" = cs (g — a1 )pre™, (3.4)

It follows from (3.3) and (3.4) that

p=-Q, (3-5)
where
¢ = araof? = 2(ar +a2) ff +2()* + 21 1", (3.6)
and
Q =ajaeP — (ay + az)P' + P". (3.7)

If ¢ #0, by (3.5) — (3.7) and Lemma 2.3, we see that
m (r, ‘;;) =S(r,f) and m (7“, }’;) =S(r, f). (3.8)

From N (r, %) = S(r, f) and (3.8), we see that

T(r,f)—i—S(r,f):m(r,JlC) < m(r, (Jf) —&—m(r,;)
< T(r,p) +S(r, f) =m(r,) + S(r, f)
4
< m(nf) +m(r, )+ S(r, f)
= T(r, f)+S(rf),
that is,
T(r,p)=T(r, f)+ S(r, f)- (3.9)

From (3.8) and (3.9), we see that

5T (r, f) + S(r. f) = 2m (n })

Al
3 3
/N N
vﬁ \3
Tl -
N——
+
3
7 N
\ﬁ
6 | =
N———

A
=3
o
=&
+ +
v o
S
> >
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that is T'(r, f) < S(r, f), a contradiction. Then we have ¢ = 0, that is @ = 0. By (3.7), we
have
alagP — (Oél + OéQ)P/ + PI/ =0. (310)

Since P = a(z)f'(z), it is obvious that P # 0. Since a1 # g, we see that ;P — P/ =0
and as P — P’ = 0 cannot hold simultaneously. Suppose a3 P — P’ # 0. By (3.10), we get

o P — P = Ae*??, (3.11)

where A is a nonzero constant. Substituting (3.11) into (3.2), we have

[(a1 — ag)p — Al p (o —ag)ps — A

fleaf =2f") = i - 5 P (3.12)

Since the right-hand side of (3.12) is a differential polynomial in f(z) of degree < 1. By
Lemma 2.1, we have

m(r,aqr f —2f") = S(r, f). (3.13)

If ay f — 2f #£ 0, since f(z) is a transcendental entire function of finite order, by (3.13), we
see that

m(r,arf = 2f") = S(r, f) = O(logr),

which implies that a7 f — 2f’ is a nonzero polynomial. Then we have
arf —2f = H(z), (3.14)

where H(z) is a nonvanishing polynomial, but H(z) may be a nonzero constant. By Lemma
2.4, we know that (3.14) has a nonzero polynomial solution, say, co(2).
Since the differential equation

arf—2f =0 (3.15)

has a fundamental solution f(z) = e®*/2. Then the general entire solution f(z) of (3.14)
can be expressed as
f(2) = co(z) + cre™*/2, (3.16)

where ¢ is a constant, c¢y(z) is a nonzero polynomial.
Substituting (3.16) into (1.3), we have

(2 — p1)e®® — pye®?® + (260(2) + %a(z)) 172 £ 2(2) + a(z)ch(z) = 0. (3.17)

By a1 # ag, if ag # 5, by Lemma 2.6, we see that p» = 0, a contradiction.

If ap = S, then (3.17) can be rewritten as

(2 — p1)e®® + [(200(2) + %a(z)) c1 — pg} 2% + 2(2) + a(2)c)(2) = 0. (3.18)
By a1 # as and Lemma 2.6, we have

(200(2) + %a(z)) c1—p2 =0, ci(2) +a(z)ch(z) =0, (3.19)

then ¢g(z) = 0, a contradiction.
Therefore, we have a1 f — 2f/ = 0, which yields

f? = Be™*, (3.20)
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where B is a nonzero constant. By (1.3), (3.11) and (3.20), we have
(1-%) potrzAp prp (3.21)
B A A ’
If p1 # B, then by (3.21) and Lemma 2.1, we get T'(r, f) = S(r, f), which is impossible.

Therefore, p1 = B and f(z) = c1e*1%/2 where ¢; is a nonzero constant satisfying & =p.

Substituting f(z) = c1e®*/2 and ¢} = p; into (1.3), we have

aa a(z)e® /2 — pye2® = . (3.22)

By a1 # a2 and Lemma 2.6, we see that a1 = 2a5 and cjaja(z) = 2ps, then a(z) must be
a constant, set a(z) := a.

If ayP — P’ # 0, then by a similar method, we can deduce that f(z) = c2e®?*/2, ay =
2a1, coga = 2py, c% = po. This completes the proof of Theorem 1.1.

Proof of Theorem 1.2
Denote Py(f) = a(z)f®) (2 4 ¢). Suppose that f(z) be a transcendental entire solution of
finite order of equation (1.5). By differentiating both sides of equation (1.5), we have

2 '+ PL(F) = Mpre™* — pae ™) (323)
Differentiating (3.23), we obtain
2J)+ 25+ PUT) = X (i + pae™) (324)
Combining (1.5) with (3.24), we have
(f)? = 5N~ £1"+ @), (3.25)
where Qu(f) = SOV PA(F) = P{(£):

Eliminating e**, e=** from (1.5) and (3.23), we obtain

N(f2+Pi(f)? = 2Ff + P{(f))? = dpip22°,

which implies that
NEfE = AP = Ry(f), (3.26)

where
Rs(f) = =2 f2Pu(f) + N (Pu(f))? = 4f F'PI(f) = (PL(£))* — 4p1p2)?].
Substituting (3.25) into (3.26), we see that
FPAf" =N f) = T5(f), (3.27)
where T5(f) = 4fQ1(f) + Rs(f).

Now, we consider two cases, case 1: T3(f) =0 and case 2: T3(f) #Z 0.
Case 1: T3(f) =0. By (3.27), we have

4f" =N f =o0. (3.28)
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Every entire solution f(z)(# 0) of (3.28) can be expressed as
f(z) = 12 4 cpe™/2, (3.29)

where c1, co are constants, and at least one of them being not equal to zero.
Then

A k A k
f(k)(Z +C) =c (2) eAc/26A2/2 + (_1)k+182 (2> 67/\6/267)\2/2. (330)
Substituting (3.29) and (3.30) into (1.5), we obtain
A A
(C%—p1)6/\Z+(C§—p2)6_/\z—‘ra(z)cl(5)keAC/2€AZ/2+(—1)k+1a<z)02(§)ke_)\c/2€_>‘z/2+20102 —0.

(3.31)
By Lemma 2.6, we see that

a(z)e (;)k 2 =0, (1) ta(2)ey (;)k e /2=, (3.32)

From X\ # 0 and a(z) # 0, then ¢; = ¢o = 0, a contradiction.
Case 2: T5(f) # 0. Since f(z) is a transcendental entire function of finite order, we see that
(3.27) satisfies the conditions of Lemma 2.2 and Remark 2.1. Thus we have

m(r,4f" — XN2f) = S(r, f) + O(m(r,a(2))) = O(logr),
which implies that 4f” — A2 f is a polynomial. Thus, from (3.27) and T3(f) # 0, we have
4f" = Nf = H(2), (3.33)

where H(z) is a nonvanishing polynomial. By Lemma 2.5, we see that (3.33) must have a
nonzero polynomial solution, say, co(z).
Since the differential equation

4f" = N2f =0, (3.34)

has two fundamental solutions
hz) =¥, folz)=e7%.
Then the general entire solution f(z)(# 0) of (3.33) can be expressed as
f(2) = col2) + c1e®* + cpe™ 2, (3.35)

where ¢, co are constants, ¢g(z) is a nonzero polynomial.

If £ is an odd, then

A" A\*
f®(z4¢) = c(()k) (z+0)+ar <2> eM2eA22 e,y <2> e N/2e7A%/2 (3.36)

Substituting (3.35) and (3.36) into (1.5), we obtain
A\ £
A —p)e’ + (2 —pa)e ™ + | 2¢100(2) + a(2)er | = ere/2 | er2/2
(c1 2 5

k
+ (26260(2) —a(z)ea <2) eAC/2> e L 3(2) + a(z)cék)(z +¢) + 2c1e0 =0. (3.37)
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By Lemma 2.6, we see that

2 __ 2 _ .
C1 = P1, C3 = P2;

2cic0(2) + a(z)cl(%)kekc/2 =0; (3.38)
2ea¢0(2) — a(z)ea(3)Fe /2 = 0; ’
c3(z) + a(z)cék)(z +¢) + 2¢1e2 = 0.
From (3.38), we know that
a(z) = a(constant), co(z) = co(constant),
and then
. k 4k
T (A 1 A . .
Co = iga <2> ) 6740'4 <2> = P1DP2, eAL =-1, C? =Pi,t = 1,2.
If £ is an even, then
A" A"
fBz4e) = cék) (z4+¢)+a <2> eA/2eM/2 4y <2> e~/ AE/2 (3.39)

Substituting (3.35) and (3.39) into (1.5), we obtain

A\ K
(] —pr)e™ + (3 —pa)e ™ + (26160(2) +a(z)cr <2> 6'\C/2> /2

A\ K
+ (20260(2) +a(z)co <2> e>‘c/2> e L B(2) + a(z)cék)(z +c¢) + 2c1c0 = 0. (3.40)
By Lemma 2.6, we see that

A& =p1, 3 =p;
2c100(2) + a(z)er (5)Fer/? = 0;
by

2eaco(2) + a(z)ea(3)Fe2/2 = 0 (3.41)
cA(z) + a(z)c(()k)(z +¢) + 2c102 = 0.

If k is even and k > 0, from (3.41), we know that

a(z) = a(constant), co(z) = co(constant),
and then
co = :l:%a <;\>k, 6i4a4 <;>4k =pipe, € =1, 2 =p;,i=1,2.

If £ =0, from (3.41), we see that

c2(2) = £2¢(2)co(z + ¢) — 2c1c2. (3.42)

By (3.42) and Lemma 2.7, we know that cy(z) = co(constant). By (3.41), we have a(z) =

a(constant), and
1

9
co=*-a, —a'= or —a* = L e =1, < =p;i=1,2.
0 2 64 b1p2 64 pP1p2 i — Di

This completes the proof of Theorem 1.2.
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APPROXIMATE GENERALIZED QUADRATIC MAPPINGS IN
(8,p)-BANACH SPACES

HARK-MAHN KIM AND HONG-MEI LIANG

ABSTRACT. In this article, we present general solution of a generalized quadratic functional
equation with several variables, and then obtain its generalized Hyers—Ulam stability results

for approximate generalized quadratic mappings in (8, p)-Banach spaces.

1. INTRODUCTION

In 1940, S. M. Ulam [30] gave the following question associated with the stability of group
homomorphisms: Let G be a group and let G’ be a metric group with the metric d(-, ).
Given € > 0, does there exist a § > 0 such that if a mapping f : G — G’ satisfies the
inequality

d(f(zy), f(2)f(y)) <&

for all z,y € G, then there exists a homomorphism F : G — G’ with d(f(x), F(z)) < ¢ for
all x € G7

The question of Ulam was first solved by D. H. Hyers [12] for approximate Cauchy additive
mappings on Banach spaces. Th. M. Rassias [22] provided a generalized Hyers—Ulam stability
for the unbounded Cauchy difference controlled by a sum of unbounded function e(||z||” +
|ly||P) for case 0 < p < 1. And then Z. Gajda [8] provided a generalized Hyers—Ulam stability
for the Cauchy difference controlled by the same unbounded function e(||z||P + ||y||?) for case
p > 1. In 1984, J. M. Rassias [23] gave a similar stability for the unbounded Cauchy difference
controlled by a product of unbounded function ¢||z||?||y||?, p+q # 1. More generally, Gavruta
[10] established a generalized Hyers—Ulam stability under replacing the bound of Cauchy
difference controlled by an integrated general control function with regular condition.

The following functional equation

flx+y)+ flz—y)=2[f(z) + f(y)]

2010 Mathematics Subject Classification. 39B52, 39B82.
Key words and phrases. generalized Hyers—Ulam stability; quasi-S-normed spaces; (8, p)-Banach spaces.
t Corresponding author. hmliang124@126.com.
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2 HARK-MAHN KIM AND HONG-MEI LIANG

is called a quadratic functional equation since it may be originated from the important
parallelogram equality
Iz + ylI* + [l = ylI* = 2[l|=[* + lly[|*

in inner product spaces. In particular, every solution of the quadratic functional equation
is said to be a quadratic mapping. The Hyers—Ulam stability problem for the quadratic
functional equation was first proved by F. Skof [29] for a mapping f : X — Y, where X is
a normed space and Y is a Banach space. In 1992, S. Czerwik [6] demonstrated the Hyers—
Ulam stability of the quadratic functional equation with the sum of powers of norms in the
sense of Th. M. Rassias approach using the direct method. In the same year, J. M. Rassias
[24] certified the Hyers—Ulam stability of the quadratic functional equation with the product
of powers of norms using the direct method. In 1995, C. Borelli and G. L. Forti [2] have
verified the generalized Hyers—Ulam stability theorem of the quadratic functional equation.
V. Radu [21], L. Cadariu and V. Radu [3, 4] have proposed to investigate the stability of
functional equations using the fixed point method which is based on the alternative fixed
point theorem. Since then, the stability of several functional equations using the fixed point
method has been extensively investigated by several mathematicians [9, 11, 14, 16, 17].

Recently, A. Zivari-Kazempour and M. Eshaghi Gordji [32] have determined the general
solution of the quadratic functional equation

fx+2y) + fly+22)+ f(z+2z) =2f (@ +y + 2) + 3[f(z) + f(y) + f(2)],

and then have investigated its generalized Hyers—Ulam stability. Motivated from this qua-

dratic functional equation, we now consider a generalized functional equation

(1.1) z”: Z f(k:ci+ "z_f iL'Z‘j>

i=1 1<i1 <-<in<n j=Liij#i

_(n—i-k—l)(n_ _1> (n )+ k;l)(n_ _1>foz

i=1
where n, k are fixed integers with n > 3 and 2 < k < n—1. Kim and Liang [15] have
presented the classical stability results of quadratic functional equation (1.1) by using the
fixed point approach in normed spaces. In this article, we give the general solution of the
functional equation (1.1), and then investigate generalized Hyers—Ulam stability results for

approximate generalized quadratic mappings in (3, p)-Banach spaces.

2. THE GENERAL SOLUTION OF EQUATION (1.1)

First of all, we introduce basic definitions, notations and preliminary theorems in the se-
quel. Let N be the set of all natural numbers, n € N and let X and Y be vector spaces. A
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GENERALIZED QUADRATIC FUNCTIONAL EQUATION 3

mapping A, : X" — Y is called n-additive if it is additive in each of its variables. A map-

ping A, is called symmetric if Ay, (1, -, 2n) = An(Tr), * , Tr(n)) for every permutation
{m(1),---,7w(n)} of {1,---,n} and all z1,--- 2, € X. If A,(z1,---,2,) is an n-additive
symmetric map, then A”(z) will denote the diagonal A, (x,--- ,z) for all x € X, which will

be called a monomial mapping of degree n. Note that A™(rz) = r"A"(x) for all x € X and
all rational number r» € Q. A mapping p : X — Y is called a generalized polynomial of degree
n € N provided that there exist an i-additive symmetric mappings 4; : X’ =Y (1 <i < n)
such that p(z) = Y"1 ; A'(z) for all z € X, where A" # 0 and A°(z) = A° € Y is a constant.

For f : X — Y, let Ay be the difference operator defined as follows: Apf(x) = f(z +
h) — f(z) for all z,h € X. We notice that these difference operators satisfy commutativity:
Ap oAp, f(x) = Apy oAy, f(x) for all , hi, ho € X, where Ap, 0o Ay, denotes the composition
of the operators Ay, and Ap,. Furthermore, let A f(z) = f(z),A} f(z) = Apf(z) and
APt f(x) = Ap o Al f(z) for all n € N and all ,h € X. In explicit form, the functional
equation A}t f(x) = 0 can be written as

n+1

AR () =) (=)t ( nj ! ) f(@+jh)=0

j=0

for all x, h € X. For any given n € N, the following is well-known Fréchet functional equation
Ay -0 Mg () = 0

for all ,hy, - ,hAnt1 € X.
The following theorem was proved by Mazur and Orlicz [19, 20] and by Djokovié¢ [7] in
greater generality.

Theorem 2.1. Let X and Y be vector spaces, n € N and f : X =Y, then the followings are
equivalent.

(1) AZ'Hf(a:) =0 forallz,h € X.

(2) Ap,y 0 0Dy f(x) =0 for all z,hy,---  hpy1 € X.

(3) f(z) = A™(z) +- -+ A°x) for all x € X, where A%(z) = A° is an arbitrary element of
Y and A¥(x) is the diagonal of an i-additive symmetric mapping A; : X' =Y (i=1,--- ,n).

The following two theorems ([27]) are need for us to establish general solution of the
functional equation (1.1) (see also [28, 31| for details).

Theorem 2.2. Let G be a commutative semigroup with identity, S a commutative group
and n a nonnegative integer. Let the multiplication by n! be bijective in S. The function
[+ G — S is a solution of Fréchet functional equation Ay, ., o--- oAy f(x) = 0 for all
z,h1, - hny1 € G if and only if f is a generalized polynomial of degree at most n.

150 HARK-MAHN KIM et al 148-160



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

4 HARK-MAHN KIM AND HONG-MEI LIANG

Theorem 2.3. Let G and S be commutative groups, n a nonnegative integer, v;, V; additive
functions from G into G and ¢;(G) C ¥;(G) (i =1,--- ,n+1). If the functions f, f; : G — S
(t=1,---,n+1) satisfy

n+1

fz)+ Z filpi(x) +¢i(y)) =0
=1

forall x,y € G, then f satisfies Fréchet functional equation Ay,
z,h, - s hpye1 € G.

-0 Ap, f(x) =0 for all

n+1 ©

Before taking up our subject, we note that a mapping f is quadratic if and only if f satisfies
the functional equation

fQRx+y)+ flo+2y) =4f(x +y) + f(z) + f(y),

which is equivalent to the functional equation

fBr+y)+ flz+3y) =6f(x+y) +4f(x) +4f(y)

for all x,y € X [5]. Moreover, it is very meaningful and elementary to see that the functional
equation

(2.1) fkx+y) + f(x+ ky) = 2kf(x +y) + (k — 1)*[f(z) + f(y)]

between vector spaces, where k is a fixed positive integer with & > 2, is equivalent to the
quadratic functional equation

(2.2) flx+y)+ fle—y) =2f(x) +2f(y)

for all #,y € X using Theorem 2.2 and Theorem 2.3 together with f(kx) = k?f(z) for all
x € X, and so the mapping f satisfying the equation (2.1) is quadratic.
Now, we are ready to present the general solution of the functional equation (1.1).

Theorem 2.4. Let X and Y be vector spaces. If a mapping f : X — Y is solution of the
functional equation (1.1), then f satisfies the functional equation (2.2) and so it is quadratic.

Proof. Assume that a mapping f : X — Y satisfies the functional equation (1.1). Letting
x1 ==, :=01in (1.1), we obtain

n—1 B n—2 n?k(k —1) n—2
n<n_k>f(0)—(n+k—1)<n_k_1 )f(0>+rz—lc<n—k—1 )f(O),

which yields f(0) = 0.
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On the other hand, one has the following identity by setting z1 ;= z,20 = -+ =z, := 0

in (1.1)
(Zji)f(km(n—l) ( o )f(w)

S (107 s (2 Y

for all x € X. Thus f(kx) = k?f(z) for all z € X.
Putting 1 := z, 29 := y,x3 = -+- = x, := 0 in (1.1), we get

n—k—1

( " )[f(kx+y)+f($+ky)]+<z:k

2 ) (k) + f(ky)]

n—k—2 n—k—1

:(n+k‘—1)( o2 )f(x+y)+nkn(k__kl)< e )[f($)+f(y)],

+<n—2>< ned >f<x+y>+<n—2>< ned )[f(zr)+f(y)]

n—k—1 n—k—1

from which it follows that

fkx+y) + f(x+ ky) = 2kf(z +y) + (k — 1)?[f(z) + f(y)]

for all x,y € X. Hence f is a quadratic mapping. O

3. THE GENERALIZED HYERS-ULAM STABILITY OF EQUATION (1.1)

We recall some basic facts concerning the (3, p)-normed spaces [25].
Let 8 be a fixed real number with 0 < < 1 and X a linear space over K, where K denote
either R or C. A quasi-f-norm is a real-valued function on X satisfying the following:
(1) ||z|| > 0 for all x € X and ||z|| = 0 if and only if z = 0;
(2) |Az|| = [AP||z|| for all A € K and all z € X;
(3) There is a constant M > 1 such that ||z +y|| < M(||z|| + ||ly||) for all z,y € X.

In this case, the pair (X, || - ||) is called a quasi-S-normed space. A quasi-#-Banach space is a
complete quasi-S-normed space. Let p be a real number with 0 < p < 1. The quasi-S-norm
| - || on X is called a (3, p)-norm if, moreover, | - ||P satisfies the following triangle inequality

I+ y[I” < fl=[” + [lyll”

for all z,y € X. In this case, a quasi-S-Banach space is called a (/3,p)-Banach space. We
notice that quasi-l-normed spaces are equivalent to quasi-normed spaces and that (1,p)-
Banach spaces with (1,p)-norm are equivalent to p-Banach spaces with p-norm. We may
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refer to [1, 26] for the concept of quasi-normed spaces and p-Banach spaces. Given a p-
norm, the formula d(z,y) := ||x — y||” gives us a translation invariant metric on X. By the
Aoki-Rolewicz theorem [26], each quasi-norm is equivalent to some p-norm [1].

Now, we study the generalized Hyers—Ulam stability of the functional equation (1.1) by
using the direct method. For convenience, we use the following abbreviations:

Df(x17"'7$n)
n _2 .
= flkx; + x; n—l—k—l)( n ) 2
;19132:9}191 ( J1§£¢z ]> n—k—1 (221 )
_nkn(k—_/{?l)< i )fol (X1, ,xp) € X" =X X - x X
M= n—=k

k(k—l)(ni;il>

Theorem 3.1. Let X be a vector space andY a (3, p)-Banach space. Assume that ¢ : X" —

[0,00) is a function satisfying

o0 (p(n]xl, ’njxn)p
(31) @1(1‘1, T ,$n) = ZO n2iBp < 0
]:

forallxy,--- xn, € X. If a mapping f : X = Y satisfies the functional inequality

(32) IDf (@1, wn)l| < @@, o)

for all x1,---  x, € X, then there exists a unique quadratic mapping Q1 : X — Y such that
MP 1

(33) 15 = Q@) < i, ,2)?

forallxz € X.

Proof. Letting ©1 = --- = z,, := x in (3.2), we obtain

1f (nx) = n®f(2)]| < MPp(x,--- )
for all z € X. Dividing the above inequality by n??, one has

i)
for all z € X. Replacing x by n'z and dividing by n?#, we get

f(nH_l:C) f(nlx) Hp Mﬁp ! X nlx)p

MPB
F@)] < Tggele - )

| 02+ n2l 2(1+1>ﬁp@(” L
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for all x € X and all [ € NU{0}. Thus, for any m € N, one deduces that

flnttmy f(n’:v Mﬁp”ilso ‘ i)’

(3'4) H n2(1+m) - ||p < nglﬁp

for all z € X and all [ € NU {0}. In view of (3 4) it is easily checked that the sequence
{f - x)} is Cauchy in Y. Since Y is complete, the sequence is convergent in Y. Hence, we
may define a mapping @)1 : X — Y by

(35) Que) 1= tim 17

l—o00 Tl2l

for all z € X. Moreover, if we take | = 0 and m — oo in (3.4), then we arrive at the
approximation (3.3). By (3.2) and (3.5), we see that

Df(nlxy, - nlzy,) o(n'zy, - nle,)P

. P __ 1 ) ) P ) ) o
HDQ1<$17 vxn)” = lggo H n2l H < llirgo n2lBp =0

for all z1,--- ,z, € X. Hence @ satisfies the functional equation (1.1), and so it is quadratic.

To show the uniqueness of ()1, we suppose there exists another quadratic mapping Q/l :
X — Y which satisfies the functional inequality

’ MB 1
Hf(l’) - Ql(x)” < ﬁ(pl(xa e 71.)?
for all x € X. Since ()1 and Q/l are quadratic mappings, we see that

1Qi(2) - Q@) = s |21 (') — @1 ') P
< 1@ (') — Fnla) |7+ | F(n'z) — @) (')

- 2 M Bp i o(nitle, .. ntlg)p QM,B:D Z o(niz, -, nlx)P 0
= 2(+1)8p n2J6p T p2Bp 4 n2jﬁp o

for all x € X. Hence )1 is a unique quadratic mapping satlsfymg (3.3). O

Theorem 3.2. Let X be a vector space and 'Y a (B, p)-Banach space. Suppose there exists a
function ¢ : X™ — [0,00) satisfying

[e.e]
T
o2y, ,1p) ::Z 216p90(ni"” L 2P < o0

nt
=1

forallxzy, - ,x, € X. If a mapping f : X — 'Y satisfies the functional inequality (3.2), then
there exists a unique quadratic mapping Q2 : X — Y such that

MPB 1
1f(2) = Q@) = 55 Pa(z, -, 2)?

forallx € X.
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Proof. We see from (3.2) that

1 f(nx) =0 f(2)|[P < MPo(x,-- - x)P
for all x € X. Thus, it follows that

Mo L .
anlf(%) — f@)P < — anﬁpgo(ﬁ E)P

nt’ "t
=1

for all z € X and all I € NU {0}. The remaining assertion goes in a similar way as the
corresponding part of Theorem 3.1. O

For the moment, we recall the fixed point alternative theorem from [18].

Theorem 3.3. Let (X,d) be a generalized complete metric space and let J : X — X be a
strictly contractive mapping with Lipschitz constant 0 < L < 1. Then for each given element
x € X, either

d(J"z, J" ) = oo

for all nonnegative integers n, or there exists a positive integer ng such that
(1) d(J"x, J"tx) < 0o for all n > nop;
(2) the sequence {J"x} converges to a fized point y* of J;
(3) y* is the unique fized point of J in the set

Y ={y € X[d(J"z,y) < oo};
(4) d(y,y*) < $27d(y, Jy) for ally €Y.

In the following, we are going to apply the fixed point method to investigate the generalized
Hyers—Ulam stability of the functional equation (1.1).

Theorem 3.4. Let X be a vector space and Y a (B, p)-Banach space. Suppose there exists a
positive number Ly with 0 < Ly < 1 for which a function ¢ : X™ — [0,00) satisfies

(3.6) p(nay, - nan) <0 Lip(ey, -+ @)

forallxzy, - ,x, € X. If a mapping f : X — 'Y satisfies the functional inequality (3.2), then
there exists a unique quadratic mapping Q1 : X — Y such that

B
(37) 1@ = Q@] € g — gyl 2)

forallx € X.
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Proof. First, we denote a set of mappings from X to Y by
YX :={g: X =Y a mapping},
and define a generalized metric d on YX as follows:
d(g,h) :=inf{a € [0,00] : ||g(z) — h(z)|| < ap(x,--- ,z) Vo € X}

for all g,h € YX. Then we may show that (Y, d) is a complete generalized metric space
(see [13]).
Now, we define a mapping J; : YX — YX by

Jig(z) == g(:;gx)

for all g € YX and all € X. Given g,h € Y, letting c,y, € [0,00] be an arbitrary constant

with d(g, h) < cgp, we can write

nT h(nx 1
g( 2 ) ( )H < chh@(nl',"' 7n$) < Llcghso(xu"' 7:(})7

I hg(w) = Al = 1257 - 25

which yields d(Jig, Jih) < Licg, and so d(Jig, Jih) < Lid(g, h) by letting ¢y, — d(g, h)*.
Hence J; is a strictly contractive mapping with Lipschitz constant L; on Y.

Second, if we set #; = --- = x,, := x in the hypothesis (3.2) and divide both sides by n??,
then we have
f(nx) MP
_ < _ ...
5@ - ) < Mt )

for all x € X, which implies

MB
(faJlf)§W<oo7

and so

MB
d(JEF ) < d(f, D) < g < o0
for all £k € N. Thus according to Theorem 3.3, J; has a unique fixed point )1 : X — Y in
the set
A={geY¥:d(f.g) < oo},

where ()1 is defined by

k
(3.8) Qi) := lim JEf(x) = Jim. ! (:%x)
for all x € X.
Moreover,
MB
d(f’Ql) < 1_L1d(fw]1f) < mv
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this means that (3.7) holds.
Finally, we prove that the mapping @, is quadratic. It is follows from (3.2) and (3.8) that

: 1 k k
||DQ1(:E17"' 7xn)H = klinolo anﬁHDf(n 1, ,N :L‘n)H
. 1 k k . k
< lim —mse(nter, - nte) < lm Lyg(z,--2n) =0

for all 1, -+ ,x, € X. By Theorem 2.4, the mapping ()1 : X — Y is quadratic, as desired.
O

Theorem 3.5. Let X be a vector space and Y a (5, p)—Banach space. Assume that ¢ : X" —
[0,00) is a function satisfying

I In, LQ
L I gt
()0( n 9 ) n ) = ngﬁ(p('xla 7xn)
for some real number Lo with 0 < Ly <1 and all x1,--- ,x, € X. If a mapping f: X =Y

satisfies the functional inequality (3.2), then there ezists a unique quadratic mapping Q2 :
X =Y such that

MPL
@) = Q@) < ozq — 5l +0)
forallz e X.

Proof. Now, we define a mapping .Jo : YX — Y¥ on the function space (YX,d) by
x

Jag(a) i=n*g(%)

for all g € YX and all z € X. Then we see from (3.2) that

T x z MP Ly
| f(x) _an(ﬁ)H < Mﬁ@(ﬁ"" )< el )
for all x € X, which induces
MPL,

d(f7J2f) < n2B <
by definition.

The rest of proof follows from the similar argument to the corresponding part of Theorem
3.4. O

Corollary 3.6. Let X be a quasi-a-normed space and'Y a (3, p)-Banach space. If a mapping
f: X =Y satisfies the functional inequality

IDf (1, )l < 6 lla]l”)
=1
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forallxy,- - ,xn € X, where r,0 > 0,ra £ 23, then there exists a unique quadratic mapping

Q: X —Y such that
MPno -
1f(z) - Q)] < ————— ||

|n25p — na?‘p| 3

forallz e X.

Corollary 3.7. Let X be a quasi-a-normed space and'Y a (3, p)-Banach space, and assume
that 0 is a given positive real number and r1,--- , 1y, are real numbers with Y ;- ri:==1>0

and ra #£ 23. If a mapping f: X — Y satisfies the functional inequality
IDf (@1, )| < O llall™)
i=1

for all x1,--- x, € X, then there exists a unique quadratic mapping Q@ : X — 'Y such that
MPo
1f(z) = Q)] £ ————= =[]

|n25p — nan| P

forallz € X.

Corollary 3.8. Let X be a vector space and Y a (3, p)-Banach space, and assume € > 0 is
any given real number. If a mapping f : X — Y satisfies the functional inequality

HDf(.Z‘l, axn)H <e

for all x1,--- ,x, € X, then there exists a unique quadratic mapping Q : X — 'Y such that
MB
1f(z) = Q@)|| £ ————=¢
(nQBP — 1) P
forallx € X.
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FIXED POINT THEOREMS FOR GENERALIZED HYBRID MAPPINGS
IN FUZZY HILBERT SPACES

AFSHAN BATOOL, TAYYAB KAMRAN, CHOONKIL PARK*, AND JUNG RYE LEE*

ABSTRACT. The aim of the study is to investigate nonexpansive, nonspreading, hybrid and
contractive mappings in fuzzy Hilbert spaces and to prove some fixed point theorems.

1. INTRODUCTION AND PRELIMINARIES

It was Katsaras [17], who while studying fuzzy topological vector spaces, was the first to
introduce the idea of fuzzy norm on a linear space in 1984. Later on many other mathemati-
cians like Felbin [13], Cheng & Mordeson [11], Bag & Samanta [1] etc. introduced definitions
of fuzzy normed linear spaces in different approach. A large number of paper have been pub-
lished in fuzzy normed linear spaces, for reference please see [2, 3, 4, 5, 6, 7, 14, 15]. On the
other hand studies on fuzzy inner product spaces are relatively recent and few works have
been done in fuzzy inner product spaces. Biswas [8], El-Abyed & Hamouly [12] were among
the first who gave a meaningful definition of fuzzy inner product space and associated fuzzy
norm function. Later on, Kohli & Kumar [20] modified the definition of inner product space
introduced by Biswas. We introduce a broad class of nonlinear mappings in fuzzy Hilbert
spaces and then we prove some fixed point theorems for the class of such mappings.

Definition 1.1. Let U be a real linear space. A fuzzy subset N of U x R is called a fuzzy
norm on U if, for all x,u € U and ¢ € F, the following conditions are satisfied:

(N1) Vt e R ,t <0; N(z,t) = 0;

(N2) Vt € R,t > 0; N(x,t) = 1 if and and only if = = 0;

(N3) Vt € R,t > 0; N(x,t) = N(x, ﬁ) if ¢c#0;

(N4) Vs, t € R,x,u € U;

N(x+u,s+t) > min{N(x,s), N(u,t)}
(N5) N(z,-) is a non-decreasing function of R and tlim N(z,t) = 1.
— 00

The pair (U, N) will be referred to as a fuzzy normed linear space.

Theorem 1.2. Let (U, N) be a fuzzy normed linear space. Assume further that,

(N6) ¥t > 0, N(z,t) > 0 implies x = 0.

Define ||z||, = A{t >0: N(x,t) > a},a € (0,1).

Then {||.||,, : @ € (0,1)}is an ascending family of norms on U and they are called a-norms
on U corresponding to the fuzzy norm N on U.

2010 Mathematics Subject Classification. 47H10; 46540; 47540.

Key words and phrases. hybrid mapping; fuzzy Hilbert spaces; fixed point theorem; nonexpansive mappings;
nonspreading mappings.
*Corresponding authors.

161 AFSHAN BATOOL et al 161-172



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

A. BATOOL, T. KAMRAN, C. PARK, AND J.R. LEE

Theorem 1.3. Let (U, N) be a fuzzy normed linear space satisfying (N6). Assume further
that

(N7) for x #0, N(z,-) is a continuous function of R.

Let ||z||, =A{t >0: N(z,t) > a},a€(0,1) and N : U xR — [0,1] be a function defined
by

) _ Mae(0,1)|lzfl, <t} if (z,t) #(0,0)
N (@,t) _{ 0 if (z,t) = (0,0).

Then (i) {||.||, : « € (0,1)} is an ascending family of norms on U.
(ii) N' is a fuzzy norm on U.
(iii) N' = N
In a Hilbert space with inner product (-,-) and norm ||-||, respectively, it is known that
2 2 2 2
lox + (1 — )yl = aflz]" + (1 = ) [ly]" — (1l — o) [z = y]| (1.1)
for all z,y € H and a € R (see [31]). Furthermore, in a Hilbert space, we have that
2(x—y,z—w) = |z —wl’ + ly = 2|° — |z = 2[* = |ly — wl|]* (1.2)
for all z,y, z,w € H. Using means and the Riesz theorem, we can obtain the following result

(see [22, 25, 26, 27)).

Lemma 1.4. Let H be a Hilbert space, {x,,} a bounded sequence in H and let 1 be a mean
on 1. Then there ezists a unique point zp € co{xpn € N} such that

pin (T, y) = (20,¥),Vy € H.

We can define the following nonlinear mappings (see [9, 16, 18, 19, 21, 28, 29]) in fuzzy
Hilbert spaces.

Let H be a fuzzy Hilbert space with inner product {(.,.),, : « € (0,1)} and norm {||.||,, : @ € (0,1)}.
Let C' be a nonempty subset of H. A mapping T : C — H is said to be nonezrpansive, non-
spreading, and hybrid if

1Tz =Tyl <l —yl.,
2 2 2
2Tz = Ty, < [Tz =yl + 1Ty — =l
and
31Tz — Tyl < oz —ylla + 1Tz — yla + 1Ty — |12
for all x,y € C, respectively. A mapping F': C'— H is said to be firmly nonexpansive if
|Fz — Fy||?, < (x —y, Fz — Fy),

for all z,y € C. A mapping T from C into H is said to be widely generalized hybrid if there
exist «, 8,7,4,&,( € R such that

2 2 2 2
al|Tz —Tyl, + Blle —Tyll, +v Tz —yll;, + |z -yl

+max {5 ||z — TLU||(21 Clly = Ty||(21} <0
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for all z,y € C' and T is called symmetric generalized hybrid if there exist a, 5,7, € R such
that

a|Ta = Ty|5 + B(le = Tyll5 + Tz — ylI3)

+ lle = yls + 6(lle — Tellp + lly — Tyl3) <0 (1.3)

for all ,y € C. Such a mapping T is also called («, 3,7, §)-symmetric generalized hybrid. If
a=1,=0=0and v= —1in (1.3), then the mapping 7" is nonexpansive. If « = 2,5 = —1
and 7 = § = 0 in (1.3), then the mapping 7' is nonspreading. Furthermore, if « = 3,8 =~ =
—1 and 6 =0 in (1.3), then the mapping 7" is hybrid.

Let H be a fuzzy Hilbert space and let C' be a nonempty subset of H. Then T': C' — H is
called a widely strict pseudo-contraction if there exists r € R with r < 1 such that

|72~ Tyl? < lle - yl2 +7 (I - T)a — (I - Tyl VayeC.

We call such T a widely r-strict pseudo-contraction. If 0 < r < 1, then T is a strict pseudo-
contraction (see [10, 23, 24]). Furthermore, if » = 0, then T is nonexpansive. Conversely, let
S : C — H be a nonexpansive mapping and define T': C — H by T = H%S + ;1 for
all x € C and n € N. Then T is a widely (-n)-strict pseudocontraction. In fact, from the
definition of T, it follows that S = (1 +mn)T — nl. Since S is nonexpansive, we have that for

any z,y € C,

(1 +n)Tz —nz — (1 +n) Ty — )| < ||z — vl
and hence

ITz — Ty|2 < ||z — y|2 +nll(I - T)z — (I - T)y2 .

We denote the strong convergence and the weak convergence of {z,} to x € H by x, — x
and x, — x, respectively. Let A be a nonempty subset of H. We denote by ¢oA the closure
of the convex hull of A. Let T be a mapping from C into H. We denote by F(T') the set of
fixed points of T.

2. FIXED POINT THEOREMS

Theorem 2.1. Let H be a fuzzy Hilbert space, C' a nonempty closed convex subset of H and
let T be an (o, B,7,0)-symmetric generalized hybrid mapping from C into itself such that the
conditions (1) a+28+~v >0, (2) a+5+6 >0 and (3) 6 > 0 hold. Then T has a fized
point if and only if there exists z € C such that {T"z :n =0,1,...} is bounded. In particular,
a fixed point of T is unique in the case of a + 28+~ > 0 on the condition (1).

Proof. Suppose that T has a fixed point z. Then {T"z : n = 0,1,...} = {z} and hence
{T"z : n = 0,1,...} is bounded. Conversely, suppose that there exists z € C such that
{T"™z : n = 0,1,...} is bounded. Since T is an (a,f3,7,d)-symmetric generalized hybrid
mapping of C' into itself, we have that

a HT.T — T”“sz + B(Haﬁ — T"HzHi + || Tz — T"z”i)

+v ||z — T"zHi +6(||lx — TxHi + HT”Z — T”HzHi) <0
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for all n € NU{0} and = € C. Since {T™z} is bounded, we can apply a Banach limit x to both
sides of the inequality. Since i, | Tz — T"2|% = pin | Tz — T”HZHZ and i ||z — T"HzHi =
fn ||z — T”zHi, we have that

(o + Bn | Tz — T"2||2 + (B + ) gt |z — T 2|2

+6(|le — T2 + o |72 — T"F12|2) < 0.
Furthermore, since
o T = T2 = | T — |2 + 2 (Tt — 0 = T72) o+ i e — T"2]2,
we have that

(a+ 5 +06) |Tx — 2|l +2(a+ B)pn (Tz — z,2 = T"z),

+a+ 28+ v)pn ||z — T”ZHZ + Op || T2 — T"HZHZ <0.
From (1) a+25+~ >0 and (3) § > 0, we have that
(a+B+0) Tz —z|2 + 2(a + B)pn (T — x,2 — T"2),, < 0. (2.1)
Since there exists p € H from Lemma 1.4 such that

pn (y, T"2) o = (Y, P)q
for all y € H, we have from (2.1) that

(a+ B+0)|Tz — x| + 2(a + B) (Tx — x,2 — p), < 0. (2.2)
Since C is closed and convex, we have that
peco{T"x:ne N} C C.
Putting = p, we obtain from (2.2) that
(a+B+0)Tp—plZ <0. (2.3)

We have from (2) a+ 3+ > 0 that ||Tp — pHi < 0. This implies that p is a fixed point in 7.
Next suppose that o+ 28 + v > 0. Let p; and po be fixed points of 7. Then we have that

a||Tpy — Tps|? + B(Ilpr — Tpall?. + | Tp1 — p2||?)

+ Iy = pall% + 8(llp1t = Tpall% + Iz = Tpsll2) < 0
and hence(a + 28 47) |[p1 — pa||>. < 0. We have from a4 28 4+~ > 0 that p; = py. Therefore
a fixed point of T is unique. This completes the proof. O

We can derive the following theorem from Theorem 2.1.

Theorem 2.2. Let H be a fuzzy Hilbert space, C' a nonempty bounded closed convex subset of
H and let T be an (a, B,7,d)-symmetric generalized hybrid mapping from C' into itself such
that the conditions (1) a+25+~v >0, (2) a+ 46 >0 and (3) § > 0 hold. Then T has a
fized point. In particular, o fixed point of T is unique in the case of e+ 28 + v > 0 on the
condition (1).
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A mapping T from C into H is called (a, 3,7, 9, ()-symmetric more generalized hybrid if
there exist «, 3,7, 9, € R such that

2 2 2 2
al||Tz —Tyll, + Bz — Tyll, + [Tz —yl|7,) + vz —yll,

+0(lz = T2 + ly — Tyl2) + ¢ |z —y — (Te = Ty)||2 <0 (2.4)
for all z,y € C.

Theorem 2.3. Let H be a fuzzy Hilbert space, C' a nonempty closed convexr subset of H and
let T be an (o, B,7, 6, C)-symmetric more generalized hybrid mapping from C into itself such
that the conditions (1) a +26+v >0, (2) a+F+06+( >0 and (3) 6 +{ > 0 hold. Then
T has a fized point if and only if there exists z € C such that {T"z :n = 0,1, ...} is bounded.
In particular, a fized point of T is unique in the case of a+ 25+~ > 0 on the condition (1).

Proof. Since T : C — C'is an («, 3,7, 6, ()-symmetric more generalized hybrid mapping, there
exist «, 3,7, 0, € R satisfying (2.4). We also have that

2 2 2
o —y — (Te =Tyl = llz = Tzl +lly — Tyl

—llz = Ty|5 = lly = Tal; + llz = yll5 + 1Tz = Tyl (2.5)
for all x,y € C. Thus we obtain from (2.4) that

(4O |ITz = Tyl|2 + (B — O (| — Tyl + | Tz — y|2)

+(y + Q) llz = ylla + (6 + O (llz = Tz, + lly — Tyll3) < 0. (2.6)

The conditions (1) a+28+~v > 0 and (2) a+ 5+ 0+ ¢ > 0 are equivalent to (a+ () +2(5 —
O+ (+<¢) >0and (a+¢)+ (B—C) + (6 + ) > 0, respectively. Furthermore, since (3)
0 + ¢ > 0 holds, we have the desired result from Theorem 2.1. O

As a direct consequence of Theorem 2.3, we obtain the following.

Theorem 2.4. Let H be a fuzzy Hilbert space, C' a nonempty bounded closed convex subset
of H and let T be an («, 5,7, 9,C)-symmetric more generalized hybrid mapping from C' into
itself such that the conditions (1) a+28+~v >0, (2) a++0+(>0and (3) 0+( >0
hold. Then T has a fixed point if and only if there exists z € C' such that {T"z :n =0,1,...}
s bounded. In particular, a fived point of T is unique in the case of a + 28 + v > 0 on the
condition (1).

We can extend the above theorem as follows.

Theorem 2.5. Let H be a fuzzy Hilbert space, C a nonempty bounded closed convex subset
of H and let T be an (o, 3,7, 0,()-symmetric more generalized hybrid mapping from C' into
itself which satisfies the conditions (1) a+26+~v >0, (2) a+ 8+ 6+ ¢ > 0 and (3) there
exists A € [0,1) such that (a+ )N+ 6+ > 0. Then T has a fized point. In particular, a
fized point of T is unique in the case of o+ 23+~ > 0 on the condition (1).
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Proof. Since T': C' — C is an («, 3,7, 0, ()-symmetric more generalized hybrid mapping, we
obtain that

a HT:E - T”HzHi + B(||= — T”HzHi + ||Tz — T”z||i) + vz — T”z||i

+5(|e = T2 + | 772 = T2 |)) + ¢ ||(x = Tw) — (T2 = T"2) |2 <0

for all n € NU {0} and all z € C.

Let A€ [0,1)N{\: (a+B)A\+{+n >0} and define S = (1 — A\)T + AI. Since C' is convex,
S is a mapping from C into itself. Since C' is bounded, {S™z :n = 0,1, ...} is bounded for all
z € C. Since A # 1, we obtain that F(S) = F(T). Moreover, from T = 1255 — ﬁ[ and
(2.1), we have that

1 A 1 Y
<1—/\S$_1—)\x>_<1—/\Sy_1—)\y>

[0
A 2 1 A 2 )
+5 1‘—<1_)\Sl/—1_)\y> +ﬁH<1_)\S 1_)\$>—ya+7”$—y“a
1 1 A 2
o x_<1—)\5$_1 )\x> H (1 N I—Ay> .

2

1 A 1 A
e () (o (e 2))

(=025 e)|

[0}

= «
1 A 2
(5 e-s-256-0)|
1 A 2 )
+8 o= (125 e =0 - 25 @) |+l
2 1 2
+5H1_)\(9c—5x)a+5H1_)\(y—Sy)a
1 2
+CH1_ x—Sa:)—ﬁ(y S?J)a

o . 2 . 2

A
T T (— (a+28) +~y) e =yl

1— 1—)
5+ﬂ)\ 9 0+ BA 2
+ - a
i = el s = sl
A
LSO e Sa) — (y— Sy)2 <0

(1—)
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Therefore, S is an (ﬁ, %, —ﬁ (a+28) + 1, (‘itfg\% éti;\Q)—symmetric more generalized

hybrid mapping. Furthermore, we obtain that

o} 28 g _

17)\4—17)\—#17)\—17>\(a+25)+7—a+2ﬁ+720,

a B 0+ BA C+ax  a+B+0+(¢

[ N T S TR VR TR Y e TR -0
0+ BA C+a)\_(a+ﬁ)/\+5+C>0
1-N 1=-N =N T

Therefore, by Theorem 2.4, we obtain F'(S) # ¢.
Next, suppose that o+ 26 + v > 0. Let p; and po be fixed points of 7. Then

a||Tpr — Tpa|2 + B(lp1 — Tp2|2 + | Tp1 — p2||2) + v o1 — 22
5(|lp1 — Tpr|12 + llp2 — Tpa2|l2) + Cll(p1 — Tp1) + (p2 — Tpa)||2

=(a+268+7)|p —102||3Y <0

and hence p; = ps. Therefore a fixed point of T is unique. O
For the case f+ d = 0 in Theorem 2.5, we have the following theorem.

Theorem 2.6. Let H be a fuzzy Hilbert space, C' a nonempty bounded closed convex subset
of H and let T be an (o, — 3,7, B, C)-symmetric more generalized hybrid mapping from C into
itself, i.e., there exist o, B, v, ¢ € R such that

2 2 2 2
al|Tz —Tyll, + Bz — Tyll, + [Tz —yl|7,) + vz —yll,

—B(|lz = T2 + ly = Tyll2) + ¢llz —y — (Te = Ty)|% < 0 (2.7)

forallx,y € C. Furthermore, suppose that T satisfies the following conditions (1) a+25+~v >
0, (2) a+ ¢ >0 and (3) there exists A € [0,1) such that (ae+ )X+ 6+ > 0. Then T has
a fixed point. In particular, o fized point of T is unique in the case of a4+ 258+~ > 0 on the
condition (1).

Using Theorem 2.3, we prove the following fixed point theorem.

Theorem 2.7. Let H be a fuzzy Hilbert space, C' a nonempty bounded closed convex subset
of H and let T be a widely strict pseudo-contraction from C into itself, i.e., there exists r € R
with v < 1 such that

ITe — Tyl < llo —yll2 + 7 (I = T)z — (1 = Tyl% Yo,y € C. (2.8)
Then T has a fixed point in C.
Proof. We first assume that » < 0. We have from (2.8) that for all z,y € C,
1Tz —Ty|l5 — e =yl =7 | =T)e — (I = T)y|l; <0 (2.9)

Then T is a (1,0, —1,0, —r)-symmetric more generalized hybrid mapping. Furthermore, (1)
a+204+v=1-1>0,2) a+p+d+(=1—r>0and (3) §+ (= —r >0 in Theorem 1.4
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are satisfied. Thus T has a fixed point from Theorem 2.3. Assume that 0 < r < 1 and define
a mapping T as follows:

Ser=Xx+ (1—\NTx,Vx € C,
where 7 < A < 1. Then S is a mapping from C into itself and F(S) = F(T). From
Sz = Xx + (1 — \)Tx, we also have that
1 A

B T S

x.

Thus we have

A 1 A 2
> — —_ _
02 ‘1—A&” 1" <1—Asy 1—Ay>a
) 1 A 1 A 2
Jo =l =r e =y~ { =580 - e - (-2 ||
2
- |5 se-sn- 256
1 2
2 — J—
Iz —ylls T @y - (5 smo
1 2 A 2
= m”sx Sylla ﬁ“x ylla
1A
T Hx—y—ww—SwH — [lz =yl
;
—WH%— —(Sx—Sy)Ha
1 2 2 )\—7' 2
= — |5z — Syl - -  _lz—y—(Sz—5
T 15z =Syl 5 e yh+K1_Mﬂu y — (Sz - Sy)ll;,

Then S is a (ﬁ, 0, —ﬁ, 0, A=r ))—Symmetric more generalized hybrid. From

7(1_>\)2
LY S
1—)\ 1-x 7
1 A—7T
+ > 0 and
L=XA " (1-n)?
)\_
ATroL o,
(1-=2)

(1) a+26+~v>0,(2) a+pB+5+¢>0and (3) §+¢ > 0 in Theorem 1.4 are satisfied. Thus
S has a fixed point in C' from Theorem 2.3 and hence T has a fixed point. This completes
the proof. O

Let H be a fuzzy Hilbert space and let C' be a nonempty subset of H. Let T" be a mapping
of C'into H. For v € H and s,t € (0,1), we define the following mapping:

Se=tr+(1—t)(su+(1—3s)Tx)
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for all x € C. We call such S a TWY mapping generated by u, T, s,t. Since Sx =tz + s(1 —
tu+ (1 —¢t)(1 — s)Tz, we have that for all z,y € C,
ISz — Syl = [lt(@—y)+ (1 —-t)(1—s)(Tz—Ty)|? (2.10)
= 2z —yla+ 1 —-0*(1 =)’ ||T ~ Ty|
+2t(1 = t)(1 = s)(x —y,Tx — Ty),,
= Ple—ylh+ (101 -s)?|Te - Tyl
+t(1 = t)(1 = 5)(|lz = Ty|l% + lly — Tel2
— [l = Tall}, — lly = Tyl2)
= Ple -yl + (1 —)>1—s)?|Te - Tyl
+t(1 = t)(1 = 5)(lz = Ty|12 + lly — T[|2)
—t(1=t)(1 = s)(|lz = Ta[|?, - [ly — Tyl2)-
Similarly, we have that
lz — Sylg + Iy — Szl (2.11)
= s (=t (Ju— o) + fu—yll2)
—s(1=8)(1 = )*(|lu — Tl + [lu— Tyl3)
—t(1=t)(1 = s)(||lz = Tl + |y — Tyll2)
(1= t)(1 = s)(lle = Ta|l3 + lly — Tyll3) +2¢ o =yl
and
lz = Sz|3 + ly = Syll2
= 5=t (Ju— ol + Ju—yl2)
—s(1 = 5)(1 = )*(|Ju—Tz|% + u - Ty|]3)
+5(1 = 5)(1 = 1)*(lz = T2 + |y — Tyll2)-
We also have that

lz —y — Sz — Sy|| (2.12)
= (1—=s)(1— )%z — Tal2 + lly — Tyl2)
~(1=8)(1 = (& = Tyll2 + lly — T|)2)
+(1 =) |z —ylZ + (1 —1)*(1 = 5)* [Tz — Tyl .
Using (2.11) and (2.12), we have that
lz = Sz|% + ly = Syl2 — = = Syl — lly — SII2 (2.13)
= (1-5)A—t)(|lz — Tl2 + |y — Tyll2
—llz = Tyl + ly — Tzl - 2t ||z — y||2).

Using (2.10) and (2.13), we have the following theorem.
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Theorem 2.8. Let H be a fuzzy Hilbert space, C' a nonempty bounded closed convex subset
of H and let T be a widely strict pseudo-contraction from C' into itself, i.e., there exists r € R
with v < 1 such that

IT2 = Tyl < o — gl + 7 (T = T)z — (T~ T)yl2 v,y € C. (2.14)
Let w € C and s € (0,1). Define a mapping U : C — C' as follows:
Ur=su+ (1—s)Tz,VxeC.
Then U has a unique fixed point in C.

Proof. Since T is a widely r-strict pseudo-contraction from C' into itself, we have that for all
z,y €C,
2 2 2
1Tz =Tyl = lle =yl = I =T)z — (I =Tyl <0.
If r <0, then T is a nonexpansive mapping. Therefore U is a contractive mapping. Using

the fixed point theorem for contractive mappings, we have that U has a unique fixed point in
C. Let 0 <7 < 1. Since

2 2 2
lo =y =Tz =Tylla = lz—-Tzl,+Ily =Tyl

2 2 2 2
—llz =Tylly = lly = Tzlly + llz = yllg + |72 = Tyl

[

we have that

(1—7r) Tz —Ty|2 — (1 +7) ||z —y|2

—rlle = Tz|% + ly = Tyl = o = Ty|l% = ly = T||2, < 0.
For u,T and s,r € (0,1), define a TWY mapping S as follows:
Sr=rx+(1—7r)(su+(1—3s)Tx),Va e C.
Then we have from (2.10) that

1 2 7"2 2
- |Sr—-S S S
;
gy (=Tl ey = Tyl = = Tl ly = T2

2
— (1 +7)llz =yl

—r(le = Ta|g +lly = Tylly — llz = Tylz — lly = T[3) < 0.
We have from (2.13) that

1 9 r2 )

(1 — fr)(l — 8)2 HSZL' — SyHa - (1 _ T)(l — 8)2 H:E - y”a
;

oz (= Seli+ = Syl = e = Syl ~ Iy - 5217

212
taoha e e - vla - - @l -yl

T 2 9 9 9
~a =y Ul = Sall + lly = Syl ~ e = Syl ~ Iy — S
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272 9
— |l — <0
T—n s 7 vlas
and hence
1 2
— |Sz =S
e 19T Svll
rs 9 9
" (fe-s - sal?)
T (e = Sulla + lly = sl
r’ 1—s+72(1+s) )
\ao a2 -0 lz =yl
(I=r)(1-ys) (I1=r)(1-ys)
rs 9 9
T (= el + - Syl <o
e e = Sella + v = 8yl <
For this inequality, we apply Theorem 2.2. We first obtain that
1 2rs 72 _1—5+r2(1+3)

(1—7r)(1—s)2 B (1—r)(1—s)2 + (1—7)(1—s)2 (1—=7r)(1—2s)
s(I+r)(2—s(1—1))

G-ni-s2
Furthermore, we have that
1 TS rs
(I=-r)(1=s5)2 (1A-r1-5?2 1-7)1-s)?
1
= aooa—seg Y
= —p ="

Thus S has a unique fixed point z in C from Theorem 1.3. Since z is a fixed point of .S, we
have z =rz+ (1 —r)(su+ (1 — s)Tz. From 1 —r # 0, we have that

z=su+(1—s)Tz.
This completes the proof. ]
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Abstract

By constructing a new form Dirichlet-Hadamard product of Dirichlet series,
we investigate the relation about the growth of Dirichlet series and obtain some
estimates on the upper and the lower bounds of the (lower) g-order and the (lower)
g-type of Dirichlet-Hadamard product of Dirichlet series. We also study the growth
on scalar multiplication and shift of Dirichlet series. Our results of this paper are
improvements of the previous theorems given by Kong and Deng.

Key words: Dirichlet-Hadamard product, growth, scalar multiplication, Dirichlet
series.
2010 Mathematics Subject Classification: 30B50, 30D15, 11F66.

1 Introduction and basic notes

Consider Dirichlet series

(oo}
f(s) = Zanek"s, s =0 +it, (1)
n=1
where
D<A <A< <A< oo Ay 200, as n — oo

s = o +it (o,t are real variables); a,, are nonzero complex numbers. Let f(s) satisfy

1
lim sup 08T _ 0, (2)
n—oo n
log |ay,
lim sup 28 1%] _ _ o, (3)
n—oo )\’IL

then we have the abscissas of convergence and absolute convergence are +oo by applying
the Valion’s formula (see [4]), that is, f(s) is an analytic function in the whole plane C.
We denote D to be the class of all functions f(s) satisfying (2),(3).

*The authors were supported by the NSF of China(11561033), the Natural Science Foundation of
Jiangxi Province in China 20151BAB201008), and the Foundation of Education Department of Jiangxi
(GJJ150902) of China.

fCorresponding author.
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Definition 1.1 (see [16]). Let f(s) € D, the order of f(s) is defined by

. loglog M (o, f)
p = limsup ———————

o—+00 g
where
M(o,f)=  sup {|f(oc+it)]}, for o€eR
—oo<teE<+00

For p = 0,0 < p < 00,p = 00, f(s) can be called zero order, finite order, infinite
order Dirichlet series, respectively. For infinite order Dirichlet series, we will introduce
the definition of g-order as follows.

Definition 1.2 (see [16]). Let f(s) € D, we define the g-order p and lower g-order x
of f(s) as follows

g M(o, /) o Jogl Mo, f)
p=plg = lirgilig) — X = X|q = liminf ————==.

o——+oo o

In addition, if p € (0,400), the g-type T and lower q-type T can be defined as follows:

logla=1 s loel—1 a7
T:limsupOg—M, T:liminng—M’
o—400 eoP o—+o0 eop

where ¢ = 2,3, -+ 7log[O] T =z, log[k] = log(log[kfl] x).

Definition 1.3 (see [16]). If p = x, f(s) is called pyg-reqular growth, and if 7 = T,
f(s) is called pg)-perfectly regular growth.

In the past several decades, considerable attention has been paid to the growth and
the value distribution of Dirichlet series; see [4, 16] for some results. For examples, J.
R. Yu, D. C. Sun and Z. S. Gao investigated the growth and value distribution of entire
functions defined by Dirichlet series (see [1, 2, 3, 5, 9, 12, 15]); M. N. Sheremeta, A.
Nautiyal, and H. Y. Xu studied the problem on the approximation of Dirichlet series
(see [8, 10, 13, 14]); Y. Y. Kong, K. A. M. Sayyed, M. S. Metwally and M. T. Mohamed
studied the growth of Hadamard-product of Dirichlet series (see [6, 7, 11]), and so on.
We list several classical results as follows.

Theorem 1.1 Let f(s) € D be of order p, then

, A loglt=H x,
p = limsup —— =1
n—too 10g |an|

: (4)

An
T = limsup |a,| 3= loglt~2/ (22
n——+oo ep

)- ()
Theorem 1.2 Let f(s) € D be of lower order x, then

A logld=t ),
X < liminf 2008 An-l (6)
n—-+00 log |an|_1

where ¢ = 2,3, - - - ;the equality holds if and only if

10g |an| — log |an+1|
n) =
(p( ) )\n+1 - An

is a non-decreasing function with n.
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Theorem 1.3 Let f(s) € D be of order p(0 < p < +00) and of type T, then

3 An—
< liminf |a, |37 loglt=2 (221
7 < lim inffan | log® (=), (7)
where ¢ = 2,3,---, the equality holds if and only if (n) is a non-decreasing function

with n, and log[qu] Ap_1 ~ log[q72] An, N — +00.

In 2009 and 2014, Y. Y. Kong and G. T. Deng investigated their growth of Dirich-
let series by defining the Dirichlet-Hadamard product (see [5, 6]) and obtained some
interesting results.

Definition 1.4 (see [5, 6]). Let fi(s) =Y o ane™®, fo(s) =Y oo byen® and fi(s),
fa(s) € D, the Dirichlet-Hadamard product function Fy(s) of f1(s), fo(s) is

Fl(s) = (flAf2)(/J’7V; S) = Z Cne)\nsa
n=1

Yn+&n

where ¢, = akb}, an,b, are nonzero compler numbers; A, = 5>,

n-'n’

numbers, 0 < vy, &, T +00.

W, v are positive

Theorem 1.4 (see [6, Theorem 2.1]). Let f1(s), f2(s) € D be of g-order p1, pa, respec-
tively, and satisfy

Tn = 7]§n, (8)
then the g-order p of the Dirichlet-Hadamard product Fy(s) satisfies

P2+ + )

p< ) pP1,p2 € 0, +00).
2vp1(5; + 1) + 2pp2(1 + 1) [ )

Theorem 1.5 (see [6, Theorem 2.2]). Let fi(s), fa(s) € D be of lower q-order x1, X2,
respectively, and satisfy the condition of Lemma 2.2, then the lower q-order x of the
Dirichlet-Hadamard product Fy(s) satisfies

(2+ 5 +n)xixe
X 2 T .
2vxa (5 +1) + 2ux2(1 +n)

In this paper, we will introduce a more general form Dirichlet-Hadamard product of
Dirichlet series, which is improvement of Kong’s definition [6].

Definition 1.5 Let fi(s) = Y07 ane’®, fo(s) = Yoo bpen® and fi(s), f2(s) € D,
the generalized Dirichlet-Hadamard product can be defined by

F(S) = (flAfQ)(:u’vl/;a>ﬁ; 5) = che)\ns’ Cn = aﬁbz, An = aYn ""Bfnv
n=1

where o, B, w, v are positive numbers, an, b, are nonzero complex numbers, 0 < vp,&, T
+00.

Remark 1.1 When o = = %, the generalized Dirichlet-Hadamard product is the
Dirichlet-Hadamard product by Kong.
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2 Some Lemmas and the (lower) g-order of the gen-
eralized Dirichlet-Hadamard product

In this paper, we prove some theorems about the upper and the lower bounds of the
(lower) g-order and the (lower) g-type of generalized Drichlet-Hadamard product.

Lemma 2.1 Let fi(s), f2(s) € D and satisfy (8), then F(s) is analytic in the whole
complex plane, that is, F(s) is an entire function.

Proof:
I logn . logn
im su = limsup —————
naoop n n%oop ayn + B&,
1 1
< — limsup 08" _ 0,
Q& nsoco  Yn
and
. loglea| _ . plog |an| + v log by
lim sup = lim sup
n—oo n n—oo a’)/n Jr /8677,
. plog |an|
<limsup ————— = —
- n—>oop ayn + ﬁfn
This completes the proof of Lemma 2.1. o

Lemma 2.2 Let v,,&, satisfy (8), and

_ anp _ by,
¢1(n) = (Y1 — )~ log| [, p2(n) = (§nt1 — &n) llog\b |
Ap+1 n+1
be non-decreasing functions with n, then
-1 Cn
(n) = (A1 — An) "~ log] ‘
Cn+1
is a mon-decreasing function with n.
Proof:
(n) - log | 0% |
pn) = gl 77,
(a’VnJrl + /Bgn+1) - (a% + /Bfn) at’b-i-lbn-‘rl
an by,
_ wlog oy N l/log\anrl
(Y1 — )+ BEEZE) (o — &) (a3 + )
n vpa(n
_ tea(n) | vea(n) )

at+Z  ftan

Since 1(n), p2(n) are non-decreasing functions, thus it follows from (9) that ¢(n) is a
non-decreasing function. ]

Theorem 2.1 Let fi(s), fa(s)(€ D) be of g-order pi,pa, respectively. If fi(s), f2(s)
satisfy (8), then F(s) is of q-order p satisfying

< (an + B)p1p2
T ounp2 +vpy
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Proof: We only prove the case p1, p2 € (0,400). From (4), for any € > 0, there exist two
positive integers N1, Ny such that n > N = max{N;, No}, we have

v loglt =1, £, logl g,

< < . 10
ogla, T T Thogla,t <2 te (10)

Since ¢, = akb¥, it follows from (10) that

n-n?

piryn loglt =, LV logli=Ye,

log |en| ™! = plog |an| ™t + viog by~ > , 11
glea|™" = ploglan| g |bn| e o (11)
then from (11) we have
An log[qfl] An A log[qfl} A (12)
log [cn|~! Pl loglt™ !, + arebn loglt= ¢,
Since ¢ = 2,3, -+ and &, = m/\n,vn = ﬁ)\n, it follows
loglt™ !, ~ loglt ™ g, ~loglt™ 1 ),.. (13)
Since ¢ is arbitrary, it follows from (12) and (13) that
: Anlogl™ !\, 1 (an + B)p1p2
p = limsup — < 71 T = .
n—oo  log|cpl PratE + o anis unpz +vp1
0O

Theorem 2.2 Let fi(s), f2(s)(€ D) be of lower g-order x1, X2, respectively. If fi(s),
f2(s) satisfy the conditions of Lemma 2.2, then the lower q-order x of F(s) satisfies

. (an + B)x1x2
T onpxz X1

Proof: Suppose that x1,x2 > 0. From Theorem 1.2, for any ¢ > 0, there exists a positive
number N € N, such that n > N, we have

la—1] la—1]
Tn 1Og Yn—1 gn IOg gnfl

> X1 — — > X2 — . 14
ola, 1t NS el S .

Since ¢, = akbl, it follows from (14) that

log |en| ™! = ploglan| ™" + v log[bn| !
- v _
< (v log!" 1) + ——(&nlog! "V &), (15)
X1—¢€ X2 — €
Thus, from (13) and (15) we have
Anloglt= N, 4 A loglt=t N\, 4 (16)
log |C”|_1 . (7n IOg[qil] '7n71> + (fn IOg[qil] §n71) .

X1—¢€ X2—¢€

By Lemma 2.2, we have ¢(n) is a non-decreasing function. And since ¢ is arbitrary, it
follows from (16) that

-1
A loglt=t N, 1 1
X = liminf 2128 Sl > 5o+ ) - lathax
n—oo  log|e,|” at+pxi an+fx pnxe + vxi
This completes the proof of Theorem 2.2. O
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Theorem 2.3 Suppose that fi(s), fa(s) are two pg-regular growth functions and of q-
order p1, pa, respectively, and if f1(s), f2(s) satisfy the conditions of Lemma 2.2.
(i) Then F'(s) is also pjq-regular growth function, and of q-order p satisfying

_ (a+B)pip2

= , ,p2 € (0,400).
1nps + vpr p1,p2 € [ )

(i) If p1,p2 € (0,400) and f1(s), fa(s) are of g-type Th,Ta, respectively, then g-type
T of F(s) satisfy

ppmn vp

Tl(anJrﬁ)pl T2(om+ﬁ)pz , q= 3, 4, 5’ e
T < an + wpn vp

niupnﬁ(plTl) p1(an+th) (p2T2) p2(en¥h) | q=2.

pr](an+5)01

Proof: (i) Since fi(s), f2(s) are two pjg-regular growth functions, thus x1 = p1,x2 =
p2, where x1, x2 are the lower g-order of fi(s), fa(s), respectively. Thus, it follows by
Theorem 2.1 and Theorem 2.2 that

+
_ et Bz (0, 400),

Hnpz +vpy
This proves (i).
(ii) From Theorem 1.1, we have

Ty = limsup |a,| % logl™? (-, 7, = limsup [b, | € log!~2(
(&

n—00 1 n—oo

&n
eps”

So for any € > 0, there exists a positive number N € N, such that n > N, we have

T +¢

logl"~71(22)

Ty +¢

Joal & < e
log" " (22)

L1
‘an‘ Tn S

If ¢ =3,4,5,---, we have
I

logli=3 (22 < 1oglt=2 4, Toglt=3 (22 ) ~ loglt=P ¢,,. (17)
€p1 €p2
And ¢, = akbl, then it follows from (17) that
=1 [q*2])‘J — Blp )R ] [q*2]/\7"
[en] % 10g (27 = (lan|lba]") > 1og™(T0)
= (Jan %) 5535 (b, )55 1ogle-2I(22)
< (o) P (R doglt (22
o (2) ) Mogh (&) v
— ?E%) CTEEIPY (%) @nt8r3 log[q_m(ﬁ). (]_8)
log'? (e'%) log' (%) ep
Thus, from (18) we have
. » [a—2] An __pmmp_ __vp
T = limsup |c, | > log'?™ 4 (=2) < (T + &) @n+der (Ty + ) (entiea (19)
n—00 ep
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If ¢ = 2, from (5), we have for any € > 0, there exists a positive number N € N
such that n > N

£ T + P2 Ty +¢
lan‘ T S Ym0 |bn| n S [N ) (20)
€p1 eps
Since ¢, = akby, it follows from (20) that
P /\ Pl HPYn P2 vpén )\
|Cn| An e—n = (lanl’Yn ) P1AR (‘bn‘ &n )f’2>\n 6;
< (%)%(%)ﬁ(ﬁ). (21)
epr ep2 ep
Since ¢ is arbitrary, it follows from (19) and (21) that
wpn vp
Tl(an-%—/i)m TQ(an-%-ﬁ)ﬂz: , qg= 37 47 5’ el
T < L v
=) LD (o) ¢=2.
pn(<”l+ﬁ)»01
Thus, this completes the proof of Theorem 2.3. a

Theorem 2.4 Let fi(s), f2(s) be two pjg-perfectly reqular growth functions, and satisfy
(8),the condition of lemma2.2 and

q—2]

log[ Vo1 ~ log[q_z] Vs log[q_Q] o1~ log[q_z] &,y m — 00. (22)

Set p1,p2,T1,To, 71 and T2 be the g-order,q-type and lower q-type of f1(s), f2(s), then
F(s) is of pig-perfectly regular growth p and its q-type T' satisfies

@ntBT @t
an+B)p an+B)p —
T, Ty 2, g=3,4,5,...,
T — p
an + wpn vp
LD (o Ty (po ) =2
pn(aﬂ+/3)ﬂl

Proof: Suppose that p1, pa € (0,400),71,72 < +00. From Theorem 1.3, for any € > 0,
there exists a positive number N € Ny such that n > N, we have

|an|% IOg[q_Z}(M) > T1 — €, |bn|g% log[q_Q](Eni_l) > Ty —E.
ep1 €p2

If ¢ > 3, it follows
Anfl
ep

= lim inf (|a, [*|bn|”) > logli=2(
n—oo

7 = liminf |, | %7 logl?™2( )
n—oo
)\nfl

ep

)

. T — €& Byn To — € vén . p —9] )\n71
> lim inf{] = ]| = ]2 13 Togla=2( )
n—00 log[q 2] (’Yenp—ll ) log[q 2] ( 52;21 ) ep
> (7—1 — 5) (fvnlfg)m (7—2 — 5) (ﬂn:—f/’i)m . (23)

From Theorem 2.3 and since € > is arbitrary, it follows from (23) that

e L unp vp
Tl(an+ﬁ)p1 T2(mz+ﬁ)02 >T >71> ()@ Fon (7—2) (an+B8)p2 | (24)
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If ¢ = 2, from (22) we have

An_
7 = liminf |¢, Pt
n—oo ep
. . T1 — E #PIn To — E YPén
> 1 f An An
> b (e H8 (5
> Ln+ BT ottt 1+ 8) pora) @
p n
_|_ v
— %(pry’l) 01(/;&/;115) (p27'2) Pz(OM/;JrB) (25)
pn an+B8)py

From Theorem 2.3 and since ¢ > is arbitrary, it follows from (25) that

Lj:mﬁ(plTl) Pl(‘gﬁﬁ*’ﬁ) (pQTQ) Pz((ETI;JrB) > T >T
py’](OMIJrB)m
> %(ﬂl'ﬁ) p1(,;iln+ﬁ) (p27-2) 92(:;)4#3) (26)
pnm

Since fi(s), f2(s) are pjg-perfectly regular growth and 7; = Tj,j = 1,2, from (24) and
(26), it is easy to get the conclusions of Theorem 2.4.
Thus, we complete the proof of Theorem 2.4. O

3 The linear substitution of Dirichlet series

Next, we define the scalar multiplication of Dirichlet series as follows

Definition 3.1 Let k be a positive number, we define the scalar multiplication of Dirich-
let series as follows

H(s) = f(ks) = > ane’®) =" a,et*, ¢ = kA,
n=1 n=1

Theorem 3.1 Let f(s) € D, then H(s) € D. Furthermore, if p(n) is a non-decreasing
function with n, then the g-order p* and the lower g-order x* of H(s) satisfy p* = kp
and x* = kx.

Proof: Since
. logla,| .. log |an,|
limsup ———— = limsup ——— =
thus, we have H(s) € D.
Furthermore, we have

ot — linsup S8 NG BAn oA
noree IOg |6Ln|_1 n—oo IOg |an|_1
nlogl 1,
= lim Supk o8 — - ]{3/)7
n—o00 log |a | 1
and
* _ liminf Cn IOg[qfl] Cn—l — liminf k)\n log[qfl] kAn_l
X =l =l =
log|an| 10g\an|
logla=1 \
= lim inf kw — ky.
n—00 log |an|,1
8
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This completes the proof of Theorem 3.1. a
From Theorem 3.1, we can obtain the following result easily.

Theorem 3.2 Let f1(s), fo(s) € D and satisfy the conditions of Lemma 2.2. Set p, x be
the g-order and the lower q-order of F(s), then the q-order p* and the lower q-order x*
of H*(s) = F(ks) satisfy p* = kp, x* = kx.

Let f1(s), fo(s) € D and k,m be positive numbers. Set Hi(s) = fi(ks), Ha(s) =
fa(ms) and

H**(S) = (H1AH2)(,M, V75) = Z Cn(f)\nsa Cn = aﬁbz, An = O‘k’Yn + Bm§7za
n=1

where «, 3, i, v are positive numbers, a,, b, are nonzero complex numbers, 0 < v, &, T
+00. The following result is about the growth of H**(s).

Theorem 3.3 Let fi(s), f2(s) € D satisfy (8) and the conditions of Lemma 2.2. Let
p, X be the g-order and lower g-order of F(s), then the g-order p** and the lower q-order
X** of H**(s) satisfy
o kam+mpB . kan+mp
T an+ s PN T Tk
Proof: Since

** = limsu 7)\nlog[q_l] An
P = NP Toglen| T

(kary, +mBE,) loglt ™Y (kary, +mpe,)

= limsu
NHOOp log |en |1
: kan +mpB A log" U(kay, +mpBe,)
= lim sup
n—o0 Qarfm + ﬂ log |Cn|71
kan +mp
= T, (27)
an+ B
and
. D ™ log[qfll A1
X =liminf ——m———
n—o0 log |en| 1t
o (ko + mBE) logh (ka1 + mBE.—1)
= lim inf
n—o00 log |cn|*1
.. kan+mpB A, 10g[q_1] (ka77L—1 + mﬁfn—l)
= lim inf
n—oo an+f log |en |~
kan+mp
= TR (28)
an+ B
thus from (27) and (28) we can prove the conclusions of Theorem 3.3. ad

Remark 3.1 From Theorem 3.3, we can get that p* = p**, x* = x** if k = m.
In 2008, Kong defined the shift of Dirichlet series (see [6]).

Definition 3.2 (see [6]). Let o be a real number, the shift of Dirichlet series can be
defined as follows

G(s) = f(s+a) = ane T =% g e,
n=1 n=1

!
where a, = a,e .
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Let fi(s), fa(s) € D, ai,as be two real numbers and k be a positive number. Set
G1(s) = fi(s + a1), G2(s) = fo(s + a2), Hi(s) = fi(ks), and

G*(S) = (GIAG2 Ma v, S Z cn 5 Cn = (a;z)u(b;z)yv An = ap + By,
and
G**(s) = (H1 AGa) (. v, 9) ch 5o =al (b)), A = akyy + Bén,

where «, 3, i, v are positive numbers, a,, b, are nonzero complex numbers, 0 < v, &, T
+0o. We investigate the growth of G*(s), G**(s) and obtain the following results

Theorem 3.4 Let f1(s), f2(s) € D satisfy (8) and the conditions of Lemma 2.2. Let
p, X be the q-order and lower q-order of F(s), then the q-order pi* and the lower q-order

Xi* of G*(s) satisfy pi* = p,x7* = X

Proof: Since

An loglt=H x,

h1 lernabolip log [cn|~? 2
A logla=1 )
= lim sup _1n o8 " (30)
n—00 IOg |Cn| - (M’)’nal + UgnOQ)
An loglt=t
= lim sup 1 pYn a1 +v€nan (51
n—00 log |Cn| ( + W)
=P, (#2)
that is, p7* = p.
Similarly, we have x7* = x. )

Theorem 3.5 Let f1(s), f2(s) € D satisfy (8) and the conditions of Lemma 2.2. Let
p, X be the q-order and lower g-order of F(s), then the g-order p3* and the lower q-order
X3 of G**(s) satisfy

v koam+8 -, kom+ﬁ

= a8 = g g X
Proof: Since
An loglt =1,
P2 lﬂso%p log |e,, |71 »
k " " 1 [n—1] k n n
i (22 S ol ) o
n—ro0 1Og |C7l‘_ - (UanQ)
kant iy og™ U (akqy, + B¢,
= limsup onth 1 : véna : (%)
n—oo log |cn|~1(1 + 1ogn\cn2\)
_ kan+p B (36)
an + g7
that is, p3* = k@aﬂn:ﬁﬁ p-
Similarly, we have x3* = kaav:fﬁﬁ X -

Remark 3.2 From Theorem 3.5, we can get that p5* = pi*, x5 = x7* if k = 1.

10
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The differential and subdifferential for fuzzy mappings
based on the generalized difference of n-cell fuzzy-numbers

Shexiang Hai?, Zengtai Gong?*
@ School of Science, Lanzhou University of Technology, Lanzhou, 730050, P.R. China
b College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China

Abstract We use the concept of generalized difference for fuzzy n-cell numbers which is presented in
this paper to introduce and study the differential and gradient of fuzzy n-cell mappings. At the same
time, some connections between gradient, boundary- function-wise gradient and level-wise gradient of
fuzzy n-cell mappings are established. Furthermore, the subdifferential for fuzzy n-cell mappings based
on the ordering =<, is discussed.

Keywords: Fuzzy numbers; fuzzy n-cell mappings; gradient; subdifferential.

1. Introduction

Since the concept and operations of fuzzy set were introduced by Zadeh [1], enormous researchers have
been dedicated on development of various aspects of the theory and applications of fuzzy sets. Soon after,
Zadeh proposed the notion of fuzzy numbers in [2,3,4]. Since then, fuzzy numbers have been extensively
investigated by many authors.

The importance of the derivative of a function in the study of mathematical programming and fuzzy
differential equations is well-known. It is necessary to introduce a concept of differentiability for fuzzy
mappings. Toward this end, in fuzzy analysis, there are a variety of notions of derivative for fuzzy map-
pings. The concept of fuzzy derivative first introduced by Chang and Zadeh [5] in 1972. Since then,
numerous definitions of the differentiability of fuzzy mappings have been presented. In 1983, Puri and
Ralescu [6] defined the derivative and G-derivative of fuzzy mappings from an open subset of a normed
space into n-dimension fuzzy number space E™ by using embedding theorem (which shows how to isomet-
rically embed E™ into a Banach space as a closed convex cone of vertex zero) and Hukuhara difference.
In 1987, Kaleva [7] discussed the G-derivative, obtained a sufficient condition of the H-differentiability
of the fuzzy mappings from [a,b] into E™ and a necessary condition for the H-differentiability of fuzzy
mapping from [a,b] into E'. In 2003, Wang and Wu [8] put forward the concepts of directional deriva-
tive, differential and sub-differential of fuzzy mappings from R" into E' by using Hukuhara difference.
However, the usual Hukuhara difference between two fuzzy numbers exists only under very restrictive
conditions [7] and the H-difference of two fuzzy numbers does not always exist [9]. The g-difference
proposed in [9] overcomes these shortcomings of the above discussed concepts and the g-difference of two
fuzzy numbers always exists. Based on the novel generalizations of the Hukuhara difference for fuzzy
sets, Bede [9] introduced and studied new generalized differentiability concepts for fuzzy valued func-
tions in 2013, in particular, a new very general fuzzy differentiability concept was defined and studied,
the so-called g-derivative, and it was shown that the g-derivative is the most general among all similar
definitions.

Motivated both by [9] and the importance of the concept of differential for fuzzy analysis, the con-
cept of differential and gradient for fuzzy n-cell mappings is introduced, which is based on the novel
generalizations difference of fuzzy n-cell numbers presented in this paper.

The remainder of the paper is organised as follows: First of all, we give the preliminary terminology
used in the present paper. And then, in Section 3, we present the concept of generalized difference for
fuzzy n-cell numbers and discuss several properties for it. We use the generalized difference for fuzzy
n-cell numbers to introduce and study differential and gradient for fuzzy n-cell mappings in Section 4. At

fSupported by the Natural Scientific Fund of China (11461062, 61262022).
*Corresponding Author:Zeng-Tai Gong. Tel.: 4+869317971430. E-mail addresses: zt-gong@163.com
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last, using the concept of the ordering <. for fuzzy n-cell numbers, section 5 deals with the subdifferential
for fuzzy n-cell mappings.

2. Preliminaries

Throughout this paper, R" denote the n-dimensional Euclidean space and F'(R"™) denote the set of
all fuzzy subsets on R™. A fuzzy subset of (in short, a fuzzy set) R" is a function u : R™ — [0, 1]. For
each fuzzy sets u, we denote by [u]” = {z € R" : u(z) > r}, for any r € (0,1], its r-level set. By
suppu = {z € R" : u(x) > 0} we represent the support of u. Suppose u € F'(R"), satisfies the following
conditions:

(1) w is a normal fuzzy set, i.e., there exists an zp € R™ such that u(xg) = 1,

(2) u is a convex fuzzy set, i.e., u(Ax + (1 — N)y) > min{u(z),u(y)} for any z,y € R™ and A € [0, 1],

(3) u is upper semicontinuous ,

(4) [u]® ={z € R" : u(z) > 0} = Ure(o,1)[w)” is compact, here A denotes the closure of A.

Then w is called a fuzzy number. We use E™ to denote the fuzzy number space [10,11,12,13].

It is clear that each u € R™ can be considered as a fuzzy number v defined by

~ 1, z=u,
u(zx) :{ 0.

otherwise.

In particular, the fuzzy number 0 is defined as 0(z) = 1 if 2 = 0, and 0(z) = 0 otherwise.
Definition 2.1. [14] If w € E”, and [u]" is a cell, i.e., for any r € [0, 1],

[u]" = [Tl (r)swf ()] = fug (), ()] [ug (), g ()] <= ¢ g, (), ()],
i=1
where u; (r),u; (r) € R with u; (r) < uf(r) (i = 1,2,---,n), then we call u a fuzzy n-cell number.
Denote the collection of all fuzzy n-cell numbers by L(E™).
For any 7 € [0,1], l;[u]” = u} (r) —u; (r) (i =1,2,--- ,n) is called the r-level length of a fuzzy n-cell
number u with respect to the ith component.
Theorem 2.1. [14] (Representation theorem). If u € L(E™), then for i = 1,2,--- ,n, u; (r),u] (r) are

P}
real-valued functions on [0, 1], and satisfy

(1) w; (r) are non-decreasing, left continuous at r € (0, 1] and right continuous at r = 0,

(2) u; (r) are non-increasing, left continuous at r € (0,1] and right continuous at r = 0,

(3) u; (r) <uf(r) (it is equivalent to u; (1) < uj (1)).

Conversely if a;(r),b;(r) (i = 1,2,--- ,n) are real-valued functions on [0, 1] which satisfy conditions
(1)-(3), then there exists a unique v € L(E™) such that [u]" = [[;";[ai(r), b;i(r)] for any r € [0, 1].
Theorem 2.2. [14] Let u,v € L(E™) and k € R. Then for any r e [0,1],

(1) ol = ul” + " =TT o () + o7 (). () - (1)

A [ Hz 1[ku7, (T), (7")], k Z O

@ o = et = { [t ) k20
(3) fuo]” = Tl fminfu; (T)U[(T),u (r)vi (r), g (ryvy (r), g (r)vi (r)},
max{u; (r)v; (r),u; (r)of (r),uf (r)o; (r),uf (r)of (r)}].

Given u,v € L(E™), the distance D : L(E™) x L(E™) — [0,+00) between u and v is defined by the
equation

D(ua U) = SUPr¢l0,1] d([u]rv [v]r)
= sup,¢jo,1 maxi<i<a{| w; (1) = v (r) || uf (r) — o (r) [}

Then (L(E™),D) is a complete metric space, and satisfies D(u + w,v + w) = D(u,v), D(ku,kv) =
|k|D(u,v) for any u,v,w € L(E™), k € R.

In recent years, several authors have discussed different ordering relation of fuzzy numbers [15]. To
the best of our knowledge, very few investigations have been appeared to study ordering relation of fuzzy
n-cell numbers. For this reason, an ordering =<, of fuzzy n-cell numbers will be introduced and be applied
to solve fuzzy constrained minimization problem.
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Definition 2.2. Let 7 : L(E™) — R™ be a vector-valued function defined by

f f r z1drides---de, I furmgdwldzg dwn f f r Tndridzo---dry,
() = 2fyr - 1dz: dog—den derfo T- f[u T dy~don, O 2 fyr dwrday o, )

= fO +u1 drf[) )+u2())dr,-~-7f0r( n()+un())dT)7

where fol rff'"ff[u]r xllj;llj:-:j;: dr (i = 1,2,---,n) is the Lebesque integral of rff'::.ff[s;’?jilj;;:j;: (1 =
1,2,--+,n) on [0 1]. The vector-valued function 7 is called a ranking value function defined on L(E™).

In thls case T(u) represents a centroid of the fuzzy n-cell number u. From the ranking value function
7(u), we consider the following ordering relation <. on L(E™).

Definition 2.3. Let u,v € L(E™), C C R™ be a closed convex cone with 0 € C' and C # R"™. We say

that u <. v (u precedes v) if
T(v) € 7(u) + C (1(v) —7(u) € C).

Obviously the order relation =<, is reflexive and transitive, and =<, is a partial order relation on L(E™).
If u,v € E', C = [0,+00) C R, then Definition 2.3 coincides with Definition 2.5 of reference [15].

We say that u <. v if u <. v and 7(u) # 7(v). Sometimes we may write v =, u (resp. v >. u) instead
of u <. v (resp. u <. v).
Remark 2.1. Let u,v € L(E™), k1,ke € R. According to Theorem 2.2 and Definition 2.2, it is easy to
verify that 7(kiu + kov) = ki17(u) + ka7 (v).
Theorem 2.3. Let uy, us, v1,v2, € L(E™), k1,k2 € [0,+00], C C R™ be a closed convex cone with 0 € C
and C # R". If u; <. v1 and ug <. va, then kiuj + koug <. k1v1 + kovo.
Proof. It is follows from Definition 2.3 that 7(v1) — 7(u1) € C and 7(ve) — 7(u2) € C. On the other
hand, closed convex cone C' is closed under addition and positive scalar multiplication, thus

ki(7(v1) = 7(u1)) + ka(7(v2) — 7(u2)) € C,

which implies that ki7(vi) + kom(v2) € ki7(u1) + kom(ug) + C. It is obvious from Remark 2.1 that
T(k1v1 + kava) € T(k1uy + kaug) + C, then kjuy + kaug <. k1vy + kava.

3. Generalized difference for fuzzy n-cell numbers

We denote by K the family of all nonempty compact convex subsets of R", that is {ft C R" : A #
() is compact and convex}. Stefanini [16] defined the generalized Hukuhara difference of two sets A € K
and B € K¢ as follows:
(1) A=B+C,
or (2) B=A+(-1)C.

For any A € K and B € K¢, if the generalized Hukuhara difference C' = A ©yy B exists, it is unique.
Lemma 3.1. [16] Let A = HZ 1 Ai, B = [IlL, Bi, where 4; = [a; ,a] and B; = [b; ,b]] are real

1’2 AR}

compact intervals (J]_; denotes the cartesian product). If A &, B exists, then

A@gHB:CW:){

n

Aoy B = H(AZ Ogn Bi) = H[min{a; —b; ,a; — b}, max{a; —b;,a —bl}].
i=1 i=1

Lemma 3.2. [16] The gH-difference A ©4y B exists if and only if one of the two conditions is satisfied:
(i) a; —b; §aj—bj,i:1,2,-~ N
or
(i)a; —b; >a —bf,i=1,2,---,n
Accordlng to Lemma 3.2, the definition of generalized Hukuhara difference for real compact intervals
is extended to the fuzzy case.
Definition 3.1. Let w,v € L(E™). If [;[u]" < l;[v]" or l;[u]” > l;[v]" for any r € [0,1] and i = 1,2,--- ,n,
then the generalized difference (g-difference for short) is given by its level sets as

n

[u g o]" = []lint min{u; (8) — o7 (8), u (8) = vif (8)}, supmax{u; (8) —v; (8), uf () — v (B)}],

=1 P2T B>r
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where 5 € [r, 1].
Remark 3.1. If u,v € E', we have

[uSgv]" = [égf; min{u~(8) — v~ (8),u"(8) —v" ()}, supmax{u”(8) —v™(B),u’(B) —v"(B)}],

B>r

which coincides with Definition 7 of reference [9].

Theorem 3.1. Let u,v € L(E™). If I;[u]” < [;[v]" or l;[u]” > I;[v]" for any r € [0,1] and i = 1,2,--- ,n,
then the g-difference u ©4 v exists and u ©4 v € L(E™).

Proof. Assume that

[w]" = [ucgv]”
= [T, [infg>, min{uy (8) —v; (8),uf (B) — v (B)},
supgs, max{u; (8) — v; (8), u (B) — v (B)}],

for any r € [0,1]. We can prove that the class of sets [w]" determines a fuzzy n-cell number.

For any r € [0, 1], we have

wi_(r) = inf,BZT mln{uz_(ﬁ) _U;(/B)’uj_(ﬂ) _U:_(/B)}
< supgs, max{u; (8) — vy (B),ui (B) — v (B)}

— wi (),

It can be easily seen that w; (r) are non-decreasing while w;" (r) are non-increasing, w; (r) and w;" (r)
are left continuous on (0, 1] and right continuous at 0. It follows from Theorem 2.1 that the g-difference
u Sy v exists and u Sy v =w € L(E™).

From now on, throughout this paper, we will assume that the g-difference u ©4 v for any fuzzy n-cell

numbers u and v exists.
Theorem 3.2. For any u, v, w € L(E™), we have

D uSgu=0,ucy0=u,00yu=—u,
2) uegv=—(veyu),

) (u+v) 64 (u+w) =vE,w,

) E(uoyv) =kucy kv, k € R,

) (u+v)B4v =1,
)

Proof. The proof of (1), (3) and (4) are immediate.

(2) According to Definition 3.1, we have
—[v g ul”
= — Il [infgzr min{v; (8) — vy (8), v (B) — uf (B)},
supgs, max{v; (8) —u; (8),v (8) - u (8)}]
= [Iii[=supgs, max{v; (8) —u; (8),v;" (8) — v (B)},

|
=3
=
=
Y%
Y
=
=
—_
4
=7
=
|
~—~~
sy
:_/
<
=4
=
|
<
=+
=
e

= [Iii[=supgz,(—min{u; (8) — v (B),u;f
— inf gz (= max{u; (8) — vy (8),
= [l [infg>r min{u; (8) — v (8),u (B) — v (8)},
supgs, max{u; (8) = v; (8), u" (8) — v (B)}]
= [ugyl,
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for any r € [0, 1]. It follows from Theorem 2.2 that u Sy v = —(v &4 u).
(5) We have from Theorem 2.2 that

[(u+v) &4 0]
= [[iL, [infas, min{(u; (8) + v (8) — v (8), (u (B) + v (8)) — v (B)},
supgs, max{(u; (8) +v; (8)) = v; (8), (uf (8) + v} (8)) = v (5)}]
[Ty [infg>, min{u; (8),u; (8)}, supgs, max{u; (8),u; (8)}]
= [IL [infasruy (B), supgs, u ()]
[Tl (), wf(r)]
= [u,

for any r € [0,1]. Then (u +v) ©4 v = u.
(6) It follows from (1), (2) and (3) that the proof of (6) is immediate.
(7) We have from (2) that the proof of (7) is immediate.

4. The differential and gradient for fuzzy n-cell mappings

In this work, let M be a convex set of m-dimensional Euclidean space R". We consider mappings F’

from M into L(E™). Such a mapping is called a fuzzy n-cell mapping. For the sake of brevity, F' is called
a fuzzy mapping. Let F' : M — L(E™), for any r € [0, 1], we denote F,.(t) =[], [F; (r,t), F;" (r,t)].

Definition 4.1. Let F : M — L(E"™), to = (t9,¢9,--- %) € intM, t = (t1,ta, - ,tp) € intM. If
g-difference F( )E F(to) exists and there exist u; € L(E™) (j = 1,2,--- ,m), such that

D(F(t) &g F(to), S0y uj(t; —t9))

li =0,
it d(t, to)
then we say that F is differentiable at to and (uy, ug,--- ,Up) is the gradient of F at to, denoted by

VE(to), e, VF(to) = (u, g, , tm). _

Remark 4.1. Let FF : M — L(E"), to € M. Then the gradient VF(t() exists at ¢y if and only if
F(t) ©4 F(to) exists and there are u; € L(E™) (j =1,2,--- ,m), such that
ﬁ(t[l)v"'7t9+h""7t79n)@gﬁ(t(1)7 : to""t%z)

) ]’
u; = lim
J h—0 h ’

where h € R and t = (9, - - ,t9+h,--- ,19) € int M.

Here the limit is taken in the metric space (L(E™), D).
Definition 4.2. Let F: M — L(E"), to = (t9,19,--- ;%) € intM, t = (t1,t2, -+ ,t;m) € intM. If there
exists u”( r), u;;(r) ER(i=1,2,---,n, j=1,2,--- ,m), such that

[F(r,t) = Fy (rto) = 2000 ugg (r) (5 — )]

fm d(t, to) =06=12-n)
and + + 0
F(r,t) — F(r,to) — >ty u; ti —tY
lim‘ i t) = Ff(ryto) — 2050 i (r) (1 )\:0(121’27”.771),
t—to d(t, to)

uniformly for r € [0, 1], then we say that Fis boundary- function-wise differentiable (b-differentiable for
short) at t.

Theorem 4.1. Let F : M — L(E™) be a fuzzy mapping. If F is b-differentiable at to = (9,29, ,t9) €
int M, then there exist u; € L(E™), such that for any r € [0,1],

n

ot = Tt min(u(9), (6} supmax{ug (B) B (= 12+ o).
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Proof. For any r € [0, 1], we can show that the class of sets

n

>
1 Bz

1=

satisfies the conditions of Theorem 2.1. According to Definition 4.2, if there exists d > 0, such that for
any |h| < with t = (¢9,--- ,t? +hy -+ ,t2) € intM, we have

Ff(r’t(l)’... ,L‘?—I—h,--- J?ﬂ)_Ff(r’t?’... 0, ’tgn)

(3 1 j 9
h—0 h ’

Fi+(rat(1)>"' ,t;-)—l—h,--- 7t0)_Fi+(7"’t?v"' 0, ’tgn)

() = lim ") r o)
for all i = 1,2,--- ,n and j = 1,2,--- ,m. Since F, (r,t) and F,"(r,t) are left continuous with respect

r € (0, 1] and right continuous at r = 0,

Fr(rtd, oo 04 by 0) = F(r 49, 89, 40)

7 m 1 ) ]7
h
and + (0 40 0 0 + (0 10 0 0
F; (T,t o 715], +h, - 7tm> — F; (7’7t1>"' ’tj’... y )
h
are left continuous at r € (0,1] and right continuous at » = 0. Thus for any i = 1,2,--- ;n and j =
17 27 T, My,
. . FT (g 04k 10 V= F (29, 80 20,
inf g>, min{— (rfie oty })L GU G ),
F () e 04 R t9) = F (9, 29,015, }
h ’
F (e 94 Ry 10 ) = F (1,89, 80 t0,)
SUpPg>, max{ . ,
Fi+(r,t(1),"' ,t?-i—h,“- 7t9n)_Fi+(T,t(1)v"' 7t97... 7t9n)}
h
are left continuous at r € (0, 1] and right continuous at r = 0. Therefore, for any r € [0,1],i=1,2,--- ,n
and j =1,2,--- ,m, we have

(1) infg>, min{u,;(53), u;;(ﬂ)} are non-decreasing and left continuous at r € (0, 1] and right continuous
at r =0,

(2) supg>, max{u,;(5), u:; (B)} are non-increasing and left continuous at r € (0, 1] and right continuous
at r =0,

(3) infg>, min{u;;(B), u;';(ﬁ)} < supgs, max{ui_j(ﬁ),u;;(ﬁ)}.

Consequently, there exist uj € L(E™) (j =1,2,--- ,m), such that for any r € [0, 1],

n

[uj]r = H[ér;frmln{uz;(ﬁ%uj]_(B)}v%gg max{uz?(ﬁ)?“j]_(ﬁ)}] (J =12, 7m)'

=1 =

Definition 4.3. Let F : M — L(E") is b-differentiable at to. For any r € [0, 1], we denote

[u;]" = H[égﬁmin{ui}(ﬁ),u;;(ﬂ)LZlip max{ug;(8), uf;(B)}] (j = 1,2, ,m),
i=1"" =
then we say that (ui, ug, -+, up) is the boundary-function-wise gradient (b-gradient for short) of F

at tg, denoted by Vbﬁ(to), ie., B
VpE(to) = (u1, ug, -+, um).
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Remark 4.2. Let F : M — L(E™), to € M. Then the b-gradient V,F () exists at to if and only if there
are ui_j(r), u;;(r) €ER(i=1,2,---,n, j=1,2,--- m), such that

F_(T7t(1]77t9+h77t0)_F_(T7t(1)7 to 7t9n)

K3 m 7 r7y0

u;;(r) = lim

h—0 h
and
N ' E+(T7t?7"'7t?+h7"'at%)_Fi—i_(Tvt(l)a"'7t97"'7t9n>
“ij(T) :}ng% h

uniformly for r € [0, 1], where h € R with t = (¢{,- - ,t? +h,---,19) € intM and

n

[uj]r = H[ér;frmln{uz;(ﬁ%uj]_(B)}v%gg maX{uz?(ﬁ)?“j]_(B)}] (J =12, 7m)'

=1 =

Theorem 4.2. Let the b-gradient V,F(to) of fuzzy mapping F : M — L(E™) be exist at to € intM. If
F(t) Sy F(ty) exists, then the gradient VF(t) of F at ty exists and we have uj =v; (j=1,2,---,m),
where Vf(to) = (u1,ug, -, Up), Vbﬁ(to) = (v1,v2,"* ,Um)-
Proof. Let ty = (t9,---, t‘;,~- , t0) €intM, h € Rand t = (¢, ,t? +h,---,10) € intM. According
to Theorem 2.2 and Definition 3.1, for any r € [0, 1], we have

ﬁ(t)@gﬁ(to)]r

= L[F(t) 64 F(to))"
% [T [infgs, min{F; (8,t) — F; (B, to), Fi+(67 t) — Fi+(57 to)},
supgs, max{F; (8,t) — F,(B,to), F;" (8,t) — F; (B,t0)}]

. . (FT(B)-F Fr(8,t)-F;
— H:LZI [lnfﬂZT IIllIl{ i (B:t) . i (ﬁ7t0)7 i (572(:) o 7 (ﬁ7t0)}7

F7(B)—F (Bito) FH(BH)—FF (Bt
SuPﬁzrmaX{ ; (B )hz (8 0)’ (8 )h 8 0)}]‘

Because the b-gradient Vbﬁ(to) of F be exist at to € intM, for any r € [0, 1], we have

. Fv(t(l)z 7t0+h1"' ,tgn)@gﬁ(t?,"' 7tQ)"' 7t9n)
hmh—)O[ J - J ]7”

. . . F’_(ﬁ7t07"' 7t0+h7 7t0,)7F'_(6’t07"' ’t0'7"' 7t0 )
= limy0 [}~ [infg>, min{——"+—2 Lo T

Y

h

7J7 b
3 1
F (B9 404 hye 19 )= (8,0, 40, £2)
i 1Yy " abm i 155ty sty
Sup >, max{ 5 ,
Fi+(ﬁ7t0’.“ 7t?+h’.“ 7t9n)_Fi+(67t(1)7"' 7t27"' 7t9n) }]
h
i indli F7 (), by 0 ) = Fy (129, 29,0,
= [[,[infg>, min{limp_,o —— ) E (8 B ),
i EF (o 04 hy 0) = FF (9, 19, 80,)
limy, o — ! J m i 1 J m }’
. F (9, 404 by 29 ) = F (1,29 o 20,0 89,
Supg> max{hmhﬁo C 1 J mh i 1 J m 7

1' Fi+(r7t(1]7“' 7t?+h7 7t21)_Fi+(T7t(1]7"' 7t?7“' 7t9n)
Mp—0 I

}]
= [IiLy[infg>, min{u;;(8), u;(8)}, supgs, max{u;;(8), uj(5)}]
= [yl
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Therefore, there exist u; = v; € L(E"™), such that

i F(t(f,-“,t?Jrh,'--,t?n)@gﬁ(t?w--,t?,“-,t?n)
h—0 h

which implies that the gradient VF(to) of F at to exists and uj=v; (j=1,2,---,m).

Definition 4.4. Let F : M — L(E™), tg = (t9,¢9,--- ,1%) € intM and t = (t1,to,--- ,tp) € intM. If
the gH-difference F.(t) ©4u Fr(to) exist for all r € [0,1], and there exist [u;]" = Hle[u;j(r),u:;(r)] C
R" (j =1,2,--- ,m), such that

AR () Sy By (to). S ) (4 — 1)

t—to d(t, to) =0

uniformly for r € [0, 1], then we say that F is level-wise differentiable (I-differentiable for short) at .
Theorem 4.3. Let F': M — L(E™) be a fuzzy mapping. If F is [-differentiable at tg = (£7,¢9,--- ,t)) €
intM, then there exist u; € L(E™), such that for any r € [0, 1],

n

S
1 Bzr

1=
Proof. For any r € [0, 1], We can show that the class of sets
n
[ linf ug;(8), supufi(B) (5 = 1,2,--- ,m)
p=r

>
o Pz

satisfies the conditions of Theorem 2.1. According to Lemma 3.1 and Definition 4.4, if there exists § > 0,
such that for any |h| < § with ¢t = (¢}, -- ,t?- + hy 19 ) € intM, we have

— . . F'i(r7t07"'7tq+h7"'7t0 )7F'7(T7t0?"'7 tqv"'y to )
uz(r) = min{limy 0 ———— me—t b
. F'Jr(rzt(l)z“' 7to+h7"’ 7t0 )7F‘+(T7t(1)7"'7 to:"': tO )
hmhao - . = A : . = }7
. F'_(rvtoz"' 7t0+h’ )to )_F‘_(T»toa"'a to’ ) to )
u;;(r) = max{limj_,o ——>2 me—t b
. EF (g9, 04 by g0 —FF (29, 9,0, 19))
limp,_,g = J hz j 1,
or all ¢+ = ---.nand j = -+« .m. Since F. (r,t) an T(r are left continuous with respec
for all 1,2,---, d 1,2,---,m. S F7(r,t) and F;f(r,t left cont th t

r € (0,1] and right continuous at r = 0,

Fr (), ) e 80,) — Fy (r, 89, 89, 80)

7 m 1 Y ]7
h
and + (0 10 0 0 + (0 10 0 0
Fi (ratl"" atj + R, 7tm) _Fi (T,tp"‘ atj"" ’tm)
h
are left continuous at r € (0,1] and right continuous at r = 0. Thus, for any i = 1,2,---,n and
j:1727...7m, 0 0 0 0 0 0
. o E e 0 A9) = Fy (it 10,
lnfngmln{ z( 1 J m})l 1( 1 J L),
Fz‘_‘—(r:t?""7t?+h""’tgn)_Fi-‘—(Tit?""7t?»""t9n)
R 12
and

F7 (e 94 by 0 ) = F (1,89, 89, )
Supg>, max{ o ,

(e 04 R 19) = F (19, 29,0 15,)

D }
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are left continuous at r € (0, 1] and right continuous at r = 0. Therefore, for any r € [0,1],i=1,2,---

and j =1,2,--- ,m, we have
(1)
. . Fy (B0, t+h, 1), 1,00, 89,000, 1,
infg>, min{lim,_,o —* Bty )h G b ),
. FF (B9, )b, t0) = FF (Bt 19,
limy g TP e B Bt B By

are non-decreasing and left continuous at r € (0, 1] and right continuous at r = 0,
(2)
F7 (Bt t04h, )= F (B9,
h
FF (8,49, t9+h, 19— F;T (8,49,
h
are non-increasing and left continuous at r € (0, 1] and right continuous at r = 0,

3)

..7 ]7. )

sup g, max{limy, o

. . tO)
9 J’ b 7n}

limy, o

inf 3>, min{limy,_,o F (B, tithy b )hF (B9, 10,0, tO)’
limy o LB b )h FF (B0, 49,0, t?,)}

< suppg, max{limy, o SO ) F (s G ),
limy,_q F"+(’8’t(1)""7t?+h="'vt%);Ff(ﬁ,t?,m, 9,..., t%)}'

Consequently, there exist v; € L(E™) (j =1,2,---,m), such that for any r € [0, 1],

n

[v]" = H[g,r;ﬁuj(ﬁ) () (=12, m).

Definition 4.5. Let F : M — L(E™) is I-differentiable at t¢, for any r € [0, 1], we denote

n

[o;)" = H[mf ug;(B), %liguzg(ﬁ)] G=1.2-,m),

B>r
i=

then we say that (vi, va,---
VZF(to), i.e

ViF(to) = (v1, v, -, Um)-

, Um) is the level-wise gradient (l-gradient for short) of F at tg, denoted by

Remark 4.3. Let F : M — L(E"), ty € M. Then the lgradient V,F(ty) exists at to if and only if

F(t) ©gn Fr(to) exist and there are [u;]" = [Ti_, [ug;(r), uw( r)] CR" (j =1,2,---,m), such that
(0 e O hee OV (90 .. 0 ... 4O
u(r) = min{ling o O SR (O B ),
Fr(ra0 .. t04h . t0OV_Ft(rt9... $0... 40
limh_>0 i (Tatlv ,t]—‘r i 7tm)h i (Tatlv ,t], ’tm)}
and 0 0 0 0 0 0
- o 04 Ry #0 ) (19 e 00 40
u:;(r) = max{limy,_0 e by the )h B e ® ),
Frort0 ... t94h o t0OV_FH(p0 ... 0.0 40
limh_>0 i (Tatlv ,t]—‘r i 7tm)h i (Tvtlv ,t], tm)}
uniformly for r € [0, 1], where h € R with t = (¢, - - ,tg-) +h,---,t0) € intM and
n
[u;]" = H[égﬁmin{ug(5)7u;;(ﬁ)}azgp max{u;;(B), u;(B)}) (= 1,2,--- ,m).
i=1"7~ =4
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Theorem 4.4. Let the [-gradient Vlﬁ(to) of fuzzy mapping F : M — L(E™) be exist at tg € intM. If
F(t) Oy F(to) exists, then the gradient VF(to) of F at to exists and we have uj=v; (j=1,2,---,m),
where VF(to) = (u1,u2, -, tm), ViF(to) = (01,02, ,vpm).

Proof. Let to = (},---, t,---, t),) € intM, h € Rand t = (t],--- ,t3+h,--- ,t},) € intM. We denote
[wj]" = TTizs [infa>r ug; (B), supgs, uf; ()], then u; € L(E™) and

F (g9, 94 hy ) = F (g9, 19,0, 89)

_ B N p
U (r) = min{limy_, 7 ,
. Fr 0, t04h, 10 y—FF(rt0, -, 9, {0
llmhg)o i ( 1 j m)h 7 ( 1 7 m) }7
F (0, 04y t0 ) —F7 (1,29, 9, t0)
+ o . '3 "1 ] ’ wm 7 W1 Vg0 ’'m
u; (r) = max{limy_, 7 )

I gl g0 4hee 0= FF (g0, 89,00, 19)
Mp—0 R }

9

foralli=1,2,--- ,nand j=1,2,--- ,m. It follows from Theorem 2.2 and Lemma 3.1 that

D(ﬁ(t?,m,t?—i—h,-u,t?n)igﬁ(t?,---, 0,00, t(')”),uj)
sup,.epo,1] A(7 [Timy [inf gy min{ F; (8,49, -+ 49 + Ry 10,) — F; (8,49, -+, 0, -+, 15,),
EF (B, ] 4 hyee ) = FR (B0, 1o 1)},
supgs, max{F; (8,17, -+ 1]+ by t) = F7 (B, -+, £, ),
FF (Bt ot 4 hyeo ) = FF (B8], 1, 1)},
[Tis: [infp>r u;;(B), supgs, U;;(ﬁ)])
< Sup,eo1] d(%H?Zl[min{F;(r, 9, ,t? Ry ) = F (9, t(])-,--- , 19,
Fz'+(7a7t(1)v"' ,t?—&—h,--- ,t%)—F{"(T’,tO,--- , t;?’... , t?n)},
max{F; (r,t9,- -« 9+ h,-- 1) = F (r, 89, -+, 9, 1)),
FZ,“‘(r’t(l)’... ,t(; +h,--- 775%1) _ Fi+(7’,t0,--- 7 t?,--- , t?n)}]?

[Tie1 [inf gz ug; (B), supg, uf; (B)])

F”‘(t(l)y 7t?+h’ 7t0m)egHFT(t(1)7 ) t?: ) t?n) r
= Supre[&l] d( h 7[“]] )

Because . ) 0 0 O 0
hm FT(tl,..' 7t] +h7 ?tm) @gHFT(tla'.- 5 t]a 5 tm)

h—0 h

= [u;]"

uniformly for r € [0, 1], for any € > 0, there exists § > 0, when |h| < §, we have

FtY, - )+ hyoo 80) 0 F(89, -+, 19, 1) ) < sup d(Fr(toJrh) Sgn Fr(to)
h ! _re[O,l] h

D(  ug)”) <e.

Therefore, the gradient VE(tg) of F at to exists and VE(tg) = (u1,us, -+ ,um) = Vi F(to).

5. The subdifferential for fuzzy n-cell mappings

In recent years, nonsmooth analysis has increasingly come to play a role in functional analysis, opti-
mization, optimal design, differential equations and control theory. The subdifferential is an important
tool, used widely in nonsmooth analysis and optimization, thus we will discuss subdifferential concept
for fuzzy n-cell mappings based on the ordering = . _

Definition 5.1. [17] Let F' : M — L(E™) be a fuzzy n-cell mapping. F' is said to be convex (c.) on M if

FOt+ (1= M) 2 AF(t) 4+ (1 = N E()
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for any t,t € M and X € [0, 1].

The convex fuzzy n-cell mappings in the following arguments are assumed to be comparable.
Definition 5.2. Let F : M — L(E™) be a convex fuzzy n-cell mapping on M, tq = (9,43, ,#0) €
intM, t = (9, 89 + h,--- ,,) € int M. if there exist u; € L(E™) (j =1,2,---,m), such that

ﬁ(t?,"- at?+h7"' >t2n) @gﬁ(t?a"' at(;a"' 7t9n) =c huj)
then we call (ug,usg,- - ,uy) a subgradient of F at to, and say the set of all subgradients of F at to to
be subdifferential of F' at ¢y, denoted by OF (tg), i.e.,

OF (to) = {(ur, u, -+ yum) : P, -+ 0+ Ry 10) 0y F(8,- - 2, 1)) =¢ huj, uj € L(E™)}.

According to Theorem 2.3, it is easy to verify the following conclusion.
Theorem 5.1. Let F': M — L(E™) be a convex fuzzy n-cell mapping on M. Then, we have

A(aF(t) + BG(t)) = adF(t) + BOG(t),

for any ¢ € intM and o, 3 > 0.

Theorem 5.2. Let F': M — L(E™) be a convex fuzzy n-cell mapping on M. Then the subdifferential
OF(t) is a convex set in L(E™).

Proof. For an empty subdifferential, the assertion is trivial. Take two arbitrary subgradients

(’LLl,’LLQ,"' 7um)7 (7)177)27." ,'Um) eaﬁ(th 7tj7"' 7tm)

When (t1,--- ,tj + h, -+ ,ty) € intM, we have

)‘(F(tla"' )tj"i_ha"' >tm) @gF(tlv"' 7tj>"' 7tm)) =c )‘huja

(1 _)\)(F(tlv 7t] +h7 7tm) @g F(tl, 7t]7 7t’m)) EC (1 - A)hvjv
for any A € [0, 1]. It follows from Theorem 2.3 that

F(tla"' 7t]+h7 7tm) @gF(t17"' 7tj7'” 7tm) =c h()‘u]+(1_A)U])
for any j = 1,2,--- , m. Therefore,
Aug, g, -+ ) 4+ (1= A) (01,09, -+, v) € DF(t),

which implies that the subdifferential dF(t) is a convex set in E™.
Next, We study the problems of minimizing and maximizing a convex fuzzy n-cell mapping and
discuss the necessary and sufficient conditions for optimality.
Let F: M — L(E™) be a fuzzy n-cell mapping. We consider an unconstrained fuzzy minimization
problem (FMP):
Minimize F(t),
Subject to t € intM.

A point ¢y € intM is called a feasible solution to the problem, if for no ¢ € intM such that F () =
F (to), then tg is called an optimal solution, or a global minimum point.

With the aid of definitions for subdifferential and optimal solution we can immediately present a
necessary and sufficient optimality condition. This theorem is formulated without proof because it is an
obvious consequence of the definition of the subdifferential.

Theorem 5.3. Let F' : M — L(E"™) be a convex fuzzy n-cell mapping on M. Then ty is a global
minimum point if and only if (0,0,--- ,0) € OF (t).
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6. Conclusion

In this paper, we introduce the concept of generalized difference of n-cell fuzzy-numbers and an
ordering relation on the fuzzy n-cell number space is considered. Using the generalized difference of
n-cell fuzzy-numbers the generalized differential and gradient concepts for fuzzy n-cell mappings are
discussed. Furthermore, we have used the ordering relation <. to obtain the subdifferential for fuzzy
n-cell mappings based on the generalized difference of n-cell fuzzy-numbers.

Future research includes studying optimality conditions for fuzzy constrained minimization problem.
One alternative is to define the concept of invex function using g-differentiability and the ordering relation
=, for fuzzy n-cell mappings.
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